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Preface

This book is intended as an introductory text in statistical
methods and their applications in psychology and related fields.
Only a minimal amount of high school mathematics is assumed. The
emphasis is on statistics as a research tool in the behavioral sciences,
and statistical methods are presented within the context of the re-
search problems and methodology of these sciences, particularly
psychology.

One of the most frequent questions of the beginning student in
statisties is, “What is it for?” For the behavioral science student
for whom this book is intended, I believe the question is a legitimate
one. I believe that his first statistics course should teach him pri-
marily how statistical methods are used in his field and how they
fit into the general methodology of his science. Accordingly, I have
provided numerous and detailed illustrations of the role of statistics
in answering such research questions as the student himself might
encounter, either in the laboratory or in his reading. Most of the
book follows this pattern: A research question is posed, a statistical
technique is introduced to answer the question, and a discussion
follows of the answer and its meaning. In this way, statistical meth-
ods are seen in context, firmly tied to sound methodology in general.
So that the student will himself have the experience of applying the
technique to a research question, practice problems with similarly
detailed answers are provided at the end of each chapter. These
problems are an integral part of the text and students should be en-
couraged to try them, or at least read them, even if they are not to
be turned in as part of class work.

The book has been written for use as a one-semester course. It
is highly suitable, also, as a second text in such laboratory courses
as Experimental Psychology. Many of the statistical techniques pre-
sented are taught through examples similar to the ones encountered
in such a course. A good deal of emphasis is placed on the careful



serutiny of research data, the i‘lltel‘pretation of statistical results,
and permissible conclusions withm.the- framework of the researcher'g
question and his method of investigation.

I am deeply grateful to Dr. George W feinberg for his carefy)]
reading of the entire manuscript, and f(_)r_ his continuing help apq
encouragement at every stage 1n the writing. I am deeply gratefy)
also to my colleague, Professor John G. Peatman of the City College
of New York, for his many valuable comments and suggestiong
Thanks are also due to Eleanor _Roehr, for her indispensable help ir;
the preparation of the manuscript.

I am indebted to the late Professor Sir Ronald A. Fisher, F.R §
Cambridge, and to Dr. Frank Yates, F.R.S., Rothamsted, also t.(;
Messrs. Oliver & Boyd Ltd., Edinburgh, for permission to reprip
Table Nos. III, IV, and VI from their book Statistical Tables for
Biological, Agricultural and Medical Research.

VIVIAN GOUREVITCH
New York City
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Research is the scientist’s way of finding answers to his ques-
tions. He will make systematic observations of some kind—*collect
data,” as it is called—then study and analyze the observations to
find his answer. It is in the study and analysis of the data that sta-
tistical procedures are used. The question the researcher asks and
the kind of data he collects together determine which statistical pro-
cedures will be used.

Raw data--data in their original form, just as they were col-
lected—are usually a mass of numbers or words that represent the
researcher’s observations of the process or subject which interests
him. The first step in a research study is to organize these raw data
into a table or graph so that the results can be inspected. Sometimes
the table or the graph makes the results clear immediately and there
is no need for any further statistical operations. But even when this
is not so, inspection of the data in some organized form is usually
indispensable to a full understanding of the results.

In this chapter, examples are given of organizing and presenting
three different kinds of data: (1) data classified into categories; (2)
ranks; and (3) measures. For each example, we will consider also how
to interpret the resulting table or graph in terms of the research
problem that prompted the investigation. As will be seen, statistical
answers can be properly interpreted only within the context of the
research methods used by the investigator, and we shall try not to

lose sight of this fact.

3 CATEGORIES



CATEGORIES Data are classified into categories

when the observations consist es-

. sentially of words or names of
things. For example, if we record for each student in a class that he
does or does not intend to seek a summer job we will have simply a
collection of words, ‘“yes’s’’ and “no’s.”” There are no numbers to
Sum, multiply, or divide. All we can do is classify each observation
In one of the twg categories ‘‘ves’” or “no,” and count the number of
observations in each category. How to organize and present such

data is jllustrated in Fxamples 1 and 2 below.

Example |, wperimenter has studied the color prefer-
ences of pr’e)-school c};/?l?lr(é;p}f;' having them choose, on three different
OCcaslons, among four objects which are identical except for color.
One of the objects was always red (R, one blue (B), one green (Q),
and one yellow (Y). If the child chose the same color on each of the
;}gteehoccaSions, he was classified as preferring that color. If he ghd
no Cr ofose the same color consistently, he wus classified as showing

1 brelerence, indicated by “‘O.” Sixty children were tested and
Classified gg follows -

& RB,G 0,008 1B Y,00RRROYYGR OO,

B,Y,B B RRRRYYOY.OBRBREOOO G R
B,R,R,O,R,Y,Y’,B’,B’,ojRjG,o,o,R,oi S

of ca;e. ST_EP 1. Tg organize the data, first _determine the .number
e gories used in classifying the observations and then list them
v a column. In thijsg case, there are five categories: Red, Blue, Green,
-e”‘OW, and No Preference. If the experimenter began with a pre-
dlctlf)n about what he would find, the order in which the categories
are.hsted should conform to this prediction. For example, if the ex-
perimenter expected the ‘“warm’’ colors to be chosen most often,
red and yellow in that order, then green, and then blue, the colors
should be listed in the predicted order of preference, asin Table L.1A.
If the experimenter is simply investigating color preferences without
a prediction, it is more usual to list the categories in the order of
frequencies found, from highest to lowest, as in Table 1.1B. Note
that in both tables the ‘“No Preference’’ category appears last and
is separated somewhat from the color categories. This category pro-
vides important but different information about the outcome of the
study, and this difference is recognized in its separation.

e « STEP 2. Count the number of individuals classified in each
category, and enter the number in the frequency column opposite

TABLES AND GRAPHS 4



the appropriate category. For example, 16 R’s appear in the data,
which means that 16 children were classified as preferring the color
red; the number 16 is therefore entered in the frequency column
opposite the category “Red.” There are nine Y’s; the number 9 ig
therefore entered opposite ‘““Yellow’”; and so on, as in Tables 1.1A and
1.1B.

» « sTEP 3. If the frequency distribution is to constitute g pres-
entation of the results for inspection by others, the columns must be
labeled, the categories spelled out, the total(s) entered, and a full,
descriptive title should appear above the whole. There are no rules
about labels and titles, but in general the table should be able to
““stand alone’”’—that is, the headings and title together should convey
enough information to allow the reader to interpret the results cor-
rectly by looking at the table alone. It should not be necessary to
read a paragraph of text in order to find out what the table shows.
The titles and headings of Tables 1.1A and 1.1B illustrate two ac-
ceptable presentations of the results of this experiment.

21| . g 21t
" S [
2 18t E 18}
g 3
> 121 o 12f
2 2
<
0 [1] 0 [_l
F & S $ No & & ¢ No
< -\,“\ & Y preference _\c}\ preference
Color preference Color preference
Figure 1.1A Figure 1.1B

Distribution of Color Prefer- Color Preferences Shown by
ences Among 60 Pre-School 60 Pre-School Children
Children

e « STEP 4. The bar chart or bar graph is used to depict the
data of categories. Fig. 1.1A is a bar chart of the results as shown in
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Table 1.1A, and Iig. 1.1B shows the results as they are given in
Table 1.15. In both bur charts, the category names appear on the
horizontal axis. Frequencies, or number of children, appear on the
vertical axis. There Is a spuace between each bar. and a somewhat
larger space separating the “No Preference’ category from the color
categories. The bars are all cqual in width and cach reaches to that
height on the vertical axis which corresponds to the frequency for
that category. Thus, the “"Red™ bar extends up as high as the point
16 on the vertical axis, the “"Blue™ bar extends up to 11, and so on.
A figure number and desceriptive title appeir below each graph, not
above as with tubles.

Tabhle 1.1A Table 1.1B

Distribution of Color Color Preferences Shown By

Preferences Among 60 Pre- 60 Pre-School Children
School Children
No. orF

Coror PREFERENCE Freogueses Coront PRETERENCE C'HILDREN
Red 16 1! 16
Yellow 1] 3l 11
Cireen -4 Yedlonw 4
Blae 1] (ireen -4
No Preference 20) No Preference 20
Total 60 Total 60
(predicted order; rordered from highest to lowest

frequencies)

e INTERPRETING TIHE RESULTS

A good deal of information is already evident from the frequency
distribution (or bar chart) of these data. If the experimenter pre-
dicted that the preferred colors, in order of frequency, would be red,
yellow, green, blue, he must now acknowledge that his prediction
was mistaken. Red does seem to be the most frequent favorite. But
blue, a “‘cool” color, is second, and the experimenter predicted that
blue would be the least frequently chosen color. If the experimenter
did not begin with a prediction, he will simply note that among the
children who show a color preference, red is the most frequently
preferred color and green the least frequently preferred, with blue
and yellow about tied in between.

TABLES AND GRAPHS 6



e DISCUSSING THE RESULTS

What about the high frequency in the “No Preference’” category?
One-third of the subjects (20 '60) were classified as showing no color
preference. This finding would require some comment regardless of
whether the experimenter began with a hypothesis. Is it true that a
third of these children have no color preference? It is doubtless true
in terms of the criterion set by the experimenter: that the same color
had to be chosen on three different occasions to qualify the child
as showing a color preference. But perhaps this criterion was too
stringent. What about children who chose the same color two out of
three times? Doesn’t that show some degree of preference? The ex-
perimenter may counter that even if the child closed his eyes he
might choose the same color two out of three times by chance alone.
In other words, the child’s hand could fall on objects of the same
color two out of three times by accident, without his making any
deliberate color choice at all, whereas we are less willing to believe
it was an accident if he chose the same color all three times. There
is no final answer to this controversy, though more will be said about
such problems in Chapter 7. The point is that the experimenter must
consider two possibilities: (1) that one-third of the children he tested
really have no color preference; or (2) that his criterion for assigning
a color preference was too stringent and caused him to overlook a
number of children who do have some color preference. In discussing
his results, the experimenter will present both possibilities, though
he may choose to accept and defend one or the other of them.

Categories: Bivariate
Classification

Example 2. An experimenter wishes to demonstrate the
effect of “‘set’”’ upon problem-solving. His subjects are two groups
of 20 college students, previously matched for their ability to solve
problems of the general type that will be used in the experiment.
They are all asked to solve a difficult problem within a given time
limit. The experimental group is deliberately given misleading in-
structions with the problem, while the control group receives the
same problem with neutral instructions. At the end of the time limit,
the experimenter collects the results and finds the following:

Experimental group: 5 solved the problem, 15 did not.
Control group: 14 solved the problem, 6 did not.

7 CATEGORIES



In this experiment, two ob=ervations were recorded for each
subject: the group to which he was assigned rhence the instructions
he received,; and whether or not he succeeded in solving the problem.
How the two kinds of observations vary togetherisof central interest.
When two distinct observations are made for each subject or element
in an experiment, and interest lies in how the two kinds of observa-
tions vary together, the data are cross-classified into what is called a
bivariate distribution. Bivariate distributions are presented in two-
way tables and graphs.

e « STEP 1. To construct a two-way table, list the category
names of one variable in a column on the left, and the category names
of the second variable across the top of the table. In Table 1.2, the
variable Instructions (Misleading or Neutral) is shown at the left of
the table, and the variable Performance (Success or Failure) is given
across the top of the table. There is no special rule as to which vari-
able should be listed in the column and which across the top. The
researcher uses his own judgment as to which arrangement is clearer
and more convenient for the reader. Again, the headings and the
category names should convey specific information. Category names
like “Experimental Group’ and “Control Group’ are generally ob-
jectionable because they convey so little information. A reader must
remember or refer back to the description of the experiment in order
to understand the table. It is much better to name the categories

according to what was actually varied.

e « STEP 2. Enter the frequencies found in the appropriate cells.
A “‘cell” is the space where two categories would intersect if each
was extended into the table—e.g., ‘“Misleading’” and ‘‘Success,”
where the frequency 5 is entered because five of the subjects given
misleading instructions succeeded in solving the problem. The fre-
quency 15 is entered in the cell where ‘““Misleading’’ and ‘“‘Failure”

Table 1.2
Problem-Solving Performance of Two
Groups Given Different Instructions

PERFORMANCE
INSTRUCTIONS Svuccess FaiLure ToraL
Misleading 5 15 20
Neutral 14 6 20
Total 19 21 40

TABLES AND GRAPHS 8



intersect; and so on, as shown in Table 1.2. When the frequencies
have all been entered, they are summed separately for each row and
column and these sums, called marginal totals, are entered in the
table. A grand total is also entered, which should equal the total

number of subjects.

e ¢« STEP 3. A bar graph is also used to depict a bivariate dis-
tribution of category data. Frequencies or number of subjects (per-
centages of subjects, if groups are of disparate size) appear on the
vertical axis. One variable appears on the horizontal axis, and the
second variable is shown by a distinctive marking of the bars them-
selves. Clarity and ease of interpretation are again the factors which
determine which variable shall appear where. A bar graph of the
problem-solving data is shown in Fig. 1.2. A legend appears on the

[ Succeeded
o ’ Failed

Misleading  Neutral

—
o

No. of subjects
w 5

(=]

Instructions

Figure 1.2

Problem-Solving Performance of Two
Groups Given Different Instructions
(n = 20 Each Group)

graph explaining what the different markings of the bars mean. Note
that there is no space between the bars belonging to one category,
although a space separates the bars of different categories.

o INTERPRETING THE RESULTS

Looking at his table or bar chart, what can the experimenter con-
clude? It seems evident that a wrong ‘‘set,” induced in this case by
misleading instructions, does indeed inhibit problem solution. Only
five subjects misled in this way succeeded in solving the problem,
while 14 of the subjects left to themselves solved the problem. Ordi-

9 CATEGORIES



narily, this difference would be examined by u further statistical
test (see Chapter 9, but for the moment we will assume that the
test confirms our impression.

e DISCUSSING THE RESULTS

Note that the experimenter's conclusion that instructions influenced
performance does not rest entirely upon his statistical findings, We
would not he very impressed with his results if we did not also have
reason to bhelieve that the groups started out as equals in problem-
solving ability. Suppose the groups had not heen matched, suppose
we knew nothing about their probleme-solving ability? Perhaps the
subjects in the “‘neutral” control group were just more able than the
subjects in the “misled” group, and the results are therefore not due
to the different instructions the experimenter gave but to the different
abilities of the subjects. In this case, the uble subjects in the control
group would have performed just as well, and the poor subjects in
the experimental group just as badly, had the instructions been
reversed. If the subjects were a roughly representative sample of col-
lege students, divided rundomly into two groups, we might be satis-
fied that this chance procedure could hardly result in so many of the
more able students ending up in the control group. Dut if the groups
are not random samples, and nothing is known about their problem-
solving ability, the results cannot be confidently interpreted at all.
In discussing his results, the experimenter must defend his con-
clusions with evidence that the outcome of his study is not due to
factors which are irrelevant to the purpose of his experiment.

Ordinal Categories

Often the categories used in classifying data lend themselves to
a natural ordering along some continuum. For example, the cate-
gories ‘‘Excellent,” “Good,” “Fair,” “Poor” fall into a natural order
from best to worst. Similarly, the categories ‘““‘Agree strongly,”
“Agree,” ‘“‘Disagree,” ‘“Disagree Strongly’’ fall along a continuum
from most to least agreement. Such ordered or orderable categories
are called ordinal categories. Data classified into ordinal categories
are presented in the same manner as other category data, except
that the natural order of the categories is maintained in the table or
the graph regardless of the investigator’s hypothesis and regardless
of how frequencies are distributed in the categories.

Ordinal categories can be ranked from “most’”’ to ‘“‘least.” When

TABLES AND GRAPHS 10



the individual observations can themselves be compared and ranked,
categories are abandoned and numerical ranks are assigned to the
observations.

RANKS Ranks are numerals that order a
set of observations from ‘“‘most”
to ““least”” along some continuum

of interest. The rank of a given observation indicates its relative
position in that set of observations. It may not be possible, for ex-
ample, to say that Jones swims two-and-a-half times as well as
Smith, who in turn is three-eighths better than Brown; but compe-
tent observers may agree that in this group, Jones ranks first in swim-
ming ability, Smith second, and Brown third. When gbservations can
be ordered from ‘“most’ to “least’” in this way, so that ranks can be
assigned, the resulting numerals are ordinal. Ordinal numerals do
not indicate the amount of difference between observations, only
their order relative to each other along the continuum of interest.

Example 3. Twelve persons have applied for psychotherapy
to a small new clinic which will not be able to take them all at once.
The therapist looks over their applications to try to judge which are
most in need of help. He puts Fisher first and Irwin second; cannot
decide between Carson and Davis so puts them both next; then
Gordon, Allen, Bates, Harris; then a group of three —Jasper, Klapp,
and Eaton-—who seem about equally in need of help; and finally
Levine, who is judged least in need. Placed in order from most in
need to least in need, the names look like this:

Fisher

Irwin

Carson, Davis
Gordon

Allen

Bates

Harris

Jasper, Klapp, Eaton
Levine

The therapist wishes to assign ranks to the applicants so that he may
post the ranks instead of their names.

e o« STEP 1. The first step in assigning ranks is to determine how

many individuals or how many objects are to be ranked. This number
tells how many ranks must be ‘““used up’’ in the ranking. In this case,

11  RANKS



there are 12 individuals, so the ranks from 1 through 12 must be
accounted for in the final ranking.

e o STEP 2. Assign ranks in a serial order, beginning with 1,
until the number of ranks previously determined has been *‘used up.”
When several objects or individuals are tied in rank, each is assigned
a rank whose value corresponds to the mid-point of the ranks which
would be occupied if the several individuals had been given separate
ranks. In Table 1.3, the applicants for psychotherapy have been
ranked by this procedure. Carson and Davis, who have a tied position
in the group, would have occupied the ranks 3 and 4 if they could
have been distinguished from each other; therefore, they are both
assigned the rank 3.5, which is the mid-point between 3 and 4. The
next applicant, Gordon, receives a rank of 5 since the ranks 3 and 4
have been used. Similarly, Klapp, Jasper, and Eaton would have
occupied the ranks 9, 10, and 11 had the therapist been able to assign
them separate ranks, so they are each given a rank of 10, which is
the mid-point of the ranks 9, 10, 11. Since 11 has been used, the next
individual receives a rank of 12. Now the previously determined
number of ranks have all been used and we have come to the end
of the list. When the two events don’t occur together, a mistake has

been made!

Table 1.3
Applicants for Psychotherapy
Ranked in Order of Judged

Need for Help

APPLICANT RAaNk

Fisher 1
Irwin 2
Carson 3
Davis 3
Gordon 3)
Allen 6
Bates 7
Harris 8
Klapp 10
Jasper 10
LEaton 10
Levine 12

e INTERPRETING THE RESULTS

The results of ranking are usually self-evident. In this case, the appli-
cants will doubtless be called in the order in which they were ranked

TABLES AND GRAPHS 12



as openings occur in the clinic. When the therapist comes to Carson
and Davis, he will have to flip a coin to decide which to take first,
or decide on some basis other than need for help.

e DISCUSSING THE RESULTS

The results as they stand serve the therapist’s purpose, and for that
purpose, there is nothing to discuss. Remember, however, that the
numerals assigned in ranking represent relative positions within the
particular group ranked. There is nothing absolute about them. If
the group changes, so will the ranks. For example, if Allen and Bates
decide to cancel their applications, everyone below them will move
up two ranks. Harris, for example, will have a rank of 6 instead of 8.
If three new applicants appear on the scene, all of whom need help
moreso than Fisher, everyone on the present list will drop down three
ranks. Harris will now have a rank of 11. Harris’s need for help
remains unchanged, but his rank could change from 8 to 6 to 11 to
anything because ranks only refer to relative position within the
group ranked.

Comparing Two Sets of
Ranks

Example 1. An investigator is interested in how art teachers
grade their students’ work. He collects ten watercolor pictures made
by high school students and brings them to two art teachers who
have never seen them before. Each teacher is asked to give grades
to the ten pictures on a separate sheet of paper so neither will know
the grades given by the other. The investigator then compares the
grades given by the two teachers and finds the following:

GRrADES GIVEN BY

PicTURE TeEACHER X TEACHER Y
A 60 45
B 60 50
C 65 65
D 95 80
E 80 70
F 75 60
G 90 75
H 85 75
I 80 70
J 80 70

In this example, the observations take the form of numbers, but
the numbers can hardly be taken literally as indicators of merit since
the teachers differ so markedly in the grades they assign. Obviously,
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the two teachers are using different grading scales. We may still
examine the amount of agreement between the two teachers, irre-
spective of the grading scale cach is using, by converting the grades
of each teacher to ranks and comparing the ranks. (A more precise
technique for assessing “‘amount of agreement’ is taken up in Chap-
ter 6.)

e o« STEP 1. For each teacher separately, the grades are ranked
by the procedure outlined in Example 3 above.

e o« STEP 2. To facilitate compuarison, the items are listed from
highest to lowest following one of the sets of ranks. In Table 1.4,
the letters identifying the student pictures were arranged from high-
est to lowest to conform to Teacher X's grades and ranks. The corre-
sponding grades and ranks of Teacher Y were then entered in sepa-

rate columns.

Table 1.4
Art Teachers’ Grading of Student Work

RANKs o GGRADES

STUDENT GIRADES

PieTURE TEACHER X Treacnenrn Y TEAacnueEr X TEACHER Y
D y5 S0 1 1
G 9() 75 2 2.5
H 85 75 4 2.5
I 50 70 5 5
J 80 70 5 5
E 50 70 5 5
F 75 60 7 8
C 65 65 8 7
B 60 H0) 9.5 9
A 60 45 9.5 10

e INTERPRETING THE RESULTS

It seems evident from a comparison of the ranks in Table 1.4 that
the two teachers are in very good agreement about the order of the
pictures relative to each other along some scale of merit. Except for
small discrepancies, the order of their grades is very similar even
though the magnitude of their grades is very different. The investi-
gator has found two things therefore: (1) that Teachers X and Y
do not agree as to the amount of merit attaching to the pictures they
graded; but (2) that they do agree rather well as to which pictures
are better than others.
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e DISCUSSING THE RESULTS

Attempts to estimate the ““amount’’ of some quality present in per-
sons or things often fail. The usual reason is that the quality of
interest is an elusive one and it is difficult to establish criteria about
which independent observers will agree. Obviously, Teachers X and
Y are grading according to different criteria, weighting various fac-
tors differently. Ranks are especially useful in such cases—if it is
found that observers agree at least in this. If they do not agree in
the ranks assigned, then the ranks would not be useful either. In
general, observations are not useful to science unless they are reliable.
Reliability in this context refers to the consistency of repeated obser-
vations. This consistency must exist for any given observer (Teacher
X must assign the same ranks, or nearly the same, if he were to grade
these pictures again at a later date) and there must be consistency
among observers (other teachers must assign the same, or nearly
the same, ranks). In this situation, we would be led to conclude that
the grades given to student pictures are not reliable indicators of
their worth, but the ranks of those grades are reliable. Hence, the
relative merit of the pictures has been reliably determined.

Since our investigator’s interest is in the behavior of Art teach-
ers rather than in the merit of student pictures, his discussion will
center about the reliability of the teachers’ behavior. He may ask
them to grade the pictures again after a time period sufficient for
them to forget the grades they had given originally. He will inquire
into the criteria they use in grading and try to discover both the
reasons for the unreliability of grades and the reasons for the re-
liability of the ranks.

MEASURES We shall call a measure any nu-
merical observation that is in-
tended to convey an amount or

magnitude, as opposed to simply relative position. Unlike ranks,
which indicate only order, measures are truly quantitative. There
are many kinds of measures. Besides the familiar inches, pounds,
temperature, in Psychology there are test scores and ratings of var-
ious kinds, measures of performance like number of trials or number
of errors, reaction time, rate of response, ete. All of these are quanti-
tative indicators of the amount of some given quality and so will be
regarded as measures. To be useful, of course, measures must meet
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certain standards of reliability and usually, as we shall see, other

standards as well.

The student should be careful not to confuse measure and fre-
quency. A measure is an observation. A frequency is the number of
times an observation occurs. If we record that a subject made eight
errors, 8 is a measure of his performance and constitutes one observa-
tion. If 20 subjects made eight errors, then the observation 8 has
occurred 20 times. The frequency of the observation is 20.

The remainder of this chapter will be devoted to procedures
for organizing and presenting measures.

Example 5. A psychologist 1s interested in the amount of
hostile or aggressive feeling among medical students. He secures a
random sample* of 78 students from nearby medical schools, and as
part of the study, he asks each student to make up a story about
each of ten picture cards that show people in ambiguous situations..
Afterwards, he counts for each student the number of '‘aggression”
themes that appear in his stories and this number becomes the
student’s aggression score. Scores may range from 0 (no aggression
themes) to 10 (aggression themes in all stories). The 78 students

receive the following scores:
3,6,62,55,7,4,4,4,3,5
5 5,5,3,8,6, 2
54,2,2,4,4,2
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e « STEP 1. Since it is apparent that many observations have
the same value, the first step in organizing the data is to construct a
frequency distribution. Look over the array of scores and find the
highest and lowest scores. In this case, although the scores could
have ranged from 0 to 10, the lowest score is 1 and the highest score
is 8. The lowest score to the highest score of a distribution is called the
range of the distribution. Therefore the range of the distribution is
from 1 to 8. List all the scores within this range in a column, starting
with the highest score and ending with the lowest score, as in Table
1.5. These scores are the classes for which frequencies will be counted.

e o STEP 2. Going through the observations one by one, put a
tally for each opposite the class into which it falls. Thus, the first
observation is 3 so a tally is put opposite the class 3; the second is 6
so a tally is put opposite the class 6; the next observation is also 6

* A random sample of subjects is obtained by drawing subjects from a specified
larger group (e.g., all students attending the medical schools) in such a way that
every member of the larger group has the same chance of being included in the

sample. Random sampling permits us to generalize our findings to the larger group.
This concept is discussed more fully in Chapter 3.
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so another tally is put opposite the class 6; and so on, until all the
observations have been tallied. The sum of the tallies in each class
is entered in a column headed “Frequency” (sometimes simply “f’’).
The frequencies are totalled and the total is identified as », as shown
in Table 1.5.

Table 1.5
Distribution of Aggression Scores
Obtained by Medical Students

AGGRESSION

SCORE TaLLy FREQUENCY

8 / 1
7 IS S
6 MO 11
5 I 18
1 M TN 20
3 WM 12
2 N/ 6
1 /! 2

n=7178

e o« STEP 3. The results may be depicted in either a histogram
or a frequency polygon. Fig. 1.3 shows a histogram of the data. A
frequency polygon of the data is shown in Fig. 1.4. In both cases,
frequencies appear on the vertical axis and scores on the horizontal
axis. The essential difference between the two graphs lies in how they
represent the scoring classes.

Histogram

On the histogram, the scoring classes are represented by bars
which correspond in width to the exact limits of the classes. The exact
limits of a class extend from half a unit of measure below the class
to half a unit of measure above the class. Thus, the bar representing
a score of 1 extends from .5 to 1.5 on the horizontal axis; the bar
representing a score of 2 extends from 1.5 to 2.5; and so on.

The use of exact limits conforms to the assumption that our
observations are quantities measured on a continuous scale of values.
Theoretically, if not in practice, a subject might have a score of
1.9 or 2.33 instead of 2. But our test does not permit such fine dis-
criminations to be made. Use of the exact limits 1.5 to 2.5 reflects
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our belief that the real score of a subject scoring 2" falls somewhere
within these limits, and not necessarily at 2.0 exactly.

Frequency Polyzon

On the frequency polvgon. the scoring classes are represented
by their midpoints. The midpoint of an individual c¢lass has the same
value which designates the class itself. Thus, the class 3 extends

20 L ’_L

10

Frequency
Frequeney

0 1 1 1 1 1 [0 Y N

1 1 1 1 1 L 1

1 2 3 5 6 T 8 0 1 2 3 4 5 6 7T 8 9
Aggression scores Agpression scores
Figure 1.3 Figure 1.4

Distribution of Aggression  Distribution of Aggression
Scores Obtained by Medical Scores Obtained by Medical
Students (n = 78) Students (n = 78)

from 2.5 to 3.5, but its midpoint is 3; the class 4 extends from 3.5 to
4.5, but its midpoint is 4. A point is plotted on the graph for each
midpoint (class) opposite its frequency, and the plotted points are
connected by straight lines.

Note that the lines extend back to the baseline on both sides
of the graph to form a closed figure. The extensions are not to some
arbitrary point on the baseline. On the left, the line is extended to
the midpoint of the class just below the lowest class in the frequency
distribution. In this case, the lowest class in the frequency distribu-
tion is 1, so the line is extended to the class O on the baseline. (If
the lowest class in the frequency distribution is 0, the line is extended
to a mythical class “—1,”” although the numeral itself would usually
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not appear on the baseline.) On the right, the line is extended to the
midpoint of the class just above the highest one in the frequency
distribution. In this case, the highest class in the frequency distribu-
tion is 8, so the line extends to the class 9 on the baseline.

e INTERPRETING THE RESULTS

From an inspection of the table and graphs, it is evident that the
largest concentration of scores is in the classes 4 and 5. Almost half
the observations (from the table, 20 + 18 = 38) are found in these
two classes. The greatest single concentration of scores is in the class
4. That is, a score of 4 was obtained more times than any other single
score in the distribution. The most frequently obtained score in a
distribution is called the mode. Thus, the psychologist may say that
4 is the mode among these medical students, or that 4 is the most
utypical” score among them. He may also note that 1 and 8 seem
to represent rather extreme, ‘“‘untypical’’ scores for this group because
they occur so infrequently. Only two of the 78 subjects scored as
low as 1, and only one scored as high as 8.

The graphs show the overall form of the distribution. Although
it may not be obvious from simple inspection, the area éenclosed by
the frequency polygon is equal to the area enclosed by the bars of
the histogram. This will always be true of a properly drawn histo-
gram and frequency polygon of the same data. In both graphs, the
distribution of area reflects the distribution of cases. That is, a given
p,-oportion of the observations in the frequency distribution is repre-
sented by a corresponding and equal proportion of the area enclosed
by the histogram or frequency polygon. Thus, the graph makes it
possible to tell at a glance how the observations are distributed,
where the scores are concentrated and where they are few.

» DISCUSSING THE RESULTS

Can the psychologist decide from these results whether the medical
students as a group show much or little aggression on this test?
Not with the information given. To decide whether medical students
show more or less aggression than other students, the investigator
must know how other students score on the test. He may find, for
example, that scores of comparable students not attending medical
school are similarly distributed around a mode of 3 on the test, which
would make the medical students’ mode of 4 look a little high. Or
perhaps other students’ scores are distributed about a mode of 7,
which would make the medical students’ mode of 4 seem substan-
tially “‘below average.” Or perhaps there is no difference between
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medical students and other students on this test. The pqxnt is tfhzft
the investigator must have a known standard of comparison before
he can make judgments of ‘‘more’” or “less”” about a group.. _

We have assumed without saying so that telling stql'les with
themes of aggression indicates aggressive feelings in the subject. Even
if repeated observations show the test score

s to be reliable, the as-
sumption that the scores really measure aggressive feelings cannot

be made. What the scores measure is a separate matter. It is not
enough that a test should seem to measure aggression or anxiety or
extraversion or whatever. We want independent evidence that the
measure used is in fact related to the characteristic of interest. A
test may seem to measure aggressive feelings, while most of the time
it is measuring what the subject thinks the examiner wants, or some
other irrelevant thing. Therefore, it is incumbent upon our investi-
gator to provide evidence that his aggression scores do indeed reflect
aggressive feelings in the subjects, and that differences in subjects’
scores reﬂect corresponding differences in amount of aggressive feel-
ings. Evidence of this kind is said to establish the validity of a test.

In gen_eral, vglidity is established by showing that a test measures
what it was intended to measure, or

those outcomes that follow logically i
measure (for example, that subjects wi

like or c_iistrus_t more people than subjec
If the mvestigator does not provide e

that it predicts successfully
'om what the test claims to
th high aggression scores dis-
ts with low aggression scores).
vidence of the validity of his
oW what by pove a standard group for compari-

Measures: Grouping Data
Into Class Intervals
Miller 1 oore.6

re)élr)lemmepter has measured the extent of the
ke subject by the metho
S asked to match g fixed, st
! could adjust,
. r
firmearks o ror in Derce
tryin
'htx;le. He wag
rials given. Aft’e e o

d of adjustment.
andard line of given
at will, under condi-
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17.6, 17.0, 18.3, 16.9, 15.8, 17.0, 16.3, 15.7, 16.3, 17.1, 17.4, 16.3, 15.3,
15.6, 14.3, 15.1, 14.5, 13.4, 14.4, 16.8, 16.8, 16.0, 16.6, 16.1, 18.0, 117.9,
18.1,16.2, 15.4,15.3,14.7, 14.1, 14.3,17.3, 16.9, 16 4, 16.3, 17.5, 16.3,
16.0, 17.1, 16.6, 14.9, 15.5, 14.8, 15.2, 14.0, 15.0, 16.5, 15.9, 16.4, 16.4,
17.6, 15.4, 15.2, 16.5, 15.8, 15.9, 15.5, 14.8 (Rest period) 14.4, 15.4,
14.8, 13.9, 18.7,13.5,13.3, 13.3, 13.4, 12.9, 13.4, 13.1, 12.8, 12.6, 13.5,
13.6, 13.0, 12.6,12.2,12.3,12.4, 12.4, 14.3, 14 .4, 14.6, 14.0, 15.0, 15.3,
15.4, 15.0, 14.6, 14.7, 15.8, 16.2, 16.3, 15.9, 16.4, 16.5, 17.0, 16.6.

We do not proceed here as in Example 5. Scanning the data for
the lowest and the highest observations recorded, these values reveal
2 range of from 12.2 to 18.3. There are 62 individual classes within
this range, one for each tenth of a centimeter. The separate listing
of 62 individual classes would hardly make for a compact table.
When this is so, it is customary to group the classes into class inter-
vals each of which will include several classes.

o « STEP 1. Determine the number of classes that will be
grouped together into one class interval. One way to do this is to
divide the total number of classes by 10, and use the result as a
rough guide to the number of classes to be grouped together. In this
example, 62 + 10 = 6.2. When the result of dividing by 10 in this
way is near to 5 (roughly, between 3 and 8) it is customary to set up
class intervals each of which will include five classes. If the result
is close to 3, and there are many observations—say, 100 or more—
set up class intervals that include three classes each. If the result
is 8 or more, and there are nof many observations—say, fewer than
100—set up class intervals that include seven classes each. (Note
that only odd numbers—3, 5, or 7—have been suggested as the num-
ber of classes to be included in a class interval. An odd number of
classes simplifies the procedure considerably when a frequency poly-
gon is to be constructed or when later computations will be made
from the grouped data.)

« « STEP 2. For these data, five classes give a class interval size
of .5 em. Since the lowest observation recorded is 12.2, we take 12.0
as the lower limit of the first class interval. If the size of each interval
is to be .5, the lower limits of the intervals must go 12.0, 12.5, 13.0,
ete. After the lower limits are set down in a column, the upper limits
are easily added. The highest class interval must, of course, include
the value of the highest observation in the data. Table 1.6 shows
class intervals of five classes each for the data of this example. The
class intervals appear in a column under the heading ‘“‘Setting—cm,”
a more informative title than ‘“Class Intervals’” would be.

ST AT e,
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e « STEP 3. Going through the obhservations one by one, put a
tally for each opposite the class interval into which it falls. Thus,
the first observation, 17.6, falls in the class interval 17.5-17.9, so a
tally is put opposite this interval. The next observation, 17.0, falls
in the interval 17.0-17.4, so a tally is put opposite this interval; and
so on. When all the observations have been tallied, the tallies are
summed in the Frequency column, and the total below is identified
as m, as shown in Table 1.6. The frequency distribution is now com-

plete.

e « STEP 4. Either a histogram or a frequency polyvgon is appro-
priate for these data, and we will suppose that a histogram was

chosen. To construct a histogram, an additional column is required
in the table showing the exact limits of the class intervals. The exact
limits of a class interval, like the exact limits of an individual class,
extend from half a class below the interval to half a class above the
interval. Thus, the exact limits of the class interval 12.0-12.4 are
11.95-12.45. For the class interval 12.5 12.9, the exact limits are
12.45-12.95. The exact limits of all the class intervals are found in
this manner and listed in a column, as shown in Table 1.6.

e o STEP 5. The column of exact limits and the column of fre-
quencies are used in the construction of the histogram. The exact
limits determine the width of the bars in the histogram, and the

Table 1.6
Miiller-Lyer Illusion : Distribution of 100 Adjustable
Line Settings Made by One Subject
(Standard = 13 cm)

SETTING-CM TALLY FREQUENCY IExacr Lisits
18.0-18.4 i 3 17.95-18.45
17.5-17.9 i 4 17.45-17.95
17.0-17.4 W 7 16.95-17.45
16.5-16.9 W 10 16.45-16.95
16.0-16.4 MW TR 15 15.95-16.45
15.5-15.9 N 10 15.45-15.95
15.0-15.4 MR 13 14.95-15.45
14.5-14.9 W 9 14.45-14.95
14.0-14.4 NI 9 13.95-14.45
13.5-13.9 M 5 13.45-13.95
13.0-13.4 W 7 12.95-13.45
12.5-12.9 " 4 12.45-12.95
12.0-12.4 il 4 11.95-12.45

n = 100
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frequencies determine their height. Fig. 1.5 shows a histogram of the
data as organized in Table 1.6.

Frequency

12 13 14 15 16 17 18
Setting — cm

Figure 1.5

Miiller-Lyer Illusion. Distribution of 100 Adjustable
Line Settings Made by One Subject
(Standard = 13 cm)

e INTERPRETING THE RESULTS

The results certainly suggest that the subject’s judgment was in-
fluenced by the illusion set up in the experiment. In 100 attempts
to match the 13 em standard, he set his adjustable line too short
only eight times (the sum of the frequencies in the class intervals
below 13.0 cm) while he made adjustments which were too long 92
times. In short, he showed a strong tendency to overestimate the
length of the standard. (Perceptual misjudgment is usually the case
in experiments with the Miiller-Lyer illusion.)

The histogram shows the heaviest concentration of scores be-
tween 14.0 and 16.9 cm. The tallest bar, hence the highest frequency,
is found in the class interval 16.0-16.4, which is therefore called the
modal class. The “typical’” performance, as indicated by the mode,
is between 16.0 and 16.4 cm, at least three cm longer than the stand-
ard. The histogram also shows other, lesser modes (bars which rise
above those on both sides of them). There is such a lesser mode at
the interval 15.0-15.4, and another, still smaller mode at the interval
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13.0-13.4. When there are two modes, the graph is described as bi-
modal; when there are more than two, ax multimodal, A multimodal
graph suggests great variability - which isanother wal of sayving that
the.“typlcal” performance was not really very tvpical because the
subject’s responses varied a great deal. The three modes of the

¢

l:ust?gram, and the wide range of the settings, suggest that this sub-
Ject’s performance was highly vuriable.

e DISCUSSING THE RESULTS

Possxb]e reasons for the subject’s variability would require considera-
tion Of' SeV'ergl factors. When observations recorded for a large group
of S?fb]C’ClS yield a multimodal graph, the variability can usually be
attributed to the existence of severy] sub-groups within the larger
group who differ from each other on the variable being measured.
Each of the different sub-groups mukes its own typical “‘peak’ on
the graph, and the peaks are at different points because what is
typical for one sub-group differs from what is tvpical for another
sub-group. But in this example there is only one subject, and it is
one subject’s performance which varies so much.

Great variability in one subject may occur for several reasons.
The task may be so difficult that the subject is reduced to guessing,
and with no knowledge of results he guesses “‘all over the lot,” making
guesses which cluster sometimes around one point, sometimes around
another. A second possibility is that although the task is not so
difficult, the subject is not motivated -he “doesn’t try,” his atten-
tion wanders, he is bored or in a hurry, or both—and he makes many
careless responses. The third possibility is that the conditions under
which the subject was operating became subtly changed in the course
of the experiment. For instance, an unpracticed subject is no longer
“unpracticed” after ten or twenty trials, and an initially energetic
subject may become fatigued after forty or fifty trials. If the experi-
menter also made informal observations of his subject, noting com-
ments which suggest boredom or fatigue or impatience or sudden
insight, he will have some idea about the reason for the subject’s
variable performance. The subject’s remarks are only of interest, of
course, if they are accompanied by some change in his performance
on the task. The first thing to do is to look at the data again.

Scanning the original data, the experimenter will look to see
whether “‘runs’”’ of similar values occurred at any particular time
during the experiment (or in conjunction with particular remarks
made by the subject). Short runs in the region of 16 em, the major
mode, are found throughout the data, and therefore did not occur
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at any particular time during the experiment. A run of four observa-
tions in the region of 15 cm, the second mode, is found near the end
of the experiment, and several runs centering around 13 em are
found soon after the rest period. It would appear that settings made
after the rest period are responsible for the two lesser modes, 15.0—
15.4 cm and 13.0-13.4 cm. This discovery suggests that the condi-
tions of the experiment were different somehow after the rest period,
since the subject made shorter settings, closer to the standard. Per-
haps the rest, combined with practice, enabled him finally to over-
come the perceptual illusion that dominated his earlier performance.

It would be a great mistake to stop with these guesses. Now that
there is reason to believe the conditions of the experiment were
different after the rest period, the data should be reorganized so that
trials before the rest period and trials after the rest period can be
compared. The procedure for doing this is illustrated in the example
that follows.

Comparing Two Sets of
Measures

Example 7. The experimenter of Example 6 above has found
that an unplanned event has importance in explaining his results.
The subject’s line settings seem to vary with two categories of trials,
those made before the rest period and those made after the rest
period. He wishes to examine this variation more closely.

e « STEP 1. To reorganize the data, prepare a new frequency
table using the same class intervals as were used in the initial fre-
quency distribution. (If the data have not been previously organized,
determine class intervals on the basis of all the observations com-
bined, then continue with this procedure.) For the new table, enter
a separate frequency column for each category of measures that is
to be compared. Thus, as shown in Table 1.7, there are separate fre-
quency columns for the categories ‘“Before Rest Period’”” and “‘After
Rest Period.” The observations that fall in each category are tallied
separately (not shown in the table) and summed separately in their
respective frequency columns. The totals of each frequency column
are identified below as n; and ..

e o STEP 2. If the different #’s are not equal, convert the fre-
quencies of each column to proportions of the column total. Since
n, and 7, are not equal in this example, the frequencies have been
converted to proportions of their respective totals by the formula
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p = f/n. That is, each frequency was divided by the total of its
group, n; or #.. EKach frequency in the column **Before Rest Period”’
was divided by 60 (n,); each frequency in the column “‘After Rest
Period” was divided by 40 (».;. The resulting proportions are en-
tered in new columns, headed ‘‘p’’" in Table 1.7.

» « STEP 3. To compare the two sets of trials, a frequency poly-
gon of each set is plotted on the same pair of axes. To construct a
frequency polygon of data grouped into class intervals, an additional
column is needed in the table—the midpoints of the class intervals.
The midpoint of a class interval is the value which divides the inter-
val exactly in half. When an odd number of classes are grouped into
one class interval, the midpoint of the interval is the value of the
middle class. When an even number of c¢lasses is included in one
interval, the midpoint of the interval is the value which falls halfway
between the two middle classes. Since these data were grouped into
intervals of five classes, an odd number, the midpoints have the
values of the middle class in each interval. The midpoints are entered
in a separate column, as shown in Table 1.7.

o ¢ STEP 4. On the same pair of axes, two separate {requency
polygons are constructed of the data. In Fig. 1.6 a frequency polygon
has been plotted using the midpoints and the proportions of the

Table 1.7
Miiller-Lyer Illusion: Comparison of One Subject’s
Settings Before and After a Rest Period
(Standard = 13 cm)

Berore Rest PERIOD Arrenr Rest Perioo
SETTING-CM A ™m S pa MIDPOINTS
18.0-18.4 3 .05 18.2
17.5-17.9 4 .07 17.7
17.0-17.4 6 .10 1 .03 17.2
16.5-16.9 8 .13 2 .05 16.7
16.0-16.4 12 .20 3 .07 16.2
15.5-15.9 8 13 2 .05 15.7
15.0-15.4 8 13 5 13 15.2
14.5-14.9 5 .08 4 10 147
14.0-14.4 5 .08 4 .10 14.2
13.5-13.9 1 .02 5 .13 13.7
13.0-13.4 6 .15 13.2
12.5-12.9 4 .10 12.7
12.0-12.4 4 .10 12.2
n = 60 .99 n. = 40 1.01
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Figure 1.6

Miiller-Lyer Illusion. Comparison of One Subject’s
Settings Before and After a Rest Period

category ‘‘Before Rest Period.” A second frequency polygon was
plotted independently, using the same midpoints but the proportions
of the category ‘““After Rest Period.” The plotted points belonging
to each category are connected by straight lines, and the lines are
made differently—one solid, one dashed—in order to distinguish the
separate categories. A key on the graph explains which line repre-
sents which category.

Because proportions were plotted instead of frequencies, the
two curves may be directly compared. When the n’s of different
categories are equal, proportions are not needed. Frequencies may
be plotted opposite the midpoints and the resulting curves may be
directly compared. When »’s are not equal, frequencies must be con-
verted to proportions.

e INTERPRETING THE RESULTS

The results of the experiment are much clearer now. As Fig. 1.6
shows, the subject was fairly consistent before the rest period. The
graph of settings made before the rest period has only one mode, at
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16.2 (the midpoint of the class intervul 16.0 16.1). and the other
settings cluster around this mode on both sides. It was after the
rest period that the subjects responses bheeame so variable. The line
graph of settings mude after the rest period has three modes, and
the remaining settings cannot be said to cluster around any one of
them. The bulk of the scttings extend over seven class intervals,
represented by the midpoints from 12.2 1o 15,2, In short, settings
made after the rest period account for the variability observed in
the original histogram Fig. 1.5,

Our carlier guesses about the results were wrong on some counts
and right on others. We were wrong that observations in the interval
16.0-16.4 em did not occur “at any particular time” during the ex-
periment. Clearly, the great bulk of them occurred before the rest
period. We were also wrong that settings made after the rest period
were responsible for the mode at 15.0 15.4 ¢m in the original histo-
gram. Settings in this class interval ure found in exactly equal pro-
portions before and after the rest period. But we were right that the
subject made shorter settings after the rest period. Most of the set-
tings made after the rest period are well below the subject’s “typical”
performance of 16.0 16.4 cm before the rest period. The highest peak
on the graph of settings made after the rest period is at 13.0-13.4
cm, a very good match of the 13-¢m standard. We conclude, there-
fore, that the subject probably did overcome the influence of the
illusion after the rest period, but his variability after the rest period
forces us to add that if he overcame it, he did so only temporarily.

e DISCUSSING THE RESULTS

If the subject was able to overcome the influence of the illusion, as
it appears, why was he so variable afterward? We already know from
scanning the original data (given in Example 6 above) that the set-
tings which came closest to matching the standard were made soon
after the rest period and were followed by settings much farther
away from the standard. Why did the subject not continue to make
close settings? He was evidently able to do so. The data provide no
answer to this question, just as they do not explain why the subject
was able to make the close settings at all. If rest and practice pro-
duced the first event, perhaps fatigue and failing motivation produced
the second. The data do not tell us in either case. After having re-
ported the results of the experiment, the experimenter will add any
informal observations or previous information from other studies
that help to explain the results. If he has no further information, he
will state in his report that he does not know the explanation.
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Cumulative Graphs of
Measures

Cumulative graphs of measures have many uses. One such
use is illustrated in Example 8 below. Another is given in Chapter 2.

Example 8. A rat has been conditioned to press a bar that
releases a pellet of food. The experimenter decides to remove the
food so that bar presses will no longer procure food pellets. He places
the animal in the apparatus, which now releases no food. To be able
to study the rat’s behavior during extinction (as the process is
called), he records the number of bar presses made by the rat during
each successive minute in the apparatus over an interval of 20 min-
utes. He counts the following number of bar presses for each succes-
sive minute:

6, 10, 12, 6, 5,3, 7,5,4,0,2,1,0,5,1,0,0,0, 0, 0.

Number of responses per minute is a measure of the rate of
responding. It is customary in Psychology to depict the rate of re-
sponding by a cumulative graph.

e « STEP 1. To construct a cumulative graph of the data, organ-
ize them first as shown in the first two columns of Table 1.8. The
successive minutes of time are identified by the numbers from 1 to
20. Number of responses for each minute are given in the second
column. To get the cumulative response column, the number of re-
sponses are cumulated downward beginning with the first minute.
Thus, the first entry in the cumulative response column is 6 because
six responses had been made by the end of the first minute. The
second entry is 16 because 6 + 10 = 16 responses had been made
by the end of the second minute. By the end of the third minute,
16 + 12 = 28 responses had been made, and so on for the rest of
the column. The last entry in the cumulative response column is the
total number of responses made during the 20 minutes.

e ¢« STEP 2. To construct the cumulative response curve, lay out
minutes of time along the horizontal axis, beginning with 0, and
cumulative responses along the vertical axis, also beginning with 0.
Fig. 1.7 shows how the axes should be numbered. Plot a point for
each entry in the cumulative response column opposite minutes of
time elapsed. Thus, a point is plotted on the graph for six responses
opposite that point on the baseline which marks the end of the first
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Table 1.8
Number of Responses and Cumulative
Responses for One Rat During the First 20
Minutes of Extinction
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* INTERPRETING THE RESULTS
he cumulative response curve shown in Fig. 1.7 describes the rat’s
bur-pressing behavior during extinction better than do several para-
grap}_qs of words. To a practiced eye, the slope of the curve—its
relative steepness or flutness reveals instantly any changes in the
rate of responding. Thus, in the beginning the slope rises—becomes
steeper for i few minutes indicutinﬁ an increase in the animal’s rate
of responding. (If you check Table 1.8, you will see that the rate
rose from 6 to 12 responses during the first three minutes.) Almost
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immediately after the increase, the curve bends over as the rate
begins to fall off. The animal is slowing down. Then there is a re-
covery of responding, indicated by the second rise in the slope of the
curve. Then the response rate drops abruptly to zero, as shown by
complete flatness in the curve. For a few minutes, there is only occa-

60

T

40

20

Cumulative Responses

0 ) 10 15 20
Time — Minutes

Figure 1.7

Cumulative Response Curve for One Rat, Showing
Extinction of Bar-Pressing Response

sional responding, indicated by an occasional “bump’’ in the curve.
A last burst of responses occurs during the 14th minute, then the
curve quickly becomes flat again and remains so, indicating that the
animal made no further responses during the 20 minutes of testing.
Clearly, removing the food considerably reduced bar-pressing be-
havior, although the effect was not immediate. All of this can be seen,
of course, in Table 1.8, but it is difficult to compare several such
tables at once, while several curves may be compared at the same
time with ease.

e DISCUSSING THE RESULTS

In discussing his results, the experimenter will compare his curve
with extinction curves obtained by other investigators in similar
experiments. If there are marked differences or irregularities in his
curve, he will discuss possible reasons for the irregularities in terms
of his experimental procedure and the rat’s previous training, both
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of which are usually reported in much greater detail than is given
here.

In important experimental work, cumulative response curves
like the one in Fig. 1.7 are obtained from 2 recording device. Instead
of the experimenter counting the number of responses, the recorder
cumulates the responses as they are made, and does so for every
fraction of a second instead of only at the end of a minute. The
resulting curve is a smoother version of the curve in Fig. 1.7, but
the principle is the same.

Line Graphs and Functions

We shall refer to the graph of a function asa line gra ph. A function
describes the change that occurs in one variable (say, reaction time)
as some other variable is increased (say, stimulus intensity). The
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Figure 1.8

Retention Curve for One Subject, Showing Recall for
Memorized Prose Material as a Function of Time
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variable that is increased, often by the experimenter himself, is called
the independent variable. The variable that ‘‘depends upon’’ and
changes with such increases is called the dependent variable. Usually,
in behavioral research, the subject’s responses constitute the de-
pendent variable.

For example, in studies of memory, the subject is typically
required to memorize some material provided by the experimenter.
Following this, the subject is tested at regular intervals to determine
how much of the memorized material he can recall. A ‘“retention
curve’’ may then be plotted to show how recall changes as a function
of time. A line graph of the data would probably look something
like Fig. 1.8.

Note that in Fig. 1.8 the dependent variable, Percent Recalled,
is plotted on the vertical axis and the independent variable, Time, is
plotted on the horizontal axis. This is the conventional arrangement
in depicting a functional relationship. The graph shows overall that
recall decreases with time and that most of the loss occurs within the
first few days after learning.

Line graphs to depict changes in a dependent variable are widely
used in behavioral research. Some other examples are learning curves
(changes in performance as a function of trials), changes in visual
acuity as a function of illumination, changes in intelligence test per-
formance as a function of age.

Skewness of a Distribution

A distribution that is not symmetrical about its center (more
observations occur on one side of the distribution than on the other)
is said to be a skewed distribution. This lack of symmetry or skewness
can be defined precisely and mathematically, but for our purposes it
will be sufficient to learn to recognize the phenomenon of skewness
from an inspection of the distribution. Moderate amounts of skew-
ness (moderate departures from symmetry) are usually unimportant
in research, but considerable skewness may be very informative.

For example, consider the two distributions sketched in Fig.
1.9. The ranges of scores for normals and neurotics are practically
identical, but most of the normals scored at the low end of the scale
and most of the neurotics scored at the high end. Both distributions
are severely skewed. The distribution for normals is said to be posi-
tively skewed or skewed to the right. The distribution for neurotics is
negatively skewed or skewed to the left.

Locating the center of a distribution, observing its symmetry or
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Scores Ohtained hy 1000 Normal Subjects and 1000 Neurotic
Subjects on a Neuroticism Questionnaire
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tional methods for describing and interpreting the oute
experiment.

Practice Problems

For each of the problems below, organize the data and present it
graphically (if a graph is appropriate) as you would in a formal report
of the results. Describe briefly what the investigator has found in each
case and comment upon any questions raised by the results or the exper-
tmental procedure.

1. An investigator is interested in the musical preferences of
college students. He believes that in spite of their superior cultural
opportunities and the current vogue of folk songs, most college stu-
dents still prefer “popular’” music over classical and folk music. To
Investigate his belief, he selects a random sample of 50 college stu-
dents and asks them to name their five favorite songs or musical
compositions. The students’ lists are then classified according to
whether they named predominantly popular music (P), predomi-
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nantly classical music (C), or predominantly folk music (F). The
results for the 50 students are as follows:

p,F,PPCFCCCPCFFPPPCPCCTFCF
pP,C,F,PFCCPPPCFCCCGCPPFP

b

-

F, C,
C, P

Q0

» G,
C.

>

) 4

2. A psychologist believes that the cognitive impairment of
schizophrenics is reflected in their loss of a ‘“‘sense of humor.” To
investigate whether schizophrenics do indeed have a lesser sense of
humor than normal individuals, he prepares a series of simple car-
toons which he shows to 28 normal subjects and to 21 schizophrenies.
From the subjects’ reactions and comments he determines whether
they grasped the humorous aspects of the cartoons. The results are:

Normals: 25 saw the humor of the cartoons, 3 did not.
Schizophrenics: 10 saw the humor of the cartoons, 11 did not.

3. A researcher interested in attitudes toward TV conducts a
questionnaire survey of 3000 TV owners chosen randomly from a
large city. As part of the questionnaire, the subjects are asked to
check one answer to the following question: “Most TV shows are
very good, fair, not good enough, ter-
rible.”” After the questionnaires are returned, the researcher counts
the number of times each answer was checked and determines that
of the 804 subjects who returned completed questionnaires, 86
checked “‘very good,” 214 checked ‘‘fair,”” 320 checked ‘‘not good
enough,” and 184 checked ‘“‘terrible.”’

4. On another part of the questionnaire described above, the
subjects were asked to estimate the number of hours per week they
spent watching TV. On the basis of their estimates, the researcher
ordered the subjects from highest to lowest and divided them into
three groups of equal size: Heavy Viewers (the upper third of all
viewers), Average Viewers (the middle third), and Light Viewers
(the lower third). He then examined how each group had answered
the question given in (3) above as to their opinion of ‘“most TV
shows.” He found the following:

Heavy Viewers: 28 subjects in this group checked ‘‘very good,” 71
checked ““fair,” 107 checked ‘‘not good enough,”
and 62 checked “‘terrible.”

Average Viewers: 29 subjects checked ‘‘very good,” 71 checked
“fair,” 107 checked ‘“‘not good enough,” and 61
checked ‘“‘terrible.”

Light Viewers: 29 checked ‘“‘very good,” 72 checked ‘‘fair,” 106

checked ‘“‘not good enough,” and 61 checked “ter-
rible.”
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5. A football coach must choose from among his players the
eleven men who will make up his first team. Considering their overall
playing ability first, he puts Karsky at the top, then Jones and
Marino together, then Harper, then Garvey; he feels that Fritz,

Eiler, and Delancy are equally good players; then come Carlos and
Brentano together, then Ashe. Assign ranks to the players.

6. The ten best. trainees are desired from a group of 20 Peace
Corps volunteers trained under two different instructors. The official
in charge of choosing the ten trainees decides to base his selection on

the performance ratings given by the two instructors. The ratings
are as follows:

RATINGS GIVEN BY

TRAINEE INsTRUCTOR 1 INnsTRRUCTOR 2
A 9 7
B 8 6
C 7 )
D 6 3
E 6 4
F 9 6
G 9 ]
H 7 5
I 7 5
J 7 4
K 10 S
L 8 6
M 10 7
N 0 7
(0] 8 6
P 8 6
Q 8 5
1‘1 10 8
S 7 5
T 6 4

1. ‘Thirty subjects are to be divided into an Experimental group

and a Control group for an experiment which will test the effect of

a new/ drug on the learning of nonsense syllables. So that the two

groups will he equal in their initial ability to learn such material,

the experimenter plans Lo match the groups on the basis of how many

. ‘0 to learn a preliminary list of nonsense syllables.

trials they require to learn a preiiAS S " "0 Hials to learn the
The 30 subjects require the following 1

iminary list:

preliminary | 13 16, 12, 12, 13, 13, 14, 10, 12,15, 15,

12, 16, 11, 10, 15, 1o, 20,

14) 18’ 15’ 14’ 15’ 11 11, 16; 171 17’ 14' bl t .ud e

16, 15, 12, % " s interested in how well weS irszjgctovghogis

distance when deprived isually and asks him to try to draw

. . , - i is given
. fgin ! hen blindfolded. The subject 1s gl
g()‘)d at Juc lv four inches long W en

a line exactly
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50 trials and afterwards the experimenter measures the subject’s 50
lines to the nearest tenth of an inch. Beginning with the first line,
the lengths (in inches) are:

5.1, 5.3, 4.9, 5.4, 5.0, 5.2, 5.7, 5.6, 5.2, 5.0, 5.0, 5.1, 4.9, 5.2, 4.8, 5.5,
5.4, 5.0, 5.1, 4.9, 5.5, 5.7, 5.0, 6.2, 5.5, 5.1, 5.2, 5.1, 5.1, 4.9, 6.0, 4.8,
5.0, 4.8, 5.3, 5.3, 5.0, 5.2, 5.4, 5.2, 5.6, 5.8, 5.3, 4.9, 5.1, 4.8, 4.9, 5.0,
5.2, 5.1.

9. An experimenter has set up a discrimination problem for
which he wants to measure reaction time. When the subject ob-
serves that two lights are equal in brightness, he presses a telegraph
key in front of him. When one of the lights is dimmer than the other,
he does not press the key. The subject is given 50 critical trials with
the lights equal in brightness, interspersed with trials in which one
of the lights is dimmed. On the 50 critical trials, the experimenter
measures the time between the onset of the light and the subject’s
response to the nearest one-hundredth of a second. Beginning with
the first critical trial, the subject’s reaction times (in hundredths of
a second) are:

49, 51, 46, 45, 48, 41, 42, 44, 39, 43, 38, 38, 45, 36, 42, 40, 37, 35, 41,
40, 39, 42, 35, 33, 36, 32, 30, 37, 30, 34, 33, 40, 29, 31, 31, 37, 35, 34,
30, 28, 28, 44, 20, 32, 31, 27, 26, 24, 27, 29.

In addition to presenting a graph of the distribution, plot a line
graph showing how the subject’s reaction time changes with succes-
sive critical trials.

10. A researcher has developed a new method for teaching chil-
dren to read. Two first-grade teachers who are instructed in the new
method agree to use it during the coming year, and their combined
classes of 58 pupils become the “‘experimental group.”’ Another three
equally competent and successful teachers are found who are using
standard methods to teach reading to children of the same general
intelligence and background as are in the experimental group. The
combined classes of these three teachers number 80 pupils, and con-
stitute the “‘control group.” At the end of the year, a reading achieve-
ment test is given to all the children. The results are:

Experimental group: 47, 52, 44, 41, 48, 50, 48, 46, 66, 53, 65, 48, 42,
73, 68, 58, 45, 51, 49, 38, 35, 72 67 32 69, 45, 73, 78, 41, 56, 37, 36,
61, 75, 47, 40, 42, 66, 67, 57, 61, 64, 56, 36, 31, 65, 33, 52, 62, 71, T4,
55, 34, 72, 76, 53, 43, 62.

Control group: 61, 61, 53, 48, 59, 55, 67, 52, 50, 43, 54, 57, 38, 71, 42,

47, 51, 52, 52, 58, 63, 56, 36, 35, b4, 44, 44, 44, 53, 57, 55, 33, 64, 59,
51, 45, 52, 60, 50, 48, 47, 43, 65, 72, 63, 57, 34, 44, 39, 50, 56, 58, 43,
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41, 46, 486, 49, 62, 60, 45, 47, 32, 52, 67, 37, 51, 54, 34, 42, 73, 69, 46,
517, 317, 62, 66, 61, 58, 47, 57.

11. A rat has been conditioned to press a bar which releases a
pellet of food with every press. This schedule of food release is called
“regular reinforcement.” The experimenter records the number of
responses per minute over a ten-minute interval. At the end of the
tenth minute, he adjusts the apparatus so that a pellet is released
only after five bar presses. This schedule of food release is called
“fixed-ratio reinforcement.” He continues to record the number of
responses per minute over the next 20-minute interval. For each
successive minute over the 30-minute total, the number of bar presses
made by the rat are:

10, 11, 12, 10, 11, 9, 11, 10, 9, 12, 6, 6, 8, 14, 18, 16, 18, 18, 21, 20,
23, 24, 23, 25, 22, 28, 30, 28, 32, 30.

Answers

1. This problem is similar to Example 1. Because the investi-
gator has predicted the outcome, the data should be organized and
presented as in Table 1.1A and Fig. 1.1A-—that is, with the predicted
preference “popular music”’ first. The order of the other two cate-
gories is arbitrary. The results show that the investigator’s predic-
tion was mistaken; these students do not show a preference for
popular music over classical and folk musie.

This investigator has escaped the problem of a large “No Prefer-
ence’”’ category by accepting predominance as his criterion for show-
ing a preference. Consistency in three out of five choices earns
classification in one of the music categories, and so he was able to
classify all his subjects. But he is on the other horn of the dilemma.
Each of the categories includes subjects who listed that kind of music
three times, together with subjects who listed it four times, and five
times. For example, what if a subject listed two classical composi-
tions, followed by three folk songs? He will be classified as showing
a preference for folk music. Should he be? Is that the same as a list
of five folk songs? Yet the two lists will be classified together in the
same category. The result is some uncertainty about what the fre-
quency in a given category really means. Thus, this investigator is
no better off than the investigator in Example 1. They both have
problems to consider in assessing their results.

Another problem for this investigator to consider is whether the
students reported their preferences truthfully. Unlike the investigator
of Example 1, who measured choices directly, this investigator meas-
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ured the subjects’ reports of their preferences. Some students may
have been trying to impress the investigator by listing high-flown
classical music instead of the popular songs they really prefer.
Anonymous listings, and a generally informal and accepting atmos-
phere, may help to reduce the risk of subjects “faking’ responses,
but the risk cannot be totally eliminated.

2. This problem is similar to Example 2, and the data should
be organized and presented as in Table 1.2 and Fig. 1.2, except that
the frequencies should be converted to proportions or percentages
for the graph, and the vertical axis labelled accordingly. (The proce-
dure for converting frequencies to proportions is given in Step 2 of
Example 7. For the present problem, n, and ». are, respectively, the
number of normals and the number of schizophrenics.) The results
support the investigator’s belief insofar as these particular subjects
are concerned, if the normals and schizophrenics were matched on
variables which may affect one’s sense of humor—such as cultural
background, intelligence (the cartoons may not be “simple” for
everyone), and present situation (being hospitalized, for instance).

3. These are ordinal categories. That is, the categories them-
selves are ordered along a continuum from ‘“best” to “worst.” This
order should be maintained in the presentation of the data, regard-
less of which categories have the highest frequencies. In other
respects, the results should be presented as in Table 1.1A and Fig.
1.1A. The results show that the majority of these subjects have
negative attitudes toward “‘most TV shows.” But no conclusions at
all about the attitudes of TV owners in general can be drawn from
the results. Questionnaires were sent to a random sample of 3000
TV owners and only 804 completed and returned them. Subjects
who take the trouble to complete and return a questionnaire no
longer constitute a ‘“random sample of TV owners.” They are,
rather, a sample of subjects-who-fill-out-and-return-questionnaires.
It may even be that negative attitudes predominate in the sample
because it is chiefly disgruntled TV owners who are sufficiently
aroused to fill out and return such questionnaires. The 2196 un-
known opinions of those who failed to return the questionnaire
could be distributed very differently (a large majority in positive
categories, for example), and therefore could change the results

completely.

4. The results should be presented as in Table 1.2, except that
there will be three categories across the top (Viewers) and four cate-
gories listed in the column (Attitudes), or vice versa. The graph
should appear as in Fig. 1.2, with Attitudes along the horizontal axis
and three distinct bars used to represent the three different cate-
gories of Viewers. Both sets of categories are ordinal, so the order
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from “most’”’ to ‘“least’”” should be preserved for both wvariables in
the table and in the graph. The results show that the number of
subjects who find most TV shows “very good™ is just about the same
among Heavy Viewers, Average Viewers, and Light Viewers. Sim-
ilarly, the number of subjects who find most TV shows “terrible” is
just about the same among the three different types of viewers. And
this is also true for the attitudes in between. The subjects’ attitudes
toward TV apparently have nothing to do with how much time they
spend watching TV. (As it is put by statisticians, attitude toward
TV is not related to time spent watching TV, or time spent watching
TV is independent of attitude toward T'V. These results are meaning-
ful even though the subjects are not a random sample of TV owners.
They are TV owners who watch TV relatively a great deal, a medium
amount, or a little, and the sample may be redefined as three groups
of viewers for whom the variable “‘filling-out-and-returning-question-
naires’’ is a constant. It is as though the investigator had controlled
for this variable by matching his groups on it before the experiment.
“Then” he asked them to check their attitudes toward most TV
shows.

