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Preface 

This book is intended as an introductory text in statistical 
methods and their applications in psychology and related fields. 
Only a minimal amount of high school mathematics is assumed. The 
emphasis is on statistics as a research tool in the behaYioral sciences, 
and statistical methods are presented within the context of the re­
search problems and methodology of these sciences, particularly 
psychology. 

One of the most frequent questions of the beginning student in 
statistics is, "\Vhat is it for?" For the behaYioral science student 
for whom this book is intended, I believe the question is a legitimate 
one. I believe that his first statistics course should teach him pri­
marily how statistical methods are used in his field and how they 
fit into the general methodology of his science. Accordingly, I haYe 
provided numerous and detailed illustrations of the role of statistics 
in answering such research questions as the student himself might 
encounter, either in the laboratory or in his reading. Most of the 
book follows this pattern: A research question is posed, a statistical 
technique is introduced to answer the question, and a discussion 
follows of the answer and its meaning. In this way, statistical meth­
ods are seen in context, firmly tied to sound methodology in general. 
So that the student will himself have the experience of applying the 

, technique to a research question, practice problems with similarly 
detailed answers are provided at the end of each chapter. These 
problems are an integral part of the text and students should be en­
com·aged to try them, or at least read them, even if they are not to 
be turned in as part of class work. 

The book has been written for use as a one-semester course. It 
is highly suitable, also, as a second text in such laboratory courses 
as Experimental Psychology. Many of the statistical techniques pre­
sented are taught through examples similar to the ones encountered 
in such a course. A good deal of emphasis is placed on the careful 
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scrutiny of research data, th_e i_nterpretation of statistical results, 
and permissible conclusions w1thm_ the_ framework of the researcher's 
question and his method of in\·estigauon · 

I am deeply grateful to ~r. George \Y~inberg for his ca1·eful 
reading of the entire manuscnpt. and f~r. h1s continuing help and 
encouragement at every stage 111 the .wntmg. I am deeply grateful 
also to my colleague, Professor John Cr. Peatman of the City Colle e 
of New York, for his many valuable comments and suggestiot~s. 
Thanks are also due to Eleanor ~{oehr, for her indispensable help in 
the preparation of the manuscript. 

I am indebted to the late Pro~essor Sir Ronald A. Fisher, F.R.s. 
Cambridge, and to Dr. Frank Y_ales, F.R.S., Rothamsted, also t~ 
Messrs. Oliver & Boyd Ltd., Edmbur?h, for permission to reprint 
Table Nos. III, IV, and VI fro_m the1r book :itatistical Tables for 
Biological, Agricultural and .1.11 ed1cal Research. 

VIVIAN GOUREVITCH 

New Yurk City 
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Research is the scientist's way of finding answers to his ques­
tions. He will make systematic observations of some kind-"collect 
data," as it is called-then study and analyze the observations to 
find his answer. It is in the study and analysis of the data that sta­
tistical procedures are used. The question the researcher asks and 
the kind of data he collects together determine which statistical pro­
cedures will be used. 

Raw data--data in their original form, just as they were col­
lected-are usually a mass of numbers or words that represent the 
researcher's observations of the process or subject which interests 
him. The first step in a research study is to organize these raw data 
into a table or graph so that the results can be inspected. Sometimes 
the table or the graph makes the results clear immediately and there 
is no need for any further statistical operations. But even when this 
is not so, inspection of the data in some organized form is usually 
indispensable to a full understanding of the results. 

In this chapter, examples are given of organizing and presenting 
three different kinds of data: (l) data classified into categories; (2) 
ranks; and (3) measures. For each example, we will consider also how 
to interpret the resulting table or graph in terms of the research 
problem that prompted the investigation. As will be seen, statistical 
answers can be properly interpreted only within the context of the 
research methods used by the investigator, and we shall try not to 
lose sight of this fact. 
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CATEGORIES Data are classified into categories 
when the obsen·ations consist es­
sentiallY of words or names of 

things. For example, if we record for each ~tudent in a class that he 
does or does not intend to seek a summer job we will ha\·e simply a 
collection of words, "yes's" and "no's." There arc no numbers to 
~urn, multiply, or divide. All we can do is classify each observation 
m one o~ the two categories "yes" or "no," and count the number of 
ro~s,er.~a.twns in each category. How .to organize and present such 
da.ta. Is Illustrated in Examples 1 and 2 below. 

Example 1. An experimenter has studil•d the color _prefer-
ences_of pre-school children by ha\·ing then: ehoc;>se, on three d1fferent 
occasions, among four objects which are Hient1eal except for color. 
One of the objects was always red (H. I, one blue (BI, one green (G), 
~nd one yel_low (Y ). If the child chose the s~une color on each of t~e 
hr~e occas10ns, he was classif1ed as prcfernng that color. If he d1d 
~~ c~fose the ~a~e color consist~ntl_y, he w_as classified as showing 
clasP.fie edrence, md1cated by "0. S1xty ch!ldren were tested and 

Sl e as follows: 

~·~·:·?·~·O,O,B,B,Y,O,O,R, R, R,O, Y,Y,G, R, 0,0, 
B'R'~ o'~B,R,R,R,R,Y,Y,O,Y,O, B,B,O, 0, 0, G,R, 

I , I I ,Y,Y,B,B,O,R,G,O,O,R,O. 

f • • STEP 1. To organize the data, first determine the number 
? categories used in classifying the observations and then list them 
~ ~column. In this case, there are five categories: Red, Blue, Green, 
d'e .ow, and No Preference. If the experimenter began with a pre-

Jcti?n about what he would find, the order in which the categories 
are l1sted should conform to this prediction. For example, if the ex­
perimenter expected the "warm" colors to be chosen most often, 
red and yellow in that order, then green, and then blue, the colors 
should be listed in the predicted order of preference, as in Table. l.lA. 
If the experimenter is simply investigating color preferences without 
a prediction, it is more usual to list the categories in the order of 
frequencies found, from highest to lowest, as in Table l.lB. Note 
that in both tables the "No Preference" category appears last and 
is separated somewhat from the color categories. This category pro­
vides important but different information about the outcome of the 
study, and this difference is recognized in its separation. 

• • STEP 2. Count the number of individuals classified in each 
category, and enter the number in the frequency column opposite 
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the appropriate category. For example, 16 R's appear in the data, 
which means that 16 children were classified as preferring the color 
red; the number 16 is therefore entered in the frequency column 
opposite the category "Red." There are nine Y's; the number 9 is 
therefore entered opposite "Yellow"; and so on, as in Tables 1.1A and 
1.1B. 

• • STEP 3. If the frequency distribution is to constitute a pres­
entation of the results for inspection by others, the columns must be 
labeled, the categories spelled out, the total(s) entered, and a full , 
descriptive title should appear above the whole. There are no rules 
about labels and titles, but in general the table should be able to 
"stand alone"-that is, the headings and title together should convey 
enough information to allow the reader to interpret the results cor­
rectly by looking at the table alone. It should not be necessary to 
read a paragraph of text in order to find out what the table shows. 
The titles and headings of Tables l.lA and 1.1B illustrate two ac­
ceptable presentations of the results of this experiment. 
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• • STEP 4. The bar chart or bar graph is used to depict the 
data of categories. Fig. l.lA is a bar chart of the results as shown in 
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Table 1.1A, and Fig. 1.1B ;-;how;-; tlw rv . ..;u)t;-; a;-; tlwy are gi\·en in 
Table 1.1 B. In both l1ar charh. tlw c·:ttv.l!ory n:trnv;-; appear on the 
horizontal axis. Fn .. quc·rwi(•;-;, or ntrmlwr of l'hildn·n. appl'ar on the 
vertical axis. Thl•re i;-; a ;-;pal'l' lll't Wt·c·n c•:wh har. and a ;-;omewhat 
larger space separating tiH· "\:o l'n·f(•n·nc·c•" <"atc•gor:• from the color 
categoril•s. Thl· bars an· all equ:tl in \\·id 1 h :11Jd c·:wh re:ll'lw;-; to that 
height on the \·erti<"al axi;-; which c'CI!Tt'."Poncb 1 c1 tlw fn•qm•ncy for 
that category. Thus, tlw "I~c·d" bar c·Xt!'nd;-; up a;-; high a;-; the point 
1 (j on the \·ertical axis, tlw .. Bltu· .. l1ar c·xtl·nd;-; up to 11, and so on. 
A figure number and dl';-;l'riptin· t itlv :tppl·ar IH'Iow t•ach graph, not 
above as with tables. 

Table l.IA 
Distribution of Color 

Preferences Amon~ f>O Pre­
School Children 

Cor.oH J'HEI·J·:HE:--.:•·~-: FHE<JI.E.'\< ' 

HPd IIi 
Yl'llow \1 

( ;rc·cm ·I 
Blue II 

:\ o l'rdcrl'lll't! :!(I 

Total t;(J 

(prcc.lit:tcd ordc·r • 

• INTERPRETING THE RESI)LTS 

TahiP l.IB 
Color Preft>rl'IH'es Shown By 

()() Pre-School Children 

H··d 
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Yt·ll .. w 

( ;f('f'll 
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( '1111.I>HE:-; 

lti 
II 

\1 
·I 
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liO 

'"rdc·rc·d fro111 !ti~]w,.;t to lowt'st 
frc·•rllc·rwic·,.,' 

A good deal of information is already evident from the frequency 
distribution (or bar chart) of these data. If the experimenter pre­
dicted that the preferred colors, in order of frequency, would be red, 
yellow, green, blue, he must now acknowledge that his prediction 
was mistaken. Red does seem to be the most frequent fa\'orite. But 
blue, a "cool" color, is second, and the experimenter predicted that 
blue would be the least frequently chosen color. If the experimenter 
did not begin with a prediction, he will simply note that among the 
children who show a color preference, red is the most frequently 
preferred color and green the least frequently preferred, with blue 
and yellow about tied in between. 
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• DISCUSSING THE RESULTS 

"'What about the high frequency in the "No Preference" category? 
One-third of the subjects (20 'GO) were classified as showing no color 
preference. This finding would require some comment regardless of 
whether the experimenter began with a hypothesis. Is it true that a 
third of these children have no color preference? It is doubtless true 
in terms of the criterion set by the experimenter: that the same color 
had to be chosen on three difl"erent occasions to qualify the child 
as showing a color preference. But perhaps this criterion was too 
stringent. What about children who chose the same color two out of 
three times? Doesn't that show some degree of preference? The ex­
perimenter may counter that even if the child closed his eyes he 
might choose the same color two out of three times by chance alone. 
In other words, the child's hand could fall on objects of the same 
color two out of three times by accident, without his making any 
deliberate color choice at all, whereas we are less willing to believe 
it was an accident if he chose the same color all three times. There 
is no final answer to this controversy, though more will be said about 
such problems in Chapter 7. The point is that the experimenter must 
consider two possibilities: (1) that one-third of the children he tested 
really have no color preference; or (2) that his criterion for assigning 
a color preference was too stringent and caused him to overlook a 
number of children who do have some color preference. In discussing 
his results, the experimenter will present both possibilities, though 
he may choose to accept and defend one or the other of them. 

Categories: Bivariate 

Classification 

Example 2. An experimenter wishes to demonstrate the 
effect of "set" upon problem-solving. His subjects are two groups 
of 20 college students, previously matched for their ability to solve 
problems of the general type that will be used in the experiment. 
They are all ask~d to solve a di_fficul~ problem ':Vithin ~ give}1 tii_ne 
limit. The expenmental group Is deliberately given m1sleadmg m­
structions with the problem, while the control group receives the 
same problem with neutral instructions. At the end of the time limit, 
the experimenter collects the results and finds the following: 

Experimental group: 5 solved the problem, 15 did not. 
Control group: 14 solved the problem, 6 did not. 
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In this experiment, two ob:-:e!Tations were recorded foz· each 
subject: the group to which he wa.-; a:-:signed 1 hence the instructions 
he recei\·ed1; and v.;hether or not he succel·ded in :-:oh·ing the problem. 
How the two kinds of obsen·ations \·ary together is of central interest. 
\\"hen two distinct obsen·ations are mad<-· for each subject or element 
in an experiment, and interest lies in how the two kinds of observa­
tions vary together, the data are cross-cla:-;sified into what is called a 
bivariate distn"butl·on. Bi\·ariate di:-;tribut ions are prc:;ented in two­
way tables and graphs. 

• • STEP 1. To construct a two-way table, list the category 
names of one variable in a column on the left, and the category names 
of the second variable across the top of the table. In Table 1.2, the 
variable Instructions (~Iisleading or ::\eutralJ is shown at the left of 
the table, and the variable Per forma nee (Succe:;s or Failure) is given 
across the top of the table. There is no special rule as to which vari­
able should be listed in the column and which across the top. The 
researcher uses his own judgment as to which arrangement is clearer 
and more convenient for the reader. Again, the headings and the 
category names should com·ey specific information. Category names 
like "Experimental Group" and "Control Group" are generally ob­
jectionable because they convey so little information. A reader must 
remember or refer back to the description of the experiment in order 
to understand the table. It is much better to name the categories 
according to what was actually varied . 

• • STEP 2. Enter the frequencies found in the appropriate cells. 
A "cell" is the space where two categories would intersect if each 
was extended into the table-e.g., "Misleading" and "Success," 
where the frequency 5 is entered because five of the subjects given 
misleading instructions succeeded in solving the problem. The fre­
quency 15 is entered in the cell where "Misleading" and "Failure" 

Table 1.2 
Problem-Solving Performance of Two 
Groups Given Different Instructions 

PERFOR:IfANCE 
INSTRUCTIONS SuccEss FAILURE TOTAL 

Misleading 5 15 20 
Neutral 14 6 20 

Total 19 21 40 
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intersect; and so on, as shown in Table 1.2. vVhen the frequencies 
have all been entered, they are summed separately for each row and 
column and these sums, called marginal totals, are entered in the 
table. A grand total is also entered, which should equal the total 
number of subjects. 

• • STEP 3. A bar graph is also used to depict a bivariate dis­
tribution of category data. Frequencies or number of subjects (per­
centages of subjects, if groups are of disparate size) appear on the 
vertical axis. One variable appears on the horizontal axis, and the 
second variable is shown by a distinctive marking of the bars them­
selves. Clarity and ease of interpretation are again the factors which 
determine which variable shall appear where. A bar graph of the 
problem-solving data is shown in Fig. 1.2. A legend appears on the 

2 15 
c:J 
Q) 

B 
~ 10 

..... 
0 

ci 5 z 

Misleading Neutral 

Instructions 

c:J Sueel'eded 

I2ZI Faill'd 

Figure 1.2 

Problem-Solving Performance of Two 
Groups Given Different Instructions 

(n = 20 Each Group) 

graph explaining what the different markings of the bars mean. Note 
that there is no space between the bars belonging to one category, 
although a space separates the bars of different categories. 

• INTERPRETING THE RESULTS 

Looking at his table or bar chart, what can the experimenter con­
clude? It seems evident that a wrong "set," induced in this case by 
misleading instructions, does indeed inhibit problem solution. Only 
five subjects misled in this way succeeded in solving the problem, 
while 14 of the subjects left to themselves solved the problem. Ordi-
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narily, this difference would hP l'Xamin<>d hy a furthC'r statistical 
test (see Chapter !J1 but for the moml·nt we will asstune that the 
test confirms our impression. 

• DISCCSSI.\"G TilE f{ESI'I.TS 

::\ote that the experinwnter's conclusion that instructions influenced 
performance does not n·st l·ntin·ly upon his :-;tati:-;tical findings. \Ye 
would not be \·ery impn•:-;s(•d \\·ith hi:-; n·:-;u)t:-; if \\'l' did not also have 
reason to belic\·e that dw groups :->tart(•d out a:-; l'quals in problem­
solving ability. Supposl' t lw group:-; had not hel·n matdwd, suppose 
we knew nothing about tlwir prohll·m-soh·ing ability'? Perhaps the 
subjects in the "neutral" control group wen· ju:-;t more able than the 
subjects in the "misled" group, and tlw rl•sults an• tlwrl'forc not due 
to the different instructions tlw experinH'ntl·r gan· hut to thC' different 
abilities of the subjects. In this easl', the ahll· subjects in the control 
group would have performed just as well, and tlw poor subject$ in 
the experimental group just as had ly, had tlw instructions been 
reversed. If the subjects were a rough!:'>· n•prl•spntati\·e sample of col­
lege students, divided randomly into two groups, we might be satis­
fied that this chance procedure could hardly result in so many of the 
more able students ending up in the control group. But if the groups 
are not random samples, and nothing is known about their problem­
solving ability, the results cannot he confidently interpreted at all. 
In discussing his results, the experimenter must defend his con­
clusions with evidence that the outcome of his study is not due to 
factors which are irrelevant to the purpose of his experiment. 

Ordinal Categories 

Often the categories used in classifying data lend themselves to 
a natural ordering along some continuum. For example, the cate­
gories "Excellent," "Good," "Fair," "Poor" fall into a natural order 
from best to worst. Similarly, the categories "Agree strongly," 
"Agree," "Disagree," "Disagree Strongly" fall along a continuum 
from most to least agreement. Such ordered or orderable categories 
are called ordinal cateuories. Data classified into ordinal categories 
are presented in the same manner as other category data, except 
that the natural order of the categories is maintained in the table or 
the graph regardless of the investigator's hypothesis and regardless 
of how frequencies are distributed in the categories. 

Ordinal categories can be ranked from "most" to "least." When 
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the individual observations can themselves be compared and ranked, 
categories are abandoned and numerical ranks are assigned to the 
observations. 

RANKS Ranks are numerals that order a 
set of observations from "most" 
to "least" along some continuum 

of interest. The rank of a gi\·en obsen·ation indicates its relative 
position in that set of observations. It may not be possible, for ex­
ample, to say that Jones swims two-and-a-half times as well as 
Smith, who in turn is three-eighths better than Brown; but compe­
tent observers may agree that in this group, Jones ranks first in swim­
ming ability, Smith second, and Brown third. When observations can 
be ordered from "most" to "least" in this way, so that ranks can be 
assigned, the resulting numerals are ordinal. Ordinal numerals do 
not indicate the amount of difference between observations, only 
their order relative to each other along the continuum of interest. 

Exnmple :-J. Twelve persons have applied for psychotherapy 
to a small new clinic which will not be able to take them all at once. 
The therapist looks over their applications to try to judge which are 
most in need of help. He puts Fisher first and Irwin second; cannot 
decide between Carson and Davis so puts them both next; then 
Gordon Allen, Bates, Harris; then a group of three -Jasper, Klapp, 
and Eaton---who seem about equally in need of help; and finally 
Levine who is judged least in need. Placed in order from most in 
need t~ least in need, the names look like this: 

Fisher 
Irwin 
Carson, Davis 
Gordon 
Allen 
Bates 
Harris 
Jasper, Klapp, Eaton 
Levine 

The therapist wishes to assign ranks to the applicants so that he may 
post the ranks instead of their names . 

• • sTEP 1. The first step in assigning ranks is to determine how 
many individuals or how many objects are to be ranked. This number 
tells how many ranks must be "used up" in the ranking. In this case, 
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there are 12 individuals, so the ranks from 1 through 12 must be 
accounted for in the final ranking. 

• • STEP 2. Assign ranks in a Sl·rial order, beginning with 1, 
until the number of ranks prc\·iously detl'rmined has !wen "used up." 
When several objects or indi\·iduals are tied in rank. {'ach i:-; assigned 
a rank whose value corresponds to the mid-point of the ranks which 
would be occupied if the sc\·eral indi\·idual:-; had been gi\·cn separate 
ranks. In Table 1.3, the applican b for p:-;:':chotherapy have been 
ranked by this procedure. Carson and 1Ja\·is, who han' a tied position 
in the group, would have occupied the ranks :3 and -1 if they could 
have been distinguished from each other· therefore thev are both 
assigned the rank 3.5, which is the mid-p~int bctwc~n 3 ~mel 4. The 
next applicant, Gordon, recei\·es a rank of 5 since the ranks 3 and 4 
have been used. Similarly, Klapp, .Jasper, and Eaton would have 
occupied the ranks D, 10, and 11 had the therapi:-;t been able to assign 
them separate ranks, so they are each given a rank of 10, which is 
the mid-point of the ranks ~J, 10, 11. Since 11 has been used, the next 
individual receives a rank of 12. ~ow the previously determined 
number of ranks have all been used and we have come to the end 
of the list. \Vhen the two events don't occur together, a mistake has 
been made! 

Table 1.3 
Applicants for Psychotherapy 
Ranked in Order of Judged 

Need for Help 

APPLICA!I;T RA!I;K 

Fisher 1 
Irwin 2 
Carson :3.5 
Davis :3.5 
Gordon ;) 

Allen G 
Bates 7 
Harris H 
Klapp 10 
Jasper 10 
Eaton 10 
Levine 12 

• INTERPRETING THE RESULTS 

The results of ranking are usually self-evident. In this case, the appli­
cants will doubtless be called in the order in which they were ranked 
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as openings occur in the clinic. ·when the therapist comes to Carson 
and Davis, he will have to flip a coin to decide which to take first, 
or decide on some basis other than need for help. 

• DISCUSSING THE RESULTS 

The results as they stand serve the therapist's purpose, and for that 
purpose, there is nothing to discuss. Remember, however, that the 
numerals assigned in ranking represent relative positions within the 
particular group ranked. There is nothing absolute about them. If 
the group changes, so will the ranks. For example, if Allen and Bates 
decide to cancel their applications, everyone below them will move 
up two ranks. Harris, for example, will have a rank of 6 instead of 8. 
If three new applicants appear on the scene, all of whom need help 
moreso than Fisher, everyone on the present list will drop down three 
ranks. Harris will now have a rank of 11. Harris's need for help 
remains unchanged, but his rank could change from 8 to 6 to 11 to 
anything because ranks only refer to relative position within the 
group ranked. 

Comparing Two Sets of 

Ranks 

Example 4. An investigator is interested in how art teachers 
grade their students' work. He C?llects ten watercolor pictures made 
by high school students and brmgs them to two art teachers who 
have never seen them before. Each teacher is asked to give grades 
to the ten pictures on a separate sheet of paper so neither will know 
the grades given by the other. The investigator then compares the 
grades given by the two teachers and finds the following: 

PICTURE 

A 
B 
c 
D 
E 
F 
G 
H 
I 
J 

GRADES GIVEN BY 

TEACHER X TEACHER y 

60 
60 
65 
95 
80 
75 
90 
85 
80 
80 

45 
50 
65 
80 
70 
60 
75 
75 
70 
70 

In this example, the observations take the form of numbers, but 
the numbers can hardly be taken literally as indicators of merit since 
the teachers differ so markedly in the grades they assign. Obviously, 
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the two teachers are using different grading scales. \\~e may still 
examine the amount of agrccnwn L hN Wel'n t ht> two tear hers, irre­
spective of the grading seale eaeh is using, by ('On\·erting the grades 
of each teacher to ranks and eomparing thl• ranks. (:\ more precise 
technique for assessing "amount of agn•Pml•n t" is takl•n up in Chap­
ter 6.) 

• • STEP 1. For caeh tcac·her st>paratel:-.·. tlw grades are ranked 
by the procedure outlined in Exampll' :3 abo\'l'. 

• • STEP 2. To faeilitalc eomparison, tlw itt•ms arc listed from 
highest to lowest following one of lhP sets of ranks. ln Table 1.4, 
the letters identifying the student pic·tures wen• arranged from high­
est to lowest to conform to Teacher X 's gradt•s and ranks. The con·e­
sponding grades and ranks of Teaeher Y were then entered in sepa­
rate columns. 

Table 1.4 
Art Teachers' Grading of Student Work 

STt:()f;:>;T 

PII'TL'IlE 

IJ 
u 
H 
I 
J 
E 
F 
c 
B 
A 

( ;IL\l>ES 

TEA!'liEH X TE.·\f'liEH y 

!J.'j so 
!HJ 7:i 
)o.j.'j 7:i 
so 70 
so 70 
so 70 
/[i (j() 

(j.'j {j.'j 

GO .'j() 

60 4:i 

• INTERPRETING THE RESULTS 

H.\:>; KS OF ( ;IL\llES 

TE.\<'lll•:H X TEAI'llEH y 

:2 2.5 
:~ 2.5 
;) 5 
:i 5 
;, 5 
7 8 
H 7 
!l.fi !.) 

U.5 10 

It seems evident from a comparison of the ranks in Table 1.4 that 
the two teachers are in very good agreement about the order of the 
pictures relative to each other along some scale of merit. Except for 
small discrepancies, the order of their grades is very similar even 
though the magnitude of their grades is very different. The investi­
gator has found two things therefore: (1) that Teachers X and Y 
do not agree as to the amount of merit attaching to the pictures they 
graded; but (2) that they do agree rather well as to which pictures 
are better than others. 
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• DISCUSSING THE RESULTS 

Attempts to estimate the "amount" of some quality present in per­
sons or things often fail. The usual reason is that the quality of 
interest is an elusive one and it is difficult to establish criteria about 
which independent observers will agree. Obviously, Teachers X and 
y are grading according to different criteria, weighting various fac­
tors differently. Ranks are especially useful in such cases-if it is 
found that obsen·ers agree at least in this. If they do not agree in 
the ranks assigned, then the ranks would not be useful either. In 
general, obsen·ations are not useful to science unless they are reliable. 
Reliability in this context refers to the consistency of repeated obser.:. 
vations. This consistency must exist for any given obsen·er (Teacher 
X must assign the same ranks, or nearly the same, if he were to grade 
these pictures again at a later date) and there must be consistency 
among obsen·ers (other teachers must assign the same, or nearly 
the same, ranks). In this situation, we would be led to conclude that 
the grades given to student pictures are not reliable indicators of 
their worth, but the ranks of those grades are reliable. Hence, the 
relatiz·e merit of the pictures has been reliably determined. 

Since our investigator's interest is in the behavior of Art teach­
ers rather than in the merit of student pictures, his discussion will 
center about the reliability of the teachers' behavior. He may ask 
them to grade the pictures again after a time period sufficient for 
them to forget the grades they had gi\·en originally. He will inquire 
into the criteria they use in grading and try to discover both the 
reasons for the unreliability of grades and the reasons for the re­
liability of the ranks. 

MEASURES \Ve shall call a measure any nu­
merical observation that is in-
tended to convey an amount or 

magnitude, as opposed to simply relative position. Unlike ranks, 
which indicate only order, measures are truly quantitative. There 
are many kinds of measures. Besides the familiar inches, pounds, 
temperature, in Psychology there are test scores and ratings of var­
ious kinds, measures of performance like number of trials or number 
of errors, reaction time, rate of response, etc. All of these are quanti­
tative indicators of the amount of some given quality and so will be 
regarded as measures. To be useful, of course, measures must meet 
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certain standards of reliability and usually, as we shall see, other 
standards as well. 

The student should be careful not to conft 1se measure and fre­
quency. A measure is an obsen·ation. A frequency is the number of 
times an observation occurs. If we record that a subject made eight 
errors, 8 is a measure of his performance and constitute:; one observa­
tion. If 20 subjects made eight errors, then the obsen·ation 8 has 
occurred 20 times. The frequenclJ of the obsen·ation is 20. 

The remainder of this chapter will be de\·oted to procedures 
for organizing and presenting measures. 

Example/). A psychologist is interested in the amount of 
hostile or aggressive feeling among medical students. He secures a 
random sample* of 78 students from nearby medical :;chools, and as 
part of the study, he asks each student to make up a story about 
each of ten picture cards that show people in ambiguous situations.· 
Afterwards, he counts for each student the number of "aggression" 
themes that appear in his stories and this number becomes the 
student's aggression score. Scores may range from 0 (no aggression 
themes) to 10 (a~gression themes in all stories). The 78 students 
receive the followmg scores: 

3 6, 6, 2, 5, 5, 7, 4, 4, 4, 3, 5, 6, 6, 1' 4, 4, 3, 3, 5, 4, 4, 4, 6, 7, 2, 4, 
5: 5, 4, 7, 5, 5, 5, 5, 3, 3, 6, 2, 4, 4, 8, 3, 3, 7, 4, 4, 5, 7, 5, 4, 6, 6, 7, 
3, 6, 1, 5, 5, 5, 4, 2, 2, 4, 4, 2, 7, 5, 7, 6, 3, 6, 4, 3, 3, 4, 5, 5 . 

• • STEP 1. Since it is apparent that many observations have 
the same value, the first step in organizing the data is to construct a 
frequency distribution. Look over the array of scores and find the 
highest and lowest scores. In this case, although the scores could 
have ranged from 0 to 10, the lowest score is 1 and the highest score 
is 8. The lowest score to the highest score of a distribution is called the 
range of the distribution. Therefore the range of the distribution is 
from 1 to 8. List all the scores within this range in a column, starting 
with the highest score and ending with the lowest score, as in Table 
1.5. These scores are the classes for which frequencies will be counted. 

• • STEP 2. Going through the observations one by one, put a 
tally for each opposite the class into which it falls. Thus, the first 
observation is 3 so a tally is put opposite the class 3; the second is 6 
so a tally is put opposite the class 6; the next observation is also 6 

*A random sample of subjects is obtained by drawing subjePts from u specified 
larger group (e.y., all students attending the medical schools l in sueh a way that 
every member of the larger group has the same chanee of being; included in the 
sample. Random sampling permits us to generalize our findings to the larger group. 
This concept is discussed more fully in Chapter 3. 
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so another tally is put opposite the class 6; and so on, until all the 
observations ha,·e been tallied. The sum of the tallies in each class 
is entered in a column headed "Frequency" (sometimes simply "!"). 
The frequencies are totalled and the total is identified as n, as shown 
in Table 1.5. 

Table 1.5 
Distribution of Aggression Scores 

Obtained by Medical Students 

A<:<atEssio::-; 
t:iCOHE TALLY FnEQt:E::-;cy 

8 I 1 
7 mJ Ill 8 
() THJ mJ I 11 
5 mJ mJ THJ Ill 18 
·l !H!mlmlml 20 
3 1HJ 1HJ II 12 
2 !HJI 6 
1 II 2 

I!= 78 

•• STEP 3. The results may be depicted in either a 111"stogrwm 
or a frequency polygon. Fig. 1.3 shows a histogram of the data. A 
frequency polygon of the data is shown in Fig. 1.4. In both cases, 
frequencies appear on the vertical axis and scores on the horizontal 
axis. The essential difference between the two graphs lies in how they 
represent the scoring classes. 

llistogrmn 

On the histogram, the scoring classes are represented by bars 
which correspond in width to the exact limits of the classes. The exact 
limits of a class extend from half a unit of measure below the class 
to half a unit of measure above the class. Thus, the bar representing 
a score of 1 extends from .5 to 1.5 on the horizontal axis; the bar 
representing a score of 2 extends from 1.5 to 2.5; and so on. 

The use of exact limits conforms to the assumption that our 
observations are quantities measured on a continuous scale of values. 
Theoretically, if not in practice, a subject might have a score of 
1.9 or 2.33 instead of 2. But our test does not permit such fine dis­
criminations t.o be made. Use of the exact limits 1.5 to 2.5 reflects 

17 MEASURES 



our belief that the real score of a suhjec·t sC'oring .. ~ .. falls some\vhere 
within these limits, and not nec·essarily at ~.0 l'XaC'tly. 

Frequetlf'.Y Pnly,!.!oll 

On the frequeney polygon. the sl'ori ng (' l;t;-;;-;l•s arl' represented 
by their midpoints. The midpoint of an indi,·iduall'lass has the same 
value which designates the c·lass itsL·If. Thus, t hl' l'lass :~ extends 

2 0 ,-- 20 
I--

~ lo IG 

r--
5"' 
I': 
Col 

;.., 

~ 
&10 

I-- g. 10 
2 <:) 

:.. 
~ 

5 

0 

1--

,--

I. h 
1 2 3 4 5 6 7 8 

Aggression scores 

Figure 1.3 

Distribution of Aggression 
Scores Obtained by Medical 

Students (n = 78) 

0 ~--L l ____ l 

U 1 2 ;) ·I 5 (i 7 8 9 

Figure 1.4 

Distribution of Aggression 
Scores Obtained by Medical 

Students (11 = 78) 

from 2.5 to 3.5, but its midpoint is 3; the class 4 extends from 3.5 to 
4.5, but its midpoint is 4. A point is plotted on the graph for each 
midpoint (class) opposite its frequency, and the plotted points are 
connected by straight lines. 

Note that the lines extend ba<:k to the baseline on both sides 
of the graph to form a closed figure. The extensions are not to some 
arbitrary point on the baseline. On the left, the line is extended to 
the midpoint of the class just below the lowest class in the frequency 
distribution. In this case, the lowest class in the frequency distribu­
tion is 1, so the line is extended to the class 0 on the baseline. (If 
the lowest class in the frequency distribution is 0, the line is extended 
to a mythical class "-1," although the numeral itself would usually 
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not appear on the baseline.) On the right, the line is extended to the 
midpoint of the class just aboYe the highest one in the frequency 
distribution. In this case, the highest class in the frequency distribu­
tion is 8, so the lin~ extends to the class 9 on the baseline. 

• INTERPRETING THE RESULTS 

From an inspection of the table and graphs, it is evident that the 
largest concentration of scores is in the classes 4 and 5. Almost half 
the observations (from the table, 20 + 18 = 38) are found in these 
two classes. The greatest single concentration of scores is in the class 
4. That is, a score of 4 was obtained more times than any other single 
score in the distribution. The most frequently obtained score in a 
distribution is called the mU(h'. Thus, the psychologist may say that 
4 is the mode among these medical students, or that 4 is the most 
"typical" score among them. He may also note that 1 and 8 seem 
to represent rather extreme, "untypical" scores for this group because 
they occur so infrequently. Only two of the 78 subjects scored as 
low as 1, and only one scored as high as 8. 

The graphs show the overall form of the distribution. Although 
it may not be obvious from simple inspection, the area enclosed by 
the frequency polygon is equal to the area enclosed by the bars of 
the histogram. This will always be true of a properly drawn histo­
gram and frequency polygon of ~he. san~e data. In both graphs, the 
distribution of area reflects the d1stnbut10n of cases. That is, a given 
proportion of the observations in the frequency distribution is repre­
sented by a corresponding and equal proportion of the area enclosed 
by the histogram or frequency polygon. Thus, the graph makes it 
possible to tell at a glance how the observations are distributed, 
where the scores are concentrated and where they are few. 

• DISCUSSING THE RESULTS 

Can the psychologist decide from these results whether the medical 
students as a group show much or little aggression on this test? 
Not with the information given. To decide whether medical students 
show more or less aggression than other students, the investigator 
must know how other students score on the test. He may find, for 
example, that scores of comparable students not attending medical 
school are similarly distributed around a mode of 3 on the test, which 
would make the medical students' mode of 4 look a little high. Or 
perhaps other students' scores are distributed about a mode of 7, 
which would make the medical students' mode of 4 seem substan­
tially "below average." Or perhaps there is no difference between 
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d"cal students and other students on this test. The p~int is that 
~: ~nvestigator must have a known standard of eompanson before 
he can make judgments of "more" or "less" ahout ~~ group.. . 

We have assumed without saying so that tellmg stones With 
themes of aggression indicates aggressi,·e feelings in the ~ubject. Even 
if repeated observations show the test scores to ~)C relta~le, the as­
sumption that the scores really measure aggressl\·e feeltngs cannot 
be made. What the scores measure is a separa tc matter. It is not 
enough that a test should seem to measure aggression or anxiety or 
extraversion or whatever. \Ye want independent e\·idcnce that the 
measure used is in fact related to the characteristic of interest. A 
test may seem to measure aggressive feelings, while most of the time 
it is measuring what the subject thinks the examiner wants, or some 
other irrelevant thing. Therefore, it is incumbent upon our investi­
gator to provide evidence that his aggression scores do indeed reflect 
aggressive feelings in the subjects, and that differences in subjects' 
~cores re~ect corresponding differences in amount of aggressive feel­
mgs. Evidence of this kind is said to establish the mlidity of a test. 
In ge~eral, v~lidity is established by showing that a test measures 
w~at It was mtended to measure, or that it predicts successfully 
t ose outcomes that follow logically from what the test claims to 
measure (for example th t b" . h . 
l.k d" ' a su Jects Wit h1gh aggression scores dis-
1 e or Is trust more peopl th b. _ . . If th · . e an su ]ects WIth low aggressiOn scores). 

e mvestlgator does n t . · d · . . 
test-and even th h h 0 Pl OVI e evidence of the vahd1ty of his 
son-we cannot koug e ma!'" have a standard group for compari-

now what h1s re ult 
dence in his conclusio s s mean and can have no confi-ns. 

Measures: Grouping Data 
into Class Intervals 

Example 6 A . M··n L · n expen t h 
Thate[; ther il~~sion for one s~b~:t b a\heasured the extent of the 
length ~th su Ject was asked to mat hy e method of adjustment. 
tions which a_n~her line which he co~ld fid~d, stand~rd line of given 
standard wa 1~3uce a. marked error in a Just at Wl~l, under condi­
trials, each ~ cet:Itimeters (em) lo ?~erceptu_al Judgment. The 
of the stand1md 1t_rymg to set his adju~~· b\ h~- subJect was given 100 
been ar me. He was · a e me to match the length 
trials c~i~~etAdft; then the exp~\i~e~tr~t period after 60 trials had 
of th : er each trial th . as resumed and the last 40 
Begineni~UbJe~t's line setting' to ~hexpenmenter recorded the length 
were as lollWJth the first trial the sunbe.aret~t ten~h of a centimeter. 

ows: ' Jec s settmgs (length in em) 
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17.6, 17.0, 18.3, 16.9, 15.8, 17.0, 16.3, 15.7, 16.3, 17.1, 17.4, 16.3, 15.3, 
15.6, 14.3, 15.1, 14.5, 13.4, 14.4, 16.8, 16.8, 16.0, 16.6, 16.1, 18.0, 17.9, 
18.1, 16.2, 15.4, 15.3, 14.7, 14.1, 14.3, 17.3, 16.9, 16.4, 16.3, 17.5, 16.3, 
16.0 17.1, 16.6, 14.9, 15.5, 14.8, 15.2, 14.0, 15.0, 16.5, 15.9, 16.4, 16.4, 
17.6, 15.4, 15.2, 16.5, 15.8, 15.9, 15.5, 14.8 (Rest period) 14.4, 15.4, 
14.8, 13.9, 13.7, 13.5, 13.3, 13.3, 13.4, 12.9, 13.4, 13.1, 12.8, 12.6, 13.5, 
13.61 13.0, 12.6, 12.2, 12.3, 12.4, 12.4, 14.3, 14.4, 14.6, 14.0, 15.0, 15.3, 
15.4: 15.0, 14.6, 14.7, 15.8, 16.2, 16.3, 15.9, 16.4, 16.5, 17.0, 16.6. 

'Ve do not proceed here as in Example 5. Scanning the data for 
the lowest and the highest observations recorded, these values reveal 
a range of from 12.2 to 18.3. There are 62 individual classes within 
this range, one for each tenth of a centimeter. The separate listing 
of 62 individual classes would hardly make for a compact table. 
When this is so, it is customary to group the classes into class inter­
vals each of which will include several classes . 

• • STEP 1. Determine the number of classes that will be 
grouped together into one class interval. One way to do this is to 
divide the total number of classes by 10, and use the result as a 
rough guide to the number of classes to be grouped together. In this 
example, 62 +- 10 = 6.2. When the result of dividing by 10 in this 
way is near to 5 (roughly, between 3 and 8) it is customary to set up 
class intervals each of which will include five classes. If the result 
is close to 3, and there are many observations-say, 100 or more­
set up class intervals that include three classes each. If the result 
is 8 or more, and there are not many observations-say, fewer than 
100-set up class intervals that include seven classes each. (Note 
that only odd numbers-3, 5, or 7-have been suggested as the num­
ber of classes to be included in a class interval. An odd number of 
classes simplifies the procedure considerably when a frequency poly­
gon is to be constructed or when later computations will be made 
from the grouped data.) 

•• STEP 2. For these data, five classes give a class interval size 
of .5 em. Since the lowest observation recorded is 12.2, we take 12.0 
as the lower limit of the first class interval. If the size of each interval 
is to be .5, the lower limits of the intervals must go 12.0, 12.5, 13.0, 
etc. After the lower limits are set down in a column, the upper limits 
are easily added. The highest class interval must, of course, include 
the value of the highest observation in the data. Table 1.6 shows 
class intervals of five classes each for the data of this example. The 
class intervals appear in a column under the heading "Setting-em," 
a more informative title than "Class Intervals" would be. 

·1: ..... , .. 
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• • STEP 3. Going through the obsen·ations one by one, put a 
tally for each opposite the class inten·al into which it falls. Thus, 
the first observation, 17.6, falls in the class intcn·al 17.5-17.9, so a 
tally is put opposite this inten·al. The next obseJTation, 17.0, falls 
in the interval 17.0-17.4, so a tally is put opposite this inten·al; and 
so on. When all the obsen·ations ha\·e been tallied. the tallies are 
summed in the Frequency column, and the total belo\V is identified 
as n, as shown in Table 1.6. The frequency distribution is now com­
plete. 

• • STEP 4. Either a histogram or a frcquent"y polygon is appro­
priate for these data, and we will suppose that a histogram was 

chosen. To construct a histogram, an additional column is required 
in the table showing the exact limits of the class inten·als. The exact 
limits of a class interval, like the exaC't limits of an indi\·idual class, 
extend from half a class below the inten·al to half a elass above the 
interval. Thus, the exact limits of the ch..;s intcn·al 12.0--12.4 are 
11.95-12.45. For the class interval 12.5 U.!l, the exact limits are 
12.45-12.95. The exact limits of all the class inten·als are found in 
this manner and listed in a column, as shown in Table 1.6 . 

• • STEP 5. The column of exact limits and the column of fre­
quencies are used in the construction of the histogram. The exact 
limits determine the width of the bars in the histogram, and the 

Table 1.6 
Miiller-Lyer Illusion: Distribution of 100 Adjustable 

Line Settings Made by One Subject 
(Standard = 13 em) 

SETTI!'\G-('~1 TAJ,J,Y FHE<~t.:E:-.:cy EX.\!T LDIITS 

18.0-18.4 Ill 3 I 7. !lti-1 S.-lii 
17.5-17.9 /Ill 4 17.-l:)-1/.U:) 

17.D-17.4 !HI II 7 lU. \)5-1 7.45 

16.5-16.9 !HI !HI 10 16.45-1G.!l5 
16.0-16.4 !HI !HI !HI 15 15. \l5-1G.45 
15.5-15.9 !HI !HI 10 l:iA5-15.\J;j 
15.D-15.4 !HI !HI Ill 13 14.\1;i-L).-l5 
14.5-14.9 !HI Ill/ 9 14.45-14.95 
14.0-14.4 !HI Ill/ 9 13.05-14.45 
13.5-13.9 !HI 5 1:1.4:i-1 :3.9;) 
13.D-13.4 !HI II 7 1~.95-1:3.45 

12.5-12.9 /Ill 4 1~.45-12.95 

12.0-12.4 /Ill 4 11.!)5-12.45 

n = 100 
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frequencies determine their height. Fig. 1.5 shows a histogram of the 
data as organized in Table 1.6. 
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Figure 1.5 

Miiller-Lyer Illusion. Distribution of 100 Adjustable 
Line Settings Made by One Subject 

(Standard = 13 em) 

• INTERPRETING THE RESULTS 

The results certainly suggest that the subject's judgment was in­
fluenced by the illusion set up in the experiment. In 100 attempts 
to match the 13 em standard, he set his adjustable line too short 
only eight times (the sum of the frequencies in the class intervals 
below 13.0 em) while he made adjustments which were too long 92 
times. In short, he showed a strong tendency to overestimate the 
length of the standard. (Perceptual misjudgment is usually the case 
in experiments with the Mtiller-Lyer illusion.) 

The histogram shows the heaviest concentration of scores be­
tween 14.0 and 16.9 em. The tallest bar, hence the highest frequency, 
is found in the class interval 16.0-16.4, which is therefore called the 
modal class. The "typical" performance, as indicated by the mode, 
is Letween 16.0 and 16.4 em, at least three em longer than the stand­
ard. The histogram also shows other, lesser modes (bars which rise 
above those on both sides of them). There is such a lesser mode at 
the interval15.0-15.4, and another, still smaller mode at the interval 
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13.0-13.4. "When there are two mode:-;, the graph i:-; described as bi­
modal; when there are more than two. a:-; multimudal. A multimodal 
graph suggests great ,·ariability- whieh i:-; a not l:er wa\· of saving that 
the "typical" performance was not rcalh· \·en· t q>it:~tl be~ause the 
subject's responses \·aried a gre>at deal: Tlw. tl~rcc modes of the 
histogram, and the wide range of the sl'tting:-;. :-;uggp:-;t that this sub-
ject's performance v.:as highly \·ariablc. . 

• DISCUSSING THE RESL"LTS 

Possible reasons for the subject's ,·ariahilit ,. would require considera­
tion of several factors. \\'hen obsen·ation:-; ·rt'eordcd for a large uroup 
of subjects yield a multimodal graph, the \·ariability can usually be 
attributed to the existence of se,·eral sub-groups within the larger 
group who differ from eaeh other on the variable being measured. 
Each of the different sub-groups makes its own typieal "peak" on 
the graph, and the peaks arc at different points because what is 
typical for one sub-group differs from what is t:vpical for another 
sub-group. But in this example there is only one subject, and it is 
one subject's performance which ,·aries so much. 

Great variability in one subject may oecur for several reasons. 
The task may be so difficult that the subject is reduced to guessing, 
and with no knowledge of results he guesses "all o\·er the lot," making 
guesses which cluster sometimes around one point, sometimes around 
another. A second possibility is that although the task is not so 
difficult, the subject is not motivated --he "doesn't try," his atten­
tion wanders, he is bored or in a hurry, or both-and he makes many 
careless responses. The third possibility is that the conditions under 
which the subject was operating became subtly changed in the course 
of the experiment. For instance, an unpracticed subject is no longer 
"unpracticed" after ten or twenty trials, and an initially energetic 
subject may become fatigued after forty or fifty trials. If the experi­
menter also made informal observations of his subject, noting com­
ments which suggest boredom or fatigue or impatience or sudden 
insight, he will have some idea about the reason for the subject's 
variable performance. The subject's remarks are only of interest, of 
course, if they are accompanied by some change in his performance 
on the task. The first thing to do is to look at the data again. 

Scanning the original data, the experimenter will look to see 
whether "runs" of similar values occurred at any particular time 
during the experiment (or in conjunction with particular remarks 
made by the subject). Short runs in the region of 16 em, the major 
mode, are found throughout the data, and therefore did not occur 
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at any particular time during the experiment. A run of four observa­
tions in the region of 15 em, the second mode, is found near the end 
of the experiment, and several runs centering around 13 em are 
found soon after the rest period. It would appear that settings made 
after the rest period are responsible for the two lesser modes, 15.0-
15.4 em and 13.0-13.4 em. This discovery suggests that the condi­
tions of the experiment were different somehow after the rest period, 
since the subject made shorter settings, closer to the standard. Per­
haps the rest, combined with practice, enabled him finally to over­
come the perceptual illusion that dominated his earlier performance. 

It would be a great mistake to stop with these guesses. Now that 
there is reason to belieYe the conditions of the experiment were 
different after the rest period, the data should be reorganized so that 
trials before the rest period and trials after the rest period can be 
compared. The procedure for doing this is illustrated in the example 
that follows. 

Comparing Two Sets of 

Measures 

Example 7. The experimenter of Example 6 above has found 
that an unplanned event has importance in explaining his results. 
The subject's line settings seem to vary with two categories of trials, 
those made before the rest period and those made after the rest 
period. He wishes to examine this variation more closely. 

• • STEP 1. To reorganize the data, prepare a new frequency 
table using the same class intervals as were used in the initial fre­
quency distribution. (If the data have not been previously organized, 
determine class intervals on the basis of all the observations com­
bined, then continue with this procedure.) For the new table, enter 
a separate frequency column for each category of measures that is 
to be compared. Thus, as shown in Table 1.7, there are separate fre­
quency columns for the categories "Before Rest Period" and "After 
Rest Period." The observations that fall in each category are tallied 
separately (not shown in the table) and summed separately in their 
respective frequency columns. The totals of each frequency column 
are identified below as n1 and n2• 

• • STEP 2. If the different n's are not equal, convert the fre­
quencies of each column to proportions of the column total. Since 
n1 and n2 are not equal in this example, the frequencies have been 
converted to proportions of their respective totals by the formula 
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p = fjn. That is, each frequency was di,·ided by the total of its 
group, n1 or n2. Each frequency in the column ··Before Hcst Period" 
was divided by 60 (nJ); each frequency in the column "After Rest 
Period" was divided by 40 (II~J. The resulting proportions are en­
tered in new columns, headed "p" in Table 1.7. 

• • STEP 3. To compare the two sets of trials, a frequency poly­
gon of each set is plotted on the same pair of axes. To construct a 
frequency polygon of data grouped into class inten·als. an additional 
column is needed in the table-the midpoints of the class inten·als. 
The midpoint of a class interval is the \·alue which di,·ides the inter­
val exactly in half. When an odd number of elasses are grouped into 
one class interval, the midpoint of the inten·al is thP \·alue of the 
middle class. \Vhen an even number of classes is included in one 
interval, the midpoint of the inten·al is the \·;_due which falls halfway 
between the two middle classes. Since these data \Vere grouped into 
intervals of five classes, an odd number, the midpoints ha\·e the 
values of the middle class in each interval. The midpoints are entered 
in a separate column, as shown in Table 1.7. 

• • STEP 4. On the same pair of axes, two separate frequency 
polygons are constructed of the data. In Fig. l.G a frequency polygon 
has been plotted using the midpoints and the proportions of the 

Table I. 7 
Mtiller-Lyer Illusion: Comparison of One Subject's 

Settings Before and After a Rest Period 
(Standard = 13 em) 

BEFOHE HEsT PEIUOD :\FTEH I{EsT PEHIOI> 

SETTIXG-C~I !t PI h /h :\lr l>l'OIXTS 

18.0-18.4 :3 .05 18.2 
li.5-17.9 4 .07 17.7 
17.0-li.4 6 .10 .m 17.2 
16.5-16.9 8 .1:3 :2 . ();) 1U.7 
16.0-16.4 12 .20 a .07 16.2 
15.5-15.9 8 .1:3 2 .0:) 1:).7 
15.0-15.4 8 .1:3 5 .1:3 15.2 
14 .. 5-14.9 5 .08 4 .10 14.7 
14.0-14.4 5 .08 4 .10 14.2 
13 .. 'H3.9 1 .02 [) .1:3 1:3.7 
13.0-13.4 (j .15 I :3.2 
12.5-12.9 4 .10 12.7 
12.0-12.4 4 .10 12.2 

---
n1 = 60 .99 l'l2 = 40 1.01 
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Miiller-Lyer Illusion. Comparison of One Subject's 
Settings Before and After a Rest Period 

category "Before Rest Period." A second frequency polygon was 
plotted independently, using the same midpoints but the proportions 
of the category "After Rest Period." The plotted points belonging 
to each category are connected by straight lines, and the lines are 
made differently-one solid, one dashed-in order to distinguish the 
separate categories. A key on the graph explains which line repre­
sents which category. 

Because proportions were plotted instead of frequencies, the 
two curves may be directly compared. When the n's of different 
categories are equal, proportions are not needed. Frequencies may 
be plotted opposite the midpoints and the resulting curves may be 
directly compared. When n's are not equal, frequencies must be con­
verted to proportions. 

• INTERPRETING THE RESULTS 

The results of the experiment are much clearer now. As Fig. 1.6 
shows, the subject was fairly consistent before the rest period. The 
graph of settings made before the rest period has only one mode, at 
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16.2 (the midpoint of the cia:-::-: inte>n·a] Hi.O Hl.-11, and the other 
settings cluster around thi:-: mod<.· on both sid(•:-:. It \\"as after the 
rest period that the suhj<.·ct "s n•:-:JH>ll:-:<.·;-; hL•(·anw so \·ariable. The line 
graph of settings made after tlw rbt p<.•riod has three modes, and 
the remaining settings cannot ht• said to cluster around any one of 
them. The hulk of the s<.·tting:-: l'Xll'IH! on•r sc\·cn class intervals, 
represented by the midpoint:-; from 1:2.:2 to 15.~. In short, settings 
made after the rest p('riod ac<'ount for tlw \·ariability observed in 
the original histogram 1 Fig. 1.51. 

Our earlier gm•:-:s<•s about tlw results were wrong on some counts 
and 1·ight on others. \\'e were wrong that observations in the interval 
16.f)-lf).4 em did not occur "at any particular time" during the ex­
periment. Clearly, the gr<.•at bulk of them occurred before the rest 
period. \Ye were also wrong that sl'lti ngs made after the rest period 
were responsible for the mode at 15.0 15.-1 em in the original histo­
gram. Settings in this class inten·a] are found in exactly equal pro­
portions before and after the n•st period. But we were right that the 
subject made shorter settings after the r<.>st period. ::\lost of the set­
tings made after the rest period are well below the subject's "typical" 
performance of H).O 1()A em before the rest period. The highest peak 
on the graph of settings made after the rest period is at 13.0-13.4 
em, a very good match of the 13-cm standard. \\"e conclude, there­
fore, that the subject probably did overcome the influence of the 
illusion after the rest period, but his variability after the rest period 
forces us to add that if he overcame it, he did so only temporarily. 

• DISCUSSING THE RESULTS 

If the subject was able to overcome the influence of the illusion, as 
it appears, why was he so variable afterward? vVe already know from 
scanning the original data (given in Example 6 above) that the set­
tings which came closest to matching the standard were made soon 
after the rest period and were followed by settings much farther 
away from the standard. Vvhy did the subject not continue to make 
close settings? He was evidently able to do so. The data provide no 
answer to this question, just as they do not explain why the subject 
was able to make the close settings at all. If rest and practice pro­
duced the first event, perhaps fatigue and failing motivation produced 
the second. The data do not tell us in either case. After having re­
ported the results of the experiment, the experimenter will add any 
informal observations or previous information from other studies 
that help to explain the results. If he has no further information, he 
will state in his report that he does not know the explanation. 
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Cumulative Graphs of 
Measures 

Cumulative graphs of measures have many uses. One such 
use is illustrated in Example 8 below. Another is given in Chapter 2. 

Example 8. A rat has been conditioned to press a bar that 
releases a pellet of food. The experimenter decides to remove the 
food so that bar presses will no longer procure food pellets. He places 
the animal in the apparatus, which now releases no food. To be able 
to study the rat's behavior during extinction (as the process is 
called), he records the number of bar presses made by the rat during 
each successive minute in the apparatus over an interval of 20 min­
utes. He counts the following number of bar presses for each succes­
sive minute: 

6, 10, 12, 6, 5, 3, 7, 5, 4, 0, 2, 1, 0, 5, 1, 0, 0, 0, 0, 0. 

Number of responses per minute is a measure of the rate of 
responding. It is customary in Psychology to depict the rate of re­
sponding by a cumulative graph. 

• • STEP 1. To construct a cumulative graph of the data, organ­
ize them first as shown in the first two columns of Table 1.8. The 
successive minutes of time are identified by the numbers from 1 to 
20. Number of responses for each minute are given in the second 
column. To get the cumulative response column, the number of re­
sponses are cumulated downward beginning with the first minute. 
Thus, the first entry in the cumulative response column is 6 because 
six responses had been made by the end of the first minute. The 
second entry is 16 because 6 + 10 = 16 responses had been made 
by the end of the second minute. By the end of the third minute, 
16 + 12 = 28 responses had been made, and so on for the rest of 
the column. The last entry in the cumulative response column is the 
total number of responses made during the 20 minutes. 

• • STEP 2. To construct the cumulative response curve, lay out 
minutes of time along the horizontal axis, beginning with 0, and 
cumulative responses along the vertical axis, also beginning with 0. 
Fig. 1.7 shows how the axes should be numbered. Plot a point for 
each entry in the cumulative response column opposite minutes of 
time elapsed. Thus, a point is plotted on the graph for six responses 
opposite that point on the baseline which marks the end of the first 
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The cumulati\·e n.•sponse cun·c shown in Fig. 1.7 describes the rat's 
bar-pressing beha\·ior during extinction better than do several pai:a­
graphs of words. To a practiced eye, the slope of the curve-Its 
relatiYe steepness or flatness re\·eals instantly any changes in the 
rate of I'esponding. Thus, in the hl•ginning the slope rises-becomes 
st('l'PCI' for a few minutes indiC'ating an inC"reasc in the animal's rate 
of responding. (If you <'he<'k Table l.S, you will see that the rate 
rose from G to 12 responses during the first three minutes.) Almost 
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immediately after the increase, the curve bends over as the rate 
begins to fall off. The animal is slowing down. Then there is a re­
covery of responding, indicated by the second rise in the slope of the 
curve. Then the response rate drops abruptly to zero, as shown by 
complete flatness in the curve. For a few minutes, there is only occa-
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Figure 1.7 

Cumulative Response Curve for One Rat, Showing 
Extinction of Bar-Pressing Response 

sional responding, indicated by an occasional "bump" in the curve. 
A last burst of responses occurs during the 14th minute, then the 
curve quickly becomes flat again and remains so, indicating that the 
animal made no further responses during the 20 minutes of testing. 
Clearly, removing the food considerably reduced bar-pressing be­
havior, although the effect was not immediate. All of this can be seen, 
of course, in Table 1.8, but it is difficult to compare several such 
tables at once, while several curves may be compared at the same 
time with ease. 

• DISCUSSING THE RESULTS 

In discussing his results, the experimenter will compare his curve 
with extinction curves obtained by other investigators in similar 
experiments. If there are marked differences or irregularities in his 
curve, he will discuss possible reasons for the irregularities in terms 
of his experimental procedure and the rat's previous training, both 
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of which are usually reported in much greater detail than is given 
here. 

In important experimental work, cumulati\·e re:-;ponse curves 
like the one in Fig. 1.7 are obtained from a recording de\·ice. Instead 
of the experimenter counting the number of re:-;ponses, the recorder 
cumulates the responses as they are made, and docs so for every 
fraction of a second instead of only at the end of a minute. The 
resulting curve is a smoother \·crsion of the cun·e in Fig. 1.7, but 
the principle is the same. 

Line Graphs and Functions 

We shall refer to the graph of a function as a line ura ph. A function 
describes the change that occurs in one \·ariable (say, reaction time) 
as some other variable is increased (say, stimulus intensity). The 
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Figure 1.8 
Retention Curve for One Subject, Showing Recall for 

Memorized Prose Material as a Function of Time 
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variable that is increased, often by the experimenter himself, is called 
the independent va.riable. The variable that "depends upon" and 
changes with such increases is called the dependent variable. Usually, 
in behavioral research, the subject's responses constitute the de­
pendent variable. 

For example, in studies of memory, the subject is typically 
required to memorize some material provided by the experimenter. 
Following this, the subject is tested at regular intervals to determine 
how much of the memorized material he can recall. A "retention 
curve" may then be plotted to show how recall changes as a function 
of time. A line graph of the data would probably look something 
like Fig. 1.8. 

Note that in Fig. 1.8 the dependent variable, Percent Recalled, 
is plotted on the vertical axis and the independent variable, Time, is 
plotted on the horizontal axis. This is the conventional arrangement 
in depicting a functional relationship. The graph shows overall that 
recall decreases with time and that most of the loss occurs within the 
first few days after learning. 

Line graphs to depict changes in a dependent variable are widely 
used in behavioral research. Some other examples are learning curves 
(changes in performance as a function of trials), changes in visual 
acuity as a function of illumination, changes in intelligence test per­
formance as a function of age. 

Skewness of a Distribution 

A distribution that is not symmetrical about its center (more 
observations occur on one side of the distribution than on the other) 
is said to be a skewed distribution. This lack of symmetry or skewness 
can be defined precisely and mathematically, but for our purposes it 
will be sufficient to learn to recognize the phenomenon of skewness 
from an inspection of the distribution. Moderate amounts of skew­
ness (moderate departures from symmetry) are usually unimportant 
in research, but considerable skewness may be very informative. 

For example, consider the two distributions sketched in Fig. 
1.9. The ranges of scores for normals and neurotics are practically 
identical, but most of the normals scored at the low end of the scale 
and most of the neurotics scored at the high end. Both distributions 
are severely skewed. The distribution for normals is said to be posi­
tively skewed or skewed to the right. The distribution for neurotics is 
negatively skewed or skewed to the left. 

Locating the center of a distribution, observing its symmetry or 
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skewness, and determining its variability are the mo::;t i~nportant 
procedures of descriptive statistics. In the chapters immed_wtely fo!­
lowing, we will elaborate upon these c·oJ1C'cpts and cons1der addi­
tional methods for describing and interpreting the outcome of an 
experiment. 

Practice Problems 

For each of the problems below, organize the data and present it 
graphically (if a graph is appropriate) as you would in a forma~ report 
of the results. Describe briefly what the iw•estigator has found In each 
~ase and comment upon any questions raised by the results or the exper­
~mental procedure. 

1. An investigator is interested in the musical preferences of 
college students. He believes that in spite of their superior cultural 
opportunities and the current vogue of folk songs, most college stu­
~ents still prefer "popular" music over classical and folk music. To 
Investigate his belief, he selects a random sample of 50 college stu­
dents a_n~ asks them to name their five favorite songs or musical 
compositions. The students' lists are then classified according to 
whether they named predominantly popular music (P), predomi-
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nantly classical music (C), or predominantly folk mus1c (F). The 
results for the 50 students are as follows: 

P, F, P, P, C, F,C, C, C, P, C, F, F, P, P, P, C, P,C, C, F, C F 
F,C,C,C,P,C,F,P,F,C,C, P, P, P, C,F, C, C, C,P,P,F:P: 
C, P, C, C. 

2. A psychologist believes that the cognitive impairment of 
schizophrenics is reflected in their loss of a "sense of humor." To 
investigate whether schizophrenics do indeed have a lesser sense of 
humor than normal individuals, he prepares a series of simple car­
toons which he shows to 28 normal subjects and to 21 schizophrenics. 
From the subjects' reactions and comments he determines whether 
they grasped the humorous aspects of the cartoons. The results are: 

Normals: 25 saw the humor of the cartoons, 3 did not. 
Schizophrenics: 10 saw the humor of the cartoons, 11 did not. 

3. A researcher interested in attitudes toward TV conducts a 
questionnaire survey of 3000 TV owners chosen randomly from a 
large city. As part of the questionnaire, the subjects are asked to 
check one answer to the following question: "Most TV shows are 
___ very good, fair, not good enough, ter­
rible." After the questionnaires are returned, the researcher counts 
the number of times each answer was checked and determines that 
of the 804 subjects who returned completed questionnaires, 86 
checked "very good," 214 checked "fair," 320 checked "not good 
enough," and 184 checked "terrible." 

4. On another part of the questionnaire described above, the 
subjects were asked to estimate the number of hours per week they 
spent watching TV. On the basis of their estimates, the researcher 
ordered the subjects from highest to lowest and divided them into 
three groups of equal size: Heavy Viewers (the upper third of all 
viewers), Average Viewers (the middle third), and Light Viewers 
(the lower third). He then examined how each group had answered 
the question given in (3) above as to their opinion of "most TV 
shows." He found the following: 

Heavy Viewers: 28 subjects in this group checked "very good," 71 
checked "fair," 107 checked "not good enough," 
and 62 checked "terrible." 

Average Viewers: 29 subjects checked "very good," 71 checked 
"fair," 107 checked "not good enough," and 61 
checked "terrible." 

Light Viewers: 29 checked "very good," 72 checked "fair," 106 
checked "not good enough," and 61 checked "ter­
rible." 
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5. A football coach must choose from among his players the 
eleven men who will make up his first team. Considering their overall 
playing ability first, he puts Karsky at the top, then Jones and 
Marino together, then Harper, then Garvey; he feels that Fritz, 
Eiler, and Delancy are equally good players; then come Carlos and 
Brentano together, then Ashe. Assign ranks to the players. 

6. The ten best trainees are desired from a group of 20 Peace 
Corps volunteers trained under two different instructors. The official 
in charge of choosing the ten trainees decides to base his selection on 
the performance ratings given by the two instructors. The ratings 
are as follows: 

TRAINEE 

A 
B 
c 
D 
E 
F 
G 
H 
I 
J 
K 
L 
M 
N 
0 
p 
Q 
R 
s 
T 

RATI="GS Cin·E:-; BY 
l!'STR'CCTOR 1 1:-;sTHl'<'TOH 2 

!) 

8 
7 
G 
6 
g 

7 
G 
;) 

:3 
·1 
G 

9 X 
7 ;) 
7 5 
7 4 

10 X 
8 (j 

10 7 
u 7 
8 G 
8 G 
8 5 

10 8 
7 5 
(i 4 

7. !hirty subjects are to be divided into an Experimental group 
and a Control group for an experiment which will test the effect of 
a new drug on the learning of nonsense syllables. So that the t_wo 
groups will be equal in their initial ability to learn such matenal, 
the experimenter plans to match the groups on the basis of howllmbalny 

. · . l' · list of nonsense sy a es. tnals they reqwrc to.learn a prl e u:nmary rnber of trials to learn the 
'[he 30 subjects reqwre the fol owmg nu 

preliminary Jist: 5 13 16 12, 12, 13, 13, 14, 10, 12, 15, 15, 

14 18, 15, 12, 16, 11• 1~ \6 17 17, 14. 
16, 15 12, 14, 15, 11, 1 , ' , d . how well we are able to jud~e 

' , ·nvestigator is int~reste m He chooses a subject who IS 

. 8.c~~~en deprived_ of visua~i~~=l~y and asks him to .try ~o ~raw 
d1stan, . 1 ing gmal\ <llstances bl' dfolded. The subJect IS g1ven 
goofl at .JU< g f inches long when m 
a line exactly our 
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50 trials and afterwards the experimenter measures the subject's 50 
lines to the nearest tenth of an inch. Beginning with the first line, 
the lengths (in inches) are: 

5.1, 5.3, 4.9, 5.4, 5.0, 5.2, 5.7, 5.6, 5.2, 5.0, 5.0, 5.1, 4.9, 5.2, 4.8, 5.5, 
5.4, 5.0, 5.1, 4.9, 5.5, 5.7, 5.0, 6.2, 5.5, 5.1, 5.2, 5.1, 5.1, 4.9, 6.0, 4.8, 
5.0, 4.8, 5.3, 5.3, 5.0, 5.2, 5.4, 5.2, 5.6, 5.8, 5.3, 4.9, 5.1, 4.8, 4.9, 5.0, 
5.2, 5.1. 

9. An experimenter has set up a discrimination problem for 
which he wants to measure reaction time. ·when the subject ob­
serves that two lights are equal in brightness, he presses a telegraph 
key in front of him. \\Then one of the lights is dimmer than the other, 
he does not press the key. The subject is given 50 critical trials with 
the lights equal in brightness, interspersed with trials in which one 
of the lights is dimmed. On the 50 critical trials, the experimenter 
measures the time between the onset of the light and the subject's 
response to the nearest one-hundredth of a second. Beginning with 
the first critical trial, the subject's reaction times (in hundredths of 
a second) are: 

49, 51, 46, 45, 48, 41, 42, 44, 39, 43, 38, 38, 45, 36, 42, 40, 37, 35,41, 
40, 39, 42, 35, 33, 36, 32, 30, 37, 30, 34, 33,40,29,31, 31, 37, 35, 34, 
30, 28, 28, 44, 20, 32, 31, 27, 26, 24, 27, 29. 

In addition to presenting a graph of the distribution, plot a line 
graph showing how the subject's reaction time changes with succes­
sive critical trials. 

10. A researcher has developed a new method for teaching chil­
dren to read. Two first-grade teachers who are instructed in the new 
method agree to use it during the coming year, and their combined 
classes of 58 pupils become the "experimental group." Another three 
equally competent and successful teachers are found who are using 
standard methods to teach reading to children of the same general 
intelligence and background as are in the experimental group. The 
combined classes of these three teachers number 80 pupils, and con­
stitute the "control group." At the end of the year, a reading achieve­
ment test is given to all the children. The results are: 

Experimental group: 47, 52, 44, 41, 48, 50, 48, 46, 66, 53, 65, 48, 42, 
73, 68, 58, 45, 51, 49, 38, 35, 72, 67, 32, 69, 45, 73, 78, 41, 56, 37, 36, 
61, 75, 47, 40, 42, 66, 67, 57, 61, 64, 56, 36, 31, 65, 33, 52, 62, 71, 74, 
55, 34, 72, 76, 53, 43, 62. 

Con~olgroup: 61, 61, 53, 48, 59, 55, 67, 52, 50,43, 5~ 57, 38,71,42, 
47, 51, 52, 52, 58, 63, 56, 36, 35, 54, 44, 44, 44, 53, 57, 55, 33, 64, 59, 
51, 45, 52, 60, 50, 48, 47, 43, 65, 72, 63, 57, 34, 44, 39, 50, 56, 58, 43, 
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41, 46, 46, 49, 62, 60, 45, 47, 32, 52, 67, 37, 51, 54, 34, 42, 73, 69, 46, 
57, 37, 62, 66, 61, 58, 47, 57. 

11. A rat has been conditioned to press a bar which releases a 
pellet of food with every press. This schedule of food release is called 
"regular reinforcement." The experimenter records the number of 
responses per minute over a ten-minute inten·al. At the end of the 
tenth minute, he adjusts the apparatus so that a pellet is released 
only after five bar presses. This schedule of food release is called 
"fixed-ratio reinforcement." He continues to record the number of 
responses per minute over the next 20-minute inten·~d. For each 
successive minute over the 30-minute total, the number of bar presses 
made by the rat are: 

10, 11, 12, 10, 11, 9, 11, 10, 9, 12, 6, 6, 8, 14, 18, 16, 18, 18, 21, 20, 
23, 24, 23, 25, 22, 28, 30, 28, 32, 30. 

Answers 

1. This problem is similar to Example 1. Because the investi­
gator has predicted the outcome, the data should be organized and 
presented as in Table 1.1A and Fig. 1.1A--that is, with ti1e predicted 
preference "popular music" first. The order of the other two cate­
gories is arbitrary. The results show that the investigator's predic­
tion was mistaken; these students do not show a preference for 
popular music over classical and folk music. 

This investigator has escaped the problem of a large ":::-J o Prefer­
ence" category by accepting predominance as his criterion for show­
ing a preference. Consistency in three out of five choices earns 
classification in one of the music categories, and so he was able to 
classify all his subjects. But he is on the other horn of the dilemma. 
Each of the categories includes subjects who listed that kind of music 
three times, together with subjects who listed it four times, and five 
times. For example, what if a subject listed two classical composi­
tions, followed by three folk songs? He will be classified as showing 
a preference for folk music. Should he be? Is that the same as a list 
of five folk songs? Yet the two lists will be classified together in the 
same category. The result is some uncertainty about what the fre­
quency in a given category really means. Thus, this investigator is 
no better off than the investigator in Example 1. They both have 
problems to consider in assessing their results. 

Another problem for this investigator to consider is whether the 
students reported their preferences truthfully. Unlike the investigator 
of Example 1, who measured choices directly, this investigator meas-
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ured the subjects' reports of their preferences. Some students may 
have been trying to impress the im·estigator by listing high-flown 
classical music instead of the popular songs they really prefer. 
Anonymous listings, and a generally informal and accepting atmos­
phere, may help to reduce the risk of subjects "faking" responses, 
but the risk cannot be totally eliminated. 

2. This problem is similar to Example 2, and the data should 
be organized and presented as in Table 1.2 and Fig. 1.2, except that 
the frequencies should be converted to proportions or percentages 
for the graph, and the vertical axis labelled accordingly. (The proce­
dure for converting frequencies to proportions is given in Step 2 of 
Example 7. For the present problem, 1lt and n2 are, respectively, the 
number of normals and the number of schizophrenics.) The results 
support the investigator's belief insofar as these particular subjects 
are concerned, 1j the normals and schizophrenics were matched on 
variables which may affect one's sense of humor-such as cultural 
background, intelligence (the cartoons may not be "simple" for 
everyone), and present situation (being hospitalized, for instance). 

3. These are ordinal categories. That is, the categories them­
selves are ordered along a continuum from "best" to "worst." This 
order should be maintained in the presentation of the data, regard­
less of which categories have the highest frequencies. In other 
respects, the results should be presented as in Table l.lA and Fig. 
l.lA. The results show that the majority of these subjects have 
negative attitudes toward "most TV shows." But no conclusions at 
all about the attitudes of TV owners in general can be drawn from 
the results. Questionnaires were sent to a random sample of 3000 
TV owners and only 804 completed and returned them. Subjects 
who take the trouble to complete and return a questionnaire no 
longer constitute a "random sample of TV owners." They are, 
rather, a sample of subjects-who-fill-out-and-return-questionnaires. 
It may even be that negative attitudes predominate in the sample 
because it is chiefly disgruntled TV owners who are sufficiently 
aroused to fill out and return such questionnaires. The 2196 un­
known opinions of those who failed to return the questionnaire 
could be distributed very differently (a large majority in positive 
categories, for example), and therefore could change the results 
completely. 

4. The results should be presented as in Table 1.2, except that 
there will be three categories across the top (Viewers) and four cate­
gories listed in the column (Attitudes), or vice versa. The graph 
should appear as in Fig. 1.2, with Attitudes along the horizontal axis 
and three distinct bars used to represent the three different cate­
gories of Viewers. Both sets of categories are ordinal, so the order 
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from "most" to "least" should be pn·=--t>rn•d for both ,·ariables in 
the table and in the ~rraph. The results show that the number of 
subjects who find most T\' shows "n•r.'; good .. is just about the same 
among Heavy \"iev.;ers, A ,·erage \'iewers, and Light \"iewers. Sim­
ilarly, the number of subjects who find m()st T\' shows "terrible" is 
just about the same among the three diff(•rent types of ,·iewers. And 
this is also true for the attitudes in hetv.;een. Tlw subjects' attitudes 
toward TV apparently ha\·c nothing to do with how mueh time they 
spend watching TV. u\s it is put h:-.· statistieians, attitude toward 
TV is not related to time spent watching T\·, or time spent watching 
TV is independent of attitude toward T\·.' These results are meaning­
ful even though the subjects are not a random sample of TV owners. 
They are TV owners who watch T\' rclat in:ly a great deal, a medium 
amount, or a little, and the sample may he redefined as three groups 
of viewers for whom the variable "filling-out-and-returning-question­
naires" is a constant. It is as though the il1\·estigator had controlled 
for this variable by matching his groups on it before the experiment. 
"Then" he asked them to check their attitudes toward most TV 
shows. 

5. The correct ranks are 1, 2.5, 2.5, 4, G, 7, 7, 7, 9.5, 9.5, 11, as 
determined by the procedure given in Example 3. i'-Jo graph is 
necessary. 

6. Ranks should be substituted for the ratings, as in Example 4. 
The ranks for Instructor 1's ratings, with the trainees in the order 
K, M, R, A, F, G, N, B, L, 0, P, Q, C, H, I, J, S, D, E, T, are: 2, 
2, 2, 5.5, 5.5, 5.5, 5.5, 10, 10, 10, 10, 10, 15, 15, 15, 15, 15, 19, 19, 19. 
For Instructor 2's ratings of the trainees in the same order as above, 
the ranks are: 2, 5, 2, 5, 9, 2, 5, 9, 9, 9, 9, 14, 14, 14, 14, 18, 14, 20, 
18, 18. The ranks are in fairly good agreement. The ten trainees 
chosen include the six ranked at the top by both instructors (trainees 
K, M, R, A, G, N), and trainee F because he is ranked at the top 
by Instructor 1 and is among those ranked next by Instructor 2. 
The remaining three places are filled by drawing lots (or by some such 
chance procedure) among trainees B, L, 0, and P, since these four 
were ranked next by both instructors. (Trainee Q is included in this 
group by Instructor 1, but is given a lower rank by Instructor 2, 
so Q would be omitted from the drawing.) 

7. There are only nine classes altogether, so the data should be 
grouped into individual classes, as in Table 1.5, and presented 
graphically, as in Fig. 1.3 or Fig. 1.4. The graph is bimodal, iden­
tifying two groups of subjects: one group which "typically" required 
12 trials to learn the list, and another group which "typically" 
required 15 trials. Apparently, some subjects find this task easier 
than others, since they memorize more quickly. To obtain Exper-
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imental and Control groups matched in initial ability, the experi­
menter will assign half of the fast learners (10 to 13 trials) and half 
of the slow learners (14 to 18 trials) to the Experimental group, 
leaving similar halves for the Control group. 

8. There are only 15 classes, so the data should be grouped into 
individual classes, as in Table 1.5, and presented graphically, as in 
Fig. 1.3 or Fig. 1.4. The mode is at 5.0-5.1 inches, at least an inch 
longer than the line the subject was trying to draw. (Try it, if you 
think you can do better!) The graph shows that the data are skewed­
some of the observations trail out into a "tail" on one side of the 
graph but not on the other side-indicating that some responses 
were relatively far away from the mode. Again, this makes the mode 
less "typical" than it would be if all the observations were clustered 
around it. Since the observations in the tail of the graph are greater 
than the mode, the skewness is said to be positive. A few of the 
subject's lines were considerably longer than his "typical" line. Scan­
ning the original data reveals that these longer lines occurred at 
various points in the beginning, middle, and end of the experiment. 
There is no obvious change in the subject's performance over time. 

9. There are 32 classes but fewer than 100 observations, so the 
data should be organized into class intervals of five classes each and 
presented as in Table 1.6. A histogram as in Fig. 1.5 may be used, or a 
frequency polygon like one of those in Fig. 1.6. The graph is fairly 
symmetrical and reveals nothing unusual. Scanning the original data, 
however, reveals something not apparent from the frequency distri­
bution. With few exceptions, the subject's reaction time became 
steadily less with successive trials. There seems to be a strong prac­
tice effect in this situation. This circumstance is apparent in the line 
graph, where the subject's reaction time (vertical axis) is plotted 
for each successive critical trial (horizontal axis). The line graph 
shows the subject's gradually lessening reaction time. 

10. The data should be organized and presented as in Table 1.7 
and Fig. 1.6. On the graph, the curve for the Experimental group is 
bimodal and shows greater variability than is evident in the Control 
group. The major mode (highest peak) of the Experimental group 
curve is somewhat below the mode for the Control group. This, and 
the way the curves overlap at the low end of the scale, indicate that 
many pupils taught by the new method performed less well than 
pupils taught by the standard method. On the other hand, the second 
mode of the Experimental group is considerably higher than the 
Control group's mode, indicating that some pupils taught by the 
new method did much better than pupils of the control group. 

To arrive at a conclusion, the experimenter will have to deter­
mine whether the overall difference between the two groups is a 
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reliable one. That is, is the differenee sufli<-il'nth· lar!.!e, all things 
considered, to suggest that in repeated C'XJll>riml'n.ts of ·this kind one 
of the two groups will consistently perform better than the other? 
Only in this case can the experimenter ('onelude that one of the 
teaching methods is surerior to the ot lwr. Ot hl•rwise, the difference 
observed in this experiment could reasonabl~- be at t rihuted to acci­
dental inequities between the two 1-rroups l'it lwr in the indi\·iduals 
involved or in the experimental situations. :\ wa\· of e\·aluating the 
difference between the performanee of two .l!T<lUJ;s is ginm in Chap­
ter 10. 

11. This problem is like Example ~. and the data should be 
organized and presented as in Table l.S and Fi!.!. 1.7. The total 
number of responses (last entry in the eumulati\-~' columnl is 515. 
The graph shows how the animal's heha\·ior ('han!.!ed as the condi­
tions of the experiment were changed. Durin!.! t hl: first ten minutes 
of regular reinforcement, the rate of n'SJHm;ling was fairly steady 
(the curve is almost a straight line 1. \\"hen the ('Xperinwnter changed 
the schedule of food release to fixed-ratio reinfon·ement, the response 
rate dropped briefly, shown hy the bending on•r of the eun·e at this 
point. Then the response rate gradually in('reasPd, continuing to in­
crease (the slope of the cun·e becomes steeper and steeper l through­
out the remainder of the experiment. The rate of responding is much 
higher (the cun·e is sleeper 1 at the end of the experiment than at the 
beginning, and the change in response rate is associated with the 
change in schedule of reinforcement. The experimenter may conclude 
that under these conditions, fixed-ratio reinforcement has the effect 
of increasing the animal's rate of responding. 
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and 
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Percentiles-or centiles, as they are often called-divide the 
range of a distribution into 100 parts such that 1% of the observa­
tions are included in each of the parts. Thus, the first centile of a 
distribution is the point on the scale of measure below which 1% 
of the observations fall. The second centile is the point on the scale 
below which 2% of the observations fall. The 30th centile is the point 
below which 30% of the observations fall. And the 100th centile is 
the point just above all the observations in the distribution-the 
upper exact limit of the highest class. 

