
INDIAN INSTITUTE OF 
ADVANCED STUDY ' I 

SIMLA 

@Li_l_1rnr~ IIAS,Shiml~ 
PH 001 Un 3 J 

IIIIIII IIIII IIIIIIIIII IIIII IIIIIIIIII IIIII IIII IIII 
00022739 

Reprinted from the 
umal of the University of Poona, 
1ities Section, No. 23, pp. 139 to 152. 



Mathematical Representation of Some Pa(1inian Sutras 

by 

M. D. Pandit 

1. Introductory and Scope : 
It will be at once acknowledged by one who studies· Pap.ini's grammar 

that Papinian description of the language is more comprehensive than that of 
any other grammarian, pre-Papinian or post-Pa!).inian. Moreover, no sutra­
system other than Papini's has equalled the Paµinian siitra-system in matte~s 
of brevity as well as accuracy. The possible reason seems to be that the 
Papinian grammar is based upon certain principles which in turn have paved 
way for certain types of techniques, useful and most convenient for a certain 
kind of linguistic description. These principles or techniques could again be 
either borrowed from other sciences or be the product of the genius of the 
author. If, therefore, the techniques. employed by Pap.ini or the methods of 
statement adopted by him are critically studied and analysed, it may be 
possible to find out the underlying principles. The present paper aims at 
discovering the underlying principles of some Paµinian siltras which can be 
most conveniently represented mathematically. 

2. Mathematical representation of the Pai;iinian siitra 1.1.71: 

The siitra l. l. 71, iidir antyena sah~ta is one of the most important 
siitras in Pap.ini's grammar and Jays down the technique of forming the 
pratyiiharas. What the sittra states is that any non-it sound in the initial 
position together with any it-sound in the final position signifies or 
includes itself and all the sounds which come in between itself and the final 
it- souod1• Thus the non""it sound, say a ( of Mahesvara Siitra No. 1 ) 
in the initial position and the final it-sound, say C ( of the Miihesvara 
Siitra No. 4) will f!brm a pratyiihara or abbreviation aC which will represent 
all the sounds including a between the limits a and C ( excluding C and all 
other it -sounds in between a and C ) ; the sounds represented by the 
pratyahara aC will then be: a, i, u, r, Z, e, o, ai and au . Thus we get various 
pratyahiiras like aK, aN, aM, yaN, haL, jaS, jhaL etc. which stand for 
different sounds enclos~d within their respective limits. 

This technique of pratyahara-formation or phonemic abbreviations or 
sets gives us in all 305 sets, out of which only 40 sets are used by Pa9ini. 

2.1. Implications of the sutra, adir antyena sabeta, 1.1.71: 

The technique of pratyahara-formation, defined in 1.1.71 looks 
apparently very simple and does not provoke any more curiosity. Yet it 

1. cf. BD. on the sutra 1.1.71 : ant)'eneta sahita adir madhyaganam svasya co 
samjt1.a syat; for a study of the Pi.tQinian it-sam}tl.a, cf. M. D. PANDIT," Paiµnian It­
Sa111jfia-A Symbolic Zero'', BDCRI, 25, pp. 78-94. 
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contains certain implications which drive us to guess a certain underlying 
principle. 
2.1.1. Though the sutra 1.1.71 sp~cifies that the final sound of a 
pratyahara should be an it- sound from amongst those in the Mahesvara 
Sutras ( cf. the words antyena ita ), it does not specify the category in terms 
of it or non.:...it of the initial sound of the same; the word adi!J in the sutra is 
without any specification. There are, therefore, two alternatives; (a) either 
the first sound of the pratyahara is also an it- sound, or ( b) it is a non-it 
sound. If the first possibility is accepted, it would mean that a pratyahara is 
composed of two it.:.sounds. In that case both of the it-sounds will be 
reduced to zero a:cording to the sutra, tasya Iopa!;., 1.3.9. This would mean 
that a pratyahara contains a big zero which is impracticable, impossible and 
illogical. This circumstance, therefore, leaves us with no other alternative 
but the second one viz. that the initial sound of a pratyahara is and should 
be a non-it sound. A pratyiihara with two it sounds, like KC ( the it-sounds 
of the Mahesvara Sittras 2 and 4 respectively) or MV or VL etc. is, therefore, 
not permissible. The initial ' non-it sound in the pratyahara is, therefore, 
to be included in the list of sounds represented by it while the it-sounds are 
to be excluded. 