5. The correct ranks are 1, 2.5, 2.5, 4, 5, 7, 7, 7, 9.5, 9.5, 11, as
determined by the procedure given in Example 3. No graph 1s
necessary.

6. Ranks should be substituted for the ratings, as in Example 4.
The ranks for Instructor 1’s ratings, with the trainees in the order
K: MI R: A: F’ G: N; B, Ly O) Py Q; (:) H: I; J; S; D, E; T! are: 2’
2, 2, 5.5, 5.5, 5.5, 5.5, 10, 10, 10, 10, 10, 15, 15, 15, 15, 15, 19, 19, 19.
For Instructor 2’s ratings of the trainees in the same order as above,
the ranks are: 2, 5,2, 5,9, 2, 5,9, 9, 9, 9, 14, 14, 14, 14, 18, 14, 20,
18, 18. The ranks are in fairly good agreement. The ten trainees
chosen include the six ranked at the top by both instructors (trainees
K, M, R, A, G, N), and trainee F because he is ranked at the top
by Instructor 1 and is among those ranked next by Instructor 2.
The remaining three places are filled by drawing lots (or by some such
chance procedure) among trainees B, L, O, and P, since these four
were ranked next by both instructors. (Trainee Q is included in this
group by Instructor 1, but is given a lower rank by Instructor 2,
so Q would be omitted from the drawing.)

7. There are only nine classes altogether, so the data should be
grouped into individual classes, as in Table 1.5, and presented
graphically, as in Fig. 1.8 or Fig. 1.4. The graph is bimodal, iden-
tifying two groups of subjects: one group which “typically’’ required
12 trials to learn the list, and another group which “typically”
required 15 trials. Apparently, some subjects find this task easier
than others, since they memorize more quickly. To obtain Exper-
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imental and Control groups matched in initial ability, the experi-
menter will assign half of the fast learners (10 to 13 trials) and half
of the slow learners (14 to 18 trials) to the Experimental group,
leaving similar halves for the Control group.

8. There are only 15 classes, so the data should be grouped into
individual classes, as in Table 1.5, and presented graphically, as in
Fig. 1.3 or Fig. 1.4. The mode is at 5.0-5.1 inches, at least an inch
longer than the line the subject was trying to draw. (Try it, if you
think you can do better!) The graph shows that the data are skewed—
some of the observations trail out into a “tail” on one side of the
graph but not on the other side—indicating that some responses
were relatively far away from the mode. Again, this makes the mode
less ““typical”’ than it would be if all the observations were clustered
around it. Since the observations in the tail of the graph are greater
than the mode, the skewness is said to be positive. A few of the
subject’s lines were considerably longer than his “typical”’ line. Scan-
ning the original data reveals that these longer lines occurred at
various points in the beginning, middle, and end of the experiment.
There is no obvious change in the subject’s performance over time.

9. There are 32 classes but fewer than 100 observations, so the
data should be organized into class intervals of five classes each and
presented as in Table 1.6. A histogram as in Fig. 1.5 may be used, or a
frequency polygon like one of those in Fig. 1.6. The graph is fairly
symmetrical and reveals nothing unusual. Scanning the original data,
however, reveals something not apparent from the frequency distri-
bution. With few exceptions, the subject’s reaction time became
steadily less with successive trials. There seems to be a strong prac-
tice effect in this situation. This circumstance is apparent in the line
graph, where the subject’s reaction time (vertical axis) is plotted
for each successive critical trial (horizontal axis). The line graph
shows the subject’s gradually lessening reaction time.

10. The data should be organized and presented as in Table 1.7
and Fig. 1.6. On the graph, the curve for the Experimental group is
bimodal and shows greater variability than is evident in the Control
group. The major mode (highest peak) of the Experimental group
curve is somewhat below the mode for the Control group. This, and
the way the curves overlap at the low end of the scale, indicate that
many pupils taught by the new method performed less well than
pupils taught by the standard method. On the other hand, the second
mode of the Experimental group is considerably higher than the
Control group’s mode, indicating that some pupils taught by the
new method did much better than pupils of the control group.

To arrive at a conclusion, the experimenter will have to deter-
mine whether the overall difference between the two groups is a
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reliable one. That is, is the difference sufficiently large, all things
considered, to suggest that in repeated experiments of this kind one
of the two groups will consistently perform better than the other?
Only in this case can the experimenter conclude that one of the
teaching methcds is superior to the other. Otherwise, the difference
observed in this experiment could reasonubly be attributed to acei-
dental inequities between the two groups cither in the individuals
involved or in the experimental situations. A wayv of evaluating the
difference between the performance of two groups is given in Chap-
ter 10.

11. This problem is like Example 8, und the data should be
organized and presented as in Table 1.8 und INjg. 1.7. The total
number of responses (last entry in the cumulative column) is 515.
The graph shows how the animal's behavior changed as the condi-
tions of the experiment were changed. During the first ten minutes
of regular reinforcement, the rate of responding was fairly steady
(the curve is almost a straight line,. When the experimenter changed
the schedule of food release to fixed-ratio reinforcement, the response
rate dropped briefly, shown by the bending over of the curve at this
point. Then the response rate gradually increased, continuing to in-
crease (the slope of the curve becomes steeper and steeper) through-
out the remainder of the experiment. The rate of responding is much
higher (the curve is steeper) at the end of the experiment than at the
beginning, and the change in response rate is associated with the
change in schedule of reinforcement. The experimenter may conclude
that under these conditions, fixed-ratio reinforcement has the effect
of increasing the animal’s rate of responding.
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chapter 2

The Median
and

Percentiles



Percentiles—or centiles, as they are often called—divide the
range of a distribution into 100 parts such that 19 of the observa-
tions are included in each of the parts. Thus, the first centile of a
distribution is the point on the scale of measure below which 19
of the observations fall. The second centile is the point on the scale
below which 29 of the observations fall. The 30th centile is the point
below which 309, of the observations fall. And the 100th centile is
the point just above all the observations in the distribution—the
upper exact limit of the highest class.

The best known and most widely used centile is the median.
The median of a distribution is the 50th centile, the point on the
scale of measure below which 509 of the observations fall. Hence,
the median is the point that divides the distribution in half. The
median is often taken as the representative value of a distribution,
and is an acceptable representative of the data in many situations
where the mode is not.

When the observations are a distribution of scores, there are
occasions when it is useful to report the centile ranks of selected
scores. “‘Rank’ is a familiar term by now. The rank of an individual
tells how many individuals are included at and below his position in
the group; the centile rank tells the percentage included at and below
his position. Thus if a score has a centile rank of 40, this means that
409, of the observations in the distribution are at and below that
score. The score itself is the 40th centile.

The median and other centiles are computed most precisely
from ungrouped data, that is, data that have not been grouped into
class intervals. Sometimes this degree of precision is desirable in
determining the median, but it is rarely necessary for other centiles.
The examples which follow, therefore, illustrate how the median is
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found from ungrouped data, and how to find other centiles and centile
ranks from data that have been grouped into class intervals.

THE MEDIAN
The Median As the
Representative Value
Example 1. An experimenter interested in group behavior

sets up a discussion group of seven subjects, all of whom are familiar
with the problem to be discussed although they have not met before.
During the discussion, the experimenter records the number of spon-
taneous questions and comments made by each subject. He would
like to determine what is the typical number of such expressions
made by subjects under these conditions. For the seven subjects,

the number of spontaneous expressions, ordered from lowest to high-
est, are:

2,2, 4,6, 8,11, 20

The distribution has a mode, 2, the only observation that occurs
more than once; but 2 is obviously un typical of the group. For skewed
data like these, where there are one or several extreme values—such
as the 20 of this distribution—the mediun is often the best score with

which to represent the group. We proceed, therefore, to find the
median of the distribution.

o « STEP 1. When an odd number of observations are ordered
from lowest to highest (or vice versa), the median has the value of
the observation at the exact middle of the distribution, provided
there is no other observation with this value. There are seven obser-
vations in this case, an odd number, and they are already ordered
from lowest to highest. The observation at the middle of the array is

6, and since there is no other observation with this value, 6 is the
median of these observations.

e RESULTS AND DISCUSSION

The representative number of spontaneous expressions among these
subjects, as indicated by the median, is 6. This does not tell us very
much. When the median of data is reported, the range is usually
given also—and the combination of the two tells much more. Thus,
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the experimenter will report that the median number of spontaneous
expressions is 6 and that the range extends from 2 to 20.

The fact that the median 6 is so much closer to one end of the
range (2) than it is to the other end (20) indicates that the distribu-
tion is positively skewed. One, perhaps two, individuals initiated a
lot more conversation than all the others. The skewness may be due
to the particular subjects used—one was an especially aggressive
fellow—or 1t may be that skewness is a stable characteristic of the
results of such experiments. That is, it may turn out that when the
experiment has been repeated many times with different subjects,
the results are skewed every time. This could be of great interest.
If the results were always positively skewed, there would be reason
to think that perhaps this situation provided conditions for the
emergence of dominance or leadership, since some one or two persons
seem always to initiate much more conversation than do the others

in the group.

The Median As a
Dividing Point

Example 2. An experimenter planning a stress experiment
wishes to study the differential effects of stress on subjects who have
relatively good and relatively poor muscular control. He measures
the muscular control of 20 subjects by means of a steadiness test in
which the subject is required to hold a stylus in a small hole for one
minute without letting the stylus touch the metal sides of the hole.
Each movement of the stylus which touches the metal side is recorded
as an error. The experimenter wishes to divide the subjects into high
and low steadiness groups on the basis of their performance on this

test.

Example 2.1. The 20 subjects make the following errors:
8, 4,11, 6,6,8,9,5,5,4,7,14,19,7,7, 10,8, 9, 7, 11

To determine “high” and “‘low’’ groups of subjects, distributions
are frequently divided in half at the median. The division is referred
to as a median split.

e « STEP 1. To find the median, begin by ordering the observa-
tions from lowest to highest (or vice versa). When there are not many
observations, it may be easy simply to find the lowest one, count how
many there are like it, and write down that amount. Thus, the lowest
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number of errors made was 4; there are two 4's, so two are written
down in succession. Next come two 5's, then two 6's, four 7’s, ete.,
as shown below:

4,4,5,5,6,6,7,7,7,7,18,8,8,9,9,10, 11, 11, 14, 19

Count them afte:rwards to be sure all have been written down. If you
tend to make mistakes doing this, or if there are many observations,
tally the observations as below:

Errors TarLLy f
4 ! 2
5 /! 2
6 // 2
7 1" 4
8 1 3
9 /] 2

10 / I
11 /! 2
14 / 1
19 / 1

« « STEP 2. There are 20 observations, an even number; there-
fore there is no “middle” score or value. The median in this case is
the point halfway between the two middle observations. For 20 sub-
jects, this will be the point between the 10th and 11th observations.
Counting across the array of error scores until ten observations have
been included, or counting down to the same point in the f column
of the frequency distribution, the 10th and 11th observations are
found to be 7 and 8. The median is the point halfway between them,
so the median is 7.5. (If the 10th and 11th observations had been 7
and 9, the median would be 8 because 8 is the point halfway between

7 and 9.)

e RESULTS

The subjects will be divided at the median, 7.5, and the high and
low steadiness groups will be made up of the ten subjects who made
from 4 to 7 errors (High Steadiness) and the ten subjects who made
from 8 to 19 errors (Low Steadiness).

Example 2.2. Suppose the results of the steadiness test had
been as follows:

4,4,5,5,6,6,7,7,7,8,|8,8,8,9,9, 10, 11, 11, 14, 19

Now if we cpunt across the array and collect ten observations,
one of the 8’s is included. How will the experimenter divide his sub-

v
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jects into two equal groups? He cannot sensibly put one of the four
subjects who made 8 errors into one group and the other three sub-
jects into a different group. When the median falls between two obser-
vaticns that have the same value, the median is somewhere within
the exact limits of the class which includes this value. Since the
observation 8 is included in the class 7.5-8.5, the median is some-
where between 7.5 and 8.5. The exact point is located in three steps.

First, determine how many of the observations having the same
value are needed to reach the midpoint of the distribution. In this
case, one of the 8’s is needed to reach the midpoint of the distribu-
tion, so 1 is our number.

Second, divide this number by the total number of observations
having the given value. Since there are four 8’s, this gives 1 + 4 =
.25.

Third, add this proportion to the lower exact limit of the class
to get the median. The median is 7.5 4+ .25 = 7.75. A median split
of the subjects will result in a High Steadiness group of nine subjects
(who made seven or fewer errors) and a Low Steadiness group of 11
subjects (who made eight or more errors). The groups are no longer
equal in size, but a split at the median will always yield the most
equal division possible.

Example 2.3. Suppose these were the results of the steadiness
test:

4,4,556,6,6,888,8,88,9,9,10, 11, 11, 14, 19

The median is exactly 8, but how shall the experimenter divide
his subjects into two groups? It is not sensible to put all of the 8’s
into either the low or the high group. He may omit the entire median
group (all those who made eight errors), and settle for a Low Steadi-
ness group composed of the seven subjects who made fewer than
eight errors and a High Steadiness group of the seven subjects who
made more than eight errors. Or, he may prolong his one-minute
steadiness test to see if finer discriminations can be made over time;
that is, to see if fewer subjects will get the same score when the stylus
must be held for longer than one minute. Or, he may go out and get
more subjects so that the extreme groups in the distribution will be-
come larger. But since one-third of the present subjects fall at the
median, the experimenter should not be surprised if about one-third
of the new subjects he tests will also fall at the median. He may have

49 THE MEDIAN



10 test o lot of people to find the additionad “high™ and “low” sub-
jects he needs!

CENTILES AND There are two ways of determin-
ing the centiles and centile ranks
CENTILE RANKS of data grouped into class inter-
vals. When many centiles or cen-
FROM GROUPED tile ranks are desired, the easiest

method 1x to construet a cumu-
lative percentage graph and read
the desired centiles or centile
ranks directly from the graph.
This method i illustrared in FExample 3 below. 1 the graph is con-
structed carefully, this method will be aecurate enough for most pur-
poses. If only the median or some two or three centiles are desired, or
If greater accuracy is necessary, the desired centiles or centile ranks
should be computed direetly from the frequeney distribution. This
method 1s outlined in Fxample 1.

DATA

(Cumulative Percentage
Graph

Example 3. A vocational interest inventory ineludes a scale
designed to measure interest in a career as a musician. The test
constructor wishes to establish “norms™ for the scale so that users
of the test will have a standard against which they may compare any
ndividual score. T'o do this, he will collect the scores of large groups
of subjects and publish the scores with their centile ranks. A user
of the test will then be able to determine the rank of any individual
score he obtains among the group provided as a standard. The test
constructor begins by giving his test to a representative sample of
224 high school students. He makes a frequency distribution of the
scores they obtain on the Musical Career scule, as shown in the first
two columns of Tuble 2.1. The centile ranks will be determined from
a cumulative percentage graph of the frequency distribution.

e o STEP 1. To construct a cumulative percentage graph, three
columns must be added to the table of the frequency distribution.
First, convert the frequencies to percentages by means of the for-
mula: (f ») X 100. That is, divide each entry in the frequency col-
umn by » and multiply the result by 100. (Alternatively, determine
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the value of 1, and multiply each frequency by this number.) Round
off the answer to one decimal place and enter it in a separate “Per-
centage” column, as shown in Table 2.1. Sum the percentages after-
wards to be sure they add up to 100.0—plus or minus .1, since
rounding the percentages to one decimal place may result in a total
which is not exactly 100. If the total does not fall between 99.9 and
100.1, an error has been made in computing the percentages. (Try
to compute them carefully the first time!)

e « STEP 2. Cumulate the percentages and enter them in a Cu-
mulative Percentage column. Begin at the bottom of the column with
the percentage for the lowest class interval and cumulate upward
to the highest class interval, adding each successive percentage to
the sum of those below it. Thus, as shown in Table 2.1, .9 + 2.2 =
3.1. Above this, 3.1 + 4.5 = 7.6; and so on. The last entry, at the
top of the column, should be equal to the sum of the Percentage
column. If it does not equal that total, a mistake has been made in
cumulating.

e « STEP 3. Determine the upper exact limit of each class inter-
val. For the class interval 5-9, this is 9.5. For the interval 10-14,
the upper exact limit is 14.5. Enter the upper exact limits of each
class interval in a column, as in Table 2.1.

Table 2.1
Distribution of Musical Career Interest Scores
Obtained by 224 High School Students

CUMULATIVE UPPER
ScoRres S PERCENTAGE PERCENTAGE Exacr Livits
75-79 3 1.3 100.0 79.5
70-74 7 3.1 8.7 74.5
65-69 15 6.7 95.6 69.5
60-64 24 10.7 88. 64.5
55-59 18 8.0 78.2 59.5
50-54 14 6.3 70.2 54.5
45-49 14 6.3 63.9 49.5
40-44 22 9.8 57.6 44.5
35-39 33 14.7 47.8 39.5
30-34 25 11.2 33.1 34.5
25-29 20) 8.9 21.9 29.5
20-24 12 5.4 13.0 24.5
15-19 10 4.5 7.6 19.5
10-14 5 2.2 3.1 14.5
5-9 2 .9 .9 9.5
n =224 100.0
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e o <7EP 1. To construct the cumulitive pm'('entage_gl‘aph, use
Limits and the column of Cumulative

the column of Upper Fxact ' ' 4
out =cores along the horizontal axis and cumu-

ical wxis of the graph, as i“. Fig. 2.1,
opposite 1ts cumu-

Percentages. Lay

Litive percentages along the veru
xact limit of score

Plot & point for each upper ¢
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Figure 2.1

Centile Ranks of Musical Career Interest Scores Obtained by
224 High School Students
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lative percentage. Also plot a point on the baseline, at the upper
exact limits of the class interval below the lowest one in the distribu-
tion. For this distribution, the point on the baseline is at 4.5, the
upper exact limit of the interval 0-4 which is just below 5-9. Connect
all the points with straight lines.

« « sTEP 5. The centile ranks may be read directly from the
vertical axis of the cumulative percentage graph. The dashed lines
that appear on Fig. 2.1 illustrate the procedure. Thus, the score 10
intersects the curve at a point opposite a centile rank of 1 on the
vertical axis. Therefore, 1 is the centile rank of the score 10. The
score 15 intersects the curve at a point opposite a centile rank of
about 4. Since the nearest whole number is accurate enough for our
purposes, we say the centile rank of the score 15 is 4. It is not, of
course, necessary actually to draw the dashed lines. Simply lay a
ruler parallel with the baseline of the graph and move it up for each
desired score, reading the centile ranks on the vertical axis as you
go. Centile ranks for every fifth score from 10 through 75 are shown
in Table 2.2.

Another procedure is to decide ahead of time the centile ranks
that are desired, and then find on the horizontal axis of the graph

Table 2.2 Table 2.3
Musical Career Interest Scores: Musical Career Interest Scores:
Norms for High School Students Norms for High School Students

(n = 224) (n = 224)
ScORE CENTILE RANK SCcORE CENTILE RANK

75 99 69 95
70 96 65 90
65 90 63 85
60 80 60 80
55 71 58 75
50 65 54 70
45 58 50 65
40 49 47 60
35 35 43 55
30 23 41 50
25 14 39 45
20 8 37 40
15 4 35 35
10 1 33 30

31 25

28 20

26 15

22 10

17 5
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which scores have these centile ranks. This was done for Table 2.3,
which gives the =cores having every fifth centile runk from 5 through
95. The procedure is illustrated by the dotted lines on IMig. 2.1, Thus,
to find the score which has o centile rank of 50 (the median of the dis-
tribution, locate 50 on the vertical axis. The centile rank 50 inter-
sects the curve at a point opposite the score 11; the score 41 therefore
has a centile rank of 50 and 41 1s the median). Another way of ex-
pressing the same thing is to sayv that 41 is the 50th centile. Also from
the graph, the 55th centile is the score 43, or, the score 43 has a centile
rank of 55. The 60th centile is -7, or, the score 47 has a centile rank
of 60. “Centiles” ure scores and are read from the horizontal axis
of the graph; “centile ranks™ are cumulative percentages and are
read from the vertical axis.
e RESULTS

The test constructor will publish a list of centiles or centile ranks,
such as in Table 2.2 or Table 2.3, with a description of the standardi-
zation group whose scores furnished the basis for the list. A stand-
ardization group is a saumple of subjects (usually much larger than
our 224) who are like the subjects for whom the test is intended, and
hence muy be said to represent such subjects in general. The list
of centile ranks derived from their scores constitutes norms for the
test, a standard of comparison for the individual test user.

For example, let us suppose a test user gives the test to three
high school boys- Jim, David, and Arthur who play in the school
band. Jim receives a score of 43. On Table 2.3, we find that a score
of 43 has a centile rank of 55. This means that Jim'’s score of 43
surpasses the scores of 55¢; of the subjects in the standardization
group. Jim may be a fine musician, but his interest in a musical
career, as measured by this test, is no greater than the interest of
about half of high school students in general. David received a score
of 70. From Table 2.2, a score of 70 has a centile rank of 96. David’s
score surpasses 969, of the scores in the standardization group. His
Interest in a musical career is relatively very high, higher than that
of most high school students. If he is also a fine musician, we might
be willing to bet he could be successful in a musical career. Arthur’s
score is 31, and from Table 2.3 we find that his score surpasses only
259, of the scores in the standardization group. Some three-quarters
of high school students in general are more interested in a musical

career than Arthur is. We may wonder what he’s doing in the school
band at all. Perhaps it was his mother’s idea!
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e DISCUSSION

Note that centile ranks have all the properties of other ranks. Like
any set of ranks, they represent the relative position of an individual
(or score) within the particular group ranked. If we were to add to
the standardization group 100 subjects with scores below 31, Arthur’s
score of 31 would have a centile rank of 48 instead of 25, since 31
would now surpass 43¢ of the scores. All the centile ranks of scores
above 31 would also be higher.

The test constructor mitigates this slippery situation by deriving
his norms from a large sample of subjects who represent as nearly
as possible the total group of subjects, or population, as it is called,
for whom the test is intended. Thus, if the test is intended for high
school students, the test constructor will seek for his norms a sample
of high school students as representative as possible of the population
of high school students, i.c., of all high school students. If he has
managed to select such a representative sample for his norms, then
the centile ranks of the scores will not be very different from what
they would be for the whole population of such subjects. When the
sample is truly representative, then the norms are representative
also, and a given centile rank may be referred to the population
represented, e.g., all high school students, or high school students
“in general.” If the centile ranks are not derived from a representa-
tive sample of subjects from some clearly identifiable population,
the centile ranks will still show the relative position of the subjects
in that group, but they will not be useful as norms. That is, the
centile ranks cannot be used as a standard of comparison because
the “standard’ cannot be identified in such a case.

Note another property of ranks which is also true for centile
ranks. The “‘distances’ between ranks are not necessarily equal. Look
at Table 2.3. The score distance between the centile ranks 5 and 10
is 22 — 17 = 5 units of score. The scoring distance between the
centile ranks 35 and 40 is 37 — 35 = 2 units of score. Sometimes
an increase of five centile ranks means an increase of 5 in score and
other times an increase in five centile ranks means an increase of only
2 in score. The “‘times’’ when the distances between ranks change is
evident in Fig. 2.1. When the slope of the curve is steep, centile ranks
are increasing faster than scores are; hence many centile ranks cover
relatively few scores. When the slope is low, as at the beginning of
the curve or where it bends over at the top, scores are increasing
faster than centile ranks; hence many scores are covered by relatively
few centile ranks.
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Computation of Centiles
from Grouped Data

Example 1. A test of Fnglish Usage has heen given to all the
entering freshmen at Frgo College. The chairman of the English
Department has decided that those who score in the upper 25% of
the group will he assigned to advanced sections of the English I
course, the middle 507, o regular sections, and the lower 259, to
slower sections in which additional work will be given. A frequency
distribution of the scores is constructed (Table 2.4). The chairman
needs to determine only two centiles: the 25th centile, which will
separate the lower 2577 of the group; and the 75th centile, which
will separate the upper 257, The freshmen who received scores
between these two points will automatically constitute the middle
507, of the group.

It would be possible, of course, to draw a cumulative percentage
graph and locate the 25th and 75th centiles on it, but it is hardly
worth the trouble for only two centiles. Instead, these two scores
will be located by another method. We will begin by locating the 25th

centile of the distribution.

e « STEP 1. To locate the 25th centile, the first step is to deter-
mine how many subjects constitute the lower 25¢; of the group,
Since there are 192 freshmen in all (n = 192), 25¢7, of them ig
.25 X 192 = 48 freshmen. We wish, then, the score which separates
the lowest-scoring 48 freshmen from the rest of the group.

e « STEP 2. Turning to the frequency distribution of the scores,
begin at the bottom of the frequency column and cumulate upwarq
until you reach a frequency which, if added to the sum you already
have, would give more than the desired number of subjects (more
than 48, in this case). This frequency which would add too much
identifies the class interval in which the desired centile falls, and the
interval may immediately be marked as such. Thus, in Table 2.4,
cumulating from the bottom of the f column, the sum of the first
four frequencies is 37. If the next frequency, 19, is added, the sum
will be 56 and we wish only 48 subjects. The frequency 19 then iden-
tifies the class interval 62-64 as containing the 25th centile, and it ig
marked as such in Table 2.4. A line is drawn across the frequency
distribution below 19, and is labelled to represent the lower exact
limat of the class interval which contains the desired centile. The

MEDIAN AND PERCENTILES 36



lower exact limit of the interval 62-64 is 61.5, so the line is labelled
61.5.

_ * « STEP 3. Write down the sum of the frequencies below the
line which has been drawn and determine how many more are needed
to reach the desired total. In Table 2.4, 37 frequencies are included
up to the line drawn, and since 48 is the desired total, 11 more are
needed (48 — 37 = 11). We wish, then, 11 of the 19 frequencies that
fall in the class interval 62-64.

__ **STEP 4. In computing centiles from a frequency distribution,
1t 1s assumed that the frequencies are evenly divided over the class
Intervals into which they fall. Thus, it is assumed that the 19 fre-
quencies in the interval 62-64 are evenly spread out over the dis-
tance 61.5 to 64.5 (the exact limits of the interval). Since we want 11
of the 19 frequencies, we want to traverse 11/19 of the distance
61.5-64.5. Since the total distance is 3 units of score (64.5 — 61.5 =
3, the size of the class interval), we want 11/19 of 3. This gives us
11/19 X 8 = 1.7 units of score. This is the point within the interval
where the 25th centile lies.

e » STEP 5. The 25th centile has been found to lie 1.7 score units
above Fhe lower exact limit of the class interval 62-64. This lower
exact limit is 61.5; therefore the 25th centile is 61.5 + 1.7 = 63.2.

. Table 2.4
Distribution of English Usage Scores Obtained by
Entering Freshmen at Ergo College (n = 192)

SCORES S
83-85 4
80-82 10
77-79 18
CoNTAINS 75TH CENTILE 74-76 22
73.5——m
71-73 26 138, NEED 6 MORE
68-70 32
65-67 24
CoNTAINS 25TH CENTILE 62-64 19
6l.5—m8M
59-61 10 37, NEED 11 MORE
56-58 12
53-55 9
50-52 6
n = 192
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Formulas for Finding
Centiles and Centile Ranks

The e e o lined shone may be summarized by the
Tormmmlc:

-, r
I (2.1)
where o i 0 v he 20 h centibe, ned i< the totald number of subjects;
Iovs thee Towaer escer Tinndt of the cliss interval found to contain the
ATY] h (SR BN il&-;

'~ thee <ize- Oof the clicss interval;

Sods the < of the frequencies below 1

J7ois the frequency for the interval which contains the 25th centile.,

Thus, for the distribution viven i Table 2.1,
9 -):' (.,‘) :,"" , _ . - g

(¢ 6G1.5 Pt ]1(“ T 61.5 4+ 1.7 = 63.2

\

The formulic may be used to find any desired centile by sub-

stituting for 25 the desired proportion of subjects. For example,

using the formula to find the 7Hth centile of the distribution in

Table 2000 we first find .7TH0. Thus, 1.7H x 192 = 144, Cumulating

Upwird from the bottom of the frequency column, we find that the

mrerval 71 76 contains the 7Hth centile. Substituting in the formula,
we hove

. — o= o 3l = 138 9 =
iy = T35 4= 7 ) -

Fhe reverse procedure, finding the centile rank of a given score,
may bhe accomplished by the formula

cre 100 [f"‘\ =1 +_f,,] (2.2)

n !

where X s the score, 1.is the lower exact limit of the class interval
that includes the given score, and R is its centile rank. For exz}mple,
If we wished to know the centile rank of a student who obtained a
score of 56 on the English Usage test, we would find
O R REr .
('R = ]()“ _17‘_(,,',)_(_), _09.9) + 15] = 8.86
192 3
A =core of 56 has a centile rank of 8.86, indicatn}g t.hat Fhls score
Surpasses about nine per cent of the scores in the distribution.
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o RESULTS

The 25th centile is 63.2. This means that 25¢; of the freshmen ob-
tained scores below 63.2 on the English Usage test. There are, of
course, 1o scores of 63.2. The chairman will assign students with
scores of 63 and below to the slower sections of the English I course.
The 75th centile is 74.3. Freshmen receiving scores above this point,
which means scores of 75 and higher, will be assigned to advanced
sections of the course. And the “middle 50¢%,” students with scores

ranging from 64 to 74, inclusive, will attend regular sections of
English 1.

e Discussion

We saw how the computation of centiles from a frequency distribu-
tion assumes that the frequencies in each class interval are evenly
divided over the interval. What if this assumption isn’t true? What
does that mean for centiles computed from the frequency distribu-
tion? Ior the centiles that have been computed, it may mean that
the “lower 257" of the group does not contain exactly 48 students
at all. The same is true, of course, for the “upper 25" —there may
be more, or less, than 48 freshmen in it. The discrepancy can some-
times be corrected by determining the centiles from the ungrouped
scores ordered into an array from lowest to highest, as in Example 2.
But this will not always work either. Whenever several or many
subjects have the same score, it is often not possible to separate out
some predetermined number, like 48, who will all have scores below
a given point. In such a case, the centiles tell us what the best possi-
ble dividing points are—the division that will yield a group closest
in size to the desired one. For example, there may be only 45 fresh-
men with scores below 64, and 11 with scores at 64. Therefore, the
“lower 259" of the group will include only 45 students, but this is
closer to the desired number 48 than is the 56 we would get by includ-
ing the 11 students with scores at 64.

The 25th and 75th centiles that we have computed define what
is called the interquartile range of the distribution. The 25th centile
is the first quartile, Q,, and the 75th centile is the third quartile, or
Qs (The second quartile is the median.) The interquartile range, then,
is @y — Q.. For this distribution, the interquartile range is 74.3 —
63.2 = 11.1. The interquartile range, as we have seen, includes the
middle 509} of the distribution. In this example, it tells us that the
middle 509, of the scores extend from 63.2 to 74.3, or over about 11
units of score. The interquartile range is thus an index of the varia-
bility of the middle 509 of the observations in a distribution. With
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an interquiotile range of 11 acoring units, and @ range for the entire
di~tribution of abour 35 corine unitz. we can conclude that the
micdddles 5000 OFf Gur <careprs e ;llf;”‘]‘]_\' homogeneous group.

The interguartile rinee and the semi=interquartile range, which
i~ half of the interquartile rmnee or @ (); 2. are often recom-
mended ds preferred aliernatives 1o the range inindicating the varia-
l)ll”\ of (“.\H'”)HH.HH. The range 1= 1‘;1(“('“”_\' (l”t‘('l(‘d b) one very
high or very low =core. while ”);l.”‘\' <cores are required to produce a
~izeable chinge in the interqueortile range. Henee, the interquartile
range is =aid 1o be o maore stable measure of vaviability than is the
range. However, the two measures provide quite different kinds of
information and one cannot really substitute for the other, Which is
used will depend largely upon Lhe investigator's purpose.

Practice Problems

1. In a class investigation of differences between the sexes, each
student keeps track of the number of hours spent in study during
one week. At the end of the week, every student turns in to the
instructor a slip of paper giving his sex and the number of hours he

spent in study during that weels.
IFor the fifteen bovs in the class, the number of hours reported

are:
10, 8, 5, 12, 18, 16, 10, 7, 9, 13, 11, 2, 5, 10, 11

FFor the fourteen girls in the class, the hours reported are:
8, 14, 8, 10, 9, 12, 9, 9, 16, 11, 12, 15, 8, 10

Give the median and the range for each of the distributions.
Comment upon the results and upon any questions relating to the
procedure which occur to you.

For Nos. 2, 3, and 4 below, divide the subjects into high and low
groups by means of a median split. (Tell in each case what the median

18.)
2. On a neuroticism test, twelve new Army recruits receive the

following scores:
48, 37, 42, 29, 40, 28, 35, 43, 21, 34, 55, 48

3. Sixteen nursery school children are ranked for the amount of
dependency shown during their first day at nursery school. The ranks

are:
1, 2, 3.5, 3.5, 5, 6, 7, 8.5, 8.5, 10, 13, 13, 13, 13, 16
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4. A psychologist is curious about memory differences among
people. He decides to study individual differences in the ability to
recall verbal material. Thirty subjects memorize the same list of
words, and three days later they are asked to recall as many words

as they can from the list. The number of words correctly recalled by
the 30 subjects is:

18, 14, 16, 9, 20, 15, 17, 7, 10, 16, 13, 14, 22, 12, 12, 11, 13, 16, 8, 14,
10, 11, 15, 17, 14, 13, 15, 18, 17, 16

5. Hupnick and Alzeo are competing for a prize in marksman-
ship. Each fires in turn 50 shots at a round target which has a small
bulls-eye at the center. The distance of each shot from the bulls-eye

is measured to the nearest centimeter. The results for the two men
are:

Cyx FROM ALZEO Hvupr~NIicK
BrLLs-EYE I f
8 1 2
7 0 2
6 2 4
D 3 4
4 4 5
3 7 7
2 16 10
1 12 S
0 5 8
ny = 50 na = 50

Who should get the prize? Use the median as a criterion.

6. A test of mathematical reasoning is given to 158 applicants
to an engineering school. The applicants’ scores are tabulated into a
frequency distribution, as shown below:

ScoREs f
70-74 5
65-69 3
60-64 12
55-59 17
50-54 21
45-49 28
40-44 25
35-39 20
30-34 15
25-29 8
20-24 4

n = 158

Make a cumulative percentage graph of the distribution.
(a) Prepare a table showing the centile ranks for every fourth
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score in the distribution beginning with a score of 24. (b) Prepare a
table showing the scores which are at each tenth centile from 10
through 90. (c¢) Compute the median directly from the frequency

d'\stribut.ion, and compare it with the median as found from the
cumulative percentage graph.

7. An attitude test which measures prejudice towards minority
groups 1s given to 132 department store sales clerks. Their scores are
tabulated into a frequency distribution, as shown below:

SCORES f
-5t 2
4519 S
10-114 12
35-39 10
30-34 3]
25-29 17
20-24 22
15-19 109
10-14 12

H-0 11
0-1 10

no= 132

() The salesclerks are to he divided into four groups on the

basis of thejr judi
prejud T , A .
(those who havelthéclzscores. Ihe lowest quarter of the distribution

Wor ) ast prejudice on the test) will be assigned to

menlzs’o?htehfhggm ﬂ()(gr,‘ phe second quarter to other busy depart-

scored in the to (qu'af'tef to less busy departments, and eclerks who

room. What seor J‘USI' L'f‘ex of the group will be transferred to the mail-

pare the per ot es divide the subjects into these groups? (b) Com-
€ range and the interquartile range of the distribution.

Answers

1. The median for both boys and glrler‘S 10. Ijh’edlja?gﬁuftoiloghiz
boys is from 2 t6 15 for the gi(xil.s, fen Llfl;elrl:?dz;g(s)f t;*iselr}ange and
iceably skewed. The median 1s a e O L N
ngnrz?(}:ateev}x)tz the mode, which is also 10. The girls dlstrxbutlfonhls
markedly skewed, with the median very near the low end of the
range. The ¢irls’ mode is below their median, at 8 zmd‘ 9. What of
the large difference in the extent of the ranges? There 1s more var-
inbility among the boys, who report from two to 18 hours of study.
‘The girls are a more homogeneous group, reporting only from eight
Lo 16 hours of study. What are some reasons which might account
for this difference in variability? Regarding the procedure: Do you
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think all the students were telling the truth? Could some be trying
to impress the instructor? (There isn't a single 0!) Might some stu-
dents be influenced by a desire to see their sex come out better (or
worse) than the opposite sex?

2. The median is 38.5. The high neuroticism group will include
recruits with scores of 40 and higher; the low group, recruits with
scores of 37 and below.

3. The median is 8.5. Two children are at the median. The best
procedure would be to omit them from the study altogether, and
make up high and low groups, respectively, of the children with
ranks of 10 and above, and 7 and below.

4. The median is 14.25. All the subjects who recalled 14 words
should be assigned to the low group (which includes a total of sixteen
subjects). The fourteen subjects who recalled 15 or more words com-
prise the high group.

5. Use of the median as a criterion provides one way to compare
the two men. The median distance from the bulls-eye of Alzeo’s shots
is 2.0 ecm; for Hupnick, the median distance is 2.4 cm. Alzeo should
get the prize because our best estimate from his median is that no
more than 50¢; of his shots were farther away from the bulls-eye
than 2.0 em. From Hupnick’s median of 2.4 cm, our best estimate is
that more than 50¢;, of his shots were farther away from the bulls-eye
than 2.0 em. We could be wrong. Measures were only made to the
nearest centimeter and perhaps all of Hupnick’s shots were on the
“near”’ edge and all of Alzeo’s shots on the “far’”’ edge of the 2 em
interval. Lacking such information, we have made an impartial
decision on the basis of the data at hand.

The range for the two men is the same, from 0 ¢cm to 8 em, and
both distributions are positively skewed (in both cases, the median
is much closer to 0 than it is to 8). Identical ranges do not indicate
the same variability, however. Very different ranges usually indicate
different variability, but the converse is not true. Look again at the
frequency distributions of the two marksmen’s shots. Hupnick’s shots
are more “spread out” than Alzeo’s shots, which are clustered rela-
tively close together. Hupnick’s shooting is more variable; Alzeo’s
more consistent. If you were to make the same bet on each man—
that his next shot would be 2 cm away from the bulls-eye—which
bet would you feel more sure of?

6. (a) The centile ranks of every fourth score, beginning with
the score 24, are:

2, 6, 12, 21, 31, 44, 58, 70, 80, 88, 94, 96, 98.
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(b) The scores at each tenth centile, beginning with the 10th centile
are:
31, 36, 40, 43, 45, 49, 52, 56, 61.

(c) By computation (as illustrated in Example 4), the median is

45.75. If your graph was drawn carefully, the reading of the median
should not differ by more than a decimal fraction from 45.75.

7. (2) The 25th centile is 14.5, the 50th centile is 22.7 , and the
15th centile is 33.9. The lowest quarter of the group includes all
Fholsedsalesclerks with scores of 14 and below; the second quarter
\%ct}\ll es all those with scores 15 through 22; the third quarter, those
34 a.nzcggis 23 ghrough 33; and the top quarter, those with scores
to 33.9 Th\;e' () The rangeis 0 to 54; the interquartile range is 14.5
over 54 unit range tells us only that the entire distribution extends

a0, 7 -S o score. The interquartile range tells us somethlpg
W ow the 0556‘!“/&“01]5 are distributed within that scoring 511;
lange ///54 77)(/8’ the “middle 507" of scores are concentrate
( ‘ o, Lnee T middle o5 and Lhey only extend over
#hout the middle of the overall range, and they oni
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(b) The scores at each tenth centile, beginning with the 10th centile
are:

31, 36, 40, 43, 45, 49, 52, 56, 61.

(c) By computation (as illustrated in Example 4), the median is
45.75. If your graph was drawn carefully, the reading of the median
should not differ by more than a decimal fraction from 45.75.

7. (a) The 25th centile is 14.5, the 50th centile is 22.7, and the
75th centile is 33.9. The lowest quarter of the group includes all
those salesclerks with scores of 14 and below; Lh‘e second quarter
includes all those with scores 15 through 22; the third quarter, those
with scores 23 through 33; and the top quarter, those with scores
34 and above. (b) The range is 0 to 54; the interquartile range is 14.5
to 33.9. The range tells us only that the entire distribution extends
over 54 units of score. The interquartile range tells us something
about how the observations are distributed within that scoring dis-
tance of 54. Thus, the “middle 50¢;’’ of scores are concentrated at
about the middle of the overall range, and they only extend over
approximately 19 units of score, a much smaller distance than 54.
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chapter 3

Populations

and Samples



Statistical procedures are divided into two categories—descrip-
tive statistics and inferential statistics. In any given case, the investi-
gator’s purpose determines which of the two types of procedure he
uses. When his purpose is simply to describe the observations he has
collected, he uses the procedures of descriptive statistics. The graphic
methods of Chapter 1, the median, centiles, the mode, the range,
are all examples of descriptive statistics. When it is possible to collect
all of the observations pertinent to a research question, only descrip-
tive statistics are needed for the analysis of the data. When all of
the observations have been collected, the data are referred to as a
population.

When, as usually happens, an investigator has only a part of
the observations pertinent to his research question, the data are re-
ferred to as a sample. The investigator may, and often will, use de-
scriptive statistics to describe his sample data, but if his purpose is
to make inferences about the population from which his sample came,
he will make use of inferential statistics as well.

In previous chapters, we considered some of the procedures of
descriptive statistics. Before going on to consider some inferential
statistics, we pause in this chapter to examine more closely the con-
cepts of population and sample.

POPULATIONS In the behavioral sciences, re-
searchers sometimes ask a ques-
tion about a particular group of

subjects all of whom can be classified or measured in some way in
order to answer the researcher’s question. For example: What are
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the Collewe Donrds scores of applicants for admission to the Staté
Cniversity this vear? Whia is the average 1Q of this group of 12
fosier thothers? How muny people voted for Kennedy in 19607 How
do these four Negro children rank scholastically among their white
clus=mute=" In ol of these cases. the investigator can readily collect
the populiation of obzervitions needed to answer his question.

Since his data constitute o population, the researcher wi
use the statistical procedures and formulas that are appropriate for
populations. When such procedures are applied to populations, the
resulting deseriptions of the data are called parameters. Thus, the
average 1Q of the 12 foster mothers is a parameter of this population
of 1Q's. The proportion of people who voted for Kennedy in 1960 is 8
parameter of the voting behavior in that election. And the ranks of
the four Negro children are parameters of their scholastic standing
in that particular class.

More often, it is not possible to collect all of the observations
and compute direetly the parameters of the population. Most popu-
Jitions of interest to science are infinite, or else they are so large that
for all practical purposes they are treated as infinite. By infinite we
mean that however many measures are made, or however many sub-
jects are studied, or however many groups are collected, it would
still be possible to make more measures or study more subjects or
collect more groups. Thus, a population is said to be infinite when it
is wot possible eren in theory to collect all of the observations of that
population. IFor example, consider the population of error scores
macde by white rats running through a maze. However many rats
were tested, it would be possible to test more. Or, consider the popula-
tion of responses to a word-association list. However many responses
are collected, more could be collected. An infinite population is an
inexhaustible population.

Even populations that are finite may be so large that it is not
feasible to study the whole population. For example, it is not feasible
to study the present population of hospitalized schizophrenics, or
determine the IQ’s of students currently majoring in Physics, or
measure the attitudes of this year’s automobile buyers. For all prac-
tical purposes, these populations are treated as though they were
infinite.

Most of the time in the behavioral sciences, researchers are in-
terested in populations that are too large to be studied in their
entirety. The researcher must do his best to answer his question with
only a part of the population. When the observations collected are
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gnly ?art of the population of interest, the data are referred to as a
ample.

SAMPLES AND When an investigator collects a
group of observations 7n order to
SAMPLING answer questions about some larger

population which that group 1s

intended to represent, he has col-
1<?cted a sample of observations. When thisis his purpose, and a statis-
tical procedure of any kind is applied to the sample, the resulting
Vfllue is called a statistic rather than a parameter. Thus, the me-
dlan_ and range of a sample are referred to as statistics, while the
Mmedian and range of a population are referred to as parameters.

It should be evident that the sample selected to represent a
Dopulation should represent the population as closely as possible.
This problem was discussed briefly in Example 3 of Chapter 2, where
the researcher’s purpose was to establish centile ranks for high school
Students ““in general.” To do so, obviously he must have a sample
that is typical of high school students in general. Similarly, if the re-
search question relates to neurotics, the neurotics of the sample
should be as typical as possible of neurotics in general. If the sample
1s to represent all the people who will vote in the next election, the
sample should include prospective voters from all the different re-
glonal, economic, and occupational strata of voters.

Since it is not possible to identify all the relevant strata of a
Population or know in advance what the “typical” is, investigators
have recourse to what is called random sampling. That is, they select
subjects or observations from a population by a predetermined
scheme that will avoid any bias in the selection. For example, num-
bers may be assigned to all the available subjects (usually many more
than will actually be studied). Suppose a sample of 20 subjects is
desired from this larger group. A selection is then made from among
the numbers by some procedure which gives every possible sample
of 20 numbers, hence every possible sample of 20 subjects, an equal
Cl?ance of being chosen. The numbers might be written on separate
slips of paper which are then shaken up in a box; slips are selected
One at a time until the investigator has 20 slips. The numbers written
on the slips selected would identify the subjects to be used in the
Investigation. The subjects chosen in this way are a random sample
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because every possible sample of 20 subjects had an equal chance of
being chosen, and therefore crery individual subject had an equal chance
of being included in the sample. These are the properties that define
a random sample.

There are tables of random numbers which make it unnecessary
to actually write out slips of paper and shake them in a box. Table G
in the Appendix is such a table. In this table, the numbers themselves
are in a random order. The reading of successive numbers from the
table, either down columns or across rows, will give a random sample
of numbers. This random sample of numbers mayv then be used to
identify which members of a population will be chosen for study
(assuming that numbers were previously assigned to the members
of the population). The result is a random sample of subjects.

For example, suppose a sample of 60 subjects is desired from a
population of 500 students. Assume the students have already been
assigned numbers from 1 to 500. The table of random numbers is
entered at some point that is itself chosen randomly. That is, the
particular page, row, and column where one will begin to read num-
bers is chosen by a chance procedure. Assume that by making suc-
cessive draws from a deck of cards prepared for this purpose,* the
point of entry is determined as Row 00, Column 2 5 of the 2nd
thousand set of numbers. Beginning at this point and reading suc-
cessive three-digit numbers down the column, we select as subjects
those members of the population having the numbers 156, 490, 028,
128, 493, and so on until 60 subjects have been chosen. (The numbers
901 and 547 are skipped because we have no subjects numbered
above 500.) The result is a random sample of 60 subjects from the
population of 500 students.

When it is possible to identify at least some of the factors that
are related to the variability of the observations, a procedure called
stratified random sampling is often used. For example, if it is known
(or anticipated) that answers to an attitude questionnaire will vary
depending upon the subject’s income level, the investigator will often
divide the population into several different income strata, and take
a random sample from each stratum. Such procedures as this insure
that each of the levels or strata of the population is adequately repre-
sented in the sample. Note, however, that the principle of random-
ness is still employed. As will be seen, randomness of sampling is a
basic assumption of inferential statistics, where the purpose is to
generalize from a sample to the population from which it came.

* See Practice Problem 28 at the end of this chapter for a way of preparing such
a deck of cards.
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Randomness and
Representativeness

When large random samples are chosen, random sampling is
very likely to produce a sample which is representative of the popu-
lation sampled. This becomes progressively less true as sample size
decreases, but for the purposes of statistical inference, a small random
sample is still better than a small nonrandom one. However, random-
ness does not guarantee representativeness. The two concepts should
not be confused. Random sampling is a procedure; representativeness
is a result, and this result may or may not be achieved by random
sampling. In fact, it can be demonstrated that some percentage
(usually small) of the random samples drawn from any given popula-
tion will actually misrepresent that population. For large random
samples, the percentage of samples that will grossly misrepresent
the population is exceedingly small, and it is this fact that gives us
our confidence in the representativeness of a large random sample.
But even for large random samples, representativeness is not a
certainty.

It may seem that in some cases, deliberately choosing a ‘‘repre-
sentative” group of subjects is preferable to random sampling. This
depends upon whether the investigator is planning to malke statistical
inferences about the population from which his subjects were chosen.
Statistical inference from a sample to a population requires that the
sample be randomly selected from that population. Only when this con-
dition is fulfilled is it appropriate to make a statistical inference about
the population. Representativeness, known or assumed, does not
fulfill this condition and cannot substitute for the procedure of ran-
dom sampling.

If, as occurs in some instances, a group of subjects is clearly
representative with regard to the variable under investigation, then
of course there is no need to make statistical inferences at all. The
results of the investigation will be generalized to the relevant popu-
lation by common consent and the procedures of statistical inference
are entirely superfluous. Such is the case, for example, when an in-
vestigator selects five subjects with normal hearing in order to study
auditory thresholds for pure tones. If the experiment was carefully
performed, the results will very likely be generalized to the popula-
tion of people with normal hearing simply because the characteristic
under investigation is pretty much the same for all people with nor-
mal hearing. The investigator need present only descriptive statistics.
Generalizing to the population in this case is intuitive, not statistical.
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Intuitive i

statistli\crgllilzuffirxililiiz ﬁysﬁﬁ Yahd Ut they are very different from

inferences about a populatiol:] 4 not be confused with them. Intuitive
derive from one's personal convietion

about the representative

ne
will be seen, are essentially Issagl;nsax.ﬂple. Statistical inferences, as
the condition of randomness, #tcal in nature and depend upon

Practice Problems

Tell for eack of the followin
' 9 Whether the researcher’s question per-
) ¢ : : ‘on per
mats him to collect the population of observations, or whether his question
must be answered from sample data.

1. What is the average class size at this school?
2. What is the average class size at private schools?

3. What proportion of the women e
martied? mployees at Company X are

4. What proportion of working women are married?
5. What is the extent of the Miiller-Lyer Illusion for Bill Brown?

6. What is the extent of the Mi; : ;
subjects with normal vision? tiller-Lyer Illusion for unpracticed

7. What is the average hearing threshold of humans for a tone
of 500 cycles per second?
8. What is the hearing threshold of Mary Jones for a tone of

500 cycles per second?
9. What is this rat’s average response rate per minute during the
first 20 minutes of extinction?
10. What is the average rate of response for rats with similar
training during the first 20 minutes of extinction?
11. How do salesmen compare with machinists in emotional
stability?
12. Are Republicans more conservative socially than Democrats?

13. Are the best pilots in this squadron more intelligent than
the other pilots in the squadron?
14. Is success as a pilot related to intelligence?
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15. Will Jane Miller’s reaction time become longer after a dose

Answer the following:

16. A researcher desires a sample of five subjects for an exper-
.ment. Twenty subjects are available to him. He writes the 20 names
! n ijdentical cards and shuffles them until they are thoroughly mixed.

e takes thg top card, then shuffles the cards again. He takes the
to card again, then reshuffles the remaining cards, continuing with
the procedure until he has five cards. Why are the five cards selected
in this way a random sample from the deck of 20?

17. The researcher of (16) above wishes to select one subject
from his sample of five for special treatment. He spreads out the
ve cards with the names of the subjects in alphabetical order on a
table and gets his two-year-old daughter to pick one card. Why is
the card chosen in this way not a random selection?

18. A researcher needs ten subjects. One hundred subjects are
available to him, and the typist is preparing a list of their names.
Before seeing the list, the researcher writes down the first ten num-
bers which come into his head. They are:

8, 30, 56, 92, 73, 12, 62, 44, 51, 58.

When the typist brings in the list, the researcher selects the 8th name,
the 30th name, the 56th name, etc., until he has the ten names from
the list which correspond to the numbers he wrote down. Why are
the ten names not a random selection?

19. Instead of writing down numbers out of his head, the re-
searcher of (18) above chooses every tenth name on the list. Are these
names a random sample from the list? Why?

20. A researcher carefully selects a random sample of 500 prop-
erty owners from his town. He sends them all a brief questionnaire
asking about their attitudes toward the local school tax. Two hundred
ten subjects fill out and return the questionnaire. Are their answers
a random sample of the attitudes of the town’s property owners?

Why?

21. A cigarette company wishes to sample the public’s reaction
to a new package design. An employee is sent to stand on a downtown
street corner with one of the new packages and one of the former
packages to ask passers-by which of the two packages they prefer.
Over several weeks, the employee collects 1000 observations. Are
these observations a random sample of the public’s reactions? Why?

22. An experimenter has 30 subjects who are to be assigned
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randomly to an Experimental group and a Control aroup of 15 sub-
Jects .each. Each subject’s name has been written on a card. The
experimenter arranges the 30 cards into a stack in alphabetical order.
Beg?anng with the name on the top card, he assigns every alternate
name in the stack to the Experimental group. The remaining 15 sub-
Jects are assigned to the Control group. Was the assignment of
supjects to the two groups random? Why?

23. The experimenter of (22) above assigns a number to each
of his 30 subjects. He writes the numbers on 30 white chips and
shakes them up in a hox. He draws one chip, shakes up the remaining
chips, draws another chip, shakes them up again, draws a third chip,
and so on until he has 15 chips. The subjects whose numbers appear
on these chips are assigned to the Experimental group. The subjects
identified by the chips still in the box make up the Control group.
Is this a random assignment? Why?

24. A test constructor wishes to standardize his test on high
school students. He gives the test to all the students in the city’s
three high schools. Is this a representative sample of high school

students in general?

25. An experimenter wishes to study how rumors are trans-
mitted in a group. He chooses as subjects a random sample of stu-
dents who have not studied Sociology or Psychology. Will the results
of his experiment be applicable to people in general?

26. A psychologist wishes to study the sensory adaptation of
humans to colored light. He chooses ten subjects who have normal
color vision from his class in Physiological Psychology. Will the
results of his experiment be applicable to humans in general?

27. A psychologist wishes to study basic learning processes. Six
rats are trained to run down a runway for a small food reward. The
food reward is then increased by a large amount, and the rats soon
begin to run faster. Are the results of this experiment applicable to

humans?

28. Make a deck of cards that can be used to determine the
point of entry in Table G, the table of random numbers in the Appen-
dix. A set of 25 ordinary playing cards will do. Mark the faces of
the cards with numbers from 0 through 24, corresponding to the row
numbers of the table. To determine a point of entry in the table,
first draw from among the cards numbered 1 through 5 to find which
set of 5000 numbers will be entered. Draw from among cards 0
through 3 to determine the bank of columns, then from among cards
0 through 9 to determine the particular column. Finally, shuffle all
the cards together and draw one to determine the row that will be

POPULATICNS AND SAMPLES 74



entered. Be sure in each case that the cards are thoroughly mixed and
previous draws have been replaced before the next draw s made. Use
this procedure to determine four independent points of entry in
Table G. Use these points of entry to answer the following:

(a) Ten subjects, previously numbered from 0 through 9, are to be
randomly divided into an Experimental group and a Control group.
Note your point of entry and read across rows in Table G to choose
a random sample of five subjects for the Experimental group.

(b) Ten subjects are to be randomly chosen from a class of 100, the
members of the class having been previously numbered from 00
through 99. Note your point of entry and read across rows to deter-
mine the numbers of the ten subjects.

(¢) Ten subjects are to be randomly chosen from among 750 appli-
cants who have previously been numbered from 1 through 750. Note
your point of entry and read down columns to determine the num-
bers of the ten subjects.

(d) Twenty subjects are to be randomly divided into an Experi-
mental group and a Control group. Note your point of entry and
read down columns to choose a random sample of ten subjects for
the Experimental group.

(e) Four different intensities of light are to be presented to a subject
in random order, each of the four intensities to be presented five
times in a series of 20 trials. Make up a list of 20 trials in which the
four intensities appear in random order, with the restriction that
each intensity appear five times.

Answers

Population
Sample

Population

- W o

Sample

5. Sample. Since, in theory, an infinite number of trials could
be given to Bill Brown, the population of possible measures is infinite.

6. Sample
7. Sample
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8. Sample. Again, an infinite number of measures are theoret-
ically possible.

9. Population. This rat’s response rate can easily be measured
over the entire 20-minute interval.

10. Sample

11. Sample. In fact, two samples will be needed: measures of
the emotional stability of a group of salesmen, and similar measures
for machinists.

12. Sample. Two samples are also required here, one of Repub-
licans and one of Democrats.

13. Population. Two observations are required for each pilqt in
the squadron: his 1Q, and a measure of his performance as a pilot.

14. Sample. The same two measures are needed as in (13) above,
but now the measures are a sample. The researcher may even use as
his subjects the pilots of that same squadron— hence the same data—
but the data will now constitute a sample rather than a population
because the researcher’s question is about pilots in general, not about
this particular group of pilots.

1_5. S_ample. Two samples will be needed: a sample of Jane’s
reaction times before Drug X, and a sample after Drug X.

16. Because each card’s chance of being on top was the same as
every other card’s, and this was true every time a card was drawn.

Hence, every subject in the initial group of 20 had an equal chance
of being chosen.

17. Because individuals—even presumably naive individuals—
cannot be assumed to operate in a random manner. The child may
have a tendency to choose things always on the left, or on the right,
or closest to her, or at a particular angle, etc. Any such tendency at
all would mean that each card did not have an equal chance of being
chosen. (The winner of a raffle is not randomly selected because a
child is asked to draw the winning ticket, but because the box or
barrel of tickets is thoroughly shaken up before one is drawn. Then
it does not matter who draws the ticket.)

18. For the same reason given above—namely, individuals can-
not be assumed to operate in a random manner. This researcher may
have written down the first ten numbers that came into his head all
right, but if you look at the numbers again you will see that eight
of the ten are even numbers. The numbers that come into this
researcher’s head may tend to be even. Therefore, subjects whose
names are at odd-numbered intervals on the list would have less
chance of being selected than subjects at even-numbered intervals.
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19. No. This procedure would yield a random sample if the
names were typed in a random order, but we can hardly assume the
typist to have done this.

20. No. A situation like this one was discussed in Chapter 1, in
the answer to Practice Problem 6, where it was pointed out that
persons who complete and return questionnaires can only be identi-
fied with certainty as a sample of persons-who-fill-out-and-return-
questionnaires. Since the 210 subjects cannot be regarded as a ran-
dom sample of property owners, their answers to the questionnaire
are not a random sample of attitudes.

21. No. The subjects on whom the observations were made may
be representative of persons who pass that street corner, but since
the population of persons who constitute “the public” are not equally
likely to pass any given street corner, the observations are not a
random sample of the public’s reactions.

22. No. This is like the researcher who chose every tenth name
on the list. Subjects whose names appear at even-numbered intervals
in the stack of cards have no chance at all of being assigned to the
Experimental group, and the cards were not stacked randomly.

23. Yes, because every chip has an equal chance of being among
the 15 which are drawn. Hence, every subject has an equal chance of
being assigned to the Experimental group.

24. The sample is representative of high school students in
general only insofar as the high school students of this city are rep-
resentative of the population of high school students. Usually, the
only way to find out whether such a sample is representative of the
population is to give the test to many other samples drawn from the
population. The test constructor will undoubtedly have to do this if
he wishes to establish norms for high school students in general.

25. No. There is no reason to believe that the social behavior
of college students is representative of the social behavior of “people
in general.” The process of rumor transmission may be the same for
college students as for people in general; but without some evidence
to this effect, any generalization of the results to the population at
large is unwarranted.

26. Very probably, yes. Purely sensory functions are no different
among college students than among any other healthy group of per-
Soms, so results of studies of sensory processes can usually be general-
1zed to humans in general, even when the studies were carried out on
a very small group of subjects chosen only on the basis of having
normal senses. For the same reason, of course, college students would
be quite representative of the population of healthy humans in many
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physiological processes, in some physiological drives, in certain basic
aspects of perception, and possibly in some very basic aspects of
learning. Just as the chemist need not look far for a ‘‘representative
sample’’ of oxygen, all samples being the same, so psychologists have
found that a certain limited number of basic perceptual and behav-
joral processes are very nearly the same among all healthy people,
and thus almost any small sample of healthy subjects is very likely
to be representative of the population.

There is, of course, no reason to believe that college students
(or any other social group) are representative of the population at
large in temperament, attitudes, neuroticism, *‘personality,” or any
other trait which derives from a particular upbringing, environment,

or heredity.

27. No. Samples of animal behavior cannot be assumed to rep-
resent the population of human behavior, or even the population of
other animal species. To generalize the results to humans, there must
be evidence that humans behave the same way when placed in simi-
lar situations.
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The mean, the standard deviation, and the rariance are important
both as descriptive statistics and in statistical inference. They are
the statistics most often used when the data that have been collected
are in the form of measures. The mean is an average of the measures
and is therefore a central value of the distribution. As such, the mean
is often taken as the representative value of a distribution. The stand-
ard deviation describes the variability of the distribution, the scatter
of the observations about their mean. The standard deviation is the
square root of the variance, itself a measure of variability. The var-
jance is little used as a descriptive statistic but is very important in
statistical inference. We shall make much use of it in later chapters.

In this chapter we shall be primarily concerned with the com-
putation of the mean and standard deviation and their usefulness
as descriptive statistics. We will also try to get some insight into
the use of these two statistics in statistical inference, although the
greater part of this discussion is necessarily reserved for later chapters.

Notation

In statistical formulas, the variable is designated by the letter
X. The first observation may be designated X;, the second X, the
third X and so on. When all the observations are to be added
together, this operation is symbolized by =X, which means “the
sum of”’” all the X'’s, or X, + X, + X5+ ... + X..

The symbol £X? means that each X (each observation in the
distribution) is to be squared first, then the squares are to be summed.

The symbol (£X)? means that the X’s are to be summed first
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(as shown by the fact that £X is within parentheses), then this single
sum is to be squared.

The symbol =fX indicates that the variable X\ is being repre-
sented by the midpoints of the classes of the distribution (or the
midpoints of the class intervals when the classes are grouped into
intervals). ZfX means that each midpoint is to be multiplied by its
frequency first, then the products are to be summed.

ZfX* means that each midpoint is to be squared and multiplied
by its frequency first, then the results are to be summed.

(2fX)? means that XfX is to be determined first, then this single
sum is to be squared.

DEFINITION OF The mean is more commonly
known as the average of a set of
THE MEAN AND measures. It is obtained by add-
ing together all the measures and
STANDARD dividing their sum by », the num-
ber of observations. Thus,
DEVIATION S X
Mean = "T (4.1)

The mean of a set of measures is designated by the symbol X. When
these measures constitute a population, it is common practice to indi-
cate that the mean in this case is a parameter by using the Greek
letter p (mu) in place of X.

The standard deviation is also based on an average, but it is
not a familiar one. The standard deviation is defined by the formula

n

Standard Dewviation = \/ (4.2)
The term (X — X) gives the distance of a score X from the mean
of the distribution, X. This distance is obtained for every score, then
each of the distances is squared. What is averaged by the formula
are these squared distances. The standard deviation, then, is a meas-
ure of variability reflecting how far the measures are from the mean
of the distribution. When the measures are spread out far from the
mean, the standard deviation will be large; when the measures are
clustered close to the mean, the standard deviation will be small.

The standard deviation obtained by formula (4.2) is a deserip-
tive statistic and describes the variability of a set of measures about
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their mean. When these measures constitute a population, their
standard deviation is a parameter and is designated by the Greek
letter ¢ (sigma). Formula (4.2) may also be used to describe the vari-
ability of a sample, but this formula should nof be used when interest
centers upon using the sample to estimate the variability of the
population from which the sample came.

When the purpose of computing the standard deviation of a
sample is to obtain an estimate of the standard deviation of the popu-
lation from which the sample came, the following formula should be

used:
(X — X))
$ = \/ n—1 (4-3)

where s is an estimate of the parameter ¢, the standard deviation of
the population from which the sample was drawn.

Other, equivalent formulas are more convenient for actually
computing the mean and standard deviation. Some of these are
given, and their use illustrated, in the examples that follow.

Computing the Mean and
Standard Deviation from
Ungrouped Data

When the mean and standard deviation are to be computed
from data that have not been grouped into a frequency distribution,
formula (4.1) is used to obtain the mean, and one of the following
formulas (whichever is appropriate) may be used in place of the
definition formulas to obtain the standard deviation:

;= \/% — ()" (4.4)
EXE _ QQ_Q
N S (4.5)

The formula for ¢ is equivalent to formula (4.2) and should be used
for descriptive purposes—e.g., when the measures constitute a popu-
lation. The formula for s is equivalent to formula (4.3) and should be

used when the purpose is to estimate the population standard devia-
tion from sample data.
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Example 1. A camp director is concerned because only 74
campers have enrolled for the coming summer and his usual enroll-
ment is near 100. He checks with his five competitors in the area,
who also usually enroll close to 100 campers, and learns that their
enrollments this year are:

88, 65, 76, 92, 69

(2) What is the mean enrollment of the other five camps?

(b) To what extent does the director’s enrollment differ from
the mean of his competitors?

(c) To what extent do the enrollments of his competitors differ
from the mean enrollment?

e THE MEAN
The mean is computed from formula (4.1):

% _ ZX _ (88 + 65 + 76 + 92 + 69)
T on 5

= 78.00

The mean could have been designated u instead of X in this case
because the five enrollments constitute a population of observations
(the present enrollments of all of our camp director’s present com-
petitors).

e THE STANDARD DEVIATION

To describe the variability of the five observations, ¢ is computed
from formula (4.4).

* « STEP 1. To get the first term in the formula, each observa-
tion is squared first, then summed, and the sum is divided by =.
Thus,

ZX? _ (88)2 + (65)2 + (76)* + (92)* + (69)*

n 5 = 6194.00

e « STEP 2. To get the second term in the formula, square the
mean of the observations.

X2 = (78.00)2 = 6084.00

» ¢« STEP 3. Subtract the result of Step 2 from the result of
Step 1, and find the square root of the remainder:

6194.00 — 6084.00 = 110.00
o = V110.00 = 10.49 = 10.5
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e RESULTS AND DISCUSSION

The mean enrollment at the other five camps is 78.0. Since the other
camps also have an expected enrollment of 100, the mean of 78.0
indicates that, as a group, enrollments are down for them also.

Our director’s enrollment is 74, which is four campers less than
the mean of his competitors. Four campers does not seem like much of
a difference. But how does this difference compare with his com-
petitors? How ‘“‘different’’ are their enrollments from the mean?

One camp has an enrollment of 92, 14 campers more than the
mean, and another camp has 88, 10 more than the mean. We could
indicate the situation for these two camps by assigning a value +14
to the first camp and 410 to the second. For the other three camps,
enrollments are below the mean. These camps have enrollments of
only 76, 69, and 65, or 2, 9, and 13 campers less than the mean of
78.0. The situation for these three camps can be indicated by assign-
ing them, respectively, the values —2, —9, and —13.

