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Pl'efacc

The purpose of
sampling theor
Hlustr

this book is to present a comprehensive account of
: Yy as it has been developed for use in sample surveys, with
atlons to show how the theory is applicd in practice and with a supply
of exercises to be worked by the student. My hope is that the book will be
useful both as a text for a course on sample surveys in which the major
emphasis is on theory and for individual reading by the student who does
not have access to formal instruction.

The; MiNiMmum mathematical equipment necessary for an easy under-
standln.g Of. the proofs is a knowledge of differential calculus as far as the
determination of maxima and minima (using Lagrange multipliers where
required), plus a familiarity with elementary algebra and especially with
the handling of relatively complicated algebraic summations. Knowledge
of the laws of probability for finite sample spaces, including combinatorial
probabilities, the properties of expected values, and conditional probability,
is extremely helpful. On the statistical side, the book presupposes an
introductory course which covers such topics as means and standard
deviations, the normal, binomial, and multinomial distributions, confidence
limits,. Student’s t-test, linear regression, and the simpler types of analysis
of variance. Occasionally, more advanced results from statistics are used,
since I have tried to point out the relation between sample survey theory
and the main stream of statistical theory. In the early parts of the book
each step in a proof should be readily apparent from the previous steps:
towards the end, where proofs are more condensed, a little work with paper
and pencil may be necessary to follow some of the steps in detail.

The order of presentation of topics in this edition is essentially the same
as in the first edition, most theorems retaining their old numbers. Chapter
5 on stratification, which was already undesirably long in the first edition,
has, however, been split into two chapters. The present Chapter 5 contains
vil
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the older, standard results. A new Chapter 5A is devoted to the numerous
specialized topics that are necessary for the most efficient usc of stratifica-
tion. A further change in order is that an introduction to ratio cstimates is
now included in Chapters 2 and 3 instead of being postponed to Chapter 6.
This change was made because ratio estimates arc found in practice, often
in disguised form, even in the simplest types of survey, so that an early
introduction to them seemed advisable. The teacher who prefers to post-
pone this subject until Chapter 6 may, of course, continue to do so.

Many scctions have been added at appropriate places to cover results
published since the writing of the first edition in 1951-1952. Since these
developments are quite miscellancous, the new sections are indicated by an
asterisk in the table of contents. Some of the major topics are as follows.
Several sections are devoted to the statistical methods that apply when
survey results are to be presented separately for specified subdivisions of
the population (for example, persons of different ages or house owners
and renters) and when comparisons among these subdivisions are wanted
for analytical reasons. In stratified sampling newer work deals with the
construction of strata and the choice of number of strata, with the optimum
sample sizes in individual strata when specified levels of precision are to be
attained for each of several variables and with two-way stratification whep
the sample is small. A summary is given of the extensive recent researches
on sampling without replacement when primary units are selected with
unequal probabilities. The study of nonsampling errors has produced new
methods of investigating the effectiveness of call-backs, as compared with
other techniques for reducing the bias due to nonresponse, and new methods
of gathering data that throw light on the contribution of errors of measure-
ment to the total errors in estimates made from surveys.

Some of the new sections are intended to fill gaps in presentation that
were pointed out by teachers who have used this book or were suggested
by my own experience. In two-stage sampling, for instance, the variance
formulas are given separately for each of the principal methods of sample
selection and estimation, and the efficiency of self-weighting estimates is
discussed in greater detail. Although these formulas can be deduced from
one or two general theorems, the convenience of having the explicit resylts
readily available appeared worth the extra space required. Many old
sections have been rewritten to include new developments or to clarify the
presentation. The number of exercises has more than doubled.

The present edition is about one third larger than the first. I view this
growth with mixed feelings. Even in the first edition it was difficult to
cover all the material in a one-term course of lectures while leaving time
for case studies of actual surveys in the fields of interest of the students.
However, the sections have been prepared so that many can be omitted, or
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condensed to a brief statement of results, without creating difficulties in
reading later parts of the book. Although the choice of topics for dis-
cussion will be governed by the views of the teacher and by the level of
preparation and fields of application of the students, the following sugges-
tions arc made of sections that may be omitted or condensed in an intro-
ductory course: 2.8,2.13,2.14; 3.9,3.11; 4.6,4.7; 5.8,5.9; 5A.1, 5A.3,
5A.4,5A.5,5A.10,5A.12; 6.4,6.5,6.9,6.13,6.14,6.15,6.17; 7.4,7.5,7.7,
7.8,79; 85,8.6,8.8,8.11,8.12; 9.5,9.6,9.11,9.12,9.13; 10.7, 10.8, 10.9,
10.105 11.7, 11.9, 11.16; 12.5, 12.6, 12.7, 12.8; 13.5, 13.7, 13.15, 13.16.

Dr. Alva L. Finkner and Dr. Emil H. Jebe prepared a large part of the
lecture notes from which the first edition was written, and Dr. F. C. Cornell,
Dr. J. A. Doull, and Dr. Finkner kindly gave their permission to
quote data from surveys. Some investigations, both theoretical and
applied, that served as background material were made possible by a
research contract with the Office of Naval Research, U. S. Navy Depart-
ment. In the preparation of the present edition the secretarial staff of the
Department of Statistics, Harvard University, performed nobly in typing,
and generous assistance in proofreading was given by Mrs. Cleo Youtz and
by any graduate students who had the ill-fortune to pass my office door
during the critical time-period. The author index was prepared by Miss
Susan Rogers and the answers to exercises checked by Mr. P. S. R.
Sambasiva Rao. I have received much stimulating discussion of recent
trends in sampling from colleagues Lyle D. Calvin, R. M. Cyert, W.
Edwards Deming, Tore Dalenius, Morris H. Hansen, Herman O. Hartley,
William N. Hurwitz, Leslie Kish, William G. Madow, and Frederick F.

Stephan. To all these persons, named or unnamed, I would like to
express my thanks.

Cambridge, Massachusetts

WiLLIAM G. COCHRAN
November 1962
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CHAPTER |

Introduction

1.1 ADVANTAGES OF THE SAMPLING METHOD

Our knowledge, our attitudes, and our actions are based to a very large
extent on samples. This is equally true in everyday life and in scientific
research. A person’s opinion of an institution that conducts thousands of
transactions every day is often determined by the one or two encounters
which he has had with the institution in the course of several years. The
traveler who spends 10 days in a foreign country and then proceeds to
write a book telling the inhabitants how to revive their industries, reform
their political system, balance their budget, and improve the food in their
hotels is a familiar figure of fun. But in a real sense he differs from the
political scientist who devotes 20 years to living and studying in the country
only in that he bases his conclusions on a much smaller sample of ex-
perience and is less likely to be aware of the extent of his ignorance. In
science and human affairs alike we lack the resources to study more than a
fragment of the phenomena that might advance our knowledge.

Until the last 30 years little attention was given to the problems of how
to obtain a good sample and how to draw sound conclusions from the
results. This does not matter so long as the material from which we are
sampling is uniform, so that any kind of sample gives almost the same
results. Laboratory diagnoses about the state of our health are made from
a few drops of blood. This procedure is based on the assumption that the
circulating blood is always well mixed and that one drop tells the same
story as another—an assumption which we as laymen fervently hope is
correct. But when the material is far from uniform, as is often the case, the
method by which the sample is obtained is critical, and the study of tech-
niques that ensure a trustworthy sample becomes important.

This book contains an account of the body of theory that has been built
up to provide a background for good sampling methods. In most of the
applications for which this theory was constructed, the aggregate about

1
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which information is desired is finite and delimited—the inhabitants of a
town, the machines in a factory, the fish in a lake. In some cases it may
seem feasible to obtain the information by taking a complete enumeration
or census of the aggregate. Administrators accustomed to dealing with
censuses were at first inclined to be suspicious of samples and reluctant to
use them in place of censuses. Although this attitude no longer persists,

it may be well to list the principal advantages of sampling as compared
with complete enumeration.

Reduced Cost

If data are secured from only a small fraction of the aggregate, expend-
itures are smaller than if a complete census is attempted. With large
populations, results accurate enough to be useful can be obtained from
samples that represent only a small fraction of the population. In the
United States the most important recurrent surveys taken by the govern-
ment use samples of around 100,000 persons, or about one person in
1800. Surveys used to provide facts bearing on sales and advertj

sin
policy in market research may employ samples of only a few thoug_
sand.

Greater Speed

For the same reason, the data can be collected and summarizeq more
quickly with a sample than with a complete count. This is a vital congjq_
eration when the information is urgently needed.

Greater Scope

In certain types of inquiry highly trained personnel or specialized o
ment, limited in availability, must be used to obtain the data. A o
census is impracticable: the choice lies bet\fveen obtaining the infor
by sampling or not at all. Th}ls surveys which rgly on sampling have more
scope and flexibility regarding the types of mfgrmgtion that can pe

obtained. On the other hand, if accurate information is wanted for map,
subdivisions of the population, the size of samplf: needed to do the job is
sometimes so large that a complete enumeration offers the best gol-
ution.

quip-
mplete
Mmation

Greater Accuracy

Because personnel of higher quality can be employed and given intensive
training and because more careful supervision of the field work and pro-
cessing of results becomes feasible when the volume of work is reduced, a
sample may actually produce more accurate results than the kind of com-
plete enumeration that can be taken.
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1.2 SOME USES OF SAMPLE SURVEYS

To an observer of developments in sampling over the last 10 years the
most striking feature is the rapid increase in the number and types of
surveys taken by sampling. The Statistical Office of the United Nations
publishes reports from time to time on ‘“Sample Surveys of Current
Interest’” conducted by member countries. The 1960 report lists surveys
from 52 countries. Many of these surveys seek information of obvious
importance to national planning on such topics as agricultural production
and land use, unemployment and the size of the labor force, industrial
production, wholesale and retail prices, health status of the people, and
family incomes and expenditures. But more specialized inquiries can also
be found: for example, housing and social problems of old people
(Austria), rural debt (Ceylon), the cost of housebuilding (Czechoslovakia),
the ages of elementary-school pupils (Italy), the effects of television on
school children (Netherlands), the domestic working conditions of house-
wives (Sweden), the characteristics and recruitment of foster mothers
(United Kingdom), the use of technical information by small industry
(United Kingdom), and the employment of scientists and engineers by
industry (United States).

Sampling has come to play a prominent part in national decennial
censuses. In the United States a 5% sample was introduced into the 1940
Census by asking extra questions about occupation, parentage, fertility,
etc., of those persons whose names fell on two of the 40 lines on each page
of the schedule. The use of sampling was greatly extended in 1950. Froma
209 sample (every fifth line) information was obtained on items such as
income, years in school, migration, and service in armed forces. By taking
every sixth person in the 209/ sample, a further sample of 3} % was created
to give information on marriage and fertility. A series of questions dealing
with the condition and age of housing was split into five sets, each set being
filled in at every fifth house. Sampling was also employed to speed up
publication of the results. Preliminary tabulations for many important
items, made on a sample basis, appeared more than a year and a half
before the final reports.

This process continued in the 1960 Census. Except for certain basic
information required from every person for constitutional or legal reasons,
the whole census was shifted to a 25 % sample basis, only one household in
four receiving the complete schedule. This change, accompanied by
greatly increased mechanization, resulted in much earlier publication and
substantial savings.

On a smaller scale, local governments—city, state, and county—are
making increased use of sample surveys to obtain information needed for
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future planning and for meeting pressing problems. In the United States
most large cities have commercial agencies that make a business of plan-
ning and conducting sample surveys for clients.

The operation known as market research is heavily dependent on the
sampling approach. Estimates of the sizes of television and radio audi-
ences for different programs and of newspaper and magazine readership
(including the advertisements) are kept continually under scrutiny. Manu-
facturers and retailers want to know the reactions of people to new prod-
ucts or new methods of packaging, their complaints about old products,
and their reasons for preferring one product to another.

Business and industry have many uses for sampling in attempting to
increase the efficiency of their internal operations. The important areas of
quality control and acceptance sampling are outside the scope of this book
But, obviously, decisions taken with respect to level or change of qualit .
or to acceptance or rejection of batches are well grounded only if qresulty
obtained from the sample data are valid (within a reasonable tolz f )
the whole batch. The sampling of records of business transac?nce) o
counts, payrolls, stock, personnel)—usually much easier than the o (?.c—
of people——can provide serviceable information quickly and ecq Sarr_lplmg
Savings can glso be made through sampling in the estimatio norfn.lca“y‘
tories, in studies of the condition and length of the life of equi no ihven-
inspection of the accuracy and rate of output of clerical 3os(m§:ntﬁ, . th-e
gating how key personnel distribute their working time amo;l ndli?esm
tasks, and, more generally, in the new field known as operationg r areh.
The books by Deming (1960) and Slonim (1960) contain many i eseath_
examples showing the range of applications of the sampjj y mtereSt”_‘g
business. pling method in

Opinion, attitude, and election polls, which did much to brj
nique of sampling before the public eye, continue to be a r8 the tech.
of newspapers. In the field of accounting and auditing Izi)li)_lllar feature
ployed sampling for many years, a new interest has ar’is I'Ch has erm-
modern developments to the particular problems of this ﬁ:lg In adapting
of sample surveys as evidence in lawsuits has also been sub'. The St-atus

djscussiOU- ject to lively

Sam’plc surveys can bg classified broad]y in.to t.wo typesxdescriptiue and
,,,,///}'//////. I a descriptive survey the objective is simply to obtain certain
jnformaﬁon about l.arge groups: for example, the numbers of men, women,
and children who view a television program. In an analytical survey, com-

arisons 4rc made between different subgroups of the population, in order

(o discover whether differences exist among them that may enable us to
form or to verify hypotheses about the forces at work in the population.
O

T he ;,,diunupolis fertility survey, for instance, was an attempt to determine
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the extent to which married couples plan the number and spacing of
children, the husband’s and wife’s attitudes toward this planning, the
reasons for these attitudes, and the degree of success attained (Kiser and
Whelpton, 1953).

The distinction between descriptive and analytical surveys is not, of
course, clear-cut. Many surveys provide data that serve both purposes.
Along with the rise in the number of descriptive surveys, there has, how-
ever, been a noticeable increase in surveys taken primarily for analytical
purposes, particularly in the study of human behavior and health. Surveys
of the teeth of school children before and after fluoridation of water, of
the death rates and causes of death of people who smoke different amounts,
a_nd the huge study of the effectiveness of the Salk polio vaccine may be
cited.

The success of the sample survey has led to its employment in estimating
Some unusual items: for example, the lengths of cigarette butts, the num-
ber of flies in a town, the number of signatures to a petition that were not
actually written by the persons whose names appear, and the number of
people who can fold their tongues. These items were relevant, respectively,
to studies of the relation of lung cancer and smoking, of the effectiveness of
fly spraying, of the legality of a petition, and of the inheritance of tongue

folding—although the last item has not, to my knowledge, been the sub-
Ject of an extensive survey.

1.3 THE PRINCIPAL STEPS IN A SAMPLE SURVEY

As a preliminary to a discussion of the role that theory plays in a sample
survey, it is useful to describe briefly the steps involved in the planning and
execution of a survey. Surveys vary greatly in their complexity. To take a
sample from 5000 cards, neatly arranged and numbered in a file, is an easy
task. It is another matter to sample the inhabitants of a region where
transport is by water through the forests, where there are no maps, where
15 different dialects are spoken, and where the inhabitants are very sus-
picious of an inquisitive stranger. Problems that are baffling in one survey
may be trivial or nonexistent in another.

The principal steps in a survey are grouped somewhat arbitrarily under
11 headings.

Objectives of the Survey

A lucid statement of the objectives is most helpful. Without this, it is
easy in a complex survey to forget the objectives when engrossed in the
details of planning, and to make decisions that are at variance with the
objectives.
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Population to be Sampled

The word population is used to denote the aggregate from which the
sample is chosen. The definition of the population may present no prob-
M, as when sampling a batch of electric light bulbs in 01.'dcr to estimate
the average length of life of a bulb. In sampling a population of fgrms, on
the other hand, rules must be set up to define a farm, and borderline cases
arise. These rules must be usable in practice: the enumerator must be able
to decide in the field, without much hesitation, whether or not a doubtful
Case be]ongs to the population. . o

The Population to be sampled (the sampled population) should coincide
With  the population about which information is wanted (the targer
pOPUlation). Sometimes, for reasons of practicability or convenience, the
Sampled Population is more restricted than the target population. If so,
1t should pe remembered that conclusions drawn from the sample apply
to the Sampled population. Judgment about the extent to which these
conclusions wil| also apply to the target population must depend on other
Sources of information. Any supplementary information that can be
gathered aboy¢ the nature of the differences between sampled and target

Population may be helpful.
Data to be Collected

It is well to verify that all the data are relevant to the purposes of the
SUTVey and that no essential data are omitted. There is frequently a tend-
ency, particularly with human populations, to ask too many questlgns,
some of whijch are never subsequently analyzed. An overlong question-

naire lowers the quality of the answers to important as well as unimpor-
tant questions.

Degree of Precision Desired

The results of sample surveys are always subject to some uncertainty
because only part of the population has been measured and because of
€rrors of measurement. This uncertainty can be reduced by taking larger
samples and by using superior instruments of measurement.  But this
usually costs time and money. Consequently, the specification of the degree
of precision wanted in the results is an important step. This step is the
responsibility of the person who is going to use the data. Tt may present
difficulties, since many administrators are unaccustomed to thinking in
terms of the amount of error that can be tolerated in estimates, consistent
with making good decisions. The statistician can often help at this stage.

Methods of Measurement

There may be a choice of measuring instrument and of method of
approach to the population. Data about a person’s state of health may be
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obtained from statements that he makes or from a medical examination.
The survey may employ a self-administered questionnaire, an interviewer
who reads a standard set of questions with no discretion, or an interviewing
process that allows much latitude in the form and ordering of the questions.
The approach may be by mail, by telephone, by personal visit, or by a
combination of the three. Much study has been made of interviewing
methods and problems [see, e.g., Hyman (1954) and Paync (1951)].

A major part of the preliminary work is the construction of record forms
on which the questions and answers are to be entered. With simple
questionnaires, the answers.can sometimes be precoded—that is, entered
in a manner in which they can be routinely transferred to mechanical
equipment. In fact, for the construction of good record forms, it is neces-
sary to visualize the structure of the final summary tables that will be used
for drawing conclusions.

The Frame

Before selecting the sample, the population must be divided into parts
which are called sampling units. or units. These units must cover the whole
of the population and they must not overlap, in the sense that every element
in the }?opulation belongs to one and only one unit. Sometimes the
appropriate unit is obvious, as in a population of light bulbs, in which the
unit is the single bulb. Sometimes there is a choice of unit. In sampling
the people in a town, the unit might be an individual person, the members
of a family, or all persons living in the same city block. In sampling an
agricultural crop, the unit might be a field, a farm, or an area of land whose
shape and dimensions are at our disposal.

The construction of this list of sampling units, called a frame, is often one
of the major practical problems. From bitter experience, samplers have
acquired a critical attitude toward lists that have been routinely collected
for some purpose. Despite assurances to the contrary, such lists are often
found to be incomplete, or partly illegible, or to contain an unknown
amount of duplication. A good frame may be hard to come by when the
population is specialized, as in populations of bookmakers or of people
who keep turkeys. Jessen (1955) presents an interesting method of con-
structing a frame from the branches of a fruit tree.

Selection of the Sample

There is now a variety of plans by which the sample may be selected.
For each plan that is considered, rough estimates of the size of sample c'an
be made from a knowledge of the degree of precision desired. The relative

costs and time involved for each plan are also compared before making a
decision.



8 SAMPLING TECHNIQUES

The Pretest

It has been found useful to try out the questionnaire and the field meth-
ods on a small scale. This nearly always results in improvements in the
questionnaire and may reveal other troubles that will be serious on a large
scale, for example, that the cost will be much greater than expected.

Organization of the Field Work

In extensive surveys many problems of business administration are met.
The personnel must receive training in the purpose of the survey and in the
methods of measurement to be employed and must be adequately super-
vised in their work. A procedure for early checking of the quality of the
returns is invaluable. Plans must be made for handling nonresponse,
that is, the failure of the enumerator to obtain information from certain of
the units in the sample.

Summary and Analysis of the Data

The first step is to edit the completed questionnaires, in the hope of
amending recording errors, or at least of deleting data that are obviously
erroneous. Decisions about tabulating procedure are needed in cases in
which answers to certain questions were omitted by some respondents or
were deleted in the editing process. Thereafter, the tabulations which lead
to the estimates are performed. Different methods of estimation may be
available for the same data.

In the presentation of results it is good practice to report the amount of
error to be expected in the most important estimates. One of the advan.
tages of probability sampling is that such statements can be made al-
though they have to be severely qualified if the amount of nonfespon;e is
substantial.

Information Gained for Future Surveys

The more information we have initially about a population, the easier jt
is to devise a sample that will give accurate estimates. Any completed
sample is potentially a guide to improved future sampling, in the data that
it supplies about the means, standard deviations, and nature of the varia-
bility of the principal measurements and about the costs involved in getting
the data. Sampling practice advances more rapidly when provisions are
made to assemble and record information of this type.

There is another important respect in which any completed sample
facilitates future samples. Things never go exactly as planned in a complex
survey. The alert sampler learns to recognize mistakes in execution and to
see that they do not occur in future surveys.
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1.4 THE ROLE OF SAMPLING THEORY

This list of the steps in a sample survey has been given in order to
emphasize that sampling is a practical business, which calls for several
different types of skill. In some of the steps—the definition of the popu-
lation, the determination of the data to be collected and of the methods
of measurement, and the organization of the field work—sampling theory
plays at most a minor role. Although these topics are not discussed further
in this book, their importance should be realized. Sampling demands
attention to all phases of the activity: poor work in one phase may ruin a
survey in which everything else is done well.

The purpose of sampling theory is to make sampling more efficient. It
attempts to develop methods of sample selection and of estimation that
provide, at the lowest possible cost, estimates that are precise enough for
our purpose. This principle of specified precision at minimum cost recurs
repeatedly in the presentation of theory.

In order to apply this principle, we must be able to predict, for any
sampling procedure that is under consideration, the precision and the
cost to be expected. So far as precision is concerned, we cannot foretell
exactly how large an error will be present in an estimate in any specific
situation, for this would require a knowledge of the truc value for the
population. Instead, the precision of a sampling procedure is judged by
examining the frequency distribution gencrated for the estimate if the pro-
cedure is applied again and again to the same population. This is, of
course, the standard technique by which precision is judged in statistical
theory.

A further simplification is introduced. With samples of the sizes that
are common in practice, there is often good reason to suppose that the
sample estimates are approximately normally distributed. With a normally
distributed estimate, the whole shape of the frequency distribution is
known if we know the mean and the standard deviation (or the variance).
A considerable part of sample survey theory is concerned with finding
formulas for these means and variances.

One difference between sample survey theory and the classical theory
of sampling is that the populations in survey work contain a finite number
of units. The methods used to prove theorems are different, and the results
are slightly more complicated, when sampling is from a finite instead of an
infinite population. For practical purposes these differences in results for
finite and infinite populations are seldom important. Whenever the size of
the sample is small (in terms of the number of primary sampling units)
relative to the size of the population, results derived from an infinite popu-
lation are fully adequate. In general, results for finite populations are
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presented in this book. In some of the more difficult problems, the theory
for infinite populations is used to simplify the presentation.

1.5 PROBABILITY SAMPLING

All sampling procedures for which a theory has been developed have
the following mathematical properties in common.

1. We are able to define the set of distinct samples, S;, S,, - - -, S,,
which the procedure is capable of selecting if applied to a specific popu-
lation. This means that we can say precisely what sampling units belong
to S}, to Sy, and so on. For example, suppose that the population con-
tains six units, numbered 1 to 6. A common procedure for choosing a
sample of size 2 gives three possible candidates—S, ~ (1, 4); S, ~ (2 5);
S35 ~ (3, 6). Note that not all possible samples of size 2 need be inclu;jed,

2. Each possible sample S; has assigned to it a known probability 0%
selection ;.

3. We select one of the S; by a process in which each S, recejves its
ap;?ropriate probability =; of being selected. In the example we mj
assign equal probabilities to the three samples. Then the draw itself can be
made by choosing a random number between 1 and 3. If this number g
J» S; is the sample that is taken.

4. The method for computing the estimate from the sample must be
stated and must lead to a unique estimate for any specific sample. We ma
declare, for example, that the estimate is to be the average of the measure-
ments on the individual units in the sample. o~

[
P

ght

Eor any sampling procedure that satisfies these properties, we are in
Posnion to calculate the frequency distribution of the estimates jt generat .
if repeatedly applied to the same population. For we know how frequent?S

. any particular sample S; will be selected, and we know how tg calculate thy
estimate frompg/h#gata in S;. It is clear, therefore, that a sampling theo e
can be developed for any procedure of this type, although the detajls of t}rl
development may be intricate. )

The term probability sampling refers to a procedure of this type. This i
of course, not the only way in which a sample can be drawn. The followirlf’
are some common types of nonprobability sampling. &

1.. The sample is restricted to a part of the population that is readily ac
cessible. A sample of coal from an open wagon may be taken fronz, th;
top 6 to 9 inches.

2. The sample is selected haphazardly. In picking ten rabbits from a
large cage in a laboratory, the investigator may take those that his hands
rest on, without conscious planning.
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3. With a small but heterogeneous population, the sampler inspects the
whole of it and selects a small sample of “typical’” units—that is, units that
are close to his impression of the average of the population. This method
is sometimes called judgment or purposive selection.

4. The sample consists essentially of volunteers, in studies in which

the measuring process is unpleasant or troublesome to the person being
measured.

Under the right conditions, any of these methods can give useful results.
They are not, however, amenable to the development of a sampling theory,
since no element of random selection is involved. About the only way of
examining how good one of them may be is to find a situation in which the
results are known, either for the whole population or for a probability
sample, and make comparisons. Even if a method appears to do well in one
such comparison, this does not guarantee that it will do well under dif-
ferent circumstances.

In practice we seldom draw a probability sample by writing down the S;
and =, as outlined above. This is intolerably laborious with a large popu-
lation, where a sampling procedure may produce billions of possible
samples. The draw is most commonly made by specifying probabilities of
inclusion for the individual units and drawing units, one by one or in groups
until the sample of desired size and type is constructed. For the purposes
of a theory it is sufficient to know that we could write down the S, and
7, if we wanted to and had unlimited time.

1.6 USE OF THE NORMAL DISTRIBUTION

As mentioned previously, the samples in surveys are often large enough
so that an estimate made from them is approximately normally distributed.
Further, with probability sampling, we have formulas that give the mean
and variance of the estimate. Consider first unbiased estimates. An esti-
mate 4 given by a sampling plan is called an unbiased estimate of some
population characteristic w« if the mean value of 4, taken over all possible

sampl.es, is equal to u4. In the notation of section 1.5, this condition may
be written

E(a) =Zl’”i/2i =u

where £, is the estimate given by the ith sample. The symbol E, which
stands for “‘the expected value of,” is used frequently.

Suppose that we have taken a sample by a procedure known to give
unbiased estimates and have computed the sample estimate fand its stand-
ard deviation o, (often called, alternatively, its standard error). How good
is the estimate? We cannot know the exact value of the error of estimate

S
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(i — w), but from the properties of the normal curve the chances are

0.32 (about 1 in 3) that the absolute error |/ — uf exceeds o,
0.05 (1 in 20) that the absolute error |/i — u| exceeds 1.960,; = 20,
0.01 (1 in 100) that the absolute error [ji — u| excceds 2.580,

For example, if a probability sample of the records of batteries in rou-
tine use in a large factory shows an average life /i = 394 days, with a
standard error o, = 4.6 days, the chances are 99 in 100 that the average
life in the population of batteries lies between

fi, = 394 — (2.58)(4.6) = 382 days
and fy = 394 + (2.58)(4.6) = 406 days

The limits, 382 days and 406 days, are called lower and upper con-
fidence limits. With a single estimate from a single survey, the statement
*“u lies between 382 and 406 days™ is not certain to be correct. The “99 VA
confidence™ figure implies that if the same sampling plan were used many
times in a population, a confidence statement being made from each sam-
ple, about 99 9 of these statements would be correct and 1%/ wrong. When
sampling is being introduced into an operation in which complete cen-
suses have previously been used, a demonstration of this property is
sometimes made by drawing repeated samples of the type proposed from 5
population for which complete records exist, so that u is known (see, e.g.
Trueblood and Cyert, 1957). The practical verification that approximatelbz
the stated proportion of statements is correct does much to educate ang
reassure administrators about the nature of sampling. Similarly, when 3
single sample is taken from each of a series of different populations, aboy¢
95 9% of the 959 confidence statements are correct.

The preceding discussion assumes that o,;, as computed from the sample
is known exactly. Actually, o, like 2, is subject to a sampling error, With’
a normally distributed variable, tables of Student’s 7 distribution are useq
instead of the normal tables to calculate confidence limits for 4 when the
sample is small. Replacement of the normal table by the ¢ table makes
almost no difference if the number of degrees of freedom in 0, exceeds 60
With certain types of stratified sampling and with the method of replicated
sampling (section 13.14) the degrees of freedom are small and the 1 table is
needed.

1.7 BIAS AND ITS EFFECTS

In sample survey theory it is necessary to consider biased estimates for
two reasons.

1. In some of the most common problems, particularly in the estimation
of ratios, estimates that are otherwise convenient and suitable are found
to be biased.
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Fig. 1.1 Effect of bias on errors of estimation.

2. Even with estimates that are unbiased in probability sampling, errors
of measurement and nonresponse may produce biases in the numbers that
we are able to compute from the data. This happens, for instance, if the
persons who refuse to be interviewed are almost all opposed to some ex-
penditure of public funds, whereas those who are interviewed are split
evenly for and against.

To examine the effect of bias, suppose that the estimate f is normally
distributed about a mean m which is a distance B from the true population
value y, as shown in Fig. 1.1. The amount of bias is B = m — u. Suppose
that we do not know that any bias is present. We compute the standard
deviation ¢ of the frequency distribution of the estimate—this will, of
‘course, be the standard deviation about the mean m of the distribution, not
about the true mean x. We are using o in place of o;,. Asastatementabout
the_ accuracy of the estimate, we declare that the probability is 0.05 that the
estimate i is in error by more than 1.964.

We will consider how the presence of bias distorts this probability. To
do this, we calculate the true probability that the estimate is in error by
more than 1.960, where error is measured from the true mean u. The two
tails of the distribution must be examined separately. For the upper tail,

the probability of an error of more than +1.96¢ is the shaded area above
Q in Fig. 1.1. This area is given by

1 © a o
f e-—(,&—m)'/2a" d/:z

o/27 Jut1.960
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Put /i — m = ot1. The lower limit of the range of integration for ¢ is

B 196 =196 — 2

[ g

Thus the area is

1 “ 2
—_— f e 1% dt
\/277 1.96—(13/a)

Similarly, the lower tail, that is, the shaded area below P, has an area

1 ~1.96—(5/a) 2,

—_— J. e 2 dt

Nz

From the form of the integrals it is clear that the amount of disturbance

depends solely on the ratio of the bias to the standard deviation. The
results are shown in Table 1.1.

— 0

TABLE 1.1

EFFECT OF A Bias B ON THE PROBABILITY OF AN ERROR
GREATER THAN 1.96¢

Probability of Error

Bfo < —1.960 >1.960 Total
0.02 0.0238 0.0262 0.0500
0.04 0.0228 0.0274 0.0502
0.06 0.0217 0.0287 0.0504
0.08 0.0207 0.0301 0.0508
0.10 0.0197 0.0314 0.0511
0.20 0.0154 0.0392 0.0546
0.40 0.0091 0.0594 0.0685
0.60 0.0052 0.0869 0.0921
0.80 0.0029 0.1230 0.1259
1.00 0.0015 0.1685 0.1700
1.50 0.0003 0.3228 0.323]

For the total probability of an error of more than 1.96¢, the bias has
little effect provided that it is less than one-tenth of the standard deviation.
At this point the total probability is 0.0511 instead of the 0.05 which we
think it is. As the bias increases further, the disturbance becomes more
serious. At B = o, the total probability of error is 0.17, more than three
times the presumed value.

The two tails are affected differently. With a positive bias, as in this
example, the probability of an underestimate by more than 1.960 shrinks
rapidly from the presumed 0.025 to become negligible when B = o. The
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probability of the corresponding overestimate mounts steadily. In most
applications the total error is the primary interest, but occasionally we are
particularly interested in errors in one direction.

As a working rule, the effect of bias on the accuracy of an estimate is
negligible if the bias is less than one tenth of the standard deviation of the
estimate. If we have a biased method of estimation for which B/o < 0.1,
where B is the absolute value of the bias, it can be claimed that the bias is
not an appreciable disadvantage of the method. Even with Bfoc = 0.2, the
disturbance in the probability of error is modest.

In using these results, a distinction must be made between the two sources
of bias mentioned at the beginning of this section. With biases of the type
that arise in estimating ratios, an upper limit to the ratio Bfo can be found
mathematically. If the sample is large enough, we can be confident that
Bfo will not exceed 0.1. With biases caused by errors of measurement or
nonresponse, on the other hand, it is usually impossible to find a guaran-

teed upper limit to Bfo that is small. This troublesome problem is dis-
cussed in Chapter 13.

1.8 THE MEAN SQUARE ERROR

I'n order to compare a biased estimate with an unbiased estimate, or two
estimates that have different amounts of bias, a useful criterion is the mean

square error (MSE) of the estimate, measured from the population value
that is being estimated. Formally,

MSE(#) = E(d — u)* = E[(ji — m) + (m — )P
= E(d — m)* + 2(m — wE@E — m) + (m — u)?
= (variance of /i) + (bias)?

the cross-product term vanishing since E(i — m) = 0.

Use of the MSE as a criterion of the accuracy of an estimate amounts to
regarding two estimates that have the same MSE as equivalent. This is not
st.rlctly correct because the frequency distributions of errors (4 — ) of
d.lfferent sizes will not be the same for the two estimates if they have
different amounts of bias. It has been shown, however, by Hansen,
Hurwitz, and Madow (1953) that if B/c is less than about } the two fre-
quency distributions are almost identical in regard to absolute errors
|4 — wl of different sizes. Table 1.2 illustrates this result.

Even at Bfo = 0.6, the changes in the probabilities as compared with
those for Bjo = 0 are slight.

Because of the difficulty of ensuring that no unsuspected bias enters into
estimates, we shall usually speak of the precision of an estimate rather than
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TABLE .2

PROBABILITY OF AN ABSOLUTE ERROR > 1Y MSE,
1.96v MSE anp 2.576 v MSE
Probability

Bjs 1y MSE  1.96\V'MSE 2.576+ MSE
0 0.317 0.0500 0.0100
0.2 0.317 0.0499 0.0100
0.4 0.319 0.0495 0.0095
0.6 0.324 0.0479 0.0083

its accuracy. Accuracy refers to the size of deviations from the true mean
/. whereas precision refers to the size of deviations from the mean m
obtained by repeated application of the sampling procedure.

EXERCISES

1.1  Suppose that you were using sampling to estimate the total number of
words in a book that contains illustrations.

(a) Is there any-problem of definition of the population ? (b) What are the pros
and cons of (1) the page, (2) the line, as a sampling unit?

1.2 A sample is to be taken from a list of names that are on cards (one name
10 a card) numbered consecutively in a file. Each name is to have ap equal
chance of being drawn in the sample. What problems arise in the follo»ﬂin
common situations? (&) Some of the names do not belong to the target popuyl
tion, although this fact cannot be verified for any name until it has beenpd p -
(b) Some names appear on more than one card. All cards with the sa e
bear consecutive numbers and therefore appear together in the file ?:; game
names appear on more than one card, but cards bearing the same nar:nc onl:e
scattered anywhere about the file. may e
' 1.3 The problem of finding a frame that enables the sample to be d
Inexpensively is often an obstacle. What kinds of frames might be convenj rtat\-vn
the following surveys? Have the frames any serious weaknesses ? (a) Alen or,
of stores that sell luggage in a large city. (b) A survey of the kinds of asrl:ir!l?s
left behind in subways or buses. (c) A survey of persons bitten by snakes durin
the last year. ‘

1.4 A city directory, four years old, lists the addresses in order along each
street, and gives the names of the persons living at each address. For a current
interview survey of the people in the city, what are the deficiencies of this frame?
Can they be remedied by the interviewers during the course of the field work ?
In using the directory, would you draw a list of addresses (dwelling- laces) or';
list of persong? &P ‘
~ 1.5 In estimating by sampling the actual value of the small items in the
inventory of a large firm, the actual and the book value were recorded for each
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item in the sample. For the total sample, the ratio of actual to book value was
1.021, this estimate being approximately normally distributed with a standard
error of 0.0082. If the book value of the inventory is $80,000, compute 959;
confidence limits for the actual value.

1.6 Frequently data must be treated as a sample, although at first sight the
appear to be a complete enumeration. A proprietor of a parking lot finds that
business is poor on Sunday mornings. After 26 Sundays in operation, his
average receipts per Sunday morning are exactly $10. The standard error of this
figure, computed from week-to-week variations, is S1.2. The attgndant costs
$7 each Sunday. The proprietor is willing to keep the lot open at this time if his
expected future profit is $5 per Sunday morning. What is the confidence
probability that the long-term profit rate will be at least 52 What assumption
must be made in order to answer this question?

1.7 In Table 1.2, what happens to the probability of exceeding 1 v MSE,
1.96 V" MSE and 2.576 VMSE when B/s tends to infinity, i.e., when the MSE

is due entirely to bias? Do your results agree with the directions of the changes
noted in Table 1.2 as B/o moves from 0 to 0.6?

[.8 When it is necessary to compare two estimates that have different
frequency distributions of errors (i — ;), it is occasionally possible, in specialized
problems, to compute the cost or loss that will result from an error (i — 1)
of any given size. The estimate that gives the smaller expegted loss is preferred,
other things being equal. Show that if the loss is a quadratic function Mpa — 1)
of the error, we should choose the estimate with the smaller mean Square error,
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CHAPTER 2

Simple Random Sampling

2.1 SIMPLE RANDOM SAMPLING

Sample surveys deal with samples drawp from populations which con-
1ain a finite number N of units. If these units can all be distinguished from
one another, the number of distinct samples of size » that can be drawn
from the N units is given by the combinatorial formula

(N) - C. = N!
n) =TT an(N < 2.1)
For example, if the population contains five units denoted b

and E, there are 10 different samples of size 3, as follows:

ABC ABD ABE ACD ACE
ADE BCD BCE BDE CDE

y 4, B, C, D,

Note that the same letter is not allowed to occur twice in
attention is paid to the order in which the letters oy in
six samples ABC, ACB, BAC, BCA, CAB, and CBA b
identical.

Simple random sampling is a method of selecting 1 units out of the N such
that every one of the yC, samples has an equal chance of being chosen.
This type of sampling is sometimes called random sampling. Since the
word random is used in the literature in many different senses, an extra
qualifying adjective is advisable. Some writers prefer the phrase unre-
stricted random sampling.

In practice a simple random sample is drawn unit by unit. The units in
the population are numbered from [ to N. A series of random numbers be-
tween 1 and N is then drawn, either by means of a table of random numbers
or by placing the numbers 1 to N in a bowl and mixing thoroughly. If
the bowl is used, n numbers are drawn out in succession. The units which
bear these numbers constitute the sample. At any stage in the draw, this

18
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eing considered



SIMPLE RANDOM SAMPLING 19

process gives an equal chance of selection to all numbers not previously
drawn. It is casy to verify that all C, possible samples have an equal
chance.

When a number has been drawn from the bowl, it is not replaced, since
this might allow the same unit to enter the sample more than once. For
this reason the sampling is described as without replacement. Similarly, if a
table of random numbers is employed, a number that has been drawn
previously is ignored. Sampling with replacement is entirely feasible but
except in special circumstances is seldom used, since there seems little point
in having the same unit twice in the sample.

Other methods of sampling are often preferable to simple random
sampling on the grounds of convenience or of increased precision. Simple
random sampling serves best to introduce sampling theory.

2.2 DEFINITIONS AND NOTATION

In a sample survey we decide on certain properties which we attempt to
measure and record for every unit that comes into the sample. These prop-
erties of the units are referred to as characteristics or more simply as irems.

The values obtained for any specific item in the N units that comprise the
population are denoted by y,, y,, - - -, ¥y. The corresponding values for
the units in the sample are denoted by y,, ¥,, - * -, ¥,,, or, if we wish to refer
to a typical sample member, by y, (i = 1, 2, - - -, n). Note that the sample
will not consist of the first n units in the population, except in the instance,
usually rare, in which these units happen to be drawn. If this point is kept
in mind, my experience has been that no confusion need result.

Capital letters refer to characteristics of the population and lower case
letters to those of the sample. For totals and means we have the following
definitions:

Population Sample
N n
Total: Y=zyi=y.l+y2+"'+?/‘\' zyi=y1+y2+"'+?jn
N n
- +ys + -+ Yy Yy Y+ Y2+ Yy Yi
Mean: 7 = Y1t Yy _ 2 gt n_2
N N b n n

Although sampling is undertaken for many purposes, interest centers
most frequently on four characteristics of the population.

1. Mean = Y (e.g., the average number of children per school).

2. Total = Y (e.g., the total number of acres of wheat in a region).

3. Ratio of two totals or means R = Y/X = Y/X (e.g., ratio of liquid
assets to total assets in a group of families).
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4. Proportion of units which fall into some defined class (c.g.. propor-
tion of people with false teeth).

Estimation of the first three quantities is discussed in this chapter.
The symbol ™ denotes an estimate of a population characteristic made
from a sample. In this chapter only the simplest estimates arc considered :

Estimate
Population mean Y Y=g = sample mean
n
Population total Y Y = Nj =N yi/n
n n
Population ratio R R =gl =) g/i/z x;

In ¥ the factor N/n by which the sample total is multiplied is sometimes
called the expansion or raising or inflation factor. Its inverse n/N, the ratio
of the size of the sample to that of the population, is called the sampling
Jraction and is denoted by the letter /.

2.3 PROPERTIES OF THE ESTIMATES

The precision of any estimate made from a sample depends both on the
method by which the estimate is calculated from the sample data and
on the plan of sampling. To save space we sometimes write of “the pre-
ci§ion of the sample mean’” or “‘the precision of simple random sampling,”
without specifically mentioning the other fundamental factor. This has
been done, we hope, only in instances in which it s clear from the context
what the missing factor is. When studying any formula that is presented
the reader should make sure that he knows the specific method of samplin ,
and method of estimation for which the formula has been cstablishccPi) &

In this book a method of estimation is called consistent if the estin;ate
becomes exactly equal to the population value when n = N that is, whe
'th.e sample consists of the whole population. For simple ran’dom sal’n linrl
1tis obvious that j and Nj are consistent estimates of the population lieag
and total, respectively. Consistency is a desirable property of cstimaterl
Qn the other hand, an inconsistent estimate is not necessarily uselesz.
since It may give satisfactory precision when n is sma|] compared ~to N.
Its utlllt.y is likely to be confined to this situation. Fqr another dcﬁnitior;
(o]fggc;;smency m a finite population, see Hansen, Hurwitz, and Madow,

As we have seen, a method of estimation is unbiase
of the estimate, taken over all possible samples of g
equal to the true population value. If the method is t

d if the average value
ven size n, is exactly
0 be unbiased without
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qualification, this result must hold for any population of finite values y,
and for any n. To investigate whether 7 is unbiased with simple random
sampling, we calculate the value of 7 for all C, samples and find the

average of the estimates. The symbol E denotes this average over all
possible samples.

Theorem 2.1. The sample mean 7 is an unbiased estimate of Y.
Proof. By its definition
Ej2f ZWtyt - +y)
£C, n[N!/nt (N — n)!]
where the sum extends over all C, samples. To evaluate this sum, we
find out in how many samples any specific value y; appears. Since there
are (N — 1) other units available for the rest of the sample and (n — 1)
other places to fill in the sample, the number of samples containing ¥; is
_ (N — D!
(n — DI(N — n)!

(2.2)

.\'—lcn—l

(2.3)
Hence
(N —1)!

(n — DIY(N — n)!

2+t +y,)=
From (2.2) this gives

W+ Y+ -+ yy)

(N —1) n! (N —n)!

E'— = . = e P y
Y (n — YN —a)! niN! (7 + 9, + + ¥x)

=(?/1+?/2+"'+?/A\')=)—,

4
m (2.4)

Corollary. ¥ = Nj is an unbiased estimate of the population total Y.
A less cumbersome proof of theorem 2.1 is obtained as follows. Since
every unit appears in the same number of samples, it is clear that

E@; +y,+ - + y,) must be some multiple of y; +y, + - + ¥n
2.5)

The multipligr must be n/N, since the expression on the left has » terms and
that on the right has N terms. This leads to the result.

2.4 VARIANCES OF THE ESTIMATES
The variance of the ¥, in a finite population is usually defined as
A’ —
2w —Y)7?
2 __ 1

N e (26)
N 2 il BF
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As a matter of notation, results are presented in terms of a slightly differ-
ent expression, in which the divisor (N — 1) is used instead of N. We
take

Ay .
S —Y)
1

N —1

S?= @7
This convention has been used by those who approach sampling theory by
means of the analysis of variance. Its advantage is that most results take a
slightly simpler form. Provided that the same notation is maintained con-
sistently, all results are equivalent in either notation.

We now consider the variance of j. By this we mean E(j — Y)?* taken
over all yC, samples.

Theorem 2.2. The variance of the mean 7 from a simple random sample
1s
_ 5;2 (N —n) S*

V(§) = E(F ~ Y)* =—(1 =) (2.8)
n N n
where f = n/N is the sampling fraction.
Proof. B _
n(y‘—Y)-—:(yl_y)_*-(.’/ﬁ_7)+...+(’/n— ?) (2'9)

By the argument of symmetry used in relation (2.5), it follows that

El(y;— Y+ + (y, — 7)2]='—A1][(7/1 =P+ (g~ V) (2.10)
and also that

E =t~ D+ = Dy — V4 + (yey — V)(yn — P
_nn—1) - - - -
—m[(m“ YNgo— YD)+ (s — ¥)yy — V)

+ -+ Wy = Y)(yy — V)] (2.11)

In (2.11) the sums of products extend over all pairs of units in the sample

and popu]ation,respectively. The sum on the left contains #(n — 1)/2 terms

and that on the right N(NV — 1)/2 terms.

Now square (2.9) and average over all simple random samples. Using
(2.10) and (2.11), we obtain

nE(j — V) = % {(y1 — VR4 gy = V)

2(n—1)
N —1

+

(7, — V= V) 4+ + (yyv, — V) yy — 7)]}
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Completing the square on the cross-product term, we have

nE(y — Y): = ;—:{ {(1 - ;:I 11

Yl = 72+ oy = P
n—1
N—1

The second term inside the curly bracket vanishes, since the sum of the
y, equals NY. Division by n® gives

+ h=V)+ -+ @y— P

- e N—n ow SN —n)
V_?/ =Ey—Y)Y= —00— 'Ii—Y“=———-
@) @ ) nN(N — 1) Z]U ) n N
Corollary 1. The standard error of 7 is
S = S —
o5 =—=J(N—n)N=—"/1—f (2.12)

Jn Jn

Corollary 2. The variance of ¥ = N7, as an estimate of the population
total v, is

_ N®S*(N —n) NS
n N n
Corollary 3. The standard error of ¥ is

V(P)=E(Y — Y)? 2(1 - (2.13)

or =23y =wm = NS yT=7 (2.14)
Jn Jn

2.5 THE FINITE POPULATION CORRECTION

For a random sample of size » from an infinite population, it is well
known that the variance of the mean is 62/n. The only change in this result
when the population is finite is the introduction of the factor (N — n)/N.

The factors (N — n)/N for the variance and V(N — n)/N for the standard
error are called the finite population corrections (fpc). They are given
with a divisor (N — 1) in place of N by writers who present results in
terms of o. Provided that the sampling fraction n/N remains low, these
faptors are close to unity, and the size of the population as such has no
direct effect on the standard error of the sample mean. For instance, if §
ts the same in the two populations, a sample of 500 from a population of
200,000 gives almost as precise an estimate of the population mean as a
sample of 500 from a population of 10,000. Persons unfamiliar with
sampling often find this result very difficult to believe, and indeed it is
remarkable. To them it seems intuitively obvious that, if information has
been obtained about only a very small fraction of the population,thesample
mean just cannot be accurate. It is instructive for the reader to consider
why this point of view is erroneous.
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In practice the fpc can be ignored whenever the sampling fraction does
not exceed 5% and for many purposes even if it is as high as 109,. The
effect of ignoring the correction is to overestimate the standard error of the
estimate 7.

The following theorem, which is an extension of thcorem 2.2, is not re-
quired for the discussion in this chapter, but it is proved here for later
reference.

Theorem 2.3. If y,, z; are a pair of variates defined on every unit in
the population and §, Z are the corresponding means from a simple ran-
dom sample of size n, then their covariance

o o N—n 1 & - -
Eg— 1z - X)= 2y — V)(z — X) (2.15)
nN N — 1%
This theorem reduces to theorem 2.2 if the variates y,, z; are equal on
every unit.

Proof. Apply theorem 2.2 to the variate u; = y, + x,. The population

mean of u; is U = Y 4+ X, and theorem 2.2 gives

— 1 N _
N—n S (u — Oy
=1

E@ — U} =
w= =" =1
that is,
E[(7 -+ @@ - XF
Nl S Pyt — PR @16)
nN N—1&0 ‘ ’
Expand the quadratic terms on both sides. By theorem 2.2,
N—n 1 ¥ -
i — Y)?
nN N — liz=1(y )
with a similar relation for E( — X)2. Hence these two terms cancel on the
left and right sides of (2.16). The result of the theorem (equation 2.15)
follows from the cross-product terms.

E@G — V)=

2.6 ESTIMATION OF THE STANDARD ERROR
FROM A SAMPLE

The formulas for the standard errors of the estimated population mean
and total are used primarily for three purposes: (1) to compare the
precision obtained by simple random sampling with that given by other
methods of sampling, (2) to estimate the size of the sample needed in a sur-
vey that is being planned, (3) to estimate the precision actually attained
in a survey that has been completed. The formulas involve S?, the popu-
lation variance. In practice this will not be known, but it can be estimated
from the sample data. The relevant result is stated in theorem 2.4.
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Theorem 2.4. For a simple random sample
> — 9)?
_ 1

n—1
is an unbiased estimate of

N .
Z(!/i_ Y)*

D

N—1

f= iy~ V)= (7 - DP

= —I—E(yi — R = 0@ - 7]

Now average over all simple random samples of size n. By the argument
of symmetry used in theorem 2.2,

n o _i‘\',___—2=”(N 1)
E[glwi Y)} ~ 215w -7 -

by the definition of S2. Further, by theorem 2.2,
n

En(g — ¥y = X =" g2
Hence
S‘.Z
E(s®) = —=——[m(N — 1) — (N — = §* 2.17)
(%) = ==y DOV = 1) = (V= )] (
Corollary. Unbiased estimates of the variances of # and ¥ = Ny are
2 _ 2
o) = 5t = (=) =S - ) 218)
n N n
. 2.2 /A7 2.2
v(Y)—s}2=NS (N n)_:Ns R (2.19)
n N n
For the standard errors we take
S,,———\/l —-f, sy-=N—§\/l—f (2.20)
n N

These estimates are slightly biased: for most applications the bias is
unimportant.

The reader should note the symbols employed for true and estimated
variances of the estimates. Thus for 7 we write

. . N g2
true variance: V(y) = a;

) . ) (i) — o2
estimated variance: (@) = s;



26 SAMPLING TECHNIQUES

2.7 CONFIDENCE LIMITS

Tt is usually assumed that the estimates 7 and ¥ are normally distributed
about the corresponding population values. The reasons for this assump-
tion and its limitations are considered in section 2.13. If the assumption
holds, lower and upper confidence limits for the population mean and
total are as follows:

Mean:
v _. t  — 2 _ t N
L=y—\/—s_\/1—f, Ve=g+ -2 T=J (2D
n n
Total: ®
PomNg - SEYTTT, fe=Np+2UTST @)

Jn n
The symbol 7 is the value of the normal deviate corresponding to the
desired confidence probability. The most common values are

Confidence probability (%) 50 80 90 95 99
0.67 128 1.64 196 2.58

If the sample size is less than 60, the percentage points may be taken from
Student’s ¢ table with (n — 1) degrees of freedom, these being the degrees
of freedom in the estimated variance s2. The 7 distribution holds exactly
only if the observations y; are themselves normally distributed and N is
infinite. Moderate departures from normality do not affect it greatly.
For small samples with very skew distributions, special methods are
needed.

Example. Signatures to a petition were collected on 676 sheets. Each sheet
had enough space for 42 signatures, but on many sheets a smaller number of
signatures had been collected. The numbers of signatures per sheet were counted
on a random sample of 50 sheets (about a 7%, sample), with the results shown in
Table 2.1.

Estimate the total number of signatures to the petition and the 80 per cent
confidence limits.

The sampling unit is a sheet, and the observations y, are the numbers of
signatures per sheet. Since about half the sheets had the maximum number of
signatures, 42, the data are presented as a frequency distribution. Note that
the original distribution appears to be far from normal, the greatest frequency
being at the upper end. Nevertheless, there is reason to believe from experience
that the means of samples of 50 are approximately normally distributed.

We find

n=Yfi=50, y=Yfuy, =147, 3 fuy?=54497
Hence the estimated total number of signatures is

P = Ny =(_676L5((1)f7—1—) — 19,888
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For the sample variance s> we have
(2 fii
I/,_J)]_ [zfll zgf]

1 (1471)2

50
From (2.22) the 809, confidence limits are
. .13)v'1 — 0.0740
19,888 + 15 VT = = 19,888 4 (-28NE7OU3IH V] 4
Vn V50

This gives 18,107 and 21,669 for the 80% limits. A complete count showed
21,045 signatures.

TABLE 2

REsSULTS FOR A SAMPLE OF 50 PETITION SHEETS
Number of Signatures Frequency

Y fi

42 2
41
36
32
29
27
23
19
16
15
14
11
10

_—— N WD e e e e = R N e = R e = WD

W h UL

50
2.8 AN ALTERNATIVE METHOD OF. PROOF

Cornfield (1944) suggested a method of proving the principal results for
simple random sampling without replacement that enables us to Use
standard results from infinite population theory. Let a; be a random
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variate which takes the value 1 if the ith unit is in the sample and the value
0 otherwise. The sample mean y may be written

N
y= '1' z ay, (2.23)
ni-=1

where the sum extends over all NV units in the population. In this expression
the a; are random variables and the y, are a set of fixed numbers.
Clearly

n

Pr(a;=1)=—, Pr(a, = 0) =1 -

n
N

Thus a; is distributed as a binomial variate in a single trial, with
P = n/N. Hence

E@)=P=2, V@)= PO = %(1 — —'[:—[) (2.24)

To find V(7) we need also the covariance of a; and a,. The product
a,a;is 1 if the ith and jth unit are both in the sample and is zero otherwise.
The probability that two specific units are both in the sample is easily found
to be n(n — /NN — 1). Hence

Cov (a,a;) = E(a,a;) — E(a,)E(a))

(n — ¢
i (W= Rwenl R e

z|=

Applyi“g this approach to find ¥ (), we have from (2.23),

B 1 N N
V(y) = ;2[2 y2V(a,) + 2> y:y; Cov (a,-a,-)]
i=1 iy

YilY;
o 2 )

using (2.24) and (2.25). Completing the square on the cross-product term

_l_f 2
nN (z Yo

gives

1 —f({ N 2 1
V(?/)z'“( Y — Yz)
nN 1\/—1z N — 1

n(N — 1) n
The method gives easy proofs of theorems 2.3 and 2.4, It may be used to
find higher moments of the distribution of ¥, although for this purpose a
method given by Tukey (1950), with further deVelopment by Wishart
(1952), ijs more powerful.
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A similar approach applies when sampling is with replacement. In this
event the ith unit may appear 0, I, 2, - - -, » times in the sample. Let ¢; be
the number of times that the ith unit appears in the sample. Then

1 N
§=-2ty (2.26)
Hi=1
Since the probability that the ith unit is drawn is 1/A at each draw, the
variate ¢, is distributed as a binomial number of successes out of n trials
with p = 1/N. Hence

n 1 1 ) 927
E(t) =—, Vi)=n|{=})|! —— (2.27)
=5 vor=n(g)(i-y
Jointly, the variates ¢, follow a multinomial distribution. For this,
Cov (1,t;)) = — Z (2.28)
N..
Using (2.26), (2.27), and (2.28), we have, for sampling with replacemeﬂt’
_ 1ITY ,n(N=1) Y n:]
V(i) = — Y- —— — 2> YY,
2 nzl:gf/z N2 igjj Y N*
2 N-—185°
—_— —_— Y = —_— = ———
nN g (. 7 N N n

2.9 ESTIMATION OF A RATIO

e random
it to unit.
f clothes
le, and

Frequently the quantity that is to be estimated from a simpl
sample is the ratio of two variables both of which vary from uni
In a household survey examples are the average number of suits O
per adult male, the average expenditure on cosmetics per adult fema * nild
the average number of hours per week spent watching television per Suld
aged 10 to 15. In order to estimate the first of these items, W¢ " ales
record for the ith household (i = 1, 2, - - -, n) the number of adult mThe
z; who live there and the total number of suits y; that they possess:
population parameter to be estimated is the ratio

Z?/i

total number of suits i
total number of adult ma]es z 2,

R =

The corresponding sample estimate is

n

Z Yi

R = =

?1

ISR
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Examples of th.is kind occur frcquently when the sampling unit (the
houscho'ld.) comprises a group or cluster of elements (adult males) and our
interest is 1.n the population mean per element. Ratios also appear j
other apphcgtions, for example, the ratio of loans for building pur;)no:cl:rtlg
;Z:r]]'loans in a bank or the ratio of acres of wheat to total acres on a

The sampling distribution of R is more complicated than th i
because both the numerator § and the denominator ¥ vary fro at of 9
to sample. In small samples the distribution of R is skew and RT sample
a slightly biased estimate of R. In large samples the distribut'S USU?HX
tends to normality and the bias becomes negligible. The fOllO\Vingl:;pfow(?

mate result will serve for most purposes: the distribution of Ris studied i
ied in

more detail in Chapter 6.
Theorem 2.5. If \"2.11'121[05 ¥, ¥, arc measured on each unit of a sjmple
random samplc of size #n, assumed large, the variance of R _/_P_
= j[% is

approximatcly

N
’ _f’Zl(.l/, — Ra))?

V(R) = ——=
nx: N —1 (2.29)
where R = Y/ X is the ratio of the population means and f = nN.
Proof. .
R—R= y_ R = 4 — Rz
b 7 (2.30)

[f n is large. 7 should ngt.diﬁ'cr greatly from X. The approximation co
ists i rcplacing 7 by Xin the denominator of (2.30). This gives "
R — R == .g;R_}

v (231

W average over all simple random samples of size n.

NO E( ] RT) —
R — R)= l _ _
E( ) X e 0 .
e R = vIX This shows that Lo the order of approximation used here
sinee nbiased estimate of R.
' btain the result

5 u

R is an (2.31) we also o
. s P S

V(R) = b(R — R)y" = 2 11(.’/ - RI‘)2

j — R¥ is the sample mean of the variate d; = y, — R,
D = Y — RX = 0. Hence we can find V(R) by

The quantity
whose population mcan
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applying theorem 2.2 for the variance of the mean of a simple random
sample to the variate d; and dividing by X2. This gives

py o 1 77 EZ—LS_df —
VR) = 5 E@ — R’ = 52031 — )

N N
d; — D)? y; — Rzx,)*
___l—fgl(‘ )=1_fi,§1(./ )
nX* (N —=1) nX? N —1

This completes the proof.

The way in which theorem 2.5 was proved is worth noting. It was
shown that the formula in theorem 2.2 for the variance of the sample
mean ¥ gives the formula for the approximate variance of the ratio y/z, if
the variate y; is replaced by the variate (y; — Rx))/X. The same result, or

its natural extension, holds also in more complex sampling situations and
is used frequently later in this book.
As a sample estimate of

N
z(.’/:. - in)z
1=1

N —1

it is customary to take

z(?/i -~ in)z
=1

n—1

This estimate can be shown to have a bias of order 1/n.
For the estimated standard error of R, this gives

S(R) _ \/l —f Z (y; — Rx‘.)z (2'33)

If X is not known, the sample estimate T is substituted in the denominator.
The quickest way to compute s(R) on a desk machine is to express it as

SRy =YL [Tyt 2RIy &+ K3 =2 4
JnX n—1

Example. Table 2.2 shows the number of persons (z;), the weekly family
income (x,), and the weekly expenditure on food (y) in a simple random sample
of 33 low-income families.  Since the sample is smali, the data are intended only
to illustrate the calculations. .

Estimate from the sample (a) the mean weekly expenditure on food per family,
(b) the mean weekly expenditure on food per person, (c) the percentage of the
income that is spent on food. Compute the standard errors of these estimates.
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Weekly Expenditure on Food per Family. This is the ordinary sample mean

5
g = &373‘—‘ = $27.49
By theorem 2.2 (ignoring the fpc) its standard error is

s-=__l_ E(yi—y')2= 1 A/2:1/12_(_M
’ Vn n—1 von(n — 1) n

=———__ V28,224 — (907.2)%/33 = S$1.76
vV (33)(32)

(The uncorrected sum of squares 28,224 is given underneath Table 2,2).

TABLE 2.2
Sizg, WeekLY IncoMmE, AND Foop Cost or 33 FAMILIES

Food Food
Family Size  Income Cost Family  Size Income Cost
Number z, Ty Y Number R RN Y
1 2 62 14.3 18 4 83 36.0
2 3 62 20.8 19 2 85 20.6
3 3 87 22.7 20 4 73 27.7
4 5 65 30.5 21 2 66 259
5 4 58 41.2 22 5 58 233
6 7 92 28.2 23 3 77 39.8
7 2 88 242 24 4 69 16.8
8 4 79 30.0 25 7 65 37.8
9 2 83 24.2 26 3 77 34.8
10 5 62 44 .4 27 3 69 28.7
11 3 63 13.4 28 6 95 63.0
12 6 62 19.8 29 2 77 19.5
13 4 60 29.4 30 2 69 21.6
14 4 75 27.1 31 6 69 18.2
15 2 90 22.2 32 4 67 20.1
16 5 75 37.7 33 2 63 20.7

17 3 69 22.6
Total 123 2394 907.2

Se? =535 Tx?=17725, 34t =282%
Suy = 3595.5, Dy = 66,678

Weekly Expenditure on Food per Person. Since the size of family varies, the
stimate is a ratio of two variables,
e

R = Qo _ 9072

2 123

= $7.38 per person

™
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The sums of squares and products needed to compute S(R) by (2.34) are found
under Table 2.2. We need in addition

2R, = 14.7512. R,2 = 54.3996, r = 3.7273

Extra decimals are carried in Ry, 2R;, R)® to preserve accuracy.
Hence from (2.34)

(R = I (28,224) — (14.7512)(3595.5) + (54.3996)(533)
Y 133(3.7273) 32

= $0.534.

Percentage of Income Spent on Food. This again is a ratio of two variables

Sy (100)(907.2)
Ry = 1005 = 72304

= 37.9°%;,

By (2.34) the reader may verify that the standard error is 2.38 2.

2.10 ESTIMATES OF MEANS OVER SUBPOPULATIONS

In many surveys, estimates are made for each of a number of classes into
which the population is subdivided. In a household survey separate esti-
mates might be wanted for families with O, 1, 2, ... children. for owners
and renters, or for families in different occupation groups. The term
domains of study has been given to these subpopulations by the U.N.
Subcommission on Sampling (1950).

In the simplest situation each unit in the population falls into one of the
domains. Let the jth domain contain N; units, and let n, be the number of
units in a simple random sample of size n that happen to fall in this domain.
If ;. (k =1, 2, -+ -, n)) are the measurements on these units, the popu-
lation mean Y, for the jth domain is estimated by

g, =2 —= (2.35)

At first sight 7, seems to be a ratio estimate as in section 2.9, for,
although 7 is fixed, n, will vary from one sample of size n to another. The
complication of a ratio estimate can be avoided by considering the distri-
bution of §; over samples in which both 1 and n, are fixed.

In the totality of samples with given # and n; the probability that any
specific set of n; units from the N; units in domain j is drawn is

.\'—X,’Cn—n,- — 1
.\'—.\';Cn—nj ) .\.,*an A\',C
Since each specific set of n; units from domain j can appear with all
selections of (n — n,) units from the (N — N,) that are not in domain /, the

nj
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numerator above is the number of samples containing a specified set of 7,
and the denominator is the total number of samples. [t follows that theo-
rems 2.1, 2.2, and 2.4 apply to the y;;, if we put #, for n and N; for N.

From theorem 2.1: 7, is an unbiased estimate of Y,

(2.36)

From theorem 2.2: the standard error of i; is

S —_—

=\ 1 — (,/N) (237)
N Il)

where

25T (2.38)

From theorem 2.4: An estimate of the standard error of j; is

S; _
\/T\/l — (n,/N) (2.39)

where

n,

5‘2 — (-Il)k — .i/))(l
’ ;gl n; —1 (2.40)
If the value of N; is not known, the quantity n/N may be used in place of

n,/N; when computing the fpc. (With simple random sampling. n./N. i
unbiased estimate of n/N.) pling, m,/N; is an

2.11 ESTIMATES OF TOTALS OVER SUBPOPULATIONS

In a firm’s list of accounts receivable, in which some accounts have bee
n

paid and some not, we might wish to estimate by g s; tl
amount of unpaid bills. If N, (the number of un Y o ampe e total dollar

; : paid bills in the population
is l$nown, there 1s no problem. The sample estimate is N,j,; and its con)
ditional standard error is N, times expression (2.37). ! )

Alternatively, if the total amount receivable in the list is known, a ratig

estimate can be 'usec}. The sample gives an estimate of the ratio (tota)
amount of unpaid bills)/(total amount of all bills). This is multiplied by

the known total amount receivable in the list.

If neither N, nor the total receivables is known, these estimates cannot
be made. Instead, we multiply the sample total of the y's over units fallin
in the jth domain by the raising factor N/n. This gives the estimate

Yi==2ux (2.41)

We shall show that f’, is unbiased and obtain its standard error over

repeated samples of size n. The device of keeping n, fixed as well as n doeg
not help in this problem.
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In presenting the proof we revert to the original notation, in which y, is
the measurement on the ith unit in the population. Define for every unit in
the population a new variate y,’, where

oo ¥ if the unit is in the jth domain,
Y1 =10 otherwise

The population total of the y,” is

N
Z?/i’= Z Yy, =Y;

i=1 Jjth dom
In a simple random sample of size n, y,” = y, for each of the n; units that
lie in the jth domain; y,” = 0 for each of the remaining n — n; units. If

y' is the ordinary sample mean of the y,’, the quantity

., NI ) N 2
Ny =—_Z Y = =2 Yn = Y:‘
ni=1 nr=1

This result shows that the estimate ¥, as defined in equation (2.41) is N
times the sample mean of the y,’.
In repeated samples of size n we can clearly apply theorems 2.1, 2.2, and

2.4 to the variates y,. These show that ¥; is an unbiased estimate of Y;
with standard error

o(¥) = %,/1 — /) (2.42)

where S” is the population standard deviation of the ;. In order to com.-
pute S”, we regard the population as consisting of the N, values ¥, that are
in the jth domain and of N — N, zero values. Thus

SI2 - 1 Y7_2

= 2 _ 237
N — l(jthgomyl N) (243)

From theorem 2.4 a sample estimate of the standard error of ¥, is

I\V/—SZI J1 — (n/N) (2.44)

In computing s, any unit not in the jth domain is given a zero value. Some

students seem to have a psychological objection to doing this, but the
method is sound.

S(Y;') =

The methods of this and the preceding section also apply to surveys ip
wh}ch the frame used contains units that do not belong to the population
as it has been defined. An example illustrates this application,

Example. ¥From a list of 2422 minor household expenditures a simple random
sample of 180 items was drawn in order to estimate the total spent for Operation
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of the household. Certain types of expenditure (on clothing and car upkeep)
were not considered relevant. Of the 180 sample items, 152 were relevant. The
sum and uncorrected sum of squares of the relevant amounts (in dollars) were

as follows: B
>y, = 3435, Syt = 1491.38

Lo -
P

Estimate the total expenditure for houschold operation and give the standard
error of the estimate.

. N < (2422)(343.5)
Y = — = L ———— = S4622
’ n ,-zl i 180
From (2.44)
- A\'S' —_—_—
S(Y)=—= 11— (nN)
N

In computing s” we regard our sample of 180 items as having 28 zeros. Hence

52 = —(Zy"z —_ (_;_'/'—):

(179) 180
1 ( (343.5)‘-‘)
= ——|1491.38 — ——"" ) = 4.
179) 1.38 180 670
Finally,
4.670 180
s = (2422 | — =
b )«/ 180 2422) 8375

The estimate is not precise, its coefficient of variation 375/4622 being abey g°
/a

[n this example cxpenditures on car upkeep and clothing were exelydeq
as not relevant and therefore were scored as zeros in the sample. Ip some
applications it is known in advance that certain units in the population con-
tribute nothing to the total that is being estimated. For instance, i a
survey of stores to estimate total sales of luggage. some stores do not
handle luggage: certain arca sampling units for farm studies contain pq
farms. Somectimes it is possible, by expenditure of effort. to identify ang
count the units that contribute nothing, so that in our notation (N — N))
hence N, is known. "

Consequcnlly 1t 1s.worth examining by how much V(Y))is reduced whep,
N; is known. If N, is not known, then from (2.42)

. N3S*? n
Vv = (1 -%)

If ¥, and S; are the mean and standard deviation in the domain of
interest (i.c., among the nonzero units) the reader may verify that

(N — 1)S2 = (N, — DS}?+ N,?,ﬂ( - %)
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Since terms in 1/N; and 1/N are nearly always negligible,
S?= PSP+ P,Q,72 (2.45)
where P, = N;/N and Q; = | — P,. This gives

vigy=N(psp+Po7yH(1 -1 (2.46)
()= psF+PoTH(1-1)

If nonzero units are identified, we draw a sample of size n,; from them.
The estimate of the domain total is V;¥; with variance

J n}

2 _ 2 ‘
V(NG = s,.2(1 - ﬂ) - N_pjzsje(l _ 2_) (2.47)

. NJ_
The comparable variances are (2.46) and (2.47). In (2.46) the average
number of nonzero units in the sample of size n is nP;. 1f we take n; = nP;

in (2.47), so that the number of nonzeros to be measured is about the
same with both methods, (2.47) becomes

N? 2
V(N;§;) = — P,.s;(l — %) (2.48)

The ratio of the variances (2.48) to (2.46) is

V(N,; known) __ S? C}2

V(N, notknown) S2+4+0,Y® C2+ 0,
where C; = S,/Y; is the coefficient of variation among the nonzeros.
As might be expected, the reduction in variance due to a knowledge of N;1s
greater when the proportion of zero units is large and when ¥; varies
relatively little among the nonzero units. For further study of this prob-
lem, see Jessen and Houseman (1944).

2.12 COMPARISONS BETWEEN DOMAIN MEANS

I..et 95> ¥ be the sample means in the jth and kth of a set of domains into
which the units in a simple random sample are classified. The variance of
their difference is

V(??;‘ - ?71.-) = V(g],-) + V(Z?;.-)

This formula applies also to the difference between two ratios R; and R;.

One point should be noted. It is seldom of scientific interest to ask
whether Y; = Y, because these means would not be exactly equal in a
finite population, except by a rare chance, even if the data in both domains
were drawn at random from the same infinite population. Instead, we
test the null hypothesis that the two domains were drawn from infinite
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populations having the same mean. Consequently we omit the fpc when
computing V(%) and V(3,), using the formula
_ _ S2  S2
V(g — 3 ==+~
n; n,

2.13 VALIDITY OF THE NORMAL APPROXIMATION

Confidence that the normal approximation is adequate in most practical
situations comes from a variety of sources. In the theory of probability
much study has been made of the distribution of means of random sam-
ples. It has been proved that for any population which has a finite standard
deviation the distribution of the sample mean tends to normality as
n increases (see, e.g., Feller, 1957). This work relates to infinite populations.

For sampling without replacement from finite populations, Hajek (1960)
has given necessary and sufficient conditions under which the distribution
of the sample mean tends to normality, following work by Erdos and
Rényi (1959) and Madow (1948). Hajek assumes a sequence of values
n, N, tending to infinity in such a way that (N, — n)) also tends to
infinity. The measurements in the »th population are denoted by 2,

(i=1,2,---,N,). For this population, let S,, be the set of units in the
population for which

lyye — Yol > m/n(1 — £)S,

where Y,, S,, f, are the population mean, s.d. and fpc,and 7 is a number > 0.
Then the Lindeberg-type condition

Z(yvi - 7v)2
lim & ————— =0

ymm (N, — 1)S,2

is necessary and sufficient to ensure that 7, tends to normality with the
mean and variance given in theorems 2.1 and 2.2,

This imposing body of knowledge leaves something to be desired. It is
not easy to answer the direct question: “For this population, how large
must n be so that the normal approximation is accurate enough?’ Non-
normal distributions vary greatly both in the nature and in the degree of
their departure from normality. In sampling practice it cannot be assumed
that the frequency distributions will all be reasonably close to normality.
The distributions of many types of economic enterprise (stores, chicken
farms, towns) exhibit a marked positive skewness, with a few large units
and many small units. The same kind of skewness is displayed by some
biological populations (e.g., the number of rats or flies per city block).

As an illustration of a positively skewed distribution, Fig. 2.1 shows the
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Fig. 2.1. Frequency distribution of sizes of 196 United States cities in 1920.

frequency distribution of the numbers of inhabitants in 196 large United
States cities in 1920. (The four largest cities, New York, Chicago, Phila-
delphia, and Detroit, were omitted. Their inclusion would extend the
horizontal scale to more than five times the length shown and would, of
course, greatly accentuate the skewness.) Figure 2.2 shows the frequency

50

E=3
o

w
o
i

l

Frequency

|
!

S
L

3 4 5 6 7 8 9
Millions

Fig.2.2 Frequency distribution of totals of 200 simple random samples with n = 49.
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distribution of the total number of inhabitants in each of 200 simple ran-
dom samples. with 7 = 49, drawn from this population. The distribution
of the sample totals, and likewise of the means. is much more similar toa
normal curve but still displays some positive skewness.

In any discussion of the validity of the normal approximation we must
define what it means to say that the normal approximation is ‘‘accurate
enough.” In sample surveys the normal approximation is used primarily
to calculate confidence limits. When 959 confidence limits are computed
for the population mean Y by the normal approximation, we make the
following statement:

g — 196s; < Y < i+ 1.96s, (2.49)

Wwith repeated sampling, we claim that statements of this kind will be
wrong only.5 %'of the time. Consequently we might say that the normal
approximatlon 1s accurate enough if such statements are in fact wrong
between 4 and 69 of the time. The choice of the numbers 4 and 6 is
arbitrary: some workers may be satisfied with wider limits.

From the study of theoretical distributions that are skewed and from the
results of sampling experiments on actual skewed populations, some
statements can be made about what usually happens to conﬁden;e ro-
babilities when we sample from positively skew populations. The sanI: le
size is assumed large enough so that the distribution of j showsg sorII)le
approach to normality, as in Fig. 2.2. The statements are as follgws-

1. The frequency with which the assertion
g — 1.96s; < Y < g+ 1.9:s,

js wrong is usually higher than 5.
2. The frequency with which

Y > g + 1.96s;
js greater than 2.5%.
3. The frequency with which

Y < i — 1.96s;
is less than 2.5 O/L.

As an illustration, consider a variate ¥ which is essentially binomially
distributed, so that the exact distribution of ¥ can be read from the bino-
mial tables. The variate y takes only two values—the value /# with prob-
ability P and the value O with probability Q. The population mean is
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Y = Ph. A simplc random sample of size # shows a units which have the
value /1 and n — ¢ units which have the value 0. For the sample,

_ ah
Z y = ah, = —
n
o a a . a*h®
(n—Ds*=>y —ngf=ah® — —
n

(81

5 11_20(11 — a)

2 __ Y
S, = — =

n n® n—1

Hence 95 %, confidence limits for Y are

§ £ 1.96s, = ﬁ[a + 1.96A/M] ' (2.50)
) n n—1
Let n = 400, P = 0.1. Then Y = 0.14. By trial we find thatif ¢ = 29
in cxpression (2.50) the upper confidence limit is 39.18//400 = 0.0984,
whereas a = 30 gives 40.34/1/400 = 0.101/. Hence any value of a < 29
gives an upper confidence limit that is too low. Similarly we find that if
a > 54 the lower limit is too high.
The variate a follows the binomial distribution with # = 400, P = 1.
The tables (Harvard Computation Laboratory, 1955) show that

Pr (stated upper limit too low) = Pr (a < 29) = 0.0357
Pr (stated lower limit too high) = Pr (a > 54) = 0.0217

Pr (confidence statement wrong) = 0.0574

The total probability of being wrong is not far from 0.05. In more thap
60 %, of the wrong statements, the true mean is higher than the stated upper
limit.

There is no safe general rule as to how large n must be for use of the
normal approximation in computing confidence limits. For populations i,
which the principal deviation from normality consists of marked positive
skewness, a crude rule which I have occasionally found uscful is

n > 25G,*
where G i1s Fisher’s measure of skewness (Fisher, 1932).
Er = YP _ 1§, _ yy
= —=— = yi — Y)
a® No?® ?::1

This rule is designed so that a 959 confidence probability statement iy
be wrong not more than 6% of the time. It is derived mathematically b
assuming that any disturbance due to moments of the distributiop, o Y
higher than the third is negligible. The rule attempts to contro] only

G,

fy
the
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total frequency of wrong statements, ignoring the direction of the error
of estimate.

By calculating G,, or an estimate, for a specific population, we can ob-
tain a rough idea of the sample size needed for application of the normal
approximation to compute confidence limits. The result should be checked
by sampling experiments whenever possible.

Example. The data in Table 2.3 show the numbers of acres devoted to crops

TABLE 2.3
FREQUENCY DISTRIBUTION OF ACRES IN CROPS ON 556 FARMS
Class Coded
Intervals Scale Frequency S fiy® fivd
(acres) Y fi
0-29 —-0.9 47 —423 38.1 —343
30-63 0 143 0 0 0
64-97 1 154 154 154 154
98-131 2 82 164 328 656
132-165 3 62 186 558 1,674
166-199 4 33 132 528 2,112
200-233 5 13 65 325 1,625
234-267 6 6 36 216 1,296
268-301 7 4 28 196 1,372
302-335 8 6 48 384 3,072
336-369 9 2 18 162 1,458
370-403 10 0 0 0 0
404-437 11 2 22 242 2,662
438-471 12 0 0 0 0
472-505 13 2 26 338 4,394
Totals 556 836.7 3,469.1 20,440.7
Ey) =7 8367 1.50486
Y:) = = e =— |
Yi 556
E@y?) = 34691 _ 6.23939
W) =556 =6
20,440.7
3) = ———— = 36.76385
E®y?) 556 3

o = E(y?) — Y% = 3.97479
= E(y; — YR = E(y3) — 3E(3li2)7 +2Y3
= 15411

K3
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on 556 farms in Sencca County, New York. The data come from a series of
studies by West (1951), who drew repeated samples of size 100 from this popula-

tion and examined the frequency distributions of i, s, and Student’s ¢ for several
items of interest in farm management surveys.

The computation of G, is shown under the table. The computations are made
on a coded scale, and, since G is a pure number, there is no need to return to the

original scale. Note that the first class-interval was slightly different from the
others.

Since G, = 1.9, we take as a suggested minimum n

n = (25)(1.9)2 = 90
For samples of size 100, West found with this item (acres in crops) that neither

the distribution of 7 nor that of Student’s ¢ differed significantly from the corre-
sponding theoretical normal distributions.

Good sampling practice tends to make the normal approximation more
valid. Failure of the normal approximation occurs mostly when the popu-
lation contains some extreme individuals which dominate the sample
average when they are present. However, these extremes also have a ml_lch
more serious effect of increasing the variance of the sample and decreasing
the precision. Consequently, it is wise to segregate them and make sepa-
rate plans for coping with them, perhaps by taking a complete enumera-
tion of them if they are not numerous. This removal of the extremes from
the main body of the population reduces the skewness and improves the

normal approximation. This technique is an example of stratified sam-
pling, which is discussed in Chapter 5.

2.14 EFFECT OF NON-NORMALITY ON THE ESTIMATED
VARIANCE

One effect of non-normality is that the estimated variance s* may be
more highly variable from sample to sample than we expect if we assume
that we are sampling from a normal distribution. For any infinite popu-
lation, the variance of s2 in random samples of size n is (Fisher, 1932)

4
20,k (2.51)
n—1 n

V(s =

The first term after the equality sign is the value that the variance of s* has
when the parent distribution is normal. The second term represents the
effect of non-normality. The quantity «, is Fishers fourth cumulant

(Fisher, 1932) and is given by
K4 = E(yl el Y)4 —_— 30—4
Note that skewness in the original distribution, as measured by G,, does

not affect the stability of s2: the important factor is the fourth moment in
the parent population.
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The cumulant x, is zero for a normal dis}ribut\on.l 1t may take enhec\;
positive or negative values in other distril.)gtlons, but in those encountere
in sampling practice k, appears to be positive muc}.l more then than nega-
tive and may have a high value for some parent distributions.

We may write (2.51) as

A _ 4 —1 )
V() = 20 (1'_*_ n 15_\) _ 24 (1 gL G.,)

n—1 2n ot n—1 2n

where G, = k,/c? is Fisher’s measure of kurtosis (loc. cir). The quantity
inside the parentheses shows the factor by which the variancc of s? s
inflated owing to non-normality. Note that the factor is almost independ-
ent of n, so that the inflation remains even with large samples.

For West’s data on farm acres in crops (Table 2.3), the value of G, will
be found to be about 6. Thus F(s?) is close to four times as large as would
be assumed if we regarded the original distribution of acres in crops as
normal. In his sampling studies West found a similar inflation in the
variance of the standard deviation s in three items he tested. The ratio of
V(s) to the theoretical variance of s from a normal population was 3.7 for
acres in crops, 2.1 for total acres operated, and 13.7 for productive-man-
work units. (By theory this ratio should be roughly the same for s as
for s%.)

The relevance of these results in practical sampling is that we sometimes
use values of 52 to compare the precision of one method of sampling with
that of another or to estimate the sample size needed to attain a specified
degree of precision in j (see Chapter 4). For these purposes it is well to
have some idea of the precision of the estimate s7, particularly if it has been
calculated from rather scanty data. As the previous results indicate, use of

the “normal’” formula for appraising the variance of 52 may give a very
misleading impression of the stability of s

EXERCISES

2.1 In a population with N = 6 the values of y, are 8, 3, 1, 11, 4, and 7.
Calculate the sample mean 7 for all possible simple random samples of size 2.

Verify that 7 is an unbiased estimate of Y and that its variance is as given in
theorem 2.2.

2.2 For the same population, calculate s* for all simple random samples of
size 3 and verify that E(s?) = §2,

2.3 If random samples of size 2 are drawn with replacement from this
populatlon, show by finding all possible samples that V(7) satisfies the equation
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2.4 A simple random sample of 30 households was drawn from a city area

containing 14,848 households. The numbers of persons per household in the
sample were as follows:

5,6,3,3,2,3,3,3,4,4,3,2,7,4,3,5,4,4,3,3,4,3,3,1,2,4,3,4,2,4
Estimate the total number of people in the area and compute the probability

that this estimate is within +10%; of the true value.

2.5 Inastudy of the possible use of sampling to cut down the work in taking
inventory in a stock room, a count is made of the value of the articles on each
of 36 shelves in the room. The values to the nearest dollar are as follows.

29, 38, 42, 44, 45, 47, 51, 53, 53, 54, 56, 56, 56, 58, 58, 59, 60, 60,
60, 60, 61, 61, 61, 62, 64, 65, 65, 67, 67, 68, 69, 71, 74, 77, 82, 85.
The estimate of total value made from a sample is to be correct within $200,

apart from a 1 in 20 chance. An advisor suggests that a simple random sample
of 12 shelves will meet the requirements. Do you agree?

Sy =2138, > y* = 131,682

2.6 After the sample in Table 2.1 (p. 27) was taken, the number of completely
filled sheets (with 42 signatures each) was counted and found to be 326. Use

this information to make an improved estimate of the total number of signatures
and find the standard error of your estimate.

2.7 From a list of 468 small two-year colleges a simple random sample of
100 colleges was drawn. The sample contained 54 public and 46 private
colleges. Data for number of students (i) and number of teachers (x) are shown

below.
n > > @

Public 54 31,281 2,024
Private 46 13,707 1,075
S (3 > (yx) 2 @)
Public 29,881,219 1,729,349 111,090
Private 6,366,785 431,041 33,119
(@) For each t

ype of college in the population, estimate the ratio (number of
er of teachers). (b) Compute the standard errors of your
(¢) For the public colleges, find 90%; confidence limits for the
cher ratio in the whole population.

2.'8 . Ir) th.e PreCedin_g example test at the 59 level whether the student/teacher
ratio is significantly different in the two types of colleges.

2.9 For the public colleges, estimate the total number of teachers (a) given
that the total number of public colleges in the population is 251, (b) without
knowing this figure. In each case compute the standard error of your estimate.

2.10  The table below shows the numbers of inhabitants in each of the 197
United States cities which had populations over 50,000 in 1940. Calculate the
standard error of the estimated total number of inhabitants in all 197 cities for

students)/(numb
estimates.
student/tea
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the following methods of sampling: (a) a simple random sample of size 50, (b) a
sample which includes the five largest cities and is a simple random sample of
size 45 from the remaining 192 cities, (¢) a sample which includes the nine
Jargest cities and is a simple random sample of size 41 from the remaining cities.

FREQUENCY DISTRIBUTION OF CiTY SIZES
Size Class Size Class Size Class
(1000°s) ya (1000’s) S/ (1000’s) f
50 100 105 550 600 2
100 150 36 600 650 \ 1500-1550 1
o 650 700 2
500 00 13 - N
I,(m + 6 0) 6 700 750 0 1600-1650 1
7 750 Y00 )
250 1(1(()) N {00 850 \7 1900-1950 i
300 3 ¢ ey G 2
| 850 900
350 400 ~: 00, 950 g 3350-3400 1
400 450 550 1000
3 - -7500
oo 520 0 1000- 1050 0 7450 1

) R icated by .. ..
Graps i the intervals are indicate Y

211 Calculate the coctlicient (31’ skewness G, for {hc Originﬂl.p.opulati()r
and for the populatuon remaining after removing («2) the five largest cities, (b) the
nine largest ciues.

212 A small survey is to be taken to compare home-owners with re
In the popul

ation about 757, are owners, 257, are renters.  For one je
variance is thought to be

Nerg,
about 15 for both owners and renters. The stanmdt e
error of the difference between the two domain means is not to exceeq | ard
large a sample is needed (@) if owners and renters can be identified i adva
drawing the sample, (h) if not.

HO\V
(An approximate answer will do in ) & nce of
1ISCUsSI ires binomial tables.) * anexag,
discussion requires binomial te .
2.13 A simple random sample of size 3 is drawn from a
N with replacement.

. Populatio .
Show that the probabilities that the sample con of 5
2, and 3 different units (fo

. ntaj
r example, aaa, aab, abe, respectively) are ns |,
i N — 1)

(N — DN -2
= 1 Py = _
l)l o N‘_:l‘ P'_: A"‘ 3 N_

. R unweighted mean over the different yp;
As an estimate of ¥ we take . 'thc v-\ri'm%c of jis e
in the sample. Show that the average vari !

(AN — (N — DS?
6N2

Vg =

One way to do this 1s 10 show that

‘N — 1 N =2 N=3_
Vi(ay = 52( X Py + Py + —5 Fa
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Hence show that V(§°) < V (%), where 7 is the ordinary mean of the n observa-

tions in the sample. The result that V(j’) < V(J) for any n > 2 was proved by
Raj and Khamis (1958).

2.14 Two dentists A and B make a survey of the state of the teeth of 200

children in a village. Dr. A4 selects a simple random sample of 20 children and
counts the number of decayed teeth for each child, with the following results:

Number of decayed 0 1 2 3 4 5 6 7 8 9 10
teeth/child

Number of children 8 4 2 2 1 1 0 0 O 1 1

~

Dr. B, using the same dental techniques, examines all 200 children, recording
merely those who have no decayed teeth. He finds 60 children with no decayed
teeth.

Estimate the total number of decayed teeth in the village children, (a) using 4’s
results only; (b) using both A’s and B’s results. (c) Are the estimates unbiased ?
(d) Which estimate do you expect to be more precise ?

