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ON the basis of the theory of derived functors and satellites, as developed 
in the precedi~ paperf (cC (4) ), we shall study now the functors and 
homomorp_hist$ associated with varieties. The universal category <!: is, 
as before, a complete category of (A, ~)-groups, A being a near-ring 
generated by the distributive semigroup ~- To each variety m there 
belongs a subfunctor V and a quotient functor U of the identity functort 
of <t (cf. I, § I, and (3), § 2). After establishing in§ I some general results 
on functor sequences, the basic properties of Ln V and Ln U will be 
derived in § 2. 

Let T be an additive functor of (t, which for the purposes of discll88ion 
we assume to be covariant,§ and let m be a variety. Considering here 
for simplicity's sake only groups, rather than pairs, one obtains the 
m-derived functors L~ T(U(A)), in addition to the (!;-derived functors 
LnT(A), together with natural homomorphisms Ln T(A)➔L:T(U(A)) 
(reduction lwmmnorphi8m8). These, and related functors and homo-
morphisms, will be investigated in §§ 3 and 4. . 

The important varieties in this context are those which contam the 
variety 91 of A'-modu]us, A' being the residue ring of A modulo its 
°?mmutator ideal. By replacing, if necessary, A by some quotient near­
rn~~ one can always place IL given variety m into this situation .. If t~en 
m291, the strongest results are obtained when Tis m-compat1ble, I.e. 
when T(A) = T(U(A)), for all A. In this case the functors and homo­
morphisms, associated with the change (t ➔ m of variety, appear as the 
terms and mappings of one infinite exact sequence. As will later become 
~lear, some of the re-eults derived for particular situations have in f~ct, 
in a different context, already made their appearance in the Abeban 
theory. 

In§ 5 we consider the functor homomorphisms derived from the basic 
mapping 

w..4 1..f,: AIO➔AIA' 
t Throughout referred to as I. , , 
t The symbols V and U will be used in this connotation throughout. 
I Throughout the paper we shall, in the diecll88ion and in proofs, always reetrict 

0 unielvee to covariant functors. 
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n.ssociated with each pair. For ~-compatible functors we shall obtain a. 
complete description in terms of a single exact sequence. 

Section 6 is concerned with the special topic of \"arieties derived from 
ideals and Sl'migroupo in A. Replacing A by a. quotient near-ring amounts 
to a change of \"aricty. The general theory of a change in near-ring will, 
however, not be dealt with here. · 

As an example we shall, for an arbitrary distributively generated near­
ring A, determine the values of L,. V(A) and L,. U(A) for all varieties m 
and for all n, when A is a qu__otient group of A (§ 6). In the two 'basic' 
special cases of our theory, namely when [ is a category of modules 
(cf. § 6), and when [ is the category of abstract groups (cf. § 2), we Rhall 
also derive expressions for the functors L,. V and L,. U with arbitrary 
argument in terms of known invariants. 

In the modul~ case a change of variety is the same as a transition 
from A to the residue ring modulo some ideal n, and the values of Ln V 
and Ln V can be expressed in terms of tensor products with A/n and 
with n, and of their derived functors. 

For abstract groups we obtain certain invariants associated with their 
representations as quotients of free groups. Moreover, the induced homo­
morphisms L,. l'(/1/'),L,. L'(/1/'), the connecting homomorphisms of the 
homology sequencl's, and the various functor homomorphisms defined 
in this context can all be seen to coincide with mappings induced in a 
natural manner by thl! structurl' of the representing free group. 

As this discussion already indicates, there is here a considerable overlap 
with Ban's work (cf. (I)), as far as abstract groups are concerned. One 
can, in fact, exprl'ss the whole theory of Buer invariants in homological 
terms and apply it to more general categories. This, however, will im·olve 
a n\!tnber of new concepts which lie outside the scope of the present paper. 

Since the completion of this work, the author has found a whole range 
of structures which give rise to non-Abelian categories, and to which 
our homology theory and Baer's theory apply (cf. (5) ). An interesting 
example is the category (£.'\ of algebras (not necessarily with identity) 
over a. fixed commutative ring A with identity. For A = Z one gets in 
particular the category of rings. In general [A is i1mmorphic with the 
category of supplemented algebras in the sense of (2); one only has to 
associate with each supplemented algebra its augmentation idea.I. [" 
contains again the category of A-modules, viewed as algebras with trivial 
multiplication. A pair A I A' is now an algebra. A together with an ideal 
A' annihilated by A. 

