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PREFACE

At the 1960 summer meeting of the Mathematical Association of
America it was my privilege to deliver the Earle Raymond Hedrick
lectures. This monograph is an extension of those lectures, many details
having been added that were omitted or mentioned only briefly in the
lectures. The monograph is self-contained. It does not offer a com-
plete survey of the field. In fact the title should perhaps contain some
circumscribing words to suggest the restricted nature of the contents,
but such modifiers have been omitted for the sake of simplicity.

The topics covered are: basic results on homogeneous approximation
of real numbers in Chapter 1; the analogue for complex numbers in
Chapter 4; basic results on non-homogeneous approximation in the real
case in Chapter 2; the analogue for complex numbers in Chapter 5;
fundamental properties of the multiples of an irrational number, for
both the fractional and integral parts, in Chapter 3. Many proofs are
offered here for the first time, although the results themselves are not
novel.

An attempt has been made, in a section entitled “Further results’ at
the end of each chapter, to provide a bibliographic account of closely
related work. These sections also give the sources from which the proofs
are drawn. Having used the literature freely, I wish to acknowledge
especially the usefulness of the monographs by Cassels (1956) and
Koksma (1936); see the bibliography for detailed references. The
monographs by Cassels (1956) and Mahler (1961) treat many topics not
considered here, such as the elegant work of Roth on the approximation
of algebraic numbers. The topic of Diophantine approximations is
also treated to some extent in the general texts on number theory,
notably in Hardy and Wright (1960; Chapters 3, 10, 11, 23, 24) and
LeVeque (1956; vol. 1, Chapter 9; vol. 2, Chapter 4).

A unique feature of this monograph is that continued fractions are
not used. This is a gain in that no space need be given over to their
description, but a loss in that certain refinements appear out of reach
without the continued fraction approach. Another feature of this
monograph is the inclusion of basic results in the complex case, which
are often neglected in favor of the real number discussion. The paral-
lel arguments for the real and complex cases in Chapters 2 and 5 are
given here for the first time. This development of the theory was
rounded out by the Theorem 5.3 of Eggan and Maier, who kindly pro-
vided me with their work prior to its publication.
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NOTATION AND CONVENTIONS

For any real number x:
[x] denotes the greatest integer < x; that is, [x] is the unique
integer satisfying [x] < x < [x] + 1.
| x| denotes the absolute value of the difference between x and the
nearest integer; thus |x|| = min |x—n|, where the minimum is
taken over all integers n.
(x) denotes the fractional part of x, namely (x) = x — [x]; this
notation is used only in a few places where it is awkward to write
x — [x].

The symbol Z is used to denote the set of all integers.

a|b means that the integer a is a divisor of the integer b.

{u;} denotes the sequence u,, Uy, Us, - - -.

6 = A (mod 1) means that § — A is an integer.

N, denotes the set of the integer parts of the multiples of «, thus

[e], [2<], [3], ---.

The triangle inequality, |u + v| = |u| + |v|, is often used without
reference or allusion.

Asetd,,6,,---, 0, of real numbers is said to be linearly dependent over
the rational numbers if there exist rational numbers r,, ry, - - -, r, NOt
all zero such that > r,8; = 0. Note that this is equivalent to saying that
there are integers k,, ko, - - -, k, not all zero such that > k,6; = 0. A
finite set of real numbers is said to be linearly independent over the
rational numbers in case they are not linearly dependent.

Wherever in the text a name appears with a date, such as Koksma
(1935), the reference is to the paper or book of that date as listed in the
bibliography at the end.



CHAPTER 1
The Approximation of Irrationals by Rationals

1.1. The pigeon-hole principle

Given a real number 6, how closely can it be approximated by rational
numbers? To make the question more precise, for any given positive
e is there a rational number a/b within ¢ of 6, so that the inequality

g2

b<e

is satisfied? The answer is yes because the rational numbers are dense
on the real line. In fact, this establishes that for any real number 6
and any positive ¢ there are infinitely many rational numbers a/b
satisfying the above inequality.

Another way of approaching this problem is to consider all rational
numbers with a fixed denominator b, where b is a positive integer.
The real number 8 can be located between two such rational numbers,
say
c+1

b

2

c
- <
b=6<

and so we have |8 — ¢/b| < 1/b. In fact, we can write

1

a
) ‘0——-§§B

b

by choosing a = ¢ or a = ¢ + 1, whichever is appropriate. The
inequality (1) would be strict, that is to say, equality would be excluded
if 8 were not only real but irrational. We shall confine our attention
to irrational numbers 8 because most of the questions about approxi-
mating rationals by rationals reduce to simple problems in linear
Diophantine equations.

1



THE APPROXIMATION OF IRRATIONALS BY RATIONALS

Now by use of the pigeon-hole principle (sometimes called the box
principle) we can improve inequality (1) as in the following theorem.
The pigeon-hole principle states that if n 4+ 1 pigeons are in n holes,
at least one hole will contain at least two pigeons.

THEOREM 1.1.  Given any irrational number 6 and any positive integer
m, there is a positive integer b < m such that

[66] = |66 - af <

1 .
m+ 1
The symbol a here denotes the integer nearest to b6, so that the
equality |b8|| = |b6 — a| holds by the definition of the symbolism.
Proof: Consider the m + 2 real numbers
@ 0, 1, 8 —[6], 20 — [26], ---, mO — [mb]
lying in the closed unit interval. Divide the unit interval into m + 1
subintervals of equal length

3 J < _j_i'_l,
® m+1=x<m+1

Jj=012..--,m.

Since 6 is irrational, each of the numbers (2) except 0 and 1 lies in the
Interior of exactly one of the intervals (3). Hence two of the numbers

(2) lie in one of the intervals (3); thus there are integers k,, ko, by, and hy
such that

(ke = o) = (sl = h)| < iy

We may presume that m = k, > k; 2 0. Defining b = k, — ki,
@ = hy — h,, we have established the theorem.

Since (m 4 1)-! < b~!, Theorem 1.1 implies that |48 < b~ ™.
Furthermore, this inequality is satisfied by infinitely many positive
integers & for the following reason. Suppose there were only a finite
number of such integers, say by, by, - - -, b, with

16,6] < bj*  forj=1,2,---,r.

Then choose the integer m so large that

1
m < (2]
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holds for every j = 1,2, ---,r. Then apply Theorem 1.1 with this
value of m, and note that this process yields an integer b such that

6611 <

1
T << IBfl =12

Hence b is different from each of &, by, - --, b,. Also |b8]] < 677,
so there can be no end to the integers satisfying this inequality. The
following corollary states what we have just proved.

