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PREFACE

This treatise tries to give a coherent account of part of the
work that has been done during recent years at the "Fachrichtung
Operations Research" of the Free University Berlin. It is
dealing with what shall be called the "linear policy approach”
to stochastic inventory-production problems: The treatise
investigates the efficiency of certain types of inventory-
production models in which the optimal non-linear ordering or
production policy is replaced by a linear one.

A linear policy not only reduces the computational burden
considerably, but also allows to a certain extent for the
existence of dynamic certainty equivalents. I.e., roughly
speaking, the optimal production policy remains optimal if one
replaces the stochastic sequence of demand by its forecasts.
Thus, 1f for a stochastic dynamic optimization problem only
forecasts are available the question arises whether a linear

policy can be shown to be more adaquate than a non-linear policy.

Part of thils account has been written“dhring the author's stay
at the University of Cambridge. He is particularly grateful for
the hospitality of the Control Engineering Group of the
University Engineering Department and to Clare Hall, the college

to which the author was an Associated Member during winter
1974/75.

Furthermore the author wants to express his gratitude to the
members of the Fachrichtung Operations Research of the Free
University of Berlin for numerous stimulating discussions. Special
acknowledgements are due to Dr. Karl Inderfurth for many valuable
comments and to Mrs. E. Weber who did the irksome task of typing
the manuscript.

Berlin, Mdrz 1977
Ch. SchneeweiB
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INTRODUCTION

The term inventory-production theory is not well defined. It com-
prises e.g. such models like cash balance models, production
smoothing models and pure inventory models. We shall here mainly
be concerned with stochastic dynamic problems and shall give exact
definitions in the next section. Most of our work will concentrate
on cash balance models. However, production smoothing situations
and pure inventory problems will also be investigated.

Since we are faced in principle with dynamic stochastic situa-
tions a dynamic programming approach would be appropriate. This
approach, however, due to computational restraints, is limited to
only but the simplest models. Therefore, in practice, one ruduces
stochastics just in taking forecasts of demand and then treating
the problem as a deterministic optimization problem. In addition
one often introduces certain safety stocks to safequard the

system from possible forecasting errors. In genevral, this proce-
dure is suboptimal. However, there exists one particular situa-
tion when a separation in a forecasting procedure and a subse-
quent optimization of the remaining deterministic model is not
suboptimal. This is known as the linear-quadratic model, i.e. a
model having linear system equations and a quadratic cost crite-
rion. For this type of model H. A. Simon [23] and later H. Theil
[25] have shown that the above separation property holds. In fact,

Simon's and Theil's results are nothing else but what has later
and more generally become known to control engineers as Kalman's
famous separation principle. The above forecasts, being minimum
mean square, Theil called dynamic certainty equivalents.

Thus we shall first be concerned in Chap.2 with linear-quadratic
models and shall show the certainty equivalence property in

applying dynamic programming. The linear-quadratic approach has

been applied by Holt et al. [ 7] to problems in production and work-
force smoothing. However, in most real situations cost dependen-
ces will not be quadratic. Fitting quadratic functions to non-
quadratic costs could therefore lead to seriously suboptimal

results.,



Consequently we shall develop 1in Chap.3 a theory of linear-non-
quadratic models. For these models it will be shown that in the
main the separation theorem still holds. However, the system has
still to be linear which particularly has as a consequence that
we can only deal with linear production policies. Thus this
approach will in general only be an approximation to the optimal
case for which, of course, also non-linear decision rules have to
be taken into account.

The effect of the restriction to linear decision rules will be
studied in detail in Chap.4. Uncorrelated and exponentially corre-
lated sequences of demand will be investigated and we shall
particularly consider the important case of cost dependences
having production set-up costs.

As has already been mentioned above the linear-nonquadratic
approach allows to a certain respect for the existence of dynamic
certainty equivalents. Also we know that in general this approach
is suboptimal. On the other hand one could replace the stochastic
sequence of demand by its forecasts from the outset and then apply
a deterministic dynamic programming approach. In fact, it turns
out that (for the cases we studied [see Chap. 5]) this aoproach
which 1is usually to be met in practice is inferior to the linear-
nonquadratic approach*). This again indicates that in view of the
stochastics involved linear decision rules should seriously be

taken into consideration.

Chap.6 finally deals with the pure inventory case. I.e. in this
case production is only allowed to take on positive values. The
main economic idea 1is to regard an inventory problem as a parti-
cular production smoothing model and to optimize this model using
the linear-nonquadratic approach. Our results show that at least
in case of no-set up costs the LNQ - approximation is nearly
optimal. Thus also in this case taking forecasts ang applying a
linear decision rule turns out to be a reasonable pProcedure,
Enlarging the inspection period these results hold at least appro-

ximately also for set-up costs.
%)

Henceforth also called LNQ - approach



Summarizing the results leads us to the following conclusion. The
linear-nonquadratic approach allows to a certain respect for the
existence of dynamic certainty equivalents thus reducing the
information needed mainly to a sequence of demand forecasts (see
p. 41). For situations incurring no set-up costs this approach is
not only nearly optimal for the cash balance but also for the pure
inventory case. The deterministic approach usually applied in
practical problems can at least in cases having no set-up costs
be considerably more suboptimal than the linear-nonquadratic
approach. For models incurring set-up costs non-linearities have
to be taken into account more seriously. Depending on the rela-
tive size of the cost parameters involved and the variance of

the stochastic sequence of demand the LNQ - approach can in

many cases still be applied successfully.



Chapter 1

THE GENERAL MODEL

We shall be concerned with the following stochastic dynamic
inventory-production model

(1)

(2)

(3)

Xy 3 stock on hand at the beginning of period k, (k=1,2,...,N+1)

x, e RYk, x; : initial stock; N: planning horizon

U,z production decision at the beginning of period k which

results in a shipment in this period

U, € U (k=1,2,...,N), where (1) Uk==1R(cash balance case)

(2) Uk:=]R+(inventory case)

r,: stochastic demand in period k. All conditional
expectations subsequently used are assumed to exist.
{rk} is not to be influenced by the initial value Xq.

Inventory balance equation

(4 Xyepq = X + 9y -y (1.1)
(5) Cost criterion
N
_ =11
(5) ¢ = E{ﬁ £=1{I(xk+1) + P(uk)}|x1}-> min. (1.2)
I(-) and P(-) denoting inventory and production costs
respectively.
Remarks
ad (1)

The general linear-quadratic and linear-nonquadratic
approach is not restricted to the one dimensional case.
However, in the numerical calculations to be reported in
subsequent chapters we are confined to a one-comodity-one-
inventory situation. Thus JR will generally beﬂ11,



Ad (2) 1In most of the treatise we will be concerned with the
case in which u, is not restricted, i.e. Uy is allowed
to take any real value. Only in our discussion of a pure
inventory problem we will have to restrict uy to be non-

negative.

Ad (3) We shall mainly concentrate on two stochastic demand

sequences
(1) White Gaussian noise with mean E{rk} =0
and variance E{ri} = 02
(2) Gauss-Markov process with mean E(rk} =0
and covariance
E{r,'r } =0 2 alil 1 =0, % 0 < <1
k' Tk+i rr P2 E 0 Tl e as< '

Ad (2) and (3)
In most cases discussed below u, and r

k are considered

to be deviations from certain given mean levels.

Ad (4) The balance Equ.(1.1) describes the back-logging case. In
one subsection leadtimes will also be taken into account.

Ad (5) In the next chapter Equ.(1.2) will be taken to be quadra-
tic, i.e. I(-) and P(:) will be assumed to be quadratic
functions. However, in the chapters to follow costs will
be assumed to be pilecewise linear and particularly of the

form
hx forxz20 P + pu for u > O

I(x) = and P(u) =410 for u = 0 (1.3)
-vx for x < O 0 - qu for u < O

h, v, p and q being positive parameters describing propor-
tional inventory carrying (h), stock out (v), production
(p) and production deminishing (q) costs respectively ;
moreover P and Q (both positive) denote set-up costs.

(In some sections we shall also consider costs not having

exactly the structure of (1.2)).



In most of what follows we will be concerned with the
asymptotic situation N —>=. Only the next chapter will
consider the finite horizon case.

The situation we basicly have in mind may be described as follows.

There is a production facility producing one good (or an aggregate
of several similar goods) which is stored and sold. According to
reasons outside the scope of the production and inventory manager
a mean production is fixed to meet (long term) mean demand. The
task of the production-inventory manager now is to cope with

short term sales fluctuations. I.e. the production level has to

be chosen higher or lower than the long term "normal™ level such
that the total costs of the system be minimum. The costs given in
(1.3) thus describe a penalty for not being in a long term
equilibrium situation.

A cash balance problem would be an adaquate illustration of our
main model. In this case one has to pay interests for holding

(too much) cash (hx) and penalty interest costs (-vx) for being
out of cash. Moreover P(u) would represent linear transfer costs
for liquidation (u > 0) and investment (u < 0) of cash?)According—
ly {r,} would describe a stochastic sequence of net expenses (of
cash) .

Not all of the models discussed below will be of this basic struc-
ture. In Sec.3.3.3 we shall consider a model taking into account
costs for changing a production level: pluk - uk_ﬂ, whereas costs
(1.3) prescribe costs only for being out of an equilibrium situa-
tion. Models taking into account the above production changing
costs are usually denoted as "pure" production smoothing models.
Besides cash-balance and production smoothing models we also shall
investigate (pure) inventory problems, where U, can only take
positive values and the costs attached are to be interpretated

as ordering costs.

*]
);n this case the above mentioned mean production would pe
identically zero.



Chapter 2

THE LINEAR-QUADRATIC MODEL

The main object of this treatise is to investigate the capability
of linear decision rules for models defined in the last chapter.
As will be shown later (Chap.3) this ultimately amounts to a re-
duction of the non-quadratic cost structure (1.3) to a quadratic
one. Thus it seems to be reasonable to study first the quadratic
case in some detail.

This will be done by first investigating a finite horizon model
(Sec.2,1). In optimizing this model by dynamic programming we can
easily introduce the notion of dynamic certainty equivalence
leading in the next section to a discussion of the forecasting
problem. Sec.2.3 will then study an example being of some relevance
for our later investigations. Finally, Sec.2.4 will discuss the
steady state case N —= which is of particular importaﬁce for the
whole of our approach. This is because the non-quadratic model to
be investigated in the next chapter will be shown to be reducible
to a steady state quadratic model.

2.1 Finite Horizon Case

Given the general model of chapter 1 with Xyr Uy eiR1,
N finite and N
1 2 2.2
C=Eiy £=1 (Xpeq + 07w [x, p => min, (2.1)

we shall minimize (2.1) using a dynamic programming approach (see
e.g. [21]).
Defining a value function fk(xk, rk-1), where e.qg. xk denotes as

usual (Xy, Xy _qr oo X4), Bellman's functional equation is readi-
ly given by
k k-1 1 2 2 2 +1 _k
£ ,(x,r"") =min E ﬁ:T:E-{xk+1 +optuy 4+ (N-k)fk+1(xk 1,r )
u, eR
k=1
1%, x1} (k=1,...,N) (2.2)



Solving this equation we start at k = N working back to k = O.
Step 1 (k = N)

N _N-1, _ 2 2.2 | _N-1
falx, x ) = Ein E'{(xN+uN r)  +ofug e, x1}
N
= 2 2, .2_ A1), 2
= min E'{xN+2xNuN+(1+p Yuy 2(xN+uN)rN_1+nN} (2.3)
N
2 . _ 2, _N-1
where ng : = E'[rN|r } (2.4)
and N -
21y : = E{ryle" 1} (2.5)
N-1

(Note that according to our above assumotion there is no depen-
dence on the initial value x1)

Determining the optimal decision ug we immediately obtain from
differentiating (2.3) with respect to uy

N-1

* = - A
uN(xN,r )

* A
N 1402 (xy-ry)
or (2.6)
*» -
uy SN(xN+QN)

u.

where for later reference we defined
1

S T = - 2.7
N 1+pz ( )
and

_ _/\
Q= = Iy_q(M (2.8)

Determination of fN(xN, ALY

Substituting (2.6) in (2.3) yields

N-1, _ 2 2
fN(xN, r.) =- SN L . TN Xy + Ry (2.9)
with
. _ 2
TN : = 2p SN ON (2.10)
and
. _ 2 2
RN : = SN QN + N (2.11)

Step 2 (k = N-1)

Bellman's functional equations (2.2) yield
N-1 _N-2 1
£ - 10,2 22 N _N- -
N_1(x ' T ) min E 2{(xN+p uN_1+fN(x ,rN 1)|rN 2,x } (2.12)
UN-1 1

Substituting (2.9) and the inventory balance equation (1.1)

into
(2.12) and introducing the abriviation

. 4.2
wN : 1-p sN (2.13)



one obtains

N-1 _N-2
2f - _ 2 2.2
N_1(x , T ) min E{(x +uN_1 rN_1) WN+p uN_1

UN-1
_ A L8 N-2
*oOy_ gty )T + Ryl "‘1}

= min {w (x Xy-1*tUy-q)
_ a(1), 2
2 Og_qrag g Wy Ty_png_g Wy
A .4 2 2
gty ) Ty *Ry_ 7Dy  +e 7u N—1} (2.149)

2 A
where NN-1 and rN_2(1) are defined in analogy to (2.4) and (2.5)

and
a . N-21 4 . = N-2 .o N-2
TN"1 = E {TN'r }'RN—1 ) E{RN'r }'DN-1 s = E{TNrN'_1lr }
(2.15)
For the optimal decision one obtains
* =
ul_q Sn-1 (XnoqtOy-q) (2.16)
where WN
S Po= - (2.17)
N-1 2
WN+p
and
L= L1 5
On-1 7 = Iye2 oy et (2.18)
-1 _N-2
Determination of fN_.‘(xN 'Y )
Analog to step 1 one has from (2.14)
N-1 _N-2, _ 2.2
En—q (7 o ) = - S g e Ry TyoqXyoq + Ry, (2.19)
where we introduced the definitions
2
TN_1 == 207 Sy g Qg (2.20)
2 25 .o, w &, W
Ry_q & = Wy Syoq -1 N-1 “n-1 "N Tn-2 N1 N
4 + R
+ Sy_1 Oy-1 Ty-1 = Dy-1 * Ry (2.21)

In general we obtain the following algorithm for the optimal

policy



* — =
up = 5, (x, + Q) (k 1,...,N) (2.22)
Y41
Sk 2= -
LAl Y
2
Wk +: =1 =-0p Sk
o) T (1) + 5 T
: =T T
k k-1 2 W g k+1
~ . — k-1}
T : = E{Tk+1|r
Lo 2
Tk s = 2p Sk Qk

The starting values being (2.7) and (2.8):

1

5 14p 2

N

Oy = - rN_1(1)

Resubstituting some of the above definitions which have only been
introduced to simplify the derivation, algorithm (2.22) can be
written more compactly

l.lk = Sk(xk+Qk) (k =1,2,...,N) (2.22)
2
p~ S -1
sk = ___3511_____ (2.23)
1+p (1-Sk+1)
0, = - £ (1) + elo |rk"1} (k = 2,3 N) (2.24
x = rk_1( ) Yr+1 k+1 r=rscer ‘ )
where Yi 1s defined by
2
P Sk
Yk * 7 1_pzSk (2.25)

(Note that it is reasonable to define ?o (1): = E{r }and 0, .=0).
The above algorithm constitutes an interesting and important re-

sult. It can be seen that the optimal decision only depends on
conditional means

“ "
2 L) ;o= E{rk+i|r } (2.26)



1

of the stochastic demand sequence. I.e. the probability distribu-
tions of the random variables are reduced to their first condi-
tional moments. Otherwise stated: having no more information

about the sequence of demand than just the above mean values we
would be able to derive the same results as if we knew the total
probability structure. This important result can be made even more
explicit in solving (2.24) and substituting in (2.22).

Let us start with

Quop = - ?N_3(1) * Yyoq E{QN_1[rN_3} (2.27)

Similarly, for N-3 one obtains
_ _2 N-4
On-3 = 7 Tn-g (1) + Yy E{Qn-zlr }

A ~ N-3],_N-4
Tn-4 (M + 7y E{‘N-3(1) * Yyoq E{QN-1|r }[r }

- _2 _ ~ N-4
= Ty, (M Yn-2 Tn-q(2) * vy 5 Yyn-1 E{QN_1|r } (2.28)

where the relation

has been used. (2.29)
Substituting the initial condition (2.8) (or QN+1EO), (2.28)
becomes

= - $ - o A
O3 = = Pyog () = Yop B @+ vy vy B[Ry, )

* Ty E{'§N-1(1)|rN—2}|rN_4}

A

A Py
T Tn-g () 7Yoo Tnag (D) 7 vyl Yhog Tyog(3)
A
= Yy-2 YN-1 Yy Tn-4(4)-

Finally, for period k one obtains

= - _ A _ A
Qk = rk"1(1) Yk+1 rk-1 (2) Yk+1 Yk+2 rk_1(3) - i (2.30)
_ (N~-k) _ A (N=-(k=-1))
k41 YN-1 Tk-1 Tk+1°°* Tn-1 TN Tk-1

This can be written more compactly in the form



N-(k=1)
0 = -1 w, B _, (1) (2.31)
k 1=1 i “k-1

where the weighting factors wy are defined by

-1
Yk+j i=2,3,...,8-(k-1) (2.32)

k)
1]
e = e

=1
and

w1 =1

As we shall see below, 1 2 w, 2 Wy > 0VvVi (2.33)

Resubstituting (3.31) into (3.22) finally yields
N-(k~1)

A

of = 5 (% - LM B M), (k=1,...,m.  (2.30)

Equ. (2.34) constitutes a remarkable result. The conditional mean
values ?k_1(i) = E{rk_1+i|rk-1}-can be interpreted as forecasts
i periods ahead based on the information gained up to period k-1.
Thus the optimal production decision not only depends on the pre-
sent amount of stock on hand but also on a decreasingly weighted
sequence of demand forecasts up to planning horizon N. These fore-
casts Theil called dynamic certainty equivalents. The certainty
equivalence property says that one would have obtained the same
optimal policy result (2.34) if one had replaced from the outset
the stochastic sequence of demand by a sequence of conditional
means. {(The reader should himself convince of this property in

looking again at the derivation of the above algorithm (see also
[(217)). T.e. for linear-quadratic models the procedures of taking
forecasts and optimizing the system can be separated without loss
of optimality.

As we could see, this extraordinary property generally holds for
linear-quadratic models having EQQEEEXE (non stationary) sto-
chastic disturbances. Therefore, whenever possible one would try
to cast a real inventory-production problem into a linear-quadra-

tic model. This was done by Holt et.al for a problem in production

planning and workforce smoothing [ 7]. 1In many situations. however
it turns out not to be reasonable to approximate costs by'qu . '
adra-

tic functions. We therefore shall develop in the next chapt
apter a

theory which still allows to a certain respect for the st
existence



13

of dynamic certainty equivalents for which, however, costs have

no longer to be quadratic.