Now we have the rudiments of an answer to the question orig-
inally asked-——w»?z., to what extent do the competitors’ enrollments
differ from the mean enrollment? They differ by +14, +10, —2, —9,
—18. On the average, they differ by the average of these values. The
only trouble is that if we sum the values in order to take their
average, we get + 24 and — 24, which adds up to zero. So we square
the values first, which gets rid of the minus signs. Then we can find
the average of the squares. Afterwards, we will ‘“‘undo’ or compen-
sate for our squaring operation by taking the square root of this
average:

- X - X)e — X) _ 550
_X_i (X—\) Average = E—(X—n——)‘ =5 = 110
+14 196
i_lg 102 The square root of the average = o
~ 9 81 — % -
~13 169 - \/E_(_X_-A_) — V110 = 10.49
- n
z2=0 Z = 550 = 10.5

All we have done, of course, is to use the definition formula (4.2)
for computing o, and the result is the same as when ¢ was found by
the computational formula (4.4). (It was easy to use the definition
formula in this case because the mean was a whole number, and
therefore no decimals were involved in the subtractions from the
mean. That is the only time the definition formula is easy to use!)
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The standard deviation tells us, then, to what extent the Ob,',
servations of a distribution differ from their mean. “‘on the average.
This is not an average in the usual sense, of course. A simple average
of distances from the meun could he obtained by summing the differ-
ences (X — X) irrespective of sign, and dividing the sum by . This
procedure gives a little-used statistic called the mean deviation, which
is a simple average of differences from the mean. The standard de-
viation, as we have seen, is derived from the average of the squared
differences. For the same set of duta, the value of the standard
deviation will usually be a little larger than the value of the mean
deviation. So long as these distinctions are kept in mind, we shall
not be led astray by regarding the standard deviation as a measure
of average distance from the menn.

Our standard deviation of 10.5 tells us, then, that “on the aver-
age,” the enrollments at the five competitor camps differ from the
mean enrollment by 10.5 campers. Some camps differ by more than
this and some by less, but on the average, they differ by 10.5 from
the mean. Since our director’s enroliment differs by only four from
the mean, his difference is relatively small compared to 10.5. Even
though his enrollment is below the mean of his competitors, we can
now say that, relatively, it is not much below their mean.

Computing the Mean and
Standard Deviation from a

Frequency Distribution

When measures have been grouped into a frequency distribution,
the mean and standard deviation may be computed directly from the
frequency distribution by the formulas given below.

N = \:%)—{ (4.8)
. = \,——Ef;f“ — (X 4N
v, SIX)?
X -
§ = n— 1 48

Example 2. An experimenter wishes to determine the num-
ber of trials required to learn a particular list of nonsense syllables.
He selects a random sample of 34 students from several large classes,
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and they all agree to take part in the experiment. The 84 subjects
learn the list, and the experimenter constructs a frequency distribu-
tion showing the number of trials required by the different subjects.

The frequency distribution is shown in the first two columns of
Table 4.1.

The experimenter has 34 answers to his question: What is the
number of trials required to learn this list of nonsense syllables? To
reduce the 34 answers to one answer, he will find the mean of the
observations. Because his subjects were randomly selected, the sam-
ple mean will provide him with a good estimate of the population
mean. He will also estimate the standard deviation of the population
and this, as we shall see, will help him to know how much confidence
he can have in his estimate of the mean.

e« THE MEAN

Since the observations are grouped into a frequency distribution,
the mean is computed from formula (4.6). The computation is illus-
trated in Table 4.1 and explained below.

e « STEP 1. The X in the formula represents the midpoints of
the class intervals. In this example of individual classes, the mid-
points have the values used to designate the classes themselves, so
X stands for the different values of the classes. The formula instructs
us to multiply each X by the frequency for that class. Thus, begin-
ning with the highest class, 12 X 1 = 12,11 X 0 = 0,10 X 3 = 30,
and so on as shown in Table 4.1. Each product is entered in a column
headed fX.

o ¢« STEP 2. When the products have all been entered in the fX
column, add up the column to get =fX. For these data =fX = 269.

e « STEP 3. To get the mean, divide =fX by n, the number of
observations (not the number of classes). Thus, the mean is 269/34 =
7.91.

e THE STANDARD DEVIATION

Our interest is in estimating the population standard deviation, so
formula (4.8) for s is used.

e « STEP 1. To get the first term in the formula, a column fX?
is added to the table. The entries in the fX? column are obtained
by multiplying each fX value by X. Thus, 12 X 12 = 144,11 X 0 =
0, 10 x 30 = 300, and so on as shown in Table 4.1. When all the
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Table 4.1
Computing the Mean and Standard
Deviation from a Frequency Distribution

(Example 2: Number of Trials Required
to Learn List of Nonsense Syllables)

No. or
TRIALS
X i JAN RS
12 1 12 144
11 0 0 0
10 3 30 300
9 8 72 618
8 9 72 576
7 7 49 343
6 4 24 144
5 2 10 50
n=231 X\ =269 =If\T=2205
X=HL_29_ 4y
n 34

(26012

2205

entries have been made, sum the column to get =fX*. For these data,
=fX? is found to be 2205.

e« « STEP 2. The second term in the formula is (ZfX)?/n. (2fX)?
is (269)2 = 72361. Dividing by », we get 72361/34 = 2128.26, the
value of the second term in the formula.

e « STEP 3. The numerator of the formula can now be obtained
by subtracting the result of Step 2 from the result of Step 1. Thus,
2205.00 — 2128.26 = 76.74.

e ¢ STEP 4. The numerator found in Step 3 is divided by » — 1.
Thus, 76.74/338 = 2.33. s is the square root of this value, or 1.53.

e RESULTS AND DISCUSSION
The mean number of trials required by the 34 subjects is about 7.9.
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This mean is also an estimate of the population mean, u. The experi-
menter’s best guess about the population of students like these is
that they would learn the list of nonsense syllables in a mean number
of 7.9 trials.

How sure can the experimenter be of this number? If he takes
another random sample of 34 subjects from the same population,
will they also require a mean number of 7.9 trials to learn the list?
Probably not. Even if the population mean really is exactly 7.9 trials,
we would expect the means of random samples drawn from the popu-
lation to vary both above and below 7.9. Since such departures are
more the rule than the exception, we are virtually led to expect that
our sample mean of 7.9 represents some sort of deviation from the
population mean, though we cannot determine precisely how deviate
it is or whether it is above or below the population mean. Interest-
ingly, we can use the standard deviation of our sample to help us in
conjecturing how far the population mean is from 7.9.

The standard deviation of the population was estimated by s
to be about 1.5. According to this estimate, the number of trials
required by students like these are clustered pretty close together.
If 1.5 is representative of the amount by which students differ from
the mean, a student who differed from the mean by as much as four
trials (more than twice 1.5) would be unusual, and a student who
differed from the mean by ten trials is practically unthinkable. If,
wn the population, the individual observations differ little from the pop-
ulation mean, then there cannot be very great differences among the
means of samples drawn from the population. That is, where obser-
vations are clustered close together, the sample means of such ob-
servations must also cluster close together. If the sample means
are clustered close together, their values cannot differ by much.
Hence, the sample means in general will tend to be close to the
population mean. Therefore, because his estimate of the population
standard deviation is relatively small, the experimenter can conclude
that the sample mean he obtained is likely to be close to the popula-
tion mean. He can have some confidence that his sample mean of
1.9 trials is a reliable estimate of u—where reliable signifies that most
such sample means will differ little from .

The statistic s, then, serves as an indicator of how sure we can
be of the sample mean as an estimate of the population mean. When
§ suggests that in the population, the observations have a small vari-
ability, tending to differ little from their mean, X can usually be
taken as a reliable estimate of . When s is relatively large, suggestin_g
great variability in the population, we are relatively unsure that X
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is a reliable estimate of n. Other information must be taken into
account. This topic is considered further in Chapter 5.

Computing the Mean and
Standard Deviation from
Coded Scores

When measures have been grouped into a frequency distribution
and numbers are large, computations are greatly simplified by the
“coding”’ procedure illustrated in IExample 3 below. The mean and
standard deviation are then computed from the coded measures.

Example 3. A personnel psychologist has been receiving an
increased number of complaints about the competence of the clerical
workers hired under his program of selection. As a first check on his
selection procedure, the psychologist decides to compare the com-
pany’s present clerical workers with the workers hired when the
selection program was first established some years previously. This
original group of clerical workers had a mean score of 50 with a
standard deviation of 8 points on the clerical aptitude test used in
the selection program. The psychologist wishes to determine whether
the company’s present clerical employees have a lower mean score
on this test than the original group of clerical workers. The test
scores of the company’s present clerical employees are tabulated in

a frequency distribution, as shown in the first two columns of
Table 4.2.

« CODING SCORES

To code the scores of a frequency distribution, first list the midpoints
of the class intervals, as shown in the third column of Table 4.2,
To simplify later computations as much as possible, choose that
midpoint around the middle of the column which has the largest
frequency. For this distribution, the midpoint 52 has the largest
frequency (56 cases), so 52 is chosen. This midpoint will be designated
M, and is assigned a coded score of 0. Midpoints above M, are as-
signed coded scores of 1, 2, 3, etc., in ascending order. Midpoints
below M, are assigned coded scores of —1, —2, —3, ete., in descend-
ing order. This has been done in the fourth column of Table 4.2.
The scores are now coded, and the column is labelled X’ to indicate
that these are coded measures.

This is all that need be done to code the scores of any frequency-
distribution. The coded scores provide a simplified scale which is
comparable to the original scale. The large numbers of the original
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scale, represented by the midpoints of the class intervals, are equi-
distant from each other, as they usually will be in a frequency dis-
tribution. To construct a comparable scale, it is only necessary to
substitute for the large numbers small ones that are also equidistant
from each other. The distances between the values of the two scales
will then be comparable, in which case the scales are said to be com-
parable. This will remain true regardless of which midpoint is chosen
as M., and assigned a coded score of 0. When there are ten or fewer
class intervals and numbers are not so large, it is often easier to choose
the lowest midpoint as M, and put the 0 at the bottom of the scale
so that ali the coded scores will have plus values.

e THE MEAN

To compute the mean of a distribution from coded scores, first com-

pute the coded mean, then transform the coded mean into the units
used in the original measures.

e ¢« STEP 1. To compute the coded mean X’ use the formula

<= _ X
A= Y 4.9)

As the formula instructs, multiply each coded score by the fre-
quency for that class interval, as shown in the fX’ column of Table
4.2. Sum the plus and minus entries separately, then add the sums

algebraically to get =fX’. Divide £fX’ by n to get X', as shown in
Table 4.2.

e « STEP 2. To “uncode” X’ and find the mean of the distribu-
tion in the same units as the original measures, X’ is put in the for-

mula below, which reverses the operations implicit in the original
coding :*

X=X+ M, (4.10)

Multiply X’ by the size of the class interval (i), and add M,

to the result. These operations are applied to the present data in
Table 4.2. The mean is found to be 50.2.

* Our coding procedure, in effect, subtracts the value of A/, from each midpoint
and divides the result in each case by 7. Any such operations carried out on the scores
are automatically carried out on the mean of the scores. The standard deviation is
unchanged by the subtraction or addition of a constant to the scores, hence is un-
affected by the subtraction of J/,. But multiplying or dividing the scores by a con-
stant, such as 7, is automatically carried out on the standard deviation. So the

standard deviation of coded scores must be multiplied by ¢ in order to return to the
original unit of measure.
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Table 4.2
Computing the Mean and Standard Deviation from
Coded Scores

(Example 3: Clerical Aptitude Scores of
Present Employees)

Score Miproint CobpED Scorp
INTERVAL S X AV A fxn»
85-89 1 87 7 7 49
80-84 3 82 6 1S 108
75-79 10 77 5 50 250
70-74 19 72 4 76 304
65-69 18 67 3 H4 162
60-64 27 62 2 BES 108
55-59 40 57 1 40 40
50-54 56 52 0 0 +4299 0
4549 46 17 —1 — 16 46
4044 35 42 —2 —70 140
35-39 20 37 -3 —060 180
30-34 28 32 —1 —112 148
25-29 16 27 ) — 80 100
20-24 8 22 -6 —48 288
n = 327 —116
N7 = 2523
ZfX' =299 - 416 = —117
oo X _-u7
n 327
X = (X" + M, = (—.36)5 + 52 = 50.20

NN

g =1
n

2523
5} — (—.36)*
\/ a2y (39

13.80

e THE STANDARD DEVIATION

The standard deviation may be computed directly from coded scores.
Formulas for ¢ and s are given below.

v = i\/zfX'2 — (XY (4.11)

n
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Eleg — (E.fX-,)2
' n (4.12)

S = 1
n—1

Since interest in this case centers upon the test scores as a popu-
lation of observations, formula (4.11) for ¢ is used to describe their
variability.

e « STEP 1. Construct an fX’? column by multiplying each fX’
entry by its corresponding X’ value. Thus, 7 X 7 = 49, and so on
as in Table 4.2. The sum of this column, which has no minus signs, is
ZfX’%. Divide =fX’? by n to get the first term of the formula.

e « STEP 2. The second term of the formula is (X’)2. Since X'
has already been computed, it is simply squared and entered in the
formula.

e ¢« STEP 3. The result of Step 2 is subtracted from the result
of Step 1, and the square root of the remainder is taken. This result
is then multiplied by 7, the size of the class interval, as shown in
Table 4.2.

* RESULTS AND DISCUSSION

The mean score of the company’s present clerical employees on the
clerical aptitude test is 50.2. The original group of clerical workers
had a mean score of 50. The two means differ by very little—.2
points—and hence the present clerical workers, as a group, cannot
be considered to perform less well on this test. If the test was orig-
inally a good predictor of clerical competence, and we assume that
it was since it was included in the selection program, why, now, the
increased number of complaints about the competence of clerical
employees?

The reasons, of course, may have nothing to do with competence
as shown by performance on the clerical aptitude test. The motiva-
tion or morale of present employees may be different. Or perhaps
job requirements have changed subtly over time, and now more is
required of clerical workers than was the case when the original group
was hired. These, and other possibilities, would have to be investi-
gated. One possibility, however, is suggested by the difference in the
standard deviations found for the present employees and the original
group of clerical workers.

The standard deviation of scores obtained by the original
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are all measures of variability. The various ranges describe extent of
spread. The mean deviation, the standard deviation, and the vari-
ance are averages based upon the distance of each observation from
the mean of the distribution.

When an investigator reports his results, he will give both a
measure of central tendency and a measure of variability. Sometimes,
several such measures are needed in order to describe accurately the
distribution. This is especially true in the case of skewed distributions
and highly variable distributions.

For a fairly symmetrical distribution that has only one mode,
the mean and standard deviation alone usually provide a good pic-
ture of the distribution. Even when the distribution is not symmet-
rical, the mean and standard deviation are useful descriptive
statistics. For example, it can be shown that at least 75%, of the
observations of any distribution must fall within two standard de-
viations of the mean, and at least 899, must fall within three stand-
ard deviations of the mean. These are minimum values. More often,
all of the observations are within three standard deviations of the
mean and more than 909, are within two standard deviations of the
mean. Thus, a quick way to get a rough estimate of the extent of

the bulk of a distribution is to add and subtract two standard devia-
tions from its mean.

Skewed Distributions

When the possible values that a variable can take are limited
at one or both ends of the scale, the mean and standard deviation
often provide important information about the shape of the dis-
tribution. Consider the following situation:

Example 4. In a study of drug effects, the mean number of
speech errors made by subjects after an injection of the drug is
8.5 with standard deviation of 10.

The distribution is certain to be skewed. The lower limit of the
scale of errors is fixed at 0 (no one can make fewer than zero errors).
The standard deviation, as we have seen, is a kind of average of
how far observations are from their mean. To get a standard devia-
tion of 10, some of the observations must be closer to the mean than
10 and some must be farther away from the mean than 10. These more
‘“distant’’ observations must be high error scores since, with a mean
of 8.5 and a lower limit of 0, scores even ten units below the mean
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are not possible. Therefore, the distr
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skewed, having “tail” of high error

sScores, something like this:

Figure 4.1
Positively Skewed Distribution
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1 1

10 31 35 43

Figure 4.2
Negatively Skewed Distribution

When the mean 1s smaller than the median, the distribution is negatively
skewed. It follows that skewness can always be indicated by giving
both the mean and the median of a distribution.

Highly Variable
Distributions

Great variability is, of course, reflected in a large standard de-
viation, but the standard deviation alone will not make clear the
shape of the distribution. A large standard deviation may indicate
a “flat” or rectangular distribution—great variability within a rela-
tively narrow scoring range. In this case, the range as well as the
standard deviation should be given. In other cases, there may be a
decided peak near the middle of the distribution, but remaining
scores are sparsely scattered over a very wide range. Here, the
median and the interquartile range will often serve to locate the
central concentration of scores. Or, a large standard deviation may
reflect a distribution that has more than one mode. Any time a
sizeable distribution has more than one mode, the modes should be
reported.

The possible shapes of distributions are more than can be enu-
merated. Suffice it to say that the researcher should report the values
of whatever measures are necessary to convey best the shape of the
distribution he has obtained.

Practice Problems

 Compute the mean and standard deviation (s or o, depending upon
which is appropriate) of each of the following distributions:
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1. Two baseball teams, A and B, have playved against the same
ten opponents in the course of a season. The number of runs made by
each team against each of the ten opponents is given below:

Ru~xs Mane By

TeEAM A Teav B
3 1
3 2
6 11
2 4]
4 ]
4 3
3 6
0 0
2 1
5 5

Compare the overall performance of the two teams, in terms of runs
scored.

2. At a private school which caters to children of superior intelli-
gence, the children in the third grade have the following 1Q’s:

125 122 127 110
133 118 117 140
115 129 115 118
112 116 136 113
110 123 122 123

Mrs. C. is considering transferring her daughter, who is in the third
grade, to this school. Mrs. C. is concerned, though, lest her daughter
feel inferior if the other children in the class are much brighter than

she is. Mrs. C.’s daughter has an I1Q of 118. How does this compare
with the IQ’s of the other children?

3. An experimenter has devised a new maze and he wishes to
know the number of errors untrained rats can be expected to make
on their first run through this maze. A random sample of 30 animals
from the lab’s rat colony are tested in the maze and the number of
errors made by each rat is recorded. The results are:

ERRORS

15
14
13
12
11
10

9

8

—_O R OO N~

Is the mean of this sample a reliable estimate of n?

4. In an attempt to measure the extent to which delinquents
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have an underlying need for recognition, an investigator studies a
random sample of 50 teen-age delinquents from the state reform
school. He prepares a series of picture cards that depict teen-age
boys and girls in a variety of ambiguous situations, and the subjects
are asked to tell a story about each situation. Afterwards, the in-
vestigator counts for each subject the instances of seeking or gaining
recognition which appeared in that subject’s stories. The results for
the 50 subjects are:

INSTANCES OF

REecoaNITION f
12 2
11 4
10 3

9 1
8 0
7 0
6 0
5 1
4 4
3 5
2 8
1 12
0 10

(a) How good is tihe mean in this case as an indicator of the
“typical” performance of these delinquents?

(b) What do the results suggest about how the population of
measures would be distributed if all the delinquents like these could
be tested?

5. A vocational interest test includes a Social Service scale that
measures interest in rendering service to others. The test has been
given to all the nurses on the staff of a large hospital. They obtained
a mean score of 60 on the Social Service scale of the test, with a
standard deviation of 8.2 points. The 100 student nurses who begin
their training at the hospital that year are also given the test. Their
Social Service scores are distributed as follows:

SCoRE S
95-99 1
90-94 3
85-89 5
80-84 10
75-79 16
70-74 20
65-69 17
60-64 12
55-59 7
50-54 4
45-49 3
40-44 2
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How do the scores of the student nurses compare with those of the
staff nurses?

6. In a test of visual positioning for gunners, a subject is required
to move a knob to a target position as soon as a signal is given. On
161 trials, the subject’s reaction time is distributed as follows:

ReActiOoN TIME

IN MILLISECONDS f
270-281 2
276-278 0
273-275 3
270-272 4
267-269 7
264-266 7
261-263 11
258-260 17
255-257 24
252-254 31
249-251 28
246-248 14
243-245 8
240-242 )

How reliable is X as an estimate of u, the subject’s theoretical mean
reaction time, if the experiment were to be repeated indefinitely?

7. On a Mathematical Reasoning test, the seventh-graders of
School X obtain a mean score of 81 with standard deviation of 10.
What range must include at least 759, of the scores? Suppose that
norms for this test give a mean for seventh-graders of 60. How do
the seventh-graders of School X compare with this norm?

8. Children living in a city slum area are found to have a mean
1Q of 94 with standard deviation of 12. Children living nearby in a
middle-class neighborhood are found to have a mean IQ of 102 with
a standard deviation of 12. Compare the two distributions.

9. A group of subjects are randomly divided into an Experi-
mental group and a Control group. Control group subjects perform
a task under normal conditions. They achieve a mean performance
rating of 23 with standard deviation of 8. The Experimental group
performs the same task under stress conditions, and obtains a mean

rating of 22 with standard deviation of 9. Compare the two distribu-
tions.

10. On a test of sentence memory, normals obtain a mean score
of 50 with standard deviation of 10. A large group of schizophrenics
obtain a mean score of 38 with standard deviation of 4. Compare the
two distributions.

11. Differences between the IQ’s of identical twins are found in
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one study to range from 0 to 24. The median difference is 8. Describe
the general shape of the distribution. Is the mean difference below 8
or above 87

12. The mean number of trials required to learn an experimental
task is found to be 5.1, with standard deviation of 4.8. Describe the
general shape of the distribution. Is the median number of trials
above 5.1 or below 5.17

13. A test constructor is trying to develop an intelligence test
for young children that will depend as little as possible upon voecabu-
lary and language skills. He tries out a preliminary form of his test
on a large group of five-year-olds. They obtain a mean score of 32.
The median is 25. Describe the general shape of the distribution.
What does this shape imply about the difficulty of the test for this
group?

14. An art school is getting many more applicants than it is
able to accept. The school decides to screen the applicants by giving
them a standard Artistic Aptitude test. The first year’s applicants
obtain a mean score of 72 on the test. The median is 80. What is the
general shape of the distribution? It may be difficult to select the
best applicants from a distribution like this one. Why?

15. In a survey of attitudes toward government policy, subjects
are presented with a list of 100 items describing present and proposed
policies and are asked to check those with which they agree. The
median number of items checked is 55. The interquartile range is
45 to 65, and the overall range is from 10 to 95. What can be con-
cluded about this distribution?

16. Scores on a certain neuroticism test may range from 0 to
30. A large group of clinic patients are found to have a mean score
of 14 on the test with a standard deviation of 10. What can be con-
cluded about this distribution?

Answers

1. For Team A, X = 8.2 with ¢ = 1.6. For Team B, X = 3.7
with ¢ = 8.5. Team B obviously made more runs over the course of
the season, but Team B’s performance is highly variable compared
to the consistent performance of Team A. Team B’s standard devia-
tion is almost equal to their mean. When there cannot be observa-
tions below 0, as in this case, a standard deviation approximately
equal to the mean indicates the presence of one or more relatively
high observations, hence a positively skewed distribution. Thus,
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Team B often makes few runs, but sometimes many runs. A bet on
their performance against an unknown opponent is a very uncertain
bet. For Team A, such a bet carries much less risk of being greatly
in error because Team A’s performance is much more consistent.

ird-orade children have a mean I1Q of 121.2 with
c = 28..3r.n1i/§r;hg(.i’sglc‘laughter has an 1Q of 118, which is 3.2 points
pelow this mean. But the children of the cl;%,ss themselves differ from
the mean by 8.3 points ‘“‘on the average, and compared to this,
Mrs. C.’s daughter does not differ greatly in IQ from the mean of the
class. There will almost surely be a’number of pupils in the class
with 1Q’s lower than that of Mrs. C.’s daughter.

3. The mean number of errors is 11.8 with s = 1.4. According
to the estimate of o provided by s, the popula.tlon of all such error
scores would be clustered close together, differing “on the average”
by only 1.4 from the true mean . If the observations of the popula-
tion are clustered close together, the means of random samples
drawn from the population must of necessity be close to one another
also. Hence, it is highly unlikely that the sample mean of 11.8 differs
much from p. Since this is the case, X may be regarded as a reliable
estimate of .

4. (a) The mean for the 50 delinquents is 3.4 with s = 3.9,
Looking back at the distribution of scores, it is plain that only a
handful of subjects have scores in the 3 to 4 range. The bulk of the
scores lie below the mean, and these are balanced by a few scores
relatively far above the mean. The mean, therefore, is not a good
indicator in this case of the “‘typical” performance. (The median
which is 1.9, is a better indicator.) '

(b) With X = 3.4 as the best estimate of x, and s = 3.9 as the
best estimate of ¢ that can be made from the data, the results suggest
that the population of measures would be positively skewed for the
same reasons as in Problem 1: namely, a standard deviation about
equal to the mean. Thus, some delinquents would be expected to get
very high scores compared to the rest of the group. If the test is
independently shown to provide valid measures of the need for recog-
nition among such subjects, then the findings suggest that there are
two types of delinquents—some for whom the need for recognition
is strong, and many for whom it is relatively unimportant.

5. For the student nurses, 4 = 70.2 with ¢ = 11.2. The mean
for the student nurses is 10.2 points higher than the mean of 60
obtained by the staff nurses. Perhaps the student nurses are more
eager to render service to others than are the sta{l nurses who have
been doing it for some time already. The staff nurses have a lower
standard deviation (8.2), indicating they are a more homogeneous
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group with respect to scores on this test. The student nurses are a
less homogeneous group.

6. The subject’s mean reaction time is 255.2 milliseconds. s is
7.8, which is large enough to suggest quite a bit of variation in the
population of measures. From a consideration of s alone, we cannot
determine the reliability of X. In the next chapter, we will learn how
to take both s and n into account in order to judge the reliability of
a sample mean.

7. At least 759, of the scores must fall within two standard
deviations of the mean, or between 61 and 101. Thus, at least 759,
of these pupils are above the norm of 60. The seventh-graders of
School X are clearly a superior group so far as performance on this
test is concerned.

8. Although the means of the two groups differ by eight 1Q
points, there is considerable overlapping of the two distributions.
Each of the means is well within a distance of one standard deviation
from the other. If we add and subtract two standard deviations from
each mean, we obtain a range for the slum children of 70 to 118, and
a range for the middle-class children of from 78 to 126. Thus, while
the two groups differ in mean IQ, it is clear that many individual
slum children have higher IQ’s than their middle-class neighbors.

9. The difference between means is only one point. The striking
difference between the two distributions is in their variability. The
ratings obtained by Control group subjects are clustered very close
together, while the ratings of the Experimental group are spread out,
extending both above and below the Control group distribution.
Apparently, the stress conditions employed affected these subjects
differently. Some subjects responded to the stress by performing even
better than Control group subjects, and some responded with a much
worse performance than that of the Control group. Thus, the larger
standard deviation of the Experimental group reflects a marked dif-
ference in individual reactions to this stress condition.

10. There is not much overlap between these two distributions.
Few, if any, schizophrenics obtained a score as high as the normal
mean of 50, which is three standard deviations above the schizo-
phrenic mean of 38. Some normals scored as low as the schizophrenics,
but it would be safe to conclude that the large majority had higher
scores. As a group, the performance of schizophrenics on this test is
decidedly inferior to that of normals. In addition, the much smaller
standard deviation of the schizophrenics reveals that they are a
relatively homogeneous group with respect to the function being
measured. Among the normals, with a standard deviation of 10,
there are considerable individual differences in performance. As far
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as th'1§ particular memory function is concerned, the effect of schizo-
phrenia seems to be to “wipe away’’ individual differences, reducing

performance to very nearly the same low level in most of the individ-
uals affected

11. The distribution is positively skewed. The median is much
.clos.er to the low end of the range (0) than it is to the high end (24)
indicating that scores are “bunched’” at the low end. The mean wili
be pulled away from the median toward the ‘‘tail”’ of large differ-
ences, and therefore the mean difference will be above 8.

12. The distribution is positively skewed. With a standard
devxatloq almost equal to the mean, and no observations as low as
zero possible, some subjects must have required a very large number
of trials. The mean will be increased by these extreme values, but

the median will be unaffected by them. Therefore, the median will
be below 5.1.

13. Because the median is lower than the mean, the distribution

must be positively skewed, with scores bunched at the low end of the
scale and a tail of high scores to the right. This distribution implies
that the test is difficult for these children. Scores are crowded at the
Jow end of the scale; relatively few of the five-year-olds are able to
obtain a high score on this test. If the test 1s.mtended for Cl“l‘lldreg
about this age, the test constructor will want to add mqur rc;ansye
items to his test in order to spread. the low scoxiers over a wi ge,
thus achieving better discrimination among them.

14. This distribution is negativelly sfklewed, Withtscglrzslsfltl;nell}lfi%
i tail of low scores to th .
at the high end of the scale and a O O S ew fail to obtain
is “ " for most of the applicants; relatively .
t:i&glg; %(ezﬁiz. 1t may be difficult to choose the best applxcapts begause
S0 rﬁar;y applicants have high scores. The test d_oes not discriminate
well at the high end of the distribution. To achieve a better separa-
tion of high scorers, a more difficult test will have to be used.

15. The interquartile range is symmetrical about the median,
suggesting a symmetrical distribution for the middle 50% of scores.
The very large difference between the interquartile range and the
overall range suggests a wide scatter of the remaining scores, both
above 65 and below 45. We would conclude that the distribution is
probably highly variable, in spite of a concentration of scores close
to the median. We could be wrong. There could be only one score at
10 and one at 95, and all the remaining scores close to 45 and 65. This
is not likely but it is possible, and in that case the distribution would
not be characterized as “highly variable.”

16. This distribution is unquestionably highly variable. The
standard deviation, as we have seen, is a type of average. To obtain
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an average of 10, either there must be a considerable number of
observations farther away from the mean than 10, or there must be
at least one observation that is extremely distant from the mean.
Since scores on this test can only range from 0 to 30, it is not possible
to have even one observation that is “extremely distant’’ from the
mean. Therefore, there must be many observations farther away
from the mean than 10. To be farther away from the mean than 10,
the observations must be crowded into the scoring spaces 0 to 4 and
24 to 30. Thus, the distribution is highly variable over a narrow range
of possible scores. The shape of the distribution may be rectangular,
or it may be bimodal or multimodal. In any case, it is clear that the
patients tested are by no means a homogeneous group with respect
to the neuroticism factor measured by this test.
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chapter 5

The Normal

Curve



The normal curve shown in Fig. 5.1 is the graph of a theoretical
frequency distribution. A frequency distribution is called theoretical
if it was derived mathematically rather than empirically. Our interest
in theoretical frequency distributions is that they serve as models,
ideals of a sort, of what we believe would occur under certain circums-
stances if we could obtain all the observations of a specified popula-
tion. When we can and do obtain all the observations in a population,
then of course we do not need a theoretical frequency distribution.
When we cannot obtain all the observations it is especially useful
to have a theoretical distribution that can reasonably be taken as a
model of the population. The normal distribution is such a theoret-
ical distribution and, as will be seen, may be taken as a model of
the population in many different situations.

The normal curve is best defined by its equation, which describes
how the height of the curve varies with changes along the baseline
of the graph. But for our purposes it will be more useful to describe
how proportions of area under the curve vary with changes along the
baseline. It will be recalled that a given proportion of the observa-
tions in a frequency distribution is represented by a corresponding
and equal proportion of the area enclosed by a histogram or fre-
quency polygon of the distribution. If we wished to know, for exam-
ple, what proportion of the observations falls between two points in a
frequency distribution, it would be possible to find out by applying
a ruler to the histogram of the distribution and determining the
proportion of the area that falls between verticals erected at these
two points. Thus, “‘proportion of cases’” and “proportion of area”
have equivalent meanings. The normal curve represents an infinite
population of cases distributed in proportions corresponding to the
distribution of areas under the curve shown in Fig. 5.1.
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Figure 5.1
Distribution of Area Under the Normal Curve

How the area under the normal curve is distributed (hence how
the scores of a normal distribution are distributed) is given in Table B
of the Appendix. The column at the left of this table gives the 2
values of the scores. The z value of a score is its distance from .the
mean of the distribution measured in units of standard deviation.
Thus, if a score has a z value of +1.00, this indicates that the score
is one standard deviation (1¢) above the mean of the distribution. If a
score has a z value of —.50, this indicates that the score is half a
standard deviation (.5o) below the mean of the distribution. leen
the mean and ¢ of a distribution, the z value of any score X in the
distribution may be obtained by substituting in the formula,

X — X

g

. (5.1)

If all the scores in a distribution are replaced by their 2 values,
the distribution of z values will be identical in shape to the original
distribution. Thus, where the original scores are normally distributed,
the z values of those scores are also normally distributed. Table B
shows the distribution of z values for the normal curve. Were we to
start with any particular normal distribution and convert its scores

to z values, the distribution of those z values woulqd be given by
Table B. .

WY
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In the body of Table B may be read the proportion of the area
under the normal curve that lies between the mean, which is at the
exact center of the distribution, and given z values. The first entry
in the table, z = .00, indicates the mean itself and, of course, there
is zero area between the mean and itself. A vertical erected at the
mean of the distribution divides the area under the normal curve in
half, as may be seen in Fig. 5.1. Table B tells us that .3413 of the
area under the curve lies between the mean and z = 1.00. Thus,
about 34¢7 of the cases in a normal distribution fall between the mean
and a point one standard deviation above the mean. Since the normal
distribution is perfectly symmetrical, it follows that .3413 of the
area lies between the mean and z = —1.00, or one standard deviation
below the mean. Some of the relationships between z and the dis-
tribution of area under the normal curve are illustrated in Fig. 5.1.

We shall illustrate first the use of the normal curve as the model
for an empirical distribution that is approximately normally dis-
tributed. Following this, we will consider normal sampling distribu-
tions and the role of the normal curve in estimating parameters from
sample values.

NORMAL Empirical distributions are never
perfectly normal, but they may
EMPIRICAL approximate the normal distribu-
tion. When they do, it is usually
DISTRIBUTIONS assumed that the population of

measures, if they were obtain-

able, would be normally distrib-
uted. A normal curve, with the same mean and standard deviation as
those of the empirical distribution, is taken as the model of the pop-
ulation. Centiles and centile ranks may then be computed directly
from the normal curve table. The procedure is illustrated below.

Centiles and Centile Ranks
of the Normal Curve

Example 1. Scores on an intelligence test are approximately
normally distributed among the large group of subjects on whom the
test was standardized. The mean score is 100 with ¢ = 15.

(a) Assuming a normal population, what is the centile rank of g,
score of 1187 1067 947 827
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e ¢« STEP 1. Find the z values of the scores by substituting in
formula (5.1). Thus, for the score 118, z = (118 — 100) ‘15 = +1.2.

The scores and their z values are shown in the first two columns of
Table 5.1.

Table 5.1
Centile Ranks of Normally Distributed Scores
(Mean = 100, o = 15)

AREA FROM
ScoRe z VaLve

MEeAN TO = CeNTILE RANK
118 +1.2 23849 88.49
106 4+ 4 1054 65.54
94 — 4 1554 34.46
82 —1.2 3849 11.51

e « STEP 2. Kach z value is referred to Table B of the Appendix
in order to determine the proportion of cases (the proportion of the
total area) falling between the mean and this z value. Thus, .3849 of
the area under the curve lies between the mean and z = +1.2. This
value is entered in the third column of Table 5.1. Between the mean
and z = +.4 is .1554 of the area. For minus values of z, the propor-

tions are the same as for the corresponding plus values of z, except
of course that these proportions lie below the mean.

* « STEP 3. When first learning to locate areas under the normal
curve, it is helpful to make a rough sketch of the normal curve and
shade in the portion(s) of interest. For example, to find the centile

rank of z = +1.2, we wish the proportion of the area below this
value.

Area below the mean: .5000
Plus area from mean to z: .3849

‘ . Area below z: .8849

Figure 5.2
Finding the Centile Rank
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The picture makes it clear that the proportion read from Table B
must be added to the proportion below the mean (.5000). The same
procedure is followed to determine the centile rank of z = + 4.

For minus values of z, we are led to a slightly different procedure.
Thus, for z = — .4, we have

Area below the mean: .5000
Minus area from mean
toz: —.1554

Area below z: .3446

Figure 5.3
Finding the Centile Rank

Here it is clear that the proportion read from Table B must be
subtracted from .5000 in order to determine the centile rank of z.
This must also be done in the case of z = —1.2.

The proportions determined in this way are each multiplied by
100 to give the centile ranks shown in the last column of Table 5.1.

(b) What is the 90th centile of the distribution? the 10th centile?

e ¢« STEP 1. To find the centiles of a normal distribution, the
above procedures are carried out in reverse order. The 90th centile
is the point on the scale of scores below which 909, of the observa-
tions fall. Thus we are given the area below z, .90. The problem is
to determine the value of z. The desired z can be found from Table B
if we know the area that lies between this z value and the mean.
Accordingly, the first step is to determine the area from the mean to
the desired 2z, as shown below.

Area below z: 90
Minus area below
the mean: —.50

Area = .90 S
\N\\\\ ’ Area from mean to z: 40

T
z="1

Figure 5.4
Finding the Centile
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_Uang the area column of Table B, the closest value we find to .40
15 .3997. The corresponding z value is 1.28. Since, as our sketch shows,
z is above the mean, the value read from the table is a plus value.
Thus, z = +1.28 is the 90th centile, the point below which 909,
of the observations fall.
The 10th centile will be of the same z distance below the mean,

since .40 of the area also falls between the mean and the 10th centile
of the distribution.

Area below the mean: .50
Minus area below z: —.10
Avew 10 Area from mean to z: 40

Figure 5.5
Finding the Centile

Since z is below the mean in this case, the value read from the table

is a minus value. Thus, z = —1.281s the 10th centile, the point below
which 109, of the observations fall.

e ¢« STEP 2. The obtained z values are converted to the original
units of measure by solving formula (5.1) for X. Thus,
X =X + zo
For the 90th centile, we have
X = 100 + (+1.28)(15) = 100 + 19.20 = 119.2
For the 10th centile, we have

X = 100 + (—1.28)(15) = 100 — 19.20 = 80.8

(5.2)

The 90th centile of this distribution is 119.2 and the 10th centile
is 80.8. These are the values that cut off the upper and lower 10%,
of the distribution.

+ DISCUSSION

In this problem, we used the normal curve as a model to determine
centiles and centile ranks for an unavailable population of scores.
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These centiles and centile ranks are not the same ones we would
obtain by computation from the available, empirical distribution,
but if the unseen population is normal, they are likely to indicate
relationships in that population quite accurately. In fact, the normal
curve approximations may provide a more accurate estimate of popu-
lation relationships than centiles and centile ranks computed from
the obtained empirical distribution.

When the obtained empirical distribution closely approximates
the normal, then of course differences between the empirical centiles
and normal-curve centiles will be small. One way to judge the nor-
mality of an obtained distribution is to compare, say, every fifth
centile of the distribution with the corresponding centiles of a normal
curve having the same mean and standard deviation. If the differ-
ences are not great—and they should not be if the sample is very
large—the obtained distribution is regarded as “‘approximately nor-
mal” and the sample is assumed to come from a normal population.
Obviously, if an empirical distribution is not approximately normal,
it would be inappropriate to use the normal curve as a model of the
population.

NORMAL SAMPLING Suppose a vast number of ran-

dom samples of the same size are

DISTRIBUTIONS drawn from a population and the

mean of each sample is com-

puted. The resulting means may
then be organized into a frequency distribution, plotted as a frequency
polygon, and in general treated like any other distribution of values.
Such a distribution is called a sampling distribution, in recog-
nition of the fact that its values—means, in this case—are attributes
of samples rather than attributes of individuals.

Statistics other than the mean may be treated in the same man-
ner. We could compute the median of each of our samples and make
a sampling distribution of the medians. Similarly, we could make a
sampling distribution of the standard deviations of the samples, or
their ranges, or any other sample characteristic of interest to us.
Suppose instead of scores or measures, our samples consisted of data
classified into categories. We could determine for each sample the
Proportion of observations falling in a given category, such as the
Proportion of Republicans in each sample, and make a sampling dis-
tribution of these proportions. Thus, a sampling distribution may
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be made for any statistic (sample characteristic) by c'ollec_tmg a Tu}‘
titude of random samples of the same size, compuling the statistic
of interest for each sample, and organizing the resulting values ito a
frequency distribution. ) . )

Mathematicians have determined what particular sampling dis-
tributions would look like if an infinite number of sample.values
were obtained. That is, for particular sample attl‘ﬂ?utes like Fhe
mean, they have described the distribution of an infinite population
of random sample values- -the distribution we would approach more
and more closely if random samples of a given size were continually
drawn from an inexhaustible supply. A number of such sampling
distributions are known to be normal or to approach closely the
normal curve in form. When this is so, the normal curve is taken as
the model of that sampling distribution.

We shall consider here two sampling distributions for which,
under appropriate circumstances, the normal curve may be taken as

a model: the distribution of sample means, and the distribution of
sample proportions.

Sampling Distribution of
Means (n = 30)

We consider now the sampling distribution of the mean —that is,
the distribution of sample means that would result if we drew from a
given population an infinite number of random samples (all of the
same size n). determined the mean Y of each sample, and organized
the X'’s into a frequency distribution. When the sample size n is 30
or more, the distribution of random sample means closely approaches
the form of the normal curve. The mean of the sampling distribution,
rz, Will be equal to the mean u of the population from which the
samples came. The standard deviation ¢; of the sampling distribution
is equal to ¢/ V'n, where ¢ is the standard deviation of the population
and n is the size of the sample. These relationships between the
parameters of the sampling distribution and the parameters of the
population from which the samples came may be stated:

Kz = u
_9_
v'n
The population values u and ¢ will not ordinarily be known, bu_t
they can be estimated from the sample. Thus, the sample mean X

gz =
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1S an estimate of y, and s is an estimate of . The standard deviation

of the sampling distribution may then be estimated by s/vn. We
shall call this estimate s;. Thus,

S

T Va

Sz (5.3)
) We shall use this relationship in the example that follows to
Judge the reliability of a sample mean, and to determine a range of
values that is likely to contain the parameter u.

Example 2. In a survey to study the amount of use of home
telephones, it is determined that a random sample of 400 evening
calls made from different points in a large residential area had a mean
duration X = 6.3 minutes with standard deviation s = 2.4 minutes.

(a) Is this mean a reliable estimate of n?

e ¢« STEP 1. The sample mean X is regarded as one of a multi-
tude of sample means that are normally distributed about ug the
mean of the sampling distribution. To estimate the variability of
the X’s, we compute s;. Thus, by formula (5.3),

2.4
SE = e = 12
/400
The value .12 estimates the standard deviation of the sampling dis-
tribution.

¢ DISCUSSION

The value .12 is very small, suggesting that the X’s of this sampling
distribution are clustered very close together. According to our esti-
mate, they differ from u; by only .12 “on the average.” In that case,
it is likely that our particular sample mean, which is one of these X’s,
does not differ much from u; either. Because p: = 4, it follows that
our sample mean is also likely to be close to u, the value of the popu-
lation mean. Therefore, the value 6.3 may be regarded as a reliable
estimate of u. B

In general, if s; is small, then it is likely that X differs little
from u. In this case, X is said to be a reliable estimate of u. If s; is
large, then it is not possible to conclude either that X differs little
from u or that X differs much from x. It isin this latter case that X
is said to be an unreliable estimate of u.

(b) Estimate a range of values that is likely to contain .
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Our best single estimate of y is given by X. Although the com-
putations of part (a) suggest that X differs little from x, only vague
information is conveyed by the statement, ‘‘ux is probably close to
6.3 minutes.”” How close? Would five minutes be a good guess? Seven
minutes? Within what range of values is p likely to be? We cannot
directly determine a likely range for u, the population mean, but we
can estimate such a range for p: the mean of the sampling distribu-
tion. Since u; = g, our range will hold for p also.

We turn again to the sampling distribution of X's, seeking a
range of values that is likely to include the unknown u:. For the
moment, let us assume that the estimate of ¢; obtained in part (a)
is exactly correct. That is, assume it is known that ¢; = .12. Because
the sampling distribution is normal, we know from Table B that
about 689, of the sample means fall within the range bounded by
one ¢; below and one ¢; above the mean, or within p; + .12. It seems
likely enough that our sample mean should be one of these 689.
We may say the chances are about 68 in 100 that X is within a dis-
tance of .12 from p:. From Table B, about 95 of all sample means
are within two ¢; of the mean, or within u; & .24. It is very likely
that our sample mean is one of these 95¢%. The chances are thus about
95 in 100 that our sample mean is within a distance of .24 from us.
If X is within a distance .24 of u;, then of course u; must be some
value within the range .\' & .24. We do not know, of course, how far
X is from u;, but the chances are 95 in 100 that the distance is no
more than .24. Therefore we claim, with a 959 chance of being
correct, that u; (hence u) is some value within the range X 4 .24.

A range such as the one we obtained is called a confidence
interval. For this example, with X = 6.3, the confidence interval
for 4 is 6.3 + .24, or 6.06 to 6.54. The values 6.06 and 6.54 are called
959, confidence limits.* We write: 6.06 < u < 6.54, with 959, confi-
dence. And from a consideration of this range of values, we can now
say that five minutes and seven minutes are not good guesses about
the population mean p; these guesses are far outside the range of
“likely”’ values.

The foregoing is based on the assumption that o; is known to be
.12. Actually, .12 is the estimate s; and not the parameter s, SO the
confidence interval we obtained must be regarded as an approxima-
tion. When the sample size is as large as 30, s is a reliable estimate

* Conventionally, in obtqining 959¢ confidence limits, the more precise value
1.960; is used in the calculations rather than 2¢z, used here to simplify the illus-
tration.
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;)}i o and the approximation will usually be a good one. The larger
e sample, the more certain we can be of a good approximation.
(For n < 30, see Chapter 10).
4 Tq summarize: Using s as an estimate of o, approximate confi-
ence limits for » may be obtained from the formula

X +2, (5.4)

_8_
vV
where z, is determined by the investigator’s choice of a confidence
level. Typical confidence levels are .90, .95, .99, .997. To illustrate,
we compute a 999, confidence interval for this example.

. ¢ © STEP 1. Determine the value of z,. A confidence level of .99
implies a range that includes the middle 999, of sample means.
Therefore, we wish the z values that include the middle 999, of the
normal distribution. From Table B, we find the z value for which

the area between the mean and z is .495 (half of .99). This value, z =
2.58, is z,.

* o STEP 2. Compute s/Vn, the estimate of ¢z. From part (a),
s/Vn = .12,

e ¢« STEP 3. Substituting in formula (5.4), we have
6.3 + 2.58(.12) = 6.3 + .31
This gives 5.99 to 6.61 as the 999, confidence interval. We write,
5.99 < u < 6.61, with 999, confidence.

o DIscussioN

Obviously, the range of values ‘“likely to contain x’’ varies with the
confidence level that is chosen. The range depends upon how likely
we want it to be that our statement about u is correct. With a 959,
chance of being correct, a narrower interval could be given (6.06 to
6.54) than when we chose a 999, chance of being correct (and ob-
tained the interval 5.99 to 6.61). In either case, we would reject five
minutes and seven minutes as unreasonable guesses about x. But
what about six minutes? It is excluded as a likely value by the 959,
confidence interval but included by the 999, confidence interval. One
cannot state with great confidence that up is not six minutes, while
such statements can be made about five minutes and seven minutes.
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Sampling Distribution of a
Proportion (nP” and nQ
Greater than 5)

When a population is divided into two mutually exclusive cate-
gories—male and female, voters and non-voters--it is called a bi-
nomial population. The proportion of the population in one category
is designated P and the proportion in the other category is designated
Q. The corresponding proportions in a sample drawn from the popu-
lation are designated p and gq.

If random samples of the same size n are drawn [rom a binomial
population, the sampling distribution of p approaches the normal
distribution for larger and larger n. How fast the sampling distribu-
tion of p approaches the normal distribution depends upon both the
sample size n and the population proportions P and Q. When both
nP and nQ are greater than 5, the normal curve provides a model
of the sampling distribution that is satisfactory for most purposes.
When P and Q are unknown and the sample estimates p and g are
used in their place, a safer guide is to require that both »p and nq
are at least 10 before using the normal curve as a model of the sam-
pling distribution. We shall adopt this as our rule.

A confidence interval may be determined for the population
proportion P by applying the same logic used to obtain a confidence
interval for u. That is, using the normal curve as a model of the
sampling distribution of p, we compute a confidence interval for the
mean u, of the sampling distribution. Since u, = P, the obtained
confidence interval holds for P also. The relationships between the

parameters of the sampling distribution and the population param-
eters P and Q are:

I-Lp=P

The standard deviation o, of the sampling distribution is estimated
by substituting the sample values p and q for the parameters P and
Q. This results in an approximation which, again, we can have con-

fidence in only when n is large. Confidence limits for P are then given
by

P =z %I (5.5)
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Example 3. An investigator is interested in the development
of form perception in young children. He tests a random sample of
80 children of the same age to determine how many of them can
discriminate between a six-sided figure and an eight-sided figure. He
finds that only 24 of the children tested are able to make this dis-
crimination. What is the 95¢; confidence interval for P, the propor-
tion able to make this diserimination in the population from which
the sample came?

* * STEP 1. Check that the normal curve will give an acceptable
approximation of the sampling distribution. The frequency 24 is the
value of np, and since ng = 80 — 24 = 56, both np and ng are well
over 10. We conclude that the normal curve may be taken as the
model of the sampling distribution.

e « STEP 2. Determine the sample proportions p and ¢. Thus,

gq=1—-—p=.70

The proportion of children in the sample who are able to make the
discrimination is .30, and the proportion who are not able is .70.

* ¢« STEP 3. Determine the value of z,. Since the 959, confidence
interval is desired, we wish the z values that include the middle 959,
of the normal distribution. From Table B, we find the z value such
that the area between the mean and z is .4750 (half of .95). This

value, z = 1.96, is z,.
e « STEP 4. Substituting in formula (5.5), we obtain

30 = 1.96 \/%@ _ .30 + 1.96(.0512) = .30 = .10

The limits .20 and .40 give us an approximate confidence interval for
1o, the mean of the sampling distribution. Since u, = P, we claim

.20 < P < .40, with 959, confidence.

e DISCUSSION

According to our confidence interval for P, somewhere between 20
and 409, of these young children are able to discriminate between
a six-sided and an eight-sided figure. The proportion unable to make
the discrimination is given by the corresponding interval for Q. (Since
P 4+ Q = 1, if P is between .20 and .40, Q must be between .80 and

.60.) Thus,
.60 < Q < .80, with 959 confidence.
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1t seems safe to conclude that a majority of the children in the popu-
lation sampled are not able to make this discrimination.

Note that these conclusions could refer only to the population
of children from which the sample was drawn. No investigator has
the means to draw a random sample from the population of all three-
year-olds or all four-year-olds, or all of any age group. Nor can any
statistical procedure lead to inferences about a population that was
not sampled. Statistical inferences are necessarily limited to the popula-
tion from which the sample came. 1t is for this reason that investigators
in the behavioral sciences, when reporting their research, take great
care to describe their subjects and how they were selected. If the
population sampled seems fairly representative of some larger popu-
lation (e.g., much like all middle-class three-year-olds), the reader
himself may generalize to this larger population. But he does so on
the basis of his own accumulated experience and perceptions, not
because relevance to this larger population has been demonstrated.

SAMPLING The mean of a sampling distribu-
tion is called the expected value or
DISTRIBUTIONS the expectation of the statistic,

And the standard deviation of a
AND EXPECTATION  sampling distribution is called
the standard error of the statistie.

For example, u: is the expected
value or expectation of the statistic X because u; is the mean of the

sampling distribution of X. o is called the standard error of ¥ (more
commonly, ‘““the standard error of the mean”’) because o; is the stand-
ard deviation of the sampling distribution of X. Similarly, p is the
expectation of the sample value p, and o, is the standard error of D.

Because u; = u, the population mean, and p, = P, the popula-
tion proportion, the expected values of X and p are commonly written

EX) =u
E(p) = P

When it is true of a statistic that the mean of its sampling
distribution is equal to a population parameter, as in these cases,
the statistic is called an unbiased estimate of that parameter. Thus,
X is said to be an unbiased estimate of 4, and p an unbiased estimate
of P.

A statistic is said to be a biased estimate of a parameter when
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the mean of its sampling distribution is either smaller or larger than,
rather than equal to, the parameter. For example, the variance of a
sample computed from the formula ¢? = (X — .\')?/n gives a biased
estimate of the population variance «° because such sample variances
tend, when averaged, to have a mean smaller than the parameter 2.
It is for this reason that when sample data are used to estimate the
population variance, the variance s2 = (X — X)2/(n — 1) is com-
puted from the sample. The mean of the sampling distribution of s2
is equal to the population variance ¢2, so s* is an unbiased estimate
of the parameter 2. (While it is not true that s, the standard devia-
tion, provides an unbiased estimate of the parameter o, s remains the
best estimate we can make of ¢.)

The procedures of this chapter are representative of that branch
of statistical inference called parameter estimation. Actually, as we
have seen, population parameters are not estimated directly. It is
the parameters of the sampling distribution that are estimated. We
began with one random sample value and asked, in effect, what is the
mean of its sampling distribution? We were able to translate the an-
swer to this question into a statement about the population param-
eter because the mean of the sampling distribution was equal to the
population parameter. Thus, the procedure requires an unbiased esti-
mate of the parameter; it requires a statistic whose sampling dis-
tribution has a mean that is equal to the parameter.

To summarize: In order to estimate the value of a parameter
from sample data, it is necessary to have a statistic that is an un-
biased estimate of the parameter. The sample yielding this statistic
must, of course, be a random sample. It is the sampling distributions
of random sample values that are known to us; we know nothing at
all about how nonrandom sample values are distributed. And, to
repeat, the sample must come from the population about which infer-
ences will be made. Statistical inferences cannot be made about
populations other than the one actually sampled.

Practice Problems

1. A student applies to a counselling center for vocational guid-
ance. He is given a series of tests, with results as shown below. The
tests were previously standardized on large groups of comparable
students, and the scores in each case were found to be approximately
normally distributed. The standardization group mean and standard
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deviation is shown for each test. What is the centile rank of each of
the student’s scores, with reference to the group on which the test
was standardized?

STUDENT S SranparpizatioNn Grour
TEsT SeonRe MEAaN P
Gieneral Intelligenee 130 100 15
Iimotional Stability 40 H0 10
Iixtraversion 19 6t 12
Seienee Aptitude 127 100 20)
Artistie Aptitude 70 70 13
Vocational Interest:
Selence L0 57 10
Art 71 Ot S
Business 3s 52 7
Social Service 59 a5 9

2. Scoreson a graduate-school admissions test are normally dis-
tributed with mean -: 500 and ¢ = 100. (2» Frank obtained a grade
of 540 and his friend Al a grade of 510. What is the difference be-
tween their centile ranks? (b Joe obtained a grade of 730 and his
friend Bill a grade of 700. What is the difference between their
centile ranks? (¢) Explain why the answers to parts (a) and (b) are
not the same. (d) If a graduate school decides to consider only those
applicants who score among the upper one-third on this test, what

1S the mmiml'lm score an applicant must obtain in order to be con-
sidered by this school?

3 Repeated measurements of a subject’s auditory threshold for
a stimulus tone are found to be approximately normally distributeq
w1th' mean intensity = 15 decibels and ¢ = 3 decibels. (a) What ig
the interquartile range of the distribution (25th to 75th centiles)?
(b) What is the median of the distribution? (¢) On 909 of trials, th(.a,
subject’s threshold is below what value? (d) On 95% of trials? (e) On
999, of trials? (f) On 90¢; of trials, the subject’s threshold is aboye
what value? (g) On 959 of trials? (h) On 99% of trials?

~ 4. A theoretical distribution of sample means is normal in form
\(T'lfti'h uz = 50 and o> = 2.0. (a) What proportion of the sample meang
1;1' ers from u; by as much as 1.0? (Both in the direction of bein
- ger and in the direction of being smaller than pz.) (b) What propor-
10n differs by as much as 2.07 (¢) By as much as 3.0?7 (d) By as much

as 4.0?7 (e) 5.07? (f) 6.07 (g) Te : : ;
.07 .07 (g) Ten percent of the sample di
from 4; by as much as ple means differ

) ? h) Fiv t of tl

dift T ve percent of the sample mean

me:r frqm Mz by as much as # (1) One percent of tﬁe sampls
ns differ from pz by as much as ? ¢

5. Is the distribution of scores giv ;
mal? (Y = 25.0, ¢ = 5.0) ® iven below approximately nor-
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ScoRESs f
2

36-38
33-35 5
30-32 11
27-29 19
24-26 26
21-23 19
18-20 11
15-17 5
12-14 2
n = 100

‘There are several ways of determining whether an empirical distribu-
tion 1s approximately normal. One way is to proceed as follows:
Convert the frequencies to proportions and make a cumulative pro-
portion column. The entries in this column give the proportion of
cases that fall below the upper exact limit of each scoring interval.
Using formula (5.1), find the z values of the upper exact limits. From
the normal curve table, determine the proportion of cases in a normal
distribution that falls below these z values. If the distribution of
scores is approximately normal, the entries in the cumulative pro-

portion column should be close to the proportions found from the
normal curve table.

6. Is this distribution approximately normal? (X = 40, ¢ = 6.0)

ScoRres f
51-53 4
48-50 8
45-47 12
4244 16
39-41 20
36-38 16
33-35 12
30-32 8
27-29 4

n = 100

7. The mean number of parts turned out per day by 36 machine
operators randomly drawn from a large number of workers is found
to be 42.3 with s = 12. (a) Is this mean a reliable estimate of n?
(b) Is it likely that the population mean is as low as 807 (c) Compute
a 959, confidence interval for p.

8. A subject’s mean reaction time for 161 trials was found to
be 255.2 milliseconds with s = 7.8. (a) Is this mean a reliable esti-
mate of u? (b) Compute a 999, confidence interval for u.

9. The mean number of Rorschach responses given by a random
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Lo 40 elinie patients is 229 with s = 16.1. (a) Compute
. . R RERAN P .y
i\,'-”,”«ll“ R intersal for wo b A group of normals drawn from
e (mni"' cave aomean of 25.0 Rorschach responses. [g
T s connin A L . _
;- 11.;,‘.1,1,“. ;(.17 the population mean for elinie patients is ag high as 25?

1o, Hioh <chool sentors in a _('(‘I'I.llin ('oul‘lt‘\' z'u-e a“. given the
S cideniie achiosement examination boft')l‘t Hrd(luatlng. A ran.
dom sanple of 141 <eniors from Sehool A “b_tt“‘“(‘fl a mean of 78 op
Chcenian with s 12, A random =ample of 169 sex}l()rsfrorchhool B

Bt o penn of S0 with s 15, Does this difference iy sampla
Ireins inddicenre that the population means of Schools A apq B are
Aterent Op <hould the (liﬂ'(,‘r('p(-'c be u.llr’ll')llle(l to the.accidents of
Fimeorm samplineg?  Compute 950 and 997, C(mﬁ(lence Intervals for
“ach mean.

11, In o survey of attitudes toward foreign aid, 79 out of 10
Subjecrs interviewed were in favor of \vnhholdmg all aid fro
Communist -<upported nations, What statement can be made

. : aboyt
"he praportion of subjects in the population who {

avor this policys

120 A random sample of 300 automobile owners are asked whic
CFrwo utaomaobile designs they prefer, A or B. Design A ig preferred
by 150 of 1he subjects, an ('nmpute a 997 C()nﬁ(!ence interval for p
the broportion in the population who prefer Df.‘mgn A, and asimila;
INTere) for (), the proportion who prefer Design B, (b Is it like]y
that he designs are equally preferred in the hopulation?

130 In o weight diserimination exper-iment,. a subject is asked to
Judr which of two weights presented to him 1S the heavier. When
the difTerence hetween the two welghts was three grams, the subjeq
JUdgred correctly on ten out of the 20 trials given. (a) COmputea95<7
“Onfidence interval for . (b Is it likely that the subject is able t°
Muke this discrimination as often as 657 of the timge? (Is it like]o
that 2 g o high as .657) (¢) Suppose the subject had judged thy
Welghtg correctly on 50 out of 100 trials. Would the answer to part:
‘“Wiand b, be the same?

14, In a study of the effectiveness of a new Dsychiatric drug, 2
Kroup of 50 schizophrenic patients are randomly divided into an
Experimental group and a Control group. All subjects are given
bsychiatrie ratings by independent raters who have ng kygyledge of
the experiment. The Experimental group st}bJects are then given the
NeW drug daily over a two-week period, while Control group subjectg
receive daily placebos over the same perlod. Two weeks after the
conclusion of the experiment, the patients are rated again by the
Sime raters. Of the 25 Experimental group subjects, 14 gre found
show improvement. Of the Control group, only ten of the 25 subJepts
4re improved. Can it be concluded that the new drug is more effectivq
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than a placebo in improving the condition of these patients? Compute
a 959, confidence interval for each group.

Answers

1. In the order in which the tests are listed, the student’s
centile ranks are: 97.72, 15.87, 10.56, 91.15, 50.00, 24.20, 98.32,
2.28, 67.00. The test results suggest problems which the student
and his counsellor will discuss together. For example, compared to
the standardization groups, the student has a very strong interest in
art but only an “‘average’ aptitude for art, while his high aptitude
for science is accompanied by a relatively low interest in science.
What else do the test results suggest?

2. (a) Frank’s centile rank is 65.54, Al’s is 53.98. The difference
is 11.56 centile ranks. (b) Joe’s centile rank is 98.93, Bill’s is 97.72.
The difference is 1.21 centile ranks. (¢) Although the scoring differ-
ence is the same between the two sets of friends, so many students
obtain scores around the middle of the distribution that an increase
of 30 points here is sufficient to surpass a large percentage of students,
while so few students score at the extremes of the distribution that
a similar score increase in these regions surpasses only a small addi-
tional percentage of students. Since this is always true when scores
are normally distributed, centile ranks can often be misleading. For
this reason, many tests report norms in the form of “standard scores”
(transformed z values) as well as giving the centile ranks of the
scores. For example, the z values of the friends’ scores, .4 and .1,
and 2.3 and 2.0, do reflect equal scoring differences, (d) 544.

3. (a) 13.0 db to 17.0 db. (b) 15.0 db. (c) 18.8 db. (d) 19.9 db.
(e) 22.0 db. (f) 11.2 db. (g) 10.1 db. (h) 8.0 db.

4. (a) .3085 are above 51 and .3085 are below 49, so a total of
.6170 of the sample means differ from u: by as much as 1.0. (b) .8174
(c) .1336 (d) .0456 (e) .0124 (f) .0026 (g) 8.28. The extreme 109, of
the sample means lie beyond z = +1.64. These sample means differ
from u: by at least 1.64¢. Since ¢ is 2.0, they differ from uz by as
much as 1.64(2.0) = 3.28. (h) 3.92. (i) 5.16.

5. The cumulative proportions found from the normal curve
table, in order from highest to lowest, are: .9965, .9821, .9332, .8159,
.6179, .3821, .1841, .0668, .0179. These proportions are very close to
those given by a cumulative proportion column for the distribution.
The form of the distribution is close to normal, although it is slightly
more ‘‘peaked’’ at the center than a normal distribution.
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6. The cumulative proportions f()und(ffinp U}e normal curve
table. in order from hichest to lowesy, are: 9878, .9599, .8944, 7734,
.5987’, 013, .2266, 1056, 0401, There are Important (becagse sys-
temuatic: discrepancies between these proportions and those given by
the cumulative proportion column for 1h§> (hStI‘lbUthH: Observe that
below the mean the cumulative proportions tend to increase faster
than the normal curve proportions, while above the mean they tend
Lo increase more slowly than the normal curve proportions. The dis-
tribution is more “spread out” Ih:'m 3! nm"mul dlstrlbutlop; there are
more cases in the “tails™ of the distribution than oceur in a normal
distribution. This distribution is not “approximately normal.”

7. ta The standard deviation of sample means is estimated by
s: Lo be 2.0, The sample mean of 42.3 may be regarded as a fairly
reliuble estimate of u, since about two-thirds of such sample means
are estimated to be within 2.0 of xo by Ttis highly unlikely that
is as low as 30, This value is at a distance of more than six standard
errors six standard deviations: from .-12.3, and it is extremely rare
to obtain a random sample value that is six standard errors from the

mean of its sumpling distribution. (¢) 3838 < u < 46.22, with 95%
confidence.

8. (a1 8- - .61. This estimate suggests that the sample means
are clustered close together about u. Hence, the mean of this sample
is likely o be close to x and may be regarded as a reliable estimate
of u. (b) 253.63 < u < 256.77, with 997 confidence.

9. (a) 18.39 < u < 27.41, with 957, confidence. (b) Yes, in the
sense that 25 is not an implausible \'211.\.18.. sy = 2.3, which places our
sample mean within one standard deviation of the value 25,

10. For School A, the 9577 confidence limits are 76.04 and 79.96,
while for School B the 9577 limits are 81.04 and 84.96. There is no
overlap at all between these two interval estimations of the popula-
tion mean. The 99, confidence limits for the two school means are
75.42 and 80.58 (School A) and 80.42 and 85.58 (School B). Even
at the 997, confidence level, there is only a very small overlap
between the two confidence intervals. [t seems highly unlikely that
the population means of School A and School B are the same; the
population mean of School B is almost certainly the higher.

11. If the 100 subjects interviewed are a random sample, a
statement can be made about the population that was sampled. If the
subjects are not a random sample, no statements can be made about
some larger group. Assuming the former circumstance, we can assert
with 90¢/ confidence that .723 < I’ < .857, or with 959, confidence
that 710 < P < .870, or with 99¢; confidence that .685 < P < .895,
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That is, we can make a statement about the population proportion
who favor this policy at any desired level of confidence.

12. (a) The 999, confidence intervals are: .527 < P < .673, and
327 < Q < .473. (b) No, it is very unlikely that P is as low as .5
(or that @ is as high as .5).

13. (a) .281 < P < .719, with 959, confidence. (b) Yes, in the
sense that we cannot reject .65 as an implausible value for P. (¢) No.
In this case, the 959, confidence limits for P are .402 and .598. Since
.65 lies well above this range, it is unlikely that P is as large as .65.

14. For the Experimental group, the 959, confidence limits for
P are .366 and .754. For the Control group, the 959, confidence
limits are .208 and .592. There is a substantial overlap between the
two intervals, making it entirely plausible that P, the proportion
who improve, is the same for the populations of Experimental and
Control group subjects, and therefore that the drug is no more
effective than a placebo for these patients. The drug may be more
effective—this is also ‘“plausible’”’—but its superiority has not been
demonstrated by this experiment and no conclusions can be drawn.
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chapter 6

Linear

Correlation



Correlation refers to the relationship between two variables. Is
body type related to temperament? Is speed of learning related to
the amount of reward? Do traffic accidents go down as the weather
gets colder? Questions such as these inquire basically whether two
variables change together in some consistent way. For example: The
plumper the body type, the more jovial the temperament. Or, the
greater the reward, the faster the learning; the colder the weather,
the fewer the traffic accidents. When two variables tend to vary
together in a consistent way, they are said to be correlated. When
thers is no consistent pattern or relationship between them the
variables are said to be wuncorrelated. This would be the case if, for
example, it were found that some very plump people are jovial but
just as many are not.