COROLLARY 1.2. Given any irrational number 0, there are infinitely
many rational numbers alb, where a and b > 0 are integers, such that

1
<F'

a
°=3

Note that this result is a considerable improvement over inequality
(1). It is natural to ask whether Corollary 1.2 can also be improved,
for instance, by the replacement of 1/b2 by 1/63. It cannot; in fact,
Corollary 1.2 becomes false if 1/b2 is replaced by 1/b%** for any positive
e. Nevertheless, although the exponent cannot be improved, this

corollary can be strengthened by a constant factor in (4). Specifically
1/b2 can be replaced by 1/(V'5b2), and no larger constant can be used
than V/5. This result, due to Hurwitz, is proved in the next section.

C))

1.2. The theorem of Hurwitz

We first prove a preliminary result about Farey sequences. For
any positive integer n, the Farey sequence F,, is the sequence, ordered in
size, of all rational fractions a/b in lowest terms with 0 < b < n. For
example,

Beos e TS ETIET
Of the many known properties of Farey sequences, only two are

needed for our purposes, as follows.

Tueorem 1.3. If a/b and c/d are two consecutive terms in Fu, then,
presuming afb to be the smaller, bc — ad = 1. Furthermore, if 6 is any
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given irrational number, and if r is any positive integer, then for all n
sufficiently large the two fractions alb and c|d adjacent to 6 in F, have
denominators larger than r, that is, b > rand d > r.

Proof: The proof of the first part is by induction on n. If n = 1,
thenb = 1,d = 1,and ¢ = a + 1, so that

bc—ad=a+1—-a=1.

Next we suppose that the result holds for F,, and prove it for F,,;.
Let a/b and c/d be. adjacent fractions in F,. First we note that
b+ d = n + 1, since otherwise the fraction (@ + ¢)/(b + d), reduced
if necessary, would belong to F,. But this is not possible since

a_a+c _c
b " b+d d
Now with respect to F,,, there are two possibilities: first that a/b
and c/d are adjacent, and the second that some fraction or fractions lie
between. In the first case there is nothing to prove because bc — ad = 1
by the induction hypothesis. In the second case, any such fraction,
being in F,,, but not in F,, has denominator n + 1. Denoting the
fraction by k/(n + 1), we write

1 ¢ a ¢k k a

bd-d b~ d n+i1tn+1 b

o u + v )
=dn+ D b+ 1)

where u = ¢(n + 1) —dk 2 1, v = bk — a(n + 1) Z 1. Our aim is
to establish that # = 1 and v = 1. If on the contrary u > 1 orv > 1
or both, then it follows that

1 1,1
bd” dn+ 1) " b(n + 1)

n+1>5b+d,

which is contrary to what was established earlier. Hence ¥ = 1 and
v =1, and so

k 1 ko

c _ , a 1
d n+l dn+1 n+1 b

b(n + 1)
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Finally, we observe that at most one fraction can occur between a/b
and c¢/d in F,,,. For if there were another fraction besides k/(n + 1)
it must have the form 4/(n + 1). Then the preceding argument implies

that
h a 1

n+l b bln+1)
and hence
h a k a
ey Sl Sl B S
This completes the proof of the first part of Theorem 1.3.
To prove the second part, let m,, m,, ---, m, denote the integers
nearest to 6, 26, - - -, rf. Choose n sufficiently large so that for every

j= 1,2"”"‘9

1 _ g _m
n :
If g is any integer, then for every j = 1,2, ---, r,
. . j 1 q
0 — my| = [j8 — 4], 0‘@\5 0—“‘1:” —<10——.'
lj il =17 q| 7| = ; - J

Now the difference between adjacent fractions in F, does not exceed
1/n, because F, contains all fractions with denominator n, of which
some are perhaps in reduced form. Hence if a/b and c/d are the
fractions adjacent to 8 in F,, we see that

a c a 1
b =3 <la— 8w
and
c c a 1
—_— - —_ <
b=zl <lz" 8 =

A comparison of these with the previous inequalities establishes that
b > rand d > r, and the proof of Theorem 1.3 is complete.
Another result we shall need is the following.

LEMMA 1.4. There are no positive integers x and y which satisfy
simultaneously the inequalities
1 1

11 (1.1 L !
® 527 ™ et e
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Proof: If there were such integers, then from (5) it would follow that
0=x2+yp2—V5xy and 02 (2 — V5(x2 + xy) + »2
Adding these, we get
02 3{(V5 - Dx — 2y}

which is false for rational x/y.
We are now in a position to prove a basic result (Hurwitz, 1891).

THEOREM 1.5. Given any irrational number 0 there exist infinitely
many rational numbers hjk in lowest terms such that

h 1
6 |e L P
© kl = +/5k2
Furthermore, this inequality is best possible in the sense that the result
becomes false if V'5 is replaced by any larger constant.

Proof: Locate 6 between two consecutive fractions of the Farey
sequence F,, say a/b < 0 < c/d with b and d positive. We consider
two cases according to whether 6 is greater or less than (a + ¢)/(b + d).
Incase 6 > (a + ¢)/(b + d), we prove that not all three of the inequali-
ties

0_‘_12 1 , 0_a+(,‘2 1 s E—-OZ—_I——
b= Vsp2 b+d~ V5b+d? d T V542
can hold. For if we add the first and third of these, and then the second
and third, we get (5) with x = dand y = b.
In the other case, § < (a + ¢)/(b + d), we prove that not all three
of the inequalities

b2y 1 atce o, 1 ¢ 455 1
b= 35p2  b+d TS5k +dr  d T /3542
can hold. For if we add the first and third of these, and then the first
and second, we get (5) with x = band y = d.
Hence the inequality (6) holds with h/k replaced by at least one of
alb, c/d, and (a + c)/(b + d). To prove that there are infinitely many
solutions of (6) we argue as follows. Suppose there were only a finite
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number of solutions A/k, and we let r denote the maximum denominator
among these solutions. Then the second part of Theorem 1.3 guaran-
tees that for sufficiently large n the consecutive fractions a/b and c/d
adjacent to 8 in F, have denominators greater than r. This process
then gives a solution A/k to (6) of one of the three forms a/b, c/d, or
(@ + ¢)/J(b + d). Now a/b and c/d are in lowest terms by definition
of Farey sequences. Also (@ + ¢)/b + d) is in lowest terms because

cb+d)—da+c)=bc—ad=1,

so that any common divisor of a + ¢ and b + 4 is a divisor of 1.
Thus the solution of (6) so obtained is in lowest terms and its de-
nominator exceeds those of previously obtained solutions.