The best known and most widely used centile is the median. 
The median of a distribution is the 50th centile, the point on the 
scale of measure below which 50% of the observations fall. Hence, 
the median is the point that divides the distribution in half. The 
median is often taken as the representative value of a distribution, 
and is an acceptable representative of the data in many situations 
where the mode is not. 

When the observations are a distribution of scores, there are 
occasions when it is useful to report the centile ranks of selected 
scores. "Rank" is a familiar term by now. The rank of an individual 
tells how many individuals are included at and below his position in 
the group; the centile rank tells the percentage included at and below 
his position. Thus if a score has a centile rank of 40, this means that 
40% of the observations in the distribution are at and below that 
score. The score itself is the 40th centile. 

The median and other centiles are computed most precisely 
from ungrouped data, that is, data that have not been grouped into 
class intervals. Sometimes this degree of precision is desirable in 
determining the median, but it is rarely necessary for other centiles. 
The examples which follow, therefore, illustrate how the median is 
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found from ungrouped data, and how to find otlwr ecntilc::-; and centile 
ranks from data that ha,·e been grouped into cia~:-; inten·als. 

THE MEDIAN 

The l\ledian As the 

Representative Value 

Example I. An experimenter intcrc:-;tcd in group behaYior 
sets up a discussion group of se,·en subject:-;, all of whom are familiar 
with the problem to be discussed although tlwv han~ not met before. 
During the discussion, the experimenter recorcL.; the number of spon­
taneous questions and comments made bv each :-;u bject. He would 
like to determine what is the typical mim her of ::-;uch expressions 
made by subjects under these conditions. For the ~e,·en subjects, 
the number of spontaneous expressions. ordered from lowest to high­
est, are: 

2, 2, 4, 6, 8, 11, 20 

The distribution has a mode, 2, the only obsen·ation that occurs 
more than once; but 2 is obviously untypieal of the group. For skewed 
data like these, where there are one or se,·eral extreme Yc.llues-such 
as the 20 of this distribution-the median is often the best score with 
which to represent the group. v\'e proceed, therefore, to find the 
median of the distribution. 

• • STEP 1. When an odd number of observations are ordered 
from lowest to highest (or vice versa), the median has the value of 
the observation at the exact middle of the distribution, provided 
there is no other observation with this value. There are seven obser­
vations in this case, an odd number, and they are already ordered 
from lowest to highest. The observation at the middle of the array is 
6, and since there is no other observation with this value, 6 is the 
median of these observations. 

• RESULTS AND DISCUSSION 

The representative number of spontaneous expressions among these 
subjects, as indicated by the median, is 6. This does not tell us very 
much. When the median of data is reported, the range is usually 
given also-and the combination of the two tells much more. Thus, 
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the experimenter will report that the median number of spontaneous 
expressions is 6 and that the range extends from 2 to 20. 

The fact that the median 6 is so much closer to one end of the 
range (2) than it is to the other end (20) indicates that the distribu­
tion is positi,·ely skewed. One, perhaps two, individuals initiated a 
lot more conversation than all the others. The skewness may be due 
to the particular subjects used-one was an especially aggressive 
fellow-or it may be that skewness is a stable characteristic of the 
results of such experiments. That is, it may turn out that when the 
experiment has been repeated many times with different subjects, 
the results are skewed every time. This could be of great interest. 
If the results were always positi,·ely skewed, there would be reason 
to think that perhaps this situation provided conditions for the 
emergence of dominance or leadership, since some one or two persons 
seem always to initiate much more conversation than do the others 
in the group. 

The Median As a 
Dividing Point 

Example 2. An experimenter planning a stress experiment 
wishes to study the difierential effects of stress on subjects who have 
relatively good and relatively poor muscular control. He measures 
the muscular control of 20 subjects by means of a steadiness test in 
which the subject is required to hold a stylus in a small hole for one 
minute without letting the stylus touch the metal sides of the hole. 
Each movement of the stylus which touches the metal side is recorded 
as an error. The experimenter wishes to divide the subjects into high 
and low steadiness groups on the basis of their performance on this 
test. 

Example 2.1. The 20 subjects make the following errors: 

8 4 11, 6, 6, 8, 9, 5, 5, 4, 7, 14, 19, 7, 7, 10, 8, 9, 7, 11 
I I 

To determine "high" and "low" groups of subjects, distributions 
are frequently divided in half at the median. The division is referred 
to as a median split . 

• • STEP 1. To find the median, begin by ordering the observa­
tions from lowest to highest (or vice versa). ·when there are not many 
observations, it may be easy simply to find the lowest one, count how 
many there are like it, and write down that amount. Thus, the lowest 
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number of errors made was 4; there are two .t 's, so two are written 
down in succession. l\ext come two 5's, then two G's, four 7's, etc., 
as shown below: 

4, 4, 5, 5, 6, 6, 7, 7, 7, 7,: 8, 8, 8, 0, f}, 10, 11, 11,1-1, 19 

Count them afterwards to be sure all h<n·e been \vritten down. If you 
tend to make mistakes doing this, or if there are many observations, 
tally the observations as below: 

Emww; T.\LLY f 
4 l I •) 

fj II :2 
G II :2 
7 I I II ·I 

8 Ill ;{ 

9 II :2 
10 I 
11 II :2 
14 I 
l!l I 

• • STEP 2. There are 20 observations, an even number; there­
fore there is no "middle" score or value. The median in this case is 
the point halfway between the two middle obsen·ations. For 20 sub­
jects, this will be the point between the lOth and 11th observations. 
Counting across the array of error scores until ten observations have 
been included, or counting down to the same point in the f column 
of the frequency distribution, the lOth and 11th observations are 
found to be 7 and 8. The median is the point halfway between them, 
so the median is 7.5. (If the lOth and 11th observations had been 7 
and 9, the median would be 8 because 8 is the point halfway between 
7 and 9.) 

• RESULTS 

The subjects will be divided at the median, 7.5, and the high and 
low steadiness groups will be made up of the ten subjects who made 
from 4 to 7 errors (High Steadiness) and the ten subjects who made 
from 8 to 19 errors (Low Steadiness). 

Example 2.2. 
been as follows: 

Suppose the results of the steadiness test had 

4, 4, 5, 5, 6, 6, 7, 7, 7, 8, 1 8, 8, 8, 9, 9, 10, 11, 11, 14, 19 

Now if we count across the array and collect ten observations, 
one of the 8's is included. How will the experimenter divide his sub-
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jects into two equal groups? He cannot sensibly put one of the four 
subjects who made 8 errors into one group and the other three sub­
jects into a different group. When the median falls between two obser­
vaticns that have the same value, the median is somewhere within 
the exact limits of the class which includes this value. Since the 
observation 8 is included in the class 7.5-8.5, the median is some­
where between 7.5 and 8.5. The exact point is located in three steps. 

First, determine how many of the observations having the same 
value are needed to reach the midpoint of the distribution. In this 
case, one of the 8's is needed to reach the midpoint of the distribu­
tion, so 1 is our number. 

Second, divide this number by the total number of observations 
having the given value. Since there are fom 8's, this gives 1 ...;- 4 = 
.25. 

Third, add this proportion to the lower exact limit of the class 
to get the median. The median is 7.5 + .25 = 7.75. A median split 
of the subjects will result in a High Steadiness group of nine subjects 
(who made seven or fewer errors) and a Low Steadiness group of 11 
subjects (who made eight or more errors). The groups are no longer 
equal in size, but a split at the median will always yield the most 
equal division possible. 

Example 2 .. 'J. 
test: 

Suppose these were the results of the steadiness 

4, 4, 5, 5, 6, 6, 6, 8, 8, 8, 1 8, 8, 8, 9, 9, 10, 11, 11, 14, 19 

The median is exactly 8, but how shall the experimenter divide 
his subjects into two groups? It is not sensible to put all of the 8's 
into either the low or the high group. He may omit the entire median 
group (all those who made eight errors), and settle for a Low Steadi­
ness group composed of the seven subjects who made fewer than 
eight errors and a High Steadiness group of the seven subjects who 
made more than eight errors. Or, he may prolong his one-minute 
steadiness test to see if finer discriminations can be made over time; 
that is, to see if fewer subjects will get the same score when the stylus 
must be held for longer than one minute. Or, he may go out and get 
more subjects so that the extreme groups in the distribution will be­
come larger. But since one-third of the present subjects fall at the 
median, the experimenter should not be surprised if about one-third 
of the new subjects he tests will also fall at the median. He may have 
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to tt·;-;t a I!Jt of JW!lJ!It· t!J find tlw additi~Jn:d "high" and "low" sub­
jt·t·b ht· J1(•(·d:-:: 

CE:\"TILE~ A:\"1> 

CE:\"TILE IL\:\"K~ 

FH0\1 GHOl"PED 

Thl'rt' arl' two way:-; of determin­
ing tlw ('l't1lilt•:-; and centile ranks 
of dat:t groupl•d into elass inter­
\·als. \\"lwn many eentiles or cen­
t i!t· rank;--; an• dl'~ired. the easiest 
nwt hod i;--; to <·onstruct a cumu-

DATA latin· pL·n·l·ntage graph and read 
t hl' dl•;--;in·d eentiles or centile 
ranb direetly from the graph. 

Thi;--; nl!'t hod i;-; illu:-:1 rat t·d in 1-:xampll' :~ hvlm\·. If the graph is con­
;-;tnwt!·d c·:t~·dull~·. t hi;-; ttwt hod will lw :weuratl' t>nough for most pur­
JHbt':'. If (JJ11~· t h1· IIH·dian !JI' ;--;<JltH· two or thn·P ('l'ntile~ are desired, or 
if gn·at t·r ac·t·ur:w~- i . ..; nt·r·t·:-:;--;;u·~·. t lw dL·;--;irl'd l'l'ntill•;--; or eentile ranks 
should ht· <'OillJHitt·d din·t·t !~· frotn tlw frl•qm•ne~· distribution. This 
method i;--; outlitwd in Example -L 

Cumulative Percentage 

Graph 

r;.H""I'''' :;. A nH'ational intl•n•st inH'ntory includes a scale 
dc.·sign!•d to nwasurL' intl'l"!'~t in a cal'l'l'r a~ a m'usieian. The test 
<·onslrtl<'tor wi;-;ht·s to (•stahlish "norm~" for the scale so that users 
~>f the.· l!·st will han· a standard again~t whieh thl'Y may compare any 
mdi\·idual s<·orl·. To do this, he will l'olleel the sl'ores of large groups 
of subje<'ls and publish tht• scorl's with thl•ir eentile ranks. A user 
of the test will t ht·n hl· able to detl•rmint• tlw rank of any individual 
s('ore he o htai ns among the group pro\·i<kd as a standard. The test 
c:onstru<'lor bt•gins h~· gi\·ing his test to a representative sample of 
221 high s<"hool students. He mah•s a fn•quL•ncy distribution of the 
scores they obtain on the :\Iusi<"al C'art•er scale, as shown in the first 
two ('Olumns of Tahlt> 2.1. The centile ranks will be determined from 
a cumulative peJTl'l1 tagt• graph of the frequency distribution. 

• • STEP 1. To construct a cumulative percentage graph, three 
columns must he added to the table of the frequency distribution. 
First, con vert the frequencies to percentages by means of the for­
mula: (j nJ X 100. That is, di\·ide each entry in the frequency col­
umn by 11 and multiply the result by 100. (Alternatively, determine 
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the ,·alue of 1 h1 and multiply each frequency by this number.) Round 
off the answer to one decimal place and enter it in a separate "Per­
centage" column, as shown in Table 2.1. Sum the percentages after­
wards to be sure they add up to 100.0-plus or minus .1, since 
rounding the percentages to one decimal place may result in a total 
which is not exactly 100. If the total does not fall between 99.9 and 
100.1, an error has been made in computing the percentages. (Try 
to compute them carefully the first time!) 

• • STEP 2. Cumulate the percentages and enter them in a Cu­
mulative Percentage column. Begin at the bottom of the column with 
the percentage for the lowest class interval and cumulate upward 
to the highest class inten·al, adding each successive percentage to 
the sum of those below it. Thus, as shown in Table 2.1, .9 + 2.2 = 

3.1. Above this, 3.1 + 4.5 = 7.6; and so on. The last entry, at the 
top of the column, should be equal to the sum of the Percentage 
column. If it does not equal that total, a mistake has been made in 
cumulating. 

• • STEP 3. Determine the upper exact limit of each class inter­
val. For the class inten·al 5-9, this is 9.5. For the interval 10-14, 
the upper exact limit is 14.5. Enter the upper exact limits of each 
class interval in a column, as in Table 2.1. 

SconEs 

7;)-79 
70-74 
{j;j-U\) 

G0-54 
.5.')-.59 
.50-54 
45-49 
40-44 
35-:m 
30-:34 
25-29 
20-24 
15-19 
10-14 
,'j-9 

Table 2.1 
Distribution of Musical Career Interest Scores 

Obtained by 224 High School Students 

CL":I!l:LATIYE UPPER 

f PERCE:>;T:\GE PERCE:>;TAGE ExAcT LnnTs 

3 1.3 100.0 79.5 
7 3.1 98.7 74.5 

15 {j-./ 95.5 59.5 
:24 10.7 88.9 54.5 
1~ s.o 78.2 59.5 
14 6.3 70.2 54.5 
14 5.:3 53.9 49.5 
22 9.8 57.6 44.5 
:33 14.7 47.8 39.5 
25 11.2 33.1 34.5 
20 8.9 21.9 29.5 
12 5.4 13.0 24.5 
10 4.5 7.6 19.5 

,') 2.2 3.1 14.5 
2 .9 .9 9.5 

II = 224 100.0 
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•• ~TEl' ·L To ('()ll:'trtH"l t!H' ('\lllllllatin• percentage graph, use 
tlw C'o!urnn of {'ppt·r I<x:wt Lirnih and tlw ('olumn of Cumulative 
I \·n·l·n t agL·:'. La;; out :'con·:' along t hl' horizontal axis and cumu­
lati\·L· pL·n·L·ntagl':' along thl' \l'rtil':d axi" of tlw graph, as in Fig. 2.1. 
Plot a point for L·ach uppl'r l'Xact limit of score opposite its cumu-

IIIII~ 

----------------------------------------

10 

o~~~~~~~=-~~~~~--L-L-~~~ 
5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 

Scores 

Figure 2.1 
Centile Ranks of Musical Career Interest Scores Obtained by 

224 High School Students 
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lative percentage. Also plot a point on the baseline, at the upper 
exact limits of the class interval below the lowest one in the distribu­
tion. For this distribution, the point on the baseline is at 4.5, the 
upper exact limit of the interval 0-4 which is just below 5-9. Connect 
all the points with straight lines . 

• • STEP 5. The cen tile ranks may be read directly from the 
vertical axis of the cumulative percentage graph. The dashed lines 
that appear on Fig. 2.1 illustrate the procedure. Thus, the score 10 
intersects the curve at a point opposite a centile rank of 1 on the 
vertical axis. Therefore, 1 is the centile rank of the score 10. The 
score 15 intersects the curve at a point opposite a centile rank of 
about 4. Since the nearest whole number is accurate enough for our 
purposes, we say the centile rank of the score 15 is 4. It is not, of 
course, necessary actually to draw the dashed lines. Simply lay a 
ruler parallel with the baseline of the graph and move it up for each 
desired score, reading the centile ranks on the vertical axis as you 
go. Centile ranks for every fifth score from 10 through 75 are shown 
in Table 2.2. 

Another procedure is to decide ahead of time the centile ranks 
that are desired, and then find on the horizontal axis of the graph 

Table 2.2 
Musical Career Interest Scores: 
Norms for High School Students 

(n 224) 

SconE CENTILE RANK 

75 99 
70 96 
65 90 
60 80 
55 71 
50 65 
45 58 
40 49 
35 35 
30 23 
25 14 
20 8 
15 4 
10 1 

53 

Table 2.3 
Musical Career Interest Scores: 
Norms for High School Students 

(n = 224) 

SconE GENTILE RANK 

69 95 
65 90 
63 85 
60 80 
58 75 
54 70 
50 65 
47 60 
43 55 
41 50 
39 45 
37 40 
35 35 
33 30 
31 25 
28 20 
26 15 
22 10 
17 5 
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which :-;corl':-; han• t!W:'l' ct>ntill' rank:-;. Thi:-; was done for Table 2.3, 
\vhich giH•:-; the :'<·ore:-; ha\·ing vn·ry fifth <·t·lllilt> rank from 5 through 
!15. Thl' procedure is illu:-;tratt·d h~· the dot tl'd lim•s on Fig. 2.1. Thus, 
to find the score whi<"h ha:-; a <'t•ntill' rank of :ill 1tlw median of the dis­
tribution '• IOt·ate 511 on tlw n·rtical axis. Tlw centile rank 50 inter­
sects the c·urn• at a point oppo:-;ite tlw :-;<"on· -11: the score 41 therefore 
has a ccntile rank of 5() ~ancl-11 i:-; tlw nwdian1. Another wayofex­
p!·essing the :-;anw thing is to :-;a~· that -II is t lw ;)Oth <"en tile. Also from 
the gr;tph. the 55th c·entill· i:-; tlw :'<"on· .t:L or. the score 4:3 has a centile 
rank of 55. The Iiiith n·ntih· i:-; -11. or. the :-;con• -II has a centile rank 
of GO. "Ccntiles" are s<"ore:-; and are read from the horizontal axis 
of the graph; "eentill· ranks" are cumulative percentages and are 
read from the \'ertical axis . 

• RESl'LTS 

The test constructor will publish a list of c·entiles or centile ranks, 
such as in Table 2.2 or Table 2.:3, with a dl•scTiption of the standardi­
zation group whose scon·s furnished the basis for the list. A stand­
ardization group is a sample of subjec·ts (usually much larger than 
our 224 J who are like the subjects for whom the test is intended, and 
hence may he said to represent such su bjeets in general. The list 
of centile ranks derived from their scores eonstitutes norms for the 
test, a standard of eomparison for the indi\·idual test user. 

For example, let us suppose a test user gives the test to three 
high school boys- ,Jim, Da\·id, and Arthur who play in the school 
band .. Jim receives a score of 4:3. On Table 2.3, we find that a score 
of 43 has a centile rank of 55. This means that Jim's score of 43 
surpasses the scores of 55c; of the subjects in the standardization 
group. Jim may be a fine musician, but his interest in a musical 
career, as measured by this test, is no greater than the interest of 
about half of high school students in general. David received a score 
of 70. From Table 2.2, a score of 70 has a centile rank of 96. David's 
score surpasses ~)6r;~ of the scores in the standardization group. His 
interest in a musical career is relatively very high, higher than that 
of most high school students. If he is also a fine musician, we might 
be willing to bet he could be successful in a musical career. Arthur's 
score is 31, and from Table 2.3 we find that his score surpasses only 
25c;;,~ of the scores in the standardization group. Some three-quarters 
of high school students in general are more interested in a musical 
career than Arthur is. We may wonder what he's doing in the school 
band at all. Perhaps it was his mother's idea! 
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• DISCUSSION 

Note that centile ranks haYe all the properties of other ranks. Like 
any set of ranks, they represent the relative position of an individual 
(or score) within the particular group ranked. If we were to add to 
the standardization group 100 subjects with scores below 31, Arthur's 
score of 31 would ha,·e a centile rank of 48 instead of 25, since 31 
would now surpass 48r~ of the scores. All the centile ranks of scores 
above 31 would also be higher. 

The test constructor mitigates this slippery situation by deriving 
his norms from a large sample of subjects who represent as nearly 
as possible the total group of subjects, or population, as it is called, 
for whom the test is intended. Thus, if the test is intended for high 
school students, the test constructor will seek for his norms a sample 
of high school students as representative as possible of the population 
of high school students, i.e., of all high school students. If he has 
managed to select such a representative sample for his norms, then 
the centile ranks of the scores will not be very different from what 
they would be for the whole population of such subjects. \Vhen the 
sample is truly representative, then the norms are representative 
also, and a given centile rank may be referred to the population 
represented, e.g., all high school students, or high school students 
"in general." If the centile ranks are not derived from a representa­
tive sample of subjects from some clearly identifiable population, 
the centile ranks will still show the relative position of the subjects 
in that group, but they will not be useful as norms. That is, the 
centile ranks cannot be used as a standard of comparison because 
the "standard" cannot be identified in such a case. 

Note another property of ranks which is also true for centile 
ranks. The "distances" between ranks are not necessarily equal. Look 
at Table 2.3. The score distance between the centile ranks 5 and 10 
is 22 - 17 = 5 units of score. The scoring distance between the 
centile ranks 35 and 40 is 37 - 35 = 2 units of score. Sometimes 
an increase of five centile ranks means an increase of 5 in score and 
other times an increase in five centile ranks means an increase of only 
2 in score. The "times" when the distances between ranks change is 
evident in Fig. 2.1. When the slope of the curve is steep, centile ranks 
are increasing faster than scores are; hence many centile ranks cover 
relatively few scores. When the slope is low, as at the beginning of 
the curve or where it bends over at the top, scores are increasing 
faster than centile ranks; hence many scores are covered by relatively 
few centile ranks. 
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Computation of Centiles 

from Grouped Data 

E-rampl(' I. :\ t(':-;t of En.ldi:-;h t ':-;age has been gh·en to all the 
entering frL>shnwn a_t Ergo ( 'ollL·w·. The chairman of the English 
Department _has dL·<·HI_ed that tho:-;L• who score in the upper 25% of 
the group will h<· asstgtwd to a<h·;uwed :-;petions of the English I 
cour:-;e, the middle ;)W; to n·gular sL·<·tions. and the lower 25% to 
slower sections in \\·hi('h additional work will be gin'n. A frequency 
distribution of tlw scon·s is c·onstrw·ted rTable ~..1). The chairman 
need:-; to detL·nnine on!~· two <'L·ntiles: the ~5th eentile, which will 
separate tlw lowL·r ~;)'; of tlw group; and the 75th centile, which 
will sL·parate the upper ~5'; Tlw freshmen who rcceh·ed scores 
between the:-;e two point:-; \\'ill automatieally eonstitute the middle 
50'; of the group. 

It would he po:-;sihle. of course. to draw a cumulative percentage 
graph and locate the 25th and 75th centiles on it, but it is hardly 
worth the trouble for only two centiles. Instead, these two scores 
will be located by another method. \\'e will begin by locating the 25th 
centile of the distribution . 

• • STEP 1. To locate the 25th centile, the first step is to deter­
mine how many subjects constitute the lower 25% of the group. 
Since there are 1~J2 freshmen in all (n = 1~2), 25% of them is 
.25 X 1~2 = 48 freshmen. \Ye wish, then, the score which separates 
the lowest-scoring 48 freshmen from the rest of the group. 

• • STEP 2. Turning to the frequency distribution of the scores 
' begin at the bottom of the frequency column and cumulate upward 

until you reach a frequency which, if added to the sum you already 
have, would give more than the desired number of subjects (more 
than 48, in this case). This frequency which would add too much 
identifies the class interval in which the desired centile falls, and the 
interval may immediately be marked as such. Thus, in Table 2.4, 
cumulating from the bottom of the f column, the sum of the first 
four frequencies is 37. If the next frequency, 19, is added, the sum 
will be 56 and we wish only 48 subjects. The frequency 19 then iden­
tifies the class interval 62-64 as containing the 25th centile, and it is 
marked as such in Table 2.4. A line is drawn across the frequency 
distribution below 19, and is labelled to represent the lower exact 
limit of the class interval which contains the desired centile. The 
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lower exact limit of the interval 62-64 is 61.5, so the line is labelled 
61.5. 

• • STEP 3. \\'rite down the sum of the frequencies below the 
line which has been drawn and determine how many more are needed 
to reach the desired total. In Table 2.4, 37 frequencies are included 
up to the line drawn, and since 48 is the desired total, 11 more are 
needed (48 - 37 = 11). \Ve wish, then, 11 of the 19 frequencies that 
fall in the class interval 62-64. 

• • STEP 4. In computing centiles from a frequency distribution, 
it is assumed that the frequencies are evenly divided over the class 
intervals into which they fall. Thus, it is assumed that the 19 fre­
quencies in the interval 62-64 are evenly spread out over the dis­
tance 61.5 to 64.5 (the exact limits of the interval). Since we want 11 
of the 19 frequencies, we want to traverse 11/19 of the distance 
61.5-64.5. Since the total distance is 3 units of score (64.5 - 61.5 = 
3, the size of the class interval), we want 11/19 of 3. This gives us 
11/19 X 3 = 1.7 units of score. This is the point within the interval 
where the 25th centile lies. 

• • STEP 5. The 25th centile has been found to lie 1.7 score units 
above the lower exact limit of the class interval 62-64. This lower 
exact limit is 61.5; therefore the 25th centile is 61.5 + 1.7 = 63.2. 

Table 2.4 
Distribution of English Usage Scores Obtained by 

Entering Freshmen at Ergo College (n = 192) 

ScoRES f 
83-85 
80-82 
77-79 

CONTAINS 75TH CENTILE 74-76 

4 
10 
18 
22 

73.5-----
71-73 
68-70 
65-67 

CoNTAINs 25TH CENTILE 62-64 

26 
32 
24 
19 

61.5-----
59-61 
56-58 
53-55 
50-52 

10 
12 
9 
6 

n = 192 

138, NEED 6 MORE 

37, NEED 11 li!ORE 
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Fonnulas for Finding 

<'en tiles and Centile Ranks 

Tho· 
lll!'!!tlll:t: 

,. 
tl'. I • 

I. 
• I-__ .)I• , ' 

(2.1) 

-.·. h··~··· 1.- ; h1· ~.-,; h ··•·!li jJ, .. ::nd ,. i> t h•· tot:tl ntllnhPr of subjects; 
I. i · rl10· J,,., •. ~·~· 1·:·::t~·T li!,,i: (If t h1· ··l:t>." int•·n·:tl found to eontain the 

~;>1\1 l'<•!Ji iJ,.; 
I i ·"" l h f ' .- i /.I ' () J { IJ I ' ( ' j; l > , i ll f f •J' \ ; t! ; 
(, i . ...; t IH· ."-'ll!JI oft h .. fJ·•·•!lll'lll'it·:' lll'lo\\' /,; 
1 i;-; t h•· fn·qtt•·rw_\· for t h•· inll·n·:tl \\·hil'h •·ontain:-; the 25th centile. 

Thth. fCJr· t ht> cli:'t r·iln1t ion gi\·t·ll In T:thlt• :2.-1. 

( . 
I i I . :-, :: .:2:-> I ~~:2 

I ~ I 

.. -,.,' 
fi I.:) -i- 1.1 = 63.2 

Th•· forrnul:t rn:t:,· Ill' u;-;l'd to lind an:.· dt>:->irC'd eentile by sub­
"t it tit ing fCJr .:2:J t h•· dt•.-cin·d proportion of :-;uh.il'cl:-.;. For example, 
tl:·,irig th•· fol'!Iltll:t to lirHI til•· l:>th •·•·ntill• of tlw distribution in 
T:t!dt· ~-1. \\t· lii·.-ct lir1d .1:-"'· Thu;-;. 1.1:) X l~l:2 ~c 1-l-L Cumulating 
llJn\·:tr·d r,·ol!J t h•· IH>t I<>IJI oft ht· fr••qtll'lll'.\' l'olumn. we find that the 
int .. ,·\·:tl 1-1 IIi •·orit:tin;-; tlw l:>th <·•·ntill•. Suh;-;titutingin the formula, 
\\'l' ha \·1· 

-·~, , :~ 1 1-t-t - 1:~s~ -.3 :- + 8 ,....4 3 I • J • •) 4- - -- - --- = I • . u . = I ' :2:2 . 

Th•· l'L'\'l'l':-;(• pro<'(•dtll'l', finding tlw <"l'ntile rank of a given score, 
Jnay I I. I . >l' ~H·<·ornp 1:-; 1l'd by the formula 

( ·u ,_-. 1 ol] [·[,_, s -.- /.,) + _r,] 
t1 I 

(2.2) 

whl·l·<· X is t h<' sc·on•, L is tlw lower l'xact limit of the class interval 
that in<'ludl•s th<· gin·n ;-;('ore, and ('His its centile rank. For example, 
if W<' wi:-;}wd to know tlw <·entiiP rank of a student who obtained a 
scon· of Gf) on the English l"sagl' ll'st, Wl' would fi.nd 

( 'H ·= liHl [_1 :2_ (!i!i -. !!.Q~!?l + 15] = 8.86 
1! l:2 :~ 

1\ s<'<>I"<' ol' !)()has :1 <'Pntill' rank of 8.8(i, indicating that this score 
su,·pas:-;l's al>uul niill' J>t·r· <'l•nt of tlw scores in the distribution . 
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• RESULTS 

The 25th centile is 63.2. This means that 25r; of the freshmen ob­
tained scores below 63.2 on the English l·sage test. There are, of 
course, no scores of 63.2. The chairman will assign students with 
scores of 63 and below to the slower sections of the English I course. 
The 75th centile is 74.3. Freshmen receiving scores above this point, 
which means scores of 75 and higher, will be assigned to advanced 
sections of the course. And the "middle 5or~," students with scores 
ranging from 64 to 74, inclusiw, will attend regular sections of 
English I. 

• DISCUSSION 

We saw how the computation of centiles from a frequency distribu­
tion assumes that the frequencies in each class interval are evenly 
divided owr the interval. What if this assumption isn't true? \Vhat 
does that mean for centiles computed from the frequency distribu­
tion? For the centiles that ha\·e been computed, it may mean that 
the "lower 25';" of the group does not contain exactly 48 students 
at all. The same is true, of course, for the "upper 2V~"-there may 
be more, or less, than 48 freshmen in it. The discrepancy can some­
times be conected by determining the centiles from the ungrouped 
scores ordered into an array from lowest to highest, as in Example 2. 
But this will not always work either. Whenever several or many 
subjects have the same score, it is often not possible to separate out 
some predetermined number, like 48, who will all have scores below 
a given point. In such a case, the centiles tell us what the best possi­
ble dividing points are--the division that will yield a group closest 
in size to the desired one. For example, there may be OI!ly 45 fresh­
men with scores below 64, and 11 with scores at 64. Therefore, the 
"lower 25%" of the group will include only 45 students, but this is 
closer to the desired number 48 than is the 56 we would get by includ~ 
ing the 11 students with scores at 64. 

The 25th and 75th centiles that we have computed define what 
is called the interquartile range of the distribution. The 25th centile 
is the first quartile, Q~, and the 75th centile is the third quartile, or 
Q3. (The second quartile is the median.) The interquartile range, then, 
is Qa - QJ. For this distribution, the interquartile range is 74.3 -
63.2 = 11.1. The interquartile range, as we have seen, includes the 
middle 50% of the distribution. In this example, it tells us that the 
middle 50% of the scores extend from 63.2 to 74.3, or over about 11 
units of score. The interquartile range is thus an index of the varia­
bility of the middle 50% of the observations in a distribution. With 

59 CENTILE RANKS 



:111 int•·rtjll:trt ilt· 1·:,n~~· 1,;· 11 "',.,,!·in.~ 11 nir.". :tnd a range for the entire 
di:--t!·iilllti•,ll t,f ;,}lt,,Jt ::.-, >,., 1 rin~ 1111 ir.--. \\·t· can eonelude that the 
liiiddl·· .-,~~,, llf tJIJr .-•·r,n·r·"' :tn· :1 f:iirh· hornogL•neou:-; group. 

Th.- intr·rrJil:trtilt· 1 ·: 1 n.~t· :111 ,j tlw s• !lli-illftrrflmrtilc range, which 
i> !J:,If llf thr· int .. rrJtl:trriJ,. r: 111 ~,. or (/ <!1 ~.are often recom­
rrwnrlt·rl :~.~ pn·f•·r-rt·d :t!tt·rn: 1 ti\t·~ 11 , tlw r:t!l.l!t' in indit·atingthevaria­
J,ility ()r :1 di.~triillltirlll. Tht· r:tll!.!t' i." r:1dil':dl~- :tlfL•t·ted by one very 
high Ill" \·t·ry lc)\\. :-'t·c,r•·. whil 1 • rn:t.ll\ .. "<'ort·." an· n•quired to producea 
_,i/•·:tld•· 1'/J:illgc· in tht· intt·rqu: 1rti.lt· r:tll.!.!t'. lienee. the interquartile 
r:tllg•· i.~ :<tid to l11· :t rrror•· stnl,/, llll':t;-;tlrt' of \·ariahility than is the 
r:tngt·. I I o\\·t·'.·t·r. t h•· t \\"(J nJt•:t...;r 1n· . ..; pro\·ide quill' different kinds of 
infonr1:t1ion :tnd ont· l':tllllot n·:tlh· :-;uh;-;titute for the other. Which is 
LJ...;t·d will dt·JH·nd largt·l~· upon rh~· inn•:-;tigator':-; purpose. 

Practice Problems 

1. fn a c·i:Iss in\·r·sti;.!ati()n of differeJH'C':-; between the sexes, each 
sturknt k(•(•J;s tr:wk r,f tiH• number nf hours spent in study during 
one week. At the Pnd of tlw week, en~ry student turns in to the 
instru<'lor a slip of papr·r gi\·ing his sex and the number of hours he 
sp(·nt in study during that week. 

For the fifteen bo~·s m the class, the number of hours reported 
are: 

1 0, 8, G, 1 2, 1 k, Hi, 1 0, 7, D, 1 :3, 11, 2, 5, 1 0, 11 

For the fourteen girls in the elass, the hours reported are: 

8, 14, 8, 10, ~J, 12, ~), !), 16, 11, 12, 15, 8, 10 

Give the median and the range for each of the distributions. 
Comment upon the results and upon any questions relating to the 
procedure which occur to you. 

For Nos. 2, 3, and 4 below, divide the subjects into high and low 
groups by means of a mechan split. (Tell in each case what the median 
is.) 

2. On a neuroticism test, twelve new Army recruits receive the 
following scores: 

48, 37, 42, 29, 40, 28, 35, 43, 21, 34, 55, 48 

3. Sixteen nursery school children are ranked for the amount of 
dependency shown during their first day at nursery school. The ranks 
are: 

1, 2, 3.5, 3.5, 5, 6, 7, 8.5, 8.5, 10, 13, 13, 13, 13, 16 
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4. A psychologist is curious about memory differences among 
people. He decides to study individual differences in the ability to 
recall verbal material. Thirty subjects memorize the same list of 
words, and three days later they are asked to recall as many words 
as thP.y can from the list. The number of words correctly recalled by 
the 30 subjects is: 

1~ 14, 16, 9, 20, 15, 17, 7, 10, 16, 13, 14,22, 12, 12, 11, 13, 16, ~ 14, 
10, 11, 15, 17' 14, 13, 15, 18, 17' 16 

5. Hupnick and Alzeo are competing for a prize in marksman­
ship. Each fires in turn 50 shots at a round target which has a small 
bulls-eye at the center. The distance of each shot from the bulls-eye 
is measured to the nearest centimeter. The results for the two men 
are: 

C:-.1 FRO:\! :\LZEO HUP:\ICK 

Bt:LLS-EYE f f 
8 1 2 
7 0 2 
6 2 4 
5 3 4 
4 4 5 
3 7 7 
2 lG 10 
1 12 8 
0 5 8 

lit =50 ll'! =50 

Who should get the prize'? Use the median as a criterion. 

6. A test of mathematical reasoning is given to 158 applicants 
to an engineering school. The applicants' scores are tabulated into a 
frequency distribution, as shown below: 

SconEs f 
70-74 5 
65-69 3 
60-64 12 
55-59 17 
50-54 21 
45-49 28 
4D-44 25 
35-39 20 
3D-34 15 
25-29 8 
20-24 4 

n = 158 

Make a cumulative percentage graph of the distribution. 
(a) Prepare a table showing the centile ranks for every fourth 
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score in the distribution beginning with a score of 2-1. (b) Prepare a 
table showing the scores which are at each tenth centile from 10 
through 90. (c) Compute the median directly from the frequency 
distribution, and compare it with the median as found from the 
cumulative percentage graph. 

7. An attitude test which measures prejudiee towards minority 
groups is given to 132 department store sales clerks. Their scores are 
tabulated into a frequency distribution, as shown below: 

SI'OHE,.; 

;-,()-;) ~ :2 
4.'J--I~I s 
.HJ--1·1 1:2 
:{;,-:m J() 
:m-:H n 
:2.'",-"2\J II 
"20-"2·1 •)•) 

~;-,-1 ~~ l\1 
10-1·1 1:2 

'•-\1 I I 
0-·l 10 

II = 1:~:2 

b . (a)f tThh~ sal~scl~rks are to be divided into four groups on the 
asJs o eJr preJUdice s '1'1 l . . . (th h h cores. 1e owest quarter of the chstnbutwn 

wo;~eo~ t~ ave_ the least prejudice on the test) will be assigned to 
e mam floor, the second qu·trter to other busy· depart-ments the th" d . ' 

1'. Ir quarter to less busv departments and clerks who 
scorer m the t()J> ( • ·t f 1 · · ' ·1 ~uar er o t 1e group will be transferred to the ma1-
rorJm. What SC(Jres divide the suhjeets into these groups? (b) Com-
pare the range and the interquartile range of the distribution. 

Answers 

. . , d rirls is 10. The range for tl~e 
1. The med1an for both b?) ~ ~n t g16_ The boys' distribution IS 

boys is from 2 to 18; for the gidr_s, . ?lt t11e n1iddle of the range and 
. bl ·k 1 The me wn IS < • • • not notlcea. Y s ewe( · h. 1 . 1 0 10 The girls' distributiOn lS 

.. cides with the mode, w IC 1 IS as . d f th 
~~:;.1-;.ed1y skewed, with. the median_ very _near the low en 0 ~ 

• r- Th~> uirls' mode 1s below their median, at 8 and 9. \Vhat 0 
r,tnV. · •· ? '1'1 · · r 
1\lP \;n·v.(· dilfPrenee in the extent of the ranges. 1ere IS mme va-
iab.llity among thf~ boys, who report from two to 18 hours of study. 
The girls are a more homogeneous group, reporting only from eight 
to lfj hours of study. \Vhat are some reasons whieh might account 
for this difference in variability? Regarding the procedure: Do you 
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think all the students were telling the truth? Could some be trying 
to impress the instructor? (There isn't a single 0 !) Might some stu­
dents be influenced by a desire to see their sex come out better (or 
worse) than the opposite sex? 

2. The median is 38.5. The high neuroticism group will include 
recruits with scores of 40 and higher; the low group, recruits with 
scores of 37 and below. 

3. The median is 8.5. Two children are at the median. The best 
procedure would be to omit them from the study altogether, and 
make up high and low groups, respectively, of the children with 
ranks of 10 and above, and 7 and below. 

4. The median is 14.25. All the subjects who recalled 14 words 
should be assigned to the low group (which includes a total of sixteen 
subjects). The fourteen subjects who recalled 15 or more words com­
prise the high group. 

5. Use of the median as a criterion provides one way to compare 
the two men. The median distance from the bulls-eye of Alzeo's shots 
is 2.0 em; for Hupnick, the median distance is 2.4 em. Alzeo should 
get the prize because our best estimate from his median is that no 
more than 5o(·; of his shots were farther away from the bulls-eye 
than 2.0 em. From Hupnick's median of 2.4 em, our best estimate is 
that more than 5oc;; of his shots were farther away from the bulls-eye 
than 2.0 ern. \Ve could be wrong. Measures were only made to the 
nearest centimeter and perhaps all of Hupnick's shots were on the 
"near" edge and all of Alzeo's shots on the "far" edge of the 2 em 
interval. Lacking such information, we have made an impartial 
decision on the basis of the data at hand. 

The range for the two men is the same, from 0 em to 8 em, and 
both distributions are positively skewed (in both cases, the median 
is much closer to 0 than it is to 8). Identical ranges do not indicate 
the same variability, however. Very different ranges usually indicate 
different variability, but the converse is not true. Look again at the 
frequency distributions of the two marksmen's shots. Hupnick's shots 
are more "spread out" than Alzeo's shots, which are clustered rela­
tively close together. Hupnick's shooting is more variable; Alzeo's 
more consistent. If you were to make the same bet on each man­
that his next shot would be 2 em away from the bulls-eye-which 
bet would you feel more sure of? 

6. (a) The centile ranks of every fourth score, beginning with 
the score 24, are: 

2, 6, 12, 21, 31, 44, 58, 70, 80, 88, 94, 96, 98. 
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(.b) The scores at each tenth centile, beginning with the lOth centile 
are: 

31,36,40,43,45,49, 52, 56, 61. 

(c) By computation (as illustrated in Example 4), the median. is 
45.75. If your graph was drawn carefully, the reading of the medmn 
should not differ by more than a decimal fraction from 45.75. 

7. (a) The 25th centile is 14.5, the 50th cen tile is 22.7, and the 
75th centile is 33.9. The lowest quarter of the group includes all 
~hose salesclerks with scores of 14 and below; the second quarter 
m~udes all those with scores 15 through 22; the third quarter, those 
Wl 4 scores 23 through 33; and the top quarter, those with scores 
~4 ~~~ a~~ve. (b) The range is 0 to 54; the interquartile r~nge is 14.5 
~er 54 U!l/ range teJJs u.s on.ly that th~ entire distributwn exte~ds 

. ~ . 'it~ of SCQre. 7 he mterquartlle ran~e tel\s us so~ethi~g 
& '01/t!Jow the ()hRf!rvaU()nH an~ distributed within that scm~1~t~£1~~ 

ta1Jee r)/ 51. Thus UJ£! "middl(! flO'';, of seores are col ~ce~ttend over 
J ' \ theY on\ ex 

af)()!){ the mirirl/(1 (}( tlw ()\'('!'(l\l ran~e, anc . \le.r distance than 54. 
. . f . . . a much sm<l. 

/JfJf~f()XJtnfdefy J!J unitS o SUH e, ' 
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(b; The scores at each tenth centile, beginning with the lOth centile 
are: 

.'31, .'36, 40, 43, 45, 49, 52, 56, 61. 

(c) By computation las illustrated in Example 4), the median is 
45.75. If your graph was drawn carefully, the reading of the median 
should not differ by more than a decimal fraction from 45.75. 

7. Ia! The 25th centile is 14.5, the 50th centile is 22.7, and the 
75th centile is 33.~). The lowest quarter of the group includes all 
those salesclerks with scores of 14 and below; the second quarter 
includes all those with scores 15 through 22; the third quarter, those 
with scores 23 through ;3;3; and the top quarter, those with scores 
34 and above. (b) The range is 0 to 54; the interquartile range is 14.5 
to 33.9. The range tells us- onlv that the entire distribution extends 
over 54 units of score. 'The i~terquartile range tells us something 
about how the observations are distributed within that scoring dis­
tance of 54. Thus, the "middle 5or·;" of scores are concentrated at 
about the middle of the 0\·erall range, and they only extend over 
approximately 19 units of score, a much smaller distance than 54. 
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chapter 3 

Populations 

and Samples 



Statistical procedures are divided into two categories-descrip­
til'e statistics and inferential statistics. In any given case, the investi­
gator's purpose determines which of the two types of procedure he 
uses. \Vhen his purpose is simply to describe the observations he has 
collected, he uses the procedures of descripti,·e statistics. The graphic 
methods of Chapter 1, the median, centiles, the mode, the range, 
are all examples of descriptive statistics. When it is possible to collect 
all of the observations pertinent to a research question, only descrip­
tive statistics are needed for the analysis of the data. When all of 
the observations have been collected, the data are referred to as a 
population. 

When, as usually happens, an investigator has only a pa.rt of 
the observations pertinent to his research question, the data are re­
ferred to as a sample. The investigator may, and often will, use de­
scriptive statistics to describe his sample data, but if his purpose is 
to make inferences about the population from which his sample came, 
he will make u.se of inferential statistics as well. 

In previous chapters, we considered some of the procedures of 
descriptive statistics. Before going on to consider some inferential 
statistics, we pause in this chapter to examine more closely the con­
cepts of population and sample. 

POPULATIONS In the behavioral sciences, re-
searchers sometimes ask a ques­
tion about a particular group of 

subjects all of whom can be classifi~d or measured in some way in 
order to answer the researcher's question. For example: \Vhat are 
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i lw ( ·()II•·;!•· I :c,::rd.' .'-'c·cm· . .; of :q,Jdic·ant;-; for admi:'sion to the State 
I ·ni·.···r_,j;y ;hi.' _-.•·:tr'.' \\.h:tt j_.; tht· :tn·rage IC~ of this group of 12 
ffJ.--; ,.,. r 111 1t h• ·r.'-' ·: II ow rll:tny pc·c ,Jdt• \·oted fur Kennedy in 1960? HoW 
d(J t lw_,,. fcJll!" ~··;.rrc, ('hilcln·n r:tnk ='<'hola;-;ticalh· among their white 
l'l:t:-::-m:tlt·.--'.' In all oft lw:-:(' t":t:-:t'."· tlw inH•;-;tigat~r can r~adily collect 
t ht· popul:tt ion of oh:-:l'n·at ion_.; nc·l'dvd to an~wer his question. 

~irH·t- hi . .; data c·orbtitutc· a population, the researcher will 
u:-:c· the· :-:t:tt i;-;t il':tl prcwc·dun·:-: :tnd formulas that are appropriate for 
population:-:. \\.hc·n :-:twh Jll·oc·c.·dun•;-; are applied to populations, the 
n·:-: ul I in g c lt-:-:cTi p 1 io rh of t lw da 1 a an· ca lied JWrrl m t•t t•rs. Thus, the 
:t \·c·r:tg<' I(} of t lw I~ fo:-:t <·r mot lwr;-; i~ a parameter of this population 
of I(}':-:. Tlw proJHH"t ion of Jn•oplc• \\'ho \·oted for Kennedy in 1960 is a 
paran1l'IL'r of 1lw nJiing heha\·ior in that election. And .the ranks of 
th(' four ~l.·gro c·hildrt-n an• parametPr~ of their scholastic standing 
in that parti('ular c·las;-;. 

~I ore oft l'n, it is not possihlP to collect all of the observations 
and <·ompull.' dire('tly tlw parameter~ of the population. !\.'lost popu­
lations of intl'n·st to sl'ierH·c.• arl.' infinite, or else they are so large that 
for all pra('fi<"al purposes thc.·y arP trPated as infinite. By infinite we 
mean that howe\·c.·r man\· nwasures are made, or however many sub­
jects are studic.•d, or ho~\-e\·er many groups are collected, i~ would 
still be possible to make more measures or study more subJects ~r 
collect more groups. Thus, a population is said to be infinite when 1t 
is not fJoss/hle r'n'il /11 thf'orl! to collect all of the observations of that 
population. For example, consider the population of error scores 
made by white rats running through a maze. However many rats 
we1·e tested, it would he possible to test more. Or, consider the popula­
tion of responses to a word-association list. However many responses 
are collected, more could be collected. An infinite population is an 
i ne:rlzaustible population. 

Even populations that are finite may be so large that it is not 
feasible to study the whole population. For example, it is not feasible 
to study the present population of hospitalized schizophrenics, or 
determine the IQ's of students currently majoring in Physics, or 
measure the attitudes of this year's automobile buyers. For all prac­
tical purposes, these populations are treated as though they were 
infinite. 

Most of the time in the behavioral sciences, researchers are in­
terested in populations that are too large to be studied in their 
entirety. The researcher must do his best to answer his question with 
only a part of the population. When the observations collected are 

POPULATIONS AND SAMPLES 68 



only part of the population of interest, the data are referred to as a 
sa--mple. 

SAMPLES AND ·when an investigator collects a 
group of observations in order to 

SAMPLING answer questions about some larger 
population wh£ch that group is 
intended to represent, he has col­

lected a sample of observations. ·when this is his purpose, and a statis­
tical procedure of any kind is applied to the sample, the resulting 
value is called a statistic rather than a parameter. Thus, the me­
dian and range of a sample are referred to as statistics, while the 
median and range of a population are referred to as parameters. 

It should be evident that the sample selected to represent a 
Population should represent the population as closely as possible. 
This problem was discussed briefly in Example 3 of Chapter 2, where 
the researcher's purpose was to establish centile ranks for high school 
students "in general." To do so, obviously he must have a sample 
that is typical of high school students in general. Similarly, if there­
search question relates to neurotics, the neurotics of the sample 
~hould be as typical as possible of neurotics in general. If the sample 
Is to represent all the people who will vote in the next election, the 
sample should include prospective voters from all the different re­
gional, economic, and occupational strata of voters. 

Since it is not possible to identify all the relevant strata of a 
Population or know in advance what the "typical" is, investigators 
have recourse to what is called random sampling. That is, they select 
subjects or observations from a population by a predetermined 
scheme that will avoid any bias in the selection. For example, num­
bers may be assigned to all the available subjects (usually many more 
than will actually be studied). Suppose a sample of 20 subjects is 
desired from this larger group. A selection is then made from among 
the numbers by some procedure which gives every possible sample 
of 20 numbers, hence every possible sample of 20 subjects, an equal 
chance of being chosen. The numbers might be written on separate 
slips of paper which are then shaken up in a box; slips are selected 
one at a time until the investigator has 20 slips. The numbers written 
on the slips selected would identify the subjects to be used in the 
investigation. The subjects chosen in this way are a random sample 
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because erery possihle so ;n ple uf !U s!IIJjl'l'ls l111d a 11 l'IJIWl cha nee of 
beiil(l chosen, and ther!'fon· r·rU!f inrhrirl11ol :wl1jl'l·t hod Oil l'lfllal chance 
of beiilf/ iiicluded i11 !It!' sa 111 pll'. Ti1l':'l' art' tl1l' propL•rt ie:-; that define 
a ranJom sample. 

There are tables of random numhl'r;-; whi<'h makL• it unnecessary 
to actually write out slip:-; of paper and :-;hakL· them in a box. Table G 
in the Appendix is sueh a tahll'. In thi:-; tahll'. tlw munlwr:-; themselves 
are in a random order. The reading of :-ilH'<'l';-;:-;in· number:-; from the 
table, either down columns or a('ros:-; ro\\·:-;. will gin• a random sample 
of numbers. This random sam piP of mun h<•r:-; may then he used to 
identify which members of a population will i>L• l'hosen for study 
(assuming that numbers were pre\·iou:-;1:'-· as:-;ignl'd to the members 
of the population). The n~:-;ult is a random s;tmple of :-;ubjeets. 

For example, suppose a sample of ()() suhjl'('ts is desired from a 
population of 500 students. Assume the studPnts han' already been 
assigned numbers from 1 to 500. The table of random numbers is 
entered at some point that is itself ehosen randomly. That is, the 
particular page, row, and column \vhere one will begin to read num­
bers is chosen by a chance procedure. Assume that h:'>· making suc­
cessive draws from a deck of <·ards prepared for this purpose,* the 
point of entry is determined as Row 00, Column :2 5 of the :2nd 
thousand set of numbers. Beginning at this point and reading suc­
cessive three-digit numbers down the eolumn, we select as subjects 
those members of the population ha\'ing the numbers 15G, 4~)0, 028, 
128, 493, and so on until 60 subjects ha\·e been chosen. (The numbers 
901 and 547 are skipped because we have no subjects numbered 
above 500.) The result is a random sample of GO subjects from the 
population of 500 students. 

·when it is possible to identify at least some of the factors that 
are related to the variability of the observations, a procedure called 
stratified random samplinu is often used. For example, if it is known 
(or anticipated) that answers to an attitude questionnaire will vary 
depending upon the subject's income le\·el, the investigator will often 
divide the population into several different income strata, and take 
a random sample from each stratum. Such procedures as this insure 
that each of the levels or strata of the population is adequately repre­
sented in the sample. Note, however, that the principle of random­
ness is still employed. As will be seen, randomness of sampling is a 
basic assumption of inferential statistics, where the purpose is to 
generalize from a sample to the population from which it came. 

*See Practice Problem :2~ at tlw end oft hiH dwptPr for a way of preparing such 
a deck of cards. 
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Randomness and 

Representativeness 

·when large random samples are chosen, random sampling is 
very likely to produce a sample which is representative of the popu­
lation sampled. This becomes progressi,·ely less true as sample size 
decreases, but for the purposes of statistical inference, a small random 
sample is still better than a small nonrandom one. However, random­
ness does not guarantee representatil'eness. The two concepts should 
not be confused. Random sampling is a procedure; representativeness 
is a result, and this result may or may not be achie,·ed by random 
sampling. In fact, it can be demonstrated that some percentage 
(usually small) of the random samples drawn from any given popula­
tion will actually misrepresent that population. For large random 
samples, the percentage of samples that will grossly misrepresent 
the population is exceedingly small, and it is this fact that gives us 
our confidence in the representativeness of a large random sample. 
But even for large random samples, representativeness is not a 
certainty. 

It may seem that in some cases, deliberately choosing a "repre­
sentative" group of subjects is preferable to random sampling. This 
depends upon whether the investigator is planning to make statistical 
inferences about the population from which his subjects were chosen. 
Statistical inference from a sample to a population requires that the 
sample be randomly selected from that population. Only when this con­
dition is fulfilled is it appropriate to make a statistical inference about 
the population. Representativeness, known or assumed, does not 
fulfill this condition and cannot substitute for the procedure of ran­
dom sampling. 

If, as occurs in some instances, a group of subjects is clearly 
representative with regard to the variable under i1westigation, then 
of course there is no need to ri1ake statistical inferences at all. The 
results of the investigation will be generalized to the relevant popu­
lation by common consent and the procedures of statistical inference 
are entirely superfluous. Such is the case, for example, when an in­
vestigator selects five subjects with normal hearing in order to study 
auditory thresholds for pure tones. If the experiment was carefully 
performed, the results will very likely be generalized to the popula­
tion of people with normal hearing simply because the characteristic 
under investigation is pretty much the same for all people with nor­
mal hearing. The investigator need present only descriptive statistics. 
Generalizing to the population in this case is intuitive, not statistical. 
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Intuitive inferences may be valid b 
statistical inferences and should Ut they are ,·ery different from 
inferences about a population d n~t be confused with them. Intuitive 
about the representativeness ofellve from one's personal conviction 
will be seen, are essentially math a sa:npl~. Statistical inferences, as 
the condition of randomness. ematical m nature and depend upon 

Practice Problems 

. T_ell for each of the folloz~ing whether the researcher's question per­
mzta hzm to collect the populatwn of observations, or whether his question 
must be answered from sample data. 

1. What is the average class size at this school? 

2. What is the average class size at private schools? 

3. What proportion of the women employees at Company X are 
married'? 

4. What proportion of working women are married? 

5. What is the extent of the Mtiller-Lyer Illusion for Bill Brown? 

. 6. W~at is the ext~n.t of the Mtiller-Lyer Illusion for unpracticed 
subjects w1th normal VISIOn? 

7. What is the average hearing threshold of humans for a tone 
of 500 cycles per second? 

8. What is the hearing threshold of Mary Jones for a tone of 
500 cycles per second? 

9. What is this ra~'s a:rer;ge response rate per minute during the 
first 20 minutes of extmct10n. 

10. What is the average rate of response for rats with similar 
training during the first 20 minutes of extinction? 

11. How do salesmen compare with machinists in emotional 
stability? 

12. Are Republicans more conservative socially than Democrats? 

13. Are the best pilots in this squadron more intelligent than 
the other pilots in the squadron? 

14. Is success as a pilot related to intelligence? 
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15. Will Jane :Miller's reaction time become longer after a dose 
of prug X? 

Answer the following: 

16. A researcher desires a sample of five subjects for an exper­
·Jllent. Twenty subjects are available to him. He writes the 20 names 
1 n identical cards and shuffles them until they are thoroughly mixed. 
Be takes the top card, then shuffles the cards again. He takes the 
toP card again, then reshuffles the remaining cards, continuing with 
the procedure until he has five cards. \Vhy are the five cards selected 
in this way a random sample from the deck of 20? 

17. The researcher of (16) above wishes to select one subject 
froJll his sample of five for special treatment. He spreads out the 
fi:ve cards with the names of the subjects in alphabetical order on a 
table and gets his two-year-old daughter to pick one card. Why is 
the card chosen in this way not a random selection? 

18. A researcher needs ten subjects. One hundred subjects are 
available to him, and the typist is preparing a list of their names. 
Before seeing the list, the researcher writes down the first ten num­
bers which come into his head. They are: 

8, 30, 56, 92, 73, 12, 62, 44, 51, 58. 

When the typist brings in the list, the researcher selects the 8th name, 
the 30th name, the 56th name, etc., until he has the ten names from 
the list which correspond to the numbers he wrote down. Why are 
the ten names not a random selection? 

19. Instead of writing down numbers out of his head, the re­
searcher of '(18) above chooses every tenth name on the list. Are these 
names a random sample from the list? Why? 

20. A researcher carefully selects a random sample of 500 prop­
erty owners from his town. He sends them all a brief questionnaire 
asking about their attitudes toward the local school tax. Two hundred 
ten subjects fill out and return the questionnaire. Are their answers 
a random sample of the attitudes of the town's property owners? 
Why? 

21. A cigarette company wishes to sample the public's reaction 
to a new package design. An employee is sent to stand on a downtown 
street corner with one of the new packages and one of the former 
packages to ask passers-by which of the two packages they prefer. 
Over several weeks, the employee collects 1000 observations. Are 
these observations a random sample of the public's reactions? Why? 

22. An experimenter has 30 subjects who are to be assigned 
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:andomly to' an Expe:im~ntal group and a Control group of 15 sub­
Jects _each. Each subJects name has been writ ten on a carcl. The 
exp~m~ente: arranges the 30 cards into a stack in alphabetical order. 
Begm~mg With the name on the top card, he assigns e\·er~· alternate 
~ame m the stack to the Experimental group. The remaining 15 sub­

;er:t;; o.rr: assigned to the Control group. \\"as the assigmnent of 
8uhjects to the two groups random? \\"hy? 

23. The experimenter of ( 22) a bon:> assi.12:ns a number to each 
of his 30 subjects. He writes the numbers on :30 white chips and 
shakes them up in a box. He draws one chip, shakes up the remaining 
chi-ps, draws another chip, shakes them up a.12:ain, draws a third chip, 
and so on until he has 15 chips. The subjects whose numbers appear 
~m th_ese chips are assigned to the Experimental group. The subjects 
Identified by the chips still in the box make up the Control group. 
Is this a random assignment? \\"hy? 

24. A test constructor wishes to standardize his test on high 
school students. He gives the test to all t lw students in the city's 
three high schools. Is this a represenlati\·e sample of high school 
students in general? 

25. An experimenter wishes to study how rumors are trans­
mitted in a group. He chooses as subjects a random sample of stu­
dents who have not studied Sociology or Psychology. \\"ill the results 
of his experiment be applicable to people in general? 

26. A psychologist wishes to study the sensory adaptation of 
humans to colored light. He chooses ten subjects who have normal 
color vision from his class in Physiological Psychology. \Viii the 
results of his experiment be applicable to humans in general? 

27. A psychologist wishes to study basic leaming processes. Six 
rats are trained to run down a runway for a small food reward. The 
food reward is then increased by a large amount, and the rats soon 
begin to run faster. Are the results of this experiment applicable to 
humans? 

28. Make a deck of cards that can be used to determine the 
point of entry in Table G, the table of random numbers in the Appen­
dix. A set of 25 ordinary playing cards will do. Mark the faces of 
the cards with numbers from 0 through 24, corresponding to the row 
numbers of the table. To determine a point of entry in the table, 
first draw from among the cards numbered 1 through 5 to find which 
set of 5000 numbers will be entered. Draw from among cards 0 
through 3 to determine the bank of columns, then from among cards 
0 through 9 to determine the particular column. Finally, shuffie all 
the cards together and draw one to determine the row that will be 

POPULATIONS AND SAMPLES H 



entered. Be sure in each case that the cards are thoroughly mixed and 
prerious dr(ncs hare been replaced before the ne.rt draw is made. Use 
this procedure to determine four independent points of entry in 
Table G. L'se these points of entry to answer the following: 

(a) Ten subjects, pre,·iously numbered from 0 through 9, are to be 
randomly diYided into an Experimental group and a Control group. 
Note your point of entry and read across rows in Table G to choose 
a random sample of fh·e subjects for the Experimental group. 

(b) Ten subjects are to be randomly chosen from a class of 100, the 
members of the class haYing been preYiously numbered from 00 
through 99. Note your point of entry and read across rows to deter­
mine the numbers of the ten subjects. 

(c) Ten subjects are to be randomly chosen from among 750 appli­
cants who haYe preYiously been numbered from 1 through 750. Note 
your point of entry and read down columns to determine the num­
bers of the ten subjects. 

(d) Twenty subjects are to be randomly divided into an Experi­
mental group and a Control group. Note your point of entry and 
read down columns to choose a random sample of ten subjects for 
the Experimental group. 

(e) Four different intensities of light are to be presented to a subject 
in random order, each of the four intensities to be presented five 
times in a series of 20 trials. Make up a list of 20 trials in which the 
four intensities appear in random order, with the restriction that 
each intensity appear five times. 

Answers 

1. Population 

2. Sample 

3. Population 

4. Sample 

5. Sample. Since, in theory, an infinite number of trials could 
be given to Bill Brown, the population of possible measures is infinite. 

6. Sample 

7. Sample 
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8. Sample. Again, an infinite number of measures are theoret­
ically possible. 

9. Population. This rat's response rate ean easily be measured 
over the entire 20-minute interval. 

10. Sample 

11. Sample. In fact, two samples \Viii be needed: measures of 
the emotional stability of a group of salesmen, and similar measures 
for machinists. 

12. Sample. Two samples are also required here, one of Repub­
licans and one of Democrats. 

13. Population. Two observations are required for each pil~t in 
the squadron: his IQ, and a measure of his performance as a pilot. 

14. Sample. The same two measures are needed as in (13) above, 
but now the measures are a sample. The researcher may even use as 
his subjects the pilots of that same squadron- hence the same dat~­
but the data will now constitute a sample rather than a populatiOn 
because the researcher's question is about pilots in general, not about 
this particular group of pilots. 

15. Sample. Two samples will be needed: a sample of Jane's 
reaction times before Drug X, and a sample after Drug X. 

16. Because each card's chance of being on top was the same as 
every other card's, and this was true every time a card was drawn. 
Hence, every subject in the initial group of 20 had an equal chance 
of being chosen. 

17. Because individuals-even presumably naive individuals­
cannot be assumed to operate in a random manner. The child may 
have a tendency to choose things always on the left, or on the right, 
or closest to her, or at a particular angle, etc. Any such tendency at 
all would mean that each card did not have an equal chance of being 
chosen. (The winner of a raffle is not randomly selected because a 
child is asked to draw the winning ticket, but because the box or 
barrel of tickets is thoroughly shaken up before one is drawn. Then 
it does not matter who draws the ticket.) 

18. For the same reason given above-namely, individuals can­
not be assumed to operate in a random manner. This researcher may 
have written down the first ten numbers that came into his head all 
right, but if you look at the numbers again you will see that eight 
of the ten are even numbers. The numbers that come into this 
researcher's head may tend to be even. Therefore, subjects whose 
names are at odd-numbered intervals on the list would have less 
chance of being selected than subjects at even-numbered intervals. 
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19. No. This procedure would yield a random sample if the 
names were typed in a random order, but we can hardly assume the 
typist to have done this. 

20. No. A situation like this one was discussed in Chapter 1, in 
the answer to Practice Problem 6, where it was pointed out that 
persons who complete and return questionnaires can only be identi­
fied with certainty as a sample of persons-who-fill-out-and-return­
questionnaires. Since the 210 subjects cannot be regarded as a ran­
dom sample of property owners, their answers to the questionnaire 
are not a random sample of attitudes. 

21. No. The subjects on whom the observations were made may 
be representative of persons who pass that street corner, but since 
the population of persons who constitute "the public" are not equally 
likely to pass any given street corner, the observations are not a 
random sample of the public's reactions. 

22. No. This is like the researcher who chose every tenth name 
on the list. Subjects whose names appear at even-numbered intervals 
in the stack of cards have no chance at all of being assigned to the 
Experimental group, and the cards were not stacked randomly. 

23. Yes, because every chip has an equal chance of being among 
the 15 which are drawn. Hence, every subject has an equal chance of 
being assigned to the Experimental group. 

24. The sample is representative of high school students in 
general only insofar as the high school students of this city are rep­
resentative of the population of high school students. Usually, the 
only way to find out whether such a sample is representative of the 
population is to give the test to many other samples drawn from the 
population. The test constructor will undoubtedly have to do this if 
he wishes to establish norms for high school students in general. 

25. No. There is no reason to believe that the social behavior 
of college students is representative of the social behavior of "people 
in general." The process of rumor transmission may be the same for 
college students as for people in general; but without some evidence 
to this effect, any generalization of the results to the population at 
large is unwarranted. 

26. Very probably, yes. Purely sensory functions are no different 
among college students than among any other healthy group of per­
sons, so results of studies of sensory processes can usually be general­
ized to humans in general, even when the studies were carried out on 
a very small group of subjects chosen only on the basis of having 
normal senses. For the same reason, of course, college students would 
be quite representative of the population of healthy humans in many 
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physiological processes, in some physiological dri\·es, in certain basic 
aspects of perception, and possibly in some \·ery basic aspects of 
learning. Just as the chemist need not look far for a "representative 
sample" of oxygen, all samples being the same, so psychologists have 
found that a certain limited number of basic perceptual and behav­
ioral processes are very nearly the same among all healthy people, 
and thus almost any small sample of healthy subjects is \·ery likely 
to be representative of the population. 

There is, of course, no reason to belie\·e that college students 
(or any other social group) are representati\·e of the population at 
large in temperament, attitudes, neurotieism, "personality," or any 
other trait which derives from a partieular upbringing, em·ironment, 
or heredity. 

27. No. Samples of animal beha\·ior cannot be assumed to rep­
resent the population of human behavior, or e\·en the population of 
other animal species. To generalize the results to humans, there must 
be evidence that humans beha\·e the same way when placed in simi­
lar situations. 
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chapter 4 

The 

1\llean and 

the Standard 

Deviation 



The mean, the standard del'iation, and the mriance are important 
both as descriptive statistics and in statistical inference. They are 
the statistics most often used when the data that have been collected 
are in the form of measures. The mean is an average of the measures 
and is therefore a central value of the distribution. As such, the mean 
is often taken as the representative value of a distribution. The stand­
arc/ deviall:on describes the variability of the distribution, the scatter 
of the observations about their mean. The standard deviation is the 
square root of the varia,nce, itself a measure of variability. The var­
iance is little used as a descriptive statistic but is very important in 
statistical inference. We shall make much use of it in later chapters. 

In this chapter we shall be primarily concerned with the com­
putation of the mean and standard deviation and their usefulness 
as descriptive statistics. We will also try to get some insight into 
the use of these two statistics in statistical inference, although the 
greater part of this discussion is necessarily reserved for later chapters. 

Notation 

In statistical formulas, the variable is designated by the letter 
X. The first observation may be designated Xr, the second X2, the 
third X3, and so on. \Vhen all the observations are to be added 
together, this operation is symbolized by ~X, which means "the 
sum of" all the X's, or X1 + X 2 + X 3 + ... + Xn. 

The symbol ~X2 means that each X (each observation in the 
distribution) is to be squared first, then the squares are to be summed. 

The symbol (2:X) 2 means that the X's are to be summed first 
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(as shown by the fact that ~X is within parentheses), then this single 
sum is to be squared. 

The symbol ~JX indicates that the \·ariable X is being repre­
sented by the midpoints of the classes of the distribution .(or the 
midpoints of the class intervals when the classes are grouped into 
intervals). L-jX means that each midpoint is to be multiplied by its 
frequency first, then the products are to be summed. 

T.jX 2 means that each midpoint is to be squared and multiplied 
by its frequency first, then the results are to be summed. 

(T.jX) 2 means that ~JX is to be determined first, then this single 
sum is to be squared. 

DEFINITION OF 

THE MEAN AND 

STANDARD 

DEVIATION 

The mean is more commonly 
known as the average of a set of 
measures. It is obtained by add­
ing together all the measures and 
dividing their sum by 11, the num­
ber of observations. Thus, 

"X lVIean = =--
n (4.1) 

The mean of a set of measures is designated by the symbol .\'". ·when 
these measures constitute a population, it is common practice to indi­
cate that the mean in this case is a parameter by using the Greek 
letter p. (mu) in place of X. 

The standard deviation is also based on an average, but it is 
not a familiar one. The standard deviation is defined by the formula 

. . ~~(X - .\)~ Standard DeVIation = ( 4.2) 
n 

The term (X - X) gives the distance of a score X from the mean 
of the distribution, X. This distance is obtained for every score, then 
each of the distances is squared. What is averaged by the formula 
are these squared distances. The standard deviation, then, is a meas­
ure of variability reflecting how far the measures are from the mean 
of the distribution. When the measures are spread out far from the 
mean, the standard deviation will be large; when the measures are 
clustered close to the mean, the standard deviation will be small. 

The standard deviation obtained by fommla (4.2) is a descrip­
tive statistic and describes the variability of a set of measures about 
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their mean. \Vhen these measmes constitute a population, their 
standard deYiation is a parameter and is designated by the Greek 
letter u (sigma). Formula (4.2) may also be used to describe the vari­
ability of a sample, but this formula should not be used when interest 
centers upon using the sample to estimate the Yariability of the 
population from which the sample came. 

\Vhen the pmpose of computing the standard deviation of a 
sample is to obtain an estimate of the standard deviation of the popu­
lation from which the sample came, the following formula should be 
used: 

s = ~::::(X - .\)~ 
II - 1 

(4.3) 

where s is an estimate of the parameter u, the standard deviation of 
the population from which the sample was drawn. 

Other, equivalent formulas are more com·enient for actually 
computing the mean and standard deviation. Some of these are 
given, and their use illustrated, in the examples that follow. 

Computing the Mean and 

Standard Deviation from 

Ungrouped Data 

When the mean and standard deviation are to be computed 
from data that have not been grouped into a frequency distribution, 
formula (4.1) is used to obtain the mean, and one of the following 
formulas (whichever is appropriate) may be used in place of the 
definition formulas to obtain the standard deviation: 

J1:X2 - (1:X)2 
n 

s = n-1 

(4.4) 

(4.5) 

The formula for u is equivalent to formula (4.2) and should be used 
for descriptive purposes-e.g., when the measures constitute a popu­
lation. The formula for sis equivalent to formula (4.3) and should be 
used when the purpose is to estimate the population standard devia­
tion from sample data. 
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Example 1. A camp director is concemed because only 74 
campers have enrolled for the coming summer and his usual enroll­
ment is near 100. He checks with his fi\·e competitors in the area, 
who also usually enroll close to 100 campers, and learns that their 
enrollments this year are: 

88, 65, 76, 92, 69 

(a) ·what is the mean enrollment of the other five camps? 
(b) To what extent does the director's enrollment differ from 

the mean of his competitors? 
(c) To what extent do the enrollments of his competitors differ 

from the mean enrollment? 

• THE MEAN 

The mean is computed from formula (4.1): 

X = 'T,X = (88 + 65 + 76 + 92 + 69) = 78_00 
n 5 

The mean could have been designated p. instead of X in this case 
because the five enrollments constitute a population of observations 
(the present enrollments of all of our camp director's present com­
petitors). 

• THE STANDARD DEVIATION 

To describe the variability of the five observations, u is computed 
from formula (4.4). 

• • STEP 1. To get the first term in the formula, each observa­
tion is squared first, then summed, and the sum is divided by n. 
Thus, 

'1:,~2 = (88) 2 + (65)2 + (7~)2 + (92) 2 + (69) 2 = 6194.00 

• • STEP 2. To get the second term in the formula, square the 
mean of the observations. 

x2 = (78.00) 2 = 6084.00 

• • STEP 3. Subtract the result of Step 2 from the result of 
Step 1, and find the square root of the remainder: 

6194.00 - 6084.00 = 110.00 

u = vllO.OO = 10.49 = 10.5 
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• RESULTS AND DISCUSSION 

The mean enrollment at the other five camps is 78.0. Since the other 
camps also have an expected enrollment of 100, the mean of 78.0 
indicates that, as a group, enrollments are down for them also. 

Our director's enrollment is 74, which is four campers less than 
the mean of his competitors. Four campers does not seem like much of 
a difference. But how does this difference compare with his com­
petitors? How "different" are their enrollments from the mean? 

One camp has an enrollment of 92, 14 campers more than the 
mean, and another camp has 88, 10 more than the mean. We could 
indicate the situation for these two camps by assigning a value +14 
to the first camp and + 10 to the second. For the other three camps, 
enrollments are below the mean. These camps have enrollments of 
only 76, 69, and 65, or 2, 9, and 13 campers less than the mean of 
78.0. The situation for these three camps can be indicated by assign­
ing them, respectively, the values -2, -9, and -13. 

Now we have the rudiments of an answer to the question orig­
inally asked-viz., to what extent do the competitors' enrollments 
differ from the mean enrollment? They differ by + 14, + 10, -2, -9, 
-13. On the average, they differ by the average of these values. The 
only trouble is that if we sum the values in order to take their 
average, we get + 24 and -24, which adds up to zero. So we square 
the values first, which gets rid of the minus signs. Then we can find 
the average of the squares. Afterwards, we will "undo" or compen­
sate for our squaring operation by taking the square root of this 
average: 

X-X 
+14 
+10 
- 2 
- 9 
-13 

~ = 0 

(X - X) 2 

196 
100 

4 
81 

169 

~ = 550 

~(X- Xp 550 
Average = n = 5 = 110 

The square root of the average = u 

= ~~(X;: X) 2 = vllO = 10.49 

= 10.5 

All we have done, of course, is to use the definition formula (4.2) 
for computing u, and the result is the same as when u was found by 
the computational formula (4.4). (It was easy to use the definition 
formula in this case because the mean was a whole number, and 
therefore no decimals were involved in the subtractions from the 
mean. That is the only time the definition formula is easy to use!) 
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The standard deviation tell· . then to what extent the ob-
. . . . :,; U:s, , ', • , 

servat10ns of a d1stnbut10n differ from their mean, on _the ave1age. 
This is not an average in the usual sense, of course. A s1_mple av~rage 
of distances f2:_om the mean could be obtained by summmg the dlffet:­
ences (X - . .\.) irrespeetive of sign, and dividin~ the sm:1 ~y n. T~1s 
procedure g1ves a little-used statistie ealled the III<'CIII dcnnt10n, whtch 
is a simple a\·erage of di!Terenees from the mean. The standard de­
viation, as \Ve h:we seen, is derived from the a\·erage of the squared 
differences. For the same set of data, the \·;.tlue of the standard 
deviation will usually he a litll<> larl.!er than the value of the mean 
deviation. So long as these distinetions arc kept in mind, we shall 
not be led astray by regarding the standard deviation as a measure 
of average distance from the mean. 

Our standard de\·iation of 10.5 tells us, then, that "on the aver­
age," the enrollments at the five competitor camps differ from the 
mean enrollment by 10.5 c-ampers. Some camps differ by more than 
this and some by less, but on the average, they differ by 10.5 from 
the mean. Since our director's enrollment differs by only four from 
the mean, his diiTerence is relati\·ely small compared to 10.5. Even 
though his enrollment is below the mean of his competitors, we can 
now say that, relatively, it is not much below their mean. 

Computing the Mean and 

Standard Deviation from a 

Frequency Distribution 

\Yhen measures have been grouped into a frequency distribution, 
the mean and standard deviation may be computed directly from the 
frequency distribution by the formulas given below. 

:\ = ~ix_ 
II 

j (~Jxr vjX2 _ 
~ ~ II 

s = )1,- 1 

(4.6) 

(4.7) 

(4.8) 

Exn~11ple 2. An experimente1: wishe~ to determine the num-
ber of tnals required to learn a part1nllar hst of nonsense syllables. 
He selects a random sample of 34 students from several large classes, 
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and they all agree to take part in the experiment. The 34 subjects 
learn the list, and the experimenter constructs a frequency distribu­
tion showing the number of trials required by the different subjects. 
The frequency distribution is shown in the first two columns of 
Table 4.1. 

The ex peri men ter has 34 ans\vers to his question: \Vhat is the 
number of trials required to learn this list of nonsense syllables? To 
reduce the 34 answers to one answer, he will find the mean of the 
observations. Because his subjects were randomly selected, the sam­
ple mean will proYide him with a good estimate of the population 
mean. He will also estimate the standard de\'iation of the population 
and this, as \Ve shall see, will help him to know how much confidence 
he can have in his estimate of the mean . 

• THE TvlEAN 

Since the observations are grouped into a frequency distribution, 
the mean is computed from formula (4.6). The computation is illus­
trated in Table 4.1 and explained below. 

• • STEP 1. The X in the formula represents the midpoints of 
the class intervals. In this example of individual classes, the mid­
points have the values used to designate the classes themselves, so 
X stands for the different values of the classes. The formula instructs 
us to multiply each X by the frequency for that class. Thus, begin­
ning with the highest class, 12 X 1 = 12, 11 X 0 = 0, 10 X 3 = 30, 
and so on as shown in Table 4.1. Each product is entered in a column 
headed JX. 

• • STEP 2. When the products have all been entered in the JX 
column, add up the column to get ~jX. For these data -:::.jX = 269 . 

• • STEP 3. To get the mean, divide -:::.jX by n, the number of 
observations (not the number of classes). Thus, the mean is 269/34 
7.91. 

• THE STANDARD DEVIATION 

Our interest is in estimating the population standard deviation, so 
formula (4.8) for s is used. 

• • STEP 1. To get the first term in the formula, a column jX 2 

is added to the table. The entries in the jX 2 column are obtained 
by multiplying each jX value by X. Thus, 12 X 12 = 144, 11 X 0 = 
0, 10 X 30 = 300, and so on as shown in Table 4.1. When all the 
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Table 4.1 
Computing the Mean and Standard 
Deviation from a Frequency Distribution 

(Example 2: Number of Trials Required 
to Learn List of Nonsense Syllables) 

No. OF 

TRIALS 

X f f.\ .rs~ 

12 1 12 lH 
11 0 () () 

10 3 :3o :300 
9 8 -·> ,_ 6-18 
8 9 -·) ,_ 576 
7 7 4!J 3-!3 
6 4 24 lH 
5 2 10 ;j() 

n = 34 -:::,j_\ = 269 -:::,f.\~ = 220:i 

X = I-f.X = 269 = 7.01 
1t 34 

8 = 

1:-JX~ - ('2:-j.\)Z 
II 

71 - 1 

_ (2um~ 

220:> - ~ 

:H- 1 
~•)•)()~) - ')1'>8 '>6 -- ~ - - .... 

33 

= /76·74 = v2.33 = 1.53 
'\} 33 

entries have been made, sum the column to get -:::.fX 2 • For these data, 
~fX2 is found to be 2205 . 

• • STEP 2. The second term in the formula is ("L.jX)2jn. (~jX) 2 

is (269) 2 = 72361. Dividing by n, we get 72361/34 = 2128.26, the 
value of the second term in the formula. 

• • STEP 3. The numerator of the formula can now be obtained 
by subtracting the result of Step 2 from the result of Step 1. Thus, 
2205.00 - 2128.26 = 76.74. 

• • STEP 4. The numerator found in Step 3 is divided by n - 1. 
Thus, 76.74/33 = 2.33. s is the square root of this value, or 1.53. 

• RESULTS AND DISCUSSION 

The mean number of trials required by the 34 subjects is about 7.9. 
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This mean is also an estimate of the population mean, p.. The experi­
menter's best guess about the population of students like these is 
that they would learn the list of nonsense syllables in a mean number 
of 7. ~l trials. 