There are many types of measures of correlation, appropriate
for different situations and for different kinds of data. We shall con-
sider here what is called ltnear correlation. Linear correlation is typ-
ically computed for data that are in the form of measures, and then,
as the name implies, only when the measures are linearly related.
The degree of linear correlation between two sets of measures is
designated by the letter r, which is called the coefficient of linear
correlation or, more briefly, just the correlation coefficient.
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LINEAR

CORRELATION
The Scatter Diagram and
Linearity

Example 1. An army psychologist has the job of selecting

men who are skillful in tracking o moving target. Because so much
time is required to test tne men individually by means of a realistic
tracking test, the psychologist would like @ simpler sereening device
that might be given to large groups of men at one time. He develops
a pencil-and-paper maze-tracing test that seems to require a kind
of skill similar to that required in tracking. If men who do well on
this Maze Test also do well on an individual Tracking Test, then the
Maze Test can be used with large groups to speed up the selection
process. As a preliminary study. he gives the Maze Test and a
Tracking Test to ten men who have had no previous tracking expe-
rience. Their scores are as follows:

Mazie Test Trackinag Test
SURIECT A (1)
A N 10
13 7 7
@ 4 S
1) 4 6
I 4 6
I 4 4
(1 3 7
1B 3 4
1 2 3
J 1 D

Do subjects who score high on the Maze Test also score high in
Eracking? From an inspection of the results, it would seem to be so.
Fbere 1s a tendency for tracking scores to change in a consistent way
with maze scores. As muaze scores increase, tracking scores increase;
as maze scores become lower, tracking scores are lower. The trend
1s not perfectly consistent. There are exceptions -c.g., Subject G,
who received a low muze score and a relatively high tracking score—
s0 the correlation is not perfect. Still, the trend is strong and we
should like & measure of the correlation that is present.

. * *STEP 1. Before computing r, we check Lo see that the rela-
tionship between the two variables is approximately linear. This is
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done by inspecting a scatter diagram of the scores. One of the variables
is laid out along the Y axis and the other along the X axis, as shown
in Fig. 6.1. A point is plotted for each pair of scores. Thus, there is
a point on the graph for the first pair of scores, 8 and 10, another
point for the second pair, 7 and 7, and so on.

Tracking Scores

10

1 2 3 -4 5 6

-1
v

Maze Scores

Figure 6.1

Scatter Diagram Showing the Relationship Between
Scores on a Tracking Test and Scores on a Maze Test

« DISCUSSION

A relationship is said to be linear when the best-fitting line for the
plotted points of the scatter diagram is a straight line. Roughly de-
fined, the best-fitting line is the line that, over all, comes closgst
to all the points. A straight line has been added to the scatter dia-
gram in Fig. 6.1, and, as may be seen, it “fits”’ the data rather Wffll-
When this is true, r will give a good description of the correlation
between the two variables. When this is not true and the points of
the scatter diagram are better fitted by a curved line, as in (C? of
Fig. 6.2, then r will give an inaccurate description of the correlation.
Some other correlational method should be used. For the data ©
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Fig. 6.1, we conclu . i Timear .
accurlately describedfh;:hca(.)trrt;;:gs}itlonshlp is linear and that r will
the C;r‘gl;ﬁaa?slplgh the slope of the best-fitting line is positive so
increase in one Vsa.l bt{o ?be positive. A positive slope occurs when an
variable, as in Fiamz 1e11%.s aCCOr}‘lpanied by an increase in the other
one variable is ac;g:.orr; - A negative slope occurs when an increase in
would be the eass. £ panied by a decrease in the other variable. This
» Ior example, if the higher the scores on the Maze

4 No correlation (by Linear l'e\at'\onsmp,
‘ ‘ negative correlation

(¢) Curvilinear relationship,
correlation would be
misrepresented by »

Figure 6.2

Seatter Diagrams Showing Linear and Curvilinear Rela-
tionships. r is Computed for (a) and (b), not for (c)
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Test, the lower the score in tracking. When the slope of the best-
fitting line is negative, the correlation is said to be negative. An exam-
ple of negative correlation is shown in (b) of Fig. 6.2. When there is
no correlation between the two variables, the best-fitting line is
horizontal (slope zero), as in (a) of Fig. 6.2.

Computing r from z Scores

We are often interested in the correlation between two sets of
measures that are expressed in different units, such as age in years
and test performance in scores of some kind. The correlation coeffi-
cient 7 is independent of units of measurement, and all formulas for »
transform the original measures into a standard scale that is the
same for both variables. This is accomplished by replacing each of
the original measures by its z value. In fact, r is easily computed
from the two sets of z scores. The formula is

r = 2k (6.1)
n
where 2.z, is the product of a pair of z scores. The products are
summed algebraically over all pairs and divided by =, the number of
pairs. We illustrate with the data of Example 1.

e ¢« STEP 1. Find the mean and standard deviation (¢) of the X
distribution and of the Y distribution. By formulas (4.1) and (4.2)
of Chapter 4, these values are as given in Table 6.1 (p. 134).

e « STEP 2. Using the mean and standard deviation of a given
distribution, convert each measure of that distribution to its z value
by formula (5.1) of Chapter 5. Thus, the first z score of the X dis-
tribution is (8 — 4)/2 = +2.00. For the Y distribution, the first 2
score is (10 — 6)/2 = +2.00. The z scores are entered in separate
columns as shown in Table 6.1. As a check that they have been cor-
rectly computed, sum each column. The sums should be zero.

e « STEP 3. The products z.z, are obtained, as shown in the last
column of Table 6.1. The algebraic sum of this column is Zz.2,.

e o STEP 4. 32,2, is substituted in formula (6.1) to obtain r.
(Note that n is the number of products or pairs, 10, not the total
number of scores.) As shown in Table 6.1, r = +.725.
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Table 6.1
Computation of r from s Scores

(Example 1: Maze scores and Tracking scores of
Ten Army Men)

Maze TeEsT TrackiNG TEST
X Y zz 2y 222y
+2.00 +-2.00 +1.00
—+1.50 + .50 + .75
.00 =+ 1.00 .00
.00 00 .00
.00 00 .00
00 —1.00 .00
— .50 + .50 — .25
— .50 —1.00 + .50
—1.00 —1.50 +1.50
—1.50 — .H0 + .75

0.00 0.00 +7.:
+

TR0 e e e T
-
Sl 1 @ O 00O

I
A
q
LS

[}
[

c

o DiscussioN

The correlation between Maze Test scores and tracking scores 1s
+.725. The “plus” indicates that the correlation is positive, t.e.,
increases in one variable are accompanied by increases in the other
variable, as we saw in the scatter diagram of the scores. The value
.725 describes the magnitude of the correlation and indicates a sub-
stantial relationship. The psychologist will feel encouraged to con-
tinue his investigations. If the results of this study are confirmed on
a much larger group of men, the Maze Test will probably become
part of the standard selection procedure.

To understand why the value .725 was said to indicate a sub-
stantial relationship, look again at the last column of Table 6.1, the
column of 2.z, products. Remember that whatever makes the sum
of this column large will make r large, and anything that reduces the
sum of this column will reduce the value of r. It is apparent that the
sum of the column will be large (in absolute value) when there are
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many or large entries that have the same sign. And the sum will be
correspondingly reduced by entries having an opposite sign.

It can be shown that the largest positive value r can take is
+1.00. r = +41.00 indicates perfect positive correlation. The largest
negative value r can take is —1.00, which indicates perfect negative
correlation. Perfect correlation occurs only when the pair of z values
that are multiplied to give a z.z, product are numerically identical
in every case (with like signs in the case of positive correlation and
unlike signs in the case of negative correlation.) This makes sense
because it is only then that a change in one variable is paralleled
by an exactly equal change in the other variable. There are no excep-
tions to the pattern. Any time a change in one variable is not paral-
leled by an exactly equal change in the other variable—that is, if the
pair of z; and z, values are not numerically identical —the correlation
will be numerically smaller than 1.00. These pairs are “‘exceptions”’
to the pattern of perfect correlation and such exceptions act to reduce
the numerical value of r. The more “‘exceptions’’ there are, the closer
r approaches to 0.

Thus, differences in the absolute values of z, and z, pairs tend
to lower the correlation. The effect of these differences may be quite
small, however, if most of the 2.z, products nevertheless turn out to
have the same sign. It is when the z,z, products differ in sign that r
is most sharply reduced. When z.z, products have different signs, it
means that sometimes X scores that are above the mean (+z,) are
associated with Y scores that are above the mean (+-z,), a positive
trend, and sometimes X scores above the mean (+z.) are associated
with Y scores that are below the mean (—z,), a negative trend.
Inconsistencies of this kind are obviously an even greater departure
from the pattern of perfect correlation than mere numerical dis-
crepancies within pairs of z values. Differences in the signs of the
2.z, products constitute the really serious exceptions to whatever
happens to be the prevailing trend of the correlation. Many or large
differences of this kind finally reduce r to zero—the balance-point
between individual positive and negative associations which is called
“no correlation.”

One way to interpret the magnitude of 7, then, is in terms of
“exceptions’’ to the prevailing trend or pattern of the correlation.
When r is close to +1.00 or —1.00, there are only minor exceptions
to the trend of the correlation. When r is closer to zero, there are
serious exceptions to the trend. Our r of +.725 reflects the presence
of some exceptions. A study of Table 6.1 reveals that these exceptions
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consist mostly (?f numerical discx'epam_’ies be.t\\:eg?n 1thfe iz,n Zr;;ionzv
scores of the subjects. In addition, there lby(})]lle 1e\‘e1dsab (1) S gth i i
the z:2, products produced by a subject W %Sc;le' ’.e c;w T: tesal
on the X variable and above the mean on the Y var }a'b e. ed.oth
picture is not one of “‘serious’’ exceptions 'tol ?’he positive trend; the
correlation may be described as ‘‘substantial. N

Below are given, as a guide to Usage, some conventional ad-

jective descriptions of different r values.

7 VALUE ApJECTIVE DESCRIPTION
+.9 or —.¢

-~
<

High correlation

+.7 or =.7 Substantial correlation
+.5 0r —.5 VModerate correlation
4.3 or —.3 Low correlation

These adjective descriptions will not always be; applicat_ﬂe to par-
ticular situations. In many instances, a correlation 9f 5 is regarded
as quite “high,” as, for example, if suph a qorrelatwn is founfi be-
tween two behavior traits that are logically independent. But if the
correlation between two tests that are intended to measure t.he same
trait is only .5, we would regard this as a very low correlation. The
r value of .5 indicates equivalent ‘‘exceptions” in both cases. In the
first case, however, we expected even more exceptions so we tend to
regard the correlation of .5 as “high”’; in the second case very few
exceptions should occur, so the correlation of .5 looks “low.”

Computing r from Raw
Scores

It is not necessary to convert the X and Y distributions to 2z
scores before computing 7. Equivalent formulas are available for ob-
taining r directly from the raw data. One such formula is

. n=XY — (EX)(ZY)
VnzX?: — (£X)2][nZY?: — (ZY)?]

In this formula, the conversion to a standard scale of z scores and the
computation of 7 are accomplished at once.

(6.2)

Example 2. An investigator is curious about the relationship
between intelligence and certain personality traits. He obtains test
scores for a random sample of 20 college students. The students’ I1Q’s

and their scores on an Introversion Test are shown below. Isthere a
relationship between these two variables?
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IQ I~NTROVERsION IQ  INTROVERSION
112 17 120 33
105 50 126 61
134 43 122 a7
116 %) 108 HY
117 41 114 i
128 52 11 40
103 62 120 17
110 57 114 Y
115 66 124 43
131 53 116 37
ol
8 60r
S
8 . L]
w2 .
= * .
8 . .
£ 50r .
D
> .
2 ‘ .
E
40
1 1 1 1 L 1
105 110 115 125 130 135
1Q
Figure 6.3

Scatter Diagram of 1Q and Introversion Scores (n = 20)

o « STEP 1. The linearity of the relationship is checked by in-
specting a scatter diagram of the scores. As may be seen in Fig. 6.3,
the points are widely scattered. They do not seem to fall near a
straight line, but neither do they fall near a curved line of some kind.
There is no clearly discernible linear trend and no evidence of a curvi-
linear relationship. r may be computed. Where a straight line fits the
points about as well as any other line that could be drawn, the relation-
ship will not be misrepresented by r. The lack of a pattern simply
indicates that the correlation is low.
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« « STEP 2. To compute r by formula (6.2), five basic sums are
required: X, ZX?, =Y, 2Y? and X Y. If an automatic calculator 18
available, these sums are easily obtained from the raw scores and are
then simply inserted in the formula. If computations are to be done

by hand, it is easier to ““‘code” the scores first so that numbers will
be small, and then to obtain the five sums.

Table 6.2
Computation of r by the Raw Score Formula

(Example 2: 1Q and Introversion scores of 20 college

|

|

students)
. y? XY
NTROVERSION A } N
111(-;2 I 17 -3 - y 0 o
105 HU N p ‘&(())(1) 25 o9
134 15 + 1Y oo T 25 + 5
116 55 - T s1 - 18
117 41 + 2 - Y 2 4 + 26
12% 52 4+13 4+ 2 169 "
103 62 —12 +12 144 144 —1l44
110 H7 -5 + 7 25 49 - 35
115 66 0 416 0 256 0
131 53 +16 + 3 256 9 t+ 48
120 53 + 5 + 3 25 9 + 15
126 64 411 + 14 121 196 +154
122 57 + 7 + 7 19 49 + 49
108 59 -7 + 9 49 81 - 63
114 54 -1 4+ 4 1 16 - 4
115 46 0 — 4 0 16 0
120 47 + 5 - 3 25 9 = 15
114 H2 — 1 + 2 i 4 - 2
124 43 + O - 7 81 49 - 63
116 37 + 1 —13 1 169 - 13
_— I
1422 1200
+89 +54 —452
—39 —44 1306
—_— —_— ——
+50 440 ~14g
nENY — (=Xt _ 20( —146) — (40)(50)
;o= =

VInZN?T — 2N XY — (YY)

V[20(1422) — (50)2](20(1200) — (40)2)
- LomR2onh - 2000

V2R440 — 2500, (24000 — 1600)
= —.20
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Transformations of Scores

themW hatever scores we start with, the formula for r will transform
effect to a standard z scale. Any operations, therefore, that have no

5 On the z values of the scores will have no effect on r. Operating
With g Constant upon every score in the distribution—i.e., adding
or SUbtl‘acting a constant to every score, multiplying or dividing
€very Score by a constant, or some combination of these operations
carried oyt ip the same order for every score—will have no effect
on the ; values of the scores. Any such operation th_at will result in
COnVeniently small numbers may be carried out without affecting

€ Value of r, In Table 6.2, the scores of this example have been
reduced ip size by subtracting a constant from each score. The con-
Stant 115 was subtracted from every 1Q, with the result shown. n
column X, The eonstant 50 was subtracted from every Introversion
S€ore, with the result shown in column Y. These small values in the
X and Y colymns now take the place of the original scores in the
Computation of r, In Table 6.2, the five basic sums required for for-
mula (6.2) gre obtained from the values in the X and Y columns.

i 2 are substituted in
* * STEP 3. The five sums found in Step ‘
formula (6.2) to obtain r. As shown in Table 6.2, for these data

r = -.20.

* Discussion

The correlation is negative and very slight in(_ieed. We may say there
is a very small tendency ¢n this group of subjects for high 1Q’s to be
associated with Jow Introversion scores. At the same tnn.e, there are
SO many exceptions to the trend that we hesitate to assign any im-
portance to it,

Since the investigator selected a random sample Of_ students for
his study, the question arises: Can the small .COI‘I‘elaUO“ that was
found be generalized to the population from which the sz.tmple came?
Can we at least assume that the correlation is not zero in the bopu-
lation? The answer is not simple. To make inferences about the pop-
ulation correlation p (rho) on the basis of one sample 7, we need tq
know how such sample 7’s are distributed, how they vary around the
parameter o, More precisely, we want the standard c.ieV1f1t10n of the
sampling distribution of r. This standard deviation is given by the

following formula:
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1 — p?
G, = — ———

o Vn -1

(6.3)

As may be seen, the value of ¢, depends upon both p and =, the size
of the sample. The trouble with using the formula is, of course, that
we never know the value of p. We cannot logically put 7 in place of p
in the formula, since this implies that we already know r to be a reli-
able estimate of p, whereas we want to use the formula to help us
decide whether r is a reliable estimate of p. We cannot, therefore, use
formula (6.3) to evaluate the reliability of r or obtain confidence
limits for p the way analogous formulas were used in Chapter 5. The
problem must be approached in another way.

One approach is to assume that p is zero, then ask the question:
If p is zero, is it likely that random sampling would yield a sample r
having the particular value that I obtained? In short, we can consider
the plausibility of the hypothesis that p is 0. For example, let us
examine the hypothesis that in the population sampled there is no
correlation between I1Q and Introversion scores. That is, we will
assume a sampling distribution of r whose mean, p, is 0. By formulg,
(6.3), the standard deviation of this sampling distribution is

_ . 1-0 _
V2o —1

When the population correlation is 0 and the sample size is 20, the
sampling distribution of r has a standard deviation of .23. It is evi-
dent that our sample r of —.20 is within one standard deviation of
the parameter p of O; hence p = 0 is a plausible hypothesis. In other
words, if the population correlation is zero, many random samples of
this size will yield correlations that differ from zero by as much as .29,
Therefore, we have no basis for claiming that a correlation exists in
the population between IQ and Introversion. Qur obtained 7 of — .20
cannot be regarded as evidence against the hypothesis that the popu-
lation correlation is zero.

In Chapter 10, a procedure is given for formally testing the
hypothesis that a population correlation is zero. In this chapter, we
will be satisfied to make an intuitive judgment based upon the extent,
of the sampling variation of 7 when p = 0. Later, we will draw more
rigorous inferences. It should be pointed out that the sampling distri-
bution of 7 is not normal, although it is approximately normal under
the special circumstances of p = 0 and n = 30. Only under this com-
bination of circumstances can we draw upon the known relation.-
ships of the normal distribution to tell us how sample 7’s are dis-

23

g,
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tributed. Under other circumstances, our “intuitive judgments’ will
be limited to clearcut cases like the one considered in this example.

Although any hypothesized value of p may be substituted in
formula (6.3), the student should be cautioned against interpreting
the resulting value of o, as representing some amount of symmetrical
variation around p. The sampling distribution of r is symmetrical
only when p = 0. The distribution becomes increasingly skewed for
larger and larger values of p, and then, of course, there is much wider
yariation on one side of the sampling distribution than on the other.
In general, unless the sample size is very large, symmetrical variation
about p should only be assumed for p = 0.

Correlation, Causation, and
Prediction

When two variables are found to be correlated, it does not follow
that one of the variables is “caused” or determined by the other.
Correlation is only a statement of association, not a statement of
cause and effect. One variable may be the cause of the other, but if
this is so, the fact is not demonstrated by showing only that the two
variables are correlated. For example, much of the uncertainty in
scientific minds about the early findings relating smoking to lung
cancer arose from the fact that most of the studies reported were
correlational in nature. The correlations did not and could not dem-
onstrate that smoking caused lung cancer, only that the two were
associated. Most people were ready to interpret the association as a
cause-and-effect relationship because it seemed the intuitively ob-
vious explanation. But the possibility remained that some unsus-
pected third variable, or complex of variables, caused both a tendency
to heavy smoking and a tendency to develop cancer in the lungs.
Correlations alone could not eliminate this possibility.

While correlation does not establish causation, one of the im-
portant uses of correlation is in prediction. If the correlation between
two variables is high, knowledge of performance on one variable
makes it possible to predict performance on the other variable with
much greater accuracy than would be the case if little or no corre-
Jation existed between the variables. In Example 1 of this chapter, a
correlation of about .72 was found between maze-tracing scores and
tracking performance. The investigator cannot conclude that maze-
tracing ability “‘causes’ tracking skill, anymore than he can conclude
that tracking skill “‘causes” maze-tracing ability. But the substantial
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correlation between the two will help him to predict the tracking
scores of his subjects from a knowledge of their maze scores.

Technically, the prediction is accomplished by means of a re-
gression equation. The regression equation is the equation of the best-
fitting straight line for the points of the scatter diagram. Instead of
locating the line by inspection, as we have done, its location is
determined precisely by a procedure that minimizes the sum of the
squared, vertical distances between obtained Y scores and corre-
sponding Y values on the line.* This precisely located line, called
the regression line of Y on X, then serves as the basis for predicting Y
scores from given X scores. A given X value is found on the baseline
of the scatter diagram and the Y value read above it on the regression
line 1s the predicted Y score for a person obtaining the given score
on X. Predictions made in this way will usually be in error for any
one individual, but the overall error for many individuals is greatly
reduced by proper use of the technique.

In order to predict X values from given Y scores, the regression
line of X on Y is determined by minimizing the sum of the squared,
horizontal distances between obtained X scores and corresponding X
values on the line. Unless the correlation is perfect, the two regression
lines, ¥ on X and X on Y, will be different. And a different regression
equation will be used depending upon whether prediction is to he
made from X to Y or from Y to X.

Detailed accounts of regression and prediction are available ip
more elaborate statisties texts and in texts devoted to psychometries,

The purpose here is only to suggest some of the further techniqueg
that derive from correlation.

Practice Problems

1. In a ““level of aspiration’” study, a group of 11 S}lbjects are
told that average performance on an experimental task. is 10. The

are shown the task and each subject is asked to predict what hig
performance will be on the first trial. The predictions the subjectg
make, together with their actual performance on the first trial, are

* The mathematically advanced student will recognize this procedure as the
method of least squares. By the method of least squares, the slope of the regressiop
i [y .. | nEXNY — (zXH(EY)
ne o on X' g found to be: by, =\~ (ZN ) poin
X,V)—the equation of the line is readily

- Since one point on the

?
regression line is also known-- the point {
determined.
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shown below. (a) Plot a scatter diagram of the results. Is the rela-
tionship approximately linear? What kind of relationship is sug-
gested by the scatter diagram? (b) Convert the scores of the two
distributions to their respective ¢ values and compute r by formula
(6.1). Is there a relationship between the subjects’ predictions and

their actual performance?

SUBJECTS’ AcTUraL
PREDICTIONS PERFORMANCE
14 7
12 10
11 9
11 6
10 8
10 8
10 8
9 12
9 7
8 4
6 9

2. Fifteen students in a typing class are given a test to deter-
mine their progress. The students all type the same material, and
the time and number of errors is recorded for each student. Upon
inspecting the results, the instructor notices a tendency for the faster
students to make more errors than the slower students. Below are

iven the z values of the time scores and the error scores of the 15
students. (a) Plot a scatter diagram of the z scores. Is the relation-
ship approximately linear? Does the scatter diagram seem to confirm
the instructor’s impression? What kind of relationship is suggesteq
by the scatter diagram? (b) Compute r. What conclusions can be

drawn from the value of r?

z SCORES z SCORES
TIME Erronrs TIME ERRORS
- .2 + .4 +41.0 - 4
+ .7 0.0 -9 —-1.3
+1.6 0.0 - .5 — .8
—1.6 +1.7 — .5 +1.3
+ .2 - .8 - .9 — .4
- .2 + 8 —-1.1 +1.3
+ .3 + 4 — .2 0.0
+2.2 —2.1

3. Using the data of Example 1, compute 7 by the raw score
formula (6.2).

Plot a scatter diagram for each of the following. If the 7'elatz.'orns;n’p
is approximmately linear, compute r by formula (6.2) for raw data,

4. A test constructor working on a Word Recognition test haq
made up two forms of the test which he believes to be equivalent,
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He tries out the two forms on a group of 12 su_bjects_, six of whpm
take Form A first and then Form B, the other six §ubJects following
the opposite procedure. The results for the 12 subjects are:

ForMm A Foryv B
48 42
53 48
4! 33
44 37
53 45
49 39
54 43
46 36
57 51
62 53
a0 42
59 48

5. Theinvestigator of No. 4 above intends his Word Recognition
test to be a measure of vocabular

_ y. To check on how well his inteftion
is fulfilled by the test, he also administers a standard, individua)l
vocabulary test to each of the 12 subjects. He then examines the
relationship between the subject

f s’ Vocabulary scores and the scoreg
they achieved on the Word Recognition Test. The scores are:

Worp
RECOGNITION VOCABULARY

TEsT TEsT
48 24
53 27
41 22
44 20
53 28
49 29
54 33
46 25
57 27
62 36
50 31
59 32

6. Inastudy to investigate the relationship between neuroticism
and suggestibility, a random sample of 20 clinic patients are given
a series of tests. Among the tests are a Neuroticism questionnaire ang
a Body-Sway Suggestibility Test in which the maximum amount of
body sway is measured during a three-minute interval while a re-
corded voice suggests to the standing subject that he is falling for-
ward. The neuroticism score and the maximum amount pf body sway
under suggestion is given below for each of the 20 subjects. Do the

results suggest a relationship between neuroticism and body-sway
suggestibility?
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Bony SWAaY Bobpy Sway

NEUROTICISM (M) N EUROTICISM (o )
N 4.0 21 4.3
10 5.2 21 7.5
13 5.7 22 0.5
14 5.0 23 8.5
16 2.4 23 3.6
17 4.8 24 6.7
17 4.7 25 5.6
19 4.0 27 5.2
20 3.0 31 5.8
20 5.2 32 6.1

To simplify the measures of body sway, multiply each measure by 10
to eliminate the decimals, then subtract a convenient constant.)

7. A compen s intgrested in Cuttin_g down the turnover among
its machine operators. rlwentyA“e“’ly-lnred operators are given an
Inteligens Test as part of §Ludy to d ete”m}‘e the causes for the
turnover rate. One year later, the Intelligence Test scores of the men
are compared with the number Ot-p Wee!{s they remained on the job,
as shown below. Is there z; relationship between Intelligence Test
geore and weeks on the job?

INTELLIGENCE WEEKS INTELLIGENCE WEEKS
SCORE o~ Jom SCORE ox Jon
41 12 88 6
55 30 49 s
62 52 54 43
81 4 51 23
73 27 83 13
57 52 47 19
65 52 68 52
44 3 71 38
77 18 76 32
64 52 68 48

_In a study of prejudice against minority groups, a random
ample of 20 subjects from a new residential area are asked to fill out
an attitude qufastlo_rmalre that consists o’f two parts. One part of the
questionnaire inquires as to the subject’s beliefs about and feelings
toward persons belonging to the given minority groups. The other
art of the qgestlgnnal}‘e asks how the subject would behave in
hypothetical situations involving such persons. Separate scores are
obtained for the two parts of the questionnaire so that the relation-
ship between the feelings reported by the subjects and their projected
behavior may pe examined. The scores are given below. What is the
relationship between SCOTes obtained on the two parts of the question-

naire?
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“FEELINGS’ “BEHAVIOR''

CFEELINGS' “Beiavior’

12 20 31 28
16 18 31 42
17 12 32 31
20 34 34 17
22 27 33 19
24 36 37 27
25 41 10 H2
28 32 42 37
28 43 46 30
30 23

H0 38
9. What is the value of o, when p = 0 and the sample size is
(a) 10?7 (b) 267 (c) 377 (d) 507 (e) 1007 (f) 200? (g) For which of
these sample sizes is the sampling distribution of r symmetrical?
For which is the sampling distribution approximately normal?

10. Suppose the investigator of Problem 6 above had obtained a

correlation of .36 using a sample of 50 subjects. Could he then con-
clude that the population correlation is not zero?

11. Suppose the investigator of Problem 8 above had obtained

a correlation of .46 using a sample of 37 subjects. Could it be reason-
ably concluded that the population correlation is not zero?

12. An investigator finds a correlation of .14 between two var-

iables that are measured for a random sample of 200 subjects. Is it
likely that the population correlation is zero?

13. In Example 1 of this chapter, the investigator found a cor-
relation of .725 between the maze scores and the tracking scores of

ten Army men. Given only this information, no conclusions can be
drawn about the population of Army men. Why?

14. Suppose a random sample of ten Army men were selected
from the population of interest and a correlation of .725 was ob-

tained for this sample. What conclusions could be drawn about the
population?

Answers

1. The relationship appears to be generally linear although
there are wide discrepancies. At first glance, it may seem to be a

positive relationship. A straight line with positive slope can be drawn
through six of the eleven points. Actually, this is not the best-fitting
straight line, as indicated by the fact that 7 is exactly zero for these
data. The best-fitting line is a horizontal through the point X = 8
and Y = 10, the means of the two distributions. If you examine the
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scatter diagram.carefully, you will see that this horizontal comes
clos.e? to the points overall than does the aforementioned line with
positive slope. Thus, there is no correlation between the subjects’

predictions and their actual performance.

2. The relationship is generally linear and does seem to confirm
the instructor’s impression. That is, the relationship appears to be
negative in that high time scores tend to be accompanied by low
error scores, although there are exceptions to this trend. r = —.54,
indicating a moderate negative correlation. We may conclude there
is a definite tendency in this group for the faster students to make
more errors than the students who took more time for the test. But
there are also definite exceptions. Some fast students make few errors
and some slow students make many.

3. You should get the same result, r = +.725, as was found by

the z-score formula.

4. r = +.95, indicating a very high positive relationship. A high
correlation is, of course, necessary if the two fo_rms of the test are to
substitute for one another. The investigator will feel reassured that
both forms of the test are ‘‘measuring the same thing” at least in
this group of subjects, and will no doubt exte_nd his mve:st1gat10ns
to larger groups. Observe, howev_er, that the high correlation found
does not mean that subjects obtained the same scores on both forms
of the test. Scores are generally higher on Form A (mean = 51.3)
than on Form B (mean = 43.1). The high correlation means only
that subjects who obtained relatively high scores on A obte.uned
relatively high scores on B, and the same fpr low-scprmg subjects.
But the two forms of the test are not “‘equivalent” in the sense of
yielding the same scores. In order to compare scores obtained by
different subjects, the scores should all be obtained from the same
Form of the test. (The investigator will probably shift test items to
make the two forms of the test equivalent in this sense also.)

5. r = +.83, indicating a high positive relationship. Although
this correlation is lower than the .95 found between the two forms of
the Word Recognition Test, two different tests are involved now and
the correlation is expected to be lower. The correlation of .83 indi-
cates that the Word Recognition Test is a valid measure of vocabu-
lary, at least insofar as the standard individual test is a valid measure
of vocabulary, because scores on the two tests parallel each other

closely.

6. r = +.36. There is some tendency for neuroticism scores and
body sway to be related among these subjects, but the size of 7 indi-
cates that there are many (or serious) exceptions to the trend even

among these subjects. To consider whether some correlation may be
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attributed to the population, we examine the hypothesis that p = 0.
For a sample of 20 and p = 0, o, is .23. Qur r of .36 is about 1.6
standard deviations (.36 .23) above the mean of the sampling dis-
tribution. Since we do not know how many r’s are this far away
from the mean of the distribution, we cannot tell whether our r
should be regarded as unusual or not. If we knew that r's as large as
ours were only rarely obtained when the population correlation is
zero, we would then conclude that p = 0is an implausible hypothesis.
We are not in a position to make this decision and must suspend
judgment now, although we shall be able to make this judgment in
Chapter 10.

7. There is a definite relationship, but it is not linear. The rela-
tionship evident on the scatter diagram is shaped something like a
hairpin. Men who received very low or very high intelligence test
scores remained on the job only a short time, while men who scored
in the middle range remained the longest (suggesting a very definite
hiring poliey to reduce turnover!). This curvilinear relationship is not,
measurable by 7, so 7 should not be computed. (If it is computed,
we find r = —.013, suggesting falsely that there is a near-zero rela-
tionship between the two variables. What this r tells us is only that
the linear relationship between the two variables is practically zero.
Since we already know that the relationship is not linear, we have
no use for r). A measure called eta or the correlation ratio, which may
be found in many standard statistics texts, is used to measure the
strength of a curvilinear relationship.

8. r = +.46, indicating only a moderate positive relationship
between these subjects’ reports of how they feel and how they would
behave. Apparently, the two parts of the test measure different
aspects of prejudice, aspects that are not so highly correlated as one
might suppose. Since this is only a sample of 20 subjects, the correla-
tion may be higher in the population, or it may be lower. Could it
be 0?7 If p = 0, o, = .23 and our sample r of +.46 is exactly two
standard deviations above the mean of the sampling distribution,
Again, we are not yet in a position to decide whether such an r is
unusual or not. For the time being, we must suspend judgment about
the hypothesis p = 0.

9. (a) .33. (b) .20. (c) .17. (d) .14. (e) .10. (f) .07. (g) The sam-
pling distribution of r is symmetrical whenever p = 0, so it is
symmetrical in all of these cases. The sampling distribution is ap-

proximately normal in form when the sample size is 30 or more; that
is, for (c¢), (d), (e), and (f).

10. If p = 0 and n = 50, o, = .14. A sample r of +.36 is then
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2.57 standard deviations (.36.14) above the mean of the sampling
distribution. Because the sampling distribution is approximately
normal for a sample size of 50, we can use the normal curve table to
determine about how many r's are this far from the mean. From
Table B in the Appendix, we find that only .0051 of the cases in a
normal distribution are 2.57 standard deviations above the mean,
and of course only .0051 of the cases are 2.57 standard deviations
below the mean. Adding these two values, we are able to say that
only about .01, or 197, of sample r's are as large as .36 when n = 50
and the population correlation is zero. Thus, it is possible that a
random sample of 50 cases will yield an r as large as .36 when the
population correlation is zero, but it is very unusual. If we drew
samples of this size over and over again from a population where
p = 0, only one time in a hundred would we find an r this large.
Rather than believe that such a one-in-a-hundred event has occurred,
most investigators would conclude that p = 0 is not a plausible

hypothesis.

11. If p = 0and n = 37, o, = .17. A sample r of +.46 is 2.71
standard deviations (.46/.17) above the mean of the sampling dis-
tribution. Because this sampling distribution is approximately nor-
mal, we may use the same procedure outlined above. From the
normal curve table, we find that .0084 + .0034 = .0068, or less than
19, of the sample 7’s are as large as .46 when n = 37, and the popula-
tion correlation is zero. Either we fell by chance upon a very unusual
random sample (one that would occur less than one time in a2 hundred
in the long run), or else the population correlation is not zero. Again,
most investigators would agree that under these circumstances p=0
is not 2 plausible hypothesis. ’

12. If p = 0 and » = 200, o, = .07. A sample r of .14 is exactly
two standard deviations from the mean of the sampling distribution.
From the normal curve table, only .0228 + .0228 = 0456, or less
than 59, of sample.r’s are as large as .14, If , = 0, less t’han five
times in a hundred in the long run would we find 3 sample of this
size in which the correlation is as large as .14. The population cor-
relation may be zero, but we would not regard this as a likely
possibility.

13. The ten Army men are not a random sample from some
specified population; therefore we know nothing whatever about the
sampling distribution of r in this case. We cannot even determine
o, because formula (6.3) for o, gives the standard deviation of random
sample r’s about p, and we do not have a random sample.

14. Even though the sample correlation is so high, we are still
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not in a position to conclude that the population correlation is not
zero. Our sample r is 2.2 standard deviations (.725/.33) above the
mean, but the sampling distribution is not normal and we do not
know how many sample r’s are this far from the mean. We cannot
draw any conclusions about the population correlation. (Again, we
shall be able to make such a judgment in Chapter 10.)
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Probability refers to the chances that some given event will
oceur under a specified set of conditions. For example, what is the
probability that a child of divorced parents will become emotionally
disturbed? The event is “becoming emotionally disturbed” and the
condition specified is “divorced parents.” If we knew just how likely
this event was under these conditions, we would have a basis for
taking action in such situations. Sometimes such a probability basis
is extremely important in making decisions. For example, what is the
probability that Drug X will have an adverse effect on intellectual
functioning? However helpful Drug X may be for colds or insomnia,
we still want to know just how likely it is to impair intellectual fune-
tioning before we venture to take it.

The statistical probability of an event is defined as the proportion
of times the event occurs over the long run—that is, if the situation
were to be repeated indefinitely. The statistical probability of an
event is, thus, the proportion of times the event occurs among the
population of occasions when it could occur. If among all the births
of children 50.19, of the infants are boys, the statistical probability
of this event—giving birth to a boy—is .501, or 501 chances out of
1000 in the long run. But such populations of occasions are never
available for study. Scientists, therefore, must rely upon estimates
of the statistical probability of an event. There are two ways of
making such estimates—inductively and deductively—and both ap-
proaches have great usefulness for science.
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INDUCTIVE

Inductive probability estimates
are empirical. They are simply
mathematical statements of what
has happened in the past. If an
event could have occurred on 100
different occasionsin the past, and
it occurred in fact only 20 times,
then our empirical estimate of that event’s probability is 20/100, or
20. If the event occurred 90 times out of a possible 100, then its
estimated probability is 90/100, or .90. An inductive probability
estimate, then, is an empirical proportion: the number of times an

event occurred, divided by the number of times when it could have
occurred. This statement may be written

PROBABILITY
ESTIMATES

p="=
n
where p is the proportion of times an event occurred,
f is the number of times the event occurred,

n is the total number of occasions when the event could have
occurred.

The proportion, p, provides an inductive or empirical estimate
of the statistical probability of the event for which p was computed,
The sum of events which are possible alternatives to this event has an
estimated probability ¢. Since p + ¢ = 1, ¢ is always equal to 1—p.
Thus, if the probability of an event is estimated as .80, the estimated

probability of the sum of alternative events is 1.00 — .30 = .70,
Some examples are given below.

Example 1. Among 80 hospitalized schizophrenics, 48 have

shown some improvgment after 15 sessions of group psychotherapy,
What is the probability that Patient A, who is schizophrenie, wij}
show improvement after 15 such sessions of therapy?

The event ‘“improvement’’ has occurred 48 times out of 80 under
the conditions specified. So p = 48/80 = .60. The best estimate that
can be made on the basis of this information is that Patient A has g
probability .60 of showing improvement after 15 sessions of group
psychotherapy. In other words, his chances of showing improvement
are estimated to be 60 out of 100. Alternative outcomes, such as
getting worse or showing no change, have a combined probability of
g = 1.00 — .60 = .40. So the chances are estimated to be 40 out of
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100 that Patient A will be worse or just the same after 15 sessions
of group psychotherapy. .

It obviously makes a difference whether 'patlents who do not
improve under a treatment become worse or simply remain as they
were and show no change. To estimate the likelihood of becoming
worse, g can be broken down into its two component parts: the proba-
bility of becoming worse, and the pl'ob.ablllty of showing no change.
If 9 patients out of the original 80 were judged worse after 15 sessions
of group psychotherapy, the probability that a patient will be worse
after such treatment is estimated to be 9,80 = :11- Since q = .40,
the estimated probability of showing no change is .40 — .11 = .29,

In summary, the chances are estimated as 60 out of 100 that a
schizophrenic patient will show some improvemept after 15 sessions
of group psychotherapy, 29 out of 100 that he will show no change,
and 11 out of 100 that he will become worse.

Example 2. In a test of visual acuity, a subject is required
to report whether a cardboard square placed some distance from him
has grid markings (black lines close together against a white back-
ground) or whether the card is solid gray in color. When the lines
on a card are so close together that the card always appears gray to
the subject, the distance separating the lines on this card is con-
sidered to be beyond the subject’s capacity to discriminate. Several
cards with lines varying in closeness are shown, ,mterspersed with a
solid gray card used as a check on the subject’s tendency to give
positive Judgments even when he cannot see lines. Out of 50 presenta-
tions of the solid gray card, the subject makes a positive judgment
that lines are present eight times. What is the probability that this
subject will make positive judgments under these conditions, even
when the lines on a card are so close together that he cannot see
them?

Positive judgments were erroneously made on eight out of 50
trials, so p = 8/50 = .16. It is estimated that in the long run, this
subject will make positive judgments 16 times out of 100 when
in fact he is unable to discriminate the lines on a card.

In interpreting the results of the experiment, the best guess is
that any card of lines for which the subject gives positive judgments
about 169, of the time or less should be considered lines which the
subject is unable to diseriminate. We could be in error. Perhaps the
subject did actually see the lines some number of those times, but
our best guess on the basis of the evidence is that he did not.
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DEDUCTIVE Deductive probability estimates

are theoretical in nature. T}.leyl
PROBABILITY are arrived at by making logica

deductions from a Pl'emi,se' qu

always be that every possible 0ul-
come in a given siualion has an
equal chance of occurring. Each
outcome is therefore considered to have a probability of occurrence
of 1/N, where .V is the total number of possible outcomes.
Traditionally, this type of probability model has been illustrated
by such games as the toss of a fair coin or the roll of a fair die. For
the coin, there are two possible outcomes, heads or tails; under the
premise, therefore, that each outcome is equally likely, the probabil-
ity of headsis 1/N = 1/2or .5, and the probability of tailsis also .5.
There are six possible outcomes for the die. Given the premise that
the six outcomes are equally likely, the probability of any one of
them is 1,6 or .17. The same principle holds if, for example, a random
procedure is employed to select one subject from 15 which are avail-
able. In this case, there are 15 possible outcomes, and since the
random procedure is designed to guarantee that each outcome is
equally likely, the probability that any given subject will be chosen
is 1/15.
When some number m of the possible outcomes could each pro-

duce the Event A, then the probability of the Event A is given
by :

m
PA) = N (7.1)
For example, let the Event A be the random selection of a subject
with poor eyesight. If three of the 15 available subjects have poor
eyesight, then the event could be produced by each of three outcomes,
and m is 3. The probability of randomly selecting a subject with
poor eyesight in this situation is 3/15 or .20.

Obviously, our deductive probability model is not suitable for
answering questions such as those posed in the previous examples of
this chapter. We should not be interested in a prediction that schizo.
phrenics have one chance in three of showing improvement after g
given treatment, based on the unlikely notion that the three possible
outcomes—improvement, getting worse, and no change—are equally
probable. When there is no basis for making predictions in advanee
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about the population which will be sampled, as in the previous ex-
amples, the proper procedure is to conduct an “‘exploratory” study
and determine from this study an empirical probability estimate for
the event of interest, as was done in Examples 1 and 2. The empirical
estimate may then be put forth as a hypothesis and tested by the

deductive probability model in a new experiment. The procedure is
illustrated below.

Example 3. On the basis of previous findings (see Example 1
of this chapter) an investigator hypothesizes that .60 of the popula-
tion of schizophrenies will show improvement after 15 weeks of

group psychotherapy. He wishes to conduct an experiment to test
this hypothesis.

The hypothesis proposes, in effect, a picture in which .60 of the
population of schizophrenics are of a type (not necessarily definable)
such that they will improve with this treatment, while .40 of the
population are not of this type and hence will not improve. Just to
illustrate the situation, we will imagine that the population consists
of a total of five schizophrenics, represented by the numbers 1 to 5
below. According to the hypothesis, .60 or three of these are of a
type who will get better with the treatment (B), and .40 or two are
of the type who will not get better with the treatment (O).

1 2 3 4 5
B B B O O

Now let us suppose that the investigator selects a random sample
of two subjects from this population. If the sample is not randomly
selected, then we cannot use our deductive probability model to test
the hypothesis. The deductive probabilities of interest to us are based
upon the premise that every ouicome in a given situation is equally
likely. This means that every possible sample of two subjects must
have an equal chance of being chosen. By random sampling, every
sample of two is equally likely and we satisfy the basic requirement
of our deductive probability model. Without random sampling, we
cannot estimate the probability of an experimental result, and have
no grounds for making an inference about the population from which
the sample came.

If two subjects are selected from the population, three experi-
mental results are possible: Both selections will be type B schizo-
phrenics; one selection will be type B and one type O; both selections
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Table 7.1
Possible Outcomes in the Random Selection of Two
Subjects from a Population of Five

Hypothesis: The population consists of three type B
and two type O subjects

ExpPErIMENTAL RESULTS: 2 Tyre B 1 Tyre B No TyrE B
OUTCOMES: 1.2 1,4 4,5
2.1 11 5,4
1,3 1,5
3,1 5,1
2.3 2.4
3,2 4,2
25
5,2
3,4
4,3
3,5
5,3
n o= 6 e = 12 ny =2

N=14+rn+n=06%+12 42 =20

will be type O schizophrenics. The three experimental results are
given in Table 7.1, and below each result is shown the possible out-
comes (selections) which could produce that result. For example.’ mn
order to obtain a result in which both subjects are of type Bs1t is
necessary to select two of the three subjects in the population which
are of this type. These are Subjects 1, 2, and 3. The result could _be
produced by selecting Subject 1 first and then Subject 2, or Vice
versa. IEach of these counts as a separate outcome. The same holds
for Subjects 1 and 3 and for Subjects 2 and 3. Altogether, there are
six outcomes which will produce a sample in which both sub]egts
are of type B. By a similar procedure, 12 outcomes are found which
will produce a sample in which only one subject is of type B, an‘? two
outcomes will produce a sample which includes no type B SUb]e.Cts'
The sum of these is N = 20, which is the total number of possible
outcomes.

Now suppose the investigator has chosen his sample of two sub-
jects. It is one of the samples listed in Table 7.1, but of course he
does not know which one it is and all are equally likely. Let us say
that the two subjects receive 15 weeks of group psychotherapy and
at the end of that time both show improvement. The hypothesis is
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;};at 609, will improve, while in this experiment 1009 have im-
Oved. \"Vas the hypothesis mistaken? Table 7.1 shows that if the
rg’slzl?tt}_lems i§ true, in the ‘Iong run Si:f: samples out of 20 will produce a
ol 113 which both subjects shO\.V improvement. Therefore, by for-
Ua (7.1) the probability of this result is 6 20 or .30 under the
ypOth_esis. Such a probability does not suggest an unusual event.
€r'e 1s no reason to reject the hypothesis.

What if the result was that neither of the subjects showed any
IMProvement after 15 weeks of group psychotherapy? According to
Table 7.1, in the long run two samples out of 20 will give this result.
If th? hypothesis is true, the probability of this result is 2,20 or .10.

. 1€ Mvestigator may decide to retain his hypothesis on the assump-
tion that g rather unusual event has occurred, but he cannot feel
Very comfortable about it. The result in this case can hardly be said
_tO Provide support for his hypothesis. He may decide that ‘.60 will
1mprove” is not a very plausible hypothesis.

Table 7.2

Possible Samples in the Random Selection of Two
Subjects from a Population of Five

Hypothesis: The population consists of three type B
and two type O subjects

EXPERIMENTAL REsuLTs: 2 Tyre B 1 Tyre B No TyrE B
SAMPLES: 1,2 1,4 4,5
1,3 1,5
2,3 2,4
2,5
3,4
3,5
m =3 n. = 6 ng =1

N=m4+m+n=3+6+1=10

The same conclusions would be reached if, instead of considering
the possible outcomes, we considered the different samples possible
in this situation. Although selecting the same subjects in a different
order provides two different outcomes, as we have used this term, the
two subjects selected constitute only one sample. Thus, selecting
Subject 1 first and then Subject 2 gives the same sample as selecting
Subject 2 first and then Subject 1.
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The possible results of the experiment are shown again in Table
7.2 and under each result are listed the different samples which could
produce that result. The total number of different samples is found
to be 10. Formula (7.1) is equally applicable in this situation to deter-
mine the probability of each experimental result. Thus, if the hy-
pothesis is true, the probability of randomly selecting two subjects
who will improve is 3,10 or .30. The probability of selecting one who
improves and one who does not is 6 10 or .60. And the probability
of selecting two subjects who do not improve is 1,10 or .10. These are
the same probabilities as were previously obtained by substituting
the number of different outcomes in formula (7.1). Since the order
of the subjects in the sample is of no consequence under the hypothe-
sis, the two methods give the same results.

In behavioral research, we are not often concerned about the
order in which subjects are selected, or the order in which a sequence
of observations occurs. Usually, we are interested in the probability
of obtaining a particular sample rather than a particular ordered out-
come. We will focus, therefore, upon methods for determining the
number of different samples which are possible in a given situation,
and how many of these samples could produce a given experimental
result. The remainder of this chapter will be devoted to three methods
for determining the probability of different random samples drawn
from specified binomial populations: (1) when a small sample is se-
lected from a small population; (2) when a small sample is selected
from a large or infinite population; (3) when a large sample is selected
from a large or infinite population. For our purposes, a sample will
be considered small if it contains ten or fewer observations.

Small Sample, Small
Population

When a small sample is drawn from a small binomial population,
the formula below for combinations is convenient for finding the total
number of different samples (combinations of outcomes) which are

possible. ,
n n!
(r) T rln — ! (7.2)

where 7 is the number of subjects in the population and r is the num-
per in the sample. The exclamation point is read factorial and means
that the preceding number is to be successively multiplied by each
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lower integer. Thus, in selecting a sample of two subjects from the
five schizophrenics of Example 3, the number of possible samples is

5! 5 X4 X3 X2X1

216 —2)1 - 2 X L3 X2 xX1) 10

This formula gives the denominator N of the formula m/N.
To find the number of samples which will give a particular result,
we use the formula

”1! n'_!!
iy — ! rol(ne — ra)!

(7.3)

where 7, is the number of subjects of a given type in the population
and r, is the number of subjects of that type in the sample; n» is the
number of subjects of a second type in the population and r. is the
number of subjects of this second type in the sample. Thus, for the
five schizophrenics, the number of different samples which will give
two subjects who improve (r,) when there are three such subjects
in the population (%), and zero subjects who fail to improve (72)
although there are two subjects of this type in the population (12),
is given by

3! 2! 3 X2X1 2 X1

B -2 f0CZ-0l - EexDH) *MHeExD ~

3

0! is always taken as equal to 1. We find, therefore, that there are
three different samples in which both subjects are of the type which
will improve.

Formula (7.3) gives the numerator m of the formula m/N. If all
the possible samples are equally likely, then the values found by
means of formulas (7.2) and (7.3) may be entered directly into the
formula m/N in order to determine the probability of any obtained
result.

Thus, the probability under the hypothesis of obtaining a result
in which both schizophrenics improve is 3/10 or .30, as was found by
the longer method of listing and counting all the possible samples.

The use of formulas (7.2) and (7.3) is illustrated in another
example below.

Example 4.  Eight married couples agree to take part in an
experiment in which each subject first fills out a questionnaire relat-
ing to his or her likes and dislikes. Three of the eight couples are
found to be in very close agreement as to their likes and dislikes.
The experimenter believes that these three couples will be most
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successful at the experimental task, which requires close cooperation
and mutual reinforcement between a husband and wife pair. He
predicts that scores obtained by these three couples will be in the
upper half of scores obtained by the eight couples. If in reality each
of the eight couples is as likely as every other to score in the upper
half (i.e., above the median of the group), what is the probability

of obtaining by chance a result in which all three of these couples
score above the median?

To illustrate the situation, the three couples found to be in
close agreement on the questionnaire are identified as “A’ couples

and the remaining five as ““O” couples. Thus, we have a population
of eight which may be symbolized

AAA 0O00O0O
—— Y——
n Mg

Under the hypothesis that each of the eight couples is as likely
as every other to be among the first four in performance, every
possible sample of four couples is equally likely to be found above the
median on a given trial. The first step, then, is to determine how
many different samples of four could be assembled from the popula-
tion of eight. This will give us the denominator N of formula (7.1).
The next step is to determine how many of these samples include all
three of the A couples. This will give the numerator of formula (7.1).

It will then be possible to solve directly for the probability of this
experimental result.

e o STEP 1. Substituting » = 4 and r = 8 in formula (7.2), we
have

8l _8XTXBX5X4X3IX2X1_ g
418 —4)! 4 X3IX2X1H@E X3 X2X1

There are, then, 70 different samples of four couples which, under
the hypothesis, are equally likely to be first in performance.

o « STEP 2. The samples of four which include all three A cou-
ples must include one O couple. The problem is analogous to drawing
three subjects from the group 7, and one subject from the group 7.
Substituting n, = 3,7, = 3,and n, = 5, 7, = 1in formula (7.3) gives

3! 5!

3@ — 3)! X115 — 1)!

. 3x2x1 5x4x3x2x1=5
T BX2X DA T (Hdx3X2XD
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Five of the possible samples include all three A couples.

* ¢« STEP 3. Substituting the values found in Steps 1 and 2 in
formula (7.1), we find that the experimental result obtained has a
Probability under the hypothesis of

m 5 -
N = ﬁ) = .07

If the equally likely hypothesis is true, we would expect this
experimental result to occur seven times in 100. This particular ex-
periment may be one of those seven occasions, but on the face of it,
it seems more reasonable to conclude that close agreement among
couples is a factor in their success on this task. However, the experi-
menter will have to consider what other variables might have pro-
duced the result before he can come to this conclusion.

Small Sample, Large
Population

As the population from which a sample is drawn approaches in-
finity in size, the ratio of formula (7.3) to formula (7.2) approaches a
limiting value which is equal to a term in the binomial expansion.
Thus, when the population is infinite, the probability of a given sam-
ple result may be determined directly from the appropriate term of
the binomial expansion. Even when the population is not infinite
but is large compared to the sample (say, 20 times the sample size)
the binomial expansion will give a very close approximation of the
exact probability of obtaining a given sample result.

The basic formula for the binomial expansion is

(P + Q) (7.4)

where P is the hypothesized proportion of subjects or observations of
a given type in the population; Qis 1 — P, or the proportion of sub-
jects or observations in the population which are not of this type;
and 7 is the size of the sample.

For example, returning to the investigator who hypothesized
that .60 of the population of schizophrenics are of a type who will
improve with group psychotherapy, let us now suppose that two
subjects are randomly selected from a vast population of schizo-
phrenics. P is .60, Q is .40, and » is 2. We have

(.60 + .40)2 = (.60)? + 2(.60)(.40) + (.40)2
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The first exponent, 2, indicates a sample in which both subjects come
from the hypothesized .60 of the population who will improve. The
probability of randomly drawing such a sample under the hypothesis
is obtained by multiplying out the term (.60)2 = .36. Thus, the
probability under the hypothesis of obtaining a result in which both
subjects improve is .36. Or, we would expect 367 of random samples
to give this result. Similarly, the exponents of the second term, which
are simply 1 and 1, indicate a sample of one subject from the hy-
pothesized .60 of the population and one from the remaining .40.
Maultiplying out the second term, we get 2(.60)(.40) = .48 as the
probability under the hypothesis of randomly selecting one subject
who improves and one who does not. Or, we expect 489, of random
samples to give this result. And multiplying out the third term, we
get (.40)2 = .16 as the probability of randomly choosing two sub-
jects from the hypothesized .40 of the population who will not show
improvement. That is, only 169, of random samples are expected
to give this result.

Note that the three probabilities found in this way—.36, .48,
and .16—are not the same as the probabilities of .30, .60, and .10
found when sampling was from a population of only five. Probabili-
ties will always be different when samples are drawn from infinite
populations as opposed to small, finite populations. This is because
the two situations are basically different. Every time a subject is
drawn from a small population, the population proportions are
changed. Therefore, the probabilities are different for each successive
draw. When the population is infinite, drawing any number of sub-
jects has no effect on the population proportions. Therefore, the
probabilities are the same for successive draws. Our different formu-
las, and results, take into account these different situations.

But now the investigator in our example may justifiably feel
reluctant to abandon his belief about the population even if both
schizophrenics fail to improve, since this result is expected to occur
169, of the time if his hypothesis is true. In order to really test his
hypothesis, the investigator must draw enough subjects so that it is
at least possible to get a sample which would cause him to reject
his hypothesis. If he takes five subjects, he increases by three the
experimental results which are possible. That is, with two subjects,
only three results were possible: both subjects improved, one im-
proved, or none improved. With five subjects, there are six possible
results: all five improve, four improve, three improve, two improve,
one improves, none improves. The probability of each of the six
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results is given by the six terms of the expansion of (P -+ (H*, which
in this case is (.60 -+ .40* or (3 5 4 2 5o

The terms of this expansion are given below. U 'nder cach term
is its fractional value, obtained by carrying out the multiplications
indicated by the exponent(s: and coeflicient of the term. Below cach
fraction is the decimal value of the term, rounded to the nearest
second decimal to permit easy scanning of the six probuabilities.

5 IMpROVE 4 Inprove 3 Intrrove 2 Isvrrove 1

6] '

ImrroveEs O Iverrovies

00 OO OB OO O

243 <10 1080 20 240 a2
3125 3125 3125 3125 3125 3125
.08 26 .35 223 .08 .01

Now, before even beginning his experiment, the investigator
may consider the probabilities of the six results and decide in advance
which of the results have probabilities so small that their occurrence
will cause him to reject his hypothesis. He will surely decide to rejeet
his hypothesis about the population if none of the schizophrenices in
his sample show improvement. If his hypothesis is true, only 1¢; of
random samples are expected to give this result: hence this result
represents a rare occurrence indeed. Rather than believe that such
a rare event has occurred, the investigator will conclude that his
hypothesis was mistaken if this is the result of his experiment. He
may even decide, in addition, that he will reject his hypothesis if
only one schizophrenic improves. Adding together the probabilities
of 1 improvement and 0 improvement gives .08 4+ .01 = .09 as the
probability under his hypothesis that one or less subjects will im-
prove.

Short-Cut Methods for

Expanding the Binomial

There are short-cut methods for determining the values of termsg
in the binomial expansion. First, note that the exponents of succes-
sive terms ascend and descend in a parallel, serial order. The first
exponent of P is always equal to n, the second exponent is n — 1
the third exponent » — 2, and so on in a descending order. Q, Whic}-;
first appears in the second term of the expansion, begins with an
exponent of 1, has an exponent of 2 in the next term, 3 in the follow-
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ing term, and so on in an ascending order. This may be seen below,
where only the P and Q portions of the terms are given for (P + Q)4

P-\ + P'!Q + P2Q2 + PQ:; + Q4
All expansions of the binomial follow this pattern.

The coefficients of the terms in the binomial expansion may be
read directly from Pascal’s Triangle, which is shown in Table 7.3.

Table 7.3
Pascal’s Triangle of Binomial Coefficients

Sus or

CoE¥FI-

CIENTS
1 2 1 4
1 3 3 8
1 4 6 4 1 16
1 b 10 10 D 1 32
$) 1 64
7 1 128
3 256
. ' 84 36 9 1 512
] 10 45 120 210 252 210 120 1 10 1 1024

35 35 21

The row at the top of the table gives the coefficients of the
terms in the expansion of (P + Q)% which are simpl.y 1, 2, and 1.
The next row gives the coefficients for (P + Q)% which are 1, 3, 3,
and 1, and so on. To illustrate:

(P + Q)-x — I).x + 4p:xQ + (3P2Q: + 4PQ:! + Q4

Once the expansion has been written out in this form, the hy-
pothesized values of I’ and Q may be substituted in those terms which
are of interest, and the terms solved individually by carrying out,
the indicated multiplications.

In carrying out the multiplications of individual terms in the
binomial expansion, it is usually easier to keep P and Q in the form
of fractions (e.g., /5 and 2/5, rather than .6 and .4). When P and Q
are fractions with the same denominator, then the fractional value
of every term in the expansion will have the same denominator,
Thus, when (3,5 4 2,5)% was expanded, the fractional values of the
terms all had the same denominator, 3125. It is only necessary,
therefore, to compute the denominator of one term.
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Computations are greatly simplified when the hypothesss s thar
P = 12, and therefore that Q = 1 2 as well. When P = @ = 1,2
it will always be true that the value of each term in the expansion
will be equal to the coeflicient of the term divided by the sum of all
the coefficients for that particular expansion. The sums of the coeffi-
cients for the expansions given in Table 7.3 are listed in a column
at the right of the table. The use of the binomial expansion in solving

a problem of this type is illustrated below.

Example 5. If college students, asked to guess the number of
beads in a glass jar, are as likely to guess too many as too few,
(a) what is the probability that a random sample of six students will
include five or more subjects who guess too many? (b) What results
would lead you to reject the hypothesis that guesses of too many
are as likely as guesses of too few?

. Hypothesizing that the {wo possibilities in a situation are equally
likely means that the population of elements  guesses, in this e :\ ‘
are hypothesized to be half of one type, half of unoth‘er 'l‘hvrrm;’t )
1/2and Q = 1 2. There are six subjects in the Szlmplo. S0 “-b: 2 g
to expand (P + Q)". Reading the coeflicients from ’l‘u‘bib 7-(; n.Log
remembering that the exponents of I’ descend in serial order “1.](”.0‘:111“\
exponents of @ ascend in serial order,

(P + Q) = P54 6P:Q + 15P'Q* + 20'Q" + 151:Q" + 6IQ s | o+

(a) Letting P represent the proportion of guesses which are too high,
the probability that fire or more of the subjects will guess too high is
given by the sum of the first two terms of the expansion. The first
term represents samples in which all six subjects guess too many
beads, the second term samples in which five subjects guess too many
and one too few. Both of these terms are included by the phrase “five
or more.”’

Since P = Q=1/2 i.n this problem, the value of each term in
the expansion is equal to its coeflicient divided by the sum of all the
.Coefﬁments. The sum of the coeflicients of this expansion is 64, as
Indicated in Table 7.3. The coefficient of the first term is 1, therefore
its value is 1/64. The coefficient of the second term is 6, therefore
the value of this term is 6/64. The sum of the two terms is 7/64 or
11. Thus, if guesses of too few are as likely as guesses of too many
in this situation, we would expect about 11¢/. of the random samples
of this size to include five or more guesses of too many. The prob-
ability of such a result under the hypothesis is .11.
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(b) To determine which results would lead to a rejection of the hy-
pothesis in this case, the probabilities at both extremes of the expan-
sion should be considered. Either too many low guesses or too many
high guesses would constitute evidence against the hypothesis that
both types of guessing are equally likely in the population. Below
are given the fractional values of the terms in the expansion, and
under these their decimal values rounded to the second place.

1 64 6 04 15 6t 20 64 15 64 6. 64 1/64
.02 .09 23 231 .23 .09 .02

It is evident from these values that an investigator would mO_St
likely reject the hypothesis if either of the two extreme results—sIX
guesses of too many beads or six guesses of too few—occurred. The
combined probability of these two results is .02 + .02 = .04. Only
four percent of random samples are this extreme if the hypothesis
is true.

Any other of the results would not ordinarily lead to a rejection
of the hypothesis. If the next most extreme results—five guesses of
too many or five guesses of too few -are added, the combined prob-
abilities become the original .04 plus .09 and .09, which gives 22.
No investigator would feel justified in rejecting a hypothesis on the

basis of results which are expected to occur 22%, of the time under
that hypothesis.

Large Sample, Large
Population

As the sample size n increases, the distribution of sample results,
represented by the successive terms of the binomial expansion, ap-
proaches the form of the normal distribution. If a distribution of
sample values is normal in form, the areas under the normal curve
may be used to determine the percentage of samples above and below
given z values. And if we know the percentage of samples which will
give a particular experimental result, then of course we know also
the probability of that result.

What is needed is a means of transforming experimental results
into z values, which may then be looked up in the table of normal
curve areas. This is done by taking as the mean of the normal dis-
tribution (2 = 0) the expected experimental result, as predicted by
the hypothesis. Thus, if the hypothesis is that P = 1/2 and a random
sample of 20 subjects is drawn, the expected result is that 1/2, or 10,
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of the subjects will be of the type represented by I’ This number.
the expected frequency, will be symbolized F. The actual experiment al
result, the observed frequency of type 7 subjects in the sample. will
be symbolized f. Then f — I represents the deviation of the ob-
served frequency or actual result from the expected frequencey or
predicted result. This is analogous to the numerator of the familiar
z formula, where X — X represented the deviation of an observation
from the mean of the distribution.

In the familiar z formula, the denominator was the standard
deviation of the distribution. In a binomial distribution, the stand-
ard deviation of sample frequencies about the expected frequencey F
Is given by VaPQ. The z formula, then, which will permit us to
approximate the probabilities of the binomial expansion by referring
to the normal curve is ]

= f—————L (7.5)
vV nlPQ

The approximation given by formula (7.5) is fairly accurate even
when the sample is not very large. The general rule is that both #F’
and nQ must equal at least 5 if the formula is to yield a satisfactory
approximation. An even closer approximation to the binomial may
be obtained if f is “corrected for discontinuity”* by bringing it half
a unit closer to F' (either adding or subtracting .5 from f, whichever
brings its value closer to that of F). The use of formula (7.5) 1S
illustrated below.

Example 6. If the population of a city’s voters is evenly
divided between those who favor preservation of a city park and
those who favor use of the space for city housing, (1) what is the
probability that a random sample of 48 voters will include at least
28 voters who favor retaining the park? (b) What sample results

would lead to a rejection of the hypothesis that voters are evenly
divided on this issue?

(a) Let P represent the proportion of voters who favor retaining the
park, and Q the proportion who favor replacing it with city housing.
Since P =1/2, or .5, and n = 48, F = nP = (.5)(48) = 24. The
observed frequency, f, is 28. Substituting these values in formula
(7.5) we have

*Qur model, the normal eurve, is a continuous function. Frequencies, being
integers, are discontinuous. The frequency f may be thought of as occupying the
interval f — .5 to f -+ .5 on the baseline of the normal curve. The distance hetween
F and the nearest bound of this interval is then taken in place of the distance f — ¥
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_ 28 — 21

-~ —
o = ==

A80H

llv

—

. -> = 1.15
Y 12

Looking up z = 1.15 in the table of normal curve areas, we find th.at
approximately 877, of random sumples have observed frequen(;les
less than this f of 28; hence 13, are expected to have observed rg-
qguencies greater than 28, If 13", of random samples are e-‘\'pec,teté
under the hyvpothesis, to give a result in which 28 or more SUbJ_edc 1
favor retention of the purk, then a finding of 28 cannot be regal %
as an unusual event. It is not sullicient cause for rejection of the
hypothesis. .

Usually, the above procedure will be sufficient for making a
decision about o hypothesis on the basis of a sample result. When th.e
decision is a close one, the exuact probability of the sample ;-e_sult:, 18
better approximated by correcting f for discontinuity by bringing
its value .5 closer to the value of F'. Thus,

This z value is found to surpass approximately 84¢; of random Sam-
ple values; hence about 16¢; of rundom samples will yield values at
least this great. The probability of such a result is .16, greater than
our first approximation of .13. The effect of correcting f for discon-
tinuity will always be to raise the probability of the result. Exact
probabilities, computed from the binomial expansion, are somewhat
larger than the probabilities read from the normal curve for the same
problem. Hence, use of the correction will yield a zand a correspond-
ing probability closer to the exact probability.

(b) To determine what sample results --what observed frequencies—
would have an occurrence sufficiently rare under the hypothesis to
warrant rejecting the hypothesis, one must first decide the p{'Obabl!-
ity value which will be regarded as indicating “rareness.” It is possi-
ble to decide, for example, that samples so extreme as to hav.e a
combined probability of .10 shall be regarded as evidence agamst
the hypothesis that the population is evenly divided. The invesf';lgator
is then said to have adopted a significance level of .10. That 1s, any
sample result which deviates so far from the predicted result as to
fall into a class of samples whose combined probability is .10 shall
be regarded as deviating significantly from the predicted result. Such
a significant deviation from the predicted result is taken as cause
for the rejection of the hypothesis.