To complete the proof of the theorem we must show that V5 is the
best possible constant. Before doing that, we remark on the proof
thus far. The proof that (6) has infinitely many solutions has a slightly
artificial aspect in that the inequalities (5) seem to have no motivating
source. It might appear that some variation on the inequalities (5)
would lead to better results. This is not the case, as we now show by

establishing that the constant /5 in (6) is best possible.
Let 6, and 6, be defined by

_l+vs o 1-V5
-2 )

b

6o

so that
(x —0)(x —6) =x2—x— 1.

For any integers /4 and k, with k > 0, we see that

h h h\? h
polli-ol=| (@) -5 0
Also 6, = 6, — V/5 and so
h h = h? — hk — k2 1
7= Bl [z — 60+ V3 =l__’:;__lgl?.
An application of the triangle inequality gives
1 h h z
(7 k_zéfc“o"'{/‘é_%J”/s}'
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Now if for some positive number 8 there are infinitely many h;/k;,

j=1,2,3, ... such that
Ta }ﬁ
(7a) k

- 6,

<L
By

then k;— 0 as j— 0. Furthermore, from (7) we get

1 1 1 —
z<m @+ Vi)
1

B<Bk—?+\/§’

B < lim (BLk.;,.+\/§)=\/§.

Hence V5 is the largest possible constant in (6).

Thus the theorem is proved, and we note that the exponent 2 on the
k? in (6) is best possible. That is, if y is any fixed real number >2,
and c is any positive constant, there are only finitely many //k satisfying

h 1
OO—I-C <C—kr.

For if not, we could obtain infinitely many h/k satisfying (7a) with, say
B =3.

Next we formulate a simple consequence of Theorem 1.5.

COROLLARY 1.6. Given any real numbers a,, as, by, by with A # 0,
where A = |ab, — asb,|, and given any positive ¢, there are infinitely
many pairs of integers h, k such that

A
Ialk + b1h|'|02k + b2h| < —\/'_3- + £,

Proof: If any one of ay, a,, by, b, is zero, or if a,/b, Or a,/b, is rational,
the result is immediate. So suppose that a;/b, is irrational. Then
let —a,/b, play the role of § in Theorem 1.5 and let //k be any one of
the rational numbers in that result. Define § by

h ]
kY TR

|2

o

1
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so that |8| < 5-1/2, Thus we have a,k + b,h = 8b,/k and

lalk + blhl . Iazk + b2h|

= ISI‘ a2b1 bl albz + bl]cb228
b,5,8%
é |5|~|a2b1 _ albzl ’+' —1;22’—'
A b.b,
RRVERNE |

This proves the corollary, because |b,b,|/k? can be made arbitrarily
small by taking k sufficiently large.

1.3. Asymmetric approximation
The inequality of Theorem 1.5 can be written in the form

V5 k2 k = /5k2

so that the rational numbers h/k are allowable in symmetric fashion
about the irrational §. Next we prove an asymmetric result.

THEOREM 1.7. Given any irrational number 0 and any nonnegative
real number r, there exist infinitely many rational numbers hlk such that

1 h T
® RO A Al (e

Furthermore, the statement holds if 8 — h/k in (8) is replaced by hlk — 6.

Note that Theorem 1.5 is a special case of this result, obtained by
setting + = 1. We note also that the second sentence of Theorem 1.7
follows at once from the first; for if the first sentence is applied to the
irrational number — 6, the second part follows.

To prove Theorem 1.7 we begin with a preliminary result.
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LemMMA 1.8. Let 6 be any irrational number, and v any nonnegative
real number. Let alb and c/d be rational numbers with positive de-
nominators such that bc — ad = 1 and

a _a+c c
® A < brd <0< 7
Then (8) holds with h/k replaced by at least one of a/b, (a + ¢)/(b + d),
and c/d.

Proof: The argument is analogous to that in Theorem 1.5. Define
A and p by
A= (447" and p=17(1 + 47)-1/2
so that u = (1 — A%)/4A and 0 < A < 1. Suppose that the lemma is
false, so that

_a+02 p, , E_e
b+d=®+d? d

(10) e—ggﬁ, 9

W%

A

e
Adding the first and third of these inequalities and also the second and
third, we conclude that

a+c 1 © py

b+dTdb+ H @ ar T
(11) b2 — bd + pd? = 0, Mb +d)? —d(b + d) + pd? 0.
Adding these, we obtain

12) 2062 + (22 — 2)bd + (A + 2 — 1)d? < 0.

a_l.p A ¢
b= BT

¢
d

This quadratic form in b and d is seen to have discriminant zero since
X2 + 4)u = 1. Hence the quadratic form is a perfect square. In
fact, if (12) is multiplied by the positive number 2, the result can be

written
{200 + (A — Dd}? < 0.

Equality must hold here since the square of a real number cannot be
negative. It follows that equality must hold throughout all the rela-
tions (12), (11), and (10). Furthermore, we see that

d
A+ (A—1)d=0, A= ——2
206+ ( ) d+2b
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so that A is rational. But the third relation in (10) is now

c A
a~ =z
This implies that 6 is rational, which is a contradiction.
Thus Lemma 1.8 is proved, which we now use to prove Theorem 1.7.
First let a,/b, and c,/d, be the two consecutive fractions of the Farey
series F, between which 8 lies. Then b,¢; — a,d; = 1 by Theorem 1.3.
In case the inequalities

a1 al + (,’1 Cl
—= < <0 <=
b, b, + d, d,

hold, then we apply Lemma 1.8 with a/b and c/d replaced by a,/b, and
c1/d,. Thus we would have one solution of (8). On the other hand,
in case

a, atea_a

b, <5744
let the positive integer j be chosen so that

13 a _(+Da+a 0 jay + ¢
(13) by SG ¥ Db +d -~ b+ ds

This can be done because (ja, + ¢;)/(jb, + d,) tends to a,/b, as j
increases indefinitely. Then we can apply Lemma 1.8 with a/b and
c/d replaced by a,/b, and (ja, + ¢,)/(jb, + di). The conditions (9)
of the lemma are replaced by (13), and the condition bc — ad = 1 holds
because

bi(ja; + ¢1) — a,(jb, + d) = bic, —ayd; = 1.

Thus in this case also we have one solution of (8). Let A,/k, denote
the solution of (8) obtained by use of F;.

Next the second part of Theorem 1.3 is applied to choose # sufficiently
large so that the two fractions of F, adjacent to 6 have denominators
larger than k;. Thus we get a,/b, and c,/d, in F, with

b2<49<d2
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Then we repeat the preceding argument. That is, if

a a + ¢ c
2 2 2<0<—2x

b—z < b, + d, dy
we apply Lemma 1.8 directly. Otherwise we choose j so that

a, G+ Daz + c, Jjas + ¢4
2 UT M2 C2 g /%2 7T C2
by U+ Dbatdo ~° S jb, + dy

In one case or the other we get a solution hy/k, of (8) with k, equal to

one of
by, dy, by + ds, jbo + day (G + Dby + ds.