2.15 A company intends to interview a simple random sample of employees
who have been with it more than five years. The company has $1000 to spend,
and each interview costs $10. There is no separate list of employees with more
than five years service, but a list can be compiled from the files at a cost of $200.
The company can either (a) compile the list and interview a simple random
sample drawn from the eligible employees or (b) draw a simple random sample
of all employees, interviewing only those eligible. The cost of rejecting those
not eligible in the sample is assumed negligible.

Show that for estimating a total over the population of eligible employees, plan
(a) giv;s a smaller variance than plan (b) only if V; < 2\/§j, where V; is the
coef’ﬁcnept of variation of the item among eligible employees and Q; is the
proportion of noneligibles in the company. Ignore the fpc.'
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CHAPTER 3

Samphng for Proportions

and Percentages

3.1 QUALITATIVE CHARACTERISTICS

Sometimes we wish to estimate the total number, the proportion, or the
percentage of units in the population which possess some characteristic or
attribute or fall into some defined class. Many of the results regularly
published from censuses or surveys are of this form, for example, numbers
of unemployed persons, the percentage of the population that is native-
born. The classification may be introduced directly into the questionnaire,
as in questions that are answered by a simple “yes’ or “no.” In other cases
the original measurements are more or less continuous, and the classifi-
cation is introduced in the tabulation of results. Thus we may record the
respondents’ ages to the nearest year but publish the percentage of the
population aged 60 and over.

Notation. We suppose that every unit in the population falls into one of
the two classes C and C’. The notation is as follows:

Number of units in C in Proportion of units in C in
Population Sample Population Sample
A a P = AIN p =aln

The sample estimate of P is p, and the sample estimate of A4 is Np or Na/n.
In statistical work the binomial distribution is often applied to estimates
like aand p. As will be seen, the correct distribution for finite populations

is the hypergeometric, although the binomial is usually a satisfactory
approximation.

3.2 VARIANCES OF THE SAMPLE ESTIMATES

By means of a simple device it is possible to apply the theorems
established in Chapter 2 to this situation. For any unit in the sample or

49
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population, define y;as 1 if the unitisin Cand as 0 if it is in C’. For thy
population of values y;, it is clear that

N
Y =P =& L~
X .
N
Y.
N N 3.

Also, for the sample,

.
n P 3.:

Copseq}lently the problem of estimating 4 and P can be regarded as th;
of estimating the total and mean of a population in which every y. is eith‘
'1 or 0. In order to use the theorems in Chapter 2, we first express :5'2 and <
in terms of P and p. Note that Ny

N n
Syt=A=NP, Zyf=a=np
1 1
Hence

N N
Z(?/i_Y)Z Zy,-z—-NW
— 1 1

S? =
N—1 N—1
1 N
= —— (NP — NP?) = —
N1 TN e (3.4
where Q0 = 1 — P. Similarly
E(yi - 5)2
$* = =—"pg
n—1 n—1 (3.5)

Application of theorems 2.1, 2.2, and 2.4 to this population gives the
following results for simple random sampling of the units that are being

classified.

Theorem 3.1. The sample proportion p = a/n is an unbiased estimate
of the population proportion P = A|N.

Theorem 3.2. The variance of p is

-so-rr =S B o

using (3.4).
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Corollary 1. If p and P are the sample and population percentages,
respectively. falling into class C. (3.6) continues to hold for the variance

of p.

Corollary 2. The variance of A = Np, the estimated total number of

units in class C, is
o NSPQ(N—— n)
AL - 3.7
V(4) n N —1 37

Theorem 3.3.  An unbiased estimate of the variance of p, derived from
the sample, is

N=n (3.8)

Proof. Inthecorollary of theorem 2.4 it was shown that for a continuous
variate y; an unbiased estimate of the variance of the sample mean 7 is

o _SP(N—n)
= 39
(i) P (3.9)
For proportions, p takes the place of 7, and in (3.5) we showed that
st=-" pg (3.10)
n—1
Hence
N —n
13 = § 2 = ———
(p)=s, w—nn "

It follows that if N is very large relative to #, so that the fpc is negligible,
an unbiased estimate of the variance of pis

pq
n—1

This result may appear puzzling to some readers, since the expression
pq/n '1s almost invariably used in practice for the estimated variance. The
fact is that pg/n is not unbiased even with an infinite population.

Corollary. An unbiased estimate of the variance of 4 = Np, the
estimated total number of units in class C in the population, is

_NN=m) . (3.11)

v(A) = sy’ n—1

Example. From a list of 3042 names and addresses, a simple random sample
of 200 names showed on investigation 38 wrong addresses. Estimate the total
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number of addresses needing correction in the list and find the standard error ¢
this estimate. We have

N = 3042, n = 200, a = 38, p =0.19
The estimated total number of wrong addresses is

A = Np = (3042)(0.19) = 578

si = V[(3042)(2842)(0.19)(0.81)/199] = \ 6685 = 81.8

Since the sampling ratio is under 77, the fpc makes little difference. To remoy
it, replace the term N — n by N. If, in addition, we replace n — 1 by n, we hay
the simpler formula

sxp = NV pgln = (3042)2'(0.19)(0.81)/200 = 84.4

This is in fairly close agreement with the previous result, 81.8.
The preceding formulas for the variance and the estimated variance of
hold only if the units are classificd into C or C’ so that p is the ratio of t
number of units in C in the sample to the total number of units in th

sample. In many surveys each unit is composed of a group of elements, an;
it is the elements that are classified. A few examples are as follows:

Sampling Unit Elements
Family Members of the family
Restaurant Employces

Crate of eggs Individual eggs

Peach tree Individual peaches

If a simple random sample of units is drawn in order to estimate the pre
portion P of elements in the population that belong to class C, the pre
ceding formulas do not apply. Appropriate methods are given in sectior
3.12.

3.3 THE EFFECT OF P ON THE STANDARD ERRORS

Equation (3.6) shows how the variance of the estimated percentag
changes with P, for fixed n and N. If the fpc is ignored, we have
P
n
The function PQ and its square root are shown in Table 3.1. Thes
functions may be regarded as the variance and standard deviation, rc
spectively, for a sample of size 1.
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TABLE 3.1
VALUES OF PQ AND VPQ
P = Population percentage in class C

P |0 10 20 30 40 50 60 70 80 90 100

PO |0 900 1600 2100 2400 2500 2400 2100 1600 900 O
vPO O 30 40 46 49 50 49 46 40 30 O

The functions have their greatest values when the population is equally
divided between the two classes, and are symmetrical about this point. The
standard error of p changes relatively little when P lies anywhere between
30 and 709%,. At the maximum value of \x/PQ, 50, a sample size of 100 is
needed to reduce the standard error of the estimate to 5%,. To attaina [ %
standard error requires a sample size of 25C0.

This approach is not appropriate when interest lies in the total mumber of
units in the population which are in class C. In this event it is more natural
to ask: Is the estimate likely to be correct to within, say, 79 of the true

total? Thus we tend to think of the standard error expressed as a fraction
or percentage of the true value, NP. The fraction is

Ox\p N\/F.O—, N —n 1 5 N —n
NP ~aNPAN N —1 JuN PN N =1

This quantity is usually called the coefficient of variation of the estimate.

If the fpc is ignored, the coefficient is \/Q/nP. The ratio \/6/7’, which
might be considered the coefficient of variation for a sample of size 1, is
shown in Table 3.2.

TABLE 3.2
VALUES OF V Q/P FOR DIFFERENT VALUES OF P

P = Population percentage in class C

P 0 0.1 0.5 I 5 10 20

vV Q|P o 31.6 i4.1 9.9 4.4 3.0 2.0
P 30 40 50 60 70 80 90

vV QP 1.5 1.2 1.0 0.8 0.7 0.5 0.3

For a fixed sample size, the coefficient of variation of the estimated total
in class C decreases steadily as the true percentage in C increases. The
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A

coceflicient 1s high when 2295 Jess than 390 Very large samples are neede;
for precise estimates of the total number possessing any attribute that v
rarc in the population. For 2 = 1" we must have \'n = 99 in order &
reduce the coctlicient of variation of the estimate to 0.1 or 10%. This give
a sample size of 9801, Simple random sampling. or any method of sam
pling that i1s adapted for general purposes, is an cxpensive method of esty
mating the total number of units of a scarce type.

3.4 THE BINONIAIL DISTRIBUTION

Since the population is of a particularly simple type, in which the y
are cither 1 or O, we can find the actual frequency distribution of the esti
mate p and not merely its mean and variance.

The population contains A units that are in class Cand N — A4 units ir
C’.where 2 = AN, Ifthe first unit that is drawn happens to be ;
will remain in the population A4 — 1 units in C andp};)\/— A t1’:;:1 12”.C’ 'tlpli?
the proportion of units in C, after the first draw, changes slightly t(:
(A — 1)(N — 1). Alternatively, if the first unit drawn is in C’, the pro-
portion in C changes to A/(N — 1). Insampling without replacement, the
prop()rlion keeps changing in this way throughout the draw. In the pres.
ent scction these variations arc ignored. that is, P is assumed constant.
This amounts to assuming that A and N — A4 are both large relative to the
sample size 7.

with this assumption, the process of drawing the sample consists of g
serics of n trials, in cach of which the probability that the unit drawn is i
C is P. This situation gives risc to the familiar binomial frequency distri.
bution for the number of units in C in the sample. The probability tha
the sample contains « units in C is

Pr(a) = —— pigns
al(n — a)! 313

From this expression we may tabulate the frcquency distribution of g
of p = a/n., or of the estimated total Np. '

There arc three comprehensive sets of tables. All give P by intervals of
0.01. The ranges for n arc as follows.

U.S. Burcau of Standards (1950):
n = 1(1)49, i.e., goes from 1 to 49 by intervals of 1.
Romig (1952): n = 50(5)100.

Harvard Computation Laboratory (1955):
\
n = 1(1)50(2)100(10)200(20)500(50)1000
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3.5 THE HYPERGEOMETRIC DISTRIBUTION

The distribution of p can be found without the assumption that the
population is large in relation to the sample. The numbers of units in the
two classes C and C’ in the population are 4 and A’ respectively. We
shall calculate the probability that the corresponding numbers in the
sample are g and a’, where

a4 a =n, A+ A =N

In simple random sampling cach of the (j;r) different selections of n

units out of N has an equal chance of being drawn. To find the probability
wanted, we count how many of these samples contain exactly @ units from
Cand a’ from C’. The number of different selections of a units among the

A that are in C is (A) whereas the number of different selections of a’
among A4’ is (a' ) . Each selection of the first type can be combined with

any one of the second to give a different sample of the required type. The
total number of samples of the required type is therefore

a a’
Hence, if a simple random sample of size n is drawn, the probability
that it is of the required type is

. [4\ (4 /[N
Pr(a,a’ | 4, A') = ( )( )/( ) (3.14)
a a n

This is the frequency distribution of a or np, from which that of p is

immediately derivable. The distribution is called the hypergeometric dis-
tribution.

For computing purposes the hypergeometric probability (3.14) may be
written as follows.

n! AA =D (A —a+ DAY = 1) (4 —a + 1)
al(n — a)! NN-—-1D---(N—n+1)

(3.14)

Example. A family of eight contains three males and five females. Find the
frequency distribution of the number of males in a simple random sample of
size 4. In this case
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From (3.14)’ the distribution of the number of males, a, is as follows:

a  Probability

0 4! 5432 1
074! 8.7.65 14

| 4! 3543 6
113! 8765 14

, ' 3254 6
= 2121 8765 14
3 41 3215 1
11! 8765 14

4 Impossible =0

The reader may verify that the mean number of males is § and the variance is 1&

These results agree with the formulas previously established i i
which give P y In section 3.2,

A_@HA) _3

E = P=L=—=_

(np) = n N 3 5
N —n 3 54 15
V(np) = nP —q.2.2.2 22
P QN—l 4 8 8 7 28

3.6 CONFIDENCE LIMITS

We first discuss the meaning of confidence limits in the case of ki
tative characteristics. In the sample, a out of n fall in class C. Sy 0522;:;
inferences are to be made about the number A4 in the populat}i)c?n whi ?h
falls in class C. For an upper confidence limit to 4, we compute a val t©
such that for this value the probability of getting a or less falling in aCLilf\ ::1‘6

sample is some small quantity «,,, for example, 0.025. F : .
fies the equation P - Formally, 4. satis-

P : it oA 7
720 r(.’a n _]IALY,N AU)—._—a_U (315)

where Pr is the probability term for the hypergeometric distributj
d
defined in (3.14). ¢ distribution, as

When oy is chosen in advance, (3.15) requires in general a nonintegral
value of Ay to satisfy it, whercas conceptually 4, should be a wl%ole
number. In practice we choose A,- as the smallest integral value of 4 such
that the left side of (3.15) is less than or equal to «;,. Similarly, the lower
confidence limit A is the largest integral value such that ,

2Pr(n=j[AL N~ A <ap (3.16)
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Confidence limits for P are then found by taking P, = Ay/N, P, =
A‘][/N-
Numerous methods are available for computing confidence limits.

Exact Methods

Chung and DeLury (1950) present charts of the 90, 95, and 99 9/ limits
for P for N = 500, 2500, and 10,000. Values for intermediate population
sizes are obtainable by interpolation. Lieberman and Owen (1961) give
tables of individual and cumulative terms of the hypergeometric distri-
bution, but N extends only to 100.

The Normal Appreximation

From (3.8) for the variance of p, one form of the normal approximation
to the confidence limits for P is

p+ [w’l — S pal(n — 1) + 7‘—”] (3.17)

where f = n/N and 1 is the normal deviate corresponding to the confidence
probability. For those who prefcr it, use of the more familiar term \/pq/n
seldom makes an appreciable difference. The last term on the right is a
correction for continuity. This produces only a slight improvement in the
approximation. However, without the correction, the normal approxi-
mation usually gives too narrow a confidence interval.

The error in the normal approximation depends on all the quantities
n,p, N, oy;, and «;. The quantity to which the error is most sensitive is np
or more specifically the number observed in the smaller class. Table 3.3

TABLE 3.3

SMALLEST VALUES OF np FOR USE OF THE NORMAL
APPROXIMATION

np = Number Observed n =
P in the Smaller Class Sample Size
0.5 15 30
0.4 20 50
0.3 24 80
0.2 40 200
0.1 60 600
0.05 70 1400
~0* 80 @

* This means that p is extremely small, so that np follows
the Poisson distribution.
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gives working rules for deciding when the normal approximation (3.17)
may be used.

The rules in Table 3.3 are constructed so that with 95% confidence
limits the true frequency with which the limits fail to enclose P is not
greater than 5.5%. Further, the probability that the upper limit is below
P is between 2.5 and 3.59%, and the probability that the lower limit exceeds
P is between 2.5 and 1.5%.

Example 1. In a simple random sample of size 100, from a population of size
500, there are 37 units in class C. Find the 95% confidence limits for the pro~
portion and for the total number in class C in the population. In this example

n=100, N =500, p =037

The example lies in the range in which the normal approximation is recom-
mended. The estimated standard error of p is

VI~ fpgln — 1) = V(0.8)(0.37)(0.63)/99 = 0.0434
The correction for continuity, 1/2n, equals 0.005. Hence the 959 limits for p
are estimated as
0.37 + (1.96 x 0.0434 + 0.005) = 0.37 £ 0.090
P, =0280, Py =0.460

The limits as read from the charts by Chung and DeLury are 0.285 and 0.462,

respectively. ) . ;
To find limits for the total number in class C in the population, we Mmultiply

by N, obtaining 140 and 230, respectively.

Binomial Approximations

When the normal approximation does not apply, limits for p may be
found from the binomial tables (section 3.4) and adjusted, if necessary, to
take account of the fpc. Table VIIII in Fisher and Yates’s Statistical
Tables (1957) gives binomial confidence limits for P for any value of n, and
is a useful alternative to the ordinary binomial tables. Example 2 shows
how the binomial approximation is computed.

Example 2. For another item in the sample in example 1, nine of the 100
units fall in class C. From Romig’s table for n = 100 the 95% limits for P are
found to be 0.041 and 0.165. (The Fisher-Yates tables give 0.042 and 0.164.)
If £, the sampling fraction, is less than 5%, limits found in this way are close
enough for most purposes. In this example, f = 0.2 and adjustment is needed.

To apply the adjustment, we shorten the interval between p and each limit by

the factor VI — f = V0.8 = 0.894. The adjusted limits are as follows:

P, =0.090 — (0.894)(0.090 — 0.041) = 0.046
Py = 0.090 + (0.894)(0.165 — 0.090) = 0.157

The limits read from the charts by Chung and DeLury are 0.045 and 0.157,
respectively.
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Example 3. In auditing records in which a very low error rate is demanded,
the upper confidence limit for A is primarily of interest. Suppose that 200
of 1000 records are verified and that the batch of 1000 is accepted if no errors are
found. Special tables have been constructed to give the upper confidence limit
for the number of errors in the batch. A good approximation results from the
following relation. The probability that no errors are found in n when A errors
are present in N is, from the hypergeometric distribution,

(N—A)(N—A—1)--~(N—-A—n+l);(N—A—u)"
NN -—-1)---(N=n+1) N —u

where « = (n — 1)/2. For example, with n =200, 4 =10, N = 1000, the
approximation gives (890.5/900.5)%%°, which is found by logs to be 0.107. Thus
A =10 (a 1% error rate) is approximately the 909, upper confidence limit for
the number of errors in the batch.

3.7 CLASSIFICATION INTO MORE THAN TWO CLASSES

Frequently, in the presentation of results, the units are classified into
more than two classes. Thus a sample from a human population may be
arranged in 15 five-year age groups. Even when a question is supposed to
be answered by a simple ‘“yes™ or “no,”” the results actually obtained may
fall into four classes: “yes,”” “no,”” “don’t know,” and ‘“no answer.”’
The extension of the theory to such cases is illustrated by the situation In
which there are three classes.

We suppose that the number falling in the ith class is 4, in the popu-
lation and g, in the sample, where

. a;
N=24, n=7ya, Pi=’/71v‘l, Pi='“1"

When the sample size » is small in relation to all the 4, the probabilities

P; may be considered effectively constant throughout the drawing of the

sample. The probability of drawing the observed sample is given by the
multinomial expression

!
Pr(a) = — L ppPy® (3.18)
a,! a,! ag!

This is the appropriate extension of the binomial distribution and is a good

approximation when the sampling fraction is small.
The correct expression for the probability of drawing the observed

sample is
Ay (A2 (4 N 19
matw= (GG o
1 2 3
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This expression is the natural extension of (3.14), section 3.5, for the hyper-
geometric distribution. The numerator is the number of distinct samples
of size n that can be formed with a, units in class 1, a, in class 2, and a3 in
class 3.

3.8 CONFIDENCE LIMITS WHEN THERE ARE
MORE THAN TWO CLASSES
Two different cases must be distinguished.
Case [. We calculate

number in any onc class in sample  q,

n n
or
p = total number in a group of classes 4, + as + a,
= -3
n n
In cither of these situations, although the original classification containg
more than two classes, p itsell is obtained from a subdivision of the
n

units into only two classes. The theory already presented applies t
case. Confidence limits are calculated as described in section 3.6,
Case 2. Somctimes certain classes are omitted, p being computed fro
a brecakdown of the remaining classes into two parts. For eXample v:n
might omit persons who did not know or gave no answer an( COHSidc; the
ratio of number of “yes™ answers to “yes” plus “pg» answers N
that are structurally of this type are often of interest in Sﬁmple.s
The denominator of such a ratio is not n but some smajler numb
Although n" varies from sample to sample. previous resyy
used by considering the conditional distribution of pin sam
both # and »n’ are fixed. This device was already employed |
Supposec that

O thig

Ratios
urveys.
er n’,

§ can still be
ples in which,
n section 2.1Q,

a,
ay + a,

so that a; is the number in the sample falling in classes in which we are not
a't the moment interested. Then, as shown in the next section, the condj.
tional distribution of «; and a, is the hypergeometric distribution obtained
when the sample 1s of size n” and the population of size N’ — A+ 4
Hence, from (3.17). the normal approximation to conditional conﬁdencze.
limits for P = A, (A, + A,) are

LA D /AN
P [1“/(] N’) (n" — 1) * 2n'i| 020)

)]'—_—_:(Il+a?_, ”=a1+ao+(1
- 3
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If the value of N’ is not known, n/N may be substituted for n’/N’ in the
fpc term in (3.20).

3.9 THE CONDITIONAL DISTRIBUTION OF p

To find this distribution, we restrict our attention to samples of size n in
Which " = a, + a, fallin classes 1 and 2. The number of distinct samples

of this type is
N\(N — N’ Ay + A\ [Ag
= (3.21)
n/\n—n" a, + as/ \az

Among these samples, the number which have a, in class 1 and a, in class
2 has already been given as the numerator in (3.19), section 3.7. Dividing
this numerator by (3.21), we have

A\ (A, A+ A,
Pr (a, | Ay, Ag. n, ') = (3.22)
a,/ \as a; + a,

This is an ordinary hypergeometric distribution for a sample of size »’
from a population of size N = A, + A,.

Example. Consider a population that consists of the five units b, c, d, e, f,
which fall in three classes.

Class A; Units denoted by
1 1 b
2 2 c, d
3 2 e, f

With random samples of size 3, we wish to estimate P = A,/(4, + A,), or
in this case §. Thus N = 5and N’ = 3.
There are 10 possible samples of size 3, all with equal initial probabilities.
These are grouped according to the value of n’.
n =1
Conditional

Sample a, as p Probability (p — P)
bef 1 0 1 1 2
cef or def 0 1 2 -1

If samples are specified by the values of ay, a,, only two types are obtainable:
a, =1, a, =0; a =0, a, =1. Their conditional probabilities, 1 and 3,
respectively, agree with the general expression (3.22). Further,

E(p) =1}

- ()0 - 6 -
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The estimate p is unbiased, and its variance agrees with the gencral formub

(2_(N’—n"PQ_ 3 -1\ (1) /2 _ 2
T ﬁ)T_(E—_I)(i)(i )

For n’ = 2 there are six possible samples, which give only two sets of valu
of ay, a,.

n =2
Conditional
Sample a, sy P Probability (p — P
bee, bef, bde, or bdf 1 1 1 2 1
cde or cdf 0 2 0 3 -3

The estimate is again unbiased and its variance is

o= (5) () + ()6) -

which may be verified from the general formula. Note that the variance is ont
one fourth of that obtained when n° = 1. In a conditional approach the varigpo
changes with the configuration of the sample that was drawn.

For n’ = 3, there is only one possible sample, bed. This gives the corret
population fraction, 1. The conditional variance of p is zero, as indicated by th
general formula, which reduces to zero when N’ = n'.

3.10 PROPORTIONS AND TOTALS OVER
SUBPOPULATIONS

If separate cstimates are to be made for each of a number of subpopw
lations or domains of study to which the units in the sample are allotted
the results in sections 3.8 and 3.9 are applicable. The sample data may b
presented as follows:

Domain | Domain 2 Domain £  Total
Class C C’ C C’ C C’
Number of units ‘ a, a,’ a, a, - ay a;’ n

Of the n units, (a, + a,’) are found to fall in domain 1 and of these a:
fall in class C. The proportion falling in class C in domain 1 is estimate!
by p, = a,/(a; + a;’). The frequency distribution and confidence limit*
for p, were discussed under Case 2 in sections 3.8 and 3.9.

For estimating the roral number A; of units in class C in domain !-
there are two possibilities. If NV}, the total number of units in domain 1 it
the population, is known, we may use the conditional estimate

Niya,

/f=Np=
1 171 @+ ay
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Its standard error is computed as

s(A)) = NyV'1 — (n,/N)V pig,/(ny — 1)

where n, = a, + a;.
If N, is not known, the estimate is

with estimated standard error

s(4,) = NV'1 — (a/N)Vpq|(n — 1)

where p = a,/n.

3.11 COMPARISONS BETWEEN DIFFERENT DOMAINS

Since proportions are estimated independently in different domains,
comparisons between such proportions are made by standard elementary
methods. For example, to test whether the proportion p; = a,/(a; + a1)
differs significantly from the proportion p, = a,/(a, + a,’), we form the
usual 2 x 2 table

Domain
|
C a, a,
C a,’ a,
Total | n; n

The ordinary 2 test (Fisher, 1958) or the normal approximation to the
distribution of (p, — p,) is appropriate. Similarly, comparisons among
proportions for more than two domains are made by the methods for a
2xk contingency table.

Occasionally it is desired to test whether a, differs significantly from as;
for example, whether the number of Republicans who favor some proposal
is greater than the number of Democrats in favor. On the null hypothesis
that these two numbers are equal in the population, the total n’ = a; + 42
in the two classes in question should divide with equal probability between
the two classes. Consequently we may regard a, as a binomial number fJf
successes in 1’ trials, with probability of success  on the null hypothesis.
It may be verified that the normal deviate (corrected for continuity) is

2(lay — sn'| — %)

Vn
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3.12 ESTIMATION OF PROPORTIONS IN CLUSTER
SAMPLING

As mentioned in section 3.2, the preceding methods are not valid if each
unit is a cluster of elements and we are estimating the proportion of ele-
ments that fall into class C.

If each unit contains the same number m of clements, let pPi=almb
the proportion of elements in the ith unit that fall into class C. "i'he : C
tion falling in C in the sample is propor-

p=

a' 1 n
z “‘"IZP.-

nm -
that is, the estimate p is the unweighted mean of the quantitics P Co
i n-

scquently, if y, is replaced by p,, the formulas in Chapter 2 may be app];
directly to give the true and estimated variance of p. pplied

N
iy L= S2 (= P)
ViD= TN T (3.23)

An unbiased sample estimate of this variance is

1 —f>2(p, — p)
n n—1 (3.29)

v(p) =

Example 1. A group of 61 leprosy patients were treated with a drup fo
weeks. To measure the cffect of the drug on the leprosy bacilli, the Presgencz 48
bacilli at six sites on the body of cach patientwas tested bacteriologically. Amor?r
the 366 sites, 153, or 41.87, werc negative. What is the standard error of thi%

percentage?

This example comes from
it illustrates how erroneous t
formula we have n = 366 and

s.e.(p) = Vpgln — 1) = V/(41.8)(58.2)/365 = 2.58¢,

a controlled experiment rather than a survey, but
he binomial formula may be. By the binomia]

Each patient is a cluster unit with 77 = 6 clements (sites). To find the standarg
error by lhe correct formula, we need the frequency distribution of the 6] 1 r
of p;. It is more convenient to tabulate the distribution of y;, the num;: ue?
negative sites per patient. With p; expressed in per cents, p; = 100y 16 I:r o
the distribution in Table 3.4 we find > fy* = 669 and Jif0. From

S filye —9* _ N/669 — [(153)%/61]
Thn = 1) (61)(60) = 0279

s.e. () =

Hence
100 _
s.e. (p) = - e (7) = 4.659%;
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This figure is about 1.8 times the value given by the binomial formula. The
binomial formula requires the assumption that results at different sites on the
same patient are independent, although actually they have a strong positive
correlation. The last line of Table 3.4 shows the expected numbers of patients

TABLE 3.4
NUMBER OF NEGATIVE SITES PER PATIENT
y; = 6p;/100 0 1 2 3 4 5 6 Total
¥a 17 11 4 4 7 14 4 61
Sy 0 11 8 12 28 70 24 153
Sexp 2.3 10.1 18.3 17.6 9.6 2.8 0.3 61.0
with 0,1, 2, ... negative sites, computed from the binomial (0.58 + 0.42)8.

Note the marked excesses of observed frequencies f of patients with zero negatives
and with five and six negatives.

If the size of cluster is not constant, let »7, be the number of elements in
the ith cluster unit and let p, = a,/m,. The proportion of units falling in
class C in the sample is

n

Z ai
n
> om,

Structurally, this is a typical ratio estimate, discussed in section 2.9 and
later in Chapter 6. It is slightly biased, though the bias is seldom likely to
be of practical importance.

If we put a, for y, and m, for z, in (2. 29) the approximate variance of pis

—f z (a, — Pm,)?
)= o7 =

where P is the proportion of elements in C in the population and M =

p_—_

Z’",/N is the average number of elements per cluster. An alternative
expressxon is

f <m (p; — PP (3.25)
V()' n 2 M) N —1

This form shows that the approximate variance involves a weighted sum
of squares of deviations of the p, from the population value P.
For the estimated variance we have

1 —f>a?—2p>am, +p2>m? (3.26)

nin® n—1

v(p) =

- . in the
where /it = 3 m,/n is the average number of elements per cluster
sample.
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Example 2. A simple random sample of 30 households was drawn from a
census taken in 1947 1n wards 6 and 7 of the Eastern Health District of Baltimore.
The population contains about 15,000 houscholds. In Table 3.5 the persons in
cach houschold are classified (a) according 1o whether they had consulted 3
doctor in the last 12 months, (b) according to sex.

TABLE 3.5
Dara vor A Simpie Ranpoym SaMPLE OF 30 HOUSEHOLDS

Doctor Seen in
Number of Last Year

Number of —_—
Houschold Persons Males Females Yes No

Number m, a,

/.n

13

W NN WNO = WWNONAAWNONNWRELELPDWWWNO—OO

l N—N-—-u-—-ONN-—‘—-Nwwuwuu—mww———-—-——u_
l-—-owowwoooww—-OON»—-AOOOOOOOOOwNou.

/

— —_——p— = = O NNRN— NN WA
EIN-—-I\)N'—"—‘———“N'—. - N

o
J?‘ -bNbubN——uuAuubhuuhquw&buuwuwuam

Totals

w
w
W)
o
~
Ny
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Our purpose is to contrast the ratio formula with the inappropriate binomial
formula. Consider first the proportion of people who had consulted a doctor.
For the binomial formula, we would take

n = 104, p= ]%OZ = (0.2885

Hence
_pg _ (0.2885)(0.7115)

=11 = 0.00197
n 104 °

Ubin(P)
For the ratio formula, we note that there are 30 clusters and take

n =30
m; = total number in ith household
a; = number in ith household who had seen a doctor
p = 0.2885, as before
m = 35 = 3.4667
2.a®=286; >m? =404; > asm, =113

The fpc may be ignored. Hence, from (3.26),

v(p) = (86) — 2(0.2885)(113) + (0.2885)%(404) — 0.00520
(30)(29)(3.4667)2

The variance given by the ratio method, 0.00520, is much larger than that given
by the binomial formula, 0.00197. For various reasons, families differ in the
frequency with which their members consult a doctor. For the sampleasa whole,
the proportion who consult a doctor is only a little more than one In four, but
there are several families in which every member has seen a doctor. Similar
results would be obtained for any characteristic in which the members of the same
family tend to act in the same way. . t

In estimating the proportion of males in the population, the results are different.
By the same type of calculation, we find

binomial formula: v(p) = 0.00240
ratio formula: v(p) = 0.00114

Here the binomial formula overestimates the variance. The reason is interesting.
Most households are set up as a result of a marriage, hence contain at }east oir;:
male and one female. Consequently the proportion of males per fam11¥ t¥1ar30
less from 4 than would be expected from the binomial formula. None 1 Se or
families, except one with only one member, is composed entirely of ma ei’of
entirely of females. If the binomial distribution were applicable, w1tl:ja tr::titute
approximately }, households with all members of the same sex woulld Cgf Size d.
one quarter of the households of size 3 and one eighth of the househo WSitz (1942).
This property of the sex ratio has been discussed by Hansen and Hl;)r_ oomial for-
Other illustrations of the error committed by improper use of the bin

mula in sociological investigations have been given by Kish (1957)-
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EXERCISES

3.1 For a population with N =6, A =4, A" =2, work out the value of
a for all possible simple random samples of size 3. Verify the theorems given for
the mean and variance of p = afn. Verify that

N —n
n—nnP1

is an unbiased estimate of the variance of p.

3.2 In a simple random sample of 200 from a population of 2000 collegeg
120 colleges were in favor of a proposal, 57 were opposed, and 23 had no OpiniOQ'
Estimate 95 % confidence limits for the number of colleges in the population lhai
favored the proposal.

3.3 Do the results of the previous sample furnish conclusive evidence th
the majority of the colleges in the population favored this proposal? at
3.4 A population with N = 7 consists of the elements B,, C,, C,, C,, D, p
and D,. A simple random sample of size 4 is taken in order to estimate the it
of C's to C’s + D’s. Work out the conditional distributionsg ofpt;]oi-

s

portion ) di j
proportion, p, and verify the formula for its conditional variance.

3.5 In the preceding exercise, what is the probability that a sample of .
4 contains B;? Find the average variance of p over all simple random San‘PleSlZe
size 4 and verify that this is 11/280. S of

3.6 A simple random sample of 290 households was chosen from a cjt a
containing 14,828 households. Each family was asked whether it owney rea
rented the house and also whether it had the exclusive use of an indoor (4

i
Results were as follows: let,

Owned Rented Total

Exclusive use of toilet Yes No Yes No
14] 6 109 34 290

(a) For families who rent, estimate the percentage in the area with exclyg;
use of an indoor toilet and give the standard error of your estimate; (b) esur:lve
the total number of renting families in the area who do not have exclusive ip dte
toilet facilities and give the standard error of this estimate.

3.7 If, in example 3.6, the total number of renting families in the city
is 7526, make a new estimate of the number of renters without exclusive (a-rea
facilities and give the standard error of this estimate. Otlet

3.8 For estimating the total number of units in class C in domain | (sectj
3.10), the estimate A, = Nyp; was recommended if N, were known, as agai‘nOn
A," = Nay[n if Nywerenot known. Ignoring the fpc, show that in large sampkft
the ratio of the variance of A, to that of A" is approximately OO+ P )S
where = is the proportion of the population that is not in domain 1, and p 11;’
in section 3.10, is the proportion of the units in domain 1 that fal] in clasg CS
State the conditions under which knowledge of N, produces large reductions ir;

dOor

variance.
3.9 In a simple random sample of size 5 from a population of size 30, no
units in the sample were in class C. By the hypergeometric distribution, find the
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upper limit to the number 4 of units in class C in the population, corresponding
to a one-tailed confidence probability of 95%;. Find also the approximation to
Ay obtained by computing the upper 95 %, binomial limit Py and shortening the
interval as described in section 3.6. Try also the method on p. 59.

3.10 A student health service has a record of the total number of eligible
students N and of the total number of visits ¥ made by students during a year.
Some students made no visits. The service wishes to estimate the mean number
of visits Y/N; for the N, students who made at least one visit, but does not know
the value of N;. A simple random sample of » eligible students is taken. In it
n, students out of the » made at least one visit and their total number of visits
was y. lgnore the fpc in this question. (a) Show that y/n,; is an unbiased estimate
of Y/N,and that its conditional variance is $%/n;, where S$? is the variance of the
number of visits among students making at least one visit. (b) A second method
of estimating Y/, is to use N; = Nnu,/n as an estimate of N, and hence Yn/Nn,as
an estimate of Y/N,. Show that this estimate is biased and that the ratio of the
bias to the true value Y/N, is approximately (N — N;)/nN,. Find an approximate
expression for the variance of the estimate Yn/Nn; and show that the estimate in
(@) has a higher variance if

)

. (N — Ny [ Y \°
Nyn N,

Hint. If p is a binomial estimate of P, based on # trials, then approximately

1 1
g =l,e 1 _e
y4 P npP* P npP3
3.11  Which of the two previous estimates seems more precise in the following
circumstances? N = 2004, Y = 3011. The sample with » = 100 showed that

73 students made at least one visit. Their total number of visits was 152 and the
estimated variance s® was 1.55.

3.12 A simple random sample of n cluster units, each with m elements, is
taken from a population in which the proportion of elements in class C is P.
As the intracluster correlation varies, what are the highest and lowest possible
values of the true variance of p (the sample estimate of P) and how do they com-
pare with the binomial variance? Ignore the fpc.

3.13  For the sample of 30 households in Table 3.5, the data shown (p. 70)
refer to visits to the dentist in the last year. Estimate the variance of the
proportion of persons who saw a dentist, and compare this with the binomial
estimate of the variance.

3.14 In sampling for a rare attribute, one method is to continue drawing a
simple random sample until m units that possess the rare attribute have been
found (Haldane, 1945) where /7 is chosen in advance. If the fpc is ignored, prove
that the probability that the total sample required is of size 7 is

n — 1)!

Dl =il e ezm)

where P is the frequency of the rare attribute. Find the average size of the total
sample and show that p = (m — 1)/(n — 1) is an unbiased estimate of P. (For
further discussion, see Finney, 1949, and Sandelius, 1951, who considers 2 plan
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Number Dentist Seen Number Dentist Secn
of of
Persons Yes No Persons Yes No
5 1 4 5 1 4
6 0 6 4 4 0
3 1 2 4 1 3
3 2 1 3 1 2
2 0 2 3 0 3
3 0 3 4 1 3
3 1 2 3 0 3
3 1 2 3 1 2
4 1 3 1 0 1
4 0 4 2 0 2
3 1 2 4 0 4
2 0 2 3 1 2
7 2 5 4 1 3
4 1 3 2 0 2
3 0 3 4 0 4

in which sampling continues until either m has been found or the total sample
size has reached a preassigned limit n,.)
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CHAPTER 4

The Estimation of Sample Size

4.1 A HYPOTHETICAL EXAMPLE

In the planning of a sample survey, a stage is always reached at which a
decision must be made about the size of the sample. The decision is impor-
tant. Too large a sample implies a waste of resources, and too small a
sample diminishes the utility of the results. The decision cannot always be
made satisfactorily, for often we do not possess enough information to be
sure that our choice of sample size is the best one. Sampling theory pro-
vides a framework within which to think intelligently about the problem.

A hypothetical example brings out the steps involved in reaching a solu-
tion. An anthropologist is preparing to study the inhabitants of some
island. Among other things, he wishes to estimate the percentage of inhab-
itants belonging to blood group O. Cooperation has been secured so that
it is feasible to take a simple random sample. How large should the sample
be?

This question cannot be discussed without first receiving an answer to
another question. How accurately does the anthropologist wish to know
the percentage of people with blood group O? In reply he states that he
will be content if the percentage is correct within 4+59% in the sense that,
if the sample shows 439/ to have blood group O, the percentage for the
whole island is sure to lie between 38 and 48.

To avoid misunderstanding, it may be advisable to point out to the
anthropologist that we cannot absolutely guarantee accuracy within 5%
except by measuring everyone. However large n is taken, there is a chance
of a very unlucky sample that is in error by more than the desired 5%-
The anthropologist replies coldly that he is aware of this, that he is willing
to take a 1 in 20 chance of getting an unlucky sample, and that all he asks
for is the value of n instead of a lecture on statistics. _

We are now in a position to make a rough estimate of n. To simplify
matters, the fpc is ignored, and the sample percentage p is assumed to be

71
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normally distributed.  Whether these assumptions are reasonable can be
verified when the initial 7 is known.

In technical terms. pis to lie in the range (P £ 5), except for a | in 20
chance. Since p is assumed normally distributed about P, it will lie in the
range (P 4 2¢,), apart from a 1 in 20 chance. Further,

7, = N PQin
Hence, we may put

2\ PQ/n =5 or n = 3P0
- 25
At this point a ditliculty appears that is common to al] problems in the
estimation of sample size. A formula for n has been obtained, but 5
depends on some property of the populatloq that is to be sampled. In thjs
instance the property is the quantity P which we would like to measure
We thercfore ask the anthropologist |.f he can give us some ideg of the like] .
value of P. He replies that from previous data on other cthnic groups ang
from his speculations about the racial history of this iS]and, he Wi‘ll b
surprised if P lies outside the range 30.10 60°,. e
This information is sufficient to provide a usable answer. For any v |
of P between 30 and 60. the product PQ lies between 2100 ang N maii alue
of 2500 at P = 50. The corresponding » lies between 336 and 400 'linum
on the safe side. 400 is taken as the initial estimate of n. . Tobe
The assumptions made in this analysis can now ber
n = 400 and a P between 30 and 60, the distribution ¢
to normal. Whether the fpc is required depends on th

on the island. If the population exceeds 8000, the sampling fraction is legg

than 5°, and no adjustment for fpc is called for. The method of applyine
the readjustment. if it is needed. is discussed in section 4.4, e

C-CXamined. With
F'p should be clog,
€ Number of people

4.2 ANALYSIS OF THE PROBLEM

The principal steps involved in the choice of a sample size are as follows:

1. There must be some statement concernin
sample. This statement may be in terms of des;
previous example, or in terms of some decision
that is to be taken when the sample results are
for framing the statement rests primarily with t
the results of the survey, though they frequent
their wishes into numerical terms.

8 What is expected of the
red limits of error, as in the
that is to be made or action
known. The respOnsibility
he persons who wish to use
ly need guidance in putting

2. Some cquation which connects n with the desired precision of the
sample must be found. The equation will vary with the content of the
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statement of precision and with the kind of sampling that is contemplated.
One of the advantages of probability sampling is that it enables this equa-
tion to be constructed.

3. This equation will contain, as parameters, certain unknown prop-
ertics of the population. These must be estimated in order to give specific
results.

4. Tt often happens that data are to be published for certain major sub-
divisions of the population and that desired limits of error are set up for
each subdivision. A separate calculation is made for the n in each sub-
division, and the total n is found by addition.

5. More than one item or characteristic is usually measured in a sample
survey: sometimes the number of items is large. If a desired degree of
precision is prescribed for each item, the calculations lead to a series of
conflicting values of n, one for each item. Some method must be found for
reconciling these values.

6. Finally, the chosen value of # must be appraised to see whether it 1s
consistent with the resources available to take the sample. This demands an
estimation of the cost, labor, time, and materials required to obtain the
proposed size of sample. It sometimes becomes apparent that n will have
to be drastically reduced. A hard decision must then be faced—whether to

proceed with a much smaller sample size, thus reducing precision, or to
abandon efforts until more resources can be found.

In succeeding sections some of these questions are examined in more
detail.

4.3 THE SPECIFICATION OF PRECISION

The statement of precision desired may be made by giving the amount of
error that we are willing to tolerate in the sample estimates. This amount is
determined, as best we can, in the light of the uses to which the sample
results are to be put. Sometimes it is difficult to decide how much error
should be tolerated, particularly when the results have several different uses.
Suppose that we asked the anthropologist why he wished the percentage
with blood group O to be correct to 5% rather than, say, 4 or 67;. He
might reply that the blood group data are to be used primarily for racial
classification. He strongly suspects that the islanders belong either to a
racial type with a P of about 35% or to one with a P of about 50%. An
error limit of 577 in the estimate seemed to him small enough to permit
classification into one of these types. He would, however, have no violent
objection to 4 or 6% limits of error.

Thus the choice of a 59 limit of error by the anthropologist was to some
extent arbitrary. In this respect the example is typical of the way in which a
limit of error is often decided on. In fact, the anthropologist was more
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certain of what he wanted than many other scientists and administrators
will be found to be. When the question of desired degree of precision is
first raised. such persons may confess that they have never thought about it
and have no idea of the answer. My experience has been, however, that
after discussion they can frequently indicate at least roughly the size of a
limit of error that appcears reasonable to them.

Further than this we may not be able to go in many practical situations,
Part of the difficulty is that not enough is known about the consequences of
crrors of different sizes as they affect the wisdom of practical decisions that
arc made from survey results. Even when these consequences are known
however. the results of many important surveys are used by different PeOplc:,
for different purposes. and some of the purposes are not foreseen at the
time when the survey is planned. Therefore, an element of guesswork jg
likely to be prominent in the specification of precision for some time to
come.

If the sample is taken for a very specific purpose, for example, for makin
a single “yes™" or *‘no’’ decision or for deciding how much mone
on a certain venture, the precision needed can usually be stateq ina more
definite manner. in terms of the consequences of errors in the decision.
gencral approach to problems of this type is given in sectiop 4.9, which
although in need of amplification, offers a logical start on a solution,

Y to spend

44 THE FORMULA FOR n IN SAMPLING FOR
PROPORTIONS

The units are classified into two classes, Cand C’. Some mar
d in the estimated proportion p of units in class C has been agr
there is a small risk o which we are willing to incur that the a¢
larger than : that is, we want

gin of erroy
eed on, ang
tual error jg

Simple random sampling is assumed, and p is taken as normall
tributed. From theorem 3.2, section 3.2,

N~ /5
0“]):/\/—” P_Q
N — 1 n

y dis.

Hence the formula that connects n with the desired degree of precision is

N — | n
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where ¢ is the abscissa of the normal curve that cuts off an area « at the tails.
Solving for n, we find
*PQ

n= d® - 4.1)

2
N
N\ a*

For practical use, an advance estimate p of P is substituted in this formula.
If N is large, a first approximation is

(4.2)

where
d2
V = "y = desired variance of the sample proportion

In practice we first calculate ny. If 14/ N is negligible, ng is a satisfactory
approximation to the n of (4.1). If not, it is apparent on comparison of
(4.1) and (4.2) that n is obtained as

n = o = Mo
1+ (ng — /N 1 + (no/N)

(4.3)

Example. In the hypothetical blood groups example we had
d = 0.05, p =05, a = 0.05, r=2
Thus
(4)(0.5)(0.5)
= = 0
Mo = 50025 10

Let us assume that there are only 3200 people on the island. The fpc is needed
and we find '

o - 400
1+ — DIN 1+ 322%

The formula for ng

= 356

) holds also if 4, p, and g are all expressed as percentages
msgead of Proportions. Since the product pq increases as p moves toward 1, or
SOAA., a conservative estimate of # is obtained by choosing for p the value nearest
to 4 1N ﬂ?)e range in which p is thought likely to lie. If p seems likely to lie between
5 and 97, for instance, we assume 9% for the estimation of n.

45 THE FORMULA FOR n WITH CONTINUOUS DATA

If  is the average of the observations from a simple random sample, we
wish to have

Pr(lg—Y|>d)=«
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vihere d 1s the chosen margin of error and % a small probability. We
assume that ¥ is normally distributed: from theorem 2.2 corollary 1, its
standard error 1s ’

Hence \/n
N—nS
d = zJ\ =
o N \/"1 (4.4)
This gives

o

bl

d

i
N\d

S

n =

As in the preceding section, we take as a first approximation

- (-5
0 d - % (45)
This is adequate unless no/V is appreciable, in which event we compute a5

- 1 4 (ny/N)

n

(4.6)

If the population foral Y is to be estimated with margin of error d, take as a
first approximation

NIS\2  (NS)?
=) T Y

instead of (4.5). Equation 4.6 remains unchanged.

Example. In nurseries that produce young trees for sale it is advisable to
estimate, in late winter or early spring, how many healthy young trees are like]
to be on hand, since this determines policy toward the solicitation and acceptancz
of orders. A study of sampling methods for the estimation of the tota] numbers
of seedlings was undertaken by Johnson (1943). The data that follow were
obtained from a bed of silver maple seedlings, 1 ft wide and 430 ft long. The
sampling unit was 1 ft of the length of the bed, so that N = 430, By complete
enumeration of the bed it was found that ¥ = 19, 5% = 85,6, these being the
true population values.

With simple random sampling, how many units must be taken to estimate ¥
within 10%, apart from a chance of 1 in 20? From (4.5) we obtain

1252 (4)(85.6)
0T g7 T (1.9)2

n = 9§
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Since ny/N is not negligible, we take
95
no=-————pg =78
I+ {50

Almost 20, of the bed has to be .counted in order to attain the precision
desired.

The formulas for n given here apply only to simple random sampling in
which the sample mean is used as the estimate of Y. The appropriate for-
mulas for other methods of sampling and estimation are presented with the
discussion of these techniques.

4.6 ADVANCE ESTIMATES OF POPULATION VARIANCES

The nursery example is atypical in that the population variance S® was
known. In practice, there are four ways of estimating population vari-
ances for sample size determinations: (1) by taking the sample in two
steps, the first being a simple random sample of size »2; from which the value
of S§% or P and the required » will be obtained; (2) by the results of a pilot
survey; (3) by previous sampling of the same or a similar population; and
(4) by guesswork about the structure of the population, assisted by some
mathematical results.

Method 1 gives the most reliable estimates of S2 or P, but it is not often
used since it slows up the completion of the survey. When the method is
feasible, Cox (1952), following work by Stein (1945), shows how to compute
n from 4,2 or p; so that the final estimate i or p will have a preassigned
variance V, a preassigned limit of error d, or a preassigned coefficient of
variation. The first sample is assumed large enough to neglect terms of
order 1/n,® A few results are quoted.

Estimation of Y with Variance V

If 5,2 is the variance from the first sample, take additional units to make
the total sample size

n= 5—1—(1 =+ 3) (4.7)
|4 ny
The distribution of y is assumed to be approximately normal. If § were

known exactly, the required sample size would be S2/¥. The effect of not
knowing S 1s to increase the average size by the factor (1 + 2/ny).

Estimation of P with variance V
Let p, be the estimate of P from the first sample. The combined size of
the first two samples should be
p— P 3= 8y | 1 = 3nds (4.8)
1% P Vi
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The first term on the right is the size required if P is known to be equal to
p1- With this method, the ordinary binomial estimate p made from tk
complete sample of size n is slightly biased. To correct for bias, take

. V(1 — 2p)
P=p+ _(—__[7_
pq
Estimation of P with given cv = \'C
Take
¢ 3 1 45
SIS I WIS (43

Cp, mg: Cpim

The estimate is 2 = p — Cp/g. In all three results given above the fpee
ignored.

Example. A sampler wishes to estimate P with a coefficient of variation ¢

0.1 (10%). He guesses that P will lie somewhere between 5 and 20%. This rang
Is too wide to give a good initial estimate of the required #. Since the cv of P>

V' Q/nP, it is casily verified that n = 400 is adequate for P = 209, butn = 19
will be needed if P is only 5%.

According]y, he takes an initial sample with #, = 400 and finds p, = 0.1(¢}
Since VC = 0.1, C = 0.01. Equation 4.9 gives
(0.895) 3,1
" = 0.01)(0.105) ' (0.0940) " (0.01)(42)

The combined sample gives np = 88., p = 88/925 = 0.0951. The correctic
for bias, Cplg, amounts to 0.0011, giving a final estimate of 0.0940 or 9.4%,.

925

The second method, a small pilot survey, serves many purpose:
especially if the feasibility of the main survey is in doubt, If the pilot sur
vey is itself a simple random sample, the preceding methods apply. Bu
often the pilot work is restricted to a part of the population that is cor
venient to handie or that will reveal the magnitude of certain problems
Allowance must be made for the selective nature of the pilot when usin;
1ts results to estimate S%or P. For instance, a common practice is to confin:
the pilot work to a few clusters of units. Thus the computed s* measure
mostly the variation within a cluster and may be an underestimate of th
relevant S%. The relation between intra- and intercluster variation is dis
cussed in Chapter 9. The same problem arises in cluster sampling for pro
portions, in which the formula pg/n may underestimate the effect ¢
variation among clusters. Cornfield (1951) gives a good illustration ¢
the estimation of sample size in cluster sampling for proportions.

Method 3—the use of results from previous surveys—points to the valu
of making available, or at least keeping accessible, any data on standar
deviations obtained in previous surveys. Unfortunately, the cost of comr
puting standard deviations in complex surveys is high, even with electroni
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machines, and frequently only those s.d.’s needed to give a rough idea of the
precision of the principal estimates are computed and recorded. If suitable
past data are found, the value of S* may require adjustment for time
changes. With skew data in which Y is changing with time, Sis often found
to change at a rate lying somewhere between kY and k Y2, where k isa
constant. Thus, if Y is thought to have increased by 10% in the time
Interval since the previous survey, we might increase our initial estimate of
S% by 10 to 20%,.

Fiflally, a serviceable estimate of S® can sometimes be made from
relat}vely little information about the nature of the population. In early
studies of the numbers of wireworms in soils, a tool was used to take a
sample (9 x 9 x § in.) of the topsoil. For estimating n, the sampler
peeded tp know the standard deviation of the number of wireworms found
ltf;l a borlr}g with the tool. If wireworms were distributed at random over

€ topsoil, the number found in a small volume would follow the Poisson

distribution, for which S = ¥. Since there might be some tendency for

;"‘:crteworms to congregate, it was decided to assume S§%= 1.2 Y, the
the ?;11.2 being an arbitrary safety fgctgr_ Although ¥ was not known,
dama eues Olf Y that are of economic importance with respect to crop
POSsibgle f;)l;dt be _delmeated. 'These two pieces of information made it
Demin (]t;()e(;ml}r:e sample sizes tl_lat proved satisfactory.
€ used tg 60) s ows how some simple mathematical distributions may
the sha efstlhmat? S fro.m a knOWICd_ge of the range and a general idea of
propmge ot fed'smbuﬂon: If the distribution is like a binomial, with a
at the ot(}:n p of the Sbservatlons at one'end of the range and a proportion g
value of Sir—end, S 25 pah?, where h is the range. When p = ¢ = }, the
usefu] re| T 0.25h% is lhts maximum possible for a given range . Other
0.056,2 fatlon§ are th?t 8% = 0-033/12 fO_r a rectangular distribution, S* =
an isog, ora d'lStI'lbUtIOIl shaped like a right triangle, and S2 = 0.042/2 for
eles triangle.
it iseie”relanons do not.help much if his large or poorlyknown. However,
5) so lhagte;/gcl)(')d sampling practice is to stratify the population (Chapter
shape also bl,t in any stratum the range is much reduced. Usually the
ccomes simpler (closer to a rectangular) within a stratum.

Onseque

: ntly, these relat; o > ,, o

M . b lo 2 h
md“’ldual strata. ns are effective in predicting S2, hence n, within

47 SAMPLE SIZE WITH MORE THAN ONE ITEM

n .
meth:leSt surveys information is collected on more than one item. One
item, f of determining sample size is to specify margins of error for the
1at are regarded as most vital to the survey. An estimation of the
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certain o
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i thers. With populations that are sampled
i of sampling from o ) .
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fitems ingg four types,

Some itemg call for a

TABLE 4.1

AN EXAMPLE OF DIFFERENT Typgs OF ITEM 1y
REGIONAL SuRrveys
Type

Characteristics of Item
1

Widespread throughout the region, occur-
ring with reasonable frequency in al
parts.

2 Widespread throughout the region but with

low frequency. i

3 Occurrin;l wit})xl reasonable frequenc in Fahlghcr e Pling ratio,

most parts of the region, but With more

Sporadic distributio

or best results, 5 stratified
n, being abseng in

Type of Sampling Needed

A general Survey with 1oy
Sampling ratjq.

A general Survey, but wit

Sample with different i
: tensities ip
Some parts and highly concentrated in of the re io(r‘:‘(T(CIrcm )
others, "

hapter ).
Can SOmetimes  be in.
cluded in 5 general survey
with Supplementary sam.
Pling,

ribution very sporadic o concentrated Not suitable for a gen-
; /)}Smhutf(m \'8'7 5‘,“”{“‘“ m L eral survey.  Requires a
' | i Pm‘l ol the region. sample geared to its dis-

MEELLE tribution.

S me

e
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suggested by experience in regional agricultural surveys, is shown in Table
4.1. In this classification, a general survecy means one in which the units are

fairly evenly distributed over some region, as for example by a simple
random sample.

4.8 SAMPLE SIZE WHEN ESTIMATES ARE
WANTED FOR SUBDIVISIONS OF THE POPULATION

It is often planned to present estimates not only for the population as a
whole but for certain subdivisions. If these can be identified in advance, as
with different geographical regions. a separate calculation of » is made for
each region. Suppose that the mean of each subdivision is to be estimated
with a specified variance V. For the ith subdivision, we have n;, = S2/V,
so that the total sample size n = 3 S;*/V. The individual §2 will, on the
average, be smaller than S2, the population variance, but often they are
only slightly smaller. Thus, if there are k subdivisions, n = kS?%/V, whereas
if only the estimate for the population as a whole were wanted we would
take n = S/ V.

Thus if estimates with variance V are wanted for each of k subdivisions
the sample size must be roughly k times as large as is needed for an over-all
estimate of the same precision. This point tends to be overlooked in calcu-
lations of sample size by persons inexperienced in survey methods.

If the subdivisions represent classifications by variables such as age, sex,
income, and years of schooling, the subdivision to which a person belongs
is not known until the sample has been taken. Advance sample size esti-
mates can still bc made if the proportions =, of the units that belong to the
various subdivisions are known. If a simple random sample of size n is
selected, the expected size of sample from the ith subdivision is nmr,. The
average variance of the mean from this subdivision is

V() = E<S_") = SO
n; na;

if n, is large. Hence we require n == S2/m,V in order to make V(j,) = V-
If this 1s to hold for every subdivision,

R

) (5,“ ) . S? (1 )
N = max = — max | —
;v Vv T

i

If the subdivisions are approximately equal in size, 7, = 1/k. but the factor
max (1/m,) can be considerably larger than k if some subdivisions are rare.
In this event, we may either have to increase the value of V in this sub-
division or find some way of identifying units in rare subdivisions in ad-
vance so that they can be sampled at a higher rate. The method of double
sampling (Chapter 12) is sometimes useful for this purpose.
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The demands on sample size are still greater in analytical studies in whic
the specifications are
Wgi—g) <V

for every pair of subdivisions (domains). In this case

n = max l(i -+ S—’-)

i,J T TT]-

If the S2 are not very different from S2, n will be 2kS*/V when the
domains are of equal size, and still greater otherwise. The effect of ff

terms, neglected in this discussion, is to reduce the required n’s to som
extent.

49 SAMPLE SIZE IN DECISION PROBLEMS

A more logical approach to the determination of sample size can som
times be developed when a practical decision is to be made from the resul
of the sample. The decision will presumably be more soundly based if tt
sample estimate has a low error than if it has a high error. We may be ab
to calculate, in monetary terms, the loss /(z) that will be incurred in
decision through an error of amount z in the estimate. Although the actu
value of z is not predictable in advance, sampling theory enables us to fin
the frequency distribution f(z, n) of z, which for a specified samplir
method will depend on the sample size n. Hence the expected loss for
given size of sample is

L(n) =f1(z)f(z, n) dz

The purpose in taking the sample is to diminish this joss. If C(n) is th
cost of a sample of size n, a reasonable procedure is to choose # to minimiz

Cn) + L(n)

since this is the total cost involved in taking the sample and in makin
decisions from its results. The choice of n determines both the optimur
size of sample and the most advantageous degree of precision.

Alternatively, the same approach can be presented in terms of th
monetary gain that accrues from having the sample information, rathe
than in terms of the loss that arises from errors in the sample informatior
If monetary gain is used, we construct an expected gain G(n) from a sampl
of size n, where G(n) is zero if no sample is taken. We maxiniize

G(m) — C(n)

In this form the principle is equivalent to the rule in classical economit
that profit is to be maximized.
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The simplest application occurs when the loss function, /(z), is Az%, where
2 is a constant. It follows that

L(n) = 2E(z?®)
For instance. if Y is the sample estimate of Y, and z = Y — Y,

AS? _ AS?
n N

L(n) = AV(Y) =

if simple random sampling is used.
The simplest type of cost function for the sample is

Cn)y =cy+ cyn

where ¢, is the overhead cost. By differentiation, the value of n which
minimizes cost plus loss is

n= JiS¥e,

A more general form of this result is given by Yates (1960). The same
analysis applies to any method of sampling and estimation in which the
variance of the estimate is inversely proportional to n and the cost is a
linear function of n.

Blythe (1945) describes the application of this principle to the estimation
of the volume of timber in a lot for selling purposes (see exercise 4.11).
Nordin (1944) discusses the optimum size of sample for estimating poten-
tial sales in a market which a manufacturer intends to enter. If the sales
can be forecast accurately, the amount of fixed equipment and the pro-
duction per unit period can be allocated to maximize the manufacturer’s
expected profit. Grundy et al. (1954, 1956) consider the optimum size of a
second sample when the results of a first sample are already known.

This approach has received substantial further development from workers
on statistical decision theory. Generalizations include the substitution of
utili?y‘ for money value as a scale on which to measure costs and losses, the
exphcn.use of subjective prior information about unknown parameters by
expressing this information as *“‘prior” probability distributions of the
unknown parameters, and the investigation of different types of cost and
loss functions and of qualitative as well as quantitative data. For a com-
prehensive account of the method, see Raiffa and Schlaifer (1961). Al-
though it is still not evident how frequently decision problems will be
amenable to complete solution by this approach, the method has value in
stimulating clear thinking about the important factors in a good decision.
One area that appears suitable for applications is the sampling of lots of
articles in a mass-production process in order to decide whether to accept
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or reject the lot on the basis of its estimated quality. Sittig (1951) con.-
siders the economics of sample-size determination, taking account of costs
of inspection and the costs incurred through defective articles in acceptec

lots and good articles in rejected lots.

EXERCISES

4.1 In a district containing 4000 houses the percentage of owned houses is t«¢
be estimated with a s.e. of not more than 2¢, and the percentage of two-cayy
households with a s.e. of not more than 1%. (The figures Z.zmd 1°,are the
absolute values, not the cv’s.) The true percentage of owners is lhought to lie
between 45 and 65%, and the percentage of two-car houscholds between 5 an ¢
10%. How large a sample is necessary to satisfy both aims?

4.2 In the population of 676 petition sheets (Table_ 2.1, page ;7_7) how "“‘ge
must the sample be if the total number of signatures is to be cstimated with ™ 4
margin of error of 1000, apart from a 1 in 20 chance? Assume that the value o1
s given on page 27 is the population S*.

4.3 A survey is to be made of the prevalence of lhencommon. diseases in
large population. For any discqse that affects at least 19, of thg individuals e
the population, it is desired to estimate the total nqmber ofcascs, with a coefficie ry ‘
of variation of not more than 20%. () What size of simple random sample ;
needed, assuming that the presence of the disease can be rccognized withous
mistakes? (») What size is needed if total cases are wanted separately for male
and females, with the same precision? S

4.4 1n a wireworm survey the number of wireworms per acre is to be estj
mated with a limit of error of 309, at the 959 probability level, in any field j N
which wireworm density exceeds 200,000 per acre in the top 5 in. of soil. Thn
sampling tool measures 9 x 9 x5 in. deep. Assuming that the number oe
wireworms in a single sample follows a distribution slightly more variable thg
the Poisson, we take S2 = 1.2Y. What size of simple random sample js needed -
(1 acre = 43,560 sq ft.) <

4.5 The following coefficients of variation per unit were obtained in a farp
survey in Iowa, the unit being an area 1 mile square (data of R. J. Jessen): b

Estimated cv

Item (%9
Acres in farms 38
Acres in corn 39
Acres in oats . 44
Number of family workers 100
Number of hired workers 110
Number of unemployed 317

A survey is planned to estimate acreage items with a cv of 2} % and numbers of
workers (exclgdmg unemployed) withacvof §%. With simple random sampling
how many units arc needed? How well would this sample be expected to cstimaté
the number of unemployed?
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4.6 By experimental sampling, the mean value of a random variate is to be
estimated with variance V = 0.0005. The values of the random variate for the
first 20 samples drawn are shown below. How many more samples are needed ?
(Use equation 4.7.)

Sample Value of Sample Value of
Number Random Variate Number Random Variate

1 0.0725 11 0.0712

2 0.0755 12 0.0748

3 0.0759 13 0.0878

4 0.0739 14 0.0710

5 0.0732 15 0.0754

6 0.0843 16 0.0712

7 0.0727 17 0.0757

8 0.0769 18 0.0737

9 0.0730 19 0.0704

10 0.0727 20 0.0723

4.7 A household survey is designed to estimate the proportion of families
possessing certain attributes. For the principal items of interest, the value of P
is expected to lie between 30 and 707;. With simple random sampling, how
large are the valuesof # necessary to estimate the following means with a standard
error not exceeding 37,? (a) the over-all mean P. (b) the individual means P;
for the income classes—under $5000; S5000 to $10,000; over $10,000.
(i =1, 2, 3). (c) the differences between the means (P; — P;) for every pair of
the classes in (b). Give a separate answer for (a), (b), and (c). Income statistics
indicate that the proportions of families with incomes in the three classes above
are 50, 38, and 129

4.8 The four-year colleges in the United States were divided into classes of
four different sizes according to their 1952-1953 enroliments. The standard
deviations within each class are shown below.

Class

1 2 3 4

Number of students <1000  1000-3000 3000-10,000 over 10,000
S 236 625 2008 10,023

If you know the class boundaries but not the values of §, how well can you
guess the S values by using simple mathematical figures (section 4.6)? No
college has less than 200 students and the largest has about 50,000 students.

49 Witha quadratic loss function and a linear cost function, as in section
4.9, S% is reduced to S* by a superior sampling plan, ¢,, ¢;, and 2 remaining
unchanged. If #’, ¥“denote the new optimum sample size and the accompanying
V(Y), show that n” <'n and that ¥’ < V, provided that n = N/2.
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4.10 If the loss function due to an error in 7 is 4|7 — Y|and if the cost

C = ¢y + cun, show that with simple random sampling, ignoring the fpc, the
most economical value of  js

a

VA ) 4
oV 27

.4.11 .(Adapted from Blythe, 1945) The selling price of a lot of standing
tgmber is UW, where U is the price per unit volume and M’ is the volume of
timber on the lc_)t. The number N of logs on the lot is counted, and the average
yolume per log is estimated from a simple random sample of n log.. The estimate
is made and paid for by the seller and is provisionally accepted by the buyer,
Lgte_r, the buyer_ﬁnds out the exact volume purchased, and the scller reimburses
hxm if he has paid for more than was delivered. If he has paid for less than was
delivered, the buyer does not mention the fact.

Construct the seller’s loss function. Assuming that the cost of measuring n
logs is cn, find the optimum value of #. The standard deviation of the volume
per log may be denoted by S and the fpc ignored.
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CHAPTER 5

Stratified Random Sampling

5.1 DESCRIPTION

In stratified sampling the population of NV units is first divided into sub-
populations of N, Ny, - - -, N, units, respectively. These subpopulations
are nonoverlapping, and together they comprise the whole of the popu-
lation, so that

N+ Ny+- -4+ N, =N

The subpopulations are called strara. To obtain the full benefit from strati-
fication, the values of the N, must be known. When the strata have been
determined, a sample is drawn from each, the drawings being made inde-
pendently in different strata. The sample sizes within the strata are de-
noted by ny, ny, - - -, ny, respectively.

If a simple random sample is taken in each stratum, the whole procedure
is described as stratified random sampling.

Stratification is a common technique. There are many reasons for this;
the principal ones are the following:

I. If data of known precision are wanted for certain subdivisions of the
population, it is advisable to treat each subdivision as a “‘population” in its
own right.

2. Administrative convenience may dictate the use of stratification;
for example, the agency conducting the survey may have field offices, cach
of which can supervise the survey for a part of the population.

3. Sampling problems may differ markedly in different parts of the
population.  With human populations, pcople living in institutions (e.g.,
hotels, hospitals, prisons) are often placed .in a different stratum from
people living in ordinary homes because a different approach to the samp-
ling is appropriate for the two situations. In sampling businesses we may
possess a list of the large firms, which are placed in a separate stratum.
Some type of area sampling may have to be used for the smaller firms.

87
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4. Stratification may produce a gain in precision in the CStimZ.itf?S of
characteristics of the whole population. It may be possible to divide a
heterogeneous population into subpopulations, cach of which is }nternally
homogeneous. This is suggested by the name strata, with its implication of
a division into layers. If each stratum is homogeneous, in that the meas-
urements vary little from one unit to another, a precise estimate of any
stratum mean can be obtained from a small sample in that stratum. These

estimates can then be combined into a precise estimate for the whole
population.

The theory of stratified sampling deals with the properties of the esti-
mates from a stratified sample and with the best choice of the sample sizes

n, to obtain maximum precision. In this development it is taken for
granted that the strata have already been constructed. The problems of
how to construct strata and of how man

y strata there should be are
postponed to a later stage (section 5A.6).

5.2 NOTATION

The suffix i denotes the stratum and i the unit within the stratum. The
notation is a natural extension of that previously used. The following
symbols all refer to stratum h:

N total number of units
' . .
‘ number of units in sample
n, ]
value obtained for the ith unjt
yhi
Na stratum weight
Wh = N
f, = n sampling fraction in the stratum
Ny
A
_ z y}n'
Y, = =1 true mean
N,
np
Z yhi
_ =l
g, = =— sample mean
h
AW
7 \2
> (ni— Vi) .
S.2 = i=1 true variance
h
Nh - 1

Note that the divisor for the variance is (N, — 1).
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5.3 PROPERTIES OF THE ESTIMATES

For the population mean per unit, the estimate used in stratified sampling
is 7, (st for stratified), where

L
z Nhgh
Po = h—v-lN (5.1

where N = N, + N, + -~ -+ Ny.
The estimate 7, is not in general the same as the sample mean. The

sample mean, 7, can be written as

L
1,

h=1

j = (5.2)

n
The difference is that in 7., the estimates from the individual strata receive

their correct weights N,/N. It is evident that j coincides with 7, provided
that in cvery stratum

n, N, n, n
n N N,

This means that the sampling fraction is the same in all strata. This
stratification is described as stratification with proportional allocation of
the n,. It gives a self-weighting sample. If numerous estimates have to be
made, a seif-weighting sample is time-saving.

The principal properties of the estimate j,, are outlined in the following
theorems. The first two theorems apply to stratified sampling in general
and are not restricted to stratified random sampling; that is, the sample
from any stratum need not be a simple random sample.

Theorem 5.1. If in every stratum the sample estimate 7, is unbiased,
then 7,, is an unbiased estimate of the population mean Y.
Proof.
L L
2 Nuiln
= h=1 h=
E(ga) = EX=F—="—F¢
since the estimates are unbiased in the individual strata. But the popu-
lation mean Y may be written

N,Y,
1

L Ny L .
z z Yhi N, Y,
AR et W T
N N

This completes the proof.
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Corollary. Since 7, is an unbiased estimate of Y, for simple random
sampling within strata. 7, is an unbiased estimate of Y for stratified ran-
dom sampling.

Theorem 5.2. For stratified samphng the variance of 7, as an esti-
mate of the population mean 7, is

Z thv(.’?h) A
V(7s) = QT— =3 W,2V(7,) (5.3)

h=1
where

V(g = E(y — T,)°
There are two restrictions on the theorem: (a) ¥, must be an unbiased
estimate of Y,, and (b) the samples must be drawn independently in
different strata.

Proof.
— V= Z Ny _ z Nhyh
N N
— Z Nh(gh - }7)1) (54)
N

where the sum extends over all strata. Note that the error (F, — Y)

In the estimate is now expressed as a weighted mean of the errors of

estimation which have been made within the individual strata. Hence
(!7“ _ ?)2 — Z th(.:?\;52_ )7)1)2 + 2 z NhNi(gh ;2 Y)l)(g?l - Y})

where the right-hand term extends over all pairs of strata.

We now average over all possible samples. For any cross- product term,
we begin by keeping the sample in stratum 4 fixed, and average over all
samples in stratum j. Since sampling is independent in the two strata, the
possible samples in stratum j will be the same and have the same proba-
bilities, whatever sample has been drawn in stratum h. But since 7; IS
assumed unbiased, the average of (7, — Y,) is zero. Hence all cross-pr0d~

uct terms vanish.
The squared terms give

1% z Nh E(./h - Yh)2 Z NIL2V(;I7I()
(? st) NZ N2

The important point about this result is that the variance of 7, depen_t_is
only on the variances of the estimates of the individual stratum means Y»-
If it were possible to divide a highly variable population into strata sucE
that all items had the same value within a stratum, we could estimate Y
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without any error. Equation (5.4) shows that it is the use of the correct
stratum weights N,/N in making the estimate g, that leads to this result.

Theorem 5.3. For stratified random sampling, the variance of the
estimate j, is

L
v<gs,)=Niz S Ny(Ny — n,,> zwzs" 1—7)  (55)
h=1

Proof. Since 7, is an unbiased estimate of Y theorem 5.2 can be
applied. Further, by theorem 2.2, applied to an individual stratum,
_ SEN, —n
V(g == ——
n, N,
By substitution into the result of theorem 5.2, we obtain
_ 1 & o, 1 L S 0 Sh
V(yst) = F’leh V(yh) = NE zNh(Nh - nh) z W (1 - fh)
= h=1

h

Some particular cases of this formula are given in the followmg corol-
laries.

Corollary 1. If the sampling fractions n,/N, are negligible in all strata,

N 2¢ 2
V(i) = — 2 S > WSy (5.6)
n, n,

This is the appropriate formula when finite population corrections can be
ignored.

Corollary 2. With proportional allocation, we substitute

LA
"N
in (5.5). The variance reduces to
P ﬂSth—n _l—f 2
V(i) = 2 N n ( N ) = 2 WS, 5.7

Corollary 3. If sampling is proportional and the variances in al] strata

have the same value, S,% we obtain the simple result

_ SSE(N —n
14 = 2w (X7 F
(Fs2) . ( N ) (5.8)
Theorem 5.4. If ¥, = Ny, is the estimate of the population tota]
Y, then

v S)12
V( Yst) = z Nh(Nh, - nh -

”h

(5.9)
This follows at once from theorem 5.3.
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TABLE 5.1
Sizes oF 64 CiTies (1N 1000’s) IN 1920 AND 1930
1920 Size (=) 1930 Size (7,,)
Stratum Stratum

h=1 2 1 2

797 314 172 121 900 364 209 113
773 298 172 120 822 317 183 115
748 296 163 119 781 328 163 123
734 258 162 118 805 302 253 i54
588 256 161 118 670 288 232 140
577 243 159 116 1238 291 260 119
507 238 153 116 573 253 201 130
507 237 144 113 634 291 147 127
457 235 138 113 578 308 292 100
438 235 138 110 487 272 164 107
415 216 138 110 442 284 143 114
401 208 138 108 451 255 169 111
387 201 136 106 459 270 139 163
381 192 132 104 464 214 170 116
324 180 130 101 400 195 150 122
315 179 126 100 366 260 143 134

Nore. Cities are arranged in the same order in both years.

Totals and sums of squares

1920 1930

Stratum

2@ @A | S 2 (nd)
8,349 4,756,619 10,070 7,145 450
7.941 1,474,871 | 9498  2.141729

Example. Tab]
thousangs, of 6;2 12%51 C?thi::v§ the 1929 and 1930 numbers of inhabitants, in
taking the cities whiot, rankem the United States. The datu_ were obtained by

e ot . types of business enterprise
Be cities—contribute very substantially to the total

ariability than the remainder.
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The stratum totals and sums of squares are given under Table 5.1. Only the
1930 data arc used in this example: the 1920 data appear in a later example.
For the complete population in 1930, we find
Y = 19,568, ® = 52,448

~

The three estimates of Y are denoted by Y., ¥prop and ¥ quar
1. For simplec random sampling,

] NISEN — 64)2(52,448) (40
V(Ppn) = - n _ (6476 )( ) = 5,594,453

n N 24 64
from theorem 2.2, corollary 2. The standard error is
o(¥Yyqn) = 2365
2. For the individual strata the variances are
S,% = 53,843, S, = 5581
Note that the stratum with the largest cities has a variance nearly 10 times that

of the other stratum.
In proportional allocation, we have n; = 6, n, = 18. From (5.7), multiplying

by N2, we have
_ N —n o
V( Yprop) = n Z A’hsh-
= $91(16)(53,843) + (48)(5581)] = 1,882,293

o( ?l)rop) = 1372
3. For n, = n, = 12 we use the general formula (5.9):

o

) s,
V(Y qua) = DNUN, = my, —n’,_

_(16)(4)(53,843) + (48)(36)(5581)

3 3 = 1,090,827

0( ?pqual) = 1044
In this example equal sample sizes in the two strata are more precise than
proportional allocation. Both are greatly superior to simple random Sampling

5.4 THE ESTIMATED VARIANCE AND
CONFIDENCE LIMITS

If a simple random sample is taken within each stratum, an u“biased
estimate of S,2 (from theorem 2.4) is

A 1 2a — 392
92 = —— 3 (U — B 5
h , — lgl(./) Y ( 10)
Hence We obtain the following:

Theorem 5.5. With _strgtiﬁed random sampling, an unbiaseq esti.
mate of the variance of ¥, is

o

_ 1 L Sh
_ 2 . — -
o(F:) = S Fa) = 55 3 Nu(No = ) - (5.11y
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An alternative form for computing purposes is

L2 2 L 2

g =3 s 5 Wasw (5.12)
a=1 Ny =1 N

The second term on the right represents the reduction due to the fpc.

In order to compute this estimate, there must be at least two units drawn
from every stratum. Estimation of the variance when stratification is car-
ried to the point at which only one unit is chosen per stratum is discussed
in section 5A.11.

Corollary. In certain applications it is reasonable to suppose that
S,? has the same value in all strata. From the analysis of variance of the
sample, a pooled estimate of this common variance is

L ny

Z 2 (Uni — Fn)?

sw2 — h=1i=1
n—L

Since sampling is usually proportional in this situation, the estimateqd
variance of 7, takes the simple form (from theorem 5.3, corollary 3)

2

_ S, N —n
WYe) = — ———
(¥s0) n N

with n — L degrees of freedom.

The formulas for confidence limits are as follows:

Population mean: Vs £ 15(Fs0)

_ _ (5.13)
Population total: Ny, + tNs(y,,)

(5.14)

These formulas assume that 7, is normally distributed and that s(7,) is
well determined, so that the multiplier  can be read from tables OF{the
normal distribution.

If only a few degrees of freedom are provided by each stratum the
usual procedure for taking account of the sampling error attached 'to a
quantity like s() is to read the r-value from the tables of Student’s #
instead of from the normal table. The distribution of 5(7,,) is in general too
complex to allow a strict application of this method. An approximate
method of assigning an effective number of degrees of freedom to s(Fq) is as
follows (Satterthwaite, 1946): )

We may write

_ 1 E
s (Fs) = = Eghs,f, where g, =
N h=1 nh
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The effective number of degrees of freedom », is

— (Z ghsh2)2

n,
24

z 8n Sh
n, — 1

(5.15)

The value of n, always lies between the smallest of the values (n, — 1)
and their sum. The approximation takes account of the fact that S,?
may vary from stratum to stratum. It requires the assumption that the
Yy; are normal, since it depends on the result that the variance of s,* is
20,%/(n, — 1). As shown in formula 2.51, page 43, the variance of 5,* will
be larger than this if the distribution of ¥,, has positive kurtosis. In this
event, formula 5.15 overestimates the effective degrees of freedom.

5.5 OPTIMUM ALLOCATION

In stratified sampling the values of the sample sizes n, in the respective
strata are chosen by the sampler. They may be selected to minimize

V() for a specified cost of taking the sample or to minimize the cost for a
specified value of V(7).

The simplest cost function is of the form

cost =C = ¢y + Dy, (5.16)

Within any stratum the cost is proportional to the size of sample, but the
cost per unit ¢, may vary from stratum to stratum. The term ¢, TEpresents
an overhead cost. This cost function is appropriate when the major item
of cost is that of taking the measurements on each unit. If travel costs
between units are substantial, empirical and mathematical studies suggest
that travel costs are better represented by the expression S1,Vn, where 1,

is the travel cost per unit [Beardwood et al. (1959)]. Only the linear cost
function (5.16) is considered here.

Theorem 5.6. In stratified random sampling with a cost function of the
form (5.16) the variance of the estimated mean #,, is a minimum when n,
is proportional to N,S,/Vc,.

Proof. The problem is to minimize

V) =3 WS (g = STESE SIS
=1 n, r=1 N, =1 Ny

subject to the restriction

ey +conpg+ -+ epny =C — ¢
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Using the calculus method of Lagrange multipliers, we select the n, and
the multiplier A to minimize

V(#a) + A2 cpny — C + o)

2¢ 2
= Emis_hz - EM_ + Aeyny + g + -+ cpny, — C + ¢p)
n, N,

Differentiation with respect to n, gives the equations

2
WS =0 (=12, L)
n,?
that is,
2 = WaS (5.17)
Ch

Summing over all strata, we obtain

i =3 Wi (5.18)
\/C;,
Finally, the ratio of (5.17) to (5.18) gives
n,_ WSiNa _ NSJe,
M LIS L. (5.19)
no SWSiNe) (NS

This theorem leads to the followin

g rules of conduct. Ina given stratum,
take a larger sample if

1. the stratum is larger,
2. the stratum is more variable internally,
3. sampling is cheaper in the stratum.

One further step is needed to complete the allocation. E
gives the n, in terms of », but we do not yet know what val
solution depends on whether the sample is chosen to meet a

cost C or to give a specified variance V for Gse-
optimum values of n,

quation (5.19)
ue n has, The

specified total
If cost is fixed, substitute the
in the cost function (5.16) and solve for .

(€= )TN
z(NhSh\/Ch)
If V is fixed, substitute the optimum #, in the formula for V(#,,). We find

S WS S WiSiVen
n =
V + (I/N) 3 WS,

This gives

where W, = N,/N.
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An important special case arises if ¢, = c, that is, if the cost per unit is
the same in all strata. The cost becomes C = ¢, + cn, and optimum allo-
cation for fixed cost reduces to optimum allocation for fixed sample size.
The result in this special case is as follows:

Theorem 5.7. In stratified random sampling V(7,,) is minimized for a
fixed total size of sample n if

thh = n Nhsh
z u/hsh z Nhsh
This allocation is sometimes called the Neyman allocation, after Neyman
(1934), whose proof gave the result prominence. An earlier proof by
Tschuprow (1923) was later discovered.

A formula for the minimum variance with fixed » is obtained by sub-

stituting the value of n, in (5.20) into the general formula for V(7). The
result is

(5.20)

n, =n

2 2
Vmin(gs!) = (z WhSh) - 2 ”/hSh (521)
n N
The second term on the right represents the fpc.

An alternative proof of the allocation results (Stuart, 1954) uses the

Cauchy-Schwarz inequality. Minimizing ¥ for fixed C or C for fixed ¥
are both equivalent to minimizing the product

) W,z2S,2
4 C = (z M)(Z Chnh)
n,

since V" and C’ are the parts of ¥ and C that depend on the n,. The
inequality states that if q,, b, are two sets of positive numbers, then

CadCh? > Caub,)? (5.22)

the equality occurring only if b,/a, is constant for all h. Take

— bh = \/?"h
The inequality (5.22) gives

e W,2S,2 . —
Ve = (Z \S)(Z am) = (2 a3 b2 > (3 WS’

n,

The minimum value occurs when

I3
by — n cy
a, WS,

1

in agreement with theorem 5.6.

= constant
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5.6 RELATIVE PRECISION OF STRATIFIED
RANDOM AND SIMPLE RANDOM SAMPLING

If intelligently used, stratification nearly always results in a smalle
variance for the estimated mean or total than is given by a comparatyy
simple random sample. It is not true, however, that any stratified rand oy
sample gives a smaller variance than a simple random sample. If the valyy,
of the n, are far from optimum, stratified sampling may have a higly
variance. In fact, even stratification with optimum allocation for i,
total sample size may give a higher variance, though this result is |
academic curiosity rather than something likely to happen in practice

In this section a comparison is made between simple random samp] j .
and stratified random sampling with proportional and optimum aly
cation.* This comparison shows how the gain due to stratificatior,
achieved. The fpc is ignored.

The variances of the estimated means are denoted bY Ve Vprop-and 1~
respectively. >
Theorem 5.8. If terms in n,/N, are ignored,

Vopl S Vnrazz ..<_ Vran

S.>
where the optimum allocation is for fixed », that is, with », o¢ N, S,.
Proof. If the fpc is ignored, e
52
Vran =
- (5.2,
_ S N,S from equation (5.7), sectj
Voro» = nN [ , on 3.3] (525

(z N;,Sh)2 tion (5.21 i
V.= e [from equation (5.21), section 5.5] (5_2G
From the standard algebraic identity for the analysis of variance of t

stratified population, we have b
(N — NSt = Z 2 (i — 7)2
h o2

=>>Un— Y, + )zNh(?h ~ Y)?
ho1 ¢

=S (N, — DS’ + IZ N(Y, — Y)? (527
h L

* Interesting discussions of this question are given by Armitage (1947) and Evan&
(1951).
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Since terms in 1/, are negligible, this may be written

NS*= S NS>+ 3 N, — Y)°
h h

Hence
S _ IS INT = Ty
n nN nN
Y, — Y)?
V4 2T XY (528)

nN

By the definition of V,_,, we must have V', > V,,,. Their difference is

nt>

1 . 2 N;.Sn)z]
V. — V. & =— N,S,* — &=——"—=

prop ot IIN|:Z AR N

= L S NS, — 87 (5.29)
nN
where § = >N, S,/N. From (5.29) and (5.28)
2 v EVAY]

Vien = Vi + 20 = 87 2 M= T (5.50)

nN nN

To summarize, there are two components to the decrease in variance as
we change from simple random sampling to optimum allocation. The
first component (term on the extreme right) comes from the elimination of
differences among the stratum means; the second (middle term on the
right) from elimination of the effect of differences among the stratum
standard deviations. The second component represents the difference in
variance between optimum and proportional allocation.

If the fpc cannot be neglected, the same type of analysis leads to the
result
N —n

v, _N—n
nN(N — 1)

ran — prop

[}: R e M)&f]
(5.31)

It follows that proportional stratification gives a higher variance than
simple random sampling if

DA D SEES ,%,Z (N = NS, (532)

Mathematically, this can happen. Suppose that the S,?2 are all equal to
S.% so that proportional allocation is optimum in the sense of Neyman.
Then (5.32) becomes

z Nh()_/h - )7)2 < (L - I)SW2
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or

2 N(Y, — Y <SSz
L—-1

Those familiar with the analysis of variance will recognize this relation as
implying that the mean square among strata is smaller than the mean
square within strata, that is, that the F-ratio is less than 1.

5.7 WHEN DOES STRATIFICATION PRODUCE
LARGE GAINS IN PRECISION?

The ideal variate for stratification is the value of y itself—the quantity
to be measured in the survey. If we could stratify by the values of y, there
would be no overlap between strata, and the variance within strata would
be much smaller than the over-all variance, particularly if there were many
strata. This situation is illustrated by the example in section 5.3, page 92.
The population consisted of the sizes (numbers of inhabitants) of 64 cities
in 1930, stratified by size. Although there were only two strata, propor-
tional stratification reduced the s.e. (¥) from 2365 to 1372. Stratification
with n; = n, = 12, which is optimum under Neyman allocation, produced
a further reduction to 1044.

In practice, of course, we cannot stratify by the values of 4. Byt some
important applications come close to this situa.tion, and therefore give
large gains in precision, by satisfying the following three conditigns.

1. The population is composed of institutions varying widely in size-
2. The principal variables to be measured are closely related to the sizes
of the institutions.

3. A good measure of size is available for setting up the strata.

Examples are businesses of a specific kind, for example, groceries (in
surveys dealing with the volume of business or number of employees);
schools (in surveys related to numbers of pupils), hospitals (in studjes ©
patient load), and income tax returns (for items highly correlated with
taxable income). In the United States farms also vary greatly in size a$
measured by total acreage or gross income, but common farm items, such
as the production of particular crops or types of livestock, often exhibit
only a moderate correlation with farm size, so that the gains from strati-
fication by farm size are not huge.

If the size of the institution remains stable through time, at least for
short periods, then its best practical measure is usually the size of the in-
stitution on some recent occasion when a census was taken. The example
in section 5.3 illustrates the situation in which good previous data are
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wailable. Table 5.2 shows the S, and the resulting optimum n, oc N,.S,,
when the allocation is made from 1920 and 1930 data, respectively.

The 1920 data indicate an n, of 11.56, as against a “‘true’’ optimum of
12.21 for the 1930 data. When rounded to integers, both sets of data give
the same allocation—a sample size of 12 from each stratum.

Note that the optimum sampling fraction is 759 in stratum 1 but only
259% in stratum 2. It is often found that because of the high variability of
the stratum consisting of the largest institutions the formula calls for 1009
sampling in this stratum. Indeed, the allocation may call for more than

TABLE 5.2
CALCULATION OF THE OPTIMUM ALLOCATION
1920 Data 1930 Data
Stratum N), Sh N,,S), ny, Sh NhSh ny
1 i6 163.30 2612.80 11.56 232.04 3712.64 12.21
2 48 58.55 2810.40 12.44 74.71 3586.08 11.79
Totals 64 5423.20 24.00 7298.72 24.00

100 % sampling (see section 5.8). Note also that the S, are smaller in 1920
than in 1930. The 1920 data give an overoptimistic impression of the pre-
cision to be obtained in a 1930 survey. As mentioned in section 4.6, the
possibility of a change in the levels of the S, should always be considered
when using past data, even though an allowance for change may have to
be something of a guess.

Geographic stratification, in which the strata are compact areas such as
counties or neighborhoods in a city, is common—often for admini-
strative convenience or because separate data are wanted for each stratum.
It is usually accompanied by some increase in precision because many
factors operate to make people living or crops growing in the same area
show similarities in their principal characteristics. The gains from geo-
graphic stratification, however, are generally modest. For example,
Table 5.3 shows data published by Jessen (1942) and Jessen and Houseman
(1944) on the effectiveness of geographic stratification for a number of
typical farm economic items.