We shall continue to formulate everything in terms of (A, :E)-groups. 
It is left to the reader to convince himself that the theory applies in fa.ct 
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to il-groups in the sense of Higgins, and in particular to categories (tA· 

A homological discussion of Baer-invariants in G:", which again applies 
in principle to 0-groups in general, will be given elsewhere. 

The general com·entions and notations of I will be taken over here, 
without further reference. · 

1. Exact funftor sequences 
Let, throughout this section, 

O➔T1 4-T1➔ T3➔ 0 (l.l) 

be a sequence of additive functors of (t with the property that the sequence 

(l.2) 

is exact whenever A I A' is (t-projective for some A'. 
Assume T, (i = l, 2, 3) to be covariant. Let A I A' be any pair in (t and 

l(l~ [A➔ A] be a (t-resolution of A I A'. We obtain an exact sequence 

O ➔ T1(A) ➔ T1(A) ➔ T3(A) ➔ O (1.3) 

of complexes. As shown in I, § 4, we derive a sequence 

... ➔Ln+l T1(A I A') ➔Ln+l T,(A IA') ➔ Ln+l T3(A \A')) 
(IA) 

➔Ln T1(A IA') ➔... ... ➔LgT3(A \A') ➔ O 

with connecting homomorphisms 6n. Let /1/': A I A'➔ BIB' be a homo­
morphism of pairs, let [B ➔ B] be a G:-resolution of BIB' and F: A➔ B 
a homomorphism over/. Then the diagram 

T1(A)➔ T1(A) ➔ T3(A) 
t t t 

T1(B) ➔ T1(B) ➔ T3(B) 

will commute, and hence 110 will the diagram 

Ln+1T3(A \ A') ➔ Ln T1(A \ .4') 
t t 

L11 +1 T3(BI B') ➔Ln T1(BI B'). 

This implies in the first place that the connecting homomorphisms 6,. in 
(l.4) are in fact independent of the choioo of [-resolution and in the 
second place that they give rise to functor homomorphism!!. 

By (I (4.6), (4.7)) we obtain: 

I.I. THEOREM. With every sequence (1.1) which is exact on '[-projutive 
pairs there are, for all n ~ 1, associatP.d connecting homomorphiams off unctors 

Ln T3➔Ln - l Ti, 
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The com~ion of any two conaecutive'Jwmomorphi8tll8 in the s~ 

(a) ••• ➔Ln+i T,➔Ln Ti ➔L,.T,➔L,. T,➔ ••• ➔LuT,➔ O 

is null. TIU!- sequence& 

are ezact. 

L,. Ti ➔L,. T1➔L,. T,, 

LoTi➔4Ts➔4,T,➔ O 

If Ti, T,, T, are wt.akly normal, the sequ.ence (a) is ezacl • 

.AsElume now that (I.I) is a,n exact sequence. By considering <r­
representations of length n > o rather than (£-resolutions, we obtain 

J.!. THEOREM. With every uact 8e,quen,ce (I.I) there are, /Qr all n~ I, 
a880Ciawl connuting /wmomorphism8 of fu:nclors 

Sn T,➔Ln-1 T.. 
,r,ne compoaition of any two consecutive hommnorphism8 in the sequence 

(b) o➔ 8n Ti_ ➔S,. T1➔ .S.~ 1;-Ln-i Ti ➔ ••• ➔Le, 2';➔ 0 
is null. 

The sequence 

is ezad. 

If Ti, Ts, Ta are Wta/dy normal, the sequenu (b) ia-uact. 

The 'main J>?-rt' Ln-i Pi_ ➔ ••• ➔L.,T,➔ O of (b) coincides by (I, 7.1) with 
the correspondmg part of the sequence (a) in (l.l). Moreover, we have 

. 1.3. If (I.I) is an exact sequence, then the diagram 

}rom 1.3 we get in p . 
articular for all n > I a commutative diagram 

O➔ SnT,, ➔ s T. 
n I➔ 8,. Ta➔ Ln-1 Ti➔ L,._1 T, ➔ L,._1 T, 

.,, .,, .,, .,, 
0 ➔Sn-1Ti➔Bn-1T1➔ B,._1Ta-

By I, 9.4, by 1.2 and 1 3 
. 