In psychological research, the .05 significance level is in very
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Wide use

) and it will be adopted for this problem for purposes of
illusty

ustration, Having adopted i combined probability of .05 as identi-
fymg the group of samples which will lead to o rejection of the hy-
Pothesis, e now work backwards to determine the observed
frequencieg which produce such samples.

* ¢ STEP 1. Since samples at either extreme of the distribution
constitute evidence aginst the hypothesizs that the population s
evenly divided, the combined probability .05 is divided in half. Sam-
ple frequencies that fall cither among the lowest 025 or among the
highest .025 of the possible outcomes shall be regarded as significany
departures from the expected frequencey F,oand hence as evidenee
against the hvpothesis. IFrom the normal curve table. the : yvalye
which cuts off the most extreme .025 of the area under the normal
curve is 1,96,

* * STEP 2. The z value found identifies the “cut-oll™” points gt
both extremes of the distribution. That is. 4-: marks off samples
which are significantly higher thun F', and —: muarks ofl those which
are significantly lower than F. To determine the f \'illll&\'.. the ob-
served frequencies of these samples, 4-z and —z. are substituted ip
turn in formula (7.5), which is then solved for f. Thus,

196 = —L =28 7= o5 4196 ASCHILE) = BOTR
V48(.5)(.5)

f -2 N RIS - 170

—1.96 = v f =24 — 1.96\ 48(.D)1(.D) (.22

V48(.5)(.5)

We find, then, that if the .05 significance level is adopted, op.
served frequencies above 30.78 and below 17.22 \\_'iH lead to a rejec.
tion of the hypothesis that voters are evenly divided. I,o_\:s extreme
sample results will not lead to a rejection of the hypothesis.

SAMPLING We have considered 'in this chap.
ter a number of distributions that
DISTRIBUTIONS describe how random  sampleg

from 2 binomial population are

AND PROBABILITY distributed. One of these say,.
pling distributions was deriveq

from ‘“scratch’ (Tables 7.1 ,, 4

7.2), and in deriving it we used the principles of random selection yp 4
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ery other

equally likely outcomes that are at the foundation Ofﬁe"' 1 7.2is
sampling distribution. The distribution given in Tables 7.1 ana /.

illustrated graphically in Figure 7.1a. Fig. 7.1b1s

Probability
T 7T LR AR AR

1a) When the sample size is 2
and the population is 5

Probability Density

Probability

T

based on the expan-

_ 1

| B
109 8 76 5 4 3 210
f
b, When the sample size is 10 and the

population is infinite

f

(¢) When the sample size is very large
and the population is infinite

Figure 7.1

Sampling Distribution of f, the Number of Type B Subjects, When
the Population Consists of .6 Type B Subjects and .4 That Are Not
Type B

sion of (P + @) and shows what the sampling distribution would
look like if ten subjects (instead of two) were randomly drawn from a
vast population (rather than a population of five) where P = .6,
Q = .4. Note that Fig. 7.1b is already more ‘“normal’ in appearance
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t?:; chlg- T.1a. If a sample much l;u',uvr. 1h:1.n ten were to he drawn
) ?populuﬂon. the number of barsin Fig. 7.1h would be greatly
n}llltlphed and much closer together, the skewness would practically
Sappear, and the resulting graph would be closely approximated
Y the normal curve of Figure 7.1¢.
lah 1ObS‘E‘_‘l‘V8 thz_lt. thS 01’(“1.1;110.\‘ of the ‘sum])ling distributions are
'e.Ed Probability,” and in the case of the normal curve, “Prob-
al ility Density.” All sampling distributions are probability distribu-
tons. The ordinates of Figs. T.1a and 7.1b might also have been
ab?]ed “Proportions” because one can read dircetly from  these
ordinates the proportion of sumples that will give o particular experi-
mental result. The proportion of samples that will give o result is,
of course, the probability of that result. So in ¢giving the proportions
of samples having different values, the sampling distribution gives
the probabilities of those values.

In the case of the normal curve, because it is continuous, the
Proportion of samples that will vield a particular result is given by
an area rather than by the ordinate. Any “result’” in which we might

e Interested occupies a distance along the baseline of the graph. and
the proportion of samples having values within that distance would
e represented by the area under the curve enclosed by verticals
erected at the boundaries of that distance. For example, suppose an
€xperiment gave a result of z = 1.83. Usually, we want to know the
Probability of obtaining a z as large as this, so we are interested in the
combined probability of all z values that lie beyond 1.83. Iven if.
for some bizarre reason, we wished to know the probability of ob-
taining the particular value z = +1.83, we would still find ourselves
dealing with an area, for the simple reason that the normal curve Is
continuousand z = +1.83 isrepresented by the distance » = +1.825
to z = 41.835; the probability would be given by the area under
the curve enclosed by verticals erected at these points. However
Precise a z value is specified (say, z = +1.8300000), it is represented
by some small distance rather than by a point, and its probability
I8 given by an area rather than by the ordinate. The term probability
density refers to the height of the curve, but the height of a continuous
curve indicates only the density or “‘thickness’ of a probability arca
in this region, not the probability itself.

All theoretical sampling distributions, whether they are discrete,
like Figs. 7.1a and 7.1b, or continuous, like the normal curve of
Fig. 7.1¢, are derived by mathematical deduction from the premise
that every elementary outcome in a given situation is equally likely.
When this premise is fulfilled (as by random sampling) the appro-
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priate sampling distribution can be used to determine the probability
of a given experimental result. The sampling distributions that will
be considered in later chapters are all continuous (or are approxi-
mated by continuous curves). This means that to determine the
probability of a given result, we will always be referring to an area
under the curve of the appropriate sampling distribution. The dis-

tributions will often be different in shape from the normal curve, but
the principles are the same.

Practice Problems

Answer the following, and tell for each whether the probability you
have computed is an empirical estimate or ¢ deductive estimate.

1. Of 200 first offenders released from a certain prison, 76 re-
ceived another sentence and were returned to prison within three
years of their release. What is the probability that a first offender
released from this prison will not return within three years?

2. At a prep school for boys, all new students are required to
begin classes in either Latin, French, German, or Russian. OQut of
the 138 new students of the past few years, 51 elected to take French,
42 chose German, 25 Latin, and 20 Russian. (a) On the basis of this
information, what proportion of the students in this year’s entering
class are expected to elect French? German? Latin? Russian? (b) If

there are 40 students in the entering class, how many are expected to
elect French? German? Latin? Russian?

3. In 50 trials with the Miiller-Lyer Illusion, a subject makes
two correct settings. If he could be given 1000 trials under the same
conditions, how many correct settings would he be expected to make?

4. Seventy-three percent of textile workers in a particular region
are union members. If the 184 workers at Mill X do not differ in

this respect from the region’s textile workers, how many of them are
expected to be union members?

5. A test constructor plans to include in a test he is assembling
a reasoning problem which in a different test was solved correctly by
two-thirds of his ten-year-old subjects. He expects that, transferred
to the new test he is assembling, the problem can still be solved
correctly by two-thirds of the new group of ten-year-olds. To test his
hypothesis, he gives the new test, which includes the reasoning prob-
lem, to a random sample of ten-year-old subjects.

Imagine that the population of ten-year-olds consists of six sub-
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three subjects drawn from this population. What are the possible
experimental results, in terms of the number of subjects who solve
the reasoning problem correctly? List under each result the different
samples (combinations of outcomes) which would produce that result
if the population is as hypothesized. If the hypothesisis true, what is
the probability of occurrence of each of the experimental results?
Would any of these results lead you to reject the hypothesis? Why?
Construct a graph of the sampling distribution showing the probabil-
ity of each experimental result.

jects and that the investigator gives the test to a random sample of

6. A colleague of the test constructor in (5 above believoes that
the context in which the reasoning problem appears in the new test
will make the item more diflicult than usual. e hypothesizes lh"n
only 509 of ten-year-olds can solve the problem correct]yv in lh‘is
context. Using the same experiment as in (51, what is the probability
of occurrence of each of the experimental results if the colleague’s
hypothesis is true? Construct a graph of the saumpling distribution.
Is it possible in this experiment to make a reasonable decision
between the test constructor's hypothesis and his colleague's hypoth-
esis (accepting one and rejecting the other)? Under what circum-
stances (with what result)?

7. Three men are to be sent to an overseas post, and are chosen
from among ten draftees available for assignment. How many differ-
ent samples (combinations) of three men is it possible to seleet?
(a) If the sample is selected by a random procedure, what is the
probability that the three friends Don, Phil, and Xd  will all be
chosen? (b) What is the probability that at least two of them will
be chosen? (¢) What is the probability that the sample will include
at}ga_st one of them? (d) None of them? (e) Explain why these prob-
abilities do nof add up to 1.00. )

Use the binomial expansion to answer the following:

8. If blindfolded subjects asked to draw a five-ineh line are as
likely to draw one which is too long as to draw one which is too short
(te., if P = Q = 1), what is the probability of obtaining an exper-
imental result in which all four subjects draw lines which are too
short? Three of the four subjects draw lines which are too short? All
draw lines which are too long?

9. If rats are as likely to turn left as to turn right on their first
trial in a T-maze, what is the probability of obtaining a result in
which four of the six rats tested turn to the left? Two turn to the
left? Three turn right and three turn left?

10. Seven discussion groups, composed of equal numbers of men
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and women, each elect a discussion leader for their group. Six of the
seven leaders elected are men. If men and women are equally likely
to be elected as leaders, what is the probability of obtaining this
result? What is the probability that at least six will be men?

11. A clinical psychologist is given eight figure drawings, some
of which were drawn by normals and some by psychotic patients.
He is asked to study the drawings and decide in each case whether
the drawing was made by a normal or by a psychotic subject. He is

correct in six of his eight judgments. What is the probability of doing
this well or better by chance?

12. If half of a city’s voters intend to vote for Candidate X for
mayor gpd the other half intend to vote for Candidate Y, what is the
probability of obtaining a random sample of ten voters at least seven

pf whom intend to vote for Candidate X? At least eight of whom
intend to vote for Candidate X?

13. If there are five true-false items on an exam, what is the

probability of getting them all right by chance? All wrong by chance?
Three right by chance?

14. If there are five multiple-choice items on an exam and three
possible answers are provided for each item, what is the probability
of getting all five items right by chance? All wrong by chance? Three
items right by chance? (Note that P and @ in this case are not 3.)

15. In a study of color preferences among pre-school children,
each child is given three trials in which he is asked to choose among
four objects which are identical except for color. One of the objects
is red, one blue, one yellow, and one green, and the order of the
objects from right to left is changed on successive trials. (a) If a child
really has no preference among the four colors, what is the prob-
ab_llity that he will choose the red object by chance on all three
trials? (b) On two of the three trials? (¢) What is the probability
that he will choose the same color on all three trials? (d) On two of

the three trials?
Refer to the areas under the normal curve to answer the following:

16. Determine the probability of (11) above by referring to areas

under the normal curve. Compare the probabilities obtained by the
two methods and explain why they are different.

17. Determine the probability of (12) above by reference to the
normal curve. Compare the probabilities obtained by the two meth-
ods. Which probability value is more exact?

18. If the children of a city slum area are as likely to be above
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as below average in intelligence, what is the probability of obtaining
a random sample of 20 such children in which 14 or more are below
average in intelligence?

19. A subject claims to have extra-sensory perception. An in-
vestigator tests the subject with a deck of 52 cards, 26 of which are
red and 26 black. The subject guesses whether successive cards,
turned over out of his sight, are red or black. Out of the 52 cards,
he guesses correctly 30 times. What is the probability of doing this
well or better by chance?

20. A random sample of 36 parents in a large school district are
interviewed to determine their attitudes towards the quality of the
schooling their children are receiving. Of the 36 parents interviewed,
922 express dissatisfaction. Given the hypothesis that the population
of parents is evenly divided in its readiness to express dissatis-
faction, what is the probability of obtaining a random sample that
deviates this much from expectation? On the basis of this probability,
should the hypothesis be rejected? Can it be concluded that the
majority of parents in this district are dissatisfied with the quality
of their children’s schooling?

21. On a test of autonomic activity under stress, the median
score of a large group of normal subjects is 20.5. An investigator
gives the test to a random sample of 40 neuroties and finds that 707¢
of the neurotics obtain scores above 20.5. Test the hypothesis that
the neurotics are a random sample from a population with a median

score of 20.5.

9292. On a Current Affairs test, 167 of college students obtain
scores above 80. A random sample of 300 students at College X are
given the test and 289 obtain scores above 80. Test the hypothesis
that the 300 students are a random sample from a poptilation in

which 169, surpass a score of 80.

Answers

1. .62. Empirical estimate.

2. (a) .37, .30, .18, .14. All are empirical estimates. (b) 15, 12,
1, 6.

3. 40. (The empirical probability estimate is .04.)

4, 184. (.73 is an empirical probability estimate.)

5. The possible experimental results, with the deductive prob-
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ability of each under the test constructor’s hypothesis, are: all three
Subjects solve the problem, I’ = .20; two solve the problem, P = 60;
one solves the problem, P = .20; none solve the problem, P = .00.
Only in the case of this last result can the hypothesis be rejected
With confidence because it is not possible to obtain this result if the
POpulation is as hypothesized. If the result is nbtail_led, the hypoth-
esis wag wrong. The other results (3, 2, or 1 solution) are not un-

usual samples under the hypothesis and provide no evidence for its
rejection,

6. The possible experimental results are the same as a_b_oye, but
under the colleague's hvpothesis their deductive probabilities are
05, 45, .45, .05. If all three subjects solve the problem, reject the
colleagye’s hypothesis and accept the test constructor’s hypothesis.

no subjects solved the problem, both hypotheses should be
rejected. )

7. 120 different samples. The deductive probabilities are: (a)

008; (b) .18; (ey .71; (d) .29. (e) The events are not all mutually
exclusive

8. .06, .25, .06.
9. .23, 23, .31.
10. .05, .06.

11. .14,

12. .17, .05.

13. .03, .03, .31.

14. .004, .13, .16.

15. (a) .016; (b) .14; (c) .064; (d) .56.
16. z = 1.41, P = .08.

17. 2 =127, P = .10; 2 = 1.90, p = .03.
18. z = 179, P = .04.

19. 2 = 1,11, P = .13.

20. z = 1.33, P = 2(.0918) = .18. The probability is doubled
80 as to include both tails of the normal curve (the area below
# = —1.33 and the area above z = +1.33). The probability of a
deviation gs large as the one observed includes values which deviate
this much in either direction from the expected value. Ordinarily,
the hypothesis would not be rejected on the basis of such a large
probability; the hypothesis is not an implausible one. Therefore, it
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cannot be concluded that a majority of the parents in the district
are dissatisfied, even though a majority of this sample are dissatisfied.

21. z = 2.53, P = 2(.0057) = .01. The hypothesis is that 50
of the population sampled would obtain scores above 20.5 (the
median). The expected frequency is therefore 20, and the observed
sample frequency is .70(40) = 28. Since, by our : test, a deviation
this large would occur only about one in a hundred times if the
hypothesis is true, either a very rare event has occurred or the
hypothesis is false. Ordinarily, the hypothesis would be rejected.
The median of this population is not 20.5, but almost certainly g
higher value.

22. z = 5,63, P < .0001. The hypothesis (P = .16, Q = .84)
would be rejected. At College X, the evidence indicates that more
than 169, of the student population would obtain scores above 8(.
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chapter 8

Formulating
Statistical

Hypotheses



In the preceding chapter, a number of statistical hypotheses
were considered. These hypotheses were statements about popula-
tions of interest—e.g., that 60C; of schizophrenics would show 1m-
provement with a given treatment, that college students would be
as likely to guess too high as too low in estimating the number of
beads in a jar, that voters were evenly divided in the choice between
a city park or city housing. The reasonableness of the statement
made about the population was evaluated by examining the charac-
teristics of a random sample drawn from that population. Specifically,
it was assumed that the statement made about the population was
true and the question was asked, ‘“What is the probability of obtain-
ing a random sample with these observed characteristics if the popu-
lation really is as stated?” If the probability of drawing such a
random sample was very small, this cast doubt upon the statement
about the population. The tendency was to regard the statement as
unreasonable or untenable and to reject it as a false picture of the
population. If the probability of drawing such a random sample was
not small, the statement made about the population was regarded
as reasonable, or at least tenable, and it was not rejected.

This procedure, called hypothesis testing, thus involves two
general steps: (1) formulating a statistical hypothesis about a popu-
lation of interest; (2) evaluating the reasonableness of this hypothesis
by examining a random sample drawn from the population.

Most of the remainder of this book is devoted to methods for
evaluating the reasonableness of a statistical hypothesis. In this
chapter, we turn our attention to the problem of formulating statis-

tical hypotheses.
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DEFINITION OF A
STATISTICAL

A statistical hypothesis is an ex-
plicit statement about some char-
acteristic of a population. The
statement must be so explicit
HYPOTHESIS that we can deduce from it a sim-
ilarly explicit expectation about
the characteristics of a random
sample drawn from the population. IFor instance, the hypothesis that
the subjects of a given population are as likely to overestimate as to
underestimate the number of beads in a jar leads to the expectation
that half of & random sample of such subjects will overestimate and
half will underestimate the number of beads.

Jut suppose the experimenter believes that most subjects will
underestimate the number of beads? Can he test the hypothesis that
most subjects will underestimate? The answer is no, he cannot. The
statement 1s too vague; it does not lead to a precise expectation
about how a random sample will be constituted. How many is
“most”? 7577 90?7 We do not know what is expected under such
a hypothesis. If the experimenter’s statement had been, “75%, of
subjects will underestimate the number of beads,” we should have g
testable statistical hypothesis. This hypothesis leads to a specific
expectation about the proportion of underestimators in a random
sample-- namely, .75. Only statements about populations which give
rise to specific, numerical sample expectancies can be tested statistically.

As we have seen, under the hypothesis that a population ig
divided half-and-half on some question, a sample division of half-
and-half is the “expected’ finding. At the same time, we know that
most random samples from such a population will not yield perfect
half-and-half divisions. The observed proportions will fluctuate from
sample to sample even though the values cluster around .50. Sim-
ilarly, if the mean IQ of a particular population is hypothesized tg
be 120, the ‘‘expected’” mean of a random sample is 120. But even if
if the hypothesis is true, most sample means will depart somewhat
from this value. Departures of sample values from expectation are
thus the rule rather than the exception. The question is whethep
the deviation of a sample value from expectation may be attributeq
to random sampling fluctuation, or whether the deviation is so great
that it should be regarded as a contradiction of the hypothesis about
the population. All tests of statistical hypotheses make the formey
assumption namely, that departures from expectation are entirely
due to random sampling fluctuation. A statistical hypothesis is often
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called a null hypothesis to emphasize this assumption that any
differences between observed sample values and expected sample
values are ‘“null” apart from random sampling tluctuation.

In summary, then, a statistical hypothesis or null hypothesis
(1) isan explicit statement about some characteristic of a1 population,
(2) leads to a specific, numerical sample expectancy, and 3 assumes
that any obtained sample departure from this expectaney is entirely
due to random sampling fluctuation. It is this lust assumption which
must be invalidated by the data if the hypothesis iz to be rejected.

FORMULATING The particular form in which a
statistical hypothesis 1s stated

STATISTICAL determines whether it shall be
tested by means of a two-tailed

HYPOTHESES test or by means of a one-tailed
test.

The hypothesis that 50C; of voters favor a proposal, which may
be written “H: P = .6” (or P = ), calls for a two-tailed test. The
hypothesis will be rejected if the obtained sample proportion departs
from .5 either in the direction of being too high or in the direction
of being too low. Both “tails’” or extremes of the sampling distribu-
tion are taken into consideration in determining the probability of
the sample result, as shown in Figure 8.1(a).

The directional hypothesis that 50¢; or more voters favor a pro-
posal, written “H: P = .5,” calls for a one-tailed test. The expected
sample proportion is .5 but this hypothesis will be rejected only if
the sample proportion departs from .5 in the direction of being too
low. Only the lower “tail” of the sampling distribution is considered
in determining the probability of the sample result, as shown in
Figure 8.1(b).

Some examples of the two kinds of hypotheses are shown in
Table 8.1. Across from each hypothesis is its alternative, which is
simply the logical counter-statement about the population that will
be accepted if the hypothesis is rejected. _

Choosing the appropriate statistical hypothesis for an experi-
ment is often a roundabout procedure. Since most psychological re-
search originates in beliefs and hunches which are not specific enough
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T the
to constitute statistical hypotheses, 1t 1s us_ually t}.l? case t}fw::rhich
investigator must test an opposing hypothesis, the L e]ectz.on o] o or
will provide evidence for his belief. For example, if an inves 1lg "
suspects that boys will do better than girls on an experimental task,

(a) Two-tailed test of the
hypothesis P = .5
(Alternative: P » .5)

th) One-tailed test of the
hypothesis P 2.5
(Alternative: P <.5)

(¢) One-tailed test of the
hypothesis P =.5
(Alternative: P =.5)

Figure 8.1
Critical Region for Two-Tailed and One-Tailed Tests. Sample
Resulty Falling in the Shaded Area Will Lead, in Each Case,
to Rejection of the Hypothesis

he wily Probably test (and ho

hypothesis that Pe to reject) the opposing statistica]

girls do as well as or better than boys.

ere i )
tical hy ret}ljs an even INOre important advantage in testing a statis.
. Pothesis the rejection of which will provide evidence for the

;SL‘{?:LI%&L?I"S' belief . If a statistical hypothesis is rejected, the altep.

¢ to that hypothesis may be accepted as true. If the hypothesig
L.hm“ hoys and girls do equally well on a task is rejected, the implica.
tion is that one sex does better than the other. But if a statistica]
hypothesis is not rejected, this does not imply that the hypothesis ig
true. I'or example, suppose an investigator hypothesizes that at least
759, of subjects (P = .75) will underestimate the number of beady
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Locarroyn or
CRrTICAL REGron

‘ HI‘)"OTHZ-:SIS ALTERNATIVE
P : Q_ Y ] Half in each tail
= .75 P o= 75 Half in each tail
4 = 190 u = 120 Half in each tail
1‘)‘1 = u» My = g Half in each tqj]
1= p, Pyo= p, Half in each taj)

HYPOTHESES Tuaar CaLr ror A ONE-TAILED Test:
LocaTron or
ALTERNATIVE CRrITicAL REGION

HYPO'mEsxs
i Q P < Lower tail
£ 275 P <.75 Lower tail
42120 u < 120 Lower ta.xl
M1 2y, M < pa Lower ta_ll
P é P, Po< P Lower tail
P s P > Upper tail
Ps g5 P > .67?5 Upper ta_d
u =< 120 u > 120 Upper ta_xll
oS s M1 > ue Upper ta}]

P <p P> P Upper tai

ina jar, and then obtains a sample result 3'11 which 71())‘7[;1 ;;Zg?;e?f;{
ence between 709 and 759, may not be g

mate. The differ. >
Or a small sample (consider n = 20, for instance). A z test such as

fi S
those of the preceding chapter may well show It;hat) f}lllecilisaaild iﬁiﬁf
has a high probability of occurrence under the .yf;s]y o pere:
fore the hypothesis cannot be rejected. But obvio

A that “at
ng of 3090 who I t and cannot prove ;
1 underestlmate dOES no 4 fron]
IleaSt :59 " are underestimators. The outcome of the statistica test
(¢

¢ . "’ is not ay

ly says, in effect, that the hypothesis of “at least 7t?thoz]l'sca?mitl

Ontynig;e’ one ML;ch ambiguity remains. The m_ves o flatly con
:ali’ethat his belief has been confirmed; it has not been flatly ¢

dicted, but this is hardly the same thing. ‘ -
e possibility of such an mnhlguoug

It is primarily to avoid the
the roundabout procedurg of

result that most investigators follow

testing a hypothesis whic}? IS opposite 1 their heljef and Whi(" ] ,
hope to reject. Thus, testing the h.V[)Ol /I(?.’x'j'g i H ] ‘hﬂ
underestimators in the Populatjoy [ )i / /}H /) 0 Co
.75) gives thépossibiljtyofob[m.-n, ) or e 0 "
of the investigatory peye.s It gy Uy Wy e O o
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alternative is that more than -5 of the population are underestima-

tors. If the hypothesis is not rejected, then of course the investigator
has failed to find support fo

. r his belief. The important consideration
is that the wording of the hypothesis makes it at least possible to
obtain unambiguous evidence favoring his belief. The only way this
can be done is by identifying his belief with rejection of the hy-
Pothesis.

Locating the Critical Region

I‘ejecrfhe- studenp is already familiar with the idea that decisions to
ot ‘01 to retain hypothesgs are 1_nade on the basis of probhabilitieg
it er than certainties. The investigator chooses a probability value
in 6}’11‘331(;213\3, f]ilo or .06 91‘ .QI-MWhic_h becomes the level of significance
ple 6y, o of his hypothesis. As pomte@ out in Chapter 7 (see Exam-
COmbi,n de s'1gmﬁ<.:§nce level adopted in testing a hypothesis is the
jectione fplobablhty of .tho§e sample results which will lead to ve-
g of the hypothesis. Fhus_, when an investigator adopts g
significance level for the test of his hypothesis, he specifies thereb

#roup of possible sample results which deviate so much from expgcs
ancy that he will regard the occurrence of any one of them as suﬁ‘l:
cient enuse for the rejection of his hypothesis.

I the h\"l)(ﬂ\\t‘ﬁ'ﬁ calls tor o \_\\'n-.\;\.\\od &gst, the p\'obabx\xty value
N e lovel 1s divided in half to give two equa)
chosen s the signibeane ‘ o Tled the criti
‘ s . These LwWo values define what is catie the critica]
probabihty values. I lies in one Lail, hall in the opposite tail, of the
: C o which hes att, ) :
reqgion, hall of w \?\( \d'quibuﬁo“ to which the sample result will be
purticular Sm“pl'n?g \L' ion thus embraces
reforred. The entica reg - othesi
; : .oiection of the hyvpothes
which will lead to re}es s | remion in ei
result falls into tho_(-r\t,\ca reg
the hiy pothesis is rejec b ]
criticenl repion, the h_\'h()\ho.\'\s is retained. o
T 0 one-tailed test, the probability value chosen as the 51g§nﬁ\
cance level detines o critienl region which lies entirely in one tail of
the sampling distribution. As may be seen in Fig. 8.1 and in the
“"X“”\.\)\(‘S riven in Table 8.1, if the hypothesis states that one param.
ceter is equal to or greater than anot

a1l those sample results
5. 1f the obtained sample
ther tail of the distribution,
tod. 1f the sample result does not fall into the

. ' _ her, the critical region is in the
lower tail of the sampling distribution. 1f the hypothesis states that

one parameter is equal to or less thar another, the eritical region 1in
the upper tail of the distribution. The hypothesis will be rejecteq
only if the sample result falls within the critical region in that glvey,
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tatl of the distribution. No other sample result will cause rejection of
the hypothesis, however far out it may lie in the opposite tail of the
distribution and however small its probability in the distribution.

That the critical region should be located entirely in one tail
of the sampling distribution follows logically enough from the nature
of a directional hypothesis, but it warns against adopting such a
hypothesis without careful consideration of the possibility of obtain-
ing an extreme sample result which falls in the opposite tail of the
distribution. Hunches about the outcome of an experiment should
not automatically be translated into directional hypotheses. For ex-
ample, suppose an investigator thinks that the mean score of sales-
men (g;) on a test will be higher than the mean score of secretaries
(z2) and he hypothesizes that u; = u., hoping to reject this hypothesis
and accept its alternative that yi > p.. If it now turns out that the
mean score of the salesmen is not only lower than that of the secre-
taries but very remarkably so, his hypothesis permits no explicit
recognition of this fact. He is in the embarrassing position of having
to retain a hypothesis which includes the possibility that salesmen
and secretaries do equally well on the test, even though he can now
see that this is unreasonable because the secretaries do better. He
cannot change his hypothesis in midstream; the practice of changing
hypotheses to fit the data obviously invalidates the whole procedure.
But if in the beginning he had hypothesized only that u; = u., he
might now be in a position to reject this hypothesis and assert that
the data warrant the conclusion that secretaries do better than sales-
men on this test.

The use of directional hypotheses and one-tailed tests is a de-
bated issue. Some writers argue that they should not be used at all
and that all tests should be two-tailed; other writers disagree. The
fact remains that one-tailed tests are in wide use and the student
should understand at least some of their implications.

A disadvantage of the directional hypothesis, as we have just
seen, is that it permits no finding of a significant difference opposite
to the experimenter’s ‘““hunch’’ or belief. This disadvantage suggests
that a directional hypothesis should be adopted only when one of
the following circumstances is true: (1) a difference opposite to the
investigator’s belief is theoretically unsound. Usually, this is because
prior investigation of a similar nature has consistently shown differ-
ences in one direction—e.g., that hungry rats will perform better
than satiated rats, that stress lowers the efficiency of high anxiety
subjects, that college graduates have a higher mean income than high
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School graduates: (21 a difference opposite to the investigator’s behff
Is irrelevant to the purpose of the investigation and therefore wou
€ of no interest even if it occurred. . .
. As an example of (2) above, suppose that an Air Force Ofﬁ.cel
1S concerned that some of the pilots under his command are ﬁym‘g
L00 muny missions. He is afraid that nervous symptoms are more
“OMmon ymong the experienced men who have flown many m]sSlOI"l.S
than they yre among the more recently gmduate.d and less experl-
enced men. e may hypothesize that the proportion of experienced
Men who have nervous symptoms () is equal to or less than the
Proportion of inexperienced men who have nervous symptoms (P2),
Or I, < P, The alternative to this hypothesis is that P, > P, W_hICh
1 the offjcer's belief. An extreme difference opposite to his b?hef~
Namely, (hat nervous svmptoms are less common among experienced
men-- iy jrrelevant to the purpose of the investigation and ne';eds 1o
explicit recognition. The officer is only interested in detecting the
? ects of strain (f any) among pilots who have flown many m1§510nS.
at there may be more nervous symptoms among the inexperienced
men does not worry him.
If a directional hypothesis is appropriate for a situation, thep
there is 5 distinct advantage in using one. The advantage is thai_: 1f
€ Investigator's belief is correct, the location of the critical reglon
Ehtirely in one tail of the sampling distribution gives him a bettey
“hance of rejecting the hypothesis and so confirming his belief. Foy
INstance, in conducting a z test of the nondirectional hypothesig
Pf = .6, the critical region for a .05 significance level begins at +1.9¢
? (th? normal distnbut;lon. Thus, the obtained s.alpple z must exceeq
-96 in absolute value in order to fall into the critical region. A 2 tegt
of the directional hypothesis P < .6, with the same .05 significancg
ev?l, 1s referred to a critical region in one tail of the distribution
Which begins at +1.64. In this case, the obtained z must exce_ed‘ohly
1.64 in order to fall into the critical region. Thus, if the investigator’g
elief is correct, he gains an advantage in using a one-tailed tesy

Choosing a Significance
Level
The significance level of a test is generally symbolized « (alphg

and its numerical value is chosen to minimize (or balance) so far as

lfs Possible the dangers of rejecting a true hypothesis or retaining a
alse hypothesis.
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. .If an investigator w
fectlng a hypothesis, he C;géieto bie very sure that he is right in re-
eVel for his test. For exar ~] savery sn.]al.l alpha as the significance
Sthoo] may want to be \'e(- 3’13 e, the admissions officer of a graduate
fail to complete the cou;-l Y sure that more women than men students
QUOta systerm which discriie] 'of study pefore he is withng to set up a
adopt 3 01 significance | \nates against women applicants. He may
Proportion of Wome;1 dC‘e evel In his test of the hypothesis that the
of me : ‘1 drop-outs is equal to or less than the proportion
.. €n drop-outs, since he does not o . o
it is trye. Rejecting a | > 10 wax}t Fo xejec't this hypothesis if
error. Thus e ml”zy Slri/])()tl{lzcszs 'wl.ze){ it 1s true s called @ Type I
make 5 Typ’e I erron ay the admissions officer does not want to
are Ogi}iﬁt’}:}f Cofzsequence§ of mi;.takenly rejecting a true hypothesis
Signiﬁcance 11e$)e?1f ;"tfl:ﬁ, an mvest.lgator may.choose.a relatively large
at n adve]-tisinl e tes.t ?f his hypothesis. For 1'nstance, suppose
Drize’ offors (ot o 1;glexecutne wants t.o know Wth}.] of two. “free
He will 1 t}? q ;zhcost to the firm) is most appealing t}o children.
may Wellypdo esxze_ at the two _oﬁ":'erS are equally appealing, and h.e
hypotL a r;ﬁt alO— ..10. as the SIgmﬁc:ance I_evel for the test of this
octin etsllls. : e. . s!gmﬁcance Iev.el gives him a goqd chance of re-
exist g the hypot esis and detecting a preference if one actually

S-. If the hypothesis of equal appeal or no preference is true, he
loses little by mistakenly rejecting it and mistakenly supposing that a
preference exists. If there is actually no preference, nothing will be
!OSt whichever prize offer the firm makes. But the firm stands to lose
if a preference does exist and the test fails to detect it. So what the
executive especially wants to avoid is retaining the hypothesis of no
preference if this hypothesis is false. Retaining a hypothesis when it
i false is called @ Type II error. Therefore, we may say the adver-
tising executive wants to avoid making a Type II error.

The admissions officer and the advertising executive each chose
an alpha value which would help him guard against the particular
kind of error he was most anxious to avoid. In most research, the
Investigator is concerned with avoiding both kinds of error. He dpes
not want to reject a true hypothesis, neither does he want to retain a
false hypothesis. Yet, if he makes alpha small in order to reduc? f_:he
probability of rejecting a true hypothesis, the probability of retaining
a false hypothesis is increased. If alpha is made large in order to
reduce the probability of retaining a false hypothesis, the probability

of rejecting a true hypothesis is increased.
In the effort to keep both of these risks at an acceptable level,

the middling value .05 has come to be widely adopted as the sig-
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nificance level in tests of hypotheses. It does not follow, however,
that .05 is an appropriate level for all statistical tests. The value of
the significance level should not be adopted blindly and automat-
ically. Rather, the investigator should first answer these questions
about his hypothesis: What are the consequences of mistakenly re-
jecting this hypothesis if it is true? If the consequences are se1‘i0u§,
make alpha small. The probability of rejecting a true null hypothesis
(making a Type 1 error) is given by alpha. To make this probability
small, it is only necessary to reduce the size of alpha. What are the
consequences of mistakenly retaining my hypothesis if it is false?
If the consequences here are serious, make alpha large. The proba-
bility of retaining a false null hypothesis (making a Type II error)
depends upon many factors and is not easily determined. The size

of alpha is one of these factors. Some other ways of reducing the
risk of a Type 1I error are considered in the next section.

POWER OF A TEST

The power of a statistical test re-
fers to the probability that the

given test will detect a popula-
tion difference that actually exists. Power, in this context, is the

probability of rejecting a null hypothesis that is false and therefore
should be rejected.*

For example, suppose the hypothesis is P = .5 while actually,
in the population, the true proportion is .6. Thus the hypothesis is
false (although of course this will not ordinarily be known.) One
experimenter tests the hypothesis P = .5 with a random sample of
20 subjects. A second experimenter tests the same hypothesis with g
random sample of 100 subjects. Other things equal, the second experi-
menter with his larger sample clearly has a better chance of detecting
that the hypothesis is false and that P = 5. Regardless of the out-
come of the two experiments, the test conducted by the second experi-
menter is said to have more power than the test of the first
experimenter because the second experimenter’s test has a better
chance of rejecting the false hypothesis.

The power of a test depends upon many factors. First, of course,
power depends upon the difference between the true characteristicg
of the population as opposed to the hypothesized characteristies,

* Procedures for estimating the power of a statistical test are beyond the scopg
of this text. Many of the more useful procedures may be found in Dixon, W. J,, an

d
Massey, I'. J., Introduction to Stalistical Analysis, Rev. Ed., McGraw-Hill, 1957
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The larger this difference, the more likely it is to be detected; the
smaller the difference, the more likely it is to escape detection. Thus,
any given statistical test is automatically more powerful against a
large population difference than against a small one.

Other factors that influence the power of a test are (1) the size
of the sample, (2) the size of alpha, and (3) the location of the critical
region. It should be intuitively clear that a large sample has a better
chance of reflecting the true characteristics of the population than
does a small sample. If a population difference exists, a large sample
is more likely to detect it. Increasing the size of the sample is thus a
dependable and very effective means of increasing the power of one’s
statistical test.

It has already been pointed out that the size of alpha, the leve]
of significance adopted for a test, plays a crucial role in the likelihood
of making Type I and Type II errors. A Type II error was defined
as accepting a false null hypothesis. The power of a test is the proba-
bility of rejecting a false null hypothesis, hence it is the probability
of avoiding a Type 11 error. A large alpha, it was noted, reduced the
risk of a Type 11 error. Increasing the size of alpha, therefore, raises
the power of a statistical test. This means of increasing the power of g
test must be used judiciously, since increasing the size of alpha also
increases the risk of a T'ype I error. However, in studies where sam-
ples are necessarily small and large population differences are not
expected, the power of a test may be so low as to constitute a bias
against rejection of the null hypothesis. The facts, as it were, are not
given a fair chance to become manifest. Clearly, in such cases, g
larger significance level than is commonly used should be given ge-
rious consideration. .

For a given level of significance, a one-tailed test is more power-
ful than a two-tailed test. We have already seen that in the case of
testing a hypothesis about a population proportion, a larger z valye
is required to reject a nondirectional hypothesis than would be re-
quired to reject a directional hypothesis at the same level of signifi-
cance. In a one-tailed test, the power of the test is concentrated
against a difference in the predicted direction, and there is no attend-
ant increase in the risk of a Type I error. Where a one-tailed test ig
appropriate, then, its use will increase the power of one’s statisticeg]
test without incurring any added risks.
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Practice Problems

For each of the following: (a) formulate the appropriqte statistitézl
hypothesis; (b) state the alternative which will be accepted if the hypotn-

esis is rejected; (c) if the hypothesis is directional, give the location of
the critical region.

1. A pollster would like to make a forecast about which (?f two
candidates for congress will win a coming election. He interviews a
random sample of voters from the district in question to determine
whether they intend to vote for Candidate A or Candidate B. He
compares the proportions who intend to vote for each candidate.

2. An experimenter wonders whether blindfolded subjects, asked
to draw a line of given length, are as likely to draw a line which is
too short as to draw a line which is too long. He tests a random sample
of students from his classes and determines the proportion who draw
too-short lines and the proportion who draw too-long lines.

3. An experimenter believes that on their first trial in a T-maze,
rats are as likely to turn left as to turn right. He tests a random
sample of rats from the laboratory colony and determines the pro-

portion who turn left and the proportion who turn right on their
first trial in the maze.

4. On the basis of previous observation, an experimenter be-
lieves that Rat A has a “‘position habit,” and in the long run will
turn right in a T-maze more often than he will turn left. To check on
his belief, the experimenter tests Rat A at a number of randomly
chosen times over several experimental days. He compares the pro-

portion of right turns and the proportion of left turns made by the
animal.

5. The experimenter of (2) above found that a majority of his
subjects, when deprived of vision, drew lines which were too short.

To confirm this finding, he repeats the experiment with a new sample
of subjects.

6. On the basis of theory and his own clinical experience, a
psychotherapist believes that patients who have dependency prob-
lems are less likely to drop out of psychotherapy before its completion
than are patients whose main problems are not of this type. To test
this belief, he selects a random sample of cases from the clinic’s file
of “drop-outs.”” He determines the proportion of drop-outs who re-
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Céived 5 diagnosis of dependency problems and the proportion who
did not receive this diagnosis.

7. An Investigator suspects that among gifted children the pro-
Portion of girls interested in science as a career is the same as the
Proportion of boys with this interest. He questions a random sample
of gifteq children from the ecity’s schools and determlpes the_ pro-
Portion of boys and the proportion of girls who are planning a science
career,

8. Aninvestigator has listed four leisure-time activities of college
Students, He wants to know whether there is any preference among
college students for one or more of these activities. He asks z;lrandom
Sample of college students which of the four activities they each
prefer, and determines the proportion of students naming each of

the activities. .. .
9. An investigator suspects there is a difference in intelligence

between twq minority groups livir}g ir} a large city-d I;:t(e)l}?rtr;]al:g]ess ttvl\l'o
random samples, one from each minority group, an e

mean IQ of each sample. | f

10. An experimenter wishes to test the effect, nléda?g,a g }Slxn:w
drug on reaction time. Subjects are randomly aésé)%l irol group (g hr(;
imental group (who receive the drug) and g'ects s them mmen g
receive a placebo). The reaction time of the sub]

and the mean reaction time of each group is computed ar}:d lc.ompal'ed.
11. A psychologist working in a settlemenf‘:‘ﬂlrle()rlells;2 iil?éesitﬁleaif

the teen-agers of the neighborhood are below aor factor iy ot

mean score ijs below 100) and that this 1s alln dom sample of teg:

difficulties they have at school. He tests a ri ot mean 1Q.

agers from the neighborhood and determines

12. imenter has constructed_a obtain b
test whicﬁnhzxﬁiges to validate by shgw_mg thatt;:snillz.r\l7e Consis}E;%l}E?r
scores on the test than do women. Slmllasrtlgistest o larat Sampless,
shown differences in this direction. He give L adult pOpulatiOns

severa
f men an men randomly chosen from tel
vovhich are i\:;ci)]able to him. He then computes separately the Mmeay

n o
score for the men and the mean score for the women and compy, es

the two means.

13. The psychotherapist of (6) above finds thi.lt among the
patients who drop out of psychotherapy the proportion wity, diag\
noses of dependency is not significantly smaller than the Propor;
with other diagnoses. He is unable to reject the hypothegig th 1
P = Q. He observes, however, that among the patients of his sayy, at
those with dependency problems did not drop out of theray,y, D;e

S

"masculinity-femininity"
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b
soon as other patients. The mean number of weeks the “dependency’
patients remained in therapy was considerably greater than the mean
number of weeks other patients remained in therapy. To validate
this finding, he selects another random sample of patients from the
clinic’s file and separates them into two groups according to whether
or not they received a diagnosis of dependency problems. For each

group he computes the mean number of weeks the patients continued
In psychotherapy.

14. An experimenter is interested in the effectiveness of propa-
ganda in altering attitudes. A group of subjects who are fairly homo-
geneous In their attitudes toward a supposed government policy are
randomly assigned to three different groups. One group is subjected
to propaganda in the form of a lecture and a second group receives
propaganda in the form of a movie. The third group serves as a
control and receives no propaganda. All subjects then fill out an
attitude questionnaire, and the mean attitude score for each group
is determined. The three meuns are compared.

Answers

1. H: I’ = . The proportion of voters who intend to vote for
Candidate A is equul to the proportion who intend to vote for
Candidate I3. Alternative: I’ = (. The proportions are not equal ;
either more voters intend to vote for A or more intend to vote for B

2. H: P = Q. In the population from which the subjects wera
drawn, the proportion who would draw lines which are too short is
equal to the proportion who would draw lines which are too long
Alternative: I’ > (). The proportions are not equal: either more 0%

the population would draw short lines or more would draw long lineg
under these conditions.

3. H: P = (. The proportion of animals in the colony whg
would turn left in this situation is equal to the proportion who woulq
turn right. Alternative: I> = (). The proportions are not equal; eithep.
more would turn left or more would turn right. Note that in thig
case the experimenter’s belief coincides with the statistical hypoth-
esis, not with its alternative. He cannot, therefore, expect actual}

to confirm his belief. He can only hope to show that his belief is not
an untenable one.

4. Let P stand for the proportion of right turns and Q for the
proportion of left turns. H: P = (). The proportion of right turng
this animal will make in the long run is equal to or less than thgq
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r . . .
go?‘ltj,ortlon of left turns he will make. Alternative: P > Q. The pro-
elor! pf right turns is greater than the proportion of left turns.
Critical region is in the upper tail of the sampling distribution.

Which" Let P stand for the proportion pf subjects who draw a line

ong II{S too short, fmd Q for t}}e proportion who gh'zuv one that is too

lines. : P = Q. The proportion of the population who draw shprt

who du‘nder thesg conditions is equal to or ‘less than t!le proportion

short raw lpng lines. Alternative: P >.Q. The proportion \yho draw

erit; ]mes.ls greater than the proportion who drzm{' lqng I{nes. The
leal region is in the upper tail of the sampling distribution.

dir 6_- If theory predicts a difference in a given direction, then a
rectiong) hypothesis is appropriate. The hypothesis becomes essen-
1ally 5 tegt of the theoretical notions which predict this particular
fference. In this example, therefore, it is appropriate to test

: 2 Q. The proportion of drop-outs who received diagnoses of
dependency is equal to or greater than the proportion of drop-outs

Who_did not receive this diagnosis. Alternative: P < Q. The pro-

Portion receiving diagnoses of dependency is less than the proportion

not receiving this diagnosis. The eritical region is in the lower tail

of the sampling distribution.

. But there is a serious fault in the design of this study. The

Investigator is considering only the file of drop-outs. What proportion

of all patients coming to the clinic receive diagnoses of dependency?

at proportion do not? If these proportions are .30 and .70, for
€xample, we would expect to find fewer ‘“dependency’’ cases in the
drop-out file simply because there are fewer such patients in general.
ot all questions about the difference between two proportions can
be h_andled by dichotomizing a sample into the two dependent pro-
portions P and Q. In this example, a better procedure would be to

Compare the proportion of all “dependency’ patients who drop out

O.f psychotherapy with the proportion of all “‘non-dependency’ pa-

tients who drop out of psychotherapy. Such proportions, because

they are independent, are usually symbolized P; and P, rather than

P and Q. A hypothesis of this kind is illustrated in (7) below.

7. H: P, = P,. Among the gifted children of this city, the pro-
portion of girls planning a science career is equal to the proportion
of boys planning such a career. Alternative: P, ¢ P.. The two
proportions are not equal; either more boys or more girls are plan-
ning a science career. Note that for this hypothesis we do not use
the notation P = Q. Such notation implies that P and Q are depend-
ent proportions, as they must be if P + Q@ = 1. The proportions P,
and P, of this study are independent—- that is, knowing one of the
proportions does not give us any information about the other one
because their sum need have no fixed value. Hypotheses of this kind
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cannot be tested by means of the z formula given in Chapter 7.
A method for testing such hypotheses is given in Chapter 9.

8 H: P, = P, = P, = P,. In the population of college students
from which the sample was drawn, the proportions of students who
prefer each of the four activities are equal. (Three of these propor-
tions are independent; the fourth is not. Why?) Alternative: The
four proportions are not equal; one or some of the activities are
preferred over the others. A method for testing a hypothesis of thig
kind i1s given in Chapter 9.

9. H: uy = p». The mean IQ of the two minority groups is equal,
Alternative: u, # w.. The means are not equal; one of the minority
groups has a higher mean 1Q than the other. Methods for testing
hypotheses about means are given in Chapter 10.

10. H: uy = w.. This hypothesis refers to the two populationg
of random samples which would result if the random assignment of
these subjects to an Experimental group and a Control group were
to be repeated an infinite number of times. The hypothesis stateg
that the mean of all possible random samples taking the drug is equal
to the mean of all possible random samples taking the placebo. Hence
the drug has no effect on the reaction time of these subjects. The’
procedure does not insure any generalizations beyond this particulay
group of subjects because the subjects themselves were not randomly,
selected from an identified population. Alternative: p # p,. The
mean reaction time of all possible samples taking the drug is not the
same as the mean reaction time of all possible samples taking the
placebo; one mean is greater than the other. Hence, the drug hag an
effect on reaction time, either speeding it up or slowing it down

11. H: p = 100. The mean IQ of the teen-agers in this neighbor._
hood is equal to or greater than 100 (average or above average)
Alternative: u < 100. Their mean 1Q is below 100 (below average)'
A directional hypothesis is permissible here because the psychologis£
is concerned with the reason the teen-agers have trouble in schoo)
and a finding that their mean IQ is above average has no bearing
on his purpose. He is only interested in the possibility that thejn
mean 1Q is below average. If it is not below average, he will look for
other reasons to explain their difficulties with school work.

12. Let u, represent the mean score of men and p, the mearn
score of women. H: 1 = p». The mean score of men is equal to oy
less than the mean score of women. Alternative: u > p,. The mean
score of men is higher than the mean score of women.

the mean number of weeks that ‘“dependency’ patients remain j
therapy is equal to or less than the mean number of weeks thayt

13. H: u = u.. Among patients who drop out of psychotherapy,
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“non-dependency’’ patients remain in therapy. Alternative: g, > uo.
The mean number of weeks ““dependency’” patients remain in therapy
is greater than the mean number of weeks ‘‘non-dependency’” pa-
tients remain in therapy. Because the two means in question are not
dependent upon the relative proportions of “dependency’’ and ‘‘non-
dependency’’ patients in the population, such knowledge is not
necessary to this investigation.

14. H: py = p» = ps. This hypothesis refers to the three popula-
tions of random samples which would result if the random assignment
of these subjects to three groups were to be repeated an infinite
number of times. The hypothesis states that the means of these three
populations are equal, hence that propaganda in lecture or in movie
form has no effect on attitudes toward this policy. As in (10) above,
the procedure insures no generalizations beyond this particular group
of subjects. Alternative: The three means are not equal; one or two
of the means is greater than the other(s). Hypotheses of this kind
are tested in Chapter 11.
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chapter 9

The
Chi-Square
Test



In Chapter 7, the population of interest could always be defined
in terms of two proportions: right or wrong, Democrat or Republican,
“for” or “against.” When two proportions are dependent in the sense
that their sum must always equal a fixed number, they are said to
have one degree of freedom. That is, only one of the two propor-
tions is independent or “free to vary.” If votes can only be Demo-
cratic or Republican and the proportion of Democratic votes in a
sample has been determined, the proportion of Republican votes is
automatically known. The two proportions are not independent of
each other. If 80¢; of a student’s test answers are correct, then 20¢;
must be incorrect. If we know one proportion, the other is completely
predictable; it is not ““free to vary.” Hence, although there are two
proportions, we say that there is only one degree of freedom.

When more than two categories are being compared, there is
usually more than one degree of freedom. If votes can be either
Democratic, Republican, or Liberal, then determining the proportion
of Democratic votes in a sample does not tell us what either of the
other two proportions is. They may vary quite independently of the
proportion of Democratic votes. But if, in addition to the proportion
of Democratic votes, the proportion of, say, Republican votes is
determined, then the proportion of Liberal votes will automatically
be known. Thus, two (any two) of the three proportions may be
thought of as free to vary; but whatever values they take, these
values completely determine the value of the third proportion. So
when there are three categories and three proportions to be com-
pared, there are two degrees of freedom.

In general, when the data of a single variable have been classi-
fied into k categories and there are k proportions to be compared,
there are k — 1 degrees of freedom.
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The z test of Chapter 7 was used to compare obsel"\’ed. frequet”
cies with expected frequencies when data had been classified into
two categories. When frequencies have been classified into more than
two categories, or have been cross-tabulated into the cells of a bl-.
variate table, the chi-square test is used. The general formula. for
computing chi-square, symbolized x3 Is

A il iV (9.1)
X" = ~ 1"

where f is the observed frequency for a given category of cell and Fﬁs
the corresponding expected frequency for that category o cgll. T e‘
degrees of freedom, abbreviated df, must also be determmed in order
to evaluate x*. ‘

Like z, which gives a distance along the baseline of the §heotet—
ical normal curve, chi-square gives a distance along the basehne.of a
theoretical distribution called the chi-square distribution. T}?la,s, if an
obtained chi-square value is found to be way out in the “tail of. t.he
chi-square distribution, it has a correspondingly small p1:obab111ty
of occurrence. Actually, there are many chi-square distributions; they
differ according to the degrees of freedom on which chi-square 1s
based. It is necessary, then, to refer an obtained chi-square to the
theoretical distribution of chi-square values having the same degl'ges
of freedom. This is easily done by means of Table Cin the Appendix.
This table gives the probability of selected chi-squaré values from
each of many theoretical chi-square distributions. To determine the
probability of an obtained chi-square with given df, it is only neces-
sary to locate in the table the distribution having this number of .d,f
and compare the obtained chi-square with the values of that dis-
tribution.

The probabilities given in Table C of the Appendix are for a
two-tailed test. Chi-square tests are of necessity two-tailed- Because
differences between observed and expected frequencies are always
squared (see formula 9.1), x® is always positive regardless of the
direction of the differences. Hence, only the magnitude of differences,
not their direction, can be examined by means of the chi-square test.

There is one important instance when x* can conveniently be
used in the test of a directional hypothesis. This is when x* has 1 df.

Whenever x? has 1 df, it can be converted to a z value by taking
advantage of the relationship

z = V/x?, when x? has 1 df 9.2)

The resulting z value may be referred to a critical region in either the
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u ¥ i v 4 . . . .
tippmftmI or the lower tail of the normal distribution, as the direc-
3on 0 Fhe hypothesis dictates. This use of x*is illustrated in Example

Requirements for the Use
of the Chi-Square Test

The chi-square test, like the z test of Chapter 7, provides only
an approximation of exact probabilities and is therefore only appro-
Priate for relatively large samples. The general rule is that every
expected frequency I must be equal to or greater than five for the
satisfactory use of the chi-square test. This rule may be abrogated
to some extent when there are many categories (say, at least five)
representing a single variable, or in the case of a bivariate table hav-
g more than 1 df. In these cases, the chi-square test is satisfactory
If no more than 20¢; of the cells or categories have expected fre-
quencies smaller than five and none smaller than two.

A second important requirement for the use of the chi-square
test is that the data consist of independent observations. That is,
when an inference is to be made about a population of subjects, each
subject sampled contributes only one frequency to the data. Five
observations made on one subject cannot be summed with five ob-
servations made on another subject to give ten frequencies. If only
one subject is used in an experiment, then observations made on this
one subject may be regarded as independent when the purpose is to
make inferences about the population of this subject’s responses.
Whenever more than one subject is used, each subject may contribute
only one frequency to the data.

The use of the chi-square test for data of a single variable is
illustrated in Examples 1 and 2 below. Applications of the chi-square
test to bivariate data are given in Examples 3 and 4.

DATA OF A
SINGLE VARIABLE

Example 1. An advertising firm wishes to determine which
of four advertising displays is preferred by housewives. A random
sample of 40 housewives are asked to choose among the four displays
and the first choice of each is recorded. The results are:
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NuMBER oF Tives

Disrrnay Crhosex st
A ~
B 10
C 13
D 9

Do the results warrant concluding that among the population
of housewives from which this saumple was drawn, there are prefer-
ences regarding the displays?

e « STEP 1. Begin by stating the hypothesis which is to be
tested, and choose a level of significance for its evaluation. In this
case, the hypothesis may be stated as follows: H: P, = P, = P; =
P, = 1/4 or .25. The proportions of housewives in the population
preferring each of the four displays are equal, each proportion there-
fore having the value 1 4 or .25. Since rejection of this hypothesis,
if it is false, 1s very important to the advertising firm, and little will
be lost by rejecting the hypothesis even if it is true, a large alpha is
chosen in order to maximize the chances for rejection. Let us say
the advertising firm is willing to invest money in the most frequently
chosen display (or displays, in case of a tie) if the results of the study
are such that they could occur by chance only once in ten times. If the
result of the study has some probability larger than .10, the firm will
regard the study as inconclusive and consider other courses of action.

e « STEP 2. The hypothesis that on the variable in question the
population is divided into equal quarters (I = 1,4) leads to the
expectation that a random sample will also be divided into equal
quarters. Since n = 40, the expected frequency in each category is
given by F = nP = 40(1,4) = 10. The expected frequencies are
listed in a column opposite the observed frequencies, as shown in
Table 9.1.

e « STEP 3. Carry out the operations called for by the formulg
for x2, as shown in the successive columns of Table 9.1. Note that
differences between observed and expected frequencies are squared
before being divided by F. The sum of the column (f — F)/F giveg
the value of x?, in this case 1.4.

e ¢« STEP 4. Determine the degrees of freedom available. In thig
case, there are four categories,sodf = k — 1 = 4 — 1 = 3. In Table
C of the Appendix, find the row which gives values of x? for 3 df.
Search across the row until you find a value (or values) close to your
obtained x2. For the present problem, we find the value 1.42, which
is very close to the obtained 1.4. According to the column heading
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Table 9.1
Chi-Square Test of the Hypothesis That
I,l = l,-__' - l,;‘ = l,.g == 1/4

OBSERVED OBSERVED
FREQUENCIES  I"REQUENCIES
Dispray f) (A o= F, = e f — I/ K
A 8 1o —2 4 -
B 10 10 0 0 0
C 13 ) 3 " 0
D Q9 10 -1 1 1
10 40 = 1.1
Xt =3 ‘J——IL = 1.1 with 3 df
P’ = .70

which appears at the top of the table, x* values as large as and larger
than 1.42 have a combined probability of .70 when 1* has 3 df. Since
our obtained x2 is 1.4, we say that our x* has a probability of ap-
proximately .70, or P == .70.

* « STEP 5. If the obtained x* has a probability of occurrence
larger than alpha, the hypothesis is retained. If the obtained x* has
a probability smaller than alpha, the hypothesis is rejected. Since
alpha is .10 in this case and the obtained x* has a probability of
approximately .70, it is clear that the hypothesis cannot be rejected.

* RESULTS AND DISCUSSION

By the rule adopted for the test, the hypothesis that P, = P, =
P; = P, is retained. The data do not warrant concluding that one
of the displays would be preferred over the others among the popula-
tion of housewives. What shall the advertising firm do? If there is
some basis other than consumer appeal for making a decision among
the displays—such as relative costs, etc. then the firm should choose
among the displays on this basis. If consumer appeal is the only
relevant factor in arriving at a decision, the results of the study
suggest, in effect, that the firm may as well make the decision by
flipping coins or drawing straws. There is no reason to believe that
housewives prefer one of the displays more than the others.

The student may feel reluctant to accept this last statement.
Observing that Display C was chosen by 13 housewives and Display
A Dby only eight housewives, he may feel that there is at least some
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“evidence’ favoring Display C. The situation is analogous to this:
if you were to toss six coins once and four of the coins were to turn up
heads and two tails, would this result lead you to believe that the
coins were not fair? If you think about it, you will surely answer
‘“no.” Such an outcome could occur too easily by chance. If the coins
are fair, the probability of obtaining a result as deviant as four heads
and two tails is almost .70. That is, results as deviant as this are
expected to occur 707, of the time when the coins are fair. In exa.cfaly
the same manner, the x* we found with its attendant probability
of .70 tells us that differences at least as deviant as those Wé observed
between the various display categories are expected to occur 7_0%
of the time when the displays have equal appeal in the populatlf)n.
Such differences could occur by chance so easily in random s:amplmg
that they cannot possibly be regarded as “avidence” against the
hypothesis of equal appeal.

It is true that if the displays have equal appeal, not .
by choosing Display C. The point is that there is no reason to believe
anything has been gained.

hing is lost

Test for Goodness of Fit

Example 2. It has been observed that infants generally do
not develop a hand preference before the age of 51x_months b\}llt yvxll
reach for an object as readily with one hand as with the ot‘el. A
researcher believes the shift to a preferred hand begms befméa t}‘us
age, but is so gradual as to be difficult to establish by mere!Y ODServ-
ing the individual child. To investigate his belief, the researcher
tests a total of 267 infants who are between the ages of 22 and 24
weeks. A small, brightly colored cube is placed within the chlld_s
reach and the investigator observes which hand the child uses in
reaching for the object. Each infant is tested in this way until five
observations have been made. The child is then classified in a cate-
gory according to the number of times he used each hand. The
results are:

NusmBer or TimeEs Eacu Hanp Was UseD
5 Rigut 4 Ricur 3 Ricur 2 Rigur 1 RIGHT (3 RIGHT
0 LEFT 1 LEFT 2 LEFT 3 Lerr 4 Lerr 5 LEFT
No. orF
CHILDREN 10 53 101 59 40 4

Does the distribution reveal a tendency among the children to use
one hand more often than the other?

e « STEP 1. The problem here is to arrive at the correct hy-
pothesis. It obviously does not make sense to hypothesize that the
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II);‘Oi}:lO}‘tlons of mf'an"ts clz&ssiﬁed in t?w SIX categories will all ho.oquul.
» I fact, the children will reach with one hund as often as with the
other, the middle categories (3 Right, 2 Left and 2 Right, 3 Lefo
should have the highest frequencies. and the frcquvnciv:\' should be-
Con.]e progressively smaller as the categories become more extreme.
This fgmiliar picture should remind you of the normal curve, except
tha.t since we are dealing with discrete categories the binomial distri-
bution is the appropriate model.

What we really have is a distribution of samples, cach based on
five observations. When observations can take only one of two forms
(}eft hand or right hand), the samples are from a binomial popula-
tl_On. Given the values of P and Q. we can readily determine from the
binomial distribution how such samples should be distributed. Under
the hypothesis that an individual child is as likely to reach with one
hand as with the other (P =Q =1 2, the proportions in the six
categories of our table should approximate the terms of the expansion
of (P + Q)5 where P and Q are each 1 2. When P> = @ = 1 2, these
Pf‘Oportions are given by the coeflicient of each term in the expansion
divided by the sum of the coeflicients. The coeflicients and their sum
may be read from Table 7.3, p. 166. F'or » = 5, the proportions are
1/32,5/32, 10/32, 10/32, 532, 1,32. The chi-square test is to deter-
mine the probability that the 267 samples of this study are from 2
population of samples distributed in these proportions. The hypothe-
sis may be written:

H: P =1/32, P, = 5/32, P, = 10,32, P, =

s « STEP 2. Choose alpha, the level of significance for the test
of the hypothesis. The researcher does not anticipate great deviation
from equal-handedness among these children, only some small shift
in the direction of favoring one hand. This consideration suggests 2
large alpha, perhaps .10. If small differences are really present, the_y
are more likely to be detected when alpha is large. But if alpha 18
large, the researcher may be accused (with considerable justiﬁcation)
of making it too easy to reject a hypothesis which, after all, is suP-
ported by evidence from other studies. This consideration suggests
a small alpha, such as .01, The argument for a small alpha and the
argument for a large alpha are both valid and important. The most
sensible course is to compromise between the two. We will suppos€
that the researcher chooses .05 as the level of significance for his test.

« « STEP 3. List the observed frequencies in a column and write
the expected frequencies opposite them. The expected frequencies
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Tabhle 9.2 . 1/32
Chi-Squarec Test of the Hypothesis That Iy = /32,
P, = 5/32, P, — 10/32, P, = 10/32, Py = 5/32

I’l} = 1/32
(B=ERVED Fxruoren
FREQUENCIES FREQUENCIES .

CATEGORY N A (f—ry (f=TF) (f~Fy/F
5 Right 10 26700 20 = S 1.66 2.70 .33
1 Right 53 D67 5 oa2 = T2 11.28 l‘lf‘-;-“_1 3.05
3 Right 101 2670010 32 = NS 17.56 3()2.-}:) 3.70
2 Right oI QG710 52 = NGHohE =200 .-',(.h..i{ 7.16
1 Right 10 VOT S B2 = 4172 —1.72 2.90 .07
0 Right -4 267182, = NG —1.34 18.84 2.20

- —_— ————e ——
267 267.00 0.00 Z = 16.57
(f — I" - . _
x? =13 = r 'l <= 16.57 with Hdf

2
o< .01

will be given by F, = nP’, = 267(1 '32) = 8.34, etc., aS_Shown in
Table 9.2. As a check, the sum of the expected frequencies should
equal n, or 267 in this case.

e « STEP 4. Carry out the operations called for by the x* for-
mula, as shown in Table 9.2. As a further check, the sum of the col-
umn (f — F) should equal zero. The sum of the last column giveg
the value of x? 16.57. Since there are six categories, df = 6 —1 = 5,
From Table C in the Appendix, we {ind that with 5 df, x* values ag
large as and larger than 15.09 have a combined probability of .01,
Our obtained x? is larger than 15.09 and falls, therefore, into a clasg

of values whose combined probability is less than .01. Hence, we
may write P < .01.

e « STEP 5. The probability of the obtained x? is clearly smaller
than the chosen alpha of .05, so the hypothesis is rejected. The ob-
served distribution is said to be significantly different from the hy.
pothesized binomial distribution, which is another way of saying
that the difference cannot reasonably be attributed to random sam-

pling fluctuation. The data do not “fit” o binomial distribution in
which P = Q.
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e RESULTS AND DISCUSSION
The researcher’s question is still not answered. The chi-square test
is able to detect significant differences, but it does not tell where
those differences lie. IFor example, below are given several distribu-
tions all of which depart significantly from the binomial distribution
of (P 4+ @)*. The occurrence of any one of these distributions would
have led to rejection of the hypothesis.

S5 Rraur o4 Ricnr 3 Ruenr 2 Riaur 1 Rigur O Rigre
0 Lerr I Lvve 2 Lsvre 3 Levr 4 Leer S Lave

DisTRIBUTION A: 0 33 100 100 RN 0
DistriBUTION 3! S0 15 0N 6n 15 20
DistriBUtION C:! 10 53 101 Y 40 1
ExrECTED BinowmiaL

DISTRIBUTION (ROUNDED

TO NEAREST INTEGER): S 42 N3 =3 42 <

Consider Distribution A. This distribution, with frequencies so
heavily concentrated in the middle categories, suggests that not only
is there no hand preference among the children, but alternation in
the use of the two hands must be the characteristic pattern of behyve
ior. Otherwise, sheer randommness would produce some frequencies in
the extreme categories. If this distribution occurred. the statistien]
hypothesis tested by chi-square would be rejected. but so would the
researcher’s belief that there is a shift toward a preferred hand,

Consider Distribution 1B3. This distribution. with relatively large
frequencies in the extreme categories, suggests a fully developed hang
preference for some children. But there is no evidence of a “‘shift”
among the other children. From this distribution, it would seem that
children of this age either have a fully developed hand preference
or else they alternate in the use of the two hands. There is no e\'i-,
dence of a gradual shift, and again the researcher’s belief, while not
entirely contradicted, is not wholly substantiated either. MNany chjl.
dren of this age consistently seem to use one hand, but the change
from alternation to consistency is apparently sudden, not gradual,

Distribution C gives the frequencies which yielded our = of
16.57 and led to the rejection of the hypothesis in this study. It is
important to understand why they do so. The researcher’s belief of
gradual shift towards a preferred hand is supported by the very
large difference in the frequencies of the two middle categories, The
expected frequencies for these two categories are equal, 83 and g3
as given by the binomial distribution. If one hand is as likely tqo bé
used as the other, then it is expected that equal numbers of childrep
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will Tl anto the categories of 3 I{ig]u,,‘_z Left and 2 R]ght"3 Left

it it this ~tudyv. 101 children were classified in the category of
Soltiehs 2 e and only 59 in the eategory of 2 Right-3 Left. Since
TroO T children do become I'i)lhl-h:ln(lt‘(l, the fact that SO many more
chitdren swere classified 1 the 3 Right 2 Left category Stl'or.lgl_y Sug-
iv-<t < o0 berinninge tendeney to favor the right hand. And it is this

bard of tendeney that our researcher predicted.