2.1.2. A pratyahara must end with an it-sound; it must not end with 
a non-it sound. This is explicitly laid down by the words antyena ita in the 
sutra. A pratyahara, therefore, with two non-it sounds like ah ( the non-it 
a of siitra No. I, and the non-it h of siltra No. 5 or 14) or bakha or chasa 
etc. is not allowed in Paµini's grammar. 2 

2.1.3. A pratyahara, once formed, represents only the non-it sounds 
and excludes all the it-sounds; cf. BD's remark on the Paµinian sotra 1.3.2 : 
pratyaharetv itam na graharJam anunasika ityadinirdesat. 

2.1.4. No non-it sound, included within the limits and signified by the 
pratyahiira, must be left out of consideration. A pratyahara does not merely 
represent only the initial non-it and the final sound preceding the it with 
which it is composed. It represents the initial as well as all the non-it sounds 
enclosed within the limits. What this means is that while forming a pratya­
hara, we must traverse each and every non-it sound roming in between the 
limits; we cannot avoid any non-it sound on the way and jump to the next 
non-it. This is the significance of the word madliyaganam (=' falling in 
between' ) in the commentary by BD. Kasika explains the same point by 
the word tanmadhyapatitanam. Thus, a pratyahara like aK ( a of sittra No. 1 
and K of sittra No. 2 ) signifies all the non-it sounds in between, viz. a, ;, u, 
r, and [. Not only that it does not signify only some sounds, but also that 
it does not signify only the sounds a and K of which it is composed. 

2. Some other systems of grammar, however, allow a pratyahara with two non-it 
sounds; they have not employed the technique of it-samjfla. Cf. for example, the 
Saraswata and the Hemacandra schools of grammar which do not lay down the it-sounds 
in the eoume,ation o_f P~onemes; they, however, have used the technique of it-sa111}1ia, 
in the case of the tenrunattons, agamas and adesas. 
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2.1.5. The last, and a very important, assumption in the pratyiihiira­
formation is that the process of forming a pratyalziira is always in the forward 
i.e. positive direction. We cannot form a pratyalziira in backward or negative 
direction. We must always accept the first non-it sound as the starting point 
from which we must always go in forward i.e . . positive direction, on the path 
determined by the order of succeeding sounds. Thus, a pratyahiira, like haK, 
with the non-it h of either sutra No. 5 or 14 in the initial position and the 
it K of siitra No. 2 in the final position, is not allowed, since . .the pratyii­
hara is always formed in the positive, fixed direction. 

2.2. Principle Underlying the Sutra 1.1.71: 
The rule of pratyahiira-formation, viz. adir antyena saheta 1.1. 71 

together with its assumptions, especially assumptions nos. 4 and 5, gives us a 
clue to find out the principle underlying it. Assumptions Nos. 4 and 5 above , 
viz. of compulsory journey through each and every point on the way and of 
positive or forward direction suggest the concept of a straight line in mathe­
matics, which is also based on compulsory journey through each and every 
point in a positive, fixed direction. If this parallelism between the assumptions 
of the mathematical straight line and the Par;iinian sutra of pratyahartJ­
formation is correct, we may say that the Pai;iinian sutra 1.1.71 is based on 
the same principle on which the mathematical concept of a straight line is 
based. The representation below of the Paµinian sutra 1.1. 71 in the form 
of a diagram of a straight line with the phonemes as different points on it 
to be traversed will make the point clear. ( See Fig. 1 ). 
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Fig. No. 1 

Imagine a straight line aL, with the non-it a as the starting point and 
the it Las the end, on which are situated all the phonemes from a . to h in 
the same order as in the Mahesvara sutras. The it-sounds, marked in 
capital letters, which are not to be included in the regular list of Sanskrit 
phonemes and which amount to zero, are marked above the line, exactly 
above those non-it phonemes which preceed them. Now, to obtain a 
pratyiihiira, say, of all vowels only, we start from the starting point, non-it, 
a and walk straight upto the point au; the zero, it-sound C above the line 
will mark the end of the journey and we get the pratyahii,ra aC comprising of 
all vowels. So also with other pratyiiharas like haL, yaN, jaS etc. We must 
walk through each and every point on the way until we reach the end. The 
end will be represented by the it-sounds above· the line. Moreover, we 
cannot reverse the direction which is determined by the order of phonemes 
succeeding the initial, non-it, a of the first Mi:ihesvara sutra, viz. aiul'f. 

