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_ A near-field K ( +; o) is called a. Dickson 'MIJr-fiela if a. third binary 
operation • ca.n be defined on K, such that K ( +, •) is a. skew field a.nd , 
for ea.ch a e K*, rp,. : x - a-1 • (a o x) is a.n automorphism of K ( +, . ), 
where a-1 denotes the inverse of a in the skew field K (+, •). (See 
H. KilzEL [3].) -

Such '.!lea.r-fields were first constructed by L. E. DICKSON [1]. H. ZAS
SENHA.US [4] showed that, with seven exceptions, Dickson's method 
yields all finite near-fields. The results of E. ELLERS and H. KmZEL [2] 
show that these correspond precisely to the finite Dickson near-fields. 

A finite Dickson near-field has order rt' a.nd centre of order q. It is 
completely specified, up to isomorphism, by the positive integer in
variants q, n. Furthermore, q a.nd n satisfy the following relations: 

(1) q = p 1 for 8011'.e prime p; 

(2) each prime divisor of n dividea q - 1 ; 

(3) if q == 3 mod 4, then n $ 0 mod 4. 

Such & pa.ir of integers {q, n} is called a Dickson number pa.ir and, for 
eA.ch Dickson number pa.ir, there exists a Dickson near-field with in
va.ria.nts q, n. 

The following results will be proved here. 

Theorem . .Le,t K be a finite Dickson near-field with invariantB p', n. 
For each ..t dividing ln, K ha8 a 81dJ-11.ear-field N of order r, iBomorphic 
to the Dickson near-field with invariants p'', ..tfl', where l' = (ll, ..t) and 
I i., the aolulion of I == (p'" - 1)/(r - 1) mod n B'UCh that O < J :s;;; n. 

Those mb-near-fields of K which contain the centre are of particular 
interest. For these, the invariants are easier to describe. 

Corollary. If A= lt, for Bome integer t, then N contains the centre of 

Kand l' = l(n/t, t). 

It should be noted that K contains .no sub-near-fields other than those 
described in the theorem (see Bull. Austra.l. Math. Soc. 5 (1971), 275-
280). . 



On finite Dickson ne&J'-fields 
255 

§ 1. The Dickson-Zassenhaus · Construction 

A brief outline· of the Dicks,m-Za.ssenha.us construction is needed F 
a detailed description see p. 190 of ZA.SSENHA.us [4]. · or 

Let {q, n} be a Dickson number pak. Then 

(4) qP-t qft-1 
H°$0modn for 0<P<n, q-t =0modn. 

He_nce, the congruence equation 

(5) q" == 1 + µ(q-1) mod (q- l)n 

has a unique solution for ~II µ, such that O < .:x ::;; n. 

Le~ ~ ( ~• ·) be the finite field with q" elements, w & ~enerator of its 
mult1plicat1ve group K*(·) an~ let fl be the automorp~m of K(+, ·) 
defined by fl: x ➔ xq. A mappmg 'P: x ➔ tp.,, from K* mto the auto~ 
morphism group of K ( +, • ), is defined by tp., = fl" for x = al', where ~ . 
the solution of (5). Define a multiplication o by 18 

(6) for a, b EK, a ob= a• 'P,.(b), for a + 0, and a ob= 0, for a= o. 
K ( +, o) is a near-field "\l'ith q" elements and centre isomorphic to th 
finite field of order q. Furthermore, K ( +, o) is cle~ly a. Dickson near~ 
field. Moreover, for a given Dickson number pa.u {q, n}, K ( +, 0 ) • 

unique up to isomorphism. The image, I'= tp(K*), of K* under VJ ~ 
the cyclic group of order n generated by fl and is called the D-grau,p ~ 
K(+, o). · 

§ 2. Number theoretic lemmas 

Lemma 2.1. Let {q, n} be a Didc8on number pair. If k divide.! n, 1~ 
{qA, k} i8 a Dick8on number pair. · 

This results is an immediate consequence of the observation that ( 
is equivalent to the following condition: 3) 

(3') if 4 divitleB n, then 4 dividea q - 1 . 

Lemma 2.2. Let {q, n} be a Dick8an number pair. If q" = 1 + µ(q _ l) 
mod (q - 1)n, then (µ, n) = (.:x, n). 

Proof. Let (µ, n) = E and (.:x, n) = 17. By Lemma 2. 1, {q, E} all 
{q, 11} are Dickson number pairs. Since (q" - 1)/(q - 1) == µ lllOd. ?td. 
(q" _ 1)/(q- 1) == 0 mod E- Hence, by (4), E j.:x. But E In and hence l, I • 

• I . Ii" )}, 

.Again, by (4), since 111.x, (q"-1)/(q-1) = 0mod17. Thus I-'"'-
~ )( mod n, for some integer "· Hence TJ Iµ. But T/ In, so T/ IE, Thus ~ = _ ~ 
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Lemma 2.3. If {q, n} i8 a .Diclcaon number pair and' t dividea n, then 
(q"- 1)/(qt·-1) == n/t mod n. 