It may be noted that all the fractions in the preceding inequalities
are in lowest terms. For example,

bz(jaz + Cz) - az(jbz + d2) = b2C2 - a2d2 = l,

so that the greatest common divisor of ja, + ¢, and jb, + d, is 1.
Hence the solution h,/k, of (8) is different from the first solution A, /k;.

Since this process can be repeated indefinitely, giving a new solution
of (8) each time, the theorem is proved.

It might appear from an examination of the proof that a stronger or
different result might be obtained by some refinement of the procedure
leading from (11) to (12). That is, instead of simply adding the in-
equalities (11), what would happen if we used weighting factors in the
addition process? It is not difficult, however, to prove that nothing
new can be obtained by such a procedure.

The following consequence of Theorem 1.8 is obtained by taking
T=0.

CoROLLARY 1.9. Given any irrational 0 there are infinitely many
rationals hl/k such that

1 h

and also infinitely many rationals h/k such that

h 1
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1.4. Further results

The method of Section 1.1 can be extended to the problem of simul-
taneous approximation of several irrational numbers and the following
result can thus be obtained at once. Given any n real numbers
0y, 85, - - -, 0,, there exist infinitely many sets of integers (a;, az, - - -,
a,, b) with b positive such that

a 1
0, - 3’ < W’
forallj=1,2,3,---,n. Buteven for n = 2 there is no analogue to

Theorem 1.5 (Hurwitz, 1891) giving the best possible constant in the
inequalities. For a general statement on this topic, see Davenport
(1954a), and also Davenport (1954b).

The proof of Theorem 1.5 in Section 1.2 was suggested by work of
Khintchine (1935) and LeVeque (1953). Theorem 1.7 in Section 1.3
is due to Segre (1945); the proof given here is by Niven (1962).

As an example of another result on asymmetric approximation we
cite the following theorem of Robinson (1947): Given any irrational
6 and any positive ¢ there are infinitely many rationals a/b such that

__;_<0_g<;.
(V5 — &)b? b~ (V5 4+ w2

Corollary 1.9, a standard result in the continued fraction approach to
irrational numbers, implies Corollary 1.2, but not conversely. Eggan
and Niven (1961) have pointed out that Corollary 1.9 is best possible
in the following sense: Given any y > 1 there are irrational numbers
such that
a1
b~ yb?
has no solutions in rational numbers a/b; a similar result holds for
approximation with & — a/b < 0. For other work on asymmetric or
unsymmetric approximation see Olds (1946), Negoescu (1948),
Robinson (1948), Tornheim (1955a), and Eggan (1961).

Another variation on Theorem 1.5 arises if the rational numbers
a/b are restricted in some way, for example, if @ and b must both be odd

0<#6—
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or if @ and b must satisfy some more general congruence conditions.
Results along these lines have been obtained by Scott (1940), Robinson
(1940), Oppenheim (1941), Hartman (1949), Koksma (1951), Tornheim
(1955b), and Eggan (1961).

Theorem 1.5 is an assertion about every irrational number 6. If the
irrational number (V5 — 1)/2 and all numbers equivalent to it (in a
sense explained in the next sentence) are deleted, then to each remaining
irrational  there are infinitely many rational numbers //k satisfying

lo_é <-1_.
V8 k?

k
Two real numbers 6 and 6 are said to be equivalent if there exist
integers p, g, r, s such that

0,_p9+q

=T with ps — gr = +1.

Note that this is a so-called equivalence relation, and that the set of

numbers equivalent to a fixed 6 is countable. If next the number V2
and all equivalent numbers are also deleted from the set of irrational
numbers, then to each remaining irrational number 6 there are infinitely
many rational numbers A/k satisfying

T

k|~ b2V221/5
This process can be continued, giving the Markoff chain of constants
V5, V8, v221/5, V1517/13, - -+, with limit 3. This theory is given
in full detail in Cassels (1957, Chapter 2).

The Hurwitz Theorem 1.5 states that to each irrational 6 there corre-
spond infinitely many rationals 4/k satisfying a certain inequality. Can
the inequality be improved if only one rational is required? Yes.
Prasad (1948) has determined, for each positive integer n, the best
possible constant ¢, such that to every irrational 8 there correspond at
least n rational numbers h/k satisfying

h 1
l"—zl<m-
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Eggan (1961) has extended this work by imposing on 6 the kinds of
restrictions mentioned in the preceding paragraph.
The last part of the proof of Theorem 1.5, in which it is shown that

V5 is the best possible constant, is a special case of a method
of Liouville, who proved that if 6 is a real algebraic number of degree
n Z 2 and if there are infinitely many rationals //k satisfying

1

-2 <m

for some real number B, then 8 < n. This result was improved several
times, notably by Thue, Siegel, and Dyson. Finally, Roth (1955)
proved the best possible result, which had been conjectured for some
time, that 8 < 2. An estimate of the number of solutions of the in-
equality with 8 = 2 + ¢ has been given by Davenport and Roth (1955).
Ridout (1957) has formulated an extension of Roth’s theorem wherein
the class of rational approximations is restricted. An exposition of
Roth’s theorem is given in Cassels’ (1957) monograph; an extension
to the approximation of algebraic numbers by algebraic numbers
can be found in LeVeque (1956, vol. 1I, Chapter 4). Mabhler (1957)
has given an application of Roth’s theorem, including a sharpening of
what is known about the Waring problem. Roth (1960) has outlined
possible extensions and limitations of the method used in the proof
of his theorem.

Corollary 1.6 holds (for at least one pair of integers A, k) with the ¢
removed but without a strict inequality; see Macbeath (1947) or Hardy
and Wright (1960, p. 401).



CHAPTER 2

The Product of Linear Forms

The discussions of Chapter 1 can be looked at thus: Given any
irrational number 6, we were concerned with integer values of k& such
that k8 would be close to an integer. Or, stated otherwise, we were
asking for values of k such that ||k6| is small. It was established that
there are infinitely many positive integers k so that k||kd|| < 5-1/2,
Suppose now that we seek values of k such that k6 is close to an integer
plus 3. Then we would want [[k6 + }|| to be small. In general, for
any real number « what can we say about [k + «||? Given any
irrational 6 and any real «, can we find infinitely many k& such that
k|k8 + « < 527 Yes, and moreover the constant can be improved
from 5712 to 1 in the strictly nonhomogeneous case; for details see
Corollary 2.4.

The expression k"kﬁ + a" is the same as k|k9 + h + al for the
appropriate integer 4, and this is merely the special case of a product
of two linear forms

|alk + blh + cll’lazk + bzh + Czl,

wherea; = 1,5, =0,¢;, =0,a, =6,b, =1, ¢, = «. This suggests
the question: Can we choose integers 4 and k to make this product of
two linear forms small? How small? These questions are also
answered in this chapter.