This method of pratyahara-formation applies to the pratyaharas of the 
phonemes in the Mahesvara sutras as well as to those of the declensional and 
conjungational terrninations which are enumerated in sutras 4.1.2 and 3.2. 78 
respectively; the pratyiihiiras, suP and tiN stand as abbreviations for the 
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respective groups of terminations of · nominal declension and verbal 
conjungation. ··· 

We can even get the required pratyahiira, say aC, by yet another, 
longer or indirect, method. First prepare the pratyahara haL in the way 
given in the siitra, comprising of all consonants; then detach or subtract it 
from the biggest pratyahara, viz. aL comprising of all sounds. And we get 
aL - haL = aC or contrarily, aL - aC = haL in the same way as in the 
straight line ABCD ( see Fig. No. 2 below) 

I I 

A B 
Fig. No. 2 

AD - BD = AB, or AD - AB= BD. 

c I 

D 

We unconsciously resort to this indirect method of pratyiihara­
formation frequently when the sounds to which the· 'given rules do not 
apply are to be excluded. Take the example of the siitra hal antyam, 1.3.3 
itself. The siitra means that the final sounds included in the pratyahiira haL. 
( which are all consonants) .~re to be termed as it. On the basis of this 
rule we understand by implication that the sounds other than those from the 
pratyahilra haL ( which means that the sounds in the pratyahara aC, 
which are all vowels) are not to be termed as it. We have arrived at this 
conclusion by the simple process of subtraction of the smaller pratyahiira haL 
from the bigger one, viz. aL; thus aL-haL = aC. If, therefore, haL = 
x, aC = a, aL = y, so that y = x+a, and it is substituted by p, we transform 
the statement "aC is not it" in symbols as follows: -

aC is not it 
i.e. a is not p 
i e. ( y - x) is not p ( since a = y - x) 
i.e. aL - haL is not it. 

Here the example of the pratyiiharas aC and haL that is taken is of two 
mutually exclusive groups, so that the non-haL group contains only one 
pratyllhiira viz. aC. There are innumerable cases, however, where the non-x 
group ( i.e. that other than given) contains many pratyiihiiras. Take, for 
example, the pratyiihara jaS; the non-jaS group will contain two pratyiihiiras 
a$ ( i.e. aS-jaS ) and khaL ( i.e. jaL-jaS ). 

One connot represent the siitra 1.1. 71 in the form or the diagram of a 
circle and the phonemes as points on the circumference, because first, 
the comparison is too odd and inapplicable. A pratyiihara along the 
circumference of the circle would mean that one can even start with the final 
phoneme h of the Miihesvara siitra No. 14, go forward to the it -sound K of 
sutra No. 2 ( viz. r?K) and compose a pratyiihara like haK comprising of the 
sounds h, a, i, u, r, {. But no such circular pratyaharas are found used by 
PA~ini. Secondly, like the straight line, the Mahesara siitras have also fixed, 
starting and ending points which the circumference of a circle will not have. 

The underlying principle or the Plltiinian siitra 1.1.71, therefore, seems 
to be that of a straight line in mathematics. · 
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3. Mathematical representation of the Par:1inian Siitra 1.1.9 : 
An another Paµinian siitra which could be represented mathematically, 

or more accurately, graphically, is tulyasyaprayatnain savartzam, 1.1.9. The 

sritra states that two sounds having the sam.e place and internal effort of 
articulation are to be taken or regarded as • similar • or • homoorganic '. This 
sii.tra thus give us the principle on which the phonetic similarity of sounds 
cound be detetmined.3 

It is well-known that the ancient Indian Sanskrit phoneticians have 
determined the sthana i.e. place and prayatna i.e. effort of articulation of 

sounds. The sthanas or places of sounds are in all eight, 4 they are : ( I ) chest 
( 2 ) throat ( 3 ) head ( 4) root of the tongue ( 5 ) teeth ( 6) nose ( 7) lips and 

( 8 ) palate. A monophthongal sound in Sanskrit h!ls thus one, single place 
of articulation at a time. The diphthongs however, have two places of 
articulation at the same time; the diphtongs e and ai have throat and palate 

and the diphthongs o and au have throat and lips as their places of articula~ .. 