Four sizes of stratum are represented—the township, the county, the
“type of farming™ area, and the state. To give some idea of the relative

sizes of the strata, there are about 1600 townships, 100 counties, and 5 areas
in lowa.
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In the table the precision of a method of stratification is taken as 1n-
versely proportional to the value of ¥(7,,) given by the n'1ethod. Thus }he
relative precision of method 1 to method 2 is the ratio Vol Vi(Fse)s
expressed as a percentage. The data shown are averages over the numbers
of items given in the second column. The county is taken as a standard in
each case. As indicated, the gains in precision are moderate. In lowa the
use of 1600 strata (townships) compared with no stratification (state)
increases the precision by about 30%; that is, it reduces the variance by
about 25%,.

TABLE 5.3
RELATIVE PRECISION OF DIFFERENT KINDS OF GEOGRAPHIC
STRATIFICATION (IN PER CENT)

Stratum
Type of
No. of Farming
State Items Township County Area State
Iowa, 1938 18 115 100 96 91
Towa, 1939 19 121 100 97 91
Florida, 1942
Citrus fruit area 14 144 100
Truck farming area 15 111 100 ..
California, 1942 17 113 100 97

As regards proportional versus optimum stratification, there are two
situations in which optimum stratification wins handsomely. The first is
the case, already discussed, in which the population consists of large and
small institutions, stratified by some measure of size. The variances S,* are
usually much greater for the large institutions than for the small, making
proportional stratification inefficient. The second situation is found in
surveys in which some strata are much more expensive to sample than
others. The influence of the factor v/, may make proportional allocation
poor.

When planning an allocation in which the estimated n, do not differ
greatly from proportionality, it is worthwhile to estimate how much larger
V(gs,) or V(Y,,) become if proportional allocation is used. The optima in
the allocation problem are rather flat (see section 5A.2) and the increase
In variance may turn out surprisingly small. Moreover, the superiority of
the optimum, as computed from estimated values of the S,, is always exag-
gerated because of the errors in the estimated S,. The simplicity and the
self-weighting feature of proportional allocation are probably worth 2
10-t0-20% increase in variance.
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5.8 ALLOCATION REQUIRING MORE THAN 100
PER CENT SAMPLING

As mentioned in section 5.7, the formula for the optimum may produce
an n, in some stratum that is larger than the corresponding N,. Consider
the example on city sizes in section 5.3. A sample of 24 cities, distributed
between two strata, called for 12 cities out of 16 in the first stratum and 12
out of 48 in the second. Had the sample size been 48, the allocation would
demand 24 cities out of 16 in the first stratum. The best that can be done is
to take all cities in the stratum, leaving 32 cities for the second stratum
instead of the 24 postulated by the formula. This problem arises only when
the over-all sampling fraction is substantial and one stratum is much
more variable than the others. It has occurred in practice on several
occasions.

Care must be taken to use the correct formula in predicting the expected
variance from this allocat'an or in comparing the allocation with others.
Formula 5.5 in section 5.3 is appropriate if the n, given by the revised
optimum allocation are substituted. Formula 5.21 for the minimum vari-
ance for fixed n

(z H/hsh)z _ Z H/hsll2
n N

Vmin(gsl) =

is no longer correct. 1f stratum I is the only stratum in which oversampling
is indicated, the correct formula for V', ; becomes

min

where >’ denotes summation over all strata except stratum 1.

5.9 ESTIMATION OF SAMPLE SIZE WITH
CONTINUOUS DATA

Formulas for the determination of n under an estimated optimum allo-
cation were given in section 5.5. The present section presents formulas for
any allocation, with some useful special cases. It is assumed that the esti-
mate has a specified variance V. If, instead, the margin of error d (section
4.4) has been specified, V = (d/1)?, where ¢ is the normal deviate corre-
Sponding to the allowable probability that the error will exceed the desired

margin.
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Estimation of the Population Mean Y

Let 5, be the estimate of S, and let n, = w,n, where the w, have been

chosen. In these terms the anticipated V(7,) (from theorem 5.3, section
53)is

2. 2
v=lsWis _Llsy. . (5.33)
n wy, N
with W, = N,/N. This gives, as a general formula for #,
‘/thshz
n = 1 W (539
V+ ‘N 2 Wysi®
If the fpc is ignored, we have, as a first approximation,
— 1 Wh25)12
ng = ” " (5.35)
If ny/N is not negligible, we may calculate n as
_ ngy
n= N (5.36)
I+ — W,S 12
Ny 2 s
In particular cases the formulas take va.lrious forms that May be more
convenient for computation. A few are given.
Presumed optimum allocation (for fixed n): w), oc W,s,.
. (z ”/hsh.)2 5 37
- 1 (5.37)
|4 + N Z u/h.sh2
Proportional allocation: w, = W, = N,/N.
W,s,® . n
ny = _Z_-—I/-)—’— R n = . 5.38
1 + 2 (5.38)
N

Estimation of the Population Total

If V'is the desired ¥(7,,), the principal formulas are as follows -
General:

2.2
N,"s,

2
n= 5.39)
V+ 2 Nys)® ©
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Presumed optinmum (for fixed n):

— (2 Nhsh)2 (5 40)
l/ + z }Vhsh:Z
Proportional:
ny = % SNsE on=— (5.41)

1+ 2
N

Example. This example comes from a paper by Cornell (1947), which
describes a sample of United States colleges and universities drawn in 1946 b
the U.S. Office of Education in order to estimate enroliments for the 1946-1947
academic year. The illustration is for the population of 196 teachers’ colleges
and normal schools. These were arranged in seven strata, of which one small
stratum will be ignored. The first five strata were constructed by size of institu-
tion; the sixth contained colleges for women only. Estimates s, of the S, were
computed from results for the 1943-1944 academic year. An “‘optimum™
stratification based on these s, was employed.

The objective was a cocfficient of variation of 59 in the estimated total
enrollment. In 1943 the total enrollment for this group of colleges was 56,472,
Thus the desired standard error is

(0.05)(56,472) = 2824
so that the desired variance is
V = (2824)* = 7,974,976

It may be objected that enrollments will be greater in 1946 than in 1943 and
that allowance should be made for this increase. Actually, the calculation
assumes only that the cv per college remains the same in 1943 and 1946—an
assumption that may not be unreasonable.

Table 5.4 shows the values of N,, s,. and N,s,, which were known before
determining ». ) .
The appropriate formula for » is (5.40), which applies to an “optimum
allocation for estimating a total. With only 196 units in this population, 1t Is

TABLE 5.4
DATA FOR ESTIMATING SAMPLE SIZE
Stratum N, S Nysy, ny
1 13 325 4,225 9
2 18 190 3,420 7
3 26 189 4914 10
4 42 82 3,444 7
5 73 86 6,278 13
6 24 190 4,560 10

Totals 196 26,841 56
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improbable that the fpc will be negligible. However, for purposes of illustration,
a first approximation ignoring the fpc will be sought. This is

(D Nasw)? _ (26,841)2
o= Ty T 7974976

= 90.34

Adjustment is obviously needed. For the correct n in (5.40), we have

n= 1”0 = ?1061‘:) =5 = 57
e 2 A A
L p 2 Me? 1+ g

A sample size of 56 was chosen.* The n, for individual strata appear in the
right-hand column of Table 5.4.

5.10 STRATIFIED SAMPLING FOR PROPORTIONS

. If we wish to estimate the proportion of units in the population that fal]
Into some defined class C, the ideal stratification is attained if we can place
1n the first stratum every unit that falls in C, and in the second every unit

that does not. Failing this, we try to construct strata such that the pro-

portion in class C varies as much as possible from stratum to stratum
Let .

Ay ap

P, == Phn=—
’ Nh " ny
be the proportions of units in C in the Ath stratum and in the sample from

that stratum, respectively. For the proportion in the whole Population, the
estimate appropriate to stratified random sampling is ’

N
pst = z hph

N (5.42)

Theorem 5.9. With stratified random sampling, the variance of Dot is
st

1 NXN, — n,) P,Q
V - h h I W2 h
(po) = N, —1 n, (5.43)

Proof. This is a particular case of the general theorem for the yarianc
of the estimated mean. From theorem 5.3 €

_ 1 S,2
V(ysl) = Fz Z Nh(Nh - "h) 2

n,

Let y,, be a variate which has the value | when the unit is in C, and zer
» Q

* The arithmetical results differ slightly from those given by Cornell (1947)
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otherwise. In section 3.2, equation 3.4, it was shown that for this variate

. N
Szz = A Pl (
"N, — 1 nd:

This gives the result.
Note. In nearly all applications, even if the fpc is not negligible, terms
in 1/N, will be negligible, and the slightly simpler formula

1 P,0, W,2P,0,
V(b = — 3 NN, — ) 2@ s B Baln g _ 5 4
N= n, n,
can be used.

Corollary 1.  When the fpc can be ignored,

2 Py
V(pa) = 2 W —= O (5.45)
h
Corollary 2. With proportional allocation,
N—n 1 NP0,
Vip,) = _—p ==
(Ped) T N -1 (5.46)
1=
= —;—[}f W,.PQu (5.47)
For a sample estimate of the variance, substitute p,q,/(n, — 1) for the

unknown P,Q, /n, in any of the formulas above.
The best choice of the n, in order to minimize V(p,,) follows from th

general theory in section 5.5. ¢
Minimum Variance Jfor Fixed Total Sample Size.

n, oc NN (N, — DNP,Q, = N.VP,Q,

Thus
n,=n —-————N"\/@
S NP0, (5.48)
Minimum Variance for Fixed Cost, where Cost = o + Deyn,.
H, = n ————————N"\/P"_Q_"Zﬁl_
3 NP (5:49)

The value of  is found as in section 5.5.

5.11  GAINS IN PRECISION IN STRATIFIED
SAMPLING FOR PROPORTIONS

If the costs per unit are the same in all strata, two useful wor

i king ry]
that (a) the gain in precision from stratified random over si ©S are

mple randopm,



108 SAMPLING TECHNIQUES

sampling is small or modest unless the P, vary greatly from stratum to
stratum; (b) optimum allocation for fixed n gains little over proportional
allocation if all P, lie between 0.1 and 0.9.

To illustrate the first result, Table 5.5 compares stratified random samp-
ling (proportional allocation) with simple random sampling for three
strata of equal sizes (W, = }). Four cases are included, the first having
P, = 0.4, 0.5, and 0.6 in the three strata and the last (and most extreme)
having P, = 0.1, 0.5, and 0.9. The first two columns show the variances of
the estimated proportion, multiplied by n/(1 — f), and the last gives the

TABLE 5.5
RELATIVE PRECISION OF STRATIFIED AND SIMPLE RANDOM SAMPLING
Simple Stratified
nV(p)(l —f) nV(p I — f) Relative
P, = PQ =1 P.Q, Precision (%)
0.4,0.5,0.6 2500 2433 103
0.3, 0.5, 0.7 2500 2233 112
0.2,0.5,0.8 2500 1900 132
0.1, 0.5, 0.9 2500 1433 174

relative precisions of stratified to simple random sampling. The gain in
precision is large only in the last two cases.

To compare proportional with optimum allocation for fixed », it will be
found that if the fpc is ignored

|4

opt

—_— (z Wh\/Pth)z V — Z l/VhPth
n ’ prov n

The relative precision of proportional to optimum allocation is therefore

_Vf’l’l = (2 Wh\/Pth )2
VIWDD z MIPHQ’(

If all P, lie between the two values P, and (I — P,), we are interested in
the smallest value the relative precision will take. For Simplicity we con-
sider two strata of equal size (W, = W,). The minimum relative ’precision
is attained when P, = }and P, = P,. The relative precision then becomes

I/nnl —_ (05 + \/POQO )2

Virow  2(0.25 + P40Q,)



STRATIFIED RANDOM SAMPLING 109

Some values of this function are given in Table 5.6. Even with P, equal
to 0.1, or as high as 0.9, the relative precision is 949,. In most cases the
simplicity and the self-weighting feature of proportional stratification more
than compensate for this slight loss in precision.

The limitations of the example should be noted. It does not take ac-
count of differential costs of sampling in different strata. In some surveys
the P, are very small, but they range from, say, 0.001 to 0.05 in different

TABLE 5.6
RELATIVE PRECISION OF PROPORTIONAL TO OPTIMUM ALLOCATION

P, 0.4 0r 0.6 0.3 or 0.7 0.20r0.8 0.t or 0.9 0.05 or 0.95

RP(%) 100.0 99.8 98.8 94.1 86.6

strata. Here there would be a more substantial gain from optimum
stratification.

5.12 ESTIMATION OF SAMPLE SIZE WITH
PROPORTIONS

Formulas can be deduced from the more general formulas in section
5.9. Let V be the desired variance in the estimate of the proportion P
for the whole population. The formulas for the two principal types of
allocation are as follows:

Proportional :
ny = 2> W;,;p,.qh, n= —No__ (5.50)
n
L+ =2
N
Presumed optimum :
"0 — (z "V).\/Ph%)~ , n = nO (551)
|4

1
1 + — W,
NV Z 2PnGn

where ny is the first approximation, which ignores the fpc, and n is the
corrected value taking account of the fpc. In the development of these
formulas, the factors N, /(N, — 1) have been taken as unity.

These results apply to the estimate of a proportion. 1f it is preferable to
think in terms of percentages, the same formulas apply if P,, @y, V, €tc.,
are expressed as percentages. For the estimation of the total number in the
population in class C, that is, of NP, all variances are multiplied by Nz
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EXERCISES

5.1 1In a population with N = 6 and L = 2 the values of yp;are 0,1, 2 3
stratum 1 and 4, 6, 11 in stratum 2. A sample withn = 4 is to be taken. (@) Sha
that the optimum 7, under Neyman allocation, when rounded to integers, o
n, =1 in stratum 1 and n, = 3 in stratum 2. (b) Compute the estimate
for every possible sample that can be drawn under optimum allocation o y
under proportional allocation. Verify that the estimates are unbiased. Hery
find V,,(#,) and V() directly. (c) Verify that V,,(3,) agrees with ¢
formula given in equation 5.5 and that ¥,,,,(7,,) agrees with the formula gj~,
in equation 5.7, page 91. (d) Use of formula 5.21, page 97, to compute Vone (25
is slightly incorrect because it does not allow for the fact that the s, wWe
rounded to integers. How well does it agree with the correct value?

5.2 The households in a town are to be sampled in order to estimate
average amount of assets per household that are readily convertible into cCa«
The households are stratified into a high-rent and a low-rent stratum. A hoy
in the high-rent stratum is thought to have about nine times as much assets as
in the low-rent stratum, and S, is expected to be proportional to the square p
of the stratum mean. <

There are 4000 households in the high-rent stratum and 20,000 in the o
stratum. (@) How would you distribute a sample of 1000 households between N
two strata? (b) If the object is to estimate the difference between assets t
household in the two strata, how should the sample be distributed 2 E

5.3 The following data show the stratification of all the farmsg
by farm size and the average acres of corn (maize) per farm in ea

Wep-

ina coy

ch stratLl .

Number of Average Standard

Farm Size Farms Corn Acres Deviation
(acres) N, Ya Sy
040 394 5.4 %3
41-80 461 16.3 13.3
81-120 391 24.3 ,5"
121-160 334 34.5 19.8
161-200 169 42.1 24 5
201-240 113 50.1 26.0
241- 148 63.8 35.2

Total or mean 2010 26.3

For a sample of 100 farms, compute the sample sizes in each stratym un
(a) proportional allocation, (b) optimum allocation. Compare the precisic A
of these methods with that of simple random sampling.

5.4 Prove the result stated in formula 5.31, section 5.6:

_ (N —n) o vy l _
Vian = Virop + nN(N——I{E N(Y) Y) N Z (N N,I)Sh{i
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5.5 A sampler has two strata with relative sizes W), W,. He believes that
S), S, can be taken as equal but thinks that ¢, may be between 2¢y and 4¢;. He
would prefer to use proportional allocation but does not wish to incur a sub-
stantial increase in variance compared with optimum allocation. For a given
cost C = ¢y + cyn,. ignoring the fpc, show that

Vprop(gs{) — chl + W2c2
Vopl(gst) ("Vl\/;l~ + W’l\/c—z)z
If W, = W,, compute the relative increases in variance from using proportional
allocation when ¢,/c; = 2, 4.
5.6 A sampler proposes to take a stratified random sample. He expects

that his field costs will be of the form Z ¢y, His advance estimates of relevant
quantities for the two strata are as follows:

Stratum Wh Sh Ch
1 04 10 sS4
2 0.6 20 $9

(a) Find the values of n,/n and n,/n that minimize the total field cost for a given -
value of ¥(%,,). (b) Find the sample size required, under this optimum allocation,
to make ¥(j,) = 1. Ignore the fpc. (¢) How much will the total field cost be?

5.7 After the sample in exercise 5.6 is taken, the sampler finds that his field
COsts were actually $2 per unitin stratum 1 and $12 in stratum 2. (a) How much
greater is the field cost than anticipated? (4) If he had known the correct field
costs in advance, could he have attained V(3,) = 1 for the original estimated
field cost in exercise 5.6? (Hint. The Cauchy-Schwarz inequality, page 97,
with V' = 1, gives the answer to this question without finding the new allocation.)

5.8 In a stratification with two strata, the values of the W, and S, are as
follows:

Stratum w, Sy
1 0.8 2
2 0.2 4

Compute the sample sizes n,, n, in the two strata needed to satisfy the following
conditions. Fach case requires a separate computation. (Ignore the fpc.)
(@) The standard error of the estimated population mean 7, is to be 0.1 and the
total sample size n = n, + n, is to be minimized. (b) The standard error of
the estimated mean of each stratum is to be 0.1. (c) The standard error of the
difference between the two estimated stratum means is to be 0.1, again minimizing
the total size of sample.

5.9 With two strata, a sampler would like to have n, = n, for administrat
convenience, instead of using the values given by the Neyman allocation. If
V@), VopiFs) denote the variances given by the n, = n, and the Neyman
allocations, respectively, show that the fractional increase in variance

V(.’?sl) - Vopf(?7.<l) - (!‘ - 1)2
Vom(gst) _I‘ + 1

ive
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where r = m/n, as given by Neyman allocation. For the strata in cxercise 5.8

case a, what would the fractional increase in variance be by using n; = n, instea.«
of the optimum?

5.10 1 the cost function is of the form C = ¢, + > V', where ¢, and th
t;, are known numbers, show that in order to minimize V(g for fixed total co:
np must be proportional to

(W,,ES,F)’“
ty

Find the n, for a sample of size 1000 under the following conditions:

Stratum Wh Sh Ty
I 0.4 4 I
2 0.3 5 2
3 0.2 6 4

.01 If vV, (9, is the variance of the estimated mean from a stratify ¢
random sample of size n with proportional allocation and V(%) is the variance
the mean of a simple random sample of size #, show that the ratio

Vorop(Jst)
V()
does not depend on the size of sample but that the ratio
V,,,,-n(.ﬁ.u)
Vprrm(-ljst)
decreases as n increases. (This implies that optimum allocation for fixed

becomes more effective in relation to proportional allocation as increaseg
(Use formulas 5.7 and 5.21.)

5.12 Compare the values obtained for V(P.S’) under prqportional allocatic,
and optimum allocation for fixed sample size in the followin !

, 8 tWo population g
Each stratum is of equal size. The fpc may be ignored.

Population 1 Population 2
Stratum Py, Stratum P,
1 0.1 1 0.01
2 0.5 2 0.05
3 0.9 3 0.10

What general result is illustrated by these two populations?

5.13  Show that in the estimation of proportions the results corresponding tey,
theorem 5.8 are as follows:

— 2
V =V, rop + —_—Z u/h(Ph P)

ran — ' p n

_ ——
14 =V + Z u/h( \/Pth - VPleh)
t

prop — Vop n
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‘where vanQ;. = 2 Wh‘/PhQn-

5.14 In a firm, 629 of the employees are skilled or unskilled males, 317
are clerical females, and 79 are supervisory. From a sample of 400 employees
the firm wishes to estimate the proportion that uses certain recreational facilities.
Rough guesses are that the facilities are used by 40 to 509; of the males, 20 to
309 of the females, and 5 to 107 of thc supervisors. (@) How would you
allocatc the sample among the three groups? (b) If the true proportions of users
were 48, 21, and 4 %, respectively, what would the s.e. of the estimated proportion
P« be? (c) What would the s.e. of p be from a simple random sample with n =
4007
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CHAPTER 5A

Further Aspects
of Stratified Sampling

5A.1 EFFECTS OF DEVIATIONS FROM THE OoPTIMUM
ALLOCATION

The following sections discuss a number of special topics in the pract
use of stratified sampling. Sections 5A.1 to 5A.7 deal with problems t
may come up in the planning of the sample, and sections 5A.8 to 5A
with techniques of analysis of results, including short cuts in the com
tation of standard errors. Finally, an introductory account is given
some useful results when the data are taken for analytical purpc
(section SA.13). The present section considers the loss in precision
failure to achieve an optimum allocation of the sample.

Suppose that it is intended to use optimum allocation for given n. 1
sample size n,’ in stratum h should be

W,S
- n( h h) (SA
2 WaSh
From equation 5.21, page 97, the resulting minimum variance is

n,

1
Vo) = 2 (3 WS = G ZWS,E (54

In practice, since the S, are not known, we can only approximate t
allocation. If A, is the sample size used in stratum A, the variance actua
attained, from equation 5.5, page 91 is

wz2s,: 1
V(G = 3t = ~ 2 WS (5A
nh N
The increase in variance caused by the imperfect allocation is

_ _ W,2S,2 1
V(ysl) - Vmin(yst) = _’lﬁ_i - ’;(z vvhsh)z
h

114
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the first term on the right substitute for W, S, in terms of n,’ from (5A.1).
is gives the interesting result

1/ 2 2
V(.’?sl) - Vmin(gst) = (—E:‘—‘ﬁ—’i(zn—f_ - ")
n-

ny

— 3 "VI:S‘h)~ z (7in _,\ ny)” (5A.4)
n® P
sverting to equation SA.2, if the fpc (last term on the right) is negligible,
: see that

Vmin(gsl) — (z thh)2

n n-

:nce the proportional increase in variance resulting from deviations from
e optimum allocation is

V(gsl) _ Vmin(.ﬁsf) —
Vmin(z_]sl) N =1 ﬁh

1ere A, is the actual and #,,’ the optimum sample size in stratum h. 1If the
c is not negligible, the = sign in (5A.5) becomes >.
It is difficult to visualize the practical implications of this result with-
1t working out numerical examples. One general consequence, though
'mewhat conservative, is helpful. Let g be the greatest of the values
» — M| [A, found in any of the strata. Then from (5A.5)

| —
M
N
=
=
I
N

(5A.5)

V; Vminglzﬁ_hf_gf: g2
mn

or instance, if the maximum deviation |/, — n,’[, expressed as a fraction

"fiy, is 0.2, or 20%, the proportional increase in variance cannot exceed

2)?2 = 0.04, or 4%, If g = 30%, the proportional increase is at most

%- In this sense the optimum can be described as flat.

This rough rule usually overestimates the actual increase in variance by a

ibstantial amount. Table 5A.1 gives an example with three strata for

n fip

TABLE 5A.1
EFFECTS OF DEVIATIONS FROM OPTIMUM ALLOCATION
n,’ Ay, |y — | Ay, — my)*
Stratum (opt) (act) A A
1 200 150 0.33 16.7
2 100 120 0.17 33
3 40 70 043 12.9

Total 340 340 — 329




116 SAMPLING TECHNIQUES

n = 340. Optimum allocation requires sample sizes of 200, 100, and 40.
Wwhereas the sizes actually used are 150, 120, and 70. ) o h

Since the value of g is 0.43 (stratum 3), the rough rule gives 18/, ast ?
proportional increase in variance. From the column on the right, the
actual increase is seen to be 32.9/340 = 9.7 %. -

Evans (1951) examined the same question in terms of the e.ﬂccts of error:
in the estimated S, and developed an approximate rule showing \zf/l1etherlar
estimated optimum is likely to be more precise than propor'tlonacll ;10-
cation. He supposes that the coefficient of variation of the estimated 5, 1
the same in all strata. This assumption is appropriatc when the Sy hav,
been estimated from a preliminary sample of the same size in each straturmnm
He shows how to compute the size of a preliminary sample “eede,d to mak,
an “optimum’ allocation better, on the average, than prop.or_u'onal o
cation. Previously, Sukhatme (1935) showed that a small initial samp}

usually gives a high probability that “optimum’ allocation will be superio
to simple random sampling.

5A.2 EFFECTS OF ERRORS IN THE STRATUM SIZES

For a desirable type of stratification, the stratum totals N, may not b
known exactly, being derived {rom census data that are out of date
Instead of the true stratum proportions W,, we have estimates w;. Thi
sample estimate of Y is Dw,7,.

In general terms, the consequences of using weights that are in error arx
as follows:

1. The sample estimate is hiased. Because of the bias, we measure the
precision of the estimate by its mean square error about Y rather than b)
its variance about its own mean (see section [.8).

2. The bias remains constant as the sample size increases. Consequently,
a size of sample is always reached for which the estimate is less precise tha y,

simple random sampling, and all the gain in precision from stratificatio y,
is lost.

3. The usual estimate s(7,,) underestimates the true error of j,, since j¢
does not contain the contribution of the bias to the error.

To justify these statements, note that in repeated sampling the mearn

value of the estimate is Y, ¥,. The bias therefore amounts to

E(wh - ”/h) Yh

It is independent of the size of the sample. In finding the mean square
error (MSE) of the estimate, it is easy to verify that the variance term iy
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given by the usual formula, with w, in place of W,. Hence

- 25,7 = 12
MSE (7.) = 3 2220 (1 — f,) + (X 00y — WTT (5A.6)
n,
This expression was given by Stephan (1941). Finally, the usual formula
for s%(¥.,) is clearly an unbiased estimate of the first term in (5A.6) but
takes no account of the second term.

Example. This illustrates the loss of precision from incorrect weights when
stratification is (a) slightly cffective, (b) highly effective. Consider a large
population with S* =1, divisible into two strata with W, =09, W, =0.1.
We shall assume S, = S, = S,. Then, neglecting terms in /N,

§? = 2 WSy + z WY, — Y) GAD
= 5% + W Wy Y, - Y,)?
that is, 1 =82+ 0.09(Y, — Y.)?

In (@) take Y; — Y, = 1. Then §,2 =091, and proportional stratification
reduces the variance by 99, compared with simple random sampling.

In (b) take Y, — Y, = 3, giving §,* = 0.19, a reduction in variance of more
than 809;. ) '
With two strata, the bias may be written

(w, — W)Y, — Yo)

since (w; — W) = —(wp — W,). Suppose that the estimated weights are
w, = 0.92 and w, = 0.08. The bias amounts to (0.02)(1) = 0.02 in (a) and to
0.06 in (b). Hence we have the following comparable variances for a sample of

size n: |
Simple random sampling: V(i) = ~
Stratified random sampling:

0.91
(a): V(gs) = W + 0.0004

0.19
b): V(js) = e + 0.0036

TABLE 5A.2
COMPARABLE VALUES OF V(i)

Stratified Random

Simple

n Random (a) (b)
50 0.0200 0.0186 0.0074
100 0.0100 0.0095 0.0055
200 0.0050 0.0049 0.0045
300 0.0033 0.0034 0.0042
400 0.0025 0.0027 0.0041
1000 0.0010 0.0013 0.0038
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Relative to (a), simple random sampling begins to win at n = 300. There is
little to choose between the two methods, however, up to n = 1000.

In (b), with more at stake, stratification is superior up to n = 200, although
most of the potential gain has already been lost at this sample size. Beyond
n = 300 stratification becomes markedly inferior to simple random sampling.
Accurate estimation of the W, is particularly important when stratification is
highly effective or when the sample size is large.

In some surveys a large preliminary sample of sizc #° can be taken in
order to estimate the W,. This technique, known as double sampling or
two-phase sampling, has numerous applications and is discussed in Chapter

12. It will be shown that with double sampling the mean square error of
Y. Is approximately

S WS | 5 Wi(T = ¥

n n

By comparing this MSE with S2[n, as given by equation 5A.7, we see that
most of the gain from stratification is retained provided that »n' is much
greater than n. To put it more generally, a set of estimated weights pre-
serves most of the potential gain from stratification if the weights are much

more accurately estimated than they would be from a simple random
sample of size n.

SA.3 THE PROBLEM OF ALLOCATION WITH MORE
THAN ONE ITEM

Since the best allocation for one item will not in general be best for
gnother, some compromise must be reached in a survey with numerous
Items. The first step is to reduce the items considered in the allocation to a
relatively small number thought to be most important. If good previous
fiata are available, we can then compute the optimum allocation for each
ltem separately and see to what extent there is disagreement. In a surve
of a specialized type the correlations among the items may be high'and the
allocations may differ relatively little.

Example. Data given by Jessen (1942) illustrate a farm survey of this kind,
The state of lowa was divided into five geographic regions, each denoted by its
major agricultural enterprise. Suppose that these regions are to be used as
strata in a survey on dairy farming. The three items of most interest are the
number of cows milked per day, the number of gallons of milk per day, and the
total annual cash receipts from dairy products. From a survey made in 1938, the
estimated standard deviations s, within strata are shown in Table 5A3. In
Table 5A.4 the optimum Neyman allocations based on these s, are given for the
individual items in a sample of 1000 farms.
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TABLE 5A.3
STANDARD DEVIATIONS WITHIN STRATA

Sh
Receipts
S Sy for Dairy
N, Cows Gallons Products
Stratum Wi =% Miked of Milk (s)
Northeast dairy 0.197 4.6 11.7 332
Cash grain 0.191 3.4 9.8 357
Western livestock 0.219 33 7.0 246
Southern pasture 0.184 2.8 6.5 173
Eastern livestock 0.208 3.7 9.8 279
TABLE 5A.4
SAMPLE Si1zEs WITHIN STRATA (n = 1000)
Allocation
Optimum for
Average
Stratum Proportional Cows Gallons Receipts ny,
Northeast dairy 197 254 258 236 250
Cash grain 191 182 209 246 212
Western livestock 219 203 171 194 189
Southern pasture 184 145 134 115 131
Eastern livestock 208 216 228 209 218
TABLE 5A.S
EXPECTED VARIANCES OF THE ESTIMATED MEAN
Type of allocation Cows Gallons Receipts
Optimum 0.0127 0.0800 76.9
Compromise 0.0128 0.0802 71.6
Proportional 0.0131 0.0837 80.9

The individual optimum allocations differ only moderately from each other.
With one exception, all three deviate in the same direction from a proportional
allocation. Thus, in the first stratum, proportional allocation suggests 197 farms,
and the individual allocations lead to numbers between 236 and 258. The
average of the optimum sample sizes for the three items, shown in the right-hand
column, provides a satisfactory compromise allocation.

Table 5A.5 shows the expected sampling variances of 7, as given by the
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individual optima. the compromisc. and the proportional allocations. The
formulas are as follows:

r.a
v — E 3¢ [N
“ nrop
ni, n

et

I (> Hos,? _ U 2

."I" = n N l.rnm]n Tl

The compromise allocation gives results almost as precise as if it were possible
to use separate optimum aliocations for cach item. What is more noteworthy i:
that proportional allocation is only slightly less precisc than the compromis¢ 0
the individual optima. Further, Table SA.S overestimates the precision of thi
optima und of the compromise, since these allocations were made from estimate
variances. This result is another illustration of the flatness of the optimun
mentioned in section SALLL

5A.4 OTHER METHODS WITH MORE THAN ONE ITEM

In some surveys the optimum allocations for individual variates diffe
so much that there is no obvious compromise. Some principle is neede
that will determine the allocation to be used. although none seems best f¢
all applications. Two useful ones suggested by Yates (1960) are presentec

The first applies to surveys taken for a specialized objective, in which th
loss due to an error of a given size in an estimate can be measured in term

of money or utility, as discussed in section 4.9. With » variates an

quadratic loss functions, it may be rcasonable to express the total expecte
loss as a linear function

Lim) = a\Vy + aVo + - +aV, (5A.8

where the «'s are known numbers, and V; = V(7,,) for the jth variate
With a linear function for the costs of sampling, we have

C = Cy —+ Z(‘h”h (SAS

The n, are determined to minimize (C + L). By ordinary calculys method
we find

_ Wh
n, = ——

(£

= ./ >a;S,,
o N A5 (A1C
where S,,2 is the variance of the jth variate in stratum /.

[n the second approach we specify the desired standard error or varianc,
V,(j=1,2.---,v) for each variate. If population means are being estj
mated, this implies that

L pwec 2 I 2
W]l S;l . ””SH_
Y a2 N Thei <y S .
PR ,g__:l N j (J > £y > 7) (5A.11
Inequality signs are used because the most economical allocation may
supply variances smaller than the desired V; for some of the items.
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In this approach the cost (equation 5A.9) is minimized subject to the
tolerances V.

The first step is to work out the optimum allocation for each variate
separately and to find the cost of satisfying its tolerance. Take the variate,
say ¥,. for which the cost C is highest and examine whether the optimum
allocation for y, satisfies all the other (» — 1) tolerances. If so, we use this
allocation and the problem is solved, because no other allocation will
satisfy the tolerance V; for y, at a cost as low as C;.

If some of the tolerances are not met, the problem is more difficult.
Dalenius (1957) gives an ingenious graphical solution usable when there
are only two strata, and Yates (1960) gives a more general mathematical
approach. These methods are illustrated by the following examples.

Example 1 (Two Strata, Three Variates). The W), S, appear in columns |
to4 of Table 5A.6. Itisassumed that the fpc is negligible and that ¢, = constant.

TABLE 5A.6
ARTIFICIAL DATA FOR TwO STRATA, THREE VARIATES

Column (1) (@) B) 4 O (6) (7) (8) )

Stratum ”/h Slh S‘Zh S3h ”/h Slh ”/h S'.!IA ”/h S.’lh (6)2/(5) (7)1/(5)

—

08 4 2 1 3.2 1.6 0.8 0.8 0.2
2 02 4 6 8 0.8 1.2 1.6 1.8 3.2

Totals 4.0 2.8 2.4 2.6 3.4

The extra computation required when these assumptions do not hold is minor.
Under optimum allocation for the jth variate,

)2
V('7) sl) = .——_—_(z thjh)

n

Columns 5 through 7 give the material for computing the individual optimum
variances.

Case 1. This illustrates a situation with an easy solution. Suppose that the
desired s.e. for each estimate is 0.1, so that each V; = 0.01. From columns 5
through 7 it is clear that the first variate requires the largest sample: (4.0)*/0.01
= 1600. From column §, its allocation is ,n; = 1280, ,n, = 320, where the
first subscript signifies that the allocation is the optimum for y,.

We now determine whether this solution supplies the two other desired
tolerances. A useful general result for this purpose is as follows. 1f the optimum
allocation for the jth variate is used, the variance obtained for the kth variate 1s

J/ 2¢ 2 >
] L WS, 2 ZWs. W28
V(@) = WOk njh h kb 5A.12)
iV Frst) hgl M, n z WiSi (
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since ;n, = nW,Spl> WySp. We require this result for j =1, £ =2,3. In
columns 8 and 9 the terms inside the parentheses are computed from columns §
through 7. These results give

4.0)(2.6) _ L (4.0)3.4)
e = 00065, Vi) = —Tes

Both tolerances are more than satisfied.

Case 2. With the same data, the desired s.e.’s are 0.1 for ¥, and y,, but 0.08
for y,, so that ¥, = 0.0064. The foregoing solution no longer holds, since it
gives V', = 0.0085. The graphical method of Dalenius may be used. Equation
SA.11 shows that for any specified variate the values of n,, 1, which satisfy the
tolerance exactly lie on a hyperbola in n, and n,. Figure 5A.1 shows the three

gyperbolas for this problem. With y,, for instance, the equation of the hyper-
ola is

W(is o) = = 0.0085

(W1S1)? + (W,S1)* _10.24 + 0.64 _ 0.01

n n, m ny
The region in which all these requirements are met is the area above and to the
right of the dotted lines AB, BC. We seek the point in this region at which
ny + ny is a minimum. This is clearly the point B. Hence the graph gives the
solution n) = 1200, n, = 430, n = 1630. This solution can be found arithme-
tically, since it is the point at which both variates ¥, and y, meet their toleranceg

exactly. The reader may verify that the arithmetical method gives m = 1200,
nz = 437.

1200
1000 7 ATV
800 \
v; T
\
na \
600 \\
\
200 B—
|
! !
% 200 400 600 800 1000 1200 1400 _ 1600
ny

Fig. 5A Graphical solution of allocation problem (three variables, two strata).
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With two strata, the graphical method works for any number of variates. The
situation with more than two strata, which is more complex, is illustrated by

example 2.

Example 2. (Four Strata, Two Variates) The data are shown in columns 1

TABLE 5A.7
ARTIFICIAL DATA FOR FOUR STRATA, TWO VARIATES
Column ) 2 3) 4 (5) (6) @)

Stratum Wy Sin Son WiSia WiSan  (5)E(4)  (4)(5)

1 0.4 5 1 2.0 0.4 0.08 10.00
2 0.3 5 2 1.5 0.6 0.24 3.75
3 0.2 5 4 1.0 0.8 0.64 1.25
4 0.1 5 8 0.5 0.8 1.28 0.31

Totals 5.0 2.6 2.24 15.31

through 3 of Table 5A.7. The problem is to find the smallest sample size for
which

v, <004, V,<00l
As before, we first work out the optimum allocation and resulting sample size
for each variate. From columns 4 and 5,

_ 25 25

1V = 7 n = 004 625
_ 6.76 6.76

2V('y2 st) = T . oll = 0—(—)T = 676

From equation 5A.12 and column 7, the variance obtained for y, if allocation 2
is used with n = 676 is
(2.6)(15.31) _ 39.81

2V(F1a) = 676 =g = 0.0589

This is larger than the value 0.04 specified for V.
We must seek a compromise allocation that satisfies both tolerances exactly.

Using Lagrange multipliers 4, and Z,, we find the values of u, that minimize
L L L

W,250,2 W)2S,,2

2 cwmy + 3y 2 M g, 3 A

h=1 h=1 ny, h=1 ny,

In this example ¢, = I, but the general method is given. Differentiation with
respect to m, leads to

2 2 2 2
Wh Slh Wh S2h
1 2

En (5A.13)

n
Ny, = Cn
W,25,2 W)25,,2
z/\/ll hc,l 1% + 12 hCh 2h

A + 4
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To obtuin a solution, the values of Zys 2o and n tl\:u.sausfy the }\vo variance
conditions and the cost condition must be found. .Smc.c there is no simple
exphiait solution. some method of successive approximation must be selected.
An approach s used in which the n), are determined first. nation of §..2

From (5A13), the opumum n,, is a kind of weighted combination o Sia

. . L, . o
and S, Clearlw, 7y and 72, enter (SAL13) only in their ratio 4;/Z,. Since S

And S, % may hane widels different values. it is hard to guess a good ﬁrs.t approxi-
mation 1o /‘.', Z.. A chanege of scale that gives a better initial approximation js
il]lr()dugcd_

If ;

1 7. tends o infinity, n, in (5A.13) becomes iy, the op_timum under
allocation 1. Similarly, if'/'.,f/'_: =0, n, > oty It follows that with the correct
value of ; = 2y 2 4+ 2,0, (SA13) is cquivalent to

ns )( 11 )2 -+ (I —- /.-)(2").)2

_ (A.14
" DN+ (1 = D )

For any value of . Write

&) . $a(2)
Vi o) = ‘” . V(i o) ==

We want to find 2 and »n such that

(2 $al2)
_‘_,(’_’l =V, =0.04, : — = V, = 0.01 (5A.15)

From the initial caleulations, we know that when 2 = 1, (%) = 25

A » this bejp,
s minimum value, and that when 2 = 0. 6 (~2) = 39.81. Asan aPPYOXimation
assume that &,(2) is a parabola in 2, with its vertex at 2 = |, This gives ’

by(2) 25 + 14.81(1 — 2)? —0.04
n o n (SAIG)
For &,07). the minimum is 6.76. at 2 = 0. Its value at 2
computing (47, ) under allocation |. From columns .4 and
we obtain 4y(1) = (5.0)(2.24) = 11.20. The parabolic app
$(2) _ 6.76 + 4.44:2 — 0.01
n n ) (SA-17)

=1 is found y
6 of Table SA7
roximation giveq

Equations SA 16 and 5A.17 are casily solved to give 4 = 041,
approximations. . ' o
The next step is to compute the ny, say A, given by this alloC.auon' Then
find the sample sizes needed for each variate in order to meet its tolerance,
this allocation is near the optimum, these two sample sizes should be almoSt
cqual (and, we expect, not far from n = 751).

Equation 5A .14 gives the ;n,. If

" =151 a8 firg,

rpo= V(g /m? + (1 — 2)(en,/n)?
then (5A.14) may be expressed in the form
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This form is convenient because from the Neyman allocation rule

e WS oy WySo

n S WS n S WS

and the quantities W,S,,, WS, have already been computed in columns 4 and
5 of Table 5A.7.

TABLE 5A.8
CHECK ON FIRST APPROXIMATION TO THE ALLOCATION
Column )] () 3) 4) &) (6) €))]
(1")1)2 (Znh)2 Fn ny ”/thlh2 ”l’hgsﬁh2
Stratum —_ e r, = — n,
n n Z ry n m,/n n,/n
1 0.16 0.0225 0.2808 0.2652 15.08 0.60 194
2 0.09 0.0529 0.2610 0.2465 9.13 1.46 180
3 0.04 0.0961 0.2704 0.2554 3.92 2.51 187
4 0.01 0.0961 0.2466 0.2329 1.07 2.75 171

Totals 1.0588 1.0000 29.20 7.32 732

Table 5A.8 shows the rest of the calculations, column 4 giving the n,/n. To
find the resulting variances for a sample of size n, we use the result

W/),2511,2 _ 12

ny n

W3S

ny/n

RZCIED

The quantities W,2S,,>/n,/n are given in columns 5 and 6. From the column
totals,

N

5
9.20 = 0.04, n = 1730

A V(.’]l st) =

~

3
V(e = = = 0.01 n =732

88}

The two n's are so close that we accept this allocation and take n = 732. The
values of the n,, shown in column 7, are found by multiplying column 4 by 732.

If the two values of n given by the first approximation differ materially, a
second approximation to 4 and n is computed, cither graphically or by the
parabolic functions, using the already computed values of ¢;(%) and ¢,(4). With
two variates, the same method applies to any number of strata.

With more than two strata and more than two variates, the best computing
method is not clear. Some results obtained in the mathematical study of pro-
gramming may be useful. More complicated problems can also arise; we might
wish to specify upper limits to the variances for certain subdivisions of the
population as well as over-all variances.
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SA.S TWO-WAY STRATIFICATION WITH SMALL
SAMPLES

Suppose that there are two criteria of stratification, say by R rows and
C columns, making RC cells. If n > RC, every cell can be represented in
the sample. A problem arises when n < RC, and we would like the sample
to give proportional representation to each criterion of stratification.

TABLE 5A.9
NUMBER AND PROPORTION OF ScHOOLS IN EAacH CELL

Sizfe Expenditure per Pupil
o
City A B C D Totals n;,
I my; 15 21 17 9 my 62

Py; 0.091 0.127 0.103 0.055 P, 0.376 4
e my; 10 8 13 7 my 38

P,; 0.061 0.045 0.079 0.042 P, 0.231 2
I ms; 6 9 5 8 my 28

Py;  0.036 0.055 0.030 0.049 P, 0.170 2
v my; 4 3 6 6 my. 19

P,; 0.024 0018 0.036 0036 | P, 0.114 1
v my; 3 2 5 8 msg. 18

P,; 0018 0012 0.030 0.049 Py 0.109 1

Totals m_; 38 43 46 38 165
P; 0230 0.261 0.278 0.231 1.000
n 2 3 3 2

In a simple method developed by Bryant, Hartley, and Jessen (1960) the
technique requires only that n exceed the greater of R and C.

To illustrate this method, suppose that a small population of 165 school;
has been stratified by size of city into five classes and by average ex
penditure per pupil into four classes. The numbers of schools m;; and thg
proportions of schools P;; = m;/165 in each of the 20 cells are shown iy
Table 5A.9.

The objective is to give each school an approximately equal chance o
selection while giving each marginal class its proportional representation
In this illustration n = 10, Compute the numbers #;, = nP, and n; = nP
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where these products are rounded to the nearest integers (with a further
minor adjustment, if needed, so that the »; and the n; both add to n).
These numbers are shown in Table 5A.9.

The next step is to draw n = 10 cells with probability n,n ;/n® for the
ijth cell. This is done by constructing an n x n square (Table 5A.10). In
row | one column is drawn at random. In row 2 one of the remaining col-
umns is drawn at random, and so on. At the end, each row and column

TABLE 5A.10
10 x 10 SQUARE FOR DRAWING THE SAMPLE

Column

1 2 3 4 5 6 7 8 9 10
Row A B C D
1 X
2 i X
3 X
4 X
5 X
6 1 X
7 X
8 11X %
9 v X
10 \'% x

contains one unit. (This draw is most quickly made by a ranc'lorr‘1 permu-
tation of the numbers 1 to 10.) The results of one draw are indicated by
x’s in Table 5A.10. . ' '

Note that columns 1 and 2 are assigned to marginal stratum A, since
n, = 2. Similarly, rows 1 through 4 are assigned to marginal stratum [,
s{rllce n, = 4, and so on. This completes the allocation of the sample to
the 20 cells. The allocation appears in more compact form in Table 5A.11.
Two schools are drawn at random from the 15 schools in cell 14, anfi SO on.
The probability that a school in row i, column j is drawn is proportlopal to
n,n,/P;. Thus the probabilities are not equal, though they will be

i1 45 . )

appr]oximately so if P;; == n;n ;{1 ‘

An unbiased estimate of the mean per school is

2

1 s nP;; y

v = i
noonn;
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where y;; is the sample rotal in the ijth cell. If, however, P,; = n; n j/n?,
the sample mean 7 is probably preferable, since its bias should be negli-
gible. A sample estimate of variance is available for both the unbiased and
biased estimates, provided that n is at least twice the greater of R and C
and that at least two units are drawn in every row and column.

If P,; differs markedly from »n, n ;/n® in some cells, an extra step keeps
the probabilities of selection of schools more nearly constant. After

computing the »; and n;, examine the quantities D;; = nP,; — n; n _jn,

TABLE 5A.11
ALLOCATION OF THE SAMPLE TO THE 20 CELLS
A B C D Total
I 2 1 1 0 4
11 0O 0 2 0 2
111 o 1 0 1 2
v o 1 0 O 1
A" 0O 0 0 1 1
Total 2 3 3 2 10

after rounding them to integers. If, in any cell, D,; is a positive integer,
automatically assign D,; units to this cell. Reduce n, the n,, and the n ;
by the amounts required by this fixed allocation and carry out the re-
maining allocation as before.

An earlier technique for this problem, including the situation in which a
substantial number of cells are empty, was named controlled selection by
Goodman and Kish (1950). In their applications rows represent the princi-
pal stratification, one unit being drawn from each row. They show how to
find a limited number of acceptable allocations, each with its appropriate
probability, such that cells are selected with probabilities P,;.

5A.6 THE CONSTRUCTION OF STRATA

This topic raises several questions. What is the best characteristic for
the construction of strata? How should the boundaries between the strata
be determined? How many strata should there be? For a single item
or variable y the best characteristic is clearly the frequency distribution
of y itself. The next best is presumably the frequency distribution of some
other quantity highly correlated with y. Given the number of strata, the
equations for determining the best stratum boundaries under proportional
and Neyman allocation have been worked out by Dalenius (1957), and
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quicker approximate methods by several workers. We shall consider
Neyman allocation, since it is usually superior to proportional allocation in
populations in which gains from stratification are greatest. It is assumed
at first that the strata are set up by using the value of y itself.

Let y,, ¥, be the smallest and largest values of y in the population. The

problem is to find intermediate stratum boundaries ¥y, ¥, - * *, ¥_; Such
that
1 L 2 1 L
V@) =1 SHS) — 5 SIS (5A.18)
h=1

is a minimum. If the fpc is ignored, it is sufficient to minimize 3 W,S,.
Since y, appears in this sum only in the terms W,S, and W,.,5,,,, we
have

d
. (Z thh) = (W S).) +— (thshﬂ)
n ay,, G
Now if f(y) is the frequency function of y,
A oW,
W= [ a2 = s (5A.19)
va-1 GI

Further,

W,S,2 =f 2 (1) dt — Uﬂhy o dt}“ (5A.20)
[ s ar

Differentiation of (5A.20) gives
Sh aWh + zvyhsh aSh

Y Y

where y, is the mean of y in stratum k. Add S,2 W, /0y, to the left side,

and the equal quantity S,2 f(,) to the right side. This gives, on dividing
by 25}1’

= ?/1.2 S () — 2ypi f(yn) + /‘h2 fyn)

a(u/hsh) — au’h + és_ — ']:f(yh) (yh _ ;uh)2 + Sh2
Oy aJn Y 2 S,
Similarly we find
a(m;+lsh+1) f(./;.) (Un — tne1)? + Sy
0y, She1

Hence the calculus equations for y, are

_ 2 2 — 2 2
(yh Iuh) + Sh — (yh ‘uh+1) + S)H—l (h — 1’ 2, cee L— 1) (5A21)
Sh Sh+l
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Unfortunately, these equations are ill adapted to practical computation,
since both u, and S, depend on y,. A quick approximate method, due to
Dalenius and Hodges (1959), is presented. Let

2() =j" VI de

If the strata are numerous and narrow, f(y) should be approximately con-
stant (rectangular) within a given stratum. Hence.

A =J” f@ydt = fi(yn — Y1)

1
Sy = \/—1—2' (¥h — Yp-1)

Z,— 2, =J‘”h \/th) dt = \/f—,,(y,. — Y1)

where f, is the “constant’ value of f(y) in stratum h. By substituting these
approximations, we find

— L L L
\/122 W,S,, = th(yh - ?/n—1)2 = Z(Z;. - Z;.—1)2 (5A.22)
h=1 h=1 h=1

Since (Z;, — Z,) is fixed, it is easy to verify that the sum on the right is

minimized by making (Z, — Z,_,) constant. -
Given f(y), the rule is to form the cumulative of V/f(y) and choose the

¥, 5O that they create equal intervals on the cum \/f(_y) scale. Table 5A.12
illustrates the use of the rule.

TABLE 5A.12
CALCULATION OF STRATUM BOUNDARIES BY THE CUM \/_F('I—J) RULE
Industrial Loans Cum Industrial Loans Cum

Total Loans % fW \/f-Ty—) Total Loans % SO \/f(fj
0-5 3464 58.9 50-55 126 340.3
5-10 2516 109.1 55-60 107 350.6
10-15 2157 155.5 60-65 82 359.7
15-20 1581 195.3 65-70 50 366.8
20-25 1142 229.1 70-75 39 373.0
25-30 746 256.4 75-80 25 378.0
30-35 512 279.0 80-85 16 382.0
35-40 376 298.4 85-90 19 386.4
40-45 265 314.7 90-95 2 387.8
45-50 207 329.1 95-100 3 389.5
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Example. The data show the frequency distribution of the percentage of
bank loans devoted to industrial loans in a population of 13,435 banks of the
United States (McEvoy, 1956). The distribution is skew, with its mode at the

lower end. In the cum Vf column, 58.9 = V3464, 109.1 = V3464 + V2516,
and so on.

Suppose that we want five strata. Since the total of cum\/f is 389.5, the

division points should be at 77.9, 155.8, 233.7, and 311.6 on this scale. The
nearest available points are as follows:

Stratum
1 2 3 4 5
Boundaries 0 0-5%  5-15%  15-25%  25-45%  45-100%
Interval on cum Vf 58.9 96.6 73.6 85.6 748

The first two intervals, 58.9 and 96.6, are rather unequal, but cannot be improved
upon without a finer subdivision of the original classes.

If the class intervals in the original distribution of y are of unequal length,
a slight change is needed. When the interval changes from one of length d
to one of length ud, the value of 1/f for the second interval is multiplied by
V4 when forming cum V7.

Although the mathematics behind the rule is crude, the rule has worked
well in both theoretical and actual distributions [Cochran (1961)]. In
another rule that does well, Ekman (1959), the boundaries are constructed
so that W,(y, — y,_,) is constant,

The approximate rule has an interesting consequence. From equation
5A.22, the rule is equivalent to making W,S) approximately constant, as
conjectured by Dalenius and Gurney (1951). But with W,S, constant,
Neyman allocation gives a constant sample size n, = n/L in all strata.
Since the optimum is flat with respect to variations in the n, (section 5A.1),
use of the cum \/]_rule, taking equal sample sizes in the resulting strata, is
highly efficient.

Thus far we have made the unrealistic assumption that stratification can
be based on the values of y itself. In practice, some other variable z is used
(perhaps the value of y at a recent census). Dalenius (1957) develops
equations for the boundaries of z that minimize 3 W,S,,, given a knowl-
edge of the regression of y on z. If this regression is nonlinear, these
boundaries may differ considerably from those that are optimum when z
itself is the variable to be measured. The equations indicate, however, that
if the regression of 7 on z is linear and the correlation between y and z is
high within all strata the two sets of boundaries should be nearly the same.

Let Y=o+ fr+ e
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where E(e) = 0 for all x and e, x are uncorrelated. The variance of e
within stratum h is S,,2. Then the z-boundaries which make V(g,,) a
minimum satisfy the equations [Dalenius (1957)]-

)

ﬁZ[(:Eh - tu’.’:h)z + th2] + 25”12 — ﬂzl(xh - ALL.rJl" 1)2 + S._r.h‘-l] + 28:(!'.)1%-1
BSav1 + Su?BPS, BS,aN 1+ StulBS:

Z,h41

If S,,2/B%S,,2 is small for all h, these equations reduce to the form (5A.21)
that gives optimum boundaries for z. But SaB*S ok = (1 — p)[p,?
where p, is the correlation between y and z within stratum h.

Although more investigation is needed, this result suggests that the

cum \/frule applied to x should give an efficient stratification for anothe;
variable ¥ that has a linear regression on x with high correlation. Somg
numerical results by Cochran (1961) support this conjecture. Moreover
if the p,, are only moderate, as will happen when the number of strata i
increased, failure to use the optimum z-boundaries should have 3 les:
deleterious effect on y. '
The preceding discussion is, of course, mainly relevant to the sampling o
institutions stratified by some measure of size. The results are also applic
able when the survey contains several variables of major interest, provide
that all are related more or less to the same measure of size. For instance
suppose that some variables are roughly proportional to the measure o
size, others to its square root, and others are almost independent of sjze
Selection of boundaries by the cum \/f_ rule should be roughly optimy
for the first set of variables and fairly good for the second set (where tl:
gains from stratification are smaller in any event). The third set ma.
suffer some loss of precision from the use of unequal sampling fractj I
The situation is different when one set of variables is closely relat Zns
one measure of sizg, and another set is closely related to a second n;ee !
with a mark.edly different frequency distribution. The general a rasur
given i_n section 5A.4 is applicable, but the best computational metﬁgdoafd
obtaining the boundaries that meet the desired tolerances for the varj > O
have not been worked out. lance
In geographlcal stratification the problem is less amenable to a mag}
matical a-pproach, since there are so many different ways in which strat -
boundaries may be formed. The usual procedure is to select a fe:w atUI?
ables that have high correlations with the principal items in the Suvzm
and to use a combination of judgment and trial and error to Constrvel
boundaries that are good for these selected variables. Since the pai e
precision from stratification are likely to be modest, it is not woﬁh n? n
to expend a great deal of effort in improving boundaries. Bases of Svtv ,“l.'
fication for economic items have been discussed by Stephan (1941)2‘::(
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Hagood and Bernert (1945) and for farm items by King and McCarty
(1941).

5A.7 NUMBER OF STRATA

The two questions relevant to a decision about the number of strata L
are (a) at what rate does the variance decrease as L is increased? (b) How
is the cost of the survey affected by an increase in L?

As regards (a), suppose first that strata are constructed by the values of
y. To take the simplest case, let the distribution of y be rectangular in the
interval (a, a + d). Then S 2, before stratification, is d*/12, so that with a
simple random sample of size n, ¥(j§) = d®/12n. If L strata of equal size
are created, the variance within any stratum is S,,® = @%/12L* Hence, for
a stratified sample, with W, = 1/L and n, = n/L,

iy=1(s : (k1 d & V@
V(ys,)=—( w,,su,,)=_(§_. _)= Y@
-1 n\is L J12n)  12n2 I

Thus with a rectangular distribution the variance of 7, decreases inversely
as the square of the number of strata. Rather remarkably, this relation
continues to hold, roughly, when actual skew distributions with finite
range are stratified with the optimum choice of boundaries for Neyman
allocation. In eight distributions of data of the type likely to occur in
practice, Cochran (1961) found that the average values of gV @)
were 0.232, 0.098, and 0.053 for L = 2, 3, 4, as compared with 0.250, 0.111,
and 0.062 for the rectangular distribution.

These results, which suggest that multiplication of strata is profitable,
give a misleading picture of what happens when some other variable z is
used to construct the strata. If ¢(x) = E(y | ) is the regression of y on z,
we may write

y=¢@) +e
where ¢ and e are uncorrelated. Hence
"2 — Sd’Z + Snz

By the preceding results, creation of L optimal strata for z may reduce
S42 to S2/L? if ¢(x) is linear or at a smaller rate if ¢(z) is nonlinear. But
the term S,2 is not reduced by stratification on z. As L increases, a value is
reached sooner or later at which the term S,2 dominates. Further increases
in L will produce only a trivial proportional reduction in V(#s0)-

How quickly the point of diminishing returns is reached depends on a
number of factors—particularly the relative sizes of S.2 and S, and the
nature of ¢(x). Only a few examples from actual data are available in the
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literature. To supplement them, a simple theoretical approach is used.
Suppose that the optimum choice of stratum boundaries by means of z,
with samples of equal size n/L in each stratum, reduces V(z,,) at a rate
proportional to 1/L2. Thus

L 2
VED = IS = 3 (5A.23)

o

Suppose also that the regression of y on z is linear, that is,

y=oa+fr+e

where S,% is constant. Then,

. _LE& LB*E LS2L o
V(ySt) - _); ),zlvyhzsuhz = _Iz' z VVhZS:rhz + z wll-

n h=1 n a-=1

For any set of L strata, > W,2 > ;—4 . Using (5A.23), we have

2

_ 1(p%S,2 ) s,2[p 2]
Vg 2 ==& + S2) =25 +(1 — (5A.24)
@) n( I? + n LI2 ( P)

where p is the correlation between y and = in the unstratified population,

With this model, Table 5A.13 shows ¥(7,,)/ V(#) for p = 0.99, 0.95, 0.90,
and 0.85 and L = 2 to 6, assuming that relation (5A.24) is an equality.
The right-hand columns of the table give V(7,)/ V() for three sets of actual
data, described under the table, in which z is the value of y at some earlier
time.

The results for the regression model indicate that unless p exceeds 0.95,
little reduction in variance is to be expected beyond L = 6. Data sets 2 and
3 support this conclusion, although some further increase in L might be
profitable with the college enrollment data (set 1).

To complete this analysis, we require a cost function that shows how the
cost depends on L. Dalenius (1957) suggests the relation C = LC, + nC,.
The cost ratio C,/C, will vary with the type of survey. An increase in the
number of strata involves extra work in planning and drawing the sample
and increases the number of weights used in computing the estimates,
unless they are self-weighting. In some surveys almost no change is required
in the organization of the field work; in others a separate field unit is set up
in each stratum. Whatever the form of the cost function, the results in
Table 5A.13 suggest that if an increase in L beyond 6 necessitates any
substantial decrease in » in order to keep the cost constant the increase
will seldom be profitable.

The discussion in this section is confined to surveys in which only over-all
estimates are to be made. If estimates are wanted also for geographic
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TABLE 5A.13

V(0! V(§) As A FUNCTION OF L FOR THE LINEAR REGRESSION MODEL AND FOR
SoME ActuaL DaTta

Linear Regression Model Data, Set
P ==
L 0.99 0.95 0.90 0.85 1 2 3
2 0.265 0.323 0.392 0.458 0.197 0.295 0.500
3 0.129 0.198 0.280 0.358 0.108 0.178 0.375
4 0.081 0.154 0.241 0.323 0.075 0.142 0.244
5 0.059 0.134 0.222 0.306 0.065 0.105 0.241
6 0.047 0.123 0.212 0.298 0.050 0.104 0.212
@ 0.020 0.098 0.190 0.277 —_— — —
Type of Data

Set Data € y Source

1 College enroliments 1952 1958 Cochran (1961)

2 City sizes 1940 1950  Cochran (1961)

3 Family incomes 1929 1933 Dalenius and Gurney (1951)

subdivisions of the population, the argument for a larger number of strata
is stronger.

5A.8 STRATIFICATION AFTER SELECTION OF THE
SAMPLE

With some variables that are suitable for stratification, the stratum to
which a unit belongs is not known until the data have been collected.
Personal characteristics such as age, sex, race, and educational level are
common examples. The stratum sizes N, may be obtainable fairly accu-
rately from official statistics, but the units can be classified into the strata
only after the sample data are known.

One procedure is to take a simple random sample of size n and classify
the units. Instead of the sample mean 7, we use the estimate gy = 2 Wiin
where 7, is the mean of the sample units that fall in stratum h,and W), =
N,/N. This method is almost as precise as proportional stratified sampling,
provided that (a) the sample is reasonably large, say >20, in every stratum,

and (b) the effects of errors in the weights W, can be ignored (see section
5A.2).
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area, age, sex, race, and some measure of economic level. If the enumera-
tor were to choose persons at random within the geographic areas and
assign each to his appropriate stratum, the method would be identical
with stratified random sampling. A considerable amount of field work
would be required to fill all quotas, however, since in the later stages most
of the persons approached would fall in quotas already filled.

To expedite the filling of quotas, some latitude is allowed to the enumera-
tor regarding the persons or households to be included. The amount of
latitude varies with the agency, but, in general, quota sampling may be
described as stratified sampling with a2 more or less nonrandom selection
of units within strata. For this reason, sampling-error formulas cannot be
applied with confidence to the results of quota samples. A number of
comparisons between the results of quota and probability samples are
summarized by Stephan and McCarthy (1958), who give an excellent cri-
tique of the performance of both types of survey. The quota method seems
likely to produce sampies that are biased on characteristics such as income,
education and occupation, although it often agrees well with the proba-
bility samples on questions of opinion and attitude.

5A.10 ESTIMATION FROM A SAMPLE OF THE GAIN
DUE TO STRATIFICATION

When a stratified random sample has been taken, it may be of interest,
as a guide to the conduct of future surveys, to appraisc the gain in precision
relative to simple random sampling.

The data available from the sample are the values of N, n,. 7,. and s,%
From section 5.4, the estimated variance of the weighted mean from the
stratified sample is
A s W,isy>

n, N

The problem is to compare this variance with an estimate of the variance
of the mean that would have been obtained from a simple random sample.
One procedure sometimes used calculates the familiar mean square devia-

tion from the sample mean,

(Fa) = Z

2 Z (Uni — !7)2
§8 =
n—1
where the strata are ignored. This is taken as an estimate of the variance
per unit for a simple random sample. This method works well enough if the
allocation is proportional, since a simple random sample distributes itself
approximately proportionally among strata. But, if an allocation far from
proportional has been adopted, the sample actually taken does not resemble
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a simple random sample, and this s> may be a poor estimate. A general
procedure is given.

The true variance of the mean of a simple random sample is

V. = (N —n) S? — (N — n)[E (Ny — DS, + 2 Nh()—;h - 7)2]
"™ aN Y, (N — 1)

(5A.25)
by an algebraic identity for S2.

In the first term inside the bracket, we need only put s,,g_for Sf. The
second term requires investigation. For estimating 3 N,(¥, — Y)? it is
natural to try > N,(§, — 7,2 This quantity turns out to be an overestimate

that needs adjustment. The relevant result is stated as a theorem, since it
will be useful later.

Theorem 5A.1. In stratified random sampling,
. - Sy3(N, — N
BIZ M = 8,071 = 3 VT, — Ty 4 3 2=l 1)
h

N h S)12

n,

=3N(Y, - Y2+ 3 (I = /(1 — W)

Proof.
We may write

ZNh = § =S NIV — D)+ G — V) — (3, — )P

We now expand and take the average over all possible samples. ]t may be

verified _that the average of each of the two cross-product terms
(Y, — Y) vanishes. This gives

E 2 Nh(gh - .7753)2 = z N,,(Yh — 7)2 + E z Nh(gh - —h)z
+ E 2 Ny(§y — Y)* — 2E z Ny — )7)1.)(!751 - Y) (5A.26)

involving

But

Z Nh(??n - _h)(gst - Y) = N(g, — Y)2
by the definitions of ¥s:and Y. Thus the last two terms in (5A.26) coalesce
to give
_ 2
—EN(, - T = — 3 DT = ) S
N n,
since.this expression is N times the variance of ¥« For the second term on
the right in-(5A.26),

— — 2 2
EZ NG — V=DM =m)Sy _ < 1S

N, n ",
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because within each stratum g, is the mean of a simple random sample.
Hence

E z Nh(gh - ?75t)2 = E N).(Yh - 7)2
Si* _ 2 Nu(Ny — m) §,°

+ N, — n,) —
2 (N » n, N n
> o SyA(N, — N
= 3 Wy, — 7+ 3 (N
n, N

NiS,®
n,

=3 N(Y,— V) + 3> (1 = f)d — W)

Corollary. An unbiased estimate of SN(Y, — Y)?is

N, hsh2

Z Nh(gh - gst)g - Z (1 _fh)(l - Wh)'

n,

When this expression is substituted in (5A.25), we find that an unbiased
estimate of V,,,, is

i—_n_[z thzz—‘ EM

Ufﬂn =
n(N — 1) n,
+2

u,)lzsh2
n,
This expression is unattractive to compute. In nearly all applications
simplifications can be utilized. Two are given.

W, N 12 _ — \2
- 2 Nh Ao+ 2 Whyh2 - (Z Wh?/h){'

N > 50. This will hold for almost all populations. The fourth term
inside the bracket may be omitted, since it equals the first term divided by
N. We obtain

N —n W,s,°
Vran = z thh2 - Z
nN n,
”’,‘23’[2

+2

All n, > 50. The second and third terms inside the bracket may be
dropped to give

S W~ (S w,ly,.)z] (5A.27)

N — 2 -
tan = = [ Whel + S WG - S W] (GA)

Example. The calculations are illustrated from the first three strata in the
sample of teachers’ colleges (section 5.9). Data from the 1946 sample appear in
Table 5A.14. The means represent enrollment per college, in thousands.



140 SAMPLING TECHNIQUES
TABLE 5A.14

BasiC DATA FROM A STRATIFIED SAMPLE

Stratum N ny, Gn %
1 13 9 2.200 1.615
2 18 7 1.638 0.063
3 26 10 0.992 0.077
Totals 57 26

The sample is so small that expression (5A.27) for v,,, will bc used. The
supplementary calculations are given in Table 3A.15.

TABLE S5A.1S
ARRANGEMENT OF CALCULATIONS
Stratum Wh VVhs,,"’ W;‘.Vhe/llh W,,zs,,‘“’/n,, ”/h-lih
1 0.228 0.36822 0.04091 0.00933 0.50160
2 0.316 0.01991 0.00284 0.00090 0.51761
3 0.456 0.03511 0.00351 0.00160 0.45235
Totals 1.000 0.42324 0.04726 0.01183 1.47156

The formulas work out as follows:

Vg = z I’VIAZSI:2 _ z Wsn?

ny
[0.4232 — 0.0473 + 0.0118 + 2.4000 — 2.1655] = 0.0130

= 0.01183 — 0.00743 = 0.0044

b 31
Tan T (57)(26)

Stratification appears to have reduced the variance to about one-third of the
value for a simple random sample.
Proportional Allocation. An estimate v,,, that is usually adequate is

obtained from the sum of squares of deviations of the sample values from
their mean, for

s = 2 Wni — 7)°
n—1

1 HIAYA
= ;—I[z (”h - l)sh2 + z nhghz - (L’Ih—yﬁ—]
— n
by t.h? usual identity in the analysis of variance. If terms in l/n, are
negligible, this is equivalent to

Z VVhshz + Z u/h?7h2 - (Z ‘/thh)z

since W, = n,/n. This in turn equals the quantity inside the bracket in
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5A.28. Thus the expression
(N —m) s_2

| 3 —3
ran
N n

is satisfactory if allocation is proportional and terms in 1/n, are negligible.

5A.11 ESTIMATION OF VARIANCE WITH ONE UNIT
PER STRATUM

If the population is highly variable and many effective criteria for strati-
fication are known, stratification may be carried to the point at which the
sample contains only one unit in each stratum. In this event the formula
previously given for estimating V(j,,) cannot be used. An estimate may be
attempted by grouping the strata in pairs. In the two strata that form a
pair we shall assume that the sizes N, are equal. Slight deviations from
equality do not vitiate the method. The population means Y, for the two
members of a pair should not differ greatly, but the allocation into pairs
should be made before seeing the sample results, for reasons that will
become evident. The number of strata should be at least 20, to allow a
minimum of 10 df in the estimated variance.

Let the observations in a typical pair be y;;, ¥;., where j goes from 1 to
L[2. Then, averaging over all samples from this pair,

Ni = lis,2 45,0  (5A.29)

E(yn — yp) = (Yp— Y+

J

where N, = N, is the size of each stratum in the pair. Consider the

estimate
| [RCA 2
W(Fs) = F" SNAYn — ¥i0) (5A.30)
=1

By (5A.29) the expected value of this quantity is

. L2
Ev(§y) = _1_[12 NN, — DS2+ 2N (Y, — }_’,2)2} (5A.31)
N2 i =1

The first term on the right is the correct variance (by theorem 5.3 with
m, = 1): the second represents a positive bias. The size of the bias depends
on the success attained in the formation of pairs of strata whose true means
differ little. The form of estimate (5A.30) warns us not to construct pairs
by making the sample values differ as little as possible, since this gives a
serious underestimate. The technique is sometimes called the method of
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In an alternative method of sampling each pair is used as a single stra-
tum, with L/2 strata and two units chosen at random per stratum. An
unbiased estimate of ¥(7,,) for this kind of sampling is obtainable from the
usual formula. The reader may verify that

7 1[< AN, —2 oo L 2N:'—1 y _—V'.:j
V3 = fa| S = DETE 52 4 SN S (T = T

(5A.32

By comparison with (5A.31), it appears that formula (5A.30) overesti
mates not only the true variance with one unit per stratum but also th
variance that would apply if strata twice as large were used.

Whether the smaller strata are preferable, in the light of this result, j
debatable. Unfortunately, if there is a large gain in precision from on

unit per stratum, compared with two units per pair, there is also a larg
overestimation of the variance.

5A.12 SHORT-CUTS IN THE COMPUTATION OF
STANDARD ERRORS

One of the merits of probability sampling is that a standard error can b
computed for any estimate made from the sample. Unfortunately, th
computation of standard errors is more laborious than the computation ¢
the estimates themselves. In complex national surveys containing hur
dreds or thousands of items, calculation and presentation of standar
€rrors is a major problem. A number of devices have been proposed to ¢,
down the labor and expense. The extent to which any device is helpfy
will of course depend on the computing machines and methods that ar
being used.

As a reminder, the formulas for the estimated population mean an
total are as follows:

L 2 2
V(gy) = ZIW—"nSi (1 — 1) (5A.3:
h= h
V(P =SNESE (1 f) (5A.3¢
=1 N,

Consider first a survey in which the number of strata is small, say <1
and the sample is relatively large. In such surveys S,? and f, may var
markedly from stratum to stratum. One device is to compute S,2 from
subsample of the n, units in stratum 4. A subsample of size 20 should t
adequate for most purposes. The subsample should be drawn at randon
A systematic subsample (e.g., of every sixth unit in the sample record boo
if n, is about 120) is quicker to draw, but it is likely to give an overestimaj
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of S,? if there is some systematic pattern in the order in which units are
listed in the record book (see section 8.3).

If the units are listed in an essentially random order, a second possibility
is to record subtotals as the units are being added to compute the sample
total in the stratum. For instance, if n, = 123, we might subtotal after
every 10 units, giving 12 subtotals T, T,, - - -, Ty,. The last three units
are ignored in the subtotals, though they are included in the sample total.
Then X(T; — T)*/110 provides an estimate of S,2, with 11 d.f. If the
distribution of y is non-normal, this estimate is likely to be more precise
than an estimate computed from 12 random units because the use of
subtotals diminishes the effect of kurtosis (section 2.14) on V(s%).

Suppose now that the strata are numerous and the sample sizes are small
within strata, as, for instance, in geographic stratification covering a wide
area. For a large group of strata it may be reasonable to assume that S,2
varies little from stratum to stratum. We might then draw a random sub-
sample (e.g., of eight strata out of 40 to 50), compute s,? in each of the
eight strata, and form a pooled s5,% to be used for all the 40 to 50 strata.
This method is riskier than that of estimating S,2 in every stratum by means
of a random subsample of two or three units and is preferable only if it is
time saving.

Other methods are possible when #, is constant in all strata or in a large
group of strata. Suppose that n, = 2 and N, is constant. Let y,;, ¥, be
the measurements on the two units, and let d, = y,, — ¥,,. Then

E(dh2) = zsh.2
Hence an unbiased estimate of V(¥,,) over this group of strata is

Ldz

U(Yst) = th(l —fh)hzlf

This result may be verified by comparison with (5A.34).

This estimate contains L df—more than is needed if L is large. The
strata can be grouped to form k groups, which may contain different num-
bers of strata. Let D; = >d,, taken over the strata in the jth group. Then
it is easily shown that an unbiased estimate of V(¥,,), with k df, is

2 <D
oY) = N)*(1 —fh)le’

Similar methods apply when 7, is constant and greater than 2. Suppose
that n, = 4 and that 18 df are desired for the estimate v( ¥,,). Divide the
strata into six groups. In each stratum identify the four units in any con-
venient way as the first, second, third, and fourth units, respectively. In



144 SAMPLING TECHNIQUES

group j let T;;, Tjy, Tja, T;y be the totals over the first, second, third, and
fourth units, with mean T,. Then

o

s 2 § d T)'u — 7—‘1')-
U(Yst) = Nh-(] —.fh)z Z(

ji=1 u=1 12

The general divisor in place of 12 is n,(n, — 1).
If n, is constant but N, is not, the grouping method becomes more
Jaborious. Instead of the totals T;,, we form totals

Y:’u = z Nhyhu (ll = lszs T, ”h)

where y,, denotes the unit identified as the “uth” in the stratum and the
sum is over the jth group of strata. With & groups. it can be shown that

K oom (V. Y2 L n2c?
E‘:Z (YJH Y))} =, Nh Sh

i1 u=1 my(n, — 1) =1 N,

the df being k(n, — 1). The quantity on the left is an overestimate of
V(Y,,), since its expectation does not contain the correct fpc term | — f,.
If necessary, the estimate may be multiplied by 1 — »n/N as a rough
correction.

If k = 1,the n, quantities ¥;, are all unbiased estimates of the population
total Y and the method provides an estimate of V(Y,,) based on n, — 1 df.

In surveys containing many items the relation between s(¥) and ¥ may
be substantially the same over a large class of items. This can be investi-
gated by plotting s(?) against ¥ for different items and seeking scales on
which a simple relation gives a good fit. An “error graph'’ of this kind, as
Yates (1960) has called it, is extremely helpful. If a good one exists, there is
less danger in computing s.e.’s from small numbers of df. For less impor-
tant items, the computation of the s.e. may be omitted and the graph relied
on to give an estimated s.c. Use of the graph or a table derived from it in
presenting s.e.’s may avoid the printing of hundreds of individual figures.
Examples of error graphs have been given by Yates (1960) and Hansen et
al. (1953).

In repetitive studies the relation between s( Y) and ¥ may remain stable
or change only slowly over time. This provides an opportunity for
further savings. When an error graph has been constructed, computation
of s.e.’s in the future need be made only at certain time intervals, with
only the amount of detail required to detect an important change in the
shape or position of the error graph.

Zarkovic (1960) gives a review of short-cut computing methods and
Keyfitz (1957) presents ingenious methods usable when n, = 2.
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5A.13 STRATA AS DOMAINS OF STUDY

This section deals with surveys in which the primary purpose is to make
comparisons between different strata, assumed to be identifiable in advance.
The rules for allocating the sample sizes to the strata are different from
those that apply when the objective is to make over-all population esti-
mates. If there are only two strata, we might choose #;, n, to minimize the
variance of the difference (§, — 7,) between the estimated strata means.
Omitting the fpc’s for reasons given in section 2.12, we have

_ S.2  S.t
V(?71—1/2)=—1+_-“

m Ny

With a linear cost function

C =cy+ cyny + Coltg
¥ is minimized when
nS,; nS

ny = _V%l =, = N2 (5A.35)
Sl/\/cl + 52/\/"2 Sl/\/cl + S:z/\ Cs

With L strata, L > 2, the optimum allocation depends on the amounts of
precision desired for different comparisons. For instance, the cost might
be minimized subject to the set of L(L — 1)/2 conditions that V(7, — 7)) <
V.., where the values of ¥, are chosen according to the precision considered
necessary for a satisfactory comparison of strata /1 and i.

Frequently a simpler method of allocation is adequate, especially if the
S, and ¢, do not differ greatly. One approach is to minimize the average
variance of the difference between all L(L — 1)/2 pairs of strata, that is, to

minimize
_ z Sz S;?
V=ﬁi+i+m+L)

n, Ny ny

V is minimized, for fixed C, by the rule in (5A.35),

This rule may result in certain pairs of strata being more precisely com-
pared and others less precisely than is felt appropriate. An alternative is to
select the n, so that the s.e. of the difference is the same, say V. for every
pair of strata. This amounts to making S,%/n, = V2 for every stratum.
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For a fixed cost this method gives less over-all precision thz.m the. first
method. The reader may verify that the two optimum allocations give

AT St AT S

V= , _
L(C — CO) (C — C())

It follows from the Cauchy-Schwarz inequality that }' is always greatei
than ¥ unless S,Vc, = constant. If V is substantially greater than V, ¢
compromise allocation can sometimes be found, after a little trial and error
that will give an average variance close to ¥ and also keep V(g, — 7;
reasonably constant.

Sometimes the objective is to obtain estimates for each stratum as wel
as over-all estimates for the whole population. In planning the survey, w
might specify the following conditions:

2 2 2
V(gn) = i—"(l <V V(E)= Z%E"—U — WV

h h
The fpc terms are now included, since the purpose is to specify t.he pre
cision with which the means in the finite population are to be estimatec
The conditions on the V(3,) determine lower limits to the values of th
n,. If these lower limits are found to satisfy the condition on V(7). th
allocation problem is solved. When the condition on V(i) 1S not satis
fied, Dalenius (1957) has indicated a graphical approach.

5A.14 ESTIMATING TOTALS AND MEANS
OVER SUBPOPULATIONS

Frequently the subpopulations or domains of study are represeqted I
all strata. If stratification is geographic, for example, separate estimate
may be wanted, over the whole population, for males and females, fo
different age groups, for users and nonusers of Blank’s toothpaste, et‘c. Thy
problem presents some complications. The basic formulas were given b
Yates (1953) with further discussion and proofs by Durbin (1958) anc
Hartley (1959). Methods applicable to a single stratum are discussed ir
sections 2.10 and 2.11. o

The following notation applies to the units in stratum h which lie ir
domain j.

Notation.

Number of units: N, z N,; = N,
7
Number in sample: n,;, >, =nm,
3
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Measurement on individual unit:  y,,;

Sample mean: 7,; = Y Ynis

where N; = 3 N,;
A
The complication arises because the n,; are random variables. If the
N,; were known, the problem would be simple. As estimates of Y;
and Y,, we could use

Yi, = ; N,‘,.gj,,,-, Y’.' =

As shown in section 2.10, the ordinary formula for V(3,,) is still valid.
Thus
2 2
V(Y,-') =3 Ny;"Sh; (1 _ ﬂu)
B Ny ni

where S,,? is the variance among units in domain j within stratum 4. In
applications, however, the N,; are rarely known.

Estimating Domain Totals

In default of the N, each stratum total of the domain is estimated as
in section 2.11. These totals are added to obtain an estimated domain

total, that is,

Z Ynii

i

f’,-=2

IV'l Naj
h nh

The true and estimated variance of ¥; are found by the device used in
section 2.11. A variate y,,’ is introduced which equals y,,; for all units in
domain j and equals zero for all other units in the population. As shown
in section 2.11, this gives for the estimated variance

2 npj 3 )2
o(?;) = 2 —‘EE—I_) (1 - f,.)[Z Ynis — (—“—Z Zh”) }

r m(n, —



148 SAMPLING TECHNIQUES
Estimating Domain Means

In order to estimate the domain mean Y,/N,, a sample estimate of N, it
required. An unbiased estimate is

Ny
N; =3 n,,
» Ny
Hence we take

N,
Z—'Zy,..-j

h Ny

z &1 Ny ;

nony,

~b
Il
21 |:<)

~.

With proportional stratification, ¥; reduces to the ordinary sample mea
of the units that fall in domain j. In the general case, this estimate is know
as a combined ratio estimate, discussed later in section 6.11. To show i
introduce another dummy variate z,, which equals 1 for every unit j
domain j and O for all other units, where i now goes from 1 to N,. Clearl:

na 1y
!

z Tyi

i =

Na}
1, . Ny ;
= __ _ thi hi 3
Ly = = - Yn

z Yni Z Ynes
R =4 = = — Y, (5A.3

n, n, n, n, ny

so that the estimated domain mean may be written

Ny
):/ B g;zyhii %Nhfl,,'
j=—a

= c o=, =

z& n Z thh IS!
hj h

r Ny

This is the formula for the combined ratio estimate for the two variabl¢

y,; and z,/. From section 6.11, the estimated variance may be expresse
approximately as
1

U(AY)ZT_EN_’F(]__ﬁ_)nZh[y v )A—,_T L (G — AY.? ,)]2 (5A.3
’ N2 m(ny, — 1) 5 " e i h ’

The second summation may be written

ny , 2 _, &, LIy - 2 A
Z (Yni — ijm)z — (g, — Yz, » = 2 (Ynis — Y;‘)Z — T (Fn; — Y,
i i n,

(5A.3¢
using (5A.36). Further, the first term in (5A.38) can be expressed alte
natively as

Np,

lZ(Zlhu - ?7):)')2 + 1 (Gn; — )_;;')2
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Inserting these results in (5A.37) gives, finally, for the estimated variance,

S N — fy o n,\, - Y

o(Y;) = — 2 M[E ni; — ¥n)” + ”m‘( - i")) (T — Y5) :|
N7 o, — 1) LS n,

(5A.39)

The term on the right represents a between-stratum contribution to the
variance. Differences among strata means are not entirely eliminated from
the variance of the estimated mean of any subpopulation. The between-
stratum contribution is small if the terms | — m,;/n, are small, that is, if
the subpopulation is almost as large as the complete population.

As Durbin (1958) has pointed out, (5A.39) applies also to means esti-
mated for the whole population, if the sample is incomplete for any reason

such as nonresponse, provided, of course, that Y; is the estimate used. In

this event Y, is interpreted as the estimated mean for the part of the popu-
lation that would give a response under the methods of data collection
employed. There is, however, an additional complication, in that the
“nonresponse”’ part of the population often has a different mean from the

“response’” part. Thus Y; is a biased estimate of the mean'of the whole
population, and this bias contribution is not included in (5A.39).

EXERCISES

5A.1 In planning a survey of sales in a certain type of store, with n = 550,
good estimates of S, are available from a previous survey in two of the three
strata. The third stratum consists of new stores and stores that had no sales in
the previous survey, so that a value for S; has to be guessed. If Syis actually 10,
compute V(#) as given by an estimated Neyman allocation when Sy is guessed
as (a) 5, (b) 20. Show that in both cases the proportional increase in variance
over the true optimum is slightly over 2 %;.

True Estimated S,

Stratum W, S (@) »
1 0.3 30 30 30

2 0.6 20 20 20

3 0.1 10 5 20

5A.2 Show that if all S,, except §,, are correctly estimated and Sy Ais
estimated as S; = S;(1 + 1), the proportional increase in V,,(J), using S
instead of the true §;, for Neyman allocation, is

ABng'(n —ng’)
(1 + A)n?

where n; is the sample size in stratum L under true Neyman allocation. Verify
that this formula agrees with the results in exercise SA.1. (The agreement is not



150 SAMPLING TECHNIQUES

exact because of the rounding of the #, to integers.) Hence show that a 50%
underestimation of S has the same effect as a 100 %, overestimation.

5A.3 If there are two strata and if ¢ is the ratio of the actual n;/n, to the
Neyman optimum »,/n,, show that whatever the values of N, N,, §,. and S, the
ratio V., (§,)/ V(7)) is never less than 4¢/(1 + ¢)2.

5A.4 The results of a simple random sample with n = 1000 can bc classified
into three *‘strata,”” with %, = 10.2, 12.6, and 17.1, 5,> = 10.82 (the same in each
stratum), and 52 = 17.66. The estimated stratum weights are w, = 0.5, 0.3,0.2,
respectively. These weights are known to be inexact, but it is thought that all
are correct within 5%, so that the worst cases are either W, = 0.525, 0.285, and
0.190 or W, = 0.475, 0.315, and 0.210. By the methods of section 5A.2, would
)’0;1 recommend stratification? (Where needed, assume that 7, = Y, and st o=
Sh )

5A.5 A survey with three strata is planned to estimate the percentage of
families who have accounts in savings banks and the average amount invested

per family. Advance estimates of the percentages P, and the within-stratum S,
of the amount invested are as follows.

Stratum w, P(%) S5x(S)
1 0.6 20 90
2 0.3 40 180
3 0.1 70 520

Compute the smallest sample sizes 7 and the , that satisfy the following require-
ments: (a) The percentage of families is to be estimated with s.e. = 2 and the
average amount invested with s.e. = $5. (b) The percentage of families is to be
estimated with s.e. = 1.5 and the average amount invested with s.e. = $5.
_3A.6 Thetableat top of p. 151 shows the frequency distribution of a popula-
tion of 911 city sizes for cities from 10,000 to 60,000, arranged in classes of 2000,
1:0 shorten the calculations, a coded y’ and values of V/f, cum. vV, cum.f, fy’, and
2fy® are given. Apply the Dalenius-Hodges rule to create two strata for
optimum allocation in the sense of Neyman. Find the values of W, and Sy
for each of your strata. Verify (a) that the optimum sample sizes are almost the
same in the two strata and (b) by finding S? for the whole population, that

Vi
V(,,;I(.l7sf)

_S.A.7 _The right triangular distribution [ =201 —y), 0 <y <1, isg
divided into two strata at the point a. (a) Show that

= 4.8

Wi =a2 —a), Wo= (1 — a)?
Sz_a2(6—-6a + a?) s (1 —a)?
1 = Ty oA T 2 =

18(2 — a)? 18

(b) Show that under the cum. v/ rule the best choice of a is 1 — 1/¥'4 = 0.37
ang that with this boundary the optimum n,/n, is about 2 and V(g,,) is about
277, of the value given by simple random sampling.
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f v VP cmg amVf gy

10 — 205 0 14.3 205 143 0
12— 135 1 11.6 340 259 135
14 — 106 2 10.3 446 36.2 212
16 — 82 3 9.1 528 453 246
18 — 61 4 7.8 589 53.1 244
20— 42 5 6.5 631 59.6 210
22— 32 6 5.7 663 65.3 192
24— 30 7 5.5 693 70.8 210
26— 27 8 5.2 720 76.0 216
28— 18 9 4.2 738 80.2 162
30— 22 10 4.7 760 84.9 220
32— 21 il 4.6 781 89.5 231
34— 19 12 44 800 939 228
36— 16 13 4.0 816 97.9 208
38— 14 14 37 830 101.6 196
40 — 17 15 4.1 847 105.7 255
42 — 9 16 3.0 856 108.7 144
44 — 8 17 2.8 864 111.5 136
46 — 11 18 33 875 114.8 198
48 — 9 19 3.0 884 117.8 171
50 — 7 20 2.6 891 120.4 140
52— 4 21 20 895 122.4 84
54— 5 22 2.2 900 124.6 110
56— 5 23 2.2 905 126.8 115
58— 6 24 24 911 129.2 144

Totals 911 129.2 4407

S fy? = 50,395

5A.8 A sum of $5000 is available for a stratified sample. In the notation of
section 5A.7 the cost function is thought to be, roughly, C = 200L + 10n and

SZ 2
V(#ar) = 7[{—2 + (1 - pz):\

where p is the correlation between the variate used to construct the strata and the
variate to be measured in the survey. Compute the optimum L for p = 0.95,

0.9, and 0.8. What is a good compromise number of strata to use for all three
values of p?