2.1. The Minkowski results
We begin with a couple of preliminary results.

LeMMA 2.1. Given any integers h, k such that (h, k) = 1 and given

any real number p, there exist integers r and s such that |ks — hr + p| < %.
16
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Proof: Since h and k are relatively prime, the set {ks — hr} runs
through all integers as s and r run through all integers. Hence s and
r can be chosen so that ks — Ar is the integer nearest to —p, and thus
the lemma is proved.

LEMMA 2.2. If « and B are any real numbers, then there is an integer
u such that |« — u| < 1 and

M o —ul-|B—ul =%
or
@ e — u|-|B — u| < }fe — B].

Proof: If « is an integer, set u = o; otherwise we define the integer
nby n<a<n+ 1. We treat two cases separately, according to
whether 8 satisfiesn < 8 < n + 1 or not. If B satisfies these inequali-
ties, then |n — B|ln + 1 — B| < %; similarly for «, and so

In—al-ln=Bl-ln+1—cf|n+1-p8 <
Hence (1) holds withu = noru =n + 1.

There remain the possibilities n > B and B > n + 1; these are
symmetric, and we treat the case n > B. Using the standard inequality

2Ved < ¢ + dfor nonnegative real numbers ¢ and d, we note that

200 — B)Y2(n + 1 — B)*'%(a — m)*12(n + 1 — )*/2
S-Pr+l-—a)+@-—mn+1—-PHFH=c—4

Squaring, and inserting absolute value signs, we get
lo —n|-18 —n|-la —n—1]-|8 —n— 1| £ to— Bl
and so we conclude that
le — u|-|B — u = 3o — B

with u =»n or u = n + 1. To establish (2), we must rule out the
possibility of equality. Suppose then that

le — u|-|B — u|l = |« — B
forbothu = nand u = n + 1. It would follow that
(c—nn—B=@m+1=pn+1—0o=3«—~.
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Also there would be equality in the earlier part of the argument. Now
since 2V'ed = ¢ + d implies that ¢ = d, we would have

=P+l —-a)=(-—nn+1-p8 =4«—§).
A comparison of this and the preceding equations involving 4(« — B)
gives

e—-B=(-nn-pF=(>@-—nr+1-:H).

Since « — n # 0, we conclude that n — 8 =n + 1 — B, which is a
contradiction.

It may be observed that this lemma cannot be improved without a

change in form. For if « = 8 = 4, then (1) is best possible; and the
constant 4 cannot be improved in (2) in case « = 4 and B is large.

THEOREM 2.3. Let a;x + b,y + ¢, and a;x + b,y + ¢, be linear
forms with real coefficients such that A = |a,b, — asb,| # 0. Further-
more, suppose that a,[b, is irrational and that a;x + b,y + ¢; =0
has no solutions in integers. Then for any given positive e, there are
infinitely many pairs of integers x, y such that

€)) MX+MY+QH%x+My+Q|<% and
llalx + b1y + Cll < e&.
Proof: Since a,/b; is irrational, then by Hurwitz’ Theorem (with

0 = —a,/b,) there are infinitely many rational numbers A/k in lowest
terms such that

@ '-ﬂ_ﬁ=

a, h 1

— 4+ = _—
by k‘ = Vike
We may presume k positive so that

by

%) la,k + bih| < —l—l:

kot bhl <23

We restrict our attention to the infinitely many h/k which have
k sufficiently large so as to satisfy

b,b,

©) 2

< A.

kT/—_S-<e and
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For any such A/k, choose r and s, that is, r(h, k) and s(h, k) such that

— k(c1a; — coa,) + h(ciby — cob))
a2b1 - a1b2

(7) |ks — hr + p| = %, where p
Lemma 2.1 assures us that this can be done.

Next we apply Lemma 2.2 with « and 8 defined by

_ayr + bis + 2y 8= agr + bos + ¢5
alk + blh a2k + bzh

(Discard any A, k for which a.k + boh = 0, at most one pair.) Write
x for r — uk and y for s — uh. Then the condition |« — u| < 1 in
Lemma 2.2 becomes

®) layx + by + ¢1| < |aik + b,h|
after multiplication by |a,k + b,h|. Using (5) and (6) we obtain
()] layx + by + ¢y < e
Now in case (1) holds in Lemma 2.2 we get, after multiplying by
|aik + byh| and |ask + bohl,
(10) |oyx + byy + ¢y -|asx + byy + co| < Y ak + byh|-|azk + bohl.
Now by (4) we see that

a, 8

h
P + where |8] < 7—.—
and hence
laik + byh|-|azk + boh|
b, h
< l |a2k + boh| = L/l a; + bzk
- |_1_| (_ a4y _3) < 15 ( ) LAl
= gaz'i‘bg b1+k \/—az+b2 b1 \/5 k2
_A bl A A,

5 k2V3 V5 A5
This with (10) implies (3), because of (9).
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On the other hand, if (2) holds in Lemma 2.2 we get, after multi-
plying by |a,k + b,h| and |ak + boh|,

(11) |ayx + b1y + ¢1]-|asx + bay + ¢l
< Y(ks — hr + p)ashy — ayby)| = %lks — e+ 9l

with p asin (7). Hence in view of (7) and (9) we have (3).

All that remains is to prove that there are infinitely many pairs X, Y
satisfying the inequalities (3). Suppose there were only a finite number
of such pairs, say x,, y, with 1 £ i < r. Now by the hypotheses of the
theorem |a,x, + by, + ¢3l # 0 for i= 1, 2, ---, r. Thus we can
choose A, k such that |b,|/(kV/5) is less than |a,x; + by, + ¢ for all

i=1,2 ---,r. Hence, in view of (5) and (8), the process would
yield a pair x, y different from the r pairs x;, y,.

COROLLARY 2.4. If 8 is irrational and o is any real number such that
6x + y + « = 0 has no solution in integers x, y, then for any given

positive ¢ there are infinitely many pairs of integers x, y such that
[x(6x + y + )] < 2and |60x + y + «| < e.