It should be noticed that the existence of dynamic certainty equi-
valents not only diminishes the computational load considerably
but that also it reduces to a high extend the amount of informa-~
tion needed. Thus, in practice, a stochastic dynamic optimization
problem is always treated as a deterministic problem with the sto-
chastic demand sequence being replaced by its forecasts. As we
know, this procedure usually is suboptimal depending on how well
the separation property holds. Starting from a situation for which
dynamic certainty equivalents exist all subsequent chapters may be
regarded as a discussion of the separation property of various

important inventory-production models.

Concluding, let us look at the forecasts occuring in (2.34) in
some detail. Let us consider two examples which will be of some

importance in subsequent sections.

Example 1 |
Let {r } be a sequence of independent random variables with mean

k-1
E{r,} = 07k. This implies rk 1 )= { e 1+1|r Ty 1+i} 0
so that the optimal policy reduces to
= (k =1,...,N) (2.35)

x.
up = Sy Xy

This result
disturbance no forecasts are possible.

was to be expected since in case of a white noise

Example 2

d by th t i
Let {rk} be a Gauss-Markov process generate Yy e autoregressive

is white Gaussian noise and
scheme r, . = 2 Ty * ey where e, 15

O <a < 1. In this case

k-1 i % 5-1 I
“1L - gla” r + S } -
i'\k-1(i): = E{r}c—1+i|r } { k-1 7 3, k-1+1-3 ! Fk-1
! (2.36)
=a Iy
Hence {(2.34) reduces to
y e (2.37)

1, _ a1
¥ = - Wy a) = Sy BTk T
u = Sk(xk Ty §=1 i



where
1%1—(k-1) i
a, : = W, a
k i=1 i

Remark: Introducing a state vector by (xk,rk_1) this result was
to be expected since in this case (2.37) may be written
u ) =S, "3 Sy Xy (2.38)

o] o o Ty g

which shows the same structure as (2.35) for the simple case of a

Markov sequence of O-th order. (See also appendix to this chapter)

2.2 Least Square Forecasts

Before persuing the implication of the optimal policy (2.34)
further, let us investigate some properties of the forecasts

o N
?k(i)' First, we show rk(l) to be a minimum mean-square forecast.

Secondly, in Sec.2.2.2, we derive a recursive procedure to calcu-
late fk(i).

A
2.2.1 Least Square Property of rk(i)

We defined ?k(i) by the conditional mean

- ki -
Ty (1) = E{rk+iIr } (2.39)

~

We now show that rk(i) has the property of minimizing the mean
square prediction error ([24]p.164).

A
Let xk(i) be a forecast of Ty4i’ then the prediction error is de-

fined by r 4 ~ xk(i), and the mean quadratic error is given by
-% 2 k
E{(rk+i % (1) ?lx }

Let us now determine x, (i) such that (2.40) be minimized.

Introducing a d i %) k
n g ensity function f(rk+i|r ) equ.(2.40) may be
written

(2.40)

E{ TregRy ()2 k} - T -4 2
(k” k)l L,(rkﬂ & (1) f(l'k,,ilrk)dr}ﬁ_i

Note that for convenience our notation does not distinguish b
tween random variable and adjoined realization )

*)
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Differentiating with respect to Qk(i) and setting equal to zero we

obtain @ A X
=2 (e R W) £ om0 dry,; =0
or

R ) = {,rr+1 f(rk+1|rk) dr =E {r (2.41)

k
k+i ketl T ]
which clearly shows ﬁk(i) = fk(i)

i.e. mean conditional forecasts have the property of being mean

square optimal.

2.2.2 Recursive Calculation of ?k(i)

The calculation of forecasts may be performed recursively; i.e.
knowing ?k(1) we would like to calculate ?k+1(1) using the old
forecast ?k(1). A typical recursive formula of this kind is the
well known exponential smoothing recursive equation

T () =a g+ (1=a) T (1) (2.42)

(We shall soon return to this equation in a somewhat morz general
context) .

It is an essential of our general model of chapter 1 that the
stochastic structure of the demand sequence has already been de-
termined from past data. As we shall show later many time series
{rk} occurring in inventory problems may be represented by the

*
following set of equations )

*)Note that setting ny 420 and A=A, C,=C, B, ,1=B ¥k (see p. 16)

one obtains the usual ARMA (autoregressive~-mooving average) input-

output representation of a stochastic process:

Let =
§k+1 = A Ek +c Ex
£k+1 =B -E-k+1

Using the time shifting operator Z Z Yy TF ¥yx-q One obtains

from the first equation .
= [I-z-1A] C g

Ex+1
ARMA-representation follows immediately

from which the

[z1-a] B7 £ = € &

(See also appendix to this chapter)



Eprq = B B # Ck % ("state" equation) (2.43)

- " L) =
Iy+1 = Bryq Exyq t Nyyq ("output" equation) (k = 0,1,2,...)

where the bar denotes column vectors

gk : n - vector Ak : nxn-matrix
Iy : r - vector B rxn-matrix
€x ¢ P - vector Ck : nxp-matrix
n, : P - vector
{Ek} and {ﬂk} representing Gauss - sequences
with E {gk} = E{nk} =0 vk
L}
L]
B {ny  ng} = Ry 8y
E {ﬂkx'E;j} = QVvVk a and j

O represents a p-nullvector, Qk and Rk are known positive definite

matricesand QO denotes a pxp-null-matrix. Moreover

' L}
E {gp £} = E{n,E )} =0V k
In fact, the general scheme (2.43) describes a large number of mo-
dels which have been proposed and estimated in inventory theory
[ 15, 26 ]. Oone of the most prominent models is that of Theil and

Wage [26] which is given by

Ek+1 T Bk * ¥y

("process") (2.44)
Fre1 = Y b oex
Ty = Ek + Ly (observation)

(all variables being scalars). Clearly, (2.44) is a special case
of (2.43) with
Ek 11 0

ik s ¥ ’ £k:=rk’ Ak== o1 ’ Ck:= ; ' Bk:= (1,0)

~

The model (2.44) has a simple intuitive meaning. Ek may be inter-
Preted as a trend variable and ¥x as a change in trend. {ek} then
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describes pernament disturbances (being processed to the next
period k+1), whereas n, describes transient disturbances.

An even more simple model is that of a (non-stationary) random
walk

Bt = B * g

+ nk

Tx fx
for which we shall show exponential smoothing will be a least
square forecasting procedure.

Let us now develop forecasting formulae for a time series repre-
sented by (2.43). This can easily be done by using Kalman's re-

cursive estimation scheme which is also known as Kalman filter [24.

The Kalman filter gives a recursive formula for a predictor
§k+1:= E{£k+1|£k} which minimizes the quadratic expression

lay A ~
E {(£k+1_5k+1)'(£k+1—5k+1)}' where Ex+17Ex4q Trepresents the

estimation error.

Actually, we are not interested in the best predictor, §k+1’ but
in the best forecast gk+1 of the sequence. However, £, , can
easily be obtained from §k+1' Knowing from (2.41) that a least

square estimator can be represented by
A *
§k+1 = E{ £k+1|£k} and Lyt = E{ £k+1l£k} ), we obtain from the

observation equation of (2.43)

A k k1= o
Iye1 = Braq E{l5k+1|£ } * E{ M 1E7) = Byyq Epeq (2.45)
ji.e. the forecast gk+1:=?k(1) can be expressed by the predictor

Ek+1 which in turn will be derived from Kalman's algorithm below.

From (2.43) then follow all further predictions fk(i), (1 > 1).

This can easily be seen ([24]p.171) by taking conditional expec-
tations for k:= k+i-1

K K
E‘{£k+1|£ } = A1 E{ 5k+i—1l£~l

P
Pl

¥ mote t
) Note that £

ol

(M.

k+1 is an abriviation for our more precise notation



or equivalently
£ £, (1i- 1=2,3,...)
gk(i) = By i1 Ek(i 1) ( 13

”~
Solving for ik(i) we obtain

B () = Ay 6 (D)
£ (1-2)
= Bppi-1 Pxai-2 2k
= Ap,qo1 Perioz 0 Pret 2 (D

Premultiplying by By, finally yields

A

A
T (1) = Byyq B (1) = By Py Prai-2 k+1 2 ()

In the simple case where all matrices are time invariant

(stationarity!) and B is the unit matrix this reduces to (see
also Equ. (2.36) )

A -1 A

£, =at7lgm (2.46)
The Kalman filter which in principle can be derived by dynamic
programming minimizing a quadratic functional (representing the
prediction error) [13] is given by the following set of equations

E = E rg Irk_11 (predictor)
k 1=k'=
E.%: = E g lrk (estimator)
S SRR AL
N
pk‘, = COV{EkIEk? (conditional covariance-matrix of Ek repren-
) ting the quadratic estimation error)

R k|

Pk : = cov[£k+1|£ f (quadratic (mean conditional) forecasting
error)
X - A~

Exer = Exat * K (Zker T Braq Exan) = 0s1000er) (2.47)
) ¥
5k+1 = A Ey (2.48)
kK .. =p_ . B . R

k+1 k+1 "k+1 “k+1 (2.49)



A Il 5! -1
Pre1 = Praq k+1 Rk+1 Bisq (2.50)

o
[

K+1 Ay Pk Ak + Cp Qk k (2.51)
¥ *
starting with Eo and Po

The algorithm essentially consists of two parts. The first part
(Equs.(2.47) and (2.48)) generates a recursive improvement of the
estimator £:+1 relying on the estimator 5; one period before.

This improvement is due to new measurement data (of the time

seriles) at k+1 : SR Equ. (2.47) then compares LS with its

A
forecasts rk+.| = Bk+1 £k+1 forming the difference Tyt = Hk+1£k+1

which 1s multiplied by the (so-called) gain matrix Kk+1' This
recursive scheme, obtained by a quadratic optimization procedure
is very similar to the exponential smoothing formula (2.42). In
deed, in Sec. 2.3, we shall retrieve (2.42) from a Kalman filter-
ing procedure applied to a particular time series.

The second part of the algorithm then determines the gain matrix
Kk+1 recursively.

To illustrate the above algorithm let us again consider the simple
random walk

B e
= 2.52
Ter = Fka1 F Mk (2.52)
For this example we readily identify
2 _ 2 2 2
Ak = Ck = Bk = 1 and Qk = 0. Rk =90 where 9. and o, are

the variances of {ek} and {nk} respectively. Hence, the Kalman

filter reduces to

* =7 -t = 2.53
Ere1 = Bat * Kpr Grar ~ Bian) (k=00102,00000) (2.53)
£ = X (2.54)
fke1 T Bk
K. =p ., (2.55)

k+1 k+1 o 2
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For = PLl e L (2.56)
Pret = Pryq + .2
n
= p¥ 2 (2.57)
Pre1 = Py + o
In view of (2.52) Equ.(2.53) can also be written
(2.58)
= Pa)
Trez = (V= Kegg) B0+ Ky T
Oor, more precisely
r T (2.59)
— = - 1
et () =0 () + K L (L, - 1 ()

showing a close analogy to the exponential smoothing formula
(2.42) . Thus the Kalman filter equations lead to a recursive
updating of the forecasts of a demand sequence (being modelled by
(2.43).) Hence, in principle, the aim of this section 1is reached.
However, let us in addition look at the dependence on the start-

* s 1
ing values Eg and Eg. It seems to be plausible to set &7 : E{_E_OJ

and Eé : ={£° Qé}. This choice implies the Kalman estimates to be
unbilased [24]. The initial values represent the a-priori infor-
mation one has with respect to the initial predictor 52 and the
mean quadratic forecasting error gg. It can be shown that this
information ig "dleing out" if k —= and the adjoined (deter-
ministic) system

£k+1 = Ak ék

k1 T By By

is bbservabien (i.e., roughly speaking, if

rank [H1, H2¢0,0""’HN¢0,N-2""] o
where

¢0,k T ASAL A,) (see e.q. [12]).
Let us again congjy

der the simple random walk example (2.52).
From (2,5¢) and (2

+57) we obtain
Praq = C?k + cf) 1, _15
o

n
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or o 2 (P)‘ o 2)

P* = n k €

k41 [+ 2 + 0 2 + p*

n € k

Letting k —>« the asymptotic error covariance matrix Pasymp =: p*
clearly is

+

P* = (1-a) ¢ 2 (2.60)

=

n
where 2
a .=1 + —2 <‘ - 1 + 4 —2
g (o}
n €

Hence, in view of (2.55) the "asymptotic gain factor" K is given
by

K= 1-a
Finally, (re)substituting K = 1-e¢ into (2.59) yields the exponen-
tial smoothing equation

Bpr (M =+ (1ma) T (1)

+1

or, in closed form

A b 3
r (1) = (1=a) §] a’ r,_.
k+1 =0 k-3

where the linear operator (1-a) I al ... could be denoted as the
j=o

(Lnput-output form of the)asymptotic Kalman forecasting filter for

a random walk sequence one step ahead.

Note that, in view of (2.46), T, (1) = £ (1).

(In applying this theory to real data one would first identify
the structure of the system (2.43). However, instead of estima-
ting the system parameters one would try to optimize right ahead
the parameters in the forecasting formula.)
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2.3 An ideal Situation

Let us again return to our main problem in Sec. 2.1. As we al-
ready mentioned above inventory-production problems are often
solved in practice by first taking forecasts of demand and then
optimizing the remaining deterministic problem. This optimization
is repeated whenever new information gives rise to new forecasts.
Moreover, in the absence of seasonal fluctuations often a simple
exponential smoothing formula is used in avaluating demand fore-
casts.

As we have seen in preceeding sections such a procedure is indeed

possible. However, we are restricted to the following situation:

1. The cost criterion has to be quadratic.
2. There are no capacity constraints to be taken into account.

3. The demand sequence has to be a random walk (with known

variances 082 and anz).

In all what follows we shall try to reduce more realistic models
to this simple situation.

We shall particularly be concerned with (1). The existence of
constraints will not be considered until Chap.6. Since other fore-
casting methods than exponential smoothing are known and, in fact,
amply used we will not be confined to a random walk process.
However, since forecasts have to be certainty equivalents
they should always be conditional means.

2.4 Infinite Horizon Case

Our main concern in later chapters will be the infinite horizon
case. Therefore we shall now consider the quadratic model of
Sec.2.1 for N —>=, More precisely, we shall consider the general
model of Chap.1 with Xyr Uy ER1, {rk} being a stationary stocha-
stic sequence with known conditional means and

N

C: = 1 2 22 1
;EEQN E‘{£=1 (?k+1 +oeuy >| X1j > min.
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Since we have already solved the finite horizon case we have
solely to study the limiting behavior of the finite horizon

policy (2.34). Starting with Yyr defined by (2.25), we shall now
write more carefully

2 N
k

N
Sk

o

Yy °
k 102

denoting by N the finite (N) horizon case. Similarly, we have in-
stead of (2.23)

2 N
NP Skn 1
k - 2 N
1+ p7(1 Sk+1)
Now,
defining S : = lim Sﬁ we observe
N —>wo
p2 s - 1
S = 3 ’
1 + p“(1-5)
or B
s = > (1- 1+402)
2p
and

2
y:=25 -1 (1+292—/1+4p2>=s+1<1

1-p"8 2
(2.61)
with v being the limiting value of YE . Hence, (2.34) becomes

¥ _Y ia -
uy (%) = (y=1) <xk Lo Y rk_1(i+19 , (N=>= ) (2.62)

Note that in deriving (2.62) we have to assume {Yi ?k_1(i+1)}

to decrease sufficiently fast, (guaranteeing the convergence of

the above infinite sum. This is usually the case for stationary
sequences met in practice.

Next, we shall derive expressions for total asymptotic costs. This
could be done by simply letting N—>= in the dynamic programming al-

gorithm for the value function f(xk,rk_1). However, it seems to
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be analytically easier to observe that C is nothing else but a

variance criterion

C=90 2 + 02 02 (2.63)

Thus we have only to determine the variances of the stationary

*)
processes {xk} and hk}.

We shall consider two cases being of importance for later refe-

rence

(1) White noise * %)

As we already know from (2.35) and (2.61) ug'(xk) reduces to

u¥ = (y-1) Xy e (2.64)
2, .2 2 2.
Hence, o ° = (y-1) L (2.65)

Further, from (2.64) and the balance equation it follows

*k+1 T Y¥x Tx
or
-7 I
X ==] v’ r_
kT k-3
implying
2 _ 1 2 2.66
. = 5 © ( )
1=y

Finally, from (2.65)

2 2 1>y 2 2.67
% = T+ g ( )

These results could have also been obtained by a Wiener-filtering
approach [17] minimizing the variance criterion (2.63) (see also
La).

Hence the minimal costs are

c*=| 2 1y 1,2 - 1,2 2.68
[1—72 te T+ |° T-v ° ( )

S D —
This idea will frequently be used for more complicated situa-
tions in later chapters

See Chapter 1
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¥*
(2) Gauss - Markov sequence )
k-1 i+1
Since ?k_1(i+1) s = E‘{rk+i|r } = a Ty .1 Equ.(2.62) reduces
to
* --a
we = 01 (% - 753 Tor)- (2.69)

2
Let us derive oxz and % using z-transforms. With ¢xx(z) and
©uu(z) being the spectral density functions of {x} and {u,}

respectively one has (see e.g. [10])

2 _ 1 -1

9% T za3 $ ¢)xx (2) 2~ d, (2.70)
2 _ 1 -1

v T Zu43 $ by 2 2 4, (2.71)

where j : = Y-1 and ¢ denotes the integration on the unit circle.
Let us first express ¢ . (2) and ¢uu(z) by ¢rr(2)’ which for a

Gauss-Markov sequence is given by*»
(1-a2) uir
brpl2) = ———3—— (2.72)

(z-a) (z '-a)

From the balance equation and (2.69) one obtains using z-trans-

forms
x(z) = - (:fi) % r(z) (2.73)
with
_aly-1) |
n T T 1-ay
Similarly,
u(z) = - i%é%l [(1+ Ty ) - 1§aY] 1. (2.74)

*)See Chap.1

**)Note that a z-transform of a sequence {yk} is defined by

2 (yk} : = £ Yy z'k = : y(z). Obviously, Z{yk_1}=z—1y(z).
=0
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Hence, from (2.70), (2.71) and (2.72)

2y

(1-a <] n+z -1
2 r -1 n+z
g = —4——— @ 4 - — — — dz (2.75)
x 213 (z-v) (2-a) (z 1_7)(z 1-a)
2 2 2 a a - a -1 a
- - T4—) z- : |
ol =(1 al) op O 1) ) - B }"aY)(z T:E# 6171—a7) T-av] 4,
j z- z- - -
u 2] Y) a) (z 1-Y)(z 1_3)
(2.76)
Using, e.g., the table in [10] one finds the results
2
2 °r 2 2 2 ,.3,..3 2..,.3
% = 3 51 (1-a%) +y (-3a+3a) +y° (2a+2a”-4a”) +v” (-2a+2a")
(1-v°) (1-av)
(2.77)

2 oi (7—1)2 J

4 (1-y3) (1-ay) 1

(1+2a-2a) +y (-3a-2a%+4a3) +v2 (a2-2a3) +y>a>

Q
]

(2.78)
Hence the optimal costs are found to be
2
°r 2 3, .2 23,34
Q = —————> 1 (1-a%)+y(1-a+a”)-ay“-a"y +a’vy (2.79)

(1-a) 3 (1-v%)



27

2.5 Appendix to Chapter 2

2.5.1 State Space Representation and Separation Theorem

Up to now we have not made use of a state space representation.
For our special linear model this implies that the system (plant)
equation is represented by a firstorder stochastic difference

equation having white noise disturbances € -

X1 T B X Y By - G gy (2.80)

A state space representation has the advantage that the optimal
policy is immediately given by

Ek = ¢k (Ek) (2.81)
i.e. the optimal decision does only depend on the "last" state.
This is intuitively obvious, since the state of a system in time
k contains all information about the system up to k. For a linear-
quadratic model (2.81) specializes to the linear relationship (with
matrix Lk)

Uy = Ly Xy (2.82)
Thus, knowing the state space representation of a system an opti-
mization is a comparatively simple task.