tion cf. BD. on 1.1.9 : edaitofJ ka~1{hatalu; odautofJ ka1J!ho~{ham. The only 

monophthong-and that too a semi-vowel-that is given as-having two places 

of articulation at a time is the semi-vowel v which has teeth and lips as the 

places; cf. BD. on. 1.1.9 : vakarasya danto~{ham.5 This raises the total num­

ber of places of articulation of all Sanskrit sounds to ( 8+3= )11. 

fhe effort that goes into producing the sounds is mainly of two 
kinds : ( 1 ) the antara or abhyantara prayatna i. e. the internal effort and 

{ 2 ) the bahya prayatna or what Papinlya Sik~a calls as the anupradana6 i. e. 
the external effort. Now since only the internal effort is of use in deciding 
the phonetic similarity,7 we shall not take into account the external effort 

here. The internal effort is of four types : ( I) spa(a ( 2) ifat-spa(a 

{ 3) vivrta and ( 4) sainvrta; cf. BD. on 1. I .9: adyat, caturdhii./spu{e1atsp­

rf(avivrtasainvrtabhedat. 

3. This was the principle used to decide the phonemes of the Sanskrit language 
from amongst the innumerable phones that could be produced by the tongue with the help 
of other physical organs; for a discussion, cf. M. D. PANDIT, "Some Linguistic Principles 
in Plh:tini's Grammar", Indian Lingusitics, 24, 1963, pp. 51-53. 

4. cf. Pltl}iniya Sik~!t 13 : a11tau sthanani van;ianam ura!J, kaT)tha!J,siras tatha jihvamu-
lam ca danta§ ca nasiko11thau ca tiilu ca. · 

5. The sound v raises many problems. For a phonetic description of Sanskrit 
sounds, cf. S. K. CHATIERJl, "The Pronuniciation of Sanskrit Sounds ", Indian Linguistics, 
1955, p. 81 r. 

6. cf. PltQiniya Sik~li, 10b, prayatnanupradanata!J, 
7. Cf. BD on 8.2.1 : bahyapri,yatnas ca ••••.••• sa,arT)asamJflay'li.m anup111uktol}. 

This is not the place to discuss the question : Why the external effort is left out while 
considering the savarttya of sounds? 
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Th . h ve the two criteria, viz. sthiina and prayatna by v:'hich we 

h d 
us ~be a S ··s· kri"t sound so far as its phonetic similarity with other 

ave to escrt e a an h s k "t · d I athemaiical language, we may say t at a ans n 
sound 1s concerne . n m . f h t 

d ld b k d down on the graph with the help o t ese wo 
sc,un cou e mar e . · ·1 ·11 . • , - d prayatna The followmg figure wt I 1 ustrate 
co-ordmates viz. st,1ana an · 
the point clearly. 
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Fig. No. 3 

Let x and y be the two axes with the origin 0, the axis x representin~ 
the places of articulation and y representing the types of internal effort of 
articulation. The different places and types of internal effort will then be 
marked on the graph as the points or values of the different sounds. The 
sound a

1 
which has k as the co-ordinate on the x-axis and sp as the co­

ordinate on the y-axis will now be clearly marked on the graph. So also 
the sound a

2 
and a

3
• All the possible sounds in the Sanskrit language could 

thus be pinned down on the graph. The only difference in the present graph 
and the graph in mathematics is that unlike in the latter, the value of the 
co-ordinate points on the y-axis in the present graph does not depend upon, 
or cannot be calculated in terms of, the value of the co-ordinate points on 
the x-axis ; 8 each of the values is independent of the other since obviously 

. the two axes represent two independent characteristics of the sound. 
Moreover, unlike in mathematics the values of both x and y do not change; 
they are constant. 

With this background, we can now represent graphically the Paninian 
siitra, tulyasyaprayatnam savarl)am. 1.1.9, which states the principle of ·deter­
mining the phonetic similarity of two sounds. 

-------------------
8. Take the graph in mathematics, say, Y.= 2 x; If x= 1, Y=2; if x=2, Y=4 and 

so on. The value of y, therefore, depends upon the value of x. 
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The two points whose similarity is to be found out are both marked 
on the same graph. The similar phones will be represented on the graph as 
follows: 9-

- J(- "''' 

~ ...... ,-. 