· we now have 
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1.4. Let the Bequence ( l.l) be exact. If the ~ are weakly normal and T1, T1 

arc covariant, weakly right exact, then the aequence 

O➔~~➔~~➔~~➔~~~➔~~~➔O 
iB e.xact. 

From th8J definitions we verify easily 

1.5. Homomorphism8 of Bequence./J (l.l) induce homomorphimna of 
BequenceB (a), (b). 

1.6. If m i8 a complete BUhcat!,UO,Y of [, then the diagratn 

PLnT3➔PLn-1T1 
i i 

L: PT3 ➔ L?-i PT1 
(and the analogoU8 diagram with Ln replaced by Sn) of connecting homo­
morphi8ma and reatriction homomorphi8ma commutu, for all n. 

1.6, of course, presupposes that the conditions for the definition of 
bot.h horizontal mappings are satisfied. Thus for Ln we should require 
(I.I) to be exact on ~-projective pairs. As the restriction homomorphisms 
are absolute, it follows now that they induce homomorphisms of sequences 
(a), (b). 

Results analogous, and dual to those stated in this section, bold for 
contravariant functors. 

2. Variety functors and quotient functon 
We consider a variety m in [ with associated variety functor V and 

quotient functor U. Denoting by I the identity functor of (t, we have 
an exact sequence 

O➔ V➔l➔ U➔ O. (2.I) 

V is'il'normal subfunctor of I (cf. (3), § I) and is thus additive, covariant; 
weakly normal, and preserves monomorphisms; by definition it preeerves 
epimorphisms. U is additive, covariant, right exact, and normal. By 
I, 7.7, 9.4, 

Sn V = 0, Sn U = L,. U (n > 0),) 
4,U = U. · · 

I being exact, we obtain by I, 7.6, and from l.l, l.4, 

2.1. THEOREM. The aequ~ncea 

are exact, and for n > I, 

0➔£.,U➔Li, V➔l➔ V➔O, 

0➔£.,U➔Li, V➔ V➔O 

(2.2) 
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In terms of the functor homomorp¥sms of 2.1, we get immediately 

2.t. 
LiU(AIA') = o if, and only if, Lo V(AIA')~ V(A). 

V(A) = O if, and only if, Li U(A IA')~Lo Y(A IA'). 
For fixed A the last isomorphism is thus valid either for all pairs A I A' 
or for no such pair. 

U being wel\kly normal and right exact we ha.ve, by I, 9.3, 9.4, 

2.3. The connected sequence {Ln,f'n} of functors aBBOCiatu with every 
central sequence 

an exact sequence 

• • • ➔Ln+l U(A IA')➔L? U(C) ➔Ln U(BIB') ➔Ln U(A IA')➔ ••• 

... ➔Li U(A I A')➔ U(C)➔ U(B)➔ U(A)➔ O~ 

For any complex A of groups in er, U(A) and so also H(U(A)) will be 
a complex in m. Hence ,,, 

2.4. The groups L,. U(A I A') lie in m. 
Assume now er to be the category of abstract groups. We represent 

a given group B as a quotient group of a free group F with kernel R, 
i.e. we identify 

B=F/R. (2.3) 

If B' is a central subgroup of B, let F' be the invel'Sb image of B' in F. 
Then (F,F')sR and 

(F,F') R F 
... ➔ O➔ (R,R) ➔ (R, R) ➔ (F,F') ➔B➔ O (2.4) 

is a er-resolution of BIB'. In particular, for F' = R we obtain a (t­

resohttion of B. The groups V(B), U(B), Ln U(BI B'), L,. V(BI B') are, 
'\\ith identification (2.3), givent by forming quotients of normal sub­
groups of F. Thus 

Lo V(BIB') = ~ _(!)+(F..!._F~) 
V(R)+(F,F')' 

£iU(BIB') = [Rn V(F)]+(F,F') (2.5) 
V(R)+(F,_F') ' 

L U(BIB') = [(F,F')n V(R)]+(R,R) 
I V((F, F')) + (R, R) 

Let M,,N, (i = 1,2) be normal subgroups of F, with M1 sM1, N,,sN1, 

~SJ<¾. The mapping x+N,, ➔x+N1 (xeM1) is a homomorphism 
J,f1/N1 ➔M.fN1, which we say is induced by F . We now h~ve 

t Recall that L. T = 0 for n> 2 (cf. I, 8.9). 
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2.5. The mappings of the sequences 
O➔Li U(BIB')➔Lo V(BIB.') ➔B➔ U(B)➔ O, 

! O➔.LiU(B!B')➔L., V(BIB')➔ V(B)➔ O, 

and_ the_ ~omorphiam 
\ L 1 U(BIB')-;;;:.Li V(BIB'), 

aa inducid by the functor hm,u,nw,:phiMns of 2-1, ooincide with the h<nno­
morphiMM induced by F. 