5A.9 The following data are derived from a stratified sample of tire dealers
taken in March 1945 (Deming and Simmons, 1946). The dealers were assigned
to strata according to the number of new tires held at a previous census. The
sample means 3, are the mean numbers of new tires per dealer. (a) Estimate the
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gain in precision due to the stratification. (b) Compare this result with the gain
that would have been attained from proportional allocation.

Stratum
Boundaries Ny w, Jn 5,2 ny
1-9 19,850 0.8032 4.1 34.8 3000
10-19 3,250 0.1315 13.0 922 600
20-29 1,007 0.0407 25.0 174.2 340
30-39 606 0.0245 38.2 320.4 230
Totals 24,713 0.9999 4170

5A.10 For a population with N = 6, L = 2, the values of y,; are 0, 1, 3 ir
the first stratum and 5, 6, 9 in the second stratum. Compute (a) V(7) for a simpl
random sample with n = 2, (b) V(7,,) for a stratified random sample with ony
unit per stratum, (c) the average value o(7,,) as estimated by the method o
collapsed strata. Verify that 5(5,,) > V().
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CHAPTER 6

Ratio Estimates

6.1 METHODS OF ESTIMATION

One feature of the growth of theoretical statistics is the emergence of a
large body of theory which discusses how to make good estimates from
data. In the development of theory specifically for sample surveys, little
use has been made of this knowledge. I think there are two principal
reasons. First, in routine surveys that contain a large number of items
there is a great advantage in an estimation procedure that requires little
more than simple addition, whereas the superior methods of estimation in
statistical theory, such as maximum likelihood, may necessitate a series of
successive approximations before the estimate can be found. Second, there
has been a difference in attitude in the two lines of research. Most of the
estimation methods in theoretical statistics take it for granted that we
know the functional form of the frequency distribution followed by the
data in the sample, and the method of estimation is carefully geared to this
type of distribution. The preference in sample survey theory has been to
make only limited assumptions about this frequency distribution (that it is
very skew or rather symmetrical) and to leave its specific functional form
out of the discussion. This attitude is a reasonable one for handling sur-
veys in which the type of distribution may change from one item to another
and when we do not wish to stop and examine all of them before deciding
how to make each estimate.

Consequently, estimation techniques for sample survey work are at
present restricted in scope. Two techniques are considered—the ratio
method in this chapter and the linear regression method in Chapter 7.
The use of more complex methods may increase, at least in small, special-
ized surveys, because the gain in precision from a superior method of esti-
mation can often be secured cheaply, since only the final computations are
affected.

154
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6.2 THE RATIO ESTIMATE

In the ratio method an auxiliary variate z,, correlated with y,, is obtained
for each unit in the sample. The population total X of the z; must be
known. In practice, 2, is often the value of y, at some previous time when a
complete census was taken. The aim in this method is to obtain increased
precision by taking advantage of the correlation between y; and z;. At
present we assume simple random sampling.

The ratio estimate of Y, the population total of the y,, is

Pe=Yx=%x (6.1)
T z
where y, x are the sample totals of the y, and z;, respectively.

If x, is the value of y, at some previous time, the ratio method uses the
sample to estimate the relative change Y/X that has occurred since that
time. The estimated relative change y/x is multiplied by the known popu-
lation total X on the previous occasion to provide an estimate of the
current population total. If the ratio y,/z, is nearly the same on all sam-
pling units, the values of y/x vary little from one sample to another, and the
ratio estimate is of high precision. In another application z; may be the
total acreage of a farm and y, the number of acres sown to some crop. The
ratio estimate will be successful in this case if all farmers devote about the
same percentage of their total acreage to this crop.

If the quantity to be estimated is Y, the population mean value of y,, the
ratio estimate is
1

}A,R= A_f

] I

Frequently we wish to estimate a ratio rather than a total or mean, for
example, the ratio of corn acres to wheat acres, the ratio of expenditures
on labor to total expenditures, or the ratio of liquid assets to total assets.
The sample estimate is R = y/z. In this case X need not be known.
The use of ratio estimates for this purpose has already been discussed in
sections 2.9 and (with cluster sampling for proportions) 3.12.

Example. Table 6.1 shows the number of inhabitants (in 1000’s) in each of a
simple random sample of 49 cities drawn from the population of 196 large cities
discussed in section 2.13. The problem is to estimate the total number of in-
habitants in the 196 cities in 1930. The true 1920 total, X, is assumed to be
known. Its value is 22,919.

The example is a suitable one for the ratio estimate. The majority of the
cities in the sample show an increase in size from 1920 to 1930 of the order

of 209;. From the sample data we have
Yy =Dy, = 6262, =z, = 5054
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TABLE 6.1
Sizes or 49 LARGE UnITED STATES CITIES (in 1000°s) 1N 1920 (x;) AND 1930 (y,)
T; Yi T; Y, Xy Y
76 80 2 50 243 291
138 143 507 634 87 105
67 67 179 260 30 111
29 50 121 113 71 79
381 464 50 64 256 288
23 48 44 58 43 61
37 63 77 89 25 57
120 115 64 63 94 85
61 69 64 77 43 50
387 459 56 142 298 317
93 104 40 60 36 46
172 183 40 64 161 232
78 106 38 52 74 93
66 86 136 139 45 53
60 57 116 130 36 54
46 65 46 53 50 58
48 75
70 __‘
60 F—
T 200 ratio estimates
50
G40
g
£30 B
20 —]
x denotes populati. n total
10
0
30
Z20
% __1_-1 200 simple expansions
E—j 10 —

18 20 22 24 26 28 30 32 34 36 38 40 42 44
Total population (millions)

Fig. 6 1 Experimental comparison of the ratio estimate with the estimate based on the
ig- Y
Samp]e pagCS.
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Consequently the ratio estimate of the 1930 total for all 196 cities is

~ 262
=2 x =882 23 919) = 28,397
x 5054

The corresponding estimate based on the sample mean per city is

Y=Nj= (196)(6262) _ 25,048

49

The correct total in 1930 is 29,351.

Figure 6.1 shows the ratio estimate and the estimate based on the sample
mean per city for each of 200 simple random samples of size 49 drawn from
this population. A substantial improvement in precision from the ratio
method is apparent.

6.3 APPROXIMATE VARIANCE OF THE RATIO
ESTIMATE

The distribution of the ratio estimate has proved annoyingly intractable
because both y and x vary from sample to sample. The known theoretical
results fall short of what we would like to know for practical applications.
The principal results are stated first without proof. )

The ratio estimate is consistent (this is obvious). It is biased, except for
some special types of population, although the bias is negligible in large
samples. The limiting distribution of the ratio estimate, as n becomes very
large, is normal, subject to some mild restrictions on the type of population
from which we are sampling. In samples of moderate size the distribution
shows a tendency to positive skewness in the kinds of populations for
which the method is most often used. We do not possess exact formulas for
the bias and the sampling variance of the estimate but only approximations
that are valid in large samples. '

These results amount to saying that there is no difficulty if the sample is
large enough to that (a) the ratio is nearly normally distributed and (b)
the large-sample formula for its variance is valid. As a working ru.le, the
Jarge-sample results may be used if the sample size exceeds 30 and is also
large enough so that the coefficients of variation of * and y are both less

than 109;.

Theorem 6.1. The ratio estimates of the population total Y, the
population mean Y, and the population ratio Y/X are, respectively,

YR= X, R =

IR
RN
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In a simple random sample of size n (n large)

Z(Jx in)z

2

COEE (ln [ N—1 } 62
—iv( R )2_

iyl —=flioh s 6.3

V(Yg) = N1 )
- v -
2 (y: — Rz)?

gy L—f| 5 (6.4)
VR = nx*L N-—1

where f = n/N is the sampling fraction.

The argument leading to the approximate result (6.4) was given in

theorem 2.5. Since Y;R = %R, ¥ = NXR, the other two results follow,
immediately.

Corollary 1. There are various alternative forms of the result. Since
Y = RX, we may write

V(fp) = (N— D ;J(% Y) — R(z, )]
) VPt RES (e TP
"N 1) Xy — Y+ RES (=,

— 2R Z(y,- — Y)(z — /\7)]
The correlation coefficient p between y, and z, in the finite population jg
defined by the equation

N _ —
Ey =N —=X) Sy — V=X
JE(y, — V(= — X (N — 1)S,S:
This leads to the result
V(v = YU =D 52y R?S,% — 2RpS,S2) (6.5)
n

An equivalent form is
Y? S 2 S,2 zsu::) (6
V(Ygp) = (1 — ot |- .6
(==L (3 4 5 - 2 )
where S, = pS,S, is the covariance between y, and z,. This relation may,
also be written as

Vif =0 —nYX(c, + Co — 26,2) 67
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where sz.. »r @€ the squares of the coefficients of variation (cv) of y; and
x;, respectively, and C,_ is the relative covariance.

Corgllary 2. S?”C_e Y —)}R, and R differ only by known multipliers, the
Co?fﬁCICn't of variation (i.e., the standard error divided by the quantity
being estimated) is the same for all three estimates. From (6.7) the square
of this cv is

2 _ V(Y 1 —
(ev)* = TR) = _n_[(cw + C,, — 2C,.) (6.8)
The quantity (cv)* has been called the relative variance by Hansen et al.
(1953). Its use avoids repetition of variance formulas for related quantities
like the estimated population total and mean.

6.4 ACCURACY OF THE APPROXIMATE VARIANCE

Sukhatme (1954) has investigated the error involved in the approximate

formula for ¥(R). It will be recalled (theorem 2.5) that the approximate
formula was obtained by writing

R—Rr=¥_p_¥1=Rx

X

and then replacing by X in the denominator. Instead, we write
1 1 F — Y\l
= =—1:(1+“ _X)
r X+@ExE-—-X) X X

and expand the right-hand term in parentheses by a Taylor's series. This
gives

R—R:g‘_m[l—f—_x+("—“_f?)2—--~} (6.9)
X X X*
By squaring this expression, we can express E(R — R)? in terms of the
moments of the joint distribution of y and =. Unfortunately, the result is
too complicated to lead to a useful guide for practical applications and
will not be given here.

If y and = follow a bivariate normal distribution, the result simplifies
considerably. Sukhatme (1954) has shown that to terms of order 1/n?

R—R)? : -
E( . ) = Vl(l + 3C") 4 8Cal PGt Cor = 2C0a) (4.10)
n

n

where

1
Vl = - (Cu.v + sz - 2Cy:r)
n
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is the first approximation to the relative variance of R. as given by (6.8),
with the fpc ignored. Taking V¥, as a common factor in (6.10), we have

A~ _ 2 2 C - 2Cu:z:
E(RRR)iVl(l_*_3cxz+6cu,PCw+ o : ) 6.11)

n n C,, + C,..—2C,,
Since the right-hand term inside the parentheses is less than 6C,,/n, this
gives
5 o2
E(R . R) < V1<l + 9CH) (6.12)
n .

to terms of order 1/n®. Now C_,/n is the square of the coefficient of vari-
ation of 2. Thus, if n is large enough so that the cv of  is less than 0.1, use
of ¥, should not underestimate by more than 9. In practice, the muiti-
plier 9 in (6.12) appears to be unduly high as compared with (6.11). For
instance, if C,, = C,,» (6.11) reduces to

E(R — R)Zt Vll:l 4 Cer s 3”)}

R n
Since p is almost always positive in applications of the ratio method, a
multiplier between 3 and 6 is more representative. However, the effects of
non-normality in y and x also enter into the term of order 1/

The expression E(R — R)? is the mean square error of R about the true
ratio R rather than the variance of R. Since R is, in general, biased, the

mean square error is more appropriate than the variance as a measure of
Its accuracy.

6.5 BIAS OF THE RATIO ESTIMATE

The ratio estimate has a bias of order I/n. Since the s.ce. of the estimate

is of order 1/V/n, the ratio of the bias to the s.e. is also of order [/7'n and
becomes negligible as n becomes large. In practice, the bias is usually
found to be unimportant even in samples of moderate size. Three useful
results about the bias are presented.

The first gives the leading term in the bias when it is expanded in a
Taylor’s series. From (6.9), retaining the first two terms, we have

R—RiL__RE(I—E_/\—/)
X

Now

EG —R¥)= Y — RX =0

so that the leading term in the bias comes from the second term inside the
brackets. Further,

EjE - %)= E(g — V)z — X) =1 ps,5,

n
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by theorem 2.3 (p. 24) and the definition of p. Also,

Ei(f—f):E(i—)?)z:l—_fsg

z
n
Hence the leading term in the bias is

E(R — R) = 1”—/\7{ (RS2 — pS,S.) (6.13)

The relative bias (i.e., bias/R), which is the same for R, ¥, and }_;R is

E(R — Ry . 1—-/ 2
- =L (RS = pS,5.) (6.14)
f(C::J: - :c)

n

Since sample estimates of R, S,, S,, p, X, and Y can be computed, (6.13)
and (6.14) are sometimes used as a rough check on the size of the bias in a
specific sample.

A second result is that the ratio estimate is unbiased if the regression of y
and z is a straight line through the origin. This means that E(y | ) = fz.
In a finite population this relation implies that (a) if several units have
exactly the same value of z, the mean of their y-values is fz, and (b) if a
specific value of « occurs on only one unit in the population the value of
y for that unit is fz. These relations are unlikely to be satisfied exactly in a
finite population. However, they will frequently be satisfied approximately,
since, as mentioned in section 6.2, the ratio estimate is likely to be used
when there is reason to think that y/x is approximately constant.

Theorem 6.2. If E(y | ) = Sz for all values of z in a finite population,

the estimates Y, Y. and R are unbiased in simple random samples of
size n.

Proof. Write
y=pfr+e
Then
Ee|x)y=0 (6.15)
for any value of xz. Averaging over the population, we have
Y =p8X

so that R = . Further, averaging over a sample,

=p+

=) w2
8l Iy,
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that is,

R=R+

ISR

Take the average of R over all samples of size n that contain the same set of
values of z, so that Z remains constant during this averaging. Suppose
that a particular value of z, say 2’, occurs in m’ units in the sample and .ir
M’ units in the population. Then in this averaging each of the M’ unit:
appears equally often in the sample. But by (6.15)

E(e|z)=0

Hence E(¢) = 0 over this set of samples. It follows that E(R) = R ove
this set of samples and that E(R) = R over all simple random samples o
size n. .

The third result, due to Hartley and Ross (1954), gives an upper boun
to the ratio of the bias to the standard error. Consider the covariance, i
simple random samples of size n, of the quantities R and . We have

cov(R,i)::E(g-z) — E(R) E(z)
€
=Y — XER)
Hence
E(R) = YL cov (R,Z) =R — 2 cov (R, Z) (6.16
X X X ’ :

Thus the bias in R is —cov (R, z)/X. Unlike the Taylor approximatior
(6.13) to the bias, this expression is exact.
Further,

.. oa 040
|bias in R| = IpﬁzR—xl
X

0ROz

X

since R and z cannot have a correlation >1. Hence

iasin K| 9z _ oy of 2 (6.17)
Oh X
The same bound applies, of course, to the bias in )"R and )A’R. Thus if the

cv of Z is less than 0.1, the bias may safely be regarded as negligible in
relation to the s.e.
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6.6 ESTIMATION OF THE VARIANCE FROM A SAMPLE

From equation (6.2)

N
201 . Rz)?
V(YR)iN(l" f)Z(z;.I_I: )

As already mentioned in section 2.9, we take

i (y; — in)z
(n—1

as a sample estimate of the population variance. This estimate has a bias

of order 1/n. i
For the estimated variance, v(Y}), this gives

o(F) = T =D 5 R
( -_ 1) i=1
MV =Dy Y- RS gm)  (618)
n(n — 1)

this being the form that is speediest to compute.

Example. This illustrates the calculation of the standard error of a ratio
estimate of a population total. The data in Table 6.1 (p. 156) will be used. First
calculate

= Yy, =6262 = > x; = 5054 R =
From (6.18),

= 1.239019

SRR

y(f’,,) N(N — n)(z 2 4 Rzzm 2 2R2Jz ;)

nn —

To compute the quadratic term the sums of squares and products are placed on
the same row as their multipliers:

Multiplier
>y =1,527,882 1
> z? = 1,044,504 1.535168 = R?
Sy = 1,251,630 2.478038 = 2R
Hence

N (196)(147)

P = o =
v(Yg) (@5)(48) (29,784) = 364,854

s(¥p) = 604
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6.7 CONFIDENCE LIMITS

If the sample is large enough so that the normal approximation applies,
confidence limits for ¥ and R may be obtained:

Y: Yo nVi(P,) 6.19
R: R+ ni(R) (6.20°

where t is the normal deviate corresponding to the chosen confidence
probability.

In section 6.3 it was suggested that the normal approximation applie;
reasonably well if the sample size is at least 30 and is large enough so tha
the cv’s of 7 and Z are both less than 0.1. When these conditions do no
apply, the formula for ¢(R) tends to give values that are too low and th,
positive skewness in the distribution of R may become noticeable.

An alternative method of computing confidence limits has been used j,
biological assay (Fieller, 1932; Paulson, 1942). This approach require
fewer assumptions than the normal approximation and takes some accoyp,
of the skewness of the distribution of R.

The method requires that 7 and Z follow a bivariate normal distributiOr
so that (7 — R%) is normally distributed. It follows that the quantity

7 — RZ
\/’[(N — n)/Nn]\/s.,,2 + R*s,* — 2Rs

is approximately normally distributed with mean zero and unit standg,
deviation. (We have substituted sample estimates s,% etc., for the corpe
sponding population variances and covariance and are assuming the samp]
size enough so that this introduces negligible error. In biological assay, ;
which samples may be quite small, the quantity above would be regarded ,
following Student’s t-distribution.)

The value of R is unknown, but any contemplated value of R whijg
makes this normal deviate large enough may be regarded as rejected by t},
sample data. Consequently, confidence limits for R are found by settip,
(6.21) equal to £ and solving the resulting quadratic equation for R, Th'
confidence limits are approximate, for, if we try to check them by samplip,
repeatedly from a fixed population with known R, some vaiues of § and -
turn up for which the two roots of the quadratic are imaginary. Such case
become rare if the cv’s of 7 and T are less than 0.3.

After some manipulation, the two roots may be expressed as

(6.21

vr

R=2p (1 — Izc‘gf) 4 t\/(CW + crr — 2¢57) — 12(C1717(‘j_f — C_,;_;2)

1 — lzCif

(6.22
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where 2
N —ns,

Nn #*
is the square of the estimated cv of g, with analogous definitions of c;;

and cg;. If rPcyy, 1%c;;, and 2cy; are all small relative to 1, the limits
reduce to

Cip =

R= R+ RV + ¢z — 2¢;;

This expression is the same as the normal approximation (6.20).
Quadratic limits for Y are found by replacing R in equation (6.22) by Y.
Although the quadratic limits should in general be more accurate than

th¢ normal limits from (6.20), since fewer assumptions are required,

Hajek (1958) has shown that if the regression of y on x goes through the

origin the normal limits contain R, in large samples, with higher frequency
than the quadratic limits.

6.8 COMPARISON OF THE RATIO ESTIMATE WITH
THE MEAN PER UNIT

The type of estimate of Y which was studied in preceding chapters is Ny,
where 7 is the mean per unit for the sample (in simple random sampling)
or a weighted mean per unit (in stratified random sampling). Estimates of
this kind are called estimates based on the mean per unit or estimates ob-
tained by simple expansion.

Theorem 6.3 In large samples, with simple random sampling, the ratio
estimate ¥, has a smaller variance than the estimate ¥ = Ny obtained by
simple expansion, if

1(S, / S,\ _ _coefficient of variation of
> E(?) (?) " 2(coefficient of variation of ¥,)

Proof. For ¥ we have

V(y)=

N(L—f) g
n v

For the ratio estimate we have from (6.5)
201
V(P = N =) (52 4 RS2 — 2RpS,S,)

n
Hence the ratio estimate has the smaller variance if

Sv2 + R2512 - 2RPSySa: < Sy2

5= 360/

v

i.e. if
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This theorem shows that the ratio estimate may be cither more or less
precise than a simple expansion. The issue depends on the size of the corre-
lation coefficient between y, and z; and on the cv’s of these two variates.
The variability of the auxiliary variate x, is an important factor: ifitscv is
more than twice that of y,, the ratio estimate is a/ways less precise, since p
cannot exceed 1. When z, is the value of ¥, at some previous time, the two
cv’s may be about equal. In this event the ratio estimate is superior if p
exceeds 0.5.

Theorem 6.3 applies only for samples large enough so that the approxi-
mate formula for ¥(¥},) is valid. In smaller samples the ratio method
probably does not compare so favorably as the theorem suggests, since the
approximate formula is usually an underestimate.

6.9 CONDITIONS UNDER WHICH THE RATIO ESTIMATE
IS OPTIMUM

A well-known result in the theory of regression indicates the type of
population for which the ratio estimate is the best among a wide class of
estimates. The theorem applies to infinite populations.

Theorem 6.4. With simple random sampling from an infinite pPopu-
lation, the ratio estimate of Y is a “‘best linear unbiased estimate’ if two
conditions are satisfied:

I. The relation between y, and z, is a straight line through the origin
2. The variance of y; about this line is proportional to z;.

A “best linear unbiased estimate” is defined as follows. Consider aly
estimates that are linear functions of the sample values y,, that is, that are
of the form

Ly, + by + -+ Ly,
where the I’s do not depend on the y,, although they may be functions o
the ;. The choice of the I’s is restricted to those that give unbiased estj_

mates of Y. The estimate that has the smallest variance is called' the “besg
linear unbiased estimate.”

Proof. The mathematical model is
Y; = Bz, + e,

where the e, are independent of the z,. In arrays in which z; is fixed e, hag
mean zero and variance Azr,. Hence

Y= BX

It was shown by Gauss that the best linear unbiased estimate of BX ig
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b X, where b is the least squares estimate of B (see, e.g., David and Neyman,
1938). The least squares estimate is

b= z—“’y’—a;' where w, = 1,, = L
2w G A%
This gives
po2Y ¥

Consequently, the optimum estimate of Y is the ratio estimate (§/%)X.

The practical relevance of this result is that it suggests the conditions
under which the ratio estimate is not only superior to the mean per unit but
is the best of a whole class of estimates. When we are trying to decide what
kind of estimate to use, a graph in which y, is plotted against z, is helpful.
If this graph shows that the relation is a straight line through the origin and
if the variance of the points y; about the line seems to increase proportion-
ally to w;, the ratio estimate will be hard to beat.

Sometimes the relation between y, and z; is a straight line through the
origin, but the variance of y, in arrays in which z, is fixed is not proportional
to z,. In a population sample of Greece, Jessen et al. (1947) found that the
variance increased roughly as a2 This suggests a weighted regression in
which w, oc 1/z;2 For the least squares estimate b, this gives

b = Z Wil l z (i)

Swa?  on z

1
In this situation the best estimate of Y is b X, where b is the mean of the
ratios ¥,/z; on the individual sampling units.

6.10 RATIO ESTIMATES IN STRATIFIED RANDOM
SAMPLING

There are two ways in which a ratio estimate of the population total ¥
can be made. One is to make a separate ratio estimate of the total of each
stratum and add these totals. If y,, z, are the sample totals in the hth
stratum and X, is the stratum total of the z,;, this estimate Y (s for
separate) is

Pro=3 2 x, =3%x, (6.23)
h

lh h xh

No assumption is made that the true ratio remains constant from stratum
to stratum. The estimate requires a knowledge of the separate totals Xj.
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Theorem 6.5. If the sample sizes n, are large in all strata,

] (1 — .
V(YRS) = z M (Suh2 + hasrh - ?‘thhsuhsrh) (624)

h n,

where R, = Y,/X, is the true ratio in stratum h, and p, is defined as before
in each stratum.

Proof. Write

2
YRh = I X
x

R

Then

Yo — Y =2 (Y — Yo
Hence "
V(Yry) = E(Yp, — Y)Y
=SE¥pm— Y +23 SE(Yg — LW(Tr — )
h h i>h
Since Y, is the ratio estimate made from a simple random sample within
stratum h, we may use (6.5) for the approximate variance of f’R,,, that is,

N, X1 —
V(YRh) = _é(——fh) (suh2 + haszhz - ZRILPhSth:r’I)

ny
The cross-product terms vanish because the sampling is independent

in the different strata and, to the order of approximation used in the
variance formula, ¥, is an unbiased estimate of Y,. Result (6.24) follows,

This formula is valid only if the sample in each stratum is large enough
so that the approximate variance formula applies to each stratum. Thig
limitation should be noted in practical applications.

Moreover, when the 7, are small and the number of strata L is large, the

bias in ¥, may not be negligible in relation to its standard error, as the
following crude argument suggests.

In a single stratum we have seen (section 6.5) that
[bias in ¥,
(¥ )

If the bias has the same sign in all strata, as may happen, the bias in
¥ s Will be roughly L times that in Y s But the standard error of Y, is
only of the order of V'L times that of ¥ gs- Hence the ratio
|bias in ¥ gl

U( ?Rs)

< cvof x,

is of order

\/Z(cv of z,)
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For example, with 50 strata and the cv of 7, about 0.1 in each stratum,
the bias in ¥, might be as large as 0.7 times its standard error. The
contribution of the bias to the mean square error of ¥, would then be
about one third.

Although in practice the bias is usually much smaller than its upper
bound, the danger of bias with the separate ratio estimate should be kept
in mind if \'L(cv of ¥,) exceeds say 0.3.

6.11 THE COMBINED RATIO ESTIMATE

An alternative estimate is derived from a single combined ratio (Hansen,
Hurwitz, and Gurney, 1946). From the sample data we compute

Yst = z Nhgh' Xst = z N’l;_r)l
h h
These are the standard estimates of the population totals Y and X, respec-

tively, made from a stratified sample. The combined ratio estimate, Yp,
(¢ for combined) is

Yie = L — Y X
c v - —
st :rst
where ¥, = Ys,/N. Ty = X’s,/N are the estimated population means from

a stratified sample.
The estimate Y, does not require a knowledge of the X, but only of X.
The combined estimate is much less subject to the risk of bias than the

separate estimate. Using the approach of Hartley and Ross in section
6.5, we have, writing R, = 7.,/Z

cov (R, Z) = E(# ’ :—Est) — E(R) E(Z.)

'Tst
— Y — XYER)
Hence
~ 1 A _
E(Rc) =R — —yCOV (Rm xst)

and

biasin R lpjp. * s,

I | — plf:,, ‘_‘— s s cv Of fst.

s X

Thus the biases in R, ¥, are negligible relative to their standard errors,
provided only that the cv of T, is less than 0.1.
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Theorem 6.6. 1f the total sample size n is large,

2 —
V() = S NEA =) (5 2 4 R3S,2 — 2RpSSa) (625

R n,

Proof. This follows the same argument as theorem 2.5. In the present
case the key equation is
NX  _ _ B _
(Pre— V) = == ot — RED) = NG — RZ,,) (6.26)

st

Now consider the variate u,; = ¥,; — R%,. The right side of (6.26) is
Nii,, where i, is the weighted mean of the variate u,; ina stratg’led sample.
Further, the population mean U of uy; is zero, since R = Y/X.

Hence we may apply to #,, theorem 5.3 for the variance of the estimated
mean from a stratified random sample. This gives

V(PR = N2V(id,) = > Ny(Ny — ) 2

h ny,
where

1 Ny

2 __ _
Sun” = N, — 1 Zl(um - ).)2

Ny _
- Z [(yp;i — Y3) — R(zy; — Xh)]2
Nh —1 i=]1
When the quadratic is expanded, result (6.25) is obtained.
From equations (6.24) and (6.25) it is interesting to note that the approxi-
mate variances of ¥, and P, assume the same general form, the dif-

ference being that the population ratios R, in the individual strata in (6.24)
are all replaced by R in (6.25).

6.12 COMPARISON OF THE COMBINED AND

SEPARATE ESTIMATES
We may write

V( YRC) - V( YRS)

N1 —
=3 Nl = £1) [(R® — RS2 — 2(R — R pyS,nSanl

A n,
N =1
= 2 TR = RS+ 2Ry~ RY(puSunSen — RiSar')]

h

In 'situa‘tions in which the ratio estimate is appropriate the last term on
the right is usually small. (It vanishes if within each stratum the relation
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between y,,; and x,, is a straight line through the origin.) Thus, unless R,
is constant from stratum to stratum, the use of a separate ratio estimate in
each stratum is likely to be more precise. This discussion assumes, how-
ever, that the sample in each stratum is large enough so that the approxi-
mate formula for V(¥,) is valid. With only a small sample in each
stratum, the combined estimate is to be recommended unless there is good
empirical evidence to the contrary.

For sample estimates of these variances we substitute sample estimates
of R, and R in the appropriate places. The sample mean squares s,,*
and s_,* are substituted for the corresponding variances and the sample
covariance for the term p,S,,S,,. The sample mean square and covariance
must be calculated separately for each stratum.

Example. The data come from a census of all farms in Jefferson County,
Jowa. In this example y,; represents acres in corn and ,; acres in the farm. The

TABLE 6.2
DaTA FrROM JEFFERSON COUNTY, JOwWA
Size

Strata (farm acres) Ny, Spt Syzn Sant R,
1 0-160 1580 312 494 2055 0.2350
2 More than 160 430 922 858 7357 0.2109
For complete pop. 2010 620 1453 7619 0.2242

Strata Yh A_,h ny, Qh = Whglnh Vh' Vh”

1 19.40 82.56 70 0.008828 193 194

2 51.63 244.85 30 0.001525 887 907

For complete pop. 2630 117.28 100

population is divided into rwo strata, the first stratum containing farms of as
many as 160 acres. We assume a sample of 100 farms. When stratified sampling
is used, we shall suppose that 70 farms are taken from stratum 1 and 30 from
stratum 2, this being roughly the optimum allocation. The data are given in
Table 6.2. The last three quantities, Qy, ¥»’, and ¥}”, are auxiliary quantities
to be used in the computations, the last two being defined later.

We consider five methods of estimating the population mean corn acres per
farm. The fpc are ignored.

1. Simple random sample: mean per farm estimate.
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2. Simple random sample: ratio estimate.

Ve = }1 (S,2 + R:S,2 — 2RS,,)
= 1530620 + (0.2242)%(7619) — 2(0.2242)(1453)]
= 3.51
3. Stratified random sample: mean per farm estimate.

W2
Vg = szi‘ Sy =2 OySy? =4.16

4. Stratified random sample: ratio estimate using a separate ratio in each
stratum.

V4 = z Q,,(Svhz + hasxhz - 2RhSy1'h) == z Qh Vh/ = 3.06
5. Stratified random sampling: ratio estimate using a combined ratio.
Vs =2 On(Sy? + R2Sz? — 2RSy) = 2 QuV,” = 3.10

The relative precisions of the various methods can be summarized &g
follows:

Method of Relative

Sampling method Estimation Precision
1. Simple random Mean per farm 100
2. Simple random Ratio 177
3. Stratified random Mean per farm 149
4. Stratified random Separate ratio 203
5. Stratified random Combined ratio 200

The results bring out an interesting point of wide application. Stratj.
fication by size of farm accomplishes the same general purpose as a ratiq
estimate in which the denominator is farm size. Both devices diminish the
effect of variations in farm size on the sampling error of the estimated mean,
corn acres per farm. For instance, the gain in precision from a ratig
estimate is 77 % when simple random sampling is used, but it is only 369,
(203 against 149) when stratified sampling is used. °

In the design of surveys there may be a choice between introducing 5
factor into the stratification or utilizing it in the method of estimation
The best decision depends on the circumstances. Relevant points are:
(a) some factors, for example, geographical location, are more easil);
introduced into the stratification than into the method of estimation -
({)) the issue depends on the nature of the relation between ¥, and ;. Ali
simple methods of estimation work most effectively with a linear relation.
With a complex or discontinuous relation, stratification may be more
effective, since, if there are enough strata, stratification will eliminate the
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effects of almost any kind of relation between y; and z,. (c) If some impor-
tant variates are roughly proportional to z,, but others are roughly pro-
portional to another variate z,, it is better to use x; and z; as denominators
in ratio estimates than to stratify by one of them.

6.13 SHORT-CUT COMPUTATION OF THE VARIANCE

If n, = 2 in all strata, Keyfitz (1957) has given short-cut methods for
computing the relative variance of ¥, or R.. From (6.25), substituting
the sample estimates,

U( yRc) — z th(l ./;» ( 2")|Syhs.th)
}‘,Rcz n 2 Y . X Y X,
Let
’ N l?/x ' N ?/12 ’ ’ ’
Y = ’T” > Yno = ’% ’ Ay, = ¥n1' — Yne

<

with similar definitions for #. Then, with 1, = 2, it is easily shown as an
algebraic identity that

Ny®su® — 1 (Nh(?/hl — '.’/)12))2= (d?/n')2
277 Y, 2 Y

with corresponding expressions for the terms in s,,? and ryS,Son- Hence
the relative variance may be computed as

5 (4 Y

h Ys: Xcl

In this form the fpc terms have been omitted. If f, is approximately con-
stant, the muitiplier 1 — f, may be applied, where f, = > £,/L.

6.14 OPTIMUM ALLOCATION WITH A RATIO ESTIMATE

The optimum allocation of the n, may be different with a ratio estimate
than with a mean per unit. Consider first the variate Y. From theorem
6.5 its variance is

V( Ym) — Z NN, — )

h n,

(Sy)12 + hasrhz - 2RhPhSth:rh)

— . 2 1 2,
= s NlNu = M) g 2 with 5,2 = i (6.27)
P n, N, —lia1
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where d,; = y,; — Ry, is the deviation of y,,; from R,x),. By the methoq
given in Chapter 5 for finding optimum allocation, it follows that (6.27) i
minimized subject to a total cost of the form Zc,n,, when

n, o€ ———N"i‘”
Jen

With a mean per unit it will be recalled that for minimum variance n,
chosen proportional to N,S,,/V c,. .

In the planning of a sample, the allocation with a ratio estimate ma
appear a little perplexing, because it seems difficult to speculate about tt
likely values of S,,. Two rules are helpful. With a population in whic
the ratio estimate is a best linear unbiased estimate, S, will be roughly pr(
portional to \/7;1 (by theorem 6.4). In this case the n, should be propo
tional to N,,\/_Y;/\/;;. Sometimes the variance of d,; may be more near
proportional to X,2. This leads to the allocation of n, proportional 4
N,,,\-’,,/\/c_,,, that is, to the stratum total of z,;, divided by the square root ,
the cost per unit. An example of this type is discussed by Hansen, Hurwit
and Gurney (1946) for a sample designed to estimate sales of retail store

If the estimate ¥, is to be used, the same general argument applies.

Example. The different methods of allocation can be compared from da
collected in a complete enumeration of 257 commercial peach orchards
North Carolina in June 1946 (Finkner, 1950). The purpose was to determine ¢
most efficient sampling procedure for estimating commercial peach productic
in this area. Information was obtained on the number of peach trees and ¢
estimated total peach production in each orchard. The high correlation betwe
these two variables suggested the use of a ratio estimate. One very large orchg,
was omitted.

For this illustration, the area is divided geographically into three strata. Tj
number of peach trees in an orchard is denoted by z,;, and the estimated pr
duction in bus_hels of peaches by y,,. Only the first ratio estimate ¥ g, (based c
a separate ratio in each stratum) will be considered, since the principle is ]
same for both types of stratified ratio estimate.

Four methods of allocation are compared: (a) n, proportional to N, (),

proportional to NS, (¢) n, proportional to N,V X,, and (d) n, proportiop
to NpXp = X,. The sample size is 100. The data for these comparisons a
summarized in Table 6.3.

The upper part of the table shows the basic data. The method employed -
calculate the four variances was first to find the n,, for each type of allocatig
These values are shown in the columns headed (a) through (d) in the lower pa
of the table. Thus, with allocation (a), , = nN,/N, so that in the first straty

100)(47)



RATIO ESTIMATES 175

TABLE 6.3
DATA FROM THE NORTH CAROLINA PEACH SURVEY
Strata S:A2 vah Svh?' th Svh A_/h Yh Rh Sdh=

1 5186 6462 8699 72.01 93.27 53.80 69.48 1.29133 658
2367 3100 4614 4865 67.93 31.07 43.64 1.40475 573

3 4877 4817 7311 69.83 8551 5697 66.39 1.16547 2706
Pop. 3898 4434 6409 62.43 80.06 4445 5647 127053 1433

Strata Ny (@) NiSia ) VX, MV, © N X, ()

1 47 18 4384 22 7.33 344.5 20 2529 22
2 118 46 8016 40 5.57 657.3 39 3666 32
3 91 36 7781 38 7.55 687.1 41 5184 46
Pop. 256 100 20181 100 2045 1688.9 100 11379 100-

When the n, have been obtained, the corresponding ¥(¥p) is found by
substituting in the formula

V(P pe) =EJ_VMS 2

h "y, an
where
Sdh2 = Svhz + R712th2 - 2RILSyzh
The quantities S,,2 are the same for all four allocations and are given on the
extreme right of the top half of Table 6.3.

The variances and relative precisions are shown in Table 6.4.

There is not much to choose among the different allocations, as would be
expected, since the n, do not differ greatly in the four methods. Method 4, in
which allocation is proportional to the total number of peach trees in the stratum,
appears a trifle superior to the others.

TABLE 6.4
COMPARISON OF FOUR METHODS OF ALLOCATION
Variance
Method of
Allocation: n, Strata
Proportional Relative
to 1 2 3 Total Precision
1. N, 49,824 105,833 376,215 531,872 100
2. NpSy 35,144 131,847 343,446 510,437 104
3. N,V X, 41,750 136,964 300,312 479,026 111

4. Ny X, 35,144 181,710 240,888 457,742 116
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6.15 UNBIASED RATIO-TYPE ESTIMATES

In recent years there has been considerable intercst in developl'ng esti-
mates of the ratio type that are unbiased or subject to a smuller. bias than
the ordinary ratio estimate. Such estimates might be useful in surveys

with many strata and small samples in each stratum if the separate ratio
estimate seems appropriate.

One estimate, due to Hartley and Ross (1954), can be de_rived by starting
with the mean 7 of the ratios y,/x; and correcting it for bias.

X;
Now

lN _—1 .\'yi. —(_1_\ )X/_
Ni§=:1ri(xi - 0= N 12::1 ;, xi N er'
=Y — XE(r)= X[R — E(r)]

But in simple random sampling E(F) = E(r,). Hence
ias in 7 = E(F I3 ' (6.28
biasin 7 = E —R=— —Sr(z; — X) )
2 XN Zl

By theorem 2.3, an unbjased sample estimate of

1 N _
—— > rlz; — X)

| TEEEPAL

is

1 n _ ’1
" — lglri(a‘i — X)) =

(§ — )
n—1

On substituting into (6.28), the estimate 7, corrected for bias, becomes
"_'I= '-_+ ”(N ad 1)’
(n—1NNX

The corresponding unbiased estimate of the population total Y is

(7 — FT) (6.29)

FX =X 4 n(N -—11)(37 — %) (6.30)
n —
Example. Com

pute the estimated stratum total for the following simple
random sample of

SiZ€8fromastratum with N = 16, X = 106. FromTable6.5

FX =(2.389)(106) + 8—(—;9 [11.000 — (2.389)(5.5)]
=2532 - 36.7 = 216.5
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TABLE 6.5
COMPUTATION OF THE HARTLEY-ROSss ESTIMATE
Unit
1 2 3 4 5 6 7 8 Mean
W 8 15 5 7 5 13 11 24 11.000
T 8 6 1 4 3 5 4 13 5.500
r; 1.000 2.500 5.000 1.750 1.667 2.600 2750 1.846 2.389

An exact formula for V(7' X) exists for any size of sample. If the fpc is
negligible, the formula is

V(’-',X) = {V_ (Su2 + F112812 - 2F1»Sux) + __N_ (Srgsz:‘.2 + srxz) (631)
n n(n — 1)
where 7, and S,* are the population mean and variance of the r; and S, is
the population covariance of r; and x;. This formula was given by Good-
man and Hartley (1958), who also give an unbiased sample estimate of
V(7' X). For the formula for the true variance when the fpc is not negli-
gible, see Robson (1957).

General comparisons of the precision of 7'X and the ordinary ratio
estimate Yn can be made only in samples large enough so that the approxi-
mate formula for ¥(¥)is valid. With nlarge, the second term in (6.31) can
be omitted. The first term can be rewritten as

2 N V(e — IR
V(’—IX) = i z [-l/l Y I“,(IL, X)]
n =1 N -1

For Yj, the corresponding expression is

. N2 AY (I/ _ R.’L)2
V(Y,,) = — MMy v
(Yr) n ?2:1 N —1

Thus, as Goodman and Hartley point out, #'X is more precise in large
samples if the line ¥ + 7 (z; — X) fits the values y; more closely than the
line Rx,. Although extensive comparisons have not been made, it seems
likely that in most applications in which ratio estimates are appropriate
V(¥,,) will be smaller in large samples. Further comparisons of.the esti-
mates in small samples would be valuable, since these are the cases in which
freedom from bias may be important. . _
As an alternative approach, Lahiri (1951) showed that the ordinary ratio
estimate is unbiased if the sample is drawn with probability proporthna}l
to £x,. These are two ways of drawing the sample. One, due to Lahiri, 1s
to draw a sample without replacement in the usual way. If T is the sum
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of the n largest values of z; in the population, draw a rar}dom numb_er
between 1 and T, say ». If Sz, > » for the sample, retain it. Otherwise
replace it and start again, drawing a new random number for each sample
that is tried until one is found that can be retained. Clearly, the prob-
ability that a sample will be retained is proportional to Xz,. A second
method, Midzuno (1951), is to draw the first member of the sample with
probability proportional to z; and the remaining (n”— 1) mf:mbers with
equal probability. The following proof shows that R i§ unbiased.

If 2z, is added over all simple random samples of size n, the total jg

N — . . . (N —1
(n _ })X, since every unit appears in (" . 1) samples. The prob-

ability that a specified sample will be drawn is therefore
fore

2 %
GE
n—1
For this method of sample selection, with R, = Zy,/Zx,

BR) =3 (P %%)

1

where 3 denotes a sum over all simple random samples. Substituting-
SrS

the value of P,

s, (h2a)7
HhD =2 (Nz_xi)x S (v 1)x=

n—1 n—1

No exact expression for V(RL) has been found. It is easily shown thag
in large samples R} has the same approximate variance as R.

Example. This illustrates an artificial population in Wh.iCh the Lahiri estimate
performed well. The population contains three strata with N, =4, n, =3 ;
each stratum. The population was deliberately constructed so that (a) R, varje
markedly from stratum to stratum, thus favoring a separate ratio estimate, an
(b) the ratio estimate within each stratum is badly biased. Five methods of
estimating the population total Y were compared.

Simple expansion: 2 N

The combined ratio estimate : FslZ) X

The separate ratio estimate: D (GulZR) X
R

The separate Hartley-Ross estimate: z(fh'X )
h

The separate Lahiri estimate: 2(37;./-'5,,)/\’ A
R
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There are 6° = 216 possible samples. Since estimates were made for every
sample, biases and variances are exact. For the computations I am indebted to
Joseph Sedransk.

TABLE 6.6
A SMALL ARTIFICIAL POPULATION
Stratum
| 11 111
Yy x Y x y T
2 2 2 1 3 1
3 4 5 4 7 3
4 6 9 8 9 4
11 20 24 23 25 12
Totals 20 32 40 36 44 20
R, 0.625 1.111 2.200
TABLE 6.7
RESULTS FOR THE DIFFERENT ESTIMATES OF Y
Method Variance (Bias)? MSE
Simple expansion 320.3 0.0 820.3
Combined ratio 262.8 6.5 269.3
Separate ratio 35.9 24.1 60.0
Separate Hartley-Ross 153.6 0.0 153.6
Separate Lahiri 19.6 0.0 19.6

The results show several interesting features. For the combined ratio
estimate, the contribution of the (bias)? to the mean square error is trivial,
despite the extreme conditions. The separate ratio estimate is much more
accurate than the combined estimate because of the wide variation in R,,
but it is badly biased. The Hartley-Ross separate estimate is superior to
the combined ratio estimate but inferior, as judged by the mean square
error, to the separate ratio estimate. The separate Lahiri estimate was
easily the best of the group. The Lahiri method suits this population
because the fourth unit in each stratum has a high probability of being
drawn and samples containing this unit give good estimates of R,.

No general conclusions can be drawn from this example. One practical
limitation of the Lahiri method is that the sampler would probably not
want to draw the sample with probability proportional to Xz, unless he
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intended to use this type of ratio estimate for all the major items in the
survey. ) .
Quenouille (1956) has produced a method of adjustment, applicable
to a broad class of estimates, which reduces the bias from qrder 1/n to
order 1/n%. The utility of this method for ratio estimates was pointed out by

Durbin (1959). The bias of estimates like R, ¥, may be expanded in a
Taylor series of the form

~ [f)
ER) =R+ b2 (6.32)
n n-

Let the sample be divided at random into g groups, cach of size m, where
n = gm. From (6.32)

F~4 b [0 ~
E(gR)=gR+—1+—L 4 - (6_33‘

2
m  gm

Now let R; be the ordinary ratio Xy/Xx, computed from the sample afte,

omilting the jth group. Since R; is obtained from a simple random sampj,
of size m(g — 1), we have

ER)y=R4 4 b
v (g —Dm (g — 1)°m*

Hence

- [} I?.)
El(g — l=(g— DR+ 2+ + —F—
(6= DRY= (g = DR+ 2 4 2

Subtraction from (6.33) gives, to order n2,

ElgR DRJ=R—— b2 _p_b_ 8
ER — (g — R;] = —g(g_])’ng— (g — 1)

Thus the bias is now of order 1/n%. We can construct g estimates of thj,

type, one for each group. Quenouille has shown that if their average j,
taken, that is,

R1+R2+"'+Rﬂ
g

Ry=gR—(g—1)

its variance differs from that of R by terms of order 1/n2. Any increase j,

variance due to this adjustment for bias should therefore be negligible .
moderately large samples.

The simplest estimate of this type is obtained by taking g = 2. The est;.
mates R, and R

2 are those given by the two halves of the sample, and

R, + R,

R, =2R —
0 2



RATIO ESTIMATES 181

At the other extreme we can take g = n. The advantages of one choice of
g over another have not been investigated.

This method cannot be expected to help when small samples are taken
within strata. as in the artificial example with n, = 2 on p. 179. In samples
of moderate size from populations showing wide variation in x, it may be
worth applying as a precaution.

6.16 COMPARISON OF TWO RATIOS

In analytical surveys it is frequently necessary to estimate the difference
R — R’ between two ratios and to compute the standard error of R — R’
The formulas given here are for the estimated variance of R — R’, since
these are the ones most commonly required. The fpc terms are omitted for
reasons presented in section 2.12.

Simple random sampling is assumed at first. Three cases can be dis-
tinguished.

The Two Ratios Are Independent

This occurs when the units are classified into two distinct classes and we
wish to compare ratios estimated separately in the two classes. For in-
stance, in a study of household expenditures a simple random sample of
households might be subdivided into owned and rented houses in order to
compare the proportions of income spent on upkeep of the house in the
two classes. If the estimated ratios arc denoted by R = j/x, R' = j'[¥’,
then

r(R — R) = v(R) + o(R)

The Two Ratios Have the Same Denominator

When the unit is a cluster of families, we might wish to compare the
proportion of adult males who use electric shavers with the proportion who
use razors. In any unit, y = number of adult males using electric shavers,
y' = number of adult males using razors. and .r = total number of adult
males.

R— R =

<t
2y

x

If d; = y, — y,, the estimated variance of R — R’ may be computed as

R Ry = S [d, — (R — R),T
(R — R ”(”_mgc ( )]
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The Two Ratios Have Different Denominators but May Be Correlated

An example is the comparison of the proportion of men who smf)k‘e
with the proportion of women who smoke, in a survey 1n which the unit is
a cluster of houses. Mathematically, this is the most general case.

(R — R) = v(R) + ©(R') — 2 cov (RR)

The only unfamiliar term is cov (RR’). Writing, in the usual way,

. . _ = . —_ —_ RI'T:I
R-r=¥=RT p_po¥—°
X X
we have
A A 1 1] [
cov (RR') = —— cov (y; — Rx)(y/ — R'z/)
( ) nXxXXx’ (
A sample estimate may be computed as follows:
cov (RR) = —2 S gy — Ry/z, — Ry’ + RR'zz/)

n(n — )zz’

Example. The 1954 field trial of the Salk polio vaccine was conduc_te‘
among children in the first three grades in all schools in a number of countjeg
The counties were not randomly selected, since those with a history of Previoy
polio attacks were favored, but for this illustration it will be assumed that the
are a random sample from some population. o ) ) '

Children whose parents did not give permission to participate in the trial wep
called the *“not inoculated™ group and, of course, received no shots. Half of tp
children who received permission were given three shots of an inert liquid ap,
were called the “placebo™ group. From the data in Table ‘55.8, COm,Pare th
frequencies R, R’ of paralytic polio in the “not inoculated” and placebo _Broupg
To reduce the amount of data, the comparison is restricted to 34 counties, eag]
having more than 4000 children in the two groups combined.

In these data any variation in the polio attack rate from county to count
would produce a positive correlation betwecen R and R'.

The following quantities are derived from the totals.

5 88 167.4
Placebo: R=—0H = F = — = 49235
ace 674 0.525687, z

Not inoculated: R = 23796 = 0.347857, & 2846 _ 8.3706

For u(R), (R’) and cov (RR"), all uncorrected sums of squares and product
among the four variates are required.

- 1 A~ 23U
v(R) = oy (S — 2R Sy + REZ o)

1
= m [(564) — (1.05137)(822.2) + (0.27635)(1661.92)]
= 0.00584
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TABLE 6.8
NuUMBER OF CHILDREN (x, ") AND OF PARALYTIC CASES (¥, ¥') PER COUNTY
x* @’ yt Y x x’ Y Y
4.1 2.4 0 0 13.8 25.6 3 3
35 8.0 1 6 10.5 8.1 2 0
4.1 6.1 7 2 21.6 259 10 7
2.6 4.6 2 1 3.5 6.7 2 2
2.4 1.5 2 1 6.8 1.3 3 8
2.2 1.9 0 0 2.3 3.7 0 1
1.1 4.0 1 1 2.6 29 2 0
1.6 4.0 1 2 6.0 1.1 3 1
5.7 7.8 1 4 11.0 14.8 7 11
33 11.0 3 7 19.4 42.5 11 14
1.0 3.8 0 1 6.8 13.7 6 2
2.0 5.2 1 0 1.2 4.0 3 1
8.3 19.0 4 4 5.4 9.3 11 6
1.0 3.7 1 5 1.7 2.6 0 2
1.1 4.2 0 1 2.1 23 0 0
2.3 6.8 | 2 1.5 2.6 0 0
1.9 35 0 2 3.0 4.0 0 2

Totals 167.4  284.6 88 99

* z, 2’ = numbers of **placebo” and ‘“‘not inoculated” children (in 1000’s)
t ¥, ¥’ = numbers of paralytic polio cases in the placebo and not inoculated
groups

Similarly, we find »(R’) = 0.00240.

R P 1 ‘. s ,on 5 . P D’ v
cov (RR') = "—(;1_—1)1._,(271'/ —RY yx — R D yx' + RR 3 =)
(497) — (0.52569)(844.6) — (0.34786)(1397.4)
+ (0.52569)(0.34786)(2690.8)

(34)(33)(4.9235)(8.3706)

= 0.00127
Hence

s.e.(R — R) = v0.00584 + 0.00240 — 0.00254 = 0.0754

Since R — R’ = 0.1778, the difference approaches significance at the 5% level
(the distribution of R — R’ may be somewhat skew for this size of sample).
A possible explanation is that the not-inoculated children may have had more
natural protection against polio than the placebo children.

The same problem may arise in stratified samples in which the domains
of study cut across strata. If R,, R,’ appear to vary from stratum to stratum,
the comparison will probably be based on an examination of the values of
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R, — R, in individual strata. By finding thg standard errors of Rht_tRh
it is possible to determine whether these differences vary from straturnr
to stratum and, if not, to compute an efficient over-all difference. .

If the R,, R,” exhibit no real variation from stratum to s,tra/;urrg, ;0 may
be sufficient to compare the combined estimates R, and R.". As before

U(Rc - RC’) = U(RC) + U(RC’) - 2 COV (RCRC,)
Where, putting d,; = (y,, — 7,) — Ro(@,; — T,
. 1 N,2 2
o(R) = — 2 ————— > d,,
st

T, n onm(n, — 1) 5

1 Nh- z dh l'dh !/

xs!:l"sl’ h ”h(”h - 1) i

cov(R.R,) =

A more thorough discussion of the comparison of ratios, including shor¢

cut computing formulas when the sample permits them, has been given b.-
Kish and Hess (1959).

6.17 MULTIVARIATE RATIO ESTIMATES

. ) ) . ion in whi

Olkin (1958) has extended the ratio estimate to the sxtuat;‘on " llm:?l )
auxiliary z-variables (%), 2,, - - - x,) are available. For t eisp Pulatiq,.
total, the proposed estimate, say Y,z for multivariate ratio,

Ve

YJIR=W1;1X1+ Wz-;zXz-t—---—i—w,, Xn
Il xz

= WIYRl + WZ}’}R: + s + W]y)‘,pr

S
C)

where the W, are weights to be determined to maximize the precision

Y10 subject to = W; = 1. This type of estimate appears appropriate whe

the regression of y on ,, y, * - -z is linear and passes through the origin
The population totals X; must be known.

The method is described for two x-variates, since this should be the Mog.
frequent application. We have

Your— ¥ = Wl(i’nl —Y)+ l’Vz(}’A'R2 —Y)
Hence o .
V(¥arn) = WR2K(F ) + 20, W, cov (Pp, Pp,) + WatV(¥y)
= WiV 20 WL, + WP Vas

where ¥y, = V(¥p), etc. The values of W,, W,, which minimize the
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variance, SUbjeC[ to ”/1 -+ ”/2 = 1, are found to be

— V2

Von Vo Vl 12

Wl — 22 12 , A 1 V 2V12
Vll - sz —_ 2[/12 ”.. - Vll + 22 -

and the minimuym variance is

Vauind arr) = lgﬁ&:ll;f,
Vll + Vgr_v. - 12

. . .. . ii of the matrj
With p variates, it is necessary to compute the inverse ¥ atrix

V.. Then the optimum W; = %,/%, where X, is the sum of tht;: ;:/lsments
in the ith column of ¥ and £ is the sum of all the p’“’ elements 0 - The
minimum variance is 1/Z.

In practice, the weights are determined from estimate
covariances v;.. From (6.7) in section 6.3,

d variances ang

1 — V2
= (___i)l (ny 4+ ¢ — 2C"1)
n

U1

-1y

n

Ugp ==

(cyy + Co2 — 2C”2)
where €4y = 5,2[7?, etc. The covariance can be expressed as

(L=N¥

n (cuv + ¢g— €1 T CV2)

Vg =

A convenient method of computation is first to obtain the Matrix

Sy G Cp2
C= |1 cu Cr2

Cyz Cpp Caz

If v,/ = 0[(1 — f) P2, the matrix v,;’ is easily obtained by taking diag.
onal contrasts in C, that is,

’
Uyr = Cyy + €11 — 61— O

’

vy =€y €12 T €1 G2 ete.

The factor (1 — f) #2/n is not needed when computing the w;, but it mus¢ be
inserted when computing the minimum variance. Thus

(L=NT* (ove’ — 135"

h (ony" + vy’ — 201y")

Vi Y arr) =



186 SAMPLING TECHNIQUES

In view of the amount of computation involved, this estimate will prob-
ably be restricted to smaller surveys of specialized scope. The method is
capable of giving a marked increase in precision over Y, or Y alone.

EXERCISES

6.1 A pilot survey of 21 households gave the following data for numbers o:
members (), children (y,), cars (¥,), and TV sects (v3).

x 51 Yo Y3 T ¥ Yo Y3 T Y Ya Yg
5 3 1 3 2 0 0 1 6 3 2 0
2 0 i 1 3 1 1 1 4 2 1 1
4 1 2 0 2 0 2 0 4 2 1 1
4 2 1 1 6 4 2 1 3 1 0 1
6 4 1 1 3 1 0 0 2 0 2 1
3 1 | 2 4 2 1 1 4 2 1 1
5 3 1 1 5 3 1 1 3 1 1 1

Assuming that the total population X is known, would you recommend thg

ratio estimates be used instead of simple expansions for estimating total numbe;
of children, cars, and TV sets?

6.2 Inafield of barley the grain, 7,, and the grain plus straw, x;, were weighe
for each of a large number of sampling units located at random over the fie]¢
The total produce (grain plus straw) of the whole field was also weighed. T},
following data were obtained: c¢,, = 1.13, ¢,, = 0.78, ¢, = I.11. Compy,
the gain in precision obtained by estimating the grain yield of the field from th
ratio of grain to total produce instead of from the mean yield of grain per un;j

It requires 20 min to cut, thresh, and weigh the grain on each unit, 2 min t
weigh the straw on each unit, and 2 hr to collect and weigh the total produce C
the field. How many units must be taken per field in order that the ratio estimgy
may be more economical than the mean per unit?

6.3 For the data in Table 6.1, ¥, = 28,367 and c;; = 0.0142068, c;; _
0.0146541, cz; = 0.0156830. Compute the 95, quadratic confidence limits g
Y and compare them with the limits found by the normal approximation,

6.4 The values of y, x in a population with N = 6 are as follows:

Y 3 5 7 6 8 13
x 1 2 2 3 3 3

Check t.hal the regression of 4 on z is a straight line through the origin.
::n:lpulmg R for all 15 simple random samples with n = 2 and all 20 sim
ndom samples with n = 3, verify theorem 6.2 that R is unbiased in both case,
Saggle 'fl"rl:)e values of y and = are measured for cach unit in a simple rando,
the Fol] 'M a population. If X, the population mean of z, 1s_1(rpwn, which
owing procedures do you recommend for estimating Y/ X? (a) Alway

use g/ X. (b) Sometimes use §/ X and sometimes §/Z. (c) Always use J/Z. Giy
reasons for your answer.
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6.6 The following data are for a small artificial population with N = 8 and
two strata of equal size:

Stratum 1 Stratum 2
Ty Vi Taj Yoi
2 0 10 7
S 3 18 15
9 7 21 10
15 10 25 16

For a stratified random sample in which n, = n, = 2, compare the MSE’s of
Ygrs and Y, by working out the results for all possible samples. To what
extent is the difference in MSE’s due to biases in the estimates?

6.7 1In exercise 6.6 compute the variance given by using Lahiri’s method of
sample sclection within each stratum and a separate ratio estimate.

6.8 Forty-five states of the United States (excluding the 5 largest) were
arranged in nine strata with five states each, states in the same stratum having
roughly the same ratio of 1950 to 1940 population. A stratified random sample

with n;, = 2 gave the following results for 1960 population () and 1950 popula-
tion (x), in millions.

Stratum
1 2 3 4 5 6 7 8 9
Y 0.23 0.63 0.97 2.54 4,67 432 456 1.79 2.18
Ty, 0.13 0.50 0.91 2.01 3.93 3.96 4.06 1.91 1.90
Yno 4.95 2.85 0.61 6.07 3.96 1.41 3.57 1.86 1.75
Ty 2.78 2.38 0.53 4.84 3.44 1.33 3.29 2.01 1.32

Given that the 1950 population total X is 97.94, estimate the 1960 population
by the combined ratio estimate. Find the standard error of your estimate by
Keyfitz’ short-cut method (section 6.13). The correct 1960 total was 114.99.
Does your estimate agree with this figure within sampling errors?

6.9 In the example of a bivariate ratio estimate given by Olkin, a sample of
50 cities was drawn from a population of 200 large cities. The variate;s i, Xy, Ty
are the numbers of inhabitants per city in 1950, 1940, and 1930, respectively. For
the population, Y = 1699, X, = 1482, X, = 1420 (in 100’s) and, for the sample,
7 = 1896, £, = 1693, ¥, = 1643. The C matrix as defined in section 6.17 is

Y o x,
Y 1.213 1.241 1.256
<Y 1.241 1.302 1.335
Ty 1.256 1.335 1.381

Estimate Y by (a) the sample mean, (b) the ratio of 1950 to 1940 numbers of
inhabitants, and (c) the bivariate ratio estimate. Compute the estimated standard
error of each estimate.
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6.10 Prove that with Midzuno's method of sample sclection (section 6.15)
the probability that any specific sample will be drawn is

(n = N =S (@)
(N = D! X
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CHAPTER 7

Regression Estimates

7.1 THE LINEAR REGRESSION ESTIMATE

Like the ratio estimate, the linear regression estimate is designed to
increase precision by the use of an auxiliary variate z; which is correlated
with ;. When the relation between y; and z; is examined, it may be found
that although the relation is approximately linear the line does not go
through the origin. This suggests an estimate based on the linear regression
of ¥, on z, rather than on the ratio of the two variables.

We suppose that y, and z; are each obtained for every unit in the sample
and that the population mean X of the x, is known. The linear regression
estimate of Y, the population mean of the y,, is

G =9+ bX —2) (7.1)

where the subscript /r denotes linear regression and b is an estimate of the
change in ¥ when z is increased by unity. The rationale of this estimate is
that if Z is below average we should expect 7 also to be below average by an
amount b(X — %) because of the regression of y; on x,. For an estimate of
the population total Y, we take ¥,, = Nj,.

Watson (1937) used a regression of leaf area on leaf weight to estimate
the average area of the leaves on a plant. The procedure was to weigh all the
leaves on the plant. For a small sample of leaves, the area and the weight
of each leaf were determined. The sample mean leaf area was then adjus-
ted by means of the regression on leaf weight. The point of the application,
is, of course, that the weight of a leaf can be found quickly but determi-
nation of its area is more time consuming.

This example illustrates a general situation in which regression estimates
are helpful. Suppose that we can make a rapid estimate x; of some charac-
teristic for every unit and can also, by some more costly method, deter-
mine the correct value y; of the characteristic for a simple random sample
of the units. A rat expert might make a quick eye estimate of the number

189
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of rats in each block in a city area and then determine, by trapping, the
actual number of rats in each of a simple random sample of the blocks. In
another application described by Yates (1960), an eye estimate of the
volume of timber was made on each of a population of ,},-acre plots, and
the actual timber volume was measured for a sample of the plots. The
regression estimate

7+ b(X — )

adjusts the sample mean of the actual measurements by the regression o
the actual measurements on the rapid estimates. The rapid estimates neec
not be free from bias. If z;, — y; = D, so that the rapid estimate is perfec:

except for a constant bias D, then with b = 1 the regression estimat,
becomes

I+ (X —D)=X+(7— 3z
= (pop. mean of rapid estimate) + (adjustment for bias)

Our knowledge of the properties of the regression estimate is of the sam,
scope as our knowledge for the ratio estimate. The regression estimate .
consnstept, in the irivial sense that when the sample comprises the whol,
population, £ = X, and the regression estimate reduces to Y. Aswill b
shown, the estimate is in general biased, but the ratio of the bias to tp,
standard error becomes small when the sample is large. We possess .
!argc-sample formula for the variance of the estimate, but more informatiO;
1s needed about the distribution of the estimate in small samples and aboy,
the value 9f n required for the practical use of large-sample results.

By a suitable choice of b, the regression estimate includes as particuly.

cases botf1 the mean per unit and the ratio estimate. Obviously if b is take,
as zero, §,, reduces to . If p — gylz

:’/lr=:’7+1

!
K 1=

81

72 REGRESSION ESTIVIATES WITH PREASSIGNED b

Althopg_h, in most applications, b is estimated from the results of th
sample, it is sometimes reasonable to choose the value of b in advance. T,
repeated surveys, Previous calculations may have shown that the samp,
values of » remain fairly constant; or, if = is the value of  at a recen
census, general knOWIedge of the population may suggest that b is not fy
from unity, so that b ='| is chosen. Since the sampling theory of rg

grgssion F:stimates when b is preassigned is both simple and informative
this case is considered first.
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Theorem 7.1. In simple random sampling, in which b, is a preassigned
constant, the linear regression estimate

Gir = + bo(X — Z)
is unbiased, with variance

N
| 2= D) = b = XOF
V(glr) = i=1 (73)
n N —1

= 22152 = 205, + b7 (74)
n
Note that no assumption is required about the relation between y and z
in the finite population.
Proof. Since b, is constant in repeated sampling,

E(y,,) = E@) + boE(Z — /\7) =Y

by theorem 2.1. Further, 7, is the sample mean of the quantities
y; — bo(x; — X), whose population mean is Y. Hence by theorem 2.2

N
1 _f,.';[(yi — ¥) — by(z; — X)P

n N —1

V(glr) =

= ! _f(Sv2 - 2bOSua: + bOZS::Z)

n

Corollary. An unbiased sample estimate of V(7,,) is

|y Sl — D) = b — DF

n n—1

v(glr) =

= ! —f(sv2 - 2b05vx + bozs:cz)
n

This follows at once by applying theorem 2.4 to the variate y, — bo(z; — X).

A natural question at this point is: what is the best value of b,? The
answer is given in theorem 7.2.

Theorem 7.2. The value of b, which minimizes V(y,,) is

(7.5)
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which may be called the linear regression coefficient of y on x in the finite
population. The resulting minimum variance is

— 1 - o
Vmin(ylr = __n_£ Sv.‘(l - P2)

where p is the population correlation coefficient between y and z.
Proof. In expression (7.4), for ¥(7,,), put

by=B+d==44
St
This gives

Ny _ 1=/, S,z 2(Suz Syz dz):|
V(ylr - T‘:Su - 28”1(5_';2 + d) + Sz (ﬁ' + 2d S 2 +

x T

1 —f[(svz _ S dzszz:\ (1.6)

n S,z

Clearly, this is minimized when d = 0. Since p: = S,,xz/Sfoz’
VminlG) = —4 521 = ) 7.7
n

.The same analysis may be used to show how far b, can depart from B
without incurring a substantial loss of precision. From (7.6) and (7.7,

V@) =1L 8,20 — 09 + (8, — BYS.A
n
_ b _ B)2S 2}
= Vmin T 1 + (—0—_——i
(yl )[ Svg(l . p2)
Since BS, = pS,, this may be written
_ _ b 2 2
V() = Voinl3, [1 + (—“— 1) —Lﬂ}
13 (yl) B (1 _ P2)

Thus, if the proportional increase in variance is to be less than «, we
must have

b 1| < vall = 7 (18)
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For example,if p = 0.7, the increase in variance is less than 10 %, (« = 0.1),
provided that

\%‘*\<J®M®5w®&»=gn

Expression (7.8) makes it clear that in order to ensure a small proportional
increase in variance by/B must be close to 1 if p is very high but can depart
substantially from 1 if p is only moderate.

7.3 REGRESSION ESTIMATES WHEN 5 IS COMPUTED
FROM THE SAMPLE

Theorem 7.2 suggests that if & must be computed from the sample an
effective estimate is likely to be the familiar least squares estimate of B,
that is,

gm—mm—a

b= (7.9)

é(xi — %)

The theory of linear regression plays a prominent part in statistical
methodology. The standard results of this theory are not entirely suitable
for sample surveys because they require the 2ssumptions that the popu-
lation regression of ¥ on z is linear, that the residual variance of y about
the regression line is constant, and that the population is infinite. If the
first two assumptions are violently wrong, a linear regression estimate will
probably not be used. However, in surveys in which the regression of y on
z is thought to be approximately linear, it is helpful to be able to use 7,,
without having to assume exact linearity or constant residual variance.

Consequently, we present an approach that does not demand that the
regression in the population be linear. The results hold only in large
samples. They are analogous to the large-sample theory for the ratio
estimate.

First we show that in samples of size n the quantity (b — B) is of order

1/ n. Define the variate e; by the relation

e, =y, — Y — B(z; — X) (7.10)

i

It follows that

N

Dex, — X)= %(y,. — Y)Yz, — X) — Biv(xi - X?=0 (7.11)
=1 i=1 i=1
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by definition of B. Now

S iz — %)

b=il

I

(z; — 5)2

M=|

i

1

3

[Y + B(z, — X) + e])(z; — %)
1

o i= using (7.10)
En:(x.‘ — z)
i=1
=B+ Z"li(a_:l——xz (7.12)
Z(xi - E)2
i=1

By theorem 23, }'n_e-(:c- — %)/(n — 1) is an unbiased estimate of
N e ;
2 e — DN — 1), which by (7.11) is zero. In repeated samples of size 5,
the sample covariance zn: e(x; — Z)/(n — 1) is therefore distributed about 5
zero mean. The standard error of a sample covariance is known .tO be of
order 1/V'n. Thus, in samples of size n, T e (z, — z)/(n — 1) Will be of
order 1/Vn. But the quantity = (=, — Z2(n — 1) = 5,2 is of order unity,
in samples of size 7. Hence, from (7.12), (b — B) is of order 1/v/n.

Theorem 7.3. 1 p is the least squares estimate of B and

Ji =9+ b(X - 7) 7
then in simple random samples of size n

V() = !—n——-—Sf(l — p?) (7.14)

provided that » is lar

g€ enough so that terms of order l/\/n are negligible_
Proof. By averag

ing (7.10) over the units in the sample, we have
€=35—Y—Bz— X)
Substitution for 7 into expression (7.13) for #,, gives
Yo=Y+ (b—-B(X—%) +é 719
From (7.10) it is clear that the population mean of the e, is zero. Hence ¢

is of order 1/V/n. But we have shown that (b — B) is of order 1/Vy,
Since (X — %) is also of order 1/4/n, their product (b — B) (X — %) is of
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order 1/n. Consequently this product can be ignored relative to ¢é if terms
of order 1/V/n are negligible. This gives

¥, — Y=¢

Since E(¢) is zero by (7.10) and theorem 2.1, E(é?) is the variance of the
mean of the quantities e, in a simple random sample. Hence, by theorem
2.2,

V(g,,) = I—_—fsf e (7.16)

N
2 ef Z[(J. — ¥)— Bz, — XF
—Z(J, Y)? — ZBZ(J — )z — X) + BZZ(-’C — Xy
=z(?/,- - }7 — B® Z(xi_ X)2
by the definition of B, equation 7.5. But

N -
_ S =Dm=-5 _, [T X
A/z\ (y:i— 7)2ﬁ(xi - /\7)2 z(yl -

Thus

N _
2el=2 @ — Y)(—p)
so that, finally,

V() = 1,—jf S1 — o) (7.17)

As a sample estimate of V(7,,), valid in large samples, we may use

o) = ——L z[(J, _ ) — bz, — DT (7.18)
l( n — 2) i=
1—f By — Pz — D
= - (7.19)
n(n — 2) 2 2 > (x — )P

the latter being the usual short-cut computing formula. The derivation is

as follows.
In theorem 7.3, equation (7.16), we had

(1 _f) Se2
n

V(glr) =
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From theorem 2.4, an unbiased estimate of S 2 is

! z"(ei - é)2

2
5, =
n—1:ic1

Now, from equation (7.10),
e;—é=(y,—y) — B(z; — 7)
= [(y; — §) — b(z; — D] + (b — B)=; — )

The second term on the right, of order 1/\/;, may be neglected in rela-

tion to the first term, which is of order unity. Hence in large samples we
may use

| . _ _

—— >y — 9 — b(z; — DP

n—1is
as an estimate of S,2. The divisor (n — 2) instead of (n — 1) is suggested i
(7.18) and (7.19) because it is used in standard regression theory and jg

known to give an unbiased estimate of S, if the population is infinite ang
the regression is linear.

7.4 ACCURACY OF THE LARGE-SAMPLE FORMULA
FOR ¥(7,)

The preceding analysis leaves unanswered the question: how large mug

the sample be? A complete answer is not yet known, but some infor\

mation is obtainable by considering an infinite population.
From (7.15) in theorem 7.3,

Jr— Y=¢+(b— BY(X — %)
Substituting for b from (7.12),

Gy — V= ¢ 4 28T = H(X = ) (120,
Z (z;, — 2
This expression for the error of the regression estimate will be used to fip
the leading terms in the variance and bias of 7,,. For the variance, wri

G, — T =Sell (951-—‘5)(/\7—55)]
e ¥ zzei[n+ > (z — 2

Hence, in arrays in which the z, are fixed,

2 % _ TP
Vg, | z) = %—[1 + —g(—(z—_—_i%—z]
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where it is assumed that S,2 is the same for all z. The average value of this
quantity over different selections of the z; depends on the shape of the
frequency distribution of x. If the z’s are normally distributed, the average

18
o)

n n—3

For a general distribution of z, the average may be shown to be (Cochran,
1942), to terms of order 1/n3,

2 2
O (7.21)

2
n

n n-

where y,2 = k3%/S,3 is the measure of relative skewness of the distribution
of z.

Reverting to (7.20), the bias in j7,, arises from the second term on the
right, since the average value of ¢ is zero in simple random sampling. To
obtain the leading term, we may replace X (z; — %)? by its leading term,
nS;2. Also write

Se(x, — 3 =3 e(z; — X) + nég(X — %)
Hence the leading term in the bias is the average of

ey — X)X —%7) &z — X)P (7.22)
nS? Sz
Let u, be the variate e(z; — X). From (7.11), its population. mean
U = 0. The average of the first term in (7.22) may therefore be written

_Ea—U)E—X)_ _Eu—O)z— X)_ _ Eaz—X)* 73
S,2 nS2 nS;?

by theorem 2.3, (p. 24), letting N — co. The average of the second term
in (7.22) is easily shown to be of order 1/n% Thus the leading term In th_e
bias comes from the population covariance between e and (z — X)%; it
represents a contribution from the quadratic regression of y on and
vanishes if the relation between y and x is linear. .

If p, denotes the correlation between e and (z — X)?, the leading term in
the bias may be expressed, alternatively, as

_ S+ 7 (7.23)’

n

since the variance of (x — X)? is known to be SAQ2 + o) where v, =
r,/S2 is Fisher’s measure of relative kurtosis.
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oovalny o tee s 1n (7.23) and the variance in (7.21), the meaxq
Square error of §,, to terms of order | [n?, is

wa—ﬁb+l+ﬁa+nq
h n

7.2 j

This result suggests that if the kurtosis in the distribution of z is mod .
erate, the large-sample formula for the variance of the regression estima ¢
should be adequate in samples of size 50 or more.

A further consequence is that if » js large, so that terms in 1/n2 are
negligible, an inefficient estimate b’ of B can be used instead of the leag,
Squares estimate, since errors in b contribute only to terms ir} .1/"2_ Fo,
instance, b might be computed from a subsample of the original dflta_
Alternatively, if the units can be sorted conveniently into three equal‘_SIZec
groups—low, middle, and high—according to the values of z, the estima ¢

b — Ynigh — Yiow
Zhigh — Zlow

has an efficiency of about 8/9 (Bartlett, 1949).

7.5 FURTHER NOTES ON THE BIAS

In a finite population the leading term in the bias is obtained from (7.23:

in section 7.4, except that in applying theorem 2.3 we do not let N — oy
The principal change is to bring in the fpc, giving,

N =
1 —-f l:z e(x; — X)Z]
(n—182L N-—1

The preceding analysis showed also that if the regression is linear In t
infinite population, the leading term in the bias vanishes. (\thlal_]y, itis
well-known result for infinjte populations that if the regression is linear th
bias vanishes completely, not merely its leading term. A correspondin
result holds in finite Populations if the regression of y on = is linear in th

ordinary sense of this term. By a linear regression in a finite populatlon§
we mean that if

bias in 7, = —

Yi=Y+ B — X)+e (7255

then £(e, | z,) = 0 for every fixed z;. This implies that if a particular valy
of z appears on only one unit in the population, the value of e for that unjy
must be zero.

Theorem 7.4. If the regression of y, on z, is linear, then

=19+ b(X — 7)
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where‘ b=Z\y — yix; — )% \x, — %)*1stheleastsquares regression ol y
on z, 1s an unbiased estimate of ¥. The result requires that ¥ (z; — )2 > 0
m every sample. (If »,,,, is the largest number of units in the population
that all have the same value of z, the condition X (z; — )2 > 0 is satisfied
forany n > v, .)
Proof. If (7.25) holds with E(e; | z;) = O, it is easy to show that § = B,
the population regression of  on z as defined in (7.5). From (7.25),
N

zx,-(y,- -"= ﬁ%xi(xi - X)+ geixi

N
Since E(e, l z;) =0, Yex; =0, so that f = B. Hence, from (7.15) and
(7.12),

7= ‘f) 2e(x—3%) (7.26)
2 (x — 7

Now consider samples with the same set of values of z;. Over such samples

ylr

n
(X — %) and 3 (x; — Z)?remain constant. Further, if any value of x occurs
m times in the sample and » times in the population, each of the » units will
occur equally often in samples of this type. It follows that the average
values of X e,(x; — Z) and € over this set of samples are both zero. Thus
E(7,, — Y) = 0 over this set of samples. Hence #,, is unbiased over all
simple random samples of size n.

7.6 COMPARISON WITH THE RATIO ESTIMATE AND
THE MEAN PER UNIT

For these comparisons the sample size 7 must be large enough so that the
approximate formulas for the variances of the ratio and regression esti-
mates are valid. The three comparable variances for the estimated popu-

lation mean Y are as follows:

N —n

V(y,) = N S — p?) (regression)
n
_ N — n P 5~ 9 .
V(gr) = " (5, + R*S.* — 2RpS,S,) (ratio)
_ N — o )
V(y) = N . S, (mean per unit)

It is apparent that the variance of the regression estimate is smaller
than that of the mean per unit unless p = 0, in which case the two vari-
ances are equal.
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The variance of the regression estimate is less than that of the ratio
estimate if

—p%S,2 < RS2 — 2RpS,S,
This is equivalent to the inequalities
(pS, — RS,)*>0 or (B— R?*>0
Thus the regression estimate is more precise than the ratio estimate

unless B = R. This occurs when the relation between y, and ; is a straight
line through the origin.

Example. The precision of the regression, ratio, and mean per unit estimates
from a simple random sample can be compared by using data collected in the
complete enumeration of peach orchards described on p. 174. In this example,
y; is the estimated peach production in an orchard and x; the number of peach
trees in the orchard. We will compare the estimates of the total production of
the 256 orchards, made from a sample of 100 orchards. Itis doubtful. whether the
sample is large enough to make the variance formulas fully valid, since the cv’g
of § and Z are both somewhat higher than 10%{, but the example will serve tg

-1}

illustrate the computations. The basic data are as follows:
S,% = 6409 S, = 4434 »~ = 3898
R=12710 =087 n=100 N =256

_ NN —
vy, = —( . ") SE1 —p?)
256)(156
_ 2390U36) c109)(1 — 0.787) = 545,000
100
NN —
V(P = YN = - M (S, + RS2 — 2RS,2)
256)(15
= (l—)gof’-) [6409 + (1.613)(3898) — 2(1.270)(4434)]
= 573,000
. N(N —
V(FP) = —(n*") S,% = 2,559,000

There is little to choose between the regression and the ratio estimates, ag

might be expected from the nature of the variables. Both techniques are great]y,
superior to the mean per unit.

7.7 REGRESSION ESTIMATES IN STRATIFIED
SAMPLING

As with the ratio estimate, two types of regression estimate can be made
in stratified random sampling. In the first estimate 7, (s for separate)
a separate regression estimate is computed for each stratum mean, that is

glrh = gh + bh(/\—,h - ‘i‘h) (727)
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Then

Jirs = 2 Widlien (7.28)

h
This estimate is appropriate when it is thought that the true regression
coefficients B, vary from stratum to stratum.
The second regression estimate, 7,,. (¢ for combined), is appropriate

when the B, are presumed to be the same in all strata. To compute .,
we first find

Ja = Z Wi, Ty = Z W)z,
h h
Then
glrc = gsf + b(/\_, - i.sf) (729)

The two estimates will be considered first in the case in which the b,
and b are chosen in advance, since their properties are unusually simple in
this situation. From section 7.2, §,,, is an unbiased estimate of Y, so that
71,5 15 an unbiased estimate of Y. Further, since sampling is independent
in different strata, it follows from theorem 7.1 that
_ WA — £) 2
V@) = 3 =D (5,2 — 20,5, + biSaY) (130

h h
Theorem 7.2 shows that V(#,,) is minimized when b, = B,, the true
regression coefficient in stratum h. The minimum value of the variance
may be written

= le | — W 5211
Vmin(ylrs) = z M(suhz _ L,Z) (731)

h ny SIh
Turning to the combined estimate with preassigned b, (7.29) shows that
71rc is also an unbiased estimate of Y. Since §,,. is the usual estimate from

a stratified sample for the variate g,; + b(X — 2,;), we may apply theorem
5.3 to this variate, giving the result

_ W21 — 3 2
V(ylrc) = z _h(—fh) (Suh.‘ - ZbSuzh + bz.SI,l“) (732)

h n,

The value of & which minimizes this variance is

B, =3 w,2(1 — f)Sym z Wil (1 — f)Sun

h "’, h ”h

(7.33)

The quantity B, is a weighted mean of the stratum regression coefficients
B, = S,;1/Sz2 1f we write

a;,

_WH = f) g e
zh

n,
then B, = X a,B,/Z a,.
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From (7.31) and (7.32), with B, in place of b, we find
Vmin(glrc) — Vnin(F1rs) = zahB,,z — (z a,,)Bcz
= 2 a\(B, — B.)? (738

This result shows that with the optimum choices the separate estimat? has
4 Smaller variance than the combined estimate unless B, 1s the same in a1
Strata,

7.8 REGRESSION COEFFICIENTS ESTIMATED FROM
THE SAMPLE

The Preceding analysis is helpful in indicating the type qf sample esti—
Mmates b, and b that may be efficient when used in regression estimateg _
With the Separate estimate, the analysis suggests that we take

Z (Yni — (T — T
b, =~ —
" 2 (zpi — xh)2

the within-stratum least squares estimate of B,.
Applying theorem 7.3 to each stratum, we have

V@ = SEL=R) 5,0 — ) (7.35y

Provided that the sample size n, is large in all strata. To obtain a Sampj e
€stimate of variance, substitute

ss-:h = ! I:Z (i — ?7);)2 - bhz Z (zp; — xh)Z:I
n, — 2% i
' Place of §,,%(1 — 4,2) in (7.35). _
The estimate 41,5 suffers from the same difficulty as the correspondiy,
ratio estimate, in that the ratio of the bias to the standard error may becopy,
aPpreciable. If follows from section 7.5 that the regression e§t1mates jzr,,
In the individual strata may have biases of order 1/n, and the biases may be
of the same sign in all strata, so that the over-all bias in 7,,, may also be o
order 1/n,. Since the leading term in the bias comes from t.he quadrat;
Tegression of ¥n; On x,;, as shown in section 7.5, this danger is mgst acug
When the relation between the variates approximate the quadratic rather‘
than the linear type. o ,
With the combined estimate, we saw that the variance is minimized whep,
b= B,, as defined in (7.33). This suggests that we take
2 2 _
b= UM g, — 2[5 BB s (o) g,

v, — 1) 5 n n(n, — 1) 5
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as a sample estimate of B,. If the stratification is proportional and if we
may replace the (n, — 1) in b, by n,, b_ reduces to the familiar pooled least
squares estimate

b,/ = %Z (Yni — Un)(mp — f,.)/g Z (zni — Tp)°

In certain circumstances other estimates may be preferable to b, or b,’.
For instance, if the true regression coefficients B, are the same in all strata
but the residual variances about the regression line differ substantially from
one stratum to another, a different weighted mean of the b,, weighting
inversely as the estimated variance, may be more precise. However, the
gain in precision as it affects 7,,, is likely to be small.

Since

Yire — Y = st — Y + bc(’\_/ -z
= [¥u — Y + Bc(f - Es:)] + (b — Bc)(y — Zy)
it follows that if sampling errors of b, are negligible

2

V(oo = 3 =) (5,2 28,5, + BIS.Y
A n

Further examination of the structure of b, and b, shows that they are in
general biased. If stratification is proportional and the residual variance
about the regression line is approximately the same in all strata, the result-
ing bias in g, is of order 1/n, as is the contribution of ¥(b,) to the variance
of 7. If, however, the contribution of one stratum to the variance is
predominating, say the ith stratum, the contribution of V(b,) to V(i)
may be as large as 1/n,.

As an estimate of V(¥,,,), we may take

- _ VVIl2(1 '—fh) .. — ) — b he — —h)]2
U(Fire) = g—_—nh(m — Z (i — 7n) — be(Zne — %

The sum over i may, of course, be computed as

Z (yhi - gh)z - Zbc g (?/m‘ - ?7);)(3’)“' - ‘—fn) + bc2 Z (xm‘ - E,,)z

7.9 COMPARISON OF THE TWO TYPES OF
REGRESSION ESTIMATE

Hard and fast rules cannot be given to decide whether the separate o
the combined estimate is better in any specific situation: some exercise of
judgment is required in making a choice. The defects of the separate egt;.
mate are that it is more liable to bias when samples are small within tpe
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individual strata and that its variance has a larger contribution from
sampling errors in the regressnon coefficients. The defect of the combmed
estimate is that its variance is inflated if the population regression coeffi-!
cients differ from stratum to stratum. |
If we are confident that the regressions are linear and if B, appears to be!
the same in all strata, so far as can be judged, the combined estimate is to!
be preferred. If the regressions appear linear (so that the danger of bias‘
seems small) but B, seems to vary from stratum to stratum, the separate
estimate is advisable. If there is some curvilinearity in the regressions when

a linear regression estimate is used, the combined estimate is probably safer!
unless the samples are large in all strata.

The development of estimates of the regression type that are unbiased '

I
has been discussed by Mickey (1959), but these estimates have not yet been
extensively tried. )

EXERCISES
7.1

z; on each tree in an orchard of N = 200 trees. He finds a total weight of

An experienced farmer makes an eye estimate of the weight of peaches‘

X = 11,600 1b. The peaches are picked and weighed on a simple random samplel

of 10 trees, with the following results:

Tree Number

1 2 3 4 5 6 7 8 9 10

Total
Actual wt. y; 61 42 50 58 67 45 39 57 71 53 543
Est. wt. x; 59 47 52 60 67 48 44 58 76 58 569

As an estimate of the total actual weight Y, we take
Y = NIX +(@F — D)

Compute the estimate and find its standard error.

7.2 Does it appear that the linear regression estimate, with the sample leag,
squares b, would give a more precise estimate in 7.1?

7.3 From the sample data in Table 6.1 (p. 156) compute the regressioy,
estimate of the 1930 total number of inhabitants in the 196 large cities. Fing
the approximate standard error of this estimate and compare its precision wity
that of the ratio estimate.

7.4 1In exercise 7.3 find the estimated total number of inhabitants and j
standard error if b is taken as 1.

7.5 In the following population with N = 5, verify (a) that the regressiop
of ¥ on x is linear and (b) that the linear regressnon estimate is unbiased in sim Ic

random samples with n = 3. The (y, ) pairs are (3,0), (5,0), (8,2), (8, p}\
(12, 3).

nﬂ/ﬂﬂ-v’&“‘(
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1.6 A rough measurement », made on each unit, is related to the true
gasurement y on the unit by the equation
1

x=y+e+d

ere d is a constant bias and e is an error of measurement, uncorrelated with

which has mean zero and variance S,2 in the population, assumed infinite.
' simple random samples of size # compare the variances of (a) the ‘‘difference™
?timate [ + (X — )] of the mean Y and () the linear regression estimate,
;iﬂg the value of b which gives minimum variance. (The variances may depend
n S5)-

1.7 By working out all possible cases, compare the precisions of the separate

d combined regression estimates of the total Y of the following population,
,hen simple random samples of size 2 are drawn from each stratum:

Stratum 1 Stratum 2
Ty Yii Lay Yai
4 0 5 7
6 3 6 12
7 5 8 13

Use the ordinary least squares estimates of the B’s, b, and b, on p. 202.
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CHAPTER 8

Systematic Sampling

8.1 DESCRIPTION

This method of sampling is at first sight quite diﬁ'erent'from simp
random sampling. Suppose that the N units in the population are nur
bered 1 to N in some order. To select a sample of 7 units, we take a unit
random from the first & units and every kth unit thereafter. For instanc
if k is 15 and if the first unit drawn is number 13, the subsequent units g
numbers 28,43, 58, and so on. The selection of the first unit determines t]
whole sample. This type is called an every kth systematic sample.

The apparent advantages of this method over simple random sampj;,
are as follows:

1. It is easier to draw a sample and often easier to CXC_CUte withg
mistakes. This is a particular advantage when the drawing is done in t
field. Even when drawing is done in an office there may be a substang;
saving in time. For instance, if the units are described on cards thatare
of the same size and lie in a file drawer, a card can be drawn out eve
inch along the file as measured by a ruler. This operation is Speeq
whereas simple random sampling would be slow. Of course, this meth
departs slightly from the strict “every kth” rule.