We shall here discuss two problems. First we shall derive a state
space representation for an ARMA-process and secondly the relation-
ship between the property of certainty equivalence and Kalman's

separation principle will be investigated.

(a) Deriving a State Space Representation (2.80)

In Chapter 1 we had the plant equation

(2.83)

x =X +tu - Iy

k+1

with {rk} being a general Auto-Regressive Moving Average (ARMA)-
process. In deriving a state space representation for this situa-
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tion let us first consider {r,} separately.
Let {rk} be represented by

Tyt Tt 74T k-y T Skt C1%k-1t T T o1 Bk-vt (2.84)

where at least au+° and Co+0- (I.e. in deriving a state space re-
presentation we assume the AR-polynomial being of higher degree
than the MA-polynomial. This will be sufficient for our purposses).
Introducing a "lag-operator" L by LYy ¢ = Yy_q+ Equ. (2.84)

may also be written

v-1,
C +CcL+---+c¢ L
T, =< o 1 V-1v )Ek (2.85)
1+ a; L +--—-+a, L
Defining
1
W. : = € (2.86)
k < v‘> k
1+a1 L +---+aylL
i.e.
—— = 2.87
W +a, W_, o+ +a W _, = € ( )
(2.85) can be written
Ty = Co W € W g T Cyq Mioung
= Eo'°1'“‘—'°v4] " -w
W1
1
L]
L
W,
\"k-v+1/ (2.88)
Defining
l—.k = (2-89)
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and

Equ. (2.88) can be written

r, = H Iy (2.90)
Particularly, in case of a pure AR-process, i.e. Co = 1 and
cy = o,V j+0 :

rk = wk and rk + a1,rk_1 +---4 a, rk—v = ek’

Iy reduces to
T,
<)
Tx-1

L}

2.9
rk-v+j. ( )

Instead of (2.87) one could also write

or,

™ r .9
W, (:‘a1 -ay----- - 5:\ (;k_1 1
W o
w 1 o - - 0 k-2
'k-1 N ' :
1 = \\ ‘\ J + ' Ek
\\ N ' '
AN
k-v+1| o} NN

(2.92)

priviations § and T' for the
ined in (2.89) and a
Using r, as dif

above matrices, (2.92) can be written more compactly

r, =0z ¢ T ey (2.93)
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(which together with (2.90) : r = H Ek)

gives a state space representation of the ARMA-process (2.84).
Note that (2.90) is only one possible representation of the
above ARMA-process. Other representations may be derived [28].
Comparing (2.90) with (2.43) one (again) realizes that the ARMA
process (2.84) is a special case of the process defined by (2.43).

We are now in a position to derive a state space representation
for our original problem (2.83).
Defining a state vector
X : = "k
Sk+1 °
In (2.94)

(2.83) together with (2.93) may be written

X, 1 ~H Xy _q 1 o]
= + uk + Ek (2.95)
Ix 0 ¢ Ix-1 0 T
or
Xppq = A X + By +Coey (2.96)
with f1 -H 1 o

A: = i B = s and C : = R
o i 0 r

Equ.(2.96) is the state space representation of (2.83) we were
looking for. It is an equation of the type given in (2.80)

(b) Separation Theorem

Let us next show that for our situation of complete measurability
dynamic certainty equivalence and the Separation theorem amount
to the same.

(1) _Input - Output representation

Consider the plant equation
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T S T S W

with {rk} being an ARMA process. Roughly speaking dynamic certain-
ty equivalence then says: being in time k it is optimal to replace
all variables by their means conditional on the information up

to k:

Rppg () = R (1) +up - T (1) (1=1,2,...,N-k) (2.97)

and to optimize with respect to the deterministic criterion

i_

N-k-1{ , 2 2
Q=7 Xiepq 1) + 0% up 0 => min. (2.98)
=1

(2) State Space representation

Instead of (2.83) we now consider (2.93).
The separation property says: replace the state vector‘by its
conditional mean and optimize with respect to (2.98)..

Hence, form (2.95) we have

—

Qk(i) 1 -H X, _q (1)
= + uy (2.99)

EN D 0 o) | £,

o

or

R0 = K (1) - BHE () +uy (2.100)

~ — A
(1) =0 % 1)
the second equation being of no relevance for our present investi-

gation. A
Since, because of (2.90), H I, _4(1) = T 4
to (2.97) which was to be shown.

(i), Equ.(2.100) reduces
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2.5.2 Optimal Policies for ARMA-Processes

In Sec. 2.4 we derived optimal results only for the white noise
and the Gauss-Markov case. These results were obtained by value
iteration of Dynamic Programming. Equivalently one can start with
the variance criterion (2.63) and derive necessary and sufficient
optimality conditions known as Wiener-Hopf equations D?J. These
equations have to be solved yielding the optimal production
policy. In (discrete) Wiener-Theory this solution is performed in
the z-transform domain [17], (as defined in Sec. 2.4). Obtaining
analytic results for more complicated stationary processes than
the two above examples (white noise and Gauss-Markov Process)
which will be used throughout our later investigations is
extremely difficult. These difficulties can, however, be overcome
by solving the Wiener-Hopf equation not in the frequency but in
the time domain [[ 3]. This involves the solution of an infinite
system of linear equations. I.e. the inversion of an infinite
dimensional matrix has to be found. It can in fact be shown that

for arbitrary ARMA-processes analytic results can be obtained in
a straight foreward way.

Let us express the linear decision rule by

= 2,101
uy -Z Gy Ty_y ( )
IJ=1
with weighting factors Gj which have to be optimized.
Similarly, since the system is linear, one has
= 2.102
Xy j£1 Hy Ty_j ( )

®
with E |Hj| < o from stability requirements.
3=1

One can easily show [ 3] (by substituting (2.102) in the balance
equation) that

w
= . - H. . 2.103
uy .z (HJ+1 HJ) Th—j ( )
=1
with H1 = - 1, The problem now is to determine Hj*f 3.
Substituting (2.102) and (2.103) in the variance criterion (2.63):

C = oxz + p2 cuz one obtains C as a function of Hj (3=1,2,...).
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Differentiating with respect to Hj(j=1,2,...) yields the time
domain Wiener-Hopf equation

Ne— 8
o=}
o]
+
o
N

e 8

L (Hy,y = H) (R4 4 - R;j_5) =0 (2.104)

with Rk—j being the covariance

Rk-j : = cov (rk, rj)

of the stationary sequence {rk}.

This infinite set of linear equations represents the necessary

and sufficient conditions for Hj ¥ j to be optimal. In solving

(2.104) for Hj,(2.104) may be rewritten as an infinite
dimensional matrix equation

(2.105)

- - (7q_n2 _.2 e -

R, Ry R, (1-p9) P o \ H, ow
L2 2 2

R, Ry Ry P (1+20 %) P m,| | 0
o _ 2 2 2 .

R3 R2 R1 p (1+2p°) -—p S

' ] v \ fo) ] ]

] ] [} N\ T 1 v
\

UL J N J L L

The rows of (2.105) can easily be identified as the Wiener-Hopf
equations (2.104).

In solving (2.105) for (H1,H2,———)' one has to f£ind the inverse

matrices of the “pz-matrix“ and the infinite covariance-matrix

R R -

If R_1 exists (H1,H2,--—)' can be isolated and one finds [ 3]



Q © ol ——) (51\ (1452)
/Hz 02 ol ° ——_ 5, o2
1 3 2 1 —
H, | = 0 o2 o' —— (a N o ) (2.106)

w
)
+
IS
©
N
-

1

and Py being the first row of R . (z denotes the conjugate

complex of z). Equ. (2.106) is the first and most important step
in deriving (H1,H2,...)'. It glves Hj as a function of the
1 of the covariance matrix of the {rk} sequence. The

1 is not easy but nevertheless it can be found

inverse R~
derivation of R
by a straight foreward procedure. The inverse of the “p2-matrix"
which defines the economic structure of the problem, however, can
only be found by "trial and error". It should be mentioned that
for finding the inverse of the pz—matrix its special structure
(and consequently the special structure of the inventory-
production problem) was of great help.

The second step now consists in the calculation of the first row

of R—1. If {rk} is an ARMA-process defined by

a, &y + ... + a, ri-k =cC Ei + ... + cj Ei—j

and if the polynomial c, xT + ..+ cj x° has j different zeros

Wir weey wj, we find
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o1 3o ° W ——mmes wjow
bl = 2 . Jo 2| - Wy -mmes w j1
\ CO , \ '0 v ]
' '
' a ! ' ' '
g . .
\° k) L /
/‘,-.,10 _____ V—'jow-‘l /EO W—1 ‘1 (2.107)
. . . o

Equs. (2.106) and (2.107) show that Hj (3=1,2,...) can be
calculated analytically for arbitrary ARMA-processes. The only
problem remaining is the inversion of two finite dimensional
matrices. Since the MA-part 1s for practical problems of low
dimension (at most j=5) the optimal production policy can be
derived for all one item inventory production problems. For
further results and examples see [ 3].



Chapter 3

THE LINEAR NON-QUADRATIC MODEL

With the preliminary studies in the last chapter we are now in a
position to deal with the main object of this treatise. Let us re-
turn to the general model defined in Chap.1. For this model we
now give optimal solutions within the class of linear production
policies. As will be shown in the sequel, restricting admissible
production policies to be linear has as an important advantage
that many results of the quadratic theory still hold:; in parti-
cular its property of allowing for the existence of dynamic cer-
tainty equivalentsﬁ The crucial linearity assumption will be
studied in detail in later chapters.

Let us proceed as follows. First we define the model we shall be
concerned with and subsequently a general derivation of the linear
non—-quadratic approach will be presentedf*) Then we investigate
some special types of important cost functions and finally two

different stochastic demand sequences will be studied in some
detail.

3.1 The general Linear Non-Quadratic Model

Let us specilalize the general model of Chap.1 in the following
way. Constituents (1), (2) and (3) remain almost the same. We
require {ry} to be a stationary Gaussian random sequence and
U e . Besides the balance equation

X

- _ (3.1)
) I S

we now assume the policy to be linear, i.e.

- _ ¥ . - (3.2)
Uk LSkt T B My

where u  is an unknown parameter and {G,} denotes a sequence of

\
*
*))But see remark on p. 41
*
Hitherto referred to as "LNQ"-approach.
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likewise unknown weighting factors. It will be shown that

My = E{xk}‘Vk. Thus (xk_k.—ux) in (3.2) has the intuitive meaning
of a deviation of inventory from its mean value.

Assuming (3.2), the optimization problem thus reduces to the
problem of determining {Gk} and p . Equs.(3.1) and (3.2) form a
linear system which is shown as a block diagram in Fig. 3.1

y ]

X

I
~e~8

Gk' (' —H
(o}

Fig, 3.1 The linear system (3.1) and (3.2}

The cost criterion is given by

C=E{ I(x) + P(u)} (3.3)

with I(x) and P(u) representing inventory and production costs
respectively.
The optimization problem now reads as follows. Find {Gk} and

such that the expected costs C be minimum.

Remarks

Since the above assumptions are essential for the whole approach
we should already now give some comments particularly on the eco-
nomic relevance of the model.

(a) The most serious assumption of the model is its restriction to
linear policies (Equ. (3.2)). As will be seen in later chap-
ters the validity of this assumption largely depends on the
special cost structure of the model. For costs having relati-
vely small (fixed production) set up costs, assumption (3.2)
will turn out not to be too restrictive.
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Furthermore, system (3.1), (3.2) takes into account an infini-
te series of past values of inventory; i.e. together with the
stationarity assumption of {rk} we are restricting our in-
vestigations to a steady state situation. This assumption is
not unusual in theory. Markovian decision processes, e.g., are
also considering only the steady state situation. In fact, it
turns out that in general the steady state is reached only
after a few periods. (See, e.g., footnote p. 65)

(b) Assuming stationarity of the series of demand seems in general
not to be restrictive for a short term inventory-production
model. If, however, important deterministic components have
to be taken into account, the above model has to be modified.
The second assumption, i.e. the assumption that {rk} be a
Gaussian random sequence seems also not to be too restrictive.
First, many demand sequences encountered in practice are, in-
deed, found to be Gaussian or at least nearly Gaussian. Second-
ly, as will be shown later, numerical results are fairly
insensitive with respect to the normality postulate. (See
Sec. 3.6 and Chap. 6)

(c) The cost criterion describes expected costs per period. In-
stead of (3.3) one can write

1 N
C = lim E ﬁ]Z( (I(x

N> o ) + P(uk)) X4 (3.3a)

- k+1
The existence of the above limit is guaranteed by the statio-
narity of {uk} and {xk}. This, in turn, is warranted by at
least one sequence of weighting factors {Gk}.

Not all functions I(-) and P(*) will be admissible. Certain
economically reasonable assumptions will be required. (See the
derivation of Equs.(3.8) and (3.9) below.)

3.2 The general Solution

Having stated and discussed the various assumptions of the general
model we will be concerned with,
tion procedure.

let us now develop a general solu-
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Consider Equ. (3.3). Because of the linearity of the system equa-
tions (3.1) and (3.2) it follows from the assumption of {rk} being
stationary and Gaussian that {uk} and {x,} are also stationary
Gaussian processes. This implies that C is solely a function of
the variances, covariances, and mean values of {uk} and {xk},i.e.
2 2

C=F (0,7, 0,7 Oupr Vyr H,) (3.4)
However, in view of the special (additive) structure of the costs,
F does not depend on the covariance © e Moreover, from (3.1) it
follows u, : = E {uk} o™, Hence, (3.4) reduces to

2 2
C=F (0 v 9y My (3.5)

2

C is a function of ux and via sz and Uu of the weighting sequen-

ce {G,}. Hence, a necessary condition for C to be minimum is given

'

by |

o =0 (3.6)
Wy
and
aC 2 9C 2 _
s;lct = 5 6g (o, + - 8 (o,%} =0 (3.7)
acx %4

where 5 {+} denotes the first variation with respect to {G }. g {-}

may also be replaced by (infinitely many) differentiatlons with

respect to Gy (See also Sec. 2.5.2)

3C2 and 3C2 be positive (an
3o, o0

Let us now in additon assume that

u
tion, which in many cases seems to be economically most
assump '

reasonable) . Hence: (3.7) can be written

? “ - 3.8
5 {oxz} + 0% 810y } =0 (3.8)

together with (3.2) u,=E{x, }, so that using the

I —
*) implies
This also p in (3.2) from the outset is justified.

rameter
symbol M, for the pa
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where

aC
:Xe4 2

2 u

] : = (3.9)
aC
90 2
X G*

and 02>0. The index G7 at (3.9) says that 02 is defined for a

weighting sequence {Gi} for which (3.8) is fulfilled.

Equ. (3.8) represents an important result. Treating for the time
being 02 as a fixed parameter, the left hand side of Equ. (3.8)

2
represents the first variation of the quadratic criterion o " +

02 a 2. Hence, the originally non-quadratic criterion has been

reduzed to a quadratic one.

In solving the above optimization problem we may now proceed as
follows. First one solves for fixed 0° the (adjoined) quadratic
optimization problem. This can be done by solving a Wiener-Hopf equ.
[21] (see also Sec.2.5.2) by value iteration of dynamic programning
as shown in Chap.2 (c.o.Equ.(2.62)). One obtains (mean square) op-
timal variances Uuz and sz which of course depend on 0. In a se-
cond step one then substitutes cuz (0) and oxz (0) into (3.9)

which together with (3.6) allows for determining the optimal

values of My and 02. In case that several values of 07 occur one

has to take that 02 which results in the lowest value of C.

Let us summarize the results thus far obtained stating the follow-

ing proposition.

} Subject to the above assumptions a dynamic non-quadratic opti-

! mization problem can be separated into two parts. The first

l part involves a quadratic dynamic optimization procedure (ta-

g king into account the dynamics of the model). The remaining

i part then accounts for the special non-quadratic features of

i the model's criterion requiring only a solution of Equs. (3.9)
and (3.6).

Since, as we know from Chap.2, for linear quadratic models dynamic
Certainty equivalents do exist, the above makes sure the existence

of certainty equivalents also in the non-quadratic case. However,
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with respect to the above derivation this statement should be in-
terpreted carefully. Dynamic certainty equivalents exist only in
the sense that one can find an adjoined quadratic problem. In de-
riving this adjoined quadratic problem the knowledge of variance
and covariance of the disturbance sequence was necessary. It is
therefore not correct to say that also in the LNQ-Problem dynamic
certainty equivalents exist in the sense that only the sequence
of forecasts has to be known. However, in the stationary case, we
consider, variances and covariances have only to be fixed once
and determine together with the cost parameters certain constants
in the optimal policy. Hence the only information which is really
used is the sequence of forecasts which more or less may be re-
garded as dynamic certainty equivalents of the LNQ-problem. These
arguments will become more clear by the examples given in the
next section.

t

Remarks

(1) The above procedure may be regarded as a rational procedure of
fitting quadratic functions to the non-quadratic cost functions
I(x) and P(u). In fact, we are not fitting quadratic functions,
e.g., by a mean square type of procedure (as was done by [_7]),

but with respect to the cost criterion of the model.

(2) The procedure we used in deriving an optimal policy may be con-
sldered as a special example of a far more general problem
which is known as the reduction of a composed functional in a
dynamic optimization problem ([ 1], see also [17]).

(3) For spécial cost functions and demand sequences it will not be
necessary to use the above "two-step" procedure. Knowing the

structure of the optimal policy one can immediately derive an

2 2

explicit expression for F (0x ¢ Oy ux) and can optimize F

with respect to the unknown parameters in the production policy.
(See é.g. [14]) This procedure will be illustrated in later sec-

tions.
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3.3 Special Cost Functions

According to the proposition stated in the last section the

effect particular cost functions exert on the optimization can be
investigated independently from assumptions on the demand sequen-
ce. Thus we shall first study special types of important cost
functions and then, in Sec. 3.4, different kinds of demand sequen-
ces will be investigated.