A similar remark holds also for various other homomorphisms. Thus 
if ~ 1 is another variety with assor.iated variety functor V. and if V.(B) = O, 
then on replacing F above by' F/V,,(F) we get the derived funotors 
L!• U, L?• V, and again the restriction homomorphisms are induced by F. 
Next let 

0-+-01 C ➔Bl B' ➔A I A I ➔O 

be a central sequence, and let G be the inverse image of C in F, considering 
C as embedded in B. We identify 

"' C = G/R, A = F/G, (2.6) 

and again express Ln U(G IC), Ln U(A I A') as quotients of normal sub-
groups of F. We then get . 

2.8. The mappings of the sequence 

O➔LaU(B!B') ➔... ...➔ U(B)➔ U(A)➔ O, 
a8 derived from _the connected sequence {Ln,l"n} of functors, ooincide with 
lumwm,orp ism.a induced by F. 

W~ now consider as a particular case the variety functor K and the 
quotient functor J associated with the variety of Abelian groups; thus 
K(B) = .... ~B, B). We then have from (2.4) 

Lc,K(BIB') = (F,F)/(F,F'), } 

. LiJ(BIB') = Rn (F,F)/(F,F'), <
2
·
7> 

and takmg B' = o 
' 

4,K(B) = (F,F)/(F,R), } 

11 J(B) = Rn (F, F)/(F, R). (
2
.S) 

Thusd !i::e bcategory of abstract groups Li J (B) is t,he Schur- multiplicator, 
as e y represe t . . f 
group, and 4, K . n at1ons of groups as quotient. groups o a free 
tions (cf. (l) ). ~, 18 ~nother well-known invariant of such representa­
group of B. W (B) 1B thus isomorphic to the second integral homology 

The functor I shall later obtain a generalization of this result. 
functors are no~~ pr~~des simple examples to show firstly ~~at derived 

additive, and se~ondly that for a central sequence 
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o-o ➔ B ➔A ➔ o of groups the sequence L,, J(C) ➔L,, J(B) ➔L,, J(A) need 
not be exact. In fact, Jet B be the direct sum of two cyclic groups A 
and O of equal order n> I. Then L,,J(..4) = L,,J(O) = 0, and L,,J(B) is 
cyclic of order n, which shows that the above sequence is not exact, 
and that L,, J is not additive. 

We now recall that if B is of finite order n, then nL,, J(B) = 0. 
Comparing (2.7), (2.8), we also find. nL,,J(BIB') = 0. 

Let now <r be again an arbitrary complet~ category of (A, l:)-groups, 
A not necessarily the ring of integers, and Jet <r.r; be the category of 
abstract groups. Let £1 J denote the derived functor of J in <t and Lf J 
the derived functor of J in <rz. ' Let o ➔ A 1 ➔ A0 ➔A ➔ 0 be a <£-repre­
sentation of A IA'. \Ve obtain a commutative diagram 

Lf J(A I A') ➔J(A 1) ➔ J(Ao) 
II II 

O➔Li_J(A IA')➔J(A 1) ➔J(Ar) 

with exact rows, and so an epimorphism V.J(AIA')➔L,,J(AIA'). Let 
:o~h1l be of finite ortler n. Then we concl~de that some factor m of n 

nni 1 ates £ 1 J(A t A'). 
Consider next a <!:-resolution tr tat· · , or \:,-represen 10n 

·•- ➔Ai~A0➔A ➔0, 
of A IA', and write Imac1 == A• • , 
x YEA we have nx n 1 ' 80 that A1 n (Ao,Ao) = L,,J(A IA). For 
The lat:.ere)ement th~ 1f':s :<~!Y)EAt, and n(x+y)-ny-nze (Ao,A 0 ). 