Proof: We apply Theorem 2.3 with a,, b,, ¢,, s, bs, ¢, replaced by
0,1, «, 1, 0, O respectively, so that A = 1. We conclude that there are

infinitely many pairs of integers x, y satisfying |x(6x + y + «)| < %
and |6x + y + o| < &

THEOREM 2.5. Let a;x + byy + ¢, and a,x + b,y + ¢z be linear
forms with real coefficients such that A = |a,b, — asb,| # 0. Then
there exists at least one pair of integers x, y such that

A
(12) |¢11x + bly + Cll.lazx + b2y + CZI < Z'

(There may be only a finite number of pairs of integers x, y satisfying
the inequality. For example, consider the linear forms x — % and

y—1)

Proof: In the case where a,/b, is irrational and a;x + b1y + ¢, = 0
has no solution in integers, the result follows from Theorem 2.3. In
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case a;x + b,y + ¢, = 0 has a solution in integers, then these integers
satisfy (12). There remain for consideration only those cases where
neither a,/b, nor a,/b, is irrational. So a,/b, is rational or b, = 0,
and likewise a,/b, is rational or b, = 0.

There is no loss in generality in assuming that a, and b, are relatively
prime integers, for if a;x + b,y + ¢, is multiplied by any nonzero
rational number r, |A| is replaced by |Ar|. Hence by Lemma 2.1
we can find integers Xo, Yo such that

|@ixo + biyo + 1| < %

The same inequality would hold with x,, y, replaced by xo + bif,
Yo — a;t, where t is an arbitrary integer. Then we note that
ax(xo + byt) + bo(yo — ait) + ¢

= t(azh, — a,by) + (azxo + b2yo + C2)-
We choose ¢ to be the integer nearest to

Q%o + boy, + Ca,
axb, — ab,

and hence we can conclude that

|a1(xo + byt) + bi(Yo — ait) + c1|-|ax(xo + bit) + bo(yo — art) + Cal
A
2=

IIA

NI —
.::-ll>

This completes the proof.

2.2. Further results

Lemma 2.2 has been studied further by Eggan and Maier (1961) as
follows. For real numbers «, 8 define f(«, g) = min |« — u|-|8 — u|,
where the minimum is to be taken over all integers . Define

m(c) = L Tax S(e, B).

Eggan and Maier give an explicit determination of m(c) as a function
of c.

There are many proofs of Theorem 2.3, Corollary 2.4, and Theorem
2.5 in the literature; for example, see Pall (1943), Cassels (1957, Chapter

QAN
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III), Hardy and Wright (1960, Chapter XXIV), and Niven (1961a).
For a proof that the constant % in Corollary 2.4 is best possible, see
Cassels (1957, p. 48). In case the restriction x > O is imposed in
Corollary 2.4 the problem becomes more difficult; for a review of this
situation, see Cassels (1954). For conditions under which equality
can be obtained in Theorem 2.5, see Hardy and Wright (1960, p. 403).

The following generalization of Theorem 2.5 is known as the Min-
kowski conjecture: If L,(x;, -« -, x,) withj = 1, - - -, n are linear forms
in x,, - -+, x, with determinant A # 0, and if ¢,---¢, are any real

numbers, then there are integers x,, - - -, x, such that
n
A
TTIL s, X2 -+, %) + ¢ < .I_nl
j=1 2

This has been established for n = 1, 2, 3, 4 only; for details see Hardy
and Wright (1960, p. 413).



CHAPTER 3

The Multiples of an Irrational Number

3.1. A sequence of rational approximations to an irrational number

For any irrational 8 the theorems of Chapter 1 tell us something
about the rational approximations A/k. The next theorem gives us
some control over the sequence of denominators of such approxi-
mations.

THEOREM 3.1. Given any irrational 0 there is an increasing sequence

of positive integers k, < k, < kg < --- such that fori z 1
1

M el = 1 = hil < 7
i+1

Proof: For any distinct integers k and r note that [k8| # [rf].
Set k, = 1 and it follows that

161 = kbl = k26 = ha| < 4.
Define the integer m, by

1 1
o < Mefl < oo

so that m, = 2. Let k, be the positive integer satisfying

lk26] = min |n6||,
lsns<mg

so that by Theorem 1.1

lk26] < < |k:bll, kg > ki

1
l+m2

Also since k, < m, we see that ||k,0|| < 1/m, = 1/k,.
23
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Now we use induction. With k;_, obtained, we define m; by

1 1
1 + m, < "ki—leu < —”7;

Then define k; by
k8] = min [n6],
lsn=mg
so that by Theorem 1.1

1
kbl < 1+ m, < k=10, my 2 ki > k.

Thus we see that

1 1
—_<
"ki—leu < . = k‘

and the theorem is proved.

3.2. The uniform distribution of the fractional parts

For any irrational 8, the fractional parts of the sequence 6, 26, 36,
46, - - - are not only dense in the unit interval but also uniformly distri-
buted in the following sense. Let «;, ap, o3, - - - be any sequence of
real numbers satisfying 0 < «; < 1 foralli. Let 7 be any subinterval,
open, closed or half-open, of the unit interval. Let I have length y
and let N(I, n) denote the number of members of the finite sequence
@y, dg, * * 5 @, that lie in the interval /. Then the sequence is said to

be uniformly distributed in the unit interval, or uniformly distributed
modulo 1, if and only if

@ lim %”) -

n—

for every subinterval I. In general, any sequence {8,} of real numbers
is said to be uniformly distributed modulo 1 if the fractional parts
B; — [Bi] are uniformly distributed in the unit interval.

THEOREM 3.2. The sequence of fractional parts of the multiples of an
irrational number 0,

9 — [6], 26 — [26), 36 — [36], ---
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is uniformly distributed in the unit interval.

Proof: Let {k;} be a sequence as in Theorem 3.1. For any sufficiently
large positive integer n, define i by

3 kt'\/kt—J. Sn<kavVk.
Define 8 = 8(k,) by
h‘ )
0=+ + ’
ki kikiey

so that |8| < 1 by Theorem 3.1. Dividing k; into n we get a quotient
g and remainder r; thus n = gk; + rwith0 = r < k,.

Now any segment (open or closed) of length p of the real line covers
at least [p — 1] points with integer coordinates. Hence any segment
of length y covers at least [yk; — 1] of the points whose coordinates
are multiples of 1/k;. It follows that a subinterval I of length y of the
unit interval covers at least [yk; — 1] of the points

01 2 ki—1
4 oy Sy e,
@ ky ki k; ky
By elementary congruence theory, the points (4) are the same in some
order as

(5) (jhl/k()s j = 1, 21 Y ki,
where the parentheses denote fractional parts. The points

(6) (]h(/ki)’ j = l’ 2: Ty qk(

are simply the points (5) repeated g times. Hence we conclude that an
interval / of length y covers at least g[yk, — 1] of the points (6).
Next, the distance between the points j6 and jh,/k, is

Jjo

| J o gk . _n 1
kiki i

R N Ol

by (3), where j is any integer in the set specified in (6). Hence the
distance between the points (j8) and (jh,/k,) is less than 1/V'k,, provided
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we identify (if necessary) the endpoints 0 and 1 of the unit interval
in computing distance. Thus the points