The special feature of different cost functions only affects

Equs. (3.6) and (3.9). Hence, let us determine these equations for

particular costs.

3.3.1 Plecewise Linear Costs

Consider the following pilecewise linear cost functions speciali-
zing the general criterion (3.3)

h x for x > 0
I(x) : = (3.10) . 10
-vx forx <o
h >0, v>0
and ! x
jp u foru>o0
= P
Pu) : = (3.11) - q (W
[— qu for u <o
P2>20,qg2>0 u

The cost parameters u, v, P and q may be inter-

preted as "costs per item and period". h x represents proportio-
nal stock holding costs, whereas - v x gives " penalty costs "

if one is out of stock. (Note that "negative stock" means back
logged orders.) p u and - q u represent costs for producinag more
and less than at a given mean production level.

Deriving specific formulae for (3.6) and (3.9) we first have to

express the expected costs C by (3.10) and (3.11). From (3.5) one
immediately has -
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c =‘TZ£_—' [ I(x) exp -4 5 (x—ux)2 dx
v/ 2T 0o, = 20,
+ ! [ P(u) exp 5 UZ]'du
2T o —® 20 [
u u
- - 1 +q
= - vy + (h+v) %x¢w)+ox¢(w} +%§oh
where
My 1 Y 1 .2
y : =—=— and {(y) : = — exp { -5 y'°Lady’
% = L 2 ¥

(For a derivation of (3.12) see also [17, p. 180 f.£f.])

From (3.12) we obtain the following partial derivatives

¢ _ _ v + (h+v) d)(y) f
3ux )
ac _hiv 1 '
g2 2 o ¢W
__pta 1

2 — d
aoh 2V27 u

Substituting these expressions in (3.6) and (3.9) vyields
- v + (h+v) O(y) =0
2T (h+v) §' (y) o 02 - (p+q) o, =0

or, indicating the dependance of the variances on e

-1 \4
< = %% @ ¢ ;:H>

g (0)

=
]

o : = /IT P (y) =e ,y==q>'1(h:—v) and g : = 222

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.6a)

(3.9a)

(3.17)

(3.18)

(3.19)
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Equs. (3.17) and (3.18) are expressions (3.6) and (3.9) for the
above special cost structure. (It now remains to calculate 9, (9)
and % (0) for special demand sequences : see next section).
Another important cost function, closely related to (3.10) and
(3.11), is given by (3.10) and instead of (3.11) one has

P + pu for u > O
P(u) = (o} for u 0 (3.20)
0 - qu for u (o]

A

P and Q represent (fixed) production set-up costs. As one can
easily see in this case one has to add to the costs (3.12) the
(constant) term 2%9 . This expression, of course, will not affect
our basic equations (3.17) and (3.18). Hence one obtains the same
linear policy irrespective of the presence of set-up costs. This
already indicates that for problems having set-up costs the linear

policy will in general be a poor approximation (but see Sec. 4.2).

3.3.2 Probability Constraints

Often it will be extraordinary difficult to specify the negative
branch of the cost function (3.10). What seems to be easier,
however, is to specify a certain service level, There are many
definitions of different kinds of service levels used in litera-
ture [11] and industry. We shall here concentrate on a service
level defined by the probability of being out of stock;

i.e. Prob {x < o} = 1, where 1,

is called "a-service level".
Instead of (3.10) and (3.11) we now have

I(x) = hx for x > 0

b { (3.21)

P < =

ro x < o} 10 (3.22)
‘pu for u > 0

P (u) =< qu for u < 0 (3.23)

Since stock on hand is a Gaussian random variable, (3.22) can
’ .

also be written

1 -0(y) =1
by a (3.22a)
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Hence, in view of (3.12) mean costs are given by

[ : +
c=h J.Lux Oty) + o, Q'(y)} + % o, + A (1-0(y) - 1) (3.24)

where A is a Lagrange parameter.
Differentiating with respect to 1, Uyr cxz and ouz now leads to

C

aC _ — -

5y =1 Ply) - «a (3.25)
ac 1

= =h 0(y) -2 0'(y) = (3.26)
Bux Oy

BC o =Thoy &=+ o () —X5

3g 2 x c

3¢ _pta 1
Bcuz 2/ 2T Uu

Hence, necessary conditions imply

y = " (1-a) (3.27)
A=ho %(y)_ (3.28)
X (y)

ac

ag 2 o
o2 - ow _ _pta 1 _x

EQ_E Yz h 0'(y) + yo(y) “u

3ox

_ p*q 1 x

7@ h 0 (@ T (1-w) + (1~ (1=a) o

or
g, (0)
x
02 - % 7 (3.29)
u
with
6 i = ¢-(¢'1(1-a)) + (1-a) ¢—1(1—u) (3.30)
and +

]

B : 74 h
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Like (3.17) and (3.18) Equs. (3.28) and (3.29) are specifications
of the general expressions (3.6) and (3.9). The similarity of the
necessary conditions (3.17), (3.18) and (3.28), (3.29) is obvious.
A direct analogy, however, could be constructed if we replaced the
proportional penalty costs by constant costs, i.e. if we had
instead of (3.21) and (3.22)

h x x >0
I(x) = (4.32)
Pe x <0 (pf: fixed penalty costs)

In this case the expected costs are given by

h o, Oy) + o 01 () + om g2

C =pe(1-0(y)) +h (u, Oy %% Y VT oy (3.22)
with the necessary condition

9C ' R

W, -n Oy) —pe ') G- =0 (3.33)
leading to

o (y)
pg=ho 3.34
£ e (3.30)

Hence, comparing (3.34) with (3.28), X turns out to be identical
with , i.e. A represents constant inventory penalty costs.

3.3.3 A Production Smoothing Problem

A cost function which does no longer fit completely the general
pattern defined in Chap. 1 is given by ([?{])

h x, for x, >0

K = '
(3.35)
VX, for X, <0

I(x
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P, u_4) =p luy-u, | (3.36)

In contrary to our former production costs Equ. (3.36) describes
costs to be dependent on the last production level, which for a
genuine production smoothing problem seems to be a reasonable

assumption.
Defining
Dy : = Upyq ~ Yk (3.37)
expected costs are given by (see (3.12))
1 n 1 2
C=— [ I exp{- (x = u)) }dx
v2n o, ™ 20 2 X
P - | plD] exp{ ! 3 Dz}dD
J/2m oy ™ ZGD
- - iy b s 2B
= -vu + (h+V){ux bly) + o, ¢ (y)I + Vo op (3.38)

Following exactly the same arguments as in Sec. 3.3.1 one obtains

instead of (3.17) and (3.18)

-1 v
me T 0 (00 R (3.39)
o (9)
2 _ 8 X
=3 7, ® (3.40)
2
where B is now given by B : = Ef%

3.4 Special Stochastic Demand Sequences

As we know from our proposition stated in Sec. 3.2 the specifi-

cation of Equs. (3.6) and (3.9) 1s only one step towards the

solution of the total pr
ve the quadratic problem giving us d, and o

Equ. (3.9) has to be solved for 02.

oblem. Two important steps still remain.

First, we have to sol
as functions of 0. Secondly,

u
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We shall concentrate on two sequences of demand. One will be an
uncorrelated sequence of random variables (White noise) and the
other an exponentially correlated sequence of demand (Gauss -
Markov sequence). Both sequences have already been introduced in
Chap.2.

Also we shall concentrate on the case of plecewise linear costs
dealt with in Sec. 3.3.1. Hence, Sec. 3.4 will derive solutions
of (3.17) and (3.18) in the cases of white noise (Sec.3.4.1)and of

a Gauss-Markov sequence (Sec. 3.4.2).

3.4.1 Non - Correlated Demand

Solving the adjoined quadratic variation problem (3.8) for the
white noise case we arrive at formulas already given in Sec.2.4,
These formulas may again be summarized for better reference. The
(mean square) optimal policy as a function of @ 1s given by

u (@) = (y(e) - 1) X (3.41)

and the variances are known to be (see (266) and (2.67))

0 ° © = —F— o (3.42)
1-y~ (0)
2 Z 1=y (@) 2
% (0) = T+ (0) o (3.43)
where
Y(©) = Lz 6+2o2 - /1+492>. (3.44)
20
Substituting (3.42) and (3.43) into (3.18) one obtains
0*2 _B 1
T a T-¥(0M

or, in view of (3.44)

o*2 = B (B+a) (3.45)
a
Hence,

Yy¥ : = y(0¥) = E%E (3.46)



which implies

2
*2 2 * (a+B) 2
O, =0 ™) FECTYI) g (3.47)
*2 | _ 2 X, _ _a 2
oy HE Uu 6") = a+28 g (3.48)
and from (3.17)
X . _ *, _ x -1 \'4
e 5T My @) =9y J Srverd (3.49)

Finally, in view of (3.41) and (3.2), the optimal ("non-quadratic")
policy is given by

3 Xy _ * *N a *
uX: =0, 0% = (v©%-1) (X)) = - 25 guX) (3,50

The optimal costs can now be calculated from (3.12). Rewriting
(3.12) one obtalns for the optimal costs C X

'

c¥=u  [-v+ (h+v) d(yN] + (h+v) ' (v o F+ B g %
. Y2r

which, taking advantage of the necessary condition (3.6a), re-
duces to ‘

c¥ = (htv) O (y o ¥+ BED 4 ¥
X u
27
or, in view of definitions (3.19)

¥ _ h+v *

*
C"=— |a ¢ + B8 a (3.51)
’/2," X u]

Substituting (3.47) and (3.48) one finally has

* h+v ) P
c®=2Y  Ja(a+28) o (3.52)

27

Policy (3.50) may be illustrated as follows (Fig.3.2)
A\

\uk

Fig. 3.2 Linear Policy (3.50)
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The parameter u;‘may be interpreted as an optimal "dynamic safety

stock" [19]. The slope x* has been used as an abriviation, since
from (3.50)

K™ = = i+E (3.53)

Note that-1< k* < O
In discussing the above results somewhat further let us first con-

sider some special cases of cost parameters.

(1) h = v implies ui = 0, i.e. the optimal safety inventory
should be zero; a result which was reasonably to be
expected.

1

(2) h=v=p-=g inplies ui = -5 X which reflects the com-

plete summetry of the model.

O implies slope k%= -1

3) p=g

(4) p -> » or g -> » implies u; -> 0

Next, let us give some results of a sensitivity analysis of some
of the above quantities with respect to certain cost parameters.

(1) For increasing p (and the same holds for q) it can be shown [8]

>0 for v >h
h
h

ak ¥ u¥*
a—p>0andﬁ<[=0forv

Q

A

< 0 for v

(2) For increasing h one obtains

(-4
L=
*

3k ™
ﬁ<0and <0

8]
oy

(3) For increasing v one finds

- #*
x < O and 2
v

=

v >0

Q)
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3.4.2 Exponentially Correlated Demand

As in the non-correlated case the results for the adjoined quadra-
tic problem have already been given in Sec. 2.4. Again (2.78) and
(2.79) have (as functions of 0) to be substituted into (3.17) and
(3.18) from which 6* and u;'and all other optimal quantities of
interest follow. The calculation of 6% can, of course, no longer
be performed analytically. However, numerically it is an easy and
straight forward task to determine zeros of the polynomical in ©
or in A (0) given in (3.18)

Let us now summarize the analytic results of Sec. 2.4.
In view of (3.2) and (2.62) the ("non-quadratic”) optimal policy
is given by

* *y _ oy X v 1,,% 2
X = (y(*-1) {xk Uy Lo Y (07 Ty, (i+1)} (3.54)
Note that the white noise case and the Gauss-Markoﬁ case essentially
differ in the last term in (3.54) which gives an exponentially
weighted sequence of forecasts of future demandT)As we already
know Qk_1(i+1) are called dynamic certainty equivalents (of the

adjoined quadratic problem). Hence, also in the non-quadratic case
dynamic certainty equivalents exist in the sense discussed at the
end of Sec. 3.2.

The optimal costs are again given by (3.51).

*¥ _ htv * x]
c T [9 o, (6%) + 8 o, (6% (3.55)
with the optimal variances (see (2.78) and (2.79))
2
o
oxz(o*) = r {(1—a2) + v(0%) (-3a+3a2)

(1-v% 6% (1-ay (6%)) 3
+ v2(0%) (2a+2a%-4a°)

+ 73(0*)(—232+2a3)} (3.56)

| -
)Note that u** and 7(0*) are of course not the same

as in (3.50)
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r
2 %
ou(e)

o 2 (y(e*-12
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(-v2(©%) (-ay (6%))

+ y2(0%) (a2-2a%)

+ Y0¥ al }

{(1+2a—2a3)+y(0*)(—3a—2a

2+4a3)

(3.57)
Numerical results are given in the following table [?0]
Table 3.1
02 = (1—32) crz =1, v=2h, p=gq
a = 0.1 a = 0.5 a= 0,9
p=gqgl| wX| 1-¥] c* | w*| 1-v c*¥ u; 1-Yy c*
0,0 h{0,43 | 1.00| 1.091 | 0,43 | 1.00 | 1.091 | 0,43 | 1.00| 1.091
0,1 hl0,43 | 0.94|1.175|0,43]0.95|1.210| 0,43 [ 0.97| 1.302
1,0 hj0,48 | 0.60 | 1.787 | 0,47 | 0.69 | 2.170 | 0,44 | 0.81| 3.174
10,0 h|0,97 | 0.12 | 4.730 | 1,34 [0.14 | 7.769 | 0,80 | 0.34(20.756

Remark

In a recent paper Gaalman [ 6] studied the multi-variate case
by modern control-analytic methods. Since one of our main objects
is the investigation of the validity of the linear decision rule
approximation we shall concentrate on scalar models with white

noise and Gauss-Markov processes as demand sequences. This
limitation is necessary since DP solutions which will be presented
in the next chapter usually cannot be derived for higher dimen-

sional state spaces and more complicated disturbance processes.
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3.5 A direct Approach solving a LNO-Problem

A slightly more direct approach to the LNQ-problem can be applied
by exploiting from the outset the knowledge of the structure of
the optimal linear policy. In fact, knowing the type of the sto-
chastic demand sequence the optimal policy is given immediately.
For an uncorrelated sequence, e.g., one has

u =X (xk - u) (3.58)

with parameters x and u which have to be determined by opti-
mizing the cost criterion of the problem.
For an autoregressive process of order v, e.qg., one has

= + + -
u a ag X, @y T4+ +a T

k o (3.59)

k-v

(See Appendix to Chap.2)

The general procedure of the "direct approach" now is as follows.
First, calculate variances sz and cuz as functionsof the unknown
policy parameters, say o, a_ ,—--, ®,. This could in principle be
done by solving a stationary Matrix Riccati Equatlon. Secondly,

substitute these variances into the cost criterion C (o 2,0 Z,ux).
x '"u

Finally, optimize C with respect to a, Qgr~==r O

The "direct approach" appears to be somewhat less sophisticated
than the theory developed in Sec.3.2. It should, however, be
clear that Sec. 3.2 provides a deeper insight into the general
nature of the problem,

We shall illustrate the procedure for an uncorrelated sequence of
demand leading to the general linear policy (3.58). Two models
will be considered. First, in Sec. 3.5.1, the model described in
Sec. 3.3.1 having pilecewlse linear costs will again be investi-
gated and secondly, in Sec. 3.5.2, the production smoothing pro-
blem of Sec. 3.3.3 will be studied.

3.5.1 Plecewise linear Costs

Following the 3 steps indicated in the last section we first cal-

culate oxz and 0u2 as functions of k. From Sec. 2.4 we readily



have (setting y-1 = k)

2 _ _ 1 2
o, k) = e+ © (3.60)
and
2 _ K 2
Uu (k) = - m g (3.61)

Substituting, in a second step, these variances into the cost cri-

terion (3.12) gives

C o= —vu + (hw){u Oly) + o () d>'(y)}+ ‘%%“u <) (3.62)

o, ()
where y : = - and, of course, U = E (xk) =y
Finally, differentiating (3.62) with respect to the two policy

parameters p and x and setting equal to zero, one obtains (see

derivation of (3.17) and (3.18))

-1 v
o= 0o, ) ¢ (th) (3.63)
and
2 2
dc _ ac do, . ¢ do,
dk 3g 2 4 « 30 2 dx
x u
= - (hev) O'(y) - 0 2y D) L ptg ooy 1
‘ x K (K+2) Jor 1 K(x+2) = (o]
or
H o a
T T T %8 (3.64)

with a and B defined by (3.19). Substituting «* in (3.63) one ob-
tains the optimal p
X (a+B) o

= lo+B) 0 471 (_V_
W= /QTE:EEY ¢ (v+h (3.65)

Hence, the optimal policy 1is given by

= X ¥

u =« (xk ur) (3.66)
with x* and u* determined by (3.64) and (3.65) from which optimal
costs follow immediately (see also (3.53))
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3.5.2 Production Smoothing Problem

The dynamics of the production smoothing model as defined in

Sec. 3.3.3 1is given by the two equations
xk_'_.| = X, +
(3.67)

x ¥ Dx

[}
[+

Y41

or, in matrix notation

(3.68)

k+1 Y%

-

Defining(;kj as an (extended) state vector, the optimal
k ,

policy is immediately given by (see Appendix to Chap.2)

'

Dk =Ky U + K, (xk—u) (3.69)

where u turns again out to be mean inventory. Poficy (3.69) says
that a charge-over in production depends on stock on hand and on
the last production level.

The variances of Xy and Dy which have to be substituted into the
optimal costs (3.38) may be calculated as follows:

Defining ik = X, -u Equ. (3.67) may be written

Xppq = X oy -1y

u, + ¥, u, + K, X

u k 1 Y% 2 *x

k+1

Using z-transforms, as defined in Sec. 2.4 (see footnote), one has

z x(z) = x(z) + u(z) - r(z)
(3.70)
z u(z) = (1+K1) u(z) + K, x (2)
or,
(1+K1) -z
x(z) = 3 r(z) (3.71)

z° - (2+K1)z + (1+K1—K2)
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and, in view of (3.37)

(1-2) x

D(z) = — 2 £ (2) (3.72)
z° - (2+K1)Z + (1+K1-K2)

As in Sec. 2.4 (see (2.75) and (2.76)} the variances are now given
by

-1
3 2 02 1 ’/(2_1 (1+K1) z (1+K1)—Z dz

» 2Tj 2_ - 2_ -1
z (2+|<1)z+(1+|<1 Kz) z (2+K1)z +(1+K1+K2)
(3.73)
2 - -1
2 2 %2 -1 1-z 1-2
oy = O 7 z 5 3 = dz
z -(2+K1)z+(1+K1—K2) z —(2+K1)2 +(1+K1—K2)
(3.74)
Using a table, as given in [10], one readily obtains
, (242K 4, ) (24—, =2 (14k,) (2+k,)
o, = 3 3 o (3.75)
(kp=ky) |24k k) 2 = (2461 7]
and
2
- 2k
0,2 = 2 o2 (3.76)

('K2—K1)[(2+K1—K2)2 - (2+.<1)2]

These expressions have to be substituted into the expected costs
(3.38) which then are to be optimized with respect to u, ¥, and

Ko This may again be done analytically as in the casg of Sec.3.5.1
Or, alternatively, one can take necessary conditions 5— = 0 and

ac

T 0 and has to solve these equations numerically. A third pro-
2

cedure could be applied by optimizing C = C(u, Kqr K2) numerically
without relying on the necessary conditions.
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3.6 Appendix to Chapter 3

The Normality Condition

In deriving the best linear policy in Sec. 3.2 we assumed the
demand sequence to be Gaussian., We shall now show that in cases
when this assumption does not hold the effect on our results may
in general be disregarded.