Thus th • 1 n (A 0 , A0 ) and so mn(x + y) = mnz + mny 
e mappmg Po: Z➔m~ . d h" • 

P• ... • d 1s an en omorp 1am of A 0 • Trivially 
• .., ➔ mnz 1s an en omorphis . , 

q > 0 ,.._ . m of A, and as A 9 1s commutntive for 
• l'q• x-~mnz 18 an endomo h' f A W b . 

diagram rp lBm o .a9• e o tam a commutative 

.. , ➔ A ➔ ➔A ➔A · q ••• 0 

+P• +P• tP 
·•• ➔A ➔ A A J 11 ... ➔ o➔ • 

t follows that for D _ S. 
DT(p) is the mapping: 11' Lv (q ~ 0), and for any covariant functor T, 
and eo mnx = o for zeD;mnz, of DT(A IA') into itself. But p is null, 
variant functors (Provid~A I A ). The same argument applies to oontra­
conclude, that they take only Abelian values). We 

2.'7. TuEOBEM •• £et A. be 
O 

• 

a~ for every additive functor If fin,te order n. Tlun for every pair ..4 I A,, 
With argument A I A' have 1', all 1k derived /undora and aatellitu of T 

~ dividing nl. ' ' 
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I. The .reduction homomorphism ThroIS1 

bout this section !l is· a fixed variety in (t with 8880Ciated 
variety functor V and quotient functor U. .,, is the epimorphism I➔ U. 

As a y mentioned in I, § 3, we 8880Ciate with U a functor u• of 
pairs in V, given by the values 

U'(.AIA') = U(A)l[.A'+ V(.A)]/V(.A). (3.1) 

u• is additive and covariant. With the u.aual identification A I O - .A 
we have U'(A) = U(.A). The homomorphisms AIA'➔ U1(AIA') give riae 
to a functor homomorphism .,,S: JI➔ U1, JI being the identity functor of 
pairs in (t. 

The right composition by U1 (of. I, 2.2) is a functor of functon. With 
each functor W of pairs in (t there is asaociated the composite functor 
WU', and with each homomorphism 'Y: lfi ➔ W. of BUch functon there ia 
associated the homomorphism 

given by 

If, in particular, 

then 

vu•: Wi~•➔ w.us, 

('l"U•)_.,_.. = 'I" u•LCtA'I• 

W(A IA')= W(A), 

WU1 = WU. 

As U1(A I A') is always a pair in $, the functor WU1 coincides eeaentially 
with the functor (PW) U1, P being the restriction to $. If now 'l' ia an 
additive covariant functor of (t then, t taking W .. L. 'l', we may identify 
(L,. 'l') U1 with (PL,. T) U1• The restriction homomorphism (cf'. I, I 8) 
PL,.T➔L:PT gives then rise to abeolute functor homomorphiama 
(PL,. T) U1➔ (L: PT) U1• Without danger of confwnon we may omit the 
~riction symbol P in both expl"888ions, as was already done in I. 
Applying the same argument in the other caaee, we obtain abeolute 
functor homomorphisms 

(L. T) u• ➔ (L: T) u• ·) 
(8,. T) U1 ➔ (S: T) US, 

T oovariant, 

<RI 'l') u•➔ <ll" 'l'> u•.} 
(81 T) U' ➔ (8" T) U•, 

(3.2) 

T oontravariant. 

On the other band, the homomorphism tr': JI➔ UI givee riae to abeolute 

t Aa in I, we omit the category index in the notation for derived f\moton and 
u.tellitea when the underlying category ia C. Thua L,. 'l' ill ~ C-derived ftmotor 
while L:' PT ii the II-derived functor or the reetriction to 11. ' • 
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functor homomorphisms 

Ln T ➔ (Ln T) uz '} T covariant, 
Sn T ➔ (SnT) U1, 

(3.3) 
(R"T)U1➔ Jl"T, } T contravariant. 
(8"T)U1 ➔ S"T, 

Composing the homomorphisms (3.2) and (3.3), we get absolute functor 

homomorphisms 

➔ ('L':f T) U1,} T covariant, 
➔ (S?T)fJI, 

(.RIT)U1➔ R"T, } . . T contravanant, 
(SiT)U'➔ SnT, 

called the reduction horrwmorphiam8, t and denoted by 
r = r(«:/m) = r(DT, «:/m) 

for D = L,.,S,., or D = R",8". We have then 

3.1. If ml ia a aid,variety of m, then 

r((t/!l1) = r(!l/m1) 0 r(«:/m). 