Pefore coneluding that the researcher’s belief has been con=
Srtneed, one mnore step i necessary. Diserepancies between ol?sel‘Ved
and cxpected frequencies may look “large” vet contribute little to
the wadue of san obtadned 2 when the expected frequencies themselves
are large. One should always look at the values which were summed
to obtain . For this study, these are the values given in the last
column of Table 920 There it is apparent that by far the largest
single contribution to the vualue of * comes from the category of
2 Right 3 Left, which has fewer than the expected number of'fre-
quencies. The next largest contributions to x? come from the 3 Right
and -1 Thght categories, which have more than the expected number
of frequencies. These findings are consistent with the researcher’s pre-
diction  none are inconsistent  and this information, together with
the =ignificant obtained x%, provide a confirmation of the researcher’s
belief.

When interpreting a significant x2, it is always necessary {0 exaMine
the original data. ~* itsell gives no information about the direction
of differences between observed and expected frequencies, and ng
information about where these differences occurred.

BIVARIATE DATA The chi-square test may also he

used when a researcher Wishes tq

compare two or more indepenq..

ent proportions, or is interested in the relationship between tWo var._

iubles both of which are represented by categories rather than meag.

ures. The first step in tests of this kind is to set up a bivariate tablg

and cross-tabulate the observations into the cells of the table, as in
Example 2 of Chapter 1.

After the observations have been cross-tabulated and the may_
ginal totals entered, expected frequencies can be computed for each,
cell of the table. The observed frequencies may then be compareq
with the expected frequencies by means of the x? formula. The on]
difTerence is that x2 will not now have k — 1 degrees of freedom‘
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€ marginal totals of the table are used in computing the
requencies (as will be seeni, the cells in the table are not
0 vary.” In such cases, an easy way of computing the df is
p_ly the number of rows in the table less 1, by the number of
I the table less 1. Thus, for these problems we may write
T=1(c - 1), where r stands for rows and ¢ for columns.

tendgggmple 3. A number of personality theories imply that the
to repress or forget incidents of early childhood is greater
roties than among normals. On this basis, an investigator
that fewer neurotics than normals will have memories dating
neurotie €arly childhood. He interviews a random sample of 20
clinic, (}i)atlents who have bqqn accepted for treatment at a city
he CI’inil a random sample of 30 normals from the area served by
old he c. Each subject is asked what is his earliest memory and how
Was at the time.
childhrz) (g"c,ier to determine what age range shall constitute “early
jects 0 fOI_‘ the study_, the distribution of ages given by the spb—
as the time of their first memory is divided at the median.
tog?,seslfilow the median of the distribution are regarded as belonging
childh y g’hlldh_ood.’; ages above the median are regarded as “late
00d.” A bivariate table is set up and each subject is classified
according tg his group (normal or neurotic) and the time of his first
memory (early or late childhood). The results are:

£

TimeE or Firesr Mpeyonry

EarLy CHILbHOOD Lare CHILDHOOD ToraL
Norwmar 18 12 30
;
NEuroTIC 7 13 20
ToraL 25 25 30

. Shou_ld it be concluded that fewer neurotics than normals have
early childhood”” memories?

A directional hypothesis and one-tailed test would be reasonable
in this situation. Theory predicts a difference between the two popu-
lations, normals and neurotics, in a specified direction—namely, that
Jewer neurotics than normals have “early childhood’” memories. How-
ever, if an investigator doubts the truth of a theoretical formulation,
or, in general, if there is little evidence in support of a theoretical
formulation, he may be unwilling to commit himself to a directional
hypothesis. In this case, he will conduct a two-tailed test. For illus-
trative purposes, we shall carry out both a two-tailed test and a
one-tailed test. But it should be emphasized that in practice only
one of these tests is carried out, and the decision as to which test
will be carried out is made before inspecting the data, ideally before
the data are even collected.
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Two-Tailed Test

e o <1 1. The hypothesis mayv be stated in any one of several
wayvs: Fither, I1: Py = I, the proportion of neurotics having “early
childhood™ memories ix the sume as the proportion of normals having
<uch memories. Or, 11z The variables “Normal-Neurotie” and “Time
of First Memory™ are independent cuncorrelated). Also, because g
median =plit was uzed to obtain the categories representing the varj-
able Time of First Memory,” the hypothesis may take the form
th:a normals and neuroties have the same median on this variab]e’
or I1: NMedian, Aledian.. Al three statements of the h)’pothesis
have the =same implications and are automatically tested by the
chi-square test whether or not they receive explieit recognition.

et us suppose that .05 is chosen as the level of significance fg).
the test,

e o 5T 2. Compute the expected frequency F for each cel] of
the bivariate table. This has been done in Table 9.3 by using the
column totals to determine what proportion of each group sh()uld

Table 9.3
Chi-Square Test of the Hypothesis That P, = P,

Ty or Frest Mesory

Farty CHinbnoon Lare CuiLbHoon Toryy,
a»
NoRMALS 1S 12 30
NEUROTICS T 13 20
Toran 25 25 50

CoMPUTATION OF FXPECTED FREQUENCIES:
“Larly Childhood™ Cells

NonMALS: I = 25 J0.000, = 1)
NEt korte=: [7o= 25 50200 = 10

“Late Childhood™ Cells

NokrMars: I = 25000500 = 15
Nevnrories: Fo= 25500200 = 10
(Y S A IS — 150 (12 — |53 (7 — 100 (13 — 10
Pm X = + -
X r 15 15 10 + 10 3.0

df =0 =1lie—h=2-D2-1=1
05 <P <10
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appear in a particular cell under the hypothesis that there is no
difference between the groups. Thus, if 25 50 of all the first memories
are classified in the “Early Childhood™ category. then it is expected
that 25/50 of normals’ first memories will fall in that category and
25/50 of neurotics’ first memories will fall in that category. The same
is true for the “‘Late Childhood™ category since 25 50 of all the first
memories are classified in that category. The expected frequencies
are shown in the cells of Table 9.3, where they are circled to dis-
tinguish them from the observed frequencies. As a cheek, their row
and column sums should be the same as the marginal totals of the
table.

e « STEP 3. Compute x* in the usual manner, squaring the dif-
ference between the observed and expected frequencies of each cell
and dividing by the expected frequency for that cell. In this case, y2
is found to equal 3.0. )

o o STEP 4. The degrees of freedom are given by df =
(r — 1)(¢c — 1), which in this case equals 1. Note that in the table,
if the marginal totals are regarded as fixed (and they were so re-
garded in determining the expected frequencies), then only one of the
cells is free to vary. That is, an entry in any one of the cells com-
pletely determines the frequencies of the remaining cells, since the
row and column sums of the cells must equal the given marginal
totals. There is indeed only one degree of freedom in the table.

¢ « STEP 5. Turning to Table C of the Appendix, we find that
x? = 3.0 with 1 df has a probability between .05 and .10, which may
be written .05 < P < .10. Since the probability is greater than .05,
the significance level chosen for the test, the hypothesis cannot be
rejected. It cannot be concluded that fewer neurotics than normals

have “early childhood’’ memories.

'« DISCUSSION

The hypothesis that equal proportions of normals and of neurotics
have “early childhood”” memories is retained. We also retain the hy-
pothesis that the variables ‘“Nornal-Neurotic’”” and “Time of First
Memory” are independent, and the hypothesis that normals and
neurotics have the same median on the variable ““Time of First
Memory.”

The probability of the obtained x? is small, less than .10. The
result is “close” to being significant. No investigator will feel alto-

211 BIVARIATE DATA



gether comfortable retaining a hypothesis of 1}8 (}1erlence bdet‘Ziin
two parameters when the observed sample d\‘_ ‘lelz(’el woul % r
less than 10¢; of the time under this h.\'pol\?eTbl-t . the sgnl?ﬁ;;?li,
it is not correct to =uy that uhhough the 1(‘:\_1 ni}?‘(nozt Slgllltl P
there is *“ u trend’ in the predicted direction. « _i’g : LI\)YI resu s’ﬁcané
selves only indicate trends, not amounts ‘ur )?1(1{171'? 7“(‘(’8-’}? on-s1gnﬁ "
results, by the rule adopted by the 111\'051'1&1181 W en he chooses
alpha, must be attributed to random sampling qctuatlc‘m..

There is, however, a legitimate way to mnke' the dec_lsmn a more
certain one. The in\’estigutbr can increase the size of his sample. A
fixed and previously determined number of new subjects may be
randomly selected from the population(s) previously sampled, ang
additional observations made in the same way as before, (We stresg
that the number of new subjects must be previously determined ang
adhered to; it is not legitimate simply to add subjects until Somg
desired outcome is achieved.) These new observations may be com.
bined with the previous sample and the statistical test conducteq
again on this larger sample. If the original result was in fact due to
an unusual random sample, the addition of more random observy.
tions is almost certain to yield a result with some probability l_al‘gep
than was found for the original sample. On the other hand, if the

original result reflects a real difference between t.he two populatif)ns’
the addition of random observations is very likely to result in N
smaller probability value.

When an investigator follows this procedure, increasing the sizg
°f his sample and conducting a second test, he giveg himself,
effect, 5 second

is t - chance to reject the null hypothesi§. If the hypot

o 1I‘ue, his adopted significance level, whatever it may have be@n
.onger represents exactly the probability of making a Type I errg,

(rejecting a true null hypothesis.) The probability of making th-r

CIror is now s iy

1 > how omewhat larg_er. For two tests only, the increase
Probability is so small that it is usually overlooked. Byt if the Prq
cedure s repeated and the investigator gives himself additional on.
portunities to reject the null hypothesis, the probability of a Typel
Crror prows apace. The adopted significance ltzrel becomes an in.
T . Tl eision-making. An extreme inst;
creasingly uncertain guide to decision-mak gh. Xtreme instane,
T, '« discussed in Bxample 4 of this chapter.
of this problem 1s discuss

hesis

One-Tailed Test

] t P 1‘ep1‘ Sent t:he pl‘ﬂ-
For hypoth951s. Le 1 e, |
e o STEP 1. [0) mulate the 9 " " s
Portion ;)f neuro tics who have eal’ly ChlldhOOd memaorie and P:
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represent the proportion of normals who have such memories. Theory
predicts that P, < P., the proportion of neurotics will be smaller
than the proportion of normals. If the hypothesis P, 2 P, can be
rejected, then the alternative P, < P, may be accepted. The .05
significance level is adopted for this test also.

e o STEP 2. x* is computed in the usual manner. This has g]-
ready been done in Table 9.3, where x* was found to be 3.0.

o ¢« STEP 3. Because x* has only 1 df, it may be converted tq a
z value by formula (9.2). Thus,

z=Vyx=+30=x173

If the observed proportions ave such that P < P», —1.73 is tajey
as the value of 2. If the observed proportions are such that P, 5 p_
+1.73 is taken as the value of z. From the data given in Table 9.3
we find that P, = 7/20 = .35 and P, = 18/30 = .60. It is evident
that P, < P,, so —1.73 is the value of 2.

e ¢ STEP 4. The z value found in Step 8 is referred to the Normay]
curve table, Table B of the Appendix. Because the hypothesis i
that P, = P,, the critical region is in the lower tail of the 1101‘masl
curve. Our z value of —1.73 falls in the lower tail of the distribution_
it only remains to discover whether or not it falls in the Critie 1’
region. From Table B, we find that z values equal to and beloy _ 1 ,7'&3
have a combined probability of .04. Since this probability jg Smal.l
than .05, the significance level adopted for the test, it is clear ther
our z value falls in the critical region. The hypothesis is 1‘eject§§
and we accept the alternative that P, < P.: the proportion of ne
rotics having “early childhood”” memories is smaller than the Prop u:
tion of normals having such memories. or-

¢ DiscussioN

By this one-tailed test, the hypothesis is rejected and the answep
the original question is yes: it may be concluded that fewer Neurgy;
than normals have ‘‘early childhood’”’ memories. By the ’l:Wo-taillcs
test previously carried out on the same data, the hypothegiq is ?d
tained and the answer to the original question is no: it capy, -
concluded that fewer neurotics than normals have “early chijgy,, >°
memories. Qur two tests lead to opposite conclusions. How CanOd
tell which is the correct conclusion? We cannot tell. The invegy;
formulates his hypothesis, chooses a significance level, anq o
by the results of the statistical test. If he did not do this, he des

3 WO
be like a man who places a bet on one team, then wants to change 1}111_d
is

We
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. someone will take his
bet when that team appears to be IOS_II}II- Ift b(}ln the same way, if
bet. the odds by now will be very dlﬂel‘end- when they gppear to

y _: e . rvale a1 .hunge d
hypotheses or significance levels are ¢ S ot
pr“losing,” the odds are changed probabilities computed in the

e we cannot arrive a
usual way cannot be taken at face value and H £
any dependable conclusion.

Example 1. A psychologist working }}11 Z{é ?1:3(?13]1l(t31ast13/?1§%?;\err
is concerned about the job adjustment of (hb‘a) '(of the\se o hay e
been retrained and placed in new jobs. Many Ay handion egl
unable to adjust to their new jobs; others, e?u‘m'en’(} ‘ES ’
make a good adjustment. An examination ()f .I.TGd _ bS Id(‘;COIt re.
veals no correlation between type of disability and job a justment,
and no correlation between job adjustment and Lype of job pr eviously
held. The psychologist decides to investigate el’notlonal'factors_
Before leaving the rehabilitation center, all of the men take a Psy-
chological test on which they are asked to compare themselves Wit
a variety of descriptive statements which are largely of an emotiong)
nature. For each item of the test, the examinee is asked to comparg
himself with the description given by checking a five-point ratin
scale that extends from “Not at all like me”’ (1) to “
like me”” (5.

The psychologist sets up a bivariate table {
of the test and cross-tabulates the

men’s present job adjustment. For
most of the time,’

from the files

Very mucjy
2 for each iten1
answers to that item with t},

the test item “I feel frust;ratee
' the answers given by 120 men r

andomly selected
are distributed as shown below:
ANSWERS To Test 1TEM
“NOT AT ALL “VERY Mrcn
Jon LIKE ME" LIKE ME"”
ADIUSTMENT 1 2 4 4 i ToT,.\L
Ciood 2 D 18 8 8 41
Fair 3 3 19 10 7 42
Poor 0 2 D 12 18 37
. 0 " 30 33 120
Toran o 10 b

l¢ there some correlation betwqen job_ adJustrgllentt?and ANSWepg
to Lhi‘s test item, or are the two variables independent?

e « sSTEP 1. The hypothesis, of course, 18 thqt the two Van?bles
e independent. If this hypothesis could be'l‘e]ect_ed, we could be
reasonably sure that some degree of correlation exists between the
answoers o this test item and the men's job adjustment. The hy.
pothesis could be stated in terms of proportions —e.g., that the Pro.

bortions of men giving each of the test answers is the same for the
three job adjustment categories. It is this circumstance which is ag-
sumed by the phrase “no correlation.”
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» « STEP 2. We shall not adopt a significance level for the test
of this particular hypothesis. A whole series of statistical tests is
being conducted, one for each item of the questionnaire, under the
overall hypothesis that job adjustment is not related to the emotional
factors reflected in these items. It would be inappropriate to evaluate
any single hypothesis outside of this context. Instead, we shall obtain
for this item a x* value, determine its probability as usual, then con-
sider the meaning of this probability value within the context of
various outcomes for all of the items taken together.

e « STEP 3. To obtain x*, we begin as usual by computing the
expected frequencies for the cells of the table. The first column total
is 5. Dividing this by n = 120, we obtain 5,120 = .04. Thus, .04 of
each job-adjustment group are expected to be in the first column.
These groups number 41, 42, and 37, so the expected frequencies
for the first column are .04(41) = 1.64, .04(42) = 1.68, and .04(37) =
1.48. These expected frequencies are extremely small. According to
the requirements given on p. 201, such expected frequencies are too
small for the satisfactory use of the chi-square test. In such cases,
if adjoining categories are logically related, it is appropriate to com-
bine the frequencies of adjoining cells until the expected frequencies
are large enough to meet the requirement for chi-square. It would be
reasonable, for example, to combine test-answer categories 1 and 2
into one category representing the low end of the answer scale. It
would also be reasonable to combine the Good and Fair job-adjust-
ment categories into one category representing ‘‘acceptable” job
adjustment. It would ot be reasonable to combine the Fair and Poor
job-adjustment categories into one category since such a category
would have no clear meaning. Because the column totals are small
for both test-answer categories 1 and 2, we will combine these two
categories and see whether this results in large enough expected
frequencies. As may be seen in Table 9.4, where the categories have
been combined, the expected frequencies are now large enough to
meet the requirement for the chi-square test and we may proceed

to compute x>

e « STEP 4. x? is computed in the usual manner, as shown in
Table 9.4. Its value is found to be 19.62. Since there are three rows
and four columns in the table, df = (8 — 1)(4 — 1) = 6. Turning to
Table C in the Appendix, we find that a x* as large as 16.81 with 6 df
has a probability of .01. Since our obtained x? is larger than this
value, its probability is smaller and we write P < .01,
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Table 9.4
Chi-Square Test of the Hypothesis That Two Variables
Are Independent

ANswERs 1o TeEsT ITEM

JOB ADJUSTMENT &2 3 4 5] Toral
5.12 14.35 10.25 11.28
Goon 7 18 8 8 41
[5.25] 14.70 10.50 11.55
Famr 6 19 10 7 49
9.25 10.18
Poor 2 5 12 18 37
ToraLn 15 2 30 33 120
CoymrrTaTION OF EXPECTED FREQUENCIES
(15/120)(41) = 5.12  (42/1200¢41, = 14.35
(15/120)(42) = 5.25 (42/120:(42) = 1.+.70
(15/120)(37) = 4.62  (42/120:G37) = 12.95, ete.
(f — F)? (7 — 5.12)2 (18 — 14.35)2 (1S — 10.18)2
2 = 3 - — e
X F 512 T 1 10.18 19.62
df =(r—-1)c—-1)=B—-1)4—-1)=0

P < .01

e DISCUSSION

If only one test item and one hypothesis were being investigated, we
would almost surely conclude from this chi-square test that answerg
to the test item “I feel frustrated most of the time” are correlateq
with job adjustment. Looking back at the data, it also appears that
the greatest departures from expectancy are among the poor adjust.
ment group, who more frequently claimed that the item was “ver
much” like them and only rarely said that it was not like them. g
relatively large number of these men thus reported chronic feelingg
of frustration before they even began their new jobs. The invest;.
gator’s interest, of course, is in whether these conclusions may be
generalized to the population of disabled workers who come to the
rehabilitation center. Before using this test item to identify men whq
may need special help, the psychologist will want to be sure (reasor,.
ably sure) that these results are not an accident of random sampling.
But in this case, unlike the examples previously considered, Mmore
information is required before the decision can be made.

It will be recalled that a whole series of statistical tests is being
conducted, one for each item of the questionnaire. When an invest;.
gator adopts, say, a significance level of .05 for the test of his hy.
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pothesis, and that bypothesis happens to be true, the probability is
.05 that the Qata will nevertheless be such as to cause a rejection of
E'he hypothesls. If ‘he co(gld repeat hi; experiment a vast number of
imes, in the long run 5¢; of his experimental results would lead to a
rejection of the hypothesis even though it is a true hypothesis. From
this reasoning, 1t follows that in the long run 5¢; of true hypotheses
are going to be mistakenly rejected.

Now the investigator of this study is going to test a large number
of hypotheses. Suppose they are all true? If there are 100 items and
therefore 100 hypotheses and these hypotheses are all true, then the
expectation is that ten of these true hypotheses will be rejected if
alpha is .10, five will be rejected if alpha is .05, one will be rejected
if alpha is .01, and so on. These expectations only apply, it should be
emphasized, when all of the hypotheses to be tested are true. Most
investigators run little risk of testing large numbers of true hypothe-
ses, unless they test the same hypothesis over and over again and
that hypothesis happens to be true. But our investigator is in just
such a position. He could be wrong that job adjustment is related
to the emotional factors tapped by this particular psychological tests
and in that case he will be testing over and over again for each item
of the test what is essentially the same true hypothesis. If the test
consists of 100 items, he is in danger of testing 100 true hypotheses:
Once he recognizes this danger, he can adopt any given significance
level with the expectation that this proportion of his hypotheses will be
rejected by the dala, and therefore that the occurrence of such a Pro-
portion of rejections does not by itself constitute evidence that the
particular test items involved are significantly related to job ad-
justment.

The point is that whenever an investigator has many hypotheses:
or many opportunities to reject 2 hypothesis, chance factors alone
are expected to produce some proportion of rejections. A single 1€
jection cannot be evaluated outside of this context.

Studies of this kind require cross-validation—a repetition of the
study with another sample of subjects and with a definite set ©
predictions. Those test items which, on the basis of the preliminary
study, appear to be related to job adjustment provide the basis for &
set of hypotheses that are now formally tested in the second study"

In general, the cross-validation of statistical results on 2 new
sample js necessary whenever a specific set of outcomes is not Pre”
dicted prior to the investigation. Random sampling is expecte t
produce some chance differences, and we cannot find differences first
and then proceed as though we had predicted them. The probabilitleS

217 BIVARIATE DATA



O of predictiorz
thut gruide our decizions are based upon the coincidence of

redd Guteona, NOL upon outcome alone.

Practice Problems
¢ appropriate statistical hypothe—

s by using
| test the hypothests % .
Lesuls, or the inteshgalor’s

]"U'l' vl of f/l(‘ 'r.l!//l”l')'ll.(]' stale [}g
8Os adopt o 05 Lol of sigqudticanee,
thee o}, ,-__\-I{llll/-( test. () thee hasis “"' the I'(‘SN“S, ansit
(/“(5'/(-(;/1_

i i of stu—
i« interested in the dating patterns tu

I. An investigator
‘ random sample of 60 studentsg

dents ot oo university, He asks a 5
whether most of the dates they go on are “solo’” dates \3’1111}1)?2 do
not include other friends, double-dates with one pthgr \s/hen t'hgr
whether they tvpically join a party or group of fjnen sl oSt 3
O out on o date. Of the 60 students quosli(med, 28 say}thates moof
the time they go out on “solo” dates, 22 go on double-  on st
often, and ten usually join a group or party. Is th_ere eason ta
believe from these data that one mode of dating prevails 0¥ ers
at this university?

of 40 pre-school children‘who Show
prefer blue, nine ye}lo\v,
lor or somy o

2. Among a random sample
@ definite color preference, 16 prefer red, 11
and four green. Do these results indicate that one €0
colors are more popular than others among such children!
) 3. A maze has five straight alleys extending out from the stap¢
Ing point. An experimenter wishes to determine whethelzr the rat h
plans to use in an experiment has a tendency to turn in SOMe Pay._
ticular direction so that he will enter some alleys moré frequenty
than others. On 100 trials in the empty maze, the rat entered eaeh

alley the following number of times:
Alley A 17; Alley 13 15; Alley C12; Alley D—25; Alley E—33

b

Does the rat show a tendency to enter some alleys more fl'equently
than others?

. 4. The experimenter of (3) above now places a different fOQCl
incentive at the end of each alley of the maze. He wishes to dete

mine whether the incentives will have a differential effect on th‘
number of times each alley is entered, thus bringing ;_zboutEH_ll’lang

In the animal’s previous pattern of behavior. On 100 trials in thie
situation, the rat enters each alley the following number of timess_
Alley A- 20; Alley B- - 22; Alley C—24; Alley D—16; Alley E—j o
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Do t}
] . . . . . . .
of b €Se results indicate a significant change in the animal’s pattern
Ehavlor?

deteiﬁiNmetY-six students in Experimental P_sychology cl.asses each
using Wlne the auditory threshold of one subject for a given tone,
old va] 1at is crglled the method of limits. Tl}e method gives a thresh-
the Subl‘le tha.t i1s presumed to be tl}e tone just loud enough_ so that
mineq i])eCt \Yl]l hear it half of tbe time. Aftel' the threshold is gieter—
trials }3_’ th.ls method, the sub_]ec_t is given anotl?er short series of
thres] W]Hch include four presentations of the previously determined
time 10 d tone. The students record for thgn‘ subjects the n_umber of
sub’s t}_“S threshold tone was heard during the last series. Each
tonJeZt 1S then classified according to whether. he heard _the_thre_shold
th e9 » 3, 2, 1, or 0 times during the last series. The distribution of
€ 96 subjects is as follows:

NUMBER oF TIMES
TuresuoLbd ToNE Was HEARD
4 3 2 1 0
NumBer or SubJecTs 10 26 29 28 3

}Ils this distribution consistent with the assumption that each subject
48 2 50-50 chance of hearing the threshold tone?

6. A pollster believes that a “tough’’ attitude towards the Com-
munist nations is more common among Korean War veterans than
1t Is among World War II veterans. He questions a random sample
of 100 Korean Way veterans and 200 World War 11 veterans and finds
the following:

Korean War peterans: 64 favor a tough policy, 36 do not.
World War IT veterans: 146 favor a tough policy, 54 do not.

S,houlc_i it be concluded that Korean War and World War II veterans
differ in this respect?

7. An investigator is interested in the effect of set on problem-
solving. He divides 40 subjects randomly into an Experimental group
and a Contro] group of 20 each. Both groups are given the same
problem to solve, but the Experimental group receives misleading
Instructions while the Control group is given the usual neutral
Instructions. Among the Experimental group, five subjects solve the
problem, 15 do not. Of the Control group, 13 subjects solve the
problem, seven do not. Should it be concluded that the differing
Instructions have an effect on the problem-solving of these subjects?

8. A psychologist is interested in the relationship between
achievement motivation and the tendency to conform to group
opinion. A random sample of 50 college students are given a ‘“need-
achievement’’ test to determine the strength of their achievement
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motivation. The distribution of scores is divided at the median to
give “high” and “low’ need-achievement groups that are as nearly
equal in size as possible. Each subject is also given a series of trials
in a group situation where all the other members of the group have
previously been instructed by the experimenter to concur in a clearly
mistaken opinion. The number of trials on which the subject consents
to the mistaken judgment of the group is taken as his “yielding
score.”” This distribution of scores is also divided at the median to
give a group of “‘high yielders’™ and a group of “low yielders.” Cross-
classifying the subjects on both variables gives the following results .

ACHIEVEMENT MoOTIVATION Hricn Yisuneus Low YIELDERS
High ] 18
Low 13 10

Do the results indicate a relationship between need-achievement
score and the tendency to yield to group opinion?

9. A psychologist believes that much of the anti-social behavigy
of delinquents springs from the delinquent’s view of himself as ‘“q
good anyway.” As a first step towards investigating his theory, the
psychologist compares the self-attitudes of a random sample ¢
delinquents and a random sample of non-delinquent children drawn
from the same neighborhoods. The results are as {ollows:

SELF-ATTITUDE
Posirive Npvrral,  NEGATIVE
DELINQUENTS 8 18 24
NON-DELINQUENTS 18 22 10

Do the data warrant asserting that a negative self-attitude is foy q
more often among delinquents than among non-delinquent children.,

10. An experimenter is interested in the relative effects of diffe

ent kinds of stress upon task performance. A sample of 90 subjecz‘
1s randomly divided into three groups of 30 each. The three groy

perform the same experimental task, but under different conditioé) S
One group is subjected to failure stress, the subjects being told thay
they are performing very poorly. The second group is subjecteq tt
distraction stress in the form of loud noises and other distractinQ
stimuli. The third group serves as a control, performing the tasg.
without interruption under quiet conditions. Performance on

task is classified as ‘““Good,” ‘““Average,” or ‘“Poor,” according o
previously established criteria. The results for the three groups are.

PERFORMANCE
Goop  AVERAGE Poor
FAILURE STRESS 7 13

10
DISTRACTION STRESS 8 20 9
Non-sTrEss CONTROL 15 12 3
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Can it be concluded that these subjects perform differently under the
different stress conditions?

11. In a study of cognitive development, ten school children
randomly selected from each of grades 1 through 8 are given a series
of tasks and questions designed to reveal their characteristic way of
perceiving and understanding the world around them. On the basis
of his performance, each child is classified according to whether his
characteristic mode of thinking is predominantly ‘‘Abstract,” ““Func-
tional,” or “Concrete.” The number of children in each grade who
were classified in each of these categories is shown below:

CuaracTERISTIC COGNITIVE MODE

GRADE ABsTRACT FuncTioNaL  CONCRETE
1 1 3 6
2 0 5 5
3 1 4 5
4 2 5 3
5 4 4 2
6 3 5 2
7 7 3 0
8 6 3 1

Is there evidence in these results of a shift in the characteristic mode
of thinking with increasing age (grade level)?

Answers

1. x? = 840 with 2 df, P < .02. The hypothesis that students
of this university engage equally in the three patterns of dating is
rejected. From an inspection of the differences and their direction,
joining a party or group of friends appears to be much less common
than double-dating and especially ‘“‘solo’ dating.

2. x? = 7.40 with 8 df, P > .05. The hypothesis that the colors
are equally popular among such children cannot be rejected. There-
fore, it is not possible to conclude from this study that one or some

of the colors are more popular.

3. x* = 12.20 with 4 df, P < .02. The hypothesis is rejected
that, with repeated sampling of this animal’s behavior under the
same conditions, the proportion of times each alley is entered will be
the same for all of the alleys. From an inspection of the differences
and their direction, the rat shows a tendency to favor Alley E and
perhaps Alley D, while Alley C appears to be neglected.

4. x* = 24.49 with 4 df, P < .001. The hypothesis of no sig-
nificant change from the previously observed pattern of behavior is
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rejected. (Note that the observed frequencies for the empty-maze
condition are the expected frequencies for this condition.) The in-
centives provided by the experimenter do have a differential effect
on the rat’'s behavior.

5. x* = 6.36 with 4 df, P > .10. The hypothesis is that each
subject has a 50-50 chance of hearing the tone (P = @ = 1), from
which it follows that the 96 outcomes will be distributed in accord-
ance with the expansion of (I’ 4+ ¢, since each subject receiveq
four trials. Because the probability of a chi-square value as large ag
6.36 1s greater than .10, the hypothesis cannot be rejected. The
observed distribution is consistent with the assumption that the
subjects have a 50-50 chance of hearing the tone. At least, it has not
been found to be inconsistent with this assumption.

6. x* = 2.57 with 1 df, P > .10. The hypothesis of no differencg
between Koreun War and World War 11 veterans in this attitudg
(Py = P., or the same proportion of each group favor a tough policy)
cannot be rejected. It cannot be concluded that the two groups of
veterans differ in this respect.

7. x* = 6.46 with 1 df, I’ < .01. The nondirectional hypothesig
1?1 = P, is rejected. It may be concluded that the differing instrue.
tions have an effect on the problem-solving of these subjects, and g
Inspection of the direction of the differences indicates that the per.
formance of the Experimental group was poorer than that of th
Control group. A directional hypothesis would also be appropriatg
here because the “set” of a subject has been shown in many studies
to influence performance. If P, represents the proportion of Expey.
imental group subjects who solve the problem, it might be hy_
pothesized that P, =z P.. This hypothesis would also be rejectq
(2 = —2.54, P = .0055) and its alternative, P, < P,, would be
accepted.

8. x* = 2.71 with 1 df, P = .10 approximately. The hypotheg;
that yielding to group opinion is independent of the level of achiey .
ment motivation cannot be rejected. The results do not indicate that
there is a relationship between these two variables.

9. x* = 10.01 with 2 df, P < .01. The hypothesis that the_:rei
no difference in the self-attitudes of normals and delinquents is re.
Jected. An inspection of the size and direction of the differences ing;_
cates that a negative self-Attitude occurs more often among the
delinquent children.

10. x2 = 13.93 with 4 df, P < .01. The hypophesis that.perform_
ance of this task is independent of stress condition is lie‘].eCted.
may be concluded that performance is related to the condition ungg,
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which the subject is tested. An inspection of the size and direction
of the differences indicates that “Failure stress” had the greatest
negative effect on performance, and that neither of the stressed
groups had as many “Good” performers as the non-stressed control

group.

11. The expected frequencies for this three-by-eight table are
too small to permit the satisfactory use of a chi-square test. The
situation can be rectified, however, by combining adjacent grades
(1 and 2, 3 and 4, etc.) to give a three-by-four table. For this com-
bination of the frequencies, x* = 24.42 with 6 df, and P < .001. The
hypothesis that cognitive mode is independent of grade level (and
presumably of age) is rejected. Inspection of the data reveals that
the largest contributions to the value of x* come from the four corners
of the table, and the differences indicate that relatively more of the
younger children were classified as “Concrete’”’ and relatively more
of the older children as ‘“Abstract.” And the shift appears to oceur
gradually with increasing age.
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chapter 10

The £ Test



So far, our discussion of probability and hypothesis testing has
been concerned almost entirely with data classified into categories.
The hypotheses tested were about proportions: that a certain pro-
portion of the population is in a given category; that two popula-
tion proportions are equal; etc. When data are in the form of meas-
ures, analogous hypotheses are made about the mean—that the
population mean has a certain value, that two population means are
equal, and so on. In this and the next chapter, we take up procedures
that are used to test hypotheses about the mean.

THE t In Chapter 5, it was stated that
the sampling distribution of
DISTRIBUTION means is approximately normal

when the sample size » is 30 or
more. This is true even when the
parent population (the population from which the samples are drawn)
is not itself normal. If the samples are large enough, the distribution
of means will be normal regardless of the shape of the parent popula-
tion. Therefore, determining a confidence interval for p by the
method of Chapter 5 requires no assumptions about the distribution
of the parent population. The method of Chapter 5 does assume,
though, that the population standard deviation ¢ is known. Because
s is a reliable estimate of ¢ when n is as large as 80, approximate
confidence intervals were obtained by substituting s for ¢ in the
formulas of that chapter.
In this chapter, we consider problems in which it is assumed that
the parent population is normally distributed, but there is no re-
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i . amnle size becnuse we take into account Fhe fact
th::: t.loil.l :::w[]hi(n -]‘)l]]-']l]('lt‘ of =, The statistic 0:)][fll;]icfil~illl)l]der thls.slet.Of
Assumptions is called 7, and it is not normd ,‘\. (-]b.] ted. For large
Samples, the sampling distribution of  approi¢ ‘e:‘_the shape Qf the
normal curve and ¢ may be referred to normal curve tables. But ff)l‘
small sumples, + must be referred to the special tables of the ¢ dis.
tribution. S .

The t distribution. like the ? distribution, 1s a fam.lly of tl}eo.
retical curves that vary with the degrees O_f freedom available. Since
the 1 distribution assumes that s is used in place of 4, the degrees
of freedom for fare the same as those f01‘.5 “11_1“_91.\’v n — 1. Table D
In the Appendix gives the probability ollohtfuml_l‘g ‘Srelected:! \;alll_les
for given degrees of freedom. The (llslrllml’l?nblls bls)ml_netllca, ike
the normal distribution, with mean t = Q- l‘_‘ € D gives onl.y. +
Vialues, from the upper half of the (11.\'11'11)1.111011..‘“16 probabilitieg
Ziven at the top of the table are for a two-tailed test, and thus repre.
sent the proportion of cases that lie beyond both +tand —t. For 5
Oone-tailed test, these probabilities should be halved.

CONFIDENCE Confidence limits for » may be
obtained by  substituting the
INTERVAL FOR sample values X, s, and n in the

formula

THE MEAN

= S

X+ l, —= .
Va (10.1)

where the value of 1, is determined by the convﬁd.ence level chosen and

the degrees of freedom that are available. We illustrate below.

Example 1. A Current Affairs test is given to a random
sample of I12 college students. They obtain a mean score of 45 wit},
8§ = 6. (a) Determine a 95, confidence interval for y, the mean of

the parent population from which the students were drawn. (b) A
score of 50 has previously been established as the minimum score

for well-informed persons. Could the mean for this population of
students be as high as 507

® * STEP 1. Determine the value of f,. There are 12 — 1 = 11
degrees of freedom. The 9570 confidence limits are desired, which
means that we want the ¢ values that include the middle 95%, of the
distribution, or that cut off -025 of the cases in each tail of the distyj.
bution. ¥rom Table D, for 11 df, the value of ¢, is 2.20.
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* * STEP 2. Substitute the obtained sample values and the value
of ¢, in formula (10.1). Thus,
6

45 + 2.20 —=—= = 45 + 3.81
V12

Adding and subtracting 3.81 as indicated, we obtain the interval:
41.19 < p < 48.81, with 95¢,, confidence.

e DISCUSSION

According to our confidence interval, the population mean 4 ig a
value between 41.19 and 48.81. The answer to part (b) is ves, u
could be 50— could be 150—because confidence is not certainty.
But we doubt that p is as large as 50.

Notice that the confidence limits found by this procedure have
not been referred to as “approximate’’ confidence limits. Confidence
limits for u determined by the normal curve procedure of Chaptey 5
were called “approximate confidence limits’’ because that procedure
assumed that ¢ was known when in fact ¢ was estimated by s. Cg;.
fidence limits determined by reference to the / distribution take into
account that s is used in place of ¢, with the result that these are exact
confidence limits. Fxract confidence intervals are confidence Intervalg
about which we can make exact probability statements. Thus, when
we claim *‘y is some value between 41.19 and 48.81,” the Probability
is .95 that our statement is true. In the long run, with repeated sam-
pling, the procedure we used will lead to true statements (illtel‘Va]S
that contain u) 959 of the time and false statements (intervy]g that
do not contain u) 5%¢ of the time.

A particular statement about u is, of course, either true op false
but we do not know into which of these two categories the statemené
falls. Since our procedure leads to 95 true statements for every 5 that
are false, the probability is .95 that a particular statement ig amon
the true ones. It is a little like flipping a coin that rolls out of sightg
The coin has landed and one of the events, heads or tails, hag oc-
curred. But as long as we cannot see the coin, our probability state.
ment remains the same—.5 that it landed heads. In the Same wy
we determine a 959, confidence interval and the interva] eithey Coﬁ,
tains u or does not contain u. Since we do not know which of the N
events has occurred, our probability statement remains the Samef
.95 that the interval contains .

To understand just what is “approximate’ about the confidey
intervals of Chapter 5, consider the 95¢: confidence intervy] f0~ce
obtained from the same sample data, but using formula (56.4). Uu
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41.61 = n 4839, with 957 confidence.

Thisx confidence interval is inexact because the Pl'Obability is not .95
I'hul u 1= within the Iimits given. The exact probability that these
limits include the value of a4 cunnot be read from the normal curve

table as the formula assumes: hecause ¢ was not used in Fhe (.:ompu-
ation in the ¢

tation of the confidence limits, s was used. By interpol C
table, for 11 Jdf, the probability that p is within the given limits Is
only about .92,

Because of discrepancies like these the normal-curve procedure
of Chapter 5 was recommended only for samples as large as 30. When
! i5 30 or more, the ¢ distribution is so close to normal that conﬁd?nce
ll‘mits obtained by formulas (5.4) and (10.1) will be almost identical.
Iherefore, for large sumples either formula may be used. But for
small samples formula (10.1) must be used.

One Sample: Hypothesis
That p Is a Certain Value

~In Example 1, we ““doubted” that the population mean was as
hlgh as 50 because 50 fell outside the 95C; confidence limits estab-
lished for u. How ‘“‘doubtful”” should we be? Our sample mean was
45. What is the probability of obtaining such a sample from a popu-
lation where p is 507

 The hypothesis that u is a particular value like 50 may be stated
with its alternative as follows:

H: p =50 Alternative: u # 50
The directional hypothesis that u is at least 50 (equal to or
greater than 50) is stated:
H:p = 50 Alternative: p < 50
;I‘hhe critical'region for this hypothesis, it will be remembered, is in
e lower tail of the probability distribution.

The directi i 1 i
stated: ional hypothesis that u is equal to or less than 50 ig

H:pu, =50 Alternative: u > 50

The critical region for this hypothesis is in the upper tail of the prob.

ability distribution.
h HYD(_)theses such as these may be tested by substituting the
YPothesized value for u in the formula
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t = = (10.2)

and referring the ¢ value obtained to Table D, to the ¢ distribution
with n — 1 degrees of freedom.

Example 2. A random sample of 12 students were found to
have a mean score of 45 with s = 6 on a Current Affairs test. What

iS_thseO‘;)robability that this sample came from a population where
M 1S !

e « STEP 1. The value 50 is substituted for x in formula (10.2)

along with the given sample values. Thus,
45 — 50 -5
= 2 = -2
L= vz 13 89

e ¢« STEP 2. The value 2.89 is referred to the ¢t distribution for
12 — 1 = 11 degrees of freedom. In the row for 11 df, we find the
values 2.72 and 3.11. Since 2.89 falls between these values, it has
some probability between the probabilities given for 2.72 and 3.11.
The probability of our obtained ¢, then, is less than .02 but greater
than .01.

e DISCUSSION
The results of our test indicate that a sample mean as deviant as
45 will occur less than two times in a hundred if x is 50. Ordinarily,
this would lead to rejection of the hypothesis that p is 50. If “well-
informed”’ is defined as achieving a score of 50 or above, we would be
led to conclude that as a group, this population of students falls
somewhat short of being well-informed. Many individuals have
scores above 50, but it is very unlikely that the group mean is as
high as 50.

The general outcome of this test—though not the exact prob-
ability value—was already clear from the confidence interval com-
puted earlier. Since .95 was the confidence level used, any values
outside the obtained interval are automatically among the least
probable 5%, of the possible values of u. In general, a confidence
interval implies a rejection of all hypotheses about u that lie outside
of the confidence limits. Values within the interval constitute ““ac-

ceptable”” hypotheses about .
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Two Independent Samples:
Hypothesis That p, = K2

Often, in research. we want to compare the means of two groups
of =ubjects who were independently and randomly selected from dif-
ferent populations ... six-yvear-olds and ten-year-olds, males and
females, churchgoers and non-churchgoers). It also happens often
that we want to compare the means obtained by subjects who were
selected from the same population but then assigned randomly to
two different experimental conditions. In both of these cases, we
would test the null hypothesis that there is no difference between the
parameter means, or that gy = e Oryif it s predicted that M > ua,
the directional hvpothesis gy £ pe may be tested by loca'tmg the
critical region in the upper tail of the probability distribution, and
SO on.

Such hypotheses about the means of two independent sampleg
may be tested by applying the formula

(- (N, — -\'-:7)7 — (m — po) (10.3)
I
\ Na

and referring the obtained ¢ to Table D, with df = my + 12 — 2. The
term (u, — w21 is equal to O when the hypothesis is that the parametep.
means are equal; this term may therefore be dropped from th‘? for.
mula in testing such hypotheses. s® is an estimate of ¢% the varlance
of the identical populations assumed by the hypothesis. (The varj.
ance, it will be recalled, is the square of the standard de\rlatlon_)
s% 1s the weighted average of the two sample variances, and may be
obtained by substituting the sample values s,* and s,? in the fox'mu]a
o — 1Dst 4 (ne — 1)ss?

3 10,
§ ny + e — 2 ( 4)

When », and », are equal, the sample values s,2 and 8:* May bg
substituted directly into formula (10.3), and it is not necessary tgq
compute the s? of formula (10.4). .

The use of formula (10.3) to compare two sample means s based
on the assumption that the two samples come from normally dis.
tributed populations that have equal variances. For a given investigy
tion, there is usually no way of knowing whether these assumptions
are met or not. There is no way of determining from sample data
that a population is normal or that two population variances are
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egual.* Fortunately, moderate—and even certain extreme—rviola-
tions of these assumptions have been found to have little effect on
the probabilities of calculated ¢ values. But, certain other violations
may haye a large effect. Without going into the matter further, some
suggestions are offered for avoiding the more serious consequences
of failing to meet the assumptions of the ¢ test: (1) obtain samples
that are as large as possible; (2) if samples must be small, try to have
them equal in size; (3) use a two-tailed test in preference to a one-
tailed test.

Example 3. An investigator is interested in how differing
motives may influence the answers given on personality tests. A
class of 28 students is randomly divided into two groups of 14 each.
Both groups are given a personality test designed to measure Social
Responsiveness. Group 1 is told the test will become part of their
file, while Group 2 is told they need not put their names on the test,
since the investigator is only interested in how college students as a
group score on this test. Afterwards, the tests are scored and means
and standard deviations are obtained for the two groups. The results
are:

Group 1: X, = 62.1, s, = 10.0, m,
Group 2: X. = 51.1, s, = 13.0, n,

Can it be concluded that the different motivating conditions have an
effect on test scores?

14
14

Il
It

In order to answer the question affirmatively, we must first
be able to reject the hypothesis u; = u», that the parameter means
for these two conditions are equal. Because we have two independent
samples, formula (10.3) is used to test the hypothesis. A significance
level of .05 will be used.

e « STEP 1. The first step is to determine the value of s?, the
estimate of the common population variance. Since s; and s: are

given, these values are squared to obtain s? = 100.0 and s.* =
169.0. Substituting in formula (10.4) we obtain

g2 = (14 — 1)100.0 + (14 — 1)169.0
14 + 14 — 2

1300 + 2197
26

= 134.5

* A test for the hypothesis that 01> = @2 is given in Clmp.tcr 11, but of course
failure to reject this hypothesis does not establish that the variances are equal.
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It was not necessary in this case to compute s? because the two sam-

ples are equal in size. We did so to illustrate the more general pro-
cedure.

e o STEP 2. The value of s?is substituted with the sample means
and »'s in formula (10.31 1o obtain

621 - 511 110 o
1345 | 1345 269
AR ! \ 14

If we had wished to take advantage of the fact that the samples are

equal In size, the sample variances 100.0 and 169.0 could have been
substituted directly into formula (10.3). Thus,

t == '(_;‘:)“1_‘.—_:—)__1_2 - = 11.0 = 2-51
100.0° 1690 269
\ 14 14 14

When the sample n's are equal, the two procedures yield the same
results.

= » sTEP 3. The obtained ¢ value is referred to Table D with
df = 14 4+ 114 — 2 = 26. There we find that a ! as large as 2.51 has 5

probability of less than .02. Since this value is smaller than our alpha
of .05, the hypothesis that 4,

= u» 18 rejected.
e DiIsSCUsSION

The hypothesis is rejected and we accept the alternative that j # g,
Therefore, we are led to conclude that the conditions under which the
subjects were tested do have an effect upon their scores on this test.
Group 1, who were told the test would be part of their file, obtaineq
the higher scores, suggesting that Social Responsiveness (or whatevey
the test seemed to the students to measure) is regarded as a desirablg
“attribute’”’ to be included in one’s file.

We have rejected that uy = u,, but what populations are ui ang
p: the means of? To what populations do our conclusions apply? A
class of students is not a random sample of students, so there is ng
statistical basis for drawing conclusions about some larger student
population. Randomization (and the basis for making a statistica]
inference) entered into the assignment of subjects to the two experi.
mental conditions. The particular division of the subjects that re.
sulted from this procedure is one division out of a vast number of
other possible divisions which could as easily have occurred. It ig
this vast number of possible divisions of the subjects that constituteg
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the population fl‘om Which a sample was drawn. The population con-
sists of all the different samples (divisions of the subjects) that can be
obtained by'randomly selecting 14 subjects from a total of 28. Over
40 million different sample divisions can be obtained by this proce-
dure (if you doubt it work out 281/141141), and it is to this population
of 40 milli_on sample divisions that our conclusions apply.

Imagine for a moment these 40 million sample divisions. Each
division of the Sllbjgcts yields two groups and two X's. One of these
groups is. always nglgnated Group 1 and its mean is X,. The mean of
all the Xy’s (40 million of them) is . Similarly, for each division
of the subjects there is always a Group 2 and X». The mean of all
the X.'s is p-. In rejecting the hypothesis that uy = u., we reject that
the subjects’ scores will be the same under the two conditions of
testing. Specifically, we reject that the means will be the same.

To genera]ize beyond this particular class of 28 students (on
other than an Impressionistic basis) the study must be repeated with
other subjects. Similar findings on diverse groups would provide a
kind of common-sense support for the notion that the different
motivating conditions regularly affect scores in the manner observed.
Or better, the study may be repeated on a random sample from g
population of interest so that the findings may at least be generalized
to this population. The present study has demonstrated that the
different motivating conditions can make a difference in performance

on this test.

Two Correlated Samples:
Hypothesis That a Mean
Difference = 0

A widely used experimental design in psychological research ig
that in which the subjects act as their own controls. Typically, egch
subject is tested twice under different conditions (e.g., before ang
after taking a tranquilizer, or with two different types of rewarg),
and the difference in his performance under the two conditiong pro-
vides a measure of their different effects. The obvious advantage of
this design is that it controls for individual differences by using the
same subjects for both conditions. Sometimes, instead of using the
same subjects, pairs of subjects are matched on some relevant varia.
ble (e.g., intelligence) and the members of each pair are randomly
assigned to the two experimental conditions.

In both of these cases, the two samples of measures are usually
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correlated beenuse cither the same subjects or matched groups of
subjects provided hoth sumples. The ¢ test for independent samples is
therefore not appropriate for this situation. However, the design
vields a set of difference scores  one for each subject or for each pajr
of matehed subjects and formula (10.2) can be used to test a hy-
pothesis about the parameter mean pp, of the difference scores. Thus,
\I: — KD

P Tl (10.5)

NTER R

where N4, is the mean of the difference scores and sp is their standarq
deviation. Under the hypothesis that scores will be_the same for the
two conditions, the mean difference yp, = 0. In this case, ¢ may be
computed directly from the difference scores by the more convenien
formula,

~D
e (10.¢
mxD? — (ED)* )
\ n —1

where # is the number of difference scores, and =D is their algebraic
sum. The obtained ¢ is referred to Table D, withdf =n — 1.

Example 1. A new drug for depressed mental patients is
be tested. A random sample of ten depressed patients is selected fro
a large number of recently admitted hospital patients who receive
this diagnosis. The ten patients are given a test of DSYChOm_Oto
efliciency that measures their mental alertness in terms of a combing
time and error score, transformed so that high scores indicate hj
efliciency. After the patients are receiving the drug on aregular basjg
they are tested again. Their scores before and after receiving thé
drug are shown in the first two columns of Table 10.1. Is they
evidence of a significant change in psychomotor efficiency after re.

ceiving the drug? Test the hypothesis that up = 0 using an alphy
of .10.

e e« STEP 1. For each pair of scores, determine the diﬁ'erence
D, being careful to indicate by a plus or minus sign the direction of
the difference. In Table 10.1, minus signs indicate that the secop
score was the larger, plus signs that the first score was the largel..
The column of difference scores are summed algebraically, as shOWn,
Lo obtain ~D. This sum should be equal to the difference betweg
the sums of the original columns of scores. Thus, 86 — 92 = —6 alsg,

e » STEP 2. Square each of the difference scores, as shown in
the last column of Table 10.1. The sum of this column gives ZD:,
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Table 10.1
t Test of the Hypothesis That a Mean Difference Is 0

EFFICIENCY SCORE

Berore Druc AFTER DRUG D D
5 10 -5 25
9 14 -5 25
7 5 +2 4
3 6 -3 9
10 9 +1 1
15 15 0 0
4 1 +3 9
16 20 —4 16
12 10 +2 4
5 2 +3 9
86 92 —17 =D? = 102

+11
zD = —6
zD —6
= —.57

t = =
nzD? — (ZD)? 10(102) — (—6)?
n—1 9

e « STEP 3. Enter =D and =D? in formula (10.6). (Remember
that 7 is the number of difference scores, not the number of original
scores.) For these data, formula (10.6) gives t = —.57.

e « STEP 4. Refer the obtained ¢ value to Table D in the Ap-
pendix, with df = » — 1. In this case, df = 10 — 1 = 9. For a two-
tailed test, with 9 df, a ¢ as large as .57 has a probability greater than
.50. Such a probability is very much larger than the alpha of .10
chosen as the significance level for the test; therefore the hypothesis
that up = 0 cannot be rejected. If the hypothesis is true, differenceg
as large as those we found will occur in more than 509 of random
samples. Such differences cannot be regarded as evidence against the

hypothesis.

e DISCUSSION
Failing to reject the hypothesis up = 0 means, of course, that ng

evidence has been found that the drug has any effect on the psychg.-
motor efficiency of depressed patients. Observe, however, that while
we are able to say ‘‘no evidence has been found,” we are not able
to say ‘it has been shown that the drug has no effect.” As was
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pointed out carlier und beurs repeating: Failure to reject a null hy-
pothesiz does not extablish that the hypothesis is true. It is especially
Important to remember this when samples ave small. When sampleg
are ~mall and when the population difference or “effect” being in.
Vst ced s not aovery large one. the probability of a Type Il error
i~ uesdv high. Faen with the inereased power afforded by an alpha
of 1o, the probabilty is high that we shall fail to reject the nui}
hepothesis even though itis false. ' .

Consider the following example. Suppose we 11a\feab1a§ed ¢oin,
4 coin that will in the long run land heads up .80 of the tlme. We
do not Lnow this and wish 1o test that the coin is fair—uiz, that
I’ Heds 5. We tlip the coin five times and observe that headg
core up on four of the five wrials. Under the hypOtheSiS that P = 9,
i result as deviant as this has a probability of 12/32 or about .38,
We shall cortainly not reject the hypothesis that the coin is fair, ang
of course we <hall he making a Type 11 error in not doing so. We con.
tinue to flip the coin for a total of ten trials and observe a total of
cight heads. The probability of a result as deviant as this is aboyg
11, 5o again the hypothesis will not be rejected and again we wil}
have made a Type 11 error. The coin all this time is behaving pep.
fectly appropriately  landing heads up on .80 of the trials—but We
are making Type [T errors because our samples are not large enougl,
Lo permit the finding that a sample value of .80 is significantly diffey.
ent from the hypothesized value .50. Only if the coin deviates some.
what from its “true’ nature in the direction of giving nine or ten
heads shall we be lucky enough to reject the false hypothesis that
P = 5.

In the same way, the failure of our drug experiment to find 4
significant difference may be due to the low power of the statisticy)
test rather than to the absence of a difference in the population thyy
was sampled. Thus, in failing to reject the null hypothesis we ma
have made a Type 11 error. This is always a possibility, of COUIse, yp
any statistical test, but it becomes an especially likely possibility
when samples are small. When the null hypothesis cannot be re,
jected and samples are small, it is usually best to suspend all judg.
ment. That there is no difference in the population is likely, and thyy
there is o substantial difference which the test failed to detect s algy

likely. T'he results are inconclusive. Wherever possible, take a large
sample!
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Testing the Hypothesis of
Zero Correlation

The hypothesis that the population correlation 5 is zero may be
tested by substituting an observed sample r in the formula

rVn — 2
t = V= (10.7)

and referring the obtained ¢ to Table D, with df = n — 2.

For example, suppose that a correlation of .46 is found between
two variables in a random sample of 20 subjects. Can we reject the
hypothesis that the correlation is zero in the population from which
the sample came? We compute

| 46V20 — 2 .46(4.2426)

V1 = (46)° vy
The degrees of freedom are 20 — 2 = 18. For a two-tailed test, the
probability of obtaining a ¢ as large as this is less than .05. If alpha is
.05, the hypothesis that p = 0 would be rejected. This does not allow
us to conclude, of course, that p is “around .46,” only that p is very
unlikely to be as low as zero.

If formula (10.7) is solved for r, it is possible to substitute values
of n and ¢ into the formula and determine what value of r is necessary
for a given size sample in order to reject the hypothesis that p = 0.
This has been done for various sample sizes and significance levels
to give the table of significant r’s that appears in the Appendix as
Table E. Thus, turning to this table, we find that with 18 df an r of
444 is significant at the .05 level (two-tailed test). Since our sample
7 of .46 is larger than this value, it clearly falls in the critical region
(when alpha is .05) and the hypothesis that p = 0 is rejected without
further ado.

Practice Problems

1. A random sample of nine subjects memorize a list of 20 non-
sense syllables. The following day they are tested to determine how
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mean s of the s llibles they can recall. The mean number is 8.7 with
N D00 Copnoute U5 and 990, confidence intervals for u.

20 A random sample of 16 voung rats are each trained to ryp
aonedtiple-T maze. The number of errors (blind alley entrances)
Hisde byocneh of 1he animals in learning the maze is rgcorded. The
feein Taanber of crrors made by the group is 75.2 with § = 16.0.

Cornpar e 950, andd 99, confidence intervals for .

S50 rovdom sample of 25 college students are.asked to keep
record of time spent in study over a l\\'o-wgek Bemd-' The Mean
tnirnbher of hours reported by the students is 17.4 with § = 6‘0
and 997 confidence intervals for p. (b) Suppog..
Ny T hese <aamne results had been obtained for a sample of 225 students
wihint would the 9570 and 997 confidence intervals be? ’

a Clonnpar e 900,

1. On o projective personality test, the mean pumber of 1.
Spon=ces riven by normals is 200 A r;md(.)m Szllﬂ}llG_Of}? SChlZOphl‘en‘c
pitients give iomean of 11 responses with s = 7.5, Using an alph, o
00, test the hyvpothesis that the sehizophrenies are a random samp)q
from o population whose mean is 20,

5. vouth worker whose task it is to help place young peoDle
in suitable jobs is concerned beeause of the large numl.)el“ of yo
Jobh applicants who failed to finish high school. H_e adm\msters in E
vidual TQ tests to o random sample of 20 of these high school d“’pout
and finds that their mean 1Q is 92.0 with § = 10.2.. What ig t S
probability that this sample comes from a populat.lon where the
mean 1Q is at least 1007 Test the divectional hypothesis that > 108
using an alpha of .05,

6. At a reception center for Army inductees, the mean ph
fitness rating of a random sample of 12 men is 75.6 with § =
During the war years, the mean physical fitness rating of indueté .
was 61, Is the present population of inductees a more “fit” ugs
Using an alpha of .01, test the directional hypothesis that the 12 man
are a random sample from a population whose mean fitnesg I‘atinn
1s no higher than 61 (equal to or less than 61). g

. A random sumple of 20 sixth-graders are randomly divige
INto two groups of ten each. Both groups are given the same science
lesson to learn, but Group 1 reads the lesson from a standarq te
book, while Group 2 learns the lesson from a teaching maching,
the end of the hour, all the students are given a test to determine
how well they learned the lesson. Group 1 obtains a mean grade
1.3 with s = 9.2. Group 2 oblains a mean grade of 79.7 with s = 8
Do the results warrant concluding that one of these learning methoas'
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is superior to the other? Use an alpha of .05 to test the hypothesis
that My = Ka.

8. A personnel psychologist concerned with staffing a factory
department that will be engaged in the assembly of small parts feels
that women workers will do better at this task than men. From
among the first applicants for the job, he chooses a random sample
of ten men and ten women and gives them a test of manual dexterity,
The women obtain a mean score of 25.2 with s = 4.0. The mean for
the men is 22.5 with s = 4.9. On the basis of these resultg, should
the psychologist recommend that women be hired for this _job in
preference to men? Use an alpha of .10 to test the hypothesis that

M1 = ua.

9. The mean IQ of eight pupils randomly select.ed from the
public school of a certain area is found to be 103.4 with s = 10.0.
The mean 1Q of six pupils chosen randomly from a parochial schog]
serving the same area is 106.5 with s = '8.0. Do the resu_lts Indicate
that the parochial school children of this area have a higher mean
IQ than the public school children? Use an alpha of .10 to test the

hypothesis that u1 = wme.

10. Previous studies have found that reaction time is faster w, o,
the stimulus is presented soon after the “ready” signal than whep
a longer waiting period is required. In line with these findings, oy
investigator sets up the null hypothesis that gs = uL (mean reaction
time for a short waiting period is equal to or greater than Mean
reaction time for a long waiting period), and adopts an alpha of .01
for the test of his hypothesis. A single practxcec_l subject ig testeq
under two conditions: a two-second waiting period (Sl}(?l't), and g
six-second waiting period (long). The short and long waiting Periogg
are randomly alternated over a series of 100 trials. For.50 short.
period trials, the subject’s mean reaction time is 151 rpllliseconds
with s? = 825. For 50 long-period trials, his mean reaction tipq is
159 milliseconds with §* = 225. Do these results permit the inVesti-

gator to reject the null hypothesis?

11. Ten subjects chosen randomly from a large class of fregy

at College X are given a questionnaire relating to thelr attitudes
towards college life. Two years later, when they are juniors, thgq sam

subjects are asked to fill out the questionnaire again. Their Scoree
on both occasions are shown below, with higher scores mdiCating s
generally more favorable attitude. Is there evidence Of_ a Signiﬁcana
change in favorableness of attitude over the two-year Intervg)e U t
an alpha of .05 to test the hypothesis that up = 0. Se

239 PRACTICE PROBLEMS



AITHIUDE NCORE

A=~ Fri-nsiN Two Years LATER
22 29
32 27
I~ 22
249 46
36 45
25 35
25 38
23 31
30 41
27 25

=

12, In a study of perception, 12 subjects with normal vision
are given a test in which they are to locate geometrical figures that
are embedded in more complex designs. In Part A of the test, the
figures 1o be located consist of regular and familiar geometrical
shapes (triangles, cireles, ete.r. In Part B of the test, the ﬁg}lres to be
located are unfamiliar, irregular shapes. The investigator is interested
in whether the regular shapes will be located more easily than the
irregular shapes. All subjects take both parts of the test. To balance
out order effects, six subjects are randomly assigned to take Part A
first while the remaining six take Part 1B first. Afterwards, the scores
made by each subject on the two parts of the test are compared. The
results are:

NUMBER oF FIGURES LOCATED

REGULAR SHAPES IRREGULAR SHAPES
16 13
12 10
20) 20
18 19
20) 15
114 11
114 16
15 11
13 14
15 12
15 12
10 10

Do the results support the investigator’s hunch that regular shapes
are more readily perceived than irregular shapes? Use an alpha of
.05 to test the hypothesis that up = 0.

13. To investigate the effects of distraction on attention and
concentration, a random sample of ten subjects are given a letter
cancellation test (e.g., to cross out all the f's in a printed_passage)
under two different conditions: normal conditions in a qu1e§ room,
and distraction conditions in a busy and noisy room. Two different
printed passages are used, equated for the number of letters to be
canceled. To balance out possible difference in the difficulty of the
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two passages, five subjects are randomly chosen to receive one of
the passages, five the other, under the quiet condition. For the dis-
traction condition that follows, each subject then receives the passage
he has not yet seen. Afterwards, the scores made by each subject
under the two conditions are compared. The results are:

NuMBeR or CoRRECT CANCELLATIONS

QUIET CoxpITION DistracTioNn CoNbpITION
30 28
34 29
25 27
26 23
29 30
35 35
21 24
40 36
30 32
22 25

Is there a significant difference in scores made under the two condi-
tions? Use an alpha of .05 to test the hypothesis that up = 0.

14. A control group of ten subjects randomly selected from the
same population as the subjects of (13) above are treated in the same
manner as those subjects except that the control group takes both
letter cancellation tests under quiet conditions. To determine whether
there is a practice effect, difference scores are computed between the
first and second testing. The mean difference score is found to be 3.4
with s? = 11.1. Compute the mean and s of the difference scores
obtained by the subjects of (13) above. Compare this mean with the
control group mean, using formula (10.3) and an alpha of .05 to
test the hypothesis that up, = wp, the mean change (difference) in
the scores of experimental group subjects is equal to the mean change
in control group scores.

15. For a random sample of 27 college students, the correlation
between reported hours of study and grade point average is .50.
(a) Should it be concluded that there is a relationship in the student
population between these two variables? Use formula (10.7) and an
alpha of .01 to test the hypothesis that p = 0 in the population from
which these students came. (b) From Table E, what value of r is
significant at the .01 level for this test?

16. A random sample of 18 nursery school children are rated by
their parents and by their teachers for creativeness in play. The
correlation between the two sets of ratings is .40. (a) Does this
correlation indicate a tendency for teachers and parents to rate a
child similarly? Use formula (10.7) and an alpha of .05 to test the
hypothesis that p = 0 between such ratings for the population of
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nursery school children, b Ifrum 'rl)‘uNC I5, what value of r is Sig-
nificant aut the .00 level for this test?

17. For o random sample of 200 suburl.)an commute.rs, a cor.
relation of  .1s ix found between reported income and time spent,
at home, Use Table F to determine the probability of obtaining such
a sample from o population where po 0. Do 'the results mdhcatt_e a
relationship in this commuter population between income and time
spent at home?

15, If the .05 significance level is chosen, determine from Table
the vidue of r that is necessary to reject Hle h.\'p.othesm that p =
when the sample size is a5, b 10, e 15, ((“.30’. (e) 52, (f) 102,
0 Whiat do these successively smaller values mdlcate. about thge
sampling distribution of r when p 0 and the sample size is Made
larger and larcer?

Answers

1. 9597 interval: 6.39 to 11.01. 99¢; interval: 5.34 to 12.06,
2. 957 interval: 66.68 to 83.72. 99¢¢ interval: 63.41 to 86.99

‘)

Bt 9577 interval s 1.L92 1o 19.88. 99¢¢ interval: 14.04 to 20.7¢
(b) 9570 interval: 16.62 to 18,18, 99¢; interval: 16.37 to 1843. Q)
serve the much narrower intervals obtained with a.sample pf 29
When samples are large, the variability of the sampling distribut;y, -
is reduced and 957 or 99¢; of the samples fall within a relative
small range. (For these intervals, with 224 df ¢, is virtually identical
with z, und the normal curve = values are used in place of . Fop
bractical purposes, when df > 30, t may be referred to the N0rmpy,)
curve table. The values at the bottom of the f table, for df = ®,

: e
the same as the = values that would be read from the normal Curyg
table.)

4. 1 = —=3.10 with 14 df. This ¢ falls within the critical regj,
which begins at 4:2.14. For a two-tailed test, P < .01 The hypoty,”
esis is rejected. The evidence is that, as a group, the patient Popu)y .

tion that was sampled gives fewer responses than normals on thig
test.

H. t = —3.51 with 19 df. The critical region for this one-tailgq
test 1s in the lower tail of the ¢ distribution, beginning att = ~17
Our obtained 1 is well within the eritical region; the probability upg...
the hvpothesis of obtaining a f as large as this is less than .005 (},
the probability given by the column heading). The hypothesig is
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rejected. We conclude that the mean IQ of the dropouts is less
than 100.

6.t = +2.92 with 11 df. The critical region for this test
(H:x= 61) 1s In the upper tail of the ¢ distribution, beginning at
+2.72. Our obtained ¢ is within the critical region, P < .01, so the
hypothesis 1s rejected. It is highly unlikely that this group of men
are a random sample from g population whose mean physical fitness

rating is as low as 61.

7. t = 2.10 with 18df, P = .05. Since a .05 significance level
was adopted, the hypothesis is rejected. We conclude that for this
science lesson, the teaching machine is superior to the text book for
this pupil population.

8. t = 1.35 with 18 df, P > .10. The hypothesis cannot be re-
jected. There is no basis for concluding that women applicants
obtain higher dexterity scores than men. The samples are small and
the psychologist may want to repeat his study before making a
negative decision, but as the matter now stands, there is no evidence
for the superiority of women applicants.

9. ¢t = .62 with 12 df, P > .50. The hypothesis cannot be re-
jected; more than 509 of random samples will show a difference as
great as this if the population means are equal. There is no evidence
that the parochial school children have a higher mean IQ than the
public school children.