Let us proceed as follows. First we derive an integral equation
for the stationary probability distribution F(x) of inventory X
assuming a general (non-Gaussian) demand sequence. This integral
equation can in general not be solved analytically. Consequently,
we represent F(x) by a Gram Charlier expansion. It turns out that
generally only the first terms involving mean and variance are

of importance. Screwness and curtosis usually can bé disregarded
so that only the "normal part" of a demand probability distri-
bution is of importance. i

The derivation can only be sketched here. For a mdre comprehensive
presentation see [ 4]. '

Let us again consider the general model stated in|5ec. 3.1 with
costs (3.20) and an independent non-Gaussian stationary sequence
of demand with mean E{r,} = u. The following discussion will be
restricted to the case P = Q = 0. For more general results see
[4]. We know that a linear policy has the general structure

ulx) = k(x - u) (3.77)
Hence, the balance equation may be written
xk+1 = K1 xk - Ka - rk (3.78)

where Ky = 1 + «
For the mean values of Xy s MWy OnNe has

T N (3.79)

or
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1—K1k _ K
My - (ku + p) + k7 uy (3.80)
1-x
1
Assuming - 1 < K4 < 1,limiting mean stock is given by
:= 1i =7 + &
Um Ll im Uk =M K (3-81)
k>

(Note that for uy = O one again finds the result of Sec. 3.2 :
Ug = U = W ).
Since we are only interested in a stationary analysis it is

convenient to introduce reduced variables

o
xko 2= Xy = M and ry = =TI - U (3.82)
resulting in
o o o)
Xpe1 = Kq % T T (3.81)

Since Xy and r), are stochastically independent (3.81) gives us
immediately a relation between the probability distribution

. o o} o
functions F) .(x) and F~ (x) of x k+1 and x; respectively,

-]
o B o  x+z
Frir 00 = [P S

©(z)az (3.82)

In the homogenous convolution integral equation (3-32)f°(z)isthe
probability density of rok.
Letting k + = Equ. (3.82) becomes [4]

o) = [ F° X2 97z az (3.83)
- 1

where F°(x) is the limiting distribution function of x. Generally,
integral equation (3.83) cannot be solved analytically. However,
if ¥°(z) is a Gaussian density;F (x) is also Gaussian and the
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results of earlier sections can be confirmed.

One may try to solve (3.83) approximately. This can be achieved
by a Gram Charlier expansion. Let FS(x) = Fo(x'cx) be the
standardized distribution function of x. Hence the Gram Charlier
expansion is defined by

¢N(i) (x) (3.84)

i
where ¢N( ) is the i-th derivation of the standardized normal
distribution function. For the first 4 coefficients one has, e.g.,

C=1,C = C = Q

o 1 2
s FS
C3(F ) = - Y4 (screwness of FS(x)) , (3.85)
c (Fs) _ Fs . ] !
4 =Y, (curtosis of F®(x)) ,

A suitable approximation might already be

( S

c, (F%)
0P+ A6, (3.86)

FS(x) & Qy(x) +
3! 4!

Up to now screwness and curtosis of F°(x) are still unknown. They
will be determined by expanding both sides of the integral
equation (3.83) in a Gram Charlier series. It can be shown

3
5) (1_'(12)2 s (3.87)
C. (FS) = - ———— ¢, (05) 3.
3 e 3 C3®
s 1-K2 S
c,(F°) = ——= C, {0 (3.88)
4 1+x,2 4

1

where C3(¢S) and C4(¢s) are (negative) screwness and curtosils of
the standardized distribution function ¢°(r) of demand. (For
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coefficients Cy, i > 4, similar results can be obtained [ 4.
Equs. (3.87) and (3.88) show an interesting and important result.

First one has
lc; (F%) ] < lc,y (0% (i =3, 4) (3.89)

i.e. if for a demand distribution screwness and curtosis are of
no great importance, the same holds a fortiori for the stationary
distribution function of x. Hence FZ (x) kﬁbN(x) would be a good
approximation and, as our numerical results will show, the same
reasonable approximation holds for the costs.

Secondly, as one observes from (3.87) and (3.88) for K, =1
FS(x), and hence F°(x), is nearly Gaussian irrespective of the
form of the distribution function of demand. K, + 1 implies

K > 0, i.e. for flat linear decision rules (see e.g. Fig. 3.2)
¢N(x) represents a good approximation; or, stated in terms of
cost parameters, p and g should be larger than h and V.

Average costs and optimality conditions

Let us now study the effect of the second and third term in (3.86)
on the optimal costs. Mean average costs, as a function of u and
K are given by

Clu, k) = E{L{x) + P(W)}

Substituting for the costs Equ. (3.20) (with P = Q0 = O0) and for
the distribution function,Fo(x) from (3.86),0ne finds

Lo (pra) (-0 Py (1 = 37 €4 (%))

+

(hv) (0 () + Py (0) [1+ 16 U, C4(F%)
(3.90)

1 0y (1-32
~ 57 CaED) (1-u W1}

-V Uy



61

ucn
T

with ¥ (x) being the Gaussian density function and W, :=

(o, : standard deviation of FO(x)).

Differentiating C(h,K) with respect to uw and K, or, equivalently,
with respect to §_ and Ky, finally ylelds the approximative
necessary conditions

TR R O )+ G 1 gD (-T2 + o ¢, BHT, (B-H0))

a
(3.91)
and
2
K, “+4K, +1
P*9 » (0) (1 1 s 1 1
-K -1
v+h N A >3 Cy(F ) TR 2
1
Ky PN 31 4 Lo (68 T W2 - —— 4 (3.92)
673 ® 1+x1+1<12

-2
1 s 4(1-u )
+ = - ®
25 G4 (F )[-umf-ZEi -1+ ————————]

(As one easily rea
bv) = by(v),

respectively)

lizes, for normally distributed demand, i.e.
these congitions reduce to (3.63) and (3.64)

tions .
Condl (3'91) and (3.92) have to be solved numerically giving
approximately opty

Optimal costg are
iteration prOQQGUr
imati
appfOle ive policy q = K(x—u).

3.2 giv
e Jives the vValues of K and n for a forth order Gram
jer ©XPansjq .

mal values for the policy parameters K and Uu.
not determined by (3.90) but by a value
€. Hence costs are exact with respect to the

Tabl

char}

(i.e., taking into account screwness and
osis). The demg

cur tribut i nd distribution was taken to be a standardized

Beta’dis oh with parameters a = 10 and b = 2, having the
re [ o

finité sUPPO El'062; 1_512], mean 0.833, standard deviation

ewne
o.103/ cr Ss =0.929 and curtosis 0.789. K and u are given

tion of v p+q
36 0 333cost parameters yzp 2Pd yyp - In Table 3.2 we
= ) .

chose y+h

as a £
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Table 3.2 not only shows the forth order values u and X but also

o o

p- and X~ being calculated from a second order Gram Charlier

expansion which corresponds to a Gaussian approximation

ptq

wer " K uo k© D
0.25 |- 0.274 - 0.799 - 0.442 - 0.785 0.6
0.50 | - 0.301 - 0.664 - 0.461 - 0.646 0.4
0.75 | - 0.330 - 0.567 - 0.483 - 0.549 0.3
1.00 | - 0.359 - 0.493 - 0.506 - 0.477 .3
2,00 | - 0.462 - 0.322 - 0.593 - 0.313 0.2
3.001 - 0.550 - 0.238 - 0.672 - 0.233 0.1

Table 3.2 Comparison with Gaussian approximation

of the demand distribution. The last column in Table 3.2 shows

cu®x® - cux)
the relative deviations in costs: D := 100 [%].
Clu,x)

Even for demand distributions of considerable screwness it is

encouraging to notice that a Gaussian approximation does extremely
well. This result is also affirmed by the investigations for the
pure inventory case in Chap. 6. Hence our assumption of demand
to be a Gaussian random series 1s by no means restrictive.

More detailed and comprehensive results for other values of cost
parameters and further Beta-Distributions are given in [4].

The values for D are always of the same order (which shows the
strong smoothing property of the linear policy).

In addition,[4] also investigates the suboptimality of the two
approximations with respect to the optimal (Dynamic Programming)
solution (see also Chap. 4). It can be seen that the Gram
Charlier approximation gives satisfactory results. Generally,
deviations are not larger than 5 or at most 10 %.



Chapter 4

COMPARISON WITH OPTIMAL DYNAMIC PROGRAMMING SOLUTIONS

In Chap. 3 we established the so called LNQ-approach to

inventory production problems having no quadratic performance
criterion. This approach, as we know, is suboptimal because of
the linearity assumption (3.2). It will now be our main concern
to study the effects of this crucial assumption in some detail.
I.e. we shall compare the linear approach with the exact
solution which will be derived by a dynamic programming procedure.
We refer to the models stated in Chap. 1 and Sec. 3.1. For

easier reference let us state completely the model we will be
concerned with in this Chapter.

(1) % € TR1 : stock on hand, k=1,2,... :

(2) u e TR1 : production (deviation)

(3) {rk} : demand sequence (white noise or Gauss-Markov
sequence)
(4) Xppp = ¥ Uy -
1 1 Y
5 C=1lim Eq§ = =
(5) Noveo N k£1 {I(xk+1) + P(uk)}lx1 > min.
where
J h x for x >0
Ix) = (4.1)
L~ VX for x <o
P + pu for u > 0
P(u) = ] for u=0 (4.2)
Q-qu foruc<o

First, in Sec. 4.1, we shall concentrate on the white noise case
having no production set-up costs; i.e. P=Q=0. Then, in Sec. 4.2,

P and Q will be taken to be non-zero. Finally, Sec. 4.3 is
devoted to the Gauss-Markov case.
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4.1 Piecewise Linear Costs (no set up costs: P = Q = Q)

Let us first derive a dynamic programming (DP) solution for the
above model and let us then, in Sec.4.1.2, compare the LNQ- and
the DP-approach numerically. (See also Csh

4.1.1 Dynamic Programming Solution

The DP-solution can only be sketched here ( Fora more comprehensive
representation see [ 8]). However, the main ideas of deriving
the optimal policy and optimal costs will be given.

Defining
yk=xk+uk

Bellman's functional equation for a finite horizon situation may
readily be stated to be

min E{J]E[P(y-x) + 1 ym) o+ (k-1) £ (y-r)}} (4.3)

£, (x)
k Y

£_(x) o

o

1}

Here £, (x) denotes the value function and k the number of steps
up to horizon N.

The optimal policy (and optimal costs) for N+» can now be found
by applying a value iteration procedure.

Let us first look for the optimizing decision at step k.

Applying the expectation operator E, Equ. (4.3) can also be written

£, (x) = min x [P(Y"‘) * Hy (Y)}
y

(4.3)
where
Hk(y) . = E {1 (Y-r) + (k"l) fk-1 (y—r)} (4.4)
In view of (4.2) (P =Q=0), (4.3) may further be reformulated
yielding
1
— min <{p(y-x) + H { l
K y2x b k Y)j
f_(x) = min ; (4.5)
k 1 min {- qly=x) + H, (y)
K yex k Y}

P
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Now, for the above costs (4.1) and (4.2) it can be shown that
expressions p(y—x)+Hk(y) and -q(y-x) + Hk(y) are convex. Hence,
there exist optimizing parameters Sk and si defined by

BHk = ~-p and BHk =q (4.6)

dy | y=sy 3y | y=sy
The optimal decision is therefore given by

s for x < s

k k
Y (x) =¢x for S & x < si (4.7)

*
si for x > Sy

and the optimal costs are found to be

% [P(sk-x) + Hk(sk?J for x < ?k
fk (x) = % Hk (x) for sk < x < S]'( (4.8)
% ['Q(si—x) + Hk(sk)] for x > sp

Hence, letting N+=, the optimal policy, written again in terms

of uy . turns out to be *)
[ S=X) for x < s

uk(x) =<0 for s < x £ s’ (4.9)
[ s'-xk for x > s'

¥)

The convergence of the value iteration to the optimal policy
depends, of course, on the values of cost parameters h, v, p
and q. However, it was found that in most cases convergence
took less then 20 periods. This again shows that an asymototic
(N+») model can in many real situations be regarded as a
reasonable approximation to the finite case.
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Equ. (4.9) is illustrated by Fig.4.1 below

12}
©n
=

Fig. 4.1 Optimal cash balance policy

The optimal costs could in principle be calculated in forming the
1imit N+= of value function (4.8). Convergence, however, turns
out to be rather poor. Thus, knowing the optimal policy, optimal
costs were calculated via the limiting distribution of x. This
turned dut to be more practicable.

Let c(x) be costs per period and be F(x) the probability

distribution of (the asymptotic) x, then expected optimal costs

are given by

c= { c(x) 4dF(x)

(4.10)

Let us now determine c(x) and F(x).
Because of (4.9) the balance _

e ' ( equation Xpaq = X +u - r, may
be written

X + (s-xk) - Ir = s-r for X <s
Xeyq = X - r for s ¢ X, < s' (4.11)
1 - =
X + (s'=x;) - r =g'-r for x, > g

k
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Hence, expected*) one-period costs are given by

P(s—x,) for X, < s
c(xk) = o for s £ x, < s! + E(I(xk+1)} (4.12)
—q(s'—xk) for Xy > s

Defining L(y) : = E {I(y-r)} and dropping the index k (4.12) may
finally be written

p(s-x) + L(s) for x < s
c(x) = L(x) for s £ x £ s' (4.13)
-g(s'-x) + L(s') for x > s'

The calculation of the asymptotic probability distribution F(x) is

more complicated and, for Gaussian demand sequences, can only be

accomplished numerically. !

'

Let us first discretize x and r

X € {x(1), x(Z), enes x(n)} where x(i) = X + (i-1) dx,

min

(i =1,...,n)

r e {r(-q), r(-q+1),..., r(q)} where r?t r + (i-1) dr,

min
(1 = 1,...,q)

with dx and dr being appropriate step intervals.
Hence, in view of (4.11), transition probabilities may be defined

by
?d(sd-x(j)J for x(i)<sd
Pij:= Prob {xk+1 = xélzlxk=xél)}= ?d(x(i)—f(Jb for sdsx(l)55é
yd(sé—x(J)) for x(i)>sd

with ¥4 being a discretized Gaussian density function and

wT%e expected value has to be taken into account, since inventory

costs are attached to the end of the period.
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Obviously, {xéi)} defines an (ergodic) Markov-chaim. Hence

stationary probabilities are given by the well-known formulae

n n
_ - __ = .15)
7. = p;: T, (3=2,- n), } s 1 (4
J §=1 1) l, ! ! j=1 ]
Dy, (4.10
Together with appropriately discretized costs c (x )y, (4. can
finally be written givina the optimal total costs
n .
c=73 cwx'3y q. (4.16)
3=1 ’

4.1.2 Numerical Results

We are now in a position to compare both, the DP and the linear
approach. Let us first consider the optimal policies. Fig.4.2

shows both policies in their relation to one another.

x\/

s u s'

Fig. 4.2 Best linear and optimal policy

The important economic difference between both policies results
from the fact that for the linear policy there is no region in
which no production action has to be taken. However, ifvariance of x
i.s large enough (dependingin turn on o and the cost parameters) i.e.
atleastoxys'-s,then the difference between both policies should
not be too important. In fact, numerical results for the optimal
costs support this suggestion.

To be more specific, let us denote optimal costs incurred by the
linear approach (Equ. (3.52)) by CL*. Hence, a relative cost
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deviation D may be defined by

CL*_ c*
D := = 100 (%] (4.17)
L
Table 4.1 below shows D for several values of cost parameters.*)
v
P= 0.5 h h 1.5 h 2 h 3 h
0.1 h 0.5 0.2 0.2 0.2 0.2
0.5 h 3.7 2.4 2.0 1.7 1.4
1.0 h 6.5 4.8 4.1 3.7 3.1
2.0 h 9.3 7.6 6.9 6.5 6.0
10.0 h 12.9 11.5 11.2 11.8 12.6
20.0 h 13.2 12.0 12.3 12.9 14.2

Table 4.1 D as defined in (4.17)

(Note that equating p and g has only been done foi convenience of
presentation. It is of no major relevance for the results.)

Table 4.1 clearly shows that for the linear apprdach deviations
from the (overall) optimal policy are considerably small. Even
for large production costs compared to inventory costs deviations
are not much larger than 10 %. Also, the increase of the deviation
slows down.

Considering the fact that for the linear approach the important
certainty equivalence property holds (c.o.Chap.3), and that the
computational load is considerably smaller than for the (overall)
optimal policy one might be well advised to use an LNQ-approach.

4.2 Piecewise Linear Costs (including set-up costs: P and/or Q + 0)

We shall now consider the case when P and Q are not equal to zero.
Again the optimization problem stated above will be solved
without restricting the class of admissible policies to be linear.
In Sec. 4.2.2 we shall than compare the (overall) optimal and

the LNQ-costs.

My

ote that D does not depend on ¢ and the dependence on costs is
only through cost ratios [ 8].



4.2.1 Optimal Solution

Again we refer for more detailed results to [ 8]. As to the
author's knowledge in case of P#0, Q+O and a Gaussian white noise
demand sequence no analytical results as to the structure of the
optimal production policy could be obtained. However, it seems to
be most likely that as in the pure inventory case (for Gaussian
white noise) both set-up costs induce an (s,S)-structure

illustrated in Fig. 4.3.

£

Fig. 4.3 Optimal DP-policy for P + Q and 0 % 0O

Numerical results which we will present subsequently can be shown
to fit Fig. 4.2 fairly well.

Since we are mainly interested in a comparison of optimal costs
we shall follow the ideas already used in calculating optimal
costs for P=Q=0. The main difference now is that the appropriate
analogue to (4.10) has to be optimized.