How sure can the experimenter be of this number? If he takes 
another random sample of 34 subjects from the same population, 
will they also require a mean numbe1· of 7.9 trials to learn the list? 
Probably not. Even if the population mean really is exactly 7.9 trials, 
we would expect the means of random samples drawn from the popu­
lation to vary both above and below 7.9. Since such departures are 
more the rule than the exception, we are virtually led to expect that 
our sample mean of 7.~) represents some sort of deviation from the 
population mean, though we cannot determine precisely how deviate 
it is or whether it is above or below the population mean. Interest­
ingly, we can use the standard deviation of our sample to help us in 
conjecturing how far the population mean is from 7.9. 

The standard deviation of the population was estimated by s 
to be about 1.5. According to this estimate, the number of trials 
required by students like these are clustered pretty close together. 
If 1.5 is representative of the amount by which students differ from 
the mean, a student who differed from the mean by as much as four 
trials (more than twice 1.5) would be unusual, and a student who 
differed from the mean by ten trials is practically unthinkable. If, 
in the population, the individual observations dzjfer little from the pop­
ulation mean, then there cannot be very great dzjferences among the 
means of samples drawn from the population. That is, where obser­
vations are clustered close together, the sample means of such ob­
servations must also cluster close together. If the sample means 
are clustered close together, their values cannot differ by much. 
Hence, the sample means in general will tend to be close to the 
population mean. Therefore, because his estimate of the population 
standard deviation is relatively small, the experimenter can conclude 
that the sample mean he obtained is likely to be close to the popula­
tion mean. He can have some confidence that his sample mean of 
7.9 trials is a reliable estimate of p.-where reliable signifies that most 
such sample means will differ little from p.. 

The statistic s, then, serves as an indicator of how sure we can 
be of the sample mean as an estimate of the population mean. When 
s suggests that in the population, the observations have a small vari­
ability, tending to differ little from their mean, X can usually be 
taken as a reliable estimate of p.. When sis relatively large, suggesting 
great variability in the population, we are relatively unsure that X 
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is a reliable estimate of J.L· Other information must be taken into 
account. This topic is considered further in Chapter 5. 

Computing the Mean and 

Standard Deviation from 

Coded Scores 

When measures hm·e been grouped into a frequency distribution 
and numbers are large, computations are greatly simplified by the 
"coding" procedure illustrated in Example 3 below. The mean and 
standard deviation are then computed from the coded measures. 

Example .1. A personnel psychologist has been receiving an 
increased number of complaints about the competence of the clerical 
workers hired under his program of selection. As a fi.rst check on his 
selection procedure, the psychologist decides to compare the com­
pany's present clerical workers with the workers hired when the 
selection program was first established some years previously. This 
original group of clerical workers had a mean score of 50 with a 
standard deviation of 8 points on the clerical aptitude test used in 
the selection program. The psychologist wishes to determine whether 
the company's present clerical employees have a lower mean score 
on this test than the original group of clerical workers. The test 
scores of the company's present clerical employees are tabulated in 
a frequency distribution, as shown in the first two columns of 
Table 4.2. 

• CODING SCORES 

To code the scores of a frequency distribution, first list the midpoints 
of the class intervals, as shown in the third column of Table 4.2. 
To simplify later computations as much as possible, choose that 
midpoint around the middle of the column which has the largest 
frequency. For this distribution, the midpoint 52 has the largest 
frequency (56 cases), so 52 is chosen. This midpoint will be designated 
M" and is assigned a coded score of 0. Midpoints above 1\1.. are as­
signed coded scores of 1, 2, 3, etc., in ascending order. Midpoints 
below M, are assigned coded scores of -1, -2, -3, etc., in descend­
ing order. This has been done in the fourth column of Table 4.2. 
The scores are now coded, and the column is labelled X' to indicate 
that these are coded measures. 

This is all that need be done to code the scores of any frequency. 
distribution. The coded scores provide a simplified scale which is 
comparable to the original scale. The large numbers of the original 
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5cale, represented by the midpoints of the class intervals, are equi­
distant from each other, as they usually will be in a frequency dis­
tribution. To construct a comparable scale, it is only necessary to 
5ubstitute for the large numbers small ones that are also equidistant 
from each other. The distances between the values of the two scales 
will then be comparable, in which case the scales are said to be com­
parable. This will remain true regardless of which midpoint is chosen 
as JYI .. and assigned a coded score of 0. \Vhen there are ten or fewer 
class intervals and numbers are not so large, it is often easier to choose 
the lowest midpoint as 11f,. and put the 0 at the bottom of the scale 
so that all the coded scores will have plus values. 

• THE :MEAN 

To compute the mean of a distribution from coded scores, first com­
pute the coded mean, then transform the coded mean into the units 
used in the original measures. 

• • STEP 1. To compute the coded mean X' use the formula 

'~JX' X' = ::.._____ 
n 

(4.9) 

As the formula instructs, multiply each coded score by the fre­
quency for that class interval, as shown in the jX' column of Table 
4.2. Sum the plus and minus entries separately, then add the sums 
algebraically to get "i:-jX'. Divide 'LjX' by n to get X', as shown in 
Table 4.2. 

• • STEP 2. To "uncode" X' and find the mean of the distribu­
tion in the same units as the original measures, X' is put in the for­
mula below, which reverses the operations implicit in the original 
coding:* 

X= (X')i + Mo (4.10) 

Multiply X' by the size of the class interval (i), and add Mo 
to the result. These operations are applied to the present data in 
Table 4.2. The mean is found to be 50.2. 

* Our coding procedure, in effect, subtracts the value of ,lf.. from each midpoint 
and divides the result in each case by i. Any such operations carried out on the scores 
are automatieallv carried out on the mean of the scores. The standard deviation is 
unchanged by tl~e subtrac·tion or addition of a constant to the scores, hence is un­
affected by the subtrac-tion of .l!.,. But multiplying or dividing the scores by a con­
stant, such as 1·, is automatically carried out on the standard deviation. So the 
standard deviation of coded scores must be multiplied by i in order to return to the 
original unit of measure. 
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Table 4.2 
Computing the Mean and Standard Deviation from 

Coded Scores 

ScoRE 
INTERVAL 

85-89 
8D-84 
75-79 
7D-74 
65-69 
6o-64 
55-59 

5Q-54 
45-49 
4o-44 
35-39 
3Q-34 
25-29 
2Q-24 

(Example 3: Clerical Aptitude Scores of 
Present Employees) 

:\IIDPOI:-iT CoDI::I> :-;r·unE 
f X X' 
1 87 7 
3 82 G 

10 77 5 
19 72 4 
18 67 =~ 
27 62 2 
40 57 

56 52 () 

46 H -1 
35 ·12 -2 
20 :n -:{ 
28 :32 -·1 
16 ·)-_, -;) 

8 22 -() 

n = 327 

-z;,jX'=299-416= -117 

X'= -z:,JX' = -117 = -.:36 
n 327 

f.\' 
7 

1S 
;)() 

76 
54 
;>·1 
·10 

() 

-·1G 
-70 
-GO 

-112 
-SO 
-·1S 

X = (X')i + M .. = (- .36)5 + 52 = 50.20 

. -z:,jX'2 (X-')2 u = t -
n 

= 5 /2523 - (- .36)2 
"\} 327 

= 13.80 

• THE STANDARD DEVIATION 

!X': 

·19 
108 
250 
30-! 
162 
108 

40 

+2\1!) 0 
46 

140 
ISO 
448 
-100 
288 

·-----

-416 

"J:-f.\.'2 = 2523 

The standard deviation may be computed directly from coded scores. 
Formulas for u and s are given below. 

u = i ~~j~' 2 
- (X') 2 (4.11) 
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J~JX'z - (~JX') 2 

. n 
s = 'l n-1 (4.12) 

Since interest in this case centers upon the test scores as a popu­
lation of observations, formula (4.11) for u is used to describe their 
variability. 

• • STEP 1. Construct an jX' 2 column by multiplying each jX' 
entry by its corresponding X' value. Thus, 7 X 7 = 49, and so on 
as in Table 4.2. The sum of this column, which has no minus signs, is 
~JX' 2 • Divide ~JX' 2 by n to get the first term of the formula. 

• • STEP 2. The second term of the formula is (X') 2• Since X' 
has already been computed, it is simply squared and entered in the 
formula. 

• • STEP 3. The result of Step 2 is subtracted from the result 
of Step 1, and the square root of the remainder is taken. This result 
is then multiplied by i, the size of the class interval, as shown in 
Table 4.2. 

• RESULTS AND DISCUSSION 

The mean score of the company's present clerical employees on the 
clerical aptitude test is 50.2. The original group of clerical workers 
had a mean score of 50. The two means differ by very little-.2 
points-and hence the present clerical workers, as a group, cannot 
be considered to perform less well on this test. If the test was orig­
inally a good predictor of clerical competence, and we assume that 
it was since it was included in the selection program, why, now, the 
increased number of complaints about the competence of clerical 
employees? 

The reasons, of course, may have nothing to do with competence 
as shown by performance on the clerical aptitude test. The motiva­
tion or morale of present employees may be different. Or perhaps 
job requirements have changed subtly over time, and now more is 
required of clerical workers than was the case when the original group 
was hired. These, and other possibilities, would have to be investi­
gated. One possibility, however, is suggested by the difference in the 
standard deviations found for the present employees and the original 
group of clerical workers. 

The standard deviation of scores obtained by the original 
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8 Pol.nts while the standard deYiation of the scores group was • 
obtained by present employees is 13.8. The scores of present em-
ployees are more variable, spread out n1uch farthe1· from the mean. 
There are more employees now with high scores on the test, but there 
are also more with low scores. Possibly, therefore, the increased 
number of complaints is due to an increased number of workers of 
relatively low competence, whose low aptitude scores are balanced 
in t~e ov~rall se~ection process by a parallel increase in workers who 
~·ece1;re h1gh ~pt1tude sc~res. Thus, the mean score obtained by cler­
Ical JOb apphcants r:mams the same oYer time; but among present 
employe~s the mean 1s the balance point or average of relatively hi h 
~~d relatively flow scores, whereas for the original group the mean w~s 

e average o scores clustered much closer together A , . 
of the means alone does not o-ive th' . f . . companson 

. We find th h . o• us Is In ormation. 
(or lack of differ=~~e\ ~~t~~~~dt: to inteq~re_t correctly a difference 
the standard deviations as wel o means, It Is necessary to compare 
The standard deviations t ll 1 as the n~eans of the two distributions 
b' t' e us someth · b · ma Ion of scores that rod Ing a out the particular com-
s~andard deviations of iw ~?ed. the. mean in each case. When the 
h~ely, though not necess o. Istnbutto~1s _are nearly the same, it is 
Ptoduce(~ the mean in bot~~· t~at a :mm\ar combination of scores 
of two dJstribut,·on . . . as~s. But when the standard deviations 

. s dl e very d 1 {f . t · . · very dlffen·nt £:( . . . • et en , lt ls safe to conclude that a 
' ' HnblllaL1on of Sl'Ol'l':-> prm\ueed the rnean in each case. 

JJES<~HIP'I'IVE 

STATISTICS AND 

THE SHAPE OF A 

l)l STlUBl JTION 

The rnean, the median, and the 
rnode are often referred to as 

I. '.S of centraL tendency. 
Jll C(l Sll l 
Tvleasures of central tendency are 

\\ d bec.1use they are usefu\ 
so ca e ' 
in locating various ce~ter~ or cen-
Lral values of a distnbutlOn. ~he 
mode is a center of concentratiOn, 
Lhe point where the largest num-

'd · t f the 
\ ,.. 1. of nh·\l'I'V:II.ionK a!'(' fou~Hl; the tnedian is the ffil p~ll1 '0 
di>·.l.t·il•ttlio 11 ; and 1111' nll':tn 1s the :tverage of all the observ~twns .. 

M(~u..<;III'I'H of l'ari(/IJililt!. s01net.in1es eallcd measures ojdlsperszon, 
pr·ovidP inl"onnation about the spread of the distribution. The range, 
the interquarti\e and the semi-interquarli\e ranges, the mean devia­
tion, the standard deviation, and the variance (yet to be considered) 
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are all measures of variability. The various ranges describe extent of 
spread. The mean deviation, the standard deviation, and the vari­
ance are averages based upon the distance of each observation from 
the mean of the distribution. 

vVhen an investigator reports his results, he will give both a 
measure of central tendency and a measure of variability. Sometimes, 
several such measures are needed in order to describe accurately the 
distribution. This is especially true in the case of skewed distributions 
and highly variable distributions. 

For a fairly symmetrical distribution that has only one mode, 
the mean and standard deviation alone usually provide a good pic­
ture of the distribution. Even when the distribution is not symmet­
rical, the mean and standard deviation are useful descriptive 
statistics. For example, it can be shown that at least 75% of the 
observations of any distribution must fall within two standard de­
viations of the mean, and at least 89% must fall within three stand­
ard deviations of the mean. These are minimum values. More often, 
all of the observations are within three standard deviations of the 
mean and more than 90£_/~ are within two standard deviations of the 
mean. Thus, a quick way to get a rough estimate of the extent of 
the bulk of a distribution is to add and subtract two standard devia­
tions from its mean. 

Skewed Distributions 

When the possible values that a variable can take are limited 
at one or both ends of the scale, the mean and standard deviation 
often provide important information about the shape of the dis­
tribution. Consider the following situation: 

Example 4. In a study of drug effects, the mean number of 
speech errors made by subjects after an injection of the drug is 
8.5 with standard deviation of 10. 

The distribution is certain to be skewed. The lower limit of the 
scale of errors is fixed at 0 (no one can make fewer than zero errors). 
The standard deviation, as we have seen, is a kind of average of 
how far observations are from their mean. To get a standard devia­
tion of 10, some of the observations must be closer to the mean than 
10 and some must be farther away from the mean than 10. These more 
"distant" observations must be high error scores since, with a mean 
of 8.5 and a lower limit of 0, scores even ten units below the mean 
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are not possible. Therefore, the distrib f 
skewed, having a "tail" f h' h u lon must be positively 

o lg error scores, something like this: 

Figure 4.1 
Positively Sk 

ewed Distribution 

When the standard d . . 
the mean nd evzat? m of a distrib t · · 
positively' s~ew:;ere can be no observatio~~o~e;:::q~atll to do: la.rbger. tha~. 

· • w 1.stn utwn ts 

In many cases of k 
apparent fr th s ewness, the shap f h . . 
tion than ho!ll. e mean and standard d e. o . t e distnbution is not 

t Is Is needed. Con ·d evtatiOn, and more informa-
SI er the following: 

Example r: 0 tain J ''· n a test of · stati~t ~~ a large group of Mari~~si:aldend~rance, the scores ob-
Jcs. ate escn bed by the following 

Mea~ = 31, Standard deviation = 7 
Medwn = 35, Hange = 10 to 43 

The mean and standard deviation alone do not suggest that the 
distribution is skewed. But from a consideration of the median and 
range, it is clear that there is a heavy concentration of score~ at 
the upper end of the distribution. Fifty percent of the men obtam~d 
scores between 35 and 43, a scoring distance of only eight units, while 
the remaining 50% are spread over a much larger scoring distance 
of 25 units (from 10 to 35) at the low end of the distribution. The 
distribution must be negatively skewed, something like Fig. 4.2. 

Whenever a distribution is skewed, the mean and the median 
will have different values. Extreme scores "pull" the mean in their 
direction, away from the median of the distribution. Hence, when 
tfw mefLn ·is larger than the median, the distribution is positively skewed. 
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10 31 35 

Figure 4.2 

Negatively Skewed Distribution 

43 

When the mean is smaller than the median, the d1~stribuHon is negatively 
skewed. It follows that skewness can always be indicated by giving 
both the mean and the median of a distribution. 

Highly Variable 

Distributions 

Great variability is, of course, reflected in a large standard de­
viation, but the standard deviation alone will not make clear the 
shape of the distribution. A large standard deviation may indicate 
a "flat" or rectangular distribution-great variability within a rela­
tively narrow scoring range. In this case, the range as well as the 
standard deviation should be given. In other cases, there may be a 
decided peak near the middle of the distribution, but remaining 
scores are sparsely scattered over a very wide range. Here, the 
median and the interquartile range will often serve to locate the 
central concentration of scores. Or, a large standard deviation may 
reflect a distribution that has more than one mode. Any time a 
sizeable distribution has more than one mode, the modes should be 
reported. 

The possible shapes of distributions are more than can be enu­
merated. Suffice it to say that the researcher should report the values 
of whatever measures are necessary to convey best the shape of the 
distribution he has obtained. 

Practice Problems 

Compute the mean and standard deviation (s or ri, depending upon 
which is appropriate) of each of the following distributions: 
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1. Two baseball teams, A and B, have played against the same 
ten opponents in the course of a season. The number of runs made by 
each team against each of the ten opponents is gi\·en below: 

Rt:xs ::\IAilE BY 

TEA~I :\ TEA~I B 
:3 
3 2 
(j 11 
2 0 
4 :-; 
4 :3 
:3 (j 

0 0 
2 1 
5 5 

Compare the overall performance of the two teams, in terms of runs 
scored. 

2. At a private school which caters to children of superior intelli­
gence, the children in the third grade have the following IQ's: 

125 122 127 110 
13:3 llR 117 1-10 
115 129 1 l;j liS 
112 116 13{i 11:3 
110 123 1') ') 123 

Mrs. C. is considering transferring her daughter, who is in the third 
grade, to this school. Mrs. C. is concerned, though, lest her daughter 
feel inferior if the other children in the class are much brighter than 
she is. Mrs. C.'s daughter has an IQ of 118. How does this compare 
with the IQ's of the other children? 

3. An experimenter has devised a new maze and he wishes to 
know the number of errors untrained rats can be expected to make 
on their first run through this maze. A random sample of 30 animals 
from the lab's rat colony are tested in the maze and the number of 
errors made by each rat is recorded. The results are: 

ERRORS f 
15 1 
14 2 
13 6 
12 9 
11 7 
10 4 
9 0 
8 1 

Is the mean of this sample a reliable estimate of J.l.? 

4. In an attempt to measure the extent to which delinquents 
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have an underlying need for recognition, an investigator studies a 
random sample of 50 teen-age delinquents from the state reform 
school. He prepares a series of picture cards that depict teen-age 
boys and girls in a variety of ambiguous situations, and the subjects 
are asked to tell a story about each situation. Afterwards, the in­
vestigator counts for each subject the instances of seeking or gaining 
recognition which appeared in that subject's stories. The results for 
the 50 subjects are: 

l:\STA:\C'ES OF 
RECOG:\ITIO:\ f 

12 2 
11 4 
10 3 

\) 1 
8 0 
7 0 
G 0 
5 1 
4 4 
3 5 
2 8 
1 12 
0 10 

(a) How good is the mean in this case as an indicator of the 
"typical" performance of these delinquents? 

(b) What do the results suggest about how the population of 
measures would be distributed if all the delinquents like these could 
be tested? 

5. A vocational interest test includes a Social Service scale that 
measures interest in rendering service to others. The test has been 
given to all the nurses on the staff of a large hospital. They obtained 
a mean score of 60 on the Social Service scale of the test, with a 
standard deviation of 8.2 points. The 100 student nurses who begin 
their training at the hospital that year are also given the test. Their 
Social Service scores are distributed as follows: 

ScoRE f 
95-99 1 
90-94 3 
85-89 5 
80-84 10 
75-79 1G 
70-74 20 
6.'i-G9 17 
GO-G4 12 
55-59 7 
5o-54 4 
45-49 3 
4G-44 2 
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How do the scores of the student nurses compare with those of the 
staff nurses? 

6. In a test of visual positioning for gunners, a subject is required 
to move a knob to a target position as soon as a signal is given. On 
161 trials, the subject's reaction time is distributed as follows: 

REACTION TDIE 

IN MILLISECONDS f 
279-281 2 
276-278 0 
273-275 3 
270-272 4 
267-269 7 
264-266 7 
261-263 11 
258-260 17 
255-257 24 
252-254 31 
249-251 2R 
246-248 14 
243-245 8 
240-242 5 

How reliable is X as an estimate of p., the subject's theoretical mean 
reaction time, if the experiment were to be repeated indefinitely? 

7. On a Mathematical Reasoning test, the seventh-graders of 
School X obtain a mean score of 81 with standard deviation of 10. 
What range must include at least 75% of the scores? Suppose that 
norms for this test give a mean for seventh-graders of 60. How do 
the seventh-graders of School X compare with this norm? 

8. Children living in a city slum area are found to have a mean 
IQ of 94 with standard deviation of 12. Children living nearby in a 
middle-class neighborhood are found to have a mean IQ of 102 with 
a standard deviation of 12. Compare the two distributions. 

9. A group of subjects are randomly divided into an Experi­
mental group and a Control group. Control group subjects perform 
a task under normal conditions. They achieve a mean performance 
rating of 23 with standard deviation of 3. The Experimental group 
performs the same task under stress conditions, and obtains a mean 
rating of 22 with standard deviation of 9. Compare the two distribu­
tions. 

10. On a test of sentence memory, normals obtain a mean score 
of 50 with standard deviation of 10. A large group of schizophrenics 
obtain a mean score of 38 with standard deviation of 4. Compare the 
two distributions. 

11. Differences between the IQ's of identical twins are found in 
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one study to range from 0 to 24. The median difference is 8. Describe 
the general shape of the distribution. Is the mean difference below 8 
or above 8? 

12. The mean number of trials required to learn an experimental 
task is found to be 5.1, with standard deviation of 4.8. Describe the 
general shape of the distribution. Is the median number of trials 
above 5.1 or below 5.1? 

13. A test constructor is trying to develop an intelligence test 
for young children that will depend as little as possible upon vocabu­
lary and language skills. He tries out a preliminary form of his test 
on a large group of five-year-olds. They obtain a mean score of 32. 
The median is 25. Describe the general shape of the distribution. 
What does this shape imply about the difficulty of the test for this 
group? 

14. An art school is getting many more applicants than it is 
able to accept. The school decides to screen the applicants by giving 
them a standard Artistic Aptitude test. The first year's applicants 
obtain a mean score of 72 on the test. The median is 80. ·what is the 
general shape of the distribution? It may be difficult to select the 
best applicants from a distribution like this one. Why? 

15. In a survey of attitudes toward government policy, subjects 
are presented with a list of 100 items describing present and proposed 
policies and are asked to check those with which they agree. The 
median number of items checked is 55. The interquartile range is 
45 to 65, and the overall range is from 10 to 95. What can be con­
cluded about this distribution? 

16. Scores on a certain neuroticism test may range from 0 to 
30. A large group of clinic patients are found to have a mean score 
of 14 on the test with a standard deviation of 10. What can be con­
cluded about this distribution? 

Answers 

1. For Team A, X = 3.2 with u = 1.6. For Team B, X = 3.7 
with u = 3.5. Team B obviously made more runs over the course of 
the season, but Team B's performance is highly variable compared 
to the consistent performance of Team A. Team B's standard devia­
tion is almost equal to their mean. When there cannot be observa­
tions below 0, as in this case, a standard deviation approximately 
equal to the mean indicates the presence of one or more relatively 
high observations, hence a positively skewed distribution. Thus, 
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Team B often makes few runs, but sometimes m~ny runs. A bet ~n 
their performance against an unk~own opponent_ Is a ver~ uncertam 
bet. For Team A, such a bet carnes much_ less nsk of bemg ~reatly 
in error because Team A's performance IS much more consistent. 

2 The third-grade children have a mean IQ of 121.2 with 
u = 8·.3. Mrs. C.'s daughte~ has an IQ of 118, which is ~-2 points 
b 1 w this mean. But the children of the class themselves differ from 

e 0 " l " d d t tl · the mean by 8.3 points on. t 1e averag~, an compare o us, 
Mrs. C.'s daughter does not differ greatly m IQ from t_he !l1ean of the 
class. There will almost surely be a number of pupils m the class 
with IQ's lower than that of Mrs. C.'s daughter. 

3. The mean numbe~ of errors is 11.8 with_ s = 1.4. According 
to the estimate of u provided by s, the populatiOn of all such error 
scores would be clustered close together, differin~ "on the average" 
by only 1.4 from the true mean J.L· If the obsen·atwns of the popula­
tion are clustered clos~ together, the ~eans of random samples 
drawn from the populatiOn must of necessity be close to one another 
also. Hence, it is highly unlikely that_!;he sample mean of 11.8 differs 
much from f.L· Since this is the case, X may be regarded as a reliable 
estimate of f.L· 

4. (a) The mean for the 50 delinquents is 3.4 with s = 3.9. 
Looking back at the distribution of scores, it is plain that only a 
handful of subjects have scores in the 3 to 4 range. The bulk of the 
scores lie below the mean, and these are balanced by a few scores 
relatively far above the mean. The mean, therefore, is not a good 
indicator in this case of the "typical" performance. (The median 
which is 1.9, is a better indicator.) ' 

(b) With X = 3.4 as the best estimate of J.L, and s = 3. 9 as the 
best estimate of u that can be made from the data, the results suggest 
that the population of measures would be positively skewed for the 
same reasons as in Problem 1: na!llely, a standard deviation about 
equal to the mean. Thus, some delmquents would be expected to get 
very high scores compared to the rest of the group. If the test is 
independently shown t? provide valid measures of the need for recog­
nition among such subJects, then the findings suggest that there are 
two types of delinquents-some for whom the need for recognition 
is strong, and many for whom it is relatively unimportant. 

5. For the student nurses, J.J. = 70.2 with u = 11.2. The mean 
for the student nurses is 10.2 points higher than the mean of 60 
obtained by the staff nurses. Perhaps the student nurses are more 
eager to render service to others than are the staff nurses who have 
been doing it for some time already. The staff nurses have a lower 
standard deviation (8.2), indicating they are a more homogeneous 
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group with respect to scores on this test. The student nurses are a 
less homogeneous group. 

6. The subject's mean reaction time is 255.2 milliseconds. s is 
7.8, which is large enough to suggest quite a bit of variation in the 
population of measures. From a consideration of s alone, we cannot 
determine the reliability of .'\. In the next chapter, we will learn how 
to take both s and n into account in order to judge the reliability of 
a sample mean. 

7. At least 75% of the scores must fall within two standard 
deviations of the mean, or between 61 and 101. Thus, at least 75% 
of these pupils are above the norm of 60. The seventh-graders of 
School X are clearly a superior group so far as performance on this 
test is concerned. 

8. Although the means of the two groups differ by eight IQ 
points, there is considerable overlapping of the two distributions. 
Each of the means is well within a distance of one standard deviation 
from the other. If we add and subtract two standard deviations from 
each mean, we obtain a range for the slum children of 70 to 118, and 
a range for the middle-class children of from 78 to 126. Thus, while 
the two groups differ in mean IQ, it is clear that many individual 
slum children have higher IQ's than their middle-class neighbors. 

9. The difference between means is only one point. The striking 
difference between the two distributions is in their variability. The 
ratings obtained by Control group subjects are clustered very close 
together, while the ratings of the Experimental group are spread out, 
extending both above and below the Control group distribution. 
Apparently, the stress conditions employed affected these subjects 
differently. Some subjects responded to the stress by performing even 
better than Control group subjects, and some responded with a much 
worse performance than that of the Control group. Thus, the larger 
standard deviation of the Experimental group reflects a marked dif­
ference in individual reactions to this stress condition. 

10. There is not much overlap between these two distributions. 
Few, if any, schizophrenics obtained a score as high as the normal 
mean of 50, which is three standard deviations above the schizo­
phrenic mean of 38. Some normals scored as low as the schizophrenics, 
but it would be safe to conclude that the large majority had higher 
scores. As a group, the performance of schizophrenics on this test is 
decidedly inferior to that of normals. In addition, the much smaller 
standard deviation of the schizophrenics reveals that they are a 
relatively homogeneous group with respect to the function being 
measured. Among the normals, with a standard deviation of 10, 
there are considerable individual differences in performance. As far 

103 ANSWERS 



as this particular memory function is concerned, the effect of schizo­
phrenia seems to be to "wipe away" individual differences, reducing 
performance to very nearly the same low level in most of the individ­
uals affected 

11. The distribution is positively skewed. The median is much 
~lo~er ~o the low end of the range (0) than it is to the high end (24), 
md1catmg that scores are "bunched" at the low end. The mean will 
be pulled away from the median toward the "tail" of large differ­
ences, and therefore the mean difference will be above 8. 

12. The distribution is positively skewed. \Vith a standard 
deviation. almost equal to the mean, and no observations as low as 
zero possible, some subjects must have required a very large number 
of tnals. The mean will be increased by these extreme values, but 
the median will be unaffected by them. Therefore, the median will 
be below 5.1. 

13. Because the median is lower than the mean, the distribution 
must be positively skewed, with scores_bunch,e~ at _the_ low. en~ of t_he 
scale and a tail of high scores to the nght. 1 h1s chstnbutwn 1mphes 
that the test is difficult for these children. Scores are crowded at the 
1 d of the scale· relatively few of the fi:'e~year-olds are a?le to 
ow ~n . ' th. t t If the test 1s mtended for children 

obtam a high score on IS ets . t r will want to add more "easy" 
b t th. age the test cons rue o ·d a ou IS ' . • d the low scorers over a WI er range, 

items to his test m orde~ to .sp~ ea f on among them. 
thus achieving better discnmma I 

. . t. ely skewed with scores bunched 
14. This distributiOn IS nega ~~ail of low s~ores to the left. Th_is 

at the high end of the scale and ~icants· relatively few fail to obtam 
test is "easy" for mo~t ~·khe f{fo chaos~ the best applicants because 
a high score. I.t may he 1 h.c~ cores The test does not discriminate 

o many applicants ave lg s . . b t 
~ell at the high end of the distribution. TC? achteve a et er separa-
tion of high scorers, a more difficult test Will have to be used. 

15. The interquartile range is symmetrical. about the median, 
suggesting a symmetrical distribution fo: the m1d~le 50% of scores. 
The very large difference between the mterquartlle range and the 
overall range suggests a wide scatter of the remaining sc~res,. bot.h 
above 65 and below 45. We would conclude that the distnbutwn IS 

probably highly variable, in spite of a concentration of scores close 
to the median. We could be wrong. There could be only one score at 
10 and one at 95, and all the remaining scores close to 45 and 65. This 
is not likely but it is possible, and in that case the distribution would 
not be characterized as "highly variable." 

16. This distribution is unquestionably highly variable. T~e 
standard deviation, as we have seen, is a type of average. To obtam 
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an average of 10, either there must be a considerable number of 
observations farther away from the mean than 10, or there must be 
at least one observation that is extremely distant from the mean. 
Since scores on this test can only range from 0 to 30, it is not possible 
to have even one observation that is "extremely distant" from the 
mean. Therefore, there must be many observations farther away 
from the mean than 10. To be farther away from the mean than 10, 
the observations must be crowded into the scoring spaces 0 to 4 and 
24 to 30. Thus, the distribution is highly variable over a narrow range 
of possible scores. The shape of the distribution may be rectangular, 
or it may be bimodal or multimodal. In any case, it is clear that the 
patients tested are by no means a homogeneous group with respect 
to the neuroticism factor measured by this test. 
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chapter 5 

The Normal 

Curve 



The normal curve shown in Fig. 5.1 is the graph of a theoretical 
frequency distribution. A frequency distribution is called theoretical 
if it was derived mathematically rather than empirically. Our interest 
in theoretical frequency distributions is that they serve as models, 
ideals of a sort, of what we belieYe would occur under certain circum­
stances if we could obtain all the observations of a specified popula­
tion. ·when we can and do obtain all the observations in a population, 
then of course we do not need a theoretical frequency distribution. 
Vlhen we cannot obtain all the observations it is especially useful 
to have a theoretical distribution that can reasonably be taken as a 
model of the population. The normal distribution is such a theoret­
ical distribution and, as will be seen, may be taken as a model of 
the population in many different situations. 

The normal curve is best defined by its equation, which describes 
how the height of the curve varies with changes along the baseline 
of the graph. But for our purposes it will be more useful to describe 
how proportions of area under the curve vary with changes along the 
baseline. It will be recalled that a given proportion of the observa­
tions in a frequency distribution is represented by a corresponding 
and equal proportion of the area enclosed by a histogram or fre­
quency polygon of the distribution. If we wished to know, for exam­
ple, what proportion of the observations falls between two points in a 
frequency distribution, it would be possible to find out by applying 
a ruler to the histogram of the distribution and determining the 
proportion of the area that falls between verticals erected at these 
two points. Thus, "proportion of cases" and "proportion of area" 
have equivalent meanings. The normal curve represents an infinite 
population of cases distributed in proportions corresponding to the 
distribution of areas under the curve shown in Fig. 5.1. 

107 EMPIRICAL DISTRIBUTIONS 



lcr · lcr · 2cr 

7. u 

Figure 5.1 

Distribution of Area Under the Normal Curve 

How the area under the normal curve is distributed (hence how 
the scores of a normal distribution are distributed) is given in Table B 
of the Appendix. The column at the left of this table gives the z 
values of the scores. The z value of a score is its distance from the 
mean of the distribution measured in units of standard deviation. 
Thus, if a score has a z value of + 1.00, this indicates that the score 
is one standard deviation (lcr) above the mean of the distribution. If a 
score has a z value of -.50, this indicates that the score is half a 
standard deviation (.5cr) below the mean of the distribution. Given 
the mean and cr of a distribution, the z value of any score X in the 
distribution may be obtained by substituting in the formula, 

X-X 
z = (5.1) 

If all the scores in a distribution are replaced by their z values, 
the distribution of z values will be identical in shape to the original 
distribution. Thus, where the original scores are normally distributed, 
the z values of those scores are also normally distributed. Table B 
shows the distribution of z values for the normal curve. Were we to 
start with any particular normal distribution and convert its scores 
to z values, the distribution of those z values woul<l be given by 
Table B. '· 
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In the body of Table B may be read the proportion of the area 
under the normal curve that lies between the mean, which is at the 
exact center of the distribution, and given z values. The first entry 
in the table, z = .00, indicates the mean itself and, of course, there 
is zero area between the mean and itself. A vertical erected at the 
mean of the distribution divides the area under the norrnal curve in 
half, as may be seen in Fig. 5.1. Table B tells us that .3413 of the 
area under the curve lies between the mean and z = 1.00. Thus, 
about 34% of the cases in a normal distribution fall between the mean 
and a point one standard deviation above the mean. Since the normal 
distribution is perfectly symmetrical, it follows that .3413 of the 
area lies between the mean and z = -1.00, or one standard deviation 
below the mean. Some of the relationships between z and the dis­
tribution of area under the normal curve are illustrated in Fig. 5.1. 

We shall illustrate first the use of the normal curve as the model 
for an empirical distribution that is approximately normally dis­
tributed. Following this, we will consider normal sampling distribu­
tions and the role of the normal curve in estimating parameters from 
sample values. 

NORMAL Empirical distributions are never 
perfectly normal, but they may 

EMPIRICAL approximate the normal distribu­
tion. When they do, it is usually 

DISTRIBUTIONS assumed that the population of 
measures, if they were obtain­
able, would be normally distrib­

uted. A normal curve, with the same mean and standard deviation as 
those of the empirical distribution, is taken as the model of the pop­
ulation. Centiles and centile ranks may then be computed directly 
'from the normal curve table. The procedure is illustrated below. 

Centiles and Centile Ranks 

of the Normal Curve 

Example 1. Scores on an intelligence test are approximately 
normally distributed among the large group of subjects on whom the 
test was standardized. The mean score is 100 with u = 15. 

(a) Assuming a normal population, what is the centile rank of a 
score of 118? 106? 94? 82? 
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• • STEP 1. Find the z values of the scores by substituting in 
formula (5.1). Thus, for the score 118, z = (118 - 100) '15 = +1.2. 
The scores and their z values are shown in the first two columns of 
Table 5.1. 

Table 5.1 
Centile Ranks of Normally Distributed Scores 

(Mean = 100, u = 15) 

:\HE.\ FHO~I 

SconE z V,\Ll"B :\l~o:A:-; TO :: C~o::-;nLE RA:";K 
118 +1.2 .:3S·I~l SS.·Hl 
106 + .4 .l I"JI">·l G:i.5·1 
94 - .-1 . l ,-J:i·1 :~·1..16 
82 -1.2 .:3S-l\l 11..') 1 

•• STEP 2. Each z value is referred to Table B of the Appendix 
in order to determine the proportion of cases (the proportion of the 
total area) falling between the mean and this z value. Thus, .3849 of 
the area under the curve lies between the mean and z = + 1.2. This 
value is entered in the third column of Table 5.1. Between the mean 
and z = +.4 is .1554 of the area. For minus values of z, the propor­
tions are the same as for the corresponding plus values of z, except 
of course that these proportions lie below the mean. 

• • STEP 3. When first learning to locate areas under the normal 
curve, it is helpful to make a rough sketch of the normal curve and 
shade in the portion (s) of interest. For example, to find the centile 
rank of z = + 1.2, we wish the proportion of the area below this 
value. 

Area below the mean: .5000 
Plus area from mean to z: .3849 

z .. ~ 1.2 

Figure 5.2 

Finding the Centile Rank 
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The picture makes it clear that the proportion read from Table B 
must be added to the proportion below the mean (.5000). The same 
procedure is followed to determine the centile rank of z = + .4. 

For minus values of z, we are led to a slightly different procedure. 
Thus, for z = - .4, we have 

z~-.4 

Area below the mean: .5000 
:Minus area from mean 

to z: -.1554 

Area below z: .3446 

Figure 5.3 

Finding the Centile Rank 

Here it is clear that the proportion read from Table B must be 
subtracted from .5000 in order to determine the centile rank of z. 
This must also be done in the case of z = -1.2. 

The proportions determined in this way are each multiplied by 
100 to give the centile ranks shown in the last column of Table 5.1. 

(b) What is the 90th centile of the distribution? the lOth centile? 

• • STEP 1. To find the centiles of a normal distribution, the 
above procedures are carried out in reverse order. The 90th centile 
is the point on the scale of scores below which 90% of the observa­
tions fall. Thus we are given the area below z, .90. The problem is 
to determine the value of z. The desired z can be found from Table B 
if we know the area that lies between this z value and the mean. 
Accordingly, the first step is to determine the area from the mean to 
the desired z, as shown below. 

Area below z: .90 
Minus area below 

the mean: -.50 

Area from mean to z: .40 
z ~ '? 

Figure 5.4 
Finding the Centile 
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Using the area column of Table B, the closest Ya1ue we find to .40 
is .3997. The corresponding z value is 1.28. Since, as our sketch shows, 
z is above the mean, the value read from the table is a plus value. 
Thus, z = +1.28 is the 90th centile, the point below which 90% 
of the observations fall. 

The lOth centile will be of the same z distance below the mean, 
since .40 of the area also falls between the mean and the lOth centile 

of the distribution. 

Area below the mean: .50 
1\linus area below z: -.10 

Area .10 

z ., 

Area from mean to z: 

Figure 5.5 

Finding the Centile 

.40 

Since z is below the mean in this case, the value read from the table 
is a minus value. Thus, z = -1.28 is the lOth centile, the point below 
which 10% of the observations fall. 

• • STEP 2. The obtained z values are converted to the original 
units of measure by solving formula (5.1) for X. Thus, 

X = X + Z<T (5.2) 

For the 90th centile, we have 

X = 100 + ( + 1.28) (15) 100 + 19.20 = 119.2 

For the lOth centile, we have 

X = 100 + ( -1.28) (15) = 100 - 19.20 = 80.8 

The 90th centile of this distribution is 119.2 and the lOth centile 
is 80.8. These are the values that cut off the upper and lower 10% 
of the distribution. 

• DISCUSSION 

In this problem, we used the normal curve as a model to determine 
centiles and centile ranks for an unavailable population of scores. 
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These centiles and centile ranks are not the same ones we would 
obtain by computation from the available, empirical distribution, 
but if the unseen population is normal, they are likely to indicate 
relationships in that population quite accurately. In fact, the normal 
curve approximations may provide a more accurate estimate of popu­
lation relationships than centiles and centile ranks computed from 
the obtained empirical distribution. 

When the obtained empirical distribution closely approximates 
the normal, then of course differences between the empirical centiles 
and normal-curve centiles will be small. One way to judge the nor­
mality of an obtained distribution is to compare, say, every fifth 
centile of the distribution with the corresponding centiles of a normal 
curve having the same mean and standard deviation. If the differ­
ences are not great-and they should not be if the sample is very 
large-the obtained distribution is regarded as "approximately nor­
mal" and the sample is assumed to come from a normal population. 
Obviously, if an empirical distribution is not approximately normal, 
it would be inappropriate to use the normal curve as a model of the 
population. 

NORMAL SAMPLING Suppose a vast number of ran­
dom samples of the same size are 

DISTRIBUTIONS drawn from a population and the 
mean of each sample is com­
puted. The resulting means may 

then be organized in to a frequency distribution, plotted as a frequency 
polygon, and in general treated like any other distribution of values. 
Such a distribution is called a sampling distribution, in recog­
nition of the fact that its values-means, in this case-are attributes 
of samples rather than attributes of individuals. 

Statistics other than the mean may be treated in the same man­
ner. We could compute the median of each of our samples and make 
a sampling distribution of the medians. Similarly, we could make a 
sampling distribution of the standard deviations of the samples, or 
their ranges, or any other sample characteristic of interest to us. 
Suppose instead of scores or measures, our samples consisted of data 
classified into categories. We could determine for each sample the 
Proportion of observations falling in a given category, such as the 
Proportion of Republicans in each sample, and make a sampling dis­
tribution of these proportions. Thus, a sampling distribution may 
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f . . ( 1 h ·acte1.1· ... t1·c 1 bv collecting a mul-be made or any stat1st1c samp e c a1' "' . . . . 
titude of random samples of the same size, comput!ng the st~tistlC 
of interest for each sample, and organizing the resultmg values mto a 
frequency distribution. . . . 

Mathematicians ha,·e determined \Vhat particular samplmg dis-
tributions would look like if an infinite number of sample values 
were obtained. That is, for partieular sample attributes like the 
mean, they have described the distribution of an inflnite population 
of random sample values -the distribution we would approach more 
and more closely if random samples of a gi\·en size were continually 
drawn from an inexhaustible supply. A number of such sampling 
distributions are known to be normal or to approach closely the 
normal curve in form. \\"hen this is so, the normal curve is taken as 
the model of that sampling distribution. 

\Ve shall consider here two sampling distributions for which, 
under appropriate circumstan·::-es, the normal cun·e may be taken as 
a model: the distribution of sample means, and the distribution of 
sample proportions. 

Sampling Distribution of 

Means (n ~ 30) 

\Ve consider now the samplinu distribution of the mean -that is, 
the distribution of sample means that would result if we drew from a 
given population an infinite number of random samples (all of the 
same size n). determined the mean X of each sample, and organized 
the X's into a frequency distribution. \\"hen the sample size n is 30 
or more, the distribution of random sample means closely approaches 
the form of the normal cun·e. The mean of the sampling distribution, 
J.J.:r, will be equal to the mean Jl of the population from which the 
samples came. The standard deviation II:r of the sampling distribution 
is equal to ~I/ Vn, where (j is the standard deviation of the population 
and n is the size of the sample. These relationships between the 
parameters of the sampling distribution and the parameters of the 
population from which the samples came may be stated: 

Jl"i = }l 

The population values Jl and (j will not ordinarily be known, but 
they can be estimated from the sample. Thus, the sample mean X 
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is an estimate of p., and sis an estimate of u. The standard deviation 
of the sampling distribution may then be estimated by sjVn. \Ve 
shall call this estimate s;. Thus, 

s 
S:r = --= vn (5.3) 

. \Ve shall use this relationship in the example that follows to 
JUdge the reliability of a sample mean, and to determine a range of 
values that is likely to contain the parameter p.. 

Example 2. In a survey to study the amount of use of home 
telephones, it is determined that a random sample of 400 evening 
calls ~1ad~_from different points in a large residential area had a mean 
duratiOn X = 6.3 minutes with standard deviations = 2.4 minutes. 

(a) Is this mean a reliable estimate of p.? 

• • STEP l. The sample mean X is regarded as one of a multi­
tude of sample means that are normally distributed about p.1 , the 
mean of the sampling distribution. To estimate the variability of 
the X's, we compute s1 • Thus, by formula (5.3), 

s- = 2.4 = .12 
" v400 

The value .12 estimates the standard deviation of the sampling dis­
tribution. 

• DISCUSSION 

The value .12 is very small, suggesting that the X's of this sampling 
distribution are clustered very close together. According to our esti­
mate, they differ from p.; by only .12 "on the average." In that c~se, 
it is likely that our particular sample mean, which is one of these X's, 
does not differ much from P.x either. Because P.; = p., it follows that 
our sample mean is also likely to be close to p., the value of the popu­
lation mean. Therefore, the value 6.3 may be regarded as a reliable 
estimate of p.. 

In general, if s1 is small, then it is likely that X differs little 
from p.. In this case, X is said to be a reliable estimate of p.. If sx is 
large, then it is not possible to conclude either that X differs litt~ 
from p. or that X differs much from p.. It is in this latter case that X 
is said to be an unreliable estimate of p.. 

(b) Estimate a range of values that is likely to contain p.. 
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Our best single estimate of J.L is given by :\. Although the com­
putations of part (a) suggest that :\ differs little from J.L, only vague 
information is conveyed by the statement, "J.L is probably close to 
6.3 minutes." How close? \Yould five minutes be a good guess? Seven 
minutes? \Vithin what range of values is J.L likely to be? \Ve cannot 
directly determine a likely range for J.L, the population mean, but we 
can estimate such a range for J.L;, the mean of the sampling distribu­
tion. Since p.1 = p., our range will hold for J.L also. 

We turn again to the sampling distribution of X's, seeking a 
range of values that is likely to include the unknown J.l.r· For the 
moment, let us assume that the estimate of ar obtained in part (a) 
is exactly correct. That is, assume it is known that ai = .12. Because 
the sampling distribution is normal, we know from Table B that 
about 68% of the sample means fall within the range bounded by 
one ax below and one ai abo\·e the mean, or within J.Lr ± .12. It seems 
likely enough that our sample mean should be one of these 68%. 
We may say the chances are about 68 in 100 that X is within a dis­
tance of .12 from J.Lx· From Table B, about 95~/c. of all sample means 
are within two ax of the mean, or within J.L:r ± .24. It is very likely 
that our sample mean is one of these 95S~. The chances are thus about 
95 in 100 that our sample mean is within a distance of .24 from p.2 • 

If X is within a distance .24 of J.L:r, then of course J.Lr must be some 
value within the range X ± .24. We do not know, of course, how far 
X is from p.1 , but the chances are 95 in 100 that the distance is no 
more than .24. Therefore we claim, with a %% chance of being 
correct, that J.Lx (hence J.L) is some value within the range X ± .24. 

A range such as the one we ~btained is called a confidence 
interval. For this example, with X = 6.3, the confidence interval 
for p. is 6.3 ± .24, or 6.06 to 6.54. The values 6.06 and 6.54 are called 
95o/o confidence l1'ntits. * We write: 6.06 < J.L < 6.54, with 95% confi~ 
dence. And from a consideration of this range of values, we can now 
say that five minutes and seven minutes are not good guesses about 
the population mean p.; these guesses are far outside the range of 
"likely" values. 

The foregoing is based on the assumption that ax is known to be 
.12. Actually, .12 is the estimate sr and not the parameter ar, so the 
confidence interval we obtained must be regarded as an approxima~ 
tion. When the sample size is as large as 30, s is a reliable estimate 

*Conventionally, in obt~ining 95ci( confiden<"e limits, the more precise value 
1.96u.;; is used in the calculatiOns rather than :2a;:, used here to simplify the illus­
tration. 

THE NOR:\IAL CURVE 116 



of u and the approximation will usually be a good one. The larger 
the sample, the more certain we can be of a good approximation. 
(For n < 30, see Chapter 10). 

To. st!mmarize: Using s as an estimate of u, approximate confi­
dence hm1ts for f.l. may be obtained from the formula 

7 s x ± zo vn (5.4) 

where zu is determined by the investigator's choice of a confidence 
level. Typical confidence levels are .90, .95, .99, .997. To illustrate, 
we compute a 99% confidence interval for this example. 

• • STEP 1. Determine the value of zu. A confidence level of .99 
implies a range that includes the middle 99% of sample means. 
Therefore, we wish the z values that include the middle 99% of the 
normal distribution. From Table B, we find the z value for which 
the area between the mean and z is .495 (half of .99). This value, z = 
2.58, is Z 0 • 

• • STEP 2. Compute sjvn, the estimate of u!i. From part (a), 
sjvn = .12. 

• • STEP 3. Substituting in formula (5.4), we have 

6.3 ± 2.58(.12) = 6.3 ± .31 

This gives 5.99 to 6.61 as the 99% confidence interval. We write, 

5.99 < f.l. < 6.61, with 99% confidence. 

• DISCUSSION 

Obviously, the range of values "likely to contain f.l." varies with the 
confidence level that is chosen. The range depends upon how likely 
we want it to be that our statement about f.l. is correct. With a 95% 
chance of being correct, a narrower interval could be given (6.06 to 
6.54) than when we chose a 99% chance of being correct (and ob­
tained the interval 5.99 to 6.61). In either case, we would reject five 
minutes and seven minutes as unreasonable guesses about f.l.· But 
what about six minutes? It is excluded as a likely value by the 95% 
confidence interval but included by the 99% confidence interval. One 
cannot state with great confidence that f.l. is not six minutes, while 
such statements can be made about five minutes and seven minutes. 
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Sampling Distribution of a 

Proportion (nl' and n Q 
Greater than 5) 

When a population is diYided into two mutually exclusive cat~­
gories-male and female, voters and non-Yoters --it is called a bi­
nomial population. The proportion of the population in one category 
is designated P and the proportion in the other category is designated 
Q. The corresponding proportions in a sample drawn from the popu­
lation are designated p and q. 

If random samples of the same size 11 are drawn from a binomial 
population, the sampling distribution of p approaches the normal 
distribution for larger and larger 11. How fast the sampling distribu­
tion of p approaches the normal distribution depends upon both the 
sample size n and the population proportions P and Q. \Vhen both 
nP and nQ are greater than 5, the normal curYe provides a model 
of the sampling distribution that is satisfactory for most purposes. 
V/hen P and Q are unknown and the sample estimates p and q are 
used in their place, a safer guide is to require that both np and nq 
are at least 10 before using the normal curve as a model of the sam­
pling distribution. vVe shall adopt this as our rule. 

A confidence interval may be determined for the population 
proportion P by applying the same logic used to obtain a confidence 
interval for 11-· That is, using the normal curve as a model of the 
sampling distribution of p, we compute a confidence interval for the 
mean li-p of the sampling distribution. Since li-p = P, the obtained 
confidence interval holds for P also. The relationships between the 
parameters of the sampling distribution and the population param­
eters P and Q are: 

IJ.p = p 

Cip = (PQ 
\)---;; 

The standard deviation Cip of the sampling distribution is estimated 
by substituting the sample values p and q for the parameters P and 
Q. This results in an approximation which, again, we can have con­
fidence in only when n is large. Confi.dence limits for Pare then given 
by 

(5.5) 
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Example 3.. . An investig~tor is interested in the development 
of for~ perception m young children. He tests a random sample of 
89 C~ll~ren of the same age to determine how many of them can 
d1scnmmate between a six-sided figure and an eight-sided figure. He 
finds that only 24 of the children tested are able to make this dis­
c~·imination. \Vhat is the 95C,~ confidence interval for P, the propor­
tiOn able to make this discrimination in the population from which 
the sample came? 

• • STEP 1. Check that the normal curve will give an acceptable 
approximation of the sampling distribution. The frequency 24 is the 
value of np, and since nq = 80 - 24 = 56, both np and nq are well 
over 10. \Ve conclude that the normal curve may be taken as the 
model of the sampling distribution. 

• • STEP 2. Determine the sample proportions p and q. Thus, 

f 24 
P = 1i = 8o = ·30 

q = 1 - p = .70 

The proportion of children in the sample who are able to make the 
discrimination is .30, and the proportion who are not able is .70. 

• • STEP 3. Determine the value of Z0 • Since the 95% confidence 
interval is desired, we wish the z values that include the middle 95% 
of the normal distribution. From Table B, we find the z value such 
that the area between the mean and z is .4750 (half of .95). This 
value, z = 1.96, is Zo. 

• • STEP 4. Substituting in formula (5.5), we obtain 

.30 ± 1.96 ~<·30~6·70) = .30 ± 1.96(.0512) = .30 ± .10 

The limits .20 and .40 give us an approximate confidence interval for 
JJ.p, the mean of the sampling distribution. Since JJ.p = P, we claim 

.20 < P < .40, with 95% confidence. 

• DISCUSSION 

According to our confidence interval for P, somewhere between 20 
and 40% of these young children are able to discriminate between 
a six-sided and an eight-sided figure. The proportion unable to make 
the discrimination is given by the corresponding interval for Q. (Since 
P + Q = 1, if Pis between .20 and .40, Q must be between .80 and 
.60.) Thus, 

.60 < Q < .80, with 95% confidence. 
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It seems safe to conclude that a majority of the children in the popu­
lation sampled are not able to make this discrimination. 

~ote that these conclusions could refer only to the population 
of children from which the sample was drawn. No investigator has 
the means to draw a random sample from the population of all three­
year-aids or all four-year-olds, or all of any age group. Nor can any 
statistical procedure lead to inferences about a population that was 
not sampled. Statistical inferences are necessarily limited to the popula­
tion from 1dzich the sample came. It is for this reason that investigators 
in the behavioral sciences, when reporting their research, take great 
care to describe their subjects and how they were selected. If the 
population sampled seems fairly representative of some larger popu­
lation (e.g., much like all middle-class three-year-olds), the reader 
himself may generalize to this larger population. But he does so on 
the basis of his own accumulated experience and perceptions, not 
because relevance to this larger population has been demonstrated. 

SAMPLING The mean of a sampling distribu­
tion is called the expected value or 

DISTRIBUTIONS the expectation of the statistic. 
And the standard deviation of a 

AND EXPECTATION sampling distribution is called 
the standard error of the statistic. 
F~r example, JJ.-r is the expected 

value or expectation of the statistic X because J1.:1 is the mean of the 
sampling distribution of X. u-r is called the standard error of X (more 
commonly, "the standard error of the mean") because u-z is the stand­
ard deviation of the sampling distribution of X. Similarly, J.Lp is the 
expectation of the sample value p, and up is the standard error of p. 

Because Jl.x = Jl., the population mean, and J.Lp = P, the popula­
tion proportion, the expected values of X and pare commonly written 

E(X) = JJ. 

E(p) = p 

When it is true of a statistic that the mean of its sampling 
distribution is equal to a population parameter, as in these cases, 
the statistic is called an unbiased estimate of that parameter. Thus, 
X is said to be an unbiased estimate of JJ., and Pan unbiased estimate 
of P. 

A statistic is said to be a biased estimate of a parameter when 
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the mean of its sampling distribution is either smaller or larger than, 
rather than equal to, the parameter. For example, the variance of a 
sample computed from the formula IT~ = ~(X - X)~/n gives a biased 
estimate of the population variance IT~ because such sample variances 
tend, when averaged, to have a mean smaller than the parameter IT 2 • 

It is for this reason that when sample data are used to estimate the 
population variance, the variance s~ = ~(X - XF/(n - 1) is com­
puted from the sample. The mean of the sampling distribution of s2 

is equal to the population variance IT~, so s~ is an unbiased estimate 
of the parameter IT~. (\:Vhile it is not true that s, the standard devia­
tion, provides an unbiased estimate of the parameter IT, s remains the 
best estimate we can make of IT.) 

The procedures of this chapter are representative of that branch 
of statistical inference called param.eter estz~mation. Actually, as we 
have seen, population parameters are not estimated directly. It is 
the parameters of the sampling distribution that are estimated. We 
began with one random sample value and asked, in effect, what is the 
mean of its sampling distribution? We were able to translate the an­
swer to this question into a statement about the population param­
eter because the mean of the sampling distribution was equal to the 
population para'meter. Thus, the procedure requires an unbiased esti­
mate of the parameter; it requires a statistic whose sampling dis­
tribution has a mean that is equal to the parameter. 

To summarize: In order to estimate the value of a parameter 
from sample data, it is necessary to have a statistic that is an un­
biased estimate of the parameter. The sample yielding this statistic 
must, of course, be a random sample. It is the sampling distributions 
of random sample values that are known to us; we know nothing at 
all about how nonrandom sample values are distributed. And, to 
repeat, the sample must come from the population about which infer­
ences will be made. Statistical inferences cannot be made about 
populations other than the one actually sampled. 

Practice Problems 

1. A student applies to a counselling center for vocational guid­
ance. He is given a series of tests, with results as shown below. The 
tests were previously standardized on large groups of comparable 
students, and the scores in each case were found to be approximately 
normally distributed. The standardization group mean and standard 
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deviation is shown for each test. \Yhat is the centile rank of each of 
the student's scores, with reference to the group on which the test 
was standardized? 

:-:Tt'l>l·:ST·,_ 

:--:,,.,,HE 

(;I'IH·ral Intl'!liJ.!:f'Il<'P ]:HI 

Etn"t i~>nal :-:t:d>ility -10 
J·:xt r:t\'t•r;;i~>ll -1~1 
:-:r·it•!tl'f' .\ptit lldf' I '27 
,\rti~tir· .\ptitti<k 70 
\'twati~>n:d lntf'rt':-<1: 

:-:r·ierwt· ;-,,I 
:\rt 71 
Bttsinf',.:;; :1.-.; 
:--:cH·ial :--:(·rvic·p ·:"''~} 

:-:T.\SJ>.\Itll!Z.\TIOS liHOUI' 

:\1J.:.\S u 

]()() l.'i 
;,o 10 
li-1 1:! 

\()() 20 
70 l :~ 

t)7 lll 
.'i-1 s -., a_ 7 
;).'i !) 

2. Scores on a graduate-school admissions test are normally dis­
tributed with mean cc GOO and a = 100. (a 1 Frank obtained a grade 
of 540 and his friend AI a grade of GlO. \\"hal is the difference be­
tween their cenlile ranks? t b 1 .Joe obtained a grade of 730 and his 
friend Bill a grade of 700. \\'hal is the difference between their 
centile ranks? (CJ Explain why the answers to parts (a) and (b) are 
not the same. (d) If a graduate school decides to consider only those 
applicants who score among the upper one-third on this test, what 
is the minimum score an applicant must obtain in order to be con­
sidered by this school? 

3. Repealed measurements of a subject's auditory threshold for 
a stimulus tone are found to be approximately normally distributed 
with mean intensity = lG decibels and a = 3 decibels. (a) What is 
the interquartile range of the distribution (25th to 75th centiles)? 
(b) What is the median of the distribution? (c) On 90% of trials, the 
subject's threshold is below what value? (d) On 95% of trials? (e) On 
99% of trials? (f 1 On 9()C;; of trials, the subject's threshold is above 
what value? (g) On 95';~ of trials? (h) On 99% of trials? 

4. A theoretical distribution of sample means is normal in form. 
with Mr = 50 and o-r = 2.0. (a) \Vhat proportion of the sample means 
differs from Mr hy as muc.:h as_l.O? (Both in the direction of being 
l":l-rger ond in the direction of bemg smaller than Mr·) (b) \Vhat propor­
tion differs by as much as 2.0? (c) By as much as 3.0? (d) By as much 
as 4.0? (e) 5.0? (f) 6.0? (g) Ten percent of the sample means differ 
f~om M'l by as much as ? (h) Five percent of the sample means 
differ frc~m Mr by as much as ? (i) One percent of the sample 
means differ from Mr by as much as ? 

?5. Js the distribution of scores given below approximately nor­
mal. (X = 25.0, a = 5.0) 
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SconEs f 
36-38 2 
:33-:35 5 
30-32 11 
27-29 19 
2-1-26 26 
21-23 19 
18-20 11 
15-17 5 
12-14 2 

n = 100 

There are several ways of determining whether an empirical distribu­
tion is approximately normal. One way is to proceed as follows: 
Convert the frequencies to proportions and make a cumulative pro­
portion column. The entries in this column give the proportion of 
cases that fall below the upper exact limit of each scoring interval. 
Using formula (5.1), find the z values of the upper exact limits. From 
the normal curve table, determine the proportion of cases in a normal 
distribution that falls below these z values. If the distribution of 
scores is approximately normal, the entries in the cumulative pro­
portion column should be close to the proportions found from the 
normal curve table. 

6. Is this distribution approximately normal? (X = 40, rr = 6.0) 

SCORES f 
51-53 4 
48-50 8 
45-47 12 
42-44 16 
39-41 20 
36-38 16 
33-35 12 
3D-32 8 
27-29 4 

n = 100 

7. The mean number of parts turned out per day by 36 machine 
operators randomly drawn from a large number of workers is found 
to be 42.3 with s = 12. (a) Is this mean a reliable estimate of p.? 

(b) Is it likely that the population mean is as low as 30? (c) Compute 
a 95% confidence interval for p.. 

8. A subject's mean reaction time for 161 trials was found to 
be 255.2 milliseconds with s = 7.8. (a) Is this mean a reliable esti­
mate of p.? (b) Compute a 99% confidence interval for p.. 

9. The mean number of Rorschach responses given by a random 
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. 1 •. 1, .1· 11 ;. 1,·Ltit·nt;-; 1;-; :2:2.~1 with s = 16.1. (a) Compute a 
o--.t!Jlt·•· "J. ·''! ·' .· f . I d f 
• 1-, .· • . · •• 1 .. ·t! f··r "· h :\groupo no1mas rawn rom • ·> ,.,l>ll•Jt·Jlr'(' Ill•• " . - l' I I 
• · ' • 1 · •• - . , ·~ \ t · : t nwa n () f :2;). 0 ·, or:~r 1ac 1 resJ)Onses. Is ~, •. >::J)jl' ''"'lllllllll '.' -· . . . . . 

1· 1 i:•·l:. 1 ;,; 11 rlw 1,, 11l 1hti"nnwan f,,r('illllCpauentsJsaslughas25? 

ltl. lli:._'tl ·"··rl"''' ·"'·ni"r;-; in a _l'l·rt_ain <·ounty are a!~ given the 
. 1 · · .. •1 1·, •• r·rnt·nt t·xamlllatllln bl'fore graduatmg A ran-.-.~ ,,, . :tt':t• lt'llilt' ,[( j • • • 

l . 1 1- 1 II .,. 111-"r;-; fr11m ~~·hllll) :\ obtamed a mean of 78 on I I >JJJ :-<tJ J ll > I' II . . ."- '( ' 

1 i 1,. •·:-:: 1111 \', jr h,.., 1 ~- .\ r:mdcqn ;-;amplt' of lh.! seJ~Jors from School B 
l.·::!n•·rl :t 1111 .: 111 11 f :-.:: \\·ith s I:L Dot'~ th1s difference in sample 

IJ•··· 1 · 1- . 1 J1·1t 1 ht· IH'I'ulatic,n nwans of Srhnols A and Bare · ol I> JJ]t jt•:t>l' • . 
•liii'··rr·nt'.' (Jr :--IH•td,J tlw di!ft·n·JH'l' bl· attnbuted to theaccidentsor 
r:t 11 ,J,,m :-carnJ•iin:.>:'.' (·,,m,,utl· ~1;>'; and~~~)'; confidenceintervalsfor 
'':ll'h llH·:tn. 

11 _ In :t ;-;urn·.\· ,,f attit_udt>s toward fc~reign ~id, 79 out of lOQ 
:-;tJ!.j 1 .,. 1 :-; intt·ni<•\\·<·d \\'l'rt_' 111 fa_\·or of mthholdmg all aid from 
< ···n 1rnuni:-ct-:-cu 1,111 ,rt!'d_ natJ<_,Jb. \\hat stal_emen_t can be made about 
tl11· l•r• ,1" >rt j, •ll ,,f ;-;u},Jl•('t ~ 111 the populatiOn who f<n-or this policy? 

1 ~. ..\ ra 11 , 1, 1m ;-;ami ,)p < ,f :3oo automobile owner~ are asked which 
,,f tw,, :tut 11 m 1 d>ik d(';-;J_:.>:ns t~w~· prefer, A<_ll· B. DesJgn_Aispreferrect 
1,:.· 1 ,-..,( 1, ,f tiH· :-;uhj<·<·ts. , a, ( o~npute a 99 1 < confic~ence mterval for p 
t h 1 · l•rc ,1" ,r 1 i, ,11 i 11 t lw p< ,pul_a t Jon who prefer D~s1gn A, and a simila; 
1111 r·n·a) f,,r (/, tlw Jll'llJH'rtJon who prefer Design B. (b) Is it like] 
that t h<· d<·:-;ign:-; an· <'quail~· preferred in the population? ~ 
. 1 :L I 11 a w<"ight cliscTimination experiment, a subject is asked t 
.ltldg<·. whi('h of t we, wei.u:hts prese~1ted to him is the heavier. Wheo 
~hr· d 1!l'<·n·J1<'!' h<·twe(•n thL· two weights was three grams thesubje ~ 
J_lld~r·d ('IJJTL'<'tl:-.· (lJl ten o;n of the_20_trialsgi,·en. (a) Co~putea95;, 
<<,nflll<·n~·<· i 1_1 t(·J~\·a_l fo1~ I. (b, Is 1L !Jke~y .. thatthe~ubjectisablet~ 
rnak(• th 1s d 1 s('~'lil1lnatJ<,,~1 as often as 60 1 <of th~ time? (Is it like} 
th:~t I 1 is as hq.!h as ..:60?1 1c1 Supp<~se th~ subJect had judged th~ 
WL•Jghts <'OJTl'<'Li~· on uO out of 100 tnals. \vould the answer to parts 
I a' and 1 b 1 be the same? 

14. I 11 a study of th~ effec~iveness of a new psychiatric drug, a 
g;()up of ;)() schizophrenic r<:tlents are randomly divided into an 
Lxp(•rimental group a_nd a Control group. All subjects are given 
1 >s:;t·h iat ri(' ratings by mde~)endent raters wh? have no knowledge Of 
the experiment. The Expenmental ~roup s~bJects are then given the 
11('\\' drug daily o\·er a two-week penod, wh_Ile Control group subjects 
l'l'Cl•i ,.e daih· placebos over the same penod. Two weeks after the 
<·ondusion ;>f the experiment, the patients are rated again by the 
same raters. Of the 25 Experimental group subjects, 14 are found to 
show improvement. Of the Control group, only ten ofthe25subject;s 
are improved. Can it be cone! uded that the new drug is more effective 
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than a placebo in improving the condition of these patients? Compute 
a 95% confidence interval for each group. 

Answers 

1. In the order in which the tests are listed, the student's 
centile ranks are: 97.72, 15.87, 10.56, 91.15, 50.00, 24.20, 98.32, 
2.28, 67.00. The test results suggest problems which the student 
and his counsellor will discuss together. For example, compared to 
the standardization groups, the student has a very strong interest in 
art but only an "average" aptitude for art, while his high aptitude 
for science is accompanied by a relatively low interest in science. 
What else do the test results suggest? 

2. (a) Frank's centile rank is 65.54, Al's is 53.98. The difference 
is 11.56 centile ranks. (b) Joe's centile rank is 98.93, Bill's is 97.72. 
The difference is 1.21 centile ranks. (c) Although the scoring differ­
ence is the same between the two sets of friends, so many students 
obtain scores around the middle of the distribution that an increase 
of 30 points here is sufficient to surpass a large percentage of students, 
while so few students score at the extremes of the distribution that 
a similar score increase in these regions surpasses only a small addi­
tional percentage of students. Since this is always true when scores 
are normally distributed, centile ranks can often be misleading. For 
this reason, many tests report norms in the form of "standard scores" 
(transformed z values) as well as giving the centile ranks of the 
scores. For example, the z values of the friends' scores, .4 and .1, 
and 2.3 and 2.0, do reflect equal scoring differences. (d) 544. 

3. (a) 13.0 db to 17.0 db. (b) 15.0 db. (c) 18.8 db. (d) 19.9 db. 
(e) 22.0 db. (f) 11.2 db. (g) 10.1 db. (h) 8.0 db. 

4. (a) .3085 are above 51 and .3085 are below 49, so a total of 
.6170 of the sample means differ from JJ.:c by as much as 1.0. (b) .317 4 
(c) .1336 (d) .0456 (e) .0124 (f) .0026 (g) 3.28. The extreme 10% of 
the sample means lie beyond z = ± 1.64. These sample means differ 
from JJ.:x by at least 1.64a. Since a is 2.0, they differ from JJ.:c by as 
much as 1.64(2.0) = 3.28. (h) 3.92. (i) 5.16. 

5. The cumulative proportions found from the normal curve 
table, in order from highest to lowest, are: .9965, .9821, .9332, .8159, 
.6179, .3821, .1841, .0668, .0179. These proportions are very close to 
those given by a cumulative proportion column for the distribution. 
The form of the distribution is close to normal, although it is slightly 
more "peaked" at the center than a normal distribution. 
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6 Tl . I· 1 i H' pro port inns found from the normal curve 
· H" <UJl1U,l J ·•· • .,. C)R-R 9:-nn 8944 '"'734 table, in or<IL·r from higlw:-;t to o\\·t-:-,t, .tH · ". tc' .. <J;J;J, • , .I , 

:-o'-'- 1( 11 ., ?•J('f' 1(1;-,fi .. 0-!111. I here are important (because sys-
•• ).Jo t' .-± •J, ·--) ), . . l I . 
tematic 1 discn·parwil':-; bL·t ween t lw:-;e propor~tHJr:s ar:c t 10se gtven by 
the eumulat i\·e pro port ion ('ol_urnn for t h~ distnbutiOn_. Observe that 
below the mean the t·urnulatl\·e propor_-t ions tend to mcrease faster 
than the normal c·un·e proportions, wlult• abm·e the m:an they tend 
to inc-rease m<>re sl<>\\·h· than the normal <·un·e proportiOns. The dis­
tribution is mon· "spr~·ad out" t h;_ll1 ;: nor:mal distributio!l; there are 
more cases in the "taib" of the distnbutlon than occur 111 a normal 
distribution. This distribution is not "approximately normal." 

7. 1 a 1 Tlw standard dc\·iation of sample means is estimated by 
s 7 to be 2.0. The sample nwan of 42.:3 m~ty be regarded as a fairly 
reliable estimate of p, since about two-thirds of such sample means 
arc estimated to bl' within :2.0 of J.l· I h 1 It is highly unlikely that 11. 

is as low as :w. This \·;t!ul' is at a distance of more than six standard 
errors r six standard deYiat ions 1 from -12.:3, and it is extremely rare 
to obtain a random sample Yaluc that is six standard errors from the 
mean of its sampling distribution. IC'I :38.:38 < J.1 < 46.22, with 95% 
confidence. 

~- ra1 s 7 .G1. This estimate suggests that the sample means 
are clustered c·lose together about J.l· l-Ienee, the mean of this sample 
is likely to IH' close to J.1 and may be regarded as a reliable estimate 
of J.J.. (bJ 2G:3.G:3 < J.1 < 2:JG.77, with ~)~)r·; confidence. 

~). (aJ 18.:~!) < J.1 < 27.41, with ~lsr·; confidence. (b) Yes, in the 
sense that 2G is not an implausible Yalue. s:; c~ 2.3, which places our 
sample mean within one standard de\·ialion of the Yalue 25. 

10. For School A, the ~)Gr; confidence limits are 76.04 and 79.96 
while for School B the ~)Gr·; limits are Hl.04 and 84.96. There is n~ 
overlap at all bet\veen these two inten·al estimations of the popula~ 
tion mean. The~)!)'; confidence limits for the lwo school means are 
75.42 and 80.G8 (School A l and 80.42 and 85.58 (School B). Even 
at the ~)!V; confidence le\·el, there is only a Yery small overlap 
between the two confidence inlerYals. It seems highly unlikely that 
the population means of School A and School 13 are the same; the 
population mean of School B i:s almo:sl certainly the higher. 

11. If the 100 subjects interviewed are a random sample, a 
statement can be made about the population that was sampled. If the 
subjects are not a random sample, no statements can be made about 
some larger hrroup. Assuming the former circumstance, we can assert 
with 90CX, confidence that .72:3 < I) < .857, or with 95% confidence 
that .710 < I) < .870, or with 9~)r·; eonfidence that .685 < p < .895. 
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That is, we can make a statement about the population proportion 
who favor this policy at any desired level of confidence. 

12. (a) The 99% confidence intervals are: .527 < P < .673, and 
.327 < Q < .473. (b) No, it is very unlikely that P is as low as .5 
(or that Q is as high as .5). 

13. (a) .281 < P < .719, with 95% confidence. (b) Yes, in the 
sense that we cannot reject .65 as an implausible value for P. (c) No. 
In this case, the 95% confidence limits for P are .402 and .598. Since 
.65 lies well above this range, it is unlikely that P is as large as .65. 

14. For the Experimental group, the 95% confidence limits for 
P are .366 and .754. For the Control group, the 95% confidence 
limits are .208 and .592. There is a substantial overlap between the 
two intervals, making it entirely plausible that P, the proportion 
who improve, is the same for the populations of Experimental and 
Control group subjects, and therefore that the drug is no more 
effective than a placebo for these patients. The drug rnay be more 
effective-this is also "plausible"-but its superiority has not been 
demonstrated by this experiment and no conclusions can be drawn. 
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chapter 6 

Linear 

Correlation 



Correlation refers to the relationship between two variables. Is 
body type related to temperament? Is speed of learning related to 
the amount of reward? Do traffic accidents go down as the weather 
gets colder? Questions such as these inquire basically whether two 
variables change together in some consistent way. For example: The 
plumper the body type, the more jovial the temperament. Or, the 
greater the reward, the faster the learning; the colder the weather, 
the fewer the traffic accidents. When two variables tend to vary 
together in a consistent way, they are said to be correlated. When 
ther~" is no consistent pattern or relationship between them the 
variables are said to be uncorrelated. This would be the case if, for 
example, it were found that some very plump people are jovial but 
just as many are not. 

There are many types of measures of correlation, appropriate 
for different situations and for different kinds of data. We shall con­
sider here what is called linear correlation. Linear correlation is typ­
ically com1mted for data that are in the form of measures, and then, 
as the name implies, only when the measures are linearly related. 
The degree of linear correlation between two sets of measures is 
designated by the letter r, which is called the coefficient of linear 
correlation or, more briefly, just the correlation coefficient. 
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Ll:r\EAR 

CORRELATION 

The Scatter Diagram and 

Linearity 

/~:nzmpf(• I. :\n arm~· p:-;~·cl10logi:-;l has the job of selecting 
men who are skillful in t r;wkinl.! a nHl\·ing target. Because so much 
time is requin·d to te:-;t t iw me11 indi\·idually h~· nwans of a realistic 
tracking Lest. thL· ps~·t·hologi:-;t would lik<.• a simpler :-;ereening device 
that might hL· gi\·L·n to large groups of men at om• time. He develops 
a pencil-and-paper maze-tracing test that seems to require a kind 
of skill similar to that rl'quired in tracking. If men who do well on 
this :\laze Test also do \H•Il on an indi\·idual Traeking Test, then the 
l\Iaze Test can be usPd with large groups to speed up the selection 
process. As a pn•liminary :-;t ud:•;. he gin•s the :\laze Test and a 
Tracking Test to tL•n men who han· had no pre\·ious tracking expe­
rience. Their scores are as follows: 

:-;1.11.11-:< T 
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Do subjects who score high on the lVIaze Test also score high in 
tracking? From an inspection. of the results, it would seem to be so. 
T?ere is a tendency for tracking scores to change in a consistent way 
With maze scores. As maze scores increase, tracking scores increase; 
~s maze scores hcc·omc lower, tracking scores are lower. The trend 
IS not perfectly consistent. There are exceptions e.g., Subject G, 
who received a low maze score and a rclati\·ely high tracking score­
so the correlation is not perfect. Still, the trend is strong and we 
should like a measure of the correlation that is present. 

. •: STEP 1. Before computing r, we check to see that the rela-
tiOnship between the two variables is approximately linear. This is 
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done by inspecting a scatter diagram of the scores. One of the variables 
is laid out along the Y axis and the other along the X axis, as shown 
in Fig. 6.1. A point is plotted for each pair of scores. Thus, there is 
a point on the graph for the first pair of scores, 8 and 10, another 
point for the second pair, 7 and 7, and so on. 

y 

10 

0 L__ _ __l__ _ _L________j_ ------'----1'---'-----'------'--- X 
1 2 3 -1 5 6 7 s 

:\laze Scol'es 

Figure 6.1 

Scatter Diagram Showing the Relationship Between 
Scores on a Tracking Test and Scores on a Maze Test 

• DISCUSSION 

A relationship is said to be linear when the best-fitting line for the 
plotted points of the scatter diagram is a straight line. Roughly de­
fined, the best-fitting line is the line that, over all, comes closest 
to all the points. A straight line has been added to the scatter dia­
gram in Fig. 6.1, and, as may be seen, it "fits" the data rather well. 
When this is true, r will give a good description of the correlation 
between the two variables. When this is not true and the points of 
the scatter diagram are better fitted by a curved line, as in (c) of 
Fig. 6.2, then r will give an inaccurate description of the correlation. 
Some other correlational method should be used. For the data of 
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Fig. 6.1, we conclude that the relationship is linear and that r will 
accurately describe the correlation. 

In our example, the slope of the best-fitting line is positive so 
the correlation is said to be positive. A positive slope occurs when an 
increase in one variable is accompanied by an increase in the other 
variable, as in Fig. 6.1. A negative slope occurs when an increase in 
one variable is accompanied by a decrease in the other variable. This 
would be the case, for example, if the higher the scores on the Maze 
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(c) Curvilinear relationship, 
correlation wou\d be 
misrepresented by r 

Figure 6.2 
. Linear and Curvilinear Rela· 

Scatte~ Diagr.ams Sho~~g for (a) and (b), not for (c) 
tionshtps. ,. ts Compu 
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Test, the lower the score in tracking. When the slope of the best­
fitting line is negative, the correlation is said to be negative. An exam­
ple of negative correlation is shown in (b) of Fig. 6.2. When there is 
no correlation between the two variables, the best-fitting line is 
horizontal (slope zero), as in (a) of Fig. 6.2. 

Computing r from z Scores 

We are often interested in the correlation between two sets of 
measures that are expressed in different units, such as age in years 
and test performance in scores of some kind. The correlation coeffi­
cient r is independent of units of measurement, and all formulas for r 
transform the original measures into a standard scale that is the 
same for both variables. This is accomplished by replacing each of 
the original measures by its z value. In fact, r is easily computed 
from the two sets of z scores. The formula is 

~z z11 
r = n 

(6.1) 

where Z:z:Z11 is the product of a pair of z scores. The products are 
summed algebraically over all pairs and divided by n, the number of 
pairs. We illustrate with the data of Example 1. 

• • STEP 1. Find the mean and standard deviation (u) of the X 
distribution and of the Y distribution. By formulas (4.1) and (4.2) 
of Chapter 4, these values are as given in Table 6.1 (p. 134). 

• • STEP 2. Using the mean and standard deviation of a given 
distribution, convert each measure of that distribution to its z value 
by formula (5.1) of Chapter 5. Thus, the first z score of the X dis­
tribution is (8 - 4)/2 = +2.00. For the Y distribution, the first z 
score is (10 - 6)/2 = +2.00. The z scores are entered in separate 
columns as shown in Table 6.1. As a check that they have been cor­
rectly computed, sum each column. The sums should be zero. 

• • STEP 3. The products Z:z:Zv are obtained, as shown in the last 
column of Table 6.1. The algebraic sum of this column is ~Z:z:Z11 • 

• • STEP 4. ~Z:z:Zv is substituted in formula (6.1) to obtain r. 
(Note that n is the number of products or pairs, 10, not the total 
number of scores.) As shown in Table 6.1, r = +.725. 
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Table 6.1 
Computation of r from z Scores 

(Example 1: Maze scores and Tracking scores of 
Ten Army Men) 

MAZE TEST THACKI="G 
X y 

8 10 
7 7 
4 8 
4 6 
4 6 
4 4 
3 7 
3 4 
2 3 
I 5 

X = 4.0, Uz = 2.0 
Y = 6.0, Uu = 2.0 

TE~T 
~r 

+2.00 
+ 1 . .'">0 

.00 

.00 

.00 

.00 

.iiO 

. .'")() 
- 1.00 
- 1..'">0 

0.00 

LZrZu __ + 7 .2.'l 
r=--

ll J() 

• DISCUSSION 

=v =rZv 

+2.00 +·LOO 
+ . .SO + . iii 
+ 1.00 .00 

.00 .00 

.00 .00 
-1.00 .00 
+ . .'">0 ·)-

·-'-' 
-1.00 + . .'">0 
-1.:)() + 1 . .'">0 
- .:>0 + . 7 .'"> 

0.00 +7 . .'">0 
- .25 

..... = +7.2:) ---r-u 

The correlatiOn between Maze Test scores and tracking scores is 
+.725. The "plus" indicates that the correlation is positive, i.e., 
increases in one variable are accompanied by increases in the other 
variable, as we saw in the scatter diagram of the scores. The value 
.725 describes the magnitude of the correlation and indicates a sub­
stantial relationship. The psychologist will feel encouraged to con­
tinue his investigations. If the results of this study are confirmed on 
a much larger group of men, the Maze Test will probably become 
part of the standard selection procedure. 