(7) (_10)’ ] = 1, 29 R qk‘

are the points (6), each translated by a distance less than 1/V'k,. So
our previous estimate of the number of points (6) in the interval I will

carry over to (7), provided we delete a segment 1/V'k; at each end of the
interval. That is to say, an interval I of length y covers at least

b= e

points of (7). This estimate can still be used if we extend (7) to

J=1,2,---,n So if N(I,n) denotes the number of points among
(6), (26), - - -, (nB) that lie in I, we conclude that

N, n) 2 q[(y - \/iz)k,- - 1]
ol 2

4
= k{ —__}'
qen Y \/k'

Now since n = gk, > n — k,

NLn) , gky _ 4 vk _4
n - n ‘\/k—‘ Y n \/k‘
N, n) k, 4
—_—y > - = - .
n 4 no Vk,

The terms on the right side of this inequality can be made arbitrarily
small by taking n sufficiently large because of (3), and so given any
positive ¢ we can conclude that

®) ML s

n
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for all sufficiently large n. Let J be the complement of I in the unit
interval; in general J consists of two intervals enclosing I between them.
Applying (8) to these two intervals we obtain

(9) N(J, n) _

n (l_)')>_€’

where —¢/2 in (8) has been replaced by — because (9) is in general
obtained by adding two inequalities of type (8). Replacing N(J, n)
by n — N(I, n) in (9) we get

A

and this together with (8) establishes the theorem.

3.3. The uniform distribution of the integral parts

Consider the integral parts of the multiples of an irrational number 6,
namely the sequence [6], [26], [36], ---. In the limiting sense are there
just as many even numbers as odd, just as many in each of the three
congruence classes modulo 3, and so on? The answer is yes, as follows.
Consider any sequence of integers b,, by, by, ---. For any modulus
m > 1, define N(n, j, m) as the number of integers b, satisfying k = n
and b, = j(mod m). Say that the sequence {b;} is uniformly distri-
buted modulo m in case

lim Nuim _ 1

no o n m
for each of the residue classesj = 1,2, 3, - - -, m. Say that the sequence
is uniformly distributed in case it is uniformly distributed modulo m
for every positive integer m = 2.

THEOREM 3.3.  If 6 is irrational then the integral parts of its multiples,
(6], [26], [36], - - -, form a uniformly distributed sequence of integers.

Proof: Applying Theorem 3.2 to the irrational §/m, m being arbitrary
but fixed, we see that the sequence

O
m m
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is uniformly distributed in the unit interval. Multiplying the terms of
this sequence by m we see that the sequence

{ko-mla]} k=123
m

is uniformly distributed (in the obvious sense) over the real line from
0 to m. Hence if we take the integral parts of this sequence, we get a
sequence of integers which is uniformly distributed modulo m,

(- nlel - o nfll) s

However, modulo m we can ignore all multiples of m, and so we con-
clude that the sequence {[k8]} is uniformly distributed modulo ». This
is true for all m = 2, and so the theorem is proved.

Theorems 3.2 and 3.3 hold for any irrational. Of course, if 6 satisfies
—1 < 6 < 1 then the sequence of Theorem 3.3 does not consist of
distinct integers, but the definition of a uniformly distributed sequence
of integers contains no requirement that the integers be distinct.

3.4. Kronecker’s Theorem

Besides the theorem of the preceding section, there are other results
of interest concerning the integral parts of the multiples of an irrational.
To obtain these results we need the work of the present section.

THEOREM 3.4. Let « and B be irrational numbers such that 1, «, B are
linearly independent over the field of rational numbers. Then the points
whose coordinates are the fractional parts of the multiples of o and B,

(10) (mo — [ma], mB — [mB]), m=1,23 """,

are dense in the unit square, i.., given any real numbers Ay, Ay, u,, po
satisfying 0 £ A, < A, = 1and 0 <y, < pg < 1 then there is a point

(x, ) in the sequence (10) such that \; < x < A, and p1 < ¥ < p,.
Proof: Let P, be the point whose coordinates are shown in (10).
Note that P, is invariant under replacement of « and BbY « + 4 and
B + k, where h and k are arbitrary integers, Hence it suffices to prove
the theorem for 0 < « < 1and0 < 8 < 1. The points P, m = 1,2,3,
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-+ -, are all distinct inside the unit square; no point is on the boundary
of the square.

First we want to show that there are points P, and P,, with n # k,
which are arbitrarily close. This can be done by the box principle.
Consider the m2 + 1 points P, with k = 1,2, ---, m? + 1. Dividing
the unit square into m?2 subsquares of side 1/m, we see that at least two
of the points lie inside some subsquare. Thus two of the points are
at a distance less than V/2/m, which can be made arbitrarily small.

Define § as the shortest distance from P, to the boundary of the unit
square. Given any ¢ such that ¢ < §, let P, and P, ., be two points
whose distance is less than e. The directed path from P, to P,,, is
a vector, denoted by P,P,,,. We note that P,P, ., is an equal vector
in the sense that it is parallel to and of the same length as P,Py,.r;
this is so because we have restricted « to satisfy ¢ < §, and hence there
are no complications caused by the boundary of the unit square.

We now distinguish two cases according to whether there is or is

Pn+1

Pm+1
Py
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not a positive e such that all vectors P,P, ., of length < e are parallel.
Taking first the case where there is no such positive &, we have arbi-
trarily short nonparallel vectors, say P,P,., and P, P,,,, of length
less than e. Then we construct the lattice of parallelograms based on
these two vectors, that is, all points P,,.,,,, With arbitrary non-
negative integers x and y. All vertices so obtained are points of the
type (10), it being understood that all points reached by the lattice of
parallelograms beyond the unit square are mapped back therein by
suitable translations of integer length. This network of parallelograms
covers the whole unit square; to see this, we note that if momentarily
we do not map the network back into the unit square, but let it extend
out into the plane, it covers some square (in fact, infinitely many
squares) with integer coordinates which maps onto the entire unit
square. Thus every point of the unit square is within ¢ of some point
of type (10) for any given positive e.

The other case, where for some « all vectors of length < ¢ are parallel,
turns out to be impossible. There are infinitely many subscripts m
such that P, P, has length <e¢; we take two such subscripts n and r
so that P, P,, and P, are collinear. Hence we have

« B 1

noe — [na] nB — [nB] 1 =0,
roa — [re] rB—1[rB] 1

o B 1

[ne] [nB] n—11]=0,
[re] [rB] r—1

ac + b8 + ¢ =0,

where a, b, ¢ are integers. But 1, ¢, B are linearly independent, so
a=>b=c=0. Inparticular, b = 0 implies

[re] _ [ne]
r—1 n—1

Since this holds for infinitely many » and r, let us fix r and let n tend to
infinity. The limit of [na]/(n — 1) is o, and so « = [ra]/(r — 1). But
« is irrational, and so we have a contradiction.
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A companion result to Theorem 3.4 will be useful in case 1, «, B
are linearly dependent. This is obtained in Theorem 3.6. First, how-
ever, we prove a lemma.