2. Intuitively, systematic sampling seems likely to be more precise th,
simple random sampling. In effect, it stratifies the population into 7 stra
which consist of the first k& units, the second k units, and so on. We mj
therefore expect the systematic sample to be about as precise as the cory
sponding stratified random sample with ore unit per stratum. The difye
ence 1s that with the systematic sample the units occur at the same relag;.
position in the stratum, whereas with the stratified random sample ¢
position in the stratum is determined separately by randomization with
each stratum (see Fig. 8.1). The systematic sample is spread more even
over the population, and this fact has sometimes made systematic sampli,
considerably more precise than stratified random sampling.

206
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X = systematic sample o = stratified random sample
l—x——o—-‘ X l x—0 ] ol 0—10 J
k 2k 3k 4k Sk 6k
Umt number

Fig. 8.1 Systematic and stratified random sampling.

One variant of the systematic sample is to choose each unit at or near
the center of the stratum: that is, instead of starting the sequence by a
random number chosen between 1 and &, we take the starting number as
(k + 1)/2ifkis odd and either k/2 or (k 4 2)/2if kiseven. This procedure
carries the idea of systematic sampling to its logical conclusion. If y, can
be considered a continuous function of a continuous variable /, there are
grounds for expecting that this centrally located sample will be more
precise than one randomly located. Little investigation of the efficacy of
centrally located samples has been made for the types of population usually
encountered in sample surveys, and attention will be confined to randomly
located samples.

Since N is not in general an integral multiple of k, different systematic
samples from the same finite population may vary by one unitinsize. Thus,
with N = 23, k = 5, the numbers of the units in the five systematic samples
are shown in Table 8.1. The first three samples have n = 5 and the last

TABLE 8.1
THE POSSIBLE SYSTEMATIC SAMPLES FOR N =23 k =5
Systematic sample number

I 11 IT1 v \%
1 2 3 4 5
6 7 8 9 10
11 12 13 14 15
16 17 18 19 20
21 22 23

two have n = 4. This fact introduces a disturbance into the theory of
systematic sampling. The disturbance is probably negligible if n exceeds
50 and will be ignored. for simplicity, in the presentation of theory. Itis
unlikely to be large even when » is small.

8.2 RELATION TO CLUSTER SAMPLING

There is another way of looking at systematic sampling. With N = nk,
the k possible systematic samples are shown in the columns of Table 8.2.
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It is evident from this table that the population has been divided into k
large sampling units, each of which contains n of the original units. The
operation of choosing a randomly located systematic sample is just the
operation of choosing one of these large sampling units at random. Thus
systematic sampling amounts to the selection of a single complex sampling

TABLE 8.2
COMPOSITION OF THE k SYSTEMATIC SAMPLES

Sample number

1 2 i k
Y1 Y Y Y
Yisa Yiao Yrwi Yax
Yin-1)ks1 Yin-1)kan Yin-tyhei Y
Means 7y ¥a Y 1778

unit which constitutes the whole sample. A systematic sample is a simple
random sample of one cluster unit from a population of k cluster units.

8.3 VARIANCE OF THE ESTIMATED MEAN

Several formulas have been developed for the variance of j,,, the mean
of a systematic sample. The three given below apply to any kind of cluster
sampling in which the clusters contain n elements and the sample consists of
one cluster.

If N = nk, it is easy to verify that j, is an unbiased estimate of Y for
randomly located systematic sample. If N s nk, this result does not hold,
although the bias is unlikely to be important. The bias can be avoided by
allotting a higher probability of selection to certain samples. Consider the
example in Table 8.1. If a probability of selection ;% is given to each of
the first three samples and a probability /% to each of the last two, the
sample mean is unbiased. A method of sample selection which has thig
property is to draw a random number between 1 and N, and take ever
kth unit thereafter, going both forward and backward. Thus, in Table 8.1,
systematic sample I is drawn if the random number is 1, 6, 11, 16, or 21,

Clearly, the probability is %, of selecting samples, I, 11, or 111, as against
4% of selecting IV or V.

In the following analysis the symbol y,; denotes the jth member of the ith
systematic sample, so that j= 1,2 -+ ni=1,2,---, k. The mean of
the /th sample is denoted by 7, .
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Theorem 8.1. The variance of the mean of a systematic sample is

N —1

. o k(n—=1)
V(i,,) = St —
(7.) N

N

ngsu (81)

where

Sisu z Z(J” yi.)z

1\(’1— 1)1 =1 j=1

is the variance among units that lie within the same systematic sample. The
denominator of this variance, k(n — 1), is constructed by the usual rules in
the analysis of variance: each of the k samples contributes (n — 1)
degrees of freedom to the sum of squares in the numerator.

Proof. By the usual identity of the analysis of variance

(N = DS =33, - 7F
=h Z (¥;. — )7).1 + Z Z (yi; — 37;'.)2

But the variance of j,, is by definition

K e
Zl(gi. - Y)2

V(¥ =

&=

Hence
(N — 1)S® = nkV(y,) + k(n — 1)S%,

The result follows.

Corollary. The mean of a systematic sample is more precise than the
mean of a simple random sample if and only if

Sz, > S? (8.2)
Proof. If j is the mean of a simple random sample of size n,

N —nS*?
V _——
@ N n

From (8.1), ¥(,,) < V(¥ if and only if

_ 2
N—IS A(n—l)suw<N_n__§_
N N N n

that is, if
N — N 2 9
k(n — 1)S%,, > (N — 1= =22 =k(n — 1)S

n

This important result, which applies to cluster sampling in general,
states that systematic sampling is more precise than simple random
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sampling if the variance within the systematic samples is /arger than the

population variance as a whole. Systematic sampling is precise when units

within the same sample are heterogeneous and is imprecise when they are

homogeneous. The result is obvious intuitively. If there is little variation

within a systematic sample relative to that in the population, the successive

units in the sample are repeating more or less the same information.
Another form for the variance is given in thcorem 8.2.

Theorem 8.2.

S (N —1
V(. ) = =— + — ' 8.3

where p , is the correlation coefficient between pairs of units that are in the
same systematic sample. It is defined as

_E@s = Ny — )
E(yij - 7)2
where the numerator is averaged over all kn(n — 1)/2 distinct pairs, ang

the denominator over all N values of y,,. Since the denominator j¢
(N — 1)S2%/N, this gives

w

2 k _ _
- (n — )N — 1)8? zz—l jgu(?/u — Y)(Yiu — Y)

Puw
Proof.

k
mKV(Fo) = 13 (5. — T

k -
- gll(?/u —“ D+ @e— D+ + Win — oy

The squared terms amount to the total sum of squares of deviations frop,
Y, that is, to (M — 1)S2. This gives

PkV(§) = (N = DS* 4+ 23 3 (v, — V)@ — 1),

= (N — 1)S* + (n — 1)}(N — 1)S%p.,
Hence

_ SE (N —1
|4 == + —
(ySU) n ( N ) [1 (n I)Pur]

This_result shows that positive correlation between units in the samg
sample .mﬂates the variance of the sample mean. Even a small positive
correlation may have a large effect, because of the multiplier (7 — 1).

. The two Preceding theorems express V(#,,) in terms of S%, hence relate
1t to the variance for a simple random sample. There is an analogue of
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theorem 8.2 which expresses V(#,,) in terms of the variance for a stratified
random sample in which the strata are composed of the first & units, the
second k units, and so on. In our notation the subscript j in y,; denotes the
stratum. The stratum mean is written 7 ;.

Theorem 8.3.
2 o
wmp=§ﬂ{ﬁﬁl)b+wn—lmm] (8.4)

n
where

2 ! & < = N2
Shost = k=1 gl '2::1(!/,-; ),
This is the variance among units that lie in the same stratum. The divisor
n(k — 1) is used because each of the n strata contributes (k — 1) degrees of
freedom. Further
Prost = E(y;; — ¥ )W : ¥.)
. E(yi; — §.;)

This quantity is the correlation between the deviations from the stratum
means of pairs of items that are in the same systematic sample.

2 & Wi = 5o — F)
. i . 85
n@—nw—nguq s? (8.5)

wst

Puwst =

The proof is similar to that of theorem 8.2.*

Corollary. A systematic sample has the same precision as the corre-
sponding stratified random sample, with one unit per stratum, if p,,,, = 0.
This follows because for this type of stratified random sample V(¥,,) is
(theorem 5.3, corollary 3)

__ (N—=n\Si,
V() = ( N ) n

Other formulas for ¥(7,,), appropriate to an autocorrelated population,
have been given by W. G. and L. H. Madow (1944), who made the first

theoretical study of the precision of systematic sampling.

Example. The data in Table 8.3 are for a small artificial population which
exhibits a fairly steady rising trend. We have N =40, k = 10, n = 4. Each
column represents a systematic sample, and the rows are the strata. The ;xample
illustrates the situation in which the ‘“within-stratum’ correlation is pos:ltxve. For
instance, in the first sample each of the four numbers 0, 6, 18, and 26 lies b;low
the mean of the stratum to which it belongs. This is consistently true, with a

* In the first edition slightly different definitions of p, and p,. were used.
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few exceptions, in the first five systematic samples. In the last five samples, devia-
tions from the strata means are mostly positive. Thus the cross-product terms in
Pwst are predominantly positive. From theorem 8.3 we expect systematicsampling
to be less precise than stratified random sampling with onc unit per stratum.

TABLE 8.3
DATA FOR 10 SYSTEMATIC SAMPLES WITH n = 4, N = kn = 40

Systematic sample numbers Strata
Strata 1 2 3 4 5 6 7 8 9 10 means
I 0o 1 1 2 5 4 7 7 8 6 4.1

11 6 8 9 10 13 12 15 16 16 17 12.2
111 18 19 20 20 24 23 25 28 29 27 233
1v 26 30 31 31 33 32 35 37 38 38 33.1
Totals 50 58 61 63 75 71 82 88 91 88 72.7

The variance V(3,,) is found directly from the systematic sample totals as

1 A —
> (g, —n¥Y)P

Vi) =V =3 20 = VP =2 3

— _1 2 2 R 2 __ (727)2 —_
= 160[(50) + (58)% + + (88) 0 ] = 11.63

For random and stratified random sampling, we need an analysis of variance
of the population into “between rows’” and *“‘within rows.”” This is presented i

TABLE 8.4
ANALYSIS OF VARIANCE
df ssS ms
Between rows (strata) 3 4828.3
Within strata 36 485.5 13.49 = S2 |
Totals 39 5313.8 136.25 = §*

Table 8.4. Hence the variances of the estimated means from simple random ang
stratified random samples are as follows:

N —n NS
Vran = (__—’})"S— = 2 ) ']-3'9‘2‘5 = 30.66
N n 10 4
N — n)Sm, 9 13.49
’ ( N o100 4 .
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Both stratificd random sampling and systematic sampling are much
more effective than simple random sampling, but, as anticipated, syste-
matic sampling is less precise than stratified random sampling.

Table 8.5 shows the same data, with the order of the observations
reversed in the sccond and fourth strata. This has the effect of making p ..,
negative, because it makes the majority of the cross products between
deviations from the strata means negative for pairs of observations that lie

TABLE 8.5
DATA IN TABLE 8.3, WiTH THE ORDER REVERSED IN STRATA Il AND IV
Systematic sample numbers Strata
Strata 1 2 3 4 5 6 7 8 9 10 means
I 0 1 1 2 5 4 7 7 8 6 4.1
11 17 16 16 15 12 13 10 9 8 6 12.2
111 18 19 20 20 24 23 25 28 29 27 23.3
v 38 38 37 35 32 33 31 31 30 26 33.1
Totals 73 74 74 72 73 73 73 15 75 65 727

in the same systematic sample. In the first systematic sample, for instance,
the deviations from the strata means are now —4.1, +4.8, —5.3, +4.9.
Of the six products of pairs of deviations, four are negative. Roughly the
same situation applies in every systematic sample.

This change does not affect V,,, and V. With systematic sampling, it
brings about a dramatic increase in precision, as is seen when the systematic
sample totals in Table 8.5 are compared with those in Table 8.3. We now
have

Vew [(73)2 + (74)% + - - + (65) — (——/%)_J = 0.46

=L
160

It is sometimes possible to exploit this result by numbering the units to
create negative correlations within strata. Accurate knowledge of the
trends within the population is required. However, as will be seen later, the
situation in Table 8.5 is one in which it is difficult to obtain from the sample
a good estimate of the standard error of 7,,.

8.4 COMPARISON OF SYSTEMATIC WITH STRATIFIED
RANDOM SAMPLING

The performance of systematic sampling in relation to that ofst.ratiﬁcd or
simple random sampling is greatly dependent on the properties (?f th'e
population. There are populations for which systematic sampling 18
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extremely precise and others for which it is less precise than simple random
sampling. For some populations and some values of n, ¥(j,) may even
increase when a larger sample is taken—a startling departure from good
behavior. Thus it is difficult to give general advice about the situations in '
which systematic sampling is to be recommended. A knowledge of the
structure of the population is necessary for its most effective use. .
Two lines of research on this problem have been followed. One is to"
compare the different types of sampling on artificial populationsin which Y, k
is some simple function of i. The other is to make the comparisons fg
" natural populations. Some of the principal results are presented in {he |
succeeding sections. !
'1
I

8.5 POPULATIONS IN ‘“RANDOM’” ORDER

Systematic sampling is sometimes used, for its convenience, in Popy..
lations in which the numbering of the units is effectively random. Thjg i
so in sampling from a file arranged alphabetically by surnames, if the jtq
that is being measured has no relation to the surname of the individy 4
There will then be no trend or stratification in y, as we proceed along the
file and no correlation between neighboring values. <

In this situation we would expect systematic sampling to be essentiq
equivalent to simple random sampling and to have the same variance.
any single finite population, with given values of n and &, this is not €xacy) r
true, because ¥V, which is based on only k& degrees of freedom, is rath
erratic when & is small and may turn out to be either greater or Sma“e
than V,,,. There are two resuits which show that on the average the tw, '
variances are equal. ©

Theorem 8.4. Consider all N! finite populations which are formeq
the N! permutations of any set of numbers ,, ¥s, * * =, ¥y Then, on t}])
average over these finite populations, ©

E( Vsu) = Vran

Note that V,,, is the same for all permutations. 3

This result, proved by W. G. and L. H. Madow (1944), shows that, if t '1
order of the items in a specific finite population can be regarded as drawp, i< |
random from the N! permutations, systematic sampling is on the avery ti |
equivalent to simple random sampling. ge} :

The second approach is to regard the finite population as drawn at ry
dom from an infinite superpopulation which has certain properties. Th;? i
result that is proved does not apply to any single finite population (i.e, tor :
any specific set of values y,, y,.- - -, y,) but to the average of all finjge
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populations that can be drawn from the infinite population. This approach
may appear at first sight to have little relation to practical applications,
but this impression is erroneous. Any sampling method is used in practice
on a series of finite populations. One way of describing the class of finite
populations for which a given sampling method is efficient is to describe
the infinite superpopulation from which such finite populations might
have been drawn at random.

The symbol & denotes averages over all finite populations which can be
drawn from this superpopulation.

Theorem 8.5. If the variates y, (i = 1,2, - -+, N) are drawn at random
from a superpopulation in which

Syi=p, S, — Wy, —w=0 ((*)), EW —p?*=o9?
then
ng" = erdn

The crucial conditions are that all ¥, have the same mean u, that is, there
is no trend, and that no linear correlation exists between the values y; and
y; at two different points. The variance ¢,> may change from point to point
in the series.

Proof. For any specific finite population,

N
V)2
” _ N —n IZ:I(?/: Y)

Nn N-—1

Now
N N
Zl(?/i — )7)2 = ZI[(?/{ —§) = ()7 - /‘-)]2

N _
=2 - 1) — N(Y — p)?

Since ¥; and y; are uncorrelated (i # j),

N

_ 1
(Y — /‘)2 = N‘z Zlo'iz

Hence
N 2
&V, = _’!_:i_(z 6% — N Z__E‘z_)
Nn(N — 1)\i=1 N
This gives
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Turning to ¥, let 7, denotc the mean of the uth systematic sample. Fo
any specific finite population,

=‘[Z(Ju - k(?—lu)z]

u=1

By the theorem for the variance of the mean of an uncorrelated samp
from an infinite population,

N
z = m n

N2n i
8.6 POPULATIONS WITH LINEAR TREND

If the population consists solely of a linear trend, as illustrated in Fj
8.2, it is fairly easy to guess the nature of the results. From Fig. 8.2
looks as if ¥, and ¥V, (with one unit per stratum) will both be smaller th,
V.an- Further, ¥V, will be larger than V,, for if the systematic sample is t
low in one stratum it is too low in all strata, whereas stratified randg
sampling gives an opportunity for within-stratum errors to cancel.

To examine the effects mathematically, we may assume that y; = j. \y
have

AY N
z,-:’\’_(ﬂz:“l, zi«.»:N(N+12(2N+|)
i=1 “

Y

x = systematic sample
o = stratified random sample

13
Fig. 8.2 Systematic sampling in a population with linear trend.
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The population variance S* is given by

2 1

S" = .2 — Y2
N_ldy. NY?)
_ I{MN+mw+n_Nw+nj=MN+nw®
N—1 6 4 12 '

Hence the variance of the mean of a simple random sample is

oo N=n 8 _nk—1 NN+ _(k=DN+1)

N n N 12n 12
To find the variance within strata, S 2,
(8.6). This gives
N—n S8 _nk=1 kk+1) _ (**—=1) (8.8)
N n nk 12n 12n
For systematic sampling, the mean of the second sample exceeds that of
the first by 1; the mean of the third exceeds that of the second by 1, and so

(8.7)

we need only replace N by & in

Vst =

on. Thus the means j, may be replaced by the numbers 1,2, -, k.
Hence, by a further application of (8.6),
5 e k(K2 —1)
o, — Y) = —
gy ) 5

This gives

1 - 7\2 k2 - 1

From the formulas (8.7), (8.8), and (8.9) we deduce, as anticipated,
2 2 _ ;
Vst=k 1 S Vsy=l\ I _<_Vr(m=(k ])([\ + ])
12n 12 12

Equality occurs only when n = 1. Thus, for removing the effect of a
Jinear trend, suspected or unsuspected, the systematic sample is much more
effective than the simple random sample but less effective than the strati-
fied random sample.

The performance of systematic sampling in the presence of a linear trend
can be improved in several ways. One is to use a centrally located sample.
Another is to change the estimate from an unweighted to a weighted
mean in which all internal members of the sample have weight unity
(before division by n) but different weights are given to the first and last
members. If the random number drawn between 1 and k is i, these weights
are

n(2i — k —1)
2(n — Dk
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the + sign being used for the first member, the — sign for the last. Forany
i, the two weights obviously add to 2. The reader may verify that if the
population consists of a linear trend and N = nk the weighted sample
mean gives the correct population mean. The performance of these en
corrections has been examined by Yates (1948), to whom they are due

8.7 POPULATIONS WITH PERIODIC VARIATION

If the population consists of a periodic trend, for example a simple sin,
curve, the effectiveness of the systematic sample depends on the value of £
This may be seen pictorially in Fig. 8.3. In this representation the height o
the curve is the observation y,. The sample points 4 represent the case legg
favorable to the systematic sample. This case holds whenever & is equg
to the period of the sine curve or is an integral multiple of the perig¢
Every observation within the systematic sample is exactly the same,

that the sample is no more precise than a single observation taken at ran
dom from the population.

A A A S
Nt N\l N\ A

B

Fig. 8.3 Periodic variation.

The most favorable case (sample B) occurs when k is an odd multiple
the half-period. Every systematic sample has a mean exactly equal to th
true population mean, since successive deviations above and below th
middle line cancel. The sampling variance of the mean is therefore zep,
Between these two cases the sample has various degrees of effectiveneg,
depending on the relation between & and the wavelength. '

Populations that exhibit an exact sine curve are not likely to be encoy,
tered in practice. Populations with a more or less definite periodic tre
are, however, not uncommon. Examples are the flow of road traffic past
point on a road over 24 hours of the day and store sales over seven days c
the week. For estimating an average over a time period, a systematic sary
ple daily at 4 p.m. or every Tuesday would obviously be unwise. Instea(
the strategy is to stagger the sample over the periodic curve, for example,
seeing that every week-day is equally represented in the case of store sale,

Some populations have a kind of periodic effect that is less obvious.
series of weekly payrolls in a small sector of a factory may always list ¢},
workers in the same order and may contain between 19 and 23 names eve,
week. A systematic sample of | in 20 names over a period of weeks mig}.
consist mainly of the records of one worker or of the records of two
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three workers who are among the highest earners in the group. Similarly, a
systematic sample of names from a city directory might contain too many
heads of households, or too many children. If there is time to study the
periodic structure, a systematic sample can usually be designed to capitalize
on it. Failing this, a simple or stratified random sample is preferable when
a periodic effect is suspected but not well known.

In some natural populations quasi-periodic variation may be present
that would be difficult to anticipate. L. H. Madow (1946) found evidence
pointing this way in a bed of hardwood seedling stock in a rather small
population (¥ = 420). Finney (1950) discussed a similar phenomenon in
timber volume per strip in the Dehra Dun forest, although in a re-exami-
nation of the data Milne (1959) suggested that the apparent periodicity
might have been produced by the process of measurement. The effect of
quasi-periodicity is that systematic sampling performs poorly at some
values of n and particularly well for others. Whether this effect occurs
frequently is not known. Matérn (1960) cites examples in which natural
forces (e.g.. tides) might produce a spatial periodic variation, but he is of
the opinion that no clear case has been found in forest surveys.

8.8 AUTOCORRELATED POPULATIONS

With many natural populations, there is reason to expeét that two
observations y,, ,; will be more nearly alike when i and j are close together
in the series than when they are distant. This happens whenever natural
forces induce a slow change as we proceed along the series. In a mathe-
matical model for this effect we may suppose that y; and y; are positively
correlated, the correlation between them being a function solely of their
distance apart, / — j, and diminishing as this distance increases. Although
this model is oversimplified, it may represent one of the salient features of
many natural populations.

In order to investigate whether this model does apply to a population,
we can calculate the set of correlations p, for pairs of items that are u units
apart and plot this correlation against . This curve, or the function it
represents, is called a correlogram. Even if the model is valid, the correlo-
gram will not be a smooth function for any finite population because
irregularities are introduced by the finite nature of the population. In a
comparison of systematic with stratified random sampling for this model
these irregularities make it difficult to derive results for any single finite
population. The comparison can be made over the average of a whole
series of finite populations, which are drawn at random from an infinite
superpopulation to which the model applies. This technique has already
been applied in theorem 8.5.
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Thus we assume that the observations y, (i = 1, 2, - - -, N) are drawy
from a superpopulation in which

Ey)=p, @, —w? =0, &y — W Yipw — 1) = p,0° (8.10)

where
Pu 2 Py = 0, whenever u < v

The drawing of one set of y, from this superpopulation creates a single
finite population of size N.
The average variance for systematic sampling is denoted by

&V, = EE®y,, — Y)?

For this class of populations it is easy to show that stratified rando,
sampling is superior to simple random sampling, but no general result cap
be established about systematic sampling. Within the class there are
superpopulations in which systematic sampling is superior to Stratifieq
random sampling, but there are also superpopulations in which SyStematic
sampling is inferior to simple random sampling for certain values of k.

A general theorem can be obtained if it is further assumed that the
correlogram is concave upwards.

Theorem 8.6. If, in addition to conditions (8.10), we have

02 =pig +pie1 — 20,20 [i=2,3,--,(kn —2)]
then
ngv S éaVst S (’@an
for any size of sample. Further, unless 62> =0, i = 2,3, -, (kn — 2)

EV, <V,
A proof has been given by Cochran (1946).

A sketch of the argument for n = 2 illustrates the role played by the
“concave upwards” condition. In the systematic sample the memberg of
the pair are always &k units apart. Hence

EV(Fa) = 1(0® + 0% + 2p,0%) = Lo%(1 + p;)

With the stratified sample, there are & possible positions for the unit drawn
from each stratum, making k2 combinations of positions. The numberg o
combinations 1, 2, - - - (2k — 1) units apart are as follows.

Distance |1 2 (k=1 k (k+1)--- Qk —1)| Total

Number |12---(k—1)k(k—1)--- l k2 |
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Hence the average value of ¥(7,,), taken over the k% combinations, may
be written

2 k-1
b [ S+ p+ )+ R+ pk)]

EV(i) = e
Z =1

Similarly, &¥V(j,,) may be expressed as

2 rh—1
EV(,,) = 62[2"(2 + 2p) + K(1 + pk)]

2k7Li=1
Hence
3 rr-1
J"V(!Zv{) - ()(V(aw) = 273[2’(& + Par—i — 2pk):l
But if

Pia1 T pic1 = 2p; (i=23-")

it is easy to show that every term inside the brackets is positive. This
completes the proof. In short, the arerage distance apart is & for both the
systematic and the stratified sample, but on account of the concavity
the stratified sample loses more in precision when the distance is less than
k than it gains when the distance exceeds .

Quenouille (1949) has shown that the inequalities in theorem 8.6 remain

valid when two of the conditions are relaxed so that

@) =p, S —p)=0?
In this event each of the three average variances is increased by the same
amount.

As far as practical applications are concerned, correlograms that are
concave upward have been proposed by several writers as models for
specific natural populations. The function p, = tanh (x~*¢) was suggested
by Fisher and Mackenzie (1922) for the correlation between the weekly
rainfall at two weather stations which are a distance u apart: the function
p., = ¢ ** by Osborne (1942) and Matérn (1947) for forestry and land use
surveys; and the function p, = (/ — )/l by Wold (1938) for certain types
of economic time series.

8.9 NATURAL POPULATIONS

Investigations have been made on a variety of natural populations. The
data. are described in Table 8.6. The first three studies were made from
maps. In the first study the finite population consists of 288 altitudes at
successive distances of 0.1 mile in undulating country. In the next two the
data are the fractions of the lengths of lines drawn on a cover-type map
that lie in a certain type of cover (e.g., grass). These examples might be
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TABLE 8.6
NATURAL PoPULATIONS USED IN STUDIES OF SYSTEMATIC SAMPLING
Reference N Type of Data
Yates (1948), 288  Altitudes read at intervals of 0.1 mile fror
table 13 ordnance survey map.
Osborne (1942) * Per cent of area in (a) cultivated land, (6) shrut

(c) grass, (d) woodland on parallel lines draw
on a cover—type map.

Osborne (1942) * Per cent of area in Douglas fir on parallel line
drawn on a cover-type map.

Yates (1948) 192 Soil temperature (12 in. under grass) for 192 cor
secutive days.

Yates (1948) 192 Soil temperature (4 in. under bare soil) for 192 day:

Yates (1948) 192 Air temperature for 192 days.

Yates (1948) 96  Yields of 96 rows of potatoes.

Finney (1948) 160  Volume of saleable timber per strip, 3 chair
wide and of varying length (Mt. Stuart foregg

Finney (1948) 288 Volume of virgin timber per strip, 2.5 chains wiq,
80 chains long (Black’s Mountain forest).

Finney (1950) 292 Volume of timber per strip, 2 chains wide and
varying length (Dehra Dun forest).

Johnson (1943) 4001 Number of seedlings per 1-ft-bed-width in 4 be
of hardwood seedbed stock.

Johnson (1943) 4007 Number of seedlings per 1-ft-bed-width in 3 be,
of coniferous seedbed stock.

Johnson (1943) 4001 Number of seedlings per 1-ft-bed-width in 6 be,

of coniferous transplant stock.

* Theoretically, N is infinite, if lines that are infinitely thin can be envisage,
T Approximately. The number varied from bed to bed.

considered the closest to continuous variation in the mathematical Seng,

The next three studies are based on temperatures for 192 consecuti,
days: (a) 12 in. under the soil, (b) 4 in. under the soil, (¢) in air. This tr;
represents a gradation in the direction of greater influence of erratic day~t(
day changes in the weather compared with slow seasonal influences.

The remaining studies deal with plant or tree yields in sequences that y;
310_"8 aline. In the study on potatoes, which is typical of the group, ¢y,
finite population consists of the total yields of 96 rows in a field. Since p,
exhaustive search of the literature has been made, further data may b
available.

In some of the studies V,, is compared with the variance V., for
stratified random sample with strata of size 2k and two units per stratup.
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This comparison is of interest because an unbiased estimate of V,,, can be
obtained from the sample data. This cannot be done for V', (with strata of
size k and 1 unit per stratum) or for V,,. Other writers report comparisons
of V,, with both ¥, and V_,,. The majority of the sources do not present
comparisons with V., in readily usable form, but it appzars that in general
V.1s gave gains in precision over V,,.

In the papers by Yates and Finney comparisons are given for a range of
values of n and & within each finite population. In these cases the data in
Table 8.7 are the geometric means of the variance ratios for the individual

TABLE 8.7
RELATIVE PRECISION OF SYSTEMATIC AND STRATIFIED RANDOM SAMPLING

Relative Precision of
Systematic to Stratified

Range
Data of & Varl Ve Vol Viy
Altitudes 2-20 2.99 5.68
Per cent area (4 cover types) — 442
Per cent area (Douglas fir) — 1.83
Soil temperature (12 in.) 2-24 2.42 4.23
Soil temperature (4 in.) 4-24 1.45 2.07
Air temperature 4-24 1.26 1.65
Potatoes 3-16 1.37 1.90
Timber volume (Mt. Stuart) 2-32 1.07 1.35
Timber volume (Black’s Mt.) 2-24 1.19 1.44
Timber volume (Dehra Dun) 2-32 1.39 1.89
Hardwood seedlings 14 — 1.89
Coniferous seedlings 14-24 — 2.22
Coniferous transplant 12-22 — 0.93

values of k. The other writers make computations for only one value of &
per population but may give data for different items or for several popu-
lations of the same natural type. Here, again, geometric means of the
variance ratios were taken.

Although the data are limited in extent, the results are impressive. In
the studies that permit comparison with V,,, systematic sampling shows a
consistent gain in precision which, although modest, is worth having. The
median of the ratios V,,/V_, is 1.4. The gains in comparison with V', are
substantial, the median ratio being 1.9.

The internal trend of the results agrees with expectations, although
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not too much should be made of this in view of the small number of studies.
The gains are largest for the types of data in which we would guess that
variation would be nearest to continuous. The decline in V,/V,, from soil
to air temperatures would also be anticipated from this viewpoint. In the
last three items (forest nursery data), the only onc showing no gain is
coniferous transplant stock, which is older and more uniform than seedling
stock.

8.10 ESTIMATION OF THE VARIANCE FROM A
SINGLE SAMPLE

From the results of a simple random sample with n > 1, we can calcu-
late an unbiased estimate of the variance of the sample mean, the estimate
being unbiased whatever the form of the population. Since a systematic
sample can be regarded as a simple random sample with # = 1, this useful
property does not hold for the systematic sample. As an illustration,
consider the “sine curve” example. Let

. i
Y; = m + asin —

where k=4 and i =1, 2,---, 4n. The successive observations in the
population are

(m + a), m, (im — a), m, (im + a), m, (m — a), M, " " -

If i =1 is chosen as the first member, a// members of the systematjc
sample have the value (m + a). For the other three possible choices of
all members have the values m, (m — a), or m, respectively. Thus from 4
single sample we have no means of estimating the value of a. But the tryue
sampling variance of the mean of the systematic sample is @*/2. The illug.
tration shows that it is impossible to construct an estimated variance that jg
unbiased if periodic variation is present.

These results do not mean that nothing can be done. Excluding the case
of periodic variation, we might know enough about the structure of the
population to be able to develop a mathematical model that adequately
represents the type of variation present. We might then be able to many.
facture a formula for the estimated variance that is approximately unbiaseq
for this model, although it may be badly biased for other models. The
decision to use one of these models must rest on the judgment of the sam.
pler.

Some simple models with their corresponding estimated variances are
presented below. No proofs are given.
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The simplest models apply to populations in which y, is composed of a
trend plus a “‘random’™ component. Thus

yi=p; + e

where u; is some function of /. For the random component, we assume
that there is a superpopulation in which

S(e,) =0, &(e?) = o? S(ee;) =0 (#))
A proposed formula s, for the estimated variance is called unbiased if
SE(s,*) = 6V,

that is, if it is unbiased over all finite populations that can be drawn from
the superpopulation.

Population in ‘‘Random’’ Order
Jt, = constant (i=12---,N)

2 N —n Z (.1/1 - .17.\‘!/)2

S =
v Nn n—1

This case applies when we are confident that the order is essentially random
with respect to the items being measured. The variance formula is the same
as that for a simple random sample and is unbiased if the model is correct.
Stratification Effects Only

M; = constant (rk+ 1< i< rk+k)

- N —n 2(!/;' — Yorr)’
Nn 2(n — 1)

sue T

In this case the mean is constant within each stratum of & units. Thff
estimate s%,,, which is based on the mean square successive difference, 15
not unbiased. It contains an unwanted contribution from the difference
between 's in neighboring strata, and the first and last strata carry too
little weight in estimating the random component of the variance. Wlth
a reasonably large sample, this estimate would in general be too high,
assuming that the model is correct.

Linear Trend
pio=p+ pi

Sa N—=nm 2= 29 + Yoror)” (1<ign—2)
' N n? 6(n — 2)

Il

N
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The estimate is based on successive quadratic terms in the sequence
¥;. The sum of squares contains (n — 2) terms. With a linear trend we
have seen (section 8.6) that the trend can be climinated by the use of end
corrections. The term »’[n® is the sum of squares of the weights in 7.,
Unless n is small, n'/n® can be replaced by the usual factor 1/n. Because
the strata at the ends receive too little weight, the estimate is biased unless
o2 is constant, but it should be satisfactory if » is large and the model is
correct.

If continuous variation of a more complex type is present, the preceding
formulas may give poor results. In Table 8.8 the second and third formulag

TABLE 8.8
VARIANCES OF SAMPLE MEAN NUMBERS OF SEEDLINGS (JOHNSON'S DATA)
Actual
Bed Ve s.\?u2 S.Eus
Silver maple 1 0.91 2.8 2.5
2 0.74 3.6 2.9
American elm 1 4.8 28.4 12.6
2 15.5 22.6 18.6
White spruce 1 5.5 17.2 11.2
2 2.0 11.6 6.4
White pine 1 8.2 21.0 21.9

are applied to six forest nursery beds (Johnson, 1943). The quadratje
formula is slightly better than that based on successive differences, but both
give serious overestimates.

Various other formulas can be devised. Residuals from a fitted poly.
nomial of higher degree may be effective if u; varies continuously and nog
too rapidly: tables have been provided by DeLury (1950) for this methoq

Formulas developed from simple assumptions about the nature o
the correlogram have been discussed by Osborne (1942), Cochran (1946)
and Matérn (1947). Yates (1949) has investigated an estimate based on 2;.
quantity of the form

(yu + Yuror + Yusar + ) - (yu+k + Yur3e + - )
The successive items in the sample are given alternatively + and — signg_
If this expression is taken over the whole sample, only 1 df is available
In order to provide more degrees of freedom, the sample data can be
broken into parts, which Yates suggests might contain nine observationg
each. If we denote the successive observations in the systematic sample
by ¥1, y2', etc., and give weight } to the first and last terms, we may write

dy = (3y, + Y3 + Ys +y, + 3ye) — (¥ +y, + Ys + Ys)



SYSTEMATIC SAMPLING 227

The next difference, d,, may start with y,’, and so on. Then, for the esti-
mated variance of j,,, we take
o _N—nlZ d}

Nn «=17.5g

The factor 7.5 is the sum of squares of the coefficients in any ¢, and g is
the number of differences which the sample provides (g is approximately
nf9). In the natural populations that Yates examined a formula of this
type was superior to the formula s%,, based on successive differences, but it
still overestimated the actual variance of i,

In conclusion, there is no dearth of formulas for the estimated variance,

but all appear to have a limited range of applicability.

8.11 STRATIFIED SYSTEMATIC SAMPLING

We have seen that if the units are ordered appropriately systematic
sampling provides a kind of stratification with equal sampling fractions.
If we stratify by some other criterion, we may draw a separate systematic
sample within each stratum with starting points independently determined.
This is suitable if separate estimates are wanted for each stratum or if
unequal sampling fractions are to be used. This method will, of course, be
more precise than stratified random sampling if systematic sampling within
strata is more precise than simple random sampling within strata.

If §,,, is the mean of the systematic sample in stratum /4, the estimate of
the population mean Y and its variance are

yxlsy = thﬂsym V(gstsv) = thz V(ysyh)

With only a few strata, the problem of finding a sample estimate of this
quantity amounts to that already discussed of finding a satisfactory sample
estimate of V(¥,,,) in each stratum.

When the strata are more numerous, an estimate based on the method
of “collapsed strata™ (section SA.11) may be preferable. From the results
in that section, it follows that the estimate

lr(gs{su) = z/ u/hz(!?syh - gsw)‘.’.

where the sum extends over the pairs of strata, is on the average an Over-
estimate, even if periodic variation is present within the strata.

An unbiased estimate of the error variance can be obtained if two syste-
matic samples, with a different random start and an interval 2k, are dfawn
within each stratum, one df being provided by each stratum. There will be
some loss in precision if systematic sampling is effective. If there are
many strata, one systematic sample can be used in most of them, drawing



228 SAMPLING TECHNIQUES

two in a random subsample of strata for the purposes of estimating the
error.

8.12 SYSTEMATIC SAMPLING IN TWO DIMENSIONS

In sampling an area, the simplest extension of the one-dimensional
systematic sample is the ‘‘square grid” pattern shown in Fig 8.4a. The
sample is completely determined by the choice of a pair of random numbers
to fix the coordinates of the upper left unit. The performance of the
square grid has been studied both on theoretical and natural populations,
Matérn (1960) has investigated the best type of sample when the corre-
lation between any two points in the area is a monotone decreasing concave
upward function of their distance apart . For correlograms like ¢ ~* the
square grid does well, being superior to simple or stratified random sam-
pling with one unit per stratum, although Matérn gives reasons for expectin
that the best pattern for this situation is a triangular network in which the
points lie at the vertices of equilateral triangles.

In 14 agricultural uniformity trials, Haynes (1948) found that the square
grid had about the same precision as simple random sampling in two dj.
mensions. Milne (1959) examined the central square grid, in which the
point lies at the center of the square, in 50 uniformity trials. It performeq
better than simple random sampling and perhaps slightly better than stratj.
fied random sampling, although this difference was not statistically signj.
ﬁca.lnt. These results suggest that, at least for data of this type. autocorre.
lation effects are weak. For estimating the area covered by forest or by
water on a map, Matérn found the square grid superior to the random
methods in two examples.

Figure 8.4(b) shows an alternative systematic sample, called an unaligne,.
sample. The coordinates of the upper left unit are selected first by a pai,
of random numbers. Two additional random numbers determine the

{a) Aligned or “square grid"

(b) Unaligned sample
sample

Fig. 8.4 Two types of two-dimensional systematic sample.
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horizontal coordinates of the remaining two units in the first colurmn of
strata. Another two are needed to fix the vertical coordinates of the re-
maining units in the first row of strata. The constant interval £ (equal to
the sides of the squares) then fixes the locations of all points. Investi-
gations by Quenouille (1949) and Das (1950) for simple two-dimensional
correlograms indicate that the unaligned pattern will often be superior
both to the square grid and to stratified random sampling.

Further evidence of the superiority of an unaligned sample is obtained
from experience in experimental design, in which the latin square has been
found a precise method for arranging treatments in a rectangular field.
The 5 x 5 latin square in Fig. 8.5a may be regarded as a division of the field
into five systematic samples, one for each letter. There is some evidence
that this particular square, which is called the “knight’s move™ latin square,
is slightly more precise than a randomly chosen 5 x 5 square, probably
because alignment is absent in the diagonals as well as in rows and columns.

The principle of the latin square has been used by Homeyer and Black
(1946) in sampling rectangular fields of oats. Each field contained 21 plots.
The three possible systematic samples are denoted by the letters A, B, and
C, respectively, in Fig. 8.5b. This arrangement, with one of the letters
chosen at random in each field, gave an increase in precision of around 25%,
over stratified random sampling with rows as strata. The arrangement does
not quite satisfy the latin square property because each letter appears three
times in one column and twice in the other columns, but it approaches this
property as nearly as possible.

A B C D E A B C
D E A B C B C 4
B C D E 4 C A B
E A B C D A B C
C D E A B B C 4
C A B
A B C
(a) “Knight’s move™ latin square (b) Systematic design for a 3 x 7 rec-

tangular field

Fig. 8.5 Two systematic designs based on the latin square.

Yates (1960), who terms arrangements of this type lartice sampling,
discusses their use in two- and three-dimensional sampling. In three
dimensions each row, column, and vertical level can be represented ir} tl}e
sample by choosing p units out of the p® in the population. With p? units in
the sample, each of the p? combinations of levels of rows ar.1d columns,
of rows and vertical heights, and of columns and vertical heights can be
represented. Patterson (1954) has investigated the arrangements that
provide an unbiased estimate of error.
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8.13 SUMMARY

Systematic samples are convenient to draw and to execute. In most of
the studies reported in this chapter, both on artificial and on natural popu~
lations, they compared favorably in precision with stratified random sam-
ples. Their disadvantages are that they may give poor precision when
unsuspected periodicity is present and that no trustworthy method for
estimating V(7,,) from the sample data is known.

In the light of these results systematic sampling can safely be recom-
mended in the following situations:

1. Where the ordering of the population is essentially random or con-
tains at most a mild stratification. Here systematic sampling is us.ed for
convenience, with little expectation of a gain in precision. Sample estimates
of error that are reasonably unbiased are available (section 8.10).

2. Where a stratification with numerous strata is employed and an
independent systematic sample is drawn from each stratum. The e.ﬁ"ects of
hidden periodicities tend to cancel out in this situation, and an estimate of
error that is known to be an overestimate can be obtained (section 8.11),
Alternatively, we can use half the number of strata and draw two systematic
samples, with independent random starts, from each stratum. This methoq
gives an unbiased estimate of error.

3. For subsampling the units (Chapter 10). In this case it turns out thag
an unbiased estimate of the sampling error can be obtained in most
practical situations.

4. For sampling populations with variation of a continuous type
provided that an estimate of the sampling error is not regularly requireq
If a series of surveys of this type is being made, an occasional che.ck on the
sampling errors may be sufficient. Yates (1948) has shown how this may be
done by taking supplementary observations.

EXERCISES.

8.1 The data in the Table are the numbers of seedlings for each foot of beq
in a bed 200 ft. long. )

Find the variance of the mean of a systematic sample consisting of ever
twentieth foot. Compare this with the variances for (@) a simple random sample
(b) a stratified random sample with two units per stratum, (¢) @ stratified randg

sample with one unit per stratum. All samples have n = 10. (Y@ — Y2«
23,601.]

8.2 A population of 360 households (numbered 1 to 360) in Baltimore jq
arranged alphabetically in a file by the surname of the head of the household_
Households in which the head is nonwhite occur at the following numbers.
28, 31-33, 36-41, 44, 45, 47, 55, 56, 58, 68, 69, 82, 83, 85, 86, 89-94, 98, 99, 101,
107-110, 114, 154, 156, 178, 223, 224, 296, 298-300 302-304, 306-323, 325-33]



NUMBERS OF SEEDLINGS

Feet Systematic
1-20  21-40 41-60 61-80 81-100 101-120 121-140 141-160 161-180  181-200 Sample

1 2 3 4 5 6 7 8 9 10 Totals

8 20 26 34 31 24 18 16 36 10 223

6 19 26 21 23 19 13 12 8 35 182

6 25 10 27 41 28 7 8 29 7 188
23 11 41 25 18 18 9 10 33 9 197
25 31 30 32 15 29 I 12 14 12 211 "
16 26 55 43 21 24 20 20 13 7 245 =<
28 29 34 33 8 33 16 17 18 6 222 =
21 19 56 45 22 37 9 12 20 14 255 £
22 17 39 23 11 32 14 7 13 12 190 2
18 28 41 27 3 26 15 17 24 15 214 -
26 16 27 37 4 36 20 21 29 18 234 Z
28 9 20 14 5 20 21 26 18 4 165 e
11 22 25 14 11 43 15 16 16 4 177 Z
16 26 39 24 9 27 14 18 20 9 202 @

7 17 24 18 25 20 13 11 6 8 149
22 39 25 17 16 21 9 19 15 8 191
44 21 18 14 13 18 25 27 4 9 193
26 14 44 38 22 19 17 29 8 10 227
31 40 55 36 18 24 7 31 8 5 255
26 30 39 29 9 30 30 29 10 3 235

Strata
Totals 410 459 674 551 325 528 303 358 342 205

4155 N
=
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333, 335-339, 341, 342. (The nonwhite households show some “clumping™”
because of an association between surname and color.)

Compare the precision of a 1-in-8 systematic sample with a simple random
sample of the same size for estimating the proportion of households in which the'
head is nonwhite.

8.3 A neighborhood contains three compact communities, consisting,
respectively, of people of Anglo-Saxon, Polish, and Italian descent. There is an
up-to-date directory. In it the persons in a house are listed in the following
order: husband, wife, children (by age), others. Houses are listed in ordey
along streets. The average number of persons per house is five.

The choice is between a systematic sample of every fifth person in the director
and a 20% simple random sample. For which of the following variables do yoy
expect the systematic sample to be more precise? (a) Proportion of people of
Polish descent, (b) proportion of males, (¢) proportion of children. Givereasong

8.4 In a directory of 13 houses on a street the persons are listed as follows
M = male adult, F = female adult, m = male child, f = female child.

Household
1 2 3 4 5 6 7 8 9 10 11 12 1z
M M M M M M M M M M M M )
F F F F F F F F F F F F F
f f m m f f m m m f f
m m f m m f f f m
f_r f m

Compare the variances given by a systematic sample of one in five persons an,
a 209, simple random sample for estimating (a) the proportion of males, (b) th,
proportion of children, (c) the proportion of persons living in professiong
households (households 1, 2, 3, 12, and 13 are described as professional). D,
the results support your answers to exarcise 8.3? For the systematic sample
number down each column, then go to the top of the next column.

8.5 In exercise 8.1 we might estimate V(g,,) by (a) regarding each systemag;
sample as a simple random sample, (b) pretending that each 1-in-20 systemati"
sample is composed of two 1-in-40 systematic samples with a separate randoy,
start. For each method, compare the average of the estimated variances with th
actual variance of 7, ‘

8.6 In a population consisting of a linear trend (section 8.6) show thay ;
systematic sample is less precise than a stratified random sample with strata o
size 2k and two units per stratum if n > (4k + 2)[(k + 1).

8.7 A two-dimensional population with a linear trend may be represented y,
the relation S - '
?/ij='+_] (1,j=1,2,...,nk)
where y,; is the item value in the ith row and jth column. The population contajp,

N2 = n?k? units.

A systematic square grid sample is selected by drawing at random two ing,
psndcnt starting coordinates iy, j,, each between | and k. The sample, of sj;
n*, contains all units whose coordinates are of the form

ip + vk, jo + 0k
where y, 6 are any two integers between 0 and (n — 1), inclusive.
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Show that the mean of this sample has the same precision as the mean of a
simple random sample of size 2.

8.8 1If the comparison in exercise 8.7 were made for a three-dimensional
population with linear trend, what result would you expect?
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CHAPTER 9

Single-Stage Cluster Sampling

9.1 REASONS FOR CLUSTER SAMPLING

Several references have been made in preceding chapters to surveys ;
which the sampling unit consists of a group or cluster of smaller units th,
we have called elements. There are two main reasons for the widespreg
application of cluster sampling, Although the first intention may be to y;
the elements as sampling units, it is found in many surveys that no reliap
list of the elements in the population is available and that it would t
prohibitively expensive to construct such a list. In many countries the,
are no complete and up-to date lists of the people, the houses, or the farp
in any large geographic region. From maps of the region, however, it ca
be divided into areal units such as blocks in the cities and segments
land with readily identifiable boundaries in the rural parts. In the Unite
States these clusters are often chosen because they solve the problem |
constructing a list of sampling units.

Even when a list of individual houses is available, economic consider;
tions may point to the choice of a larger cluster unit. For a given size ¢
sample, a small unit usually gives more precise results than a large up;
For example, a simple random sample of 600 houses covers a town mg.
evenly than 20 city blocks containing an average of 30 houses apiece. R,
greater field costs are incurred in locating 600 houses and in travel betwe,
them than in locating 20 blocks and visiting all the houses in these block
When cost is balanced against precision, the larger unit may prove Superig

A rational choice between two types or sizes of unit may be made by t}
familiar principle of selecting the unit that gives the smaller variance for
given cost or the smaller cost for a prescribed variance. As in many pra,
tical decisions, there may be imponderable factors: one type of unit m;
have some special convenience or disadvantage that is difficult to incluc
in a calculation of costs. In sampling a growing crop, some experieng
suggest that a small unit may give biased estimates because of uncertaing

234
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about the exact boundaries of the unit. Homeyer and Black (1946) found
that units 2 x 2 ft gave yields of oats about 8 % higher than units 3 x 3 ft,
possibly because samplers tend to place boundary plants inside the unit

when there is doubt. Sukhatme (1947) cites similar results for wheat and
rice.

9.2 A SIMPLE RULE

When the problem is to compare a few specific sizes or types of unit, the
following result is helpful.

Theorem 9.1. This applies to simple random sampling in which the fpc
is negligible. The quantity to be estimated is the population total. For
the uth type of unit, let

M, = relative size of unit
S,? = variance among the unit totals

C, = relative cost of measuring one unit

Then relative cost for specified precision or relative variance for specified
cost «cC, S 2/ M 2.

Proof. Let V, be the variance of the population total as given by the
uth type of unit. Then
N,2S 2

n

vir)=V, =

u

The cost of taking these units is C,n,. Now the relative cost for a
specified variance and the relative variance for a specified cost are both
proportional to

C52
c.nV,=CNz2S}oc ——

utu

i

since N M, = constant for different units. This completes the proof.

Corollary 1. If we define the relative net precision of a unit as inversely
proportional to the variance obtained for fixed cost, theorem 9.1 may be

stated as
2

(9.1)

relative net precision o 5

u u
Corollary 2. In the analysis of variance, the variances for units of
different sizes are often computed on what is called a common basis—
usually that applicable to the smallest unit. To put the variances on a
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common basis, the variance S,* among totals of units of size M, is divided
by M,. Let

2 .
S, = —SL = variance among unit totals (on a common basis)
M,
C/ « %— = relative cost of taking a given bulk of sample

Then theorem 9.1 and corollary 1 may be stated as follows:

. .. C,S.k 2
relative cost for equal precision oc —~* oc C,'S,”

u

relative net precision o¢ ——— 9.2
C“ SU -

This result shows that if differences in the costs of taking the sample are
ignored (i.e., assuming that C,’ is constant) the relative net precision wit}
the uth unit oc1/S,’2. In order to compare different units for the same

total bulk of sample, the relevant quantities are the variances among units.
expressed on a common basis.

Example. Johnson's data (1941) for a bed of white pine seedlings provide
simple example. The bed contained six rows, each 434 ft long. There are man,
ways in which the bed can be divided into sampling units. Data for four type:
of unit are shown in Table 9.1. Since the bed was completely counted, the dag;
are correct population values.

TABLE 9.1
DaTa rFOR FOUR TYPES OF SAMPLING UNIT
Type of Unit

1-ft 2-ft 1-ft 2-ft

Preliminary Data row row bed bed
M, = relative size of unit 1 2 6 12
N, = number of units in pop. 2604 1302 434 217
S,2 = pop. variance per unit 2.537 6.746 23.094 68.558

Number of feet of row that can

be counted in 15 min. 44 62 78 108

The units were
one foot of a single row
two feet of a single row
one foot of the width of the bed
two feet of the width of the bed
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With the first two units it was assumed that sampling would be stratified by
rows, so that the S,* represent variances within rows. Simple random sampling
was assumed for the last two units.

Since the principal cost is that of locating and counting the units, costs were
estimated by a time study (last row of Table 9.1). With the larger units, a greater
bulk of sample can be counted in 15 min, less time being spent in moving from
one unit to another.

The quantity to be estimated is the total number of seedlings in the bed. In
the notation of theorem 9.1, Table 9.1 gives the values of M, and S, The relative
values of C,, expressed as the time required to count one unit, are as follows.

1-ft 2-ft 1-ft 2-ft
row row bed bed
. . . 1 o [:] 12
C., (in 15-min times) 44 I 78 ios

By theorem 9.1, corollary 1, the relative net precisions are worked out in

Table 9.2.
The last line of Table 9.2 gives the relative precisions when that of the smallest

unit is taken as 100. The 1-ft bed appears to be the best unit.

TABLE 9.2
RELATIVE NET PRECISIONS OF THE Four UNITS

1-ft row 2-ft row 1-ft bed 2-ft bed

el ——44 = 17.3 ———(4)(62) = 18.38 ————-(36)(78) = 20.27 ——(144)“08) = 18.90
C,S.?| 2.537 (2)(6.746) (6)(23.094) (12)(68.558)
100 106 117 109

The variances among units, expressed on a common basis, are also worth
looking at. The values of S,2 = S,%/M,, applicable to a single foot of row, are,
respectively, 2.537, 3.373, 3.849, 5.713. Note that these variances increase
steadily with increasing size of unit. This result is commonly found (although
exceptions may occur). Since the relative net precision o 1/C,"S,?, the cost of
taking a given bulk of sample must decrease with the larger units if they are to

prove economical.

Theorem 9.1 and its corollaries remain valid for stratified sampling with
proportional allocation if all strata are of the same size and if Sz S,2
represent average variances within strata. This is so, under the conditions
stated, because the variance of the estimated population total, ignoring the
fpc, is N2S,2/n, and therefore assumes the same form as in simple random
sampling. Theorem 9.1 does not hold for more complex types of sampling.

The preceding results are intended merely as an illustration of the
general procedure. Comparisons among units should always be made for
the kind of sampling that is to be used in practice or, if this has not been
decided, for the kinds that are under consideration. Changes in the method
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of sampling or of estimation will alter the relative net precisions of thi
different units. Even with a fixed method of sampling and estimation
relative net precisions vary with size of sample if the cost is not a linea
function of size or if the size is large enough so that the fpc must be take
into account.

There is usually more than one item to consider. One approach is to fi
the total cost and work out the relative net precisions for each type of un

TABLE 9.3

ESTIMATED STANDARD ERRORS (%) FOR FoUR Sizes OF UNIT, WITH SiMpj
RANDOM SAMPLING

Best
Items S/4 S/2 S 28 Unit
Number of swine 5.0 4.9 5.3 6.2 S/2
Number of horses 34 33 3.6 4.2 S/2
Number of sheep 17.4 15.7 14.9 14.3 28
Number of chickens 3.0 3.0 33 3.8 Si4, Si>
Number of eggs yesterday 5.7 5.2 4.9 4.7 28
Number of cattle 4.7 4.6 4.8 5.5 S/2
Number of cows milked 3.7 3.6 38 4.4 S/2
Number of gallons of milk 4.4 4.2 4.4 4.9 S/2
Dairy products receipts 5.5 5.2 5.4 6.0 S§/2
Number of farm acres 2.9 2.8 3.0 3.5 S/2
Number of corn acres 3.7 35 3.8 4.4 S/2
Number of oat acres 4.6 4.8 5.6 7.0 S/4
Corn yield 1.6 1.7 2.0 2.5 S/4
Oat yield 1.6 1.5 1.6 1.8 S/2
Commercial feed expenditures 12.6 13.6 16.7 21.8 S/4
Total expenditures, operator 7.8 8.1 9.6 12.0 S/4
Total receipts, operator 6.2 6.5 7.7 9.8 S/4
Net cash income, operator 6.8 6.9 7.8 9.5 S/4

and. e.ach item. Unless one type is uniformly superior, some compro
deClSIO.n is made, giving principal weight to the most important itemg
In view of the numerous factors that influence the results, a study,
optimum size of unit in an extensive survey is a large task. A good exam,
for farm sampling is described by Jessen (1942). An excerpt from
results is given in Table 9.3. This compares four sizes of unit—a quary,
section, a half-section, a section, and a block censisting of two contigy,
sections. The section is an area 1 mile square, containing on the aver,
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slightly under four farms. In this comparison the total field cost ($1000),
the length of questionnaire (60 min to complete), and the travel cost (5 cents
per mile) are all specified, because relative net precisions change if any of
these variables is altered. Costs are at a 1939 level.

The data in the table are the relative standard errors (in per cent) of the
estimated means per farm for 18 items. No unit is best for all items. The
half-section and the quarter-section are, however, superior to the'larger
units for all except two items, with little to choose between the half- and
quarter-sections. The half-section would probably be preferred, because
the problem of identifying the boundaries accurately is easier.

9.3 COMPARISONS OF PRECISION MADE FROM
SURVEY DATA

In the nursery seedling example the variances for the different types.of
unit were obtained from a complete count of the population. Except with
small populations, however, it is seldom feasible to conduct a survey solely
for the purpose of comparison. Information about the optimum unit is
more usually procured as an ingenious by-product of a survey whose main
purpose is to make estimates.

Suppose that in a survey each unit can be divided into M smaller units.
Instead of recording only the totals for each ““large” unit in the sample, we
record data separately for each of the M small units. A comparison can
then be made of the precision of the large and small units. A simple random
sample of size n will be assumed at first.

The analysis of variance in Table 9.4 can be computed from the sample.

TABLE 9.4
ANALYSIS OF VARIANCE OF THE SAMPLE DATA (ON A SMALL-UNIT BASIS)
df ms
Between large units (n—1) 5p2
Between small units within large n(M — 1) Sw?
. (n — Dsp2 + n(M — s, 2
Between small units in sample nM —1 |[s2= bnM _— e

The estimated variance of a large unit (on a small-unit basis)-is s,
It might be thought that an appropriate estimate of the variance of a small
unit would be the mean square between all small units in the sample, that is,

2 2
§2 = (n — Ds, ; ”(AI’I — Dsy, 9.3)
nM —
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This estimate, although often satisfactory, is slightly biased because the¢
sample is not a simple random sample of small units, since these are sampled
in contiguous groups of M units. :

An unbiased estimate is obtained from the sample by constructing ar'
analysis of variance, as in Table 9.5. for the whole population, which con-
tains NV large units and NM small units.

TABLE 9.5
ANALYSIS OF VARIANCE FOR THE WHOLE POPULATION (ON A SMALL-UNIT BAS]s
df ms
Between large units N -1 S
Between small units within
large units NWM —1) S
Between small units in the NM — 1 s = (N — DS + NM — 1§ ;!
population NM — 1

By its definition, the population variance among small units is given
the last line of the table, that is, )

N — 1)S, + N(M — 1)S,°

NM — 1
With simple random sampling, 5,% in Table 9.4 is an unbiased estimate
S,? (this follows from section 2.3). It may be shown easily that 5,2 is g,

unbiased estimate of S,2 Hence an unbiased estimate of the variance gt
among all small units in the population is

S2'= (

§2 — (N - 1)51,2 + N(M - l)sw2
NM — 1

(9.q

Clearly, this expression is almost the same as the simpler expression

.§2 = sz + (M — l)sw2
M

Ifn> .50, (.9.3) for 5% also reduces to (9.5), so that s2 is a satisfactop

approximation to 52 for n > 50. :
The two estimat.es 5,2 (for the large unit) and $? (for the small unit) ar|

on a common b§51s and may be substituted in theorem 9.1, corollary 2.
If the sample is large, the small units may be measured for a randop,,

sul?sample of the large units (say 100 out of 600). Alternatively, two sma]j'

units, chosen at random from each large unit, might be measured. M0r¢‘

9.5
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than one size of small unit may be investigated simultaneously. provided
that we take data that give an unbiased estimate of S,2 for each small unit.

With stratified sampling, the variances for the large and small units
can be estimated by these methods separately in each stratum and then
substituted in the appropriate formula for the variance of the estimate from
a stratified sample.

Example. The data come from a farm sample taken in North Carolina in
1942 in order to estimate farm employment (Finkner, Morgan, and Monroe,
1943). The method of drawing the sample was to locate points at random on the
map and to choose as sampling units the three farms that were nearest to each
point. This method is not recommended because a large farm has a greater

TABLE 9.6

SAMPLE ANALYSIS OF VARIANCE (NUMBER OF PAID WORKERS)
(SINGLE-FARM BASIS)

df ms
Between units within strata 825 6.218
Between farms within units 2768 2918
Between farms within strata 3593 3.676

chance of inclusion in the sample than a small farm, and an isolated farm has a
greater chance than another in a densely farmed area. Any effects of this bias will
be ignored.

From the sample data for individual farms, the group of three farms can be
comparcd with the individual farm as a sampling unit. The item chosen is the
number of paid workers. The sample was stratified, the stratum being a group
of townships similar in density of farm population and in ratio of cropland to
farmland. Since the sampling fraction was 1.9 %, the fpc can be ignored.

The variance of the estimated population total is

i N)2S,2
V(Y,) = ; I

np
The correct procedure is to compute N,2S,*/n, separately within each stratum for
the two types of unit, using an analysis of variance and expression (9.5). We shall
use a simpler procedure as an approximation.

The strata contained in general between 300 and 450 farms, and either two or
three 3-farm units were taken in each stratum to make the sampling approxi-
mately proportional. Assuming proportionality, that is, n,/N, = n/N, we may
write N2
V(E =23 Ms == S

if we assume further that the §,2 do not vary greatly among strata, sO that they
may be replaced by their average, S, .

Estimates of S,2 are obtained from the analysis of variance in Table 9.6, which
is on a single-farm basis.
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For the group of three farms, the mean square §,;> = 6.218 serves as the esti
mate of S,2 on a single-farm basis. For the individual farm, using (9.5), we hav(‘

S _ 6218 +32(2.918) 4018

By theorem 9.1, corollary 2, the two figures, 6.218 for the group of three farmy
and 4.018 for the individual farm, indicate the relative variances obtained fg
a fixed total size of sample. The group of farms gives about two thirds tp
precision of the single farm. Consideration of costs would presumably make tp,
result more favorable to the three-farm unit.

9.4 VARIANCE IN TERMS OF INTRACLUSTER
CORRELATION

Variance formulas are sometimes expressed in terms of the correlatjq.
coefficient p between elements in the same cluster. This approach he:
already been used for systematic sampling (section 8.3).

Let y;; be the observed value for the jth element within the ith unit, 5.
let y; be the unit total. In cluster sampling we need to distinguish betwee:
two kinds of average: the mean per unit ¥ = 3 y,/N and the mean
element ¥ = Y y,/NM = ¥Y/M. The variance among elements is

> (% — Y

SP=tl___
NM — 1

The intracluster correlation coefficient p was defined (section 8.3) as

y B = Dy — ¥)_ 222~ D~ 1) .
E(y; — Y7 (M — 1)(NM — 1)S® €

The number of terms (cross products) in the numerator E is NM(M — )y
and in the denominator E is (NM — 1)S2/NM. '

Theorem 9.2. A simple random sample of n clusters, each containj,,
M elements, is drawn from the N clusters in the population. Then ¢,
sample mean per element 7 is an unbiased estimate of ¥ with variance

1 —f NM-—1
v = nf'Mz(N—l)

:d 2 —_ .
Y S*1 + (M — 1)p] (9. -

S+ (M — 1)p]

where p is the intracluster correlation coefficient.
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n
Proof. Let y, denote the total for the ith cluster and 7 = Y y,/n. By
theorems 2.1 and 2.2, 7 is an unbiased estimate of Y with variance

n N —1

But = Mjand Y = MY. Hence 7 is an unbiased estimate of Y with
variance

y 1S3 = P 9.8)

V( =
nM-= N -1

=

But
(y; — 7)=(?/11 - ?)'l‘(?/-'-z— ?)4‘ + (Yizr — 7)
Square and sum over all N clusters,

N — Y N M _ N M - _
Z(?/i - YY)y = 2 Z(yij —Y)P+2 E Z:k(?/ij — ¥)(ya—Y)

= (NM — 1)S* + (M — 1)(NM — 1)pS?

= (NM — DS*[1 + (M — 1)p] (9.8a)

using the definition of p in (9.6). Substitute in (9.8) for V(7). This gives

P MM =1 o 4 (M — 1)p)

V(i) =
(@) n MXN —1)

This completes the proof.

If a simple random sample of nM elements is taken, the formula for
V(#) is the same as (9.7) except for the term in braces. The factor

1+ (M—1)p

shows by how much the variance is changed by the use of a cluster instead
of an element as sampling unit. If p > 0, the cluster is less precise for a
given bulk of sample. If p < 0, as sometimes happens, the cluster is more
precise. This result is a simple extension of theorem 8.2. .

An alternative expression can be given for p. Let S,* denote the variance
among cluster totals, on a single unit basis. Then

S — V=N — DMS?
Equation 9.8a can be rewritten as

(N — DMS2 = (NM — 1)S*[t + (M — 1)p]
so that
_ (N~ )MS? — (NM — 1)S* | §2— 8"
(NM — HY(M — 1)S? (M — 1)S?
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A good discussion of the numerical values of p for different items ar’
different sizes of cluster is given by Hansen, Hurwitz, and Madow (1953
who regard p as a ‘““measure of homogeneity™ of the cluster.

9.5 VARIANCE FUNCTIONS

In some types of surveys, for example, soil sampling, crop cutting, ar
surveys of farming that utilize an areal sampling unit, the size of the clusy,
unit may be capable of almost continuous variation. In the search for ¢}
best unit the problem is not that of choosing between two or three specijs
sizes that have been tried but of finding the optimum value of M regard,
as a continuous variable. This problem requires a method of predictj;
the variance S, between units in the population as a function of M, g
the analysis of variance, S,2 can be found if we know (a) the variance
between all elements in the population and () the variance S,2 betwee
elements that lie in the same unit. Our approach is to predict S,2 ang s
and to find S,? by the analysis of variance.

The sample data produce estimates of S2 and S,2 for the size of ur
actually used. Since S?is the variance among elements, it is not affecteq ¢
the size of the unit. However, 5,2 will be affected. It might be expecteq t
Increase as the size of the large unit increases. If the large units tq t
exarpined differ little in size from the unit actually used. a first appron
mation is to regard S,,2 as constant, using the estimate given by the sam
data. An investigation by McVay (1947) suggests that this approximati\.
may often be satisfactory.

As a better approximation, attempts have been made (Jessen, 194
Mahalanobis, 1944; Hendricks, 1944) to develop a general law to preq;
how §,2 changes with the size of unit. In several agricultural sy

Tvey
S,2 appeared to be related to M by the empirical formula N

S2=AM? (g>0) (o

whe_re A and g are constants that do not depend on M. In this forrn X
S,z increases steadily as M increases. Usually g is small. A curve of v
type might be expected when there are forces that exert a similar influe
on elements close together. Climate. soil type, topography, and accegy.
markets tend to give neighboring farms similar features.

_ Theoretically, the formula is open to objection, since it makes S
increase without bound as M increases. If we assume, as seems reasonag
Fhat there is no correlation between elements that are far apart, a forml,
In which S,? approaches an upper bound with large M would be rnc,:;
appropriate. However, any formula will suffice if it gives a good fit g,
the range of M that is under investigation.
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If this formula fits, log S, 2 should plot as a straight line against log M.
Values of S,.* for at least two values of M are needed in order to estimate
the constants log 4 and g. At least three values of M are necessary for any
appraisal of the linearity of the fit.

From the analysis of variance in Table 9.5 (p. 240) we find

(NM — 1)S* — N(M — 1)S, 2

Sb2 =
N —1
- 2 — g
- (NM NS N(M DNAM (9.10)
N —1
= MS* — (M — DAM? 9.11)

Hendricks (1944) has pointed out that the complete population might be
regarded as a single large sampling unit containing NM elements. If (9.9)
holds, then S? = A(NM)’. The advantage of this device is that the valuesof
A and g can now be estimated from the data for a survey in which only one
value of M was used. The two equations that lead to the estimates are

log S,2=log A+ glog M
log $2 = log A4 + g log (NM)
The formula for S,2 becomes [from (9.10)]

L. AM(NM — DN’ — N(M — 1)]
S = N —1

This method furnishes no check on the correctness of (9.9). It might
happen that the formula held well enough for small values of M but failed
for a value as large as NM. In this event the more general formulas (9.10)
and (9.11) should be employed.

Formula 9.9 is presented as an example of the methodology rather than
as a general law. The reader who faces a similar problem should construct
and test whatever type of formula seems most appropriate to his material.
In some cases log S, might be a simple function of M.

9.6 A COST FUNCTION

In an extensive survey the nature of the field costs plays a large part in
determining the optimum unit. As an illustration of the role of cost factors,
we shali describe a cost function developed by Jessen (1942) for farm sur-
veys in which the large units are clusters of neighboring farms.

Two components of field cost are distinguished. The component ¢y, Mn
comprises costs that vary directly with the total number of elements (farms).
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Thus ¢, contains the cost of the interview and the cost of travel fro#
farm to farm within the cluster.

The second component, c, Vn, measures the cost of travel between tH
clusters. Tests on a map showed that this cost, for a fixed populatiod
varies approximately as the square root of the number of clusters. To¢y
field cost is therefore

C=cMn+ 02\/; (9-le

Assuming simple random sampling and ignoring the fpc, the variance ¢
the mean per element § is S,2/nM. From (9.11), this equals
_ SE— (M — NAM !
V(7) = ( ) O.1:

n

To determine the optimum size of unit, we find M, and incidentally ’
to minimize V for fixed C. The general solution is complicated, althg
its application in a numerical problem presents no great difficulty.

By some manipulation we can obtain the equation that gives .

optimum M. First solve the cost equation (9.12) as a quadratic in N
This gives

ug

- 1
2c,MV/n _ (1 + 4CC;M) .

Co Ca (9‘ I
The equation to be minimized is
C+ AV =cMn+ csVn+ AV
Differentiating, and noting that 8V/dn = — V/n, we obtain the equatjq,
v AoV AV
n: M4 dep—¥ = 297 _2Y )
M + jcon on n (9, 1;
. AoV
M: - _ Y7
cn EYY; 9. 1:
Divide (9.16) by (9.15) to eliminate A. This leads to
nov. _ __ an
vV oM oM + yepn™
or
Mov _ 1
VaM 1+ cl2eMyn G
If we substitute for v/ from (9.14), we obtain, after some simplificatj,.
M \—14
MOV _ (1 oMy
V oM Cq
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By writing out the left side of this equation in full and changing signs on
both sides, we find

AM[gM — (g —1)] _ (1 4 4cc1M)"‘f
ST — (M — 1)AM*! ¢y’

This equation gives the optimum M. The left side does not involve any
of the cost factors, being dependent only on the shape of the variance
function. Both sides can be seen to be increasing functions of M, for
g > 0, M > 1, within the region of interest. Suppose that the solution
has been found for specified values of C, ¢, and ¢,, and we wish to examine
the effect of an increase in ¢, on this solution. The left side does not
depend on ¢,, but the right side increases as ¢, inecreases. Consequently
the optimum value of M will decrease. A decrease in c, produces a similar
effect.

Now c, increases if the length of interview increases, whereas ¢, de-
creases if travel becomes cheaper or if the farms in a given area become
denser. These facts lead to the conclusion that the optimum size of unit
becomes smaller when

length of interview increases

travel becomes cheaper

the elements (farms) become more dense
total amount of money used (C) increases

This conclusion is a consequence of the type of cost function and would
require re-examination with a different function. It illustrates the fact
that the optimum unit is not a fixed characteristic of the population, but
depends also on the type of survey and on the levels of prices and wages.

Hansen, Hurwitz, and Madow (1953) give an excellent discussion of
the construction of cost functions for surveys involving cluster sampling.

9.7 CLUSTER SAMPLING FOR PROPORTIONS

The same techniques apply to cluster sampling for proportions. Suppose
that the M elements in any cluster can be classified into two classes and
that p, = a,/M is the proportion in class C in the ith cluster. A simple
random sample of n clusters is taken, and the average p of the observed
p: in the sample is used as the estimate of the population proportion P.

It will be recalled (section 3.12) that we cannot use binomial theory to
find ¥(p) but must apply the formula for continuous variates to the p,.
This gives

N
. 2
N__ngl(pi P) ) N_

n a
== . — P)*
Nn N —1 N%n 2 (p )

V(ip) =
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Alternatively, if we take a simple random sample of nAf elements, the
variance of p is obtained by binomial theory (theorem 3.2) as

(NM —nM)PQ _ N —nPQ

Vbin(p) = NM — 1 HM - I\J' ”A,I

if N is large. Consequently the factor

V() . M3 (p— P)
Vbin(p) NPQ

(N large) (9.18)

shows the relative change in the variance due to the use of clysters_
Numerical values of this factor are helpful in making prelimmar){ est'lmates
of sample size with cluster sampling. The required sample sizc is first
estimated by the binomial formula and then multiplied by the factor tq
indicate the size that will be necessary with cluster sampling. For ap
illustration, see Cornfield (1951). . .
If the cluster sizes M, are variable, the estimate p = > a,/> M, Isdratig
estimate. Its variance is given approximately by the formula (section 3.12)

AY
N S MAp, — P)?

— hiza

V = —
(P) Nnhif? N —1

where M =3 M N is the average size of cluster.

If this sample is compared with a simple random sample of n# clements,
we find, as a generalization of (9.18),

V(p) . Z M*p, — Py
VilpD)  NMPQ

(9.19)

As with continuous variates, the relationship of size of cluster to betweep, _
cluster variance can be investigated, either by expressing the factor j
(9.18) and (9.19) as a function of M, or by seeking a relation betwef:n the
within-cluster variance and M. If we assign the value I to any unit thay

falls in class Cand 0 to any other unit, the fundamental analysis of variance
equation for fixed M is

NMP(1 —Py= M3 (p,— PR+ M3 p(l — p))
total ss = ss between clusters -+ ss within clusters

From this relation the mean square within clusters can be computed ang

plotted as a function of M. McVay (1947) describes how this analysis cap
be used to investigate optimum cluster size.
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9.8 CLUSTER UNITS OF UNEQUAL SIZES

When the cluster units contain different numbers of elements, there
are several methods of estimating population totals and means. These
are discussed in the remainder of this chapter. Let A, be the number of
elements in the ith unit. As a practical point, note that in some surveys
the values of all the M, in the population are known exactly, or almost so,
in advance—for instance, when the elements are the employees in a firm
with up-to-date records and the cluster units are the firm's branches. In
others the M, are not known, except that the M, for those units that fall
in the sample become known during the field work. For any proposed
estimate, the sampler must satisfy himself that he possesses the knowledge
of the M, that the estimate demands.

Consider first the estimation of the population rotal Y of the Y,; from
a simple random sample of n cluster units.

Unbiased Estimate

As before, let
A

Yo =23 ¥y = M,3;
g

denote the item foral for the ith unit. By the corollary in theorem 2.1, an
unbiased estimate of Y is

p_N Z v, (9.20)

n =1

By theorem 2.2, corollary 2, its variance is

N o
NX1 — f) gl('.’/i —Y)
n N —1

V(y) = 9:21)

where Y = Y/N is the population mcan per unit.

The estimate ¥ is often found to be of poor precision. This occurs
when the 7; (means per element) vary little from unit to unit and the M,
vary greatly. In this event the y, = My, also vary greatly from unit to
unit and the variance in (9.21) is large.

Ratio to Size Estimate

N
M, = > M, = total number of elements in the population
i=1
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If M, is known, an alternative is a ratio estimate in which M, is taken
as the auxiliary variate z,.

M=

. 2 Yi
YR=M011

M

I

= M, (sample mean per element)

M

i

1

i

In the notation of the ratio estimate the population ratio R = YIX =

Y/My = Y, the population mean per element. By theorem 6.1, assuming
that the number of clusters in the sample is large,

N

V)2
N¥(1 _f)Z(?/i" M;Y)

i=1

V(Pg) = - N1 (9.22)
S MG, — V7
Mg, — V)
LN — )2 M .
T a N —1 (9-23)

As (9.23) shows, the variance of ¥, depends on the variability amon'g
the means per element and is often found to be much smaller than V(Py
The corresponding estimates of the population mean per element are

A? = Re = N i Yss A?R = _Y£ — "2_1/_' = sample mean per elemellt
M, nM, M, S M

Note that the unbiased estimate Y requires a knowledge of M, where

. s
the ratio estimate requires a knowledge of only the M; that fall into the
sample.

Mean of the Unit Means

A third possibilit

Yy is to use the unweighted mean of the unit meang
that is, >

’

Ly
S =

I+ 5+ + ) (9-24)

When the M, vary, thi

s estimate is not only biased but inconsisteny
The bias may, however,

be unimportant if g, is uncorrelated with M, anqg

the estimate is occasionally useful. Its properties have been investigated
by Sukhatme (1954).
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9.9 SAMPLING WITH PROBABILITY PROPORTIONAL
TO SIZE

If all the AM; are known, another technique, suggested by Hansen and
Hurwitz (1943), is to select the units with probabilities proportional to
their sizes M,. This technique has found its principal use in surveys which
employ subsampling (Chapter 11), but it is also applicable to the present
problem. Sampling with probability proportional to size is illustrated in
the following example of a small population of seven units:

Size Assigned

Unit M, > M; Range

1 3 3 1-3

2 1 4 4

3 11 15 5-15

4 6 21 16-21_

5 4 25 22-25

6 2 27 26-27

7 3 30 28-30

The cumulative sum of the M, is formed. To select a unit, we draw a
random number between 1 and 30: suppose that this is 19. In the sum
number 19 falls in unit 4, which covers numbers 16 to 21 inclusive. With
this method of drawing, the probability that any unit is selected is pro-
portional to the size of the unit.

If a second unit is to be selected, the process is repeated with a new
random number between 1 and 30. However, contrary to our previous
practice, we do not forbid the selection of unit 4 a second time. Selection
with replacement is necessary, when n exceeds 1, in order to keep the
probabilities of selection proportional to the sizes. This may be scen by
the extreme case n = 7. If selection were made without replacement, all
units would automatically be chosen, even though we had gone through
the procedure of selection with probability proportional to size. For
values of n between 1 and 7, selection without replacement leads to
probabilities that are intermediate between equal probabilities and
probabilities proportional to size.

The advantage of sampling with replacement is that the formulas for
the true and estimated variances of the estimates are simple. In general,
sampling with replacement is less precise than sampling without replace-
ment. When n/N is small, however, the chance that the same unit appears
twice in the sample is small, and sampling with replacement is almost
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equivalent to sampling without replacement. For situations in which the :
N’s are small, as in stratified sampling, much research has been done in
recent years to develop practicable methods of sampling with unequal
probabilities and without replacement (see section 9.14).

9.10 THEORY FOR SELECTION WITH ARBITRARY
PROBABILITIES

If the ith unit is selected with probability z; = M,/M, and with replace..
ment, we shall show that an unbiased estimate of the population total Y ig

M, _ _ _
Fope = =2 (@1 + o+ + 7)
= M, (mean of the unit means per element)

(9.25)
where M, = > M, = total number of elements in the population. Further

R M0 N _ -
V(Typs) = — ZIM,(yi Y) (9.26)
so that the variance of ¥, like that of P,
of the unit means per element.

In some applications the sizes are known only approximately. In oth
the “*size” is not the number of elements in the unit but simply a meag °rS
of its bigness that is thought to be highly correlated with the unit totalure
For instance, the “size” of a hospital might be measured by the t Ys.
number of beds or by the average number of occupied beds. Simj] otal
various measures of the *size” of a restaurant, a bank, or a farm ¢ arly,
devised. Consequently, we shall consider sampling with Prob;: .be
proportional to an estimate or measure of sjze M, (ppes samplin tlit
z; = M/ [My where My’ = 3 M/, it will be shown that Piing). If

depends on the variability

)‘} ) _ 1 n Q,
ppes ni=1z, (9-27)
is an unbiased estimate of ¥ with variance
" LY (y, AN
V( Y})]N‘N) == 2 zi (— - ) (9'28)
H o1 2

Results (9.27) and (9.28) are generalizations of the results (9.25) and (9.26)
The proofs utilize a method introduced in section 2.8. Let 1, be the
number of times that the ith unit appears in a specific sample of size 5
where ¢, may have any of the values O, 1, 2, -+ -, n. Consider the joint‘
frequency distribution of the ¢, for all N units in the population.
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The method of drawing the sample is equivalent to the standard proba-
bility problem in which n balls are thrown into N boxes, the probability
that a ball goes into the ith box being z; at every throw. Consequently
the joint distribution of the ¢, is the multinomial expression

n!
. ti. ta 193
—|_|_—|Zl 1‘(2-...2-\_‘»
!yt

For the multinomial, the following properties of the distribution of the
t, are well known:

E(t) = nz,, V(1) =nz(l —z), Cov (1)) = —nzz (9-29)

i
Theorem 9.3. If a sample of n units is drawn with probabilities z; and
with replacement, then

flz’ncs = _l' z Y (9.27)
Ni=123;
is an unbiased estimate of Y with variance
1 N ) 2
V( vves) ==z (l/" - Y) (9.28)
N i=1 2;
Proof. We may write
Y ’ 2 WY\ 1 N )
Yopes = ’I*(tly‘l + f'zL + -+ t,\'i‘)) = -—Ztiz/_'
! %1 %2 2N ni=1 z;

where the sum extends over all units in the population. In repeated
sampling the r’s are the random variables, whereas the ¥, and the =, are
a set of fixed numbers. Hence, since E(1;) = nz; by (9.29),

N n
( pcs) = Z glyi =Y
Further
N
( wpes = l: ) V(tf) + 22 gi’?bcov (txtj)}
i<iz; 2,
N oo
= l[z (_y_) z(l —2)—23 Y y—’ziz,-:l
nli=1 i<jiz; z5
- 1(2_@?_ ) =i3s(t-v)
n 2; n Z;
since > z; = 1.

Taking z; = M,/M, in theorem 9.3 gives the corresponding resuits for
sampling with probability proportional to size.
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Theorem 9.4. If a sample of n units is drawn with probabilities z; =
M /M, and with replacement, then

M,  _ _ _
Ypps = _O—(yl + y2 + e + yn) (925)
n
is an unbiased estimate of Y with variance
Mo X = V2
(Ypps = 7 zMx(yl - Y) (926)
=1

Proof. Putting z; = M,/M, in theorem 9.3, we obtain

12 M, & v, My & _
Y””es=—zi=—zl=——gzy'=
ni=iz; n i=1 M; n i=1
1V 2
V() =1 32 (% - ¥)
ni=1
1 X -(MOJ' )2 M, X _ =
= - 22— Y ) = 25 M5, — Y)?
ni§=:1 o\ M, n gl & )

since Y = YIM,.

Corollary. An unbiased estimate of ¥ is

fl»

i<

1,_ _ _
pps=;1'(y1+y2+"'+yn)
with variance

1
= IEI Myg; — Yy (9.30)

The next two theorems show how to estimate the variance from th
sample. ¢

Theorem 9.5. Under the conditions of theorem 9.3, an unbiased estj
mate of V(¥,,,.) is =~

z [(yl/zl) 1’1788]

1’6?) B i=1 n(n —_ 1)

(9.31)

Proof. By the usual algebraic identity we may write

yi ” 2 n yi 2
z (— - Ym’es) = izl (: - ) n( Yaweq - Y)2
Hence !
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since, by the definition of ¥(¥,,,,), the mean value of the second term on
the right is —n¥(¥,,.,). Introducing the variables #,, we have

N

ES (1 — Y,,,,S)Z =E le,.(?-’-" — )2— nV(?,...)

4 pres
i=1\Z; Z;

=n gzi (3_/_1 - )2" nV( ?ppts)
i=1

that is,
n(n - l)E[U( f/1;115'5)] = n2 V( Ypprs) - nV( Ypprs) = "(n - I)V(Yppes)
using (9.28) in theorem 9.3. This completes the proof.

Theorem 9.6. If units are drawn with probability z, = M, /M, and
with replacement, then

M 2 n _ _
v( Ypps) =—0 _ z(yl - y)2 (9'32)
n(n — 1)i=1
is an unbiased estimate of V(¥,,.), where 7 is the unweighted mean of

the ¥,.
This result is obtained by substituting z;, = M, /M, in (9.31). Since

sz = M,y, the estimated variance (apart from the multiplier) is the
familiar sum of squares of deviations of the #; from their mean.

9.11 THE OPTIMUM MEASURE OF SIZE

In cases in which the measure of size M," is some estimate of the bigness
of the unit, a question of theoretical interest is: what measure of size
minimizes the variance of ¥,,,,?7 Now,

ppes *°

N ) P N 2
V(?Ppcs) = l z Z; (?—/-! —_— ) P _l(z _311_ . Yg)
n ~

Z; n 24

This expression becomes zero if z; oC y;: thatis, z; = y,/Y. If the y, are
all positive, this set of z, is an acceptable set of probabilities. Consequently,
the best measures of size are numbers proportional to the item totals y;
for the units.

This result is not of practical importance, for if the y, were known in
advance the sample would be unnecessary. The result suggests that if the
y, are relatively stable through time the most recently available previous
values of the y, may be the best measures of size for this item. In practice,
of course, a single measure of size must be used for all items in selecting
the sample. If there is a choice between different measures of size, the

measure that is most nearly proportional to the unit totals of the principal
items is likely to be best.
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For g = 2, the comparable variances are

V.

v
PR

Hence pps sampling wins unless v/#2 > 2.

When o is not zero, that is, when 7, either decreases or increases as AS
increases, the relative performances of the ratio and pps estimates to th
simple expansion depend on the relative sizes of « and . If # =0, s:

v 1Y . ol +¢%)
Vype = = E[— ) = 21~
M (M,.) M2

TABLE 9.7
COMPARABLE VALUES OF n¥y,, nVg, AND nV,
Equal Equal
Probability Probability
Unbiased Ratio
g V(g,) Estimate Estimate pps
0 A+ e+ 2| ol + e + S + 2 (L) -
v v(l +¢*) + ¢ v c IVE v I, Y2 —
1 v v_'_,_,ﬁ2 v+c’oc2 v+a"E 1 |
M, mTe [y T m T m|"\Mm) T
v v v ol v 1 o 1 1°
—_— — 232 — =l — E iy — ey b
o vl B T |m (M.-) +Ml: (M.—) j>

that the unit rotal y, is uncorrelated with M, the unbiased estimate alwa v
beats the ratio estimate and the pps estimate, except possibly when g =

As regards the comparison between V and V.,

are approximately the same in the two expressions.

roughly,

Ve > V,,s if g=20;
VR = Vpps if £ = 1
Ve <V, if g=2

the coefficients of ¢

Hence we haw,.

Realistic comparisons with stratification by size of unit are difficy
since the issue depends on the amount of variation in the M, that remaj,
within the strata that are set up. If we assume that M, is constant with;
strata (the case most favorable to stratified sampling), Table 9.8 shoy,
the values of nV_s,, comparable to those in Table 9.7, for proportion;
and Neyman optimum allocation.

The results are as follows. Note that with stratified samples the variang |
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is unaffected by the value of a. If @ = 0, V,,, = V' for all three values
of g. Further, V,,, beats pps sampling for g = 2, equals it forg = 1,
and is inferior for g = 0. If o differs substantially from zero, stratified
sampling is superior to ratio and pps sampling. If optimum allocation can
be achieved, stratified sampling is never inferior and nearly always superior

to the other methods (assuming M, constant within strata).

TABLE 9.8
COMPARABLE VALUES OF nV,

I4 V(g Proportional Optimum
v (1 + c?) v
: v v WEVM)? v c?\?
M, M M2 —M\" 8
12 12} 124

To summarize, if 7; shows no trend or only a slight trend as M, increases,
the ratio and pps methods are more precise than unbiased estimation with
equal probabilities and may be much more precise. The unbiased estimate
is superior if the unit total y; is uncorrelated with M, There is less to
choose between the ratio and the pps estimates. Since g is expected to lie
mostly between O and I, the pps estimate is probably more precise on the
whole. On the other hand, the ratio estimate is easier to compute and
less expensive if it costs more to obtain data from a large unit than from
a small unit, since pps sampling tends to concentrate on the larger units.
If strata can be constructed within which the M, vary little, stratification
performs well, particularly if optimum allocation is feasible. One advan-
tage of the ratio and pps methods is that stratification can be used for
some other purpose.

9.13 EXTENSION TO STRATIFIED SAMPLING

Selection within strata with probability proportional to an estimate
of size is likely to be useful when a stratification has been made by some
variable other than size. If the samples within each stratum are small
and the total sample is not large, we have seen (section 6.10) that the
available variance formulas for ratio estimates are somewhat suspect and
that the separate ratio estimate may have a non-negligible bias.
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With ppes sampling, the estimated population total is the sum of thﬁ
estimates from the separate strata.