(3.4) 

Explicitly, r is calculated 88 follows, taking 88 example derived functors. 
For any pair A I A' in (t let [A➔ A] be a. «:-resolution of A I A', and 
l A• ➔ U (A)] be a !J-resolution of U1(A I A'). Choose any homomorphism 
F: A➔ A• over 1r.,: A ➔ U(A ). Then H,. T(F) is the required homo-
morphism . 

.. Let 
q , 

O➔A 1➔A0➔A ➔ O (3.5) 

be a (£-representation of AIA' of length l. We m~y consider A1 as a 
subgroupt of A0, and obtain a commutative diagram 

0 0 0 
,I. ,I. ,I. 

O➔ A1 n V(A0) ➔ V(..40)➔ V(A)➔O 
,I. ,I. ,I. 

O➔ ..41 ➔ A 0 · ➔ A ➔O 
,I. ,I. ,I. 

O➔A1/A1 n V{A0)➔ U(A0)➔ U(A)➔O 
,I. ,I. ,I. 
0 0 0 

(3.6) 

• t N~ that the reduction homomorphism ooincidee with the restriction homo• 
morphiam (cf. I, I 8) whenever the latter iB defined, i.e. whenever .t e ~. Our theory 
thus applies in particular to the restriction homomorphism. 

1 A similar convention will apply' in various placea in the sequel. 
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';.i,\".h o;mr,roJ MW8 a.nd exact columns. Denote by A~ the inverse image 
::.i A' in /2 0• By I, a.9, U1(A 0 \A~) is ~-projective, and so the bottom 
-re•',; ot {:S.6} is ~ ~-representation of V 1(A \ A'). We shall write 

I A! = A1 n V(A 0). 

Tha foft-hand column of (3.6) is a central sequence in 'll. The restric­
ticn of any additive functor T of (t to ~ is wel\kly normal on 'll. If T is, 
say, covariant, we thus obtain from the sequence {L!,1111} in 11 (cf. I,§ 9) 
an exact sequence 

... ➔ L!+i T(A 1/A'r> ➔ L!T(Af)➔ L! T(A 1) ) 

➔L! T(A 1/A!) ➔ ... ➔ L:7'(A 1/Ar> ➔ O. 
(3.7) 

Al!8umc now that ~ 2'll. By I (8.2) we have 

L!T(A 1) = L,.+iT(A\A'), \ 

L! T(A 1/Af) = L?+i T(V1(A \A')),) 
(3.8) 

and we verify that the mappings 
"' Ln+i T(A \A') ➔L?+i T(U1(A IA')), 

given by (3.7) with identifications (3.8), are th011e induced by the reduc­
tion homomorphism. As ~2'll, we also have V(A 1) = 0, and 80 

Af = Ker[U(A 1) ➔ U(A0)] = S1 U(A\A'). 
By (2.2) 

A!= LiU(A\A'). (3.9) 

From (3. 7) we thus derive mappings 

L?+a T(U1(A IA')) ➔L? T(L1 U(A \A')),) 

L! T(L,. U(A I A')) ➔L11+1 T(A I A'). 
(3.10) 

'). 
Homomorphisms of (t-representatione (3.5) induce homomorphisms of 
diagrams (3.6) and so c,f sequences (3.7). It follows that the mappings 
(3.10) are independent of the choioe of the <£-representation (i5) and 
moreover that they give rise to functor homomorphisms. Homo­
morphisms of functors again induce homomorphisms of sequenoes (3.7). 
We thus have, including now also the contravariant cue: 

I.I. TDOBJ!IM. Lel ~2!(. The homomorphwma of (3.7) (or of iu dw) 
give rw to abaoluk funclor homomorphiamat 

(L?+i T) (£i U) ➔ L..+1 T (L?+1 T) U• ➔ (L? T) (Li U) 

or R"+I T ➔ (.Rl+l T) (L,. U) (RI T) (L,. U) ➔ (Jll+I T) u• 
for n~O. 

t L1 U bu Abelian valw,e by I, 7.3, and (L? T) (L1 U) ia the compoaite functor 
with valuee r.? T(L1 U(A IA')), and limilarly in the other cue . . 
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