Following [ 8] let us again discretize Xpr ¥y and £

X EJX(‘I)I X(Z)l__-rx(n)}, where X(J) = x

| min T (3-1) dx,
(j=1,~--,n)
(M (2 ___ ()] 1
YE{Y r Y ' 'Y }r where y( ) =ymin+ (1-1) Qdy,
(1=1,---,n)
(1) (2)
re {r I ' "-,r(n)}, where F(S) =+ (s-1) ar,

(s=0, 1, ---, n)
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with dx, dy and dr being appropriate step intervals. Hence, since

(3) (1)

X3t T Yx

e

the transition probabilities for decision 1 are given by

Prob {r(s) 2 y(l) - x(j)} for j=1
ply = { Prop {z(®) =y - x3} for 3=2,3,---,n-1 (4.18)
Prob {r(s) < y(l) - x(j)} for j=n

Similary to (4.12) the expected discretized one-period costs are

given by

(1) (L ] (l))

-px + P + px + Lix (1) (1)

X

A

for x

cyp = L(x(l)) for x (1) = (1) (4.19)

gx® v 0-agx™ sy for x> )

!
Now, as is well known for the white noise case (Markov-Theorem)

Ve = 9 %)
or, discretized, for the steady state case

I

where d(.) is called a decision function. Hence, as in Sec.4.1.1,

steady state probabilities and optimal costs are given by

n
v d (i) =9 e Jomo=1
. = T, Py (3=2,- en) L s = (4.21)
"3 §=1 i3 j=1
and
n
R (4.22)
c=1 _ c%ag "3
j=1

Hence, the optimization problem now consists in finding an
r

optimal decision function (4.20). According to [5] this may be

performed by the simplex-algorithm of Linear Programming.
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Setting

1Tj = le

=13

=1

the problem (4.21), (4.22) may readily be seen to be a Linear
Programming problem of the following structure.

Objective function:

n n
c= §=1 §=1 Cil xil => min.
Side conditions:
n n
§=1 {:1 *11 7 !
T .
§=1 *j1 7 §=1 §=1 *i1 Pij =0 3=2,3,-=-,n

Non-negativity constraints

x4y 2 O (j,1=1,--=,n)

Solving this problem the computational load may be reduced
considerably by exploiting the speclal structure of the problem.

The results are given in the next section.

4.2.2 Numerical Results

Since, as we know from Sec.3.3.1, the optimal linear policy is
not affected by the presence of production set-up costs, a
comparison can readily be performed taking into account

(see (3.52))

CE": l}—4.:V Ya (a+2B8) o + E%g . (4.23)
27

Again (over-all) optimal costs can be shown (by a simple dimen-

sional analysis) only to depend on cost ratios E ’ % ’ %
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Similarly, (for E{rk} = 0) only the ratios % and % affect C.
Hence, choosing the special case v = 3h, the following cost
deviations, as defined in (4.17) for P = Q + O, can be calcu-

lated (see Table 4.2)

p=q

P=Q (o] h 5h 10 h
0.0 0] 3 10 13
0.1 ho 1 6 12 14
0.5 ho 13 18 22 22
1.0h o kh 34 34 32
10.0 h o 286 274 232 200
100.0 h o 1637 1608 1499 1387

Table 4.2 D as defined by (4.17) for P = Q ¥ O

Note that, again for convenience of presentation, we have chosen
p=q and Q=P.

As can readily be seen the results are no longe:- as favorable as
in the non-set-up cost case. This is because set-up costs enlarge
considerably the region in which no action is taken (see Fig. 4.2)
If, however, o is sufficiently large, again the LNQ-approach
turns out to be a fairly good approximation. This was to be
expected, since in the presence of a considerably fluctuating
demand sequence productilon actions will have to be taken in
almost each period.

The bad performance of the linear approach, however, can be
improved considerably if we enlarge the length of the

(inspection) period. This allows for a certain region about u_

in which generally no actions will be taken. Or, otherwise
stated, allowing for a larger period, e.qg. aggregating 1 original
periods, amounts to a larger O ; in fact Ui s = 10;.
Consequently, if no restraints with respect to the inspection
period have to be regarded one might introduce the length of the
period as an additional optimization parameter [ 8].
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4.3 Piecewise Linear Costs - Gauss-Markov Case

Up to now we only considered models with non-correlated demand.
Optimal DP results were comparatively easy to obtain. Now we shall
investigate the Gauss-Markov case. Here optimal DP results have
not been known until recently [8a]. This is due to the fact that
in the Gauss-Markov case the state space has to be enlarged by one
further demension which, as is well known, generally results in
considerable computational difficulties. Only the no-set-up cost
case shall be discussed here.

Again we give first in Sec. 4.3.1 the DP-result and in Sec. 4.3.2
linear and optimal DP-policy will be compared.

4.3.1 Dynamic Programming Solution

The optimal policy will be obtained in two steps. First the
general structure of the policy will be derived with still un-
known parameters. In a second step these parameters will be
determined.

The optimal policy will for the Gauss-Markov case generally be
given by
u = u (xk, rk_1) (4.24)
For notational simplicity let us drop all indices and define
ry_q =2 4d (4.25)
so that

u=u (x, 4 (4.26)

Similarly to (4.3) Bellman's functional equation can be written

£ (x,d) %min {P(y—-x) +L(y,d) +(k-1) | £y y-r,n)f(r|d)dr
y -

£, (x,d)

(o] k=1,2,... (4.27)
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with conditional expected inventory costs
(4.28)

L(y,d) = E {I(y-r)ld} = h f (y-r)£(r,d)dr-v / (y-r)E(rld)ar
-— OO y

and the conditional probability density f(r|d@). Since a Gauss-

Markov sequence is given by the autoregressive scheme
e =ar._, +e (0 ac< 1) (4.29)

with {e,} being white Gaussian noise with probability density
¥(c), f(r|d) can be expressed by

f(r|d) = f(r-a 4d) (4.30)
As in Sec. 4.1.1 (4.4) let us define
H (y,d) = L(y,d) + (k-1) [ £, _,(y-r,r) £(z|d) dr (4.31)

which results in (¢. O. (4.5))

min {P(y-x) + H (y.,d)} ]

y2x
£, (x,d) =1E min S (4.32)

min {- g(y-x) + Hy (y,d)q

Y<X

Again one can show [Ba] the convexity of the above expressions
from which one concludes that the optimal policy has an (s,s')-
structure, i.e. for k + » one has

s(d) - x for x < s(d)
u*(x,d) = 0 for s(d) < x < s'(d) (4.33)
s'{d) - x for Xx > s'(4d)

and
s(d) < s'(d)
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In the above mentioned second step it now remains to determine

s(d) and s'(d). The general structure of the optimal policy (for

all cost parameters) is illustrated in Fig. 4.4

A

(x,d)

(x,d)

"/

Fig.4.4 Structure of optimal policy

Note that s(d) and s'(d) are monotone in d;
distance s'(d) - s(d) is monotone in [d].

In the hatched area no action has to be taken. If,
peoint (x,d)

similarly the

however, a

is on the left (or right) of the s(d) (s'(4d) line,
an amount given by the distance from the s(d) (s'(d) line has to
be produced as shown in Fig. 4.4 (The straight line in Fig. 4.4
will be explained in the next section)

4.3.2 Numerical Results

According to (3.54) and (2.69) the optimal linear policy may
be written

* * a
R N O DI I (T v o) (4.34)
or, using a slightly simpler notation

u = * (x - u@) (4.35)

with «* ;= y¥=1 and (@) = u™* + 1—_?(73 d

(Note that for the uncorrelated case (a=0) we find again u(d)=u*)
u(d) is illustrated in Fig. 4.4. As in the white noise case (c.o.
Fig. 4.2) u(d) is situated between s(d) and s'(d).
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The relative cost deviation between the optimal DP- and the LNQ-

C
approach may again be measured by D := —EE:—E
L

100 [8]. Table 4.3

gives D for some typical cost parameter constellations.

v = h v 2 h
P=qg a=0 a=0.1 a=0.5 a=0.9| a=0 a=0.1 a=0.5 a=0.9
0.1 h 0,2 0,2 0,2 0,1 0,2 0,1 0,1 0,1
1.0 h 5 5 S 3 4 4 4 3
10.0 h |12 12 12 12 12 12 13 11
Table 4.3 Cost deviations D

Table 4.3 shows that the influence of the strength of correlation,

represented by the value of a, is insignificant. It exhibits that

the linear decision rule works in the Gauss-Markov case just as
well as in the uncorrelated case. This result may be extended to

higher order autoregressive processes. It shows that the deviation

of the two policies does not depend primarily on the special type
of demand process but on the special cost structure of the problem



Chapter 5

COMPARISON WITH DETERMINISTIC APPROXIMATIONS

In Chapter 3 we derived best linear decision rules in the presence
of non-quadratic criteria. These decision rules have been shown to
posses the "certainty equivalence property", i.e. in case of line-
ar decision rules it was shown to be not suboptimal to reduce the
stochastic sequence of demand to a sequence of (optimal) demand
forecasts. (However, to be precise, recall remark on p. 41).
Restricting admissible policies to be linear one has to put up
with a loss of optimality. This loss was studied in the last chap-
ter for non-correlated and exponentially correlated demand
sequences for which (over all) optimal results were presented.

In this chapter we now study another suboptimal procedure. This
procedure is usually met in practice. Instead of restricting the
class of admissible policiles to be linear and hence allowing for
the separation property, one replaces from the outset the sequence
of demand by its forecasts and then uses a (non policy restricted)
rolling horizon optimization procedure [8b].

Our main object is to compare both suboptimal policies in case of
piecewise linear costs. It will be shown that even if we introduce
optimal safety stocks the deterministic approach is for all para-
meter constellations less favorable than the LNQ-approach. This
clearly indicates that the deterministic approach usually applied
in practice should not be used without taking into account a possi-
ble application of a linear decision rule approach. I.e. in spite
of obvious shortcomings of a linear decision rule there is its
important advantage of allowing for the existence of the separation
property.

Let us proceed as follows. First we consider the white noise case,
i.e. we assume the sequence of demand [rk} to be a sequence of
independent random variables. Then, in Sec.5.2, we will study the
exponentiallly correlated case for which a derivation of the
‘Heterministic policy" 1s given in the appendix.
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5.1 White Noilse Case

The main idea of the deterministic approximation to a stochastic
dynamic optimization problem can be summarized as follows: First
one reduces the given stochastic sequence of demand to a sequence
of demand forecasts. Then one calculates an optimal production
policy with respect to an adjoined "deterministic" criterion. This
optimization procedure has to be repeated after each period using
updated forecasts. Thus in each period only the first decision will
be taken into account. Finally, this seaquence of first decisions
will be used as an (approximately optimal) policy for the original
stochastic case.

Let us now describe the procedure in detail. Suppose for the

time being we are at time k = 0. Taking forecasts implies that we
have to replace {rk} by a sequence of conditional means

{rk} - {r (k)}, where, for the white noise case,
ro(k): = E {r |r} = E {r,} = 0. f

Now, since the initial values are assumed to be finite and further-
@

more the total amount of forecasted demand, 1 T i(k), is zero,
k=1 °
projected costs can always be determined to be finite. Therefore,

in view of (3.3a), a reasonable adjoined "deterministic" criterion
would be

c, = £=1 {p(ﬁk) + I (§k+ﬁk)}=> min. (5.1)

where a bar has been introduced in order to distinguish these
variables from the stochastic situation.

The first decision of the above deterministic dynamic optimization
problem is readily given by

U=0, (x) =-x

D o o

or, for arbitrary starting time k

u, = Uy (x) = - x (5.2)

This simple decision function is depicted in Fiq. 5.1
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Fig. 5.1 Decision rule (5.2)

Equ. (5.2) is evident. It simply is a consequence of the fact
that future demand is O and production costs are linear. Not com-
pensating initial stock completely at the first possible occasion

would incur additional inventory &hortage or carrying) costs.

Decision (5.2) has now to be substituted into the "expectation
criterion" (3.3) with P(u) and T (x) representing piecewise
linear costs. In comparing the U,(x,) and the NLO-policy we have
to consider the costs incurred in both cases. However, it is
obvious that the LNQ-approximation is always better than the
deterministic approach. This is already due to the fact that

Up (x,) is a linear policy which, of course, cannot lead to better
results than the best linear policy. Also the introduction of an
optimal safety stock to be discussed subsequently cannot change
this general qualitative result. This is because a safety stock (u)
does only shift the line in Fig. 5.1 to the left or the right
(depending on the values of the cost parameters).

5.1.1 Numerical Results

To be specific let us define Cg to be the value of the cost
criterion (3.12) if the "optimal deterministic" production policy
(5.2) is applied. Comparing (5.2) with (3.50) one finds ui =0
and y(0*) = O from which in view of (3.42) and (3.43) it follows
0, = 0 and o, = 0. Hence expression (3.12) reduces to

%X _ (h+tv+p+q) _g

D Jan (5.3)

C
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These costs may now be compared with the costs C incurred by the
LNQ-approximation. Some characteristic results are shown in
Table 5.1 where DC measures the deviation in percentages defined
by

D, = ——"+ 100 [%] (5.4)

\\\\ vL h 2+h
p=q & cX cx De cX cX Do Dg*
oh | 0,798 | 0,798 0 1,197 | 1,090 9,8 0
0,1*h | 0,878 | 0,874 0,4 1,277 | 1,168 . 9,3 0,3
0,5*h | 1,197 | 1,128 6,1 1,596 | 1,435 11,2 3,8
1,596 1,382 15,5 1,995 1,712 | 16,5 10,3
2 +h | 2,394 | 1,784 34,2 2,793 | 2,161 { 29,2 24,3
10 +n | 8,777 | 3,656 | 140,0 9,176 | 4,312 | 112,8 | 110,3
20 +h |16,756 | 5,109 | 228,0 | 17,154 | 6,000 ;| 185,9 | 184,1

Table 5.1 Costs and cost deviations

If, e.g. p=g=v=h, the LNQ-approach leads to costs being DC= 15,5 %
smaller than the costs due to the deterministic aoproach.

For p=g=10h and v=2h this deviation already is 112,8 %. Note that
giving only values for o=q is entirely for convenience of presen-
tation. Essentlally the same results can be obtained for p#a.

In practice, however, the deterministic approach would usually
not be applied without taking advantage of certain safety stocks.

These safety stocks are generally taken to be proportional to the
variance of the demand seaquence. Mathematically, as already
mentioned, safety stocks merely move the straiqght line in Fig. 5.1
to the right (or the left) whereas the slope remains -1.

Let U be a safety stock. Hence Equ. (5.2) reads

= - (x-w) (5.5)

Substituting into (3.12) yields

wo_ o u_ T +
ch vu o+ (h+v){u o) (°x> + 0.0 \ 5 >} + 5;% 9, (5.6)
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Moreover, substituting (5.5) into the balance equation

xk_’.1 = X + u, - rk one obtains
X+t = 7Ty
Hence, u = E {xk} and 0 =0 =0

Thus an optimal safety stock is given by the necessary condition

oM
3 Do nvi v b &) =0
3 u
or
=1 v
=0 07 (5) (5.7)

Resubstituting (5.7) into (5.6) we obtain the optimal costs

ux _ vmy + BXEL
CD = 0 { (h+V) ¢ (lTl) /2—_")
_%mz
- 9 Jh+v) e + p+q} (5.8)
2n L
where % 1 v
me = ¥ = 07 (g (5.9)

Comparing these costs with costs (4.11) incurred without taking

into account a safety stock one obtains

1.2
cx o 2 9 (hav) (1 -e? )20 (5.10)
D D V2

Hence, the right hand side of the eguality in (5.10) qgives the
cost reduction due to the optimal safety stock.Note that this
reduction does not depend on production costs p and q.

The last column of Table 5.1 gives the relative cost deviation Dg*
of the deterministic approximation and the LNQ-approach in case
of an optimal safety stock. (Note that for h=v : u=0).

As can clearly be seen, for small production costs (p and q)
compared to inventory costs (h and v) a considerable improvement
is achieved. However, for p and q being large the results are
almost identical with the former case not accounting for a safety
stock. As productlion becomes more and mbre expensive the presence
of a safety stock 1s of decreasing significance on costs; they

are essentially production costs.
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5.2 Gauss - Markov Case

As 1n the white noise case of the last section we have to deter-
mine the optimal first decision of a deterministic optimization

problem. Since we now have

r, (&) = E {r|r )} =a*r

(o] o

(-]

total demand Z r, (k) is again finite and it is reasonable to
k=1

take the adjoined deterministic criterion

CD: = £=1{ P(ﬁk) + I (ik+ﬁk—akro{]=> min.

Solving the deterministic dynamic optimization problem one can

take advantage of the fact that demand has a very reqular struc-
ture. We have therefore been able to derive analytic results for
the first decision. The results we obtained (see Appendix to this

chapter) can be summarized as follows: /

s(rk_1) - Xy for X < s(rk_1)
= . ’
Up(Xyr Ty _4) = T 0 for s(r,_4) < ¥ <'s (rk_1)
., '
s'(ry_4) - % for % > s'(r _q)
where :
" (5.11)
7oAl £ <o
a~ r or r,_
¢, k-1 k-1
s(ry_q) = = ‘ (5.12)
ar, 4 for ., 20
f
i ar,. 4 for Tp1 <O
I
s'(r_4) = = f . (5.13)
in 1
'y a Thoq for r _, 20
I i=1
LS
n': = (REope o (RHAY (5.14)
LB s vVols

[z],denoting the "smallest integer > z"
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Fig. 5.2 illustrates UD for r

v
o

A~ Uy (x,r)

AN

N

Fig. 5.2 Policy U_(x,r) defined by (5.11)

Note that the simple policy (5.2) can also be derived from (5.11)
setting a=0. For the special case p+q<min[h;v] it follows from
(5.14) that the piecewise linear policy (5.11) degenerates to a
linear policy given by

Up (X, Ty _4) = - (xy-ar,_4) (5.15)

This result is entirely reasonable since, when production costs
are small compared to inventory carrying and stock out costs there
will be no region in which stock will not be adjusted.

As 1n the white noise case we now have to substitute UD into the
"expectation criterion" (3.12). Because of the structure of the
policy we have to distinguish two cases

(a) Linear policy (5.15) (p+tq < min [h,v])

Comparing (5.15) with (3.54) yields w*=0 and Y(6%)=0, from whéch,
2
in view of (3.56) and (3.57), it follows 0x2 = °r2 (1-a”) = o
and
5 3

_ 3 2 _ 1+2a-2a 2
o, = (1+2a-2a7) O =———%5 — 0

1-a
Hence Equ. (3.12) reduces to

[ / 3
C* I(h+v) + (p+q) Ji_zi-ﬁ_ (5.16)

= 9
D v2m 1-a2
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(Note that setting a=0 one again obtains (5.3)).

(b) Piecewise linear policy (5.11) (o+a>min [h,vﬂ)

In this case analytical results can no longer be obtained. Instead
we have to calculate optimal costs numerically. This can in
principle be done by first discretizing x and r and then (taking
into account (5.9)) calculating stationary probabilities for x

and u. These probabilities will then be used to evaluate the
adjoined expected costs. This procedure will now be described in
more detail. Let us first discretize x and r.