~-
~•,go). 

~ ···t 
!!1..· I 

0 

I 
I 
I 
I 

\\ 

Fig. No. 4 

Let the axes x and y represent as before the co•ordinates in terms of 
place and internal effort of articulation. Let a1 be the sound with k as the 
place and v as the internal effect of articulation. It will be marked 
as a1 opposite to the respective co•ordinates ( see the fig.) Let there be 
another sound a2 with the same phonetic description. New since the 
phonetic description of a2 is identical with that of a1, the co-ordinate points 
of both the sounds will co-incide or be identical on the graph. And 
we actually get that a2 falls on the same co-ordinates as those of at. 

The above graph presumes that both the points a1 and a2 are marked 
in the same quadrant viz. A. 

It is also possible to mark the two points separately in two separate, 
yet adjecent quadrants, say A and B, keeping the ,y-axis as common. If 
we draw the two points like that we find that the straight line joining the 
two points is parallel to "the x-axis ( see fig. No. 5 below). k 1, t1• etc. 
are the x-co-ordinates of the sound a1• and k2, t2 , etc. are the x-co-ordinates 
of the sound a2• 

9. k = ka1J.tha, t = ailu, m = miirdho., d = danta, o = of!tha, n = nasiko., kt = 
ka7J./ha-tafu, ko = ka1J,ehofltha, do = danto-1tha, j = jihvamflfa ; sp = spr$ta, isp = i.~at­
spr11ta, v = vivrta and san1 = sa1itvrta, O = origin. 
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Fig. No. 5 

The co-ordinates on both the positive and negative sides of the x-axis 
are marked in the same order on both the sides of the origin O and have 
equal distances from it so that Ok1 = Ok2 and so on. If the graph is in 
quadrants B and C, the straight line a1 a2 will be parallel to the y-axis; if it 
is in quadrants C and D, the straight line will be parallel to x-axis; and if 
the graph is drawn in quadrants A and D, the straight line a1a2 will be 
parallel to the y-axis again. That the straight line joining the two points is 
parallel to either of the two axes could be proved mathematically. 

The situation is different if we mark the two points separately tn 
separate, non-adjecent, opposite quadrants ( see fig. No. 6 below; the 
quadrants selected are opposite to each other, viz. A and C. ) . 

... .1- ·•ll' 

•-,••• C i-- J 

Fig. No. 6 
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We find that the straight line joining the similar sounds, viz. a1 a2 
passes through the origin. Similar is_the case if we draw the graph in the 
opposite quadrants Band C. Mathematical proofs could be given in this 
case also to prove that the straight line passes through the origin 0. 

Graphically represented, the Pa9inian · siitra 1.1.9 gives us three 
graphical conditions for sounds to be similar to one another. The principle 
of phonetic similarity can then be graphically enunciated as : Two sounds 
can be said to be phonetically similar to each other if ( I ) they co'-incide on 
the graph ( as in Fig. No. 4 ), or if ( 2) the straight line joining them is 
parallel to either of the axes ( as in Fig. No. 5 ), or if ( 3) the straight line 
joining them passes through the origin ( as in Fig. No. 6 ). 

4. The principle of anuvrtti In the Pa.l}inian Stitra-system : 
It is well-known that anuvrtti or borrowing a word from the previous 

sutras for the sake of intelligent and consistent interpretation of the following 
siitra or siitras is one of the wonderful axiomatic devices employed by 
PApini in the siitra-system. This principle is exploited by Paµini to the fullest 
extent and is conspicuously absent - - with the exception of its scattere~ 
employment here and there - - in all. other pre-Paµinian and contempora• 
neous sutra-systems. Pa9ini is the first to employ this technique to its 
perfection and all the post-PApinian siitra-systems owe the debt to PApini. 

Before deciphering any principle in the technique of anuvrtti it is 
necessary to know its working and nature. This will be clear from the 
following example. 