To understand why the value .725 was said to indicate a sub­
stantial relationship, look again at the last column of Table 6.1, the 
column of ZxZ11 products. Remember that whatever makes the sum 
of this column large will maker large, and anything that reduces the 
sum of this column will reduce the value of r. It is apparent that the 
sum of the column will be large (in absolute value) when there are 
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many or large entries that have the same sign. And the sum will be 
correspondingly reduced by entries having an opposite sign. 

It can be shown that the largest positive value r can take is 
+1.00. r = +1.00 indicates perfect positive correlation. The largest 
negative value r can take is -1.00, which indicates perfect negative 
correlation. Perfect correlation occurs only when the pair of z values 
that are multiplied to give a Z:::Zy product are numerically identical 
in every case (with like signs in the case of positive correlation and 
unlike signs in the case of negative correlation.) This makes sense 
because it is only then that a change in one variable is paralleled 
by an exactly equal change in the other variable. There are no excep­
tions to the pattern. Any time a change in one variable is not paral­
leled by an exactly equal change in the other variable-that is, if the 
pair of Zx and Zy values are not numerically identical-the correlation 
will be numerically smaller than 1.00. These pairs are "exceptions" 
to the pattern of perfect correlation and such exceptions act to reduce 
the numerical value of r. The more "exceptions" there are, the closer 
r approaches to 0. 

Thus, differences in the absolute values of Zx and zu pairs tend 
to lower the correlation. The effect of these differences may be quite 
small, however, if most of the Z:::Zy products nevertheless turn out to 
have the same sign. It is when the ZxZu products differ in sign that r 
is most sharply reduced. When ZxZu products have different signs, it 
means that sometimes X scores that are above the mean ( +zx) are 
associated with Y scores that are above the mean ( +zu), a positive 
trend, and sometimes X scores above the mean ( +zx) are associated 
with Y scores that are below the mean ( -z11 ), a negative trend. 
Inconsistencies of this kind are obviously an even greater departure 
from the pattern of perfect correlation than mere numerical dis­
crepancies within pairs of z values. Differences in the signs of the 
ZxZu products constitute the really serious exceptions to whatever 
happens to be the prevailing trend of the correlation. Many or large 
differences of this kind finally reduce r to zero-the balance-point 
between individual positive and negative associations which is called 
"no correlation." 

One way to interpret the magnitude of r, then, is in terms of 
"exceptions" to the prevailing trend or pattern of the correlation. 
When r is close to + 1.00 or -1.00, there are only minor exceptions 
to the trend of the correlation. \Vhen r is closer to zero, there are 
serious exceptions to the trend. Our r of +.725 reflects the presence 
of some exceptions. A study of Table 6.1 reveals that these exceptions 
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· t mostlv of numerical discrepancies between the z, and Zv 
consis . ' . . 
scores of the subjects. In addition, there Js one reversal of stgn among 

h - - products produced by a subject who scored below the mean 
t e "-:"'" . the X variable and abo\·e the mean on the Y vanable. The total 
0~1 t ·e is not one of "serious" exceptions to the positive trend; the 
piC Ul . I " 

elatl. on may be described as "substantia . corr c. • Below are gi\·en, as a guide to usage, some conventiOnal ad-
jective descriptions of different r values. 

r \".\l.t.·r; 

+.~lor -.\1 
+.7 or -.7 
+ . .'i or - . .'i 
+.:~or -.:~ 

:\IJJECTI\"E DESCRIPTIO:-; 

Ilip:h C'orrelation 
Substantial C'orrelution 
::\[oderute correlation 
Low correlation 

These adjective descriptions will not always be applicable to par­
ticular situations. In many instances, a correlation of .5 is regarded 
as quite "high," as, for example, if such a correlation is found be­
tween two beha\·ior traits that are logically independent. But if the 
correlation between two tests that are intended to measure the same 
trait is only .5, we would regard this as a very low correlation. The 
r value of .5 indicates equivalent "exceptions" in both cases. In the 
first case, however, we expected even more exceptions so we tend to 
regard the correlation of .5 as "high"; in the second case very few 
exceptions should occur, so the correlation of .5 looks "low." 

Computing r from Raw 

Scores 

It is not necessary to convert the X and Y distributions to z 
scores before computing r. Equivalent formulas are available for ob­
taining r directly from the raw data. One such formula is 

r = n~XY - (~X) (~Y) 

v'[n~X2 - (~X)2][n~Y2 - (~Y)2] 
(6.2) 

In this formula, the conversion to a standard scale of z scores and the 
computation of r are accomplished at once. 

Exa"!-ple ? . An investi~ator is curious about the relationship 
between mtelhgence and certam personality traits. He obtains test 
scores for a random sample of 20 college students. The students' IQ's 
and !heir ?cores on an Introversion Test are shown below. Is there a 
relatwnshtp between these two variables? 
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1 Li ·W 
12ll -17 
1 1-1 52 
12·1 -1:) 
llG :37 
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Scatter Diagram of IQ and Introversion Scores (n 20) 

• • STEP 1. The linearity of the relationship is checked by in­
specting a scatter diagram of the scores. As may be seen in Fig. 6.3, 
the points are widely scattered. They do not seem to fall near a 
straight line, but neither do they fall near a curved line of some kind. 
There is no clearly discernible linear trend and no evidence of a cm·vi­
linear relationship. r may be computed. Where a straight line jics the 
points about as well as any other line that could be drawn, the relall:on­
ship will not be misrepresented by r. The lack of a pattern simply 
indicates that the correlation is low. 
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• • STEP 2. To compute r by formula (6.2), five basic sums are 
required: "1;X, "1;X2, "1;¥, "1;¥2, and "1;XY. If an automatic calculator is 
available, these sums are easily obtained from the raw scores and are 
then simply inserted in the formula. If computations are to be done 
by hand, it is easier to "code" the scores first so that numbers will 
be small, and then to obtain the five sums. 

Hl 
1 1 :2 
1 ();, 
l:q 
11 G 
111 
l:lX 
1 o:~ 
I Ill 
1 1 ;, 
1:H 
1'20 
126 
122 
108 
114 
115 
120 
114 
124 
)){) 

T = 

Table 6.2 
Computation of r by the Raw Score Formula 

(Example 2: I Q and Introversion scores of 20 college 
students) 

I :->THI )\"Jo:l(.-;{(1:-> .\ r .\2 )'2 

:~ :~ \l \) 
-17 -

-Ill (I lOll 0 ;,u 
;, :{ul 25 -li"l +1\l 

25 ;,;) + I + " I 
:2 \I -1 81 ·11 + -•) ;,_ +I:~ + :2 IU\l -l 

("'> >- - 1:2 + 1:2 1-l-l 1-1-l 
;,7 - t, + I 2.'i -lH 
titi () +IIi () 256 
;,:~ + lli + :~ :2.'i(i 9 
;,:~ + ;, + :{ ·r _;) 9 
G-1 +11 +1-l 121 Hl6 
i">7 + 7 + 7 -1\J -lH ;,n 7 + \I -lU 81 
.'i-1 - 1 + -1 1 16 46 () ·1 0 16 47 + ;, :~ 25 \) 
.'j:l + :2 1 4 
4:~ + \l 7 81 49 
:H + 1 -1:~ 1 169 

1-!'22 1200 
+S\l +S-l 
-:m -4-l 

+f>O +-lll 

11~.\ }. - (~.\1(~}·) 20( -146) - (40)(50) 

XY 
+ 9 

0 
- 95 
+ 5 
- 18 
+ 26 
-144 
- 35 

0 
+ 48 
+ 15 
+154 
+ 49 

63 
4 
0 

15 
2 

63 
13 -

-452 
+30() --146 

V[n~_\'·! - 1~.\" 1''j\n~P - (~ }" J''] \/ [ :20 (l-122) - (50J2][20(1200) - (40)2] 

-'2\HHI - :2lHHl 
----

\1 1'2S·14ll - '2:,tHIJ1'2-IOIIO - llilllll 

-.20 
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Transformations of Scores 

thern Whatever scores we start with, the formula for r will transform 
effe t to a standard z scale. Any operations, therefore, that have no 
Wit~ on the z values of the scores \~II have ~1o ~tree~ on': Operating 
or sua ~on~tant upon every score 111 the dJstn~uti~n-z.e., ~~ding 
e bt1actmg a constant to every score, multJplymg or diVIding 
ve~y score by a constant, or some combination of these operations 

earned out in the same order for every score-will have no effect 
on the z values of the scores. Any such operation that will result in 
c~nveniently small numbers may be carried out without affecting 
t e Value of r. In Table 6.2, the scores of this example have been 
reduced in size by subtracting a constant from each score. The con­
stant 115 was subtracted from every IQ, with the result shown in 
column X. The constant 50 was subtracted from every Introversion 
score, With the result shown in column Y. These small values in the 
X and Y columns now take the place of the original scores in the 
computation of r. In Table 6.2, the five basic sums required for for­
mula (6.2) are obtained from the values in the X and Y columns. 

• • STEP 3. The five sums found in Step 2 are substituted in 
formula (6.2) to obtain r. As shown in Table 6.2, for these data 
r = -.20. 

• DISCUSSION 

The correlation is negative and very slight indeed. VIe may say there 
is a very small tendency in this group of subjects for high IQ's to be 
associated With low Introversion scores. At the same time, there are 
so many exceptions to the trend that we hesitate to assign any im­
portance to it. 

Since the investigator selected a random sample of students for 
his study, the question arises: Can the small correlation that was 
found be generalized to the population from which the sample came? 
Can we at least assume that the correlation is not zero in the popu­
lati~n? The answer is not simple. To make inferences about the pop­
ulatiOn correlation p (rho) on the basis of one sample r, we need to 
know how such sampler's are distributed, how they vary around the 
paran:eter p. More precisely, we want the standard deviation of the 
sampl~ng distribution of r. This standard deviation is given by the 
followmg formula: 
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1 - p~ 

Vn - 1 
(6.3) 

As may be seen, the value of u, depends upon both p and n, the size 
of the sample. The trouble with using the formula is, of course, that 
we never know the value of p. \\' e cannot logically put r in place of p 

in the formula, since this implies that we already know r to be a reli­
able estimate of p, whereas we want to use the formula to help us 
decide whether r is a reliable estimate of p. \\"e cannot, therefore, use 
formula (6.3! to evaluate the reliability of r or obtain confidence 
limits for p the way analogous formulas were used in Chapter 5. The 
problem must be approached in another way. 

One approach is to assume that pis zero, then ask the question: 
If p is zero, is it likely that random sampling would yield a sample r 
having the particular value that I obtained? In short, we can consider 
the plausibility of the hypothesis that p is 0. For example, let us 
examine the hypothesis that in the population sampled there is no 
correlation between IQ and Introversion scores. That is, we will 
assume a sampling distribution of r whose mean, p, is 0. By formula 
(6.3), the standard deviation of this sampling distribution is 

Ur = 1 - 02 = .23 
v20- 1 

When the population correlation is 0 and the sample size is 20, the 
sampling distribution of r has a standard deviation of .23. It is evi­
dent that our sample r of - .20 is within one standard deviation of 
the parameter p of 0; hence p = 0 is a plausible hypothesis. In other 
words, if the population correlation is zero, many random samples of 
this size will yield correlations that differ from zero by as much as .20. 
Therefore, we have no basis for claiming that a correlation exists in 
the population between IQ and Introversion. Our obtained r of -.20 
cannot be regarded as evidence against the hypothesis that the popu­
lation correlation is zero. 

In Chapter 10, a procedure is given for formally testing the 
hypothesis that a population correlation is zero. In this chapter, we 
will be satisfied to make an intuitive judgment based upon the extent 
of the sampling variation of r when p = 0. Later, we will draw more 
rigorous inferences. It should be pointed out that the sampling distri­
bution of r is not normal, although it is approximately normal under 
the special circumstances of p = 0 and n ~ 30. Only under this com­
bination of circumstances can we draw upon the known relation­
ships of the normal distribution to tell us how sample r's are dis-
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tributed. Under other circumstances, our "intuitin' judgments" will 
be limited to clearcut cases like the one considered in this example. 

Although any hypothesized ,-;due of p may be substituted in 
formula (6.3), the student should be cautioned against interpreting 
the resulting value of 17r as representing some amount of symmetrical 
variation around p. The sampling distribution of r is symmetrical 
only when p = 0. The distribution becomes increasingl~r skewed for 
larger and larger ,·alues of p, and then, of course, there is much wider 
variation on one side of the sampling distribution than on the other. 
In general, unless the sample size is Yery large, symmetrical \·ariation 
about p should only be assumed for p = 0. 

Correlation, Causation, and 
Prediction 

When two variables are found to be correlated, it does not follow 
that one of the variables is "caused" or determined by the other. 
Correlation is only a statement of association, not a statement of 
cause and effect. One variable may be the cause of the other, but if 
this is so, the fact is not demonstrated by showing only that the two 
variables are correlated. For example, much of the uncertainty in 
scientific minds about the early findings relating smoking to lung 
cancer arose from the fact that most of the studies reported were 
correlational in nature. The correlations did not and could not dem­
onstrate that smoking caused lung cancer, only that the two were 
associated. Most people were ready to interpret the association as a 
cause-and-effect relationship because it seemed the intuitively ob­
vious explanation. But the possibility remained that some unsus­
pected third vm:iable, or complex of variables, caused both a tendency 
to heavy smokmg and a tendency to develop cancer in the lungs. 
Correlations alone could not eliminate this possibility. 

While correlation does not establish causation, one of the im­
portant uses of correlation is in prediction. If the correlation between 
two variables is high, knowledge of performance on one variable 
makes it possible to predict performance on the other ,·ariable with 
much greater accuracy than would be the case if little or no corre­
lation existed between the variables. In Example 1 of this chapter, a 
correlation of about .72 was found between maze-tracing scores and 
tracking performance. The investigator cannot conclude that maze­
tracing ability "causes" tracking skill, anymore than he can conclude 
that tracking skill "causes" maze-tracing ability. But the substantial 
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correlation between the two will help him to predict the tracking 
scores of his subjects from a knowledge of their maze scores. 

Technically, the prediction is accomplished by means of a re­
gression equation. The regression equation is the equation of the best­
fitting straight line for the points of the scatter diagram. Instead of 
locating the line by inspection, as we h:n-e done, its location is 
determined precisely by a procedure that minimizes the sum of the 
squared, vertical distances between obtained Y scores and con·e­
sponding Y values on the line.* This precisely located line, called 
the reuression line of Y on X, then sen·es as the basis for predicting Y 
scores from given X scores. A given X value is found on the baseline 
of the scatter diagram and the Y value read above it on the regresston 
line is the predicted Y score for a person obtaining the given score 
on ~. ~r~dictions made in this way will usually be in error for any 
one md1v1dual, but the overall error for many indi,·iduals is greatly 
reduced by proper use of the technique. 

. In order to predict X values from given Y scores, the rewession 
lme of X on Y is determined by minimizing the sum of the squared 
horizontal distances between obtained X scores and corresponding X 
values on the line. "Cnless the correlation is perfect, the two regression 
lines, Y on X and X on Y, will be different. And a different regression 
equation will be used depending upon whether prediction is to be 
made from X to Y or from Y to X. 

Detailed accounts of regression and prediction are available in 
more elaborate statistics texts and in texts devoted to psychometrics. 
The purpose here is only to suggest some of the further techniques 
that derive from correlation. 

Practice Problems 

1. In a "level of aspiration" study, a group of 11 subjects are 
told that average performance on an experimental task is 10. They 
are shown the task and each subject is asked to predict what his 
performance will be on the first trial. The predictions the subjects 
make, together with their actual performance on the first trial, are 

*The mathernatic·ally advanc·Pd studPnt will re<'ognize this procedure as the 
·mclhotl of least Mfllrtrr·s. By the nwthod of lc•ast squares, the slope of the regression 

I. f , . . nL\)'- (~.\l(~Yl ..,. . t 
llle o } on .\ IH found to l1e: l1 11 r = , \'" ('' \)" · ,-,mce one pom on the 

II~. - - "-'• -

n~grPHHion I i ne iH al~o know 11 - the point (X, Y )-the equal ion of the line is readily 
dc~termincd. 
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shown below. (a) Plot a scatter diagram of the results. Is the rela­
tionship approximately linear? "That kind of relationship is sug­
gested by the scatter diagram? (b) Convert the scores of the two 
distributions to their respecti,·e z values and compute r by formula 
(6.1). Is there a relationship between the subjects' predictions and 
their actual performance? 

~l"DJECT,.;' ACTL\L 

PHEDilTIO:\S PERFOIUIA:\CE 

14 7 
12 10 
11 9 
11 G 
10 8 
10 8 
10 8 

\) 12 
g 7 
8 4 
6 !J 

2. Fifteen students in a typing class are given a test to deter­
mine their progress. The students all type the same material, and 
the time and number of errors is recorded for each student. Upon 
inspecting the results, the instructor notices a tendency for the faster 
students to make more errors than the slower students. Below are 
given the z values of the tim~ scores and the error scores of th~ 15 
students. (a) Plot a scatter diagram of the z scores. Is the relatiOn­
ship approximately linear? Does the scatter diagram seem to confirm 
the instructor's impression? "'What kind of relationship is suggested 
by the scatter diagram? (b) Compute r. What conclusions can be 
drawn from the value of r? 

z SconEs z ScoRES 
TDIE EHROHS TDIE ERHORS 

- .2 + .4 +1.0 - .4 
+ .7 0.0 .9 -1.3 
+1.6 0.0 - .5 - .8 
-1.6 +1.7 - .5 +1.3 
+ .. 2 - .. 8 - .. 9 - .4 
- .2 + .8 -1.1 +1.3 
+ .3 + .4 - .2 0.0 
+2.2 -2.1 

3. Using the data of Example 1, compute r by the raw score 
formula (6.2). 

Plot a scatter ~I·agram for each of the following. If the relationship 
is approximately lz.near, compute r by formula (6.2) for raw data. 

4. A test constructor working on a Word Recognition test has 
made up two forms of the test which he believes to be equivalent. 
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He tries out the two forms on a group of 12 subjects, six of whom 
take Form A first and then Form B, the other six subjects following 
the opposite procedure. The results for the 12 subjects are: 

FOR:II A FOR:II B 

48 42 
53 48 
4' 33 
44 37 
53 45 
49 39 
54 43 
46 36 
57 51 
62 53 
50 42 
59 48 

5. The investigator of No.4 above intends his Word Recognition 
~est to be a measure of vocabulary. To check on how well his intention 
IS fulfilled by the test, he also administers a standard, individual 
voca~mlar;y test to each of the 12 subjects. He then examines the 
relatwns~Ip between the subjects' Vocabulary scores and the scores 
they achieved on the Word Recognition Test. The scores are: 

WORD 

RECOGNITI0:-1 VOCABULARY 

TEST TEST 

48 24 
53 27 
41 22 
44 20 
53 28 
49 29 
54 33 
46 25 
57 27 
62 36 
50 31 
59 32 

6. In a study to investigate the relationship between neuroticism 
and suggestibility, a random sample of 20 clinic patients are given 
a series of tests. Among the tests are a Neuroticism questionnaire and 
a Body-Sway Suggestibility Test in which the maximum amount of 
body sway is measured during a three-minute interval while a re­
corded voice suggests to the standing subject that he is falling for­
ward. The neuroticism score and the maximum amount of body sway 
under suggestion is given below for each of the 20 subjects. Do the 
results suggest a relationship between neuroticism and body-sway 
suggestibility? 
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BonY :-;w,\Y BnDY :-'W.\Y 

NEt:HOTICIS~I 
(ol) ~I:: t"l\OTII ·1,-~1 (nt) 

s 4.0 :21 -L~ 

- •) :21 7.;-l 
10 a.-

1:~ 
ii.7 :2:2 G.r, 

14 
i"J.l) :z:' ;,_;, 

16 2A :2:~ :u; 

17 4.S 2·1 n.7 

17 4.7 :z;, .'l.li 

Hl -1.5 '27 .'">.'2 

20 :3.0 :H ;,.s 
- •) :12 l\. 1 

20 ;).-

. lify the measures of body sway, multiply each measure by 10 
(TO ~~~p te the decimals, then subtract a conYenient constant.) 
to ehmma 

7 A company is interested in cutting clown the turnover among 
. ~chine operators. Twenty newly-hired Ol?erators are given an 
1ts m. 1ce Test as part of a study to determme the causes for the 
Intelhge~ rate. One year later, the Intelligence Test scores of the men 
turnovet ared with the number of weeks they remained on the job, 
are chomP below. Is there a relationship between Intelligence Test 

s s own . b? a d weeks on the JO · 
score an 

JJ'TELLIGE:-ICE 
WEEKS lc-;TELLJ<;Ec-;t·E \\"l·~EKS 

SconE 
o:-: Jon :-)l'OHE o:-: Jon 

41 1'2 88 G 

55 30 49 s 
62 52 54 4~1 

81 
4 51 '28 

73 27 83 1:~ 

57 52 47 19 
-? 68 52 

65 ::J-

44 3 71 38 

77 18 76 32 

64 52 68 48 

8 In a study of prejudice agai_nst ~inority groups, a random 

1~ of 20 subj~cts f~om a new re~1dentml area are asked to fill out 
samP ftude questwnna1re that cons1sts of two parts. One part of the 
an a~. 1 naire inquires as to the subject's beliefs about and feelings 
ques 1~npersons belonging to the given minority groups. The other 
tow:rof the questionnai_re asl~s how the subject would behave in 
par othetical situations mvolvmg such _perso:ns. Separate scores are 
hyp . d for the two parts of the quest10nnmre so that the relation­
ob~al:etween the feelings reported by the subjects and their projected 
shiP ~ r maY be examined. The scores are given below. \Vhat is the 
~=ra~~~~ship between scores obtained on the two parts of the question-

naire? 
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. 
"FEELI!\Gs" "BEHAYIOR" ''FEELI:-><;s'' "l3E!IA\"IOH11 

12 20 :H 2R 
16 18 :n 42 
17 12 :~2 31 
20 34 :H 17 
22 27 :~;) ·1\) 
24 36 :r; ·>--I 

25 41 ·lll -•) ;)_ 

28 32 42 :n 
28 43 4() :~o 

30 2:3 ;-)() :~8 

9. What is the value of IJr when p = 0 and the sample size is 
(a) 10? (b) 26? (c) 37? (d) 50? (e) 100? (fl 200? (g) For which of 
these sample sizes is the sampling distribution of r symmetrical? 
For which is the sampling distribution approximately normal? 

10. Suppose the investigator of Problem 6 above had obtained a 
correlation of .36 using a sample of 50 subjects. Could he then con­
clude that the population correlation is not zero? 

11. Suppose the investigator of Problem 8 above had obtained 
a correlation of .46 using a sample of 37 subjects. Could it be reason­
ably concluded that the population correlation is not zero? 

12. An investigator finds a correlation of .14 between two var­
iables that are measured for a random sample of 200 subjects. Is it 
likely that the population correlation is zero? 

13. In Example 1 of this chapter, the investigator found a cor­
relation of .725 between the maze scores and the tracking scores of 
ten Army men. Given only this information, no conclusions can be 
drawn about the population of Army men. \Vhy? 

14. Suppose a random sample of ten Army men were selected 
from the population of interest and a correlation of .725 was ob­
tained for this sample. What conclusions could be drawn about the 
population? 

Answers 

1. The relationship appears to be generally linear although 
there are wide discrepancies. At first glance, it may seem to be a 
positive relationship. A straight line with positive slope can be drawn 
through six of the eleven points. Actually, this is not the best-fitting 
straight line, as indicated by the fact that r is exactly zero for these 
data. The best-fitting line is a horizontal through the point X = 8 
and Y = 10, the means of the two distributions. If you examine the 
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scatter diagram. carefully, you will see that this horizontal comes 
clo~e: to the pomts overall than does the aforementioned line with 
positive slope. Thus, there is no correlation between the subjects' 
predictions and their actual performance. 

2. The relationship is generally linear and does seem to confirm 
the instructor's impression. That is, the relationship appears to be 
negative in that high time scores tend to be accompanied by low 
error scores, although there are exceptions to this trend. r = -.54, 
indicating a moderate negative correlation. \Ve may conclude there 
is a definite tendency in this group for the faster students to make 
more errors than the students who took more time for the test. But 
there are also definite exceptions. Some fast students make few errors 
and some slow students make many. 

3. You should get the same result, r = +.725, as was found by 
the z-score formula. 

4. r = +.95, indicating a very high positive relationship. A high 
correlation is, of course, necessary if the two forms of the test are to 
substitute for one another. The investigator will feel reassured that 
both forms of the test are "measuring the same thing" at least in 
this group of subjects, and will no doubt extend his investigations 
to larger groups. Observe, however, that the high correlation found 
does not mean that subjects obtained the same scores on both forms 
of the test. Scores are generally higher on Form A (mean = 51.3) 
than on Form B (mean = 43.1). The high correlation means only 
that subjects who obtained relatively high scores on A obtained 
relatively high scores on B, and the same for low-scoring subjects. 
But the two forms of the test are not "equivalent" in the sense of 
yielding the same scores. In order to compare scores obtained by 
different subjects, the scores should all be obtained from the same 
Form of the test. (The investigator will probably shift test items to 
make the two forms of the test equivalent in this sense also.) 

5. r = +.83, indicating a high positive relationship. Although 
this correlation is lower than the .95 found between the two forms of 
the Word Recognition Test, two different tests are involved now and 
the correlation is expected to be lower. The correlation of .83 indi­
cates that the Word Recognition Test is a valid measure of vocabu­
lary, at least insofar as the standard individual test is a valid measure 
of vocabulary, because scores on the two tests parallel each other 
closely. 

6. r = +.36. There is some tendency for neuroticism scores and 
body sway to be related among these subjects, but the size of r indi­
cates that there are many (or serious) exceptions to the trend even 
among these subjects. To consider whether some correlation may be 
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attributed to the population, we examine the hypothesis that p = 0. 
For a sample of 20 and p = 0, ur is .23. Our r of .36 is about 1.6 
standard deviations (.36 .23) above the mean of the sampling dis­
tribution. Since we do not know how many r's are this far away 
from the mean of the distribution, we cannot tell whether our r 
should be regarded as unusual or not. If zce knew that r's as large as 
ours were only rarely obtained when the population correlation is 
zero, we would then conclude that p = 0 is an implausible hypothesis. 
vVe are not in a position to make this decision and must suspend 
judgment now, although we shall be able to make this judgment in 
Chapter 10. 

7. There is a definite relationship, but it is not linear. The rela­
tionship evident on the scatter diagram is shaped something like a 
hairpin. Men who received very low or very high intelligence test 
scores remained on the job only a short time, while men who scored 
in the middle range remained the longest (suggesting a very definite 
hiring policy to reduce turnover!). This curvilinear relationship is not 
measurable by r, so r should not be computed. (If it is computed, 
we find r = - .013, suggesting falsely that there is a near-zero rela­
tionship between the two variables. What this r tells us is only that 
the linear relationship between the two variables is practically zero. 
Since we already know that the relationship is not linear, we have 
no use for r). A measure called eta or the correlation ratio, which may 
be found in many standard statistics texts, is used to measure the 
strength of a curvilinear relationship. 

8. r = +.46, indicating only a moderate positive relationship 
between these subjects' reports of how they feel and how they would 
behave. Apparently, the two parts of the test measure different 
aspects of prejudice, aspects that are not so highly correlated as one 
might suppose. Since this is only a sample of 20 subjects, the correla­
tion may be higher in the population, or it may be lower. Could it 
be 0? If p = 0, u r = .23 and our sample r of + .46 is exactly two 
standard deviations above the mean of the sampling distribution. 
Again, we are not yet in a position to decide whether such an r is 
unusual or not. For the time being, we must suspend judgment about 
the hypothesis p = 0. 

9. (a) .33. (b) .20. (c) .17. (d) .14. (e) .10. (f) .07. (g) The sam­
pling distribution of r is symmetrical whenever p = 0, so it is 
symmetrical in all of these cases. The sampling distribution is ap­
proximately normal in form when the sample size is 30 or more; that 
is, for (c), (d), (e), and (f). 

10. If p = 0 and n = 50, ur = .14. A sampler of +.36 is then 
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2.57 standard deviations (.36/.14) above the mean of the sampling 
distribution. Because the sampling distribution is approximately 
normal for a sample size of 50, we can use the normal curve table to 
determine about how many r's are this far from the mean. From 
Table B in the Appendix, we find that only .0051 of the cases in a 
normal distribution are 2.57 standard de\·iations above the mean, 
and of course only .0051 of the cases are 2.57 standard de\·iations 
below the mean. Adding these two values, we are able to say that 
only about .01, or 1 c;~, of sample r's are as large as .36 when n = 50 
and the population correlation is zero. Thus, it is possible that a 
random sample of 50 cases will yield an r as large as .36 when the 
population correlation is zero, but it is very unusual. If we drew 
samples of this size over and over again from a population where 
P = O, only on~ time in a hundred_ would we find an r this large. 
Rather than believe that such a one-m-a-hundred e\·ent has occurred, 
most investigators would conclude that p = 0 is not a plausible 
hypothesis. 

11. If p = 0 and n = 37, u, = .17. A sample r of + .46 is 2.71 
standard deviations (.46/.17) above the mean of the sampling dis­
tribution. Because this sampling distribution is approximately nor­
mal, we may use the same procedure outlined above. From the 
normal curve table, we find that .0034 + .0034 = .0068, or less than 
1 CJ{ of the sampler's are as large as .46 when n = 37 and the popula­
tio~ correlation is zero. Either we fell by chance upo'n a very unusual 
random sample (one that would occur less than one time in a hundred 
in the long run), or else the population correlation is not zero. Again, 
most investigators would agree that under these circumstances p = 0 
is not a plausible hypothesis. ' 

12. If p = 0 and n = 200, u, = .07. A sampler of .14 is exactly 
two standard deviations from the mean of the sampling distribution. 
From the normal curve table, only .0228 + .0228 = .0456, or less 
than 5o/c, of sample r's are as large as .14. If p = o less than five 
times in a. hundred in th~ lo~g run would we find a' sample of this 
size in which the correlatiOn IS as large as .14. The population cor­
relation may be zero, but we would not regard this as a likely 
possibility. 

13. The ten. Army men are not a random sample from some 
specified populatiOn; therefore we know nothing whatever about the 
sampling distribution of r in this case. We cannot even determine 
u, because formula (6.3) for u, gives the standard deviation of random 
sample r's about p, and we do not have a random sample. 

14. Even though t!-te sample correlation is so high, we are still 
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not in a position to conclude that the population correlation is not 
zero. Our sample r is 2.2 standard de\·iations (.725/.33) above the 
mean, but the sampling distribution is not normal and we do not 
know how many sample r's are this far from the mean. vVe cannot 
draw any conclusions about the population correlation. (Again, we 
shall be able to make such a judgment in Chapter 10.) 
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Probability refers to the chances that some given event will 
occur under a specified set of conditions. For example, what is the 
probability that a child of divorced parents will become emotionally 
disturbed? The event is "becoming emotionally disturbed" and the 
condition specified is "divorced parents." If we knew just how likely 
this event was under these conditions, we would have a basis for 
taking action in such situations. Sometimes such a probability basis 
is extremely important in making decisions. For example, what is the 
probability that Drug X \Viii have an adverse effect on intellectual 
functioning? However helpful Drug X may be for colds or insomnia, 
we still want to know just how likely it is to impair intellectual func­
tioning before we venture to take it. 

The statistical probability of an event is defined as the proportion 
of times the event occurs over the long run-that is, if the situation 
were to be repeated indefinitely. The statistical probability of an 
event is, thus, the proportion of times the event occurs among the 
population of occasions when it could occur. If among all the births 
of children 50.1% of the infants are boys, the statistical probability 
of this event-giving birth to a boy-is .501, or 501 chances out of 
1000 in the long run. But such populations of occasions are never 
available for study. Scientists, therefore, must rely upon estimates 
of the statistical probability of an event. There are two ways of 
making such estimates-inductively and deductively-and both ap­
proaches have great usefulness for science. 
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INDUCTIVE 

PROBABILITY 

ESTIMATES 

Inductive probability estimates 
are empirical. They are simply 
mathematical statements of what 
has happened in the past. If an 
event could have occurred on 100 
different occasions in the past, and 
it occurred in fact only 20 times, 

then our empirical estimate of that e\·ent's probability is 20/100, or 
.20. If the event occurred 90 times out of a possible 100, then its 
estimated probability is 90/100, or .90. An inductive probability 
estimate, then, is an empirical proportion: the number of times an 
event occurred, divided by the number of times when it could have 
occurred. This statement may be written 

f p = -
n 

where pis the proportion of times an event occurred, 
f is the number of times the event occurred, 
n is the total number of occasions when the event could have 
occurred. 

The proportion, p, provides an inductive or empirical estimate 
of the statistical probability of the event for which p was computed. 
The sum of events which are possible alternatives to this event has an 
estimated probability q. Since p + q = 1, q is always equal to 1 - p, 
Thus, if the probability of an event is estimated as .30, the estimated 
probability of the sum of alternative events is 1.00 - .30 = .70. 
Some examples are given below. 

Example I. Among 80 hospitalized schizophrenics, 48 have 
shown some improvement after 15 sessions of group psychot~erapy, 
What is the probability that Patient A, who is schizophremc, Will 
show improvement after 15 such sessions of therapy? 

The event "improvement" has occurred 48 times out of 80 under 
the conditions specified. Sop = 48/80 = .60. The best estimate that 
can be made on the basis of this information is that Patient A has a 
probability .60 of showing improvement after 15 sessions of group 
psychotherapy. In other words, his chances of showing improvement 
are estimated to be f)O out of 100. Alternative outcomes, such as 
getting worse or showing no change, have a combined probability of 
q = 1.00 - .60 = .40. So the chances are estimated to be 40 out of 
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100 that Patient A will be worse or just the same after 15 sessions 
of group psychotherapy. 

It obviously makes a difference whether patients who do not 
improve under a treatment become worse or simply remain as they 
were and show no change. To estimate the likelihood of becoming 
worse, q can be broken down into its two component parts: the proba­
bility of becoming worse, and the probability of showing no change. 
If 9 patients out of the original SO were judged worse after 15 sessions 
of group psychotherapy, the probability that a patient will be worse 
after such treatment is estimated to be ~) /80 = .11. Since q = .40, 
the estimated probability of showing no change is .40 - .11 = .29. 

In summary, the chances are estimated as 60 out of 100 that a 
schizophrenic patient will show some improvement after 15 sessions 
of group psychotherapy, 29 out of 100 that he will show no change, 
and 11 out of 100 that he will become worse. 

Example 2. In a test of visual acuity, a subject is required 
to report whether a cardboard square placed some distance from him 
has grid markings (black lines close together against a white back­
ground) or whether the card is solid gray in color. When the lines 
on a card are so close together that the car_d always appears gray to 
the subject, the distance separating the lmes on this card is con­
sidered to be beyond the subject's capacity to discriminate. Several 
cards with lines varying in closeness are shown, interspersed with a 
solid gray card used as a check on the subject's tendency to give 
positive judgments even when he cannot see lines. Out of 50 presenta­
tions of the solid gray card, the subject makes a positive judgment 
that lines are present eight times. What is the probability that this 
subject will make positive judgments under these conditions even 
when the lines on a card are so close together that he cann~t see 
them? 

Positive judgments were erroneously made on eight out of 50 
trials, so p = 8/50 = .16. It is estimated that in the long run, this 
subject will make positive judgments 16 times out of 100 when 
in fact he is unable to discriminate the lines on a card. 

In interpreting the results of the experiment, the best guess is 
that any card of lines for which the subject gives positive judgments 
about 16% of the time or less should be considered lines which the 
subject is unable to discriminate. We could be in error. Perhaps the 
subject did actually see the lines some number of those times, but 
our best guess on the basis of the evidence is that he did not. 
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DEDUCTIVE 

PROBABILITY 

ESTIMATES 

b·l't estimates DeductiYe proba 1 1 Y 
are theoretical in nature. T~ey 

. 1 ·11g logiCal are arnn~cl at by man 
deductions from a premise. F~r 
our purposes, this prem~se Will 
always be that erery posszble out-
come in a giren situation has an 
C(JIWl clwn~e of occurring. Each 

outcome is therefore considered to have a probability of occurrence 
of ljN, where .. Vis the total number of possible outcomes. 

Traditionally, this type of probability model has been illustrated 
by such games as the toss of a fair coin or the roll of a fair die. For 
the coin, there are two possible outcomes heads or tails; under the 
premise, therefore, that each outcome is e~ually likely, the probabil­
ity of heads is 1/ N = 1/2 or .5, and the probability of tails is also .5. 
There are six possible outcomes for the die. Given the premise that 
the six outcomes are equally likely, the probability of any one of 
them is 1;6 or .17. The same principle holds if for example, a random 
procedure is employed to select one subject f;·om 15 which are avail­
able. In this case, there are 15 possible outcomes, and since the 
random procedure is designed to guarantee that each outcome is 
equally likely, the probability that any given subject will be chosen 
is 1/15. 

When some number m of the possible outcomes could each pro­
duce the Event A, then the probability of the Event A is given 
by: 

P(A) = m 
N 

(7.1) 

For example, let the Event A be the random selection of a subject 
with poor eyesight. If three of the 15 available subjects have Poor 
eyesight, then the event could be produced by each of three outcomes, 
and m is 3. The probability of randomly selecting a subject with 
poor eyesight in this situation is 3/15 or .20. 

Obviously, our deductive probability model is not suitable for 
answering questions such as those posed in the previous examples of 
this chapter. We should not be interested in a prediction that schizo­
phrenics have one chance in three of showing improvement after a 
given treatment, based on the unlikely notion that the three possible 
outcomes-improvement, getting worse, and no change-are equally 
probable. When there is no basis for making predictions in advance 
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about the population which will be sampled, as in the previous ex­
amples, the proper procedure is to conduct an "exploratory" study 
and determine from this study an empirical probability estimate for 
the event of interest, as was clone in Examples 1 and 2. The empirical 
estimate may then be put forth as a hypothesis and tested by the 
deductive probability model in a new experiment. The procedure is 
illustrated below. 

Example :-J. On the basis of previous findings (see Example 1 
of this chapter) an investigator hypothesizes that .GO of the popula­
tion of schizophrenics will show imprO\·ement after 15 weeks of 
group psychotherapy. He wishes to conduct an experiment to test 
this hypothesis. 

The hypothesis proposes, in effect, a picture in which .60 of the 
population of schizophrenics are of a type (not necessarily definable) 
such that they will improve with this treatment, while .40 of the 
population are not of this type and hence will not improve. Just to 
illustrate the situation, we will imagine that the population consists 
of a total of five schizophrenics, represented by the numbers 1 to 5 
below. According to the hypothesis, .60 or three of these are of a 
type who will get better with the treatment (B), and .40 or two are 
of the type who will not get better with the treatment (0). 

1 ;2 3 4 5 
B B B 0 0 

Now let us suppose that the investigator selects a random sample 
of two subjects from this population. If the sample is not randomly 
selected, then we cannot use our deductive probability model to test 
the hypothesis. The deductive probabilities of interest to us are based 
upon the premise that every outcome in a given situation is equally 
likely. This means that every possible sample of two subjects must 
have an equal chance of being chosen. By random sampling, every 
sample of two is equally likely and we satisfy the basic requirement 
of our deductive probability model. Without random sampling, we 
cannot estimate the probability of an experimental result, and have 
no grounds for making an inference about the population from which 
the sample came. 

If two subjects are selected from the population, three experi­
mental results are possible: Both selections will be type B schizo­
phrenics; one selection will be type B and one type 0; both selections 
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Table 7.1 
Possible Outcomes in the Random Selection of Two 

Subjects from a Population of Five 

Hypothesis: The population consists of three type B 
and two type 0 subjects 

EXI'EHDIE:>;TA I. H ES l" LT;--;: 

0 t "TCO:.IES: 

'2 TYI'E B 

1 ,'2 
'2' 1 
1 ,:{ 
:{, 1 
'2,:~ 

:~.'2 

"' = () 
.1\· = 11, + liz + 11:; = G + 1 '2 + '2 = '20 

1 TYPE B 

1,-1 
-1, 1 
1,5 
:i, 1 
'2,-l 
-1,2 
2,5 
5,2 
3,-1 
4,3 
3,5 
5,3 

liz = 12 

:\o TYPE B 
4,5 
5,4 

113 == 2 

will be type 0 schizophrenics. The three experimental results are 
given in Table 7.1, and below each result is shown the possible out­
comes (selections) which could produce that result. For example, in 
order to obtain a result in which both subjects are of type B~ i~ is 
necessary to select two of the three subjects in the population whtch 
are of this type. These are Subjects 1, 2, and 3. The result could be 
produced by selecting Subject 1 first and then Subject 2, or vice 
versa. Each of these counts as a separate outcome. The same holds 
for Subjects 1 and 3 and for Subjects 2 and 3. Altogether, there are 
six outcomes which will produce a sample in which both subje~ts 
are of type B. By a similar procedure, 12 outcomes are found whtch 
will produce a sample in which only one subject is of type B, an~ two 
outcomes will produce a sample which includes no type B subJe~ts. 
The sum of these is N = 20, which is the total number of posstble 
outcomes. 

1\"ow suppose the investigator has chosen his sample of two sub­
jects. It is one of the samples listed in Table 7.1, but of course he 
does not know which one it is and all are equally likely. Let us say 
that the two subjects receive 15 weeks of group psychotherapy and 
at the end of that time both show improvement. The hypothesis is 
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that 60% will improYe, while in this experiment 1000:~ have im­
~roved. ~Vas the hypothesis mistaken? Table 7.1 show~ that if the 

YPothesis is true, in the long run six samples out of 20 will produce a 
result in which both subjects show imprO\·ement. Therefore, by for­
~ula (7.~) the probability of this result is 6 20 or .30 under the 
{Pot~esis. Such a probability does not suggest an unusual event. 

here Is no reason to reject the hypothesis. 
. \Vhat if the result was that neither of the subjects showed any 
Improvement after 15 weeks of group psychotherapy? According to 
Table 7.1, in the long run two samples out of 20 will giYe this result. 
If the hypothesis is true, the probability of this result is 2;20 or .10. 
~he investigator may decide to retain his hypothesis on the assump­
tion that a rather unusual eYent has occurred, but he cannot feel 
very comfortable about it. The result in this case can hardly be said 
~o provide support for his hypothesis. He may decide that ".60 will 
Improve" is not a very plausible hypothesis. 

Table 7.2 
Possible Samples in the Random Selection of Two 

Subjects from a Population of Five 

Hypothesis: The population consists of three type B 
and two type 0 subjects 

EXPERI:I!ENTAL RESULTS: 

S.UIPLES: 

2 TYPE B 

1,2 
1,3 
2,3 

n, = 3 

N = n, + n2 + nJ = 3 + 6 + 1 = 10 

1 TYPE B 

1,4 
1,5 
2,4 
2,5 
3,4 
:3,5 

n~ = G 

No TYPE B 
4,5 

na = 1 

The same conclusions would be reached if, instead of considering 
the possible outcomes, we considered the different samples possible 
in this situation. Although selecting the same subjects in a different 
order provides two different outcomes, as we have used this term, the 
two subjects selected constitute only one sample. Thus, selecting 
Subject 1 first and then Subject 2 gives the same sample as selecting 
Subject 2 first and then Subject 1. 
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The possible results of the experiment are shown again in Table 
7.2 and under each result are listed the different samples which could 
produce that result. The total number of different samples is found 
to be 10. Formula (7.1) is equally applicable in this situation to deter­
mine the probability of each experimental result. Thus, if the hy­
pothesis is true, the probability of randomly selecting two subjects 
who will improve is 3;10 or .30. The probability of selecting one who 
improves and one who does not is 6 10 or .60. And the probability 
of selecting two subjects who do not improve is 1/10 or .10. These are 
the same probabilities as were previously obtained by substituting 
the number of different outcomes in formula (7.1). Since the order 
of the subjects in the sample is of no consequence under the hypothe­
sis, the two methods give the same results. 

In behavioral research, we are not often concerned about the 
order in which subjects are selected, or the order in which a sequence 
of observations occurs. Usually, we are interested in the probability 
of obtaining a particular sample rather than a particular ordered out­
come. We will focus, therefore, upon methods for determining the 
number of different samples which are possible in a given situation, 
and how many of these samples could produce a given experimental 
result. The remainder of this chapter will be devoted to three methods 
for determining the probability of different random samples drawn 
from specified binomial popula lions: ( 1) when a small sample is se­
lected from a small population; (2) when a small sample is selected 
from a large or infinite population; (3) when a large sample is selected 
from a large or infinite population. For our purposes, a sample will 
be considered small if it contains ten or fewer observations. 

Small Sample, Small 

Population 

When a small sample is drawn from a small binomial population, 
the formula below for combinations is convenient for finding the total 
number of different samples (combinations of outcomes) which are 
possible. 

(n) n! 
r =r!(n-r)! 

(7.2) 

where n is the number of subjects in the population and r is the num­
ber in the sample. The exclamation point is read factorial and means 
that the preceding number is to be successively multiplied by each 
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lower integer. Thus, in selecting a sample of two subjects from the 
five schizophrenics of Example 3, the number of po~sible samples is 

5! = 5 X 4 X 3 X 2 X 1 = 10 
2!(5-2)! (2X1)l3X2X1) 

This formula gives the denominator 1Y of the formula m.jN. 
To find the number of samples which will give a particular result, 

we use the formula 

n,! n~! X -
r 1 !(n 1 - r 1)! r~ !(n~ r~)! 

( 7.3) 

where n1 is the number of subjects of a given type in the population 
and r1 is the number of subjects of that type in the sample; n~ is the 
number of subjects of a second type in the population and r~ is the 
number of subjects of this second type in the sample. Thus, for the 
five schizophrenics, the number of different samples which will give 
two subjects who improve (r1) when there are three such subjects 
in the population (n1), and zero subjects who fail to improve (1'2) 
although there are two subjects of this type in the population ( nz), 

is given by 

3! 2! 3 X 2 X 1 2 X 1 
2!(3- 2)! X 0!(2- 0)! = (2 X 1)(1) X (1)(2 X 1) = 3 

O! is always taken as equal to 1. \Ve find, therefore, that there are 
three different samples in which both subjects are of the type which 
will improve. 

Formula (7.3) gives the numerator m of the formula m/ N. If all 
the possible samples are equally likely, then the values found by 
means of formulas (7.2) and (7.3) may be entered directly into the 
formula m/N in order to determine the probability of any obtained 
result. 

Thus, the probability under the hypothesis of obtaining a result 
in which both schizophrenics improve is 3/10 or .30, as was found by 
the longer method of listing and counting all the possible samples. 

The use of formulas (7.2) and (7.3) is illustrated in another 
example below. 

Examp~e 4. . Eight ma~Tied couples agree to take part in an 
experiment m whiC.h each subJect first fills out a questionnaire relat­
ing to his or her hkes and dislikes. Three of the eight couples are 
found to be in very close agreement as to their likes and dislikes. 
The experimenter believes that these three couples will be most 
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successful at the experimental task, which requires close cooperation 
and mutual reinforcement between a husband and wife pair. He 
predicts that scores obtained by these three couples will be in the 
upper half of scores obtained by the eight couples. If in reality each 
of the eight couples is as likely as every other to score in the upper 
half (i.e., above the median of the group), what is the probability 
of obtaining by chance a result in which all three of these couples 
score above the median? 

To illustrate the situation, the three couples found to be in 
close agreement on the questionnaire are identified as "A" couples 
and the remaining five as "0" couples. Thus, we have a population 
of eight which may be symbolized 

AAA 00000 
'--..~ ~ 

n1 nz 

Under the hypothesis that each of the eight couples is as likely 
as every other to be among the first four in performance, every 
possible sample of four couples is equally likely to be found above the 
median on a given trial. The first step, then, is to determine how 
many different samples of four could be assembled from the popula­
tion of eight. This will give us the denominator N of formula (7.1). 
The next step is to determine how many of these samples include all 
three of the A couples. This will give the numerator of formula (7.1). 
It will then be possible to solve directly for the probability of this 
experimental result. 

• • STEP 1. Substituting n = 4 and r = 8 in formula (7.2), we 
have 

8! = 8 X 7 X 6 X 5 X 4 X 3 X 2 X 1 = 70 
4!(8 - 4)! (4 X 3 X 2 X 1) (4 X 3 X 2 X 1) 

There are, then, 70 different samples of four couples which, under 
the hypothesis, are equally likely to be first in performance. 

• • STEP 2. The samples of four which include all three A cou­
ples must include one 0 couple. The problem is analogous to drawing 
three subjects from the group n1 and one subject from the group nz. 
Substituting n1 = 3, r1 = 3, and n 2 = 5, r 2 = 1 in formula (7.3) gives 

3! 5! 
3!(3- 3)! X 1!(5- 1)! 

3X2X1 5X4X3X2X1 
(3 X 2 X 1)(1) X (1)(4 X 3 X 2 X 1) 

5 
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Five of the possible samples include all three A couples. 

• • STEP 3. Substituting the values found in Steps 1 and 2 in 
formula (7.1), we find that the experimental result obtained has a 
Probability under the hypothesis of 

Ill 5 
.07 - =- = N 10 

If the equally likely hypothesis is true, we would expect this 
experimental result to occur se\·en times in 100. This particular ex­
periment may be one of those seven occasions, but on the face of it, 
it seems more reasonable to conclude that close agreement among 
couples is a factor in their success on this task. However, the experi­
menter will have to consider what other variables might have pro­
duced the result before he can come to this conclusion. 

Small Sample, Large 

Population 

As the population from which a sample is drawn approaches in­
finity in size, the ratio of formula (7.3) to formula (7.2) approaches a 
limiting value which is equal to a term in the binomial expansion. 
Thus, when the population is infinite, the probability of a given sam­
ple result may be determined directly from the appropriate term of 
the binomial expansion. Even when the population is not infinite 
but is large compared to the sample (say, 20 times the sample size) 
the binomial expansion will give a very close approximation of the 
exact probability of obtaining a given sample result. 

The basic formula for the binomial expansion is 

(P + Q)" (7.4) 

where Pis the hypothesized proportion of subjects or observations of 
a given type in the population; Q is 1 - P, or the proportion of sub­
jects or observations in the population which are not of this type; 
and n is the size of the sample. 

For example, returning to the investigator who hypothesized 
that .60 of the population of schizophrenics are of a type who will 
improve with group psychotherapy, let us now suppose that two 
subjects are randomly selected from a vast population of schizo­
phrenics. Pis .60, Q is .40, and n is 2. V•/e have 

(.60 + .40) 2 = (.60)2 + 2(.60)(.40) + (.40) 2 
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The first exponent, 2, indicates a sample in which both subjects come 
from the hypothesized .60 of the population who will improve. The 
probability of randomly drawing such a sample under the hypothesis 
is obtained by multiplying out the term (.GO)~ = .3G. Thus, the 
probability under the hypothesis of obtaining a result in which both 
subjects impro\·e is .36. Or, we would expect 3Gr~ of random samples 
to give this result. Similarly, the exponents of the second term, which 
are simply 1 and 1, indicate a sample of one subject from the hy­
pothesized .60 of the population and one from the remaining .40. 
Multiplying out the second term, we get 2(.60) (.40) = .48 as the 
probability under the hypothesis of randomly selecting one subject 
who improves and one who does not. Or, we expect 48% of random 
samples to give this result. And multiplying out the third term, we 
get (.40) 2 = .16 as the probability of randomly choosing two sub­
jects from the hypothesized .40 of the population who will not show 
improvement. That is, only 16o/0 of random samples are expected 
to give this result. 

Note that the three probabilities found in this way-.36, .48, 
and .16-are not the same as the probabilities of .30, .60, and .10 
found when sampling was from a population of only five. Probabili­
ties will always be different when samples are drawn from infinite 
populations as opposed to small, finite populations. This is because 
the two situations are basically different. Every time a subject is 
drawn from a small population, the population proportions are 
changed. Therefore, the probabilities are different for each successive 
draw. When the population is infinite, drawing any number of sub­
jects has no effect on the population proportions. Therefore, the 
probabilities are the same for successive draws. Our different formu­
las, and results, take into account these different situations. 

But now the investigator in our example may justifiably feel 
reluctant to abandon his belief about the population even if both 
schizophrenics fail to improve, since this result is expected to occur 
16% of the time if his hypothesis is true. In order to really test his 
hypothesis, the investigator must draw enough subjects so that it is 
at least possible to get a sample which would cause him to reject 
his hypothesis. If he takes five subjects, he increases by three the 
experimental results which are possible. That is, with two subjects, 
only three results were possible: both subjects improved, one im­
proved, or none improved. With five subjects, there are six possible 
results: all five improve, four improve, three improve, two improve, 
one improves, none improves. The probability of each of the six 
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results is given by the six terms of the expansion of ~ J> + <J 1:.. wh ie h 
in this case is (.GO+ .401:' or(:~ 5 + :2 s,: .. 

The terms of this expansion are gin'n lwlow. l'nder each h.'rm 
is its fractional value. obtaim'd hy l'arrying out t lw multi pI ica t ions 
indicated by the exponent(sl and cot>fliL·it>nt of tlw term. lh,low L'ach 
fraction is the decimal \·a\ue of tlw lL'rm. roundL'd to tlw lll';u·L'st 
second decimal to permit easy scanning of tlw six prohahilitiL'S. 

5 Im·IWYE 4 btPHO\'E :~ htl'tton: :.! htt·ItoYE 1 ht~·Hon·::-< o hll'H""E" 

243 
3125 

.08 

5(~).'(~) w(~)"(~)~ Ill(~~)~(~)] ;-,(:~)(~)' 
~) I) ') • ) • I • ) 0 ) 0 ) 

1'10 IOSil 7:.!1l :.! .\() 

3125 :~ 1:2.", :) I:.!;-, :) 1 '2.-, 

.2G .:~;; .:.!:) .l):-; 

:\'2 

;) 1 '2.-. 

.lll 

Now, before even beginning his experiment. tlw inn~stigator 
may consider the probabilities of the six results and decide in ach·anL'L' 
which of the results ha\·e probabilities so small that tlwir Ol'l'UITL'Ill'L' 
will cause him to reject his hypothesis. He will surL'Iy dl..'eide to reket 
his hypothesis about the population if none of tlw schizophrL'nics in 
his sample show improvement. If his hypothesis is truL'. only 1 c; of 
random samples are expected to gi,·e this result: hence thi:::. result 
represents a rare occurrence indeed. Rather than lwlieve that such 
a rare event has occurred, the investigator will conelude that his 
hypothesis was mistaken if this is the result of his experiment. He 
may even decide, in addition, that he will reject his hypothe::;is if 
only one schizophrenic improves. Adding together the probabilities 
of 1 improvement and 0 improvement gives .08 + .01 = .0~) as th~ 
probability under his hypothesis that one or less subjects will im-
prove. 

Short-Cut Methods for 
Expanding the Binomial 

There are short-cu~ meth_ods for determining the values of terms 
in the binomial expansiOn. F1rst, note that the exponents of succes­
sive terms ascend and descend in a parallel, serial order. The first 
exponent of P is always equal to n, the second exponent is n _ 1 
the third exponent n - 2, and so on in a descending order. Q, which 
first appears in the second term of the expansion, begins with an 
exponent of 1, has an exponent of 2 in the next term, 3 in the follow-
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ing term, and so on in an ascending order. This may be seen below, 
where only the P and Q portions of the terms are given for (P + Q) 4 : 

p-1 + poQ + p2Q2 + PQa + Q·' 

All expansions of the binomial follow this pattern. 
The coefficients of the terms in the binomial expansion may be 

read directly from Pascal's Triangle, which is shown in Table 7.3. 

Table 7.3 
Pascal's Triangle of Binomial Coefficients 

SU~! OF 

COEFFI-

2 
CIE:\TS 

4 
a 3 8 

4 6 4 16 
5 10 10 ;) 32 

G };j 20 1 fl (i 64 
7 21 ')- :1:i :21 7 128 oJ;) 

8 28 ij(j 70 fl(i :2S s 25G 
!J ;j(i S·l 12G 12G S·l :~li !l 1 512 

J(J ·1 !j 120 210 2:-l2 :no 1:20 4:i 10 1024 

The row at the top of the table gives the coefficients of the 
terms in the expansion of (P + Q )\ which are simply 1, 2, and 1. 
The next row gives the coefficients for (P + Q) 3 , which are 1, 3, 3, 
and 1, and so on. To illustrate: 

(P + Q) 1 = P 1 + 4P:1Q + GP 2 Q 2 + 4PQ 3 + Q4 

Once the expansion has been written out in this form, the hy­
pothesized values of P and Q may be substituted in those terms which 
are of interest, and the terms soh·ed individually by carrying out 
the indicated multiplications. 

In carrying out the multiplications of individual terms in the 
binomial expansion, it is usually easier to keep P and Q in the form 
of fractions (e.g., 3/5 and 2/5, rather than .6 and .4). When P and Q 
are fractions with the same denominator, then the fractional value 
of every term in the expansion will have the same denominator. 
Thus, when (3; 5 + 21 5)'' was expanded, the fractional values of the 
Lerms all had Lhe same denominator, 3125. It is only necessary, 
therefore, to compute the denominator of one term. 
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Computations are grea.l\y simplified when the hypothesis is Lh.at 
P = 1;2, and therefore that Q = 1 2 as well. When P = Q = 11 2, 

it will always be true that the \·alue of each term in the expansion 
will be equal to the coeflicient of the term diYided by the sum of all 
the coefficients for that particular expansion. The sums of the coeffi­
cients for the expansions gi\·en in Table 7.3 are listed in a column 
at the right of the table. The use of the binomial expansion in solving 
a problem of this type is illustrated below. 

Example .j. If college students, asked to guess the numbet· of 
beads in a glass jar, are as likely to guess too ma~1y as too fe\y, 
(a) what is the probability that a random sample of SIX s\udents wtll 
include five or more subjects who guess too many? (b) \\hat results 
would lead you to reject the hypothesis that guesses of too rnany 
are as likely as guesses of too few? 

. Hypothesizing that the l\~o possibilities in a situation are equa\\y 
hkely means that the populatiOn of elements gtll' · 'l'. · tl · · 

. • ::-;s s, 111 11s l'ase -
are hypothesized t~ ,be half of _one type. half of a not her. Thus. /1 = 
1/2 and Q = 1 2. 1 here are stx subjects in the s·u111)1l' , 0 . d 
t d p Q ,; :> • • • • < • s '' <' nee o expan ( + ) . headmg the coefllctents f1·on 1 'I'· ll ~" 

• • <l ) l' t .. >. ;lnd 
remembermg that the exponents of e dl'SC'l'llc/ in serial Ol'dl'l' whill' t hl' 
exponents of Q ascend in serial o1·dcr, 

(P + Q)6 = P 6 + 6P'•Q + 15P1Q~ + 20P:1Qa + 15P~Q 1 + Gl'(/''({'; 1 CJ" 

(a) Letting P represent the proportion of guesses which are too high, 
the probability that jil'e or more of the subjects will guess too high is 
given by the sum of the first two terms of the expansion. The first 
term represents samples in whieh all six subjects guess too many 
beads, the second term samples in which fiye subjects guess too many 
and one too few. Both of these terms are included by the phrase "fiye 
or more." 

Since P = Q = 1/2 in this problem, the value of each term in 
the expansion is equal to its coefficient divided by the sum of all the 
~oefficients. The sum of the coefficients of this expansion is 64, as 
mdicated in Table 7.3. The coefficient of the fit·st tenn is 1, the1·efore 
its value is 1/64. The coefficient of the second term is 6, therefore 
the value of this term is 6/64. The sum of the two terms is 7/64 or 
.11. Thus, if guesses of too few are as likely as guesses of too many 
in this situation, we would expect about 11 l';, of the random samples 
of this size to include five or more guesses of too many. The prob­
ability of such a result under the hypothesis is .11. 
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(bJ To determine which results would lead to a rejection of the hy­
pothesis in this ease, the probabilities at both extremes of the expan­
sion should be eonsidered. Either too many lO\v guesses or too manY 
high guesses would eonstitute e\·idence against the hypothesis that 
both types of guessing are equally likely in the population. Below 
are giYen the fractional Yalues of the terms in the expansion, and 
under these their deeimal Yalues rounded to the second place. 

1 ()-l 

.0:2 

(i !i·l 

.!l\1 

L-, G·l 

.2:~ 

:20 !i-1 

.:-n 
15 !i-l 

.2:~ 

GG-l 

.O!l 

1/64 
.02 

It is evident from these values that an investigator would most 
likely reject the hypothesis if either of the two extreme results-six 
guesses of too many beads or six guesses of too few-occurred. The 
combined probability of these two results is .02 + .02 = .04. Only 
four percent of random samples are this extreme if the hypothesis 
is true. 

Any other of the results would not ordinarily lead to a rejection 
of the hypothesis. If the next most extreme results-five guesses of 
too many or five guesses of too few -are added, the combined prob­
abilities become the original .04 plus .0~) and .09, which gives .22. 
K o investigator would feel justified in rejecting a hypothesis on the 
basis of results which are expected to occur 22% of the time under 
that hypothesis. 

Large Sample, Large 

Population 

As the sample size n increases, the distribution of sample results, 
represented by the successive terms of the binomial expansion, ap­
proaches the form of the normal distribution. If a distribution of 
sample values is normal in form, the areas under the normal curve 
may be used to determine the percentage of samples above and below 
given z values. And if we know the percentage of samples which will 
give a particular experimental result, then of course we know also 
the probability of that result. 

What is needed is a means of transforming experimental results 
into z values, which may then be looked up in the table of normal 
curve areas. This is done by taking as the mean of the normal dis­
tribution (z = 0) the expected experimental result, as predicted by 
the hypothesis. Thus, if the hypothesis is that P = 1/2 and a random 
sample of 20 subjects is drawn, the expected result is that 1/2, or 10, 
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of the subjects will be of the type repn':-'Pnted h~· f>. Thi:-; ntllnhl'r. 
the expectedfrequencu, will be symbolized F. Tlw :tl't ual l'XIH'rinwn t :d 
result, the observed frequency of type J> suh.it'l'ts in tlw s:unpk. ,,·ill 
be symbolized f. Then f- F represent:-; tlw dl'\·iation of the ob­
served frequency or actual result from the cxpl'l'tl'd fn•ql!L'lll'~· or 
predicted result. This is analogou:-; to tlw nunwrator of tlw familiar 
zformula, where X- X represenlL'd the c!L•viation of an ohsL'n·:ttion 
from the mean of the distribution. 

In the familiar z formula, the denominator was tlw standard 
deviation of the distribution. In a binomial distribution. tlw stand­
ard deviation of sample frequencies about tlw L'XJH.'L'tl'd fn•quciH'Y F 
is given by '/nPQ. The z formula. then, which will PL'rmit us to 
approximate the probabilities of the binomial expansion by rdL'ITing 
to the normal curve is 

f- F z = . 
'./ nPQ 

~7.5) 

The approximation given by formula (7.51 is fair]~· :H.'l'Uratc cYl'11 
when the sample is not very large. The general ruiC' is th:tt both nJ> 
and nQ must equal at least 5 if the formula is to yield a sat isfaet ory 
approximation. An even closer approximation to tlw binomial maY 
be obtained if j is "corrected for discontinuity"* by bringing it half 
a unit closer to F (either adding or subtracting .5 from j, whiehcYer 
brings its value closer to that of P). The use of formula (i.5l is 
illustrated below . 

. . Example 6. If the population of a _eity's \"Olen.; is C\"(~11 br 
dtvtded between those who favor preservatiOn of a eitv park and 
those who favor use of the space for city housing, (a) \vhat is the 
probability that a random sample of 48 voters will inelude at least 
28 voters who favor retaining the park? (b) \Vhat sample results 
would lead to a rejection of the hypothesis that voters are evenly 
divided on this issue? 

(a) Let P represent the proportion of voters who favor retaining the 
park, and Q the proportion who favor replacing it with city housing. 
Since P = 1/2, or .5, and n = 48, F = nP = (.5) (48) = 24. 'I'he 
observed frequency, f, is 28. Substituting these values in formula 
(7.5) we have 

*Our model, the normal curve, is a eontinuous function. Frequencie~, being 
integers, are discontinuous. The frcquen<'y f may be thouJ!;ht of as on·upying t h<• 
interval!- .5 tof + .5 on the baseline of the normal eurve. The distanl'e between 
F and the nearest bound of this interval is then taken in place of the uistanee f - F. 
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2S - 2-1 -1 
= 1.15 z = 

\. -1SI.G,I.G, \. 12 

Looking up z = 1.1 G in the table of normal eun·e areas, we find t~at 
approximately HI,.; of random :-:amples han' obserYed frequen~Ie~ 
less than this f of 2K; lwJH"P 1 :~' , an· expet'lL'd to haYe observed r~ 
quencies greatl'r than 2S. If 1:~'; of random samples are expe~te t' 
under the h~·pothesi:-;, to gin' a resu_lt i~1 whieh 28 or more ~ubJ~Ce~ 
faYor retention of the park. then a tmdmg of 28 cannot be tegai h 
as an unusual e,·ent. It is not su!licient cause for rejection oft e 
hypothesis. . 

Csually, the abo,·e procedure will be sufficient for makmgha 
decision about a hYpothesis on the basi:-; of a sample result. \Vhen t .e 
decision is a close. one. the exad probability of the sample re~ul~ IS 
better approximated by correcting f for diseontinuity by brmgmg 
its value .5 closer to the Yalue of F. Thus, 

27.5 - 2-1 :1.5 
= •.).4{! = 1.01 

\.1 12 ) u 
z 

This z value is found to surpass approximately s4r·; of random sam­
ple values; hence about lGr·; of random samples will yield values at 
least this great. The probability of such a result is .16, greatei: than 
our first approxirnation of .1:3. The effect of correcting f for discon­
tinuity will always be to raise the probability of the result. Exact 
probabilities, computed from the binomial expansion, are somewhat 
larger than the probabilities read from the normal curve for the same 
problem. Hence, use of the correction will yield a z and a correspond­
ing probability closer to the exact probability. 

(b) To determine what sample results --what observed frequenci:s­
would have an occurrence sufliciently rare under the hypothesis ~o 
warrant rejecting the hypothesis, one must first decide the p~·obabt~­
ity value which will be regarded as indicating "rareness." It IS possi­
ble to decide, for example, that samples so extreme as to hav_e a 
combined probability of .10 shall be regarded as evidence a~amst 
the hypothesis that the population is evenly divided. The investigator 
is then said to have adopted a sirnufica nee lez•el of .10. That is, any 
sample result which deviates so far from the predicted result as to 
fall into a class of samples whose combined probability is .10 shall 
be regarded as deviating siun ijica nil!! from the predicted result. Such 
a significant deviation from the predicted result is taken as cause 
for the rejection of the hypothesis. 

In psychological research, the .05 significance level is in very 
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~de use and it will be adopted for this problem for purpost>s of 
Ill~stration. HaYing adopted a combined prohahilit~· of .05 as identi­
fymg the group of sampk;-; whid1 \\·ill IL•ad to a n•.it•ct ion of t lw ln·­
pothesis, we now work hackwanb to determint' tlw ohsl'l'\·~·d 
frequencies which produec such samples. 

• • STEP 1. Since sampk•s at either extn'llll' of tlw distribution 
constitute eYiclenee aginst tlw h~·pot lwsis that t lw popu Ia t ion is 
evenly divided, the combined probabilit~· .115 is di\·idcd in half. Sam­
ple frequencies that fall l'it!ta anwn.~ t lw 10\H'st .11:2;-> or :unong t lw 
highest .025 of the possible outt·onH·s shall ht' regardt•d :1s signifil'ant 
departures from the expP<"Led frequenc~· F. and ht'lll't' as l'\·idenl'l' 
ag~inst the hypothesis. From the normal curn' tahk. tlw ~ \·aJul' 
which cuts ofT the most cxtrenw .0:25 of the arL'a under tlw normal 
curve is 1.96. 

• • STEP 2. The z \·alue found identitics the "cut-otl"' points at 
both extremes of the distribution. That is. -t< marks oil' sampk's 
which are significantly higher than F, and -~marks otr those whieh 
are significantly lower than F. To determine tlw f \·aiUL's. the ob­
served frequencies of these samples. +.:and -::. arL' substituted 111 
turn in formula (7.5), which is then soh·ed for f. Thus. 

1 f- 24 ' f = .96 = v 48(.5) (.5) . 
:W.78 

f - 24 
-1.96 = 'f = v 48(.5) (.5) 

We find, then, that if the .05 significance le\·el is adopted, ob­
served frequencies abo\·e 30.78 and below 17.:2:2 will IL•ad to a !'ejec­
tion of the hypothesis that \'Otcrs are e\·cnly di\·idcd. lA·~s extreme 
sample results will not lead to a rejection of the hypothL'sis. 

SAMPLING \Vc haYe consi~e1_·cd _in tl~is chap­
ter a number of (hstnbutwns that 

DISTRIBUTIONS describe how random samples 
from a binomial population are 

AND PROBABILITY distributed. One of the::;e sa111 _ 

piing distributions was deriYed 
from "scratch" (Tables 7.1 and 

7.2), and in deriving it we used the principles of random selection and 
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. . f every other 
equally likely outcomes that arc at the foundauon ° d 7 2 · 

l. d' 'h · 'I' · · 'I' bles 7 1 an · 15 samp 1ng 1stn ulion. he distribution g1n~n 111 a · · ' 
illustrated graphically in Figure l.la. Fig. 1.1 b is based on the expan-
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f 
\aJ When the sample size is 2 

and the population is 5 
l b When the sample size is 10 and the 

population is infinite 

f 
(c) When the sample size is very large 

and the population is infinite 

Figure 7.1 

Sampling Distribution off, the Number of Type B Subjects, When 
the Population Consists of .6 Type B Subjects and .4 That Are Not 

Type B 

sion of (P + Q) 10 and shows what the sampling distribution would 
look like if ten subjects (instead of two) were randomly drawn from a 
vast population (rather than a population of five) where P = .6, 
Q = .4. Note that Fig. 7.1b is already more "normal" in appearance 
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than F' f Ig. 7.la. If a sample mul'h larger than tt•n wt•rt· tn lll' dt·:1wtt 
rom the population, the numbt>r of bar;-; in l·'i!.!". 7.1 h ,,.ntlld ht· !.!"l"t': 1 t h· 
~ultiplied and mue h rlo:-;er t ogL·tlwr. tlw ;-; kP~\-nt'."·" wotll d p r: t :. t i l ·: t 11 ~­
bisappear, and the re:-;ulting _graph ,,·mild ht• t·lo~t·l~· :tppt·~~~int:ttt·d 
Y the normal cun·e of FigurL' 7. 1 l'. 

I Observe that the onlinatt>:-; of tlw ;-;:unplin_g di~t riht1t itllb :ll"t' 
abeled "P b l ·1· " 1 · · ro a )!ltV, all( 111 till' l':t~l' ot t lw nor!ll:tl t'tln·~·. "I 't·llh-
a?ility Density." A.ll sampling di:-;trihutiotb :u·p Jll"llll:thility di:-;t rillll­
tions. The ordinates of Fig:-;. l.la and 7.1h might :tl;-;o h:t\t' ht'l'll 
labeled "Proportions" lH.'t·au:-;p onL· can rl'ad ~iin•t·t 1\· t"rorn t ht·:-'t' 
ordinates the proportion of sam p !<.•:-; that ,,. iII gin· :1 p: 11_-t i c ul:t r l' ~ 1wri­
mental result. The proportion of ;-;ampll'=' that will gin· :1 n·;-;ttlt i=--. 
of course, the probability of that n•:-;ult. :-;o in gi,·ing t lw prnpurt inn;-; 
of samples having difl'erent values. the ;-;arnpling di;-;trihtitiun .l!"in·=-­
the probabilities of those \·alues. 

In the case of the normal curn', b('L'aU;-;P it i=-- continuou;-;. tiH• 
proportion of samples that will yield a partil'ular n•;-;ult i=-- gin·n by· 
anarearatherthan by the ordinate. Any "re;-;ult" in whit'h \\"l' might 
be interested occupies a dista nee along tlw ba;-;L•IinL' of t lw gr~tl 1h. :1 Ill I 
the proportion of samples having \·alues within that di;-;t~llll'l' ,,·mild 
be rep1·esented by the area under the eun·e ('nclo;-;Pd by· n•rt it':d;-; 
erected at the boundaries of that distance. For examplt.'. suppo;-;l' ~111 

experimentgavearesultofz = 1.83. l'sually, \\"l' want to kno,,· thl' 
probability of obtaining a z as larue as this, so we are intpn•;-;tL•d in t hl' 
combined probability of all z values that lie beyond 1 .s:~. 1-:YL'll if. 
for some bizarre reason, we wished to know the JH'O ha hi I it y· of o h­
taining the particular value z = +1.8:3, we would still find our;-;l'IYL'S 
dealing with an area, for the simple reason that the nonnal l'UI"H.' is 
continuous and z = + 1.83 is represented by the distmwe ::: = + l.S:25 
to z = +1.835; the probability would be gi\·en by the area under 
the curve enclosed by verticals erected at these points. llo\veYer 
preciseazvalueisspecified (say, z = +1.8300000), it is represented 
by some small distance rather than by a point, and its probability 
is given by an area rather than by the ordinate. The term prohahd it !I 
density refers to the height of the curve, but the height of a continuous 
curve indicates only the density or "thickness" of a probability a1·ca 
in this region, not the probability itself. 

All theoretical sampling distributions, whether they arc discrete, 
like Figs. 7.la and 7.1b, or continuous, like the normal cun·e _of 
Fig. 7.lc, are derived by mathematical deduction from the premise 
that every elementary outcome in a given situation is equally likely· 
When this premise is fulfilled (as by random sampling) the appro-
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priate sampling distribution can be used to determine the probability 
of a given experimental result. The sampling distributions that will 
be considered in later chapters are all continuous (or are approxi­
mated by continuous curves). This means that to determine the 
probability of a given result, we will always be referring to an area 
under the curve of the appropriate sampling distribution. The dis­
tributions will often be different in shape from the normal curve, but 
the principles are the same. 

Practice Problems 

Answer the following, and tell for each whether the probability you 
have computed is an empirical estimate or a deductive estimate. 

1. Of 200 first offenders released from a certain prison, 76 re­
ceived another sentence and were returned to prison within three 
years of their release. What is the probability that a first offender 
released from this prison will not return within three years? 

2. At a prep school for boys, all new students are required to 
begin classes in either Latin, French, German, or Russian. Out of 
the 138 new students of the past few years, 51 elected to take French, 
42 chose German, 25 Latin, and 20 Russian. (a) On the basis of this 
information, what proportion of the students in this year's entering 
class are expected to elect French? German? Latin? Russian? (b) If 
there are 40 students in the entering class, how many are expected to 
elect French? German? Latin? Russian? 

3. In 50 trials with the Mtiller-Lyer Illusion, a subject makes 
two correct settings. If he could be given 1000 trials under the same 
conditions, how many correct settings would he be expected to make? 

4. Seventy-three percent of textile workers in a particular region 
are union members. If the 184 workers at Mill X do not differ in 
this respect from the region's textile workers, how many of them are 
expected to be union members? 

5. A test constructor plans to include in a test he is assembling 
a reasoning problem which in a different test was solved correctly by 
two-thirds of his ten-year-old subjects. He expects that, transferred 
to the new test he is assembling, the problem can still be solve_d 
correctly by two-thirds of the new group of ten-year-olds. To test h1s 
hypothesis, he gives the new test, which includes the reasoning prob­
lem, to a random sample of ten-year-old subjects. 

Imagine that the population of ten-year-olds consists of six sub-
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jects and that the inYestigator giYes the te~t to a t·andom sample of 
three subjects drawn from this population. \\'hat at·e t lw pnssih/e 
experimental results, in terms of the ntunber of subjects who soh·e 
the reasoning problem correctl.\·? List under each result the different 
samples (combinations of outcomes 1 which would produce that result 
if the population is as hypothesized. If the h~·JlOt hesis is true, what is 
the probability of occurrence of each of the exjwrimental results? 
Would any of these results lead you to reject tIll' h~·pot hesis? \\"hy'? 
Construct a graph of the sampling distrihut ion showing t lw pn)bab\\­
ity of each experimental result. 

6. A co~leagu~ of the test e<_mstructor in till ahm·L' lwlien's that 
the context m which the reasonmg problem appPars in t lw nPw test 
will make the item more diflicult than usual. lie hypnt lwsizes that 
only 50% ~f ten-year-olds can soh·e the problPm cotTt'cl 1:"· in this 
context. Usmg the same experiment as in (51, what is t lw probabilit \" 
of occurrence of each of the experimental n'stllts if tlw colh'a~lll';s 
hypothesis is true? Construct a graph of the sampling dist t·ibt;t ion. 
Is it possible in this experiment to make a rpasonable decision 
between the test constructor's hypothesis and his eolleague's hypoth­
esis (accepting one and rejeding the othen'? l'nder what circum­
stances (with what result)? 

7. Three men are to be sent to an oYerseas post, and are chosen 
from among ten draftees m·ailable for assignment. How man~r difl'er­
ent samples (combinations) of three men is it possihl<.' to sl'll'l't '? 
(a) If the sample is selected by a random proeedun', what is the 
probability that the three friends Don, Phil, and Ed will all lw 
chosen? (b) What is the probability that at least two of them will 
be chosen? (c) What is the probability that the sample will include 
at least one of them? (d) None of them? (e) Explain why these prob-
abilities do not add up to 1.00. · 

Use the binontial expansion to answer the jollou•inr1: 

8. If blindfolded subjects asked to draw a fi.Yc-inch lim' are as 
likely to draw one which is too long as to draw one which is too short 
(i.e., if P = Q = D, what is the probability of obtaining an exper­
imental result in which all four subjects draw lines which are too 
short? Three of the four subjects draw lines which are too short? All 
draw lines which are too long? 

9. If rats are as likely to turn left as to turn right on their first 
trial in a T-maze, what is the probability of obtaining a result in 
which four of the six rats tested turn to the left? Two turn to the 
left? Three turn right and three turn left? 

10. Seven discussion groups, composed of equal numbers of men 
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and women, each elect a discussion leader for their group. Six of the 
seven leaders elected are men. If men and women are equally likely 
to be elected as leaders, what is the probability of obtaining this 
result? ·what is the probability that at least six will be men? 

11. A clinical psychologist is gi,·en eight figure drawings, some 
of which were drawn by normals and some by psychotic patients. 
He is asked to study the drawings and decide in each case whether 
the drawing was made by a normal or by a psychotic subject. He is 
correct in six of his eight judgments. What is the probability of doing 
this well or better by chance? 

12. If half of a city's voters intend to vote for Candidate X for 
mayor and the other half intend to vote for Candidate Y, what is the 
probability of obtaining a random sample of ten voters at least seven 
of whom intend to vote for Candidate X? At least eight of whom 
intend to vote for Candidate X? 

13. If there are five true-false items on an exam, what is the 
probability of getting them all right by chance? All wrong by chance? 
Three right by chance? 