(1), x(z), ey x(n)} where 1 = x

r e {r(1), r(Z), cees r(q)} where oL R

x e {x + (i-1) dx,(i=1,...,n)

min

min ¥ 1D d ., (i=1,...,9)
with dx and dr being appropriate step intervals. Defining state
variables z,:= {x,, r,_;}, (k=1,2,...), the sequence {z, }consti-
tutes a Markov-process having transition probabilities given by

. _ L (m _ L, - _ (i)}
P(1,1) (3,m) = Prob {xk+1 =x, no =k =X, ry =T
= Prob {xk+1=x(m)|xk=x(1),rk=r(3),rk;1=r(i)}-

* Prob {rk= r(j)lxk=x(l),rk_1=r(i)}

Since
Prob {xk+1=x(m)|xk=x(1),rk=r(3),rk_1=r(l)}

1) (1) (i))

1 1f x(m)=x( +UD(x '

0 if x(m)+x(1)+UD(x(l),r(i))

and r, 1s independent of Ky r P(i,l)(j,m) reduces to

Prob{rk=r(j) |rk_1=r(1)}for oy Wy (x (D EON
b - (3)
(1i,1) 3,m) = :
0 elsewhere

(5.17)

The transition probabilities Prob {rk=r(3)|rk_1=r(i)} are given

by the demand structure and can easily be calculated by discre-
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tizing the conditional normal distribution having mean value

a r(i) and variance 0r2(1—a2) = 02.

Since the above defined Markov-chain is ergodic the stationary
probabilities Hj m are given by the well-knovn formula
r

n
= ied . f y=1,-—- H
Ty, m {—1 Ty,0 @, HrG,m fOF (3=1, 9
= and m=1,...,n) (5.18)

=1

Hence, the expected (optimal deterministic policy) costs can be

written
«.7 % (
C = C. m. m 5.19)
D j=1 m=1 Jomo e
where
= . 5.20
Cj,m Pj’m + Ij,l’l‘l ( )

More explicitely, production costs Pj,m are aiven by

p[s(r(j)) - x(m)] for x M < s(r )y
P, = 0 for sr) ¢ x™ < g ey (5.1
jom _ .

—qls' (e - x™7] £or x M 5 g (3),

and the expected*) inventory carrying and stock out costs
conditional on x (stock on hand after replenishment) and r (last

period's demand) are known to be

x oo
L(r,x) h [ (x-p) dad (o) - v { (x -p) d d)r(p)

X

h+v) [x -u) 6.0 %) + 0 o ' (0] - v (x-u_)

where u,=a r

and 1 * p-u
n ¢r(x)=/2—“;0 {mexp{_%(ar)z dop

>
) The expected value with respect to d ¢(r) has to be taken into
account since inventory costs are attached to the end of a

period.
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Hence, inventory costs for policy (5.11) are given by

L (r(j), s (r(j))) for x(m) < s (r(j))
Ij o= L (r(j), x(m)) for s(r(j)) < x(m) < s'(r(j))
L (r(j), s'(r(j))) for x(m) > s'(r(J))

(5.22)

5.2.1 Numerical Results

Because of the two cases (a) and (b) the numerical comparisons

will be performed separately for each case

(a) Linear policy (5.15) (p + 1 < min |h;v]|).

In this case again the LNQ-approximation must lead to better
results. For a = 0.1, a = 0.5 and a = 0.9 the deviations DC (see
Equ. (5.4)) are given in Table 5.2 up to p = g =.0.5 h

a = 0.1 a = 0.5 a=20.9
v| h 2h h 2h h 2h
= D ** | p D ¥ | p D ph ¥
P=q D¢ c c c c c c c c
0O h 0,0 9,8 0,0 |0,0] 9,8 1 0,01 0,0 9.8 | 0,0
0,1 h 0,4 9,3 0,3 {0,3| 9,0 0,2| 0,1 8,2 0,1
0,5 h 5,9 | 10,9} 3,8 {3,0| 8,8 | 2,4 0,8 5,4/ 0,5
%
Fable 5.2 Cost deviations DC and Dg

Introducing optimal safety stocks as we have done in the white
noise case readily leads fo formulae similar to (5.7), (5.8) and
(5.10). In fact, (5.7) remains the same and the optimal costs are

given by

*
cht = L (h+v) e

D vY2n
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which in view of (5.16) leads to the same cost difference as in
(5.10) . This, (in addition to the white noise case) shows that the
improvement in costs obtained by introducing a safety stock does
not depend on the value of the correlation parameter a. The
corresponding (relative) deviations from the LNO-approximation Dg

can be found in the last columns of Table 5.2

(b) Piecewise linear policy (5.11) (p + g > min [h; v]).

Also in this case the numerical results show (see Table 5.3) that
the LNQ-approach leads to better results than the deterministic
approximation. For comparatively low correlations (a £ 0.5) the
cost deviations are considerable and almost of the same magnitude
as in the uncorrelated case. For high correlations (a = 0.9)

differences are substantially smaller.

a = 0.1 a = 0.5 a = 0.9
. v| n 2h h 2h h 2h
* * *

_ n y u
p=a Dc | Pc Do | B¢ | Pc | Pc Dc | Pc Pe

h 15 | 16 10 9 | 11 6 1 4 1
2h 33 | 28 24 | 20 | 17 | 14 2 A 2
10h | 138 |111 | 109 | 90 | 71 | 69 8 7 7
20n | 225 183 | 182 | 154 [123 122 17 | 12 12

Table 5.3 Cost deviations DC and Dg*

As in the former cases an optimal safety stock has been intro-
duced. This can no longer be done analytically. Instead we
introduced a safety stock p into the optimal policy (5.11)
writing

A
0]
;
=

U, (xk, Tpoqe u) = o for s + u £ x
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Optimizing numerically with respect to the parameter u leads to
the results shown in the last columns of Table 5.3. As was to be
expected (see also Table 5.1 for the white noise case) the
introduction of an optimal safety stock does not improve
substantially the deterministic policy for (production) cost

values equal or larger then h.
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5.3 Appendix to Chapter 5:

Derivation of the "deterministic" policy (5.11)

In deriving (5.11) we shall not use any of the known algorithms.
Because of the special structure of the demand sequence we shall

use a direct approach.

Let us define X i = X, initial stock on hand
r:=rg initial demand
Arsy . = B g4y = _ ]
£(j) : £, (3) E {rjlro} a’r

First we observe that the sum of initial stock and total produc-
tion must be egual to total demand

x+) u =] T = 2_r 5.23
k=1 ¥ k=1 k 1-a (5.23)

otherwise inventory costs will amount to infinity in the course

of time.

In what follows, we shall first consider the case r > O.
Furthermore, we have to distingquish several cases depending on
the particular value the initial stock takes on.

(1) x < ar = £(1)

Since ar < 72— * r it follows from(5.23) : ) =2 r-x > 0;

i.e. for each strategy we get production costs not smaller than
a
p (=3 ¥ - x). Clearly, the strategy minimizing inventory costs is

given by a sequence of production decisions which exactly meet
A

demand: u, = T(k) - xk‘Vk. For this strategy, which shall be

called S1, no inventory costs occur. Hence, total costs for S1

are given by K1 = p(T%E r - x).

. A
More generally : If X < T (k), then the optimal (remaining)
policy 1is given by

fug = 200 - x, . = Fkeny, .03,
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A

(2) ar< x< -2 « r = Z T
J

Subcase 2.1 : ar < x < ar + a2r

In this case two strategies S1 and So have to be taken into

account. Furthermore we investigate a mixed strategy 5, :

Strategy| Period 1 Period 2 Period 3} .
u, = ar - x u, = a’r uy = ade| ...
S
x, = o) Xy = o] Xy = o] . .
= —(x— 2 _ .3
uy = o} u, = -(x ar)+a‘r uy = a’r| .
S
o
x2=x-ar x3=0 x4,"=0 .
u, = a (ar-x) u, = -(15a)(x-ar) uy = a’c| . ..
s + a‘r
a
xz = (1—(!) (x-ar) x3 =0 x4 =0 e v .
The associated Costs are given by
3
2 : = p2
K, = q(x-ar) + pa‘r + Cyr where C, : Pz T
2
K, = h(x-ar) + par + a’r=x) + €3
2. _ - -
K, = aqg(x-ar) *+ (1-a) h(x-ar) + pa’r - (1-a) plx-ar) + C,

wn that the mixed strategy Sa is suboptimal:

It can easily be sho
> min [K1;K°]. Similarly, all other

K = oK, + (1-a)K_; hence K,
@ 1 ° pe suboptimal
possible strategies can pe shown to be subop .

or which one obtains
and S, £

There remain 51
(x-ar) s i.e. the choice between the two

K, = K, + [h-(p+a)]
n the values of the cost parameters. Since

o
strategies depends ©O
Xx-ar > O one obtains S4

for pta £ h and S, for p+a > h.
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2 2
ar + a’r < x Lar +a’r +a’r

3

In this case 3 strategies have to be investigated:

Strategy | Period 1 Period 2 Period 3 Period 4
u, = - = a2 = 3r
4 = ar—x u, = a’r uy = a u,
54
Xy = (0] x3 =0 X4 = (o} x5
u, = ar+a2r—x u, = o] u, = a3r u,
S2
X, =ar X4 = (o] Xy = o X
= - _ 2
u, = 0O u, = 0 u, = ar+a'r |u
1 2 3
3
+a“r-x
S
° 2
X, = x-ar X3 = Xx-ar-a'r |x, = 0 X
Also in this case one can show that mixed strategles are
suboptimal. The associated costs are given by
2 3 a4
K, = g(x-ar) + pa’r + pa’r + Cyr where Cyt=P753T
K, = q(x-ar-azr) + pa3r + h azr + Cy
= 2 3 2
K, = p(ar+a"r+a’r-x) + h({x-ar) + h(x-ar-a“r) + C4
Hence
_ 2
KZ = K1 + [h—(p+qﬂ a’r
- 2
K, = Ky + [2h—(p+qu (x-ar-a“r)
Since x-ar—azx > O we obtain for the optimal policy
Cost region Optimal Strateqy
p+g < h S, : u, = ar-x
h < p+q <2h S, : uy = ar+a’r-x
p+g >2h S_ u, = o}
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~

Subcase 2.n : ar+a2r + ...+ ar < x <ar + ... + an+1r
Analogue to the preceeding cases one obtains
Cost region Optimal Strategy
ptg £ h S; @ uy = ar—x
h < p+g £ 2h S2 H u1 = ar+a2r—x
2h < p+g < 3h S3 Tuy = ar+a2r+a3r—x
| [
[ |
| |
2 n
(n-1)h < p+q £ nh Sn i uy = ar+a’r+--+a r-x
> 3 =
p+q nh So Pouy, e}
(3) x = ar+a2r+ =2 r
o 1-a ‘

In this case the results of subcase 2.n also anplv. The last line

for p+q > nh has of course to be dropped.

(4 x>F2-r=] I
J

One has almost the same situation as in case (3). There occur
only additional costs for reducing the initial stock x to the

a
amount a2 T -
Let us summarize our results thus far obtained in cases (1) to
(4). For r > O one obtains the following "deterministic" optimal
policy
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Stock on hand Cost region UD(r,x) = u,
X < ar (no constraints) |ar-x
n . n+1
z alr < x< z alr p+tg £ h ar-x (k=n=1)
j=1 =1
k
(k=1)h < p+g < k°h I alr;  (x=2,3,..n)
3=1
p+q > nh 0
x> =1 =] alr p+tq < h ar-x
1-a :_
j=1
k X
(k-1)h < p+q £ ke*h ) alr-x; (kx=2,3,..)
3=1
This policy may be rewritten in the following way
ar-x for x ¢ ar
n' . n' .
J  alr-x for x > ] alr
3=1 3=1
a
UD(r,x)=ﬁ L for ar < x < = T (5.24)
(o] otherwise
n' . a
7 alr-x for x > 95 ¢
3=1
N

where n' =[F%SJ+, with [2], denoting the "smallest integer > z"

A similar result holds for r < O where essentially h has to be

replaced by v. Hence, one obtains the optimal (s,s')-policy (5.11).



Chapter 6

COMPARISON WITH AHM-INVENTORY MODELS

Up to now we considered cash balance and production smoothing
models. In these models the decision variable uy could take on
any real value. We now investigate models with decision variables

u, being restricted to positive values : uy 2 0, i.e. we will

k
study pure inventory models for which orders can, of course, only

be positive.

Inventory models not only differ in the range of the decision
variable but also in the probability distribution of demand ry.
Since demand is a positive random variable the probability
distribution has to be restricted on r 2 O. This implies that the
mean value Mo of demand has always to be positive. Although it
sometimes appears to be necessary to study the case u + 0 also
in cash holding problems it is only for pure inventory models
that we investigate probability distributions having L > 0.

Furthermore the restriction on r 2 0 also implies that a Gaussian
probability distribution will no longer be useful to describe
(positive) demand. Instead we will have to choose e.g. a beta-
distribution being defined on a finite (positive) interval.

These two properties of a pure inventory problem, i.e. uy 20

and Ty, 2 0, seem to prevent a description by our LNQ-Theory
developed in Chap.3. However, the situation is not as bad as it
seems. Consider an item having, e.g. a demand sequence 778, 890,
1100, 1120, 850, ... . This case, which 1s quite common, can be
consldered as a smoothing problem. Let v be the mean value of the
above demand. To describe the inventory problem by a smoothing
model we have just to introduce new demand values as deviations
from mean demand r'k = r, - U ; and the order quantity will be
interpreted as a deviation from a mean production vy (which

meets ur) u'k = ouy - W Thus a pure inventory problem might be
described by a smoothing model for which, as we know, an LNQ-
Approach provides at least in the case of absent set-up costs a
fully sufficient approximation.
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We consider two cases. First, in Sec. 6.1, we investigate the
comparatively simple case where set-up costs have not to be taken
into account. Next, in Sec. 6.2, problems with set-up costs will
be discussed. For easier reference let us define the
AHM~-Inventory model which will be approximated by a LNQ-Model.
Specializing the model we introduced in Chap.1 we have

(1) x stock on hand at the beginning of period k, (k=1,2,...)

Xy eRvk, x initial stock

1:

(2) wy, : reordering decision at the beginning of period k which
results in a shipment in this period

u, € R+

(3) r, : stochastic demand in period k; identically and
independently distributed with r, 2 o)

Inventory balance equation

(4) Xyyq = X +uy -1y

Cost criterion

N

(5) _ 1
C =1lim = E {1
Now N }zc=1 Preq) + Pl dx,
with
I(x)
h x for x 2 O -
I(x) =
h
- vx forx <o N X
7
Fig.6.1
and
b ()
P+pu foru>o P
P(u) =
(o} for u = 0 P u
Fiq.6.2 g

h, v, p and P being positive
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6.1 No-set-up cost case (P = 0)

This case is well-known in literature. Let the probability
distribution function of Ty be F(r). Then the (stationary)
ordering policy is given by an (S,S)-policy

S - % for Xy < S
u, = (6.17)
o for Xy 2 S5
with
s=rF1 (1) (6.2)

For a better understanding of the arguments to follow u, is
depicted in Fig. 6.3

J

S
Fig., 6.3 (S,8)-policy

Fig. 6.1 shows a piecewise linear policy. However, once

inventory x is smaller than S it cannot become again greater than
S. Thus, possibly except after a few initial periods x is
restricted to the range x < S; i.e. (6.1) describes in fact a
linear policy.

6.1.1 The LNQ-Approach

Let us now derive policy (6.1) using the LNQ-Approach. Consider

again Fig. 6.2 with P = O and define a new variable u':= u-uy i

where, from the balance equation; u, =M.
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Fig. 6.4 shows the ordering costs in the u'-coordinate system.

;N N
P (u) WP(U')

v

Fig. 6.4 Ordering Costs

Refering to (3.11) this clearly indicates that the inventory
problem may be approximated by a (linear) smoothing problem
with -g = p.

As we know from Chap.3 the LNQ-Approach relies on the assumption

of normally distributed demand. Hence, let us assume r, having
the probability distribution function ¢u g (P) s
14

with
b (p) := ! ? e 1 (r-) 2 6 3
» - x - J .
us0 /2—‘"' g =-w P 2 g dr ( )
or, ri-hJQOIO(p'), with standardized r' := r-u, p' = p-u
¢ (p') == r;L ?' e 1 2 ar' (6.3a)
0,0 AT 0 e Xp - 3 =7 r .

(It will be this normality Tequirement which will be studied
numerically towards the end of this section).

Let us now derive results similar to Sec.3.3.1 for the case p = —-q
(Note that in Chap.3 we restricted all cost parameters to be
positive) .

From (3.17) we have

X- g % =1 v
P T Tk ¢o,1 R (6.4)
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Further, one finds, according to (3.19), B = O, which, from (3.46),
implies y¥ = 0. Hence, because of (3.42) and (3.43), U;‘= ouf= g.
Substituting in (6.4) one has

uX=o ¢81,1 (o) (6.5)
and the optimal policy is given by (c.o.(3.50))

u'y = - (x - wX) (6.6)
Instead of (6.5) one can also write

u %

%,1 5 = vm (6.7)
or

b, 0 WX =5 (6.8)
or

w ¥ = ¢;10(v—‘:ﬁ) (6.9)
Resubstituting the original variable T = rk' + u, Equ.(6.8)
becomes '

0, ,q ) = o3 (6.10)
which finally yields

W4 u = ¢;10 (o) - (6.11)
Similarly, resubstituting U = uk' +u, = uk' + u, Equ.(6.6)
becomes

u = - (k= (X4u)). (6.12)

Equs. (6.11) and (6.12) constitute the result we were looking for.
Defining

Equs. (6.11) and (6.12) are formally identical to (6.2) and (6.1)
respectively in case of a normally distributed demand.
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Let us illustrate the optimal linear policy (6.12)
) (6.12a)

in Fig. 6.5

u ﬂ

Fig. 6.5 Best linear policy (6.12a)

One will readily discover the smoothing policy of Fig. 3.2 (with
slope - 1) in the u'-coordinate system. The variables x and u
fluctuate about the point (Mys uu). However, compared to Fig. 6.3
it is not possible to prevent uy from becoming negative. This is
due to the fact that demand, being Gaussian, can in principle take
on any real value, i.e. demand can also be negative. In Fig. 6.3
and 1in policy (6.1) this could not happen since we worked with

a correct probability distribution, i.e. with a distribution
being non-zero only for r > 0.

However, working with Gaussian distributions has some advantages.
First it gives a theoretical insight into the relationship
between (policy-linear) smoothing models and pure inventory
models. Hence the results on certainty equivalence also hold

at least approximately for the inventory case (having no set-up
costs) . The second advantage, closely related to the former,

1s a computational one. Often one is not able to estimate the

Probability distribution function F (r) nor its (jyg) - quantile
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which is necessary to determine S. It often seems much simpler
to estimate mean and variance and to assume demand to be Gaussian.
In that case we have the situation depicted in Fig. 6.5.