. L L 1 58y,
Yppes=§),h=z_zl—h—l

n Ny i Zyg
From theorems 9.3 and 9.5, we obtain

" 1 Ny Yni 2
V(Yppes) = z - zzhi(ﬁ_ - h)

B Ny i 2

WPy = S —A =3 (L0 9,1)2

n o, — 1) 77 \zy,
9.14 SAMPLING WITH UNEQUAL PROBABILITIES
WITHOUT REPLACEMENT

Much interesting work has been done on methods of selecting unj:.
\_avith unequal probabilities but without replacement. In practice, th:;
issue arises mainly in multistage stratified sampling (Chapter 11) in whj N
large cluster units constitute the first stage of sampling. Stratification C'-
the large units may be carried to the point at which the strata contain ¢ o
a small number of units, so that the first-stage sampling fractions n /m“
are not negligible. However, most of the methods were developed hﬁh
for single-stage sampling, in which the algebra is simpler. on

Suppose that two units are to be drawn from a stratum. The first .
is drawn with probability proportional to size. Let the ith unit be seleu
at the first draw and let its relative size be z,, where Xz, = 1. At the secCte:
draw one of the remaining units is selected with probability proporti:n‘
to relative size, that is, with probability z,;/(1 — z,) for the jth unit. He:cs_

the total probability that the jth unit will be selected at either the firsg
second draw is ¢

N
Z32;
m o=z + 3= 9

J'gi 1 — z; ©.3
N ozz; z2

— zi + L) — L]
jzzl 1—2; 11—z |

2y
= zi(l 4+ A — ) 9.3
1 — 2

where 4 = Zz,/(1 — z,) taken over all N units.

Thf: expected number of units to be drawn is Xar;. Since two units a.‘
certain to be drawn by this process, we must have S, = 2, which
easily verified algebraically. Thus the relative probability that the
unit will appear in the sample is 7,/2 = z, (say). With this method .
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drawing, the z,’ are always closer to equality than the z,. In the example
given by Yates and Grundy (1953), with N =4, z, = 0.1, 0.2, 0.3, and
0.4, the z;" are found to be 0.1173, 0.2206, 0.3042, and 0.3579. The distor-
tion of the probabilities is not great, considering that half the units are
selected.

Suppose now that a sample of » units is selected, without replacement,
by an extension of this method or by some other method. Let

7; = probability that the ith unit is in the sample
m;; = probability that the ith and jth units are both in the sample
The following relations hold:

i-n-i = n, %’ﬂ”- = (n — Dm, Zz m, = in(n — 1) (9.36)

i >

To establish the second relation, let P(s) denote the probability of a sample
consisting of n specified units. Then m;; = ZP(s) over all samples contain-
ing the ith and jth units, and =, = ZP(s) over all samples containing the
ith unit. When we take Z; for j 5 i, every P(s) for a sample containing
the ith unit is counted (n — 1) times in the sum, since there are (1 — 1)
other values of j in the sample. This proves the second relation. The
third relation follows from the second.

We now show how to obtain an unbiased estimate of the stratum tote.xl
Y and its variance and estimated variance. If =, = 7 /n, the estimate 1S

n
p,=13 % (9.37)
n z/
where y; is the measurement for the ith unit. Let 7; (i = 1,2, N)be
a random variable which takes the value 1 if the ith unit is drawn and zero
otherwise. Then 1, follows the binomial distribution for a sample of size
1, with probability ;. Thus
E(t,) = m, = nz/, V(i) = »(1 — 7))
The value of Cov (1,1,) is also required. Since #,t; is 1 only if both units
appear in the sample,
Cov (1,1;)) = E(t,;t;) — E(t) E(t)) = 75 — m;m;
Hence, regarding the y, as fixed and the ¢, as random variables,

» 1 N 2. N
E(Yu)=E-(E"—y')=Zy.-=Y

=1z, i=1

1

V(Yy) = —O[Z (’) Vit + 222 Y31 cov (t,t,)]

n-L: i j>i 4, ZJ'

- 4= (’) (=) 4233 Ll —mn)] (9.38)

n i i i>i Zl ZJ
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These results were given by Horvitz and Thompson (1952). An alternative
expression for the variance can be obtained by using the first two of the
relations in (9.36). These give

;_("i;' —7am;) =(n— Dm; — m{n — 7)) = —m(l — ;)

Hence, substituting for 7 (1 — 7,) in (9.38),

1 N N \2 \2 ] )
Vfy)=—23 {(ﬂm - w,.,.)[(l;) + (l) — 2% l]}
n- i ji>i z; ‘3,' 2, Z,-

This may be expressed as

¥ 1 &3 Y ¥\
V(Yy) == ZZ(mm —m )= — = (9.3¢
n= i j>i zZ; Z;
It follows that an unbiased sample estimate of this variance is
1 23 7am, — (v, y.)2
U( Y = — PR S——F | (—" — £ 8
o) n? lz;gi m5 z;  z,) .40

provided that =;; does not vanish for any pair of units. This estimate i
due to Yates and Grundy (1953). '

These equations supply a sampling theory for selection without replac,
ment. For practical application, there are difficulties. As 7 increaseg ‘-,
becomes harder with any method of selection to keep the z,” close to ;hl
original z,. The quantities 7; and =,; become complicated to calculg :
The estimated variance (9.40) tends to be an unstable quantity becy t‘t
the terms (77; — 7,;)[m,; vary widely, being sometimes negative, Solls:
ingenious approaches that attempt to surmount these differenceg m“
described in the next section. ar

9.15 ALTERNATIVE APPROACHES

Narain (1951) constructed original probabilities of selection such
the final probabilities are proportional to the sizes. For exam

n = 2. If we want 7, = 2z, (9.35) in section 9.14 shows tha
probabilities Z; must satisfy the equations

thg
Ple, consiq,
t the Origirl(

N ~
Z. Z.
2z, = Zi(l + : — : )
2 1—-2, 1-72
Methods for solving these equations are given by Narain and by Y
and Grundy. The computations are tedious for n > 2, and, as Withatt
approaches, the method ultimately breaks down if » is large enough 8
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Murthy (1957), following work by Des Raj (1956a), uses as an estimate
the weighted expression

_ 2 PGs| i)y
By —_P(s)

where P(s | i) = conditional probability of getting the set of units that
was drawn, given that the ith unit was drawn first;
P(s) = unconditional probability of getting the set of units that
was drawn.

This method applies to any sampling plan in which the probability of
drawing the remaining units in the sample does not depend on the order
in which previous units were drawn, although it may, of course, depend
on the sizes of the particular units. Under these conditions the estimate
is unbiased, and general expressions for its variance and estimated variance
have been given by Murthy. When n = 2, this plan has the advantage
that the estimate of variance is always positive. The estimate then becomes

1 Yi Y;
P = 5[ —=p L+ - )|

2 —z —z z; z;
with estimated variance

I
o( ) = (I —z)(1 —z)(1 —z ,)(% _ ﬁ)

(2 — 2z —2z) Z %

Des Raj’s technique (1956b) assumes that we know the values of an
auxiliary variate z, (which may be the sizes), such that the relation between
y; and z; is linear. By methods of linear programming, he finds, for n = 2,
the values of the =,; such that 7, cc z; and that ¥( YU), as given in (5.38),
is minimized.

The two remaining methods are applications of techniques already
discussed. The first, due to Hartley and Rao (1962), is to arrange the
units in random order, cumulate the sizes, and draw an “every kth”
systematic sample from the cumulated sizes. If a sample of » units is
wanted, we take k = M/n, draw a random number r between | and &,
and select the units that contain the numbers r, r + k, r + 2k, etc., in the
cumulated sizes. If any unit is larger than M/n, it has a chance of being
selected twice, but otherwise this plan selects with probabilities pro-
portional to the original sizes. The average of the y,/z, is an unbiased
estimate of Y.

Hartley and Rao give expressions for the variance and estimated
variance for this plan in an expansion in inverse powers of N. Its efficiency
appears to be similar to that of Narain’s method, in which the probabilities
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also remain proportional to the original sizes. The systematic method
avoids the computation of new original probabilities of selection.

Finally, we may subdivide the population into » groups and select one
unit from each group with probabilities proportional to relative sizes
within the group, as described in section 9.9. If the ith unit happens to
fall in the first group, its probability of selection is z,/Z;, where Z, = Xz,
taken over the units in group 1. Consequently, in order to preserve the
property of selection with probability proportional to size, the groups
should be formed so that as nearly as possible Z, = Z, = Z;, etc. An
unbiased estimate of Y is

YG = Z Z, ZLJ
Z;
where y,, z; are the value and the size for the unit drawn from group ;.
No unbiased estimate of variance is known, but an overestimate can be
obtained by the method of collapsed strata (section 5A.11).

A variant of this plan is to assign units to groups at random, making
the number of units per group as nearly equal as possible. If N = Qn + k_
where Q is an integer and k < n, we make k of the groups contain (Q + D)
units each. The remaining (n — k) groups have Q units each. The estimate
Y is unbiased. Since the Z; are in general unequal under this plan,
it does not keep the probabilities proportional to z,. Its advantages, in
addition to simplicity in operation, are that explicit expressions are

available for the variances. Rao, ‘Hartley, and Cochran (1962) haye
shown that

o= (= ) 24 )

_ (l_n—l 4 k(n—lc))V()A,Ms)
N—1 NWN-=-1D
where ¥,

»ps 15 the estimate (section 9.10) for sampling with probabilitieg
proportional to z; and with replacement. The first term in parentheseg

plays the role of an fpc. The expression giving an unbiased estimate of
variance is

9 _ N>+ k(n—k)y— Nn [ (Yi _ 2]
“(Fe) N¥n — 1) — k(n — k) [zz(z YG)

J

“i

9.16 SOME COMPARISONS FOR n =2

The case n = 2 is likely to be the most frequent as well as the simplest_
In the choice of a method relevant factors are (a) the ease with which the
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sample can be drawn, (b) the simplicity of the estimate, (c) the accuracy
of the estimate and, (d) the availability of an estimate of the variance of
the estimate.

No extensive comparisons of the performances of the methods have
been made, although a number of them have been applied to three small
populations with N = 4, n = 2, constructed by Yates and Grundy (1953).
Six methods are compared here on three populations with N = 5, n = 2,
constructed as follows. The sizes z; of the units are the same in all three
populations (4, B, C). In A4 the mean per element, which is proportional
to y,/z,, is uncorrelated with z,. In B the mean per element rises as the

sizes increase, and in C the mean per element decreases as the sizes
increase.

TABLE 9.9
THREE SMALL ARTIFICIAL POPULATIONS
Relative sizes (z,) 0.1 0.1 0.2 0.3 03
Yy 0.3 0.5 0.8 0.9 1.5
Population 4
¥ilz; 3 5 4 3 5
Y, 0.3 0.3 0.8 1.5 1.5
Population B
Yilzi 3 3 4 5 5
¥i 0.5 0.5 0.8 0.9 0.9
Population C
Yilz; 5 5 4 3 3

The plans compared are as follows. All give unbiased estimates.

1. The first unit is selected with probability proportional to z;, the
second with probability proportional to remaining sizes. Estimate:
YU =} Zy.lz/

2. The original probabilities are chosen, as proposed by Narain, so
that 7r; = 2z,. Estimate: 7, = } Zy,/z,.

3. Units ordered at random and a systematic sample drawn. Estimate:
Ysys = } Zy,/z.

4. Population divided into two groups of equal total sizes. One group
comprizes units of sizes 0.1, 0.1, 0.3; the other, units of sizes 0.2, 03
(It makes no difference which large unit is placed with the small units).
Estimate: ¥g, = 2Z(y;/z))-

5. Units arranged at random into one group of three units and one of
two units. Estimate: ¥, = ZZ,(y,/z,).
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. 9 Units selected with pps and with replacement. Estimate: P, =
2 2y [z,

Table 9.10 presents the variances. On the average, there is little to
Choose between the first five methods, all being superior to sampling with
replacement. The average variances may be misleading because population
A may be more typical of the situations in which pps sampling is used
than B and C, although cases in which y,/z; is correlated with z; do occur.

TABLE 9.10
VARIANCES FOR THE ESTIMATED PopuLATION TOTAL
Estimate
Population — — — — —
Yy Y~ Ysys Y Yo Y

nps

A 0.279 0.244 0.233 0.220 0.320 0.400
B 0.434 0.252 0.273 0.300 0.256 0.320
C 0.120 0.252 0.273 0.300 0.256 0.320

Average 0.278 0.249 0.260 0.273 0.277 0.347

In population A the two pians (¥, and ¥,,), which distort the prob-
abilities of selection, appear less accurate than the three that preserve the
probabilities.

Unbiased estimates of error are available by (9.40) for ¥, and ¥,
with the drawbacks that the = mu:xst be computed and the estimate may
be rather erratic. The estimate Y, (subdivision into random groups)
is the most favorably situated regarding the estimate of error.

EXERCISES

9.1 For the data in Table 9.1 compare the relative costs of using the foy,.
types of unit when the object is to estimate the total number of seedlings in the
bed with a standard error of 200 seedlings. (Note that the fpc is involved.)

9.2 For the data in Table 3.5 (p. 66) estimate the relative precision‘ of the
household to the individual for estimating the sex ratio and the proportion o
people who had seen a doctor in the past 12 months, assuming simple randon,
sampling.

9.3 A population consisting of 2500 elements is divided into 10 strata, each
containing 50 large units composed of five elements The analysis of variance
of the population for an item is as follows, on an element basis:

df ms
Between strata 9 30.6
Between large units within strata 490 3.0

Between elements within large units 2000 1.6
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Ignoring the fpc, is the relative precision of the large to the small unit greater
with simple random sampling than with stratified random sampling (proportional
allocation)?

9.4 A population containing LNM elements is divided into L strata, each
having N large units, each of which contains M small units. The following
quantities come from the analysis of variance of the population, on an element
basis:

§,* = mean square between strata
S, = mean square between large units within strata
S3® = mean square between elements within strata
If N is large and the fpc is ignored, show that the relative precision of the large
to the small unit (element) is improved by stratification if
M-1) M 1
Slz 522 532

9.5 In arural survey in which the sampling unit is a cluster of M farmg the

cost of taking a sample of » units is

C = 4tMn + 60Vn

where 1 is the time in hours spent getting the answers from a single farmer, If
$2000 is spent on the survey, the valuesof nfor M = 1,5,10; t = 4,2, work o

as follows. ut
M
1 5 10
t =3 hr 400 131 75
t =2hr 153 40 21

Verify two of these values to ensure that you understand the use of the formy
The variance of the sample mean (ignoring the fpc) is a.

S2
m[l + (M — 1)p]

If p = 0.1 for all M between 1 and 10, which size of unit is most precise for (

t = 2 hr, (b) + =2 hr? How do you explain the difference in results? a)
9.6 If 5000 were available for the survey, would you expect the Optimu, ¢;
of unit to decrease or increase (relative to that for $2000)? Give reasong. 12e
may, if you wish, find the optimum size in order to check your argumen;_ ou

9.7 Horvitz and Thompson (1952) give the following data _for eye estimgy
M ; of the numbers of households and for the actual numbers #; in 20 City blo s
in Ames, Towa. To assist in the calculations, values of #; and /M, e aclks
given. A sample of n = | block is chosen. Compute the variances of tp tOtSo
number of households Y, as obtained by (a) the unbiased_estlmate in sampl- al
with equal probabilities, (b) the ratio estimate in sampling with equalpmbabilitmg
(c) sampling with probability proportional to M, (For the ratio eStimles

compute the true mean square error, not the approximate formula.) ate,
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M; Y Y yiEIM; M; Y i &M

9 9 1.0000 95.000 19 19 1.0000 19.000
9 13 1.4444 18.778 21 25 1.1905 29.762
12 12 1.0000 12.000 23 27 1.1739  31.696
12 12 1.0000 12.000 24 21 0.8750 18.375
12 14 1.1667 16.333 24 35 1.4583 51.042
14 17 1.2143 20.643 25 22 0.8800 19.360
14 15 1.0714 16.071 26 25 0.9615 24.038
17 20 1.1765 23.529 27 27 1.0000 27.000
18 19 1.0556 20.056 30 47 1.5667 73.633
18 18 1.0000 18.000 40 37  0.9250 34.225

Do the results agree with the discussion in section 9.12?

9.8 A questionnaire is to be sent to a sample of high schools to find oyg
which schools provide certain facilities, for example, a course in Russian or a
swimming pool. If M; is the number of students in the ith school, the quantit
to be estimated for any given facility is the proportion P of high-school studenty
who are in schools having the facility, that is,

2 M,
> M

i=1

P=

where D is a sum over those schools with the facility.
w

A sample of n schools is drawn with probability proportional to M, with
replacement. For one facility, a schools out of n are found to possess it. (a)
Show that P = a/n is an unbiased estimate of P and that its true variance is
P(1 — P)/n. (Hint. In the corollary to theorem 9.4 let 4; = M, if the school hag
the facility and O otherwise.) (b) Show that an unbiased estimate of V(p) i;
v(P) = P(1 — P)/(n — 1).

9.9 The large units in a population arrange themselves into a finite numbey
of size classes: all units in class # contain M, small units. (@) Under whay
conditions does sampling with pps give, on the average, the same distribution
of the size classes in the sample as stratification by size of unit, with optimunp,
allocation for fixed sample size? (b) If the variance among large units in clag
h is kM,, where k is a constant for all classes, what system of probabilitics 0?-
selection of the units gives a sample in which the sizes have approximately the

same distribution as a stratified random sample with optimum allocation for
fixed sample size?

9.10 For a population with N =3, z; = 4, }, §, y; =7, 5, 2, two units ar
drawn without replacement, the first with probability proportional to z,, the
second with probability proportional to the remaining sizes. (a) In the notatiop,
of section 9.14 verify thatw, = J§,m = 35,73 = S andthat =, = 35, 73 = .8
my3 = ¢o- (b) Compare the variances or MSE’s of ¥y, ¥gyg, and P as defineg
in section 9.16. (For Y and Y2, either construct all possible estimates or us,
the variance formulas. For Yyyg, construct all possible estimates.)
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CHAPTER 10

Subsampling with Units
of Equal Size

10.1 TWO-STAGE SAMPLING

Suppose that each unit in the population can be divided into a numbe,
of smaller units, or elements. A sample of » units has been selected. ¢
elements within a selected unit give similar results, it seems uneconomicg;
to measure them all. A common practice is to select and measure a samp],
of the elements in any chosen unit. This technique is called subsampi;),
since the unit is not measured completely but is itself sampled. Anothg.
name, due to Mahalanobis, is two-stage sampling, because the sample ;
taken in two steps. The first is to select a sample of units, often Calle;
the primary units, and the second is to select a sample of elements frol:
each chosen primary unit. '

Subsampling has a great variety of applications, which go far beyop;
the immediate scope of sample surveys. Whenever any process involy,
chemical, physical, or biological tests that can be performed on a Sma;
amount of material, it is likely to be drawn as a subsample from a largé-
amount which is itself a sample. )

In this chapter we consider the simplest case in which every unit contajy,
the same number M of elements, of which m are chosen wher any Uny;
is subsampled. A schematic representation of a two-stage sample, )
which M = 9 and m = 2, is shown in Fig. 10.1.

The principal advantage of two-stage sampling is that it is more ﬂexibl
than one-stage sampling. It reduces to one-stage sampling when m = ,,
but, unless this is the best choice for m, we have the opportunity of takir{_
some smaller value that appears more efficient. As usual, the issue reduc,
to a balance between statistical precision and cost. When elements in ¢},
same unit agree very closely, considerations of precision suggest a Smg;
value of m. On the other hand, it is sometimes almost as cheap to measy.
the whole of a unit as to subsample it; for example, when the unit ig ,

270

i
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@ denotes an element in the sample

Fig. 10.1 Schematic representation of two-stage sampling (N= 81,n= 35, M=9,
m=2).

household and a single respondent can give accurate data about all
members of the household.

10.2 TWO USEFUL RESULTS

In two-stage sampling expected values must be found not only over all
possible samples of n primary units but also over all possible subsamples
that can be drawn from the selected set of primary units. Fortunately,
there is a close relation between variances in two-stage sampling and the
corresponding variances already obtained for one-stage sampling. Two
general results, due to Durbin (1953), will be proved.

If cach primary unit contains M subunits, of which m are chosen, the
simplest estimates of the population total and mean per subunit are,
respectively,

Y=H—'1;\'/l‘(?71+372++.77"), 7=i(?71+!72++.17n)

where #; is the sample mean per subunit in the ith primary unit.
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Both estimates are of the form
Y=y +y +- 4y

where y;’ is an estimate made from the subsample drawn from the itt
primary unit. Let

Y, = E(y/ | i)
where the symbol E(l i) denotes a mean taken over all subsamples draw-
from the ith primary unit. If these means were known, we could construc:
the estimate

)"‘/I=Y1I+Y21+.‘-+ Y/

n

This is the one-stage analogue of .

The two theorems to be proved apply to primary units of unequal size
as well as to those of equal sizes. They also apply when primary unj
are selected with unequal probability. The symbol =, denotes the prob;.
bility that the ith primary unit is drawn in the sample.

Theorem 10.1. If the primary units are drawn without replacemep,

and subsamples are chosen independently in different units, ¥’ is g~
unbiased estimate of

N
Y =3mY,
with variance 1
AN
V(y) = V(F") + 3 057 (10.p

where
o = E[(y/ — Y| i]

is the variance of y,” in repeated subsampling from the ith unit.
Proof. To find E(y"), average first over all samples that contain ¢ ©
same set of primary units. This average is denoted by E(y’ | pu). Clear),

E(y'|pu)=Y1'+ Y, +- -+ Y, = Y’

When we average further over all selections of the n primary units, th:
term Y, will appear with relative frequency =,. Hence )

N
E(y)=3mY =Y
For the variance, we have by definition
V(y') = E(y®) — [E(y)F

E(Z vt + 222 :I/i’y,’) — [Ey)P (10

i j>i
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Average first over samples containing the same set of n primary units.
Now

E(y® l i)=Y? + 0 (10.3)
Further, if subsampling is independent in different units,
E@/y; | i) = Y/Y/ (10.4)

Hence, substituting in (10.2) and putting ¥’ for E (y’ | pu),

n n

V(y'| pu) = 2 Y24+233Y'Y, + 202, [E(Y)H]* (10.5)

[ )

The conditional variance may be rewritten as

V(y' | pu)y = Y — [E(Y)] + > 0

Now average over all selections of the primary units. This gives

AY
V(y) = V( YI) + Z”iomz
This proves the theorem. x

This result may be phrased as follows. In two-stage sampling the
variance of an estimate of the form y’ consists of two parts. The first,
¥(Y’), is the variance obtained by replacing the estimate y,” from the
subsample in the ith unit by its mean Y/. This is the between-primary
unit component of the variance. The second, X=,0,2 is the sum of the
within-unit variances of the y,’, each weighted by its probability of selection
in the sample.

Corollary 1. Theorem 10.1 is a generalization to two-stage sampling of
the result given in (9.38) of section 9.14 for the variance of the estimate
when units are chosen with arbitrary probabilities and without replace-
ment. Revert to (10.5), and average over selections of the primary units.
If r,, is the probability that a sample contains both the ith and the jth
units, this average may be written

AY N 2
Viy) = 277 Y,® + 2 ZZWU LY+ 2774‘021'2 - (Z‘”iy.')

roj>i {
N N A
=2 [Wi(l — 7)Y 4 23 (m; — ma)Y Yil} + er,a.lf (10.6)
i J>i 1
The between-units component reduces to (9.38) if we take Y, =yl

Corollary 2. The reader may verify that theorem 10.1 also holds when
primary units are drawn wirh replacement, provided that, if a primary unit
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is drawn more than once, the subsample is selected inde:perldently fr9,
the whole unit on each occasion. This condition guarantees that equatiq
(10.4) in the proof remains valid.
Theorem 10.2 supplies a sample estimate of V(y'), give
an unbiased sample estimate ¢(¥’) of V(¥’). In its most genel
the estimate v( ¥’) will be a quadratic of the form

n that we ha‘
al terp,

non

(YY) = a;;. . Y24+ 2>3> b Y'Y
i 1oy

where the subscripts in a denote the fact that in complex sampling t
coefficient of Y,’2 may depend on the other units that are in the sam
with the ith unit, and similarly for the subscripts in b.

Let r(3') be a ““‘copy” of ¢( ¥’), obtained by replacing Y, by ¥:
Y, appears; that is,

! where\

n n

v(y') = Z ;- -;’/i’2 + 2 Z z_b-')'k---?/."?/i’
1 E I B )

Theorem 10.2. Under the conditions of theorem 10.1, an unbia&
estimate of V(y') is

w(y') = v (y) + 3 6" (1

where G,,2 is any unbiased sample estimate of a,,2.
Proof. From the definition of v.(%') and relations (10.3) and (10.4), ‘
have

Elv(y") | pu] = z Ay Y2+ 233 b YY) 4+ 3 aup. . .0y
1 AP IR ] i
= U(Y,) + z a,-,-k.. . 'GZiZ
When the average is taken over all selections of the primary units
coefficient of 0,2 is E(a;; ...). From (10.6), this average must .
(1 — ) if v(Y’) is to be an unbiased estimate of V(¥’). This gi\f
N
E[Uc(y’)] = V(?’) + Z"Tzkl - 7T1')02i2
But from theorem 10.1
N
V(y') = V(Y’) + Zﬂﬂzf
Hence, to obtain an unbiased estimate of V(y'), we must add to .,

N
an unbiased estimate of > m.20,2 Now

n N
2} __ 2_ 2
E(E T 0g; ) = D 0y,
i 7

This completes the proof.



SUBSAMPLING WITH UNITS OF EQUAL SIZE 275

This theorem gives the following working rule. To find an unbiased
samPle estimate of V(y’), obtain from results in one-stage sampling an
Unbiased estimate ¢( ') of V(¥). Compute a copy of this, v(y"), by re-

. n
Placing y - by y,' throughout. To this add the term 3 76,2 where &,
IS an unbjased sample estimate of the within-unit variance of y,’.
heorems 10.1 and 10.2 are more general than needed in this chapter,
but they are given here because they are widely useful.

10.3 VARIANCE OF THE ESTIMATED MEAN IN
TWO-STAGE SAMPLING

The following notation is used:
¥:; = value obtained for the jth element in the ith primary unit

m
= Yis sample mean per element in the ith primary unit
=1 M

7! = over-all sample mean per element

!
I
M=

~
-

1

1

N o
(Yi - Y)2
S ==l — yariance among primary unit means
N -1
N M _
z 2@, — Y .
S,% = i=li-1 = variance among elements within
NM — 1)

primary units

Theorem 10.3. If the  units and the m subunits from each chosen unit
are selected by simple random sampling, 7 is an unbiased estimate of
Y with variance

(N — S (1‘_4:_"_1)5_ (10.8)
V(y)—( N )n + M mn

Proof. In the notation of theorem 10.1 take y, = y;/n. Then

ly, ¢=-3V, m=

n n

f—

= yl’ Yil =

<
z|=

From theorem 10.1,

~Il

_ AY , 1 N _
E(y) = E(¥') = Zﬂ'iYi —]\‘, Z Y, =
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Now by theorem 2.2 (p. 22). for single-stage sampling, since ¥’ is t
mean of the n values of Y,.
Al o
N—nz(y‘—))_l\’———nslﬂ
Nn N — 1 N n

V( }A") = (10

By the same theorem, since »1 units are sclected out of AM from the
unit, the variance of 5,/ = j,/n as an estimatc of Y, = Y /nis

o M — m S,}

[ 5% = .
Mn= m

where S, is the variance among subunits in the ith primary unit. Hen
by theorem 10.1, :

N
V(i) = V(Y)Y + 2 =02

(N —nm) S* _1_%1(1‘\4——”1)_52_;“
: / M m

N
But S,2 = > S,,%/N. This gives

V(i) = (N - n S,* 4 (M — m)Sg“

N n M mn

If f; = n/N and f, = m/[M are sampling fractions in the first anqd

. . . Se
stages, a form of the result that is casicr to remember is Cc
ry = ] - f D) ] —_fn) a
V() = —=2 S22 + 2 S,2
n ! mn - (10,1

10.4 ESTIMATION OF THE VARIANCE

If the » primary unit means Y, were known, an unbiased estip,

the variance of their mean ¥’ would be e
. n . . o
n n—1
The copy of t(¥’) from a two-stage sample is
R AD XU 1
v(¥") = vy) = £ (10,

n n—1

For theorem 10.2, we require also an unbiased estimate of G, 2
T




SUBSAMPLING WITH UNITS OF EQUAL SIZE 277

equation (10.1). Since subsamples are chosen by simple random sampling,
this is given by

P M —m Sa),-2 (l —fZ)s"iZ

o~ = = = = 10.

M mn® mn® (10.12)

where

Z (y;; — '.’7;‘)2
Spt = -2

. m— 1

Theorem 10.4. Under the conditions of theorem 10.3, an

unbiased
estimate of V(i) is
- 1 - 9 l = Jo o
o) = L= p A =S (10.13)
n mn
where
z (4 — & 2 & (W = 5)
S = P e
n—1 2 T Tn(m—1) (10.14)
Proof. By theorem 10.2, an unbiased estimate of V(¥) is
u(y) = v(¥) + z ,8y,°
Using (10.11), (10.12), and =; = n/N, this gives
g =1 =hsp g L3I
But 5,2, as defined in (10.14), equals Z 52,-2/)1. Hence
v(g7) — 1 "‘fl 512 +f1(l “f2) 522
n mn
Corollary. A result that will be used later is
2 2 IS‘2 ¥
E(s®) = S§ — + = (10.15)
M m

Proof. Since r(J) is an unbiased estimate of V(7). (10.13) gives
1 — 1 — o 1—f 1 — 1)
———i E(s%) = ___Il S+ f“S 2 fl( —fa S,?

n n mn mn
_ 11— S.* Sy
o5 )
n M m

It follows that an unbiased estimate of S, is [s,> — $*(1 — fy)/m].
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Notes on Theorem 10.4. If m = M, that is, f, = 1, formula 10.}
becomes that appropriate to simple random sampling of the units.
n = N, the formula is that for proportional stratified random samplin;
since primary units may then be regarded as strata, all of which a-
sampled. In this connection, two-stage sampling is a kind of incomple
stratification, with the units as strata.

In the common situation in which f; = n/N is negligible, we obtg-
the useful result,

. 2@ — 9"
W) =L == (10.1:
n n(n — 1) -1
Thus the estimated variance can be computed from a knowledge of ¢
unit means only. This result is particularly helpful when subsampli:;
is systematic, because in this event we cannot compute an unbias;.~j
estimate of S, But (10.16) still applies, provided that n/N is smal| y
n[N is not small, it is easily seen that (10.16) gives an overestimate. o

10.5 THE ESTIMATION OF PROPORTIONS

If the elements are classified into two classes and we estimate ..
proportion that falls in the first class, the preceding formulas can t\
applied by the usual device of defining y,; as 1 if the correspongj:
element falls into this class and as zero otherwise. Let Pi=ajmb lk
proportion falling in the first class in the subsample from thé ith e ‘x:
The two estimated variances 5,2 and s,2 required for theorem 104 un:-'
out as follows: 4 won

2 (p. — p)?
2 __ i=1
s2=1=_
n—1
2

m n
Sy = —— q.
2 n(m — l)g1p'q'

where p = Zp;/n. Consequently, by theorem 10.4,

B 1 _f e f 1 n
w(p) =~ 5 (p, — pyr 4 L1 = f)

n(n — 1) ; 2 n*(m — 1) 21: P:4;

Example. 1In a study of plant disease the plants w

plots containing nine plants each. A random sample of

three random plants in each sampled plot were exami
disease. It was found that 22 plots had no diseased plant

s (out
had one, four had two, and three had three. Estimate tllx)e prop(o;ltiocr)\fotfhge '
plants and its s.c. The symbol ¢ denotes the frequencies 22, 11, 4 Iseag:

ere grown in 160 Sy
40 plots was chosen ;;.
ned for the presence .

s
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We have N = 160, M =9, n = 40, m = 3. In finding s,? and s,?, it is con-
venient to work at first with the numbers of diseased plants (3p;) and the numbers
of healthy plants (3g;). The calculations are set out as follows:

Frequency
3p; ¢ 9q: 9pq. 3¢p; 9¢Pi2
0 22 0 o 0 0
1 11 2 22 11 11
2 4 2 8 8 16
3 3 0 0 9 27
40 30 28 54
3): $pi _ 28 _
3—2— — = 0.233
(28)*
— B2 = =) -
2¢(p: — b) (9)(54 = ) 3.822
Dépiq: _Q = 3.333
Hence, from the formula 1mmed|ately before this example,
_ 3)(3.822 2)(3.
v(p) = BX ) 2)3.333) __ 4 00201

($)(40)(39)  (H(3)(1600)(2)
The proportion diseased is 0.233 with s.e. 0.045. The approximate formula
5,/ Vn, from (10.16), gives 0.049, a reasonably good estimate considering that

f1=%

10.6 OPTIMUM SAMPLING AND SUBSAMPLING
FRACTIONS

These depend on the type of cost function. If travel costs between
units are unimportant, one form that has proved useful is

C = cn + cnm
The first component of cost, ¢;7, is proportional to the number of

primary units in the sample; the second, c,nm, to the total number of
second-stage units or elements. From theorem 10.3, V(7) may be written

= 1 o 522 1 2 7
V@ =(s2 -2 ) + -5 ——51 (10.17)
M mn

The last term on the right does not depend on the choice of n and m.
Minimizing V for fixed C, or C for fixed V, is equivalent to minimizing
the product

g S, ! 2 522)
— C= — =2 - 2 AST — =
(V+ N S ) cl(S1 M) + €,S,% + ~ ¢, S,° + mc_( 1 Iy;
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Note that the first two terms are constant, whereas the last two depend
on m but not on n. The minimizing value of 7 may be found by differ-
entiation. But since, in practice, 7, must be an integer and is often small,
a more accurate approach suggested by Eisenhart (Camecron, 1951) is
used. Write

‘ca S
a = ¢;S,%, b=c.,(S"——g-)
1292 2 1 M
We wish to find an integer m such that

Zabm<—2 4 bm+ 1), thatis, m(m + 1) >
m m+4 1 -

oI oIn

a 4+ bm < -4 + b(m — 1), that is, m(m — 1) <
m m—1 -

These relations give the following rule. Compute
Sy
S? — S,YM
If m,,, lies between the integers m, m + 1, choose (m + 1), that is, round
upward, if Mgy, > m(m -+ 1); otherwise round downward. Thus if
m,,, lies between 1.414 = /2 and 2, we round upward to 2. If m__. i
greater than M, or if S2 is less than S,2/M, we take m = M and en:;;o.
one-stage sampling. )
The structure of (10.18) is as expected. If elemerits were ass
units at random, that is, if the primary unit were as efficient as th
the variance of a primary unit mean would be S2[M, so that (5,2 — § 2/ Af)
would be zero. Th}s gives m,,, = infinity, that is, complete enumerzati0
of. the primary units. Conversely, the greater the variance S.2 .
primary unit means relative to that within primary units, the smaller tp,,
value of m,,,,. Tbe greater the cost ¢, of access to the unit relative to tl}:e
cost ¢ of obtaining data from any element in the unit, the highe ¢
optimum m. * the
The value qf n is found by solving either the cost equation “or t
variance equation, depending on which has been preassigned. e
In mos.t p_ractlcal situations the optimum is relatively flat. An eIror o
a few un1t§ in the choice of m produces only a small loss of precision o
the following example illustrates. P
In the terminology of t i i i
gy of the analysis of variance, the quantity (S, — Szle)_

WhI.Ch appears 1n the denominator of Mapes 1S known as the component ¢
variance between unit means. Write o

Moy == \/a/b = \/01/62 (10.18\

igned to
¢ elemen;,

among

2
s2=s2_5%:
u S M (10.191
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Example. Let
c; = 10c¢,, S, = 1.38,
then
Mopy = 1.3V10 = 4.1
We will regard total cost as fixed and see how the variance of 7 changes with .
N is assumed large. From (10.17),

S 2 S‘)2
Vi) =2 + =
n nm

o . S2\ey + mc,
o

eliminating #n by means of the cost equation. This gives
. S.%cs S:2 \ (¢ S.lca 1.69

Omitting the constant factor, the relative variance can be calculated for different
values of m. Table 10.1 shows these variances and the relative precisions (with
the maximum precision for i = 4 taken as the standard).

TABLE 10.1
RELATIVE VARIANCES AND PRECISIONS FOR DIFFERENT VALUES OF m

m = i 2 3 4 5 6 7 8 9 10

Rel. variance 29.59 22.14 20.32 19.92 20.07 20.51 21.10 21.80 22.56 23.38
Rel. precision 0.67 090 0.98 1.00 099 097 094 091 0.88 0.5

For any value of m between 2 and 9, the loss of precision relative to the opti-
mum is less than 12 9.

In practice, the choice of m requires estimates of c,/c, and S,/S; or
equivalently S,/S,. Because of the flatness of the optimum, these ratios
need not be obtained with high accuracy. If ¢;/c, is known reasonably
well and a value of m, say m,, has been selected, a useful table (Brooks,
1955) shows the range of values of S,%/S,2 within which this n, gives a
precision at least 909, of the optimum.

The table was obtained as follows. For given cost, assuming N large,
the relative precision of myg to m,,, is found to be

V(| Mopt) _ (Ser + Spey)?

V(7 | mg) T S.%, + Sy2cp + mgesS,E + €S2 my
The set of values of S,/S, for which this expression exceeds some assigned
level L are those lying between the two roots

S: _y+ VLA = LY mg + 3\ mg) (10.21)
Su (Lyg/’”o) - (1 - L)
where y? = c¢,/c,.

(10.20)
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Table 10.2, adapted from Brooks (1955), shows the lower and upper
limits of S,%/S,2 for L = 0.9. The wide interval between the lower and
upper limits is striking in nearly all cases. Note that the range of my
changes in different parts of the table.

TABLE 10.2
LiMITS FOR S,%/S,%2 WITHIN WHICH my GIVES AT LEAST 909 OF THE MAXIMUN
PRECISION
cilce = 3 1 afey = 2 4
my L U L U ny L U L U
1 0.0 11 0.0 4 2 0.5 8 0.2 4
2 2.0 98 1.1 22 3 1.2 21 0.5 8
3 4.1 >* 24 72 4 2.2 44 1.0 16
4 6.6 > 4.0 > 5 33 82 1.6 27
5 9.5 > 5.9 > 6 4.7 > 2.4 42
6 13 > 8.1 > 7 6.3 > 33 61
7 16 > 11 > 8 8.0 > 4.3 87
8 20 > 13 > 9 10 > 54 >
c1fcy, = 8 16 ey = 32 64
mgy L U L U mg L 74 L U
6 1.0 17 0.3 8 5 0.1 3 0.0 2
7 1.5 24 0.5 11 10 0.4 12 0.1 7
8 2.0 32 0.7 15 15 1.2 26 0.3 14
9 2.6 42 1.0 19 20 2.7 46 0.7 24
10 33 53 1.3 23 25 4.5 74 1.5 37
15 7.6 > 3.5 55 30 6.9 > 2.5 52
20 133 > 6.6 > 35 9.7 > 3.7 71
25 20.4 > 10.5 > 40 13 > 5.2 93

* > denotes “> 100.”

If we have a rough idea about the values of S,2/S, 2 for the principgy
items in a survey, Table 10.2 may be used to select a value m, Note tha
if p is the correlation between elements in the same primary unit, as
defined in section 9.4, the ratio S,*/S,? is nearly equal to (1 — p)/p. A
value of S,%/S,? as low as 1 corresponds to p = 0.5. This would be an
unusually high degree of intraunit correlation. Similarly, p = 0.1 giveg
S,2/S,2 = 9, whereas p = 0.01 gives S,2/S,2 = 99.

Example. Suppose that c,/c, is about 1 and that $,2/S,2 is expected to lje

between 5 and 100 for the principal items. The columns c1fcy = 1 give my, = 4as
satisfactory choice, since this covers ratios from 4 to more than 100 (actually t:
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196). With c;/c, = 16 and the same desired range, the table suggests a value of
m, somewhere between 15 and 20. Further calculation from (10.21) shows that
my = 18 is best. This covers the range from 5.2 to 84—not quite so wide as
desired.

When the cost of travel between primary units is substantial, a more
accurate cost function may be

C=cn+ c,\/;—{— Coim (10.22)

since travel costs tend to be proportional to Vn. If a desired value of
V(%) has been specified, pairs of values of (n, m) that give this variance
are easily computed from (10.17) for V(7). The costs for different com-
binations are then computed from (10.22) and the combination giving
the smallest cost is found. When cost is fixed in advance, Hansen, Hurwitz,
and Madow (1953) give a method for determining the (n, m) combination
that minimizes the variance and a table that facilitates a rapid choice.
Note that their 7 is our m and vice versa.

10.7 ESTIMATION OF m,,, FROM A PILOT SURVEY

Sometimes estimates of S,% and S,% or S,? are obtained from a pilot
survey in which »’ primary units are chosen, with m’ elements taken from
each unit. This section deals with the choice of n' and m’. If s is the
variance between unit means and s,> is the variance between elements
within units, as defined in section 10.4, (10.15) gives

2 2 2
E(s;?) = (512 ~ §1) 45 g2y S (10.23)
M m’ m’
For the simple cost function ¢;n + c,nm, we had
52 \/
mg,,, = ——=—————— Cl/Cg
Y VSR - s

As an estimate of m,_, from the pilot survey, (10.23) suggests that we take

— %2 Jee, = _l/_"f___ Jeje,  (10.24)
\/512 — sp°fm’ o \/(’”'512/522) -1 '

The estimate 7,,, is subject to a sampling error that depends on.th.e
sampling error of the ratio s,%/s,2. From the analysis of variance 1t 1s
known that m’s,?/s,? is distributed as

F(1+m’£)
SZ

2

~ ——
My =
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where F has (n" — 1) and n’'(m’ — 1) degrees of freedom, pr.ovidc.:d Fhat
the y,; are normally distributed. This result leads to the sampling distribu-
tion of 7,,, for given values of n” and m’, that is,

\/m'cl/c2

Mont = A/ m'S 2
F(l + —L)— 1
Sy2

Example. For the example in section 10.6, in which

(10.25)

c1 =10c, S, =1.3S,,  my, =1.3V10 = 4.1

opt

consider how well m_, is estimated from a pilot sample with »’ = 10 ang
m’ = 4. From (10.25)

6.324 6.324
COVF + 4/1.69] — 1 V3.367F — 1

where F has 9 and 30 df. To find the limits within which m
time, we have, from the 109

F_1o (9) 30) == 1.8490,

"

opt

opt Will lie 809 of the
one-tailed significance levels of F,

Fg0 (9,30) = 1/F 4(30,9) = 1/2.2547 = 0.4435
Substitution of these vajyes of F gives

lower limit,

My, = 2.8: upper limit, Higp = 9.0
As shown previously in Taple 10.1, an i . .
i -1»any min this range gives a degree of isi
close to the OPUmMum. Thys, with n’ = 10, m* = 4gth% cha g pretision
the loss of precision ig small. ’ ’ nce

s are 8 in 10 thay

The 80 and 95% limits for n* = 5,10, 20 and v = 4 appear in Table 10 3

TABLE 10.3
LowEer anD Upper LIMITS FOR 17 '
) op
n 80% 90
5 2.5, 1.8, oo
10 2.8,9.0 23, «
20 31,64 27,91

ith n” = 20, we ar . .
w ’ i ¢ almost certain to estimate m . ..
Op“mum, IS 18 not go with n° = 5 opt With precision close tq th
. ¢

If the ratio ¢ifey s the s

ame in the pilot syrye i I

" o the millg e sam Y as in the main

the Um‘( “l,L pilot survey will be pProportional to ¢ ' + con'm’ ;UTVC)
(1955) gives a table of (pe values of (n' ] onomical il

. M) in the most economic
sUrvey that provides an Cxpected relative precision of 90 %
(]

al pilot
of M Table 10.4 shows part of this table.

in the €stimation
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TABLE 104
PiLoT SampLE DESIGNS HAVING AN ExXPECTED RELATIVE PRECISION OF 909
[ <1 2 4 8 16 32 64
S.%S,2 nwom' |\ om |\ om' i om’ |nomn om’ | om’
1 7 3|16 416 5|5 6| 5 714 1014 12
2 8 5|7 716 916 915 13{5 14|14 20
4 9 9|8 11| 8 127 14| 7 155 25|5 27
8 10 1410 15 9 1719 18| 8 22|16 32|15 44
16 10 25110 27 (10 27|10 28| 8 377 46|6 60
32 10 46 |10 47 |10 48 |10 49| 9 58!8 69|16 102
64 10 92 |10 93 |10 96 |10 100 |10 1048 137|7 169

The computations assume that N and M are large: the designs are
conservative if fpc terms are taken into account. Note that no more than
10 primary units are required and that the designs are relatively insensitive
to the ratio ¢,/c,.

10.8 THREE-STAGE SAMPLING

The process of subsampling can be carried to a third stage by sampling
the subunits (elements) instead of enumerating them completely. For
instance, in surveys to estimate crop production in India (Sukhatme,
1947), the village is a convenient sampling unit. Within a village, only
some of the fields growing the crop in question are selected, so that the
field is a subunit. When a field is selected, only certain parts of it are cut
for the determination of yield per acre: thus the subunit itself is sampled.
If physical or chemical analyses of the crop are involved, an additional
subsampling may be used, since these determinations are often made on
a part of the sample cut from a field.

The results are a straightforward extension of those for two-stage
sampling and are given briefly. The population contains N ﬁ_rst—stage
units, each with M second-stage units, each of which has K third-stage
units. The corresponding numbers for the sample are n, m, anq {\’,
respectively. Let y,, be the value obtained for the uth th.lrd-stage unit in
the jth second-stage unit drawn from the ith primary unit. The relevant
population means per third-stage unit are as follows:

K MK N MK
zyiiu zzyiju . Zzzyﬁ“
Y, = 24— V — L I
ij s i

K MK NMK
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The following population variances are required:

N -~

2, —Y)
St=

N —1

N M _
ZZ(YH - Yi)2
T Vi

NM —1)
N MK —
. ggg(%ik — Yy)
? NM(K — 1)

Theorem 10.5. If simple random sampling is used at all three stages

S,?

the sample mean y per third-stage unit is an unbiased cstimate of Y with
variance

= 1 — — —
V(y) — fl Slz + 1 f2 522 + 1 fs Ssz
n nm nmk

(10.26)

where fi = n[N, f, = m|M, f, = k|K are the sampling fractions at th,
three stages.

Proof.  Only the principal steps are indicated. Write

=~

’?— =@_;nm)+(}:;nm—i)+(}:,n—;—;)

where Y,,,, is tile population mean of the nm second-stage units that Were

selected and Y, is the population mean of the n primary units that Wwere
selef:ted. When we sq}lare and take the average, the cross-product ter
vanish. The contributions of the squared terms turn out to be as fol]ows‘.
= = 1 —f.
B = YVt = L Sas
nmk

E( ):?nm - ?n)Z _1-f S,z
nm

E(Y, — yp=L1=hse
n

it

When these three terms are added, the theorem is obtained.

Theorem 10.6. An unbiased estimate of V(y) from the sample is

Wy =12 ;'f—‘ st D=2 (o NS = Sa) 2 (1009,

nm nmk
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where 5,2, 5%, s,° are the sample analogues of S,?, S,%, S,2 respectively.
Proof. This may be proved by the methods in section 10.4 or alter-
natively by showing that

E(s®) = §,° +

ey l=Sogp (10.28)

fo
m mk

E(S22) — 522 + '—'kfa 532

and E(s,%) = S;%. To obtain the first result, let 7, denote the mean over
the m second-stage units in the ith primary unit, given that all K elements
were enumerated at the third stage. Let ¥, be the mean of the n values
J:x- Then from (10.15) for two-stage sampling, it follows that

E[z (inK - ?/K)“} — 512 + 1 —f2 522
n—1 m
Now, if 7, is the sample mean for the ith primary unit, write
(fh' - ?) = (.77:'1\' - !:/1{) + [(37: - 37,'1{) - @ - ?1{)]

By first averaging over samples in which the first-stage and second-stage
units are fixed, it is easily shown that

L B3 (G — G — (T = Tl = 3
(n—1

and that the sum of the cross-product terms contributes nothing. This
establishes the result for E(s,2). That for E(s,?) is found similarly. Hence

= - 1 —
E[v(y)] = l_rfl(slz + ’nf2 S22 ’nkfd Sa )
+f1(1 —f2)(522 + 1 _f3 532) fle(l f3)S 2
nm nmk

fls + f2S + nszSa —V(_/)

n nm
As with two-stage sampling, it is clear from (10.27) that if f; is negligible
v(y) reduces to
2 < = T2
oGy = = 2= I (10.29)
n nn — 1)

This estimate is conservative if f; is not negligible.
With a cost function of the form

C = ¢yn + conm + canmk
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the optimum values of k and m are

afes (10.3¢

/o 2 21~
. S, — S.°/K
kth = *ss \/CO/C:}, Mopy = \/—0—*‘}_0/ \/
VS — SFK VSE — St M
The extension of the results in this section to additional stages of samplin;
should be clear from the structure of the formulas.

10.9 STRATIFIED SAMPLING OF THE UNITS

Subsampling may be combined with any type of sampling of the primar
units. The subsampling itself may employ stratification or systematj;
sampling. Variance formulas for these modifications can be built ur
from the formulas for the simpler methods. .

Results are given for stratified sampling of the primary units in a twe-
stage sample. The primary unit sizes are assumed constant for a given
stratum but may vary from stratum to stratum. This situation occyp
when primary units are stratified by size so that sizes within a stratyg
become constant or nearly so.

The Ath stratum contains N, primary units, each with M, second-stags

units; the corresponding sample numbers are n, and m,. The estimates
population mean per second-stage unit is

_ z Nthih
Joo = L—— =3 W,7), (10.3p)
SN,
h
where W, = N,M,[ZN,M, is the relative size of the stratum in termg o
second-stage units and §, is the sample mean in the stratum. B

Y aPPIying
theorem 10.3 within each stratum, we have
_ 1 — 1 — fo,
V(g = > w2 (-—flh S’ + 1= tu S2h2) (10.3>
h ny, mm,
where f;, = My Ny, for = m,|M,.
From theorem 10.4, an unbiased sample estimate js
_ — 1 —
W(Ys,) = Z W,z [l—fm su® + flh(\fzn)%n{l (10.3:
h n, nh'nh

Corresponding variances for the estimated population total are obtaip,:
by multiplying formulas (10.32) and (10.33) by (SN, M,)z.

10.10  OPTIMUM ALLOCATION WITH STRATIFIED
SAMPLING

This deals with the best choice of the n, and the m,. If travel cous
between units are not a major factor, the cost may be representa
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adequately by the formula
C =3 cpamy + 2 copttymy, (10.34)
h h

From (10.32), the variance may be rewritten as

Vi =S Wf[i (slf _ 52—2) + s L Slf]
) h M N"

n, n n,m,

The quantity
V(j.) + A(z oy + D copttymy, — C)
h h

where 4 is a Lagrange multiplier, is a function of the variables n, and
(nymy). Hence, to minimize V for fixed C, or vice versa, we have

-~ W,
m A= 2S5, M, (10.35)
Cin
n,lm,‘\/i = l—ii__g" (10.36)
\/C'lh
These give
m, = San \/cl,,/cg,‘

\/51).2 - S2112/Mh

The formula for optimum m, is exactly the same as in unstratified sampling
[(10.18) in section 10.6].
From (10.35), since W, oc N,M,

2
n, cc M where Suhz — Slhg _ §$In_ (10.37)

\-/Clh My

It will be recalled that in one-stage stratified sampling (section 5.5),
the optimum n, is proportional to N,,S,,/\/c_, where S, is the sta.ndard
deviation among unit totals and ¢, is the cost per unit. Refempg to
(10.37), the quantity S,,? is the component of variance among primary
unit means, as explained in section 10.6. Hence M,S,, in (10.37? may be
regarded as a kind of standard deviation among primary unit totals,
except that we are now dealing with the component of variance rather
than the total variance.

Since self-weighting estimates are convenient, we consider under. what
circumstances the optimum allocation leads to a self-weighting estimate.
From (10.31), it follows that 7, is self-weighting if mum/NaMy = fo =
constant, since in this event

n m

h h
2 NaMumm, S Sy 232 Ui En: 2 2 Ynis
n ! i !

- j _ h i p— =¥y
Jor = Y

z N.M, B Jo Z NyM, z iy,
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The condition is, as might be expected, that the over-all sampling fractio
fo be the same in all strata.
From (10.36), the optimum allocation gives

n,my Son
Jor N,M, * \/Czn
Frequently cg,, the cost per second-stage unit, will be approximate!,
the same in large and small primary units; but S,, may be greater in larg
units than in small. However, since the optimum is flat, a self-weightir;
sample will often be almost as precise as the optimum. I_Vote that ths
result holds even if the optimum sampling of primary units is far fro=
proportional.

EXERCISES

10.1 A set of 20,000 records are stored in 400 file drawers, each containjg;
50 records. In atwo-stage sample, five records are drawn at random from each ¢
80 randomly selected drawers. For one item, the estimates of variance wer:
5,2 = 362, 5,2 = 805, as defined in section 10.4. (a) Compute the standar:
error of the mean per record from this sample. (b) Compare this with (k.
standard error given by the approximate formula (10.16) in section 10.4,

10.2 From the results of a pilot two-stage sample, in which 7’ subunits were
chosen from each of n’ units, it is useful to be able to estimate the valye o
V() that would be given by a subsequent sample having m subunits from egch
of n units. Show that an unbiased estimate of V(§) is

. N —n\s2 5,2 m mn mn
V(7)) = ot 22 1] ~ — e
@) ( N ) w ¥ mn( e MN)

where 5,% and s,? are computed from the preliminary sample. Hint. Use theoper
10.3 and the result e

S. 2 2

E(s)®) = 8% — 55 + ‘-q;n?-

10.3 In sampling wheat fields in Kansas, with the field as a primary uni
King and McCarty (1941) report the following mean squares for yield in bus; l.';
per acre: s;® = 165, 5,2 = 66. Two subsamples were taken per field. F “
sample of » fields, compare the variances of the sample mean as given by (a)o e
sample as actually taken, (b) four subsamples per field from « fields, (¢) com 1 “
harvesting n fields. Pletei

N and M may be assumed large and constant. In (¢) assume that comple:
harvesting is equivalent to single-stage sampling (i.e., to having m = Af) Ples

10.4 In the same survey, with two subsamples per field, the mean s Uars
for the percentage of protein were 5,2 = 7.73, 5,2 = 1.43. How many ﬁelczjsaf:
required to estimate the mean yield to within +1 bushel and the mean prot‘\-n‘
percentage to within +}, apart from a 1-in-20 chance in each case? Perform, "
calculations (a) assuming that two subsamples per field are taken in the ml',".
survey, (b) assuming complete harvesting of a field in the main survey. ¥

10.5 For the wheat-yield data in exercise 10.3, what is the value of ¢ Jes ins
linear cost function if the estimated optimum m is 2? Mo in
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10.6 If m/M and n/N are both small and the cost function is linear, show that
m = 2 gives a smaller value of V(7) than m =1 if

€1 S,®
he S Y B
Co > S02

10.7 A large department store handles about 20,000 accounts receivable
per month. A 2797 sample (sn = 400) was verified each month over a two-year
period (n = 24). The numbers of accounts found to be in error per month (out
of 400) were (in order of magnitude) 0,0, 1, 1,2,4,4,5,5,5,5,6,6,6,7, 7, 8,
9,9, 10,10, 13, 14, 17, the time pattern being erratic. From the results in section
10.5, compute 5,2 and 5,2. Hence compute the standard error of p, as an estimate
of the percentage of accounts that are in error over a period of a year, that would
be obtained from verifying (a) 1200 accounts from a single month, chosen at
random, () 300 accounts from each of four random months, (¢) 100 accounts
each month. Hinr. Either use the formula in exercise 10.2 with m’ = 400 or
obtain unbiased estimates of S,% and S,* and use theorem 10.3.

10.8 In planning a two-stage survey it was expected that c,/c, would be about
4 and that S,%/S,% would lie between 5 and 50. (g) What value of m would you
choose from Table 10.2? (b) Suppose that after the survey was completed it was
found that c,/c; was close to 8 and S,2/S,2 was about 25. Compute the relative
precision given by your m to that given by the optimum m. (c) Make the same
computation for ¢,/c, = 4, S,%/S,2 = 100.

10.9 If p is the correlation coefficient between second-stage units in the same
primary unit, prove that

l I _ 522 . S_22
p (N =DINIS? — SHM ™~ S,2

(This establishes a result used in section 10.6.)

10.10 Show that if 5,2 > 0, in the notation of section 10.6, a simple random
sample of n primary units, with 1 element chosen per unit, is more precise than a
simple random sample of n elements (n > 1, M > 1). Show that the precision
of the two methods is equal if n/N is negligible. Would you expect this intuitively ?
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CHAPTER 11

Subsampling with Units
of Unequal Sizes

11.1 INTRODUCTION

In sampling extensive populations, primary units that vary in size g
encountered frequently. Moreover, considerations of cost often dicta:
the use of multistage sampling, so that the problems discussed in
chapter are of common occurrence. If the sizes do not vary greatly, q-:
method is to stratify by size of primary unit, so that the units withip ;
stratum become equal, or nearly so. The formulas in section 10.9 3
then be an adequate approximation, Often, however, substantial diff:
ences in size remain within some strata, and sometimes it is advisable y:
base the stratification on other variables. In a review of the British Soi:
Surveys, which are nationwide samples with districts as primary upj;:
Gray and Corlett (1950) point out that size was at first included as
of the variables for stratification but that another factor was found mg:
desirable when the characteristics of the population became better knoy,-

Some concentrated effort is required in order to obtain a gqod work -
knowledge of multistage sampling when the units vary In size, becgy.
the technique is flexible. The units may be chosen either with equ.
probabilities or with probabilities proportional to size or to some estim;:
of size. Various rules can be devised to determine the sampling 5.
subsampling fractions, and various methods of estimation are availay,.
The advantages of the different methods depend on the nature of .
population, on the field costs, and on the supplementary data that .
at our disposal.

The first part of this chapter is devoted to a description of the princir.
methods that are in use. We shall begin with a population that consj:
of a single stratum. The extension to stratified sampling can be mag
as in preceding chapters, by summing the appropriate variance formyt:

292
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over the strata. For simplicity, we assume at first that only a single
primary unit is chosen, that is, that n = 1. This case is not so impractical
as it might appear at first sight, because when there is a large number of
strata we may achieve satisfactory precision in estimation even though
n, = 1. In a series of monthly surveys taken by the U.S. Census Bureau
to estimate numbers of employed people, the primary unit is a county
or a group of neighboring counties. This is a large unit, but it has adminis-
trative advantages that decrease costs. Since counties are far from uniform
in their characteristics, stratification is extended to the point at which
only one is selected from each stratum. Consequently, the theory to be
discussed is applicable to a single stratum in this sampling plan.

As in preceding chapters, the quantities to be estimated may be the
population total Y, the population mean (usually the mean per element
Y), or a ratio of two variates.

Notation. The observation for the jth element within the ith unit is
denoted by y,;. The following symbols refer to the ith unit:

Population Sample
Number of elements M; m;
Mean per element Y, ¥
Total Y, =MY, yi = my;

The following symbols refer to the whole population or sample:

Population Sample
N n
Number of elements My= > M, > my
N n
Total Y = z Y; zyi
Mean per element Y=YMy 5 =ul3Sm,
Mean per primary unit Y=YIN §=2uyin

11.2 SAMPLING METHODS WHEN n =1

Suppose that the ith unit is selected and that it contains M, elements,
of which m; are sampled at random. We consider three methods of
estimating Y, the mean per element.

I. Units Chosen with Equal Probability

-

I

Estimate = §; = ¥;.

The estimate is the sample mean per element. It is biased, for in
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repeated sampling from the same unit the average of 7, is Y., and, sing
every unit has an equal chance of being selected, the average of Y, is

1 N —

— Y=Y, (sa

NZI (say)
But the population mean is

N

_ 2 M.Y; N

Y== | where M = > M,
M i=1

Hence the bias equals (Y, — Y). Since the method is biased, we shg'.

compute the mean square error (MSE) about Y. Write
= Y=G—- Y+ - V) + (¥, - 7

Square and take the expectation over all possible samples. All contriby
tions from cross-product terms vanish. The expectations of the square’
terms follow easily by the methods given in Chapter 10. We find

_ 1M, —m)S,2 , 1 ¥ o = -
E R N el SR Y S T . — 2 Y, Y
MSEGD) = 82 ar m TN — TP+ (V= P2 (11

within units between units bias
where
S L3 Y,
2 & o (y:5 — Y))*
M, — 1 2 B

is the variance among elements in the ith unit.

The MSE of g contains three components:
within units, one from variation between the tr
one from the bias.

The values of the m; have not been specified. The most com
is either to take all m, equal or to take m, proportional to M, that ;
subsample a fixed proportion of whatever unit is selected. ::rhe C}llso’.(“_

JNS

of the m, affects only the first of the three components of the variance .
component that arises from variation within units, W

one arising from variatjp-
ue means of the units, 5.

mon Choi::

II. Units Chosen with Equal Probability

Estimate = j,; = NM.y,

0

This estimate is unbiased. Since ¥; is an unbiased estimate of V. e
k3} -

product M., is an unbiased estimate of the unit total Y,. Hence Ny,
is an unbiased estimate of the population total Y. Dividing by M,, ¢

total number of elements in the population, we obtain an unbiag:
estimate of Y.
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To find V(#;(), which, of course, equals its MSE, we have

gy — Y = NMg: _ Y
M,
S gy My )
0 M,

Now M, Y, = Y,, the total for the unit, and ¥ = NY/M,, where Y is the
population mean per unit. This gives

_ = NM,;
yu— Y=

_ v N -
(: — YD)+ —(Y, = Y)
o M,
Hence
N N S2 2 N N S ( 2)
Vign) = —> MM, — m) = + — Y, —Y) 11.
. M? Zl ) m; My 21(

The between-units component of this variance (second term on the
right) represents the variation among the unit totals Y;. This component
is affected both by variations in the M, from unit to unit and by variations
in the means Y, per element. If the units vary considerably in size, this
component is large even though the means per element Y, are almost
constant from unit to unit. Frequently this component is so large that
gy has a much higher MSE than the biased estimate #;. Thus neither

method I nor method II is fully satisfactory.

III. Units Chosen with Probability Proportional to Size
Estimate = 7,y = y; = sample mean
This technique is due to Hansen and Hurwitz (1943). It gives a sample
mean that is unbiased and is not subject to the inflation of the variance
in method II.
In repeatcd sampling, the ith unit appears with relative frequency M [ M,.
Hence

v
_ - M; = =
E(yn) = Z AT Y, =

i=1 0

h-<

Further, -~ _
Jin— Y= (G — Y) + (Y, — ?)
Average first over samples in which the ith unit is selected.

_ = M, — m\ S,2
E(gy— Y2 = (_;)_21_
LAl ) M.

1

+ (Y, - Y

m;

Now average over all possible selections of the unit. Since the ith unit s
selected with relative frequency M;/M,,

N 2 N _
V(i) = Ml[z(Mi —m) Sy S M, - 7)2] (11.3)
; i=1

oLi=1 ;
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Note that, as in method I, the between-units component arises from
differences among the means per element Y, in the successive units. If
these means per element are nearly equal, this component is small.

Example. Let us apply these results to a small population, artificially
constructed. The data are presented in Table 11.1. There are three units, with

TABLE 11.1
ARTIFICIAL POPULATION WITH UNITS OF UNEQUAL SIZES
Unit Yij Mi Y,' 5212 Y, }—,i - }:
1 0,1 2 1 0.500 0.5 —-2.25
2 1,2,2,3 4 8 0.667 2.0 ~0.75
3 3,3,4,4,5,5 6 24 0.800 4.0 +1.25
Totals 12 33

2, 4, and 6 elements, respectively. The reader may verify the figures given for
Y;, Spi* and Y,. The population mean Y is 32, or 2.75. The unweighted mean

of the Y, is 2.167 = Y,, so that the bias in method I is —0.583. Its square, the
contribution to the MSE, is 0.340.

One unit is to be selected and two elements sampled from it. We consider four
methods, two of which are variants of method I.

Method Ia.

Selection: unit with equal probability, m; =
Estimate: ¥, (biased).
Method Tb.
Selection: unit with equal probability, m; = +M,.
Estimate: 7; (biased).
Method II.
Sele_clion: unit with equal probability, m; =
Estimate: NM 3,/M, (unbiased). ’
Method I11.
Sele;tion: unit with probability MMy, m; = 2.
Estimate: ¥; (unbiased).
~ Method /I, (proportional subsampling) does not guarantee a sample size of 3
(it may be 1, 2, or 3), but the average sample size is 2.

By application of the sampling error formulas (11.1), (11.2), and (11.3), w,
obtain the results in Table 11.2.

!
[

N

TABLE 11.2

MSE’s oF SAMPLE ESTIMATES OF Y
o Contribution to MSE from Total
Method Within Units Between Units Bias MSE
la 0.145 2.056 0.340 2.541
16 0.183 2.056 0.340 2.579
I 0.256 5.792 0.000 6.048
111 0.189 1.813 0.000 2.002




SUBSAMPLING WITH UNITS OF UNEQUAL SIZES 297

Although the example is artificial, the results are typical of those found
in comparisons made on many populations. Method 111 gives the smallest
MSE because it has the smallest contribution from variation between
units. Method II, although unbiased. is very inferior. Method la (equal
size of subsample) is slightly better than method 16 (proportional sub-
sampling).

Some comparisons of these methods have also been made on actual
populations. For six items (total workers, total agricultural workers,
total nonagricultural workers, estimated separately for males and females),
Hansen and Hurwitz (1943) found that method III produced large reduc-
tions in the contribution from variation between units as compared with.
the unbiased method II, and reductions which averaged 309 as compared
with method 1. (They assumed the contribution from variation within
units to be negligible.) In estimating typical farm items for the state of
North Carolina, Jebe (1952) reported reductions in the total variance of
the order of 159 as compared with mecthods of type I. In both studies
the primary unit was a county.

11.3 SAMPLING WITH PROBABILITY PROPORTIONAL
TO ESTIMATED SIZE

As mentioned in Chapter 9, the sizes M, of the units are sometimes
known only approximately from previous data, and in other surveys
several possible measures of the size of a unit may be available. Let z; be
the probability or relative size assigned to the ith unit, where the z, are any
set of positive numbers that add to unity. We still assume n = 1.

Method IV. An unbiased estimate of Y is

Fiv = M.y, (11.4)
=M,

This follows because, in repeated sampling, the ith unit appears with
relative frequency z,, so that

_ S M-z]) SMg o
E -} = poit (__: — tJe —_ }/
(F1v) ?:1 A\Tm, gl_Mo

The variance of 7y is obtained in the usual way. Write

giv — V=M _ g [by (11.4)]
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In the variance, each square receives a weight z,. Hence
_ 1 [EMM; — m) S, | &_ (MY, =\?
V(i) = ,,[Z (M, — mg) Se” 2:,.(— — MOY) ] (11.5)
MLz, z; m;, =1 z;

If z; = M,/ M,, (11.5) reduces to (11.3) for V(jy). If z; = 1[N (initia]
probabilities equal), (11.5) reduces to (11.2) for the variance of the unbiased
estimate when probabilities are equal.

Unless z; = M,/ M,, the between-units component in (11.5) is affected
to some extent by variations in the sizes M, as well as by variations in the
means per element Y,.

TABLE 11.3
COMPUTATION OF V(Jv)

i M(M; — m,) N Y: Y;
Unit Mi Mi/MO z; n; ___'—m— S‘.Zi“ y’- - T Y
1 2 0.17 0.2 2 0 0.500 1 5 —28
2 4 0.33 04 2 10 0.667 8 20 —-13
3 6 0.50 0.4 2 30 0.800 24 60 +27

Example. Table 11.3 shows the computations for finding V(j1v) in the
artificial population in Table 11.1. The z; have been taken as 0.2, 0.4, and 0.4,
and the m; = 2.

From (11.5), the variance comes out as follows:

M(M; — m;)S,;
-3

zm;

within-units contribution

2/M02 =0.213

between-units contribution = Y Zi(“.):i — Y)Z/M02 = 3.583

Comparison with Table 11.2 shows that method IV has a lower variang,
than the unbiased method II in which the primary unit is chosen Wit
equal probabilities, but method IV is decidedly inferior to method I ar
method III. In this example method IV pays too high a price in order to
obtain an unbiased estimate.

Consequently, it is natural to consider whether the sample mean (as i,
method 1) would be better than the estimate adopted in method IV“

V. Units Chosen with Probability Proportional to Estimated Size

Estimate = 7, = §, = sample mean
The estimate is biased, since, for example,

E(7) =3 2Y, =7

z

N<
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If the 2, are good estimates, Y, is close to the correct mean ¥ = S M, ¥,/ M,
and the bias is small.

If we write
Yy — Y = F: — Y:) + (Yi— 7:) +(7:—' 7)
the three components of the MSE work out as follows:
N —om)yS.2 N - -,
MSE@y) = $2Mi = M) Sod | Sy _¥)2 4 (T, — T
i=1 M, m; i=1
Example. If the values of z; and m; are chosen as in Table 11.3, the reader
may verify that the components of the variance of jy are as shown in Table 11.4.

TABLE 11.4
CONTRIBUTIONS TO THE MSE IN METHOD Vv
Within Between Bias Total
Units Units MSE
0.173 1.800 0.062 2.035

This is superior to all methods except method 11 (pps) and is almost as good
as method III.

The variances of these five estimates could have been found as particular
cases of theorem 10.1, but with n = 1 they were easily found directly.

11.4 SUMMARY OF METHODS FOR n=1

The five methods of estimating the mean per element ¥ and their
MSE’s in the numerical example are summarized in Table 11.5.

TABLE 11.5
TwoO-STAGE SAMPLING METHODS (n = 1)
Probabilities in Estimate Bias MSE
Method Selecting Units of ¥ Status in Example
)| Equal ¥y Biased la: 2.541
16: 2.579
NMg; .
11 Equal Unbiased 6.048
M; .
11 — « size ¥ Unbiased 2.002
MO
. . Mi:‘?z .
1v z; o estimated size Unbiased 3.796
Z,‘MO

A" z,; o estimated size Y Biased 2.035
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11.5 SAMPLING METHODS WHEN n > |

The principal sampling methods for #» > 1 are natural extensions of
those discussed in sections 9.8 to 9.12 for one-stage sampling from cluster
units of unequal sizes. Consequently we can use both the variance formulas
developed in these sections and the comparisons made between the
methods.

In the following sections the formulas for the true and cstimated MSE’s
for the most useful methods when # > 1 are presented. For each method
the conditions under which the estimate becomes self-weighting are noted,
in view of the practical convenience of self-weighting procedures.

11.6 UNITS SELECTED WITH EQUAL PROBABILITIES.
RATIO-TO-SIZE ESTIMATE

For estimating the population mean Y, there are several possible
extensions of method I. The one that seems most generally useful is

il

n
s _ 2 Mg
R ==
2 M,
This is a typical ratio estimate because both the numerator and the
denominator vary from sample to sample. As is characteristic of rati;

estimates, the estimate is biased, but the bias becomes negligible when
large. To find the approximate MSE, write

b~<

n s

My v _IMG -V IMG - )
z M, ﬁ: M, nM

where M = M,/N is the average size per primary unit.
To apply theorem 10.1, p. 272, write

' Mi_i_= '—‘_= <
y=M&=0 oy, MF -V o Sy, Lo
nM nM

N

It follows that ¥'is the unweighted mean of the variates M ( Y, — )=’)//r;
Hence, by theorem 2.2,

N _
y(}‘n) _ 1 "fle;‘Z(yﬁ — YY)
YL N —1
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Further, in the notation of theorem 10.1,

9 o 1 0, — I7ZA\D
O'Oi‘=E!i'—)/;l“= —.,EM;",'—Y{_
> (¥ ) ey T M7 )
1 M1 — fo)S:]
712M2 m;

Hence, by theorem 10.1,
A . N N
MSE(Yp) = V(¥') = V(¥’') + > ma,°

N
_ 2V _ Y\ N 21 2
=1 _flex(Y: Y) + 1_22M1(1 21)521 (116)
nM? N —1 nNM m;
This estimate reduces to the sample mean, that is, becomes self-weighting
if
'

Nn; m
»; = — = constant = — = f, (sa
f» M, 7 f» (say)

In this event the within-units contribution may be expressed more simply,
giving

N
— 2 —_ — Y 2 — .\' .
MSE() = L= M = V) 1=, (ﬂ')szﬁ (1.7)
MYN — 1) ni
The resemblance to the corresponding formula when the primary units
are of equal sizes may be noted. From (10.10), section 10.3, we had

o

N _ -
v =L mh2ZT = 1=ty (l)szf (1L.8)
n N — 1 nm N

The difference is that in (11.7) the contributions from the primary units
to the MSE are weighted.

An approximate sample estimate of the MSE in (11.6) is given by
theorem 10.2. For the between-units component ¥(¥) the usual sample
estimate (subject to a bias of order 1/n), is

o F) = L= h EMET = Vo) (11.9)
nM? n—1

where Y, = > M,Y,/S M, The *“copy” of this is

o (§) = L= A 2 M — Ve (11.10)
nm? n—1

noting that Y, = SMG./3 M, is the copy of Y,.
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For 0,2 an estimate is

2 1 Mi2(1 —f2i)s2i2

Gy = =
n®M? m,

1

where, as usual,
Z (y:; — 37i)2

2 __
Sgi =
m; — 1

Hence, by theorem 10.2, a sample estimate of the MSE is

v( 7‘3) = v(y) = oY) + 5:7”.-&2:‘2

1AM = VP | S $MA = s
nih? n—1 n?M? m,

1

(1ran

By a more detailed analysis, Sukhatme (1954) has given a more accurate
estimate of the within-units component.
For a self-weighting sample, (11.11) simplifies to

A

1% 1—f iM-z(z?-—Y)2 L = f) <
U(Y —_ _ 1 i i R 1 2 M. 2
R) an n—1 + nzrﬁﬂ z iSo¢ (111:)

In both (11.11) and (11.12) note that if f; is negligible the estimated
variance reduces to its first term.

Example. From the volume American Men of Science, 20 pages were seleced
at random. On each page the ages of two scientists, from two biographies a}
selected at random, were recorded. The total number of biographies per pag

varies in general from about 14 to 21. Estimate the average age and its standar
error from the data in Table 11.6.

From the extreme right column,

;:,n _ 2 Mg, 17,1215

S, =35 = 47.7 years
Since n/N is negligible, we have from (11.11),
R 7 _ =
(V) = 2 },:/IAL;S(I,; : ])R)2

The numerator is most easily computed as

z (Mi.']i)z - 2?,, z (Ml?}i)Mf + ?22 Miz
= 15,375,020 — (95.3844)(309,747.5) + (2274.55)(6481) = 571,300
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TABLE 11.6
AGES OF 40 SCIENTISTS IN American Men of Science (n = 20, m = 2)
Ages
Unit Total

No. M; ¥n Yia Yi M.y,
1 15 47 30 77 5715
2 19 38 51 89 845.5
3 19 43 45 88 836.0
4 16 55 41 96 768.0
5 16 59 45 104 832.0

6 19 39 38 71 731.5
7 18 43 43 86 774.0
8 18 49 51 100 900.0
9 18 45 35 80 720.0
10 18 46 59 105 945.0
11 20 71 64 135 1,350.0
12 18 35 46 81 729.0
13 19 61 54 115 1,092.5
14 19 45 87 132 1,254.0
15 18 31 38 69 621.0
16 16 64 39 103 824.0
17 16 63 47 110 880.0
18 19 36 33 69 655.5
19 19 61 39 100 950.0
20 19 54 34 88 836.0
Totals 359 1,904 17,121.5

Since M = 359/20, as estimated from the sample, this gives

(20)(571,300)

o(Yr) = (19)(359)2

s(Y,) = 2.16 years

= 4.67

303

When primary units are selected with equal probabilities, an alternative
estimate of the population mean is

1. _
@+ Gt T
n

This estimate is self-weighting if m, = constant, as in the preceding
example. When M, and Y, are uncorrelated, this estimate may be satis-
factory, but it is liable to a bias that does not vanish even with n large
when M, and Y, are correlated.
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11.7 UNITS SELECTED WITH EQUAL PROBABILITIES.
UNBIASED ESTIMATE

The unbiased estimate (method Il in section 11.2) is

TA’H N
nM,

| - _
— Mxyi
=-—=2

To find the variance, separate the error as usual into the within-units and
between-units components, by writing

- n _ 1 n _
- Y=—1:2M,-(37,-— )+ =3~ T

nM

=i

where we have used the facts that Y, = M,Y; and that Z YInM =
Y/M =Y. By squaring and taking the average, we find (putting the
between-units component first)

1 — f, z(y. — Y)? 1 I MAL — £,)S,2
V Y — 1 7 — i 23 27
(Y niM? N —1 + nNM?‘z m,

H

(11.13)

Like the ratio-to-size estimate, the unbiased estimate becomes self-
weighting if f,, = m,/M; = constant = f,. We then have

v — L MJ;__

u

i oM - nf2 5;" z (11.14)

With a self-weighting estimate, the variance in (11.13) can be expressed as

N
VFy=toh 2=V 1=

— 'S, 11.
nh? N — 1 nmN M (1L.15)

For an unbiased estimate of (11.13) from the sample, the usual pro.
cedure leads to the formula

i

1 _flé(Migi — 3711)2 + fi 2": Mi2(1 _f2i)52i2

v( ?") v 2772
nM n—1 n‘M m

(11.16)
where ¥, = SM.j,/n.
For the self-weighting estimate (11.14), this reduces to

. _1—=f 3 MG — V) A~
v y" — — 1J1 u + _ Ms{,' 11.1
(Y.) nhf? n—1 nmM Z ( D
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Example. For the data in Table 11.6 the unbiased estimate requires a
knowledge of N (thc number of pages) and M, (the number of biographies in the
book). N is 2823 and M, is given as about 50,000. Accepting this figure for
illustration, we have

, 2823
* " (20(50.000)
From (11.16), with & = 50.000/2823 = 17.712,

1
(20)(17.712)*(19)

The s.e. of the estimate is 2.45 years.

(17,121.5) = 48.3 years

oY) = [(577.5)2 4o+ (836.02 — (_‘7_‘2_12] = 6.021

20

11.8 UNITS SELECTED WITH PROBABILITY PRO-
PORTIONAL TO A MEASURE OF SIZE.
UNBIASED ESTIMATE

Primary units are selected with probabilities proportional to z,. Selection
with replacement is assumed for simplicity. Results for z; = M /M,
(probability proportional to size) follow as a special case.

The subsample of m; subunits from the ith unit is assumed to be drawn
without replacement. 1f the ith unit is drawn twice, we suppose that the
whole subsample is replaced, and a new independent drawing of m;
subunits, again without replacement, is made.

An unbiased estimate of the population mean (extension of method 1V)

is

= 1 X M.y,
Yopes = —= 11.18
ppe nM, z; ( )
To find the variance, write
v v 1 XM —Y) - (Y- )
Ypnes — Y = AR L4 Y (11.19)
e nM, 2 z nM, 2 z;
The between-units component may be written
1 & (Y- )
L= =Y
nM, 2 3
1ts variance, V,, is obtainable from theorem 9.3 as
AY 2
vy = ! ,,Z:,-(Z" - Y) (11.20)
nM,* z; ,

The within-units contribution to the variance for a unit that is drawn once
is, by theorem 2.2,
1 M2 = fo)Sy

9
n*Mg? iy

2 H
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If the unit is drawn ¢, times, each drawing contributes the same amount
since successive drawings are independent. This gives

1 M2 — £,)S.32
V — 1 1 P4
Z(IPu) )12M02 z

zm;
Hence, )
1 M2 — £2)S:f

)

2
nMg z,m;

Ve = E[Vy(|pw)] = (1121

There are other ways in which the subsamples may be drawn. If the
ith unit is selected ¢, times, one variant is to draw a subsample of size
m;t; without replacement, provided, of course, that M; > m.t, Th;js
method is more precise but will be slightly costlier, since more subunijs
have to be measured. Sukhatme (1954) has shown that the within-unij
contribution to the variance for this method is

n— IEV:M-S2 "
nM02 = ( -22)

Vo —

where V, is as given in (11.21).
Another possibility is to draw a single sample of size m,, no mater
how many times the ith unit is selected. This sample receives a weight

1; in making the estimate. The within-units contribution to the variane
is found to be

Ve + 2

nM,? m

n—1g Mi2(1 _fZi)SZiz

The differences in precision among these three methods may be shown 4,
be small if the over-all sampling fraction is small.

To continue with our first method of subsampling, we have from (IT.2q)
and (11.21),

% 1 3 (Y 3 1 I MA — £)S,°
V(Y cs) —_ z, (__1 _ Y) + i 2i/24 1 N
(Yo nM,? 2 z; nM,? 2 z;m; (11.23

To discover when the estimate becomes self-weighting, write

% 1 &M, T
Yppcs = 2,, z Yi;
nMg T zm,

The necessary condition is therefore

M,
—= = constant = n (say) (11.24
z;m; o

so that the estimate becomes > >, ,/f(M,. The quantity f, may be defined
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as the expected over-all sampling fraction. For the expected number of
subunits in the sample is

n N N
E(z m,-) = E(z t,-m,-) =ny zm; = oM,
using (11.24).

From (11.24), m,/M,; = fo/nz;. If f, is chosen in advance, the field
worker can be told what subsampling fraction m,/M,; to take before he
goes to the primary unit. For example, suppose that an over-all sampling
fraction of 29 is aimed at, so that f; = 0.02, and that n = 60 primary
units have been selected. If z; = 0.0026 for one unit, we must have
m;/M,; = 0.02/(60) (0.0026) or ] in 7.8.

An unbiased estimate of ¥/( 7,,m) is the simple expression

T _ e
L(Yzapcs) "(” _ I)M Z(y, y) (1125)

where ¥,/ = M,j;/2, and 7’ is the unweighted mean of the y,”. For a self-
weighting sample, y,' = ny,/fo, where y, is the sample total in the ith unit.

Proof. Theorem 9.5, section 9.10, showed that if the ¥; = M,Y, are
known, an unbiased estimate of the between-units contribution (on
dividing by M?) is

mi[g’—(g)r where( )_—z—

Hence we write, in the usual way,

R M)

The within-units component of > (¥, — #')%, for a fixed set of primary
units, is
n— 1 I MEAL — £5)S57
z 2 2

2
2 m;

n
Its over-all average is

R , ~ Nle_"iSiz
B[S0 - 7P| = -y MU=l
Hence, on dividing by n(n — 1)M,?, we obtain the correct within-units

contribution to V(Y omes) in (11.23). This establishes the result (11. 25).
With a self-weighting sample, (11.25) takes the simpler form

Y S P 11.25)
(Y ppes) = (pz—l)(foMo)ZZ(J’ 7) (

where y, is th e sample total in the ith unit.

Z;m;
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11.9 UNITS SELECTED WITH PROBABILITY PRO-
PORTIONAL TO SIZE. UNBIASED ESTIMATE

If z; = M, [M,, the unbiased estimate (11.18) reduces to

a

, 1 ) _
Yopes == + ¥+ "+ ¥,) (11.2¢
n

Clearly, this estimate becomes the unweighted sample mean per subur*
yif m; = m.
From (11.23), the variance is
N 1 .\'M—! 1 _ff.'i

= ] M tvd 372 2 :
V(Y, ) =-2> —(Y,— YY)+ - —= 8, 11.2-
Ypp) = -3 MO( D) M. (11.2

and from (11.25), since y, becomes My¥,, an unbiased estimate of varianee
1S

1 n N __’t_ o
Ds) = z (g — Ymrs)— (11,28
nin — 1) :

If m;, = m, this may be written

:.\
b

1 n o
-2 (4, — ¥ (11.0¢

(P L
rs) n(n — ym*

where y, = mj; = sample total in the ith unit.

11.10 UNITS SELECTED WITH PROBABILITY
PROPORTIONAL TO A MEASURE OF SIZE.
ESTIMATE: RATIO TO SIZE.

In surveys in which selection of units with probability Proportiong 0"
size appears highly efficient, but the sampler possesses only estimm;
z; of the relative sizes, the unbiased estimate in section 11.8 may give l:\
high a between-units contribution to the variance, as happened ip l\\;.
numerical example in section 11.3. An alternative estimate (extensi:t
of method V) is the biased estimate )

v z Ml??i/zi
YRnprs = T
Z Mz/zz

The numerator is an unbiased estimate of n Y, and the denominator -
unbiased estimate of nM,. The estimate becomes the unweighted samyp.

mean 7 if m;/M, = fi/nz,, the same condition that held for the unbigg.:
estimate.

(11 3¢



SUBSAMPLING WITH UNITS OF UNEQUAL SIZES 309

Since this estimate is a particular case of the more general ratio estimate
discussed in section 11.14, the variance formulas will be proved there.
Assuming n large,

17 L oeM? 1 I ME(1 —£5)Ss°

V(Y es) = o )_,i - 7 2 +
(Yrpped) nMO“Z 2, ( ) nMO22 zm,

(11.31)

The estimate of variance (slightly biased) is

o(Fpppe) = ———— 5 [Mf @ — ?R,m)]z (11.32)
' n(n — HM? % )

When the sampling is self-weighting, this can be written

= — S — mg) 11.33
o(7) (”_l)(foMO).lZ(y, mg) (11.33)

11.11 COMPARISON OF THE METHODS

In section 9.12 the precisions of the following three sampling plans
were compared for one-stage sampling with units of unequal sizes:

Selection of units: equal probabilities. Unbiased estimate.
Selection of units: equal probabilities. Ratio-to-size estimate.
Selection of units: probability proportional to size. Unbiased estimate.

In two-stage sampling the conclusions drawn in section 9.12 remain
valid for the between-units contribution to the variance, because this
contribution is the same as the variance for the corresponding one-stage
plan. To summarize from section 9.12, it was found that if Y; is uncor-
related with M, or changes only slightly as M, changes, the pps estimate
and the ratio-to-size estimate are superior to the unbiased estimate. The
superiority may be great if the M, vary substantially. On the other hand,
the unbiased estimate wins if unit totals Y, are uncorrelated with M.

The relative performances of the ratio-to-size estimate and the pps
estimate depend on the relation between the variance of Y, and M, If
V(Y,) is proportional to M,~?, the pps estimate is more precise if g <1
and less precise of g > 1. The condition g < 1 probably approximates
the situation in the majority of applications.

For each sampling plan in section 11.5 to section 11.10, thc? self-
weighting form of the estimate was given. Unless the within-unit variances
S,2 differ greatly from one another, the use of a self-weighting plan should
not incur any material loss of precision. As we have seen, the choice of
the m, affects only the within-units contribution to the variance. As
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shown by (11.6) and (11.13), the within-units contributions are approxi-
mately the same for the ratio-to-size estimate and the unbiased estimate,
that is,

i N M '2( 1 — f2 )SZ 2 1 ( N M _250 2 AY )
V., = _ i 7 L E— — i 20 Mx'S"'i2
2 nNMzz m; nNAM?® 2 m; 2 -

If the m, are chosen to minimize ¥, for a fixed total sample size Zm,, we
find m; oc MS,;. The self-weighting estimate requires m; oc M,. For the
pps estimate, the reader may verify that the minimum V; is given by
choosing m; oc S,;, whereas the self-weighting plan has m; = constant,
In comparing the within-units variances for the different plans, we
assume that the self-weighting forms are used. From (11.7) and (11.27)
the V, terms are as follows:
N -
equal: V, = L > (l — —)—-‘ S.?

nm

N -
pps: V, = L_Z (1 — i)M—‘ Sal?
nm

The two expressions differ only in one minor respect. With equal probg.
bilities, the fpc term is the same in all units, whereas with pps sampling
m|M, is smailer in the larger units and therefore (1 — #/M,) is larger iy
the larger units. Since S,2 is often greater in large than in small unitg,
pps sampling gives perhaps a higher within-units contribution. With the
subsampling fractions that are common in practice, however, the difference
should be trivial. In the example in Table 11.2, section 11.2, the v,
contributions were 0.189 for pps sampling and 0.183 for the self—weightiné
form of the ratio estimate (method 1b).

In a comparison of the three plans, the net cffect of the Within-unitS
contribution is therefore to dilute the differences created by the betweep,.
units contributions so that relative precisions will not differ so greatly 5
with one-stage sampling. For instance, if the between-unit contributions
for two plans are V, =2 and ¥, = | and the within-unit contribution
are ¥; = 1 in both plans, the relative precision of the poorer plan is
increased from } in one-stage sampling to § in this two-stage sample.