14. If there are five multiple-choice items on an exam and three 
possible answers are provided for each item, what is the probability 
of getting all five items right by chance? All wrong by chance? Three 
items right by chance? (Note that P and Q in this case are not ~-) 

15. In a study of color preferences among pre-school children, 
each child is given three trials in which he is asked to choose among 
four objects which are identical except for color. One of the objects 
is :ed, one blue, one yellow, and one green, and the order of the 
obJects from right to left is changed on successive trials. (a) If a child 
really has no preference among the four colors, what is the prob­
a~ility that he will choose the red object by chance on all three 
tnals? (b) On two of the three trials? (c) What is the probability 
that he will choose the same color on all three trials? (d) On two of 
the three trials? 

Refer to the areas under the normal curve to answer the following: 

16. Determine the probability of (11) above by referring to areas 
under the normal curve. Compare the probabilities obtained by the 
two methods and explain why they are different. 

17. Determine the probability of (12) above by reference to the 
normal curve. Compare the probabilities obtained by the two meth­
ods. Which probability value is more exact? 

18. If the children of a city slum area are as likely to be above 
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as below aYerage in intelligence: what _is the_ probability of obtaining 
a random sample of 20 sueh children 111 which 1-1 or more ar·e below 
average in intelligence? 

19. A subject claims to han' extra-sensor_\· per·cept ion. An in­
vestigator tests the subject with a deck of 52 cards, 2G of which are 
red and 26 black. The subject guesses \\·hether successi,·e cards, 
turned over out of his sight, are red or black. Out of the 52 cards, 
he guesses correctly 30 times. \Yhat is the probability of doing this 
well or better by chance? 

20. A random sample of 36 parents in a large school district are 
interviewed to determine their attitudes towards the quality of the 
schooling their children are recei,·ing. Of the :36 parents inten·iewed, 
22 express dissatisfaction. Gi,·en the hypothesis that the population 
of parents is e\·enly di,·icled in its readiness to Pxprf'ss dissatis­
faction, what is the probability of obtaining a random sample that 
deviates this much from expectation? On the basis of this probability, 
should the hypothesis be rejected? Can it be concluded that the 
majority of parents in this district are dissatisfied with the quality 
of their children's schooling? 

21. On a test of autonomic activity under stress, the median 
score of a large group of normal subjects is 20.5. An investigator 
gives the test to a random sample of 40 neurotics and finds that 70r;~ 
of the neurotics obtain scores above 20.5. Test the hypothesis that 
the neurotics are a random sample from a population with a median 
score of 20.5. 

22. On a Current Affairs test, 16r~ of college students obtain 
scores above 80. A random sample of 300 students at College X are 
given the test and 28% obtain scores abo,·e 80. Test the hypothesis 
that the 300 students are a random sample from a population in 
which 16% surpass a score of 80. 

Answers 

1. .62. Empirical estimate. 

2. (a) .37, .30, .18, .14. All are empirical estimates. (b) 15, 12, 
7, 6. 

3. 40. (The empirical probability estimate is .04.) 

4. 134. (.73 is an empirical probability estimate.) 

5. The possible experimental results, with the deductive prob-

177 ANSWERS 



ability of each under the test constructor's hYpothesis, are: all three 
subjects solYe the problem, P = .20; two snh·e the problem, P = .60; 
one soh·es the problem, P = .20; none soh·e the problem, P = .00. 
O~ly in the case of this last result can the hypothesis be rejected 
Wtth confidence because it is not possible to obtain this result if the 
P~pulation is as hypothesized. If the result is obtained, the hypoth­
ests was wrong. The other results (:3, 2, or 1 solution) are not un­
us~al samples under the hypothesis and pnwide no eYidence for its 
reJection. 

6. The possible experimental results are the same as above, but 
under the colleague's hypothesis their deducti\·e probabilities are 
.05, .45, .45, .05. If all three subjects soh·e the problem, reject the 
colleague's hypothesis and accept the test constructor's hypothesis. 
(I~ no subjects solYed the problem, both hypotheses should be 
reJected.) 

7. 120 different samples. The deductiYe probabilities are: (a) 
.008; (b) .18; (c) .71; (dJ .29. (eJ The e\·ents are not all mutually 
exclusive. 

8. .06, .25, .06. 

9 .. 23, .23, .31. 

10 .. 05, .06. 

11. .14. 

12 .. 17, .05. 

13. .03, .03, .31. 

14 .. 004, .13, .16. 

15. (a) .016; (b) .14; (c) .064; (d) .56. 

16. z = 1.41, p = .08. 

17. z 1.27, p = .10; z 1.90, p 

18. z = 1.79, p = .04. 

19. z = 1.11, p = .13. 

.03. 

20. z = 1.33, P = 2(.0918) = .18. The probability is doubled 
so as to include both tails of the normal curve (the area below 
z = -1.33 and the area above z = + 1.33). The probability of a 
de:viation as large as the one obserYed includes values which deviate 
thts much in either direction from the expected value. Ordinarily, 
the hypothesis would not be rejected on the basis of such a large 
probability; the hypothesis is not an implausible one. Therefore, it 
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cannot be concluded that a majority of the parents in the district 
are dissatisfied, e\·en though a majority of this sample are dissatisfied. 

21. z = 2.53, P = 2(.0057 l = .01. The hypothe~i::; i::; that sor-e, 
of the population sampled would obtain seores abnn' 20.5 (the 
median). The expected frequeney is therefore 20, and the obsen·ed 
sample frequency is .70( 40 l = 28. Si nee, by our :: test, a de,·iation 
this large would occur only about one in a hundred times if the 
hypothesis is true, either a ,·ery rare e,·ent has occurred or the 
hypothesis is false. Ordinarily, the hypothesis would be rejected. 
The median of this population is not 20.5, but almost certainly a 
higher value. 

22. z = 5.63, P < .0001. The hypothe~i~ (P = .16, Q = .84) 
would be rejected. At College X, the e\·idence indicates that more 
than 16% of the student population would obtain scores aboYe 80. 
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chapter 8 

Forlllulating 

Statistical 

Hypotheses 



In the preceding chapter, a number of statistical h~·potheses 
were considered. These hypotheses were statements about popula­
tions of interest-e.g., that 60'~ of schizophrenics would show im­
provement with a given treatment, that college students would be 
as likely to guess too high as too low in estimating the number of 
beads in a jar, that voters were evenly divided in the choice between 
a city park or city housing. The reasonableness of the statl~men t 
made about the population was evaluated by examining the charac­
teristics of a random sample drawn from that population. Specifically, 
it was assumed that the statement made about the population was 
true and the question was asked, "\:Vhat is the p1·obability of obtain­
ing a random sample with these observed characteristics if the popu­
lation really is as stated?" If the probability of drawing such a 
random sample was very small, this cast doubt upon the statement 
about the population. The tendency was to regard the statement as 
unreasonable or untenable and to reject it as a false picture of the 
population. If the probability of drawing such a random sample was 
not small, the statement made about the population was regarded 
as reasonable, or at least tenable, and it was not rejected. 

This procedure, called hypothesis testing, thus involves two 
general steps: (1) formulating a statistical hypothesis about a popu­
lation of interest; (2) evaluating the reasonableness of this hypothesis 
by examining a random sample drawn from the population. 

Most of the remainder of this book is devoted to methods for 
evaluating the reasonableness of a statistical hypothesis. In this 
chapter, we turn our attention to the problem of formulating statis­
tical hypotheses. 
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DEFINITION OF A A statistical hypothesis is an ex­
plicit statement about some char-

STATISTICAL acteristic of a population. The 
statement must be so explicit 

HYPOTHESIS that we can deduce from it a sim-
ilarly explicit expectation about 
the characteristics of a random 

sample drawn from the population. For instance, the hypothesis that 
the subject:-; of a gi\·en population are as likely to overestimate as to 
underestimate the number of beads in a jar leads to the expectation 
that half of a random sample of such subjects will overestimate and 
half will underestimate the number of beads. 

But suppose the experimenter beliews that most subjects will 
underestimate the number of beads? Can he test the hypothesis that 
most subjects will underestimate? The answer is no, he cannot. The 
statement is too Yague; it does not lead to a precise expectation 
about how a random sample will be constituted. How many is 
"most"? 75c;? ~Joe;? \Ye do not know what is expected under such 
a hypothesis. If the experimenter's statement had been, "75% of 
subjects will underestimate the number of beads," we should have a 
testable statistical hypothesis. This hypothesis leads to a specific 
expectation about the proportion of underestimators in a random 
sample~~ namely, .75. Only statements about populations which give 
rise to specific, mrmerical sample opectancics can be tested statistically. 

As we ha \·e seen, under the hypothesis that a population is 
divided half-and-half on some question, a sample division of half­
and-half is the "expected" finding. At the same time, we know that 
most random samples from such a population will not yield perfect 
half-and-half divisions. The obsen·ed proportions will fluctuate from 
sample to sample even though the values cluster around .50. Sim­
ilarly, if the mean I q of a particular population is hypothesized to 
be 120, the "expected" mean of a random sample is 120. But even if 
if the hypothesis is true, most sample means will depart somewhat 
from this value. Departures of sample values from expectation are 
thus the rule rather than the exception. The question is whether 
the deYiation of a sample value from expectation may be attributed 
to random sampling fluctuation, or whether the deviation is so great 
that it should be regarded as a contradiction of the hypothesis about 
the population. All tests of statistical hypotheses make the former 
assumption namely, that departures from expectation are entirely 
due to random sampling fluctuation. A statistical hypothesis is often 
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called a null /,_..,.pothf'sis to Pmpha:-;ize thi:-; a:-;:-;umption that :m~· 
differences between obsern•d :-;ample \·aiUl':-; and t'XJH't'tl•d :-;:unpk 
values are "null" apart from random :-;am piing lhH·t uat ion. 

In summary, then, a :-;tatistit·al hypotlwsis or null h~-JHlt\w:-;i:-; 
(1) is an explicit statement about sonw charal'tl'rist il' of :1 JHlJ >ul:t t ion. 
(2) leads to a specific, numerical samplt> t'XJ>l'l'l:tlll'~-. :tnd , :~ :t:-;sunws 
that any obtained sample departure from this t'XJ>l'l'l :ttl!'\- is l'tll in·IY 
due to random sampling fluctuation. It is thi:-; last assum.pt iun whit·i1 
must be invalidated by the data if tlw hypothesis is to lw n·.it't'tl'll. 

FORMULATING 

STATISTICAL 

HYPOTHESES 

The partil'ular form in whil'h a 
statistical hypot lwsis is statt•d 
determines wlwther it :-;hall lw 
tested by means of a llro-tail~·cl 
test or by mL•ans of a on e-ta ilcd 
test. 

The hypothesis that 50~; of \'Oters fayor a proposal. whil'h may 
be written "H: P = .5" (or P = Q), calls for a tll'o-tailcd te~t. Tlw 
hypothesis will be rejected if the obtained sampll' proportion departs 
from .5 either in the direction of being too high or in t lw diret·t ion 
of being too low. Both "tails" or extremes of the sampling distribu­
tion are taken into consideration in determining the prohabilit~· of 
the sample result, as shown in Figure ~.1 (a). 

The directional hypothesis that 50'.; or more Yoters fa Yor a pro­
posal, written "H: P ~ .5," calls for a OJ! e-ta iled te~t. Tlw exJwl'ted 
sample proportion is .5 but this hypothesis will be rejel'ted only if 
the sample proportion departs from .5 in the direction of being too 
low. Only the lower "tail" of the sampling distribution is considered 
in determining the probability of the sample result, as shown 111 

Figure 8.1 (b). 
Some examples of the two kinds of hypotheses are shown 1 n 

Table 8.1. Across from each hypothesis is its alternatirc, whil'h is 
simply the logical counter-statement about the population that will 
be accepted if the hypothesis is rejected. 

Choosing the appropriate statistical hypothesis for an expel'i­
ment is often a roundabout procedure. Since most psychological t·e­
search originates in beliefs and hunches which are not specific enough 
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h · · 11 th case that the to constitute statistical hypot eses, It IS usua Y ~ . . h 
investigator must test an opposing hypothesis, the re]ecll_on of ~hlC 
will provide evidence for his belief. For example, if an mvest1gator 
suspects that boys will do better than girls on an experimental task, 

(a) Two-tailed test of the 
hypothesis P = .5 
(Alternative: p 7 .5) 

1 bl One-tailed test of the 
hypothesis P ;:; .5 
(Alternative: P < .5) 

1 c) One-tailed te~l of the 
hyp()thesis P ~ .5 
(Alternative: l' > .5) 

Figure 8.1 
~:ritical Region for Two-Tailed and One-Tailed Tests. Sample 

teHultH ·Falling in the Shaded Area Will Lead, in Each Case, 
to Rejection of the Hypothesis 

he ·11 h Wl probably test (a d h 
YPothesis that girls d n ope to reject) the opposing statistical 
. There is an even ° as ~ell as or better than boys. 

tical hypothesi·s the ~or~ Important advantage in testing a statis~ 
· reJectwn of wh · h -11 . . 
Investigator's b 1. f If . . Ic WI proVIde eVIdence for the 

· e Ie · a statistical h th · · · native to that h th . ypo es1s 1s reJected, the alter~ 
Lh· ~po esis may be accepted as true. If the hypothesis 
. dt ~JOys and girls do equally well on a task is rejected, the implica~ 

Lwn IS Lh_aL_ one se~ does bet_ter than the other. But if a statistical 
hypotht•sJs Is 'not reJected, th1s does not imply that the hypothesis is 
true. For example, suppose an investigator hypothesizes that at least 
75% of subjects (P > .75) will underestimate the number of beads 
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Some E Table 8.1 
xamples of Statistical Hypoth 

IIr eses 
Po·rl!Eses TH C 

AT .u.r. FOR ~ Two T 
o-,. · - -HLED TEsT· ~~•l'OT ' 

p llEsrs ALTERX.-\TI\"E LOCATION OF 
= Q CRITICAL REGION 

p = -- p r:! () H 1£ · ·'u p r:! _75 a m each tail 
/J. = 120 /J. r:! 120 Hnlf in each t.n.il p' = /J.~ r:! Hn/f in ench tail 
1 = p~ '"' IJ~ Half in ench tail 

P, r:! p~ Hal£ in each tail 

II YPOTIIEsE T C 
s HAT ALL FOR A OxE-TAILED TEsT: 

IIrPon-rEsis LocATION oF 
p S;; Q ALTERNATI\'E CRITICAL REGION 

P -~ .7" p < Q Lower tail 
u P < .75 L '1 /J. S;; 120 ower t111 

JJ < 120 L t ·1 /J.z S;; IJ2 ower 111 

p 1 S;; p_. '"' < /J2 Lower tail 

p ~Q 
p ~ .75 
/J. ~ 120 

IJI ;;;; IJ2 
pl ;;;; p2 

P1 < P2 Lower tail 

P>Q 
p > .75 
/J. > 120 

/J.l > /J2 
pl > p2 

Upper tail 
Upper tail 
Upper tail 
Upper tail 
Upper tail 

in a jar, and then obtains a sample result in which 70% underesti­
mate. The difference between 70% and 75% may not be meaningful 
for a small sample (consider n = 20, for instance). A z test such as 
those of the preceding chapter may well show that such a difference 
has a high probability of occurrence under the hypothesis and there­
fore the hypothesis cannot be rejected. But obviously a sample find-

/ing of 70% who underestimate does not and cannot prove that "at 
least 75%" are underestimators. The outcome of the statistical test 
only says, in effect, that the hypothesis of "at least 75%" is not an 
untenable one. Much ambiguity remains. The investigator cannot 
say that his belief has been confirmed; it has not been flatly con­
tradicted, but this is hardly the same thing. 

It is primari!y to ~void the pm.;RihiliLy of' SIICIJ llll ambigUOUS 
result that most mvestlgators follow Ll 1 • I· I · · 
testing a bypath . h · h · . ll: 1 OlllU .I JOIII Jli'Oeedure of 

esis w Ic Is opposJ te Lo 11 . . I I' . . . , 
hope to .reject. Thus, testing the l ... ~(lJI' Jf! In/ illld Whid.l \\ 
unde~est1mators i~ the popu/atf ~::!JOlhusJs that 1/ · , ', . !ler 
. 75) gl~es the possibility of I . :. OJJ. 1.~ lNfll't/ L . le J )/'()/) / ' , , ,1 
of tbe InVestigator's b r f O~t[iJIJfng li {. 0 OJ' In· rJ. I I ,!)}' l{)j 

e Ie. If the h. ll:unbfgu t 8 ltlriJ; "'t-: . 1 of 
YPoth . ous l'Vi-J . 'd (}J 

es1s · uellc . :s:: 
ls reject d e 111 f., """ 

e tl <. .. ''o , Je l' 
011/y 
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1t · . t1•an 75 of the population are underestima-
a ernat1ve 1s that -more • · · h · · t 
tors. If the h pothesis is not rejected, then of course t e mv~stlga_ or 
has failed to Yfind support for his beli~f. The im:rortant c~ns1d~rat1on 
is that the wording of the hypothe~1s m_akes ~t at least possible t~ 
obtain unambiguous evidence favormg h1s behef. ':fhe_ only way th1s 
can be done is by identifying his belief with reJeCtiOn of the hy-
pothesis. 

Locating the Critical Region 

The student is already familiar with the idea that decisions to 
reject or to retain hypotheses are rnade on the basis of probabilities 
rather than certainties. The inYestigator chooses a probability value 
-.-typically, .10 or .05 or .01-which becomes the level of significance 
1n the test of his hypothesis. As pointed out in Chapter 7 (see Exam­
ple 6)_, the significance level adopted in testing a hypothesis is the 
~om_hmed probability of those sample results which will lead tore­
J~Cti_on of the hypothesis. Thus, when an investigator adopts a 
Significance level for the test of his hypothesis, he specifies thereby a 
group of possible sample results which deviate so much from expect­
uney that he wil\ n'p;ar<l the Ot't'\.\\Tence of any one of them as suffi.. 

('j('IJt. (':tll;,;(• for tlw l'l'Jt'('\.\on of h\:-; hyp?t\ws\s. . . 
\ · \\..., ···)\' '\ two-\:.n\ed test, the probab1hty value 

If tl • hvl>ol w:-:.\:-:.l'a ·--" , . · H · . . \l'\·"\ ·1s <.\\side<.\ \n half to gwe two equal 
\ .. r \\warH'l' '- ~ . . . 

d10S(•J) as t w :-:.\~11 .. \\\":-; (\d\ne what 1s ca\led the crttlcal . T\ ''l' \\\'o \.\ .... . '1 t 
pro\>ahi\ity \·a\\\l':-:.: '~:.. one ta\\, ha\\ in the op-posite tal' o.l the 

. 1 . H of wh1ch \les ~n . t hich the sample result Will be 
n·u !0 tl • 1 "\. · distnbutlOn ° w sam \e results 
p·1.rt\cular san1phng · 11 thus ernbraces all those . P d 
'f \ 'l'hc c·dtical reglO f h h othes1·s lf the obtame sample re en·cc . . , . · 11 o t e YP · . · · · Vo~hi<"h Vo~i\\ lead to rcJl'C·ll·~. 1 region in either tall of the d1str~but1on, 

J'( '!-'.\\ \\. 1":' \\!-'. \ n to thl'. <"l'l ucl~l l f t l1c s·ln1ple result does not fall mto the 
· · . '\l't' te< . · · • 

I b,. h~·pol \n·~~~ ~~ ' (. . l '.· ... t·et·lined . . . \ . 1\ ·hV\lOI1l:-il:-il:-; L •• ,.,.,, ,,.;, ,.,.!~'""· n . . 1 . l 'l't .. ltle chosen as the slgUlfi, 
\ 11 a otn•-\:1i\ed te:-;\ • I lH' P 1 <~ ).\ n 1 ;-' \a_ . . . · 

\ \ \ I . . ·t l.,.,·, ,· <"tl 1·egwn wh1eh hes entuely m one tall of 
(';ll1l'l' ('\;l' ( (' llll':-i. • . . • t 
\.h(· ~:11np\inv; di:-;tl'ibution. A:-; 1nay be seen 111 F1g. 8.1 and 1n h~ 
exalllp\es v;\ven in Tahlt> ~.1, if the hypothesis states that one pararn, 
eler b equa\ t..o or ureuter than another, the critical region is in th~ 
lower tail of the sampling di::;trihution. lf the hypothesis states that 
one parameter is equal toot· less that! another, the critical region is ill. 
the upper tail of the distribution. The hypothesis will be rejecteq 
on\y if the sample result falls within the critical region in that given 
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tail of the distribution. 1\:o other sample result will cause rejection of 
the hypothesis, howeYer far out it may lie in the opposite tail of the 
distribution and howeyer small its probability in the distribution. 

That the critical region should be located entirely in one tail 
of the sampling distribution follows logically enough from the nature 
of a directional hypothesis, but it warns against adopting such a 
hypothesis without careful consideration of the possibility of obtain­
ing an extreme sample re~;ult which falls in the opposite tail of the 
distribution. Hunches about the outcome of an experiment should 
not automatically be translated into directional hypotheses. For ex­
ample, suppose an investigator thinks that the mean score of sales­
men (,u 1) on a test will be higher than the mean score of secretaries 
(.u2) and he hypothesizes that ,u, ~ .u~. hoping to reject this hypothesis 
and accept its alternative that J.1.1 > .u~- If it now turns out that the 
mean score of the salesmen is not only lower than that of the secre­
taries but very remarkably so, his hypothesis permits no explicit 
recognition of this fact. He is in the embarrassing position of having 
to retain a hypothesis which includes the possibility that salesmen 
and secretaries do equally well on the test, even though he can now 
see that this is unreasonable because the secretaries do better. He 
cannot change his hypothesis in midstream; the practice of changing 
hypotheses to fit the data obviously invalidates the whole procedure. 
But if in the beginning he had hypothesized only that ,u, = .u~, he 
might now be in a position to reject this hypothesis and assert that 
the data warrant the conclusion that secretaries do better than sales­
men on this test. 

The use of directional hypotheses and one-tailed tests is a de­
bated issue. Some writers argue that they should not be used at all 
and that all tests should be two-tailed; other writers disagree. The 
fact remains that one-tailed tests are in wide use and the student 
should understand at least some of their implications. 

A disadvantage of the directional hypothesis, as we have just 
seen, is that it permits no finding of a significant difference opposite 
to the experimenter's "hunch" or belief. This disadvantage suggests 
that a directional hypothesis should be adopted only when one of 
the following circumstances is true: ( 1) a difference opposite to the 
investigator's belief is theoretically unsound. Usually, this is because 
prior investigation of a similar nature has consistently shown differ­
ences in one direction-e.g., that hungry rats will perform better 
than satiated rats, that stress lowers the efficiency of high anxiety 
subjects, that college graduates have a higher mean income than high 
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~c~ool graduates; (2 1 a difference opposite to the im·estigator's belifJ 
~ IITeleYant to the purpose of the inn~:-;tigation and therefore wou 

e of no interest eYen if it occurred. 
. As an example of ( :21 aho\'e, suppose that an Air Force offi~er 
Is concerned that some of the pilots under his command are flytng 
too Inany missions. lie is afraid that nen·ous symptoms are n;-ore 
con1mon.among the experienced men who have flown many misswx:s 
than they are among the more rcl'entlv graduated and less expel'l­
eneed m£:•n. Hc maY hypothesize that t.he proportion of experienced 
l11en who ha Ye ncr.\·ous symptoms ( J\ 1 is equal to or less than the 
Proportion of inexperienced men who ha\'e neiTOUS symptoms (~2), 
?r I\ 2; I)c. The alternati\'e to this hypothesis is that P, > P2, ~hlch 
Is the oflicer's belief. An extreme difference opposite to his behef­
namely, that IwrYous s~nnptoms are less common among experienced 
men-- is irrele\·ant to the purpose of the in\·estigation and needs no 
:xpl~cit recog.niti_on. The oflicer .is only interested in detecti.n~ the 
TfTects of stram (If any 1 among pilots who have flown many mi~swns. 

hat there may he more nen·ous s:vm})toms among the inexpenenced 
h1 . en does not worrv him. 

If a directiom~l hypothesis is appropriate for a situation, then 
t~er: is a distinct ad\·antage in using one. The advantage is tha~ if 
t e .InYestigator's belief is correct, the location of the critical region 
~~tirely in o~1e ~ail of the sampling distributi~n ~ives ?im ~ bettel' 
. ance of reJectmg the hypothesis and so confirmmg his belief. Fo1· 
Instan · d · · · h th · p _ ce, m c?I: uctm.g a z test of the nondu·ect10nal ypo es1s 
of - .6, the cnt~cal. regi.on for a .05 significance level begins at ±1.96 
1. 9th~ normal distnbu~IOn. Thus, the .obtained s~:nple z ~1ust exceed 

6 111 absolute value m order to fallmto the cntical regwn. A z test 
~f the directional hypothesis P 2; .6, with the same .05 significance 
ev~l, is ref erred to a critical region in one tail of the distributiol'l. 

Which begins at + 1.64. In this case, the obtained z must exceed Ollly 

~-6~ in. order to fall into. the critical region. Thu~, if the inve~tigato1·'~ 
ehef Is correct, he gams an advantage in usmg a one-tailed test, 

Choosing a Significance 

Level 

!he significance level of a test is generally symbolized a (alpha) 
~nd Its numerical value is chosen to minimize (or balance) so far a 
~s Possible the dangers of rejecting a true hypothesis or retaining s 
alse hypothesis. a 
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. . If an investigator wants t b _ . . . 
Jectmg a hypothesis h o e vei Y sm e that he Is right in re-
leve} for his test. F~r :~~~oo~es a very sn~al.I alpha as the significance 
school m t t b - . np e, the admissions officer of a graduate 
f . ay wan o e ' er :v sure th t all to com 1 t th . a more women than men students 

p e e e course of t d b f h . . . quotas t h- h - s u Y e ore e Is Willmg to set up a Ys em w IC d1scrin · t -
adopt a 01 . -fi 1ma_ es ~gamst women applicants. He may 
propo ·t· . fsigm cance level m Ius test of the hypothesis that the 

I IOn o women drop-o t · 1 . 1 . of 111 _ u sIs equa to 01 ess than the proportiOn 
it is~:~ drop-~ut~, smce he doe~ not want to reject this hypothesis if 

ue. ReJectz ng a h !Jpotheszs ·zchen it is true 1·s called a T · I 
error Th )pe 
m k · us, we may say the admissions officer does not want to 

a e a Type I error. 

When the consequences of mistakenly rejecting a true hypothesis 
a_re ~f little importance, an investigator may choose a relatively large 
shigl1Ificance level for the test of his hypothesis. For instance suppose 
t at d · · ' . an a vertismg executive wants to know which of two "free 
i{~ze'_' offers (of ~qual cost to the firm) is most appealing to children. 

Will hypothesize that the two offers are equally appealing, and he 
may Well adopt a = .10 as the significance level for the test of this 
?YP_othesis. The .10 significance level gives him a good chance of re­
Je~tmg the hypothesis and detecting a preference if one actually 
exists. If the hypothesis of equal appeal or no preference is true, he 
loses little by mistakenly rejecting it and mistakenly supposing that a 
preference exists. If there is actually no preference, nothing will be 
!ost whichever prize offer the firm makes. But the firm stands to lose 
If a Preference does exist and the test fails to detect it. So what the 
executive especially wants to avoid is retaining the hypothesis of no 
preference if this hypothesis is false. Retaz.'nz'ng a hypothesis when it 
is false z's called a Type II error. Therefore, we may say the adver­
tising executive wants to avoid making a Type II error. 

The admissions officer and the advertising executive each chose 
an alpha value which would help him guard against the particular 
kind of error he was most anxious to avoid. In most research, the 
investigator is concerned with avoiding both kinds of error. He ~oes 
not want to reject a true hypothesis, neither does he want to retam a 
false hypothesis. Yet, if he makes alpha small in order to reduc~ ~he 
probability of rejecting a true hypothesis, the probability of retammg 
a false hypothesis is increased. If alpha is made large in orde!·. to 
reduce the probability of retaining a false hypothesis, the probability 
of rejecting a true hypothesis is increased. 

In the effort to keep both of these risks at an acceptable level, 
the middling value .05 has come to be widely adopted as the sig-
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nificance level in tests of hypotheses. It does not follow, however, 
that .05 is an appropriate level for all statistical tests. The value of 
the significance level sho':lld not be adopted blindly and autorl:1at­
ically. Rather, the investigator should first answer these questiOns 
about his hypothesis: vVhat are the consequence·s of mistakenly re­
jecting this hypothesis if it is true? If the consequences are seriou~, 
make alpha small. The probability of rejecting a true null hypothesis 
(making a Type I error) is given by alpha. To make this probability 
small, it is only necessary to reduce the size of alpha. What are the 
consequences of mistakenly retaining my hypothesis if it is false? 
If the consequences here are serious, make alpha large. The proba­
bility of retaining a false null hypothesis (making a Type II error) 
depends upon many factors and is not easily determined. The size 
of alpha is one of these factors. Some other ways of reducing the 
risk of a Type II error are considered in the next section. 

POWER OF A TEST The potcer of a statistical test re-
fers to the probability that the 
given test will detect a popula­

tion difference that actually exists. Power, in this context, is the 
probability of rejecting a null hypothesis that is false and therefore 
should be rejected.* 

For example, suppose the hypothesis is p = .5 while actually, 
in the population, the true proportion is .6. Thus the hypothesis is 
false (although of course this will not ordinarily be known.) One 
experimenter tests the hypothesis P = .5 with a random sample of 
20 subjects. A second experimenter tests the same hypothesis with a 
random sample of 100 subjects. Other things equal, the second experi­
menter with his larger sample clearly has a better chance of detecting 
that the hypothesis is false and that P ~ .5. Regardless of the out­
come of the two experiments, the test conducted by the second experi­
menter is said to have more power than the test of the first 
experimenter because the second experimenter's test has a better 
chance of rejecting the false hypothesis. 

The power of a test depends upon many factors. First, of course, 
power depends upon the difference between the true characteristics 
of the population as opposed to the hypothesized characteristics. 

'"Proeedures for estimating tiH· powl·r of a statiHti•·al tl'st are heyont! the srope 
of this text. l\lany of the IJ1on• us!"ful pr<wl'dun~H nwy l>l' found in Dixon,\\". J., Ulld 
Massey, F. J., Introduction to Stati.~lica/ Analysis, Hcv. Ed., l\lcUraw-Hill, 1\)57. 
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The larger this difference, the more likely it is to be detected; the 
small~r the difference, the more likely it is to escape detection. Thus, 
any given statistical test is automatically more powerful against a 
large population difference than against a small one. 

Other factors that influence the powe1· of a test are (1) the size 
of the sample, (2) the size of alpha, and (3) the location of the critical 
region. It should be intuitiwly clear that a large sample has a better 
chance of reflecting the true characteristics of the population than 
does a small sample. If a population difrerence exists, a large sample 
is more likely to detect it. Increasing the size of the sample is thus a 
dependable and very efTectiYe means of increasing the power of one's 
statistical test. 

It has already been pointed out that the size of alpha, the level 
of significance adopted for a test, plays a crucial role in the likelihood 
of making Type I and Type I I errors. A Type I I error was defined 
as accepting a false null hypothesis. The power of a test is the proba­
bility of rejecting a false null hypothesis, hence it is the probability 
of avoiding a Type II error. A large alpha, it was noted, reduced the 
risk of a Type II error. Increasing the size of alpha, therefore, raises 
the power of a statistical test. This means of increasing the power of a 
test must be used judiciously, since increasing the size of alpha also 
increases the risk of a Type I error. However, in studies where sam­
ples are necessarily small and large population differences are not 
expected, the power of a test may be so low as to constitute a bias 
against rejection of the null hypothesis. The facts, as it were, are not 
given a fair chance to become manifest. Clearly, in such cases, a 
larger significance level than is commonly used should be given se­
rious consideration. 

For a given level of significance, a one-tailed test is more power­
ful than a two-tailed test. vVe have already seen that in the case of 
testing a hypothesis about a population proportion, a larger z value 
is required to reject a nondirectional hypothesis than would be re­
quired to reject a directional hypothesis at the same level of signifi­
cance. In a one-tailed test, the power of the test is concentrated 
against a difference in the predicted direction, and there is no attend­
ant increase in the risk of a Type I error. Where a one-tailed test is 
appropriate, then, its use will increase the power of one's statistical 
test without incurring any added risks. 
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Practice Problems 

For each of the following: (a) formulate the appropriate statistical 
hypothesis; (b) state the alternative which will be accepted I] the hY_poth.~ 
esis is rejected; (c) if the hypothesis is directional, give the locatwn °J 
the critical region. 

1. A pollster would like to make a forecast about which c;>f two 
candidates for congress will win a coming election. He interVIeW~ a 
random sample of voters from the district in question to determme 
whether they intend to vote for Candidate A or Candidate B. He 
compares the proportions who intend to vote for each candidate. 

2. An experimenter wonders whether blindfolded subjects, asked 
to draw a line of given length, are as likely to draw a line which is 
too short as to draw a line which is too long. He tests a random sample 
of students from his classes and determines the proportion who draw 
too-short lines and the proportion who draw too-long lines. 

3. An experimenter believes that on their first trial in aT-maze, 
rats are as likely to turn left as to turn right. He tests a random 
sample of rats from the laboratory colony and determines the pro­
portion who turn left and the proportion who turn right on their 
first trial in the maze. 

4. On the basis of previous observation, an experimenter be­
lieves that Rat A has a "position habit," and in the long run will 
turn right in a T -maze more often than he will turn left. To check on 
his belief, the experimenter tests Rat A at a number of randomly 
chosen times over several experimental days. He compares the pro­
portion of right turns and the proportion of left turns made by the 
animal. 

5. The experimenter of (2) above found that a majority of his 
subjects, when deprived of vision, drew lines which were too short. 
To confirm this finding, he repeats the experiment with a new sample 
of subjects. 

6. On the basis of theory and his own clinical experience, a 
psychotherapist believes that patients who have dependency prob­
lems are less likely to drop out of psychotherapy before its completion 
than are patients whose main problems are not of this type. To test 
this belief, he selects a random sample of cases from the clinic's file 
of "drop-outs." He determines the proportion of drop-outs who re-
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ceived ad" . 
did n t Ia:!5nosi~ of _depen?ency problems and the proportion who 

0 receive this dmgnosis. 

porti~· An i~ves_tigator suspects. that among gifted children the pro­
Pro 0 n. of girls mter~sted .m. science as a care.er is the same as the 
of ~f rbon of boys With this mterest. He questiOns a random sample 
~ ted children from the city's schools and determines the pro­

portion of boys and the proportion of girls who are planning a science 
career. 

t d 8. An investigator has listed four leisure-time activities of college 
8 y1 ents. He wants to know whether there is any preference among 
co ege students for one or more of these activities. He asks a random 
sample of college students which of the four activities they each 
prefer, and determines the proportion of students naming each of 
the activities. 

9. An investigator suspects there is a difference in intelligence 
between two minority groups living in a large city. He obtains two 
random samples, one from each minority group, and determines the 
mean IQ of each sample. 

10. An experimenter wishes to test the effec.t, if any, of a new 
drug on reaction time. Subjects are randomly assigned to an Exper­
imental group (who receive the drug) and a. Con_trol group (who 
receive a placebo). The reaction time of the subJects IS then measured 
and the mean reaction time of each group is computed and compared. 

11. A psychologist working in a settlement house ~elieves that 
the teen-agers of the neighborhood are below ave:age m IQ. (their 
mean score is below 100) and that this is a maJor factor m the 
difficulties they have at school. He tests a rand?m sample of teen­
agers from the neighborhood and determines their mean IQ. 

12. An experimenter has constructed a «masculinity-fe~ini~ity'' 
test which he hopes to validate by showing that men obtai~ higher 
scores on the test than do women. Similar tests have consistently 
shown differences in this direction. He gives the test to large samples 
of men and women randomly chosen from several adult populations 
which are available to him. He then computes separately the mean 
score for the men and the mean score for the women and compares 
the two means . 

. 13. The psychotherapist of (6) above finds that among t\ 
patients who drop o1:1t of p~ychotherapy the proportion with d" le 
noses of dependency IS not Significantly smaller than the pr tag .. 
with other diagnoses. He is unable to reject the hypoth OJ?ortion 
P ~ Q. !fe observes, however, that among the patients of hi~Sls that 
those With dependency problems did not drop out of th samPle 

erapy as 
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soon as other patients. The mean number of weeks the "dependency" 
patients remained in therapy was C"onsiderably greater than the J!lean 
number of weeks ot hc·r patients rc•mained in therapy. To vahdate 
this finding, he selects a not her random sample of patients from the 
clinic's file and separates t lwm into two groups according to whether 
or not they receiYed a diagnosis of depc'tH!ency ]lroblems. For each 
~rroup he c<:mputes the mean number of weeks the patients continued 
in J;sychotherapy. 

14. An experimenter is intc•rested in the effectiveness of propa­
ganda in altering attitudes. A group of subjeets who are fairly homo­
geneous in their attitudc·s toward a supposed government policy are 
randomly assigned to three different groups. One group is subjected 
to propaganda in the form of a lecture and a second group receives 
propaganda in the form of a mo\·ie. The third group serves as a 
control and reC"eiYes no propaganda. All subjects then fill out an 
attitude questicmnaire, and the mean attitude score for each group 
is determined. The three means are compared. 

Answers 

1. H: P = (). The proportion of \·oters who intend to vote for 
Candidate A is equal to the proportion who intend to vote for 
Candidate B. Alternati\·e: J> ?" (J_ The proportions are not equal· 
either more Yoters intend to vote for A or more intend to vote forB: 

2. I I: P = (). In the population from which the subjects were 
drawn, the proportio~1 who would draw lines which are too short is 
equal to_ the ~roportH~n who wm~ld draw lines which are too long. 
Alternatn·e: I 7"" Q. 1 he proportt_ons are not equal; either more of 
the populatiOn would draw short lmes or more would draw long lines 
under these conditions. 

3. H: P = Q. The proportion of animals in the colony wha 
would turn left in this situation is equal to the proportion who would 
turn right. AlternatiYe: P 7"" ()_The proportionsarenotequal;eithel' 
more would turn left or more would turn right. Note that in this 
case the experimenter's belief coincides with the statistical hypoth, 
esis, not with its alternati\"e. He cannot, therefore, expect actually 
to confirm his belief. He can only hope to show that his belief is not 
an untenable one. 

4. Let P stand for the proportion of right turns and Q forth~ 
proportion of left turns. I-1: P ~ Q. The proportion of right turn~ 
this animal will make in the long run is equal to or less than th~ 
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~~~~ortion ~f left turns_ he will make. Alternative:! > Q. The pro­
Th tio~ ?f nght turns IS greater than the proportiOn of left turns. 

e critical region is in the upper tail of the sampling distribution. 

wl . 5 .. Let P stand for the proportion of subjects who draw a line 
l lieh Is too short, and Q for the proportion who draw one that is too 
1?ng. H: P ~ Q. The proportion of the population who draw short 
~nes Under these conditions is equal to or less than the proportion 
hho draw long lines. AlternatiYe: P > Q. The proportion who draw 

s .. o~·t lines is g-reater than the proportion who draw long lines. The 
CIIhcal region is in the upper tail of the sampling distribution. 

. 6. If theory predicts a difierence in a given direction, then a 
~-Irectional hypothesis is ap_1wopria~e. The ~wpothe:>is be~omes ~ssen-
di_ally a test of the theoretical notwns which predict this particular 

Ifference. In this example, therefore, it is appropriate to test 
H: P ~ Q. The proportion of drop-outs who receiYed diagnoses of 
dependency is equal to or greater than the proportion of drop-outs 
who did not receiYe this diagnosis. AlternatiYe: P < Q. The pro­
portion receiving diagnoses of ·dependency is less than the proportion 
not receiving this diagnosis. The critical region is in the lower tail 
of the sampling distribution. 
. But there is a serious fault in the design of this study. The 
mvestigator is considering only the file of drop-outs. \Vhat proportion 
of all patients coming to the clinic receive diagnoses of dependency? 
What proportion do not? If these proportions are .30 and .70, for 
example, we would expect to find fewer "dependency" cases in the 
drop-out file simply because there are fewer such patients in general. 
Not all questions about the difference between two proportions can 
be handled by dichotomizing a sample into the two dependent pro­
portions P and Q. In this example, a better procedure would be to 
compare the proportion of all "dependency" patients who drop out 
o_f psychotherapy with the proportion of all "non-dependency" pa­
tients who drop out of J)Sychotherapy. Such proportions, because 
they are independent, are usually symbolized PI and P2 rather than 
P and Q. A hypothesis of this kind is illustrated in (7) below. 

7. H: P 1 = P2. Among the gifted children of this city, the pro­
portion of girls planning a science career is equal to the proportion 
of boys planning such a career. Alternative: PI ~ P2. The two 
proportions are not equal; either more boys or more girls are plan­
ning a science career. Note that for this hypothesis we do not use 
the notation P = Q. Such notation implies that P and Q are depend­
ent proportions, as they must be if P + Q = 1. The proportions P1 
and Pz of this study are independent-- that is, knowing one of the 
proportions does not give us any information about the other one 
because their sum need have no fixed value. Hypotheses of this kind 
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cannot be tested by means of the :: formula given in Chapter 7. 
A method for testing such hypotheses is gi\·en in Chapter 9. 

8. H: P1 = P~ = P:~ = P;. In thepopulationofcollegestudents 
from which the sample was drawn, the proportions of students who 
prefer each of the four acti\·ities are equal. (Three of these propor­
tions are independent; the fourth is not. Why?) Alternative: The 
four proportions are not equal; one or some of the activities are 
preferred o,·er the others. A method for testing a hypothesis of this 
kind is giYen in Chapter 9. 

9. H: tJ.1 = fJ.~· The mean IQofthetwominoritygroupsisequal. 
Alternati,·e: tJ.1 .~ fJ.~· The means are not equal; one of the minority 
groups has a higher mean IQ than the other. Methods for testing 
hypotheses about means are gi\·en in Chapter 10. 

10. H: fJ.I = fJ.~· This hypothesis refers to the two populations 
of random samples which would result if the random assignment of 
these subjects to an Experimental group ancl a Control group were 
to be repeated an infinite number of times. The hypothesis states 
that the mean of all possible random samples taking the drug is equal 
to the mean of all possible random samples taking the placebo. Hence 
the drug has no effect on the reaction time of these subjects. Th~ 
procedure does not insure any generalizations beyond this particulal' 
group of subjects b~caus_e the subject~ themselves ~ere not randomly 
selected from an Identified populatiOn. Alternative: J.L1 ;.e J.L2• The 
mean reaction time of al~ pos~ible samples ta_king the drug is not the 
same as the mean _reactiOn time of all possible samples taking the 
placebo; one m_ean I~ great_er than the_ oth~r. Hence, the. drug has an. 
effect on reactiOn time, either speedmg It up or slowmg it down 

11. H: J.l.. > 100. The mean IQ of the teen-agers in this neighbor­
hood is equal to or great~r than 100_ (average or above average). 
Alternative: J.l.. < 100. !~eir mec:-n _IQ Is below 100 (below average). 
A directional hypothesis IS permissible here because the psychologist 
is concerned with the reason the teen-agers have trouble in school 
and a finding that their mean IQ is above average has no bearin~ 
on his purpose. He is only i~t~rested in the possibility that theit­
mean IQ is below average. If 1t 1s not below average, he will look fol' 
other reasons to explain their difficulties with school work. 

12. Let J.l..t represent the mean score of men and JJ.2 the mean. 
score of women. H: J.l..t < tJ.z. The mean score of men is equal to at­
less than the mean score of women. Alternative: J.Lt > JJ.z. The meal\ 
score of men is higher than the mean score of women. 

13. H: J.l..t < J.I..Z· Among patients who drop out of psychotherapy 
the mean number of weeks that "dependency" patients remain i~ 
therapy is equal to or less than the mean number of weeks that 
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"non-dependency" patients remain in therapy. Alternative: ,_,. 1 > w:.· 
The mean number of weeks "dependency" patients remain in therapy 
is greater than the mean number of weeks "non-dependency" pa­
tients remain in therapy. Because the two means in question are not 
dependent upon the relative proportions of "dependency" and "non­
dependency" patients in the population, such knowledge is not 
necessary to this investigation. 

14. H: J.lt = J.L2 = J.L3· This hypothesis refers to the three popula­
tions of random samples which would result if the random assignment 
of these subjects to three groups were to be repeated an infinite 
number of times. The hypothesis states that the means of these three 
populations are equal, hence that propaganda in lecture or in movie 
form has no effect on attitudes toward this policy. As in (10) above, 
the procedure insures no generalizations beyond this particular group 
of subjects. Alternative: The three means are not equal; one or two 
of the means is greater than the otheqs). Hypotheses of this kind 
are tested in Chapter 11. 
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chapter 9 

The 

Chi-Square 

Test 



In Chapter 7, the population of interest could always be defined 
in terms of two proportions: right or ''-Tong, Democrat or Republican, 
"f , " . " \\.1 . d d t . tl or or agamst. · 1en two proport10ns are epen en 111 · 1e sense 
that their sum must always equal a fixed number, they are said to 
have one df'gre(' of .fn•(•t/om. That is, only one of the two propor­
tions is independent or "free to Yary." If Yotes can only be Demo­
cratic or Republican and the proportion of Democratic votes in a 
sample has been determined, the proportion of Republican votes is 
automatically known. The two proportions are not independent of 
each other. If sos·;. of a student's test answers are correct, then 20~~ 
must be incorrect. If we know one proportion, the other is completely 
predictable; it is not "free to vary." Hence, although there are two 
proportions, we say that there is only one degree of freedom. 

When more than two categories are being compared, there is 
usually more than one degree of freedom. If votes can be either 
Democratic, Republican, or Liberal, then determining the proportion 
of Democratic votes in a sample does not tell us what either of the 
other two proportions is. They may vary quite independently of the 
proportion of Democratic votes. But if, in addition to the proportion 
of Democratic votes, the proportion of, say, Republican votes is 
determined, then the proportion of Liberal votes will automatically 
be known. Thus, two (any two) of the three proportions may be 
thought of as free to vary; but whatever values they take, these 
values completely determine the value of the third proportion. So 
when there are three categories and three proportions to be com­
pared, there are two degrees of freedom. 

In general, when the data of a single variable have been classi­
fied into k categories and there are k proportions to be compared, 
there are k - 1 degrees of freedom. 
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Th.e z test of Chapter 7 was used to compare obsen·ed_ fredq~ent-
. · h · b lassifie m o cies w1t expected frequencies when data had een c' h 

t · \\'l · · fi d · to more t an wo categones. 1en frequencw:-; ha\·e been classi e 111 b' 
two categories, or ha\·e been cross-tabulated into the cells 0\a f 1: 
Yariate table, the chi-square test is used. The general formu a 01 

computing chi-square, symbolized x~. is 

" . u- n~ 
x- = ~ F 

(9.1) 

where f is the observed frequency for a gi\·en category or ce!l a~d f~s 
the corresponding expected frec1uencv for that category 01 c~ · d e · · d nor er 
degrees of freedom, abbre\·iatecl dj, must also be determme I 
to evaluate x~. t 

Like z, which gi,·es a distance along the baseline of the ~heorfe -
· 1 · 1 . h · · . 1 tl1e baseline o a 1ca no1 rna cun e, c 1-square gJn.'s a d1stance a ong 'f 
theoretical distribution called the chi-S(JIIare distribution. Thus, 1f ahn 

· · · · · . "t '1'' o t e obtamed chi-square value Is found to be way out Ill the ai bT 
chi-square distribution, it has a con·esJ)Ondingly small PI_'oba I tty 

. . . · ··b t ons · they of occUII ence. Actually, there are many chi-square distll u_I ' . 
differ according to the degrees of freedom on which chi-square lS 

based. It is necessary, then, to refer an obtained chi-square to the 
theoretical distribution of chi-square values having the same degr~es 
of freedom. This is easily done bv means of Table C in the Appendix. 
This table gives the probabilit): of selected chi-square value~ from 
each of many theoretical chi-square distributions. To determme the 
probability of an obtained chi-square with given dj, it is only neces­
sary to locate in the table the distribution having this number of .df 
and compare the obtained chi-square with the values of that dis­
tribution. 

The probabilities given in Table C of the Appendix are for a 
two-tailed test. Chi-square tests are of necessity two-tailed. Because 
differences between observed and expected frequencies are always 
squared (see formula ~).1), x 2 is always positive regardless of the 
direction of the differences. Hence, only the magnitude of differences, 
not their direction, can be examined by means of the chi-square test. 

There is one important instance when x 2 can conveniently be 
used in the test of a directional hypothesis. This is when x2 has 1 df. 
Whenever x 2 has 1 dj, it can be converted to a z value by taking 
advantage of the relationship 

z = v' x 2 , when x2 has 1 df (9.2) 

The resulting z value may be referred to a critical region in either the 
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~pper tail or the lower tail of the normal distribution. as the direc-
3Ion of ~he hypothesi~ dictate:->. Thi:-; use of x~ is illustrated in Example 

of this chapter. 

Require1nents for the Use 

of the Chi-Square Test 

The chi-square test, like the z test of Chapter 7, provides only 
an_ approximation of exact probabilities and is therefore only appro­
Priate for relatively large samples. The general rule is that every 
expected frequency F must be equal to or greater than tin' for the 
satisfactory use of the chi-square test. This ruk' ma~· be abrogated 
to some extent when there are many categories (say. at least five) 
:epresenting a single variable, or in the case of a bi\·ari:tte tabiP ha\·­
~ng more than 1 elf. In these cases, the chi-square test is satisfat'tor~· 
If no more than 20~~ of the cells or categories han" l'Xpcctcd fre­
quencies smaller than five and none smaller than two. 

A second important requirement for the ust> of tlw chi-square 
test is that the data consist of independent obscn·a t ions. That is. 
when an inference is to be made about a population of subjects, each 
subject sampled contributes only one frequenc~· to the data. Fi\·e 
observations made on one subject cannot be sunmwd \\·ith fin' ob­
servations made on another subject to gin' ten fn'queiwiL's. If only 
one subject is used in an experiment, then obsen·ations made on this 
one subject may be regarded as independent when the purpose is to 
make inferences about the population of this subject's responses. 
Whenever more than one subject is used, each subject may contribute 
only one frequency to the data. 

The use of the chi-square test for data of a single \·ariable is 
illustrated in Examples 1 and 2 below. Applications of the chi-square 
test to bivariate data are given in Examples 3 and 4. 

DATA OF A 

SINGLE VARIABLE 

Example 1. An advertising firm wishes to determine which 
of four advertising displays is preferred by housewin~s. A random 
sample of 40 housewives are asked to choose among the four displays 
and the first choice of each is recorded. The results are: 
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Do the results warrant concluding that among the population 
of housewi...-es f1·om which this sample was drawn, there are prefer­
ences regarding the displays? 

•• STEP 1. Begin by stating the hypothesis which is to be 
tested, and choose a le,·el of significance for its evaluation. In this 
case, the hypothesis may be slated as follows: H: P 1 = P~ = P3 = 
P.1 = l/4 or .25. The proportions of housewi\·es in the population 
preferring each of the four displays a1·e equal, each proportion there­
fore having the ...-alue 1 4 or .25. Since rejection of this hypothesis, 
if it is false, is ...-ery important to the advertising firm, and little will 
be lost by rejecting the hypothesis even if it is true, a large alpha is 
chosen in order to maximize the chances for rejection. Let us say 
the advertising firm is willing to i1west money in the most frequently 
chosen display (or displays, in case of a tie) if the results of the study 
are such that they could occur by chance only once in ten times. If the 
result of the study has some probability larger than .10, the firm will 
regard the study as inconclusive and consider other courses of action. 

• • STEP 2. The hypothesis that on the variable in question the 
population is divided into equal quarters (P = 11 4) leads to the 
expectation that a random sample will also be divided into equal 
quarters. Since n = 40, the expected frequency in each category is 
given by F = 11P = 40(1, 4) = 10. The expected frequencies are 
listed in a column opposite the observed frequencies, as shown in 
Table 9.1. 

• • STEP 3. Carry out the operations called for by the formula 
for x 2 , as shown in the successive columns of Table 9.1. Note that 
differences between observed and expected frequencies are squared 
before being divided by F. The sum of the column (f- F) 2/F gives 
the value of x2, in this case 1.4. 

• • STEP 4. Determine the degrees of freedom available. In this 
case, there are fou1· categories, so df = k - 1 = 4 - 1 = 3. In Table 
C of the Appendix, find the row which gives values of x2 for 3 df. 
Search across the row until you find a value (or values) close to your 
obtained x 2 • For the present problem, we find the value 1.42, which 
is very close to the obtained 1.4. According to the column heading 
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Table 9.1 
Chi-Square Tt'st of the Hypothesis That 

1', = /,~ = 1':, = P.l = 1/4 
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10 
l:l 
!I 

·10 

( lB:-'EH\"1·:1> 

FHE<il"l·::-;c·It-::' 

I fo', I 
,. - F, 

10 -:.! 
Ill () 

Ill :~ 

I() -I 

·Ill 

If-F'" x' = ~ F = lA with :~ df 

/' ~ .70 

\f- F'' 
·l 
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!I 
I 

if- Fl'!F 
A 
0 

.H 

. I 

~ = 1.-l 

which appears at the top of the table, x~ ,-~dues as large as and larger 
than 1.42 have a combined probability of .10 when x~ has~~ df. Since 
our obtained x2 is 1.4, we say that our x~ has a probability of ap­
proximately .70, or P ,.._, .10. 

• • STEP 5. If the obtained x~ has a probability of oecuJTence 
larger than alpha, the hypothesis is retained. If the obtained x~ has 
a probability smaller than alpha, the hypothesis is rejected. Sinee 
alpha is .10 in this case and the obtained x~ has a probability of 
approximately .70, it is clear that the hypothesis cannot be rejected. 

• RESULTS AND DISCUSSION 

By the rule adopted for the test, the hypothesis that P, = P2 = 
PJ = P.1 is retained. The data do not warrant concluding that one 
of the displays would be preferred over the others among the popula­
tion of housewives. What shall the ach·ertising firm do? If there is 
some basis other than consumer appeal for making a decision among 
the displays-such as relative costs, etc. then the firm should choose 
among the displays on this basis. If consumer appeal is the only 
relevant factor in arriving at a decision, the results of the study 
suggest, in effect, that the firm may as well make the decision by 
flipping coins or drawing straws. There is no reason to believe that 
housewives prefer one of the displays more than the others. 

The student may feel reluctant to accept this last statement. 
Observing that Display C was chosen by 13 housewives and Display 
A by only eight housewives, he may feel that there is at least some 
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"evidence" favoring Display C. The situation is analogous to this: 
if you \vere to toss six coins once and four of the coins were to turn up 
heads and two tails, would this result lead you to believe that the 
coins were not fair? If you think about it, you will surely answer 
"no." Such an outcome could occur too easily by chance. If the coins 
are fair, the probability of obtaining a result as deviant as four heads 
and two tails is almost .70. That is, results as deviant as this are 
expected to occur 70' ; of the time when the coins are fair. In exactly 
the same manner, the x~ we found with its attendant probability 
of .70 tells us that differences at least as deviant as those we observed 
between the various display categories are expected to occur 70% 
of the time \Vhen the displays have equal appeal in the populati?n. 
Such differences could occur by chance so easily in random samplmg 
that they cannot possibly be regarded as "evidence" against the 
hypothesis of equal appeal. 

It is true that if the displays h<we equal appeal, nothing is lost 
by choosing Display C. The point is that there is no reason to believe 
anything has been gained. 

Test for Goodness of Fit 

I~.:xum pie 2. It has been observed that infants generally ~o 
not develop a hand preference before the age of six months but Will 
reach for an object as readily with one hand as with the other. A 
researcher believes the shift to a preferred hand begins before this 
age, but is so gradual as to be difficult to establish by merely observ­
ing the individual child. To investigate his belief, the researcher 
tests a total of 267 infants who are between the ages of 22 an? 24 
weeks. A small, brightly colored cube is placed within ~he chll~'s 
reach and the investigator observes which hand the child u~es In 
reaching for the object. Each infant is tested in this way _until five 
observations have been made. The child is then classified m a cate­
gory according to the number of times he used each hand. The 
results are: 

No. oF 
CHILDREN 

Nu:..mEn. oF Tv.ms EACH HAND \VAS UsED 

5 RIGHT 4 RIGHT :3 RIGHT 2 RIGHT 1 RIGHT 0 RIGHT 

0 LEFT 1 LEFT 2 LEFT :3 LEFT 4 LEFT 5 LEFT 

10 5:3 101 59 40 4 

Does the distribution reveal a tendency among the children to use 
one hand more often than the other? 

• • STEP 1. The problem here is to arrive at the correct hy­
pothesis. It obviously does not make sense to hypothesize that the 
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rO?Ortions Of in~ants classified in the ~ix categoric~ \\·jJJ aJJJw l'(jU:tl. 
f,mfact, the children will reach with om' hand a:-; nftl'll a:-; with tlw 

other, the middle categoric:; (:1 l{ight, 2 Left and :2 l{ight. :~ Left l 

should have the highest frequeneie~. and t lw fn•qul'IH'il'=-' ~hould he­
come progressiYely smaller as the eategoril's lwconw mon• l'Xt n•nw. 
This familiar picture should remind You of t lw normal cu1·\·e. l'X<."l'Pt 
that since we are dealing with discTe~e categoril'~ tlw binomial distri­
bution is the appropriate model. 

What we really haYe is a distribution of ~amplt>~. each ba~ed on 
five observations. When obsen·ations can takl• onlY onl' oft \H) form:-; 
(left hand or right hand), the samples are from ~~ binomial popula­
tion. Given the values of P and 0 we can readih· dl'tl'rminl' from the l • 0 

binomial distribution how such samples ~hould be distrihutl'd. l"nder 
the hypothesis that an indiYidual child is a~ likelY to l"l'ach \\·ith one 
hand as with the other (P = Q = 1 2l, the pn;portions in tlw six 
categories of our table should approximate the terms of t lw pxpa nsion 
of (P + Q)5 where P and Q are each 1 2. \\"hen P = (/ = 1 :2. t hesL' 
proportions are given by the cocflicient of each tl'rm in t lw l'Xpansion 
divided by the sum of the coeflicients. The coeflicients and t lwir sul11 
may be read from Table 7.3, p. 166. For n = 5, the proportions are 
1/32, 5/32, 10/32, 10/32, 5, 32, 1;32. The chi-square test is to deter­
mine the probability that the 267 samples of this study are from a 
population of samples distributed in these proportions. The hypot he­
sis may be written: 

H: P1 = 1/32, P2 = 5/32, P 3 = 10, 32, P.1 = 10 32, 
Po= 5 1 3 •) 

3 ') p = ' ... .-, () I 

• • STEP 2. Choose alpha, the level of significance for the t_est 
of the hypothesis. The researcher does not anticipate great deYiatl?n 
from equal-handedness among these children, only some small sh1ft 
in the direction of favoring one hand. This consideration suggests a 
large alpha, perhaps .10. If small differences are really present, the?' 
are more likely to be detected when alpha is large. But if alpha 18 
large, the researcher may be accused (with considerable justification) 
of making it too easy to reject a hypothesis which, after all, is sup­
ported by evidence from other studies. This consideration suggests 
a small alpha, such as .01. The argument for a small alpha and the 
argument for a large alpha are both valid and important. The most 
sensible course is to compromise between the two. \V e will suppose 
that the researcher chooses .05 as the level of significance for his test. 

• • STEP 3. List the observed frequencies in a column and write 
the expected frequencies opposite them. The expected frequencies 
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Tahle 9.2 132 
Chi-~quare Test of the Hypothesis That 1'1 = 1 ' 

v~ = r>j:l2, /'" = IOj:J2. /': = 10/32, /'.;, = 5/32, 
/',; = I /32 

( )JI:-'1-:It\"Eil ExJ•EcTEI> 

FltE<Il"J·::"< IE:' FltE<Il"J·::"• IE:--:. 
(f- f)2 (f-F)2!F 

(',\TJ·:r;oltY lj I c 1-'> if- Fl 

HiJ.!:ht Ill :2li7 I I : ~ '2 ' ~_;.;.1 l.lili 2.7G .33 
;, 

·II . 7:2 I I . :2"-i 127 .Z-1 3.05 
Hil!:ht 

~ '.J :2ti7 .) : {:2 I -I .)oj 

., ]{ iJ.!;h! Ill I :2ti7· Ill :; '2 :-.:1.-1-1 17 .. -,,; :w:->.:~ii 3.70 
•) 

:-.:;_.1·1 -:2·1.·1·1 ii!l7 .:~1 7.16 
:2 ]{ iJ.!;llt ,-,~' :2ti7·1fl :;:.! 

HiJ.!:hl ·Ill :.!ti 7 '.I•) -11.7"2 I -·> 2.\lG .07 I .) ,_ - .1-

() Hight ·I :2ti7' I :t2 I :-..:\-1 - ·1.:).1 JS.S-1 2.213 
- ---~-

:2!i7 :2li 7 .I)() 0.00 ~ = 1G.57 

r r- F _., 
x2 = ~ F · = lli.:-,7 with ii rlf 

1' < .01 

will be gi\·en by F1 = iiP 1 = 2G7(1 '32) = 8.34, etc., as shown in 
Table ~).2. As a check, the sum of the expected frequencies should 
equal n, or 2G7 in this case . 

• • STEP 4. Carry out the operation::; called for by the x2 for­
mula, as shown in Table ~1.2. As a further eheek, the sum of the col­
umn (j - F) should equal zero. The sum of the last column gives 
the value of x\ 1G.57. Sinc·e there are six categories, df = 6 - 1 = 5. 
From Table C in the Appendix, we find that with 5 dj, x2 values as 
large as and larger than 15.0~) ha\·e a combined probability of .01. 
Our obtained x 2 is larger than 15.0!) and falls, therefore, into a class 
of values whose combined probability is less than .01. Hence, we 
may write P < .01. 

• • STEP 5. The probability of the obtained x2 is clearly smaller 
than the chosen alpha of .05, so t.he hypothesis is rejected. The ob­
served distribution is said t.o be siunijicantly different from the hy­
pothesized binomial distribution, which is another way of saying 
that the difference cannot. reasonably be attributed to random sam­
pling fluctuation. The dat.a do not. "fit." a binomial distribution in 
which P = Q. 

CIII-SQUAHE TEST 206 



• RESULTS AND DISCl'SSIO~ 

The researcher's question is still not alb\H'n•d. Tlw ('hi-square te~t 
is able to detect significant ditren•nl'cs. but it does not tell where 
those differences lie. For <.'xampll•, below an• gin'n s<.'n•ral distribu­
tions all of which depart signitkant]~- from tlw binomial distribution 
of (P + Q)". The occuJ-rence of an~- on<.' of these distributions would 
have led to rejection of the by pot lwsis. 

;) HI<;IIT ·I HI•diT ., HI<dl r •) HI< ;u r I H1<;11 r () l~I<;IIT 
() LEIT 1 L~-:1r •) I.E! .. r 

., 
l.~-:1··r ·I (,I·:FI' " 1.1-: , .. r o) 

DISTRIB'l'TIOX :\: () .,., 
\Ill) I 01 l ; ~·I I) o)o) 

DISTHIBl'TJO:-: B: ~() ~.-. li"' (i\l \;) :20 
DISTIUBCTJOX C: Ill .- •I 

,),) \Ill ·"•\ I -Ill ·I 
EXPECTED llrxo~II.\L 

DISTHIBL'TJOX (HOl'XI>Eil 

TO XEAHEST IXTEC;EH): s ·I :2 s.., 
o o) 

...... . ,) ·I :2 s 

Consider Distribution A. This distribution. with frequencies so 
heavily concentrated in the middle eategori<.•s, suggests that not onlv 
is there no hand preference among the childn•n, but alternation i;1 

the use of the two hands must b<.• the eharacteristil' pattern of beha\·­
ior. Otherwise, sheer randomn<.•ss would produce some frequeilC'ies in 
the extreme categories. If this distribution o<.·t·urre(l. t lw statistical 
hypothesis tested by chi-square would be rejected. but so would the 
researcher's belief that there is a shift toward a preferred hand. 

Consider Distribution B. This distribution. with relatin-'ly large 
frequencies in the extreme categories, suggests a fully deYeloped hand 
preference for some children. But there is no e\·idence of a "shift'' 
among the other children. From this distribution, it would seem that 
children of this age either ha\·e a fully de,·eloped hand preference 
or else they alternate in the use of the two hands. Then• is no evi~ 
dence of a gradual shift, and again the researcher's belief. while not 
entirely contradicted, is not wholly substantiated either. l\lany chil­
dren of this age consistently seem to use one hand, but the change 
from alternation to consistency is apparently sudden, not gradual 

Distribution C gives the frequencies which yielded our x~ of 
16.57 and led to the rejection of the hypothesis in this study. It is 
important to understand why they do so. The researcher's belief of a 
gradua~ shift towards a prefe1:red hand is su~ported by t?e very 
large difference in the frequencies of the two middle categones. The 
expected f.·equencies for these two categories are equal, 83 and 83 
as given by the binomial distribution. If one hand is as likely to b~ 
used as the other, then it is expeeted that equal numbers of children 

207 SINGLE YARIABLE 



\'.ill ;;,]] in:'' ; h·· l':t1t't!'>!'Jl•;-; of:) I-~ight 2 Left and 2 Right-3 Leftf 
J:·;: in :hi- .-:11<!::. ltll t·hildrl·n were elassified in the categor~ 0 

:: I~ i ~' h · ~ J., -:· · ; t 11 d 1111 h· :-,~' in t lw cat l't!on· of 2 Right-3 Left. Smce 
)!,(J-· r·hild!'t•!l ,j,, ht•r'rll;lt. rig-ht-handed·. tl;e fact that so many more 
r·hii·h·ll \.,,.,-,. ,·];,,...,_ifit·d in 1lw :.; 1-~ight :2 Left categorystronglys~~­
;._'•·-·- ;, ) ... ~'i!;t1i!l:! Tt·ndt·n,-~- to fanll· the right hand.Anditist IS 

Lit:.J ~~:· ; •·t:.J,-n,-~- 1 h:tt our n•;-;t•:trl'lwr predicted. 
J:,-:-~~n· ,.,,n,·lwling that tlw re:-;earcher's belief has been con­

:::-tJ,•·•I. ,,t1•· llH'r•· "'1''1' i." nt•t·t•;-;:-:ary. l)i:-;erepancies between o~served 
:tnd •·:·:1,,.,-;,.d r'!·•·'!tll·twi•··" tna~· look "large" yet contribute httle to 
1 h ,. ·. : tl t 1• · () f ; 111 c > h 1:1 i 1wd \: \\·lwn t lw L'Xpeeted frequencies themselves 
:tt·,. hrgt·. ( >nt· ."hcn!ld ah\·a~·=- look at the ,·alues which were summed 
1() ,J!>t:titl \·· l·'or 1hi;-o; ;-;1ucl~·. tlwse are the ya\ues given in the last 
<"()ltltnn of T:ddt· ~~-~- Tlwre it is apparent that by far the largest 
;..;inglt· t·on1 ril>u1 ion to tlw ,·alm' of x~ comes from the category of 
~ I~ igh t :; I.d1. \\·hit·h has fe\\'er than the expected number of _fre­
< jtll·J1<'it·;..;. Tlw 1wx1 largPst ('Ontrihutions to x~ come from the 3 Rtght 
:t11d -l I ~i.uh 1 t":t 1t•goriL·s. \\'hich han' more than the expected number 
of fn·q lll'l1t"ie;..;. Tlw;..;p findings are consistent with the researcher's pre­
di1·1 ion no1w ;tn· int'onsi:-;tt•nt and this information, together with 
t lw ;..; i g n if it' ant o 1 > t a i nl'd \ '", provide a confirmation of the researcher's 
hl·lil·f. 

l \ 'lu '' i 11 te I'J>rl'l i !Iff n siy 111jica nt x~, it is alu:ays necessary to examine 
tlu· ()1'/.(!iflol dnto. ,·~ it:-;l'lf ).!in's no information about the direction 
of d i trt·rl'IH'L'~ hl't wel'n obsern'd and expected frequencies, and no 
information about u·here these difl'erences occurred. 

BIVARIATE DATA The chi-square test may also be 
used when a researcher wishes to 
compare two or more independ­

ent pt·oportions, or is in teres ted in the relationship between two Var­
ia hiPs both of which are represented by categoriesratherthanmeas­
ures. The first step in tests of this kind is to set up a bivariate table 
and cross-tabulate the observations into the cells of the table, as in 1 

Exan1ple 2 of Chapter 1. 
After the observations have been cross-tabulated and the mar_ 

ginal totals entered, expected frequencies can be computed for each 
cell of the table. The observed frequencies may then be compared 
wi lh the expected frequencies by means of the x2 formula. The only 
difference is that x 2 will not now have k - 1 degrees of freedo111. 
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Because th 
expe t d e marginal totals of the table are used in computing the 
all .. ~.e frequencies (as will be seenl, the cells in the table are not 
tom~~: to Vary." In such cases. an easy way of computing the d.f is 
colu I~ly the number of rows in the table less 1. by the number of 
df ==m(~s 111 the table less 1. Thus, for these probll'ms we may write 

- l)(c- 1), where r stands for rows and c for columns. 

tend:~ample 3. A number of personality theories imply that the 
amon cy t~ r~press or forget incidents of e~u:ly ch_ildhoo_d is g~·eater 
predi; neu10t1cs than among normals. On th1s bas1s. an 111Ycst1gator 
back ~s that fewer neurotics than normals will han' nwmories dating 
neuro .0 early childhood. He inten·iews a random sample of 20 
clini be Patients who ha\'e been accepted for treatment at a city 
the 1'· <l:lld a random sample of 30 normals from the area sen·ed by 
old h llllc. Each subject is asked what is his earliest memory and how 

e Was at the time. 
ch'l In order to determine what age range shall constitute "early 
je \ dhood" for the study, the distribution of ages gin•n by the sub­
A c s as the time of their first memorv is diYidecl at the median. 
t g~~ be1low the median of the distributi'on are regarded as belonging 

0 . ear Y childhood"; ages abm·e the median are regarded as "late 
chtldh?od." A bivariate table is set up and each subject is classified 
accordmg to his group (normal or neurotic l and the time of his first 
memory (early or late childhood l. The results are: 

NomtAL 
NEunonc 

Tnn: oF Fm;;T \lE~IoHY 
EAHLY CI!ILIJJI()()J) L.\TE C!IILil!IOOil 

IS 
7 

TnT.\L 

30 
~0 

TOTAL 25 25 50 

11 1Should it be concluded that fewer neurotics than normals have 
ear Y childhood" memories? 

A directional hypothesis and one-tailed test would be reasonable 
in this situation. Theory predicts a difference between the two popu­
lations, normals and neurotics, in a specified direction-namely, that 
fewer neurotics than normals have "early childhood" memories. How­
ever, if an investigator doubts the truth of a theoretical formulation, 
or, in general, if there is little evidence in support of a theoretical 
formulation, he may be unwilling to commit himself to a directional 
hypothesis. In this case, he will conduct a two-tailed test. For illus­
trative purposes, we shall carry out both a two-tailed test and a 
one-tailed test. But it should be emphasized that in practice only 
one of these tests is carried out, and the decision as to which test 
will be carried out is made before inspecting the data, ideally before 
the data are even collected. 
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Two-Tailed Test 

• • :-;TEl' 1. Tlw h~·pot lw=--i=- ma~· lw :-;tated in any one of several 
\\·a~·:-;: E i tlwr. If : I', =- I'> t lw pro port ion of nemotics having "early 
childhood·· mvmoriL•s is t lw :-;anw a;-; the proportion of normals having 
su<"h nH·rJwrit· . ..;. < >r. II: Tlw \·ariahiL•s ":\ormal-:\eurotic" and "Time 
of First :\lt·rnor~·" arl' indt·pt•ndl'nt \Unt·oJTelated). Also, because a 
mL·dian ;..;plit \\·a;..; u;..;t•d to oht:1in tlw t·at<.•gories representing the vari­
;1 hlt· "Ti n~t· of Fir:-;t :\ ll'nwry." t lw hypothe:-;i:-; may take the forn1 
that norrn;ti;..; :tnd twurotit·;..; han• tlw ;..;anw median on this variable 

. . , 
or II: :\ll'dt:tn: :\h·dt:tn_. :\11 thn•t• :-;tatL•ments of the hypothesis 
ha\·1. tlw ;..;atlll' inlplit·;ttions and :1rl' automatically tested by the 
chi-;..;qu;trt· tt·;..;t wlwtlwr or not tlw~· n•cl'iYe explicit recognition. 

L1·t u;..; ;..;uppo;..;t· that .tl:> i:-; dwsl'n as the leYel of significance for 
l ht· ll':-'1 . 

• • :-;TI·:I' •) Computl' tlw t•xp<.•t·ted frequency F for each cell of 
tlw hi\·;triatt· tahl<.•. This has l><.•t•n dom• in Table !).3 by using th 
colurnn total;..; to d<.·t<.•rmine what proportion of each group shoul~ 

Table 9.:3 
Chi-~quare Test of the Hypothesis That 1)1 = r~ 

J·:.\Hl.Y ( 'IIII.Illltlrlll L.\n·: C llll.llllOOI> To·rAL 
cg ® 

::\'<llt\1.\I.,..; IS 12 30 
@) @) 

::\' El'l:r IT!<·,..; 7 I:{ 20 

Tr1T.\I. 
•)--·' 

.,-_;) 50 

('r•:-.11'1"1'\Tl<J:'\ 111-' 1-:XI'I·:r·rEI• FHE!i1'I-:'\r·n:s: 

"L:triY Cliilriii"'"J" ('r•lls 
:'\~>iDt\1.:< F ,'_!_-, ,-,(J,<;II, ~;-, 

:'\ J·: I 1:11'11' "": ,.. = , '2.-•. -.11, ''211, I 0 

"I.:Jt(· < 'IJildl\(""1 .. ( 'r·ll:-; 
:'\()JC:\1.\I.:..: F •'2:, ,-,(J,,;;(J, 1:, 
:'\ I-:1'1:< 111< ,...: F •'2:,_ ,-,() t~'2111 Ill 

F 

1 1:-i- 1:,,, rl'2- 1.-li~ (7 -!())~ (13-10)2 ----· ·- + ---- + --- + == 3 
~;-, ~;-, 10 10 .o 

I,.- F,., 
,. _!--~-·--

t/f=lr-!l(r \1=('2-1)(2-1)==1 

.o:-, < I' < .10 
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appear in a particular cell uml<'r the hypothesis that there is 110 

difference between the groups. Thus. if ~5 SO of all tlw first mPnwries 
are classified in the "Earl~· Childhood" catpgor~·. tlwn it is l'XJWl'ted 
that 25/50 of normals' first nwmorit>s \\·ill fall in that call',!.!<)!'~· and 
25/50 of neurotics' first memoril'S \\'iII fa II in that <'at l'gory. Tlw sa me 
is true for the "Late Childhood" catt>gory sin<'e ~5 GO of all tlw first 
memories are classified in that catt>gor~·. Tlw l'Xpceted fn'qlll'IWies 
are shown in the cells of Table !l.:3. \\·lwrc tlw~· art> l'irt'led to dis­
tinguish them from the obscrn•d frl'<illl'IH'iPs. :\s a t'Ill'l'k. tlwir row 
and column sums should be the sanw as the marginal totals of tlw 
table. 

• • STEP 3. Compute x~ in the usual mamwr. squaring tlw dif­
ference between the obsen·ed and expected fn•qul'IH'il'S of each cell 
and dividing by the expected frequency for that ccll. In this case, x~ 
is found to equal 3.0. · 

• • STEP 4. The degrees of freedom arc g1 Yen b~r df = 
(r- 1)(c- 1), which in this case equals 1. ::\"ote that in the table, 
if the marginal totals are regarded as fixed (and the~· \\'ere so re­
garded in determining the expected frequencies), then only one of the 
cells is free to vary. That is, an entry in any one of the <'l'lls com­
pletely determines the frequeneies of the remaining <·ells. since the 
row and column sums of the cells must equal tlw gi\'L'n marginal 
totals. There is indeed only one degree of freedom in the table. 

• • STEP 5. Turning to Table C of the Appendix, we find that 
x2 = 3.0 with 1 df has a probability between .05 and .10, which may 
be written .05 < P < .10. Since the probability is greater than .05, 
the significance level chosen for the test, the hypothesis cannot be 
rejected. It cannot be concluded that fewer neurotics than normals 
have "early childhood" memories. 

·• DISCUSSION 

The hypothesis that equal proportions of normals and of neurotics 
have "early childhood" memories is retained. \\'e also retain the hy­
pothesis that the variables "0!ornal-~eumtic" and "Time of First 
Memory" are independent, and the hypothesis that normals and 
neurotics have the same median on the variable "Time of First 
Memory.'' 

The probability of the obtained x 2 is small, less than .10. The 
result is "close" to being significant. No investigator will feel alto-
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· · 1 tl ·i · of no difference between gether comfortable retammg a 1ypo 1 c~ ~ l'fl' ld 
1 .. , 1 .. nple < 1 erence wou occur two parameter:-; when the o >:-;el \ u :-,11 . . 

· l ·. 1 -1>othe:-;1s. At the same tnne Jess than lW; of the tmw under t 11~ 1 ~ lt. ~ 'fi t' 
l l rl the resu 1s not s1gm can , it is not correct to :-;ay that a t 1oug 1 . , . . . , 

· .I" · 1 . 1· ·t •cl direetwn. ::-ilf/lll}lwnt results them. there 1s •• a treiH 111 t 1e pll'< ll l . 1 "~ . • 
· . . . 1 . ur 111 o(puluc es. l'\On·slgmficant sc-lres oiiltt 1 iiclu·ote trends, not 0 !IWIIII s ·. h h h 

· 1 . l . · \·eslJrrator w en e c ooses results, by the rule adopted >:'> t 1L 111 · .'"' . 
· ·1 1 1 "ll11JJlmg fluctuatiOn. alpha, rnust 1Je attn Hlte< to ran< om ~. · .. 

There is, howe\·er, a legitimate wa:'>' to make_ the dec.Ision a more 
certain one. The in\'(:>stigator can incTease the Size of his sample. A. 
fixed and previously deten11inccl number of new subjects may be 
randomly sele<:ted from the population(sl p1·eviously sampled, and 
additional observations made in the same way as before. (We stress 
that the number of new subjects must be previously determined and 
adhered to; it is not legitimate simply to add subjects until some 
desired outcome is achieved.) These new observations may be com, 
bined with the previous sample and the statistical test conducted 
again on this larger sample. If the original result was in fact due to 
an unusual random sample, the addition of more random observa, 
tions is almost certain to yield a result with some probability largel' 
than was found for the original sample. On the other hand, if th~ 
original result reflects a real difl'erenee between the two populations 
the addition of random obserYations is very likely to result in ~ 
smaller probability value. 

~'hen an investigator follows this procedure, increasing the siz~ 
0~ h1s sample and conducting a second test, he gives himself, in 
~ ect, a second chance to reject the null hypothesis. If the hypothes1· ls true h. d d . . fi . 1!1 

1 • 1s a opte s1gm cance level, whatever 1t may have been 7° . on~er represents exactly the probability of making a Type I err ' 
e~·~Jec~mg a true null hypothesis.) The probability of making th~l' 

or Is now somewhat larger. For two tests only, the increase · 1!1 

Probability is so small that it is usually overlooked. But if the p/11 
cedure _i~ repeat~d and the investigato_r gives himse~f.additional 0~: 
port.unllles lo reJect the null hypot~es1_s: the probab1hty of a Type l 
Cl'l'Ol' grows a pat><'. The adopted s1gmhcm~ce level become~ an ill, 
ereasinglv U\Wl'l'lain guide to deeision-makmg. ~n extreme mstanee 
of this p;·obk·m is diseussL'd in Exarnple 4 of this chapter. 

One-Tailed Test 

th h othesis. Let P1 represent the Pl·o. 
• • sTEP 1. Formulat~ e }P ·ly childhood" memories and P. 

Pon ion of neurotics who ave eai · 
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represent the proportion of normals who have such memories. Theory 
predicts that P1 < P~, the proportion of neurotics will be smaller 
than the proportion of normals. If the hypothesis P1 ~ P2 can be 
rejected, then the alternati,·e P1 < P2 may be accepted. The .05 
significance level is adopted for this test also. 