10. t = —2.41 with 98 df. For this one-tailed test, the critical
region is in the lower tail of the ¢ distribution and begins at —2.36.
Our obtained ¢ is below this value so it falls in the critical region.
P < .01, and the hypothesis is rejected. The investigator may con-
clude that for this subject (only this subject’s behavior was sampled)
mean reaction time is faster following a two-second waiting period
than a six-second waiting period.

11. ¢t = —3.42 with 9 df, P < .01. The hypothesis is rejected.
The minus ¢ value (due to a minus D) indicates that the second
scores were generally larger than the first. We conclude that scores
are higher, and attitudes generally more favorable, in this population
of juniors than in the population as freshmen.

12. ¢t = +2.41 with 11 df, P < .05. The hypothesis is rejected.
The plus ¢t value indicates that the first set of scores are generally
larger than the second set, hence that more of the regular shapes
were correctly located, supporting the investigator’s hunch. This
experimental design is similar to that of Example 8 in that the sub-
jects are not themselves a random sample and there is no statistical
basis for generalizing to some larger group. What was randomized
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In the experiment was their assignment to a partiqular order——l?a'rtA
fir<t or Part B first which constitutes two experimental conditiong,
There are 12! 6'6! 92.4 different ways in which the subjects can
be assivned to the two conditions, For each such.assignment, a set
of difference seores could be obtained (in theory if not in practice)
and the mean difference Xy computed. Th_e hypothesis states that
the mean of this distribution of 924 Xp,'s is zero. In rejecting thig
hypothesis, the investigator is able to conclude that regardless of the
order in which the embedded figures are presepted, more Tregulgy
than irregular shapes are perceived by these subjects.

13, ¢ .32 with 9 df, I’ > .50. The hypothesis cannot be rg_
jected : there is no evidence of a difference in performance undexj the
tw o) ('()’n(lil jons. In fact, the plus ¢ value in(ligntes that these s'ubj.ects
performed somewhat better under distraction than they did in
quiet room. In experiments such as this one, and such as Example 4
of this chapter, there is a definite need for a control group. In thjq
case, for example, there may be a practice effect due to the firg
testing. If so, distraction during the second test may act to redye
the scores from what they ordinarily would be, but this effect of
distraction appears only as a blunting of the increase in scores du_e to
practice. The difference scores of a control group, testec_l twice in
quiet room, would provide a basis for comparison. Slmllarly, in
Sxample 4, a control group might reveal that depressed_patlen
who do not receive the drug become in the same period of time Ve,
more depressed and obtain much lower efficiency scores than they
did at the initial testing. The drug may act to inhibit this trend, 5
effect no investigator would wish to overlook.

14. The mean of the difference scores obtained in (13) is .3 gy,

§? = 8.9. Using these and the corresponding values for the CONtpq)
group, formula (10.3) gives t = —2.19. With 18 df, P < .05 for thig
two-tailed test. We conclude that the difference between meang is
significant, and thus that distraction does have an effect on g,
formance. The control group shows an increase in score, sup_porting
the notion of a practice effect, and the results for the experiment,;
group suggest that this increase is obliterated by distraction. (These
findings were, of course, invented to make the point, but such Pro},.
lems arise very often in experimental work and the student shoy)q
become sensitive to the need for a control group before he plunges
into research.)

15. (a) ¢t = 2.89 with 25 df, P < .01. The hypothesis is rejected.
Yes, there is evidence of a relationship between hours of study gy,
grade point average. (b) .487. Because our r of .50 is larger than this
value, we know from Table E that it falls in the critical region and
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thus that the hypothesis p = 0 may be rejected at the .01 level of
significance.

16. (a) t = 1.75 with 16 df, P = .10. The hypothesis cannot be
rejected. It cannot be concluded that parents and teachers tend to
rate the children similarly. The sample is small and we can hardly
conclude the opposite—that there is no relationship between the
ratings of parents and teachers. Without additional evidence, judg-
ment must be suspended. (b) .468. Because our r is smaller than this
value, we know immediately that it does not fall in the critical

region and the hypothesis cannot be rejected.

17. P = .01. (Thedifferenceinsignificant r values when df = 193
and df = 200 is so minute as to be entirely negligible.) Yes; it is very
unlikely that p = 0 in this population. With such a large random
sample 7 is highly reliable and it is also unlikely that p is much
larger than —.18. We conclude that there is a slight negative rela-
tionship in this population between income and time spent at home.

18. (a) .878; (b) .632; (¢) .514; (d) .361; (e) .273; (f) .195; (g) As
the sample size increases, the variability of the sampling distribution
becomes progressively reduced, with 959, of sample r’s falling within
a smaller and smaller range about the mean of 0. Thus, when samples
are large, even a small 7 value will fall outside of this range and
cause the rejection of the hypothesis that p = 0. When samples are
small, the range is larger, and only a relatively large r value will fall
outside of this range. Thus, a relatively large r is required to reject
the hypothesis of zero correlation when the sample is small.
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chapter 11

The F Test
and
Analysis

of Variance



We will be concerned in this chapter with procedures for testing
two kinds of hypotheses: (1) that o2 = .2, the variances of two
populations are equal; and (2) that g, = po = p3 = ... = u, the
means of several populations are equal.

In both of these instances, the hypothesis is tested by means
of an F test that takes the basic form

F =5 (11.1)

where 5,2 and s,? are two independent sample estimates of the popula-
tion variance ¢2.

The F distribution, like the ¢ and x? distributions, is a family of
theoretical curves that vary with the degrees of freedom available.
More specifically, the F' distribution varies with the combination of
df available, since the numerator and the denominator of the F ratio
each has associated with it a particular df. For example, the variance
estimate in the numerator may be based on a sample of five cases
and the variance estimate in the denominator on a sample of ten
cases. Then the degrees of freedom for F will be 5 — 1 = 4 for the
numerator and 10 — 1 = 9 for the denominator. Table F in the
Appendix gives the values of F' that are significant at the .05 and
.01 levels (one-tailed test) for different combinations of numerator
and denominator df. Thus, for 4 and 9 df, F' = 3.63 marks the begin-
ning of the critical region for a one-tailed test when alpha is .05,
and F = 6.42 marks the beginning of the critical region for a one-
tailed test when alpha is .01. F' values equal to or larger than these
would, in each case, cause rejection of the hypothesis. For two-tailed
tests, the probabilities are doubled. Thus, for a two-tailed test, F =
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3.63 is significant at the .10 level and F = 6.42 is significant at the
.02 level.

HYPOTHESIS
TIL\T 0'1: = 0’-_::

Fxample 1. In a study of thg emptional responsiveness of
schizophrenies, a4 random sample of 1{) patients z_md 30 nopmal con-
trols are tested i oa variety of cnmtnop-prqvolqng situations. The
amount of affective arousal in each situation is .measured angl a
combined arousal score is obtained for each subject. The schizo-
phrenies obtain a mean score of 62 with s = 14. The normal controls
obtain @ mean score of 54 with s = 8. Using an alpha of .05, test the
hypothesis that the normals and schizophrenics are random samplgs
from the same population with respect to affective arousal on thig

test.

If two samples come from the same or identical popu]ations,
then w1 = w and o, = 4,2 That is, the populations have identicq)
means and variances. Assuming that the population of measureg is
normally distributed in each case, there are thus two ways in which
the scores of normals and schizophrenics may differ. The two popu-
lations may have different means, and quite independently of this,
the populations may have different variances. The ¢ tests of Chaptep
10 assumed that the population variances were equal and Proceeded
from this assumption to examine the difference between the meang,
But in this example, there is a rather large difference in the standarg
deviations of the two samples: variability is greater among the schizg.
phrenic subjects, suggesting a wider range and more “extremer
arousal scores than is found among the normals. To investigate
this possibility, we test the hypothesis that ¢, = ¢2?, the two popy.-
lation variances are equal.

* ¢ STEP 1. Each s is squared to obtain the variance estimat,
s?. Thus, for the schizophrenics, s? = 196; for the normal controlg,
s? = 64.

. **STEP 2. We are conducting a two-tailed test of the hypothe.
SIS 01 = o3?% but in order to use the F table in the Appendix, we mygt
ob'tam. a result that can be referred to the upper tail of the F' gjs.
trl.butlo.n, since only upper values are given in the table. To accom.
plish this, and obtain an F value equal to or greater than 1 (the megp
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of ’ghe F distribution), we arbitrarily place the larger of our two
variance estimates in the numerator of formula (11.1). Thus,
larger s 196
smaller s? =~ 64 3.06

e ¢« STEP 3. The df for the numerator are 15 — 1 = 14. For the
denominator, df = 30 — 1 = 29. We have, then, F = 3.06 with
(14, 29) df.

e « STEP 4. Referring to Table F, we find that for (14, 29) df,
F values as large as 2.77 have a probability of .02 (doubling the .01
probability since this is a two-tailed test). Our F of 3.06 is larger
than this value, falling even further out in the tail of the F' distribu-
tion, and therefore has some probability less than .02. We reject the
hypothesis that ¢,2 = ¢.2 and conclude that the two population vari-

ances are not equal.

F =

e DISCUSSION
The evidence so far is that the two populations from which our schizo-
phrenics and normals were selected have different variabilities so far
as affective arousal scores are concerned. Since the larger variance
estimate was obtained from the schizophrenics, it would seem that
the schizophrenic population is a less homogeneous group with re-
spect to affective arousal than is the normal population. Relatively,
the normals react pretty much alike, while there are large differences
among the schizophrenies.

We should like to know also, of course, whether the two popu-
lations differ in the amount of affective arousal each shows. That is,
we would like to know if the means differ. The ¢ test for independent
samples given in Chapter 10 is based on the assumption of equal pop-
ulation variances. We have just rejected the hypothesis that the
variances are equal, so this ¢ test is not applicable. Approximate tests
are available which take into account that the population variances
are not equal. Such an approximation is given below.

Hypothesis That u, = u,
When Population Variances
Are Unequal

To test for a significant difference between two independent
sample means when the population variances are unequal, the fol-

lowing formula for ¢ is used:
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NN (11.2)
-

l =
Is:?
AT na

Instead of referring the result to the f table, the computed ¢ is com-
pared to a significant value !, obtained from the formula

9

312 Sy~
fl - ty —
oo (11.3)

M, "o

where ¢, is the tabled value of ¢ that is significant for df = m — 1,
and ¢, is the tabled value that is significant for df = n: — 1. If the
result obtained from formula (11.2) is equal to or larger than t,, then
the hypothesis that u, = u» is rejected.

Substituting the data of Example 1 in formula (11.2), we obtain

_62-54 8 905
19 64 VI3.07 + 213
15 30

The hypothesis that u; = us is to be tested with a .05 significance
level. From Table D in the Appendix, we find that f; = 2.14. This
1s the ¢ value that is significant at the .05 level (two-tailed test) for
14 df. Locating a similar value for 29 df, we find t» = 2.04. Substitut-
Ing these values, with the values for s* n that were just computed,
Into formula (11.3), we obtain

;o 2.14(13.07) + 2.04(2.13)
T 13.07 + 2.13

Our ¢ of 2.05 is smaller than t,, and therefore it is not signiﬁcant.
We are unable to reject the hypothesis that u; = pe

_ Although we found that our schizophrenic and normal populg.
tions have different variabilities, we are unable to conclude that they
have different means. The important distinguishing feature between
the two groups seems to be not the average amount of affectivearougg
but g tendency toward more “‘extreme’’ reactions among the schiZO:
Phrenics—some obtaining much lower scores, some much higher
Scores, than the normals.

= 2.13
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ANALYSIS OF We take up now an application

of the F test that is called the

VARIANCE: analysis of variance. The proce-

dure involves a comparison of

HYPOTHESIS THAT two variance estimates as before,

but in analysis of variance the

M1 = M2 = py = ... = u underlying purpose is to test the

hypothesis that the means of several
populations are all equal. How
this is accomplished is illustrated in the sections that follow.

In general, it is assumed in analysis of variance that the different
samples come from normally distributed populations that have the
same variance. Since even quite substantial violations of these as-
sumptions apparently have little effect on the probabilities of ob-
tained F' values, we will proceed here as though the assumptions
have been met in all cases. Should the student encounter extreme
violations of the assumptions—data that are extremely non-normal,
or sample variances that differ very widely—he should consult a
more advanced statistics text for procedures to be used in handling
such situations.

Using Means and Variances
When r’s Are Equal

The procedure given here is convenient for testing the null hy-
pothesis that u, = g2 = s = ... = p when the means and vari-
ances of the several groups have already been computed and the
groups are all equal in size.

Example 2. An investigator is interested in the relative
effectiveness of verbal and material rewards in the learning of young
children. Fifteen children of similar chronological and mental age
are randomly divided into three groups of five each. Each child is
tested individually in a “‘guessing game’”” where success depends upon
learning to discriminate among a series of geometrical figures. On
each trial, correct discrimination is signaled by a light which flashes
on. Group 1 receives, in addition, a penny for every correct dis-
crimination. Group 2 is praised for making correct discriminations.
Group 3 serves as a control group and receives no additional reward.
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T o her o correct diseriminations are recorded for each child,
cerod e renns aned sariances of the three groups are computed. The

| RESRNANEEE B8 IRURES TSN Venns REwanp CoxtroL Group
A O X. =110 X =90
: I r = N 5 = 7.0
) e, = .'-) ny = 5

[ v here e dtdenee of oosienifieant difference in the mean performance
e three wraups’

\oo- wich 1o test the null hypothesis that gy = pe = 3, the three
Prariirieter nens b cqual. and thus that the different rewarq
coraditton - hieve no etfeet upon performance. Therefore, the three
st o of =cores may be thought of as random samples from the samq
;.(,;,:..;uiun i~ Hlustrated in o of Fig. 11.1. The alternative is tha
the rewsod conditions do have differential effeets and the three setg
of ~cores are not from the same population. At least two, and perhapS
thorce, ditferent populations are Tnrolred. Such an alternative is illyg.
tratedin boof Figo 11,1, where three distinet populations are showy,

It i= not necessary. of course, for all three population means
ditfer from one another in order to reject the null hypothesis,
ditference hetween any two of the population means is alsoacontra
diction of the null hypothesis even though this alternative is not
iHustrated.

Our procedure will be to examine the plausibility of Fig. 11, 1(8.)
Specifically, we will obtain two independent estimates of the va.rlance

@ Null hypothesis: The three samples (b) Alternative: The three sampleg
come from the same population come from different populationg

Figure 11.1

Schematic Representation of (a) the Null Hypothesis That Thye
%amples Come From the Same Population, and (b) an Altematlv
in Which the Samples Come From Three Different Populatlons
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of this population. If the two estimates are consistent with the idea
of a single population—that is, if the estimates are not significantly
different—we will accept the null hypothesis. If the two estimates
are significantly different, we will reject the idea of a single popula-
tion of scores and accept the alternative that the samples come from

different populations.

e « STEP 1. One way to estimate the variance of our assumed
single population is to average the three sample variances that we

already have. Thus,

6.t = 5.6 + 8:.34 + 7.0 _ 7.0

We have used the symbol s.* to indicate that this is the within-
groups variance estimate. The within-groups variance estimate
is so called because it is based on the variation of subjects within
each of the groups and does not take into account any differences
between the groups.

The degrees of freedom for s, are equal to the sum of the degrees
of freedom associated with each of the sample variances. In this
case, thereare 5 — 1 = 4 df associated with each of the three sample

variances, so s,2 has 12 df.

o o STEP 2. Another, independent way of estimating the vari-
ance of our assumed population of scores is to take advantage of the
relationship s;2 = s2/n, which is simply the square of the more fa-
miliar expression s; = sVn. In earlier chapters, this relationship was
used to estimate the variation of sample means. Now our interest
is in s?, the estimate of the population variance. Solving for s?, we
obtain s? = ns;2. To obtain s;?, we determine the variation of our
three sample means about their grand or total mean X,. First, the
total mean is computed by averaging the three sample means,

x, =8I 490

The variation of the sample means about X, is determined in the
same way that the variance is determined for any set of measures.

Thus,

(16 — 122 4+ (11 — 12)* 4 (9 — 12)?
§s2 = (3—1)+( 12)=13.0

where one degree of freedom is lost in the denominator because we
are using sample values to obtain an estimate of the sampling varia-
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tion of means. s-- ix then multiplied by the sample size n to obta
the population variance estimate,
8 ns:- 5.13.00 = 65.0

This varianee estimate is symbolized «.* and called the betweert=
means or betiween-sroups varianee estimate. As we have just
seen, <7 is based entirely on the difference between the means Qf
the groups and does not depend upon any differences among indi-
viduals within the groups.

The degrees of freedom for <. are the same as for sfi——namel}’:
the number of sample means minus one. In thiscase,df =3 —1 = 2.

e » sTEP 3. We now have two independent estimates of the
population variance, s.* = 7.0 and s = 65.0. The two estimates
are independent because they are derived from different parts of the
total information avatlable and these different parts are themselves
independent. The difference between group means is not influenced
by the mugnitude of the ditferences among individuals within each
group. and similarly, the difTerences among individuals within the
groups are unatfected by how far apart the group means are.

Intuitively, our variance estimates of 7.0 and 65.0 seem mMcom-
patible. Tt is hard to imagine that these are estimates of the same
population variance. To test this possibility, an F ratio is computed
as follows:

g S 65.0

= R = 0.29
S (.0

This I test is a one-tailed test. We are only interested in discovering:
w_hothor su* s significanty larger than s 2. I-t is 5,2 that is based on the
difference between means and provides information as to how large
th.ese differences are. Only if s,* is significantly larger than s.* can we
reject the hypothesis that gy = u = u,. Hence, su* is always placed
m the numerator of the F ratio regardless of its numerical value,

e o STEP 4. The degrees of freedom for F have already been
determined. They are 2 for the numerator (s,2) and 12 for the de-
nominator (s.2). Turning to Table I of the Appendix, we find that
for 2 and 12 df, F = 6.93 is significant at the .01 level. Since our F of
9.29 is larger than this value, the probability is less than .01 that
st and s.2 are estimates of a common population variance. It is
highly improbable that our three samples come from the same POpu-
liution and we reject the null hypothesis that m = w2 = us. We con-
clude that the reward conditions do have a differential effect Upon
performance.
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* ¢ STEP 5. The results of

an analysis of variance are usually
reported in a summary table

as shown below:

. VARIANCE ESTIMATE
SOURCE oF VARIATION df (MeaN SqQuaRE) F P
Reward Conditions 2 65.0 9.29 <.01
Individual Differences 12 7.0
(Error) —
Total 14

The terms in parentheses are f requent synonyms for the terms above
them. Thus, the term mean Square is frequently used in place of vari-
ance estimate, and error or error term is the most frequent and general
designation for the denominatoy of the F ratio in analysis of variance.
However, we will retain the term individual differences because it is
more descriptive of this source of variation in the problems that we
will consider.

Formulas that summarize the procedure given above for com-

- he s " !
puting an analysis of variance from means and variances (when n’s
are equal) are given in Table 11.1.

Table 11.1 )
Analysis of Variance Formulas Using
Means and Variances

EquawL n’s
k
Sp” = E]_S: df = Ar -k
v k _ _
712(‘Y — 4\—1)2 .
2 = ns;? df =k —1
Ss E—1
F — sbzn
Sw”

) . . : i f one group, and N
here k is the number of g oups, n is the size of o ’
ic the total number of subjects in all groups combined. The symbol

g indicates that summation is over groups. X: is the grand meay.

e DISCUSSION

Having rejected the hypothesis that our thrP:e saing.)les come‘from
the same population, we conclude that the’g)alamedfztl3f H'leatl}slale not
all equal. Pennies, praise, and “no reward’ ha\;e‘ 1ter el.l 1a Fi‘ffe'(:ts
on the performance of these chl.ld.ren. This is as alllaSﬂOTUI COH‘C usion
takes us. We are not in a position to say that ali three paramete,
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meuans are different, nor does our significant F permit statements
about particular means  for instance, that the largest mean is sig-
nificantly greater than the others. We can only assert that the
magnitude of differences among the set of means, as measured by
<%, Is significantly greater than might be expected by chance if such
samples were randomly drawn from the same population.

Procedures are available for examining the difference between
specific pairs or groups of means after conducting an analysis of
variance, but they are beyond the scope of this text.*

Using Raw Data

An analysis of variance may be computed directly from the raw
dat:. without first determining the means and variances of the
groups. The procedure given below may be used whether the groups
are equal in size or unequal in size.

Fxample 3. In a survey of women’'s att:lt',UdeS towarlds t%lelr
role in maodern society, an investigator interviews a sampie 0 23
women chosen randomly from among the recent graduates of alarge
women's college. As part of the survey, each subject answers g
20-i1t em quest im) naire designed to assess how satisfied shels with her
‘("C’('_‘_".‘"l" i society. The number of positive answers given on this
Jhe/fz‘-g“\';'(’)’l;‘j'gr‘] 15 taken as the subject’'s Role Satisfaction score. Of
; interviewed, ten are housewives, seven are unmarrieq
?

and pursui a s : [
purs&i%rg‘;”gr‘l career of some kind, and six are both married ang
eer. Their Role Satisfaction scores are:

UNyant ;
Housewrives CAREER \\K’I(::nlx)mx CARE:IEAnm{{IEo?\tEN

7 10 8
12 15 13

8 6 14
14 9 9
10 Y] 10
16 11 16
11 12
11

9
13

Is there evidence of a relationship between Satisfaction scoré and
the social role of the subject?

* The interested student should see B. J. Winer, Statistical Principles in Ezper.

1‘{:1(:1_1!(11 Design, McGraw-Hill, 1962, pp. 65-92, or A. L. Edwards, Experimentq)
Design in Psychological Research, Rev. Ed., Holt, 1960, Chapter 10.
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The question asks whether, in this population of women, Satis-
faction score varies with social role. If we are able to reject the
hypothesis that u1 = p2 = ps, the groups have the same mean Satis-
faction score, we can then conclude that Satisfaction score does vary
with these social roles and there is a relationship between them in
this population.

e SUM OF SQUARES

We introduce a term, the sum of squares. The term refers to the sum
of squared deviations from the mean, as in the expression Z(X — X)2

(=X)*
7

or its algebraic equivalent ZX* — - One of these expressions

commonly appears in the numerator of variance formulas, and in
analysis of variance the term sum of squares designates the numerator
of a variance estimate. The variance estimate is equal to the appro-
priate sum of squares (SS) divided by its degrees of freedom. Thus,
8yt = kabl (11.7), and, s, = NS'E‘”k (11.8)
From now on, we will distinguish between these two parts of the
variance estimate—its numerator, the sum of squares, and its de-
nominator, the degrees of freedom available.
It can be shown that the total sum of squares—that is, the sum
of squared deviations of the scores from the grand mean of all groups
combined—is equal to the sum of SS, and SS,. In other words,

Total SS = SS; + S8,
We will not attempt to prove this statement here, but we will com-

pute all three sums of squares for our example and show that the
relationship holds.

e o« sTEP 1. For each group, the sum of the scores is obtained,
as shown in the first three columns of Table 11.2. This gives =X,
X, and =X, Adding these together gives =X = 253, the sum of
all the scores.

e « STEP 2. Each score is squared and the squares are summed
for each group, as shown in the last three columns of Table 11.2.
This gives X2, ZX.? and >X;2. The sum of these is =X? = 2955.

« « STEP 3. The total sum of squares is computed. The total
sum of squares is given by either 2(X — X)) or 2X* — (ZX)?/N.
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Table 11.2
Analysis of Variance Using Raw Data

(Example 2: Ratisfaction scores of women having
different social roles.)

_\— 1 .\- 2 .\' 3 \ 1 : .\' '_-1 .\'17
7 10 S 44 100 64
12 15 13 I14 225 169
N 6 14 (§8] 36 196
14 4 i8] 196 S1 S1
10 9 10 100 S1 100
16 11 16 256 121 256
11 12 121 114
11 121
9 K1
13 164
Sea: 111 72 T0 1:301 788 866
SN =111 4+ 72 470 =253 S\ = 1301 4 788 4+ 866 = 2955
Toran SN: SN — =N Lgss G530 g 00
N 23

BerwieeN-Grotves VARIANCE FSTIMATE

SN, = (.\.:.\'1"" -+ f.‘.:.\'r_-l: (.‘.:.\':H"' _ (E-\:):
ny o N3 A
_ e g2 qor (2587 gy
10 7 6 23
, _ 634
s == =317 df=k—-1=3-1=2

2
WITHIN-GROUPS VARIANCE ESTIMATE
S8, = Total S8 — SNS, = 172.00 — 6.33 = 165.66

165.60
W= = 8.2} =N —-k=23-3=20
s 20 ol df h
3.17
11'—&___38
Sy §8.28

Since the second expression is easier to compute, and we already have
thf’— necessary sums from Steps 1 and 2, it is used in Table 11.2 to ob-
f:am Total $S. Observe that N = ny, + n, + ns, the number of scores
In all groups combined.

e « STEP 4. The between-groups sum of squares, SS,, is com-
puted by the formula given in Table 11.2. This formula is equivalent
to the numerator of formula (11.5) for s,?, although here raw scores
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are used and allowance has been made for unequal group sizes. For
each group, the sum of scores is squared, and the square is then
divided by the number of scores in that group. The last term,
=X)? .

( N) , appears in the formula for Total SS and its value can be
simply carried down from that computation. The value of SS, is
then divided by its degrees of freedom to obtain s>

e o« STEP 5. The within-groups sum of squares, SS,, may be ob-
tained in either of two ways. Taking advantage of the relationship
Total SS = SS, + SS., it is a simple matter to obtain SS, by sub-
traction, as has been done in Table 11.2. SS.. can also be computed
from the data. It is obtained by adding together the sum of squares

for each group:
SS,,, — EXI'.‘ — (_‘\"’é‘)—l) -+ (‘\_;ng _ E) + (:’:Xaz _ (EX3)2)
b N2 N3

?

B <111>2> ( (72)® (70)?
(1301 1) + (788 — 15 ) + <866 — T)
68.90 + 47.43 + 49.33
165.66
This value agrees with the value obtained by subtraction, as of course
it should if all computations have been carried out correctly.

The value of SS. is then divided by its degrees of freedom to

obtain s,2%

e »« STEP 6. An F ratio is computed, dividing s,2 by s,.? as before.
F is .38 with (2,20) df, a nonsignificant value. (From Table F in
the Appendix, F must equal or exceed 3.49 in order to be significant
at the .05 level.) We are therefore unable to reject the hypothesis
that g1 = w2 = ws. There is no basis for concluding that Role Satis-
faction score varies with social role in this population of women.

e o« STEP 7. The analysis of variance is summarized in a table

as shown below:

Sum oF VARIANCE
SOURCE OF VARIATION SQUARES df EsTIMATE F P
Social role 6.34 2 3.17 .
Individual differences 165.66 20 8.28 38 >.05
Total 172.00 22

It is not necessary to include a sum-of-squares column when formally
reporting the results of an analysis of variance. The column has
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been include here to emphasize the point that the between-groups
and \'-'il}]i!]~'[{1‘()[”)s sums of squares are components of the total sum
of squures. Their sum s equal to the total sum of squares, and the
sSum of thejy degrees of freedom is equal to the total df.

* Discussioy
Since we wWere unable 1o reject the hypothesis tha? By = pa = p3, We
have ng evidence of 4 relationship between social role and R_ole
Satisfaction SCore In this population. Apparently, there are varying
degrees of sutisfaction within each social group, but little if any
difference between 1he groups. The samples were small and. the In-
VeSUgaLor muy oy, to study more subjects before accepting this
conclusion. Py as the matter stands now, there is no reason to
abandon the ) hypothesis.

The “OMmputational procedure used here makes Flearer than our
nitial procedure the mathematical basis of analysis of variance—
namely, the breaking down of the total variance i.nto separate com-
ponents, each of whijch provides an independent estimate of the popu-
lation variance. We began with the total sum of squares and found its
two parts, S8, and 5SS, That the total sum of squares should so con-
veniently consist of these two parts probably seems to the student,
at this point, more in the nature of a fortunate coincidence than a
mathematicy] Necessity. But consider for a moment what the to.tal
variance is. If 4] the groups are combined into one large group with
mean X, the variance of this large group will, of course, be base‘d
on the deviation of esch score from .\',. This deviation is the basis
for the total sum of Squares and the total variance. It can readily
be shown that the deviation (X — X,) is the sum of two_dev1at10ns~
the distance of the score from its group mean, and the distance of the
8roup mean from X,. poy example, suppose we take a score X; from
a group with mean X,. Our claim is that the deviation (Xi — Xi) =
(X1 — X)) + (X, — X)). The statement is easily proved. Removing
parentheses, we have

X, - X=X, -X,+ X - X,
= X1 - 1\—’3

It is easy to see that such 4 statement could be proved regarding

any score from any one of the groups. It requires only further algebra,

and some additiong] Notation, to develop from this basic relationship
the statement that Total 8§ = 83, + S8,.

Although we have considered examples involving only three
groups, the analysis of variance can be applied to any number of

F TEST 260



groups. Examples involving four, five, and six groups are given in
the practice problems that follow.

Practice Problems

Use an alpha of .05 to test the appropriate hypotheses in the follow-
ing situations.

1. Company I employs 12 men whose job it is to assemble the
electronic device sold by the company. The men are paid on a piece-
work basis and work in separate cubicles, having little contact with
each other on the job. Under these conditions, the average output of
the 12 men in a typical week is 59.0 items with s? = 124.4. To
stimulate competition among the men, the company decides to move
them into one large room where they will work at open benches in
full view of one another. Several months later, it is found that the
average output of the 12 men is again 59.0 items per week, but
now s? = 28.0. Has there been a significant change in the group’s

perf ormance?

9. In studying the effect of heredity on animal intelligence, an
investigator has obtained through selective breeding a strain of rats
whose maze performance is superior to that of rats with uncontrolled
heredity. To determine whether his animals are also superior at
other types of tasks, the investigator sets up a discrimination prob-
Jem in which the rat must Jearn to press a bar only when a light is
turned on, refraining from bar-pressing when the light is off. He
tests a random sample of 11 rats from the inbred strain and records
the time required by each animal to learn the discrimination to a

iven criterion. Their mean learning time is 84.7 minutes with
s? = 81.4. For a random sample of 25 animals with uncontrolled
heredity, the mean learning time is 95.2 minutes with s* = 375.0.
Using an alpha of .05, test the hypothesis that the two groups of
animals come from identical populations with regard to performance

on this task.

3. Twenty trainees in Clinical Psychology are randomly divided
into two groups of ten each. Both groups are told that they will
observe a play therapy session through a one-way vision window,
and that they are to watch especially for signs of anxiety in the
child’s behavior. Group 1 is told further that this is a disturbed child
referred for treatment, while Group 2 is told they will observe a
normal child, “to see how normal children respond to the play
therapy situation.” Both groups then observe the same play therapy
session. Afterwards, each subject i1s asked to list the ‘“‘signs of
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anxiety” he observed in the child's behavior. The e.\pel‘lmelzflis
counts the number of “siens’ listed by each subject. The res
for the 20 subjects are:

Crnotp |

Gurove 2
CDrsrrraebd CHinn'

“Nonuat Cuinn”

D \]
7 2
11 4
3 B)
n h
12 -4
n 3
6 4
8] -1
3 3

Does the different information given have an effect on how ma:lly
signs of anxiety' are reported? Compute N and s* for each group

and test for significant differences in the performance of the two
groups.

4. The reaction time of a subject is measured to three dl.ﬁerent
stimuli: light, sound, and touch. There are 60 trials, in which the
stimuli are each presented 20 times in a random order. The r(?sults
(reaction time in hundredths of a second) for the three stimuli are:

L SOUND Tovreu
XN =21 X =N X =18
s = 1IN st =12 §t =15
o= 20 o= 20 n =20

Shoulrl_it. be concluded that this subject's reaction time differs to
these different stimuli? Test the hypothesis that p = #2 = ¥

5. In a study of leadership, 24 boys at a summer camp are

rarjndnmly divided into three groups of eight each. Each group is to
_bmld a “‘clubhouse” with materials provided by the camp. Group 1
is told they are to elect one of themselves as the group leader. For
Group 2 the camp supervisor appoints one of the boys as the group
leader. Group 3 works without a formal leader. After corr_lpletmg
the clubhouses, the boys are queried individually about their expe-
rience in the group. For each boy, the investigator records .the
number of favorable answers given to a list of specific questions
about his perception of other group members and the way they
worked together. The number of favorable answers per boy 18 then
averaged for each of the groups. The results are summarized below:

Grouvr 1

Grovre 2 Grour 3
FKrecren Leabenr ArroIiNTebd LEaveR No Fouyat LEADER
X =19 X =18 X =14
st = 9 st = 16 st =11
o= 8 = 8 n= 8
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Is there g relationship between type of leadership experience and
the number of favorable answers given?

6. An experimenter is interested in the effect of sleep deprivation
on mental alertness. Twenty subjects are randomly divided into four
groups of five each. All subjects are given a task requiring a high
le-zvel.of mental alertness, but after differing amounts of sleep dep-
rivation. Group 1 is deprived of sleep for 16 hours, Group 2 for 20
hours, Group 3 for 24 hours, and Group 4 for 28 hours. Scores on
the task are averaged for each group. The results are:

Grocur 1 Grovur 2 Grour 3 Grour 4
(16 Hovtrs) (20 Hovurs) (24 Hours) (28 Hours)
X =30 X=2 X =25 X=15
st =24 s* =18 s* = 30 st =24
n= 5 n= 5 n= 95 n= 5

Can it be concluded that amount of sleep deprivation influences
mental alertness as measured by this task?

7. An investigator is interested in tracing the development of
the slang vocabulary of teen-agers. To determine whether there is
a distinct age level when this vocabulary appears, he selects 2 random
sample of ten school children at each age level from nine through
fourteen years. On the basis of a preliminary study of teen-agers, the
investigator has compiled a list of slang words known to at least
809 of the teen-agers. These words have been made up into a vocab-
ulary test which the investigator now gives to all the children. The
mean score is computed for each age group, with results as shown
below:

9 YEARs 10 YEARS 11 Years 12 YEAaRs 13 YEARs 14 YEaRrs
X =12 X =11 X =12 X =18 X =25 X =94
s? = 10 s2= 9 s =16 s* =20 st =17 §? =19
n = 10 n =10 n =10 n =10 n =10 n = 10

Is there a significant difference among the mean scores of the different
age groups?

8. An investigator suspects that two tranquilizing drugs used
in the treatment of mental patients have negative side effects on
their intellectual functioning. He conducts an experiment in which
21 mental patients who would ordinarily receive such drugs are
randomly divided into three groups of seven patients each. Group 1
receives Drug A, Group 2 receives Drug B, and Group 3 serves a5 5
Control group receiving placebos. At the end of a two-week periog
during which the patients receive no other treatment, they are aj]
given a series of tests. One of these tests requires the subject to learn
a simple stylus maze, where the number of trials needed to learn
the maze is taken as an index of intellectual functioning. The results
are:
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Girouve 1 Grouvyp 2 Grotr 3
Drue A Drva B CoNTROL

[ SIES VNI (IR GTIR
it

~I~N1 O MU= O
o DO T e O

Is there evidence that the two tranquilizer drugs have a negative
effect on intellectual functioning? (a) Compute the analysis of var-
iance using the means and variances of each group. (b) Compute the
analysis of variance using the sums of squares.

9. In a Word Fluency test, the subject is asked to give as many
words as he can that begin with a certain letter. The test is timed
and the subject’s score is the number of words he is able to give in
the time allowed. To determine whether the manner of administering
the test has an effect upon test scores, a group of 34 students are
randomly divided into two groups of ten subjects each and one group
of 14 subjects. The group of 14 subjects takes the test as a group,
in a room together, writing their answers. Subjects of the other. two
groups are given the test individually, subjects of one group writing
the words, subjects of the other group speaking them aloud. Their
Word Fluency scores are:

INDIVIDUAL- INpIvVIDUAL- GRroUP-
ORAL WRITTEN WRITTEN
25 29 34
34 35 48
50 21 22
34 56 52
42 41 36
32 58 37
39 26 38
48 31 46
24 35 29
35 38 48
30
39
26
40

Is there evidence that the mode of test administration influences
scores on this test? (NNote: Subtracting a constant from each score

has no effect on the sums of squares, and will give smaller numbers
to work with.)

10. A random sample of 40 voters from a township are given
an attitude test that measures political liberalism-conservatism. The
subjects are also classified according to their income into one of four
income groups: low, low-average, high-average, and high. The scores
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of subjects in the four groups are then compared. Their test scores
are:

Low Low-AVERAGE Hicu-AVERAGE Higm
40 31 47 36
48 32 51 51
37 39 54 35
52 36 44 38
45 40 40 42
45 45 48 37
55 33 46 46
50 35 53
39 35 39
43 44 45

41 37
40

Is there evidence of a relationship between income group and
liberalism-conservatism score? (High scores indicate high liberal-

ism.)

11. In a study of group influence on memory, 40 subjects listen
to a 20-minute recorded speech. Afterwards, the subjects are divided
randomly into five groups of eight subjects each and sent to five
separate rooms. There they are asked to recall the number of times
the speaker said “uh” in the course of the speech they heard. With-
out previous intention to remember, the task is quite impossible, but
the subjects of each group are urged to “help one another’” and do
the best they can. A group member records the number finally
decided upon by each member of his group. The number of ‘“‘uh’s”

that are “remembered’’ by the subjects are:

Grour 1 Group 2 Grour 3 Group 4 Grour 5
5 10 7 15 5
8 8 9 20 13
3 15 10 10 8
6 12 12 12 10
7 12 16 18 7
5 10 5 25 6
10 6 10 20 15
7 11 13 17 9

Is there a significant difference among the means of the five groups?

Answers

1. There is no change in mean output, but the variability of the
group appears to have shrunk. F' = 4.44 with (11,11) df, a valye
that almost reaches the .02 level of significance (F' = 4.46). Qur g
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has a probability just slight]y larger than .02 and C‘?Y‘_tair_ﬂy less than
.05. We reject the hypothesis that 4,2 - 025 Variability is less in the
new situation. Working together in one room does not seem to breed
competition; the men become more alike in output than they were
before in separate cubicles,

2. FF = 4.61 with (24,10, ¢f p < .02. The hypothesis 52 = ¢,2
is rejected. The inbred strain of rats, as might be expected, is less
variable in performance than (he rats with LlnCOH.tl‘olled heredity,
Comparing the means by formula (11.2), we obtain t = 222, For.
mula (11.3, gives t. = 2,12 4« the value of ¢ thatis significant at the
05 level for a two-tailed test. Since our ¢ is larger than this value,
P < .05 and the hypothesis that p, = pe is also rejected. We con-
clude that the two groups of animals come from populations having
both different variances and different means With regard to per-
formance on this task. The inbred strain has a lower variability ang
a higher mean.

3. F =911 133 = .85 p < .02 The hypothesis ¢* = 4,2 ig
rejected. ¢ = 2.93, which is larger than (. = 2.26, the ¢ value sig.
nificant at the .05 level for u two-tailed test, so the hypothesis
p1 = w2 18 also rejected. The trainees who believed they were ob.
serving a disturbed child tended, as a group, to report more signs of
anxiety than did trainees who helieved they were observing a normal
child. The difference in means is significant, mdlcat}ng different
population means for these two conditions of observation. The sig.
nificant difference in variability under the two conditions suggests
relatively large individual differences in the reports of trainees ob-
serving a “disturbed” child, us compared with the relatively smaj)
differences among trainees when the child is believed to be normal,

4. F' = 6015 = 4.0 with (2,57) df. The F tablegives 3.17 a5
significant at the .05 level for (2,55) df, the nearest df to ours, Since
our F is larger than 3.17, P < .05. The hypothesis u = pr = s
rejected. We conclude that the subject’s reaction time 1s different
to these different stimuli. Because the mean reaction time to the
sound and touch stimuli is the same in this sample of the subject’s
behavior (.18 seconds), our significant F' value must arise from the
subject’s reaction time to the light stimulus (.21 seconds) since this
is the only mean that differs. In this case, then, we are able to draw
the further conclusion that (for the given situation_) this subject’s
reaction time to light is significantly different from his reaction time
to sound and touch.

5. F' = 56/12 = 4.67 with (2,21) df. Since our F is larger than
the tabled value 3.47, P < .05. We reject the hypothesis that
#1 = p2 = pz and conclude that there is a relationship between type
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of leadership and group members’ evaluations of how well the group
worked together. Note, however, that the interpretation of this con-
clusion depends upon nonstatistical factors. To be confident that
the different evaluations given by the groups resulted from their
different leadership experience, we should want to know that the
conditions were the same for all groups except for those factors
arising directly from type of leadership. For example, were the
groups about equal in skill? Was there competition between the
groups? (The group who finished last may perceive their group in a
less favorable light for this reason.) On what basis was the appointed
leader chosen? (Appointing an unpopular boy could result in an
essentially leaderless situation.) Did an informal leader emerge in
the group that had no appointed or elected leader? In short, we
should want to be satisfied that the observed relationship is not a
product of conditions that were not or could not be controlled.

6. FF = 196.67/24.0 = 8.19 with (3,16) df. This F is larger than
the tabled value of 5.29, which is significant at the .01 level, so
P < .01. The hypothesis that uy = g2 = p3 = p,is rejected. We con-
clude that amount of sleep deprivation does affect performance of
this task, or that there is a relationship between amount of sleep
deprivation and mental alertness as measured by this task.

7. F = 400.0/14.0 = 28.57 with (5,54) df. For (5,55) df, the
nearest df to ours in the F' table, the value 3.37 is significant at the
01 level. Since our F' is larger than this value, P < .01. The hypoth-
esis gy = pr = . .. = Mo IS rejected. There is a significant difference
among the age groups in their knowledge of this slang vocabulary.
An inspection of the means suggests little if any difference between
9 and 11 years, with sizeable increases in score occurring at 12 and
13 years. Further statistical tests are needed to confirm these as
significant differences. The investigator will also need to show that
the differences he obtained in slang vocabulary scores are not a
product of general vocabulary level—since it is well known that
general vocabulary also increases over these ages. If the investigator
has also a measure of general vocabulary for each subject, he can
control for this factor by applying a procedure called analysis of
covariance, which the interested student will find described in more

advanced texts.

8. For both (a) and (b), F = 21.0/3.67 = 5.72 with (2,18) df,
and P < .05. The hypothesis ui = p2 = u31s rejected. From this, we
can conclude only that there is a significant difference in the mean
performance of the three groups. Since it happens that the mean of
subjects receiving Drug A is exactly the same as the mean of the
Control group, we are able to conclude at once that there is no
significant difference in performance under these two conditions.
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Our sionificant /- must arise from a difference in the performance of
xu})j(..(-‘;- ,-(,(.‘(.i\-im_r Druyr B, who have a higher mean and therefore
PeQuired more trials 1o learn the maze. Thus, there is evidence that
Drug B hus a negative effect on intellectual functioning, but there
. ) us < | )

IS noq such evidence for Drug A.

9. p 400 96.95 .04 with (2,31 df, and is a nonsignificant
- - ject the hypothesis of equal parameter

F o -1 e unable to rej
alue. We are una L .
Meuns, There is no evidence that these modes of test administration

ffect upon Word Fluency scores.
172.24 29.68 - 5.80 with (3,36) df, and P < .01,
equul population means is rejected; liberalism-
conservatism score does vary with income group in this township,
Inspection of the means reveals that the Low-Average and High
income grroups have lower mean scores than do the Low and High.
verage income groups. Further tests would almost certainly be
carried out to determine whether these differences are significant,

11. /- 125.41 11.75 = 10.67 with (4,35) df, and P < .01 The
1vpbothesis of equal parameter means is rejected; there is a significant
difference among the means. Since the conditions of the experiment
Wwere outwardly the same for all groups, and randomization argues
against inherent group differences, to what can we attribute the
significant difference among means? The only variable condition
wauas the social interaction of the separate groups. With no accurate
remembrances possible of the number of “uh’s” in the recordeq
Speech, this group interaction apparently created in some way 3
“norm’’ around which individual estimates then clustered. Since
there was no interaction between groups, the ‘“norms” of the groups
tended to differ more than did the individuals within any one group,

e would conclude that where accurate recall is not possible, there i
a strong group influence on what is ‘‘remembered.”

lave g4n ¢

. 1o, F
Fhe hypothesis of

F TEST 268






chapter 12

Which
Statistic
to Use:

A Summary



Choosing the appropriate statistical procedure for analyzing g
set of data is often a puzzling matter to the student. In this book, a
in most statistics texts, examples of research data are presented tq-
gether with procedures for their analysis. The student’s own reseaych
efforts are not accompanied by instructions telling him what to qq
with the data, and it is here that he often stumbles. In this chaptey
we review and summarize, as general guidelines, the main considerg-
tions that enter into choosing a statistical procedure.

The class of statistics appropriate for a particular study depends
upon the answers given to the following questions:

(1) What kind of data are the statistical procedures to be applied to?
In any study, the group of statisties availa‘ple for use depends in
large part upon the answer to this question. '\'\’_he}l the data are SCoreg
or measures, it is possible to use many statistical techniqueg that
are not applicable when observations can o.nly.be ranked_ Or classifieq
into categories. A different group of statistics 1S appropriate for ogy,
gories, and still another for ranks. Definitions and examples of these
three types of data--measures, ranks, and the data of categorieg__
are given in Chapter 1.

(2) Do the data represent, for the 1'7zz'es.t2'gamr’3 purpose
or a population? The answer to this question determines Whethep or
not the procedures of statistical inference will be used. If, for the
investigator’s purpose, the data constitute a population in the senge
that no statistical inferences are to be made to any largey groy
only descriptive statistics are needed to present _the I'gsults of t}?’
study. If the data are a random sample and the_ Investigatoprg - e
pose is to generalize his findings to the population from Which t}?
sample came, then he will need to use inferential statisticg as Weial

y @ Sa/,nple
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as descriptive statistics. Some examples of samples and populations
are given on pp. 67-69.

(3) Supposing the pu rpose is statistical inference: Has a prediction
been made about the outcome of the study? The answer to this question
determings whether the procedures of parameter estimation or of
hypothesis testing will be used. If a prediction has been made about
the outcome of t_he study, it is usually possible to formulate and test
a null hypotheﬁls. Some examples of null hypotheses are given in
'tTable.S.l, p. 1‘80. I‘f the purpose is not to test a hypothesis but simply

O estimate i om sample_e data the value of a population parameter,
then the investigator will very likely compute confidence limits for
the parameter of interest.

Sometimes, both hypothesis testing and parameter estimation

are used in a study. When a null hypothesis has been rejected, the
investigator may then be interested in a confidence interval.. For
example, if the null hypothesis p = 100 is 1-ejectefi, the inYeSF%ator
will very likely wish to know a band of values likely to mnclude

Ie mayv then use his sample data to compute a confidence interva)

for u.

In the remainder of this chapter are reviewed the groups of

statistics appropriate for diﬂ‘el-ent'kl-nds of dataanblt}gbetLr:{(;stl\I/;:rt,
the review will be confined to statisties presented 1 this : - Many
additional statistical techniques are available—particularly m the
arcas of correlation and analysis of variance—and the student shoulq
consult 1 more advanced text if the techniques given here do not seey
to “fit”’ his particular research problem.

CATEGORIES We have considered many kingg
of research problems that inVQIVe
data classified into categorieg

The observations are usually words—*agree” or “disagree,” “gooq"
or “average” or ‘“poor,” “above the median” or “below the mediay
—and each observation is classified into one of a set of mutually
exclusive categories. The only possible summary of such data is ¢,
give the frequency, or the proportion, of observations in each cate.
gory. Descriptive statistics take the form of a tabl.e of frfeque.ncies
or of proportions, and when the results are to e depicted graphicaly
o bar chart is made. These procedures are given in Chapter 1, pp,

4-10.
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o Wh.en the datq are a sample, inferences may be made about the
Pulation proportion or proportions.

Estimating a Population
Proportion

Often the investigator has no hypothesis about the population
Proportion. His purpose is exploratory; he wants to use his sample
to obtain an estimate of the population proportion P. In general, a
sample proportion p is an estimate of the corresponding population
Proportion P. Thus, the inductive probability estimates of Chapter 7
(see p. 154 fI.) are sample estimates of P. When the sample size is
!al‘ge, such that np and ng are both greater than 10, a confidence
Interval for P may be obtained by the procedure given in Chapter 5,
pPp. 118-120.

Hypotheses About
Population Proportions

Where a prediction has been made about the outcome of the
study, it is possible to formulate and test a null hypothesis about the
population proportion(s). The particular test that will be appropriate
depends upon the number of categories used in classifying the data,
and upon the sample size.

e Two CATEGORIES

The usual hypothesis here is P = @, although sometimes other values
are hypothesized—e.g., P = .75. The tests given in Chapter 7 are
appropriate for such hypotheses. We summarize: Where the sample
size is large enough so that both »P and nQ are greater than 5 (note
that P and @ here are the hypothesized parameters, not the sample
proportions used in obtaining a confidence interval for P), the 2
test given on p. 169 may be used to test a hypothesis about the value
of P. Where the sample size is small and the above condition is not
satisfied, the binomial expansion should be used to determine the
probability of obtaining a given sample result under the hypothesis

(see pp. 163-168.)

e MORE THAN Two CATEGORIES

Under this heading are included classification systems where the
several categories represent a single variable (e.g., type of TV pro-
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gram preferred), and classification systems lll\g.];zlt]f Itﬁ %o\tz}l: ICZZLZS
(e.g., type of preferred program and sex of the sub ropriate null h i
the chi-square test may be used to test the .aplzlare test are mZt
pothesis, provided the assumptions of the ch1-sd

see p. 201). Teacie |
( II)n the)case of a single variable, the usual hy-pt(;uﬁ'si::s lillhat thle
population proportions falling into each of the C‘-1 1 i%--u*i'lte d 1? qt};
An example of this kind is given on p. 201iT. For DI i a “'l ©
hypothesis may be stated in any one of sev"el'al ways, t;h Elicqulva ?.nt
to the statement that there is no relationship between the two varia-
bles. Examples are given on p. 209ff.

MEASURES When the data are quantitative
in the sense that each observa-

tion is a score or measure of some
kind, many forms of analysis are possible. D?p?ndmgdlal gely upon
the purpose of the study, the descriptive statistics ‘use may .be ft?w
and spare or very elaborate indeed. Where the purpose 1s primarily
statistical inference, it is usually unnecessary to plgsent detailed
information about the sample, and descriptive statistics tend to be
few. When the data constitute a population, 2 fuller description is
usually desirable.

Descriptive Statistics for

Measures

The statistics most widely used in describing a distr@bution of
measures are listed below, along with the page where each is defined.

STATISTIC PAGE WHERE DEFINED

To DescriBE CENTRAL TENDENCY: 82

MEAN 45

MEDIAN

Mobe 19
To DESCRIBE VARIABILITY: 82

STANDARD DEVIATION It

RANGE 1?

INTERQUARTILE RANGE 59

To DESCRIBE RELATIONSHIP
BeETwEEN TwO VARIABLES:
CORRELATION COEFFICIENT 129
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of ¢ lgeasu{‘es of central tendency an(_i variability provide a summary
of the ®btained distribution. There is seldom a need to p{‘t?lsellt all
mety: Measures given above. Where the distribution is fairly sym-
oo ™ and has only one distinet mode, it is often sufficient to
leport% Only the mean and standard deviation of the distribution. If
the Fhstribution is skewed, the median should also be given, and
gzsf)l’?ly the range. The student may find it helpful to review pp.
~97.

.rl?he Correlation coeflicient serves the special purpose of sum-
marzing the 1ineqr relationship between two sets of measures ob-
tained frop, the same subjects. It is usually desirable in such studies
t(? report jlg0 the mean and standard deviation of each of the two
distributiong

When it ig important to convey in detail the shape of'an obtained
distributioy, graphical representation is the most straightforward
procedure, T, most useful graphs for this purpose are the histogram
(PP- 18, 23) and the frequency polygon (pp. 18, 27). Even when one
of these graphs will not be included among the results that are for-
mally Yeported, the investigator should at least construct a frequency
distribution of the data for his own information. As we have seen, a
knowledge of how the observations are distributed is Important in
deciding whjcp descriptive statisties should be presented. And when
the data are g sample, knowing their distribution 1s important ip
judging whethey or not it is reasonable to assume that. the parent,
population meets the requirements of contemplated statistical tests.

Estimating a Population
Mean

Where the investigator has no hypothesis about thfe population
mean and wishes to estimate its value, he may use his Ssample to
obtain a confidence interval for the mean of the.popu.latlon. When
the sample size is 30 or more, the procedure given in Chaptex: 5
(pp- 114-117) may be safely used to compute such a 0011ﬁd<_ence n-
terval. When the sample size is smaller than 30, a confidence 11.1terVaI
for the population mean may be obtained by t-he pl‘ocedure glven in
Chapter 10 (pp. 226-228), provided the dlistrlbutlon of the Sfllnple
data is not incompatible with the assumption 01_0 a 1101'11}311_}’ distrib-
uted population. In practice, moderate population deviations frop,
normality are not a matter for great concern. But where sample data
suggest a marked deviation from normality in the pODUIatIOH\aS,
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tremely skewed—

S g shee the population is bimodal, or Is ex :
Ot e e i e s bosed upon small samples may be serlousty 1n
clror,

A rrodorn sanple of scores or measures may be used to deter-
Yt constidence intersids for other population values: for example,
fr i it the sarianee or standard deviation, the popUI_atlon
Correior. W hive not taken up these procedures, but the inter-

tatistics texts.

wiil find them in more comprehensive s

coted spderns

Hypotheses About
Population Means

When the data are measures, prediction most often takes the
form of - null hypothesis about the mean of the population, or about
the ditfference bhetween population means. Depending upon the num-
ber of s;ample means that are to be compared, and whether or not
they are correlated, hypotheses and tests take somewhat different

forms:

Nrustnnn or =Savrnr Meass HyYPOTHESIS TesT
€ . re . .
'1'\.‘ I'hat uis o certain value ¢ test, p. 228
i I..), I.\hl-.l'l,\hl‘,\ I a= s { test, p. 230
\\.4;_ Clopere . v e D un =0 1test,p.233
Mone oS Pyvwor, INDEPENDENT My = opr = o3 = e = Annlysisofvnrinnce,

p. 251 ff.

_ All of these tests assume that the population is normally dis-
Lmbpt_ed, and where more than one population is concerned, the
additional assumption is made that the population variances are
equal. _I“or a discussion of these assumptions, see pp. 230 and 251,
e ‘\\ ‘hen th hypothesis of equal population variances has been

.s‘_ui and rejected (see Example 1, Chapter 11), the ¢ test given on
P- 249 should be used to compare two independent sample means,

Other Significance Tests

for Measures
o th:l?h?u gh interest usually centers upon the mean when data are
orm of scores or measures, significance tests have been de-

v .. . A
pzl(t);peq for a number of other statistics as well. Among the more im-
rtant of these tests, we have considered the following:
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Test that a population correlation is zero, p. 237
Test that two population variances are equal, p. 248
Test that two population medians are equal, p. 209

The last-named test, that two population medians are equal, is
not restricted to use with measures since the test requires only classi-
fication above and below the median of a group. For this purpose,
the median of a set of ranks will serve as well as the median of a set

of scores.

Ranks

Ranks are the least common of the three types of data we have
considered. In Chapter 1, Examples 3 and 4, the procedure of ranking
was illustrated, and there and in Chapter 2 some of the properties
of ranks were discussed. We have already pointed out that the test
that two population medians are equal (p. 209) may be applied when
two groups have been ranked on a variable. Also, the correlation
formulas of Chapter 6 may be applied to ranks—when, for example,
individuals have been ranked on each of two variables and a measure
of the relationship between the two sets of ranks is desired. However,
there are simpler ways of determining the correlation between sets of
ranks. These procedures, and a number of statistical tests developed
especially for use with ranks, are available in more advanced statis-
tics texts.* We will confine ourselves here to indicating the circum-
stances when the student should seek these tests—that is, cireum-
stances that call for the use of ranks and for statistical tests com-
paring sets of ranks.

Ordinarily, ranks are not used if measurement is possible. Situ-
ations do arise where quantitative measurement of a variable is not
possible (see Example 3, Chapter 1). Then, of course, ranks must be
used because measures are not available. But probably the main
use of ranks in psychological research is as a replacement for measures
that fail tn some way to meet the investigator’s requirements. Either
the measures are unreliable (but the ranks are not), or, more often,

the distribution of measures is incompatible with the assumption
of a normally distributed population. Virtually all of the statistical

* Many statistics texts include chapters on nonparametric or distribution-free
statistics, where tests for ranks may be found. A more complete compilation of such
tests for behavioral science researchers is in S. Siegel, Nonparametric Statistics for the
Behavioral Sciences, McGraw-Hill, 1956. All of the tests for ranks listed in Table 12.1
can be found there. )
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8.2

DEscrirmive
STATISTICS

Tables

Graphs

Summary Statistics

Table 12.1
Descriptive and Inferential Statistics Appropriate for
Different Kinds of Data

CateEsory Data

Table of frequencies, proportions or
pereentages

Bar chart

Modal eategory

Seonkes o Mpasrnes

T:\Hl' nf frwpw:n M llrl”!hlr['.qﬂ\_&' ar

pereentages
Tauble of centiles ar centile ranks

Histogram: frequency polvian

Mean, medin, made

Standard  devistion,
quartile range

Correlation coeflicient

range, anter-

(IR
LT

Tl od ralies

Median

*Hank correlation coetlicient

INFERENTIAL
STATISTICS
Parameter Estimation

Significance Tests

Confidence interval for P

Two categories:
Binomial test for small samples

z test for large samples

More than two categories:
Chi-square test

* See footnote on p. 277.

Confidence interval for g

Single sample mean:
t test that gis a certain value

Two independent sample means:
t test for independent samples

Two correlated sample means:
t test for correlated samples

More than two sample means:
Analysis of variance

Two independent samples:
*Median test
*Mann-Whitney U test

Two correlated samples:
*Wilcoxon Signed-ranks test

More than two samples:
*Kruskal-Wallis I1 test



tests developed for measures assume that the parent population of
measures 1s normally distributed. When this assumption is untenable,
the investigator may either transform his measures so that the as-
sumption is met (applicable only in special cases), or, what is more
usual, he may substitute ranks for the measures of his sample and
conduct a statistical test appropriate for ranks.

Statistical tests for ranks make no assumptions about the popu-
lation distribution. Hence, when an investigator wishes to avoid the
assumption of a normally distributed population, he can convert his
measures to ranks and use a test for ranks in place of the usual ¢
test or analysis of variance technique. The names of some of these
tests for ranks are given in Table 12.1, opposite the ¢ test and analysis
of variance techniques for which they are appropriate substitutes.
For example, if the usual ¢ test for comparing two independent sam-
ples should be inappropriate because the population is known to be
extremely skewed, the samples may be compared by replacing the
measures with ranks and conducting a Mann-Whitney U test. Or,
the measures may be divided at the median into high and low groups,
and a median test using chi square may be conducted on the resulting
fourfold table.

Generally, tests for ranks should be resorted to only when the
more usual tests for measures are clearly inappropriate. When this
is the case, a test for ranks serves as an extremely useful alternative.
But where tests for measures are appropriate, nothing is gained by
substituting a test for ranks and much may be lost. Tests for ranks
are generally less sensitive than tests for measures in such situations.
The great value of the tests for ranks is that they enable us to proceed
with relevant comparisons precisely in those situations where tests
for measures cannot be appropriately conducted.
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Table A

TABLE OF SQUARES AND SQUARE ROOTS
OF NUMBERS FROM 1 TO 1000

NUMBER SQUARE Squank Roor N UMBER SQUARE sSqQuarg Root

1 1 1.000 5l 26 01 7.1-41

2 4 1114 52 27 04 7.211
3 9 1.732 53 28 0Y 7.250
4 16 2,000 54 29 16 7.348
5 25 2.236 55 3025 7.416
) 36 2444 56 31 36 7.453
7 49 2646 57 3249 7.550
8 64 2,828 58 33 64 7.616
9 sl 3.000 1Y 34 81 7.681
10 100 3.162 b_() 36 00 7.746
11 121 3.317 61 37 21 7.810
12 1 44 3.46-4 62 38 44 7.87+4
13 169 3.606 63 30 69 7.937
14 1 96 3.742 64 40 96 S.000
15 2925 3.873 65 1225 S$.062
16 2 56 4.000 66 43 56 8.124
17 2 89 1123 67 44 89 8.185
18 324 4.243 68 46 24 8.246
19 361 1.359 69 47 61 8.307
20 400 4472 70 49 00 §8.367
21 441 4.583 71 50 41 $.426
22 4 84 4,690 72 51 84 8.455
23 529 4.796 73 5329 8.5-44
24 576 4,809 74 54 76 8.602
25 625 5.000 75 56 25 3.660
26 676 5.099 76 37 76 S.718
27 729 5.196 77 59 29 8.775
28 7 84 5.292 78 60 84 §.832
29 8 41 5.385 79 62 41 8.888
30 900 5.477 80 64 00 8.944
31 061 5.568 81 65 61 9.000
32 10 24 5.657 82 67 24 9.055
33 10 89 5.745 83 68 89 9.110
34 11 56 5.831 84 70 56 9.165
35 1225 5.916 85 72 25 9.220
36 12 96 6.000 86 73 96 9.274
37 13 69 6.083 87 75 69 9.327
38 14 44 6.164 88 77 44 9.381
39 1521 6.245 89 79 21 9.434
e 16 00 6.325 90 81 00 9.487
41 16 81 6.403 91 82 81 9.539
42 17 64 6.481 92 84 64 9.592
43 18 49 6.557 93 86 49 9.644
44 19 36 6.633 94 88 36 9.695
45 20 25 6.708 95 90 25 9.747
46 21 16 6.782 96 92 16 9.798
47 22 09 6.856 97 94 09 9.849
48 23 04 6.928 98 96 04 9.899
49 24 01 7.000 99 98 01 9.950
50 25 00 7.071 100 10000 10.000
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TABLE OF SQUARES AND SQUARE ROOTS (Cont.)

NusMBER
101
102
103
104
105

106
107
108
109
110

111
112
113
114
115

116
117
118
119
120

121
122
123
124
125

126
127
128
129
130

131
132
133
134
135

136
137
138
139
140

141
142
143
144
145

146
147
148
149
150

SQUARE
10201
104 04
10609
10816
11025

11236
1449
116 64
11881
12100
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Squark Roor
10.050
10,100
10.1-19
10,198
10.247

10.296
10,5344
10.3492
10.-140
10,488

10.536
10.583
10.6:30
10.677
10.724

10.770
10.817
10.863
10.909
10.954

11.000
11.045
11.091
11.136
11.180

11.225
11.269
11.314
11.358
11.402

11.446
11.489
11.533
11.576
11.619

11.662
11.705
11.747
11.790
11.832

11.874
11.916
11.958
12.000
12.042

12.083
12.124
12.166
12.207
12.247

N UMBER

b—
ot

Trlv o

Ttoea 00—

vl:,.—":';
RV A N on

160

161
162
163
164
165

166
167
168
169

— et bt ot ot b
Il ~1~] -1
(IS VUN (VR ]

— — e —
W00 |00 =~I=I~1=I
O — ST xL~IS

183
184
185

186
187
188
189
190

191
192
193
194
195

196
197
198
199
200
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SQUARE Square Root
22501 12.288
23104 12.329
23400 12.369
23716 12.410
24025 12.450
243 36 12.490
2 46 49 12.530
249 64 12.570
25281 12.610
2 56 00 12.649
2 59 21 12.689
2 62 44 12.728
2 65 69 12.767
2 63 96 12.806
27225 12.845
27556 12.884
278 89 12.923
28204 12.961
2 85 61 13.000
2 89 00 13.038
292 41 13.077
2 95 84 13.115
2 99 29 13.153
30276 13.191
3006 25 13.229
3 0976 13.266
31329 13.304
316 84 13.342
3920 41 13.379
324 00 13.416
327 61 13.454
331 34 13.491
334 89 13.528
3 38 56 13.565
345 13.638
3 19 o9 13.675
353 44 13.711
3 57 21 13.748
361 00 13.784
36 13.820
3 0% o 13.856
37249 13.892



TABLE OF SQUARES AND SQUARE ROOTS (Cont.)

J UMBE SQUARE SQUARE Roor | NUMBER SQUARE SQUARE Roor
X ‘é‘&?m‘ 4 0401 14.177 251 6 30 01 15.843
202 4 08 04 14.213 2:_)2 6 35 04 15.875
203 41209 14.248 253 6 40 09 15.906
204 416 16 14.283 554 64516 15.937
205 4 20 25 14.318 255 6 50 25 15.969
206 4 24 36 14.353 256 6 55 36 16.000
207 4 28 49 14.387 257 6 60 49 16.031
208 4 32 64 14.422 258 6 95 64 16.062
209 4 36 81 14.457 259 67081 16.093
210 4 41 00 14.491 260 676 00 16.125
4 4521 14.526 261 681 21 16.155
%}5 449 44 14.560 262 6 86 44 16.186
213 4 53 69 14.595 263 6 91 69 16.217
214 4 57 96 14.629 264 6 96 96 16.248
215 4 62 25 14.663 265 7 0225 16.279
4 66 56 14.697 266 7 07 56 16.310
%}g 47089 14.731 267 71289 16.340
218 47524 14.765 268 71824 16.371
219 47961 14.799 269 72361 16.401
220 4 84 00 14.832 270 72900 16.439
4 88 41 14.866 271 73441 16.462
%gé 4 92 84 14.900 272 73984 16.492
223 497 29 14.933 273 74529 16.523
224 501 76 14.967 274 75076 16.553
225 5 06 25 15.000 275 75625 16.583
26 51076 15.033 276 76176 16.61
327 51529 15.067 277 76729 16.643
228 519 84 15.100 278 77284 16.673
229 524 41 15.133 279 778 41 16.703
230 529 00 15.166 280 7 84 00 16.733
— - - ———
231 53361 15.199 281 7 89 61 16.
232 53824 15.232 282 79524 16.38%
233 542 89 15.264 283 800 89 16.823
234 547 56 15.297 284 8 06 56 16.859
235 55225 15.330 285 81225 16.882
236 5 56 96 15.362 286 817 96 16,
237 561 69 15.395 287 8 23 69 16_83
238 5 66 44 15.427 288 829 44 16.971
239 57121 15.460 289 83521 17.000
240 576 00 15.492 290 84100 17.029
— ———
241 580 81 15.524 291 8 46 81 17.
242 5 85 64 15.556 292 8 52 64 17.823
243 5 90 49 15.588 293 8 58 49 17.117
244 5 95 36 15.620 294 8 64 36 17.14¢6
245 6 00 25 15.652 295 87025 17.17¢
246 6 05 16 15.684 296 87616 17.205
247 6 10 09 15.716 297 88209 17.234
248 61504 15.748 298 8 88 04 17.263
249 6 20 01 15.780 299 89401 17.299
250 6 25 00 15.811 300 90000 17.391
'\
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TABLE
.\'1. MBI SQUaARE
S0 O 01
SO 91204
:';h.", TRENIN
304 a921 16
305 05025
306 O 56 36
307 942 149
f'.n\ s 64
:“"J 904 8]
410 961 00
311 O 67 21
312 07
fl 3 97969
31 _1 9 N5 960
315 99225
316 9 US A6
317 1004 89
::l;\ 1011 24
;z_l)-* 1017 61
320 10 2.4 00
32 10030 41
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TV 0 ES =

o
o
[}

327
328
329
30

331
332
333
334

336
337
338
339
340

341
342
343
344
345

346
347
348
349
350

SQUARES AND SQUARE ROOTS

10 36 54
1043 29
1049 76
10 56 25

10 62 76
10 69 29
10 75 84
10 82 41
10 89 00

NQUARE

NER
3TN
07
150
46t

—_—— i —
~l~)1=~1=~1=)

~103
a2l
2aol)

——— ——
sl~l=)1~1~]

k

=l ~1=~1~]
~

18.166

18.193
18.221
18.248
18.276
18.303

18.330
18.358
18.385
18.412
18.439

18.466
18.493
18.520
18.547
18.574

18.601
18.628
18.655
18.682
18.708

101

OF SQUARES AND SQUARE

\( MBER

377
378
370
350

381
382
383
384
385

386
387
388
389

3901
392
393
394
395

396
397
398
399
400

284

ROOTS (Cont.)