If, however, actual demand is not Gaussian, the question arrises
how well the actual probability distribution is approximated by
a Gaussian having the same mean and variance. This problem simply
boils down to a determination of (H¥V)-quantiles and their impact

on optimal costs.

6.1.2 Comparison of Demand Distributions

Assume demand to be beta-distributed with a probability density

function
a-1 b-1
1 (r-bl ) <bu r ) for re(by,b )
Beta (a,b) (bu—bl) bu—bl bu-bl
Pglr) =
0o elsewhere
(6.14)

where a and b are positive parameters and

1 —
a-1 b-1 .
Beta (a,b) := é t (1-t) at ;

tively. As an example
lower and upper bounds respec
bl and bu are

.6 for parameter values a = 2 and
justrated in Fig. 6
Fglr) is il

p
b = 10 Py (x)

1(6.14) fora =2, b =10

Fig. 6.6 Beta-densit
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The shape of YB(r) changes as a and b vary. Hence it is obvious
that almost all demand distributions occurring in practice can
be represented by a suitable beta-distribution.

our aim now is to compare optimal results obtained by a beta-
distribution of demand with the results we get from an
approximating normal-distribution 7N(r) having the same mean and
standard deviation. An example is given below (Fig. 6.7) for
a= 10 and b = 2

r
bl H bu

Fig. 6.7 Beta and approximating normal density

In studying the degree of suboptimality of the Gaussian
approximation we have to compare optimal costs C* using the
beta-distribution and optimal costs Cn from the Gaussian
approximation. The relative deviation will be measured (again)
by

c, -c*

N
D, = —(— 6.15)
C C* (
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It is well known that mean costs (per period) are given by

s
c=/ ct) g (s-x) ax

(6.16)

where C(x) defines total costs per period and x denotes, as

usual, inventory at the beginning of the period. C(x) is the

sum of ordering costs p(S-x) and inventory costs L (S)

C(x) = p(8'-x) + L(S)

b
S u
L(s) :=h [ (S-r) ¥g(r) dr + v [ (r-§) ¥p(r) dr
b, s

(h+v) [5 dg(s) - ¥ ()] + v (u-s5) .

with s
dg(s) := [ Y (x) ar
b
1
and
S
¥p(s) = [ r F(r) dr
by

Because of the finite support of the beta-distribution,
may be written

b
C =] c(s-r) FG(xr) dr
b

Substituting (6.18) yields

bl.l

(@]
1

1

(p+v) u + (h+v) [s {)B(S) - ¥g(8)] - v s

(6.17)

h [s §g(8) - ¥p(9)] + v [u - v (9 - s(1-¢,(s))]

(6.18)

(6.19)

(6.20)

(6.16)

(6.21)

[ o+ ) [5 000 - vp()] + viu-9)} « V(o) ar

(6.22)
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Optimal costs can now be found by differentiating C with respect
to S

38 = (h+v) [@B(S) + 5 ¥g(s) - s YB(S)] - v (6.23)

Setting equal to zero we find the well known formula for the
optimal S (c.o.(6.2)) which will be denoted by s¥:

¥ - VvV .
@B(s ) = 5 (6.24)

and for the optimal costs C = C¥ we finally find

c*¥ = (p+v)u - (h+v) Y5 (%) . (6.25)

Note that for the normal-distribution we found by a different
argument (c.0.(6.11) and (6.13))

\4
= —_ .26
¢u,0(SN) vih (6 )
The costs we now have to compare are optimal costs c* and the
costs one incures if s¥ jg replaced by the suboptimal parameter

Sgr i-e. (c.o. (6.22))

Cy = I+ (hav) [5 0 (s)) - (s ] - v Sy (6.27)

Substituting (6.25) and (6.27) into (6.15) finally yields

- * % _
D= EE-:;_ _ ) sy e Boisy) - vg(sy) * YRS )] - v sy
o

- (h+v) Y (s*)
(prviu = B (6.28)

Numerical Results

Numerical results for D, were obtained for different cost para-
meters (p, h and v) and different values of a and b. It appears
[ 9] that in most cases p_. < 5 3. only in cases of a rather
oblique bEta-diStributioncthe deviation becomes larger.*)

*)

This is in accordance with the results we derived in Sec. 3.6

for the "cash-balance" situation.
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6.2 Set-up Cost Case (P F 0)

The case with fixed ordering costs P # O being present is far
more complicated. This 1s due to the fact that optimal results
cannot easily be obtained, i.e. it is for general demand distri-
butions extremely intricate to calculate values s and S for the
optimal (s,S)-policy. However, in recent years, remarkable pro-
gress has been made in developing faster algorithms for Markovian
Decision Processes (see e.g. [ {] and the references given in[2])
which can be used to determine the above policy parameters s and
S.

Still the numerical burden in determining optimal DP-policies is
considerable. Therefore we are again looking for an approximating
linear policy which, as we know from the last section, reduces

to the problem of finding an approximating (S,S)-policy.
Obviously, for large P (and consequently for small variance of
demand) a linear policy will be a poor approximaticn. However, as
already mentioned at the end of Sec. 4.2.2, fairly satisfying
results can be obtained if one enlarges the inspection period by
aggregating, say T periods to one large period. The resulting
policy will be called S(T)-policy.

Thus, the next subsection will give a short derivation of an
optimal S(T)-policy and subsequently Sec. 6.2.2 will present
numerical results comparing the (s,S)-policy with its approxi-
mating S(T)-policy. (For further results see [22])

6.2.1 Derivation of an optimal S(T)-policy

As mentioned earlier, one of the main differences between an (s,S)-
and an (S,S)-policy is given by the fact that an (S,S)-policy
places an order each period whereas an (s,S)-policy has a region
in which no orders are placed. I.e. there exists for an (s,S)-
policy a mean order cycle being larger than the inspection period
(i.e. the order cycle of the adjoined (S,S)-policy). Thus it
seems to be quite natural (and in many real world situations
possible and desirable) to enlarge the inspection period for the
(5,8)-policy and to use as an approximating policy an S(T) -policy
as defined above.

To derive such a policy let us introduce an index n defining the
number of the aggregated inspection period, henceforth called
ordering cycle. Starting point is the model defined at the be-
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ginning of this chapter.
Aggregated demand in cycle n now is

T

o=l Ty (6.29)
i=1
and the balance equation is given by
Xpg1 = X, + u, -y (6.30)
where the bar denotes "cycle variables".
The S(T)-policy now reads
- % x < S
_ S X for x, <
Un T (6.31)
0 for x, ” S
The ordering costs for cycle n are
- P+pu for u >0
Plu)) = n n (6.32)
o) for En =0
and the expected holding and shortage costs are given by
(c.0.(6.16))
. 0 s -
Lpts) = 1 {n [ (s-v)aF; + v é (£-S)dF;} (6.33)
= o

where Fy is the probability distribution function of

r(i) := I r.
=1
(If F' is the probability density function of I}, than the proba-
bility density function F{ of r(i) is given by the i-fold con-
volution of F' : F ' = (pr)*i)
Equ. (6.33) says that holding and shortage costs are still
assum:d to be charged at the end of each (elementary) inspection
ierio - Hence the expected total costs of one cycle are now given
Yy

ST =L (S) +rpu+r (6.34)
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and for one period one has

(LT(S)+P) + pu (6.35)

H|=

This expression has to be minimized with respect to 5 and T.
Since the last term in (6.35) p p does not depend on the optimi-

zation parameters, we drop p u and define

—_

C'(s,T) :=C(s,T) - pu =5 (Lp(s)+p) (6.36)

As in (6.18), let us reformulate LT(S) and write

T S T+1
Lp(S) = (htv) ] {S Fy(S) - [ tdF (£)} + T v (= u-s) (6.37)
o

i=1
Minimizing C(S,T) with respect to s and T we first look (by
partial differentiation) for a stationary minimum with respect to
S (which as we know from convexity properties existec). As in
(6.23) we have

oC' (S,T)
as

T
(h+v) ] Fi (s) - v (6.38)
i=1

Hj=

and for the minimizing S S*(T) we find

f F.(s¥(T) = =T (6.39)
j=q 1 h+v :
Finally it remains an optimization with respect to T. Since T
should not be too large (at most T=10) C'(s*(T),T) is minimized
by simply letting T = 1,2,... and taking that T = T* which leads

to the lowest costs C'(S*(T*),T*).

6.2.2 Numerical Results

In deriving numerical results one has to determine Fi(S) which

is a complicated convolution integral of elementary distribution
functions. However, as we know from our investigations in previous
sections, esp. from Sec. 6.1.2, demand distributions may readily
be approximated by normal probability distributions without much
loss of optimality, For these distributions Fi(S) can easily be
obtained.
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Of course the Gaussian distribution is not the only one for which
Fi(s) may be calculated without difficulties. Another distribution
is the Poisson-distribution which shall now be used to compare the
S(T)-policy with the optimal (s,S)-policy.

Poisson optimal (s,s)- s(T) -
policy policy policy

K v h s 5 S D | T s A%
8 1 4 31 7 31 2 10 12.0
8 1 36 | 37 44 | 44 ol 1 44 0.0
8 99 1 4 6 14 9 20| 2 14 14.2
8 99 1 36 | 45 51 51 o| 1 51 0.0
32 9 1 4 2 18 7 123 | 4 18 13.2
32 09 1 36 | 32 44 | 44 oy 1 44 0.0
32 99 1 4 6 21 9 991 3 19 20.5
32 99 1 36 | 42 51 51 ol 1 51 0.0
64 4 1 g 1 35 [ 11 122 | 4 33 4.4
64 4 1 16 5 48 | 19 71 3 46 2.3
64 4 1 25|12 53 |29 40| 2 52 0.9
64 4 1 36 | 23 74 | 41 25 | 2 74 0.1
64 4 1 49 | 34 100 | 55 12| 2 100 0.0
64 4 1 64 | 45 131 71 1 2 131 0.0
64 9 1 4 1 24 7 206 | 6 25 11.7
64 9 1 9 5 37 |13 109 | 4 38 6.8
64 9 1 16 | 1 52 | 21 62 | 3 52 3.2
64 9 1 25 | 19 56 (32 35| 2 56 0.6
64 9 1 36 | 30 79 |44 21| 2 79 0.3
64 9 1 49 | 42 106 | 58 9 | 2 106 0.3
64 9 1 64 | 55 74 | 74 ol 1 74 0.0
64 99 1 1 1 13 4 423 | 9 14 35.9
64 99 1 2 319 6 279 | 7 20 27.7
64 99 1 4 5 27 9 176 | 5 28 20.3
64 99 1 9 | 11 42 117 92| 3 37 12.5
64 99 1 16 | 19 52 | 26 51 3 61 7.0
64 99 1 25 | 29 64 |37 28| 2 65 1.7
64 99 1 36 | 41 88 | 51 16 | 2 90 1.7
64 99 1 49 | 55 116 | 66 512 119 1.8
64 99 1 64 | 71 82 | 83 1 83 0.0

Table 6.1 Comparison of policies
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Table 6.1 gives for different values of cost parameters P, v, h
and for different values of mean demand p the optimal parameters
of the compared policies and the adjoined cost deviations. These
deviations are again (as in previous sections) measured by

* _ ¥
CS(T) C
D := —————— 100 [%] (6.40)
*
C
where C*S(T) = c'(s*(T*,t™ + pu (c.o.(6.36) are the optimal
costs of the S(T)-policy.
Additionally in Table 6.1, a simple (S,S)-policy has been
investigated. This policy can be considered as a nalve approxi-
mation of the (s,S)-policy without enlarging the inspection
period. Results have simply been obtained by setting P = O.
Accordingly
* *

cS
b= S 100 [+] , (6.41)

measures deviations from the optimal costs.

Table 6.1 shows that a simple (S,S)-policy may be a good approxi-
mation for a (s,S)-policy if u*h>>P, This result has also been
found for Beta-distributions by [ 9]. In these cases the expected
order cycle using an optimal (s,S)-policy is nearly 1. The optimal
T of an S(T)-policy is 1. If on the other hand u<h<P an (S,S)-
policy turns out to be a poor approximation.

In all cases being computed, an S(T)-policy considerably improved
an ordinary (S,S)-policy. If u*h = P and g * 100 < 30 an S(T)-
policy is a good approximation for an (s,S)-policy. (For more
detailed results see [22]).

Summarizing, our investigations show that also in the pure inven-
tory case with P + 0 a linear decision rule turns out to be a

fairly good approximation.



SUMMARY AND CONCLUDING REMARKS

Starting point of our investigations of a linear policy approach
to inventory-production models was the linear-quadratic theory
presented in Chapter 2. These models are characterized by the
linearity of their plant and feedback equations and by the
assumption of a quadratic performance criterion. One of the out-
standing properties of linear-quadratic models 1is the small
amount of information being required. Due to the validity of the
principle of dynamic certainty equivalence total stochastics of
the additive inviroment (sequence of demand) can be reduced to
conditional mean forecasts without any loss of optimality. This
property has been exploited by Holt et. al. in their work on
production smoothing and work-force planning.

Generally, however, linear-quadratic models will not occur in
real inventory-production systems. For a back-log situation (to
which we confined our investigations) the plant equation (balance
equation) of the model per definition is linear, however, there
will be no quadratic cost dependances and furthermore capacity
constraints will generally be present. However, for a smoothing
situation it seems to be appropriate to approximate non-quadratic
costs by quadratic ones and, in addition, since one has a short
term feedback control, fluctuations would not be too large so
that capacity constraints need not be taken into account
explicitely. Thus Holt et. al. approximated costs by quadratic
ones and found an optimal linear policy. This approximation was
performed by a least square regression procedure. Obviously such
an approximation is not unique. This is due to the fact that one
does not know in which region costs should be approximated. If,
e.g., inventory fluctuations are very large, a large region
should be used to fit a quadratic function. Obviously, the
approximation region depends on the cost functions to be approxi-
mated. The "optimal"” linear policy found with respect to the
approximated costs then depends on the goodness of fit. In order
to study the influence of the quadratic approximation on optimal

costs we had to construct a definite situation. Starting point
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were well-defined piece-wise linear cost criteria which had to be
fitted by quadratic functions uniquely. This was done by the so
called LNQ-approach. The main point in this approach is the
assumption of a linear feedback equation. With this assumption

the model could be reduced to a linear-quadratic one (see Sec.3.2).
However, the non-quadratic costs were approximated in an optimal
way such that a best linear policy was derived with respect to

the non-quadratic cost criterion. (It should be mentioned that

the LNQ-approach and the procedure of Holt et. al. can differ

considerably. (See [ 87])).

O0f course, to derive best linear policies, further assumptions
are necessary. First we had to assume policies to be stationary.
This assumption turned out not to be too restrictive for smoothing
situations. Assuming demand to follow a stationary stochastic
process it could be shown that the asymptotic stage (N+=) was
reached only after a few periods. I.e. because of the feedback
structure of the policy initial conditlons were found to die out
rapidly. The second assumption, i.e., the normality assumption of
demand, could be shown not to be too réstrictive.

This was shown for the cash balance case by a Gram Charlier
development in Sec. 3.6 aud for the pure inventory case in

Sec. 6.1.

As could be shown in Sec. 3.2 the LNQ-approach still essentially
maintains the principle of certainty equivalence. Although a
knowledge of the variance of the demand sequence is necessary to
calculate the optimal policy it does not, as discussed in Sec.3.2,
play an important role. Summarizing, applying the LNQ-approach
one actually needs conditional mean forecasts of demand processes
being fairly stationary (but not necessarily Gaussian).

Forecasts used in practice, however, will generally not be
conditional means. They are usually exponential smoothing fore-
casts which only in special situations, as discussed in Sec. 2.3,
coincide with conditional mean forecasts. The effect of these non-
optimal forecasts on the optimal performance is being studied.
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Since one of our main objects was the investigation of the
validity of the linearity assumption we concentrated on scalar
models with white noise and Gauss-Markov processes as demand
sequences. This limitation was necessary since Dynamic
Programming solutions usually cannot be derived for higher
dimensional state spaces and more complicated disturbance pro-
cesses. However, regarding the LNQ-approach, general ARMA- pro-
cesses were taken into account in Sec. 2.5 and the multivariate
case is treated in a recent paper by Gaalman [6].

Studying the validity of the linear policy assumption it could be
shown that in case of no set-up costs (Sec. 4.1) the LNQ-approach
is not inferior than at most 10 %. For set-up costs being present
results are less favorable depending on the relation of demand
variance and cost parameters. However, enlarging the inspection
period, results can be improwved considerably [ §].

These investigatilons were performed for the case of uncorrelated
demand. An extension to the exponentially correlated case (and
zero set-up costs) 1s presented in Sec. 4.3. It turned out that
the suboptimality of the LNQ-approach does not depend on the
degree of correlation and, more generally, on the type of auto-
regressive process being involved.

LNQ-policles are suboptimal but well adapted to stochastic
situations. Thus is appeared to be most interesting to compare
this suboptimal policy with other suboptimal approaches. An often
used suboptimal policy is the so called DDO-approximation dis-
cussed in Chap. 5. This approximation postulates the existence

of the principle of certainty equivalence reducing the stochastic
optimization problem to a deterministic one in which by a rolling
horizon procedure forecasts are updated after each period. It
could be shown that the suboptimal LNQ-policy is for all cost and
demand parameters better than the DDO-policy. Even if we introduce
an optimal safety stock the LNQ-procedure 1is still superior.
However, for comparatively high inventory costs a safety stock
leads to a considerable improvement of the deterministic approach.
On the other hand, for low inventory costs also a safety stock
cannot improve the considerable insufficiency of the DDO-
approximation.
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The important result of Chap. 5 sheds some light on the following
general problem. In dynamic production theory two main approaches
exist. One is a linear (stochastic) control theoretic approach
and the other a deterministic mathematical programming (usually
Linear Programming) approach. The control theoretic procedure is
better adapted to stochastic situations whereas by the deter-
ministic approach constraints can be incorporated more directly.
The findings of Chap. 5 together with the results of Chap. 6 are
more in favor of the linear control theoretic approach. They
show that the effect of stochastics should not be neglected.

Finally, in Chap. 6, we studied the pure inventory case. With no
set-up costs being present the inventory problem turns out to be
the limiting case of a production smoothing problem. The result
of the LNQ-theory coincides essentlally with the well-known
S-policy result of the AHM-theory. This shows the applicability
of the LNQ-approach also in case of constraints on the decision
variable. If fixed ordering costs are present the‘iinear appro-
ximation works no longer as good as in the non set-up cost case.
However, as shown in Sec. 6.2, enlargiﬁg the inspection period

results can be improved considerably.

The investigation of suboptimal policies for dynamic stochastic
inventory-production models is a broad and fascinating field of
great practical importance. Studying linear (suboptimal) policies
is Jjust one, but an essential facet of the whole problem.
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