Proof. Let n/t = 8 = a1a1 ••• Br, where a, i~ prime for i = 1, 2, ••• , r. 
The proof is obtained by induction on r. 

Let r = 1. Then n/t = a, where a is prime. By Lemma 2.1, {q, t} is 
a. Dickson number ~- Henoe qt= 1 mod (q - 1)1. But a is prime a.nd 
a In, thus, by (2),_·,~lq - 1. Hence qt= 1 mod n, einoe n = at. But 

(q"-1)/(qt -1) = (q" -1)/(q' -1) = qt<•-11 + q11,-..11 + ... +qt+ 1. 

Thus (q" - 1) / (qt - 1) == 8 mod n, as required. 

Let r > 1. Then--n = st = 8 1 8
1 t, where 8 1 is prime. By above 

(q'•" t -1)/(q"' -1) = a1 mod n. Further, since {q, 8
1 t} is a Dickso~ 

number pair, (q"' -1)/(q' - 1) = a' mod a't, by the inductive hyPo
thesis. The result follows. 

The proofs of the following two lemmas require only routine calcuia.. 
tions and a.re omitted. 

Lemma 2.4. If (b, c) = (d, c), then (ab, c) = (ad, c). 
-· 

Lemma 2.6. If a =t= O and (b, ca) = (d, ca), then (b, c) = (d, c). 

t 3. Proof of the theorem 

Lemma 3.1. Let K be a finite Dickson ne,ar-field with invariant., p•, n. 
Then K oontaina a Dickson nusr-field of order r, for t,(JCh l dividing ln. 

Proof. Let N(+, •) be the (unique) sub-field of K(+, ·) of order 1'4, 
where l jln. Let a, be N*. Then a ob= a· q,.(b) = a· b,,., for some ix 

80 ao be N*. Thus, Rince K* is finite, N*(o) is a. subgroup of K*(o) and 
N(+, o) is a. sub-near-field of K(+,o). Since N admits 'Pa, the restric
tion, 'Pa IN, of 'Pa to N is an a.utomorphism of N ( +, • ). Hence N ( +, 0 ) 

is a Dickson near-field. 

Lemma 3. 2. If iiJ u a generator of K* ( · ), then 'I'. is a generator of r, 
the D-gr<>Wp of K(+, o). 

Proof. Sinoe w generates K*(·), w = oJ where (fl, q"-1) = 1. By 
(4), n jq"- 1. Thus (p, n) = 1. Henoe, by Lemma. 2. 2, (ci, n) = 1, whe 
f.!a = q,._, and 9"ii generates I'. 

Let N be the sub-near field of K of order pA given by Lemma. 3. 1 a.n 
let its invariants be pi', n', where n[ = i./l'. To prove the theorem · 

- [ ) p tb:t l' hM the requii:ed properties. . 
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Since N• ( ·) is a oyolio subgroup of K• ( ·) of order r - 1, if w generates 
K*(·), theii iiJ = w' generates N*(·), where i = (p'n-1)/(r-1). Let 
I be the solution of the congruence equation I = i mod n, such that 
0 <I::;; n. 

Also, since N is a Dickson near-field, there exists a mapping 'I' from 
N• into the automorphism group of N( +, ·) and a generator iiJa of 
N*(·), such that e = 1f.o: z ➔ zP1

'. Then the D-group, II= ,p(N*), 
of N(+, o) is generated bye and has order n'. Furthermore, for all 
a e N, iiJoa = iiJ. 'P.;(a). But iiJo~ = iiJ • 'P.;(a) and hence 'I'.= 9';/N, 
By (5), 'Poi= e"', where e: x---+ X:, and °' satisfies q"' = 1 + i(q- 1) 
mod (q - l)n. Hence 'I'.;: x---+ x1' for a.ll x e N. By Lemma 3. 2, 
'f.jj generates II and thus has order n'. Since N* ( ·) is cyclic of order 
r- 1, n' is the least positive integer such that lom' is a. multiple of ,l. 
Thus )./(ltx, ,l) = n' = ,l/l' and l' = (ltx, ,l). 

Let ,l = ln, where l = (l, ,l). Thus (l/l, n) = 1 and n/n, since ,l/ln. 
Let l = al. Then l' = l(stx, n). By Lemma 2.2 and the definition of J, 
(tx, n) = (i, n) = (I, n). By Lemma 2. 5, (tx, n) = (I, n), since n In. 
Hence, by Lemma. 2.4, l' = l(sl, n) = (ll, ,l) and the proof of the 
theorem is complete. 

Now let ,t = lt. It follows immediately from the .sub-field structure 
of K(+, •) that N contains the centre of K(+, o). Further, by Lemma 
2.3, I= n/t mod n and l' = (ln/t, lt) = l(n/t, t). Hence the corollary 
follows. 
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