• • STEP 2. x2 is computed in the usual manner. This has al­
ready been done in Table 9.3, where x2 was found to be 3.0. 

• • STEP 3. Because x~ has only 1 dj, it may be converted to a 
z value by formula (9.2). Thus, 

z = Vx 2 = v3.0 = ±1.73 

If the observed proportions are such that P1 < P2, -1.73 is taken 
as the value of z. If the observed proportions are such that P1 > p" 
+ 1.73 is taken as the value of z. From the data given in Table 9 3' 
we find that P1 = 7/20 = .35 and P2 = 18/30 = .60. It is evide. t 
that P1 < P 2, so -1.73 is the value of z. n 

• • STEP 4. The z value found in Step 3 is referred to the non 1 
curve table, Table B of the Appendix. Because the hypothesi n~ 
that P1 ;;:: P 2, the critical region is in the lower tail of the no/ Is 
curve. Our z value of -1.73 falls in the lower tail of the distribut~nal 
. 1 . d. h . f II . Ion. 
1t on y remams to Iscover w ether or not It a s m the crit· ' 
region. From.Table B, w~ ~nd that z v~lues e~ual to an? .below _ ;;al 
have a combmed probability of .04. Smce this probab1hty is sm ll 3 
than .05, the sign~ficance l~':ei adopted for the test, it. is clear ~her 
our z value falls 111 the cr~tlcal region. The hypothesis is reject:t 
and we accept the alternative that P 1 < P2: the proportion of d 
rotics having "early childhood" memories is smaller than the Pr neu­
tion of normals having such memories. 0 P0 r-

• DISCUSSION 

BY this one-tailed test, the hypothesis is rejected and the answ . 
the original question is yes: it may be concluded that fewer neu .e1 .to 
than normals have "early childhood" memories. By the two-~ 0~lcs 
test previously carried out on the same data, the hypothesis .a1 ect 
tained and the answer to the original question is no: it cann 18 re­
concluded that fewer neurotics than normals have "early childhot be 
memories. Our two tests lead to opposite conclusions. How c Ood'• 
tell which is the correct conclusion? Vle cannot tell. The invest~n We 

formulates his hypothesis, chooses a significance level, and a~~tor 
bY the results of the statistical test. If he did not do this, he w Ides 
be like a man who places a bet on one team, then wants to chan ould 

ge his 
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l 1 · If someone will take his bet when that team appears to )C oslJ1g. . 
bet the odds by now will be n•ry different. In the same way, lf 
hy~otheses m· significance len~ls are change~. \:·hen they app~ar to 
he "losing," the odds are changed prohal)lhtles computed I.n the 
usual way cannot be taken at faee Yalue -and we cannot arnve at 
any dependable conclusion. 

~~·xam pi(• 1. A psyc-hologist work in~ in a rehabilitation center 
is concerned about the joh adjustment of d1sabled workers who have 
been retrained and placed in new jobs. ).lany of these m~n seem 
unable to adjust to their new jol>s; others, equally handicapped, 
make a good adjustment. An examination of the m_en's records re­
Yeals no correlation bet ween t ~- pe of d isabi 1 it Y and JO'? adjust!llent, 
and no correlation bet ween joh adjustment and type of J_ob previously 
held. The psychologist cleeides to il1\·esligate emot10nal factors 
Before_leaYing the re_hahilitation c·c•nter, all of the men take a psy-: 
cholo~Jcal test on_ wl_11eh they are asked to compare themselves .with 
a Yanety of descnyti\·e statements which ar~ lar~ely of an emotional 
n~ture. Fc!r each 1 tem <_lf t_he te_st, the examm~e IS a~ ked t~ compare 
himself With the desenptton giYen hy checkmg a five-pomt ratin 
s_c~le tl;~tt _ ex~~nds from ":Sot at all like m~". (1) to "Very muc~ 
like me. I ;J 1. l he psyc-hologist sets up a hiYanate table for each ite 
of t~e test anc~ cross~tabulates the answers to that item with tltn 
mens presen~ Jo1~. adJustment. For the test item "I feel frustrat~e 
most of the time, ~he_ ans\vers giYen by 120 men randomly select d. 
from the files are d1stnbutecl as shown below: eQ. 

.Jo11 
All.JI"ST:I!E:-.;T 

( ; ood 

1-'a i r 
1' oo r 

:\:-.;swEH,.; To TE:-;T lTE:II 

"::\Cl'l" AT AI.!. 

!.IKE :111::'' 

) . i 
•) ;) IS 
:) :) 1 \l 
() '2 ;) 

"VEnY m:cn 
LIKE :liE" 

I :i To-rAt. ·I 

~ 8 41 
10 7 42 
12 18 37 

To-r·' 1. ; ) Hl ·t~ :~o a3 120 

Is Lherc some correlation between job adjustment and answers 
to this test item, or arc the t\vo Yariables independent? 

•• sTEP 1. The hypothesis, of course, is that the two variables , 
an· ind<·pPndPnt. If this hypothesis could be rejected, we could he 
n•asonably sure that sonw dL•gn~P of correlation exists between the 
answers to t.his Lest. item and the men's job adjustment. The hy, 
poth_esi:-:. ('ould hl' sla Led in tL•rms of proportions -e.g., that the pr0_ 
porLiot_1s of n_wn giYing eaeh of the tesl answers is the same for the 
~hree Job adJustment ,~·alegories. It is this circumstance which is as. 
sumed by the phrase no correlation." 
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• • STEP 2. \Ve shall not adopt a significance level for the test 
of this particular hypothesis. A whole series of statistical tests is 
being conducted, one for each item of the questionnaire, under the 
overall hypothesis that job adjustment is not related to the emotional 
factors reflected in these items. It would be inappropriate to evaluate 
any single hypothesis outside of this context. Instead, we shall obtain 
for this item a x~ Yalue, determine its probability as usual, then con­
sider the meaning of this probability Yalue within the context of 
various outcomes for all of the items taken together. 

• • STEP 3. To obtain x~, we begin as usual by computing the 
expected frequencies for the cells of the table. The first column total 
is 5. Dividing this by n = 120, we obtain 5, 120 = .04. Thus, .04 of 
each job-adjustment group are expected to be in the first column. 
These groups number 41, 42, and 37, so the expected frequencies 
for the first column are .04(41) = 1.64, .04(42) = 1.68, and .04(37) = 
1.48. These expected frequencies are extremely small. According to 
the requirements given on p. 201, such expected frequencies are too 
small for the satisfactory use of the chi-square test. In such cases, 
if adjoining categories are logically related, it is appropriate to com­
bine the frequencies of adjoining cells until the expected frequencies 
are large enough to meet the requirement for chi-square. It would be 
reasonable, for example, to combine test-answer categories 1 and 2 
into one category representing the low end of the answer scale. It 
would also be reasonable to combine the Good and Fair job-adjust­
ment categories into one category representing "acceptable" job 
adjustment. It would ~wt be reasonable to combine the Fair and Poor 
job-adjustment categories into one category since such a category 
would have no clear meaning. Because the column totals are small 
for both test-answer categories 1 and 2, we will combine these two 
categories and see whether this results in large enough expected 
frequencies. As may be seen in Table 9.4, where the categories have 
been combined, the expected frequencies are now large enough to 
meet the requirement for the chi-square test and we may proceed 
to compute x2• 

• • STEP 4. x 2 is computed in the usual manner, as shown in 
Table 9.4. Its value is found to be 19.62. Since there are three rows 
and four columns in the table, df = (3 - 1) (4 - 1) = 6. Turning to 
Table C in the Appendix, we find that a x2 as large as 16.81 with 6 df 
has a probability of .01. Since our obtained x2 is larger than this 
value, its probability is smaller and we write P < .01. 
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Table 9.4 
Chi-Square Test of the Hypothesis That Two Variables 

Are Independent 

:\:'\sWEI\:-; TO TEsT !TE~I 

JoB ADJCST~IE:'\T 1 •"- .? .) 

15.121 114.:351 
Goon 7 IS 8 

Q1I] [IIEJ J 

F.UH (j I !J 10 
)4.G2J ~ J 

PooR 2 ii 12 

TOT.\1. Iii 42 :~o 

Co~IPCTATIOX OF ExPEcTED FHEqt·E:-;<'IE,.; 

(15/120)(41) = 5.12 1-l2/120,1·ll, = 1-Uii 
(15/120)(42) = 5.2;) 1-l2/12011·l2J = J.l.70 
(15/120)!37) = 4.62 (42/12011:>7 1 = 12.D5, etc. 

I 
•/ 

110.251 

I I0.5ol 

Oillj J 

:j 

111.281 
8 

111.551 
7 

18 
)10.18) 

:33 

TOTAL 

41 

42 

37 

120 

X 2 =::!: (j- F) 2 = (7- ;1.121~ 11.'-i- 14.:3;il~ + ... + (18- 10.18)~ _ 
F 5.12 + 1·1.:3;) 10.18 - 19·62 

df = ( r - 1) ( c - 1) = (:3 - 1) ( 4 - 1) = G 

p < .01 

• DISCUSSION 

If only one test item and one hypothesis were being investigated, We 
would almost surely conclude from this chi-square test that answers 
to the test item "I feel frustrated most of the time" are correlated 
with job adjustment. Looking back at the data, it also appears that 
the greatest departures from expectancy are among the poor adjust­
ment group, who more frequently claimed that the item was "very 
much" like them and only rarely said that it was not like them. A 
relatively large number of these men thus reported chronic feelings 
of frustration before they even began their new jobs. The investi­
gator's interest, of course, is in whether these conclusions may be 
generalized to the population of disabled workers who come to the 
rehabilitation center. Before using this test item to identify men Who 
may need special help, the psychologist will want to be sure (reason. 
ably sure) that these results are not an accident of random sampling. 
But in this case, unlike the examples previously considered, more 
information is required before the decision can be made. 

It will be recalled that a whole series of statistical tests is being 
conducted, one for each item of the questionnaire. When an investi­
gator adopts, say, a significance level of .05 for the test of his hy. 
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pothesis, and that ~ypothesis happens to be true, the probability is 
.05 that the ~ata will nevertheless be such as to cause a rejection of 
the hypothesis. If he could repeat his experiment a vast number of 
times, in the long run 5< ~ of his experimental results would lead to a 
rejection of the hypothesis e\·en though it is a true hypothesis. From 
this reasoning, it follows that in the long run 5% of true hypotheses 
are going to be mistakenly rejected. 

Now the investigator of this study is going to test a large number 
of hypotheses. Suppose they are all true? If there are 100 items and 
therefore 100 hypotheses and these hypotheses are all true, then the 
expectation is that ten of these true hypotheses will be rejected if 
alpha is .10, five will be rejected if alpha is .05, one will be rejected 
if alpha is .01, and so on. These expectations only apply, it should be 
emphasized, when all of the hypotheses to be tested are true. JVIost 
investigators run little risk of testing large numbers of true hypothe­
ses, unless they test the same hypothesis over and over again and 
that hypothesis happens to be true. But our investigator is in just 
such a position. He could be wrong that job adjustment is related 
to the emotional factors tapped by this particular psychological test, 
and in that case he will be testing over and over again for each item 
of the test what is essentially the same true hypothesis. If the test 
consists of 100 items, he is in danger of testing 100 true hypotheses. 
Once he recognizes this danger, he can adopt any given significance 
level with the expectation that this proportion of his hypotheses u,az be 
rejected by the data, and therefore that the occurrence of such a pro­
portion of rejections does not by itself constitute evidence that the 
particular test items involved are significantly related to job ad-
justment. 

The point is that whenever an investigator has many hypotheses, 
or many opportunities to reject a hy~othesis, chance factors alone 
are expected to produce some pi:oportwn. of rejections. A single re­
jection cannot be evaluated outside of this context. 

Studies of this kind require cross-validation-a repetition of the 
study with another sample of subjects and with a definite set of 
predictions. Those test items which, on the basis of the preliminarY 
study, appear to be related to job adjustment provide the basis for a 
set of hypotheses that are now formally tested in the second studY· 

In general, the cross-validation _of statistical results on a neW 
sample is necessary whenever a specific set of outcomes is not pre­
dicted prior to the investigation. Random sampling is expected to 
produce some chance differences, and w~ cannot find difference~ _?~·s! 
and then proceed as though we had predicted them. The probabilltie 

217 BIVARIATE DATA 



. . 'fence of prediction 
that guidc· our clt-<"i=-'ion,_; arl' h;t,_;ed upon the cOIIICIC 

a 11d '''''~"''" 11 , nut upon out<"<>ll1l' alonc.•. 

Practice Problems 

. . · 1 statistical hypoth-
Fur ( ru), uf tlu· fultull'i!l~/. stnfc• flit• rtj)JliO]JIW (' I 's by usZ:.ng 

. I · · · · I I •sl the lllj]JOIICSI 
f·s,s; ru "I'' n .fl.) It rt I "-' -"'!l'u_tu·tuu·c·, 11111 1 ' • 1 · •estigator• 
flu r-J, i-:-:tf/111(1 It :-:1. r ) 11 tl1t· /J([sis uf the results, aiiSil'N IIC IIH 8 

fJIU S/i.tl/1. 

. . . . . 1 1. t' g JJatterns of stu-
1. .-\n 111\·~·,_;tJ.I.!;_ttc,r ts Interested .. ll1 t 1e c,lll1 of 60 student 

dc·nts at a unt\·c.·rstt\·. lie asks a J,l!1dom sample I' h ds. .1 . . . " 1 " dates w11c 0 
\\ H·tiH:r lll<lSI c,f tiH· clatl's tlw\· go on ,ue soo 1 
n()t inc·ludc· Ill ht'r fric·nd...; dllul>le-datc.•s with one other c~up ~h o-r 
\\'h(·t hl·r t IH·\· t \"l'ic·alh· j;,;n a part~· or group of friends Wt1en te~ 

· · · · · 1 28 ay tha mos of 
_!.!() rn1t ()J1 a datc.•. ()f till'()() students questiOnec, s d t 
the tim(· thc.·\· _!.!() 11Ul on "solo" dates, 22 go on double- a es most 
()[t ~·n, and t~·n usually join a group or pm:ty. Is ~h.ereo~:~~t~eto 
belie\·<..· fr()m these data that nne mode of clatmg pre\mls l's, 

at this uni\·<..·rsity'? 
~.>. 1 1 1 'ldren who sho - .-\mong a random sam pic.> of 40 pre-sc 100 C 11 . , 1l '\V-

a dc.·finit(' ('()lr•r· 1,n·f<·n·rw<· lfi J>referred 11 preferblue,nme)e 0\"\r" · ' 1 · or s » 
and fout· gn'l'll. J)o thc.·s<' rc.·sult~ indicatl' that on_e coo; 01)"1.~ 
c·cJ)cJrs arc· n1c>l'l' JH>Jndar than otlwrs among such children. 

:~. A maze has fi\·e straiuht alleYs extending out from the stal't_ 
ing point. An experimenter ~\·ishes to determine wheth~r the rat h.~ 
P_lans to use in an experiment has a tendency to turn 111 some Pal"_ 
ticular direction so that he will enter some alleys more frequently. 
than others. On 100 trials in the empty maze, the rat entered eaQh_ 
alley the following number of times: 

Alley A II; Alley B 15; Alley C 12; Alley D-25; Alley E-al. 

Does the rat show a tendency to enter some alleys more frequentl~­
than others? 

. . 4._ ~rhc experimenter of (3 l abo\'e now places a _different fo(}Q 
1 n~.en t 1' e at the end of each alley of the maze. He w1shes to det~l' 
mmc whether the in('enti\·e~ will h;we a differential effect on tl -
!'lumbe~ o!' tin~es eael~ alley is entered, thus_ bringing abo~t a ~han.~~ 
11! th~ d.mmal s preYwus pattern of behaYJOr. On 100 tnals m th·e­
SI tuat10n, the rat enters eaeh alley the following number of tim"" l~ 

"'~· 

Alley A- 20; Alley B-. 22; Alley C--24; Alley D-16; Alley E-1.; 
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Do these res It · d" · ·r, l · l · 1' of bel . u s m 1cate a s1gnlllcant c 1ange m t 1e amma s pattern 
1av1or? 

dete 5· .Ninety-six students in Experimental Psychology classes each 
usin rmme ~he auditory threshold of one subject for a given tone, 
old g \vhat IS called the method of limits. The method gives a thresh­
the ~a ~e tha~ is presumed to be tl~e tone just loud enough. so that 
min ~b~ect will hear it half of the time. After the threshold 1s deter­
tr· le ~ this method, the subject is given another short series of 
th1~ sl wluch include four presentations of the previously determined 
t" 1 es 10ld tone. The students record for their subjects the number of 
lmb~s this thresholcl tone was heard during the last series. Each su J t. ~ t ec IS then classified according to whether he heard the threshold 
t~~eg 4, 3, ~· 1, or 0 times during the last series. The distribution of 

6 subJects is as follows: 
Nt::.IBEH OF TI :\IES 

TnnEsuoLD To=--E \VAs HEARD 
4 s 2 1 0 

Nu:.mEu oF SunJEcTs 10 26 29 28 3 

~s this distribution consistent with the assumption that each subject 
as a 50-50 chance of hearing the threshold tone? 

.6. A pollster believes that a "tough" attitude towards the Com­
!ll~mst nations is more common among Korean vVar veterans than 
It IS among ·world \Var II veterans. He questions a random sample 
of 100 Korean vVar veterans and 200 \Vorld V/ ar II veterans and finds 
the following: 

Korean fVar veterans: 64 favor a tough policy, 36 do not. 
World War II veterans: 146 favor a tough policy, 54 do not. 

S~·wuld it be concluded that Korean V/ar and \Vorld \Var II veterans 
differ in this respect? 

.7. An investigator is interested in the effect of set on problem­
solvmg. He divides 40 subjects randomly into an Experimental group 
and a Control group of 20 each. Both groups are given the same 
problem to solve, but the Experimental group receives misleading 
~nstructions while the Control group is given the usual neutral 
mstructions. Among the Experimental group, five subjects solve the 
problem, 15 do not. Of the Control group, 13 subjects solve the 
problem, seven do not. Should it be concluded that the differing 
instructions have an effect on the problem-solving of these subjects? 

8. A psychologist is interested in the relationship between 
achievement motivation and the tendency to conform to group 
opinion. A random sample of 50 college students are given a "need­
achievement" test to determine the strength of their achievement 
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motivation. The distribution of scores is diYiclecl at the median to 
give "high" and "low" need-achievement groups that are as nearly 
equal in size as possible. Each subjel'L is also given a series of trials 
in a group situation where all the other members of the group have 
pre\·iously been instructed by the experimenter to concur in a clearly 
mistaken opinion. The number of trials on which the subject consents 
to the mistaken judgment of the ,!!;roup is taken as his "yielding 
score." This distribution of scores is also di\·idecl at the median to 
~!ive a group of "high yielders" and a group of "low yielders." Cross­
dassifying the subjeds on both \·ariables gives the following results: 

:\cun; \' 1-:.~1 E:\T ~lOTI\' ATIO:\ 

lligh 
Low 

III<dl YIELI>EHS 

\I 
I:~ 

Low Y !ELDERS 

18 
10 

Do the results indicate a :eiationship bet.w~en need-achievement 
score and the tendency to yield to group opmwn? 

9. A psychologist believes that much of the anti-social behaviol' 
of delinquents springs from the delinquent's view of himself as "no 
good any~ay." As a first step tmva~·ds investigating his theory, the 
psychologist compares the self-attitudes of a random sample Of 
delinquents and a random sample of non-delinquent children drawn. 
from the same neighborhoods. The results are as follows: 

SELF-A-niTt.:I>E 

PosiTIVE ~ E l'THAL NEGATIVE 

IJELI:\Ql.'E:\TS 

?\ 0:\ -IJE LI :\ <zl' E:\ TS 

s 
IS 

24 
10 

Do the data warrant ?-sserting that a negative self-attitude is found 
more often among delmquents than among non-delinquent childre ? n. 

10. An experimenter is interested in the relative effects of diffe 
~nt kinds of stress upon task performance. A sample of 90 subje ~­
IS randomly divided int? three groups of 30 each: The three gro~ s 
perform th~ sam~ expenmen~al task, but under .different conditio~s 
One group 1s subJected to fmlure stress, the subJects being told th:t 
they are performing very poorly. The second group is subjected t 
distraction stress in the form of loud noises and other distractin ° 
stimuli. The third group serves as a control, performing the tas~ 
without interruption under quiet conditions. Performance on th 
t k . l 'fi d "G d " "A " "P " d' ~ as 1s c ass1 e as oo , verage, or oor, accor mg t 
previously established criteria. The results for the three groups are~ 

PERFORMANCE 

Goou AvERAGE PooR 

F AILL'HE STRESS 

DISTHACTI0:-.1 STRESS 

NoN-STREss CoNTROL 

7 
8 

15 
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Can it be concluded that these subjects perform differently under the 
different stress conditions? 

11. In a study of cognitive development, ten school children 
randomly selected from each of grades 1 through 8 are given a series 
of tasks and questions designed to reveal their characteristic way of 
perceiving and understanding the world around them. On the basis 
of his performance, each child is classified according to whether his 
characteristic mode of thinking is predominantly "Abstract," "Func­
tional," or "Concrete." The number of children in each grade who 
were classified in each of these categories is shown below: 

CIIAR.\CTERISTIC CoG:-.:ITIYE MODE 
GRADE ABSTRACT Ft::-.:cno:-.: .\L CO:s'CRETE 

1 1 3 6 
2 0 5 5 
3 1 4 5 
4 2 5 3 
5 4 4 2 
6 3 5 2 
7 7 3 0 
8 6 3 1 

Is there evidence in these results of a shift in the characteristic mode 
of thinking with increasing age (grade level)? 

Answers 

1. x2 = 8.40 with 2 elf, P < .02. The hypothesis that students 
of this university engage equally in the three patterns of dating is 
rejected. From an inspection of the differences and their direction, 
joining a party or group of friends appears to be much less common 
than double-dating and especially "solo" dating. 

2. x2 = 7.40 with 3 dj, P > .05. The hypothesis that the colors 
are equally popular among such children cannot be rejected. There­
fore, it is not possible to conclude from this study that one or some 
of the colors are more popular. 

3. x2 = 12.20 with 4 dj, P < .02. The hypothesis is rejected 
that, with repeated sampling of this animal's behavior under the 
same conditions, the proportion of times each alley is entered will be 
the same for all of the alleys. From an inspection of the differences 
and their direction, the rat shows a tendency to favor Alley E and 
perhaps Alley D, while Alley C appears to be neglected. 

4. x2 = 24.49 with 4 dj, P < .001. The hypothesis of no sig­
nificant change from the previously observed pattern of behavior is 
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rejected. (~ote that the obsen·ed frequencies for the empty-maze 
condition are the expect eel fn·quencies for this condition.) The in­
centi\·es proYided b~· the experimenter do ha\"e a differential effect 
on the rat's behaYior. 

G. x~ = 6.:36 with 4 df, P > .10. The hypothesis is that each 
subjeet has a GO-GO ehance of hearing the tone (P = Q = }), from 
which it follows that the !H) outcomes will be distributed in accord­
ance with the expansion of 1 fJ + () 1:, since each subject received 
four trials. Because the probability of a chi-square Yalue as large as 
6.:36 is greater than .10, the hypothesis cannot be rejected. The 
obsen·ed dislribut ion is consistent with the assumption that the 
subjects hm·e a iJO-GO chance of hearing the lone. At least, it has not 
been found to be inconsistent with this assumption. 

6. x ~ = 2.iJI with 1 rlf, P > .10. The hypothesis of no difference 
between Korean \\"ar and \\"orld \\"ar II \·eterans in this attitude 
(PI = P~. or the same proportion of each group fa\·or a tough policy) 
cannot be rejected. It cannot be coneluded that the two groups of 
\·eterans differ in this respect. 

7. x·2 = 6.46 with 1 dj, P < .01. The nondirectional hypothesis 
?_1 = P~, is rejected. It ma~- be eonc-luded that the differing instrue: 
~IOns h~1\·e an efree~ on ~he problem~soh·ing of_ th~se subjects, and al'l. 
mspect10n of the <llrectlon of the differences m<hcates that the Pet ... 
f?rmance of the E~peri~ental )..,'"roup was poorer than that of .the 
Control group. A (l!rectlonal hylHlthesis would also be approprtate 
her_e because the "set" of a subject has been shown in !llany studies 
~o mfluence performance. If /) 1 represents the proportwn of Expel' ... 
Imental group subjects who soh·e the problem, it might b.e hy ... 
pothesized that P 1 ~ -~\. This_ hypothesis_ would also be reJecteq 
(z = -2.54, P = .OOuu) and Its alternative, P1 < P2, would b~ 
accepted. 

8._ x~. = 2.71 with 1 :lf~ P .= _.10 approximately. The hypot~le~i~ 
that y1eldmg to group opm1on 1s mdependent of the level o~ aclnev~. 
ment ~notiYati<~n ea1:mot be rejected. The rest~lts do not indicate that 
there IS a relat10nsh1p between these two yanables. 

~- x~ = 10.01 with 2 dj, P < .01. The hypothesis that th~re i~ 
~o difference in the self-attitudes of normals and delinquents 1~ t~. 
Jected. An inspection of the size and direction of the differences lUcli. 
cat~s that a negati\'e self-'attitude occurs more often among the 1 

delinquent children. 

10. x2 = 13.93 with 4 dj, P < .01. The hypo~l:esis_that_perfol'tn.. 
ance of this task is independent of stress conditiOn IS r_e~ected. It 
may be concluded that performanc.-e is related to the conditiOn uncler 
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which the subject is tested. An inspection of the size and direction 
of the differences indicates that "Failure stress" had the greatest 
negative effect on performance, and that neither of the stressed 
groups had as many "Good" performers as the non-stressed control 
group. 

11. The expected frequencies for this three-by-eight table are 
too small to permit the satisfactory use of a chi-square test. The 
situation can be rectified, however, by combining adjacent grades 
(1 and 2, 3 and 4, etc.) to give a three-by-four table. For this com­
bination of the frequencies, x2 = 24.42 with 6 dj, and P < .001. The 
hypothesis that cognitive mode is independent of grade level (and 
presumably of age) is rejected. Inspection of the data reveals that 
the largest contributions to the value of x2 come from the four corners 
of the table, and the differences indicate that relatively more of the 
younger children were classified as "Concrete" and relatively more 
of the older children as "Abstract." And the shift appears to occur 
gradually with increasing age. 

223 ANSWERS 



' 

chapter 10 

The tTest 



So far, our discussion of probability and hypothesis testing has 
been concerned almost entirely with data classified into categories. 
The hypotheses tested were about proportions: that a certain pro­
portion of the population is in a given category; that two popula­
tion proportions are equal; etc. ·when data are in the form of meas­
ures, analogous hypotheses are made about the mean--that the 
population mean has a certain value, that two population means are 
equal, and so on. In this and the next chapter, we take up procedures 
that are used to test hypotheses about the mean. 

THE t In Chapter 5, it was stated that 
the sampling distribution of 

DISTRIBUTION means is approximately normal 
when the sample size n is 30 or 
more. This is true even when the 

parent population (the population from which the samples are drawn) 
is not itself normal. If the samples are large enough, the distribution 
of means will be normal regardless of the shape of the parent popula­
tion. Therefore, determining a confidence interval for J.L by the 
method of Chapter 5 requires no assumptions about the distribution 
of the parent population. The method of Chapter 5 does assume, 
though, that the population standard deviation (j is known. Because 
s is a reliable estimate of (j when n is as large as 30, approximate 
confidence intervals were obtained by substituting s for (j in the 
formulas of that chapter. 

In this chapter, we consider problems in which it is assumed that 
the parent population is normally distributed, but there is no re-
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striC't ion on t lw :-':tmplt• :-'ize hecall:-'t' we take !nto account the fact 
th·t · · 1 1· 'l'l t·tt.·tt·cohtamedundel·thl·ssetof .t ~I:-; u:-;vd 111 p ;wl' ,> n. ll' :-' .1 :-. . . 

a,.;:-;umpt ion,- i:-; calll'd 1. and it i,- not norma II.\· dtstnbuted. For large 
~ample,.;, the ,-ampling di:-'trihution of I :tpproaches the shape of the 
nm·mal <·ut·\·e and 1 ma\· he rl'fl•tTed to normal run·e tables. But for 
~mall ~amplt·:-;, 1 nHt:-'t l>l' rl'fetTL·d to the special tables of the t dis­
tribution. 

Tlw 1 di;--;trihution. likl' the :x·2 distribution, is a family of theo­
n·tical <·urH·;--; that \·an· with tlw dl'gl'l'l'S of freedom available. Since 
tlw I di;--;trihution asst;nws that sis used in place of u, the degrees 
of fn·< .. dom for 1 an· t lw sanw as those for-" namely, II - 1. TableD 
in tlw ..\ppvndix gin·:' tlw probability or_ obt~tini~lg selected t values 
for gi n·n dt'J!I'l'l'=' of fn·l·dom. Tlw t distnbutlOn Is symmetrical, like 
thl· nonnal di;--;trihution. with nwan I = 0. TableD gh·es only +t 
\·alul·:-;, ft·om tlw uppl'r half of tlw distrib~Ition. The probabilities 
gi\·l·n at tlw top of tlw tahk· an· for a t\\·o-ta!led test, and thusrepre­
::-;ent tlw pt·oportion of ca;--;l'=' that liP lwyond both +land -t.Fora 
one-tailed test, the:-;l' probabilities should be halved. 

CONFIDENCE 

INTERVAL FOR 

THE MEAN 

Confidence limits for 1-1 may be 
obtained by ~ubstituting the 
sample values X, s, and n in the 
formula 

..., s 
X± to--= 

v'n (10.1) 

where the \·alue oft, is determined by the confidence level chosen and 
the degrees of freedom that are available. We illustrate below. 

E-..:l1111pll' I. A Current Affairs t~st is given to a random 
sample of 12 college students. They obtc.1:m a mean score of 45 with 
s = 6. (aJ Determine a 95'; confidence mterval for 1-1, the mean of 
the parent population from whieh the students were drawn. (b) A 
score of _i>O has pre\·iously been established as the minimum score 
for well-mformed persons. Could the mean for this population of 
students be as high as 50? 

, . ~. • STE~' 1. Determine the value of t.,. There are 12 - 1 = 11 
degl ee~ of f t·eedom. The !l5c; confidence limits are desired wh1'ch 
rneans th· t . . ' 
d . . _<t we W<~nt the I values that mclude the middle 9501 ofth 

Istnbutton . th· , . 10 e 
but· F· • 0~, dt cut off .025 of the cases 111 each tailofthedistt·i-

1011' 1 om I able D, for 11 dj, the value of to is 2.20. 
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• • STEP 2. Substitute the obtained sample values and the value 
of to in formula (10.1). Thus, 

45 ± 2.20 - ~ = 45 ± 3.81 
v12 

Adding and subtracting 3.81 as indicated, we obtain the interval: 

41.19 < p. < 48.81, with 95~~ confidence. 

• DISCUSSION 

According to our confidence interval, the population mean p. is a 
value between 41.19 and 48.81. The answer to p~rt (b) is yes, JJ. 

could be 50-p. could be 150-because confidence Is not certainty. 
But we doubt that p. is as large as 50. 

Notice that the confidence limits found by this procedure have 
not been referred to as "approximate" confidence limits. Confidence 
limits for p. determined by the normal curve procedure of Chapter 5 
were called "approximate confidence limits" because that procedure 
assumed that u was known when in fact u was estimated by s. Con­
fidence limits determined by reference to the t distribution take into 
account that sis used in place of u, with the result that these are exact 
confidence limits. Exact confidence intervals are confidence intervals 
about which we can make exact probability statements. Thus, when 
we claim "p. is some valu~ between 41.19 and 48.81,_" the probability 
is .95 that our statement Is true. In the long run, with repeated sam­
pling, the procedure we used will lead to true statements (intervals 
that contain p.) 95% of the time and false statements (intervals that 
do not contain p.) 5S~, of the time. 

A particular statement about p. is, of course, ei~her true or false 
but we do not know into which of these two categones the statement 
falls. Since our proce?~re _leads to 95 true s~atements for every 5 that 
are false, the probability Is .D5 that a parti~ular statement is a 11101 
the tru~ ones. It is a little like flipping a com that rolls o~t of sigh~~ 
The com has landed and one of the event~, heads or tmls, has oc­
curred. But as long as we cannot see the com, our probability state­
ment remains the same-.5 that it landed heads. In the same w 
we determine a 95~;. confidence interval and the interval either cay, 

. . . d 1 h. on-tams p. or does not contam p.. Smce we o not n1ow w Ich of th 
events has occurred, our probability statement remains the san1 ese 

h . e-. 95 t at the interval con tams p.. 

To understand just what is "approximate" about the confid 
intervals of Chapter 5, consider the D5~ ;, confidence interval f~~ce 
obtained from the same sample data, but using formula (5.4): JJ. 
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-ll Jil < J..l ....-: -t~.3!l, with 95 1·; confidence. 

Thi:-; <·onfirl<·ll<'l' intt·n·al is inexaet because the probability is not ·95 

1 h: ll J..t i =-- \\'it hi n t lw I i mit s gi n•n. The exact probability that these 
limit=-- in<"ludt> the \·altw of J..l cannot be read from the normal curve 
tahll· ·a=-- tlw formula a:-;:-;urne:-;, heeause 11 wasnotusedin~he~o~:u~ 
tat ion of t lw <"onfich.>Il<'<.> limit:-;, s was used. By interpolatiOivn 'tse. 
tahll•, for I I df, the probability that J..l is within the given Iml Is 
on!~- about .!1~. 

l :~.·c·au;--;t> of di:-;cn•pancies like these the normal-curve procedure 
of Chaptt·r i) \\'a:-; n•c·ommeiHled onlv for samples as large as 30. When 
il i=-- :w or· rnorl', th<.> t distribution is.so elose to normal thatconfid~nce 
limits obtained by for·mulas (5.-l, and (10.1) will be almost identical. 
Ther·efore, for hu·ge samples either formula may be used. But for 
small samples formula (10.1) must be used. 

One Sample: Hypothesis 

That P. Is a Certain Value 

In Example I, we "doubted" that the population mean was as 
~igh as 50 beeause 50 fell outside the H5% confidence limits estab­
lished for J..l. How "doubtful'' should we be? Our sample mean was 
45. \\'hat is the probability of obtaining such a sample from a popu­
lation where J..l is 50? 

The hypothesis that J..l is a particular value like 50 may be stated 
with its alternative as follows: 

H: J..l = 50 Alternative: p. ~ 50 

The directional hypothesis that p. is at least 50 (equal to or 
greater than 50) is stated: 

H: J..l > 50 Alternative: p. < 50 

The critical region for this hypothesis, it will be remembered, is in 
the lower tail of the probability distribution. 

The directional hypothesis that p. is equal to or less than 50 is 
stated: 

H: J..l < 50 Alternative: p. > 50 

T~e. critical region for this hypothesis is in the upper tail of the prob­
ability distribution. 
h Hyp?theses such as these may be tested by substituting the 

YPothesized value for J..l in the formula 
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(10.2) 

and referring the I value obtained to Table D, to the t distribution 
with n - 1 degrees of freedom. 

Example 2. A random sample of 12 students were found to 
have a mean score of 45 with s = 6 on a Current Affairs test. What 
is. the probability that this sample came from a population where 
J.L IS 50? 

• • STEP 1. The value 50 is substituted for J.L in formula (10.2) 
along with the given sample values. Thus, 

45 -50 -5 
t = 6;vi2 = 1.73 = -2.89 

• • STEP 2. The value 2.89 is referred to the t distribution for 
12 - 1 = 11 degrees of freedom. In the row for 11 df, we find the 
values 2.72 and 3.11. Since 2.89 falls between these values, it has 
some probability between the probabilities given for 2.72 and 3.11. 
The probability of our obtained I, then, is less than .02 but greater 
than .01. 

• DISCUSSION 

The results of our test indicate that a sample mean as deviant as 
45 will occur less than two times in a hundred if J.L is 50. Ordinarily, 
this would lead to rejection of the hypothesis that J.L is 50. If "well­
informed" is defined as achieving a score of 50 or above, we would be 
led to conclude that as a group, this population of students falls 
somewhat short of being well-informed. lVIany individuals have 
scores above 50, but it is very unlikely that the group mean is as 
high as 50. 

The general outcome of this test-though not the exact prob­
ability value-was already clear from the confidence interval com­
puted earlier. Since .95 was the confidence level used, any values 
outside the obtained interval are automatically among the least 
probable 5% of the possible values of J.L· In general, a confidence 
interval implies a rejection of all hypotheses about J.L that lie outside 
of the confidence limits. Values within the interval constitute "ac­
ceptable" hypotheses about J.L· 
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Two Independent Samples: 

Hypothesis That P,1 == 1-'2 

Oft(·n. in n•:.:t>arch. we want to compare themeansoftwogt'O~~fs 
of :.:uhj('<'t:.: who \\"l'l"l' indL·pendently and randomly selected from 1 -

fc_·n·nt population:.: ~-~'·· :.:ix-year-olds and tcn-year-olds, males ~nd 
female:.:. churcln~cwr:.: and non-l'hurchgoers). It also happens 0 ten 
that Wt' want t c; <'0111 pare t lw means obtained by subjects who were 
selec·ted from tlw :-:anw population but then assigned randomly to 
tv;o difl'l·n·nt l'XPL·rinwntal <"onditions. In both of these cases, We 
\\·ou ld t (';-: t t lw null hy pot lw:.:is that t lwrP is no difference between the 
paranwter nw;tJb. or that I-II c 1-1> Or. if it is predicted that,.,.,> J.1.2, 

the dirt•(·tional h~·J)()tlw:.:is PI :2 p, may be tested by locating the 
criti<'al region in t lw upper tail of the probability distribution, and 
so on. 

Such hypotlwst>s about the means of two independent samples 
may be_· tested by applying the formula 

f c __(:_._\...:.I_-_ _:_:\_:. 'c.,:,)=-==( P=I:...__-____!:.:P.:..:.') 

Is' s' 
\ -+-nl n, 

(10.3) 

and referring the obtaim·d t to Table D, with df = lit + llz- 2. The 
term (pt - p,l is equal to 0 when thL· hypothesisisthattheparameter 
means are equal; this term may therefore be dropped from the for­
mula in testing such hypotheses. s' is an estimate of u\ the variance 
of the idL•ntil'al populations assumed by the hypothesis. (The Vari­
a.~1~e, it wil_l be re<'allPd. is the square of the standard deviation.) 
s- Is the weighted a\·erage of the two sample variances, and may be 
obtained by substituting the sample values St 2 and s22 in the formula 

8 , = (n1 - 1 lS1' + (n2 - 1)s22 

n1 + n2- 2 

\\'hen 111 and 11, are equal, the sample values s12 and S22 may be 
substituted directly into formula (10.3), and it is not necessary to 
compute the s 2 of formula (10.4). 

The use of formula (10.3) to compare two sample means is based 
on the assumption that the two samples come from normally dis~ 
t~·ibuted populations that ha\·e equal variances. For a given investiga~ 
t10n, there is usually no way of knowing whether these assumptions 
are met or not: Th_ere is no way of determining from sa~1ple data 
that a populal!on Is normal or that two population vanances are 
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e~ual.* Fortunately, moderate-and even certain extreme-viola­
tions of these assumptions hm·e been found to have little effect on 
the probabilities of calculated t values. But, certain other violations 
may have a large efTect. \\"ithout going into the matter further, some 
suggestions are offered for a \·oiding the more serious consequences 
of failing to meet the assumptions of the t test: (1) obtain samples 
that are as large as possible; (2) if samples must be small, try to have 
them equal in size; (3) use a two-tailed test in preference to a one­
tailed test. 

Example 3. An investigator is interested in how differing 
motives may influence the answers given on personality tests. A 
class of 28 students is randomly divided into two groups of 14 each. 
Both groups are gi\·en a personality test designed to measure Social 
Responsiveness. Group 1 is told the test will become part of their 
file, while Group 2 is told they need not put their names on the test, 
since the investigator is only interested in how college students as a 
group score on this test. Afterwards, the tests are scored and means 
and standard deviations are obtained for the two groups. The results 
are: 

Group 1: X, = 62.1, s1 = 10.0, ?h = 14 
Group 2: Xz = 51.1, s2 = 13.0, n2 = 14 

Can it be concluded that the different motivating conditions have an 
effect on test scores? 

In order to answer the question affirmatively, we must first 
be able to reject the hypothesis J.J.t = J.J. 2 , that the parameter means 
for these two conditions are equal. Because we have two independent 
samples, formula (10.3) is used to test the hypothesis. A significance 
level of .05 will be used. 

• • STEP 1. The first step is to determine the value of S 2, the 
estimate of the common population variance. Since s, and Sz are 
given, these values are squared to obtain s, 2 = 100.0 and Sz 2 = 

169.0. Substituting in formula (10.4) we obtain 

82 _ (14 - 1)100.0 + (14 - 1)169.0 
- 14 + 14 - 2 

1300 + 2197 
= 

26 

= 134.5 

*A test for the hypothesis that u12 = u~2 is given in Chapter 11, but of course 
failure to reject this hypothesis does not establish that the variances are equal. 
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It was not necessary in this ease to compute S 2 because the two sam­
ples are equal in size. \Ye did so to illustrate the more general pro­
cedure. 

• • STEP 2. The \·alue of s 2 is substituted with the sample means 
and n's in formula \ 10.:~1 to ohtain 

If Wl' had wi:-dwd to takt> a(h·antage of the fact that the samples are 
('(j ua I in :-;izt•, t }w :-;amp\l' varianees 100.0 and 169.0 could have been 
suh:-;titutl'd dirl'l'lly into formula (10.3). Thus, 

t _,_, ()2.1 - f">l.1 = 11.0 = 2.51 
'UHI.O 16~).0 /269 

'\ ~ + 14 \114 
\\"hen the sample n's are equal, the two procedures yield the same 
results. 

• • STEP :~. The obtained t value is referred to Table D with 
df = 14 + 1-~ - 2 = 2f>. There we find that a t as large as 2.51 has a 
probability of less than .02. Sinee this value is smaller than our alpha 
of .OG, the hypothesis that J.J.1 = J.l.~ is rejected. 

• DISCUSSION 

The hypothl•sis is rejected and we accept the alternative that J-11 ¢ J-12, 

Therefore, we are led to conclude that the conditions under which the 
subjects were tested clo have an effect upon their scores on this test. 
(;roup 1, who were told the test would be part of their file, obtained 
the higher scores, suggesting that Social Res~onsiveness (or wh~tever 
the te:st seemed to the students to measure) 1s regarded as a desirable 
"attribute" to be included in one's file. 

v.,r e have rejected that J.l.l = J.1. 2, but what populations are J-11 and 
J.L'l the means of? To what populations do our conclusions apply? A. 
e lass of students is not a random sample of students, so there is no 
statistical basis for drawing conclusions about some larger student 
population. Randomization (and the basis for making a statistical 
inference) entered into the assignment of subjects to the two experi­
mental conditions. The particular division of the subjects that re­
sulted from this procedure is one division out of a vast number of 
other possible divisions which could as easily have occurred. It is 
this vast number of possible divisions of the subjects that constitutes 
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the population ~rom which a sample was drawn. The population con­
sists of all the different samples (divisions of the subjects) that can be 
obtained by randomly selecting 14 subjects from a total of 28. Over 
40 million different sample divisions can be obtained by this proce­
dure (if you doubt it work out 28!/14!14!), and it is to this population 
of 40 million sample divisions that our conclusions apply. 

Imagine for a moment these 40 million sample divisions. Each 
division of the subjects yields two groups and two X's. One of these 
groups i~~lways de.si?nated Group 1 and its mean is~\. The mean of 
all the .. \ 1 s (40 1mlhon of them) is J.LI· Similarly, for each division 
of the subjects there is always a Group 2 and .\'2• The mean of all 
the X2's is J.L2· In rejecting the hypothesis that JJ1 = J.L2, we reject that 
the subjects' scores will be the same under the two conditions of 
testing. Specifically, we reject that the means will be the same. 

To generalize beyond this particular class of 28 students (on 
other than an impressionistic basis) the study must be repeated with 
other subjects. Similar findings on diverse groups would provide a 
kind of common-sense support for the notion that the different 
motivating conditions regularly affect scores in the manner observed. 
Or better, the study may be repeated on a random sample from a 
population of interest so that the findings may at least be generalized 
to this population. The present study has demonstrated that the 
different motivating conditions ca.n make a difference in performance 
on this test. 

Two Correlated Samples: 
Hypothesis That a Mean 
Difference = 0 

A widely used experimental design in psychological research is 
that in which the subjects act as their own controls. Typically, each 
subject is tested twice under different conditions (e.g., before and 
after taking a tranquilizer, or with two different types of reward), 
and the difference in his performance under the two conditions pro­
vides a measure of their different effects. The obvious advantage of 
this design is that it controls for individual differences by using the 
same subjects for both conditions. Sometimes, instead of using the 
same subjects, pairs of subjects are matched on some relevant varia­
ble (e.g., intelligence) an~ the membe~·s. of each pair are randomly 
assigned to the two expenmental conditiOns. 

In both of these cases, the two samples of measures are usually 
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<"orn·latt·d ht·t·auo-:t· t·itlwr the :-;anw :-;ubjects or matched groups of 
:-;u bjt·<·t ·" 1'~'~'\ idt·d I ,ot h o-::tmplt·:-;. The 1 test for independent samples is 
tlwrdon· not appropri:!lt• for this ;-;ituation. However, the design 
\'it·lrb a o-:t-t of dilrt·rt·JH'e st·ort•;-; om' for each subject or for each pair 
~>f mat dwd s u hjt•(' t :-; and formula ( 1 0.~ l can be used to test a hy~ 
JHJtiH·sis about tlw paranwtt•r nwan P.n of the difference scores. Thus, 

.\/I - P,/1 (10.5) 
S1 1 \ II 

wh('n· _\ 1, i." tlw nwan of tlw diffpn•JH'Pscoresandsnistheirstandard 
rl<·\-iation. l'ndt·r thl' hypotlw:-;is that scores will bethesameforthe 
two t'<J!Jdit ion:-;. tlw Illl'an dill't•n•Jwe p. 1, = 0. In this case, I may be 
<'OillJHJtt-d din·nl:-.· from tlw dilrt>rence scores by the more convenient 
fonn ula, 

:n-:::.n~ - (-:::.Dl·~ 
(10.6) 

\ II - 1 

wht·n· " is t lw number of difft•n'nee ~cores, and -::.Dis their algebraic 
sum. Tlw obtained t is referred to Table D, with df = n - 1. 

LHzTllplt· I. :\ nPw drug for depressed mental patients is to 
ht· tt·stt·d. :\random sample of tt•n depressed patiel!tsisselectedfrorn 
a l_arw· numl.>('r ,r~f re<'Pntly admitted ho~pital patients who received 
th~s. cliagnos1s. I lw ten patiPnts are giYen <1: test of psychom~tor 
t·.fl 1 r·t <·nc·y that nwasu n•s their men tal alert nes:; m terms ~fa .combined 
1Ir~H: and error sc·c,re, t1ynsformed so that high scoresmdiCatehigh 
dl 1 <"I <·n c y .. ·\ ft t·r t lw pat 1 Pn t s are reeei \·i ng the drug on a reg~l~r basis 
t lwy an· t <•st l·d ~~gain. T~wir scores before and after receivmg th~ 
c!J:~Jg are show!! 11.1. t lw ftrst t w<~ eolumns of Table .10.1. Is there 
e\ tdence of a stg.mft,eant <'hange 111 p~yehomotor efficie?CY after re, 
cei \·ing the drug? 1 est the hypothesis that P.D = 0 usmg an alpha 
of.10. 

• • STEP 1. For each pair of scores, determine the difference 
!J, heing careful to indicate by a plus or minus sign the direction Of 
the difference. In Table 10.1, minus signs indicate that the second 
score was the larger, pI us signs that the first score was the larger 
The column of difference scores are summed algebraically, as show11 ' 
to obtain '::.D. This sum should be equal to the difference betwee~ 
the sums of the original columns of scores. Thus, 86 - 92 = -6 also. 

• • STEP 2. Square each of the difference scores, as shown in 
the last column of Table 10.1. The sum of this column gives ~D2. 



Table 10.1 
t Test of the Hypothesis That a Mean Difference Is 0 

EFFICIE:>:CY ScoRE 

BEFORE DRUG :\J.¥rER DRUG D D2 

5 10 -5 25 
9 14 -5 25 
7 5 +2 4 

3 6 -3 9 
10 !) +1 1 
15 15 0 0 
4 1 +3 9 

16 20 -4 16 
12 10 +2 4 
5 2 +3 9 

86 92 -17 T-D 2 = 102 
+11 

T-D = -6 

t = 
T-D -6 

= = -.57 
nT.D2 - (T.D) 2 /10(102) - ( -6)~ 

n -1 ~ 9 

• • STEP 3. Enter "1:-D and ~D2 in formula (10.6). (Remember 
that n is the number of difference scores, not the number of original 
scores.) For these data, formula (10.6) gives t = -.57. 

• • STEP 4. Refer the obtained t value to Table D in the Ap­
pendix, with df = n - 1. In this case, dj = 10 - 1 = 9. For a two­
tailed test, with 9 dj, a t as large as .57 has a probability greater than 
.50. Such a probability is very much larger than the alpha of .10 
chosen as the significance level for the test; therefore the hypothesis 
that Jl.D = 0 cannot be rejected. If the hypothesis is true, differences 
as large as those we found will occur in more than 50% of random 
samples. Such differences cannot be regarded as evidence against the 
hypothesis. 

• DISCUSSION 

Failing to reject the hypothesis Jl.D = 0 means, of course, that no 
evidence has been found that the drug has any effect on the psycho­
motor efficiency of depressed patients. Observe, however, that while 
we are able to say "no evidence has been found," we are not able 
to say "it has been shown that the drug has no effect." As was 
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poinH·d out <.·arlit•r and ill'ar:-; n•pcating: Failure to reject a null hy­
po t lw:-- i;-; dew,.; not l':' tab I i,.;h that t lw hypothesis is true. It is especially 
i Ill porL tnt to n·n lL'm I ll'r t hi,.; w\wn :-:.ample~ are small. When samples 
:trt· :--lll:tll. :tnd wlwn tlw population dill'erence or "effect" being in­
\c·.,ti;':tit·d i:--not a n·ry brgl'Olw.theprohabilityofaTypellerror 
i _ u.' 11: 1 1 h· hi'.! h. I-:\ t·n with t hl' i nnea:-:.ed power afforded by an alpha 
, 1 ( • It 1. 1.1 lt' I".' 1 h: t1, i I. t y i . ..; high that we ~hall fail to reject the null 
~~ :, 111 li hI · .' i .' I ' \ t •! \ \ h f ) U g h i \ i,.; fa J:.;l' · • • 

c ·, , 11- id• ·!· tIll' j,,] lowing l'Xample. Suppo~e we have a bm~ed cmn, 
:1 ,.,,in th:ti will in tht·long runl:tnd head:;up.SOofthetime.We 
rl" n"t 1. 11 11\'.- , hi,- :1t1d wi,.;h to tt•,.;t that the coin is fair-viz., that 
I' 1 1, ·:,,I-: .. -~. \\ ·,. t 1 i p t lw <"oi n fi n• time~ and observe that heads 
<"I Jilt<· ''I> 1111 flltrr· ()f t ht• tin· trial:->. l'ndt>r the hypothesisthatP = .5, 
a r·t·.-:ult ;1,- rlt·\ i:tnt :1,.; t hi,.; ha,.; a probability of 12/32 or about .38. 
\\·t· ,-h:tll <'tTI:tinl.\· not rl'.it·t·t tlw h.\·pothc~i:-; that the coin is fair, and 
o_f < ·c Hr r;-;, · \\.l' "ha II ht· Ilia king :t Typl' 1 I error in not doing so. We con­
tr_ntH· to flip tlw l'oin for· a total of t<.•n trialsandobserveatotalor 
L'Ight IH·acb. Tlw prohahilit_\· of a re:-;ult as deviant as this is about 
· I I . ,.;o again t lw h .\'JH>t lw,.;is wi II not be rejected and again we Will 
ha \"<.' mad<.· a T:qw I I error. Tlw coin all this time is behaving Per~ 
feet ly appropria tl'iy landing head:-; up on .80 of the trials-but We 
an• rnak_ing T:'-·PL' I I <.'!Tors because our samples are not large enough 
to J><.·nmt the finding that a sample Yalueof .80issignificantlydiffer­
en t from the hypothesized Yalue .50. Only if the coin deviates some~ 
\Vhat from its "trm•" nature in the direction of giving nine or ten 
heads shall we be lucky enough to reject the false hypothesis that 
p = .5. 
. In the same way, the failure of our drug experiment to find a 

significant difference may be due to the low power of the statistical 
test ratlwr than to the absence of a difference in the population that 
was sampled. Thus, in failing to reject the null ?~~othesis we may 
have made a Type I I error. This is always a possibility, of course, in 
any statistical test, but it becomes an especially likely possibility 
~h<..·n samples are small. \Vhen the null hypothesis cannot b~ re. 
Jeetcd and samples are small, it is usually best to suspend all JUdg. 
nwnt. That there is no difference in the population is likely, and that 
t_her·e is a substantial difference whieh the test failed to detect is also 
hkoly. The results are inconclusive. Wherever possible, take a large 
sarnple! 
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Testing the Hypothesis of 
Zero Correlation 

The hypothesis that the population correlation p is zero may be 
tested by substituting an observed sample r in the formula 

(10.7) 

and referring the obtained t to Table D, with df = n - 2. 
For example, suppose that a correlation of .46 is found between 

two variables in a random sample of 20 subjects. Can we reject the 
hypothesis that the correlation is zero in the population from which 
the sample came? \7./e compute 

t = .46V20 - 2 = .46(4.2426) = 2.20 
v1 - (.46) 2 v.7884 

The degrees of freedom are 20 - 2 = 18. For a two-tailed test, the 
probability of obtaining a t as large as this is less than .05. If alpha is 
.05, the hypothesis that p = 0 would be rejected. This does not allow 
us to conclude, of course, that p is "around .46," only that pis very 
unlikely to be as low as zero. 

If formula (10.7) is solved for r, it is possible to substitute values 
of nand t into the formula and determine what value of r is necessary 
for a given size sample in order to reject the hypothesis that p = 0. 
This has been done for various sample sizes and significance levels 
to give the table of significant r's that appears in the Appendix as 
Table E. Thus, turning to this table, we find that with 18 df an r of 
.444 is significant at the .05 level (two-tailed test). Since our sample 
r of .46 is larger than this value, it clearly falls in the critical region 
(when alpha is .05) and the hypothesis that p = 0 is rejected without 
further ado. 

Practice Problems 

1. A random sample of nine subjects memorize a list of 20 non­
sense syllables. The following day they are tested to determine how 
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r1::,n_-. ,,j :!,•· ;-;_-.ll:d.\.·:-: tlw~· t·an rcl'all. Themeannumberis8.7with 
·" : :.• '· c ·, •rr 1 ; •tl 1 ,. ~~.-,', :tnd ~~~I'; l'onfidence intervals for J.l· 

~ .. \ r:,n<i• •rn ;-;:tlllJ•lt- "f lfi ~·oung rats are each trained to run 
;, rr::.J: q·l•·-T rn:t;c•·. Tht· num.ht•r of ~rrors ~blind ~lley entrances) 
rr1:,, i•· l ·.'· •·:wh ••t t h·· :l!um:d:-: 111 learnmg the ~u~; IS r~corded. The 
rJ,•·:t~l tlii!rd"·!· ,f •·IT<>r:-: m:u!t· h~· tl~c group1s 1<>.2 With s = 16.0. 
c ·, •ti.:•ll·,. ~~.-,', ;, 11 <! ~~~~·, ··"nlidl'lll'l' mten·als for J.L· 

:: .. \ r:tnd"rn :-::llnplt· "f ~;, ('ollc.!.!e students are.asked to keep 
:, r····· ·rd .. 1 1 irr\1' "!·•·nt in :-:t udy on•r a two-week penod. The mean 
ri:;rrd ... ,· ,f h"t"'" 1·,.1 .. ,rtt·d h~· tlll' students is 17.4 with s = 6.0 
.:' c·,,r,IJ•tl'•· ~~.-,', :tnd ~~~t'; ··"nfid~·nl·einterYalsforJ.L. (~)Supp08~ 
111 .", 1 ! , , .,._,. :--:, r 111· r•·;-; t d t" h:td lwt·n obt a~ncd fm: a sample of 22<> students 
\'.l1:t t \'."• •til• I rlu· ~,;,•; :tnd ~~~I'; ('onhdcnce mterYals be? ' 

1. c ln :t !•~'<•.it·•·ti'.·,. pt·r:-:•,nality test, the mean num?er of re_ 
"l'' , n "' ·;-; .,_, i '- , ·n l, \' 11 , •rr n: d:-: i:-: ~o. :\ random sample of 15 scluzophren1• . · · · I "'- U · 1 e 
1·:~1 11·nt" ;.!t'. P :t 11 w:m '.'f 1.1 n•sponsl·~ w1t 1 s ~ t.u: s~ng an a Pha Of 
.II.,, t•·;-;t till' h~!'"tlwsts that tlH•_sl'hlzophremcsmeatandomsampie 
fro Jill :t 1"'\'ll]:tt to •11 \\'htiSI' llll'al1 IS :20. 

. ;,_ .\ ~··lilt h \\'• ll'kt•r \\'ht ISl' task it is to help place young Peopl 
111 stlit:tldt· j"\,s is ··"nt·t•nwd hcl'ause of the large num?e~ of Youn e 
.i•:l' :q. 1.!i•·:tnts \\'h" f:tilt·d ,,, finish high school. H.eadmlmstersind~ 
\ 1dua_l It~ tv~~:-: 111 a .random samJ~len.f20o~thesehlghschooldr~pout 
:md f1nd.~ that t hl'l~· nw;tn I(~ 1s !)2.0 Wllh s = 10.2_. What IS th 3 

!ll'"h:tlnltt.:·: that th1s >~1~1ple l'on~es f~·om a popula~10n where the 
rnt_':tn I(~ ~~at ]<_•ast 1 oo! IPst the d1reellonal hypothesis that J.L ~ 10 e 
Using an alpha of .Oi>. 0 

f) . .-\t a n'cept ion t·enter for Army inductees, the mean physi 
fit nl~ss rating of a random sample of ~2 men is 75.~ with s::::: 17Cal 
I>unng t lw war ;:ears, tlw mean phys1cal fitness ratmg of induct .a. 
was fil. Is the presC>nt population of inductees a more "fit" gro ees 
l · si 11.1.!; an a! ph a of .01, U•st the direc-tional hypothesis that the 12 ~P? 
an• a random sample from a population whose mean fitness rat' en 
is no h iglH.'r than G 1 (equal to or less than 61). lng 

. 7. A random sample of 20 sixth-graders ~re randomly divided 
1 n to I wo groups of ten ea<'h. Both groups are g1ven the same scien 
lesson to learn, but Croup 1 reads the lesson from a standard te ee 
hook, while (~roup 2 learns the lesson from a teaching machine ~t 
I he Pnd of the hour, all the students are given a test to deter~· t 
how well they learned the lesson. Group 1 obtains a mean gradelnef 
71 ·~ · 1 , o .. WIt 1 s o= D.2. (zroup 2 obtains a mean grade of 79.7 with s:::: 8 
Do the results warrant concluding that one of these learning methoJ~ 
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is superior to the other? Use an alpha of .05 to test the hypothesis 
that p.1 = p.2 • 

8. A personnel psychologist concerned with staffing a factory 
department that will be engaged in the assembly of small parts feels 
that women workers will do better at this task than men. From 
among the first applicants for the job, he chooses a random sample 
of ten men and ten women and gives them a test of manual dexterity. 
The women obtain a mean score of 25.2 with s = 4.0. The mean for 
the men is 22.5 with s = 4.9. On the basis of these results, should 
the psychologist recommend that women be hired for this job in 
preference to men? Use an alpha of .10 to test the hypothesis that 
IJ.l = M2· 

9. The mean IQ of eight pupils randomly selected from the 
public school of a certain area is found to be 103.4 with s = 10.0 
The mean IQ of six pupils chosen randomly from a parochial schooi 
serving the same area is 106.5 with s = 8.0. Do the results indicate 
that the parochial school children of this area have a higher mean 
IQ than the public school children? Use an alpha of .10 to test the 
hypothesis that P.l = P.2· 

10. Previous studies have found that reaction ti~e is faster whe 
the stimulus is pres~nte~ soon .after the. "rea~:y'' signal than whe~ 
a longer waiting penod Is reqmred. In lme With these findings a 
i~vestigator sets up t.h~ null h_Ypo~hesis that JJ.s ~ JJ.L (mean reactio~ 
time .for a short wmtmg p.e~·1od Is .equal to or greater than mean 
reactwn time for .a long wmt.mg pei:wd), and <l:dopts a~ alpha of .Ol 
for the test of hi? hypothesis. A smgle .p_ractice~ subJect is tested 
~nder two conditwns: a two-second wmtmg periOd (sl~~rt), and 
six-second waiting penod (long). The short and l~ng wmtmg Period a 
are randomly alternated over a series of 100 tnals. For 50 sh 8 

period trials, the subject's mean reaction time is 151 milliseco art­
with s2 = 325. For 50 long-period trials, his mean reaction tim n~s 
159 milliseconds with S 2 = 225. Do these results permit the inv e ~s 
gator to reject the null hypothesis? estt-

11. Ten subjects chosen randomly from a ~arge class of fresh 
at College X are given a questionnaire relatmg t? t?eir attit:en 
towards college life. Two years later, when they are JUmors the 8 des 
subjects are asked to fill out the questionnaire again. Their 8 arne 
on both occasions are shown below, with higher scores indicat~ores 
generally more favorable attitude. Is there evidence of a signj~ng a 
change in favorableness of attitude over the two-year interval? cDnt 
an alpha of .05 to test the hypothesis that p.v = 0. · se 
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1 ~. I 11 a stud~· of percL•ption, 12 subjects with normal vision 
are gi\ ('11 a tL•;;;t in which they are to locale geometrical figures that 
are em bedded in more ('omplex designs. In Part A of the test, the 
figures to he I ocat ed consist of regular and familiar geometrical 
shapes 1 triangles, c·ircles, etc. I. In Part B of the test, the figures to be 
I oca t (•d are u nfarn i I iar, irregular shapes. The investigator is interested 
in whet her the regular shapes will be located more easily than the 
irregular shapes. All suhjeets take both parts of the test. To balance 
out order ell'ects, six subjects are randomly assigned to take Part A 
fir:--;t whiiL· the remaining six take Part B first. Afterwards, the scores 
made h;; ea('h subject on the two parts of the test are compared. The 
results are: 

:\"1"~1111-:lt OF Ftt;l"(n;,.; {,()!'.\TEll 

HE•a·LAH ;-;I!Al'E,.; Immnn.AH SHAPES 

j(j 

1:2 
:20 
IS 

13 
10 
20 
l!:l 

:20 15 
14 11 
14 16 
15 11 
13 14 
15 12 
15 12 
10 10 

Do the results support the investigator's hunch that regular shapes 
are more readily perceived than irregular shapes? Use an alpha of 
.05 to test the hypothesis that /J.D = 0. 

13. To investigate the effects of distraction on attention and 
concentration, a random sample of ten subjects are given a letter 
cancellation test (e.g., to cross out all the f's in a printed passage) 
under two different conditions: normal conditions in a quiet room, 
and distraction conditions in a busy and noisy room. Two different 
printed passages are used, equated for the number of letters to he 
canceled. To balance out possible difference in the difficulty of the 
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two passages, five subjects are randomly chosen to receive one of 
the ~assages,. ~ve the other, under the quiet condition. For the dis­
tractiOn condition that follows, each subject then receives the passage 
he has not yet seen. Afterwards, the scores made by each subject 
under the two conditions are compared. The results are: 

Nt::-.mEn OF ConnEcT CANCELLATIONs 

QUIET CoNDITION DrsTHACTION CoNDITION 

30 28 
34 29 
25 27 
26 23 
29 30 
35 35 
21 24 
40 36 
30 32 
22 25 

Is there a significant difference in scores made under the two condi­
tions? Use an alpha of .05 to test the hy-pothesis that P.D = 0. 

14. A control group of ten subjects randomly selected from the 
same population as the subjects of (13) above are treated in the same 
manner as those subjects except that the control group takes both 
letter cancellation tests under quiet conditions. To determine whether 
there is a practice effect, difference scores are computed between the 
first and second testing. The mean difference score is found to be 3.4 
with s2 = 11.1. Compute the mean and s 2 of the difference scores 
obtained by the subjects of (13) above. Compare this mean with the 
control group mean, using formula (10.3) and an alpha of .05 to 
test the hypothesis that J.Lv, = J.Lv,, the mean change (difference) in 
the scores of experimental group subjects is equal to the mean change 
in control group scores. 

15. For a random sample of 27 college students, the correlation 
between reported hours of study and grade point average is .50. 
(a) Should it be concluded that there is a relationship in the student 
population between these two variables? Use formula (10.7) and an 
alpha of .01 to test the hypothesis that p = 0 in the population from 
which these students came. (b) From Table E, what value of r is 
significant at the .01 level for this test? 

16. A random sample of 18 nursery school children are rated by 
their parents and by their teachers for creativeness in play. The 
correlation between the two sets of ratings is .40. (a) Does this 
correlation indicate a tendency for teachers and parents to rate a 
child similarly? Use formula (10.7) and an alpha of .05 to test the 
hypothesis that p = 0 between such ratings for the population of 
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nur:-;l·ry :-;('h()(J) 1·hildrvn. , h, From Table E, what \'alue of r is sig­
nifi<"ant at tlw .11:-> len·! f,,r thi:-; te:-;t? 

11. F(lr a rand' ,111 :-;am pit> of ~no suburban commuters, a cor­
n·l:tt i11 n 11 f .1 :--. i=-- f, ,und het \\"t'l'll n·]Hirtrd income and time spent 
at IJ, •nw. l · :-;t· TahiL· I·: t" dt·ll·rmim• t lw probability of obtaining such 
a :-;;tlll]dt· fn, 111 a l'(l!•llhti"n \\"lll'rl' p 0. Do the 1:esults indica~e a 
n·bt i<•rbhip in t hi:-; ('(JrnmutL·r population between mcome and tune 
SJIL'nt at IJ<,nw'! 

1 :-;. If t lw . ( ,;> :-;i '..!11 i fil-a nn· lvn·l is (' lwsrn, determine from Table E: 
t lw \·altH· "f ,. t h:t t is lll'<'l'=-'=':tr~· to rl'jt-d the hypothesis that p :::: 0 
WIH·n t ht· :-;amplt· sizt· i:-; ra, ;>, ,J>, 10, ll'l 1i>, (dl _30,. (e) 52, (f) 102. 
1 g. \\'hat d<, t lw:-;t· ;-;w·,·L·:-;sin·l~· :-;rnalll'l' Yalues md1cate. ab?ut the 
sam1.\ing di;-;tril>tttion ,,f r \\"lll'n p o and the sample size IS made 
largl•r and lar.'..!t.·r'? 

Answers 

1. ~l:>t·; intcn·al: G.:~!l to 11.01. !l!V; interval: 5.34 to 12.06. 

2. !l;)t·; intL·n·al: (i(i.(i~ to ~:~.1~. !)9c; interval: 63.41 to 86.99. 

:~. 1 a, ~l;>t; int vn·al: 1-1.!12 to 1 !L~S. !)!)(';,interval: 14.04 to 20.76 
0>! !J:>t; intpn·al: 1().():2 to_ 1~.1~. !l!lr·; ~~:ten·al; 16.37 to 18.43. Ob: 
sen·(· t lw mtl<'h naiTo\\'('1' mterYals ohtamed with a sample of 225 
~\'hen samples are large, t lw \'ariahility of the sampling distributio · 
1s red ll<"ed and !I;} f.; or !l!l 1 ; of the samples fal~ wi.thin a relativet 
s~all range. 1 Fort lwsl' intl'nals, with 22-1 dj f., ~s 1'Irtually identic~ 
Wtlh ~" and t hl' normal curn•:: \'alues are used 111 place oft. For an 
}JraC"tlcal purposl•s, wlwn df > :w, t may be referred to the norlll 1 
cun·e table. The \·alm•s at the bottom of the t table, for df == C(), a: 
the same as the ::: ,·;dues that would be read from the normal curve 
table.) e 

. 4. t c~ - :~.10 with 14 rl.f. This t_falls within the critical regi011 
wi:H:h bl:gms at ±2.14. For a two-tailed test, P < .01. ~hehypoth: 
e~1s Is re.JeC'ted. The eYidenC"e is that, as a group, the patient popula. 
tlon that was sampled gi,·es fewer responses than normals on th1· 
test. s 

. .s .. t = - 8.G 1 wi_th ~ !1 r/.f. T.he ~riti~al regi~n ~or this one-tailed 
test Is 111 _the lo_1rer tad <.>I t_he t <lis~n_bution,_ begmnmg at t. ~ -1.7a. 
Our ohtamed.t 1s .well \~lt.hm the ent1ea\ reg10~; ~heprobabihtyunder 
the h:'-'JH>th~s.ls of .obtammg at as large as th.Is Is less than .005 (hal( 
the probability g1Yen by the column headmg). The hypothesis is 
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rejected. vVe conclude that the mean IQ of the dropouts is less 
than 100. 

6. t = .+?.92 with 11 df. The critical region for this test 
(H:Ji. ~ 61) IS m _the upper tail of the t distribution, beginning at 
+2.72. ~m~ obt~med t is within the critical region, P < .01, so the 
hypothesis IS reJected. It is highly unlikely that this group of men 
are a random sample from a population whose mean physical fitness 
rating is as low as 61. 

7. t = 2.10 with 18 dj, P = .05. Since a .05 significance level 
was adopted, the hypothesis is rejected. \Ve conclude that for this 
science lesson, the teaching machine is superior to the text book for 
this pupil population. 

8. t = 1.35 with 18 df, P > .10. The hypothesis cannot be re­
jected. There is no basis for concluding that women applicants 
obtain higher dexterity scores than men. The samples are small and 
the psychologist may want to repeat his study before making a 
negative decision, but as the matter now stands, there is no evidence 
for the superiority of women applicants. 

9. t = .62 with 12 dj, P > .50. The hypothesis cannot be re­
jected; more than 50% of random samples will show a difference as 
great as this if the population means are equal. There is no evidence 
that the parochial school children have a higher mean IQ than the 
public school children. 

10. t = -2.41 with 98 df. For this one-tailed test, the critical 
region is in the lower tail of the t distribution and begins at - 2.36. 
Our obtained t is below this value so it falls in the critical region. 
p < .01, and the hypothesis is rejected. The investigator may con­
clude that for this subJect (only this subject's behavior was sampled) 
mean reaction time is faster following a two-second waiting period 
than a six-second waiting period. 

11. t = -3.42 with 9 dj, P < .01. The hypothesis is rejected. 
The minus t value (due to a minus -:::D) indicates that the second 
scores were generally larger than the first. \Ve conclude that scores 
are higher, and attitudes generally more favorable, in this population 
of juniors than in the population as freshmen. 

12. t = +2.41 with 11 dj, P < .05. The hypothesis is rejected. 
The plus t value indicates that the first set of scores are generally 
larger than the second set, hence that more of the regular shapes 
were correctly located, supporting the investigator's hunch. This 
experimental design is similar to that of Example 3 in that the sub­
jects are not themselves a random sample and there is no statistical 
basis for generalizing to some larger group. What was randomized 
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in the· f'XJ•e·rinwnt \':a:-: theira:-:signment toaparti~ularorder-PartA. 
fir:-:t <•r I'an 1: tir:-:1 \\·hi<·h ('(ln:-:titutes two expenmental conditions 
The-n· an· 1:2: li :1i: ~~:2-1 ditfen•nt wa~·s in which the subjects ca~ 
lH· a:-::-;igtH·d 1<, tlw t\\"<> <'<>nditions_. For _each such_assignment, a set 
<•f ditfr·n·IWl' s:·••rb <'<>tdd _!;e ohtamed ill!, theory 1f no_t in practice) 
and the· nwan ditft·n·n<'t' .\ ,, <'nmputed. I he hypothesis states that 
the· me·; 1n <•f thi:-: cli:-:trihuti<>n of 9~·1 ~~~·sis zero. In rejecting this 
h_vpot IH·:-:i;-;, the inn·:-;t igator is ahll· to conclude that regardless of the 
<>rc!L·r in whi<'h tlw t•mht>ddt>d figures are presented, more regular 
than irn·:.rular shapes are pereci\·ed by these subjects. 

l:L 1 _:-.:l:2 \\·ith !J df, I'> .GO. The hypothesis cannot here~ 
jL·c·t L·d; t lwr<> is IH> e\·idetH'P of a difference in performance under the 
two C'onditions. In fa<'t, the plus I \·;due indicates that these subjects 
perfc >rtned somewhat bt>t ter under distraction than they did in a 
quiet room. In experiments such as this one, and such as Example 4 
of this c·hapter, there is a definite need for a control group. In this 
case, for example, there may be a practice effect due to the first 
testing. If so, distraction during the second test may ac~ to reduce 
t~e scores from what they ordinarily woul? be, bu_t th1s effect Of 
distraction appears only as a blunting of the 111crease 111 score~ due to 
practice. The difference scores of a control group_, teste~ t:v1ce in a 
quiet room, would provide a basis for companson. S1m1larl~, in 
Example 4, a control .h'Toup might reveal that de~ressed _patients 
\Vho do not reeei\·e the drug become in the same penod of tlme even 
n:ore depressed and ~>htaJ~ much lower efficie~cy_ s~ore~ than they 
d1d at the initial testmg. 1 he drug may act to mh1b1t th1s trend, an 
effect no in\·estigator would wish to overlook . 

., 14. Tl~e- mean of the difference scores_ obtained in (13) is .3 and 
s- = 8.9. t:smg these and the correspond111g values for the control 
group, formula (10.3) gives t = -2.19. "With 18 dj, P < .05 for thi 
t~o~tailed test. \Ve conclud~ that _the difference between means i: 
Slgmficant, and thus that d1stractwn does hav~ an effect on Per. 
formance. The control group shows an increase 111 score, supportin 
the notion of a practice effect, and the results for the experimenta1 
group suggest that this increase is obliterated by distraction. (These 
findings were, of course, invented to make the point, but such Prob. 
lems arise very often in experimental work and the student should 
?ecome sensitive to the need for a control group before he plunges 
mto research.) 

15. (a)_ t =. 2.89 with 25 df, P < .01. The hypothesis is rejected 
Yes, the::e 1s ev1dence of a relationship between hours of study and 
grade pomt average. (b) .487. Because our r of .50 is larger than th· 
value, we know from Table E that it falls in the critical region an~ 
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thus that the hypothesis p = 0 may be rejected at the .01 level of 
significance. 

16. (a) t = 1.75 with 16 dj, P = .10. The hypothesis cannot be 
rejected. It cannot be concluded that parents and teachers tend to 
rate the children similarly. The sample is small and we can hardly 
conclude the opposite-that there is no relationship between the 
ratings of parents and teachers. ·without additional evidence, judg­
ment must be suspended. (b) .468. Because our r is smaller than this 
value, we know immediately that it does not fall in the critical 
region and the hypothesis cannot be rejected. 

17. P = .01. (Thedifferenceinsignificantrvalueswhendf = 198 
and dj = 200 is so minute as to be entirely negligible.) Yes; it is very 
unlikely that p = 0 in this population. ·with such a large random 
sample r is highly reliable and it is also unlikely that p is much 
larger than - .18. vVe conclude that there is a slight negative rela­
tionship in this population between income and time spent at home. 

18. (a) .878; (b) .632; (c) .51.4; ~~) .361; (e) .273; (f) .195; (g) As 
the sample size increases, the varmb1hty of the sampling distribution 
becomes progressively reduced, with 95% of sampler's falling within 
a smaller and smaller range about the mean of 0. Thus, when samples 
are large, even a small r value wi~l fall outside of this range and 
cause the rejection of the hypothesis that p = 0. vVhen samples are 
small the range is larger, and only a relatively large r value will fall 
outside of this range. Thus, a relatively large r is required to reject 
the hypothesis of zero correlation when the sample is small. 
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chapter 11 

The FTest 

and 

Analysis 

of Variance 



We will be concerned in this chapter with procedures for testing 
two kinds of hypotheses: (1) that u1 2 = u2 2, the variances of two 
populations are equal; and (2) that P.1 = J.L2 = J.I.J = ... = p., the 
means of several populations are equal. 

In both of these instances, the hypothesis is tested by means 
of an F test that takes the basic form 

(11.1) 

where St 2 and s22 are two independent sample estimates of the popula­
tion variance u 2• 

The F distribution, like the t and x2 distributions, is a family of 
theoretical curves that vary with the degrees of freedom available. 
More specifically, the F distribution varies with the combination of 
df available, since the numerator and the denominator of the F ratio 
each has associated with it a particular dj. For example, the variance 
estimate in the numerator may be based on a sample of five cases 
and the variance estimate in the denominator on a sample of ten 
cases. Then the degrees of freedom for F will be 5 - 1 = 4 for the 
numerator and 10 - 1 = 9 for the denominator. Table F in the 
Appendix gives the values of F that are significant at the .05 and 
.01 levels (one-tailed test) for different combinations of numerator 
and denominator dj. Thus, for 4 and 9 dj, F = 3.63 marks the begin­
ning of the critical region for a one-tailed test when alpha is .05, 
and F = 6.42 marks the beginning of the critical region for a one­
tailed test when alpha is .01. F values equal to or larger than these 
would, in each case, cause rejection of the hypothesis. For two-tailed 
tests, the probabilities are doubled. Thus, for a two-tailed test, F = 
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!3_(j:3 i;-; ;-;ignificant at the .10 le\·el and F = 6.42 is significant at the 
. 02 len.d. 

liYPOTHESIS 
TIL\T a1., - a..._· 

F.ntlllfJ{t· 1. In a stwh· of the emotional responsiveness of 
!-'('hizc•phn·nw;-;, a random ;-;ami>lc of 1~ patients ~nd 3_0 no:mal con­
t rc d~ an· t c·;-;t c•c I in a \·aril•t :"" of ernotlo!l-prC?YOk!ng situatiOns. The 
amr•unt ,,f a1l"t·c·ti\·e an>usal in each s1tuat10n 1s_measured an~ a 
("om hi Jwcl a1·c •usa! s(·on· is obtained for each subJeCt. The schtzo­
phn·!1i<";-; flbtain a mean scor~ of G2 \v,ith_s_ = 14. The normal controls 
obt a1 n a nwan sc·c ll"(> ()f ii-l w 1 t h s = ~- l smg an alpha of .05, test the 
hYJHltlwsis that the normals and schizophrenics are random samples 
fy=om the same population with respect to affective arousal on this 
test. 

If two samples come from the same or identical populations , 
then f..J.t = f..J.'.! and a1~ = a"~. That is, the populations have identical 
means and \·ariances. Assuming that the population of measures is 
norrnally distributed in each case, there are thus two ways in which 
the sco1·es of normals and schizophrenics may differ. The two popu­
lations may ha Ye different means, and quite independently of this 
the populations may have different variances. The t tests of Chapte; 
10 assumed that the population variances were equal and proceeded 
from this assumption to examine the difference between the means. 
But in this example, there is a rather large difference in the standard 
deviations of the two samples: variability is greater among the schizo­
phrenic subjects, suggesting a wider range and more "extreme" 
arousal scores than is found among the normals. To investigate 
this possibility, we test the hypothesis that o-1 2 = o-22, the two popu. 
lation variances are equal. 

• • STEP 1. Each s is squared to obtain the variance estimate 
S 2

• Thus, for the schizophrenics, s2 = 196; for the normal controls. 
S 2 = 64. 

. • • STEP 2. We are conducting a two-tailed test of the hypothe-
Sis a1_

2 = az 2 , but in order to use the F table in the Appendix, we must 
o~tau~ a re~ult that can be referred to the upper tail of the F dis· 
tr~butio?, smce only upper values are given in the table. To acc0111• 
Phsh this, and obtain an F value equal to or greater than 1 (the mean 

F TEST 248 



of the F distribution), we arbitrarily place the larger of our two 
variance estimates in the numerator of formula (11.1). Thus, 

F = larger s2 = 196 = 3 06 
smaller s2 64 · 

• • STEP 3. The df for the numerator are 15 - 1 = 14. For the 
denominator, dj = 30 - 1 = 29. vVe have, then, F = 3.06 with 
(14, 29) df. 