Let us take the siitras 1.3.2-1.3.8, in all seven, laying down the it­
sounds and the conditions for the sounds to be it. The following is the 
Papinian statement and order of the siitras which are quoted here for easier 
and clear understanding:-

( a) Pii'l)inian statement: 
1. upadese ac anunasika it, 1.3.2 
2. ha/ antyam, 1.3.3. 
3. na vibhaktau tusmii{,, 1.3.4 
4. adir ni(u~ava!,, 1.3.5. 
5. 1a{, pratyayasya, 1 .3.6 
6. CU!U, 1.3.7 
1. lasakvataddhite, 1.3.8 

All of these sotras lay down the different conditions for the various 
sounds to be it; s_iitra No. 3, viz. I.3.4 however, prohibits certain sounds to 
be it under certain conditions; ' " . -

If we read the sutras, we find that except the one, single sutra, viz. 
I. 3. 2. which contains the words upadese and it, all the rest do not have any 
such words; yet, we have to borrow these words in consistently interpreting 
the rest of the siitras. While siitras No. 2 and 3, viz. 1. 3. 3 and I. 3. 4 
require the anuvrtti of two terms viz. upadese and it, sutra No. S, viz. 
1. 3. 6 requires the anuvrtti of three terms, viz. upadese, it ( both from the 

I 



148 JOURNAL OP THE UNIVERSITY Of POONA : HUMANITIES SECTION 

first sutra i.e. I. 3. 2 ) .. and iidilJ. (from . the forth sutra i.e. I. 3. 5); sutras 
No. 6 and 7, viz. I. 3. 7 and 1: 3. 8 on the other hand are meaningless 
without the anuvrtti of four terms viz. upadese, it, adilJ. and pratyayasya ( the 
last from the fifth sutra i.e. I. 3. 6 ). Not only this, but also that the 
absence of anuvrtti of these terms in places where they are required will 
create chaos and upset the whole PMinian sutra-system; its absence wilJ 
hinder any intelligent interpretation of the sutras, will create technical and 
grammatical difficulties and further lead to interpretational deadlocks, 
affecting the grammar of the language. The importance of anuvrtti in the 
PApinian principles of.axiomatics can, therefore, hardly be exaggerted. 

We know, therefore, that many times and in many places in PA11ini's 
sutra-system, we have to read many siitras by assuming the existence of 
certain words even if they are not there. This assumption of their existence 
ther.e is based upon their actual inclusion in some preceding sutra or siitras. 
If, therefore, in the above example, we put the borrowed words in the 
places in which they are required but are not there, we may perhaps get a 
clue as to the underlying pi;inciple of anuvrtii. The Papinian statements 
in t~eir solved form will then be:-

( b) Solved PliJJinian statements : 
l upadese ac anuniisika it, 1.3.2. 
2 upadese hal antyam it, 1.3.3 
3 upadese na vibhaktau tusmah it, 1.3.4 
4 upadese adir ni~ucf ava[t it, 1.3.S 
S upadese adilJ. ~alJ. pratyayasya it, 1.3.6 
6 upadese adi!z CU{U pratyayasya it, 1.3.7 
7 upadese iidilJ. lasakvataddhite pratyayasya it, 1.3.8 

The dissolved form of the Pipinian statements at once now helps us to 
decipher the principle on which the technique of anuvrtti seems to be 
employed. We can easily see that the words, which are required to be 
borrowed are common words in all or some of the Papinan statements. In 
other words, what Papini did is that be took out all the common words 
occurring in all the sutras and inserted them in one single sutra which would 
s~nd_ at the head of all its dependent sutra$. The concept underlying the 
prmc1ple of anuvrtti is, therefore, purely mathematical, viz. that of taking 
out of the brackets the highest common factor from amongst the given, 
numero_us algebraic expressions. The Ptu;1inian statement of rules, therefore, 
looks Itke bracketted algebraic or mathematical expressions with the highest 
common factor or factors out of the brackets. The point will be clear if we 
put symbols for all the words and rewrite the siitras symbolically. 

Put a for the words ac anunasikalz 
b " ,, hal antyam · 
C " ,. na vlbhaktau tusmal, 
d ,. ,, ni(ucf av~ . 
e " ,. ta~ 
I ,, " cu~u 
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Put g for the words lasakvataddhite 
X " ,, upadese .. 
y ,. ,, it 
p ,, ,, ii.dil:z 
q ,, ,, pratyayasya 

· and the sign+( plus) for showing the Pa11inian order of sutras. 
We now represent the Pa11inian statements symbolicaIJy as: 

x a.y + x.b.y + x.c.y + x.p.d.y + x.p.e.q.y + x.p.f.q.y + x.p.g.q.y. 