SQUARE
123201
39 04
()‘)

LV Sl (U SN £0)

\.

— et — b

—_—— b —
P

14 89 96
14 97 69
15 05 44
1513 21
1521 00

1528 81
15 36 64
15 44 49
15 52 36
15 60 25

15 68 16
1576 09
15 84 04
1592 01
160000

SqQuare Roor
18.735
18.762
18.788
18.815
18.841

18.868
18.894
18.921
18.947
18.974

19.000
19.026
19.053
19.079
19.105

19.131
19.157
19.183
19.209
19.235

19.261
19.287
19.313
19.339
19.365

19.391
19.416
19.442
19.468
19.494

19.519
19.545
19.570
19.596
19.621

19.647
19.672
19.698
19.723
19.748

19.774
19.799
10.824
19.849
19.875

19.900
19.925
19.950
19.975
20.000



TABLE OF SQUARES AND SQUARE

NUMBER
401
402
403
404
405

406
407
408
409
410

411
412
413
414
415

416
417
418
419
420

421
422
423
424
425

426
427
428
429
430

431
432
433
434
435

436
437
438
439
440

441
442
443
444
445

446
447
448
449
450

SQUARE
16 05 01
16 16 04
16 24 0Y
16 32 16
16 40 25

16 48 36
16 56 49
16 64 64
16 72 51

16 81 00

16 89 21
16 97 44
17 05 69
17 13 96
17 22 25

17 30 56
17 38 89
17 47 24
17 55 61

17 64 00

1772 41
17 80 84
17 89 29
17 97 76
1806 25

18 14 76
18 23 29
18 31 84
18 40 41
18 49 00

18 57 61
18 66 24
18 74 89
18 83 56
18 92 25

19 00 96
19 09 69
19 18 44
19 27 21
1936 00

19 44 81
16 53 64
19 62 49
1971 36
19 80 25

1989 16
19 98 09
20 07 04
2016 01

2025 00

Square Roor

20,025
20.050
20,075
20.100
20.125

20,149
20.174
20.199
20,224
20,248

20.273
20.2908
20.322
20.347
20.372

20.396
20.421
20,445
20.469
20).194

20.518
20.543
20.567
20.591
20.616

20.640
2().664
20.688
20.712
20.736

20.761
20.785
20.809
20.833
20.857

20.881
20.905
20.928
20.952
20.976

21.000
21.024
21.048
21.071
21.095

21.119
21.142
21.166
21.190
21.213
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N UMBER SQUARE
451 20 34 01
452 20 43 04
453 20 52 09
454 2061 16
455 2070 25
456 2079 36
457 20 88 49
458 20 97 64
404 21 06 S1
460 2116 00
461 21 2521
462 21 34 444
4063 21 43 69
4064 21 52 96
165 21 6225
466 217156
467 21 808y
468 21 Q0 24
469 21 99 61
470 22 09 00
171 2218 41
472 22 27 84
473 22 3729
474 2246 76
475 22 56 25
476 226576
477 227529
478 22 84 8¢
479 22 04 41
480 23 0400
481 23 13 61
482 23 23 24
483 23 3289
484 23 42 56
485 23 52 25
486 23 61 96
487 237169
488 23 81 44
489 23 91 21
490 24 01 00
491 2410 81
492 24 20 64
493 24 30 49
494 24 40 36
495 24 50 25
496 24 60 16
497 247009
498 24 80 04
499 24 90 01
500 2500 00

ROOTS (Cont.)

SqQuare RooT
21.237
21.260
21.284
21.307
21.331

21.354
21.378
21.401
21.424
21.448

21.471
21.494
21.517
21.541
21.564

21.817
21.840
21.863
21.886
21.909

21.932
21.954
21.977
22.000
22.023

22.045
22.068
22.091
22.113
22,136

22.159
22.181
22.204
22.226
22.249

22,271
22.293
22.316
22.338
22.361
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TABLE OF SQUARES AND SQUARE ROOTS (Cont.)

NUMBER
501

546
547
548
549

SQUARES AND sou

SQUARE
25 11) 1
2520 04
25 30 04
254016

2550 25

2590 81
26 01 00

26 11 21
26 21 44
26 31 649
26 41 96
26 52 25

26 62 5¢
26 72 89
26 83 24
26 93 61
27 04 00

27 14 11
27 24 84
27 3529
274576
27 56 25

27 66 76
27 77 29
27 87 84
27 98 41
28 09 00
—_———

2819 61
25 30 24
28 40 8y
28 51 56
28 62 25

28 72 96
28 83 6y
28 94 44
2? 05 21
29 16 00

29 26 81
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29 59 36
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29 81 16
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30 03 04
30 14 01
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595

596
597
598
H5H9

600

286

SQUARE
30 306 01
30 47 04
30 58 0Y
30 69 16
30 80 25

30 91 36
310249
31 13 64
31 2481
31 36 00

31 47 21
31 58 44
31 69 69
31 80 96
319225

32 03 56
321489
3226 24
32 37 61

32 49 00

32 60 41
327184
328329
3294 76
3306 25

331776
332929
33 40 84
33 52 41

33 64 00

33 75 61
33 87 24
33 98 89
34 10 56
342225

34 33 96
34 45 69
34 57 44
34 69 21

34 81 00

3492 8]
35 04 64
35 16 49
35 28 36
3540 25

3552 16
35 64 09
35 76 04
35 88 01

36 00 00

3QUARE ROOT

Sa 23.473
23.495
23.516
23.537
23.558

23.580
23.601
23.622
23.643
23.664

23.685
23.707
23.728
23.749
23.770

23.791
23.812
23.833
23.854
23.875

23.896
23.917
23.937
23.958
23.979

24.000
24.021
24.042
24.062
24.083

24.104
24.125
24.145
24.166
24.187

24.207
24.228
24.249
24.269
24.290

24.310
24.331
24.352
24.372
24.393

24.413
24.434
24.454
24.474
24.495



TABLE OF SQUARES AND SQUARE ROOTS (Cont.)

NU.\IBER
601
602
603
604
605

606
607
608
609
610

611
612
613
614
615

616
617
618
619
620
621
622
623
624
625

626
627
628
629
630
631
632
633
634
635

636
637
638
639
640

641
642
643
644
645

646
647
648
649
650

SQUARE
36 1201
36 24 04
36 36 09
36 48 16
36 60 25

36 72 36
36 84 49
36 96 6+
37 08 81
37 21 00

373321
37 45 44
37 57 69
37 69 96
3782256

37 94 56
38 06 89
3819 24
38 31 61
38 44 00

38 56 41
38 68 84
38 81 29
3893 76
39 06 25

391876
39 3129
39 43 84
39 56 41

39 69 00

39 81 61
3994 24
40 06 89
40 19 56
40 32 25

40 44 96
40 57 69
4070 44
40 83 21

40 96 00

41 08 81
41 21 64
4] 34 49
41 47 36
41 60 25

4173 16
41 86 09
41 99 04
42 12 01

42 25 00

SQUARE Roor

24.515
24.536
24.556
24.576
24.597

24.617
24.637
24.658
24.678
24.698

18

24.920
24.940
24.960
24.980
25.000

25.020
25.040
25.060
25.080
25.100

25.120
25.140
25.159
25.179
25.199

25.219
25.239
25.259
25.278
25.298

25.318
25.338
25.3567
25.377
25.397

25.417
25.436
25.456
25.475
25.495

287

NUMBER
651
652
653
654
655

656
657
6358
659
660

661
662
663
664
665

666
667
668
669
670

671
672
673
674
675

676
677
678
679
680

681
682
683
684
685

686
687
688
689
69

691
692
693
694
695

696
697
698
699
700

SQUARE Square Roor
42 38 01 25.515
42 51 04 25.534
42 64 09 25.554
4277 16 25.573
42 90 25 25.593
43 03 36 25.612
43 16 49 25.632
43 29 64 25.652
43 4281 25.671
43 56 00 25.690
43 69 21 25.710
43 82 44 25.729
43 95 69 25.749
44 08 96 25.768
44 22 25 25.788
44 35 56 25.807
44 48 89 25.826
44 62 24 25.846
447561 25.865
44 89 00 25.884
4502 41 25.904
4515 84 25.923
4529 29 25.942
4542 76 25.962
45 56 25 25.981
4569 76 26.000
4583 29 26.019
45 96 84 26.038
46 10 41 26.058
46 24 00 26.077
46 37 61 26.096
46 51 24 26.115
46 64 89 26.134
46 78 56 26.153
46 92 25 26.173
47 05 96 26.192
47 19 69 26.211
47 33 44 26.230
47 47 21 26.249
47 61 00 26.268
47 74 81 26.287
47 88 64 26.306
48 02 49 26.325
48 16 36 26.344
48 30 25 26.363
48 44 16 26.382
48 58 09 26.401
48 72 04 26.420
48 86 01 26.439
49 00 00 26.458

SQUARES AND SQUARE ROOTS



TABLE OF SQUARES AND SQUARE ROOTS (Cont.)

N UMBER
701
702
703
704
705

706
707
708
709

726
727
728
729
730

731
732
733
734
735

736
737
738
739
740

741
742
743
744
745

746
747
748
749
750

sQ

square Roor

NQUARE

40 14 01 26.476
49 28 04 26,495
49 42 09 26.51+4
4956 16 26.533
407025 26.552
49 84 36 26.0571
49 98 149 26.5H89
50 12 G4 26.6085
50 26 S1 26.627
5041 00 26.6-16
50 55 21 26.665
50 69 44 26.683
50 83 69 26.702
50 97 96 26.721
511225 26.7:39
51 26 56 26.758
514089 26.777
51 55 24 26.796
51 69 61 26.814
51 84 00 26.833
51 98 41 26.851
52 12 84 26.870
52 27 29 26.889
52 41 76 26.907
52 56 25 26.926
527076 26.944
52 8529 26.963
52 99 84 26.981
53 14 41 27.000
53 29 00 27.019
53 43 61 27.037
53 58 24 27.055
5372 89 27.074
53 87 56 27.092
54 02 25 27.111
54 16 96 27.129
54 31 69 27.148
54 46 44 27.166
54 61 21 27.185
54 76 00 27.203
54 90 81 27221
55 05 64 27.240
55 20 49 27.258
55 35 36 27.276
55 50 25 27.295
5565 16 27.313
55 80 09 27.331
55 95 04 27.350
56 10 01 27.368
56 25 00 27.386

UARES AND SQUARE ROOTS

790

791
792
793
794
795

796
797
798
799
800

288

Stortrar
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~1C e G =
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S—=da
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57 9121
58 06 44
58 21 69
58 36 96
58 52 25

58 67 56
58 82 89
58 98 24
59 13 61

59 44 41
59 59 84
597529
599076
60 06 25

6021 76
60 37 29
60 52 84
60 68 41
60 84 00

60 99 61
611524
61 3089
61 46 56
61 62 25

6177 96
61 93 69
62 09 44
62 25 21

62 41 00

62 56 81
62 72 64
62 88 49
63 04 36
63 20 25

63 36 16
63 52 09
63 68 04
73 8401

64 00 00

Square Root
27.404
27.423
27.441
27.459
27.477

27.495
27.514
27.532
27.550
27.568

27.586
27.604
27.622
27.641
27.659

27.677
27.695
27.713
27.731
27.749

27.767
27.785
27.803
27.821
27.839

27.857
27.875
27.893
27.911
27.928

27.946
27.964
27.982
28.000
28.018

28.036
28.054
28.071
28.089
28.107
Ll

28.125
28.142
28.160
28.178
28.196

28.213
28.231
28.249
28.267
28.284



TABLE OF SQUARES AND SQUARE ROOTS (Cont.)

N UMBER
801
802
803
804
805

806
807
808
809
510
811
812
813
814
815

816
817
818
819
820
821
822
823
824
825

826
827
828
829
830

831
832
833
834
835

836
837
838
839
840

841
842
843
844
845

846
847
848
849
850

SQUARE
64 16 01
64 32 04
64 48 09
64 64 16
64 80 25

64 96 36
65 12 49
65 28 64
65 44 81
65 61 00

6577 21
65 93 44
66 09 69
66 25 96
66 42 25

66 58 56
66 74 89
66 91 24
67 07 61
67 24 00

67 40 41
67 56 84
67 73 29
67 89 76
68 06 25

68 22 76
68 39 29
68 55 84
68 72 41
68 89 00

69 05 61
69 22 24
69 38 89
69 55 56
69 72 25

69 88 96
70 05 69
7022 44
70 39 21

70 56 00

70 72 81
70 89 64
71 06 49
7123 36
71 40 25

71 57 16
7174 09
7191 04
72 08 01

72 25 00

SqQuaRgE Rootr N UMBER

28.302

851
852
853
854
855

856
857
858
859
860

861
862
863
864
865

866
867
868
869
870

871
872
873
874
875

876
877
878
879
830

881
882
883
884
885

886
887
888
889
890

891
892
893
894
895

896
897
898
899
900

SQUARE
72 42 01
72 59 04
7276 09
7293 16
73 10 25

73 27 36
73 44 49
73 61 64
73 78 81
73 96 00

741321
74 30 44
74 47 69
74 64 96
74 8225

74 99 56
7516 89
7534 24
7551 61
75 69 00

75 86 41
76 03 84
76 21 29
76 3876
76 56 25

76 73 76
76 91 29
77 08 84
77 26 41
7744 00

77 61 61
777924
77 96 89
78 14 56
7832 25

78 49 96
78 67 69
78 85 44
7903 21
79 21 00

79 38 81
79 56 64
7974 49
79 92 36
801025

802816
8046 09
80 64 04
80 8201
8100 00

Square Roor
29.172
29.189
29.206
29.223
29.240

29.257
29.275
29.292
29,309
29.326

29.343
29.360
29.377
20.394
29.411

29.428
29.445
29.462
29,479
29.496

29.513
29.530
29.547
29.563
29.580

29.597
29.614
29.631
29.648
29.665

29.682
29.698
29.715
29.732
29.749

29.766
29,783
29.799
29.816
29.833

29.850
29.866
29.883
29.900
29.917

29.933
29.950
29.967
29.983
30.000
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TABLE OF SQUARES AND SQUARE ROOTS (Cont.)

N UMBER
a0l
a02
O3
()4
0o

906
G07
G0N
909
910

911
012
913
914
915

916
917
9glx
919
020
921
922
923
924
925

926
027
928
929
930

931
932
933
934
935

936
9137
938
939
940

941
942
043
944
945

946
947
948
949
950

NQUARE
SIS 0L
N1 056 04
SO 049
N1 72106
S 9025

N2 0N 36
N2 260449
~2 1164
S2 62 81
K2 N1 00

82 0909 21
~3
83
N
83

‘
Y

Tk

Ll
N |
-~ -

4
)
iy

Twr - e

~1
o

K390 56
84 0884
K427 24
5445 61
54 64 00

54 82 41
85 00 84
S5

S6.30 41

86 67 61
86 86 24
K7 04 89
87 23 56
87 42 25

87 60 96
87 79 69
87 UK 44
88 17 21
88 36 00

88 54 81
88 73 64
88 02 49
8911 36
89 30 25

890 49 16
89 68 09
89 87 04
90 06 01

90 25 00

Squank Roor
$SO017
30,0533
30,050
30067
S30L0ON3

30.100
300116
S0.133
0,150
30,166

30,183
S0 10949
30,216
30,252

30,2449

30,265
30282
30,204

30,430
30447
30,463
30480
30.496

30.512
30.529
30.545
30.561
30.578

30.504
30.610
30.627
30.643
30.659

30.676
30.692
30.708
30.725
30.741

30.757
30.773
30.790
30.806
30.822

SQUARES AND SQUARE ROOTS

N UMBER
a5l
an2
an3
54
DO

06
usv
(TR
[T
aGo

g61
a2
a6
O34
a65

966
Q67
OON
a6y
970
u71
072
973
074
a7h

076
ar7
ars
a7
980

081
9832
083
084
985

986
987
988
989
990
991
992
993
904
995

996
997
908
999
1000

290

SQUARE
90 44 01
90 63 04
90 8209
91 01 16
a1 2025

91 39 36
91 58 49
91 77 64
01 96 Si
42 16 00

92 73 6Y
92 02 96
931225

93 31 56
93 50 89
937024
93 89 61
94 09 00

04 28 41
04 47 84
04 07 29
04 86 76
95 06 25

96 82 56
97 0225

97 21 96
07 41 69
97 61 44
07 81 21
08 01 00

98 20 81
08 40 64
98 60 49
98 80 36
99 00 25

99 20 16
99 40 09
99 60 04
99 80 01

100 00 00

SqUuaRE RooT
30.838
30.854
30.871
30.887
30.903

30.919
30.935
30.952
30.968
30.984

31.000
31.016
31.032
31.048
31.064

31.081
31.097
31.113
31.129
31.145

31.161
31.177
31.193
31.209
31.225

31.241
31.257
31.273
31.289
31.305

31.321
31.337
31.353
31.369
31.385

31.401
31.417
31.432
31.448
31.464

31.480
31.496
31.512
31.528
31.544

31.559
31.575
31.591
31.607
31.623



Table B
AREAS OF THE NORMAL CURVE

z .00 | .01 | .02 | 03| .04 | .05 .06 .07 .08 .09
0.0 |.0000 |.0040 .0080..0120 |.0159 | .0199 | .0239 |.0279 | .0319 | .0359
0.1 | 0308 ' 0438 | .0478 | .0517 | .0357 | .0596 | .0636 | .0675 | .0714 | .0753
0.2 | 0793 0832  .0871 .0910 | .0948 | .0987 | .1026 | .1064 | .1103 | .1141
0.3 | 1179 1217 (1255 1203 | (1331 | 1368 | 1406 | 1443 | 1480 | 1517
0.4 | 1554 r.1591 11628 1.1064‘.17001.1736 1772 | 1808 | .1844 | .1879
0.5 |.1915 |.1950 .1985  .2019 | .2054 | .2088 | .2123 | .2157 | .2190 | .2224
0.6 | 2257 12201 | 2324 | 2357 | 2389 | 2422 | 2454 | .2486 | .2518 | 2549
0.7 | 2580 | 2612 2642 2673 | 2704 | 2731 | 2764 | 2794 | .2523 | .2852
0.8 | 2881 | 2910 | 1293y | 12967 | 2995 | 3023 | .3051 | .3078 | :3106 | .3133
0.9 | 3159 .3186,.3212'.3238 3264 | 13289 | .3315 | .3340 | 3365 | .3389
1.0 | .3413 | .3438 | 3461 3485 | .3508 | .3531 | .3554 | 3577 | .3599 | .3621
1.1 | 3643 | 3665 , 3686 | 3708 | 3720 | 3749 | 3770 | 3790 | 3810 | 3830
1.2 | 3339 | 3869 | 3888 ' 3007 | 3025 | 3044 | 3062 | 3080 | 3997 | 4015
1.3 | 4032 | 4049 | 4066 | 4083 | 4090 | 4115 | 4131 | 4147 | 4162 | 4177
14 | 4192 | 4207 | 4222 | 4236 | 4251 | 4265 | .4279 | 4202 | 4306 | .4319

4332 | a5 | assr f.437o 4382 | 4304 | 4406 | 4418 | 4430 | 4441

4452 | 4463 | 4474 | 4485 | 4495 | 4505 | 4515 | 4525 | 4535 | 4545

14554 | 4564 | 4573 | 4582 | 4591 | 4599 | 4608 | 4616 | 4625 | .4633

4641 | 4649 | 4636 | 466 | 4671 | 467S | 4636 | 4603 | 4699 | 4706

4713 | 4710 | 4726 | 4732 | 4738 | AT44 | 4750 | 4756 | 4762 | 4767

4773 | 4778 | 4783 1 4788 | 4793 | .4798 | .4803 | .4808 | .4812 | .4817
.4821 4826 | .4830 [ 4834 | 4838 | .4842 | 4846 | .4850 | .4854 | .4857
4861 1 4865 | 4868 | 4871 | 4875 | .4878 | .4881 | .4884 | .4887 | .4890
4893 | 4896 | 4808 | 4901 | .4904 | .4906 | .4909 | .4911 | .4913 | .4916
4918 | 4920 | 4922 | 4925 | 4927 | 4929 | 4931 | .4932 | .4934 | .4936

4938 | 4940 | 4941 | 4943 | 4945 | 4946 | .4948 | .4949 | .4951 | 4952
4953 | 4955 | 4956 | 4957 | .4959 | .4960 | .4961 | .4962 | .4963 | .4964
4965 | .4966 | 4967 | 4968 | 4969 | 4970 | .4971 | 4972 | .4973 | .4974
4974 | 4975 | 4976 | 40977 | 4977 | .4978 | .4979 | .4980 | .4980 | .4981
.4981 .4982 | .4983 | .4983 | .4984 | .4984 | .4985 | .4985 | .4986 | .4986

49865 | .4987 | .4987 | .4988 | .4988 | .4988 | .4989 | .4989 | .4989 | .4990
.49903 | .4991 | .4991 ! 4991 | .4992 | .4992 | 4992 | .4992 | .4993 | .4993

.49931
.49952
49966

49977
49984
49989
149993
49995 )

.49997

BOOWWWW WWWWW NN PDONNN -
© VONOL FWN~DO VONOM WO OIS

Example: The proportion of area between the mean and z = 42 is
.1628. (The same proportion of area lies between the mean and

z = —.42))
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TABLE C

TABLE OF x® VALUES*

PropAaBILITY

df | .90 [ .80 70 | .50 1 .30 1 .20 10 | .05 ' 02 | .01 |.001
1| .016 .064 .15 .46 107 ' 1.64 271 3.34! 541 | 6.6410.83
20 21| 451 711 139 241 3220 4600 599, 7.82! 9.21 |13.82
3| 58| 1.00| 142! 2371 366 4.64 6.25] 7.82| 9.8411.34 |16.27
4| 1.06 | 1.65 | 220 336 4.88 599 . 7.781 9.9 11.67 | 13.28 | 18.46
5| 1.61 | 2.34 | 3.00' 4.35‘ 6.06 7.2()' 9.24 11.07'13.39 15.09 | 20.52
6| 220 | 3.07 | 3.83 535 7.23 | 8.56 10,64 | 12.59 | 15.03 | 16.81 | 22.46
7| 283 382 467 635 838! 080 12.02 | 14.07 | 16.62 | 18.48 | 24.32
8| 3.49 | 4.59 1 553 | 7.34 9.52 11.03 13.36 | 15.51 | 18.17 | 20.09 | 26.12
91 4.17 | 538 6.39 ! 8.3410.66 12.24 14.68 | 16.92 | 19.68 | 21.67 | 27.88
10| 4.86 | 6.18 7.27‘ 9.34’11.73(13.44“5.99 18.31 | 21.16 | 23.21 | 29.59
11| 5.58 | 6.99 | 8.15.10.34 . 12.90 | 14.63 | 17.28 | 19.68 | 22.62 | 24.72 | 31.26
12| 6.30 | 7.81 | 9.03 | 11.34 | 14.01 | 15.81 | I8.55 | 21.03 | 24.05 | 26.22 | 32.91
13| 7.04 | 863 | 9.93  12.34 |15.12 | 16.98 | 19.81 | 22.36 | 25.47 | 27.69 | 34.53
14| 7.79 | 9.47 [ 10.82 | 13.34 | 16.22 | 18.15 | 21.06 | 23.68 | 26.87 | 29.14 [36.12
15| 8.55 [10.31 | 11.72 | 14.34 | 17.32 | 19.31 | 22.31 | 25.00 | 28.26 | 30.58 | 37.70
16| 9.31 [11.15 [ 12.62 | 15.34 | 18.42 2().46(23.54 26.30 | 29.63 | 32.00 | 39.29
17 [ 10.08 |12.00 | 13.53 | 16.34 | 10.51 | 21.62 | 24.77 | 27.59 | 31.00 | 33.41 | 40.75
18 | 10.86 | 12.86 | 14.44 | 17.34 | 20.60 | 22.76 | 25.99 | 28.87 | 32.35 | 34.80 | 42.31
19 [11.65 | 13.72 | 15.35 | 18.34 | 21.69 | 23.90 | 27.20 | 30.14 | 33.69 | 36.19 | 43.82
20 |12.44 |14.58 | 16.27 | 19.34 | 22.78 | 25.04 | 28.41 | 31.41 | 35.02 | 37.57 | 45.32
21 [13.24 |15.44 | 17.18 | 20.34 | 23.86 | 26.17 | 29.62 | 32.67 | 36.34 | 38.93 | 46.80
22 |14.04 | 16.31 | 18.10 | 21.24 | 24.94 | 27.30 | 30.81 | 33.92 | 37.66 | 40.29 | 48.27
23 |14.85 |17.19 | 19.02 | 22.34 | 26.02 | 28.43 | 32.01 | 35.17 | 38.97 | 41.64 | 49.73
24 [15.66 |18.06 | 19.94 | 23.34 | 27.10 | 29.55 | 33.20 | 36.42 | 40.27 | 42.98 | 51.18
25 (16.47 | 18.94 | 20.87 | 24.34 | 28.17 | 30.68 | 34.38 | 37.65 | 41.57 | 44.31 | 52.62
26 [ 17.29 | 19.82 | 21.79 | 25.34 | 29.25 | 31.80 | 35.56 | 38.88 | 42.86 | 45.64 | 54.05
27 [18.11 |20.70 | 22.72 | 26.34 | 30.32 | 32.91 | 36.74 | 40.11 | 44.14 | 46.96 | 55.48
28 |18.94 |21.59 | 23.65 | 27.34 | 31.39 | 34.03 | 37.92 | 41.34 | 45.42 | 48.28 | 56.89
29 119.77 |22.48 | 24.58 | 28.34 | 32.46 | 35.14 | 39.09 | 42.56 | 46.69 | 49.59 | 58.30
30 | 20.60 | 23.36 | 25.51 | 29.34 | 33.53 | 36.25 | 40.26 | 43.77 | 47.96 | 50.89 | 59.70

Example: With 5 df, x2 = 6.06 has probability .80.

* Table C is abridged from Table IV of Fisher & Yates: Statistical Tables for
Biological, Agricultural and Medical Rescarch published by Oliver & Boyd Ltd.,
Edinburgh, and by permission of the authors and publishers.

TABLE OF x? VALUES
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Table D
TABLE OF t VALUES*

ProBasiLiTy ({wo-lailed test)

df .50 .40 .20 10 .05 .02 .01 .001 af

1 1.00 1.38 3.08 6.31 12.71 31.82 63.66 636.62 1

2 .82 1.06 1.89 2.92 4.30 6.96 9.92 31.60 2

3 .76 .98 1.64 2.35 3.18 4.54 584 12,94 3

4 .74 .04 1.53 2.13 2.78 3.75 4.60 8.61 4

5 73 92 1.48 2.02 2.57 3.36 4.03 6.86 5

6 72 91 1.44 1.94 2.45 3.14 3.71 5.96 6

7 71 .90 1.42 1.89 2.36 3.00 3.50 5.40 7

8 71 .89 1.40 1.86 2.31 2.90 3.36 5.04 8

9 .70 .88 1.38 1.83 2.26 2.82 3.25 4.78 9
10 .70 .88 1.37 1.81 2.23 2.76 3.17 4.59 10
11 .70 .88 1.36 1.80 2.20 2.72 3.11 4.44 11
12 .70 .87 1.36 1.78 2.18 2.68 3.05 4.32 12
13 69 .87 1.35 1.77 2.16 2.65 3.01 4.22 13
14 69 .87 1.34 1.76 2.14 2.62 2,98 4.14 14
15 69 .87 1.34 1.75 2.13 2.60 2.95 4.07 15
16 .69 .87 1.34 1.75 2.12 2.58 2.92 4.02 16
17 .69 .86 1.33 1.74 2.11 2.57 2.90 3.96 17
18 .69 .86 1.33 1.73 2.10 2.55 2.88 3.92 18
19 .69 .86 1.33 1.73 2.09 2.54 2.86 3.88 19
20 .69 .86 1.32 1.72 2.09 2.53 2.85 3.85 20
21 69 .86 1.32 1.72 2.08 2.52 2.83 3.82 21
22 69 .86 1.32 1.72 2.07 2.51 2.82 3.79 22
23 69 .86 1.32 1.71 2.07 2.50 2.81 3.77 23
24 68 .86 1.32 1.71 2.06 2.49 2.80 3.74 24
25 68 .86 1.32 1.71 2.06 2.48 2.79 3.72 25
26 68 .86 1.32 1.71 2.06 2.48 2.78 3.71 26
27 .68 .86 1.31 1.70 2.05 2.47 2.77 3.69 27
28 .68 .85 1.31 1.70 2.05 2.47 2.76 3.67 28
29 .68 .85 1.31 1.70 2.04 2.46 2.76 3.66 29
30 .68 .85 1.31 1.70 2.04 2.46 2.75 3.65 30
40 .68 .85 1.30 1.68 2.02 2.42 2.70 3.556 40
60 .68 .85 1.30 1.67 2.00 2.39 2.66 3.46 60

120 .68 .85 1.29 1.66 1.98 2.36 2.62 3.37 120

© 6745 842 1.282 1.645 1960 2326 2.576 3.291 ©

* Table D is abridged from Table III of Fisher & Yates: Statistical Tables for
Biological, Agricultural and Medical Research published by Oliver & Boyd Ltd.,
Edinburgh, and by permission of the authors and publishers.

Example: For a two-tailed test with 5 df, ¢ = 2.02 has probability
.10. Probabilities are halved for a one-tailed test. For a one-tailed
test with 5 df, ¢t = 2.02 has probability .05.
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Table E
VALUES OF r FOR DIFFERENT LEVELS OF SIGNIFICANCE*

LEVEL or SIGNIFICANCE FOR ONE-TAILED TEST

df .05 025 01 ‘ .005
LEVEL oF SIGNIFICANCE FOR Two-TAILED TEST

.10 05 02 ] .01
1 JOSS 07 L9995 .9999

2 900 L9350 L0850 990

3 SO NTS L034 959

4 729 N1 882 917

5 669 T 833 874

G 622 707 789 834
7 LON2 666 750 798
8 LR 632 716 765
9] 521 602 685 735
10 AUT BTG 638 .708
11 476 .Hh3 634 .684
12 408 032 612 661
13 141 ol 592 641
14 426 U7 H74 .623
15 412 82 558 .606
16 100 0N 042 590
17 2389 A5G 528 575
18 378 RS D16 061
14 ‘ 369 133 | .H03 549
20 ‘ 360 423 492 .537
21 352 A13 A82 .526
22 RE 404 | A72 515
23 337 3496 1 462 505
24 330 388 ‘ 453 .496
253 323 j 381 ' 445 487
26 ! 317 374 [ 437 479
27 311 : 367 430 471
28 306 ! 361 l 423 463
29 ‘ 301 355 , 416 456
30 ‘ .296 : 349 ! .409 449
35 275 1' 325 ‘ .381 418
40 | 257 | 301 [ 358 303
45 | 243 ! 288 338 372
50 ] 231 | 273 322 354
60 | 211 .250 .295 .325
70 | 195 f .232 274 .302
80 ! .183 217 .256 283
90 ‘ 173 ‘ .205 .242 267
100 | 164 } 195 230 254

* Table K is abridged from Table VII of Fisher & Yates: Statistical Tables for
Biological, Agricultural and Medical Research published by Oliver & Boyd Ltd.,
Edinburgh, and by permission of the authors and publishers.

Example: For a two-tailed test with 7 df, r = .750 has probability
-02. For a one-tailed test with 7 df, r = .750 has probability .01.
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Table F
THE 5% (ROMAN TYPE) AND 1% (BOLDFACE TYPE) POINTS FOR THE DISTRIBUTION OF F*

NUMERATOR df

1 2 3 4 5 6 7 8 9 10 11 12 14 1620 24 30 40 50 75 100 200 500 e
161 200 216 225 230 234 237 230 241 242 243 244 245 246 248 249 250 251 252 258 253 254 251 254
4,052 4,999 5,403 5,625 5,764 5,859 5,928 5,981 6,022 6,056 6,082 6,106 6,142 6,169 6,208 6,234 6,258 6,286 6,302 6,323 6,334 6,352 6,361 6,366

1

18.51 19.00 19.16 19.25 19.30 19.33 19.36 19.37 19.38 19.39 19.40 10.4] 1042 1943 1004 1945 1946 1947 1947 1948 1949 19,49 19.50 19.50
98.49 99.00 99.17 99.25 99.30 99.33 99.34 99.36 99.38 99.40 99.41 99.42 99.43 99.44 99.45 99.46 99.47 99.48 99.48 99.49 93.49 99.42 99.50 99.50

10.13 9.55 9.28 9.12 9.01 894 883 88t 88! 878 8.76 874 871 869 866 861 862 860 8.58 857 856 851 854 8.
34.12 30.82 29.46 28.71 28.24 27.91 27.67 27.49 27.34 27.23 27.13 27.05 26.92 26.83 26.69 26.60 26.50 26.41 26.35 26.27 26.23 26.18 26.14 26.1

k)

o

771 694 659 6.39 6.26 616 6.09 6.04 600 596 593 591 587 581 580 577 474 571 570 568 5.66 5.65 561 5.03
21.20 18.00 16.69 15.98 15.52 15.21 14.98 14,80 14.66 14.54 14.45 14.37 14.24 14.15 14.02 13.93 13.83 13.74 13.69 13.61 13.57 13.52 13.48 13.46
6.61 579 541 519 505 495 488 482 478 474 470 468 4.61 460 456 453 450 446 444 442 440 L3837 436
16.26 13.27 12.06 11.39 10.97 10.67 10.45 10.27 10.15 10.05 9.96 9.89 9.77 968 9.55 9.47 938 9.29 924 917 913 907 904 9.02
~
© 599 514 476 4.53 439 428 4.21 4.15 410 406 4.03 400 3.96 3.92 3.87 3.8+ 3.8l 377 3.75 .72 371 3.60 368 3.07
= 1374 10.92 9.78 9.15 8.75 B.A7 8.26 8.10 7.98 7.87 7.79 7.2 7.60 7.52 7.39 7.3l 7.23 7.4 7.09 7.02 6.9 6.94 6.90 6.88
b
- . 0 g . . B B B . o - . 0 .
: 550 4.74 435 4.12 307 3.87 379 373 3.68 3.63 .60 3.57 352 349 344 341 388 334 332 320 3.28 3.5 3.24 3.2
z 1225 9.55 BA3 7.85 746 7.19 7.00 684 671 6.62 654 647 635 627 6.15 607 598 5.90 585 578 5.75 5.70 5.67 5.65
d ., o
4 532 446 407 384 3.60 358 3.50 344 330 334 331 328 3.23 320 315 312 3.08 3.05 3.03 3.00 2.98 206 291 2.03
A 1126 8.65 7.59 7.01 663 637 619 603 591 582 574 5.67 556 548 536 528 520 511 506 500 4.9 4.1 4.88 4.86
502 4.96 3.86 3.63 3.48 3.7 329 3.23 318 3.13 3.0 3.07 3.02 208 2.93 2.90 286 2.82 2.80 277 276 273 272 271
105 805 699 642 6.06 5.80 562 547 535 5.26 518 511 5.00 4.92 480 473 4.64 456 451 445 441 436 433 4.31
; : 59 250 2.55 2.54
96 4.0 3.71 3.48 3.33 3.22 3.14 3.07 3.02 297 294 291 286 282 277 274 270 267 2614 2.6l 2.9
ooy 2a9 Il 299 561 55 521 506 495 485 498 471 4.60 452 441 £33 425 417 412 405 401 396 3.93 391
2.50 247 245 242 241 2.40
84 3.98 359 3.3G 3.20 3.09 3.01 2.95 200 2.80 2.82 279 274 270 2.65 261 257 2.53
L s ber 532 507 488 474 4.63 454 446 440 420 421 410 402 3.94 3.86 3.80 374 3.70 3.66 362 3.60
; 242 240 2.36 2.35 2.32 231 2.30
5 3.88 349 3.26 311 3.00 2.92 2.85 2.80 2.76 272 2.69 2.64 2.60 2.5t 250 246 2.
o .337; g.gg 5‘.92 541 506 482 465 450 439 4.30 422 416 4.05 398 386 378 370 3.61 3.56 349 3.46 341 3.38 3.36
; 38 2.34 2.32 2.28 2.26 2.24 222 2.21
341 318 3.02 292 281 277 272 2.67 2.63 2.60 2.55 2.51 246 242 2.8
" .9‘{'0677 g'foo 5?7? 5.2{3g Q56 165 441 130 419 410 102 396 385 378 367 359 351 342 3.37 330 3.27 321 3.8 3.16

* Table I ig reproduced from Snedecor, Statistical Methods, 5th edition, 1956, Iowa State University Press, Ames, Iows, by permission of the author and publisher.
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Table F (Cont.)

THE 5% (ROMAN TYPE) AND 1% (BOLDFACE TYPE) POINTS FOR THE DISTRIBUTION OF I

NUMERATOR df

o - - - s o R — —
12 3 4 5 6 7 8 5 10 o2 e 200 o 00 40 50 Th o 100 2K S =
14| 4.60 374 3314 311 296 285 277 270 265 260 236 253 248 244 230 240 ey -
A12, 85 277 270 265 2 253 248 2 230 2345 231 297 2240 201 200 206 D1 24
8.85 6.51 5.56 5.03 4.69 4.46 4.28 414 4.03 391 386 380 3.70 3.62 351 343 334 326 321 314 311 3.06 3.07 3.00
15| 454 3.68 329 3.06 2.90 279 270 261 250 255 251 248 243 239 233 999 wag 220 208 205 12 200 208 007
8.68 6.36 542 4.89 4.56 4.32 414 400 3.89 380 373 367 356 348 336 329 320 312 107 3.00 297 292 389 2N7
16| 449 3.63 3.24 301 2.85 274 206 250 251 249 245 242 AT 233 298 294 290 246 91y - 207
2. 2.0 2.8 2. 2 242 20 2.3 228 2.0 2.2 2. 2213 2.0 20 2010 202 20
8.53 6.23 529 4.77 444 420 403 389 378 369 361 355 3.45 337 325 308 310 301 295 3n9 286 20 277 :.7.1.
17.) 445 3.59 3.20 2.96 2.81 270 262 255 250 245 241 23S 23Y 220 293 200 215 201 208 204 o0 Lt 107 1an
840 6.1 5.18 4.67 4.34 410 393 379 368 359 352 345 3.35 3.27 316 308 300 292 g 79 296 270 267 265
18| 441 3.55 3.6 293 2.77 260 258 251 246 241 237 234 220 225 219 215 2011 207 200 200 Los Lon 1es Lo
- 828 6.01 5.09 458 4.25 4.001 3.85 371 3.60 351 344 3.37 3.27 319 3.07 3.00 1 283 298 271 268 262 259 247
~ P
g | 19| 438 3.52 313 2.90 274 263 255 248 243 238 234 231 226 221 205 211 207 202 200 Lun | Lol 1a0 188
S 8.18 5.93 501 4.50 4.17 3.94 3.77 3.63 3.52 343 3.6 3.30 3.19 3.12 3.00 292 { 276 270 263 260 251 o251 249
<
€| 204 435 3.49 3.10 2.87 271 260 252 245 240 235 231 228 223 IS 212 208 201 199 Lon 142 a0 pa7 185 LSS
g 810 5.85 4.94 443 410 3.87 371 356 345 337 330 323 313 3.05 291 286 277 269 263 256 253 24 217 214
B | 21| 432 3.47 3.07 2.81 2.68 257 249 242 237 232 298 295 290 215 2.00 205 200 106 L3 189 187 181 182 181
o) 8.02 578 4.87 4.37 4.04 381 365 351 340 331 324 317 307 299 288 280 272 263 258 251 247 242 238 230
22| 4.30 3.44 3.05 2.82 2.66 255 247 240 235 230 2.26 2.23 218 213 2.07 2.03 198 193 101 1.87 181 181 180 178
7.94 5.72 4.82 4.31 3.99 3.76 3.59 345 335 3.26 318 312 302 2.94 2.83 275 267 258 253 246 242 237 233 2.1
23| 428 342 3.03 2.80 2.64 2.53 245 238 232 228 2.2¢ 2.20 2.4 210 2.04 200 196 191 188 1.8 1.82 170 177 1.76
7.88 5.66 4.76 4.26 3.94 371 3.54 341 330 3.21 314 3.07 297 2.89 278 270 2.62 253 248 241 237 232 298 290
24§ 420 340 301 278 2.62 251 243 236 230 2.26 222 218 213 209 2.02 198 1.94 1.89 1.86 1.82 1.80 176 171 1.73
7.82 561 4.72 4.22 3.90 3.67 3.50 3.36 3.25 3.17 3.09 3.03 293 285 274 266 258 249 244 236 2.33 2.27 223 2.21
25 4.24 3.38 2.99 2.76 2.60 2.49 241 2.34 2.28 2.24 2,20 2.16 2.11 2.06 2.00 1.96 192 187 1.84 1.8 177 1.74 1.72 1.71
7.77 557 4.68 4.18 3.86 3.63 3.46 3.32 3.21 3.13 3.05 299 289 281 270 2.62 2.54 245 240 232 229 223 2.19 217
26 422 337 298 274 259 247 2.30 2.32 2.27 222 2,18 2.15 2.10 2.05 1.99 1.95 1.90 1.86 1.82 178 1.76 1.72 1.70 1.69
7.72 5.53 4.64 4.14 3.82 3.59 342 3.29 3.17 3.09 3.02 296 286 2.77T 2.66 2.58 2.50 2.41 236 228 2.25 219 215 2.13

* Table F is reproduced from Snedecor, Statistical Methods, 5th edition, 1956, lowa State University Press, Ames, Iowa, by permission of the author and publisher



Table F (Cont.)
THE 5% (ROMAN TYPE) AND 1% (BOLDFACE TYPE) POINTS FOR THE DISTRIBUTION OF F*
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+ Towa State University Press, Ames, Iowa, by permission of the author and Dublisher.

* ol
Table I is reproduced from Snedecor, Statistical Methods, 5th edition, 1956
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Table F (Concluded)
THE 5% (ROMAN TYPE) AND 1% (BOLDFACE TYPE) POINTS FoR THE DISTRIBUTION OF F-

NUMERsTOR S

12 3 4 5 6 7 8 9 0 W12 1 oe0 a0 40 50 T 1K 2N a0

0| 400 BI8 270 200 210 2 2 B L L0 LW LG LA L L L L L L L

Bl T T Ve 3R AL AN Gh 3N AR e La LN LS LT LToL@oLel LA L1 Lk Ln L

1 G080 $9 115 308 391 313 2en sas a9 vey vae ama yhe BSL LI L0 LaEodadsioLa0 L LA Lno 1w

65 3.99 3.14 275 251 236 224 215 208 2.02 195 1.4 1.90 1.85 1.80 1.73 1.68 L63 1AT 1A 119 1 142 (a9 137
7.04 4.95 4.10 3.62 3.31 3.09 293 2.79 270 261 254 247 237 230 218 2.09 200 190 184 176 1.71 1.6t 1.60 1.56
G0 WS 4o 360 a2 sor 391 2q7 561 bee bai bad bab hos Fib Boy Nah vws ba L oLwowao
TR0 R0 Tis 100 Ta BN Lo 3 AT ORI Lo uSh LS A3 MTDOMID RS OMAD ML MM v ovmouwounom
01 330 Ts 3o S5 3w 2o0 2w e ey ver N ISE NI ORI B0S A La 13 LIy Lmopmonnovwor
EO RS IT6 Sed Sa1 307 298 a1 ses ame ey o M NI AT 200 WD W LG M mownoem oz
" |0 S8 47 551 5ad 14 7o o6 res e bay bh3 AEOLTS LT MG be1 Dm 1dn bab LT Lo Lwonm b
ST I Sm BH D Zab 295 2SS B OLST LS LSO LTE OO0 L0 LB MR LS Lm 1w oam e 1m0
NEEEEEEE TR PR E R E R pr ey
PO R& I e 337 501 240 3% 2D L% 1% 150 170 L0 100 158 13 147 LAl 130 130 126 Ll L1z 108
Tl ee Geo 3% 35 3% 3% or 23 B RS BID IS RSY IS LG 142 Lo 1d0 135 128 L2t Ly Lu 100

* Table F is reproduced from Snedecor, Statistical Methods, 5th edition, 1956, Iowa State University Press, Ames, Iowa, by permisaion of the author and publisher.
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Table G
TABLE OF RANDOM NUMBERS*

CoLumMN NUMBER

Row 00000 00000 11111 11111 22222 22222 33333 33334
01234 56789 01234 56789 01234 56789 01234 56759
‘ 1st Thousand

0 23157 54859 01837 25993 76249 70886 95230 36744
01 05545 55043 10537 43508 90611 N3744 10962 21343
02 \ 14871 60350 32404 36223 50051 00322 11543 SO834
03 38976 74951 94051 75853 78805 90194 32428 716495
04 97312 61718 99755 30870 94251 25841 54882 10513
05 11742 69381 44339 30872 32797 33118 22647 06850
06 | 43361 28859 11016 45623 93009 004499 43640 74036
07 93806 20478 38268 04491 55751 18032 58475 52571
08 49540 13181 08429 84187 69538 29661 77738 09527
09 36768 72633 37948 21569 41950 6N67T0 45274 K3880
10 ‘ 07092 52392 24627 12067 06558 45344 67338 45320
11 43310 01081 44863 80307 * 52555 16148 80742 94647
12 61570 06360 06173 63775 63148 95123 35017 46993
13 31352 83799 10779 18941 31579 76448 62584 86919
14 57048 86526 27795 93692 90520 56546 35065 32254
15 09243 44200 68721 07137 30729 75756 09208 27650
16 97957 35018 40894 88329 5223() 82521 22532 61587
17 93732 59570 43781 98885 56671 66526 95906 44569
18 72621 11225 00922 65264 35666 59434 71687 58167
19 61020 74418 45371 20794 95917 37866 99536 10378
20 97839 85474 33055 91718 45473 54144 22034 23000
21 89160 97192 22232 90637 35055 45489 88438 16361
22 25966 88220 62871 79265 02823 52862 84919 54883
23 81443 31719 05049 54806 74690 07567 65017 16543
24 11322 54931 42362 34386 08624 97687 46245 23245

* Table G is reproduced from M. G. Kendall and B. B. Smith. Randomness and random sampling numbers. J. R. statist. Soc., 101
(1938), 147-166, by permission of the Royal Statistical Society.
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Table G

TABLE OF RANDOM NUMBERS* (Cont.)

CoLumMn NuUMBER
Row

00000 00000 11111 11111 29299 22222 33333 333
( 1] 111 222 22 3333 33333
01234 56789 01234 56789 01234 56789 01234 50789

" 64755 2nd Thousand
83885 84122 25920 17696 15655 95045 93047
01 10302 52289 77436 34430 38112 49067 07348 jg;jé
02 71017 98495 51308 50374 66591 02887 53765 60139
3 60012 55605 410 3487¢ ~OfR5 R OO 6 ey .
0 b -D 88 34879 79655 90169 78500 03666
04 37330 94656 49161 42802 48274 5735 445503 65080
05 47869 87001 31591 12273 60626 12822 34691 61212
06 38940 42737 64167 84a78 39323 49324 SSH34 38700
07 73508 30908 83054 80078 86669 30295 56460 15336
08 32@23 46474 84061 04324 20628 37319 32350 13969
09 97091 99549 36630 35106 620069 92975 95320 SYWRE
10 /40%2 31955 59790 96982 66224 24015 Y6749 07589
11 56754 26457 13351 05014 90966 33674 69096 33488
12 49800 49908 54831 21998 08528 26372 924923 63026
13 43584 89647 24878 56670 00221 50193 99591 62377
14 16653 79664 60325 71301 35742 83636 73028 87229
15 48502 69055 65322 58748 31446 80237 31252 96367
16 96765 54692 36316 86230 48296 38352 23816 64004
17 38923 61550 80357 81784 23444 12463 334992 25128
18 77958 81694 25225 05587 51073 01070 60218 61961
19 17928 28065 25586 08771 02641 85064 65796 48170
20 94036 85978 02318 04499 41054 10531 87431 21596
21 47460 60479 56230 48417 14372 85167 27558 00368
22 47856 56088 51992 82439 40644 17170 13463 18288
23 57616 34653 92298 62018 10375 76515 62986 90756
24 08300 92704 66752 66610 57188 79107 54222 22013

* Table G is reprodu
(1938), 147-166, by permi

ssion of the Royal Statistical Society.

ced from M. G. Kendall and B. B. Smith. Randomness and random sampling numbers. J. R. statist. Soc.,
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Table G
TABLE OF RANDOM NUMBERS* (Cont.)

CoLuMN NUMBER
Row 00000 00000 11111 11111 22222 22222 33333 33333
01234 56789 01234 56789 01234 56789 01234 56789
3rd Thousand

00 89221 02362 65787 74733 51272 30213 92441 9651
01 04005 99818 63018 20032 04012 12363 01261 10650
02 98546 38066 50856 75045 40645 22841 53254 44125
03 41719 84401 59296 01314 54581 40398 19988 63579
04 28733 72489 00785 25843 24613 49797 §5567 84471
05 65213 83927 77762 03086 80742 21305 68476 83792
06 65553 12678 90006 90466 43670 2217 69900 31205
07 05668 69080 73029 85746 53342 78231 45086 92008
08 30302 99718 49757 79519 27387 76373 47962 91612
09 64502 32254 45879 20431 38320 03081 18067 87137
i? ggggg %gggf gggég 83660 6907 05336 8257 01582
; 99800 82839 1514 5665 93:
ig ggggg g%ggg 22272 81248 36838 95568 égifé g;éfi

5 08204 87990 17033 5625 5:
14 41273 97149 44203 69458 b a8
( : 16828 63962 15864 35421

15 00473 75908 56238 19949 9 : ) 6
16 86131 53789 81383 07868 it e araiz Oaadr
17 33849 78359 08402 03 et e 07009 s

3 3586 03176 88663 ;
18 61870 41657 07468 086 08018 92546

12 98083 97349 7z :
19 43808 65923 25078 86 : 075 o

129 78491 07653 ;
20 29939 39123 04548 5 | i kel
45085 60052 06641
21 38505 85555 14388 2 28726 46473
55077 1865

2 31824 38431 67125 25511 To0bs il el 70819
2 91430 03767 13561 15507 06750 02559 02301 35753
25408 97526 96458 03805 04116 63514

* Table G is reproduced from M. G. Kendall and i i
(1938), 147-166, by permission of the Royalegtai;is?irclal Iéé)gétgmlth. fandomaess and random Femplng numbers. /. B satsl. Sor, 101
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Table G

TABLE OF RANDOM NUMBERS* (Cont.)

CoLumy NuMmBER

Row 00000 00000

01234 56789
00 02490 54122
01 11967 36469
02 48356 83465
03 27236 73080
04 32532 77265
05 66757 98955
06 11266 34545
07 17872 39142
08 62561 30365
09 62796 30779
10 75510 21771
11 87439 01691
12 97742 02621
13 98811 06001
14 51264 01852
15 40239 93376
16 26936 59186
17 88502 11716
18 63499 38003
19 36379 81206
20 93801 22322
21 29856 87120
22 97720 87931
23 85237 09105
24 75746 75268

11111
01234

27944
60627
49699
21481
72430
92375
76505
45561
03408
35497
04339
63517
10748
21571
64607
10419
51667
08299
25593
03317
47479
56311
88265
74601
31727

11111 22292 22202
56789 01234 6789
4th Thousand
3936+ 94239 2074
83701 09253 30208
24079 09403 33154
23536 (4881 SYITT
70722 86529 IS457
03431 43204 HAN25
97746 34068 260994
S0146 93137 N2
14754 31798 ON143
70501 30105 08133
33660 12757 62223
26590 4437 07217
78803 38337 65226
02875 21828 83912
92553 29004 26695
068610 49120 02941
27645 46329 44681
40974 42394 62200
61995 TU867 80569
78710 73828 31083
57017 590334 30647
20053 25365 81265
13050 71017 15177
46377 59938 15647
95773 72364 87324

61257
61010
anuay
NTHGH
ONTO6
92144
NHISS
TSH83
S0035
94190
690494
01023
60509
43061
22414
06957
34177
36879

33333

6789

DHOS82
37482
03136
03071
10011
HU265
973106
HU284

Ji l-)()
91970
48468
349032
59051
61621
62998
QU317
66647
STH46
38374
44091
26660
02431
92919
092753
06802

* Table G is reproduced from M. G. Kendzll and B. B. Smith. Randomness and random sampling numbers. J. R. statist. Soc., 101
(1938), 147-166, by permission of the Royal Statistical Society.
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Table G
TABLE OF RANDOM NUMBERS* (Concluded)

CorLumN NUMBER
Row 0 00000 11111 11111 22222 22222 33333 153.2_{3'3
8(1]3g4 56789 01234 5678Y 01234 56789 01234 H678Y
Hth Thousand

00 29935 06971 63175 52579 10478 RO379 61428 21363
01 15114 07126 31840 TTT87 75510 13103 42042 48111
02 03870 43225 10584 87629 22039 94124 38127 65022
03 79390 39188 40756 45269 65959 20640 142584 22960
04 30035 06915 79196 H4428 618149 52314 48721 81594
05 29039 099861 28759 798502 68531 39198 38137 24373
06 78196 08108 24107 449777 09599 43569 84820 94956
07 15847 85493 91442 91351 80130 73752 21539 1086
08 36614 62248 49194 97209 92587 02053 141021 80064
09 40549 54884 91465 43862 35541 44466 88894 74180
10 40878 08997 14286 09982 90308 78007 H1587 16658
11 10229 49282 41173 31468 54455 18756 08908 06660
12 15918 76787 30624 25928 44124 25088 31137 71614
13 13403 18796 49909 94404 64979 41462 18155 98335
14 66523 94596 74908 90271 10009 98648 17640 68909
15 91665 36469 68343 17870 25975 04662 21272 50620
16 67415 87515 08207 73729 73201 H7593 96917 69699
17 76527 96996 23724 33448 63392 32304 60887 90617
18 19815 47789 74348 17147 10954 34355 81194 54407
19 25592 53587 76384 72575 84347 68918 05739 57222
20 55902 45539 63646 31609 35999 82887 40666 66692
21 02470 58376 79794 22482 42423 96162 47491 17664
22 18630 53263 13319 97619 35859 12350 14632 87659
23 89673 38230 16063 92007 59503 38402 76450 33333
24 62986 67364 06595 17427 84623 14565 82860 57300

* Table G is reproduced from M. G. Kendall and B. B. Smith. Randomness and random sampling numbers. J. R. statist. Soc., 101
(1938), 147-166, by permission of the Royal Statistical Society phne AL 900,






Index

Area
distribution of, 108-109

Bar Chart see Charts
Bar graph see Graphs
Biased estimates see Estimates
Bimodal graphs sece Graphs
Binomial Coeflicients

Pascal’s Triangle, 166
Binomial expansion, 163, 165-168
Bivariate classification, 7-10
Bivariate distribution see Distri-

butions

Categories, 4-11
bivariate classification, 7-10
cell and, 8
data classification and, 3, 4-11
graphs, 4-11
ordinal
data classification into, 10
graphs, 10-11
tables, 10-11
tables, 4-11
Cell, 8
Centiles
class intervals and, 45
data grouping and, 45
defined, 45
formulas for finding, 58
grouped data and, 50-60
computation, 5657
median, 45
normal curve and, 109-112
scores, 54
Centile ranks, 45
cumulative percentages, 54
formulas for finding, 58
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grouped data and, 50-60
normal curves and, 109-112
properties of, 55
Charts
bar, 5
Chi-square test see Tests
Class intervals see Intervals
Coded scores sece Scores
Coincidence of prediction and out-
come, 218
Collect data, 3
Confidence intervals see Interva)g
Correlation
defined, 129
linear
between two measures, 133_
136
causation and, 141-142
coefficient of, 129
defined, 129
prediction and, 141-142
scatter diagram, 130-132
transformation of scores, 139-
141
negative, 133
positive, 132
Critical regions
locating the, 186-188
one-tailed test, 184
two-tailed test, 184
Cross-validation, 217
Cumulative percentage graphg
see Graphs
Curves
normal, 107-120
centiles of, 109-112
centile ranks of, 109-119
defined, 107



distribution of area under,
108-109

population and, 109

Data
bivariate
chi-square test and, 208-209
categories, 272
classification of, 4-11
ordinal, 10-11
classifving, 273-2741
graphs and, 3
grouped
centiles and, 50-60
centile computation from, 56—
57
centile ranks and, 50-60
kinds of, 3
measures, 15-34
grouping of, 20-25
organizing, 4-5
parameters and, 68
population and, 67
ranks and, 11-15
raw, 3
analysis of variance in, 256-
260
representative, 271
samples and, 68—-69
single variable and, 201-204
tables and, 3
ungrouped
mean elevation computation,
83-86
standard deviation, 83—86
usable kinds of, 271

skewed distributions and, 95-

97

syvmmetrical distributions
and, 95

ungrouped data, computing,
83-86

standard, 81-104
coded score computation, 89-
94
defined, 81, 82-83
frequency distribution and
computing, 86-90
measures of variability and,
9.1-95
non-symmetrical distribution
and, 95
notation, 81-82
skewed distributions and, 95-97
symmetrical distribution and,
95
ungrouped data, computing,
83-86
variance and, 81
Directional hypotheses
use of, 187-188
Distributions
center of, 33-34
chi-square, 200
classes and, 16
descriptive statistics and shape
of, 94-97
empirical
normal, 109-113
f, 247
frequency, 5, 6
coded scores and, 89-94

Density see Probability

Desgriptive statistics see Statistics
Deviations

mean deviation computation,
86-90

mean, 81-104

cogzd Scores computation, 89—

defined, 82-83

frequency distribution
computing, 86-90

measures of variability and,
94-95

non-symmetrical distribution
and, 95

notation, 81-82

and

INDEX

standard deviations computed
from, 86-90
theoretical, 107
interquartile range, 59
non-symmetrical, 95
normal, 107
normal empirical, 109-113
normal sampling, 113-114
probability, samples and, 171-
174
range and, 16
sampling, 113-114
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expected values
of means, 114-117
of proportions, 118-120
skewed, 33-34
mean deviations and, 95-97
medians and positively, 96
negatively, 96-97
positively, 96-97
standard deviations, 95-97
symmetrical
descriptive statistics and, 95
mean deviation and, 95
standard deviations and, 95
t, 225-226
tails of, 186-187
variable, 97
Dixon, W. J., 190n

Edwards, A. L., 256n
Empirical distributions sce Distri-
butions
Error term, 255
Estimates
unbiased, 120-121
biased, 120-121
Ezxperimental Design in Psycho-
logical Research
(Edwards), 256n

F distribution see Distributions
F tests see Tests
Frequency
centile formulas and, 58
distribution, 5, 6, 16
expected, 169
measure and, 16
modal class and, 23
2z formula and, 169, 200
Frequency distribution see Distri-
butions
Frequency polygon, 17-18
construction of, 22-23
Functions
dependent variables, 32-33
graphs of, 32-33
independent variables, 32—-33

Graphs

bar, 5
bimodal, 24
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categories, 4-11

cumulative, 29-32
cumulative percentage, 50-55
line, 32-33

multimodal, 24

normal curves, 107-120
ordinal categories, 10-11
ranks, 11-15

Histogram see Frequency Poly-
gon
Hypotheses tests see Tests

Inexhaustible  populations
Populations
Inferential statistics see Statistics
Interquartile range
distributions, 59
Intervals
class, 21-25
centile computing and, 45
centile formulas and, 58
limits and, 22
lower exact limit, 56-57
upper exact limits and, 51
confidence, 226-237
one sample and, 228-229
two correlated samples, 233-
236
two independent samples, 230-
233
zero correlation, 237
Introduction to Statistical Analy-
sis (Dixon and Massey),
1907
Intuitive inferences, 72

see

Limits

class intervals and, 51, 56-57
Line graphs see Graphs
Linear correlation see Correlation

Marginal totals, 9
Massey, F. J., 190n
Mean
confidence intervals for, 226-228
estimating a population, 275-
276
measure of central tendency, 94
sampling distributions of, 114—
115

INDEX



Mean deviations see Deviations
Mean square, 255
Measures, 15-34
amounis and, 15-16
central tendency, 94-95
comparing two sets of, 25-28
cumulative graphs of, 29-32
data and, 3
data and class intervals, 20-25
defined, 15
descriptive statistics for, 274-—
275
frequencies and, 16
infinite, 68
kinds of, 15
linear correlation between two,
135-136
tests for, 276-277
variability, 94-95
Medians, 46-50
as dividing point, 4748
as representative value, 46
defined, 45
measure of central tendency, 94
skewed distribution and, 96
split, 47
statistics and, 69
Modal class, 23
Mode
measure of central tendency, 94
Miiller-Lyer illusion, 22-24, 26, 27
Multimodal graphs see Graphs

Nonparametric Statistics for the
Behavioral Sciences
(Siegel), 277

Normal curves see Curves

Norms

establishment of, 50
Null hypothesis see Statistics

Observations
population and, 67
samples and, 69
One-tailed tests see Tests
Ordinal categories see Categories
Ordinal numerals, 11

Parameters, 68
biased estimates, 120-121
defined, 69

INDEX

population and, 69
statistics and, 69
unbiased estimate, 120-121

Pascal’s Triangle, 166
Percentiles see centiles
Populations, 67-68

bi-nomial
defined, 188
data and, 67
estimating proportions, 273
f tests for, 247-250 ]
hypotheses about proportions,
273-274
infinite, 68
large sample and large, 168-171
means
estimating, 275-276 )
hypotheses formulating, 276
means of samples, 39
means of several are equal, 247,
251-260
normal curves and, 109
parameters and, 69
samples and, 68-69

small samples and large, 163—
165

small samples and small, 160-
163

statistical hypothesis and, 182-
183

statistical inference ?nd, 71-72
variance being equal in two, 247

Probability

binominal expansion and, 163,
165—-168
deductive estimates, 156-160
binomial expansion and, 163,
165—-168
populations and,
168-171
samples and, 160-165, 168—
171
defined, 153
density, 173
distributions and, 171-174
inductive estimates of, 154-155
populations and, 160-165, 168-
171
samples and, 160-165, 168-174
two-tailed test and, 200

160-165,

308



Random samples see Samples
Ranges
Interquartile, 59-60
measure of variability and, 59-
60, 94-95
Ranks, 11-15, 277-279
centiles and, 45, 50-60
comparing two sets of, 13-14
data and, 3
defined, 11
graphs, 11-15
relative position and, 11
reliability and, 14
tables, 11-15
Raw score formula, 138
Reliability
measures and, 16
ranks and, 14
Representative values, 46
Representativeness
random sampling and, 71-72
Research methods
needs for, 3—4
Regression equations, 142

Samples
data and, 67
defined, 69
distributions, probability and,
171-174
large populations
168-171
large populations
163-165
random, 69-72
defined, 69-70
bProperties of, 70
representativeness and, 71-72
statistical inference and, 71—
72
stratified, 70
range and, 69
sampling and, 69-72
Sampling distributions see Distri-
butions
Sca_tter diagram, 130-132
linearity and, 187
Scores
coded

and large,

and small,
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frequency distributions and,
89-94
mean deviations and, 89—-94
standard deviations and, 89-
94
transformation of, 139-141
Semi-interquartile range, 60
Siegel, S., 277
Significance levels
choosing of, 188-190
Skewed distribution see Distri-

butions

Standard deviations see Devi-
ations

Statistical hypotheses see Statis-
tics

Statistical Principles in Experi-
mental Design (Winer)
2567 ’

Statistical probability see Probga-
bility

Statistical tests see Statistics
Statistics
categories of, 67
defined, 69
descriptive, 67, 71, 274-275
deviations and, 81
non-symmetrical distributiop
and, 95
shape of distribution and, 94
97
symmetrical distributiong
and, 95
variance and, 81
deviations, 81
distributions and, 95
errors
standard, 120
estimates
biased, 120-121
unbiased, 120-121
expectations and, 120-121
hypotheses
alternatives, 183
choosing the appropriate 183
critical regions, 186-188 !
definition of, 182-183
examples of, 185
expectation and, 182
formulating, 181-19]1

INDEX



one-tailed test and, 183
population proportions, 273-
274
rejections, 184
significance levels and, 188-
190
two-tailed test and, 183
type I errors and, 189-190
type II errors and, 189-190
parameter estimation, 121
uses of, 272
parameters and, 69
tests
chi-square, 199-223
power of, 190-191
t test, 225-245
z test, 169
useable, 271-279
variance and, 81
Stratified random sampling see
Samples
Sum of squares, 257

T test see Tests
Tables
categories, 4-11
ordinal, 10-11
ranks, 11-15
Tests
chi-square
goodness of fit
907 test and, 204-
one-tailed test

. and, —
requirements f 213-216

1ol or use of, 200—
single variable g
o ata and, 201—
two-tailed test and
i » 200, 210-
/, 247-250

hypotheses, 18]
analysis of variance, 251-260
means of several populations
are equal, 247
populntinns variances are un-
equal, 249-250 ‘
two correlated samples, 233-
236

niy)

15 S

INDEX

two independent samples,
230-233
u is of certain value, 228229
variance of two populations
are equal, 247, 248-249
zero correlation, 237
one-tailed, 183
chi-square test and, 213-216
critical regions, 184
t, 225-245
t distribution and, 225-226
two-tailed, 183
chi-square test and, 210-212
critical regions, 184
z
frequencies and, 169, 200
Two-tailed tests see Tests
Type I errors, 189-190
Type II errors, 189-190

Unbiased estimates see Estimates

Validity
establishment of, 20
Variability
interquartile range and, 60
measures of, 60
mean deviations and, 94-95

standard deviations and, 94—
95

Variable distributions see Distyj-
butions
Variables

correlated, 129

dependent, 33

independent, 33

uncorrelated, 129
Variance

analysis of, 251-260
descriptive statistics and, 81

measures of variability and, g4_
95

standard deviations and, 81
«tatistical inference and, 81

Winer, B. J., 256n

7 test see Tests
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