• • STEP 4. Referring to Table F, we find that for (14, 29) dj, 
F values as large as 2.77 have a probability of .02 (doubling the :01 
probability since this is a two-tailed test). Our F of 3.06 is larger 
than this value, falling even further out in the tail of the F distribu­
tion, and therefore has some probability less than .02. We reject the 
hypothesis that cr 12 = cr2 2 and conclude that the two population vari­
ances are not equal. 

• DISCUSSION 

The evidence so far is that the two populations from which our schizo­
phrenics and normals were selected have different variabilities so far 
as affective arousal scores are concerned. Since the larger variance 
estimate was obtained from the schizophrenics, it would seem that 
the schizophrenic population is a less homogeneous group with re­
spect to affective arousal than is the normal population. Relatively, 
the normals react pretty much alike, while there are large differences 
among the schizophrenics. 

We should like to know also, of course, whether the two popu­
lations differ in the amount of affective arousal each shows. That is, 
we would like to know if the means differ. The t test for independent 
samples given in Chapter 10 is based on the assumption of equal pop­
ulation variances. vVe have just rejected the hypothesis that the 
variances are equal, so this t test is not applicable. Approximate tests 
are available which take into account that the population variances 
are not equal. Such an approximation is given below. 

Hypothesis That p.1 = P-2 

When Population Variances 
Are Unequal 

To test for a significant difference between two independent 
sample means when the population variances are unequal, the fol­
lowing formula for t is used: 
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X1 .\'~ (11.2) 
fs~~ + s~~ 

" II 1 n2 
Instead of referring the result to the I table, the computed tis com­
pared to a significant value t u obtained from the formula 

St ~ s~2 
ft- +I~-

n1 ~~~ 

s1 ~ s~~ -+-
?It n~ 

lo (11.3) 

where t1 is the tabled \·alue of 1 that is significant for df = 111 - 1, 
and t2 is the tabled value that is significant for df = 112 - 1. If the 
result obtained from formula (11.2! is equal to or larger than'"' then 
the hypothesis that J.1. 1 = J.i.~ is rejected. 

Substituting the data of Example 1 in formula (11.2), we obtain 

62 - 54 

/196 + 64 
'\} 15 30 

8 
v'13.07 + 2.13 

= 2.05 

The hypothesis that J.l.t = J.i.~ is to be tested with a .05 significance 
level. From Table D in the Appendix, we find that l1 = 2.14. This 
is the t value that is significant at the .05 le\·el (two-tailed test) for 
~4 df. Locating a similar value for 2!) of, we find 1~ = 2.04. Substitut­
~ng these values, with the values for s~ 11 that were just computed, 
mto formula (11.3), we obtain 

t = 2.14(13.07) + 2.04(2.13) = 213 
0 13.07 + 2.13 . 

Our t of 2.05 is smaller than 1,, and therefore it is not significant. 
We are unable to reject the hypothesis that J.i.I = J.i.2· 

. Although we found that our schizophrenic and normal popula-
tions have different variabilities, we are unable to conclude that they 
have different means. The important distinguishing feature between 
the two groups seems to be not the average amount of affective arousal 
but a tendency toward more "extreme" reactions among the schizo~ 
Phrenics-some obtaining much lower scores, some much higher 
scores, than the normals. 
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ANALYSIS OF We take up now an application 
of the F test that is called the 

VARIANCE: analysis of variance. The proce-
dure involves a comparison of 

HYPOTHESIS THAT two variance estimates as before, 
but in analysis of variance the 

J.J.1 = J.J.~ = JJ.a = . . . = JJ. underlying purpose is to test the 
hypothesis that the means of several 
populatz:ons are all equal. How 

this is accomplished is illustrated in the sections that follow. 
In general, it is assumed in analysis of variance that the different 

samples come from normally distributed populations that have the 
same variance. Since even quite substantial violations of these as­
sumptions apparently have little effect on the probabilities of ob­
tained F values, we will proceed here as though the assumptions 
have been met in all cases. Should the student encounter extreme 
violations of the assumptions-data that are extremely non-normal, 
or sample variances that differ very widely-he should consult a 
more advanced statistics text for procedures to be used in handling 
such situations. 

Using Means and Variances 

When n's Are Equal 

The procedure given here is convenient for testing the null hy­
pothesis that J.Lt = J.L2 = J.L3 = ... = J.L when the means and vari­
ances of the several groups have already been computed and the 
groups are all equal in size. 

Example 2. An investigator is interested in the relative 
effectiveness of verbal and material rewards in the learning of young 
children. Fifteen children of similar chronological and mental age 
are randomly divided into three groups of five each. Each child is 
tested individually in a "guessing game" where success depends upon 
learning to discriminate among a series of geometrical figures. On 
each trial, correct discrimination is signaled by a light which flashes 
on. Group 1 receives, in addition, a penny for every correct dis­
crimination. Group 2 is praised for making correct discriminations. 
Group 3 serves as a control group and receives no additional reward. 
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T: o· ! .. !!.!oo·r 0 ''" c"co!To·c·i di~tTiminations are recorded for each child 
; '!. 0: . :. 0. :: .o ·; '!> ; til• i \ :tri:t!H'l':-' of t lw three groups are computed. Th~ 
!·· .. -- . ~ 1 .. - :!. !- t • : 

[ 

I I : • • • • .I I ~ 1 .. '. 1• ~ : : I 

.\ ] 0, I I 

:, ,·, 

\.LitH\ 1. H~:w .\!Ill 

.\: 11.0 
, : ~ "··I 
'·: = ;, 

Co:-;TROL GROUP 

x, = 9.0 
s,: = 7.0 
Ill= 5 

. , ·r•. , ··. j, io-n···· ',f a :-;i;milil'ant difference in the mean performance . ., 
I'! ,(· ~ ~.r•·•· ~'r•'tll':-:.. 

\\ , . '-'· i. h r, 1 r, '> t t lw null hypot lwsis that !Jl = !J~ = !JJ, the three 
1,;,::,!:.·····:· !~:•·:til> ;,ro· t·qual. and thus that the different reward 
o·oo:.•il:JO>!I· h:t-.t· nt) t•llt•t•t upon JWrformance. Therefore, the three 
: ,.; . , ,f .,., ,:·•·> rn:1~· I)(' thought of as random samples from the same 
l"'l'''!:,rr••n. :L> illu"tr:ttt·d in ·a· of Fig. 11.1. Thealternativeisthat 
1lw !·•·'-•;:,rei ···~ndit i«llb do han· differential e!Tects and the three sets 
, ,f :-•·• ,,., .. ~ :t!·,. not from 1 lw ~anw population . .4.1 least two, and perhaps 
rJ. ,, , . tf,_;r. '' ,,, J>uJntlntiulls arl' inrolred. Such an alternative is illUs~ 
1 r·: 11, ·d in h of h.!.!. 11.1. \\'lwre three distinct populations are shown. 

I 1 i> n• 11 n• .,.,.""ary. of ('ourse, for all three population means to 
ditr•·r fron1 orH· ano1lwr in order to reject the null hypothesis. A.. 
ditl't-n·rJ•·•· J,,.1 \\'t'l'l1 an~· two of the population meansisalsoacontra~ 
rJi,·t io11 of 1 lw null hypothesis e\·en though this alternative is not 
illt!:-'1 l":tt<•d. I 

< lllr pro<·l·d un· will he to examine the plausibility of Fig.ll.l(a) 
Sp(_·('itically. \H' will obtain two independentestimatesofthevarianc~ 

a ~ull h.'o·l'olht•sis: Tlw three samples 
co!llt' fnm1 the ,.;amc population 

(b) Alternative: The three samples 
come from different populations 

Figure 11.1 

Schematic Representation of (a) the Null Hypothesis Tbat Three 
Samples Come From the Same Population, and (b) an Alternau~e 
in Which the Samples Come From Three Different Populations 
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of this population. If the two estimates are consistent with the idea 
of a single population-that is, if the estimates are not significantly 
different-we will accept the null hypothesis. If the two estimates 
are significantly different, we will reject the idea of a single popula­
tion of scores and accept the alternative that the samples come from 
different populations . 

• • STEP 1. One way to estimate the variance of our assumed 
single population is to average the three sample variances that we 
already have. Thus, 

2 = 5.6 + 8.4 + 7.0 = 7 0 
Sw 3 • 

We have used the symbol s". 2 to indicate that this is the within­
groups variance estimate. The within-groups variance estimate 
is so called because it is based on the variation of subjects within 
each of the groups and does not take into account any differences 
between the groups. 

The degrees of freedom for Sw 2 are equal to the sum of the degrees 
of freedom associated with each of the sample variances. In this 
case, there are 5 - 1 = 4 df associated with each of the three sample 
variances, so Sw 2 has 12 dj . 

• • STEP 2. Another, independent way of estimating the vari­
ance of our assumed population of scores is to take advantage of the 
relationship s1 2 = s2jn, which is simply the square of the more fa-
miliar expression S:r = svn. In earlier chapters, this relationship was 
used to estimate the variation of sample means. Now our interest 
is in s2, the estimate of the population variance. Solving for s2, we 
obtain s 2 = ns1 2 • To obtain S:r 2, we determine the variation of our 
three sample means about their grand or total mean X 1• First, the 
total mean is computed by averaging the three sample means, 

Xt = 16 + ~1 + 9 = 12.0 

The variation of the sample means about Xt is determined in the 
same way that. the variance is determined for any set of measures. 
Thus, 

2 - (16 - 12) 2 + (11 - 12) 2 + (9 - 12)2 1 
S;;: - 3 _ 1 = 3.0 

where one degree of freedom is lost in the denominator because we 
are using sample values to obtain an estimate of the sampling varia-
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tion of nwan;-;. :-;.: J:-; then multipliPd hy the sample size n to obtain 
tlw population \·aria11n· e;-;timatl'. 

s,,.:. ;-,~ 1:to, = 65.0 

Thi=-- \·;u·iall<'P l';-;t imatl' i;-; ;-;nnholizt>d s .. ~ and called the between­
Ill('""·" or lu·t ".,.,.,_!!roup.~ nu·;,,,,.,. ,._.,,;,u,ll'. As we have just 
=--<·<-'11 . ...,,_: i;-; ha=--l'd l'l1tin·h· o11 tlw ditl"en.'IH'l' between the means of 
tlw group,.; and doe;-; not. dt•pt·nd upon any differences among indi­
\"idual:-; within tlw group;-;. 

Tlw dPgn·<.•;-; of fn·t·dom for s,.'~ art' the same as for s12-namely, 
the numbt•r of :-;ample mean,.; minus one. In this case, df = 3- 1 = 2. 

• • STEI' :~. \\"p now han• two independent estimates of the 
population \·ariaiH'l'. s .. ~ oo 1.0 and s,.~ = G5.0. The two estimates 
~tn• indt·p<·IHI<.•nt ht·<·au:-;t' t lw~- an• clPriwcl from different parts of the 
total in format ion a\·ailahlt• and tht'=-'l' clill'L•rent parts are themselves 
ind<·p<.·rHI<"nt. Tlw clilrl'rl'IH'l' ht•t Wl'L'n group means is not influenced 
by tlw magnituclt• of t lw dilrt•rPnt·t•s among individuals within each 
group. and ;-;irnilarl~-. tlw dill"t•n•nt'l'=-' among individuals within the 
group,.; an· unall'l'l'lt•cl by how far apart the group means are .. 

lnt uit in·ly. our Yariant·e p:-;timates of 7.0 and 65.0 seem mcom­
pat ihh·. It i,.; hard to imagint' that these are estimates of the same 
population \"al'laiH'l'. To tL•st this possibility, an F ratio is computed 
as follows: 

F ,= ~~.~ -- 6G.O = 9 ?9 
s ... ~ 7 .ll ..... 

Thi=-- F te,.;t i,.; a one-tailed test. \\"e are onlv interested in discovering 
w_h<.·tht·•· s '· ~ i,.; sign i fi<"a ntly Ia l"fll'r tho 11 s,.. 2. it is s1,2 that is based on the 
difft•rt•nce bet Wl·t·n mean,.; and proYides information as to hoW large 
th~se difrt•renc·es an•. < >nl:'l if s,.~ is significantly larger than s,v2 can We 
~·eJed the h~·pothesis that J.ll = J.l2 = /J:I· Hence, s,,2 is always placed 
I11 the numerator of the F ratio regardless of its numerical value. 

• • STEP 4. The degrees of freedom for F have already been 
determined. They are 2 for the numerator (sb2) and 12 for the de­
nominator (s,.. 2 ). Turning to Table F' of the Appendix, we find that 
for 2 and 12 dj, F = 6.93 is significant at the .01level. Since our F of 
9.29 is larger than this value, the probability is less than .01 that 
s,,:z and s ,.. 2 are estimates of a common population variance. It is 
highly improbable that our three samples come from the same POPU­
lation and we rejec·t the null hypothesis that /Jl = /J2 = J.La· We con­
cludt• that the reward eonditions do have a differential effect UPon 
performance. 
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• • • S!EP 5. The results of an analysis of variance are usually 
Ieported m a summary table as shown below: 

SOU!H'E OF VAHIATIO:>; 

Reward Conditions 
Individual Di!Terenees 

(Error) 

df 

12 

Total 14 

VAnu:s-cE EsTDIATE 

(:.\IEA:s" SQU AHE) 

65.0 
7.0 

F 

9.29 

p 

<.01 

The terms in parentheses are frequent synonyms for the terms above 
them. Thus, the term mean square is frequently used in place of vari­
ance estimate, and error or error term is the most frequent and general 
designation for the denominator of the F ratio in analysis of variance. 
However, we will retain the term individual differences because it is 
more descriptive of this source of variation in the problems that we 
will consider. 

Formulas that summarize the procedure given above for com­
puting an analysis of variance from means and variances (when n's 
are equal) are given in Table 11.1. 

Table 11.1 
Analysis of Variance Formulas Using 

Means and Variances 

EQUAL n's 
k 
~s2 

s "'2 = ~. df = N - k 
k 

• • 11"J;(X - .X,)2 cl'f = '··- 1 
Sb" = liS;· = '" 

k- 1 

where 1c is the number of groups, n is the size of ~ne group, and N 
is the total number of subjects in all groups combmed. The symbol 

~ indicates that summation is over groups. Xt is the grand mean. 

• DISCUSSION 

Having rejected the hypothesis that our three samples come from 
the same population, ~e conclude that the .~aramet~r 1~ea~s are not 
all equal. Pennies, praise, and "no reward have d1ffe1 ent1al effects 
on the performance of these children. This is as far as our conclusion 
takes us. We are not in a position to say that all three parameter 
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means an· different. nor does our significant F permit statements 
about part i('ular nwans for instanC'e, that the largest mean is sig­
nificantly gTeater than the others. \\"e can only assert that the 
magnitude of differPIH'es among the set of means, as measured by 
s,,::, is signifi('antly greater than might be expected bychanceifsuch 
samples WL'l"l' randomly drawn from the same population. 

J>ro<'ed urL·s arP a \·ailahle for examining the difference between 
spccifi(' pairs or groups of means after conducting an analysis of 
\·ariancL·, but they are beyond the scope of this text.* 

Using Raw Data 

An analysis of \·ariancc may be computed directly from the raw 
data. without first determining the means and variances of the 
groups. The (JJ'OC'L'dure gi\·cn below may be used whether the groups 
are eq ua I in size or unequal in size. 

E...:,,, pit· :1. In a surH'Y of women's at~itudes towards their 
nd(' in m()dl·rn scH'il·ty, an inn~stigator intervtews a sample of 23 
'-":"rnl'n. 1'11« •Sl'n randomly from among the recent grad~ates of a large 
;v()r.nc·n s f'cdl~·gc•. ,~s part of the sun·ey, each subJect .ans~vers a 
~O-rt c·m q~rc·stronnarr·p dt>signed to assess how satisfied she IS wtth her 
()W'.1 . '~()lc• ~~~ so.<'iety. ThP nurniH•r· of JJOsitive answers given on this 
qucsl.lllllll:tll'l' rs t·d·pn . tl 1 · S · f · Q the 2'3 : · '. .ts 1e su >Ject's Role at1s actwn score. f · · women Interviewed t 1 . • and pursuing a c· f • en ar:e wusewnres, seven are unmarried 
pursuing a career<l~~~r .0 Rso1me IH_nd, and six are both married and 

· 1e1r 0 e Satisfaction scores are: 

HousEwivEs 

7 
12 
8 

1·1 
tO 
I() 

ll 
11 

9 
13 

UN~IAHHIED 
CAREER \Vo~tEN 

10 
15 

6 
n 
B 

11 
12 

iVlARRIED 

CAREER WoMEN 

8 
13 
14 
9 

10 
16 

Is there evidence of a relationship between Satisfaction score and 
the Rocial role of the subject? 

.· .. The i1~ teres ted Ht udent should see B. J. \Viner, Statistical Principles in Exper­
~'11'"~tal l>t,S1(J11, McUmw-llill, l!JG2, pp. 65-!)2 or A. L. Edwards Experimental 
>cM(Jn 171 f>sycholoyical Research, Hev. Ed., Holt: 1960, Chapter 10. 1 
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The question asks whether, in this population of women, Satis­
faction score varies with social role. If we are able to reject the 
hypothesis that P.I = p.2 = J1.3, the groups have the same mean Satis­
faction score, we can then conclude that Satisfaction score does vary 
with these social roles and there is a relationship between them in 
this population . 

• SUM OF SQUARES 

We introduce a term, the sum of squares. The term refers to the sum 
of squared deviations from the mean, as in the expression l:(X - X)2 

. 1 b . . 1 t ''X" (l:X)2 0 f th · or 1ts age raiC eqmva en .... ~ - - -n-· ne o ese expresswns 

commonly appears in the numerator of variance formulas, and in 
analysis of variance the term sum of squares designates the numerator 
of a variance estimate. The variance estimate is equal to the appro­
priate sum of squares (SS) divided by its degrees of freedom. Thus, 

(11.7), d " SSw 
an , Sw" = N - k (11.8) 

From now on, we will distinguish between these two parts of the 
variance estimate-its numerator, the sum of squares, and its de­
nominator, the degrees of freedom available. 

It can be shown that the total sum of squares-that is, the sum 
of squared deviations of the scores from the grand mean of all groups 
combined-is equal to the sum of SSb and SSw. In other words, 

Total SS = SSb + SSw 

We will not attempt to prove this statement here, but we will com­
pute all three sums of squares for our example and show that the 
relationship holds . 

• • STEP 1. For each group, the sum of the scores is obtained 
' as shown in the first three columns of Table 11.2. This gives l:X1 

J:,X2, and l:X3• Adding these together gives l:X = 253, the sum of 
all the scores . 

• • STEP 2. Each score is squared and the squares are summed 
for each group, as shown in the last three columns of Table 11.2. 
This gives l:X12, l:X2\ and J:,Xa2 • The sum of these is l:X2 = 2955 . 

• • STEP 3. The total sum of squares is computed. The total 
sum of squares is given by either l:(X - X't) 2 or l:X2 - (l:X)2jN. 
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!-'t ·~1: 

Table 11.2 
Analysis of Variance ("sing Raw Data 

(Example 2: ~atisfaction scores of women haYing 
different social roles.) 

.Y, x~ x, 
I 10 " I~ 1 ,-, I:~ 

."\ li 1·1 
l·l !! !! 

10 !! 111 
l(j II IIi 
II 1~ 

11 
!I 
1~ 

111 -., 
I- 10 

S,' 
·I!! 

1·11 
li·l 

1 !Jlj 

100 
:,?;)li 

1:.?1 
1:.?1 
S1 

1li!l 

l:l01 

.\ ~2 

100 
:2:!:> 

:~ti 

S1 
S1 
1~1 

1·1-1 

\"2 • a 

G·l 
lG!) 
1!)6 
S1 

100 
256 

SGG 

~.\' = 111 + 1'!. + IO = '!..-,:~ ~.\·' = 1:m1 +ISS+ S6ll = 2955 

df = X - 1 = 23 - 1 = 22 

BETWEE:"-( ;HOI'!'" \",\I!IA:"I'E 1-::-;TDI.\TE 

.. . r~s, •' ~~s .. ,o r~s.,,, (~.\P 
.~.-.;,, = -- + ----- + --·- - -\-.-

Ill 11:!. /13 • 

df=k-1=3-1=2 

\YITIII:"-Cnor!'s VAHIA:"~'E EsTDIATE 

SS,. = Total SS - SS,, = 17~.00 - G.34 = 16:1.66 

2 _ Hi.'i.!iG _ 8 ') 
Su· - 20 - .-S df = j\i - /,; = 23 - 3 = 20 

p = s,,2 = ;{.17 = .:38 
s,.2 8.28 

Since the second expression is easier to compute, and we already have 
th: necessary sums from Steps 1 and 2, it is used in Table 11.2 to ob­
~am Total SS. Observe that N = n 1 + n 2 + na, the number of scores 
m all groups combined. 

• • STEP 4. The between-groups sum of squares, SSb, is com­
puted by the formula given in Table 11.2. This formula is equivalent 
to the numerator of formula (11.5) for sb2, although here raw scores 
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are used and allowance has been made for unequal group sizes. For 
each group, the sum of scores is squared, and the square is then 
divided by the number of scores in that group. The last term, 

('1:.:~) 2 , appears in the formula for Total SS and its value can be 

simply carried down from that computation. The value of SSb is 
then divided by its degrees of freedom to obtain sb2 • 

• • sTEP 5. The within-groups sum of squares, SSw, may be ob­
tained in either of two ways. Taking advantage of the relationship 
Total SS = SSb + SS ... , it is a simple matter to obtain SSw by sub­
traction, as has been done in Table 11.2. SS,c can also be computed 
from the data. It is obtained by adding together the sum of squares 
for each group: 

SSw = (:::x~2 - (:::X1)2) + (~x22 - (:::X2F) + (:'!:X32 - (:'!:X3)2) 
?h 1~ nJ 

(1301 - ( 1i~) 2) + ( 788 - (7;)2) + ( 866 - (7~)2) 

= 68.90 + 47.43 + 49.33 
= 165.66 

This value agrees with the value obtained by subtraction, as of course 
it should if all computations have been carried out correctly. 

The value of SSw is then divided by its degrees of freedom to 
obtain Sw 2 • 

•• STEP 6. An F ratio is computed, dividing sb 2 by 8 10 2 as before. 
F is .38 with (2,20) dj, a nonsignificant value. (From Table F in 
the Appendix, F must equal or exceed 3.49 in order to be significant 
at the .05 level.) vVe are therefore unable to reject the hypothesis 
that p. 1 = P.2 = P.3· There is no basis for concluding that Role Satis­
faction score varies with social role in this population of women . 

• • STEP 7. The analysis of variance is summarized in a table 
as shown below: 

SuM OF VARIANCE 

SouRcE OF VARIATION S<~UARES df ESTDIATE F p 

Social role 6.34 2 3.17 .38 >.05 
Individual diiTerenees 165.6G 20 8.28 

Total 172.00 22 

It is not necessary to include a sum-of-squares column when formally 
reporting the results of an analysis of variance. The column has 
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!Jecn i~1C'l:ulpd h(·n· to emphasize the point that the between-groups 
~md WithJn-.!.!Toups sums of squares are tompon('n/s of the total sum 
of squares .. TlH.·ir sum is equal to the total sum of squares, and the 
sum of theu· degrees of freedom is equal to the total df. 

• Drscc~sro::-..: 

Since we WPrp unable to reject the hypothesis tha~ J.II = J.l~ = J.IJ, we 
h~n~e no. P\·idl'll<·e of a rC'lationship between social role and R.ole 
Sau:-;facuon score in this population . .Apparently, there ?re v~rymg 
d?gTees of :-;at isfaetion within each social group, but little If a?y 
diffe_rence bc·t ween the groups. The samples were small and. the I~­
\·estJgator may want to stwh· more subjects before acceptmg this 
conclusion. Hut as the matt~r stands now, there is no reason to 
abandon the null hypothesis. 

. . . The computational procedure used here makes :Iearer t~an our 
Initial procedure the mathematical basis of analysis of val'lance­
namely, the> breaking down of the> total \·ariance into separate com­
pol_len ts, l~ach of which provides an independent estimate of the po~u­
latJOn vanance. \\'e began with the total sum of squares and found Its 
two parts, ""'So and .r.,·s.,. That the total sum ofsquaresshouldsocon­
veniently consist of these two parts probably seems to the student, 
at this point, more in the nature of a fortunate coincidence than a 
ma~hematical necessity. nut consider for a moment what the to~l 
vanance is. If all the groups are combined into one large group With 
mean .\" 1, the variance of this large group will, of course, be based 
on the deviation of each score from .\' 1• This deviation is the basis 
for the total sum of squares and the total variance. It ca? I:eadily 
be shown that the deviation (X _ .Y 1) is the sum of two deviations­
the distance of the score from its group mean, and the distance of the 
group mean from X t· For example, suppose we take a score X:...from 
a group with mean XI. Our claim is that the deviation (X1 - Xt) === 

(XI - XI) + (XI - X 1). The statement is easily proved. Removing 
parentheses, we have 

XI- X 1 = X1- X1 + X1- Xe 
=XI- ... Yt 

It is easy to see that such a statement could be proved regarding 
any score from any one of the groups. It requires only further algebra, 
and some additional notation, to develop from this basic relationship 
the statement that Total SS = SSw + SSb. 

Although we have considered examples involving only three 
groups, the analysis of variance can be applied to any number of 
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groups. Examples involving four, five, and six groups are given in 
the practice problems that follow. 

Practice Problems 

Use an alpha of .05 to test the appropriate hypotheses in the follow­
ing situations. 

1. Company I employs 12 men whose job it is to assemble the 
electronic device sold by the company. The men are paid on a piece­
work basis and work in separate cubicles, having little contact with 
each other on the job. Under these conditions, the average output of 
the 12 men in a typical week is 59.0 items with s2 = 124.4. To 
stimulate competition among the men, the company decides to move 
them into one large room where they will work at open benches in 
full view of one another. Several months later, it is found that the 
average output of the 12 men is ~ga_in 59.0 items per week, but 
now s2 = 28.0. Has there been a s1gmficant change in the group's 
performance? 

2. In studying the effect of heredity on animal intelligence, an 
investigator has obtained through selective breeding a strain of rats 
whose maze performance is superior to that of rats with uncontrolled 
heredity. To determine whether his animals are also superior at 
other types of tasks, the investigator sets up a discrimination prob­
lem in which the rat must learn to press a bar only when a light is 
turned on, refraining from bar-pressing when the light is off. He 
tests a random sample of 11 rats from the inbred strain and records 
the time required by each animal to learn the discrimination to a 
given criterion. Their mean learning time is 84.7 minutes with 
8 z = 81.4. For a random sample of 25 animals with uncontrolled 
heredity, the mean learning time is 95.2 minutes with s2 = 375.0. 
Using an alpha of .05, ~est the hy~othesi~ that the two groups of 
animals come from identical populatiOns with regard to performance 
on this task. 

3. Twenty trainees in Clinical Psychology are randomly divided 
into two groups of ten eac~. Both groups are told that they will 
observe a play therapy sessiOn through a one-way vision window 
and that they are to watch especially for signs of anxiety in th~ 
child's behavior. Group 1 is told further that this is a disturbed child 
referred for treatment, while Group 2 is told they will observe a 
normal child, "to see how normal children respond to the play 
therapy situation." Both group~ the~ observe the same play therapy 
session. Afterwards, each subJect 1s asked to list the "signs of 
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anxiety" he obsern?d in t lw <"hild's heha,·ior. The experimenter 
eounts the num bPr of ":-;igns" listed by each subject. The results 
for the 20 subjects an•: 

I; H<>t'l' I 
··j )I,.;Tt'HIIEI> ( '1!11.1> .. 

;) 

7 

1:2 
7 
li 
!I 
'} ., 

(;Hill'!' :2 
··);,m~L\L Cuu.u" 

li 

·\ 

·\ 
:l 
·I 
·I 
:l 

Does the different information gi,·en ha,·e an efl'ect on how many 
"signs of anxiet \ ... are reported? Compute :\ and s·~ for each group 
and test for signifieant clitren•JWl'S in the performance of the two 
J..,.rroups. 

4. The reaction time of a subject is measured t.o three d~fferent 
stimuli: light, sound, and tou<"h. There are GO trials, in wluch the 
stimuli are l'aC'h pn•sl·nt ed 20 times in a random order. T~1e r~sult~ 
(reaction time in hundredths of a sel.'ondl for t.he three stunuh are. 

Lic;IIT ~<>\':-;I> Tot't'll 

x = :21 .\' = IS x = IS 
s·,; = l"i s'.! = 1:2 ~'! = I;> 

It = :21) /I = :21) II = :20 

Should it he c-oncluded that this subject's reaction time differs to 
these different stimuli? Test. the hypothesis t.hat /J.l = /J.2 = J.IJ· 

G. In a study of leadership, 24 boys at a summer camP. are 
ra~domly divided into three groups of eight each. Each group 15 to 
hulld a "dubhouse" with materials provided by the camp. Group 1 
is told t.hey are to elecl one of themselves as the group leader. For 
Group 2 the camp supervisor appoints one of the boys as the gr~up 
leader. Group 3 works without a formal leader. After completmg 
t~e clubhouses, the boys are queried individually about their expe­
rience in the group. For each boy, the investigator records _the 
number of favorable answers given to a list of specific questwns 
about his perception of other group members and the way they 
worked together. The number of favorable answers per boy is then 
averaged for each of the groups. The results are summarized below: 

(;Hot ·p I 

ELE<'TEI> Li-:.-\llEH 

x = 1\J 
.<;'" \) 
n = ~ 

( ;H0\'1' ~ 

:\t•t•oi:-;TEI> LE.-\IlEH 

X= IS 
s·~ lli 
II= :-) 
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N 0 FOIUIAI. LEADER 

x = 14 
s2 = 11 
n = 8 



Is there a relationship between type of leadership experience and 
the number of favorable answers given? 

6. An experimenter is interested in the effect of sleep deprivation 
on mental alertness. Twenty subjects are randomly divided into four 
groups of five each. All subjects are given a task requiring a high 
l~vel_ of mental alertness, but after differing amounts of sleep dep­
nvatwn. Group 1 is deprived of sleep for 16 hours, Group 2 for 20 
hours, Group 3 for 24 hours, and Group 4 for 28 hours. Scores on 
the task are averaged for each group. The results are: 

GHOl:l' 1 GHOUl' 2 Gnom• 3 Gnour 4 
(lG Hol:nsl (20 Houns) (24 Houns) (28 Houns) 

x = 30 x = 22 x = 25 x = 15 
s2 = 24 s~ = 18 s2 = 30 s2 = 24 
11 = 5 1l = 5 n= 5 n= 5 

Can it be concluded that amount of sleep deprivation influences 
mental alertness as measured by this task? 

7. An investigator is interested in tracing the development of 
the slang vocabulary of teen-agers. To determine whether there is 
a distinct age level when this vocabulary appears, he selects a random 
sample of ten school children at each age level from nine through 
fourteen years. On the basis of a preliminary study of teen-agers, the 
investigator has compiled a list of slang words known to at least 
80% of the teen-agers. These words have been made up into a vocab­
ulary test which the investigator now gives to all the children. The 
mean score is computed for each age group, with results as shown 
below: 

9 YEARS 10 YEARS 11 YEAHS 12 YEAHS 13 YEARS 14 YEARS 

x = 12 x = 11 x = 12 x = 18 x = 25 x = 24 
s2 = 10 s2 = 9 s2 = 1G s2 = 20 s2 = 17 g2 = 12 
n = 10 n = 10 II = 10 1l = 10 1l = 10 n = 10 

Is there a significant difference among the mean scores of the different 
age groups? 

8. An investigator suspects that two tranquilizing drugs used 
in the treatment of mental patients have negative side effects on 
their intellectual functioning. He conducts an experiment in which 
21 mental patients who would ordinarily receive such drugs are 
randomly divided into three groups of seven patients each. Group 1 
receives Drug A, Group 2 receives Drug B, and Group 3 serves as a 
Control group receiving placebos. At the end of a two-week period 
during which the patients receive no other treatment, they are all 
given a series of tests. One of these tests require~ the subject to learn 
a simple stylus maze, where the number of tnals needed to learn 
the maze is taken as an index of intellectual functioning. The results 
are: 
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(;HOLT 1 GH(J\·p 2 GnocP 3 
IJHn.; A Dnn; B Co:-:TnOL 

i) 5 6 
5 8 4 
2 4 7 
4 s 2 
3 10 2 
7 7 ·1 
2 7 3 

Is there evidence that the two tranquilizer drugs have a negative 
effect on intellectual functioning? (a) Compute the analysis of var­
iance using the means and variances of each group. (b) Compute the 
analysis of variance using the sums of squares. 

9. In a \Vord Fluency test, the subject is asked to give as many 
words as he can that begin with a certain letter. The test is timed 
and the subject's score is the number of words he is able to give in 
the time allowed. To determine whether the manner of administering 
the test has an effect upon test scores, a group of 34 students are 
randomly divided into two groups of ten subjects each and one group 
of 14 subjects. The group of 14 subjects takes the test as a group, 
in a room together, writing their answers. Subjects of the other two 
groups are given the test individually, subjects of one group writing 
the words, subjects of the other group speaking them aloud. Their 
Word Fluency scores are: 

1:-oDIVIDUAL-

0RAL 

25 
34 
50 
34 
42 
32 
39 
48 
24 
35 

1:-oi>IVII>UAL-

\\"mTTE::-.1 

2!) 
:35 
21 
56 
41 
58 
26 
31 
35 
38 

GnouP-
\VmTTEN 

34 
48 
22 
52 
36 
37 
38 
46 
29 
48 
30 
39 
26 
40 

Is there evidence that the mode of test administration influences 
scores on this test? (Note: Subtracting a constant from each score 
has no effect on the sums of squares, and will give smaller numbers 
to work with.) 

10. A random sample of 40 voters from a township are given 
an attitude test that measures political liberalism-conservatism. The 
subjects are also classified according to their income into one of four 
income groups: low, low-average, high-average, and high. The scores 
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of subjects in the four groups are then compared. Their test scores 
are: 

Low Low-A YERAGE HIGH-A \'ERAGE HIGH 

40 31 47 36 
48 32 51 51 
37 39 54 35 
52 36 44 38 
45 40 40 42 
45 45 48 37 
55 33 46 46 
50 35 53 
39 35 39 
43 44 45 

41 37 
40 

Is there evidence of a relationship between income group and 
liberalism-conservatism score? (High scores indicate high liberal­
ism.) 

11. In a study of group influence on memory, 40 subjects listen 
to a 20-minute recorded speech. Afterwards, the subjects are divided 
randomly into five groups of eight subjects each and sent to five 
separate rooms. There they are asked to recall the number of times 
the speaker said "uh" in the course of the speech they heard. With­
out previous intention to remember, the task is quite impossible, but 
the subjects of each group are urged to "help one another" and do 
the best they can. A group member records the number finally 
decided upon by each member of his group. The number of "uh's" 
that are "remembered" by the subjects are: 

GROUP 1 GROUP 2 GROUP 3 GROUP 4 GROUP 5 

5 10 7 15 5 
8 8 9 20 13 
3 15 10 10 8 
6 12 12 12 10 
7 12 16 18 7 
5 10 5 25 6 

10 6 10 20 15 
7 11 13 17 9 

Is there a significant difference among the means of the five groups? 

Answers 

1. There is no change in mean output, but the variability of the 
group appears to have shrunk. F = 4.44 with (11,11) df a valu 
that almost reaches the .02 level of significance (F = 4.46). Our ; 
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h~s a prob~tbility just slight]~· larger than .02 :m? c:~tai~ly le~ than 
.O:J. '': e re.~eet thy h~yot Jw~is that a 1 ~ c a/.\ anab1hty IS less m the 
new situation. \\ orkmg togPther in one room does not seem to breed 
competition; the men become more alike in output than they were 
before in separate eubic-les. 

2. F = 4.G1 with 12-1,10) df p < .02. The hypothesis u1~ = u2 ~ 
is r~jeete~l. Tht• inbred strain (·,[ rats, as might be expected, is ~ess 
Yanable 111 pt·rformance than the rats with unc01~trolled heredity. 
Comparing the means b~· formula ( 11.2 l, we ob~ai~ t .= 2.22. For­
m u]a ( 11.:3! gi \"('S f .. c~ 2.12 as the \·a] ue of f that IS Significant at the 
.05 ]e,·el for a two-tailed test. Sinee our t is larger ~han this value, 
P < .O;J and the hypothesis that f..Ll = f..L~ is also rejecte~i. We c?n­
clude that tlw two groups of animals <·ome from J_lOpulatiOns havmg 
both different ,·arianees and different means With regard to per­
formanee on this task. The inbred strain has a lower variability and 
a higher mean. 

3. F = ~).11 1.3:3 = GJ);), p < .02. The hypothesis u,~ = u~2 is 
rejected. t ~c 2.!):~, \vhich is larger than t .. = 2.26, the t value sig­
nificant at the .0;) le,·eJ for a two-tailed test, so the hypothesis 
J.L1 = J-1.2 is also rejeeted. The trainees who belie,·ed they were ob­
serYing a disturbed ehild tended, as a group, to report ~ore signs of 
anxiety than did trainees who belie,·ed they were ob~ervmg a normal 
child. The difference in means is significant, indicat~ng different 
population means for these two conditions of observ~t.IOn. The sig­
nificant difference in ,·ariabilitv under the two conditions suggests 
relatiye]y large indi,·id ual differences in the reports of trainees ob­
s~rYing a "disturbed" ehild, as eompared with ~he relatively small 
differences among trainees when the ehild is beheYed to be normal. 

. _4. F = 60 15 = 4.0 with (2,57) df. The F tablegives 3.17 as 
sigmfic~nt at the .05 ]eye] for (2,55 l df, the neares~ df to ours. Since 
our F IS larger than 3.17, p < .05. The hypothesis J.l.t = J.l.~ = J.l.a is 
rejected. \Ve conclude that the subject's reaction ~ime ~s different 
to these different stimuli. Because the mean reactiOn time to the 
sound and touch stimuli is the same in this sample of the subject's 
behavior (.18 seconds), our significant F value must arise from the 
subject's reaction time to the light stimulus (.21 seconds) since this 
is the only mean that differs. In this case, then, we are able to draw 
the further conclusion that (for the given situation) this subject's 
reaction time to light is significantly di[erent from his reaction time 
to sound and touch. 

5. F = 56/12 = 4.67 with (2,21) df. Since our F is larger than 
the tabled value 3.47, p < .05. We reject the hypothesis that 
J-1.1 = JJ.2 = J.La and conclude that there is a relationship between type 
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of leadership and group members' evaluations of how well the group 
worked together. Note, however, that the interpretation of this con­
clusion depends upon nonstatistical factors. To be confident that 
the different evaluations given by the groups resulted from their 
different leadership experience, we should want to know that the 
conditions were the same for all groups except for those factors 
arising directly from type of leadership. For example, were the 
groups about equal in skill? \Vas there competition between the 
groups? (The group who finished last may perceive their group in a 
less favorable light for this reason.) On what basis was the appointed 
leader chosen? (Appointing an unpopular boy could result in an 
essentially leaderless situation.) Did an informal leader emerge in 
the group that had no appointed or elected leader? In short, we 
should want to be satisfied that the observed relationship is not a 
product of conditions that were not or could not be controlled. 

6. F = 196.67/24.0 = 8.19 with (3,16) df. This F is larger than 
the tabled value of 5.29, which is significant at the .01 level, so 
p < .01. The hypothesis that f.Ll = f.L2 = f.LJ = f.L~ is rejected. Vve con­
clude that amount of sleep deprivation does affect performance of 
this task, or that there is a relationship between amount of sleep 
deprivation and mental alertness as measured by this task. 

7. F = 400.0/14.0 = 28.57 with (5,54) df. For (5,55) df, the 
nearest df to ours in the F table, the value 3.37 is significant at the 
.01level. Since our F is larger than this value, P < .01. The hypoth­
esis f.LJ = f.L 2 = ... = f.L6 is rejected. There is a significant difference 
among the age groups in their knowledge of this slang vocabulary. 
An inspection of the means suggests little if any difference between 
9 and 11 years, with sizeable increases in score occurring at 12 and 
13 years. Further statistical tests are needed to confirm these as 
significant differences. The investigator will also need to show that 
the differences he obtained in slang vocabulary scores are not a 
product of general vocabulary level-since it is well known that 
general vocabulary also increases over these ages. If the investigator 
has also a measure of general vocabulary for each subject, he can 
control for this factor by applying a procedure called analysis of 
covariance, which the interested student will find described in more 
advanced texts. 

8. For both (a) and (b), F = 21.0/3.67 = 5.72 with (2,18) dj, 
and P < .05. The hypothesis f.LJ = f.L2 = f.LJ is rejected. From this, we 
can conclude only that there is a significant difference in the mean 
performance of the three groups. Since it happens that the mean of 
subjects receiving Drug A is exactly the same as the mean of the 
Control group, we are able to conclude at once that there is no 
significant difference in performance under these two conditions. 
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Our :-:i; .. mifi(·ant F rnu:-;1 ari~e from a differe!lce in the performance of 
suhj(·('"t:..: J"('('('i\·irl)! I )ru.~ h. wh11 haYe ~\ }11gher mea!l an? therefore 
rf·q uir(·d 111 ( ·n· 1 riab 1 (, learn 1 he r~1aze. I hus, ther~ IS .evidence that 
!_)ru~ H h:ts a ne.l!at in· effect on mtellectual functwnmg, but there 
IS n(J SUC'h (·\·ider1<'<' for Drug A. 

!l .. F .1..~11 !Hi .. !l;) .o-1. with 12,81) dj, a~d is a nonsignificant 
F \·a]u(·. \\'"e are unable to n•j('('t the hypothesis of equal parameter 
means. Then· is 11 (, (·\·iderH'l' that these modes of test administration 
ha\·(· an C>ffect upon \\'onl Fluency srores. 

1 o. F 17~ .. 2-l 2!1.GS ' :>.80 with (3,36) dj, and P < .01. 
The hypot !H"sis of equal popul<:tior~ means is rej~cted~ liberalism. 
c·onsen·a 1 ism score docs \·ary WIth mcome group m this township, 
_Inspe(·tion of the means re\·eals that the Low-Average and High 
Inc·()me ~roups h:l\·e ]ower mean scores than do the Low and High. 
A \·erage income .l!roups. Further tests would almost certainly be 
carried out to determine \Vhether these differences are significant. 

11. F _ 12:>.-!1 11.7;) = 10.67 with (4,35) dj, andP < .Ol.The 
hyp(Jthesis of equal parameter means is rejected; there is a significant 
difference among the means. Since the conditions of the experiment 
\Vere outwardly the same for all groups, and randomization argues 
against inherent group differences, to what can we attribute the 
si.LmifiC'an t differenC'e among means? The only variable condition 
Was the so<"ial interaction of the separate groups. With no accurate 
remembrances possible of the number of "uh's" in the recorded 
speeeh, this group interaction apparently created in some way a 
"norm" around which individual estimates then clustered. Since 
there was no interaction between groups, the "norms" of the groups 
tended to differ more than did the individuals within any one group, 
We would conclude that where accurate recall is not possible, there is 
a strong group influence on what is "remembered." 

F TEST 268 





chapter 12 

~hich 

Statistic 

to Use: 

A Summary 



Choosing the approp1:iate statistical procedure for analyzing a 
set of data is often a puzzhng matter to the student. In this book as 
in most statistics texts, examples of research data are presented,to­
gether with procedures for their analysis. The student's own research 
efforts are not accompanied by instructions telling him what to do 
with the data, and it is here that he often stumbles. In this chapter 
we review and summarize, as general guidelines, the main considera­
tions that enter into choosing a statistical procedure. 

The class of statistics appropriate for a particular study depends 
upon the answers giYen to the following questions: 

(1) What kind of data are the statistical procedures to be applied t ~ 
In any study, the group of statistics available for use depends ~· 
large part upon the answer to this question. When the data are sc .111 

· "bl ·. 1 Oies or measures, it IS possi e to use many stat1st1ca techniques th 
?'re not appl~cable ~h.ei: observations cal~ o~1ly_ be ra1:ke~ or classifi:J 
mt~ categone~. A dif1el ent group of stati_s~Ics Is app1 opnate for cate­
gones, and still another for ranks. Defimtwns and examples of these 
three types of data--measures, ranks, and the data of categor1· es­
are given in Chapter 1. 

(2) Do the data represent, for the 1"nvestigator's pu_rpose, a sam l 
or a population? The answer to this question determmes whethe p e 

f · · · ·11 b d r or not the procedures o statistical mference WI e u~e . If, for th 
investigator's purpose, the data constitute a populatiOn in the s e 
that no statistical inferences are to be made to any larger (ho ense 

. . h ~·~p only descriptive statistics are needed to present t e results f ' 
study. If the data are a random sample and the investigator'o the 
pose is to generalize his _findings to the _populat_ion fro~ Whi:h PUr­
sample came, then he will need to use mferentml statistics the 

as Well 

271 WHICH STATISTIC To DSE 



as descriptive statistics. Some examples of samples and populations 
are given on pp. 67-69. 

(3) Supposinr1 the }mrpose is statistical inference: Has a prediction 
been nwde about the outcome of the studu? The answer to this question 
determines whether the procedures of parameter estimation or of 
hypothesis testing will be used. If a prediction has been made about 
the outcome of the study, it is usually possible to formulate and test 
a null hypothesis. Some examples of null hypotheses are given in 
Table_8.1, p. 185. If the purpose is not to test a hypothesis but simply 
to estimate from sample data the value of a population parameter, 
then the investigator will very likely compute confidence limits for 
the parameter of interest. 

Sonwtimes, hoth hypothesis testing and parameter estimation 
are usc!d in a stud~·. \\"hL•n a nu\\ hypothesis has been rejected, the 
ill \'(•stig:t tor may t hPn he interested in _a c~nfidence h~terva~. For 

.. I· if tlw nul\ lwpot\w~i~ !l = l()()lsre)ected,them~estlgator 
('XtllllJl ( • · f 1 1'1· 1 to mclude ··II n·n· likl·h· wi~h to know a band o va ues 1\.e y . p., 

\\ 1 · l · . , hi~ ~·uni)le data to compute a confidence mterval I h· may t wn tl::-.t: · ·" 

for J-1.· • I . f this ch·lpter are reviewed the groups of 
In tlw rem a me CI 0 . · " 1_. d, f data For the most Part 

· f · different -.111 so < • ' ~~at i:-;t iC's app_ropnale ?1 , ••• ·t' s presented in this text. Many 
t lw n·,·i(•w wJII }Jp confmul ~o slcllls Ic .. . e- articularly in the 
additional :-;t:tti:-;tical teehmqt~es are ~l\ailabl d~h tudentshould 
an·as <>f <'<>ITl'btion and analysis of Yanance-an es 
<'onsult :t lll<>J"(' ad ,·anced text if the techniques given here do not seem 
to "fit" his pat·tieular research problem. 

CATEGORIES We have considered many kinds 
of research problems that involve 
data classified into categories. 

The observations are usually words-"agree" or "disagree," "good'' 
or "average" or "poor," "above the median" or "below the median" 
-and each 0 bserva tion is classified into one of a set of mutually 
exclusive categories. The only possible summary ~f su:h data is to 

ive the frequency, or the proportion, of observations m each ca~e-
g · · t' stat1'st1'cs take the form of a table of frequencies Dcscnp 1ve c. c. • • 

gory· · . . . d when the results are to be depicted graphically 
or of proport~ons, dd.n These procedures are given in Chapter 1, Pp. 
a bar chart 1s rna e. 
4-10. 
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p ~en the date: are a sample, inferences may be made about the 
opu atiOn proportiOn or proportions. 

Estimating a Population 
Proportion 

Often the investigator has no hypothesis about the population 
Proportion. His purpose is exploratory; he wants to use his sample 
to obtain an estimate of the population proportion P. In general, a 
sample proportion p is an estimate of the corresponding population 
proportion P. Thus, the inducth·e probability estimates of Chapter 7 
(see p. 154 ff.) are sample estimates of P. \Vhen the sample size is 
large, such that np and nq are both greater than 10, a confidence 
interval for P may be obtained by the procedure given in Chapter 5, 
pp. 118-120. 

Hypotheses About 
Population Proportions 

Where a prediction has been made about the outcome of the 
study, it is possible to formulate and test a null hypothesis about the 
population proportion(s). The particular test that will be appropriate 
depends upon the number of categories used in classifying the data, 
and upon the sample size. 

• Two CATEGORIES 

The usual hypothesis here is P = Q, although sometimes other values 
are hypothesized-e.g., P = .75. The tests given in Chapter 7 are 
appropriate for such hypotheses. \Ve summarize: vVhere the sample 
size is large enough so that both uP and nQ are greater than 5 (note 
that P and Q here are the hypothesized parameters, not the sample 
proportions used in obtaining a confidence interval for P), the z 
test given on p. 169 may be used to test a hypothesis about the value 
of P. Where the sample size is small and the above condition is not 
satisfied, the binomial expansion should be used to determine the 
probability of obtaining a given sample result under the hypothesis 
(see pp. 163-168.) 

• MORE THAN Two CATEGORIES 

Under this heading are included classification systems where the 
several categories represent a single variable (e.g., type of TV pro-
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gram preferred), and classification systems in,·o~ving I leo variables 
(e.g., type of preferred program and sex of the subJect). I_n both cases, 
the chi-square test may be used to test the _appropnate null hy­
pothesis, provided the assumptions of the chi-square test are met 

(see p. 201). 
In the case of a single variable, the usual hypothe~is is that the 

population proportions falling into each of the cat~gon_es are equal. 
An example of this kind is given on p. 20llf. For bn·anate data, the 
hypothesis may be stated in any one of several ways, all equivalent 
to the statement that there is no relationship between the two varia-
bles. Examples are given on p. 209ff. 

MEASURES \Vhen the data are quantitative 
in the sense that each observa­
tion is a score or measure of some 

kind, many forms of analysis are possible. Depending largely upon 
the purpose of the study, the descriptive statistics used may be few 
and_sp_are ?r very elaborate indeed. Where the purpose is primarily 
~tatistiCa_l mference, it is usually unnecessary to pr:sent detailed 
mformatwn about the sample, and descriptive statistics tend to be 
few. When the data constitute a population, a fuller description is 
usually desirable. 

Descriptive Statistics for 

Measures 

The statistics most widely used in describing a distribution of 
measures are listed below, along with the page where each is defined. 

STATISTIC PAGE \VHERE DEFINED 

To DEscRIBE CENTRAL TENDENCY: 
MEAN 82 
MEDIAN 45 
Mo~ 19 

To DESCRIBE VARIABILITY: 

STA:-IDARD DE\'IATION 82 
RANGE 16 
lNTERQUARTILE RANGE 5\) 

To DEscRIBE RELATw:-;smP 

BETWEEN Two VARIABLES: 

CoRRELATION CoEFFICIENT 129 
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of th!1:e~sul:es of central tendency and variability p'·ovide a summary 
of the 0 tall1ed distribution. There is seldom a need to present all 
metri 7easures giYen aboYe. \\"here the distribution is fairly sym­
repor~: and has on!~- one distinct m~de; it is ofter~ st~ffici~nt to 
the d" 1: 1:v the mean and standard deYiatiOn of the d1stnbutwn. If 
possi~~tnbution is skewed, the median should also be given, and 
94_9,..., y the range. The student may find it helpful to review pp. 

• I . 

. ~he con·elation coeflicient se1Tes the special purpose of sum-
marizing th 1· I · 1 · b t f t · d e mear re at10ns 11p etween two se ·s o measures ob-
t ame fJ·om the same subjects. It is usually desirable in such studies 

d~ repbort also the mean and standard de,·iation of each of the two 
Istn utions. 

. :'Vhen it is important to co11\·ey in detail the shape of an obtained 
distnbuti · 1 · · 1 t t · 1 f on, graph1ca representatiOn Is t 1e mos s ra1g 1t orward 
procedure. The most useful graphs for this purpose are the histogram 
(pp. 18, 23) and the frequency polygon (pp. 18, 27). E\"en when one 
of these graphs will not be included among the results that are for­
~all~ reported, the investigator should at least construct a frequency 
distnbution of the data for his own information. As we have seen, a 
kn~w.ledge of how the obseJTations are distributed is important in 
decidmg which descripti,·e statistics should be presented. And when 
the ~ata are a sample, knowing their distribution is important in 
judgmg whether or not it is reasonable to assume that the parent 
population meets the requirements of contemplated statistical tests. 

Estimating a Population 
Mean 

Where the investigator has no hypothesis about the population 
mean and wishes to estimate its value, he may use his sample to 
obtain a confidence inteJTal for the mean of the population. 'Vhen 
the sample size is 30 or more, the procedure given in Chapter 5 
(pp. 114-117) may be safely used to compute such a confidence in­
terval. When the sample size is smaller than 30, a confidence interval 
for the population mean may be obtained by the procedure given in 
Chapter 10 (pp. 226-228), provided the distribution of the sample 
data is not incompatible with the assumption of a normally distrib­
uted population. In practice, moderate population deviations from 
normality are not a matter for great concern. But where sample data 
suggest a marked deviation from normality in the population-as 

' 
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. . I . I I . . ·t mely skewed-.· · ·l,-.· ·h··J•c>J•ubtionl:-; Hmo(a,misexre . 1 . 
. " .. , . ··::' : : . ; , . , . . . . l . . II .. I , may be sei'lOUS y m 
····:.::.;.-:_ •. ,. 1:_·,-:-·.;, __ , }.;,_,,., upon :--111.1 :--.unpe:. 

•·:·:- .. :_\ :·:::.•1"::; >:::::t~l•· (lf :-:c·on•.-: or mra:;ures may be used to det~r­
:: i' ,. ,.,.,,.:,;,.,.,,.,. in·;·n::l> for othl'r population values:forexa1mt~e, · · · · • · · · . . · · h opu a Ion 
: •. : :i .. - ::.•·•iL:: .. illl' ·.::ri:tnc·c· or :-;tandard de\JatiOn, t ep . te 
····:·:-.-::,· 1 .. !:. \\·· h::·.,. n•>t takt·n up tlw:-'r procedures, bu~t.hem r­
•·-:·-·l :: 1•i•·:.: \•.ill tin•l tlwzn in more comprehensive statistics texts. 

Hypotheses About 

Popu]ation Means 

\\'h•·n tlw clat:t an· m<'a.-:urr:;, prediction most often takes the 
forr 11 () f :1 ntJll h_,.ll( >tlw.-:i:-; a hou t t lw mean of the population, or about 
1 !J,. ditf•·r··zw•· ill't \\'l't'll population means. Depending upon thenum. 
Lt·r cJf >:t!nplc· lll<':tll." that are to be compared, and whether. or not 
t ht·y an· corrl'lated. hypotheses and tests take somewhat different 
f Ol'lll s: 

."-.·, .•• !lt!.H ''' . ...:.\\!1'1.1-: \IJ:.\:o-;;--; 

'I'\', • •. I '· 1. 1-.1'1.-.. 1•1:.., r 
~ f' \', f ', ( • • ' I! I { I·. I . \ I I< I , 

:\J.,Jt,-: 111 ,.., ·r\'·"· J:--;pJ-:1·1-::--;p,.;:--;r 

IIYI'OTIIESIS 

That ~' i~ a cf'rtain value 
/'t = /'Z 

1'1• = () 

1'1 = /'Z = /'J = ' ' ' = JJ 

TEST 

1 test, p. 228 
t test, p. 230 
1 test, p. 233 
Ann lysis of vnrinnce, 

p. 251 fT. 

All of these tests assume that the population is normally dis­
tJ·ihu ted, and where more than one population is concerned, the 
additional assumption is made that the population variances are 
equal. Fo!' a discussion of these assumptions, see pp. 230 and 251. 

\\'hen the hypothesis of equal population variances has been 
tested and rejected (see Example 1, Chapter 11), the t test given on 
p. 2·1!) should be used to compare two independent sample means. 

Other Significance Tests 

for Measures 

. Although interest usually centers upon the mean when data are 
In the fon11 of scores or measures, significance tests have been de­
veloped for a number of other statistics as well. Among the more im­
portant of these tests, we have considered the following: 
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Test that a population correlation is zero, p. 237 
Test that two population variances are equal, p. 248 
Test that two population medians are equal, p. 209 

The last-named test, that two ~opulation medians are equal, is 
not restricted to use with measures smce the test requires only classi­
fication above and below the median of a group. For this purpose, 
the median of a set of ranks will serve as well as the median of a set 
of scores. 

Ranks 

Ranks are the least common of the three types of data we have 
considered. In Chapter 1, Examples 3 and 4, the procedure of ranking 
was illustrated, and there and in Chapter 2 some of the properties 
of ranks were discussed. We have already pointed out that the test 
that two population medians are equal (p. 209) may be applied when 
two groups have been ranked on a variable. Also, the correlation 
formulas of Chapter 6 may be applied to ranks-when, for example, 
individuals have been ranked on each of two variables and a measure 
of the relationship between the two sets of ranks is desired. However, 
there are simpler ways of determining the correlation between sets of 
ranks. These procedures, and a number of statistical tests developed 
especially for use with ranks, are available in more advanced statis­
tics texts.* We will confine ourselves here to indicating the circum­
stances when the student should seek these tests-that is, circum­
stances that call for the use of ranks and for statistical tests com­
paring sets of ranks. 

Ordinarily, ranks are not used if measurement is possible. Situ­
ations do arise where quantitative measurement of a variable is not 
possible (see Example 3, Chapter 1). Then, of course, ranks must be 
used because measures are not available. But probably the main 
use of ranks in psychological research is as a replacement for measures 
that jail in some way to meet the investigator's requirements. Either 
the measures are unreliable (but the ranks are not), or, more often, 
the distribution of measures is incompatible with the assumption 
of a normally distributed population. Virtually all of the statistical 

* Many statistics textB include chapters on nonparametric or distribution-free 
statistics, where tests for ranks may be found. A more complete compilation of such 
tests for behavioral science researchers is in S. Siegel, Non parametric Statistics for the 
Behavioral Sciences, McGraw-Hill, 1956. All of the tests for ranks listed in Table 12.1 
can be found there. 
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Tablt• 12.1 
Drsrripti·H· and lnfen•ntial ~tatistics :\ppropriall' for 

I>ifferrnt hinds of Data 

('.\TEl ;Clln () \T \ 

Tab I!• llf fn·qlll'lll'it·:~. pwport it>ll:l or 
jll'f<'('ll(:l~(':l 

Bar l'hart 

:\lodal ('ategory 

Confidence interval for P 

Two categories: 
Binomial test for small samples 

z test for large samples 

More than two categories: 
Chi-square test 

:-:. 11\:i> "': \li: \.'ILl.' 

T:1l•l•· .,j in·•!ll"~'··:•"'· pr"\'·•rt: .. n,; "' 
l"·r• ···n t :1~.:•··" 

Taldt· .,j ··•·nt J!,._, "r • •·til J!,. r .• llh,; 

llt!'t.,~r:uu: in·•t''''ll<'\' p .. h·:.:"'' 

:\lt':lll, llll'dl:lli, "'"d·· 
:'t:mohrd do·\'J:It j.,,,, r:lll~o·. lllt•·r­

qllart ilt· r:tll~•· 
( 'orrt·lat ion ,., wlli•·J••n t 

ConlitiPnt·t• intt·rval im ,.. 

~in~le sample mean: 
t lest that ,.. is a t·crtain vahw 

Two independent sample nwanH: 
t test for indcpenucnt s:unplcH 

Two correlated sample means: 
t test for correlated so.mples 

More than two sample 1neans: 
Analysis of variance 

*See footnote on p. 277. 

l: ··,·,,. 

·r:\:.: ... .: r.~:l~.~ 

\lo·-IJ:IIi 

• H:111 h ,., orro·l:d I• •II ,., wfli,·io·ll t 

Two independent. sample!!: 
• 1\.[cdian tel!t 
•1\[ann-\\"hitncy U test 

Two c:orrclatcd samples: 
•\Vilcoxon Higncd-ranka test 

More than two ao.mplca: 
•Kruako.l-Wu.llis ll test 



tests developed for measures assume that the parent population of 
measures is normally distributed. When this assumption is untenable, 
the investigator may either transform his measures so that the as­
sumption is met (applicable only in special cases), or, what is more 
usual, he may substitute ranks for the measures of his sample and 
conduct a statistical test appropriate for ranks. 

Statistical tests for ranks make no assumptions about the popu­
lation distribution. Hence, when an investigator wishes to avoid the 
assumption of a normally distributed population, he can convert his 
measures to ranks and use a test for ranks in place of the usual t 
test or analysis of variance technique. The names of some of these 
tests for ranks are given in Table 12.1, opposite the t test and analysis 
of variance techniques for which they are appropriate substitutes. 
For example, if the usual t test for comparing two independent sam­
ples should be inappropriate because the population is known to be 
extremely skewed, the samples may be compared by replacing the 
measures with ranks and conducting a Mann-Vlhitney U test. Or, 
the measures may be divided at the median into high and low groups, 
and a median test using chi square may be conducted on the resulting 
fourfold table. 

Generally, tests for ranks should be resorted to only when the 
more usual tests for measures are clearly inappropriate. When this 
is the case, a test for ranks serves as an extremely useful alternative. 
But where tests for measures are appropriate, nothing is gained by 
substituting a test for ranks and much may be lost. Tests for ranks 
are generally less sensitive than tests for measures in such situations. 
The great value of the tests for ranks is that they enable us to proceed 
with relevant comparisons precisely in those situations where tests 
for measures cannot be appropriately conducted. 
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Table A 

TABLE OF SQUARES AND SQUARE ROOTS 

OF ~UMBERS FRO.M 1 TO 1000 

Nu~mER SQc..un; :-;(.Jt· ,\I!E !{oUT ~t;:\IBEH SQL\HE SQUAHE RooT 

1 1 I .IH ll) 51 :2li u 1 7.1-11 

2 ·1 I. ·11·1 
-·) :27 0·1 7.:211 ;)_ 

3 u 1.7:~:2 
;j;~ :2S 0!1 7.:280 

4 lG :.! . ()()l) 54 :2\J lli 7.~~48 

5 2;j :2.2:30 [i5 30 :25 7..116 

6 3G :2.-l-1!1 5G 31 :~G 7.483 

7 4!) :.!.li·!G [i/ :t2 4\J 7.5f>O 

8 li-1 :2.:·-i:.!S 5S ;);} li·1 7.61G 

9 ~1 
:3. ()( )() ;j!J a-1 s1 7.G81 

10 1 00 ;:) . !l):2 GO ;}li 00 7.7·lG 

-
11 1 :21 ::~.:n7 lil 37 21 7.810 

12 1-H :3.·1li·1 li2 38 44 7.S74 

13 1 {j!) ;:) . (j()li (j;) ~:i!l G!J 7.!137 

14 1 !)(j :3. 7·12 64 40 !H3 8.000 

15 •) ')" :~.s7::1 
{);j 4') •):' 8.06:2 

- _.., - -·l 

16 2 56 4.000 GG ·1:~ 5G S.l:24 

17 2 sn ·1. I :2::1 67 4·1 S!l S.1S5 

18 3 2·1 4.:2·1:3 GS 4G :2-1 8.:246 

19 3 61 ·t.a5!l Gn 47 Gl 8.307 

20 4 00 4..17:2 70 4!) 00 8.367 

-
21 4 41 .1.;)8:3 71 ;)0 41 S.-126 

22 4 84 ·1.li!lll 
-·) 51 84 8..!85 ,_ 

23 52!) 4. 7!1li n ;:,;{ :2!) S.f>·H 

24 5 76 ·1.S!l!l 7·1 54 76 s. li02 

25 6 25 5.000 75 5li :2;) S.GGO 

26 6 76 5.0!l!) 76 57 7G 8.718 

27 7 29 :;. 1 !IG 77 5!) :2!l S.77:J 

28 7 8•1 5.2U2 7S GO S·l 8.s:tz 

29 8 41 5.385 7\J G:.Hl 8.888 

30 9 00 ~ so 64 00 8.944 

31 9 61 5.568 81 65 61 9.000 

32 10 24 5.657 82 67 24 9.055 

33 10 89 5.745 83 68 89 9.110 

34 1156 5.831 84 70 56 9.165 

35 12 25 5.916 85 72 25 9.220 

36 12 96 6.000 86 73 96 9.274 

37 13 69 6.083 87 75 69 9.:327 

38 14 44 6.164 88 77 44 9.381 

39 15 21 6.245 89 79 21 9.434 

40 16 00 6.325 90 81 00 9.487 

-
41 16 81 6.403 91 82 81 9.539 

42 17 64 6.481 92 84 64 9.592 

43 18 49 6.557 93 86 49 9.644 

44 19 36 6.633 94 88 36 9.695 

45 2025 6.708 95 90 25 9.747 

46 2116 6.782 96 92 16 9.798 

47 2209 6.856 97 94 09 9.849 

48 23 04 6.928 98 96 04 9.899 

49 24 01 7.000 99 98 01 9.950 

50 25 00 7.071 100 100 00 10.000 
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TABLE OF SQUARES AI\'D SQUARE ROOTS (Cont.) 

NU::'>IBER SQl"AHE SQ'C\HE HooT Xt'::'>IIIER :::iQL~HE SQt: ARE RooT 101 1 02 01 I O.O.'ill l.'il 2 28 01 12.288 102 1 O·l O·l 10.100 F'' 2 31 04 12.329 ·>-103 1 06 O!l 10.1-l!J liia 2 :3-l O!l 12.369 104 I OS 16 10.1 !IS 1 i">·l 2 :~7 16 12.410 105 1 10 2.'i IU.:.!-17 155 2 ·10 2.'i 12.450 

106 1 12 a6 10.2DG liili 2 4:~ :m 12.490 107 1 14 4!1 IO.:~H ~;-,7 2 ·lli 4!) 12.530 108 1 16 li4 w.:m2 li">S 2 4!1 li4 12.570 109 1 VL~1 10..1·10 1:i!l 2 ;i2 81 12.610 110 1 21 00 lOASS 1GO 2 5li 00 12.649 
111 1 2a 21 IO . .'i:~6 161 2 59 21 12.68!) 112 1 2ii H IO . .'ik:~ lli2 2 62 4·1 12.728 113 1 27 6!1 w.n:~o lli3 2 6.'i 69 12.767 114 1 2!1 !16 10.677 lli4 2 68 96 12.806 115 1 32 25 10.72·1 llii) 2 72 25 12.845 
116 1 34 .')6 10.770 16G 2 75 56 12.884 117 1 :msn IO.SI7 IU7 2 78 8!) 12.!)23 118 I :m 2·1 I0 .. -.;6:~ IllS 2 82 24 12.961 119 1 41 61 IO.!Hl!J ](j!) 2 8;i 61 13.000 120 1 44 00 10.!J.'i4 170 2 8!) 00 13.038 -
121 1 46 41 11.000 171 2 92 41 13.077 122 1 48 84 11.04;') 1-') 2 95 84 13.115 ,_ 
123 I .51 29 11.0!11 In 2 9!) 29 13.153 124 1 sa 76 1I.I:~6 174 3 02 76 13.191 125 1 56 25 11.180 175 3 06 25 13.229 

126 1 58 76 11.225 17() 3 0!) 76 13.266 
127 1 G1 2!) 11.2G9 I77 3 13 29 13.304 
128 1 G:J 84 11.:3 I4 I7H 3 }(j 84 13.342 
129 1 66 41 1I.358 17!1 3 20 41 13.379 
130 ~ 11.402 180 3 24 00 ~ 
131 1 71 61 11.446 181 3 27 61 13.454 
132 174 24 11.489 182 3 3124 13.491 
133 1 76 89 11.533 183 3 34 89 13.528 134 1 79 56 11.576 184 3 38 56 13.565 135 182 25 11.619 185 3 42 25 13.601 

136 1 84 96 11.662 186 3 45 96 13.638 
137 187 69 11.70.5 187 3 49 69 13.675 
138 1 90 44 11.747 188 3 53 44 13.711 
139 1 93 21 11.790 189 3 57 21 13.748 _!iQ ~ 11.832 1!)0 3 61 00 13.784 

141 1 98 81 11.874 191 3 64 81 13.820 142 2 01 64 11.916 192 3 68 64 13.856 143 2 04 49 11. 9.')8 193 3 72 49 13.892 144 2 07 36 12.000 194 3 76 36 13.928 145 2 10 25 12.042 195 3 80 25 13.964 
}46 2 13 16 12.083 196 3 84 16 14.000 147 2 16 09 12.124 197 3 88 09 14.036 148 2 19 04 12.166 198 3 92 04 14.071 149 2 22 01 

12.207 199 3 !)6 01 14.107 }50 2 25 00 
~ 200 4 00 00 14.142 ;.-- - -
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TABLE OF SQUARES AND SQUARE ROOTS (Cont.) 

Nu::o.tBEH SQUARE SQUARE RooT NU:UBER SQUARE SQUARE RooT 
201 4 0-! 01 1-!.177 251 6 30 01 15.843 
202 4 08 0-! 14.213 252 6 35 04 15.875 203 4 12 09 14.248 253 6 40 09 15.906 
204 4 16 16 1-!.283 554 6 4516 15.937 205 4 20 25 14.318 •)-- 6 50 25 15.969 -oo 

206 4 24 36 14.353 256 6 55 36 16.000 
207 4 28 -!9 14.387 257 660 49 16.031 
208 4 32 64 14.422 258 6 65 64 16.062 
209 4 36 81 14.457 259 6 70 81 16.093 
210 4 41 00 14.491 260 6 76 00 ~ ---
211 4 45 21 14.526 261 6 81 21 16.155 
212 4 4U 4-! 14.560 262 6 86 44 16.186 
213 4 53 69 14.595 263 6 9169 16.217 214 4 57 96 14.629 264 6 96 96 16.248 215 4 62 25 14.663 265 7 02 25 16.279 

216 4 66 56 14.697 266 7 07 56 16.310 217 4 70 89 14.731 267 7 12 89 16.340 218 4 75 24 14.765 268 718 24 16.371 219 4 79 61 14.7!)9 269 7 23 61 16.401 220 4 84 00 14.832 270 7 29 00 16.432 -221 4 88 41 14.866 271 7 34 41 16.462 222 4 92 84 14.900 272 7 39 84 16.492 223 4 97 29 14.933 273 7 45 29 16.523 224 5 01 76 14.967 274 7 50 76 16.553 225 5 06 25 15.000 275 7 5625 16.583 
226 5 10 76 15.033 276 7 61 76 16.613 227 5 15 29 15.067 277 7 67 29 16.643 228 5 19 84 15.100 278 7 72 84 16.673 229 5 24 41 15.133 279 7 78 41 16.703 230 5 29 00 15.166 280 7 84 00 16.733 -231 5 33 61 15.199 281 7 89 61 16.763 232 5 38 24 15.232 282 7 95 24 16.793 233 5 42 89 15.264 283 8 00 89 16.823 234 5 47 56 15.297 284 8 06 56 16.852 235 5 52 25 15.330 285 812 25 16.882 
236 5 56 96 15.362 286 817 96 16.912 237 5 61 69 15.395 287 8 23 69 16.941 238 5 66 44 15.427 288 8 29 44 16.971 239 5 71 21 15.460 289 8 35 21 17.ooo 240 5 76 00 15.492 290 ~ 17.029 

--.:.::. 
241 5 80 81 15.524 291 8 46 81 17.059 242 5 85 64 15.556 292 8 52 64 17.088 243 5 90 49 15.588 293 8 58 49 17.117 244 5 95 36 15.620 294 8 64 36 17.146 245 6 00 25 15.652 295 8 70 25 17.176 
246 6 05 16 15.684 296 8 7616 17.205 247 6 10 09 15.716 297 8 82 09 17.234 248 6 If> 04 15.748 298 888 04 17.263 249 6 20 01 15.780 299 8 94 01 17.292 250 6 25 00 ~ 300 ~ 17.321 ---:.:; 
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TABLE OF ~qCAI~E~ A:'\1> ~<H.ARE ROOTS (Cont.} 

:\"t \111L!t 

:~~~I 
;;,,~ 

; ;f ,; ~ 

:~I '·I 
;;( );-, 

: }( Jf; 
;;( J/ 

:~( '" 
:} ( '~ J 
;q () 

:n 1 
: ll :.! 
;} I:} 
;} I ·I 
;} I:; 

:} I fi 
:} 17 
;} ).'-; 

:} I! I 
:}:,!() 

;}:.! I 
:}2:2 
:}:2:} 
:}:!4 
:}:.!.') 

:326 
:}:27 
:}:.!k 
;}2!J 

~ 
:3:}1 
;}:}2 
:}:}a 
:334 
3:3.') 

336 
3:}7 
a:}g 
3:}!) 
340 

341 
342 
:343 
344 
345 

346 
347 
348 
34!) 
=~50 

:'<..J t .. \ H J-: 

!I !Hi IJI 
~ 1 I :..! II I 
~I I " I I~ I 
~ I :..! I I I i 
~I ; ; I) :..! .-, 

~~:Hi :Hi 
~I ·I:..! I ~I 
! I ·I " f i ·I 
! I ."d " I 
~I f i I I HI 

~' li I :..! I 
! I I:~ ·1·1 
!I 1!1 fi!l 
! ' ...... -, ! If; 
!J !I:.! 2:) 

!I !II., ;,fj 
I fJ fJ-1 .-..!I 
I fl I I 2·1 
I I J II li I 
II J 2·1 I H J 

I 0 :w ·II 
1 () ;{(j ...... 1 
I 0 -1:3 2!J 
I 0 ·1!1 7fi 
1 () .'j(j 2.') 

1 () (i2 /(j 
1 () (i!l 2!1 
I 0 7.'i .-.;4 
1 () k'2 ·11 
1 () k!J ()() 

1() !J.') fi1 
1 1 02 2·1 
11 OK K!J 
11 l.'J .'iG 
11 22 2.') 

11 2k 96 
II a:> un 
11 42 44 
ll 4!) 21 
11 56 00 

11 62 81 
I1 G!J G4 
11 7G 49 
11 83 ;}6 
11 90 25 

11 97 16 
12 04 09 
12 11 04 
12 18 01 
12 25 00 

;-;<.<1 \HI·: ({IJill 

17.:; l!l 
17 .:)7' 
1 I .·If 17 
I 7. -!:lt i 
1 7. -IIi I 

1 7. -I~ J:} 

17 .. ",:..!I 
I 7 .. -,.-,11 
17 .. -,; .... 
1/.liiJ/ 

17 .li:;.-, 
17 .fili-I 
1/.li!l:.! 
I 7. 1:..!11 
17.1·1" 

ll.llfi 
I I··"'' J.1 
II ...... :;:; 
I 7 .. -.;fi I 
I 7 .. '-1.'-'!l 

17 .!1 IIi 
17.!/H 
17.!17'2 
I s. 000 
!.'UJ:2S 

1 S.O:).') 
1 s.os:l 
I Kill 
1 S.1 ;}S 
1 X. 1 {j(j 

)8.1!1:} 
IH.221 
18.248 
IS.:n6 
I8.:}0:} 

18XW 
IS.:};)!-{ 
18.:38.'5 
I8.412 
18.4:39 

18.466 
I8.493 
I8 . .'J20 
I8.547 
18.574 

18.601 
18.628 
18.6.').'5 
18.682 
18.708 
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::\t'\IIIEH 
:;.-,I 
; ;.-,:..! 
;;,-,;; 
;;.-,-1 
;;;-,,j 

:tifi 
:;;,; 
: ;.-," 
;;;-,!, 
:wo 

:lti I 
:w:.! 
:w:; 
:Hi·! 
:w:; 

:Wti 
:w7 
;l(i."-1 
:Hi! I 
;}70 

:;7 I 
:;7:2 
:;7:l 
:}7·1 
:l7:i 

;}76 
:;77 
;;7S 
:m1 
:;so 

:;s1 
:;s2 
:;8:l 
:384 
:385 

386 
;}S7 
388 
389 
:mo 

391 
3!)2 
393 
3!14 
3!15 

396 
3!)7 
3!)8 
3!19 
400 

284 

:-:lJI' .\HE 
1:.! :t.! OJ 
I 2 :l!l (J.I 
12 .!() 0\1 
12 ;j;} Ill 
12602:) 

I 2 67 36 
I 2 7·1 ·1!1 
12 S I 6·1 
12 SS S I 
12 !J{j 00 

l:l o:l 21 
1:; JOH 
);} 17 6!1 
1 :l 2·1 !lu 
I :l 32 2;) 

t:l :m .'iu 
1:1 .l(j S!l 
I;; :i·l :!-! 
t:l til 61 
I;; 6!1 00 

J:37G4l 
I;; s:; S·l 
I;; !ll 2!1 
1 ;} !J.S 76 
1·1 06 2:i 

1·1 13 76 
1-1212!1 
14 28 84 
H 3G ·11 
1·144 00 

H 51 61 
1·1 5!1 24 
1·1 66 89 
)<1 74 56 
14 82 25 

14 89 96 
14 !J7 6!) 
15 05 44 
15 13 21 
15 21 00 

15 28 81 
15 36 64 
15 44 49 
15 52 36 
15 60 25 

15 68 16 
15 76 09 
15 84 04 
15 H2 01 
16 00 00 

SQt:.>.RE RooT 
18.735 
18.i62 
18.i88 
18.815 
18.841 

18.868 
18.894 
18.921 
18.947 
18.9i4 

19.000 
1 !l.026 
19.053 
19.0i9 
19.105 

Hl.131 
19.157 
1 !1.183 
Hl.209 
1 !).235 

19.261 
19.287 
19.313 
10.339 
19.365 

19.391 
19.416 
19.442 
19.468 
19.494 

19.519 
19.545 
1 !).570 
1 !).596 
19.621 

19.647 
19.672 
19.698 
19.723 

~ 
19.774 
19.799 
19.824 
19.849 
19.875 

19.900 
19.925 
19.950 
19.975 
20.000 



TABLE OF SQUARES A:\'D SQUARE ROOTS (Cont.) 