Taking out the highest common factor viz. xy out of the brackets, 
we get, 

xy [ a + b + c + p.d + p.e.q + p.f.q + p.g.q] 

We can again take out some more common factors and we get the 
factorised expression as : 

xy [ a + b + c + p 1 d + q ( e + f + g) f ] which is the perfect 
alegbraic representation of the Pa11inian statement of the seven sutras. While 
the factors xy are common to an of the sutras ( and hence they are taken out 
of the biggest brackets), the factors p and q are only partially common to. 
some of the siltras. 

The principle followed by Paµini in employing the technique of 
anuvrtti in his siitra-system, therefore, seems to be similar to the simple 
principle of factorisation or finding out the highest common factor from 
amongst the given expres:;ions in algebra. The highest common factor taken 
out may be a single word or group of many words. 

There are many examples in Pai;iini's grammar in which the technique 
of anuvrtti is employed. The scope of the anuvrtti varies from two to a num­
ber of sutras; cf. the satras 3.2.95 and 3.2.96 where the anuvrtti of the word 
yudhikrna!J is limited only to the two sutras, whereas the anuvrtti of the word 
(ac extends upto 22 sutras from 5.4.91-5.4.1 I 2; while the anuvrtti of the word 
dhato~ in the sutra, 3.1.91 covers almost one, entire adhyaya ( viz. the 3rd) of 
four padas containing in all 541 sutras, the anuvrtti of the word prlztipadikat 
in the sutra 4.1.1. embraces in all 1190 sutras from two complete adhylzyas 
( viz. 4th and 5th ) of four padas each. 

The anuvrtta word can either be ·the subject or what is technically called 
in Indian grammars as udde!ya or predicate or what is called as vidheya. The 
anurvrtta word it in the above example belongs to the grammatical category 
of vidheya or predicate while the word upade!e belongs to the category of 
uddesya.10 

4.1. Types of anuvftti: . 
If we examine all the examples wherever anuvrtti is to be resorted to 

for the interpretation of the sutras, we find three different, broad types : 

10. It is -to be noted in this connection that according to the Indian Sanskrit 
grammarians, any category other than vidheya is to be included in the category of 
udde§ya; and hence upadeee belongs to the category of udde§ya and not to that of vidheya­
vistijra i. e. extension of predicate. 
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( l ) formal anuvrtti ·- ( 2) semantic anuvrtti and ( 3) semi-formal or semi­
semantic anuvrtti. 

4.1.1. Formal anuvftti : 
This type is visible in cases in which only the form of the word is 

to be borrowed· the anuvrtta word there does not refer to any meaning, 
social or technida1. This i~ the case where the suffixes or pratyayas in their 
form are to be borrowed; cf. the sutras 5.4.91-5.4.92 where the word ~ac 
in the sutra 5.4.91, which is a termination, is to be borrowed in its own 
form in interpreting all the rest of the siitras; the word ~ac does not refer 
to any linguistic or technical meaning in this context. It is pure sabdanuvrtti 
i. e. borrowing of the form of the word. 

4.1.2. Semantic anuvftti : 

There are circumstances where the linguistic meaning conveyed by the 
words used in the sutra has to be borrowed in interpreting the following 
sutras; cf. for example the su.tra, tasyiipatyam, 4, 1.92. Neither the word 
tasya nor the word apatya ' is to be borrowed; what is borrowed in the 
following siitras is the linguistic meaning that the phrase tasya apatyam 
(•his/her child/progency ') conveys. The same is the case with the sutras, 
tatra jatal:z, 4.3.25, tatra bhava[1, 4.3.53 etc. 

Actually Kasika on the sutra, 4.1.92 remarks: arthanirdeso'yam 
( • this is a reference to the meaning • and not to the form of the words tasyii­
patyam ). This type of anuvrtti is purely on the semantic plane; it is pure 
arthanuvrtti. 

4.1.3. Semi-formal or semi-semantic anuvrtti: 

This category is seen where Pa!lini intends a technical term like 
pratipadika, dhatu or a,iga to be borrowed in the following st"i.tra. The result 
is that mere physical borrowing of the technical term, say priitipadika ( in 
the sutra, 4.1. I ), does not work or suffice, since in actual grammatical 
operation, we have to take into consideration some concrete pratipadika 
like rama or hari or bhiinu which would satisfy the criterion of being a 
pratipadika laid down in the definition ( cf. the sutras, 1.2.45; 46 ). That is 
to say, a technical term requires that it must be borrowed both physically or 
formally as well as semantically. This type of anuvrtti is both formal as 
well as semantic; also, it is neither purely formal nor purely semantic. We 
may term this type as semi-formal or semi- semantic. 