In the preceding comparisons we have not included ppes sampling, If
the estimates of size are fairly good, ppes sampling, with the ratio-to-size
estimate (extension of method V), should perform about as well as pp
sampling. With the unbiased estimate (extension of method 1V), the
precision should be intermediate between that for pps sampling and thg,
for the unbiased estimate with units chosen with equal probabilities.

The choice of a sampling plan will be influenced by the amount of
knowledge required about the M,. In all the plans the M, must, of course,
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be known for the # primary units that are in the sample, and pps sampling
demands a knowledge of all the M, in the population. For estimating
the population mean, the unbiased estimates, with either equal proba-
bilities or ppes, require a knowledge of M,, the total number of subunits
-in the population, whereas the corresponding ratio-to-size estimates do
not. For estimating the population rotal, the situation is reversed.

11.12 RATIOS TO ANOTHER VARIABLE

In two-stage sampling the quantity to be estimated is often a ratio Y/X.
This happens for two different reasons. As mentioned previously, if z is
the value of y at a recent census, the ratio y/x may be relatively stable.
An estimate of the population total or mean of y that is based on this
ratio may be more precise than the estimates considered in this chapter.
This was found to be the case for sampling farm items in North Carolina
[(L. H. Madow (1950); Jebe (1952)].

Ratio estimates of this type are encountered also in the estimation of
proportions or means over parts of the population. In an urban survey
with the city block as primary unit, an example of a proportion of this
type is

number of employed males over 16 years

total number of males over 16 years

If y;; = 1 for any employed male over 16 and y,; = 0 otherwis, §nd
z;; = 1 for any male over 14 and z;; = 0 otherwise, the population
proportion is Y/X. Other examples for this type of survey are the average
income of families that subscribe to a certain magazine or the average
amount of pocket money per teen-age child.

11.13 VARIANCE OF THE RATIO WITH EQUAL
PROBABILITIES OF SELECTION

Formulas for the MSE and estimated variance are easily found from
results already established. Consider first the selection of units with equal
probabilities. The ratio estimate is

R =

Now, with R = Y/X,
. (i, — R7T; 1 2 _ _
R—R= Z M;(?/z Rz;) L z M, — RZ)
> M.z,
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where we approximate as usual by replacing > M %, in the denomina:-
by its expected value nX/N or nX.

Let d,; = y,;; — Rz,;. By the definition of R, the population total D &
the population mean per subunit D both vanish. With the ratio-to-¢-.
estimate (section 11.6), the approximate error of the estimate was express.

n — — .
as > M (F; — Y)/nM. With the present ratio estimate, the approxima:

n —
error may be written as > M,(d; — D)/nX. Hence variance formulas f.-
R are obtainable from those in section 11.6 by replacing y;; by d;; a-:
multiplying by (M/X)2.
For the true MSE, this gives, from (11.6),

N
- 1 —fi3SMXY, — RX)* 1 IMA —f)
MSE(R) == — 1 ! L LA : 24 820. ,
5 nXx* N —1 nNyzi m, azi (11,32

where
Mi

1 — —
S = . — Rx,) — (Y. — 12
d2i Mi —1 Zl[(y” I”) (Yx RX:)]

If f,;, = m,/M,; = f, = constant, R reduces to the ratio of the samp':
totals £2y,;/2Zz,;. The MSE then takes the form

AY
1 —f, zMiz(Yi'—R/\_,i)z 1 -1 > M, .
: + > =Sk (1

MSE(R) = — =
(R nx? N —1 nmX?® T M,

For the estimated variance, substitute 4;; for y,; and X for Min (11
for v(Yg). The resulting expression contains R. Substitute R fo ;

noting that the term ¥, in (11.11) becomes zero. This gives

why— L= {1 > MG — Rz fi "21\/!,-2( 1 — foi)Sas;
nX n—1 n?Xx? m;

(11

11.14 VARIANCE OF THE RATIO WITH ppes SELECTIQN

If primary units are selected with probabilities proportional to z,
replacement, the estimate is

(I.xy
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The numerator and denominator are unbiased estimates of nY and nJX,
respectively. To find the variance, write

5 My — R¥)[z . 1 & MJ(y;, — RT,)
R bt R == z ” == ”—X Z .-’—
z NIiTl/:l i

1

On comparing the approximate error of R with that of the unbiased
estimate 7,,,7,,. (section 11.8), it follows that V(R) can be derived from

V( T%MW) by replacing y,; by d,; = y,; — Rx,;, and M, by X. From (11.23),
this gives
A N M1 = £.)S2,.
vy = - 51y, — Ry + L 3 MU e (438
nX=" z nXx- z,m;

The estimate R reduces to the ratio of the sample totals if

L["- = constant = i

I, 0

this condition being the same as that for ”7,,,,(,3.
From (11.25), a sample estimate of V(R) that is slightly biased is

1

_ S (1) — R\ 11.39)
v — I)X,_,zw, x;) (

where ;' = M,j,/=; and x/ = M3 /=,

11.15 CHOICE OF SAMPLING AND SUBSAMPLING
FRACTIONS. EQUAL PROBABILITIES

This problem is discussed first for the ratio-to-size estimate when unifs
are chosen with equal probabilities. The subsampling fraction m, M, is
assumed constant, so that the estimate is the sample mean per element.

The simplest cost function contains three terms:

¢, = fixed cost per primary unit
¢y = cost per subunit
¢, = cost of listing per subunit in a selected unit

The third term is included because the sampler must usually list the
elements in any selected unit and verify their number in order to draw a
subsample. Hence

cost=c,n+co>m+c, > M, (11.40)
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This formula is not usable as it stands, since the cost depends on th
particular set of units that is chosen. Instead, consider the average cos
over n units, which equals

E(C) = c,n + conimi + cnM = (¢, + ¢,MIn + coni = cn + e

(11.4n
where ¢; now includes the average cost of listing a unit.

From (11.7) in section 11.6,

N
— Y. — V2 — N .
MSE(7) = - f‘zhf;(y' W plotes Mig e
n MYN — 1) nim M,

Write
N —
52— ZMAY, =~ V)
M¥N — 1)
This is a weighted variance among unit means per element. Itis analoggys
to the variance S;? in section 10.6 and reduces to S;* if all M, are equal.
We may also write

N M
S 2 —ig i2
2 2 MO 2
This is a weighted mean of the within-unit variances. It reduces to the
S,? of section 10.6 if all M, are equal.
In this notation
_ 1 2 1
MSE(7) = —(s,ﬁ - -5—) + 5 — S (114>

n Y] nm

The cost and MSE equations (11.41) and (11.42) are of exactly the sgp.
form as those in section 10.6, except that /n replaces m, S,? replaces 5.
and ¢, includes the cost of listing. Hence, from (10.18), A

S |a
JS,2 — SN ¢
The methods given in section 10.6 for utilizing knowledge about th

ratios Sp/S, and c,/c, to guide the selection of Wi, are applicable heg

The unbiased estimate when units are drawn with equal probabilities o
be handled similarly.

m,,; =

(11.4»

The next section presents a more general analysis of this problem.

11.16 SAMPLING AND SUBSAMPLING FRACTIONS
FOR ppes SAMPLING

An i‘mpOftant analysis by Hansen and Hurwitz (1949) shows how
determine simultaneously the optimum probabilities of selection of units
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and the optimum sampling and subsampling fractions. The analysis is
presented for ratio estimates R. Units are selected with probabilities
proportional to z,. The subsampling fractions are assumed chosen so
that R reduces to Xy, /ZXz,;. From section 11.14 this requires m; =
kM [z;, where we have used & in place of the previous fy/n.

As in section 11.15, the cost function is

C=cn+cym+tcyM,
This cost function applies only if good preliminary estimates of the sizes
of all units in the population are available, since listing costs are included
only for those units that appear in the sample. If the whole population
has to be listed in advance, pps sampling is seldom economical for a
single survey unless listing is extremely cheap.
Since

n N N
E(z m,-) = Y nzm; = nk > M; = nkM,

E(i M,-) = i nz;M
the average cost of sampling n units is
C =c,n+ conkMy + c,rri\z,Mi
In attempting to minimize V(R) for fixed average cost, the variables at

our disposal are n, k and the probabilities z,.
By (11.38) in section 11.14, the variance to be minimized is

MM, — m,) 5321

z;m;

V(R) = Z\[ (Y; — RX))* +

i

nx?
Since di; = ¥i;; — Rv,;, we may write (Y; — RX,) = M,D,. Noting
further that M [z;m, = 1/k, we have

3] 1 M 2 z Mx
V(R) = an l: N + _-k— Sde - SdZI:\

<; l

Combining the first and third terms inside the parentheses gives

N 2 2
V= XW(R) = z{lﬁ(a_ﬁ - 15&) + %Sﬁz.]
ni 2 M, k

Finally, note that n appears only in the combinations nz; and nk.
Introduce the variables z,” = nz, and k" = nk. Thus

M2 S2,;
[ e fs] o

[
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The problem is to minimize V' with respect to variations in n, k" and ti
z,/, subject to the restrictions that average cost is fixed and that

N AY
>z =1, e, >z =n
Taking 2 and u as undetermined multipliers, we minimize

N

v ‘
V+ ;'(C"" + cak'Mo + ¢, 3 =M, — C) + l‘(” - ZZ.-') (1.4
Differentiation gives

n: Ac, +u=0

- _%;(sz - %) + AeM; —p =0
that is, l !
poe _ MAD2 — ShM)

L

¢, + oM,

Since z; = z,//n and Xz; = 1, it follows that

MiDiu/\/Cu + ClMi

2 =5 (11 .-
> M. D, JJc. + M,
where
D2 = Dp — iz
M.

and it has been assumed that the D,,
the optimum selection probabilities.

The quantity D,,2 must now be examined, since it may depend op o
size of unit M,. In section 9.4 the variance between cluster unit me-.;‘
was expressed in terms of the intraunit correlation coefficient, Fr‘:-
equation 9.7, with n = 1 and N assumed large, the variance among ‘l\‘

means of a group of primary units is given approximately by

2 are positive. Equation (11.46) give

S’.Z

[1 + (M — 1Dpyx] (1t 4
where S? is the variance among subunits in the population and 7 ig ¢
average size of the primary units. The intraunit correlation has be
denoted by py; as a reminder that the correlation may depend on the s
of the unit.

Apply this result to an analysis of variance of the variate d,; into .
categories between units and within units. The symbol S, denotes o
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variance among all subunits in the population. Assuming N large and
M, = M, we have

(]

Total SS: NMS,

v (11.48)
SS between units: M Y D = NS2[1 + (M — 1)px]

where we have used (11.47) and noted that D=0 by the definition of R.
Hence, by subtraction,

SS within units: N(M — DS — py) = N(M — 1)S,,°
where S, is the variance within units. This gives
S = S0 — py) (11.49)

From (11.48) and (11.49) we obtain the average value of D,,2 for primary
units of size M, that is,
E(D;?) = li D? — Sus _ &2‘[1 + (M — Vpiz — (1 — pi)] = piaS?
wITNET M M : L= PaLSa
If M does not vary greatly, the assumption that py, is constant, hence
that E(D,?) is constant, is often satisfactory. In general, however, py
may be expected to decrease as M increases, since subunits that are far
apart are less subject to common influences. As Hansen and Hurwitz
(1949) suggest, the rate of decrease is usually small enough so that Mpy
increases, hence ME(D, ) increases, as M increases. If py; 1S zero or
negative, many of the quantities D, 2 will be negative, and the solution
given here breaks down. In this situation two-stage sampling is less
efficient than one-stage.
We can now discuss the optimum choice of the z;. From (11.46),

M Dlll
/c,, + M,
Since the values of the individual D,, are not known, we replace D;, by
its average for units of size M,, that is, by \/E(D, 2| M,) = D, y, (say)
The following deductions may be made.

I. Suppose that ¢,M,, the cost of listing per primary unit, is small
relative to c,. the fixed cost per primary unit. If D, .1, is constant, then
2; ¢ M, so that pps selection is best. If D, i, decreases with increasing
M,, optimum probabilities lie between z; oc M, and =z, oc \/M

2. If the cost of listing predominates, opumum probabllmes lie between

z, oC \/Wl_l and z; = constant (equal probabilities).
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3. If costs of listing and fixed costs are of the same order of magnitude
z; oC VM, isa good compromise.

The optimum k is found by differentiating (11.45) with respect to k.
The result is

VS M.S, i
L — (11.5%
\/M0c2 Z M; Dtu/\/cu + C2M
This result is similar to that obtained in section 11.15 for units chos:~
with equal probabilities. To see this, note that from (11.46) and (11.X
the optimum m; = kM,/z, is found to be

.' \/Z(A;!)/MO)Sde \/m = g_‘m.l; J(e, + M )/c,
u, M ; du

In this form the result is the same as that for /,,, in (11.43), noting tha:
¢, in (11.43) is ¢, + ¢, M.
Finally, the optimum # is found by solving the average cost equation

11.17 STRATIFIED SAMPLING. UNBIASED ESTIMATES

For the unbiased methods the extension to stratified sampling is straight-
forward. The subscript 4 denotes the stratum.

M, = total number of subunits in stratum h

L
M, = 2. My, = total number of subunits in the population
h

The estimated population mean per subunit is

MOh
M,

where 7, denotes the estimate of the stratum mean per subunit 7,,. Furthe-

L
Yoo = 2 Wyl W, =
n

= L l‘ D) —
V(7. = Z W2V(G), — u(F.) = Z W,20(y)

These variances are readily obtained from the formulas already given

[t is of interest to consider the conditions under which the estimgg:
pecome self- welghtmg For ppes sampling (section 11.8) the estimare:
populatlon mean is, from equation (11.18),

. L ny
y z 1 M,y

m;rs =
MO nny 2 'nhz“'hi
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where y,; is the rotal over the m,; subunits taken from the ith unit in
stratum /1. In section 11.8 we saw that the estimate is self-weighting
within strata if M,,/m,z,; = n,/fo,. With this substitution, the estimate
becomes

g

§~<

1 L
ppes — T, z
oh

1

=Sy,
’ Jon ; Y
Thus the estimate is completely self-weighting if £, the expected over-all
sampling fraction, is the same in all strata.

If units are of the same size within any stratum (i.e., M,; = M,), it was

shown in section 10.10 that sample allocation leading to a completely
self-weighting estimate is close to the optimum allocation, provided that

Sz,,/\/a is reasonably constant. A similar result holds here. From
(11.23), we have

V('A? ) = __l_liéii\zhz (Ym' Y)2+i I’IEM S2 (l m,“.):|
cs/ 7,73 D —_— i i ——l
PP M02 o on, G 2y, h < fon- ; hi2n M;.,-

where M,,;[z,;my; = ny/fon, to make the estimate self-weighting within each
stratum. The quantity f;, enters this expression in the form

1 L1
W zh:}(; 2 M;..«Sf,m (11.51)

(The term in my,/fon, arising from the second-stage fpc, may be written
M|z, and thus is a term in 1/n, rather than in 1/fy.)
With a simple cost function, the expected cost may be written

C =2 ety + 2 conforMon (11.52)
h h

since fonMon is the expected number of second-stage units to be drawn
from stratum A. In this cost function listing costs have been included in
Cip-

Hence, from (11.51) and (11.52), the variance is minimized for fixed
cost if
VI MuShi _ L S IMSE,

= = = My Moi)Soni

\/C2hM0h \/Czh Z( it Maw) Sz
The term involving variances is a weighted mean of the S5, This verifies
the result.

The estimated variance is obtained from (11.25) in section 11.8. Fora
completely self-weighting estimate, (11.25") shows that v takes the form

1 ny, o
V.. — 1
(f0M0)2 Izn n, — 1 2 (Wi In)

th o

>

~

<

(

Z)ZJPS) =
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11.18 STRATIFIED SAMPLING. RATIO ESTIMATES

With ratio estimates the familiar problem—whether to take a separate
or a combined estimate—arises. The scparate estimate is preferable if
my, is large in cach stratum and the true ratio is likely to vary from stratum

to stratum. [Its variance formulas follow at once from those for a single
stratum.

For the combined estimate, with ppes sampling, let

ny ~ 1 1A M“' _
p, = L > Moy & =23 2z,

N, i1 2y, Ny -1 24

The quantities ¥,, X, arc unbiased estimates of the stratum totals ¥;, X..

The combined rallo cstimate is defined as

L
Z Yh
R, A
Z Xh
The approximate MSE of R, is found as usual by writing
L
R — R = }'5_()/,, — RX,)

The quantity ¢, _ RX, is an unbiased ppes estimate of the stratum tota]
Yy — RX, of the variate

nii = Yp;; — Rux,;;. Hence, from formula (11.23)
in scction 11.8, rep]acmg Yui; by d,,;, we obtain

MSE(RJ ==z g z z[’_’n( ni Dh)2 + M, (1 —fzni)s}yﬁ]

Eon, o i Zpiy;
where

Dhi = )/hl — RX

My — —
Siz’“ = M 1 1 Z [(I/)ll} R:lfhij) - (Yhi - RX,“-)]Z
hi

hi

Similarly, the estimateq variance of R, is obtained from (11.25) as

- I -,
V(R,) == 1_ ) — Z(d,., dy)?
where X5 "‘(”" R
, -_' ] _ 1 ny ,
dy; = M, i, , d, =—2 dy
Zp; n, i

dln jhl R x]“
If X is not known, the sample estimate XX, is substituted for it.
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The estimate R reduces to the ratio of the sample totals of y,,; and
z,; if the over-all sampling fraction is the same in all strata.

11.19 SELECTION WITH UNEQUAL PROBABILITIES
WITHOUT REPLACEMENT

In some surveys the strata contain relatively few primary units, say
5 to 15, of which 2 or 3 are selected in the sample. Thus the primary
sampling fraction may lic between 10 and 50%. This situation has
encouraged the search for a satisfactory method of selecting primary units
without replacement, which might produce the reduction in variance
associated with a finite population correction. Some of the principal
methods were described for one-stage sampling in sections 9.14 and 9.15.
In the numerical example in Table 9.10 (p. 266), with two primary units
drawn out of five, it is noticeable that in population 4, in which ¥; was
uncorrelated with z,, the three estimates Yy, Ysys, and Yg; gave reduc-
tions in variance of about 409 as compared with ¥, in which selection
was with replacement. (These were the estimates obtained by plans which
did not distort the probabilities of selection.)

In two-stage sampling the gains in precision from selection without
replacement will be smaller. The sampling variance formulas show that
this gain affects only the between primary unit contribution to the variance.
Although the within primary unit variances are not the same for sampling
with and without replacement, they are of the same order of magnitude.
Moreover, when the primary sampling fractian is large, the second-stage
fraction is likely to be small, so that the second-stage variance is a major
part of the total variance. These considerations suggest that for most
purposes the need for methods of selection without replacement is not too
pressing. Some of the simpler methods will be outlined, although at this
time none has found widespread adoption.

For n = 2, Yates and Grundy (1953) suggest drawing the first unit with
probability proportional to a measure of size z; and the second with
probability proportional to the remaining sizes. An estimate of the
stratum total Y is

2\ z + z;
The estimate is biased, since this method distorts the selection proba-
bilities, but the bias appears to be unimportant. The quantity (y," — y,')2/4
should be an overestimate of the variance.
The three remaining methods have already been described. One is to
arrange primary units in random order, drawing a systematic “every kth”

I(Mi'gi Migi) =iy’ + y;)
2 i ]
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sample from the cumulated z;. Each primary unit in which a point of the
systematic sample falls is included in the sample (Hartley and Rao, 1962).
An unbiased estimate of Y is Zy//n. As with the Yates and Grundy
method, the estimate is self-weighting if m,/M,; = fy[nz,, where f; is the
expected over-all sampling fraction.

In thf: third and fourth methods, the stratum is divided into n groups.
gne {’rl_mar)f unit_is drawn from each group with probability proportional
ov;: ?;‘:,eg:;zxf Within the group, that is, to z,/Z,, where Z, = Xz, t_aken
estimate of Yli)s (say, the gth) in which the ith unit falls. An unbiased

Po =S ZM

g Z;

In fOrmmg the groups, one way is to make Z, constant, as far as possible,

order to keep the Probabilities of selection proportional to the original

% ' It helps also if the group means Y, are approximately equal, since the
estimate of variance uses the method Z)f collapsed strata.

The fourth method is to assign units to groups at random, with the

number of units in 5 group as nearly equal as possible (Rao, Hartley, ang

Cochran, 1962). The estimate ¥, is as in (11.53). Anestimate of variance
that is unbiased for any » js

(11.53)

LR IER I e 1 (1 — fudsa?

v(¥er) = m \:zzyy{“ — ?02] +2 .y 2i)Sa

where N, is the number of units in the gth group, Y, = Mf?f/‘?.-, and

N = ZN,. As Usual, 5,2 — Lr(l:/s — §)2Om; — ). If N is divisible by

n, so that N = Nin !lh Yis Yi the square bracket becomes
a =D — 1, ¢ term outside

1120 SUMMARY COMMENTS

smTehri:ij?:Zn; 222§"d0fa Multistage sample with primary units of unequg
with probabilitieg rgal ofr Preliminary work. SelecFlon of. primary unig
effective, relative g Sgortfonal to a measure of. size z; is at its mog
Y|z, are uncorrelateq Wf’ctlon with equal prob.abl'lltles', whgn the ratj
and the sizes vary Substlath the sizes z; for the p.rmmpal items in the Survey
sampling of records jp \im_ lly. These conditlons' hold freguently In the
records) arc determineq g the sizes of the primary units (groups of
the data in individual re. Y administrative or economic considerations,

; o -Ords being at about the same level in differep,
units. The principal decnsnons to be made are the following:

1. Find out whether the Sizes are known,

known approximately, qf
unknown. In the last case congiger whether some information aboyt
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sizes can be obtained relatively easily. For example, Jessen et al. (1947)
conducted two-stage samples of blocks in some Greek towns in which no
usable estimates of the numbers of households per block were available.
They considered three approaches: (a) Drawing the blocks with equal
probabilities. (b) Making a rapid tour of the town by jeep in order to tie
together small blocks to build artificial blocks that appeared to have
roughly the same numbers of households. Blocks which obviously had
no households were eliminated in this process. The sample blocks were
then chosen with equal probability. (c) Cruising the town slowly enough
to permit estimates to be made of the number of households in each block.
Blocks were then chosen with probability proportional to estimated sizes.

2. Consider whether to use size of unit as one of the variables for
stratification: this is advisable unless it prevents the use of some other
variable that might give a worthwhile increase in precision.

3. Decide how the units are to be selected within strata. If sizes are
known at least approximately, selection with pps, or its square root, will
often be the best procedure, although this depends on the nature of the
field costs.

4. Select a method of estimation. For estimating the population mean
or total, a ratio estimate using the value of the same item at a recent census
is sometimes very successful, if available. Estimates based on the sample
mean or weighted sample mean are often more precise than the unbiaseq
estimates.

5. Decide on the sampling and subsampling fractions within strata,
We have recommended that subsampling fractions be chosen so that the
estimates are self-weighting within strata. Further control so that the
sample is completely self-weighting is advisable unless it appears to be
accompanied by a substantial loss of precision.

Accounts of the planning and conduct of surveys involving two-stage
sampling with primary units of unequal sizes are contained in the following

references.

Sampling From Records

Patton, R. (1952). The sampling of records. Public Health Reports, 67
No. 10. (Sampling from cards in file drawers.) ’

Trueblood, R. M., and Cyert, R. M. (1957). Sampling techniques ip
accounting. Prentice-Hall. (Sampling applied to the aging of accounts
receivable.)

Urban Sampling

Bureau of the Census (1950). A chapter in population sampling. {5 g
Government Printing Office.



324 SAMPLING TECHNIQUES

Kish, L. (1952). A two-stage sample of a city. Amer. Sociological
Review, 17, 761-769.

More Extensive Populations

Gray, P. G. and Corlett, T. (1950). Sampling for the social survey.
Jour. Roy. Stat. Soc., A113, 150-206.

HemphiH, F. M. (1952). A sample survey of home injuries. Publje
Health Reports, 67.

Peaker, G. F. (1953). A sampling design used by the Ministry of Educa-

tion. Jour. Roy. Stat. Soc., A116, 140-165. (A survey of the reading
abilities of children aged 15.)

See also the books by Hansen, Hurwitz, and Madow and by Yates.

EXERCISES

i estimates ¢ SSi amples which can
11.1 By working out the estimates for all possible samp
drawn !'rorz; the urli’lgiciul popululion in Table 1.1, by methods la, Ib, 11, and 1y
i SE"s piven in Table 11.2,
verify the total MSE’s given n Table . .
Ll ]y7 FFor methods 11 (equal probabilities, unbiased estimate) and il (pps

o e . - able 11.1 when
lection), recompute the variances of Y for the example 1n Table Vher
sclection), re

i ation to method 11 is low,
= SISt sthod I11 in relation t ot
. . ¢ precision of me ton 1 S
m, = 1. Sh(;w lhfur l,l:’ P What gencral result does this l”. istrate r |

' . ir s yated sizes z; are 0, 3
’”3' Fl - c popul"nion in Table 11.1,if the cs_nmdtc s1 t&"]S ’I ) iv’ Q.3
o O'rllh = >‘ show that the unbiased estimate (mc od 1V s 2

and 0.6, with m, 2, s give

is anation of this result o
" riance than pps sampling. What is the explanatio lassifiod X
smaller varie ¢ - . . imar units are classihie into
“ments in a population with three primary S R
L o T it s l~p i he ortions P, of clements which belop,
two classes. The unit sizes M, and the prop i :
to the first class arc as follows:

M, = 100, M, = 200, M, = 300, P, = 040, P, = 0.45, P, = 0.35

For a sample consisting of 50 clements from onc primary unit, compare g,
MSE’s of methods la, 11, and 111 for estimating the proportion Of_ elements in
the first class in the population. (In the variance formulas n section 11.2, St
is approximately P,Q,.)

11.5 A sample of n primary units is selected with equal probabilities. Frg .,
each chosen unit, a constant fraction f; of the subunits 1s taken. If a; out of gy,
mt; subunits in the ith unit fall in class C, show that the ratlozto—slze cstimatc
(section 11.6) of the population proportion in class C is p = Xa;/Xm;. Frg,
formula (11.12), show that an estimate of MSE(p) is

n
WP = l —.fl ZM12(/71' - ,‘))2 [](l —/2) 2 M,"H,- .
P = ni? n—1 R 2 — P

ny
where p, = a;/m,.

11.6 A firm with 36 factories decides to check the condition of some equ;
ment of which M, = 25,012 picces are in use. A random sample of 12 factories j
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taken, a 1077 subsample being checked in each sclected factory. The numbers
of pieces checked (/1;) and the numbers found with signs of deterioration (a,)
are as follows.

a; a;
Factory n; a; pi = Tz, Factory m; a; Pi = Th
1 65 8 0.123 7 85 18 0.212
2 82 21 0.256 8 73 11 0.151
3 52 4 0.077 9 50 7 0.140
4 9 12 0.132 10 76 9 0.118
5 62 1 0.016 11 64 20 0.312
6 69 3 0.043 12 50 2 0.040

Estimate the percentage and the total number of defective pieces in use and
give estimates of their standard crrors.
Note. Since MM = m,/m, the between-units component of v(p) may be
computed as
1 — - - - 2
———il— (Z a;” — 2pz a;m; + p2z mg?,

wt(n — 1)
and since the m; are fairly large, the within-units component as

fl(l “fe)zaiqi

(nm)?

11.7 If primary units are selected with equal probabilities and f; is constant
show that in the notation of exercise 11.5 the unbiased estimate of g pPopulatio s
proportion is p = N X a;/nM,f, and that, if terms in 1/m; are negligible itn
variance may be computed as » 1S

. ﬁ:(a,- — a)* +f——l(] —fz)ia,-q,-.

nn — Dm? (nr)?

v(p) =

Calculate P and its standard error for the data in exercise 11.6.

11.8 A sample of n primary units is chosen with probabilities Proport;
to estimatcd sizes z; (with replacement) and with a constant expected 0v10na1
sampling fraction f;. Show that the unbiased and the ratio-to-size estimateball
€S Of

n

the population total are, respectively, T/f, and TMy/ >, m;, where T'is the
total. (It follows that if M, is not known the unbiased estimate cap be ussample
not the ratio to size. For estimating the population mean Per suby ed, bug
situation is reversed.) M, the

11.9 In a study of overcrowding in a large city one stratum contaj
blocks of which 10 were chosen with probabilities proportiona] tq enfzd 10
size (with replacement). An expected over-all sampling fraction £ =821,mated

used. The sample totals in each block for number of rooms ang nun® Was
persons are as follows. Mbey of
Block 1 2 3 4 5 6 7 8 9

Rooms 60 52 58 s6 62 sI 72 4 4 10

Persons 115 80 82 93 105 109 130 93 o9 38
EN
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(a) Estimate the total number of rooms and the total number of persons in the
stratum and the average number of persons per room. (/) Compute standard
errors for the total number of persons and for the average number of persons per
room. (Use formulas 11.25" and 11.39, noting that »;z,/M, = f,/n.)
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CHAPTER 12

Double Sampling

12.1 DESCRIPTION OF THE TECHNIQUE

As we have seen, a number of sampling techniques depend on the
possession of advance information about an auxiliary variate z,. Ratjo
and regression estimates require a knowledge of the population mean ¥
If it is desired to stratify the population according to the values of the
z,, their frequency distribution must be known.

When such information is lacking, it is sometimes relatively cheap to
take a large preliminary sample in which z; alone is measured. The
purpose of this sample is to furnish a good estimate of X or of the frequency
distribution of z,. "In a survey whose function is to make estimates for
some other variate ¥;, it may pay to devote part of the resourceg to this
preliminary sample, although this means that the size of the sample in
the main survey on y; must be decreased. This technique is known ag
double sampling or two-phase sampling. As the discussion implies, the
technique is profitable only if the gain in precision from ratio or regressiop
estimates or stratification more than offsets the loss in precision dye to
the reduction in the size of the main sample.

Double sampling may be appropriate when the information about
z; is on file cards that have not been tabulated. For instance, in surveys
of the German civilian population in 1945 the sample from any town wag
usually drawn from rationing registration lists. In addition to geographic
stratification within the town, for which data were usually already avajl.
able, stratification by sex and age was proposed. Since the sample had
to be drawn in a hurry, and since the lists were in constant use, tabulation
of the complete age and sex distribution was not feasible. A moderate]
large systematic sample could, however, be drawn quickly. Each persor};
drawn was classified into the appropriate age-sex class. From thege data
the much smaller list of persons to be interviewed was selected.

327
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12.2 DOUBLE SAMPLING FOR STRATIFICATION

The theory was first given by Neyman (1938).

The population is to be stratified into a number of classes according t:
the values of «,. The first sample is a simple random sample of size r
Let

, = N, N = proportion of population falling into stratum h

W, = n,',’\n' = proportion of first sample falling into stratum h
Then w, Is an cstimate of . . . .

The second sample is a stratified random sample of size nin Whlf:h y:
measred ;. #7, units arc drawn from stratum A. The second sample is ofk:
a subsample from the first sample, but it may be drawn independent:
if this is more convenient.

The cost of the two samples is assumed to be

C = nc, + n'c, (121
where ¢, is usually large in relation to ¢,’.

The problem is to choose #” and the n, (and consequently n) to minim;:
the variance of the estimate for a given cost. We must then verify Wheth::
the minimum variance is smaller than can be attained by a single simpl:
random sample in which y; alone is measured.

The ﬁ'rst step is to sct up the estimate and determine its variance. Tj,
population mean is |

As an estimate we use

gsf = z W;.371,

Whenever a new sample is drawn, this implies 2 fresh drawing of b
the first and the second samples. Thus the w, and the sample means g, 4.
both random variables, subject to error. The problem is therefore
of stratification in which the strata totals are not kr}own exactly. Ty
strata boundaries are assumed fixed in repeated sampling. ‘

In the theorems for the mean and variance of 7. 2 slight approXimatje:
is involved. It is assumed that every wj, > 0, that is, ",I’ is assun.wd. larg
enough so that the probability that any stratum contains no units in ¢
large sample is negligible.

Theorem 12.1. The estimate ,, is unbiased.
1"roof. Average first over samples in which the w, are fixed. Sjpx
¥, is the mean of a simple random sample from the stratum, E(7,) = I
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but, when the average is taken over different selections of the first sample,
E(w,) = W,, since the first sample is also a simple random sample. Hence

E(F.) = E[E(Z w)Fs | w)l = EQ w,Yy) = 2 WY, = Y
Theorem 12.2. If the values of the n, do not depend on the w,,

& o, g =W, —£)S,2  g'W(Y, — V)
VL) = Z{[W,: 4 e ,,)] (1 ’ th)sh L8 W"():f, Y\ (12.2)
h ‘'

h=1

r

n

where g’ = (N — n)[(N — 1) and f, = n,/N,.

Proof. Average first over samples in which the w, are fixed. Over
these samples, the mean of i, is Zw, Y,, so that there is a bias of amount
Z(w, — W,)Y,. The conditional variance of 7, is given by theoreh 5.3.

Hence the mean square error is

- Lo, 2 1 — S 2 L 2
ElG— D¥ ) = ¥ IS0 [ S0, —wp, | 123)
n=1 H, =1
Now average over selections of the w,. (At this point we use the assump-
tion that the n, remain constant when the w, vary.) By theorem 3.2,

I/(wh) —_ g u/h(l - Wh)

’

n

so that
gW (1 — W)

n

E(wy?) = [E(w)T + V(w,) = W + (12.4)

Also, it is easily shown that
E(w, — W)0w, — W) = =& ww,  (h))
n
For the last term in (12.3), these results give
I _ e g' L . L L o
B[ 3 0n - war,| = £ Sma - wrz 25 S ww,]
h=1 h=1 i >h

h=1

g' L . - g/ _ .
= —7( W, Y, — Y“) = —,z W(Y, — Y)* (12.5)
N \r=1 n

Finally, substituting from (12.4) and (12.5) into (12.3), we obtain

glwh(l - M/h)j|(l —'fh)sh2 + glu/h(yh _ 7)2}

n, n'

I

VG =S {[W +

h

n

The term free from #’ is the familiar expression for the variance when
the strata sizes are known exactly. The effects of errors in the first sample
are therefore to increase slightly the within-stratum contribution and to
introduce a between-stratum component.
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In most applications f, = n,/N, will be negligible. Frequently, #'[N is
also small, so that g’ can be replaced by 1. Under these conditions

L 2 v _ e
V@) =S {[th + M] Si® | WYy — Y)° (12.6)

N n’ n, n’

Corollary 1. The result of theorem 12.2 changes slightly if n, depends
on w,. For instance, if proportional stratification is desired, the sampler
may take n, = nw, in the small sample, since the w, are the best available
estimates of the W,. More generally, we may have n, = nd,w,/Z,w,.
This substitution is made in (12.3) before finding the average over different
selections of the w,. After some algebraic manipulation the variance is
found to be, assuming n,/N, negligible,

V(@) = i {M[Q n 8_'(1 _ %)] 4 g’Wh(Vhl— )—,)2}

n n n n " n

where Q = Z2,W,. If 1, = 1 (proportional stratification), then Q = |

and we have
l w,S 2 "W (Y, —Y 2 |
V(—sl) E hh l g h( h )

) n n’

Corollary 2. If a proportion is being estimated in the second sample,

N,
2 — P,0Q, = P,0,
a— 1

(Yo — Y)* = (P, — P)?
Theorem 12.2 gives, with n,/N, negligible,

L , ,
V(e = 3 {[W,,z L B W1 — Wh)] PAQy | g'WiPs = PY
n

n’ n,

Syt =

(12.7)

where P, is the proportion in stratum A.
Papers by Robson (1952) and Robson and King (1953) extend thj

theory to two-stage sampling, applying it to the estimation of magazipe
readership.

123 OPTIMUM ALLOCATION

The‘values of the n, and n’ that lead to the minimum variance are rather
complicated. It follows from formula (12.2) and the cost function that.
if " and n are given, n, should be proportional to

S W2+ [g' Wil — Wpl/n'
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Since the second term inside the root is usually small compared with the
first, Neyman (1938) suggests taking n, proportional to W,S,. Thus

n thh

z PVhsh

When these values are substituted into the variance (12.2), ignoring the
term in W,(1 — W,) and assuming n,/N,, n’|N negligible, we obtain

n, =

2 vV _ V)2
Voyg - (z WhSh) + z l4/)1(},): Y) (12.8)
n n
V, V, ‘
=24+ - (say) (12.8")

n n

This approximate expression for thie variance is now minimized by
choice of n and »’ for a given cost of
C = nc, + n'c, (12.1)
It is easily found that

’

n . n

\/ 1nCn’ \/Vn’cn

This equation and (12.1) determine z and »'.
An expression for the minimum variance is needed for later applications

of double sampling. From (12.9),

(12.9)

n . ne, + n'cy
SVl JVatn  JnCalfVaCn + Valn)
C
= 12.9
\/cncn’(\/ Vncn + \/Vn'cn’) ( )
Substitute these solutions in (12.8°) for V,,,. This gives
V E7APA
v, = L n + V) (12.10)

opt
C

If the first sample is very cheap, the assumption that n’/N is negligible,
that is, that g’ = 1, may not hold. The solutions (12.9) for » and n’ remain
satisfactory, the only change needed being to subtract the term ¥,,/N from
(12.10).

Example. This example is artificial, but it illustrates the calculations involved.
We use the Jefferson county data previously considered (p. 171). The z; variate,
farm size, is employed to divide the population into two strata: farms up to
160 acres and farms of more than 160 acres. Assume that it costs 10 times as
much to sample for corn acres (y;) as for farm size (z;), and let the cost be

C =100 =n +0.1n (12.11)
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This means that if double sampling is not used (' = 0) we can afford to take
sample of 100 farms to estimate corn acres.
The relevant data for the population are

Strata 1, 5,2 Sy 7,
1 0.786 312 17.7 19.404

2 0.214 922 304 51.626
Population 620 26.297

By (12.10) we could proceed at once to compute V,,,. However, the inte;.
mediate steps are given. We find

Vn = (z ”Vhsh)g = 417

Vi => W(Y, — V) =175
so that by (12.9)

= 170, n =170 x 0.488 = 83

At this point the reader may verify from the data in this example that g,
neglected term in W,(1 — i#,) in the variance formula (12.2) is in fact
negligible. From (12.8) we then have

Vopr = %5" + 115 =5.02 + 1.03 = 6.05
For a random sample of size 100, with no double sampling, we would have
V=922 =6.20

Evidently there would be only a trifling gain from double sampling.

Note. Revertingto corollary 1, of theorem 12.2, an alternative approach
to the choice of the 7, is to write 1, = ni, /S A, and to choosé the At
minimize V() as given in corollary 1. It will be found that the Optimyr:
Ay oC Sy, assuming 1/n’ negligible. For practical purposes this is the sap,.
solution as that already given.

12.4 ESTIMATED VARIANCE IN DOUBLE SAMPLING
FOR STRATIFICATION

An unbiased estimate of ¥(j7.,) in (12.2) can be constructed withoy;
difficulty. We assume #,/N, and 1/N negligible.
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Theorem 12.3. An unbiased estimate of V(7,,) is

' I iy 2 ' 50 a7 N2
U(??S;) — n z {[‘vhﬁz _— ijSL + g ‘vh(yh ysl) } (12.12)

n" — 1% n’ Jn, n’

where g’ = (N — n)[(N — 1).

Proof. By averaging first over samples with fixed w, and then over
the selections of the w,, the expectations of the terms inside the braces
work out as follows:

2 o, W1 — WS,
ES w22 =3 [w,; + L’Q}—’— (12.13)
h ny T n np
"W 5,2 ‘W, S,
—ES &S & (12.14)
nonom, P Y

’

n n

’

’ vl - Ny a7 2 1= 2
E z g ‘vh(yh - ys[)2 — E(Z g “h,yh . 8 Yst )
I n h

glVVh )7)12 g’Wh SI|2 gIY2 g,V(gst)
= + & 7 \Jst)
2 25 =

n' nom, n

Adding these three equations, we obtain, on comparing with (12.2),

L ol ! B N [ 1 ~ . —
O = DEG) _ 5,1 = £) = v =D — g,y 0= 1)
n' n (N — 1n n
assuming I/N negligible. This completes the proof.
If ' is large relative to the n,, v(y,,) reduces to

v(¥g) = .? w2 (12.16)

n,

This expression is equivalent to assuming that errors in the strata
weights w, can be ignored.

Corollary. If p,, is the observed proportion of units in stratum # which

fall into some defined class and p, =3w,p,[2w, is the estimate of the
population proportion, then an estimate of V(p,,) is

’ ’ 1 - 9
o(pg,) = —— ; % |:(wh2 - g‘“-‘:)") Padn_ 8P = p s‘)}

n — n /n, —1 n'

In almost all cases this can be simplified to

W 2 _ 2
U(psg) = % [—LM’ + wh(ph pst) jl

n, —1 n'

Frequently the term in 1/#’ can also be dropped.
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Example. In a simple random sample of 374 houscholds 292 were occup.::
by white families and 82 by nonwhite families. A subsample of about one -
four households gave the following data as to ownership:

Owned Rented Total

White: 31 43 74
Nonwhite: 4 14 18

Estimate the proportion of rented houscholds in the area from which the sar;
was drawn and find the standard error of the estimate.
If the first stratum consists of the white-occupied houscholds,

= ::‘724 =0.22

wy = 3§23 =0.78, Wy =

23 = 0.60, P =18 =078
Pst = wypy + wppa = 0.64
n =374, n, =74, n, =18

I

It is readily found that only the leading term in v(p,,) is of importance. Hez..

D(pe) = z WiZPugn _ (0.78)*(0.60)(0.40) + (0.22)%0.78)(0.22)

A My — 1 73 17
= 0.00248

s(ps) = 0.049

The estimated proportion of rented households is 0.64 + 0.049. The reader r--
verify that there is only a trifling gain in precision over a single-stage sip-.
random sample of size 92. In view of the relatively small size of the nonw* .
stratum, a greater difference between the proportions of rented households f-
whites and nonwhites would be necessary to make double sampling profitab':

12.5 REGRESSION ESTIMATES

In a number of the applications of double sampling the auxiliary vy
x; has been used to make a regression estimate of Y. We shall ggq-

that the po_pulation is infinite and that the relation between y; and P
linear. Write as a model

Ye =Y + B(z; — X) + e (2.1

where the second subscript « is introduced as a reminder that for fi..

x; the random variate e;, follows a frequency distribution with mean 0.
variance S,? = S 2(1 — p?),

In the first (large) sample, of size 1, we measure only x;; in the secons
of size n, we measure both z; and y,,. The estimate of Y is

Yoo =¥ + bE — 2)

- - - N
where ', T are the means of z; in the first and second samples, respectiv. .
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and b is the least squares regression coefficient of y,, on z,, computed from
the second sample.
We now examine the error of estimate (,, — Y). From (12.17) we find

=Y+ BEx—X)+ ¢ (12.18)
S (o — P — D)
b — =1
Zl(xi - z)°
ﬁ: (T — T)
B+ (12.19)
Zl(xi — )

From (12.18) and (12.19), substitute for 7 and b in the error of estimate.
This gives

Gy—Y=GF —Y)+ bE — 7)

_ — = - 7 — == Zeia(xi_i‘)

= B(x — X)+ é + B( z) + (Z x)—__—Z(x,-—:f)2
5 = __ T z eia(xi — ’?) = _ Y

=é+ (T T) ——Z (2, — 3 + B(z X) (12.20)

In ordinary regression theory, in which ' = X, the standard practice
is to discuss the conditional frequency distribution of the error of estimate
(#,, — Y) in repeated samples in which the z; values are fixed. If this
approach is adopted in the present problem, keeping the z; values fixed
in both the first and the second samples, we see that the estimate is biased
in the conditional distribution, since

E(§, — ¥) = B — X)
Hence the conditional mean square error (MSE) of 7,, is

o eey a1, (@ ==

MSE (1) = S0 — ) |1+ 57—

This expression is not suitable for comparison with other methods of

sampling, since the MSE depends on the set of x; which appears in the

two samples. Instead, we need the average MSE over all possible drawings
of the first and second samples.

A simple result is obtained under the assumption that (a) the first

sample is drawn at random, (b) the second sample is a random subsample

} + B¥® — X)® (12.21)
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drawn from the first, and (¢) the >, arc normally distributed. In this ever:
the average MSE is found to be

_ 0 o [ 1 1 1 1 B*S.?
V(g,) =Sl —p3) |-+ [-— — :: 2.2
() ( P |:n (_n n’ )('n — 3)] + n (
_ S50 = P [l Lo =—m_ 1 ] + 850 (o
n’

n (n—3) n' o

since B2S,? = p%S°2

If the », are not normally distributed. the only term whose value i
changed is that in 1/(n — 3). In rcgard to assumption (), the sma
sample might not be drawn ar random from the large sample: it is prefer-
able to select the small sample to obtain a wide spread in the values ¢¢
x; and reduce the sampling error of 5. The cffect is to reduce, perhaps
considerably, the term in I/(n — 3).

In some applications the second sample is drawn independently of t};
first. In this event the argument given in this section remains unchangeg
down to (12.21). In (12.22) the term .

is replaced by

— + J—
noon
This case of two independent samples was first considered by Chamen
Bose (1943).
To summarize, there is some doubt about the exact value of the terp.
in 1/(n — 3) in the average variance. However, if 1/n is negligible, this
term is also negligible. This gives the following theorem.

Theorem 12.4. If the first sample is size n’, the second is size n, and
1/n is negligible, the variance of 7, the regression estimate in doyp).
sampling, is given approximately by

_ S2 1 — 2 2¢ 2
W) = 2Ly 25
n hn

(1228

12.6 DOUBLE SAMPLING WITH REGRESSION VERSUS
SINGLE SAMPLING

From the variance formula (12.24), double sampling with a regression
estimate can be compared with a single simple random sample under the
assumption that (a) the first sample is a simple random sample, (b) 1/n is
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negligible, and (c) the second sample is also a simple random sample.
Results for this case should provide a rough guide to other cases.
Write
o Vn 'I/n'
V(.I/lr) = — + -
n n

where
Vn = Syg(l - P2)7 V), = PQS .

n v

cost = C = nc, + n'c,

The problem of finding the optimum » and n" and the minimum variance
is exactly the same as in double sampling for stratification (section 12.3).
Equation 12.10 gives

V . (\/ Vncn + \/Vn’cn')2
opt ™
C
_ SNV = pIe, + plen T
C

(12.25)

where p is taken as positive.
If all resources are devoted to a single sample, with no adjustment for
regression, this sample has size n, = C/c¢, and the variance of its mean is

V() =L = G (12.26)
ng C

Hence, double sampling gives a smaller variance if

cr > W = e, + pen T

This inequality may be expressed in two ways:

— p2)2 2
o (L \/10 Py _ A (12.27)
Cy P.- (1 - \/1 - P2)2
or
4c.c,-
B> —nn 12.28
p (cn + Cn')2 ( )

Equation 12.27 shows that for a given value of p the ratio of the cost per
unit in the second sample to the cost per unit in the first sample must
exceed a critical value before double sampling brings an increase in
precision. Given ¢, and c,, (12.28) shows the critical value that must be
exceeded by p? to make double sampling profitable.
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Figure 12.1 plots the values of the ratio (',,/(‘n'. (on alog SFale) against :
Curve 1 is the relationship when double and smgle sampling are equz’ -
precise: curve 11 holds when 1, = 0.8117). thatis, when double samp!- -
gives a 25 increase in precision: and curve I refers to a 507 increzsz
in precision. For cxample, when p = 0.8. double sampling equals sjp:
sampling in precision if ¢,/c,. is 4. gives @ 257 increase in precision .7
¢,/c, is about 7). and a 50, incrcase if ¢,/c,- 1s about 13,

For practical use. the curves overestimate the gains to be achieved fr.—
double sampling. because the best values of # and »" must either be g¢- -
mated from previous data or be guessed. Some allowance for errgrs :-
these estimations should be made before deciding to adoptdoublesampurz

For any p. there is an upper limit to the gain in precision from doy+»
sampling. This occurs when information on ¥ is obtained free (c
The upper limit to the relative precision is (1l — p?.

o= .

100

50
40

30

20

10

w & o @

Ratio of cost per unit in second sample to cost per unit in first sample

1

0.4 0.5 0.6 0.7 0.8 09 1.0 1.1
p = correlation between y; and x;

Fig. 12.1 Relation between c,/c.- and p for three fixed values of the relative Precis.
of double and single sampling. )

Curve I: double and single sampling equally precise.
Curve I1: double sampling gives 25 per cent increase in precision.
Curve I11: double sampling gives 50 per cent increase in precision.
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12.7 ESTIMATED VARIANCE IN DOUBLE SAMPLING
FOR REGRESSION

If terms in 1/n are negligible, 1/(7,,) is given by (12.24):

2¢ 2
Sy

’

B 21_2
V(g = 0= 4 £

With a linear regression model, the quantity

o 1 n . n _
Sya = M[Z(.'/i — ¥y — sz(-T; - 1)2]
n—205 “

is an unbiased estimate of S,2(1 — p?), where the subscript « has now
been dropped. Since

n—1

is an unbiased estimate of S,2, it follows that

is an unbiased estimate of p2S,2.
Thus a sample estimate of V(j,,) is
_ 52 5,2 — 2,
o) = bz 4 2 =S
l n n’ (12'29)
If the second sample is very small and terms in 1/» are not negligibje
a suggested estimate of variance is ’

1 + (T - :T:)_zqil + S!l2 —, SE.::
no Y (x; — z)}

n
This is a hybrid of the conditional variance and the average varjan,
e.

() = sg.xl:

12.8 RATIO ESTIMATES

If the first sample is used to obtain #’ for a ratio estimate of ¥
. . > the
estimate is

Kt

-.TI

Y == (12.30)

8
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To find the approximate variance, write

The first component is the error of the ordinary ratio estimate (section 2.9).
In obtaining the approximate error variance in section 2.9, we replaced
the factor X/Z by unity in this term. To the same order of approximation,
we replace the factor 7/Z in the second component by the population ratio
R = Y/X. Thus

gr— Y= (§J — RZ) + R(F' — X) (12.31)
If the first and second samples are drawn independently, we obtain
_ S,2 — 2RS R2S 2 2g 2
V(ijr) = vz + RS, + R S:x (12.32)

n n

where the fpc terms are assumed negligible.
If the second sample is a random subsample of the first, rearrange
(12.31) in the form

grp—Y=F - RX)+ REF — %) =(§ — Y)+ RE& — )
It may be verified that, with the fpc ignored,

cov[(# — Y)R(Z' — %)] = _Rsn(_ _ _)
n

VIR(Z — %)] = R2S,? (l _ _1_)
Hence V(7 ) takes the form

S,* — 2RS,, + RS2

_ p2c 2
V(gR) = L + 2RSU: R Sx

n n

Note that formulas (12.32) and (12.33) are both of the form

(12.33)

—~ V7 Vn ’
V(gp) = — + —=
n n

’
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Hence the optimum choices of n and »’, and the minimum variance for
comparison with single sampling, are found by the same procedure as
for stratification and regression estimates.

For sample estimates of variance, the quantities s,% s,,, 5,2 and R may
be substituted in (12.32) and (12.33). The resulting estimates ¢(¥,) are not
unbiased but appear to be adequate to the order of approximation
presented in the analysis.

12.9 REPEATED SAMPLING OF THE SAME
POPULATION

As confidence in sampling has increased, the practice of relying on
samples for the collection of important series of data that are published
at regular intervals has become common. In part, this is due to a realiza-
tion that with a dynamic population a census at infrequent intervals is of
limited use. Highly precise information about the characteristics of a
population in July 1950 and July 1960 may not help much in planning
that demands a knowledge of the population in 1964. A series of small
samples at annual or even shorter intervals may be more serviceable.

When the same population (apart from the changes that the passage
of time introduces) is sampled repeatedly, the sampler is in an ideal
position to make realistic estimates both of costs and of variances and to
apply the techniques that lead to optimum efficiency of sampling. One
important question is how frequently and in what manner the sample
should be changed as time progresses. Many considerations affect the
decision. People may be unwilling to give the same type of information
time after time. The respondents may be influenced by information
which they receive at the interviews, and this may make them progressively
less representative as time proceeds. Sometimes, however, cooperation
is better in a second interview than in the first, and when the information
is technical or confidential the second visit may produce more accurate
data than the first.

The remainder of this chapter considers the question of replacement of
the sample and the related question of making estimates from the series
of repeated samples. The topic is appropriate to the present chapter
because double sampling techniques can be utilized,

Given the data from a series of samples, there are three kinds of quantity
for which we may wish estimates:

1. The change in Y from one occasion to the next
2. The average value of Y over all occasions
3. The average value of Y for the most recent occasion
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In most surveys, interest centers on the current average (3), particularly
if the characteristics of the population arc likely to change rapidly with
time. With a population in which time changes are slow, on the other
hand, an annual average (2) taken over 12 monthly samples or four
quarterly samples may be adequate for the major uses. This would be
the situation in a study of the prevalence of chronic diseases of long
duration. With a disease whose prevalencc shows marked seasonz!
variation, the current data are of major interest, but annual averages are
also useful for comparisons between different regions and different year.
Estimates of change (1) are wanted mainly in attempts to study the effects
of forces that are known to have acted on the population. For instance.
if a bill is passed which is supposed to stimulate the building of houses.
it is interesting to know whether the building rate of new houses has
increased in the succeeding year (with a realization that an increase may
not be entirely due to the bill).

Suppose that we are free to alter or retain the composition of the sample
and that the total size of sample is to be the same on all occasions. If wg
wish to maximize precision, the followmg statements can be made abgy;
replacement policy:

1. For estimating change, it is best to retain the same sample throughoyr
all occasions.

2. For estimating the average over all occasions, it is best to draw a pey,
sample on each occasion.

3. For current estimates, equal precision is obtained either by keep,m
the same sample or by changmg it on every occasion. Replacement of
part of the sample on each occasion may be better than these alternatiyes.

Statements 1 and 2 hold because there is nearly always a posifjc
correlation between the measurements on the same unit on two successive
occasions. The estimated change on a unit has variance $,° + S3* — 2p5, 5.
where the subscripts refer to the occasions. If the change is estlmam
from two different units, the variance is S22+ S.% In estlm'mng the
over-all mean for the two occasions, the variance is (S;% + S,* + 2p8;S. AR
if the same unit is retained and (S,2 + S,»/4 if a new unit is chosen,

Statement 3, which is less obvious, is investigated in succeeding sections,

12.10 SAMPLING ON TWO OCCASIONS

Suppose that the samples are of the same size # on both occasions apd
that the current estimates are of primary interest. Replacement poljev
has been examined by Jessen (1942). For simplicity, we assume tha
simple random sampling is used and that the population variance S of
y, is the same on both occasions.



DOUBLE SAMPLING 343

The mean of the first sample has variance S2/n, there being no previous
information to utilize. In selecting the second sample, m of the units in
the first sample are retained (m for matched). The remaining u units
(u for unmatched) are discarded and replaced by a new selection.

Notation.

#». = mean of unmatched portion on occasion A
#rm = mean of matched portion on occasion /
¥, = mean of whole sample on occasion #

The unmatched and matched portions of the second sample provide
independent estimates #,,’, ¥a.m Of Y,, as shown in Table 12.1. In the

TABLE 12.1
ESTIMATES FROM THE UNMATCHED AND MATCHED PORTIONS
Estimate Variance
U hed s :
nmatc : Yo' = Ua — = —
€ Yau Yau " W
Matched j by — § S-S
atched: 3 "m, = .1"’1 ) — 3 1 — =
7o Jom + 0(Fy — Fym) - . Wan

matched portion we use a double-sampling regression estimate, where
the “large” sample is the first sample and the auxiliary variate x; is the
value of y; on the first occasion. The variance of %,,,” comes from (12.24),
p.- 336: note that our m and n correspond to n and »’, respectively, in
(12.24).

The best combined estimate of Y, is found by weighting the two inde-
pendent estimates inversely as their variances. If W,,, W,, are the
inverse variances, this estimate is

5o = bo¥fa’ + (1 — $)Fan’ (12.34)
where
W n
Py = —— 2
WZ“ + W'.’.m
By least squares theory, the variance of 7, is
1
V() = ——
(72 Wo. + W,

From Table 12.1, this works out after simplification as

2. 3
V(g,) = Sz ue) (12.35)
n* — u*p?
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Note that if # = 0 (complete matching) or if « = n (no matching) this
variance has the same value, S%/n.

The optimum value of « is found by minimizing (12.35) with respect te
variation in «. This gives

noo1 41— R noo1 4= p
When the optimum u is substituted in (12.35), the minimum variance
works out as

u 1 m _ \'11 - pg

(12.36)

_, S? : 5
Vopl(y2) == E; [] + \ 1 — P-‘] (1237)

Table 12.2 shows for a series of values of p the optimum per cent that
should be matched and the relative gain in precision compared with no

TABLE 12.2
OPTIMUM 9] MATCHED

. R L % gain with
, oOptlmum % gz?lr} in m i m 1
°( matched precision - =3 =1
0.5 46 7 7 6
0.6 44 11 11 9
0.7 42 17 17 15
0.8 38 25 25 23
0.9 30 39 39 39
0.95 24 52 50 52
1.0 0 100 67 75

matching. The best percentage to match never exceeds 50 97 and decreageg
steadily as p increases. When p = 1, the formula suggests m = 0, which
lies outside the range of our assumptions, since m has been assumeg
reasonably large. The correct procedure in this case is to take m = 2
The two matched units are sufficient to determine the regression lip,
exactly.

The greatest attainable gain in precision is 1009, when p = 1. Unleg
p is high, the gains are modest.

Although the optimum percentage to match varies with p, only a single
percentage can be used in practice for all items in a survey. The right-hangd
columns of Table 12.2 show the per cent gains in precision when one third
and one fourth of the units are matched. Both are good compromises,
except for items in which p exceeds 0.95.
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12.11 SAMPLING ON MORE THAN TWO OCCASIONS

The general problem of replacement has been studied by Yates (1960)
and Patterson (1950), with respect to both current estimates and estimates
of change. When there are more than two occasions, the opportunities
for a flexible use of the data are increased. On occasion /1 we may have
parts of the sample that are matched with occasion & — 1, parts that are
matched with both occasions # — | and # — 2, and so on. In attempting
to improve the current estimate, we might try a multiple regression
involving all matchings to previous occasions. It is also possible to revise

TABLE 12.3
ESTIMATES OF Y, ON THE Ath OccasioN
Estimate Variance

oL S2 1
Unmatched: Ynu = Ynu 7 = Whu

L , _ SHL =9 L.,
Matched: Ynm' = Ynm + b(yh_.l - yh_l,m) — + p" V(yh_l =

m Wam

the current estimate for occasion # — 1 after the data for occasion )t are
known. In the revised estimate the regression of occasion # — 1 on both
occasion /1 — 2 and occasion /i could be utilized, assuming that suitably
matched portions of the sample were available.

The present section contains an introduction to the subject. Attention
will be restricted to current estimates in which only the regression on the
sample immediately preceding is used. This results in some loss of
precision, but since the correlation p usually decreases as the time interval
between the occasions is increased the loss of precision will seldom be
great. The variance S? and the correlation coefficient p between the item
values on the same unit on two successive occasions are assumed constant
throughout.

On the Ath occasion let m, and u, be the numbers of units that are
matched and unmatched, respectively, with the (54 — 1)th occasion. The two
estimates of Y, that can be made are given in Table 12.3. The only change
in procedure from the second occasion (Table 12.1) is that in the regression
adjustment of the estimate from the matched portion we use the improved
estimate 7, instead of the sample mean 7, _,.

The variance of the matched estimate #,,,’ in Table 12.3 is derived from
(12.24) at the end of section 12.5. Note that (a) our m corresponds to the
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n in (12.24) and (b) the term p*S,?/n’. which comes from the terr
B2E(Z — X)? in (12.21), is replaced by p*¥(y,_ ), since B = p ar:
¥5_, corresponds to T’ in the earlier analysis.

We now examine the precision obtained if the optimum m, and u, ar:
the optimum weights are used on every occasion. It will be found thz
the optimum m,/n, increases steadily on successive occasions, rapidi
approaching a limiting value of 1. )

Weighting inversely as the variance, the best estimate of j, is

I = budn + (1 — P (1238
Where ¢h = Whu/( I/‘I/hu + Whm)' ThlS gives
V(!;;,,) = I == ghS_
wllu + Vth n

where g, denotes the ratio of the variance on occasion / to that on tk:
first occasion. Substituting for W,,, W,,, from Table 12.3, we have

S? n 1
— =—= Sz(Vth + vyhm) = U, + o o
Vg & (1 —p9) + P 8-

my, n

(12.39

We now choose m, and u, to maximize this quantity and therefore o
minimize V(¥,'). Writing u, = n — m, and differentiating the right sid.
of (12.39) with respect to m, we obtain

1 — p? 1 — 2 2 2
P — ( P + P gh—l)
my, my, n

2

This gives, on solving for the optimum s, say,

Ay N1 = p
n ga(l+ V1 — p?)
When this value is substituted in (12.39), the relation becomes, afje-
some algebraic manipulation,

1 _ A2
LR 1 V1 P
gh gh—l(l + \/I - pZ)

This relation may be written

(12.40

(12.4p

ry=1+ br,,

where r, = l/g, and r, = 1/g, = 1. Repeated use of this recurrenc
relation gives

1 o
—=l'h=1+b+b2+...+bh—1=1 b
&n 1— b
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where, from (12.41),5 = (1 — /1 — p/(1 + /1 — p%. Since0 < b < I,
the limiting variance factor g, is

v 2
go=1—b= —:Zil,:”_: (12.42)
14+ V1 — P
Hence the variance of #,’ tends to
2 /1 — 2
V(i) = 5(—————2\ 1 —”_) (12.43)
n\ 41— p?

Finally, the limiting value of s, is obtained from (12.40) as

My \/l — p2

n g1+ V11—
irrespective of the value of p.
Table 12.4 shows the optimum percentage to match—100r1,/n, as found
from (12.40)—and the resulting variances for p = 0.7, 0.8, 0.9 and 0.95
and for a series of values of 4.

1
2

TABLE 12.4
OpPTIMUM %, MATCHED AND VARIANCES
%% matched 100w, /n o = nV(j,)[S?
p = p =
h 0.7 038 09 0.95 0.7 0.8 09 0.95
2 42 38 30 24 0.857 0.800 0.718 0.656
3 49 47 4?2 36 0.837 0.762 0.646 0.556
4 50 49 47 43 0.834 0.753 0.622 0.515
5 50 50 49 46 0.833 0.751 0.613 0.495
[°9) 50 50 50 50 0.833 0.750 0.607 0.476

By the fourth occasion, the optimum per cent matched is close to 50
for all the values of p shown, although a smaller amount of matching is
indicated for the second and third occasions. The reductions in variance,
that is, (1 — g,), are modest if p is less than 0.8.

12.12 SIMPLIFICATIONS AND FURTHER DEVELOPMENTS

In practical application the preceding analysis may need modification.
We assumed that all replacement policies cost the same and are equally
feasible. With human populations, field costs are likely to be lower if the
same units are retained for a number of occasions. If estimates of the
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change in the population total or mean are of interest, this factor also
points toward matching more than half the units from one occasion to
the next.

It is convenient also to keep the weights and the proportion matched
constant, rather than to change them on every occasion. Consequently,
we shall investigate the variances of 7,” and of the estimated change
(@, — §n_1) when m, u, and ¢ are held constant. We continue to write
V(7,) = £,S%/n, although the actual value of g, will be different from that
in the preceding section.

The estimate is now

gh, = (ﬁyhul + (l - ¢).’7hm'

Substituting the expressions for the two variances (from Table 12.3), we
have

52 - 12 2 = ’
V(7)) = g—n— = ¢V (Fn) + (1 — )2V (Frn)

_ Sz[_df L (L= #P — pz)} L S — $eu
u m n

Hence

go= £+ T DLy — g, (249
7 A

where u = u/n, A = m|n. Write this relation as
g =a+ bg,,
By repeated application, we have, since g, = 1,

_ a(l _ bh—l)

bh—l
h 1 _ b +
Since b = p%(1 — ¢$)? is less than 1, the limiting value is
A? I — (1 — p°
g, = —2— = ¢ + 2qb)( - p) (12.45)
1—b Ault — p*(1 — ¢)7]

The value of the weight ¢ which minimizes the limiting variance may
be found by differentiating (12.45). This leads to a quadratic equation
whose appropriate root is

V1= V1 — p® + 42up® — 1 — p¥]
d)opl - 22.[[_')2

In practice, the value of p will not be known exactly and will differ from
item to item. A simple compromise value can usually be chosen. Clearly,
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bope Will be less than g = uln, since the matched part of the sample gives
hfx,;;ler precision per unit than the unmatched part. For example, with
= 0.25, that is, } of the sample unmatched, ¢, turns out to be 0.216,

0.198, and 0.164 for p = 0.7, 0.8, 0.9. The choice of ¢ = 0.2 would be
adequate for this range of p.

For the estimate of change, we have

V(g — -1 = V) + V() — 2Cov (5,7, (12.46)
To find the covariance term, note that if y,;. y,_, ; are the values for the
ith unit in the matched set on occasions 4 and (1 — 1), our model is

yni = Vi + PUn-1.i — Yaop) + e
where the e, are independent of the y’s. From this model it is found by
substitution that

Inm' = Ynm T L Ynorm) = Yy, + p(Fhoy — ?h—x) +é,.
Hence the covariance of 7,,," and Fn_yis pV(Fy_,). But

Cov (gh’g;"’l) = Cov {[égh" + (1 - 4’)37)11",]37;1—-1} = p(l - ‘#)V(gh

- s _ )
since 9, is independent of , _,. From (12.46), this gives

= ! bt d 82
V(g — Gra) = . {&n + gy 11 — 2p(1 — )

(12.47)
From (12.44) and (12.47), the variances of §,’ and (3, — 7

)
computed for any values of m, ¢, and p. Table 12.5 shows thege :/a:ay be
for A =mfn =} and §. The weight ¢ was taken as 0.35 for 2 Anceg
0.2 for A = 3.

= 1
¥ and
The results indicate that an increase in the proportion retain

1 to § produces only small increases in the variance of the current ed frq
and gives substantially larger reductions in the variance of the

of change. For example, With p = 0.8, the increase in V(3,’) is abo Mate
whereas the decrease in V(3" — g} is more than 20%. ut s

estimate

This syq 7o
that retention of 3, %, or 5 from one occasion to the next may be Bgestg
practical policy if current estimates and estimates of change a:: 80oq
wanted. boty

Comparison of V(#/)for A = J in Table 12.5 with the Optimum yq .
in Table 12.4 shows that little Precision is lost by using a constapt T}ce
and a fixed 2 = 3. Weight
If p exceeds 0.8, the regression coefficient b = p may be replaceqy
with only a small additional loss of precision. This gives ap estj
7, of the form Mate

7' = b+ (1= @y + Tuow — Tros) (12,45



TABLE 125
EFFECT OF THE PROPORTION MATCHED ON V(") AND V(5" — §,_,)
AU nV(in" = G- )IS*
p= p=
0.7 0.8 0.9 0.95 0.7 0.8 0.9 0.95

h I* Ak ! 3 ! 1 ! 3 L 3 ! 3 ! 1 ! g
21088 0091 0.82 088 0.75 0.84 0.71 082 097 0.79 0.78 0.60 | 0.58 0.40 047 030
3 | 086 0388 077 0.83| 0.66 0.76 060 0.72 094 0.77 074 0.58 {0.53 0.39 043 0.29
4 1085 0.87 076 081 | 0.63 0.72 0.56 0.66 093 077 0.73 0.57 {052 0.38 0.41 0.28
5 1085 0.87 075 080 | 0.62 0.69 0.54 0.62 093 0.76 0.72 057 | 051 0.38 0.41 0.28
~ | 0.85 0.87 075 0.79 | 0.62 0.67 0.53 0.58 093 0.76 0.72 057 { 0.51 0.37 040 0.28

* Valuc of 2 = proportion matched or retained.

0S¢
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In the important Current Population Survey taken monthly by the
U.S. Bureau of the Census, one quarter of the second-stage units are
replaced each month, so that an individual household remains in the
sample during four consecutive months. The household is omitted for
the eight succeeding months but is then brought back for another four
months, thus increasing slightly the precision of year-to-year comparisons.

The composite estimate used in this survey is of a form related to (12.48)
but slightly different.

gh” = (1 - K)gh + K(g;:—l + ghm - gh—-l.m) (12‘49)

where K is a constant weighting factor. The difference is that y,, the
current estimate for the whole sample, takes the place of the 7,, in (12.48).
The quantities ¥, Fn-1,m» Jn in (12.49) are ratio estimates of a fairly
complex type. The variance of §," (due to Bershad) is given in Hansen,
Hurwitz, and Madow (1953). Since the primary units remain unchanged,
only the within-units component of V(7,") is affected by this replacement
policy.

In another rotation policy a new sample is drawn on each occasion,
with no matching. With monthly sampling, this plan is appropriate when
annual estimates, and to a lesser extent semiannual or quarterly estimates,
are of primary importance, for example, in an illness survey with emphasis
on chronic diseases. If the questionnaire obtains for any unit the results
for the preceding month as well as for the current month, we can consider
composite estimates of the form

G = In t+ ElFn1 — Fncan) (12.50)
where §, = estimate made from current data in the current sample,

estimate made from previous month’s data in the current

sample,
g5, = composite estimate for the previous month.

Y—an =

The theory is discussed by Hansen, Hurwitz, and Madow (1953) and
Woodruff (1959), who apply it to a survey of retail sales, and by Eckler
(1955). In the Retail Trade Survey the composite estimate involves a
ratio estimate, being of the form

a = (1= Wi, + w(L )y;:_l

yh—l.h

where W is a weighting factor. Since month-to-month correlations are
very high, averaging around 0.98, the gains in precision are substantial.
One month later a revised composite estimate for month / is computed,
using the results for month / from the new sample taken in month (4 + 1).
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With this method, it is essential that the data obtained for the preceding
month from the current sample are accurate. This may not be so when
the data depend on the unrecorded memory of the respondent, though
the method may work successfully if the data are of a type that the respond-
ent records carefully as a routine matter.

EXERCISES

12.1 $3000 is allocated for a survey to estimate a proportion. The main
survey will cost $10 per sampling unit. Information is available in files, at a cost
of $0.25 per sampling unit, that enables the units to be classified into two strata
of about equal sizes. If the true proportion is 0.2 in stratum I and 0.8 in stratum
2, estimate the optimum n, n’, and the resulting value of V{(py). Does double
sampling produce a gain in precision over single sampling? (The ratios n'/N,
ny/N, may be ignored.)

12.2 For the W,, P, in exercise 12.1, find the cost ratios c¢,/c,’ for which
double sampling is more economical than single sampling.

12.3 A population contains L strata of equal size. If V/,,,, denotes the variance
of the mean of a simple random sample and V,,, V,, are the corresponding

variances for stratified random sampling with proportional allocation and for
double sampling with stratification, show that, approximately,

(Y, — 7y
nVin = S + h*L—
nVy, = 8,2
DA R s
nVy, =85, + P S

where S)2 is the average variance within strata. (N and »’ may both be assumed
large relative to L, and the n,, in double sampling may be assumed equal to njL)

) Hence, if (RP),, denotes the relative precision of the stratified sample to the
simple random sample, with a corresponding definition for (RP)4,, Show thap

(RP),,
1 + (u/n'Y(RP),, — 1]

For (RP),, = 2, plot (RP),, against nfn’. How small must this ratio be in order
that (RP),, = 1.9?

(RP),, =

12.4 If p = 0.8 in double sampling for regression, how large must »’ berelative

to n, if the loss in precision due to sampling errors in the mean of the large
sample is to be less than 1092

12.5 In an application of double sampling for regression, the small sample

was of size 87 and the large sample of size 300. The following computations
apply to the small sample:

2 (y; — 9 = 17,283, D — P, — &) = 5114, Y (z; — T)* = 3248

Compute the standard error of the regression estimate of Y.
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12.6 For p = 0.95, verify the data given in Table 12.4 for the optimum
percentage which should be matched and for the gain in precision relative to no
matching. Compute the corresponding per cent gains in precision if one third
of the units are retained from the first to the second occasion and one half of the
units are retained on each subsequent occasion.

12.7 1Insimple random sampling on two occasions, suppose that the estimate
on the second occasion is, in the notation of section 12.10,

.'72” = (] - d’)(gl + .’72"1 - 371,") + 4’373“
(@) Ignoring the fpc, show that

s2

> S+ (1 =2 o
V) =510 = gplited =200 4

2 u

where 2 = mifn, ¢ = ufn. (b) For given p, 4, #, find the value of ¢ that minimizes
V(#,"). Show that if p exceeds } the best weight ¢ lies between p and #/(1 + ).

128 For u =1}, n =14, p =038, and p = 0.9, compare V(3,") in the pre-
ceding exercise with the variance of the optimum composite regression estimate
', as given by equation 12.35. (In g," take ¢ = 0.2 when p = L and ¢ =04
when g = 1.) Verify that for these values of p the estimate 7,” is almost as
precise as 7, for both 2 = } and i = §.

12.9  An independent sample of size 2 is drawn each month. From the sample
taken in any month, data are obtained for the current and the preceding month.
A composite estimate 7,” is made as in (12.50), section 12.12.

'!7;.' = .’71! + ¢h(-17;1—1 - .’7}(—1.'1)
The model is _ _
Yni = Y + pPWn—1.i — Yno1) + ey

where ¢,; is independent of the y's and has variance (1 — p?). Show that
(@) _
yhl - )_/h = Eh + ¢h(.17;)—1 - Y’l—l) + (P - <}Sh)(gh-—l.h - Yh—l)

) If V(g,") = ghSZ/"» where S? is constant on all occasions,
(.(,7" = (l - Pz) + ¢hr{;”l—l + (P - ¢h)2

(¢) The optimum ¢, = p/(1 + g,—1) and the resulting optimum g, is
=1 ot

gh -
1 + &

(d) The limiting ¢, is g = Y1 — p?. These results were given by Eckler (1955).
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CHAPTER 13

Sources of Error in Surveys

13.1 INTRODUCTION

The theory presented in preceding chapters assumes throughout that
some kind of probability sampling is used and that the observation y; on
the /th unit is the correct value for that unit. The error of estimate arises
solely from the random sampling variation that is present when » of the
units are measured instead of the complete population of N units.

These assumptions hold reasonably well in the simpler types of surveys
in which the measuring devices are accurate and the quality of work is
high. In complex surveys, particularly when difficult problems of measure-
ment are involved, the assumptions may be far from true. Three additional
sources of error that may be present are as follows:

1. Failure to measure some of the units in the chosen sample. This may
occur by oversight, or, with human populations, because of failure to locate
some individuals or their refusal to answer the questions when located.

2. Errors of measurement on a unit. The measuring device may be
biased or imprecise. With human populations the respondents may not
possess accurate information or they may give biased answers.

3. Errors introduced in editing, coding, and tabulating the results.

These sources of error necessitate a modification of the standard theory
of sampling. The principal aims of such a modification are to provide
guidance about the allocation of resources between the reduction of
fandom sampling errors and the reduction of the other errors and to
deve]op methods for computing standard errors and confidence limits
that remain valid when the other errors are present.

13.2 EFFECTS OF NONRESPONSE

We shall use the term nonresponse to refer to the failure to measure
some of the units in the selected sample. In the study of nonresponse it is
355
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convenient to think of the population as divided into two *‘strata,” the
first consisting of all units for which measurements would be obtained if
the units happened to fall in the sample. the second of the units for which
no measurements would be obtained. The compositions of the two strata
depend intimately on the methods uscd to find the units and obtain the
data. A survey in which at least three calls are made, if necessary, on
every house and in which a supervisor with exceptional powers of per-
suasion calls on all persons who refuse to give data will have a much

TABLE 13.1
RESPONSES TO THREE REQUESTS IN A MAILED INQUIRY
Avcrage Number

Number of e, of of Fruit Trees
Growers Population per Grower

Response to first mailing 300 10 456
Response to second mailing 543 17 382
Response to third mailing 434 14 340
Nonrespondents after 3 mailings 1839 59 290

Total population 3116 100 329

smaller *‘nonresponse” stratum than one in which only a single attempt
is made for every house.

This division into two distinct strata is, of course, an oversimplification,
Chance plays a part in determining whether a unit is found and measured
in a given number of attempts. In a more complete specification of the
problem we would attach to each unit a probability representing the
chance that it would be measured by a given field method if it fell in the
sample.

The sample provides no information about the nonresponse stratum 2.
This would not matter if it could be assumed that the characteristics of
stratum 2 are the same as those of stratum 1. Where checks have been
made, however, it has often been found that units in the ‘“nonresponse”
stratum differ from units that are measurable. An illustration appears in
Table 13.1. The data come from an experimental sampling of fruit
orchards in North Carolina in 1946. Three successive mailings of the
same questionnaire were sent to growers. For one of the questions—
number of fruit trees—complete data were available for the population
(Finkner, 1950).

The steady decline in the number of fruit trees per grower in the suc-
cessive responses is evident, these numbers being 456 for respondents to
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the first mailing. 382 in the second mailing, 340 in the third, and 290 for
the refusals to all three letters. The total response was poor, more than
half the population failing to give data even after three attempts.

We now consider the effects of nonresponse on the sample estimate.
Let N;, N, be the numbers of units in the two strata and let W, = N,/N,
W, = N,[N, so that 1/, is the proportion of nonresponse in the population.
Assume that a simple random sample is drawn from the population.
When the field work is completed, we have data for a simple random
sample from stratum 1 but no data from stratum 2. Hence the amount
of bias in the sample mean is

EG)— Y=Y, — Y=Y — (WY, + WY,
= Wy(T, — Ty (13.1)

The amount of bias is the product of the proportion of nonresponse
and the difference between the means in the two strata. Since the sample
provides no information about Y,. the size of the bias is unknown unless
bounds can be placed on Y, from some source other than the sample data.
With a continuous variate, the only bounds that can be assigned with
certainty are often so wide as to be useless.

Consequently, with continuous data, any sizable proportion of non-
response usually makes it impossible to assign useful confidence limits
to Y from the sample results. We are left in the position of relying on
some guess about the size of the bias, without data to substantiate the
guess.

In sampling for proportions the situation is a little easier, since the
unknown proportion P, in stratum 2 must lie between 0 and 1. If W, is
known, these bounds for P, enable us to construct confidence limits for
the population proportion P. Suppose that a simple random sample of
n units is drawn and that measurements are obtained for n, of the units
in the sample. Assuming n, large enough, 95% confidence limits for P,
are given by

py£2 \/P1‘11/”1

where p, is the sample proportion and the fpc is ignored.

When we try to derive a confidence statement about P, we are on safe
ground if we assume P, = 0 when finding P, and P, = 1 when finding
Py,. Thus we might take, for 95% limits,

PL = Wip, — 2\/1’1‘11/”1) + W,(0) (13.2)
Py = Wilpy + 2 piaalmy) + Wy(1) (13.3)
It is easy to verify that these limits are conservative, that is, that

Pr(P, < P < Py)> 0095
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The limits can be narrowed a little by a more careful argument (Cochran.
Mosteller, and Tukey, 1954), since P, cannot be 0 and 1 simultaneously.
as assumed above.

The limits are distressingly wide unless W, is very small. Table 13.2
shows the average limits for a sample size » = 1000 and a series of values
of W, and p;. Since the limits in (13.2) and (13.3) depend on the value of
n, (number of respondents in the sample). we have taken n; = nW), its
average value, in computing Table 13.2.

TABLE 13.2
95 %, CONFIDENCE LiMITS FOR P (%) WHEN n = 1000
%
Nonresponse, Sample Percentage, 100p,
1001, 5 10 20 50

0 (3.6, 6.4) (8.1, 11.9) (17.5, 22.5) (46.7, 53.2)
5 (3.4,11.1) (7.6, 16.3) (16.5, 26.5) (44.4, 55.6)
10 (3.2, 15.8) (7.2, 20.8) (15.6, 30.4) (42.0, 58.0)
15 (3.0, 20.5) (6.8,25.2) (14.7, 34.3) (39.6, 60.4)
20 (2.8, 25.2) (6.3, 29.7) (13.7, 38.3) (37.2, 62.8)

The rapid increase in the width of the confidence interval with increasing
W, is evident. It is of interest to examine what values of n would be
needed to give the same widths of confidence interval if W, were zero.
This is easily done when p, is 50%,. For W, = 59, Table 13.2 shows that
the half-width of the confidence interval is 5.6. The equivalent sample
size n,, assuming no nonresponse, is found from the equation

5.6 = 2,/(50)(50)/n,
n, = 320

For W, = 10, 15, and 20%,, the values of #, are 155, 90, and 60, respec-
tively. It is evidently worthwhile to devote a substantial proportion of
the resources to the reduction of nonresponse.

An interesting method of finding sample size when nonresponse is
present has been given by Birnbaum and Sirken (1950a, 19506). The
proportion W; of nonresponse is assumed known from previous experience
in the particular type of survey. No advance knowledge of Py, P,, or P s
assumed. Thus, if there were no nonresponse and if we wished the absolute
error in the sample proportion to be less than d, we would take (by section
4.4)

_ 1.°PQ
==

n
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where 7, is the normal deviate corresponding to the risk « that the error
exceeds d. With no advance information about P, we would take P = 0.5
as the least favorable case, giving
t 2
n=—* 13.4
44* (134
By taking the least favorable combination of the bias W,y(P; — P,) and

TABLE 13.3
SMALLEST VALUE OF n FOR GIVEN LIMIT OF ERROR d, WiITH Risk « = 0.05
%
Nonresponse, d (%)

100W, 20 15 10 5
0 24 43 96 384
2 27 50 122 653
4 31 60 166 2000
6 36 75 255
8 43 99 521
10 53 142
15 112

the value of P, Birnbaum and Sirken show that a value of n which stiil
guarantees an error less than d, with risk «, is

b

ty

n=—-—=— 1
4d(d — W)W,

(13.5)
Note that no value of n suffices if W, > d. If W, =0, this equation
reduces to (13.4) apart from the term — I, which comes from an approxi-
mation in the analysis. Some values of n given by Birnbaum and Sirken’s
method are shown in Table 13.3.

This table tells the same sad story as Table 13.2. If we are content with
a crude estimate (d = 20), amounts of nonresponse up to 10% can be
handled by doubling the sample size. However, any sizable percentage

of nonresponse makes it impossible or very costly to attain a highly
guaranteed precision by increasing the sample size among the respondents.

13.3 TYPES OF NONRESPONSE

Some methods for handling the nonresponse problem are described in

succeeding sections. A rough classification of the types of nonresponse
is as follows.
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1. Noncorerage—failure to locate or to visit some units in the sampl:

This is a problem with areal sampling units. in which the interview::
must find and list all dwellings (according to some definition) in a cit
block. It arises also from the use of incomplete lists. Sometimes weath::
or poor transportation facilities make it impossible to rcach certain uni:
during the period of the survey.

2. Not-at-homes. This group contains persons who reside at hom:
but are temporarily away from the house. Families in which both parents
work and families without children are harder to reach than families wit
very young children or with old people confined to the house.

3. Unable to answer. The respondent may not have the informatic:
wanted in certain questions or may be unwilling to give it. Skillful wording
and pretesting of the questionnaire are a safeguard.

4. The ““hard core.”” Persons who adamantly refuse to be interviewed.
who are incapacitated, or who are far from home during the whole tim:
available for field-work constitute this sector. [t represents a source of bias
that persists no matter how much effort is put into completeness of returns.

The detection and measurement of noncoverage are difficult. Witk
areal sampling, one method is to revisit the primary units, making a carefu’
listing that serves as a check. Comparisons of counts of numbers ¢!
people or dwellings with those in another survey sometimes give a warning
that some have been missed. When the principal frame is a directory of
street addresses, it may be supplemented by an area sample, the purpos:
of which is to sample parts of the town (new building) not adequatels
covered by the directory and, in parts in which the directory seem:
accurate, to search for addresses missing from the directory. Surveys
using these methods, with a discussion of the probiem of noncoverage.
are described by Kish and Hess (1958) and Woolsey (1956).

In regard to the not-at-homes, the problem is easier in surveys in whick
any adult in the home is capable of answering the questions than in thoss
in which a single adult, chosen at random, is to be interviewed. A singl:
adult is usually preferred if the survey is one of individuals in which one
person cannot report accurately for another or if intrahousehold cor-
relations are expected to be high, so that the measurement of more thar
one person per family is uneconomical. In this connection, a useft'
method of selecting a single person from a household was developed by
Kish (1949). The original plan was intended for households that may
contain as many as six eligible persons, but the procedure can be adapted
for smaller or larger households.

The interviewer lists on the schedule the eligible persons in the household
and then numbers them: males first in order of decreasing age, then
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females in order of decreasing age. Each schedule has printed on it one of
the sets of instructions in Table 13.4.

Each eligible person in a household of a given size has an equal chance
of being selected, except that adults 3 and 5 in households of size 5 are
slightly overrepresented. Since male respondents are concentrated in

TABLE 13.4
INSTRUCTIONS FOR SELECTING A SINGLE RESPONDENT

If Number of Adults in

R . Household is
elative
Frequency Table
Number 1 2 3 4 5 6
of Use
Select Adult Numbered
1/6 A 1 1 1 1 1 1
1/12 Bl 1 1 1 1 2 2
1/12 B2 1 1 1 21 2| 2
1/6 C 1 | 2 2 3 3
1/6 1 2 | 2|31 4] 4
1/12 El 1 2 | 3| 3| 3]s
1/12 1 2 13| 4515
1/6 F 1 2 3 4 5 6

Tables A, B, and C, the interviewer can devote evening calls to households
so designated.

13.4 CALL-BACKS

A standard technique is to specify the number of call-backs, or a
minimum number, that must be made on any unit before abandoning it
as “‘unable to contact.” Stephan and McCarthy (1958) give data from a
number of surveys on the percentage of the total sample obtained at each
call. Average results are shown in Table 13.5.

TABLE 13.5
NUMBER OF CALLS REQUIRED FOR COMPLETED INTERVIEWS

% of Sample contacted on
First Second  Third or Later  Per Cent

Respondent Call Call Call Nonresponse  Total
Any adult* 70 17 8 5 100
Random adult 37 32 23 8 100

* Two surveys in which the respondent was a housewife and a farm operator,
respectively, have been included in the “‘any adult™ group.
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In surveys in which any adult in the house could answer the questior:.
the first call obtained about 709 of the sample and the first two calis.
879%. The increased cost of sampling when a randomly chosen adult i
to be interviewed is evident, the first call producing only 379 of tt:
required interviews. The marked success of the second call reflects tt:
work of the interviewer in finding out in advance when the desired respon-
ent would be at home and available.

Little has been published on the relative costs of later calls to the fir:
call. Later calls would be expected to be more expensive per completed
interview, since the houses are more sparsely located in the area assignad
to the interviewer and since the occupants are presumably people whe
spend more than an average amount of time away from home. Frox
British experience, Durbin (1954) suggests that later calls may be less
expensive than would be anticipated. The following figures show est:-
mated relative costs per completed interview (i.e.. money spent on ith cals
divided by number of new interviews obtained) for each call up to the fift
in a special study reported by Durbin and Stuart (1954).

TABLE 13.6
RELATIVE COSTS PER NEw COMPLETED INTERVIEW AT THE ITH CALL
Call 1 2 3 4 5
Relative cost 100 112 127 151 250

The estimation of these costs requires care. If the desired responder:
is not at home at the first call, the interviewer may spend time inquirin;
when this person will be at home and making a tentative appointmen:
In the costing such time should be assigned to the second call rather tha:
to an unsuccessful first call.

A more useful measure is the average cost per completed interview
over all interviews obtained up to the ith call. These figures give the relative
costs of obtaining n completed interviews when we insist on i calls befor:
the interviewer gives up. In order to compute these figures, we mus
know how many interviews are obtained at each call. In Table 13.7 thes
calculatigns are made under two sets of assumptions. The first simulates
surveys in which any adult can answer the questions, the second those
demanding a random adult. The data on numbers of interviews obtained
were taken from Table 13.5.

The details of the calculation are shown only for the first assumptior.

the method being exactly the same for the second. The symbol n, denotes
the original sample size.
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Insistence on up to three calls costs only 4%, more per completed inter-
view than single calls if any adult is a satisfactory respondent, and only
109 more if a random adult must be interviewed. How typical these
results are is not known, but the method provides realistic estimates of
the cost of insisting on call-backs if the necessary cost and sample size

TABLE 13.7
RELATIVE Costs PER COMPLETED INTERVIEW UP TO THE ith CALL
Respondent = Any Adult

“Random”
At ith Call Up to ith Call Adult
No. Cost Total Cost No. Cost
Call Relative of of  No.of Total per of per
Cost Ints.* Ints. Ints. Cost Int. Ints. Int.