NmmEn SQL\HE ~~L\HE HooT Xl"~IBEH SQL\HE SQL\HE HooT 
401 16 OS 01 :.W.Il:.!;i 4;i 1 20 :J4 01 :.!1.2:~7 

402 16 16 0·1 20.0.'">0 -1;)2 20 43 0·1 21.260 
403 1 G 2·1 O!l :.!O.U7 ;) 4;i:J 20 52 0!1 21.284 
404 lG 32 lG :.!0. 100 4;14 20 61 16 21.307 
405 16 40 25 20.125 455 20 70 25 21.331 

406 16 48 36 20.1·1!1 4;i6 20 7!l 36 21.354 
407 16 56.!!) 20.17-1 ·l;i7 20 88 -l!l 2I.:J78 
408 16 64 64 :.!0.1!)!) -l;i.S 20 D7 G-1 21.401 
409 16 72 S1 :.!0.22·1 ·1.'i!l 21 OG 81 21.-12-1 
410 16 81 00 20.2-lS 460 21 1G 00 2l.HS --

411 16 8U 21 20.:27:1 ·tG1 21 25 21 21.471 
412 16 !l7 4-1 :.W.20S ·JG2 21 :H H 21.-l!l-1 
413 17 05 69 20.:J22 .l():3 21 -1:3 G!l 21.517 
414 17 13 !)() 20.:J-17 ·Hi-1 21 ;i2 !lG 21.5-11 
415 17 22 25 20.:372 465 21 62 25 2Li6-l 

416 17 30 56 2o.:m6 466 21 71 .'iG 21.587 
417 17 38 89 2tU21 467 21 so sn 21.610 
418 17 47 24 20..!4;) 468 21 !ltl 2·1 2I.6:J3 
419 17 55 61 20.-!G!l 4GU 21 !l!l 61 21.656 
420 17 64 00 20.-l!l·l 470 22 ()!) 00 21.67!) --
421 17 72 ·11 2tl . .'i IS ·171 22 18 ·11 21.703 
422 17 80 84 20.;)-1:3 4-'J 22 27 84 21.726 ·-
423 178929 20.fiG7 ·17:3 22 :37 2!) 21.7 4U 
424 17 97 76 2().;j!) 1 474 22 46 76 21.772 
425 18 06 25 20.616 475 22 56 25 21.794 

426 18 14 76 20.640 476 22 65 76 21.817 
427 18 23 29 20.664 477 22 /;) 2!) 21.840 
428 18 31 84 20.688 478 22 8-1 84 21.863 
429 18 40 41 20.712 ·17!) 22 !l-1 41 21.886 
430 18 49 00 20.7:36 480 2:~ 04 00 2Ul09 

431 18 57 61 20.761 481 23 13 61 21.932 
432 18 66 24 20.785 482 2:3 23 2-1 21.!154 
433 18 74 89 20.800 483 23 32 8\l 21.!li7 
434 18 83 56 20.833 484 23 42 56 22.000 
435 18 92 25 20.857 •185 23 52 25 22.023 

436 19 00 96 20.881 486 23 61 96 22.045 
437 19 09 69 20.905 487 23 71 69 22.068 
438 19 18 44 20.928 488 23 81 44 22.091 
439 19 27 21 20.052 489 23 91 21 22.113 
440 19 36 00 20.076 490 24 01 00 22.136 

441 19 44 81 21.000 491 24 10 81 22.159 
442 19 53 64 21.024 492 24 20 64 22.181 
443 19 62 49 21.048 493 24 30 49 22.204 
444 19 71 36 21.071 494 24 40 36 22.226 
445 19 80 25 21.095 495 24 50 25 22.249 

446 19 89 16 21.119 496 24 60 16 22.2il 
447 19 98 09 21.142 497 24 70 09 22.293 
448 20 07 04 21.166 498 24 80 04 22.316 
449 20 16 01 21.190 499 24 90 01 22.338 
450 20 25 00 21.213 500 25 00 00 22.361 --
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TABLE OF SQL'ARES A="D SQVARE ROOTS (Cont.) 

Xl:~IBEH :-ilJl' .\HE :-'lJl'AHE HooT Xt·~IBEH :-'lJL\HE SQUARE RooT 
501 :25 i i l 0 I :..?:.!.;),;} [,;)I :m au o 1 23.473 
502 :2:) 20 IH 2 2 A fl ,-, .s.->:.! :~o ·17 o-1 23.495 
50:~ :25 :~o O!J 22.·12:-s ;j;j;~ :.w :i.S ov 23.516 504 2:) 40 lU 22 A :i() :i:i·l 30 GV lU 23.537 505 2;) 50 25 22.-l/2 ;);-,;) 30 so 25 23.558 
;)06 25 GO :~6 2:2 .4!1·1 ;j[,l) 30 !Jl 36 23.580 507 2:) /() 4!J :2:2 .:>I 7 :i.'ii :H 0:2 4V 23.601 50i-; 25 .<so G4 22 .• -.:~!) ;,;-,S ;{1 13 G·l 23.622 ;'j0!) 25!JIJSI 22.5li I 5;i!J 31 :H S1 23.643 510 2li () 1 ()() 22 .5~...:{ ;j(j() 31 :36 00 23.664 -511 2G 11 21 22.60;i 56! :H ·17 21 23.685 .')12 2G 21 H 2:2.!i:27 5G2 :H :iS 44 23.707 51:~ 2G :~I G!l 22. (j;-,IJ 56:{ a I 6!J GV 23.728 .'514 2G 41 !JG 22.Gi2 ;)(j-l 31 .SO !IG 23.749 515 26 ;'j2 2:) 22.6!!4 56:i :31 92 25 23.770 
516 26 62 56 22./IG 566 23.791 .'517 a2 oa 56 26 72 b!J 22.7:~.-.; :,67 23.812 518 2G ,-.,;~ 24 :tz 14 .sv 
;j 1 () 22. /GO 5!i8 :32 2G 24 23.833 
520 

2G !I:~ li 1 22.7S:2 5!W :~2 :37 61 23.854 27 (J.l ()() 22.S04 ;,/() :32 4!) 00 23.875 -521 27 14 41 22.S25 23.896 .'522 571 32 GO 41 
52 a 

27 24 84 22.H47 ;)72 :32 71 84 23.917 
.'524 

27 :{.') 2!1 22.SG!J 57:~ 32 sa 2v 23.937 
52:i 

27 45 76 22.S!Jl 57·1 32 !14 76 23.958 27 56 2:) 22.()13 57:) :~3 06 25 23.979 
526 27 66 76 22.!1:35 527 ;i/(j 33 17 76 24.000 
528 27 77 :w 22.!l:i{i 577 33 2!J 2V 24.021 .52() '27 Hi S4 22.!1/S 57S 24.042 27 !IS 41 2:~.000 33 40 84 5ao 2S 0!) 00 ;ii!J 3:3 52 41 24.062 2:UJ'22 5SO 24.083 - 33 G4 00 .531 -28 HJ 61 2:~.04:3 532 2s :3o 24 2:~.()(j;j .'iS1 3:3 7;j 61 24.104 .'Ja3 

28 40 S!J 2a.OS7 5S2 33 87 24 24.125 534 28 :i 1 .'>6 23.1 OH 58:~ 33 !J8 89 24.145 5:~5 28 62 25 23.130 .'iS-! 34 10 56 24.166 
585 34 22 25 24.187 536 28 72 96 23.152 5:37 
586 24.207 538 28 8:3 (i() 23.173 34 33 96 

28 !J4 44 5H7 34 45 69 24.228 539 
29 05 21 

23.1!)5 
588 34 57 44 24.249 Qi2. 23.216 

~ 1600 2:3.2:m 58!) 34 69 21 24.269 
541 - 5!JO 34 81 00 24.290 

29 26 81 -542 23.259 
543 29 37 64 23.281 .)91 34 92 81 24.310 
544 29 48 49 23.302 592 35 04 64 24.331 
545 29 59 36 23.324 593 35 16 49 24.352 29 70 25 23.345 594 35 28 36 24.372 
546 595 35 40 25 24.393 
547 29 81 16 23.367 
548 2!) H2 09 

2:3.388 596 35 52 16 24.413 
54!J 30 0::~ 04 2:3.40!1 597 :35 64 09 24.434 
5.')0 ao 14 01 2:~.4:31 598 35 76 04 24.454 - ~J 25 00 23.452 5!J!) 35 88 01 24.474 - 600 36 00 00 24.495 
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TABLE OF SQUARES AND SQUARE ROOTS (Cont.) 

Nu:-.tBER SQUAHE SQU"\RE RooT NUMBER SQUARE SQUARE RooT 
601 36 12 01 24.515 651 42 38 01 25.515 
602 36 24 04 24.536 652 42 51 04 25.534 
603 36 36 09 24.556 653 42 64 09 25.554 
604 36 48 16 24.576 654 42 7716 25.573 
605 36 60 25 24.597 655 42 90 25 25.593 

606 36 72 36 24.617 656 43 03 36 25.612 
607 36 84 49 24.637 657 43 16 49 25.632 
60S 36 96 64 24.658 658 43 29 64 25.652 
609 37 OS 81 24.678 659 43 42 81 25.671 
610 37 21 00 24.698 660 43 56 00 25.690 

611 37 33 21 24.718 661 43 69 21 25.710 
612 37 45 44 24.739 662 43 82 44 25.729 
613 37 57 69 24.759 663 43 95 69 25.749 
614 37 69 96 24.779 664 44 08 96 25.768 
615 37 82 25 24.799 665 44 22 25 25.788 

616 37 94 56 24.819 666 44 35 56 25.807 
617 38 06 89 24.839 667 44 48 89 25.826 
618 38 19 24 24.860 668 44 62 24 25.846 
619 38 31 61 24.880 669 44 75 61 25.865 
620 38 44 00 24.900 670 44 89 00 25.884 

621 38 56 41 24.920 671 45 02 41 25.904 
622 38 68 84 24.940 672 45 15 84 25.923 
623 38 81 29 24.960 673 45 29 29 25.942 
624 38 93 76 24.980 674 45 42 76 25.962 
625 39 06 25 25.000 675 45 56 25 25.981 

626 39 18 76 25.020 676 45 69 76 26.000 
627 39 31 29 25.040 677 45 83 29 26.019 
628 39 43 84 25.060 678 45 96 84 26.038 
629 39 56 41 25.080 679 46 10 41 26.058 
630 39 69 00 25.100 680 46 24 00 26.077 

631 39 81 61 25.120 681 46 37 61 26.096 
632 39 94 24 25.140 682 46 51 24 26.115 
633 40 06 89 25.159 683 46 64 89 26.134 
634 40 19 56 25.179 684 46 78 56 26.153 
635 40 32 25 25.199 685 46 92 25 26.173 

636 40 44 96 25.219 686 47 05 96 26.192 
637 40 57 69 25.239 687 47 19 69 26.211 
638 40 70 44 25.259 688 47 33 44 26.230 
639 40 83 21 25.278 689 47 47 21 26.249 
640 40 96 00 25.298 690 47 61 00 26.268 

641 41 08 81 25.318 691 47 74 81 26.287 
642 41 21 64 25.338 692 47 88 64 26.306 
643 41 34 49 25.357 693 48 02 49 26.325 
644 41 47 36 25.377 694 48 16 36 26.344 
645 41 60 25 25.397 695 48 30 25 26.363 

646 41 73 16 25.417 696 48 4416 26.382 
647 41 86 09 25.436 697 48 58 09 26.401 
648 41 99 04 25.456 698 48 72 04 26.420 
649 42 12 01 25.475 699 48 86 01 26.439 
650 42 25 00 25.495 700 49 00 00 26.458 
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TABLE OF SQUARES A;-.;D SQUARE ROOTS (Cont.) 

::\C:IIREH 

701 
70:2 
1m 
704 
705 

706 
707 
70S 
70() 
710 

711 
712 
71;3 
714 
71.'j 

716 
717 
718 
719 
~ 
721 
722 
723 
724 
725 

726 
727 
728 
729 
730 

731 
732 
733 
734 
735 

736 
737 
738 
739 
~ 
741 
742 
743 
744 
745 

746 
747 
748 
749 
750 -

:-'!..11'.\HE 

·f!J J.f()J 
·f!J 2S O·f 
·f\J ·f2 ()\J 
.f!! .'iG I G 
.f\1 70 25 

·f!J S·f :w 
4 !! ! },<.; .f\J 
[j() 12 (j.f 
iiO :W Sl 
iiO ·f I 00 

iiO ;j[j 21 
fJO 6\J ·f4 
50s:~ G!J 
.50 97 !J6 
51 12 2;'j 

51 26 56 
iii 40 89 
51 5.5 24 
51 6!1 61 
51 84 00 

.51 98 41 

.52 12 84 
52 27 29 
52 41 76 
52 56 25 

52 70 76 
52 85 29 
.52 99 84 
53 14 41 
53 29 00 

53 43 61 
53 58 24 
53 72 89 
53 87 56 
54 02 25 

54 16 96 
54 31 69 
54 46 44 
54 61 21 
54 76 00 

54 90 81 
55 05 64 
55 20 49 
55 35 36 
55 50 25 

55 65 16 
55 80 09 
55 95 04 
56 10 01 
56 25 00 

:-'f..II'.\HE HooT 
2!U7fi 
21)..1\1;) 
2().;'",J .f 
2G.f"l:~:l 
2fi.ii;i2 

:W.f"l71 
:.W.:iS\1 
2G.IiflS 
2G.Ii:27 
2(i. fj.f(j 

26. 6(iii 
2G.Gs:~ 
2G. 70:2 
2G.7:21 
2G.7:m 

2G.75H 
26.777 
26. 7!!6 
2G.H l·f 
:.wx~:~ 

26.851 
26.870 
26.88!} 
26.907 
26.926 

26.944 
26.!163 
26.!181 
27.000 
27.019 

27.037 
27.0.55 
27.074 
27.092 
27.111 

27.129 
27.148 
27.166 
27.185 
27.203 

27.221 
27.240 
27.258 
27.276 
27.295 

27.313 
27.331 
27.350 
27.368 
27.386 

::'\ I':IIIIEH 

751 
/;)2 
/;);) 

7 fJ·I 
7fJ5 

{ij(j 

7fi7 
758 
/;)!} 

760 

7GI 
71i:2 
7G:~ 
7G·I 
76;) 

71i6 
767 
7()8 
76!1 
770 

771 
772 
773 
774 
775 

776 
777 
778 
779 
780 

781 
782 
783 
784 
785 

786 
787 
788 
789 
790 

791 
792 
793 
794 
795 

796 
797 
798 
799 
800 
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~QCAHE 
56 40 OJ 
56 55 O·i 
5G 70 00 
56 SfJ 16 
57 00 :25 

57 15 36 
57 30 4!J 
57 ·f5 64 
57 GO 81 
fl7 76 00 

fJ7 !Jl 21 
58 06 44 
58 21 (i9 
58 :~6 96 
58 52 25 

58 67 56 
58 82 89 
.58 !}8 24 
[j!J 13 61 
5!} 20 00 

59 44 41 
50 5!) 84 
59 75 20 
59 90 76 
60 06 25 

60 21 76 
60 37 29 
60 52 84 
60 68 41 
60 84 00 

60 99 61 
61 15 24 
61 30 89 
61 46 56 
61 62 25 

61 77 96 
61 93 69 
62 09 44 
62 25 21 
62 41 00 

62 56 81 
62 72 64 
62 88 49 
63 04 36 
63 20 25 

63 36 16 
63 52 09 
63 68 04 
73 84 01 
64 00 00 

SQUAHE RooT 
27.404 
27.423 
27.441 
27.459 
27.477 

27.495 
27.514 
27.532 
27.550 
27.568 

27.586 
27.604 
27.622 
27.641 
27.659 

27.677 
27.695 
27.713 
27.731 
27.749 

27.767 
27.785 
27.803 
27.821 
27.839 

27.857 
27.875 
27.893 
27.911 
27.928 -
27.946 
27.964 
27.982 
28.000 
28.018 

28.036 
28.054 
28.071 
28.089 
28.107 
;;....---

28.125 
28.142 
28.160 
28.178 
28.196 

28.213 
28.231 
28.249 
28.267 
28.284 -



TABLE OF SQUARES AND SQUARE ROOTS (Cont.) 

Nu:o.mER SQUARE SQUARE RooT NuMBER SQUARE SQUARE RooT 

801 64 IG 01 28.302 851 72 42 01 29.172 

802 6·! 32 04 28.320 852 72 59 04 29.189 

803 64 48 09 28.337 853 72 76 09 29.206 

804 64 6·! 16 28.355 854 72 93 16 29.223 

805 64 80 25 28.373 855 73 10 25 29.240 

806 64 96 36 28.390 856 73 27 36 29.2157 

807 65 12 49 28.408 857 73 44 49 29.275 

808 65 28 64 28.425 858 73 61 64 29.292 

809 65 44 81 28.443 859 73 78 81 29.309 

810 65 61 00 28.460 860 73 96 00 29.326 

811 65 77 21 28.478 861 74 13 21 29.343 

812 65 93 44 28.496 862 74 30 44 29.360 

813 66 09 69 28.513 863 74 47 69 29.377 

814 66 25 96 28.531 864 74 64 96 29.394 

815 66 42 25 28.548 865 74 82 25 29.411 

816 66 58 56 28.566 866 74 99 56 29.428 

817 66 74 89 28.583 867 75 16 89 29.445 

818 66 91 24 28.601 868 75 34 24 29.462 

819 67 07 61 28.618 869 75 51 61 29.479 

820 67 24 00 28.636 870 75 69 00 29.496 

821 67 40 41 28.653 871 75 86 41 29.513 

822 67 56 84 28.671 872 76 03 84 29.530 

823 67 73 29 28.688 873 76 21 29 29.547 

824 67 89 76 28.705 874 76 38 76 29.563 

825 68 06 25 28.723 875 76 56 25 29.580 

826 68 22 76 28.740 876 76 73 76 29.597 

827 68 39 29 28.758 877 76 91 29 29.614 

828 68 55 84 28.775 878 77 08 84 29.631 

829 68 72 41 28.792 879 77 26 41 29.648 

830 68 89 00 28.810 880 77 44 00 29.665 

831 69 05 61 28.827 881 77 61 61 29.682 

832 69 22 24 28.844 882 77 79 24 29.698 

833 69 38 89 28.862 883 77 96 89 29.715 

834 69 55 56 28.879 884 78 14 56 29.732 

835 69 72 25 28.896 885 78 32 25 29.749 

836 69 88 96 28.914 886 78 49 96 29.766 

837 70 05 69 28.931 887 78 67 69 29.783 

838 70 22 44 28.948 888 78 85 44 29.799 

839 70 39 21 28.965 889 79 03 21 29.816 

840 70 56 00 28.983 890 79 21 00 29.833 

841 70 72 81 29.000 891 79 38 81 29.850 

842 70 89 64 29.017 892 79 56 64 29.866 

843 71 06 49 29.034 893 79 74 49 29.883 

844 71 23 36 29.052 894 79 92 36 29.900 

845 7140 25 29.069 895 80 10 25 29.917 

846 71 57 16 29.086 896 80 2816 29.933 
847 71 74 09 29.103 897 80 46 09 29.950 
848 71 91 04 29.120 898 80 64 04 29.967 
849 72 08 01 29.138 899 80 82 01 29.983 
850 72 25 00 29.155 900 8100 00 30.000 
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TABLE OF SQl"AHES A.:'\D SQl"ARE ROOTS (Cont.) 

);t·:-.un:a 
~J(Jl 

~HJ:2 
!HI;~ 

~I( J-1 
!JI J;j 

!JOG 
!107 
!JI J.'\ 
!HJ!J 
!J I() 

!I I 1 
!!I :l 
!!I;~ 

!JI·1 
!H.'i 

9Hi 
!Jl7 
!Jl .o.; 
!J I !J 
!J20 

921 
!J22 
!J2:{ 
!J24 
!J2;) 

!J2(j 
!!27 
!J:lS 
!J2!J 
9:~o 

931 
g:~2 

9:3:~ 
934 
935 

9:36 
9:17 
!J:~s 
g;}!J 
940 

941 
942 
94:3 
944 
945 

946 
947 
948 
949 
950 

:'l.ll" .\HI-; 

-"-I hill 
"I :lti r J-1 
·"'I ,-,.1 II! I 
·"'I 7'2 I r; 
~I !HJ '2.-, 

~'2 r'"' :1r; 
..... '2 '21 j -I!' 
,..,:2 -1-1 r i-1 
.-..:2 r i:2 "'I 
)o.,:2 "'I r H J 

":2 !1!1 :21 
~;~ I 7 -1-1 
k:{ :{.-, (j!j 

1-);) ,-,;~ !Hi 
s:~ 1:2 :2,-, 

s:~ !HJ ;,(; 
S-1 IJ'\ .-.;!J 
k-1 :21 :n 
,-.;.1 ·l.'i li I 
H4 li·l 00 

.S·I k2 4 I 
S!i 00 .'\·1 
,~.;;, I !J 2!1 
k;) :~7 /(i 
H:i !iii :2!i 

S!i 7·1 /li 
,'-;;) !J:) 2!J 
Sli I I S-1 
.'-;(j :w 4I 
80 4\J 00 

86 67 61 
86 86 24 
HI 04 H!l 
87 2:~ ;)() 
87 42 :l;) 

H7 GO ~)(i 
87 7~1 G!J 
87 !JS 44 
88 17 2 I 
88 :36 ()() 

88 54 81 
88 7:3 64 
88 !!2 49 
8H I 1 :w 
89 30 25 

8!! 49 I 6 
89 68 09 
80 87 04 
90 06 01 
90 25 00 

:'l,!l'.\HI-: HoCIT 
:W.1117 
:;r,.r,;;:; 
:;r l.ll.-,o 
:W.IIti7 
:lr 1.1 ,...,;; 

:w. I 110 
:w. I Iri 
:;r 1.1 :;:l 
; liJ ' 1:-, () 
:111. Irili 

:;o. 1 ...,;~ 
:w. I! 1!1 
:w.21r; 
;{().:.!:{:.! 
:m.:2-I!J 

:l0.:21i:i 
:w.:2"':2 
:~0.:2!J!J 
:{1 J.:ll .-, 
:w.:;:;2 

:w.:n-.: 
:w.:w4 
:m.:l.-.; I 
:m.:l!J7 
:)().-11·1 

:w.-1:w 
:HJ.-1·17 
:lO.·IIi:l 
:;r J..l.-.:o 
:HJA!JU 

30 .. '512 
:30.;i2!l 
30.545 
30.!iG I 
30.:i7S 

;{Q.:iH4 
;{O.fi I 0 
:W.Ii27 
:m.G4:l 
:mu.'i!J 

30.(i76 
:W.Gfl2 
:m.70H 
:l0.72.'j 
:}0.741 

30.7.')7 
:m. 77:3 
:lO. 7!!0 
30 . .S06 
:30.822 

::\ 1';\llll-:11 
!I.-, I 
!I.-,~ 

! ,,-,:l 
!1.-,.1 
!J.-,.i 

!l.">li 
!L-) I 
!1.-,.-.: 
! 1.-,!J 
! Hi() 

!Hi! 
!Hi:! 
!Hi:{ 
!lli·l 
!Hi.i 

!Hili 
!IIi/ 
!Hi'\ 
!Hi!J 
!170 

!171 
!17:2 
!J7:l 
!17·1 
!J7;} 

!J7ri 
!J/7 
!J7S 
!J7!J 
!ISO 

981 
982 
!J.S:3 
!l.S·I 
!J.S5 

!JS(j 
!JS7 
D.SS 
!JS!J 
!l!JO 

!)()1 
\)!)2 

!l!J:3 
!l!J4 
H\);'j 

!J!J6 
D!J7 
9!!8 
!)!)\) 

1000 
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~l1L\HE 
!HJ ·1·1 01 
!Hl t;:) 0·1 
!JO S2 O!l 
!II 01 I6 
!ll 20 25 

!ll ;;!) :w 
!J I !i.'\ .!!J 
!JI 77G·I 
!JI !Jli Sl 
! 12 I ti 00 

!12 ;{;j 21 

! J 2 '"' -1-1 
!12 7:l (j!) 
!12 !l2 !J(j 
!J:l 12 25 

!J:l :31 ;"j(j 
!J:l ;,() ,S\) 

!J:l 70 24 
!J:l S!l u I 
!!4 O!l 00 

!J.l 28 41 
!l4 ·17 84 
!l4 67 29 
!l4 .Sli 76 
!J;j 06 25 

!l;i 2;) 7li 
!J.""l 4;) 2\J 
!l;i li·l S·l 
!J;j .S4 ·11 
!)(j 04 00 

96 23 61 
96 43 24 
!)6 62 89 
!JG .S2 56 
!)7 02 25 

97 21 96 
97 41 69 
07 6I 44 
!l7 81 21 
!}8 01 00 

!J8 20 81 
!JS 40 64 
98 GO 49 
!}8 80 36 
~)!) 00 25 

99 20 16 
99 40 09 
\)9 60 04 
99 80 01 

100 00 00 

SQUARE RooT 
30.838 
30.854 
30.871 
30.887 
30.903 

30.919 
30.935 
30.952 
30.968 
30.984 

31.000 
31.016 
31.032 
31.048 
31.064 

31.081 
31.097 
31.113 
31.129 
31.145 

31.161 
31.177 
31.193 
31.209 
31.225 

31.241 
31.257 
31.273 
31.289 
31.305 

31.321 
31.337 
31.353 
31.369 
31.385 

31.401 
31.417 
31.432 
31.448 
31.464 

31.480 
31.496 
31.512 
31.528 
31.544 

31.559 
31.575 
31.591 
31.607 
31.623 



Table B 

AREAS OF THE NORMAL CURVE 

z .00 1 .o1 1 .o2 1 .o3 .o4 1 .o5 .06 .07 .OS .09 
--------

1 .00~(~ · .oo~~ : .0!2~ .Ol:j9 I .0199 0.0 .0000 .0239 .0279 .0319 .0359 
0.1 .o:3!l8 .O·t.3S 1 .().1 1 ~ 1 .Oa 1 1 .0557 .0596 .0636 .0675 .0714 .0753 
0.2 .07!J:3 ' .os:J:! .0871 .O!JIO .0948 .0987 .1026 .1064 .1103 .1141 
0.3 .ll7!l .1217 . 12;);) ~ .12!1:3 .1331 .1368 .1406 .1443 .1480 .1517 
0.4 .155·1 .1591 I .W2S I .1664 .1700 .1736 .1772 .1808 .1844 .1879 

0.5 .HH5 .1 !I;)(} 
I 

.1!)8;) 1 .2019 .2054 .2088 .2123 .2157 .2190 .2224 
0.6 ')·)-- .:!:!!ll i .2:32·1 i .2:3;)7 .2389 .2422 .2454 .2486 .2518 .2549 ·--·'1 
0.7 .2:)80 .2G 12 .2642 .2673 .2704 .2734 .2764 .2794 .2823 .2852 
0.8 .2881 .2!110 .2!J3!J .2!167 .2995 .:3023 .3051 .3078 .3106 .3133 
0.9 .3159 .:H86 .3212 .:3238 .3264 .3289 .3315 .3340 .3365 .3389 

1.0 .341:3 .:34:~8 1 .:3461 .:348;) .3508 .3531 .3554 .3fi77 .3599 .3621 
1.1 .3643 .:366.'> .:ws6 .:3708 .3729 .3749 .3770 .3790 .3810 .3830 
1.2 .:384!) .:3SG!l I .:JSSS .3!)07 .3!125 .3944 .3!l62 .3980 .3997 .4015 
1.3 .4.032 .40-l!l ..!OG6 · .4083 .409tl .4115 .4131 .4147 .4162 .4177 
1.4 .4192 .4207 .4222 .4236 .4251 .4265 .4279 .4292 .4306 .4319 

1.5 .4332 .4:345 .43;)7 A:370 .4382 .4394 .4406 .4418 .4430 .4441 
1.6 .4452 .4-16:3 I .4-17 4 .448;) .44!l5 .4505 .4515 .4525 .4535 .4545 
1.7 .4554 .4;)64 ..!57:3 I ,4;)82 .4591 .4599 .4608 .4616 .4625 .4633 
1.8 .4641 AG4!l .4G:i6 .4664 .4671 .4678 .4686 .4693 .4699 .4706 
1.9 .4713 .471!) .4726 .4732 .4738 .4744 .4750 .4756 .4762 .4767 

2.0 .4773 .4778 .478:3 .4788 .4793 .4798 .4803 .4808 .4812 .4817 
2.1 .4821 .4826 .4S:W .48:34 .4838 .4842 .4846 .4850 .4854 .4857 
2.2 .4861 .486;) .4868 ..1871 .4875 .4878 .4881 .4884 .4887 .4890 
2.3 .4893 .48fll) .4S!I.S .4!)0 1 .4904 .4906 .4909 .4911 .4913 .4916 
2.4 .4918 .4920 .4!l22 .4!125 .4927 .4929 .4931 .4932 .4934 .4936 

2.5 .4938 A!l-10 .4\l-tl .4!)43 .4945 .4946 .4948 .4949 .4951 .4952 
2.6 .4953 .4\);)5 ,.1!);j6 .4!157 .4959 .4960 .4961 .4962 .4963 .4964 
2.7 .4965 .4!)66 .4!167 .4968 .4069 .4970 .4971 .4972 .4973 .4974 
2.8 .4974 .497i) .4!176 .4977 .4977 .4978 .4979 .4980 .4980 .4981 
2.9 .4981 .4982 .4983 .4983 .4984 .4984 .4985 .4985 .4986 .4986 

3.0 .49865 .4!)87 .4!)87 .4988 .4988 .4988 .4989 .4989 .4989 .4990 
3.1 .49903 .4991 .4991 .4991 .4992 .4992 .4992 .4992 .4993 .4993 
3.2 .49931 
3.3 .499.')2 
3.4 .49966 

3.5 .49977 
3.6 .49984 
3.7 .49989 
3.8 .49993 
3.9 .49995 

4.0 .49997 

Example: The proportion of area between the mean and z = .42 is 
.1628. (The same proportion of area lies between the mean and 
z = -.42.) 
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TABLE C 

TABLE OF x2 VALUES* 

PHOIIABILITY 

df I .90 I .80 I .70 i .50 I .:30 i .20 ~ .10 I .05 I .02 .01 .001 

-1 ~~·----:DG4 .. 71r1> I~ uJ7:-1~i-:l :2.71 :LS·l I 5.41 6.64 10.83 
2 .21 I .45 1.:{!1 ' 2..11 =~.:22 i 4.GO 5.!!!1 I 7.82 9.21 13.82 
3 .58 1.00 1.42 I 2.:H I =~.66 4.(j.! G.2.'i 7 .S2 !!.84 11.34 16.27 
4 1.06 , 1.65 2.20 :u6 1 4.ss 5.!1!1 . 7.7s 9..t!l ' 11.67 13.28 18.46 
5 1.61 ' 2.:34 ~~.00 I ~·~3~ I 6.0G ' 7.2!! I !!.24 11.07,13.39 15.0!) 20.52 

6 2.20 3.07 .3.83 · a .. 3a I 7.2a / .S . .'iG : IO.G·l 12 . .'i!l 1 15.0:3 16.81 22.46 
7 2.83 a.82 4.67 I 6.a.'i s.:3s ! !l .. so : 12.02 14.07 1 16.62 18.48 24.32 
s 3.49 4.5n :>.:>.3 I 7.:H 1 !l . .'i2 11.m 1:un 15.51 18.17 2o.oo 26.12 
9 4.17 5.:38 6.39 R.:H i 10.66 · 12.2·1 , 14.6S 16.!!2 1!!.68 21.67 27.88 

10 4.86 6.18 7.27 !!.34111.78 1:3.-1-1 /15.!)!) 18.31 21.16 23.21 29.59 

11 5.58 6.9!J 8.1.'> 10.:34 12.!!0 I4.63 I 17.28 1!!.68 22.62 24.72 31.26 
12 6.30 7.81 9.m 11.34 . 14.01 15.H1 1K55 21.03 24.05 26.22 32.91 
13 7.04 8.63 !l.93 12.34 15.12 16.!JS 1!l.S1 22.36 25.47 27.60 34.53 
14 7.79 9.47 10.82 13.:34 IG.22 18.15 2I.OG 2:3.68 26.87 29.14 36.12 
15 8.55 10.31 11.72 14.34 17.32 1!J.31 22.31 25.00 28.26 30.58 37.70 

16 9.31 11.15 
17 10.08 12.00 
18 10.86 12.86 
19 11.65 13.72 
20 12.44 14.58 

21 13.24 15.44 
22 14.04 16.31 
23 14.85 17.19 
24 15.66 18.06 
25 16.47 18.94 

26 17.29 19.82 
27 18.11 20.70 
28 18.94 21.59 
29 19.77 22.48 
30 20.60 23.36 

12.62 15.34 18.42 20.46 23.!i4 26.30 20.63 32.00 39.29 
13S3 16.34 1!J.5I 21.62 24.77 27.!i!l :n.oo 33.41 40.75 
14.44 17.:34 20.60 22.76 2!i.!l!J 28.87 32.35 34.80 42.31 
I5.35 18.34 21.GU 23.!10 27.20 30.14 33.60 36.19 43.82 
16.27 1!!.34 22.78 2;).0,1 28.41 31.41 35.02 37.57 45.32 

17.18 20.34 .23.86 26. I 7 2!!.62 32.67 36.34 38.93 46.80 
18.10 21.24 24.94 27.30 30.81 33.92 37.66 40.29 48.27 
19.02 22.34 26.02 28.4:3 :32.01 35.17 38.97 41.64 49.73 
1!!.94 23.34 27.10 2!J.5!i 3:3.20 36.42 40.27 42.98 51.18 
20.87 24.34 28.17 :30.68 34.38 37.65 41.57 44.31 52.62 

21.79 2.5.34 29.25 31.80 35.56 38.88 42.86 45.64 54.05 
22.72 26.34 30.32 32.91 36.74 40.11 44.14 46.96 55.48 
23.65 27.34 31.39 34.03 37.92 41.34 45.42 48.28 56.89 
24.58 28.34 32.46 35. I 4 39.09 42.56 46.69 49.59 58.30 
25.51 29.34 33.53 36.25 40.26 43.77 47.96 50.89 59.70 

*Table C is abridged from Table IV of Fisher & Yates: StatU3tical Tables for 
Biological, Agricultural and Medical Research published by Oliver & Boyd Ltd., 
Edinburgh, and by permission of the authors and publishers. 

Example: With 5 dj, X2 ~ 6.06 has probability .30. 
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TableD 

TABLE OF t VALUES* 

PROBABILITY (two-tailed test) 

df .50 .40 .20 .10 .05 .02 .01 .001 df 

1 1.00 1.38 3.08 6.31 12.71 31.82 63.66 636.62 1 
2 .82 1.06 1.89 2.92 4.30 6.96 9.92 31.60 2 
3 .76 .98 1.64 2.35 3.18 4.54 5.84 12.94 3 
4 .74 .94 1.53 2.13 2.78 3.75 4.60 8.61 4 
5 .73 .92 1.48 2.02 2.57 3.36 4.03 6.86 5 

6 .72 .91 1.44 1.94 2.45 3.14 3.71 5.96 6 
7 .71 .90 1.42 1.89 2.36 3.00 3.50 5.40 7 
8 .71 .89 1.40 1.86 2.31 2.90 3.36 5.04 8 
9 .70 .88 1.38 1.83 2.26 2.82 3.25 4.78 9 

10 .70 .88 1.37 1.81 2.23 2.76 3.17 4.59 10 

11 .70 .88 1.36 1.80 2.20 2.72 3.11 4.44 11 
12 .70 .87 1.36 1.78 2.18 2.68 3.05 4.32 12 
13 .69 .87 1.35 1.77 2.16 2.65 3.01 4.22 13 
14 .69 .87 1.34 1.76 2.14 2.62 2.98 4.14 14 
15 .69 .87 1.34 1.75 2.13 2.60 2.95 4.07 15 

16 .69 .87 1.34 1.75 2.12 2.58 2.92 4.02 16 
17 .69 .86 1.33 1.74 2.11 2.57 2.90 3.96 17 
18 .69 .86 1.33 1.73 2.10 2.55 2.88 3.92 18 
19 .69 .86 1.33 1.73 2.09 2.54 2.86 3.88 19 
20 .69 .86 1.32 1.72 2.09 2.53 2.85 3.85 20 

21 .69 .86 1.32 1.72 2.08 2.52 2.83 3.82 21 
22 .69 .86 1.32 1.72 2.07 2.51 2.82 3.79 22 
23 .69 .86 1.32 1.71 2.07 2.50 2.81 3.77 23 
24 .68 .86 1.32 1.71 2.06 2.49 2.80 3.74 24 
25 .68 .86 1.32 1.71 2.06 2.48 2.79 3.72 25 

26 .68 .86 1.32 1.71 2.06 2.48 2.78 3.71 26 
27 .68 .86 1.31 1.70 2.05 2.47 2.77 3.69 27 
28 .68 .85 1.31 1.70 2.05 2.47 2.76 3.67 28 
29 .68 .85 1.31 1.70 2.04 2.46 2.76 3.66 29 
30 .68 .85 1.31 1.70 2.04 2.46 2.75 3.65 30 

40 .68 .85 1.30 1.68 2.02 2.42 2.70 3.55 40 
60 .68 .85 1.30 1.67 2.00 2.39 2.66 3.46 60 

120 .68 .85 1.29 1.66 1.98 2.36 2.62 3.37 120 
co .6745 .842 1.282 1.645 1.960 2.326 2.576 3.291 co 

• Table D is abridged from Table III of Fisher & Yates: Statistical Tables for 
Biological, Agricultural and !11 edical Research published by Oliver & Boyd Ltd., 
Edinburgh, and by permission of the authors and publishers. 

Example: For a two-tailed test with 5 df, t ~ 2.02 has probability 
.10. Probabilities are halved for a one-tailed test. For a one-tailed 
test with 5 dj, t ~ 2.02 has probability .05. 
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Table E 

VALUES OF r FOR DIFFERE~T LEVELS OF SIGNIFICANCE* 

df 

fi 
I 

s 
!I 

]() 

1 I 
1:2 
1 :~ 
14 
1.'i 

}(j 

17 
1S 
1 !I 
20 

21 
22 
2:~ 

24 
2.'i 

26 
27 
2H 
2!J 
:m 
:~.'i 
40 
4;j 
50 
60 

70 
80 
90 

100 

.05 

.10 
----

. !J,';'i 

. !I()() 
,,'-;().'j 

. 7:2!1 

. (j(j() 

('. )') . >--
,;),1.):2 
,;).J!I 
.:):2 I 
.·1!17 

..li'G 

. ·l.'i.'i 

.·141 

.4:2(j 

.41:2 

..1 (J() 

.:~S!l 

.:{/,") 

.:HJ!I 

.:~(j() 

.:{:)2 

.:H-t 

.:~:~7 

.:3:w 

.:32:3 

.:{ 17 

. :~I 1 

.:HHi 

.:m 1 

.2()6 

.2/;j 

.2ii7 

.24:3 

.2:31 

.211 

.195 

.183 

.173 

.164 

. ------

LE\"EL OF :-;IG:\IFII'A:\I'E FOH 0:-;E-TAILED TEST 
--·----

.02.'i .01 .005 
-------

LE\'EL OF :-;J(;:\IFII'A:\I'E FOH Two-TAILED TEST 
----~--

.O:i o·) .01 
--------

.!1!17 .!Hl!);j .9999 

.!1;)0 .!l,"\0 .990 

·'"'"' . !);{.J .959 
.SII .HS2 .917 
.7:-d .s:n .874 

. 707 .78!) .834 

.!if ifi .i'.'iO .798 

.ti:~:2 .i'IU .765 

. (j():2 .GS:i .735 
,;"',j(j .658 .708 

. .'i.'i:~ .G:H .684 
,;):~:2 .U I 2 .661 
. .'ii·I . .'i!l:2 .641 
..1!17 .:i74 .623 
..IS:2 .558 .606 

..1 (j,'i .:i-12 .590 

.·l.'i() .:i2S .575 

..l·J.l . .'i I G .561 

.·1:~:~ . .'i0:3 .549 

.4:2:3 .4!12 .537 

AI:3 .452 .526 
.·104 4-') . ,_ .515 
.:~!16 .4G:2 .505 
.:3xs ..t.'i:3 .496 
.as I .445 .487 

.:37·1 .437 .479 

.:{U7 .4:30 .471 

.:3() l .42:{ .463 

.:3:);j .4IG .456 

.:3-I!J .409 .449 

.:tZii .381 .418 

.:304 .31>8 .393 

.2,'i8 .338 .372 

.27:3 .322 .354 

.250 .295 .325 

.232 .274 .302 

.217 .256 .283 

.205 .242 .267 

.195 .230 .254 

*Table E is abridged from Table VII of Fisher & Yates: Statistical Tables for 
Biolor1ical, Auricl(ltl(ral awl ;lfedical Research published by Oliver & Boyd Ltd. 
Edinburgh, and by permission of the authors and publishers. ' 

Example: For a two-tailed test with 7 dj, r ~ .750 has probability 
.02. For a one-tailed test with 7 dj, r ~ .750 has probability .01. 
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Table F 

THE 5% (ROMAN TYPE) AND I% (BOLDFACE TYPE) POINTS FOR THE DISTRIBUTION OF F* 

NU~IERATOII df 

--
2 3 •I 5 6 7 8 9 10 11 12 1-1 Hi 20 2·1 :lO ·10 50 75 100 200 500 .. 

161 200 216 225 230 2:J4 2:J7 2:J9 241 242 2·1:l 2-1-1 2·15 2·11i 2·18 2·1!1 2ii0 2iil ?•·> -·J- 2ii:l 2ii:l 2.1·1 2ii·l 2ii·l 
4,052 4,999 5,403 5,625 5,764 5,859 5,928 5,981 6,022 6,056 6,082 6,106 6,142 6,169 6,208 6,23·1 6,258 6,286 6,302 6,323 6,33·1 6,352 6,361 6,366 

2 I 18.51 19.00 19.1fi 19.25 19.30 19.33 19.3fi 19.:17 19.38 19.:19 Hl..JO 19.·11 1!1..12 1!1.·1:1 1!1..1·1 I!Uii I!Uii Hl..J7 1!1..17 I!I..JS I!U!J 1!1..1!1 1!1.50 19.50 
98.49 99.00 99.17 99.25 99.30 99.33 99.34 99.36 99.38 99.40 99.41 99.42 99.43 99.4-1 99.45 9!1..16 99.47 99..18 99.48 !19..19 99.·19 99..19 99.50 99.50 

3 I 10.1:1 9.55 9.28 9.12 9.01 8.!H 8.88 8.8-1 8.81 8.78 8.7fi 8.74 8.il 8.fi!l /!.fifi 8.fi·l S.li:! 8.1i0 8.ii8 8.!i7 R.!ifi 8.!i·l 8.5·1 8 . .'i3 
34.12 30.82 29.46 28.71 28.24 27.91 27.67 27..19 27.34 27.23 27.13 27.05 26.92 26.83 26.69 26.60 26.50 26.41 26.35 26.27 26.23 26.18 26.1·1 26.12 

4 7.71 6.94 IL59 fi.:l9 fi.2fi fi.1G 6.09 G.04 fi.OO .'i.!Jfi !i.!J:I ii.!JI !i.87 5.8·1 .'i.RO .'i.77 !i.7·1 .'i.71 5.70 5.fi8 5.fifi 5.fi5 5.G·l 5.1l:l 
21.20 18.00 16.69 15.98 15.52 15.21 14.98 14.80 14.66 14.54 14.45 14.37 14.24 14.15 14.02 13.93 13.83 13.74 13.69 13.61 13.57 13.52 13.·18 13.46 

~ 
IC 5 6.1ll 5.79 5.41 5.19 !i.O!i 4.9!i 4.88 4.82 .J.78 ·1.7·1 .J.70 ·I. fiB .J.fi·l ·l.fiO ·l.!ifi ·l.!i:l ·l.!ifl 4.·1fi .J.H -1.·1:! ·1.40 ·1.:18 ·1.:17 •1.36 
~ 16.26 13.27 12.06 11.39 10.97 10.67 10.45 10.27 10.15 10.05 9.96 9.89 9.77 9.68 9.55 9..t7 9.38 9.29 9.2·1 9.17 9.13 9.07 9.0·1 9.02 

~ 6 !i.99 5.14 4.7fi 4.5:1 4.:19 4.28 4.21 4.15 4.10 4.06 4.0:1 ·1.00 :um :1.!12 :1.87 :1.8-1 :1.81 :1.77 :1.75 :1.72 :1.71 :um :!.fiB :Ul7 
t:l c:: 13.74 10.92 9.78 9.15 8.75 8.47 8.26 8.10 7.98 7.87 7.79 7.72 7.60 7.52 7.39 7.31 7.23 7.1-i 7.09 7.02 6.99 6.94 6.90 6.88 - 0 

fJl 1-
< 7 5.59 4.74 4.:15 4.12 :1.97 3.87 :1.79 3.73 3.fi8 :l.fi:l :u;o :1.57 :-1.52 :!A !I :I.H :1..11 3.:18 a.:H :1.:12 :1.211 :1.28 3.25 3.2·1 3.23 

1-j z 
~ 12.25 9.55 8.45 7.85 7.46 7.19 7.00 6.84 6.71 6.62 6.54 6.47 6.35 6.27 6.15 6.07 5.98 5.90 5.85 5.78 5.75 5.70 5.67 5.65 

~ :;; - 0 

t:::l 
;r. 8 r •. :12 4.41i 4.07 3.84 :l.fi!l a.::;s 3.50 3.44 a.:l!l :!.:1-1 a.:n :1.28 3.2:1 3.20 3.15 3.12 3.08 3.05 3.0:1 3.00 2.98 2.96 2.04 2.03 

"' ~ Q 11.26 8.65 7.59 7.01 6.63 6.37 6.19 6.03 5.91 5.82 5.74 5.67 5.56 5.48 5.36 5.28 5.20 5.11 5.06 5.00 4.96 4.91 4.88 4.86 

1-j 9 5.12 4.26 3.81i :l.fi3 3.48 3.:17 3.20 3.23 :us 3.13 3.10 :1.07 3.02 2.!18 2.9:1 2.90 2.86 2.82 2.80 2.77 2.76 2.7:1 2.72 2.71 -0 10.56 8.02 6.99 6.42 6.06 5.80 5.62 5.47 5.35 5.26 5.18 5.11 5.00 4.92 4.80 4.73 4.64 4.56 4.51 4.45 4.41 4.36 4.33 4.31 

:;;z 10 4.91i 4.10 3.71 3.48 3.33 3.22 3.14 3.07 3.02 2.97 2.9·1 2.91 2.81i 2.82 2.77 2.7-t 2.70 2.67 2.64 2.61 2.50 2.51! 2.55 2.54 

0 10.04 7.56 6.55 5.99 5.64 5.39 5.21 5.06 4.95 4.85 4.78 4.71 4.60 4.52 4.41 4.33 4.25 4.17 4.12 4.05 4.01 3.96 3.93 3.91 

"'l'J 11 4.84 3.98 3.r.9 :~.3(j 3.20 3.09 3.01 2.95 2.90 2.81i 2.82 2.79 2.74 2.70 2.li5 2.61 2.57 2.r.3 2.50 2.47 2.45 2.42 2.41 2.40 

~ 9.65 7.20 6.22 5.67 5.32 5.07 4.88 4.74 4.63 4.54 4.46 4.40 4.29 4.21 4.10 4.02 3.94 3.86 3.80 3.74 3.70 3.66 3.62 3.60 

4.76 :1.88 .1.49 .1.2fi :u1 3.00 2.92 2.86 2.80 2.7fi 2.72 2.fi9 2.fi4 2.fi0 2.54 2.50 2.4fi 2.42 2.40 2.36 2.35 2.32 2.31 2.30 

9.33 6.93 5.95 5.41 5.06 4.82 4.65 4.50 4.39 4.30 4.22 4.16 4.05 3.98 3.86 3.78 3.70 3.61 3.56 3.49 3.46 3.41 3.38 3.36 

4.67 3.80 .1.41 :us 3.02 2.92 2.84 2.77 2.72 2.67 2.li3 2.li0 2.55 2.51 2.4() 2.42 2.38 2.34 2.32 2.28 2.20 2.2·1 2.22 2.21 

9.07 6.70 5.74 5.20 4.86 4.62 4.44 4.30 4.19 4.10 4.02 3.96 3.85 3.78 3.67 3.59 3.51 3.42 3.37 3.30 3.27 3.21 3.18 3.16 

*Table F ia reproduced from Snedecor, Statz'atical Methotil, 5th edition, 1956, Iowa Stato University Press, Ames, Iowa, by permiBBion of tho author and publisher. 
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Table F (Cont.) 

THE 5% (ROMAN TYPE) AND 1% (BOLDFACE TYPE) POI~TS FOR THE DISTRIBUTIO~ OF F• 

~ 
= 0 
1-< 
< 
::: 
::; 
0 z 
r.l 
(:l 

14 

15 

16 

2 3 4 5 6 7 8 

4.60 3.74 3.34 3.11 2.96 2.85 '.!..77 2.70 
8.86 6.51 5.56 5.03 ·1.69 4.46 4.28 4.14 

4.54 3.68 3.29 3.06 2.90 2.79 2.70 2.1i-l 
8.68 6.36 5.42 4.89 4.56 4.32 4.14 4.00 

4.49 3.63 3.24 3.01 2.85 2. 74 2.66 2.59 
8.53 6.23 5.29 4.77 4.44 4.20 4.03 3.89 

:\ntF.II.\TOR df 

!l 10 II 1:! J.l 

2.ti5 :!.tiO :!.;iti :!.5:! :!.·IS 
4.03 3.!H 3.SG 3.80 3. 70 

2.59 2.;);) :! . ."d 2.·18 2.-\:l 
3.89 3.!10 3. 73 3.67 3.56 

2.5·1 '.!..·l!l 2.-1:; 2.-12 2.:r; 
3.78 3.69 3.61 3.55 3.-15 

lti :!0 2·1 

:!.-\-\ 2.:;g '.!..:l.'i 
3.62 3.51 3..13 

:?.:i\1 2.:!:1 :!.2\l 
3..18 3.36 3.~9 

:!.:~:' :!.:!S :!.:?·1 
3.37 3.25 3.1 II 

:!0 .1() 50 ;:. 11~1 ~1)1) 

:?.:H :!.:!7 :!.:.!·1 :.!.~1 :!.1~• :.!.1~"~ 
3.3-1 3.~6 3.:!1 3.1-1 3.11 3.06 

:!.:!.'i :!.21 :!.1S 2.1."o :.!.12 2.111 
3.2o 3.12 3.07 J.oo 2.n 2.n 

:!.20 2.1ti 2.I:i 2.1~.1 2.07 :.!.111 
3.10 3.01 2.96 2.K9 2.S6 :!.SO 

:.t~ I 

:.!.11 
3.0:! 

:! tiS 
2.S9 

~.ll.! 
., --.... ,, 

"' 
:.! .!.\ 
3.00 

:.! .1r; 
2.S7 

:.!.tll 
2.75 

17 1 4.45 3.59 3.20 2.96 2.81 2.10 2.ti2 2.55 2.50 2..1s 2.-11 2.:1s 2.:1:1 2.2(1 2.2:1 :?.t(l 2.1r. 2.11 2.0.~ 2.111 2.o2 1 _,_,~, !.'.'' 1.% 
8.40 6.11 5.18 4.67 4.34 4.10 3.93 3.79 3.68 3.59 3.52 3..15 3.35 3.27 3.16 3.08 3.00 2.92 2.S6 2.79 2.iG 2.70 :!.Gi :!.G5 

18 I 4.41 3.55 3.16 2.93 2.77 2.60 2.58 2.51 2..!1) 2.·11 2.:17 :?.:l-1 :!.:!(1 :!.:!.'i 2. w :!.15 :!.11 2.07 :!.tH 2.1~1 UtS 1.~1,", 1 '.l.i 1.~1:! 
8.28 6.01 5.09 4.58 4.25 4.01 3.85 3.71 3.60 3.51 3.4·1 3.37 3.27 3.19 3.07 3.00 2.91 2.83 2.7/i 2.71 :!.GS 2.62 :!.'-9 2.57 

19 I 4.38 3.52 3.13 2.90 2.7-1 2.63 2.55 2.·18 2..13 2.:18 2.:l·l 2.:!! 2.211 :!.:!I :!.Iii 2.11 2.07 2.02 :.!.W !.~IIi 1.~11 1.~1! 1.'•0 l.SS 
8.18 5.93 5.01 4.50 4.17 3.94 3.77 3.63 3.52 3..13 3.36 3.30 3.19 3.12 3.00 2.92 2.1!-1 2.7G 2.70 2.G3 2.GO 2.51 2.:;1 2.19 

20 I 4.35 3.49 3.10 2.87 2.71 2.00 2.52 2.4S 2.·10 2.:;,; 2.:11 2.28 2.2:1 :!.IS 2.12 :!.OS 2.!H l.!l(l !.~IIi 1.~12 !.!tO 1.1-i t.s:, 1.S1 
8.10 5.85 4.94 4.43 4.10 3.87 3.71 3.56 3.45 3.37 3.30 3.23 3.13 3.05 2.9·1 2.86 2.77 2.69 2.63 2.56 2.53 2..17 :!..11 :!.12 

21 I 4.32 3.47 3.07 2.84 2.68 2.57 2.49 2.·12 2.37 2.32 2.28 2.25 :!.20 2.15 2.0<J 2.05 :!.00 J.lll; l.!l:l Ui~l l.Si I.S1 l.S:! l.SI 
8.02 5.78 4.87 4.37 4.04 3.81 3.65 3.51 3.40 3.31 3.24 3.17 3.07 2.99 2.88 2.80 2.72 2.63 2.51! 2.51 2.-17 2.·12 2.311 2.36 

22 I 4.30 3.44 3.05 2.82 2.66 2.55 2.47 2.40 2.35 2.~0 2.2!i 2.23 2.18 2.1:! 2.07 2.03 1.!18 1.\l:l 1.\11 l.S7 l.!H I.SI !.SO 1.7S 
7.94 5.72 4.82 4.31 3.99 3.76 3.59 3.45 3.35 3.26 3.18 3.12 3.02 2.94 2.83 2.75 2.67 2.51! 2.53 2..16 2.42 2.37 2.33 2.31 

23 

24 

25 

26 

4.28 3.42 3.03 2.80 2.64 2.53 2.45 2.38 2.32 2.28 2.24 2.20 2.J.I 2.10 2.0.1 2.00 1.9!i Ull 1.88 l.S-1 1.!!2 1.79 1.77 1.76 
7.88 5.66 4.76 4.26 3.94 3.71 3.54 3.41 3.30 3.21 3.14 3.07 2.97 2.!1!1 2.78 2.70 2.62 2.53 2..11! 2.41 2.37 2.32 2.2!1 2.26 

4.26 3.40 3.01 2.78 2.62 2.51 2.43 2.36 2.30 2.2!i 2.22 2.18 2.13 2.0'J 2.02 1.98 1.9·1 1.89 1.8!i 1.82 1.80 1.7G 1.7-1 1.73 
7.82 5.61 4.72 4.22 3.90 3.67 3.50 3.36 3.25 3.17 3.09 3.03 2.!13 2.85 2.74 2.66 2.58 2.49 2.44 2.36 2.33 2.27 2.23 2.21 

4.24 3.38 2.99 2.76 2.60 2.49 2.41 2.34 2.28 2.24 2.20 2.1G 2.11 2.0G 2.00 I.OG 1.02 1.87 1.8-1 1.80 1.77 1.7-\ 1.72 1.71 
7.77 5.57 4.68 4.18 3.86 3.63 3.46 3.32 3.21 3.13 3.05 2.99 2.89 2.81 2.70 2.62 2.5-1 2.45 2.40 2.32 2.2!1 2.23 2.19 2.17 

4.22 3.37 2.98 2.74 2.50 2.47 2.30 2.32 2.27 2.22 2.18 2.15 2.10 2.05 UlO 1.95 1.90 1.85 1.82 1.78 1.76 1.72 1.70 1.69 
7.72 5.53 4.64 4.14 3.82 3.59 3.42 3.29 3.17 3.09 3.02 2.96 2.86 2.77 2.66 2.58 2.50 2.41 2.36 2.28 2.25 2.19 2.15 2.13 

• Table F is reproduced from Snedecor, Statiatical Melhoda, 5th edition, 105!1, Iowo. Sto.tc University PrCIIB, Ames, Iowo., by permission of tho author o.nd publisher. 
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Table F (Cont.) 

THE 5% (ROMAN TYPE) AND 1% (BOLDFACE TYPE) POINTS FOR THE DISTRIBUTION OF F* 

~ 
p: 
0 

~ 
~ 
"' 0 z 
(.1 

(:l 

NuMERATOR df 

1 2 3 4 5 6 7 8 9 10 11 12 H r--
2.20 2.IG 2.1:1 2.08 

27 4.21 3.35 2.96 2.73 2.57 2.46 2.37 2.30 2.25 7.68 5.49 4.60 4.11 3.79 3.56 3.39 3.26 3.14 3.06 2.98 2.93 2.83 
28 4.20 3.34 2.95 2.71 2.56 2.44 2.36 2.29 2.24 2.1!J 2.15 2.12 2.0fi 7.64 5.45 4.57 4.07 3.76 3.53 3.36 3.23 3.11 3.03 2.95 2.90 2.80 
29 4.18 3.33 2.93 2.70 2.54 2.43 2.35 2.28 2.22 2.18 2. (.1 2.10 2.05 7.60 5.42 4.54 4.04 3.73 3.50 3.33 3.20 3.08 3.00 2.92 2.87 2.77 
30 4.17 3.32 2.92 2.6!J 2.53 2.42 2.34 2.27 2.21 2.1G 2.12 2.09 2.0.1 7.56 5.39 4.51 4.02 3.70 3.47 3.30 3.17 3.06 2.98 2.90 2.84 2.74 
32 4.15 3.30 2.90 2.67 2.51 2.40 2.32 2.25 2.19 2.H 2.10 2.07 2.0:! 7.50 5.34 4.46 3.97 3.66 3.42 3.25 3.12 3.01 2.9·1 2.86 2.80 2.70 
34 4.13 3.28 2.88 2.65 2.49 2.38 2.30 2.23 2.17 2.12 2.08 2.05 2.00 7.44 5.29 4.42 3.93 3.61 3.38 3.21 3.08 2.97 2.89 2.82 2.76 2.66 
36 4.11 3.26 2.86 2.63 2.48 2.36 2.28 2.21 2.15 2.10 2.0ti 2.03 1.98 7.39 5.25 4.38 3.89 3.58 3.35 3.18 3.04 2.94 2.86 2.711 2.72 2.62 
38 4.10 3.25 2.85 2.62 2.46 2.35 2.2() 2.19 2.14 2.09 2.0!i 2.02 1.9fi 7.35 5.21 4.34 3.86 3.54 3.32 3.15 3.02 2.91 2.82 2.75 2.69 2.59 
40 4.08 3.23 2.84 2.61 2.45 2.34 2.25 2.18 2.12 2.07 2.0·1 2.00 1.95 7.31 5.18 4.31 3.83 3.51 3.29 3.12 2.99 2.88 2.80 2.73 2.66 2.56 
42 4.07 3.22 2.83 2.59 2.44 2.32 2.24 2.17 2.11 2.06 2.02 1.99 l.IH 7.27 5.15 4.29 3.80 3.49 3.26 3.10 2.96 2.86 2.77 2.70 2.64 2.54 
44 4.06 3.21 2.82 2.58 2.43 2.31 2.23 2.113 2.10 2.05 2.01 1.98 1.92 7.24 5.12 4.26 3.78 3.46 3.24 3.07 2.94 2.84 2.75 2.68 2.62 2.52 
46 4.05 3.20 2.81 2.57 2.42 2.30 2.22 2.14 2.09 2.04 2.00 1.97 1.91 7.21 5.10 4.24 3.76 3.44 3.22 3.05 2.92 2.82 2.73 2.66 2.60 2.50 
48 4.04 3.19 2.80 2.56 2.41 2.30 2.21 2.14 2.08 2.03 1.99 1.96 1.90 7.19 5.08 4.22 3.74 3.42 3.20 3.04 2.90 2.80 2.71 2.64 2.58 2.48 

IG 20 2·1 :!0 ·10 

2.03 1.97 1.9:1 1.88 1.8·1 
2.74 2.63 2.55 2.47 2.38 

2.02 l.{)(j l.!JI 1.87 1.81 
2.71 2.60 2.52 2.H 2.35 

2.00 1.9·1 1.!10 1.85 1.80 
2.68 2.57 2.49 2..11 2.32 

1.9!J l.!J:! 1.8!l 1.8-1 1.7!J 
2.66 2.55 2.47 2.38 2.29 

Ul7 !.Ill 1.86 1.8:! 1.713 
2.62 2.51 2..12 2.34 2.25 

1.95 1.89 1.8-1 1.80 1.7-1 
2.58 2.47 2.38 2.30 2.21 

I.!J:l 1.87 1.82 1.78 1.72 
2.54 2.43 2.35 2.26 2.17 

1.92 1.85 1.80 1.7fj 1.71 
2.51 2.40 2.32 2.22 2.14 

1.110 1.8-1 1.79 1.7-1 1.139 
2.49 2.37 2.29 2.20 2.11 

1.89 1.82 1.78 1.73 1.68 2.46 2.35 2.26 2.17 2.08 

1.88 1.81 1.76 1.72 l.G13 2.44 2.32 2.24 2.15 2.06 

1.87 1.80 1.75 1.71 1.65 2.42 2.30 2.22 2.13 2.04 

1.86 1.79 1.74 1.70 1.&1 2.40 2.28 2.20 2.11 2.02 

50 75 100 

1.80 1.713 1.7·1 
2.33 2.25 2.21 

1.78 1.7:i 1.72 
2.30 2.22 2.18 

1.77 1.7:1 1.71 
2.27 2.19 2.15 

1./lj 1.7:! l.fi!l 
2.2·1 2.16 2.13 

1.7·1 l.fi!J 1.137 
2.20 2.12 2.08 

1.71 l.fi7 l.tH 
2.15 2.08 2.0·1 

l.fi\J l.f\!i 1.02 
2.12 2.04 2.00 

l.li7 l.li3 1.130 
2.08 2.00 1.97 

1.6G l.lil 1.59 
2.05 1.97 1.94 

l.fH 1.60 1.57 
2.02 1.94 1.91 

l.G3 1.58 1.56 
2.00 1.92 1.88 

l.G2 1.57 1.54 
1.98 1.90 1.86 

l.G1 1.56 1.53 
1.96 1.88 1.84 

200 500 

1.71 l.fi8 
2.16 2.12 

l.li!l l.fi7 
2.13 2.09 

l.fi8 l.fi.'i 
2.10 2.06 

l.lifi l.fil 
2.07 2.03 

l.ti·l l.fil 
2.02 1.98 

l.fil l.!i\J 
1.98 1.9.1 

I. !ill I. !iii 
1.9·1 1.90 

1.57 l.!i-1 
1.90 1.86 

l.fi5 1.5:1 
1.88 1.84 

1.5·1 1.51 
1.85 1.80 

1.52 1.50 
1.82 1.78 

1.51 us 
1.80 1.76 

1.50 l.ol7 
1.78 

I 
2 

I 
2 

I 
2. 

I. 
2. 

I. 
1. 

I. 
1.' 

I. 
1,; 

l.: 
1.: 

L 
1.1 

1.· 
1.' 

1.• 
1.~ 

1.• 
1.~ 

1.< 

8 

6 
2 

1.73 1.4 --
5 
0 

*Table F is reproduced from Snedecor, Statistical Methods, 5th edition, 1956, Iowa State University Press, Ames, Iowa, by permission of the author and publisher. 
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Table F ( Co11dudf'd) 

THE 5% (ROMAN TYPE) AND 1% (BOLDFACE TYPE) POII'\TS FOR THE DISTRIBliTIO~ OF F~ 

:;;-
!': 
0 
E-o 
< 
7. 

::; 
0 z 
t.l 
Q 

50 

55 

60 

65 

70 

80 

100 

125 

150 

2 :l 4 5 6 7 s 
4.03 3.18 2.79 2.5(i 2..10 2.2!1 :?.20 :?.1~ 
7.17 5.06 4.20 3.72 3.41 3.18 3.02 2.88 

4.02 3.17 2. 78 2.54 2.38 2.27 2.18 2.11 
7.12 5.01 4.16 3.68 3.37 3.15 2.98 2.85 

4.00 3.15 2.7ti 2.52 2.37 2.2fi 2.17 2.10 
7.08 4.98 4.13 3.65 3.34 3.12 2.95 2.82 

3.9!1 3.14 2.75 2.51 2.:lfi 2.2·1 2.1.'i 2.08 
7.04 4.95 4.10 3.62 3.31 3.09 2.93 2.79 

3.98 3.13 2.74 2 . .'i0 2.3.5 2.2:! 2.1·1 2.07 
7.01 4.92 4.08 3.60 3.29 3.07 2.91 2.77 

:\nn:H.\T\IH dj 

\I 10 

:?.lli :?.ll:? 
2.78 2.70 

:?.O;i :?.00 
2.75 2.66 

:?.01 Ul\1 
2.72 2.63 

11 

I.\ IS 
2.62 

1.\17 
2.59 

l.!l.'i 
2.56 

2.02 I.HS l.\1·1 
2. 70 2.61 2.5·1 

2.01 1.!17 t.u:; 
2.67 2.59 2.51 

12 

l.!l.'i 
2.56 

l.!l:l 
2.53 

1.\12 
2.50 

1·1 

!.!Ill 
2.·16 

l.SS 
2..13 

I.Sti 
2.·10 

I. !10 l.S.'i 
2.-17 2.37 

I.S!I I.S.I 
2..15 2.35 

1ti 

I.S.'i 
2.39 

I.S:I 
2.35 

l.SI 
2.32 

\.SO 
2.30 

l.i\1 
2.28 

20 

I. iS 
2.26 

1.7ti 
2.23 

l.i.'i 
2.20 

1.7:! 
2.1!! 

I "•) ·' ~ 
2.15 

2·1 

1.7·1 
2.18 

1 "·> ,/ ~ 

2.15 

l.iO 
2.12 

!.tiS 
2.09 

1.1\7 
2.07 

:!0 .1() :ill 7 ... 

t.m l.ti:l u·.o t.:.:. 
2.10 2.00 1.9·1 l.SG 

t.tii l.til t.:.s t.:.:? 
2.06 1.96 1.90 I.S~ 

l.ti;i L"•!' t..',•i t.:.o 
2.03 1.!13 I.Si 1.79 

1ikl ~~~· ;,tkl "' 

1..",~ 1.\'i 1.1•; I. II 
l.S:.! 1.76 l.il 1.6S 

1 . .",11 1.1>; 1.11 1.11 
l.iS 1.71 l.liG 1.61 

l.l'i 1.11 1.11 t:\'.1 
l.i I 1.6S \.GJ 1.60 

l.ti:l 1.;,; 1..'>1 1.1~1 1. I•; 1. I~ 1..\'.1 
2.00 1.90 1.!!1 1.76 1.71 !.til 1.60 

t.:li 
l.:iti 

l.ti:? t..· •• ; 1..".:1 1.17 I. 1.", 1.111 t.:li 
1.9X Ul!! I.S2 1.71 I.G!J 1.62 1.56 

t.:t.·. 
1.53 

3.9fi 3.11 2.72 2..18 2.3:l 2.21 2.12 2.0.'i l.!l!l 1.\l.'i 1.!11 l.8S 1.82 1.77 1.70 l.ti.'i l.tiO 1.:">1 1.;,1 [..!;, 1.1~ U'i IX• t.:l:! 
6.96 4.88 4.04 3.56 3.25 3.0·1 2.87 2.7·1 2.6-1 2.55 2..1!! 2..11 2.32 2.2·1 2.11 2.03 1.!1-1 1.1!-1 1.7X l.iO l.G:; 1.57 1.52 1.-1!1 

3.9-1 3.09 2.70 2.4fi 2.30 2.1!1 2.10 2.0.1 1.!17 l.U2 1.88 l.S.'i 1.7!1 1.7.'i l.li.'l l.tl:l 1.:">7 1.:>1 1.1.'\ 1.12 1.:1'.1 1.:11 1.:111 l.:!.'i 
6.90 4.82 3.98 3.51 3.20 2.99 2.82 2.69 2.59 2.51 2.·13 2.36 2.26 2.19 2.06 1.91! 1.1!9 1.79 1.73 1.61 1.5!1 1.51 1..16 1..13 

3.92 3.07 2.68 2.44 2.29 2.17 2.08 2.01 l.!J.'i 1.!10 U!ti l.S:l 1.77 1.72 l.ti.'i l.liO l..'i;i 1.·1!1 l.·l.'i 1.:!!1 Uti t.:!l 1.27 t.:.!.'i 
6.84 4.78 3.94 3.47 3.17 2.95 2.79 2.65 2.56 2.-17 2.40 2.33 2.23 2.15 2.03 1.9-1 1.1!5 1.75 1.61! 1.59 1.51 J..16 J..IO 1.37 

3.91 3.06 2.67 2.43 2.27 2.lfl 2.07 2.00 1.9·1 1.89 l.S:. 1.82 l.7fi 1.71 l.li I 1.59 l..'i·l 1.·17 l.H 1.:!7 1.:11 1.2!J l.:.!.'i 1.22 
6.81 4.75 3.91 3.44 3.14 2.92 2.76 2.62 2.53 2.44 2.37 2.30 2.20 2.12 2.00 1.91 1.1!3 1.72 1.66 1.56 1.51 1.·13 1.37 1.33 

200 I 3.89 3.04 2.65 2.41 2.26 2.J.I 2.05 1.98 I.D2 1.87 1.8.1 t.8o t.H t.G9 I.ti2 1.57 1.52 l.·l.'i 1.·12 u:; 1.:!2 1.21; 1.22 uu 
6.76 4.71 3.88 3.41 3.ll 2.90 2.73 2.60 2.50 2.41 2.34 2.28 2.17 2.09 1.97 1.88 1.79 1.69 1.62 1.53 1..1!! 1.39 1.33 1.2!! 

400 I 3.86 3.02 2.62 2.39 2.23 2.12 2.03 1.96 1.90 1.85 1.81 1.78 1.72 1.67 l.GO 1.5·1 !.·Ill 1.-12 I.:l8 1.:\2 1.28 1.22 l.ltl 1.13 
6.70 4.66 3.83 3.36 3.06 2.85 2.69 2.55 2.46 2.37 2.29 2.23 2.12 2.0·1 1.92 1.84 1.74 1.6·1 1,57 1.47 1..12 1.32 1.2-1 1.19 

1000 I 3.85 3.00 2.61 2.38 2.22 2.10 2.02 1.95 1.89 1.84 1.80 1.76 1.70 l.G5 1.58 1.53 1.47 1.-11 1.36 1.30 1.26 1.19 1.1:! 1.08 
6.66 4.62 3.80 3.34 3.04 2.82 2.66 2.53 2.43 2.34 2.26 2.20 2.09 2.01 1.89 1.81 1.71 1.61 1.54 1.44 1.38 1.28 1.19 1.11 

ao I 3.84 2.99 2.60 2.37 2.21 2.09 2.01 1.94 1.88 1.83 1.79 1.75 1.69 1.&1 1.57 1.52 1.46 1.40 1.35 1.28 1.2·1 1.17 1.11 1.00 
6.64 4.60 3.78 3.32 3.02 2.80 2.64 2.51 2.41 2.32 2.24 2.18 2.07 1.99 1.87 1.79 1.69 1.59 1.52 1.41 1.36 1.25 1.15 1.00 

• Table F is reproduced from Snedecor, Statutical Melhoth, 5th edition, 1956, Iowa State Univcreity Press, Ames, Iowa, by pcnnisaion of tho author and publisher. 



Table G 

TABLE OF RANDOM NUMBERS* 

CoLUMN Nu11mEn 

Row I 
---~ 

00000 00000 11111 11111 22222 22222 :t~:~:~:~ :~:~:~:~:~ 
01234 56789 01234 56789 012:{-t 567S!l 012:3-l .'"Jli7S\l 

~--~--

1st Thousand 
00 2:31.17 54859 018~7 2:i\J\J:~ 7u2·1!J 70SSl.i !J52:m :~ti7H 
01 I O.i:i45 5504:3 10537 ·i:~:iOS !IIlli II :·m·l·l IO!Hi2 21 :q:; 
02 I 14871 60:3:>0 32404 :3622:~ ;j(}()f"Jl oo:322 ll.'"J-1:; SO'\: I-I 
03 38976 74U.'i1 94051 i :iS:i:~ 7SSO:i !Hll!H :t!-12S 71ti!l;J 
04 97:312 61718 9975.) :ws7o !l42:il 2:iS·II .'io!S.'-12 ltlf"J!:; 
05 11742 69:)81 44:~:m :msn :327!17 :m IS 22ti·l7 OliSf"JIJ 

1>:1 06 I 4:3:~61 288ii\J 11016 4.'iG2:; !J:mou ()().I!J!J 4:W-IO 7-IO:Iti \C 
\C 07 

I 
9:3806 20478 :38268 044!11 .'i57:il 1 su:~2 ii8·17.'i .'i2.'i71 

08 4\J.'i40 1:mn 08429 84187 G!J5:ls 2\Hilil 77i:l8 O!lf"J27 
>-j 09 

I 
36768 nn:;:3 :mJ48 21.'i(i!J 41\l.'i\l GSG70 4.'i274 s:~sso 

> 10 07092 .'i2:m2 24ti27 120fi7 Oli.'i.'iS 4ii:H4 G7:l:l.l{ 4f"J:l:W 0:1 
t'"' 11 43310 01081 4486:~ HO:l07 • .'i2.'if>.'i W 14S 8!1742 !l·H\·17 
t!'l 12 61.570 on:;5o 0617:3 6:1775 6:li4H !Jii 12:; ;)ij() 17 4(i\J!J:l 

0 13 31:3.')2 s:mm 1077!) IS!l41 :n .'i7!l 764·1S (j2584 HG!l I !J 

~ 14 ii7048 8ti52(i 277!lii !):)(j\)2 !Hl.'i2!J .'iu54G :~iiOG5 :322f"l'l 

~ 
15 0024:3 44200 68721 011 :n :H)72!J 7ii7.'iG 0!!2!!8 27liii0 

> 16 97!l.'i7 35018 408!!4 s8:l2!J 522:10 82521 225:12 6liiH7 

:z 17 93732 5!J570 4:m~1 !)8885 56G71 6GI.;2G !J5\J!J(j 44iiG!J 

~ 18 72621 1122.') 00!!22 ti82G4 :;5Gfi(j .5n4a4 7lli87 581G7 
0 19 61020 74418 4ii~71 207!!4 !J5!Jl7 :mmn nn5:~n 1n:m~ 

:: 20 97839 85474 :):3055 !!1718 4ii473 54144 22034 2aooo 

:z 21 89160 97192 22232 uon:n 3505.5 45489 884:38 16:{61 

22 25966 88220 62871 7!)26.') 0282:~ ii2862 84919 5488:; e 23 81443 31719 05049 54806 746()0 07fi67 65017 1654a :: 24 11322 54931 42:362 34:~86 08624 !J76H7 46245 23245 
0:1 
t!'l 
~ *Table G is reproduced from M. G. Kendall and B. B. Hmith. Randomness and random sampling numbers. J. R. statist. Soc., 101 
rJj 

(1938), 147-166, by permission of the Royal Statistical Society. 
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Table G 

TABLE OF RANDOM NUMBERS* (Cont.) 

CoLUMN N UMBEl~ 

Row 00000 00000 11111 11111 2')•)•)') 22222 333:!3 6JIIJIIJU 33:~:)3 

01234 56789 01234 5678!1 01234 5Gi8!l 0123·1 5Gi8U 
- ----- ---~-

2nd Thousand 
00 64755 83885 84122 25!120 1iGUG 15G:15 U50·15 U:"l!J.l i 
01 10302 52289 77436 34430 38112 ·l!lOGi Oi:l·IS :l:l:l:~S 

02 71017 98495 51308 503i4 GG5Ul O:.!SS7 5:l7G:) ti!ll·l!l 
03 60012 55605 88410 3·1879 7UG:i5 UOH.i!l iSSOO o:ltititi 
04 37330 94656 49161 42802 4827·1 5475:i ·14:i:i:l {j;",!J!JO 
05 47869 87001 31591 1'N-'' GOG26 11S:.!2 3-lli!J l !i1111 ~-tv 

06 38040 42737 64167 8U:i7S 3U:l23 ·Hl:l:.!·l ss-l:l-1 :ls7oli 
07 73508 30908 83054 80078 8G66!l 302\l:i 51i·lli0 ·l:·,:;:lti 
08 32623 46474 84061 04324 20628 :H:ll!l :t!:l:iti ·l:l!lti!l 
09 97591 99549 36630 35106 6206!) !12!J7:i \);",:)2() ;,jj;).l 

10 74012 31955 59790 96!JS2 6622·1 2·!015 !Jlii·I!J ()i;",,'-1\) 

11 56754 26457 13351 05014 90U6G 3:ltii·l ti! I()!Jti :i:l-ISS 
12 49800 49908 54831 21!!98 OS52S 26:li2 !12!12:) (j;",(J:!(j 

13 43584 89647 24878 56670 00221 iiO I !l:l !J!J;"J!Il ti2:li7 
14 16653 79664 60325 71301 3:i742 s:w:w 7:w;;s Si22!J 

15 48502 69055 65322 58748 3144G R02:l7 :ll2:i2 !Hi:lti7 

16 96765 54692 36316 86230 4S2!16 :>s:l.'i2 2:>s 1 ti ti·IO!l·l 

17 38923 61550 80357 8178·1 2:3-144 12-l!i:l ;):l!J!J2 2Sl2S 

18 77958 81694 25225 05587 5107:! 01070 6021S (jJ!J(j1 

19 17928 28065 25586 08771 02641 85064 6.'ii!J{j 4Sl70 

20 94036 85978 02318 04499 41054 10531 87-I:H 21;)!)6 

21 47460 60479 56230 48417 14372 851G7 27.'i58 oo:ws 

22 47856 56088 51992 82439 40644 17170 1:H6:3 18288 

23 57616 34653 92298 62018 10375 7651.5 62!186 !10756 

24 08300 92704 66752 66610 57188 79107 54222 22013 

• Table G is reproduced from M. G. Kendall and B. B. Smith. Randomness and random sampling numbers. J. R. statist. Soc., 101 
(1938), 147-166, by permission of the Royal Statistical Society. 
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Table G 

TABLE OF RANDOM NUMBERS* (Cont.) 

CoLUMN NuMBER 

Row 00000 00000 11111 11111 22222 22222 3:3:333 33:333 
01234 56789 01234 56789 01234 56789 012311 5G78!J 

3rd Thou.sanll 
00 89221 02362 65787 74733 .11272 30213 !J2-t.!l :3!JG:i1 01 04005 99818 63918 29032 94012 42:36:3 012()1 lOGiiO 02 98546 38066 508.56 75045 40G·15 22iH1 5:3:!54 4·1125 03 41719 84401 59226 01314 54iiH1 ·10398 4!J9S8 65ii79 04 28733 72489 00785 25843 24(i1:3 497!!7 S55G7 8H71 05 65213 83927 77762 03086 807·12 24:3\);j GS-176 ~.ni!l2 06 65553 12678 90906 90466 4a67o 2G2l7 6!1!100 31205 07 05668 69080 73029 85746 58:3a2 782:H 'l5!1S6 !J2!l!JS 08 39302 99718 49757 79519 27:JH7 iti:37:3 1172()2 !lWI2 09 64592 32254 45879 2fJ431 38:320 05!}81 1H067 871:37 10 07513 48792 47314 83660 68907 05:3:36 82579 !ll5H2 11 86593 68501 56638 99800 8283!} :35148 56541 072:32 12 83735 22599 97977 81248 36838 U!J560 32410 67614 13 08595 21826 54655 08204 87!!90 17o:33 56258 05:384 14 41273 27149 442!)3 6U458 16828 63U62 15864 35421 15 00473 75908 56238 12242 72631 76:314 47252 06347 16 86131 53789 81383 07868 8U132 UG182 0700(} 86432 17 33849 783.59 08402 03586 03176 88663 08018 22546 18 61870 41657 07468 08G12 U8083 97349 20775 45091 19 43898 65923 25078 86129 78491 97653 91500 80786 20 29939 39123 04548 45985 60952 06641 28726 46473 21 38505 85555 14388 55077 186.57 94887 67831 70819 22 31824 38431 67125 25511 72044 11562 5327!) 82268 23 91430 03767 13561 15597 06750 92.552 023!)1 38753 24 38635 68976 25498 97526 96458 0380.5 04116 63514 

*Table G is reproduced from M. G. Kendall and B. B. Smith. Randomness and random sampling numbers. J. R. statist. Soc., 101 (1938), 147-166, by permission of the Royal Statistical Society. 
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Table G 

TABLE OF RANDOM NUMBERS* (Cont.) 

CoLU~IN NmtnEn 
Row 00000 00000 ---11111 11111 :2:22:2:2 :2:22:22 01234 56789 01:2:34 5678\:1 Ol:2:H 5ti7S!l 

---------
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16 26!)36 59186 51667 27645 4ti 17 88502 11716 98299 40974 42 
18 63499 38093 2559:3 619% 7\J 
19 36379 81206 03317 78710 n 
20 93801 22322 47479 57017 !i!l 
21 29856 87120 56311 50053 25 
22 97720 87931 88265 130.50 71 
23 85237 09105 74601 46377 5!l 
24 75746 75268 31727 95773 72 

*Table G is reproduced from M. G. Kendall and B. B. Smith. Randomness and random sampling numbers. J. R. statist. Soc., 101 
(1938), 147-166, by permission of the Royal Statistical Society. 
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82860 .57300 

*Table G is reproduced from M. G. Kendall and B. B. Smith. Randomness and random sampling numbers. J. R. statist. Soc., 101 
(1938), 147-166, by permission of the Royal Statistical Society. 
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