_The whole discussion above aims to bring into foreground one import­
ant pomt, viz. that to take out ' only the semantic import ' or ' meaning ' 
of the words, detached of their formal counter-parts, as the common factor 
is certainly a stage further than taking out • simply the pure form ' of the 
words as the common element. In the case of the pure semantic anuvrtti 
Papini seems to have transcended the limits of formal plane. He thu~ 
seem~ to have repudiated the claim that algebraic representation is possible 
only m the case of formal - and not semantic - categories. And no one 
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would deny that this is certainly a great advance in analytical techniques if 
only one takes into ~.ccount the context of time in which Pa!lin_i flourished. 

We can represent algebraically those sutras also in which semantic 
anuvrtti is available by ascribing suitable symb.ols to the semantic categories. 

The whole technique of anuvrtti can, therefore, be said to have been 
based on the same principle on which the technique of factorisation or 
finding out the highest common factor in algebra is based. 

5. Other instances : 

The same technique of factorisation or taking out the highest common 
factor is clearly visible in the definition of pratipadika laid down by Pa!')ini in 
the sutra, arthavad adhatur apratyaya~ pratipadikam, 1.2.45.11 

The use of the concept of zero indicates the utilisation by Pll.pini of 
the mathematical principle of ' division' ;18 especially the cases wh~re an 
inserted zero has its non-zero counter-part in other forms lend support to 
such a supposition. Moreover, the concept of zero itself pre-supposes 
morphological analysis in terms of position or order of morphemes, bound or 
free. Pll.!')ini has actually statec,t explicitly the position of suffix as para i. 'e. 
posterior to the pratipadika; c/ the s0

utra, paras ca, 3. l .J2. All these points 
add greater strength to the hypothesis that Pa!')ini has utilised certain mathe­
matical techniques and principles in his linguistic description of Sanskrit. 
The idea of position can only come from mathematical logic. 

All this, it must be confessed, presupposes a certain advance in 
mathematics prior to Pariini's times which, in the absence of any pre­
Pll.pinian evidence in the field, cannot be proved. 

It is at this stage of our study of Pll.p.ini's grammar very premature to 
hasten to the concJusion that Pap.ini knew mathematics. The affirmative or 
negative answers to the questions like whether Pa.11ini knew mathematics, or 
whether he borrowed certain mathematical principles or algebraic techniques 
to describe the Sanskrit language depend upon stronger internal and external 
evidences. It is also possible that the ancient Indian mathematicians might 
also have borrowed certain techniques from Pa11ini. 

The question who borrowed from whom, will get its answer only in 
the context of wider and stronger evidence. The problem could to a certain 
extent be solved if at least one third, or even one-fourth, of the 4000 sutras 
of Papini could be suitably represented mathematically. In doing so, it must 
be borne in mind that linguistic techniques or descrjption can never be repre­
sented fully mathematically; that is to say, such mathematical representation 
of grammatical rules will never satisfy all the rigorous criteria of the mathe­
matical rules. One bas, therefore, to make certain allowance for the looseness 
in such representations. What is important to see in such cases is only the 

11. For details, cf. M. D. PANDIT, op. cit, pp. 56-60. 
12. Cf. M. D. PANDIT," Zero in PihJini ", Journal of the M. S. University of Baroda, 

(Humanities), Vol. XI, No. 1, 1962, pp. 63-65. 
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buic resemblance of the technical principles employed in mathematics and in 
Pllpini's grammar. If the two basically agree, we have sufficient grounds to 
believe that either Papioi bas borrowed the principles from mathematics or 
mathematics owes some debt to PApini. 

It is also possible that both might have borrowed from an altogether 
different yet common source. Can it be logic or mathematical calculus? All 
this, it must be confessed, would again pre-suppose a certain advance in the 
field of logic, mathematics and mathematical calculus; unfortunately there is 
no pre-Pllpinian evidence in the field. But that certain PAµinian and mathe­
matical principles resemble one another cannot be forgotton. 
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