100 0.70n, 70n, 0.70n, 70n, 100 0.37n, 100
112 0.17n, 19.04n, 0.87n, 89.04n, 102 0.32n, 106
127 0.07n, 8.89n, 0.94n, 97.93n, 104 0.16n, 110
151 0.04n, 6.04n, 098n, 103.97n, 106 0.09n, 114
250 0.02n, 5.00n, 1.00n, 108.97n, 109 0.06n, 122

wh W -

* Interviews

data have been collected. There is also the time-factor: call-backs delay
the final results.

13.5 A MATHEMATICAL MODEL OF THE EFFECTS
OF CALL-BACKS

Deming (1953) developed a useful and flexible mathematical model for
examining in more detail the consequences of different call-back policies.
The population is divided into r classes, according to the probability that
the respondent will be found at home. Let

w,; = probability that a respondent in the jth class will be reached on or
before the ith call

p; = proportion of the population falling in the jth class

u; = item mean for the jth class

0,2 = item variance for the jth class

For simplicity we assume w;; > 0 for all classes, though the method is
easily adapted to include persons impossible to reach. If ;; is the mean
for those in class j who were reached on or before the ith call, it is also
assumed that E(7;;) = u;.
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The true population mean for the item is
a= z Pilt, (13.6)
pl

Consider the composition of the sample after i calls. The persons in the
sample can be classified into (r + 1) classes as follows: in the first class
and interviewed; in the second class and interviewed; and so on. The
(r + Dth class consists of all those not yet interviewed after 7 calls. If the
fpc is ignored, the numbers falling in these (» + 1) classes are distributed
according to the multinomial

Dvipy + Wiapy + -+ wp, + (1 — Z wop Il

where #n, is the initial size of the sample.

It follows that the number #; who have been intervicwed in the course
of i calls is binomially distributed with number of trials = n, and proba-
bility of success Z w;;p;. Hence

E(n;) = expected number of interviews in 7 calls = 1, > w;;p; (13.7)
J

For fixed n,, the numbers of interviews »,; obtained (j = 1, 2, r) follow
a multinomial with probabilities w,;p,/S p_. It follows that
WP,
2 WiP;

Hence, if 7; is the sample mean obtained after i calls.

E(n; | n) =

E(g; | n) = E(zn_y ) _ 2Pty | 2 YD g
L n; > wip, 2 WP,
Since this result does not depend on n,. the unconditional mean of , is
also f;. The bias in the estimate j is therefore (ji; — /7).
The conditional variance of j, for given n, is found similarly to be

z Wijpj[o'jz + (u; — /71')2]
V(y; l n;) = -

(13.9)

n; > w.,p;
J

The unconditiongl variance, ignoring terms of order 1/n,2, is given approxi-

mately by replacing », in (13.9) by its expected value from (13.7).
Finally, the mean square error of the estimate obtained after i calls is

MSE(®, | i) = V(7. | i) + (a; — )2 (13.10

The cost of making /i calls must also be considered. The expected
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number of new interviews obtained in the kth call is Z(wy; — wi_; ;)p;.

Hence, if ¢, is the cost per completed interview at the kth call, the expected
total cost of making i calls is n,C(i), where

Cli) = c1 2 wyp; + co 2 (wyy — widp; + -+ + ¢, 2 (wy; — Wiy )p;

Example. A population with three classes is shown in Table 13.8. The p;
and w;; are intended to represent surveys in which a random adult is interviewed.
At the first call the probabilities wy; of obtaining an interview are taken as 0.6,

TABLE 13.8
CHARACTERISTICS OF THE THREE CLASSES
Class
1 2 3
ps 0.45 0.50 0.05
Wis 0.6 + (0.4)[1 — (0.1)1-1]]0.3 + (0.7)[1 —(0.5)i1] [0.1 + (0.9)[1 —(0.8)t-1]
1u; S5 50 45
11 y¢; 60 50 40
TABLE 13.9
NUMBER OF INTERVIEWS, COSTS PER INTERVIEW AND BIASES
Number of Average
Number of Calls Interviews Cost per I I
Required Obtained Interview Bias Bias
1 0.425n, 100 +1.118 +2.235
2 0.771n, 105 +0.711 +1.421
3 0.882n, 108 +0.421 +0.842
4 0.933n, 110 +0.266 +0.532
5 0.960n, 114 +0.180 +0.360

0.3, and 0.1 in the three classes. At the second and subsequent calls, the con-
ditional probabilities of interviewing a person missed previously are 0.9, 0.5, and
0.2. These figures were made higher than the corresponding probabilities at the
first call in order to represent the effect of intelligent inquiry by the interviewer.

The item being estimated is a binomial percentage close to 50%,. Two sets of
/t; are considered (I, 1I). For simplicity, the within-class variances gt =
#; (100 — p;) were all taken as 2500. The relative costs per completed interview
at successive calls were those given in Table 13.6.

Table 13.9 shows (a) expected total number of interviews obtained for a total
of i calls, (b) the average cost of these calls per interview and (c) the bias (#; — A)
in the estimate § under assumptions I and II about the y;. )

In 11, for example, the true population mean 7 is 54%. The mean /i, obtained
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from first calls is 56.235 %, giving the bias of +2.235%] shown in the table. A
policy that requires three calls reduces this bias to +0.842%¢.

The values of MSE(y) obtained from a given cxpenditure of money were
compared for the different call-back policies. In the first comparisons the
amount of money is sufficient to take n, = 500 if only one call is made. From
Table 13.9 the expected number of interviews obtaincd in the first call is E(n,) =
(500)(0.425) = 212.5. If two calls are made, this expected number must be
reduced to E(n,) = 212.5/1.05 = 202.4. to maintain the same cost, and similarh
for 3, 4, and 5 call-backs. These values of E(n;) werc substituted in equation
(13.9) to give V() and hence MSE(j).

TABLE 13.10

VaLUES oF MSE(#%) ror DIFFERENT CALL-BACK PoLiCIgs
COSTING THE SAME AMOUNT

n, = 500
(for first calls only) n, = 1000 n, = 2000
Number of
Calls No
Required Bias 1* 11* I It | I
1 11.8 13.0 16.9 7.1 10.9 4.2 8.0
2 12.4 129 14.6 6.7 8.3 3.6 52
3 12.7 12.9 13.6 6.5 7.1 34 3.9
4 13.0 13.1 13.4 6.6 6.9 3.3 3.6
5 13.5 13.5 13.8 6.8 6.9 34 35

* These represent populations with smaller (I) and greater (II) amounts of
bias, as defined in Table 13.8.

Table 13.10 presents the resulting MSE’s for three amounts of expenditure,
corresponding to n, = 500, 1000, 2000 for a single call. When n, = 500, the
values of MSE(37) are also given for the ‘‘no bias’ situation in which every
#; = 50. This column shows the effect of call-backs when they are unnecessary,
since no bias results from confining the survey to a single cali.

The policies giving the lowest MSE’s are shown in boldface type. Consider
first the smallest sample size, n, = 500. If call-backs are unnccessary, a policy
demanding as many as four call-backs results in only a modest increase in the
MSE. Inl, involving the smaller amount of bias, the different policies produce
about the same accuracy, although three is the optimum. In II, three to five
ca_ll-_backs are satisfactory, a single call giving a MSE about 25% above the
minimum.

For the larger sample sizes the optimum number of call-backs increases to four
or five, and the use of a single call results in more substantial losses of accuracy.

~ This is, Qf course, only an illustration. The importance of the method
1s that as lnfOfmatlon accumulates about costs and relative biases an
economical policy can be worked out for any specific type of survey.
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13.6 OPTIMUM SAMPLING FRACTION AMONG THE
NONRESPONDENTS

After the first attempt to reach the persons in the sample has been made,
another approach, due to Hansen and Hurwitz (1946), is to take a random
subsample of the persons who have not been reached and make a major
effort to interview everyone in the subsample. This technique was first
developed for surveys in which the initial attempt was made by mail, a
subsample of persons who did not return the completed questionnaire
being approached by the more expensive method of a personal interview.

The first step is to take a simple random sample of n units, using the
ordinary field methods. Let n, be the number of units in the sample that
provide the data sought and n, the number in the nonresponse group.
By more intensive efforts, the data are later obtained from a random
sample of r, out of the n,. Let

ny = kry k>1 (13.11)

Then the average sampling fraction in the first stratum is & times that in
the second. This follows because if & is fixed in advance

() = #() = ()
Nl N2 Nz;

The values of n (initial size of sample) and k are chosen to give a speci-
fied precision for the lowest cost.
The cost of taking the sample is

C = cot + 11y + cory

where the ¢’s are costs per unit: ¢, is the cost of making the first attempt,
¢, is the cost of processing the results from the first attempt, and ¢, is the
cost of getting and processing the data in the second stratum. Since
the values of n, and n, are not known until the first attempt is made, the
expected cost is used in planning the sample. The expected values of
n, and r, are, respectively, Wyn and Wynlk, where W,, W, are the true
proportions in the two strata. Thus expected cost is

coh + oWin + I\2" (13.12)
Let 7,, #,, be the sample means in the two strata. The subscript r is
introduced as a reminder that the sample in the second stratum is of size

ro. As an estimate of the population mean, we take

S P _
¥ == (my, + nyy,,) (13.13)
n
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Note that the second stratum receives a weight n,, although the sample
is only of size r,. This is done in order to obtain an unbiased estimate.
This procedure is an application of double sampling with stratification.
The first or “large” sample of size # gives an estimate n,/n, of the relative
size of the strata. The second or “small’” sample is of size », in the first
stratum and r, in the second stratum.
To find V(g§'), write

—7

7 =~ (3 + nofen) + =2 (For — Fau) (13.19)
n

S |-

where g,, is the mean of the whole sample of size n, from stratum 2.
The first term on the right is the mean of a random sample of size n
from the whole population. Its variance is therefore

(N — n)S_2
N n

where 52 is the variance of the whole population. Further, when we find

the variance of §’, there is no contribution from cross products between
the first and second terms. For

E[an(ng - 37211)] == O
over all random samples of size r, that can be drawn from a fixed sample
of size n,.

Consider the second term on the right of (13.14). If Y, is the population
mean of the nonresponse stratum, we have

(ng - YZ) = (:’72r - ?7211) + (37271 - 72)
so that

E(g27 - 72)2 = E(g2r - g2n)2 + E(an - 72)2

there being no contribution from cross-product terms for the same reason
as before. Now 7,, is the mean of a simple random sample of size r, from
the second stratum, and ,, is the mean of a simple random sample of
size n, from the same stratum. Hence, Jor fixed ny and r,,

(Nz - r2)S_22

— = = N2 (Nz_”2)§£
N = B — o)+ Pt

N2 n2

2 1 : Sop - . .
where S,% is the variance within the nonresponse stratum. This gives

E(Gsr — d,)? = Sza(i _ i) —splaTr_gek=l
Ty Ny Nyry ny
since n, = kr,.
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Hence, adding the variances of the two terms in (13.14), we find, for

fixed n,,
n

V(') = (N —n) . n) $* 2 4 (”_2)2(_&__"1)5

n n,

=(ﬂ__‘”)5“ (_l_‘_—ﬂ NpS,2 (13.15)
N n n®

Since E(n,) = nW,, this gives for the expected variance

N — n) §* k— DWW, .,
l/(J) ( N n)_"_ +( ”) 282..

(13.16)

The first term is the variance that would be obtained if all n, in the
nonresponse group were sampled. The second term is the increase in
variance from sampling only r, of the n,.

The quantities # and k are then chosen to minimize average cost (13.12)
for a preassigned value of the expected variance (13.16).

The solutions are

_/cq(s — WeSy%) (13.17)
Ko So*(co + 1 W1)

_ NIS® 4 (k — DHW,S)"]
ovt NV + §?

n (13.18)

where V is the value specified for the variance of the estimated population
mean.

The solutions require a knowledge of W,; this can often be estimated
from previous experience. In addition to S2%, whose value must be
estimated in advance in any ‘“‘sample size” problem, the solutions also
involve S,%, the variance in the nonresponse stratum. The value of S,>
is naturally harder to predict; it will probably not be the same as S®
For instance, in surveys made by mail of most kinds of economic enter-
prise, the respondents tend to be larger operators, with larger between-unit
variances than the nonrespondents.

If W, is not well known, a satisfactory approximation is to work out
the value of n,,, for a range of assumed values of W, between 0 and a
safe upper limit. The maximum n,,, in this series is adopted as the initial
sample size n. When the replies to the mail survey have been received,
the value of n, is known. The variance formula (13.15) is then solved to
find the value of k that gives the desired variance V. The cost for this
method is usually only slightly higher than the optimum cost which would
have applied if W, were known.
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Example. This example is condensed from the paper by Hansen and
Hurwitz (1946). The first sample is taken by mail and the response rate W, is
expected to be 509. The precision desired is that which would be given by a
simple random sample of size 1000 if there were no nonresponse. The cost of
mailing a questionnaire is 10 cents, and the cost of processing the completed
questionnaire is 40 cents. To carry out a personal interview costs $4.10.

How many questionnaires should be sent out and what percentage of the
nonrespondents should be interviewed?

In terms of the cost function (13.12) the unit costs in dollars are as follows:

¢, = cost of first attempt = 0.1
¢, = cost of processing data for a respondent = 0.4
¢, = cost of obtaining and processing data

for a nonrespondent =45

The optimum n and k can be found from (13.17) and (13.18). If the variances
S? and S, are assumed equal and N is assumed to be large, then

o — Wy @305
Kot _/ o + oW, —A/o.l 0405 — V13 =273

S+ (k — W)

Nopt = vV

= 1000{1 + (1.739)(0.5)}
= 1870

Note that we have put S2/V = 1000, or ¥ = $2/1000, since this is the variance
that the sample mean would have if a sample of 1000 were taken and complete
response were obtained.

Consequently, 1870 questionnaires should be mailed. Of the 935 that are not

returned, we interview a random subsample of 935/2.739, or 341. The cost is
$2095.

As Durbin (1954) has pointed out, subsampling is unlikely to show 3
marked profit unless ¢, is large in relation to (¢, + ¢;#1). The twa
quantities are comparable, since (c, + ¢, W) is the expected cost per uni
of making the first attempt and processing the results and ¢, has the same
meaning for the second attempt. From the equations it can be shown
that the ratio of the cost of obtaining a prescribed ¥ with k =1 (ng
subsampling) to the minimum cost for optimum k is

S¥co + a1V + e, W) _ co + oWy + oW,
V(ST — WaSP)(co + W) + QWS [ Wile, F aPD) + ol

if S?and S,* are approximately equal. If r is the ratio of ¢, t0 (¢o + ¢, W),
the cost ratio becomes

1 4+ rw,
(\/Wl + \/rW2)2
For instance, if r = 4, the cost ratio is 1.029 for W, = 0.5, 1.074 for




SOURCES OF ERROR IN SURVEYS 371

W, =028, and 1.06! for W, =09. If, however, S? is substantially
greater than S.,%, there is more to be gained from subsampling.

With stratified sampling, the optimum values of the n, and the k, in
the individual strata are rather complex. A good approximation is to
estimate first, by the methods in sections 5.5 and 5.6, the sample sizes n,,
that would be required in the strata if there were no nonresponse. Now
from (13.18), if W, = 0, we have
__NS?

" NV + §?
Hence (13.18) can be rewritten as

Nopy = M, [1 =+ (k = DW,Sy 11W252:‘
S-

This equation, applied separately to each stratum, gives an approxima-
tion to the optimum »n,. The values of k, are found by applying (13.17)
in each stratum.

These techniques can be used with ratio or regression estimates. With
the ratio estimate, the quantities S? and S, are replaced by S,® and S,
where d; = y, — Rx,. With a regression estimate, S becomes S*(1 — p?)
and S,% becomes S,%(1 — p?).

N,

13.7 ADJUSTMENTS FOR BIAS WITHOUT CALL-BACKS

An ingenious method of diminishing the biases present in the results of
the first call was suggested by Hartley (1946) and developed by Politz and
Simmons (1949, 1950) and Simmons (1954). Suppose that all calls are
made during the evening on the six week-nights. The respondent is asked
whether he was at home, at the time of the interview, on each of the five
preceding week-nights. If the respondent states that he was at home ¢
nights out of five, the ratio (1 + 1)/6 is taken as an estimate of the
frequency = with which he is at home during interviewing hours.

The results from the first call are sorted into six groups according to
the value of ¢, (0, 1, 2, 3, 4, 5). In the rth group let », be the number of
interviews obtained and #,, the item mean. The Politz-Simmons estimate
of the population mean u is

M

6n,i,/(t + 1)

[4]

5
E 6n,/(t + 1)
=0

This approach recognizes that the first call results are unduly weighted
with persons who are at home most of the time. Since a person who 1s
at home, on the average, a proportion 7 of the time has a relative chance

Yrs =
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7 of appearing in the sample, his responsc should receive a weight I/a.
The quantity 6/(r + 1) is used as an estimate of I/m. Thus 7pg is less
biased than the sample mean § from the first call, but its variance is
greater, because an unweighted mean is replaced by a weighted mean with
estimated weights.

In presenting the mean and variance of j,.s, we use the notation of
section 13.5. The population is divided into classes, people in the jth
class being at home a fraction =; of the time. Note that the rth group
(i.e., persons at home ¢ nights out of the preceding five) will contain persons
from various classes. Let n;,, 7; be the number and the item mean for
those in class j and group r. Then 7,5 may be written as follows:

s = ZEOLBNE D N (o

226"“/0 + 1) D
This is a ratio type of estimate. In large samples its mean is approximately
E(N)/E(D).
If n, is the initial size of sample (responses plus not-at-homes) and #; is

the number from class j who are interviewed, the following assumptions
are made:

. ;. . . .
(i) —*is a binomial estimate of p,m,

n,

y 5! .
(i) E(n; | n;) = n, mm‘(l — )

(iit) E(¥;) = u,, for any j and ¢
Assumption (ii) is open to question. Without giving a detailed dis-

cussion,.it assumes that people report correctly whether they were at home,
For given j, using assumption (i),

2 6 5 6 ' .
E n'( )= _ ( 5! Y — ot
2 M 1) T2 z+1)z!(5—z)!7r’(l ™)

=20 - —m)7
5
Hence

E(D) =2M -1 =)= noip,-[l — (1 —m)°]

i=1 77',-

using assumption (j). Further, since E(3,,) = u; for any j and 1, this gives
the result

_ z pius;[1 — (1 — 77})6]

) [7;‘[1 - - 77';')6]

i=1
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Since the true mean @ = X p;u;, some bias remains in §pg. In a certain
sense, this estimate has the same bias as ¥, the sample mean given by the
call-back method with a requirement that as many as six calls be made if
necessary. In section 13.5, equation 13.8, it was shown that the call-back
method, with a total of i calls, gives an unbiased estimate of s, =
2 wypim; % wp;, where wy; is the probability that a person in class j who
falls in the sample will be interviewed. Now w,; = =,. If at subsequent
calls the probability of finding at home a person not previously reached
remains at =, then

we = [1 = (1 — )]

so that ji;,g = fi;. However, with the call-back method the probability
of an interview at a later call may be greater than =; as a result of informa-
tion obtained by the interviewer at the first or earlier calls. In this event
the call-back method has less bias after six calls.

The variance of 7, is rather complicated. With the usual approxi-

mation for a ratio estimate, it may be expressed, following Deming (1953),
as

_ 1 a _
V(ips) = U {3 mp,;B;lo® + (1; — Aps)]
’ + (n,— 1) E ("'T;'P;')z(Bj - A;'Z)(;u;' - IZPS)Z}

U=1 —Zp,-(l —7":')6

Aj = [1— (1 - 771‘)6]

2

BJ- — l: 6 }2 5! wj'(l _ _”j)s—r
Sol(1 + 0d 115 =1

Although this expression is difficult to appraise without applying i.t to
specific populations, two comments can be made. If the p; do not differ

greatly, that is, if the bias from first calls is moderate, the dominating
term is the first:

where

o 3 [

1
U > m;p;B,0,°

This expression tends to be 25 to 35% higher than the variance of the
unweighted mean of the first calls. Also, V(jpg) contains a term that
does not decrease as n, increases and becomes important in very large
samples. )
To summarize, comparisons made on simulated populations by Deming
(1953), Durbin (1954), and this author suggest that this method shows to
best advantage, in relation to call-backs, when the biases from early calls
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are substantial and the sample is large. The reductions in MSE for the
same outlay are small, however, unless call-backs cost substantially more
than postulated here. The Politz-Simmons technique has the advantage
of saving time. Errors and incompleteness in the values of 7, not con-
sidered in the analysis, are a disadvantage. The method may also be
applied, as suggested by Simmons (1954). in conjunction with several
call-backs.

Several other methods for mitigating the “‘not-at-home’’ bias have been
proposed. Bartholomew’s (1961) applies to a survey with two calls. He
supposes that, for those not at home on the first call, the interviewer, by
careful inquiry, can make the probability of finding them on the second
call approximately equal. If this is so, the n, persons interviewed at the
second call are a random subsample of the (1, — n;) persons missed at
the first call. Hence [m#, + (n, — n,)i,]/n, is an unbiased estimate of
the mean of the initial target sample. The method worked well on some
British surveys to which Bartholomew applied it. In repeated surveys
Kish and Hess (1959) suggest that nonresponses from recent surveys may
serve as a replacement for nonresponses in a current survey. Wherever
the bias from early calls shows a systematic pattern, as in Table 13.1,
Hendricks (1949) has outlined extrapolation methods to estimate the
average results that would be given by nonrespondents.

13.8 A MATHEMATICAL MODEL FOR ERRORS OF
MEASUREMENT

Conceptually, we can imagine that a large number of independent
repetitions of the measurement on the /th unit are possible. Let y, be
the value obtained in the ath repetition. Then

Yin, = U; + €4
where pu, = correct value,

e;, = error of measurement.

The idea of a “‘correct value” requires a little discussion. With some
items the concept is simple and concrete. For instance, in a inventory
taken by sampling the correct value may be the number of fan belts lying
on a shelf at 12 noon on a specified day. In some cases the correct value
can be defined operationally. A person’s correct diastolic blood pressure
at a specified time might be defined as the value obtained when it is
measured by a certain standard instrument under carefully prescribed
conditions. We may realize, however, that our standard instrument is
itself subject to errors of measurement, and we may expect that in course
of time a more precise instrument will be developed. With other items,
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for instance some aspect of an employee’s attitude toward his employer
or of a person’s feelings of ability to cope with his day-to-day problems,
nobody may claim to have a satisfactory method of measuring the “correct
value.” Nevertheless, the concept is useful even in such cases.

Under repeated measurements of the same unit, the errors e;, will
follow a frequency distribution. For the ith unit, let e,, have mean §, and
variance ¢;>. The term f, represents a bias in the measurements. The
magnitudes of B; and ¢,2 will, of course, depend on the nature of the item
being measured and on the measuring instrument. They may depend also
on numerous other factors. With human populations the prevailing
economic and political climate and the amount and type of advance
publicity received by the survey may influence the responses to the
questionnaire.

The next step is to consider how the errors of measurement change
when we move from one unit to another. Various complications can
arise.

For the bias component f,, there may be a constant bias, say, E(8,) = 8,
that affects all units in the population. There will also be a component
(B: — B) that follows a frequency distribution over the population. This
component may be correlated with the correct value p;; for instance,
the measuring device may consistently underestimate high values of u;
and overestimate low values.

There may be a correlation between the values of e,, on different units
in the same sample. The simplest example is the “interviewer bias.”
Dramatic differences are sometimes found in the mean values of y,,
obtained by different interviewers who are sampling comparable parts
of the same population [see Lienau (1941), Mahalanobis (1946), and Barr
(1957N)].

A similar effect has appeared when samples of a growing crop are cut
by different teams and when chemical or biological analyses are done in
different laboratories. The human factor is not the only cause for cor-
relations among units that are measured at about the same time. Many
measuring processes are affected by the weather; some use raw materials
whose quality varies from batch to batch. In estimating the current sale
price of homes built some years ago, Hansen, Hurwitz, and Bershad (1961)
point out that if some houses in the sample have been sold recently their
prices establish a level that guides the interviewer and the householder
in assigning values to houses that have not been sold for many years. In
fact, the average price recorded for the sample may depend on the order
in which the recently sold houses appear in the sample.

In order to handle these intrasample correlations in their most general
terms, a more complex model than that presented here is required. In
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particular, the notation for e,, and 8; would have to indicate that their
values may depend on the other units present in the sample. However,
the types of correlation that are believed to be most common in practice
can be represented by the present model or by simple extensions of it.

The components of the error of measurement are summarized in
Table 13.11.

We have noted further that values of 8, and 4, on different units in the
same sample may be correlated with one another.

TABLE 13.11
COMPONENTS OF THE ERROR OF MEASUREMENT ON THE ith UNIT
Symbol Nature of Component
B Constant bias over all units
i — B Variable component of bias, which follows some frequency

distribution with mean zero as / varies and may be
correlated with the correct value ¢,

diy = e;x — f; Fluctuating component of error, which follows some
frequency distribution with mean zero and variance
o2 as « varies for fixed i

Models that are in general similar to the above have been developed
by Hansen et al. (1951), Sukhatme and Seth (1952) and Hansen, Hurwitz,
and Bershad (1961).

13.9 EFFECTS OF CONSTANT BIAS

Suppose that the measurements y, on all units are subject to a constant
bias f whose magnitude is unknown. Then the mean § of a simple random
sample is also subject to bias 8. In the estimated ecrror variance, which
we attach to the sample mean, the bias cancels out, since this estimate is
derived from a sum of squares of terms (y, — #)2. Consequently, the
usual computation of confidence limits for ¥ from the sample data takes
no account of the bias. The same results hold in stratified random
sampling.

The situation is essentially the same with regression and ratio estimates.
Consider the regression estimate

Jir =g + b(X — ¥)
where both the y, and the z, may be subject to constant biases f, and

f.., respectively. Since the least squares estimate » remains unchanged
and since the bias f; cancels out of the term (X — #), it follows that 7,, is
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subject to a bias f3,. It is easy to verify that the sample estimate of V(¥,,)
contains no contribution due to the biases.
With the ratio estimate

i/

X

o
i

R=

&)y

the bias is also f8,, to a first approximation, since in large samples E(X/Z)
is approximately 1 even if the z; are subject to a constant bias. In large
samples the sample estimate of variance

(N —n) 2 (y; — Rax)?

v(ip) =
2 Nn n—1
will be almost free from bias as an estimate of
E@fp— Y)?

that is, as an estimate of the variance about the biased mean Y.

To summarize, a constant bias passes undetected by the sample data.
As we have seen (section 1.7), the 95%; confidence probabilities are almost
unaffected if the ratio of B, to the standard error of the estimated mean
is less than 0.1, but as the ratio increases beyond this value the computation
of confidence limits becomes misleading. Estimates of change from one
time period to another, or from one stratum to another, remain unbiased,
provided that the bias is constant throughout.

13.10 EFFECTS OF ERRORS THAT ARE UNCORRELATED
WITHIN THE SAMPLE

If constant bias is ignored and errors of measurement are uncorrelated
within the sample, the ordinary formulas for estimating the standard
errors of sample estimates remain valid, provided that fpc terms are
negligible. This result is proved for simple random sampling.

The model can be written

Yie =t + B + dig = p/ + d,, (13.19)

where u," = u; + B, is the average value given by the measuring process
on the ith unit. Since constant bias is ignored,

E@B) =0, E(u;') = p = correct population mean

We suppose, as holds in most surveys, that only one measurement is
made on each unit. The sample means of y,,, ,, and d,, are denoted by
Yo &', and 4,. From (13.19)

37a—,“=(ﬂl—#)+aa
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Since E(d,, | i) = 0, by the definition of «,,, it follows that 7, is an
unbiased estimate of x under simple random sampling. Further,

(Fo — w2 = (@ — pw)?+ d,> + 2d(@ — p) (13.20)
Hence
V(F) = E(@ — p)* + E(dS°) (13.21)
the cross-product term vanishing because the d,, have means zero for
any /.
Average first over repeated measurements on the same set of n units.
Since the d,, on different units are independent,

E(‘-Z:.l)2 = ’_117_, z 01'2

When we average subsequently over all simple random samples, we have

V(_ 1 _ fz (:u'z ‘u).. AY 2
) = n N—1 + ;El i 7
1 - o
= / S+ 1 ot (13.22)
n n

where ¢,2 denotes the average of the variances of the errors of measure-
ment.

Note that 5,2 is the population variance of (u; + B 1t will usually
be larger than S, the population variance of the correct values g;, though
it can be smaller if x, and 8, are negatively correlated. If n = N, that is,
the sample is a complete census, V(y,) does not vanish, because the errors
of measurement give a contribution o,2/N.

Equation 13.22 produces an interesting result, due to Hansen, Hurwitz,
and Bershad (1961), when a population proportion P is being estimated.

For any unit_, let the correct value u; be 1 if the unit is in class C and zero
otherwise, with

N
. 2
E(u;) = P, 5% = 2551' 1“) =< N " PQ (13.23)

If errors of Measurement occur, this means that some units are in-
correctly ClaSSl_ﬁed. For any such unit, the recorded value Y, ID repeated
measurements 1s sometimes 1 and sometimes 0. Let P, denote the propor-
tion of measurements on the jth unit for which Yie = 1. Then gy, isa
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binomial variate with mean u,” = P,, and the variance of d;, is P;Q,.
Hence, if p, = y, is the sample estimate, (13.22) becomes

AY
1 —f3 P — PP 1

Vip) = n N —1 MNZ FiQ: (13.22)
1 N AY
—_— P, — P)? 0.
< n(N — 1)[2( ' U ZP'Q'}
N P N N
— ‘.". — N 2 P. — P_‘.!
n(N—l)(z T2h-2 )
N 2
= PQ ==& 13.24
n(N — 1) ¢ n ( )

using (13.23).

The quantity S,2/n is the variance that would be obtained for ¥(p,) if
no errors in classification occurred and if n/N were negligible. When
errors of classification are present, the result in (13.24) that Vip) < S.2n
is reassuring. The result may appear paradoxical, however, since we
might expect these errors to have more effect on V(p,). The explanation
is that in the estimation of a proportion u,; and f§; are always negatively
correlated. When u; = 1, B, < 0, since P; = (¢; + ;) < 1, and when
#; =0, B, >0, since P, > 0.

To revert to the case of a continuous variable, the ordinary formula
for the sample estimate of V(¥,) is

t—f o _ L= f S — )

n n n—1

o(¥a) =
From (13.19)
Yie — Jo = (' — ) + (d;g — dy)
By squaring and averaging first over repeated measurements and then
over different selections of the sample, we obtain

2
E(Sz) — [Z (./m ya):l — Su'?. + O.d'.l

n—1
Hence

— 1 —
Eng)=L1"Is24 12/ (13.25)
n n
By comparison with (13.22), we see that v(§,) has a negative bias of amount
o2/N. On the other hand, if the fpc term (1 — f) is omitted from ¢(7,), we
obtain an overestimate of amount S,.2/N. _
In the same way it can be shown that the formulas given in preceding
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chapters for the sample estimates of error variances remain valid for
stratified sampling and for multistage sampling and that the approximate
formulas for ratio and regression estimates remain valid in large samples,
provided that errors of measurement in y,, and . are uncorrelated within
the sample and that the fpc’s can be ignored. (The error in y,, may be
correlated with that in the corresponding «,,.)

These results raise the question: in what kinds of surveys are errors of
measurement uncorrelated within the sample? Since intrasample cor-
relations can enter in the process of measurement, in copying the measure-
ments, in editing and coding, particularly if subjective decisions are
involved, and in transferring the data to tabulating cquipment, the
assumption that there is no correlation cannot be made glibly. The risk
of correlation should, however, be minimized in surveys taken from
records, in self-filled questionnaires (as in mail surveys) in which individuals
in the same sample do not consult one another, and in surveys of inanimate
populations in which the measurement is objective.

13.11 EFFECTS OF INTRASAMPLE CORRELATION

BETWEEN ERRORS
Under the model

yia = lui + ﬁi + dia = aui’ + dizz
some of the most common types of intrasample correlation can be re-

presented by supposing that values of d,, for units in the same sample are

correlated. In finding V(7,), the analysis given in section 13.8 proceeds
without change down to equation (13.21).

V(9) = E(@' — p)? + E(d?) (13.21)
Now
g“2 = '_12(2 dia2 + 2 z diadja)
1 i i>i
. Hence
E@n =Loz 4 200 = Dpy 4 (13.26)
n 2n?

where the pro<.iucts are taken over all pairs of units in the same sample.
By analogy with cluster sampling, the average intrasample correlation
coefficient p,, may be defined by the equation

E(diadja) = Pwad2
This gives, from (13.22) and (13.26),

1= 2
V) =1L 52 4 %[ 4 (0 — 1)py] (13.27)
h n
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The average value of v(7,) is found in the same way to be

fs 2y 1 fof(l—pw) (13.28)

Eo(7,) =~

Since p,, is likely to be positive for most types of measurement error,
the standard formula ©(¥,) is usually an underestimate. Whether the
underestimation is serious depends on the relative sizes of S,?, o¢,* and
np,.

This model represents only the simplest type of intrasample correlation.
With stratified sampling, for instance, a coder may process results from
several strata and through a misunderstanding of instructions may
introduce correlated errors that extend over the strata. The mathematical
model can be adapted to apply to situations of this type.

13.12 SUMMARY OF THE EFFECTS OF ERRORS
OF MEASUREMENT

In terms of the model, the mean # of a simple random sample would be
unbiased, with variance S.2/n (ignoring the fpc), if all measurements were
fully accurate. As a result of the types of errors of measurement discussed

here, the mean may be subject to a bias of amount f, and its mean square
error is

1 . A
MSE(7,) = ~ {2+ ol + (n — Dp,J} + #° (13.29)
where u, = u; + B

Formula 13.29 contains two terms, S, .2/n and (1 — p,)/n, that
decrease as 1/n. The remaining two terms, p 0.2 and f2, appear at first
sight to be independent of n. This is probably an oversimplification.
Any material change in the size of sample may require a change in the
field methods of measurement, and this may affect p, and 2. However,
these two terms should change relatively slowly, if at all, with n. Thus in
large samples the MSE is likely to be dominated by these two terms, the
ordinary sampling variance becoming unimportant and misleading as a
guide to the real accuracy of the results.

13.13 THE STUDY OF ERRORS OF MEASUREMENT

In recent years much of the research on sampling practice has been
devoted to the study of errors of measurement. The objectives are to
discover the components that make a large contribution to the MSE and
to find ways of decreasing these contributions. Some of the principal
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methods are described in this and the following sections. It is already
clear that progress will be slow and expensive. One reason is that, as
already mentioned, the measurement crrors depend intimately both on
the items and on the measuring process. Results about measurement
errors found in one survey can seldom be assumed to apply to other
Surveys.

Ideally, the best method of studying errors of measurement is to obtain
the correct values u;. In practice, this approach is limited to items for
which a feasible method of finding u, exists and by problems of expense
and execution. Examples are given by Belloc (1954), who compared data
on hospitalization as reported in household interviews with the hospital
records for the individual, and by Gray (1955). who compared employees’
statements of sick leave with the personnel office records. Checks of this
type—sometimes called “‘record-checks”—arc possible with items such
as age, occupation, number of years of schooling. and price paid for car.
One difficulty is that sometimes the records contain no exact match of the
person interviewed.

Failing a method of determining the correct value, an alternative is to
remeasure by an independent method that is considered more accurate.
Kish and Lansing (1954) engaged professional appraisers to estimate the
selling prices of homes that had already been reported by the home
owners. In surveys of illness respondents’ replies have been compared
either with doctors’ records on the respondents or with the results of a
complete medical examination [Sagen, Dunham, and Simmons (1959),
Trussell and Elinson (1959)). The results of such comparisons are not
easy to interpret in terms of the model, since the superior instrument is
itself subject to measurement errors, but the comparisons will at least
indicate the items for which the routine instrument agrees well with the
superior instrument and those for which it does not.

Another possibility in household surveys is to reinterview a subsample
of the respondents. In one variant of the method the reinterviewing tecam
Is a more accurate measuring instrument, the best interviewers being
chosen and the questionnaire being more detailed and probing. In this
approach the ‘emphasis is on discovering the items for which the first
response was Inaccurate and the reasons for the inaccuracy. In another
variant the second team is intended to be of the same quality as the first.
If the two teams could be regarded as giving two independent measure-
ments, Yix =4 +d,, and y,,. = u; + d;,, the squared difference
(¥;x — Yi2)?12 would be an estimate of the response variance o2 for this
item. Both approaches face the difficulty that the second response may
not be independent of the first. The respondent may simply repeat from
memory the answer given on the first occasion, so that the discrepancies
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underestimate ;2. If the time interval between the two visits is lengthened
in order to minimize this effect, the respondent on the second occasion
may not remember clearly his situation at the earlier time, so that the
discrepancies overestimate o,2.

Occasionally, over-all comparisons between the results of two different
surveys are feasible. For a number of items, the results of the U.S. Census
can be compared with those given by the Current Population Survey taken
at the same time. Since the Survey is considered more accurate, particu-
larly for items difficult to measure, rough estimates of the measurement
bias £ in the Census data can be made [Hansen, Hurwitz, and Bershad
(1961)]. A number of comparisons between the results of quota samples
and probability samples are discussed by Stephan and McCarthy (1958).

13.14 INTERPENETRATING SUBSAMPLES

This technique, particularly useful for the study of correlated errors,
was proposed by Mahalanobis (1946). To present it in the simplest terms,
a random sample of » units is divided at random into k subsamples, each
subsample containing m = n/k units. The field work and processing of
the sample are planned so that there is no correlation between the errors
of measurement of any two units in different subsamples. For instance,
Sl'lppose that the correlation with which we have to deal arises solely from
b{ases of the interviewers. If each of k interviewers is assigned to a
different subsample and if there is no correlation between errors of
measurement for different interviewers, we have an example of the
technique.

With the same mathematical model, it is convenient to label the units
by double subscripts. Let

Yije = My + d;ja
where i denotes the subsample (interviewer) and ;j the member within the
subsample. The fpc is ignored.

Since the ith subsample is a random subsample, it is itself a simple
random sample of size m. Hence, by (13.27), the variance of its mean is

1
V(g = — {S.2 + o[l + (m — 1)p,}

where p,, is the correlation between the d;;, obtained by the same inter-
viewer. Since errors are independent in the different subsamples,

_ _ 1 o .
V(@) = 2 V@) = = {8, + 01 + (m — Dp,]} (1330
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From the sample results, we can compute an analysis of variance into
the components “between interviewers (subsamples)” and *“‘within inter-
viewers.” It is easy to verify that the expected values of the mean squares
work out as in Table 13.12.

TABLE 13.12
EXPECTATIONS OF THE MEAN SQUARES (ON A SINGLE-UNIT BASIS)
df ms E(ms)
Between mYy (Fix — i3
. . k —1 CEESEE L S e 2 —
interviewers i k=1 Tt ol + (= Ded
(subsamples)
ithi Utije — Fie)* - .,
Within km — 1) syt = 22— i 5t 4 01 = py)
interviewers k(m — 1)

This analysis contains two important results. By comparison with
(13.30) we see that 5,%/n is an unbiased estimate of V(7,). Thus the method
provides an estimate of error that takes account of interviewer biases.
The analysis also supplies information about p,. The F-ratio s%s
gives a test of significance of the null hypothesis p,, = 0. The quantity
(s, — 5,%)/m is an unbiased estimate of p,0,2 This result enables us to
answer the question: how much do the interviewer biases contribute to
V(7,)? The situation in which there are no interviewer biases can be

represented by putting p,. = 0 and assuming that ¢,* remains unchanged.
Under this supposition ¥(7,) becomes

1y = 1 o
|4 (?/a) = ;(Su'z + 0'd“)

An unbiased estimate is

V(70 = l[s,g 4 (_s_;s_)} _ 1 Im = D5l + 5]
n m

n nm

This is to be compared with s5,2/n, an estimate of the actual V(j,).
An alternative model that produces the same results represents the bias

of the ith interviewer by a term g,, which has mean zero and variance
o,? as i varies. Thus

Yisa = M5 + & + d;sa (13.31)

where the d,;, are now uncorrelated with each other and with the g;,. For
this model,

V(g,) = l(su,2 + mo? + o,%) (13.32)
n
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and s,2 in the analysis of variance is found to be an unbiased estimate of
nV(y,) as before. The situation in which interviewer biases are removed
is represented by deleting g, and replacing ¢, by (¢,* + 0,%) to leave the
error variance of the interviewer’s estimate of a single unit unchanged.

As the name interpenetrating subsamples implies, it is essential that
the subsamples be chosen at random. A common practice is to assign
each interviewer to the units lying in a small geographic area near his
home, in order to decrease travel costs. Any real differences between the
averages ¥, for different areas then appear in the analysis of variance as if
they were interviewer biases. Thus s,2/n becomes an overestimate of V(7).

The technique extends to stratified and multistage sampling. If the
sole interest is in an unbiased estimate of ¥(7,), all that is necessary is
Fhat the sample consist of a number of subsamples of the same structure
in which we are sure that errors of measurement are independent in
different subsamples. Strictly, this requires that different interviewing
teams, supervisors, and data processors be used in different subsamples.
.Ifyr'x s the mean of the ith subsample, the quantity ¥(7,, — 7,)%/k(k — 1)
1s an unbiased estimate of V(y.), with (k — 1) dt. This result holds because
the subsan_nple can be regarded as a single complex sampling unit, the
sa.mple being in effect a simple random sample of these complex units,
with uncorrelated errors of measurement between different complex units.
Consequently, the resuits in section 13.10 apply.

Numerous applications of this method, sometimes called replicated
samplng, are described by Deming (1960), who has used the method
extensively. For other discussions of its advantages, see Jones (1955) and
Koop (1960). Travel costs of interviewers are usually increased by inter-
penetration, but this can be mitigated if the sample is stratified into
compact areas. For instance, each stratum might consist of two random
SUbS?mPICS, assigned to a different interviewer. Each interviewer is
required to travel over the whole stratum instead of over only half the
stratum. Every stratum provides | df for the estimate of V)

13.15 EXTENSION TO MORE COMPLEX PLANS

In general, the interpretation of the analysis of variance depends on
.the nature of the plan and must usually be worked out separately. As an
illustration, consider a two-stage stratified sample with L strata. In each
stratum n'k primary units are selected, each of the k interviewers being
assigned to a random subsample of n’ primary units. The primary units
are assumed to be of equal size. Since the population is compact, each
Interviewer works in every stratum. The Bengal Labour Enquiry 1941-
1942 described by Mahalanobis (1946) and the health survey in the
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Arsenal district of Pittsburgh described by Horvitz (1952) were roughly
of this type.

In terms of the alternative model in (13.31), the mcan for the jth primary
unit of the ith interviewer in stratum /1 may be written

Ppije = fn + & + Wi, + Gy — 1) + dyij

where fz, is the correct mean for the stratum. As before. j,; = fiyi; + Bris
It is assumed that (4,; — /i,) averages to zero over the stratum and has
variance ;2. The d,:;. are uncorrelated. with mean zero for any 4, i, j.
and variance o;%.

The equation contains a new term u;,;, denoting an interviewer X stratum
interaction. There is not much evidence that this term is necded to make
the model realistic, although, if there are marked differences between
strata in economic level, an interviewer might show a differential bias in
different strata. The w,, are assumed distributed with mean zero and
variance o;g°.

The expectations of the mean squares of the useful terms in the analysis
of variance work out as follows. The unit of analysis is the mean per
subunit for a single primary unit.

df ms E(ms)
Between interviewers k — 1 st | ot ot 4 n,s + n' Loj*
Interviewers X strata (k — IXL — 1)]s;8* 0“2 + a; + n'ors®
Between pu within kL(n" — 1) o7+ 0y
interviewers

This analysis enables us to estimate both the components ;4% and g,°
If n/N is negligible, the “between interviewers” mean square gives an
unbiased estimate of kn'LV(7,).

Example. In Horvitz’ data L = 6, k = 18, n” = |. The mean squares (in
our units) were 5,? = 0.0759. s5,,® = 0.0147, for number of persons ill per
household during the preceding month. Estimate the contribution of interviewer
biases to V(y,)-

In terms of the model, the analysis of variance gives

52 = 0.0759 ~ 62 + o 72 + ars? + 602
sis? = 0.0147 ~ o2 + ap? + o6°
The third term (between pu within interviewers) cannot be computed, since
n =1
The estimate of o;% is (0.0759 — 0.0147)/6 = 0.0102. With »n’ = 1, it is not
possible to estimate o, % To similate the situation in which there are no inter-

viewer biases, we shall assume that the interviewer’s contribution to the error
of measurement of a single subunit (household) has a variance 0,5 + ¢;* but
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that these contributions are independent from household to household. Since
the assignment of an intervicwer in a single stratum contained about 26 house-
holds, the roral variance of a mean per primary unit would be
0.7 + 07* + Je(015° + 0/%)
Unless 0, = 0. we cannot estimate this quantity. The quantity
0.0147 + ,%5(0.0102) = 0.0151 ~a;* 4 0p* + 0;6" + 210012

is an overestimate which should not be seriously wrong if o, is small. This
is to be compared with 0.0759, the actual variance on a primary unit mean
basis. The contribution of interviewer biases to the total variance is about
807%. The estimate given by Horvitz (1952), who used a different value for
5,5 I8 7297,

13.16 CONTROLLED EXPERIMENTS IMBEDDED
IN SURVEYS

An extension of the idea of interpenetrating subsamples is to build into
a survey an experimental comparison of some aspect of the measuring
process or ficld operations. Perhaps the oldest example is the split
schedule. Two forms g, q' of the questionnaire are prepared, differing in
the wording of certain questions or in the order of the questions. In one
plan each questionnaire is given to a random half of the units in the
sample or in a part of it. For any item, the mean difference , — 7, and
1ts standard error can be computed and a test of the relative bias per-
formed. 1f appropriate, the variance ratio s.%/s,® can be tested to see
whether one form gives more erratic responses than the other. An alter-
native plan is to arrange the units in pairs so that both members of a pair
arc expected to show similar responses. Each questionnaire is given to
one member of each pair. If pairing is effective, this plan provides a more
prc.cise estimate of jj, — 7, although a less precise estimate of the variance
ratio.

The idea is to make part of the survey a controlled experiment using
the precautions, including randomization, that are typical of good experi-
mentation. In more complex surveys considerable care must be exercised
in planning to ensure that unbiased estimates of the effects that are of
interest are obtainable. Two illustrations are given.

In the 1950 U.S. Census an experiment designed to estimate the effect
of interviewer biases was conducted in 24 counties in two states. More
than 700 interviewers participated. The counties were divided into 125
areas of average population 6500. An area contained on the average
enough work for six interviewers, although the sizes of the areas varied.
An area with enough work for & interviewers was divided into 2k subareas,
two of which were allotted at random to each interviewer. Within each
area the interviewer variance can be estimated by an analysis of variance
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of the kind in Table 13.12. Descriptions and results arc given by Hanson
and Marks (1958) and Hansen, Hurwitz, and Bershad (1961).

In the example described by Durbin and Stuart (1954) the experiment
was the principal purpose of the survey rather than incidental to it. The
aims were to estimate (a) the effects of two types of clustering of interviews
on response rates, costs of interviewing. and precision, and (b) the effects
of interviewer biases in urban surveys in parts of six towns. Three survey
agencies supplied two interviewers cach for every town. making 3 x 2 x 6
or 36 interviewers in the main part of the experiment. The sampling frame
was the Electoral Register, one registration arca being sampled ineach town.

For the unclustered sample (type 1), a systematic sample of 30 names
was drawn from the Register for each interviewer. In type 2 a systematic

TABLE 13.13
DESIGN OF A SURVEY ON CLUSTERING AND INTERVIEWER BIASES
Town
Agency
I 11 111 v \" VI
A | 2 | 3 3 2
B 2 3 2 I | 3
C 3 1 3 2 2 |

sample of 15 names was drawn from each of two polling districts within
the area. In type 3 the sample from each polling district was taken from
a single street or group of small streets. Thus type 3 has the most cluster-
ing, type 2 being intermediate. The over-all design, in a latin square
pattern, is given in Table 13.13.

In town II, for instance, the two interviewers from agency A worked
on separate type-2 samples, and so on. This cell provides | df for “between
interviewers” and 2 df for ‘“‘between clusters within interviewers.” The
analysis of the effects of clustering, which has several points of interest,
is not given here.

These techniques have two advantages. Since money specifically ear-
marked for field research on measurement or sampling techniques is
seldom available, the only way of conducting the research may be to
implant it in an ongoing survey. Moreover, its results are more likely to
apply to practical conditions if they are obtained in this way. Nevertheless,
it is hard to simulate exactly the ordinary conditions of a survey when
part of it consists of a controlled experiment. Even if efforts are made
to conceal this fact, supervisors and interviewers are likely to be aware
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that there is something special about part of their work, and a controlled
experiment always disrupts the usual procedures in some way or other.
Much can be done to ensure useful information if this problem is antici-
pated and studied in advance.

13.17 SUMMARY

In regard to their effects on the formulas given in preceding chapters,
nonsampling errors may be classified as follows:

1. With noncoverage and nonresponse, the most important consequence
is that estimates may become biased, because the part of the populalion
that is not reached may differ from the part that is sampled. There is now
ample cvidence that these biases vary considerably from item to item and
from survey to survey, being sometimes negligible and sometimes large.
A second consequence is, of course, that the variances of estimates are
increased because the sample actually obtained is smaller than the target
sample. This factor can be allowed for, at least approximately, in selecting
the size of the target sample.

2. Errors of measurement that are independent from unit to unit
within the sample and average to zero over the whole population are
properly taken into account in the usual formulas for computing the
standard errors of the estimates, provided that fpc terms are negligible.
Such errors decrease the precision of the estimates, and it is worthwhile
to find out whether this decrease is serious. ’

3. If errors of measurement on different units in the sample are cor-
related, the usual formulas for the standard errors are biased. The
standard errors are likely to be too small, since the correlations are
mostly positive in practice. This type of disturbance is easily overlooked
and may often have passed unnoticed.

4. A constant bias that effects all units alike is hardest of all to detect.
No manipulations of the sample data will reveal this bias.

As this chapter has indicated, the study of these problems is slow and
difficult. Nevertheless, a good beginning has been made. Much ingenuity
has been shown in devising techniques for the assessment and control of
nonsampling errors. Although this is a field in which broad generalizations
are hard to attain, information should gradually accumulate about the
nature and magnitudes of errors of measurement in different types of
survey. More needs to be learned also about what can be accomplished
with good training and supervision of the interviewers, with pretesting,
with mechanisms to control the quality of the field work, and with a
postsurvey appraisal of the successes and weaknesses in the operation.



390 SAMPLING TECHNIQUES
EXERCISES

13.1 Suppose that, by field methods of different intensities, it is possible to
make the *‘response’” stratum consist of 60, 80, 90. or 95°; of the whole popula-
tion. For a percentage that is to be estimated, the truc “'response’” stratum means
are: 609 stratum, 40.7; 809 stratum. 43.5: 90°, stratum, 44.8; 95 % stratum,
45.4; last 59, 59.0. (a) For a method that samples only the 60 % stratum, show
that the root mean square error of the cstimated pcrcentage for the whole
population is

V(2414/n) + 28.94

where n is the number of completed questionnaircs obtained. (b) Show that a
root mean square error of 5% cannot be achicved by a method with 607
response but can be obtained with slightly over 100 complcted questionnaires for
the methods that have a response of 80% or better. (¢) If a root mean square
error of 297 is prescribed, what methods can achieve it and what sample sizes
are needed?

13.2 In 13.1 (c) suppose that it costs $5 per completed questionnaire for the
field method that has a 909 response. To obtain a completed questionnaire
from the next 5%, of the population costs $20. For a root mean square error
of 27, is it cheaper to use the method with 90 % response rate or that with 95%
response rate?

13.3 A population consists of two strata of cqual sizes. The probability of
finding the respondent at home and willing to be interviewed at any call is 0.9
for persons in stratum 1 and 0.4 for persons in stratum 2. (a) In the notation of
section 13.5 show that

wip =1 — (0.1), Wi =1 — (0.6)

(b) If the original sample size is n,, compute the total expected number of inter-
views obtained for 1, 2, 3, 4, and 5 calls. (¢) If the relative costs per completed
intervie_w at the ith call are 100, 120, 150, 200, and 300 for i =1, 2, 3, 4, 5.
respectively, compute the average cost per interview for all interviews obtained
up to the ith call. () The money available for the survey is enough to pay for
300 completed first calls. If the policy is to insist on / calls, what are the expected
total numbers of completed interviews that can be obtained for the same amount
of money when i =1,2 3 4, 59

13.4‘ In exercise 13.3 persons in stratum 1 have a mean of 409 for some
binomial percentage that is being estimated and persons in stratum 2 have a
mean of 607%;. (a) Compute the bias in the sample mean for i = 1,2, 3, 4, 5 calls.
(b) Compute the variances of the sample means for the cost situation in part («) of
exercise 13.3. (To save computing, the variance may be taken as 2600/, where

n; is the expected total number of interviews obtained.) (¢) Which policy gives
the lowest MSE?

13.5 1In section 13.6 (subsampling of the nonrespondents) show that the
product VC, where V is the prescribed variance V(j') and C is the expected
cost, is
1

SEC + c,W,S,2 + kW,S,2C + p

. W,S8
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where
S? = §% — W,S,%, C' =c, + , W,
and that the minimum value of VC is

(S'VC + Vi, WaS,)?

13.6 In a survey on poultry and pigs kept in gardens and certain small
holdings (Gray, 1957) a postal inquiry with several reminders was followed by
interviews of a subsample of nonrespondents. By advance judgment, k =2
was chosen (i.e., a 509, subsample). The following data were available after the
survey for one important item, in the notation of exercise 13.5.

2015, .95 W, =08  S2=S2

o

By finding ¥C for k = 2 and for the optimum k, determine whether k = 2 was
a good choice.

13.7 In asurvey by the Politz-Simmons method 390 respondents in an initial
sample of 660 were found at home on the first call. The numbers who stated that
they were at home on 0, 1, - -+, 5 of the five previous nights and the number
answering yes to a question in the survey were as follows.

o/s 1/5 2/5 3/s 4/5. 5/5

Number 14 35 55 74 94 118
Yes answers 4 13 20 30 42 56

Compute the Politz-Simmons estimate of the proportion of Yes answers in the
population and compare it with the simple binomial estimate.

13.8 A population with N = 6 contains three units for which the correct
answer to a question is yes and three for which it is no. Owing to errors of
measurement, the probability of obtaining a “‘yes’’ response on a yes unit is
0.9. and the probability of obtaining a “‘no™ response on a no unit is also 0.9.
(a) By working out the distribution of all possible responses for samples of
size 2, show that the probabilities are 0.218, 0.564, and 0.218 that the sample
gives 0, 1, 2 “‘yes” responses. (b) Show that the variance of the estimated pro-
portion of *'yes” responses is 0.1090. Verify results (13.22)" and (13.24) in section
13.10. (c) What would be the variance of the estimated proportion of “yes”
responses if there were no errors of measurement? ’

13.9 In part of the 1942 Bengal Labour Enquiry (Mahalanobis, 1946) a
random sample of about 175 families was taken in each of three strata. The
sample in each stratum was divided into five random subsamples, each assigned
to a different interviewer. The five interviewers worked in all three strata. For

expenditure on food, the relevant part of the analysis of variance (on a single-
family basis) is as follows:

df ms E(ms)
Between interviewers 4 223 9,2 + 0 + 350;5% + 1050,°
Interviews x strata 8 96 0,*+ g + 350/5°

Within subsamples 510 99 a0, +af
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In the notation of section 13.15 the model for a single family is

.I/hij;z = ﬂh +‘§’i + Wy + (/"hl)' - /;h) + {/huz
Variances: Gr> a1s> e a,”
Verify the expressions given for E(ms) and estimate the proportion of the total
variance of the mean that may be ascribed to enumerator biases.
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Answers to Exercises

1.5 $80,400 and $82,960.

1.6 Theconfidence probability is about 0.054 (found from ¢ = —1.67 with 25
degrees of freedom). This assumes that future receipts follow the same frequency

distribution as the sample of 26 receipts.

1.7 When the MSE is due entirely to bias, the estimate is always wrong by 1V MSE.
The probability of an error > 1V MSE is therefore unity and the probability of an
error > 1.96VMSE or > 2.576V MSE is zero. In Table 2.1, Pr (> 1VMSE) tends to }.

2.4 ¥ = 51,473. Probability about 0.9.

25 Yes. o(Y)is 98.4.

2.6 Y = 20,238, s(¥) = 849.

2.7 (a) Public: R =1546. Private: R =1275. (b) Public: s(R)=0.76l.
Private: s(R) = 0.727. For the fpc we take /= 100/468. (c) 14.2 < R < 16.7.

2.8 Diff./s.e.qiyy = 2.71/1.186 = 2.28. P about 0.023. Note that the fpc is not
used in computing s.c.q;q.

2.9 (a) 9408, s.e. = 780; (b) 9472, s.e. = 1104.

2,10 S.c. (in 1000°s) = (a) 14,800; (b) 3900; (c) 3140.

2,11 9.2 (a)2.7; (b)2.4.

2.12 (a) n = 60, with 30 from each domain; (&) n = 80 will do if the number of

owners in the sample lies anywhere between 20 and 60. With n = 80, the probability

that this will happen is 0.54 (from the binomial tables). With n = 100, this probabilit)’
is 0.94,

2.14 (a) 420; (h) 490; (c) both are unbiased; (d) estimate (b).

3.2 1066, 1334 as given by the normal approximation, equation 3.17.
3.3 Nearly conclusive.

3.6 (a)76.2 4+ 3.6%: (b) 1738 4 280 families.
3.7 1789 + 268 familics.
3.8 As an exact result,
V(A) _ N.*nQ,
V(A) Nl — m)(Q, + Pym)
395
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Now N, =
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N1 =), and in large samples #, n(1l — =). These substitutions gl\l'e the
i — 7l <! <! t ) ot a .
stated result. 1n order that V(A1,)/ 17 (A,") be small. we must have =(1 Q) @, large

i ai ies

This means that Q, must be small: in other words, the proportion of domain 1 thatl
' - ~
in class C must be large. For given Q,, = should be large.

3.9 Allgive A. = 13. By the hypcrgcomclrilc. the probability of‘n; uni(-s linPC:

the sample is 0.0601 for A, = 12 and 0.0434 for A, = 1_3. _By the binomial, Py

0.4507 and \/1_—71’,_. = 0.4114, giving A, = 12.3. Page 59 gives 0.061 and 0.044.
3.11 Estimate (b) seems more precise.

3.12 The highest value is PQ/n as compared with PQ/mn b)’ the b'n?mliﬂ formula.
This occurs when every cluster consists entirely of I's or entirely of 0's. The lowest

value can be zero if every cluster gives the same proportion £, (This is possible only for
certain values of P and m).

3.13 Variance is 0.00184 by the ratio method and 0.00160 by the binomial formula
3.14 Average size of sample = m/P.

4.1 735 houses. This sample size is needed for two-car households if P = 10°,
4.2 About 260 sheets.

4.3 (a) 2475; (b) 4950.

4.4 n
45 n =

484. For number of unemployed, the cv would be about 159
4.6 62 more.

4.7 (a) n = 278; by n
4.8 If arectan

gular distribution is assumed within cach class, we take 8% = 00834
or 5 = 0.29. This gives estimates of 230, 580, 2030, and 11,600 in the four classcs.
If the right-trian

gular distribution is used in the fourth
9600 for this class. sed in the four

UNS \ %5
411 n,,, = S\H
2cV 2y

(@) Neyman allo

estimates under optimu
1
o

21 (taking 1 = 2),

23155 (c) n = 3046.

class, we take S = 0,24}, giving

cation gives n = 0.87, n, = 3.13.
m

¢ (b) There are three possible
allocation and nine under proportional allocation. p (Fua) =
L = 0.167: = Z i 5o
0.16 Vnmn(g:!) = 2 = 0.583. (d) Formula 5.21 gives Viulgs) = 0.]59.D
52 (ayn, = 375, N2 = 625; (p) n, = 750, n, = 250.
3 RP = 18]° ; ion
22 o 181. 7 for Proportional allocation and 2147 for optimum allocation.
. € maximum relative in =
r=2and 0.111 for , — 4. creases oceur when W, e and squal 0.0 fr
56 (@ mln =1}, nyp — 3.0y = 264, n, = 88, n, = 176; (c) $193¢,
5.7 (a) $2288 against $193
$2230

6. (b)Y No. The minimum field cost to reduce V1o 1is
58 (a)n =384, n, = 192,

N (6) ny = 400, n, = 1600; (c) n, = 1200, , = 2N,
5.9 Fractional increase — L :
5.10 ny, = 541, n, = 313, n,

= 146,
5.12 In population 1, Vron = 0.143/n: Viy = 0.134/n. In population 2, ¥,., =
0.0491/n, V, . = 0.0423/n. _The reduction in variance from optimum allocation is about
6% in population | as against 149/ i, population 2.
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5.14 (a) If we guess P, = 452, P, = 25%, P, = 7.5% as a compromise, this gives
ny = 2068, ny, = 116, ny = 16; (b) s.e. = 0.0225; (c) s.e. = 0.0241.

5A.4 No. In each of the worst cases [X(w, — W) Y,]? is (0.105)* = 0.011. Thus,
with stratification, MSE(J,,). as given by formula (5A.6), is 0.0108 + 0.0110 = 0.0218.
With simple random sampling, V(i) = 0.0177.

5A.5 (a)n = 1024. The optimum allocation for the second variate (average amount
invested) satisfies both requiremeats. (b) The allocation given by equation (5A.14),
p. 124, with 2 = 0.09, satisfies both requirements for n = 1031.

S5A.6 W, =0728, W, = 0.272. §, = 1.806, S. = 4.698 (in the coded scale). (a)The
optimum sample sizes are #, = 0.507n, n, = 0.493n. (b) V() = 31.95/n, V,,l(J.) =
6.72/n.

a a _
5A.7 (b) [ V) dy = f V2L — ) dy = 2\/2[1 — (1 —a)?*:]/3. Hence we
0 0

want {I — (I — a)®¥] = ).

5A.8 TheoptimaareL = 7forp =0.95L = Sforp = 0.9,and L =4 forp = 0.8.
Either L = 5 or L = 6 is a good compromisc.

5A.9 (a) Gain in precision is about 110°}. (b) Gain from proportional stratification
over simple random sampling is about 90%;

5A.10 (a) 3.733, (b) 1.111, (¢) 8.222.

6.1 For the ratio estimate V(Y ) = N*(1 — f)Ss/n and for simple expansion
V(Y) = N¥1 — [)S?[n, where d = (y — Rx). For the sample of 21 households the
estimates of S,* and S,* are as follows. Number of children, s5,* = 0.49, 5% = 1.61;
number of cars, 5,2 = 0.41, 5,* = 0.39; number of TV sets, 5,> = 0.51, 5,2 = 0.45. The
ratio estimate appears superior for children.

6.2 Gain = 66%,. At least 11 units by the ratio method.

6.3 Quadratic limits (27,100, 29,870); normal limits (27,030, 29,700).

6.5 Apply theorem 6.3 to the estimation of R = ¥/ X. With large samples, use
Al Xif p < (cv of x)/2(cv of y), and usc 7/ otherwise.

6.6 The MSE's are 46.5 for the separate ratio estimate and 40.6 for the combined
ratio estimate. In both cases the contribution of bias to the MSE is negligible.

6.7 For Lahiri's method, V(¥) = 40.1.

6.8 Estimated population total = 116.21 millions. The relative variance is 0.00] 11,
so that the s.e. is (0.0333)(116.21) = 3.87 millions. The estimate is within 1 s.e, of the
true total.

6.9 The estimates are (a) 1896, (b) 1660, () 1689. In (c) we find w, = 2, 38, w, =
—1.38. Esum"ned s.e.’s are (a) 256, (b) 36.9, (¢) 18.6. For the s.e. in (b) 1 used the for-

mula s.c. = )’ \/(l — e,y + ¢y — 2¢,)/n, where YR is the ratio estimate of Y, that
is, 1660. For the s.e. in (¢) I used ¥,,, = 1689.

7.1 Estimate = 11,080; s.e. = 152 (including the fpc).

7.2 No, since b is very close to 1.

7.3 ¥, = 28,177 & 570. The relative precision is 113 %,

7.4 27,751 + 694.

7.6 For the difference estimate, V() = §.%/n, for the linear regression estimate,
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V(i) = §.25,2n(S.* + S,°). The regression estimate has the smaller variance, but its
superiority is unimportant if 5.%/8,* is small.

77 V(Y. = 34.5, ¥(Y,.) = 10.3.

8.1 Variances arc 8.19 (syslemalic), 11.27 (simple random), 8.25 (stratificd, 2),
7.46 (stratified, 1).

8.2 V,, = 0.00141, V,,, = 0.00340.

8.3 The systematic sample should be superior for the proportion of people of
Polish descent, since this variable exhibits geographical stratification. It is likely to be
inferior for proportion of children because the sampling interval. 1 in 5, coincides with
the average size of a household. The same is true, though to a smaller extent, for
proportion of males.

8.4 The variances arc as follows. Males, V,,, = 0.0204, V,,, = 0.0216; children.
Virs = 0.0204, V,,, = 0.0776; professional, ¥,,, = 0.0192, V,,, = 0.0016.

8.5 Actual variance = 8.19. Mecthod (a) gives 11.29. For method (b) the estimated
variance from a single sample is (1 — f)(7,, — #,2)*/4, where #,,. 7,2 are the means of the
two halves. The average is 3.24. The serious underestimation is unexpected.

8.7 Both variances are (k* — 1)/6.

8.8 Simple random sampling is better unless n = 1 or k = 1.

9.1 Relative costs of using the four types of unit are as 100, 90.1,79.7, and 77.8
(taking the first unit as a standard.)

9.2 Relative precision of the houschold is 211 % for the sex ratio and 382 for the
proportion who had seen a doctor. *

9.3 Relative precision of the large unit is 0.566 with simple random sampling and
0.625 with stratified random sampling.

95 (ayM=5; b)M = 1.

9.6 The optimum M should decrease because travel cost, which varies as \;
becomes relatively less important when n increases.

9.7 (a) 34,242; () 5534; (c) 6493.

9.9 (@) If the s.d. among large units in class & o« M,. (b) If probability « VA,

9.10 ¥(¥,) = 1.75, V(¥,,) = 0.50, V(¥,2) = 0.33.

10.1 (a) 2.00; (b) 2.13.

10.3  (a) 165/n; (b) 148.5/n; (c) 132/n.

10.4 (a) n = 660 fields; (b) n = 530 fields. Protein requires fewer ficlds than yield.

10.5 c¢,/c, = 8.

10.7 (a)0.93%: (6)0.51%; (c) 0.36%.

10.8 (a) Either my = 7 or m, = 8 is suitable; (b) 89°; for m,= 7 and 93¢ for
mo = 8; (¢) 865 for m, = 7 and 89°/ for m, = 8.

]

11.2 The relative precision of I11 to 11 drops from 3.02to0 2.75. If two sampling plans
differ primarily in their between-units contribution to the variance, the relative pre-
cision of the superior plan will in general decrease as the ratio of the within-units
variance to the total variance increases.

11.3 The explanation is, roughly speaking, that with these data the Y,/z; are more



ANSWERS TO EXERCISES 399

stable than the Y,/M,. If wetook z, = &, &, and £, the between-units contribution in
method 1V would vanish.

11.4 Total variance: 0.00482 (Ia), 0.02337 (II), 0.00554 (I1II).
11.6 Estimated percentage 14.2 + 2.16. Estimated number 3540 4 540.
11.7 Estimated percentage 13.9 X 2.49.

11.9 (a) Total rooms, 29,400, total persons, 50,550, persons per room, 1.72; () s.e.’s:
total persons, 2,440, persons per room 0.066.

12.1 #n =267, n° = 1320 or n = 268, n’ = 1280. V(p,) with optimum allocation is
6.67 when p,, is in 24’s. With single sampling, V(p) = 8.33.

12.2 ¢, fc,” > 9.

124 n’ > 16n.

12.5 By formula (12.29), s.e. = 1.25.

12.6 Per cent gains from the second to the sixth occasion are 50, 75, 91, 100, and
105, respectively.
12.8  The values of n¥(7.")/S* and nV(7.')/S? are as follows: u = %, p = 0.8: 0.885,

0.875; =1, p=09:0843,0840; p = 4,p = 0.8: 0.824,0.810; p = }, p = 0.9:
0.752, 0.746.

13.1 () 907 response with 1047 completed questionnaires or 95 % response with 701
completed questionnaires.

13.2  The method with 909 response costs $5235. That with 95°% response costs
$5.7895 per completed questionnaire, or $4058 total cost.

13.3  (b) 0.65m, 0.815n,, 0.8915n,, 0.9351n,, 0.9611n,; (c) 100, 104, 108, 112, 117;
(d) 300, 288, 277, 267, 256.

134 (a) Bias (in %) = —3.85, —2.15, —1.21, —0.69, —0.40; (b) variances are
8.67, 9.03, 9.39, 9.74, 10.16; (c) four calls.

13.6 Yes. VC for k = 2 is only about 2% over the minimum VC.

13.7 Politz-Simmons estimate, 39.7%; binomial, 42.3%,.

13.8 (c¢) Variance = 0.1.

13.9 If each enumerator’s error of measurement were independent from family to
family, the variance of the sample mean would be (6, + 6,2 + 0y,2 + 0,%)/525 instead

of (6,* + 04* + 350, + 1055,%)/525. Enumerator biases contribute about 55% of
the total variance.
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Cluster sampling (single-stage), impor-
tance of heterogeneity within clus-
ter, 210
optimum size and type of cluster,
234, 246
reasons for, 234
use of pps sampling, 251
variance of mean, 242
see also Sampling unit, optimum
Cluster  sampling (with subsam-
pling), see Two-stage sampling
Coefficient of variation (cv), 53
Collapsed strata, 141, 227
Combined ratio estimate, 169

Consistency, definition, 20

of mean of simple random sample,
20

of ratio estimate, 157

of regression estimate, 190

Controlled experiments, in studying er-

rors of measurement, 387

Controlled sclection, 128

Corrcction for continuity, 57, 63
“Correct value,” 374

Correlation coeflicient, in finite pop-

ulations, 158
intracluster, 210, 242, 316
within a systematic sample, 210

compared with separate ratio es-
timate, 170

estimated variance, 171

in estimating domain means, 148

in stratified two-stage sampling, 320

optimum allocation for, 174

upper bound to relative bias, 169

variance, 170

Combined regression estimate, 201

bias, 203

compared with separate regression
estimate, 203

estimated variance, 203

variance, 203

Component of variance, between pri-

mary unit means, 280

Composite estimate, in repeated sam-

pling, 351

Compromise allocation of sample sizes

to strata, 119

Conditional distribution, of proportions,
60

worked example for proportions, 61

Confidence limits, 12

conditional, 60

definition for attributes, 56

effect of bias on, 14

effect of nonresponse on, 357-359

for hypergeometric distribution, 56

for preportions or percentages, 56,
60

for ratio estimates, 164

in simple random sampling, 26

in stratified random sampling, 94

validity of normal approximation, 38

Correlogram, 219, 221
Cost function, for number of strata,
134
in analytical surveys, 145
in determining optimum probabili-
ties of selecting primary units,
313-318
in determining optimum sampling
fraction for nonrespondents, 367
in dectermining optimum size of
unit, 245
in dectermining optimum  subsam-
pling fraction, 279
in determining sample size, 82
in double sampling for regression
estimates, 334
in double sampling with stratifica-
tion, 328
in stratified random sampling, 95
Covariance of sample means, 24
Cumulant, &y, 43
Cumulative V' rule, 130
Current estimates, in repcated sam-
pling, 342-351

Degrees of freedom, effective num-
ber in stratified sampling, 94
Descriptive surveys, 4
Domains of study, 33
see ulso Analytical surveys
Double sampling, applications to sur-
veys, description, 118, 327
of nonrespondents, 367-371
Double sampling with ratio estimates,
339
estimated variance, 341
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Double sampling with ratio estimates,
optimum sample sizes, 340-341
variance, 340
Doublc sampling with regression es-
timates, 334

comparison with simple random
sampling, 336

estimated variance, 337

optimum sample sizes, 337

variance, 334-336

Double sampling with stratification,

328

comparison with simple random

sampling, 331-332
estimated variance, 332
estimation of proportions, 330
optimum sample sizes, 330
variance, 329-330

E, average over all possible samples,
11

End corrections, 217-218
Error, limits of, 72, 74, 75
Errors in surveys, types of, 355
Errors of measurement, 374
effects of constant bias, 376
effects of corrclation between er-
rors, 380
effects of errors uncorrelated with-
in the sample, 377
mathematical model for, 374-376
summary of effects, 381, 389
techniques for studying, 381-389
use of interpenetrating subsamples,
383-387

Estimates of population variances,

effects of errors in Si on precision
of stratified sampling, 116
for determining sample size, 77
Expansion factor, 20
Eye estimates, 190

Fields costs, effect on
of unit, 238, 247
Finite population correction (fpc), 23
for ratio estimates, 31, 158
for regression estimates, 192
in stratified random sampling, 91
in two-stage sampling, 276
rule for ignoring, 24

optimum size
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Frame, 7
estimates when frame contains units
not in population, 35-37
use of directory plus area sample,
360

Geographic stratification, 101
construction of strata, 132
gains in precision from, 102

Grid sample in two dimensions, 228

Hard core, in nonresponse, 360
Hypergeometric distribution, 55
as conditional distribution, 61
confidence limits for, 56
charts and tables of (reference),
57
worked example for, 55

Incomplete stratification, 278
Inflation factor, 20
Interpenetrating subsamples, 383
estimated variance, 384
in stratified sampling, 385-387
variance of estimate, 384
Interviewer bias, 375
mathematical models for,
Intracluster correlation, 210
Item, definition, 19

383-387

Knight's move latin square, 229
Kurtosis, 44

effect on sample variance, 43

Latin squares, use in systematic sam-
pling, 229
Lattice sampling, 229

Limits of error (tolerable), 72, 74,
75

Linear programming, in pps selec-
tion without replacement, 263

Linear regression estimate, see Re-
gression estimate

Listing of primary units, effect of

listing cost on optimum prob-
ability of selection, 314-318

Loss due to errors in estimates, 82

L.oss function, 82, 120

Mail surveys, 356, 367
Margin of error, 74
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Matching (in repeated
same population), 344, 346, 348
Maximum likelihood estimates, 154
Mean square error, definition, 15
justification for use of, 15
relation to variance and bias, 15
Measure of homogencity, 244
Measures of size, 252
optimum for single-stage
sampling, 255
Multivariate ratio estimate, 184

cluster

Neyman allocation, 97, 128
best stratum boundaries for, 129
Noacoverage, 360
Non-normality, effect of stratification
on, 43
effect on confidence limits, 38
cffect on sample means, 40
effect on sample variances, 43
frequently cncountered in sampling
practice, 38
Nonresponse, 355
bias produced by, 356-359
effect of cali-backs, 361-366
effect on confidence limits, 357-359
effect on variance in stratified sam-
pling, 148-149
optimum sampling fraction
non-respondents, 367-371
Politz and Simmons' method, 37]1—
374
reasons for, 359-361
sample size needed, 358-359
Normal distribution, 9
as approximation to binomial, 57
as approximation to hypergeometric,
57
as limiting distribution of sample
means, 38
use in surveys, 11
validity with means from continuous
data, 38-47
Notation, for effects of call-back poli-
cies, 363
for errors of measurement, 374-37¢
for proportions, 49, 62
for ratio estimates, 155
for simple random sampling, 19
for stratified sampling, 88

among

SUBJECT

sampling of

INDEX

Notation, for two-stage sampling, 275
for variances of estimates, 25

Optimum allocation in stratified sam-

pling. comparison with propor-
tional allocation, 98, 108
comparison with simple random

sampling, 98, 100
determination  from
101, 131
effect of deviations
timum, 114
cffect of errors in Si, 116
cffect of errors in  stratum
116
for fixed sample size, 97, 107
for fixed total cost, 95, 107
in analytical surveys, 145
in sampling for proportions, 107
requiring more than 100% sampling,
102
with double sampling, 330
with morc than onc item, 118, 120
with ratio estimates, 173
Optimum allocation in stratificd two-
stage sampling, 288
Optimum per cent matched, in sam-
pling on more than two occa-
stons, 346
in sampling on two occasions, 344
Optimum size of subsample, primary
units of equal size, 279
primary units of uncqual size, 313-
318
Over-all sampling fraction, 307

previous data,

from the op-

sizes,

Percentages, estimation of, see Pro-
portions, estimation of
Periodic variation, effect on systematic
sampling, 218
survey, use in estimating op-
timum sampling and subsampling
fractions. 283-285
use in cstimating population vari-
ances, 78
Politz and Simmons' method for han-
dling nonresponse. 371-374
Population, 5
autocorrelated, 219
in random order, 214

Pilot
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Population, natural (data from), 221-
224
sampled, 6
target, 6
two-dimensional, 228
three-dimensional, 229
with linear trend, 216
with periodic variation, 218
Precision, contrasted with accuracy, 15
relative, 98
specification of, 73
Pretest, 8
Primary sampling units (primary units),
270
Probability proportional to estimated
size (ppes), in single-stage sam-
pling, 252-255§
in two-stage sampling, 271-275,
297-299, 305-307, 308-311, 312—
313, 314-318
optimum measure of size, 255
selection without replacement, 260
two-stage sampling without replace-
ment, 321-322
Probability proportional to
single-stage sampling, 251
compared with equal probabilities
256 '
compared with ratio estimate, 256
in stratified sampling, 259
method of drawing sample, 251
selection without replacement, 260-
266
Probability proportional to size in two-
stage sampling, 295
compared with equal probabilities,
296, 309
compared with ratio estimate, 309
selection without replacement, 321-
322
variance of unbiased estimate, 308
variance of ratio estimate, 313
Probability

size in

sampling, definition and
properties, 10
Proportional allocation jin stratified

sampling, 89, 108
comparison with optimum alloca-
tion, 98, 102, 108

comparison with simple random sam-
pling, 98
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Proportional allocation in stratified sam-
pling, comparison with stratifica-
tion after selection, 135

in sampling for proportions, 108

rule for use of, 102, 109

self-weighing sample obtained, 89

variance, 91, 107

Proportions, estimation of, 49

effect of nonresponse, 357-359

effect of population P on precision,
52

in cluster sampling, 64—67, 247-248

in double sampling, 330

in simple random sampling, 49-67

in stratified random sampling, 106—
109

in two-stage sampling (units of equal
size), 278-279

in two-stage sampling (units of un-
equal size), 311-313

size of sample for, 71, 74

with more than two classes, 60, 61

Purposive selection, 11

Quadratic confidence limits for ratio es-
timate, 164
Qualitative characteristics, 49
see also Proportions, estimation of
Quota sampling, 136

Raising factor, 20
Random member of household, method
of selecting, 360
Random numbers, 18
“Random point” method of selection,
241
Random sampling,
dom sampling
Rare items, large sample needed for, 54
Ratio estimate, 29, 155
accuracy of approximate variance,
157, 159
adjustments to decrease bias, 180
as special case of regression esti-
mate, 190
bias, 160-162
compared with mean per unit, 165
compared with pps selection, 256
compared with regression estimate,
199

see Simple ran-
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Ratio estimate, compared with stratified
sampling, 172, 256
conditions under which unbiased,
161
confidence limits, 164
consistency, 157
estimated variance, 31, 163
Hartley-Ross estimate, 176
in analytical surveys, 18
in cluster sampling, 65-67, 300, 308,
311-313
in double sampling, 339
in stratified random sampling, 167
in stratified two-stage sampling, 320
Lahiri’s method, 177
multivariate, 184
optimum allocation for, 173
optimum conditions for, 158
standard error for comparison of
two ratios, 181
unbiased ratio-type estimates, 176
upper bound to relative bias, 162
variance, 30, 157
see also Combined ratio estimate and
Separate ratio estimate
Record checks, 382
Rectangular distribution, variance, 79
Regression coefficient, in finite pop-
ulations, 191, 192
Regression estimate, 189-204
accuracy of large-sample variance,
196
bias, 197-198
compared with mean per unit, 199
compared with ratio estimate, 199
conditions under which unbiased,
198
effect of error in slope, 192
estimated variance, 196
in double sampling, 334
in repeated sampling of the same
population, 342-352
in stratified random sampling, 200,
202
uses, 189
variance, 194
with inefficient estimate of b, 198
with preassigned slope, 190
see also Combined regression estj-
mate and Separate regression es-
timate

Reinterviews, in study of errors of
measurement, 382
Relative net precision, 235
Relative precision (RP), method of
computing, 102
of optimum and general allocation,
114
of stratified random and simple ran-
dom sampling, 98, 108, 137
type of population giving large gains
in precision, 100
Repeated sampling of the same popula-
tion, 341-352
composite estimate, 351
current estimates, 342-351
estimates of change, 341-342, 348-
352
optimum per cent matched, 344
replacement policy, 342
samples drawn with no matching,
342, 351
sampling on more than two occasions,
345
sampling on two occasions, 342
types of estimate wanted, 341
use of nonrespondents from recent
surveys, 374
Replicated sampling, 385
see also Interpenctrating subsamples
Right-triangular distribution, variance,
79
Rotation sampling, see Repeated sam-
pling of the same population

Sampled population, 6
Sampling fraction, 20
first-stage, 276
over-all, 307
second-stage, 276
Sampling on more than two occasions,
345
see also Repeated sampling of the
samc population
Sampling on two occasions, 342
see also Repcated sampling of the
same population
Sampling units (unit), definition, 7
method of determining optimum unit,
234-242, 244-247
optimum measure of size, 255
variance, 29
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Sampling units (unit), with unequal
probabilities, 252-260, 305-311,
312-318

Sampling without replacement, 19

with unequal probabilities, 260-266,
271-275, 321-322

Sampling with replacement, 19

Sclection with arbitrary probabilities,
in single-stage sampling, 252

in two-stage sampling, 271-275, 297,
305, 308, 320
Sclf-weighting estimate, 89
in two-stage sampling, 301, 302, 304,
306, 308, 310
Separate ratio estimate, 167
compared with combined ratio es-
timate, 170
estimated variance, 171
in stratified two-stage sampling, 320
liability to bias, 168
optimum allocation, 173
variance, 168
Separate regression estimate, 200

compared with combined regression
estimate, 203

estimated variance, 202
liability to bias, 202
variance, 201, 202
Short-cuts, in computation of st
errors, 142
in cor_nputation of variance of ratio
cstimate, 173
Simplec expansion, 165
comparison with ratio estimate, 165
Simple random sampling, 18
confidence limits for sample mean, 26
confidence limits for sample propor-

andard

tion, 56

distribution of sample proportion,
54, 55

estimated variance of sample mean,
25

estimated variance of sample propor-
tion, 51

for classification into more than
two classes, 60

method of drawing, 18

precision compared with stratified
random sampling, 98, 108, 137

sample size needed for means, 75

411

Simple random sampling, sample size
needed for proportions, 74
unbiased sample proportion, 50
variance of sample mean, 22, 27
variance of sample proportion, 50
Size of sample for specified limits of
error, analysis of problem, 72
by minimizing cost plus loss due to
errors, 82
Cox’s method of two-stage sampling,
77
effect of nonresponse on, 358-359
for comparisons between domains, 82
for means over domains, 81
in stratified random sampling, 103,
109
with continuous data, 75
with more than one item, 79
with proportions, 71, 74
worked examples, 71, 75, 76
Size of sample needed, for estimating
optimum subsampling fraction, 283
for normal approximation to confi-
dence limits for continuous data,
41
for normal approximation to con-
fidence limits of proportions, 57
Skewed population, experimental sam-
ples from, 39
Skewness, coefficient of, 41
effect of stratification on, 43
effect on confidence limits, 40
Split schedule, 387
Square grid sample, 228
Standard deviation, in finite popula-
tion, 21-22
Standard error, of difference between
domain mecans, 37-38
of difference between two
181-184
of domain mean, 33-34
of domain mean in stratified sam-
pling, 145-147
of domain total, 34-37
of domain total in stratified sam-
pling, 147-149
of estimated population total from
simple random sample, 23
of mean in cluster sampling, 242-
244

ratios,
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Standard error, of mean in selection
with unequal probabilities without
replacement, 262, 321

of mean in stratified sampling, 90-95

of mean in three-stage sampling.
286-287

of mean of simple random sample,
22-23,24-25

of mean of systematic sample, 208-
211

of mean per clement in selection with

unequal probabilities, 253-255,
260-264
of mean per element in two-stage

sampling, 275-278, 288, 293-309,
318-319
of proportion in cluster sampling,
64-67, 247-248
of proportion in simple random sam-
pling, 51-54
of proportion in stratified sampling,
106-107
of proportion in two-stage sampling,
278-279
of proportion over a domain, 62-63
of ratio estimate, 30-31, 157—160
of ratio estimate in stratified sam-
pling, 168-170
of ratio in two-stage sampling, 311-
313, 320-321
of regression estimate, 191, 194, 196
of regression in stratified sampling,
200-203
of sample standard deviation, 43
of total in population possessing some
attribute, 51
Steps in a sample survey, 5
Strata, 87
construction of, 128-133
optimum number, 133-135
Stratification, 87
after selection of sample, 135
best variable for, 100, 128
effect of number of strata on pre-
cision, 133
effect on normality of variate, 43
reasons for, 87
with double sampling, 328

SUBJECT

INDEX

Stratification, with two criteria, 126
with  two-stage sampling, 318-320
Stratificd random sampling, 87
compared with simple random sam-
pling, 93-95
comparison with pps selection, 256
comparison with ratio estimate, 172,
256
comparison with systematic sampling,
211-224
confidence limits for continuous
data, 94
construction of strata, 128
estimate p_,. 106
estimate ¥,. 89
estimated variance of ¥, 93
of p,. 107
estimation of totals and means over
domains of study, 146
for proportions, 106
in analytical studies, 145
in two-stage sampling, 288
optimum allocation, 95-97
size of sample, 103, 109
type of population for which gains
in precision are large, 100
variance of p,, 107
variance of ¥,,, 91
with one unit per stratum, 141
with ratio estimates, 167
with regression estimates, 200
see also Strata, Stratification
Stratified sampling, general formula
for variance of estimate, 89-90
Stratum wecight, W, 88
Subpopulation, 33
Subsampling of nonrespondents, 367-
371
Subsampling
270
see also Two-stage sampling, Three-
stage sampling
Superpopulation, 214
Systematic sampling, advantages, 206
comparisons with simple random
sampling, 209, 210, 213-224
comparison with stratified sampling.
211-224
effect of periodic variation, 218
end corrections, 217-218

(units of equal size),
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Systematic sampling, estimation of the

variance, 224-227

in autocorrelated populations, 219

in natural populations, 221

in populations in “random™ order,
214

in populations with linear trend, 216

in single-stage cluster sampling, 263

in two dimensions, 228

in two-stage sampling, 278

method of drawing, 207, 208

recommendations about use, 230

relation to cluster sampling, 207

stratified systematic sampling, 227

variance of estimate, 208

Target population, 6
Theory, function in sample surveys, 9
Three-stage sampling, 285

optimum sampling and subsampling
fractions, 287

variance of mean per third-stage
unit, 286

Travel costs, 95
Two-dimensional Population, un
systematic sample, 228 ]
usc of latin square principle.i?ﬁ;

Two-phase sampling, see Double sam-
pling R
Two-stage

aligned

size), advantage of, 270
definition, 270

notation for, 275

optimum sampling and subsampling
fractions, 279

stratified sampling of (he primary
units, 288

table for selecting optimum size of
subsample, 282
usc of pilot survey, 283

variance of estimated mean, 275
estimated variance, 276
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Two-stage sampling (units of equal
size), variance of estimated pro-
portion, 278

Two-stage sampling (units of unequal
size), comparison of equal proba-
bilities with pps selection, 296, 309

estimation of proportions, 311

optimum sampling and subsampling
fractions, 313-318

planning of the sample, 322

ratio to another variable, 311-313

ratio-to-size estimate, 300

selection of primary units without
replacement, 321

units chosen with equal probabili-
ties, 293-295, 300, 304

units chosen with probability pro-
portional to measures of size, 295-
299, 305-309

with stratification, 318, 320

Two-way stratification, 126

Unaligned systematic sample, 228
Unbiased procedure or estimate, defi-
nition, 11, 20
Unit (sampling unit), definition, 7
see also Sampling unit
use of sam-
pling in, 3
Unrestricted random sampling, 18
see also Simple random sampling

Variance, definition of $2 and ¢2, 15,
16

Variance function, 244

Variance of population, advance es-
timates of, 77

Variance of sample
Standard error

estimates, Ssee
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