LEMMA 3.5 If (A pa), n=1,2,3, - is a sequence of points
which are dense on the line segment from (0, 0) to (h, k), where h and k
are relatively prime integers, then the points

(’\n + r,opn + S),

—

n = 1’2,3,"'; r=0, il’ i2, 'I_'B,; S=0’i ’-'—_2’ 4—-3"..’

are dense on all the lines kx — hy = t,t =0, +1, +2, +3, ---.

Proof: We note that the points (A, + A, pn + k), n=1,2,3, -+,
are dense on the line segment from (h, k) to (2h, 2k). Similarly the
points (A, + mh, u, + mk), n =1,2,3, ---, are dense on the line
segment from (mh, mk) to (mh + h, mk + k). For any given integer
to choose the integer pair x,, y, so that kx, — hy, = fo. Then the
points

(An + xo + mh, py + yo + mk), n=123,---
are dense on the line segment from
(xo + mh, yo + mk) to (xo + mh + h,yo + mk + k).

This is a segment of the line kx — hy = t,, and all segments of this
line arise by takingm = 0, +1, +2, +3, ---.

THEOREM 3.6. Let « and B be irrational but such that 1, o, B are
linearly dependent over the field of rational numbers, say

ac + b =c¢ with g.cd. (a, b,¢) = 1.

Then the points (10) whose coordinates are the fractonal parts of the
multiples of « and B lie on, and only on, those portions of the lines ax +
by = t, where ¢ is any integer, lying within the unit square. Furthermore,
the points (10) are dense on these segments.

Proof: Since a # 0 and b # 0, we may presume that b > 0 because
we can if necessary change the signs of a, b, and ¢. Define g as the
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greatest common divisor of a and b; thus g = (a, ). Note that
(g,¢) = 1. Also there exist integers # and » such that

-u+ év = —cC.
g
Then define

o = ga + u, B'=gﬂ+v,

so that o’ and B are irrational, and
(11)

Next define, forn = 1,2,3, - - -,

_gna’ _ [gne']
M=% [b]

By Theorem 3.2 the sequence {w,} is dense on the unit interval. Hence

the sequence {bw,/g} is dense on the real line from O to b/g, and the
points

(éw —‘—’w) n=1223
gﬂ’ gﬂ — 1y &y Iy ”

are dense on the line segment from (0, 0) to (b/g, —a/g). Applying
Lemma 3.5 we see that the points

b a
(12 (- Wn +r, —= ),
) g g’ ts

n=123...;

b

r=0,%1,+2,+3,...; s=0,+1,+2, +3, .-,
are dense on all the lines
(13) N t=0,+1, +2, +3, ---.

gx gy +1, £2, +3,

Next, recalling that the notation 6 = y (mod 1) means that 6 — 5 is
an integer, we note that

b b gne ,
gwn = §g-T = ne’ = nge (mod 1),
a _ a gna' _ ,
2 W= ot = nB’ = ngB (mod 1),
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by use of (11). It follows that the points (12) can be written as
(nge + r, ngB + s),

n=l,2’3’---; r=0:ilai2;i33”'; s=0,il’i2’i3’.”’

and so these are dense on the lines (13).
Let ¢ be any given integer. Let t,, m, satisfy gto + cmo = ¢.

Define T as the set of all triples (n, r, s) with
n=123 ..., r=0,%1,+2, +3, .-+, s=0, %1, +2, £3, ---.

Let T, denote the subset of T consisting of all triples (n, r, s) such that
the points (nge + r, ngB + s) lie on, and so are dense on,

a b
=X+ -y =I.
g g7 =k

Translating each of these points by mge, mo8, we obtain the points
(nge + mooe + r, ngB + meB + )
which satisfy
a(nge + moo + r) + b(ngB + meBf + 5)
= a{(ng + mo)a + r} + b{(ng + mo)B + s}
= gty + amoo. + bmoB = gty + mec = q.

Hence these points lie on ax + by = ¢, and are dense on this line. But
q is arbitrary, and hence the points

(mo + r, mB + s),
m=1,2,3’-..; r=0,_-i_-l’i-2’i-3’...; s=0;il,i29i'3""!

are dense on the lines ax + by = ¢, witht = 0, +1, +2, +3, - - -, be-
cause a(mo + r) + b(mB + s) is an integer for all m, r, s. These lines
include the segments in the unit square described in the theorem.
Consequently the theorem follows at once if we take the fractional
parts of the coordinates of (ma + r, mg + s).
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3.5. Results of Skolem and Bang

For any positive real number o define N, as the set of integers

{[a]’ [2(1], [3(:], Y [na], . '}.

As we shall see, these sets have many interesting properties.

THEOREM 3.7. Let o and B be positive real numbers. Denote the
set of all positive integers by Z and the null set by 0. Then N, U N, =
Z and N, N; =0 if and only if « and B are irrational and o«=* +
B~1=1.

Remark. When the conditions N, U Ny =Z and N, N N, =0
hold, we say that N, and N, are complementary sets of positive
integers.

Proof: If 0 <« =<1 then N, =Z and N, N\ N, # 0. Hence it
suffices to restrict attentionto« > 1 and 8 > 1.

For any integer 4 let u(e, k) denote the number of elements of N,
that do not exceed 4. Writing n for u(«, h) we see that

[ne] = h < [(n + 1)e].

The first of these inequalities implies that na — 1 < A, and the second,
being an inequality between integers, implies that

h+1=2[(n+ D] £ (1 + Do
Hence we conclude that
14) (h+Dat —1=n=pleh<k+ Da?,

and so (e, h)/h tends to «~* as A — oco.

Now suppose that N, and N, are complementary sets. It follows
that

(15) wle, h) + p(B, h) = h

for all A, and hence «=* + B~! = 1. If the ratio «/B were rational,
say o/ = a/b, where a and b are positive integers, N, and N; would
have the infinitely many common elements [mba] = [map] for every
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integer m =2 1. Thus «/B is irrational, and this with «=* + 8~ =1
implies that « and B are irrational.

Conversely, suppose that « and B are irrational and «~* + g~* = 1.
Then the equality sign cannot occur in the first inequality in (14), and
sO

(b4 D™t =1+ (A + DB — 1 < ple, h) + p(B, b)
<G+ Det+ (h+ 1B
h—1<p(a,h) +uB,h) <h+1.

Consequently (15) holds for all 4, and so N, and N, are complementary
sets.

THEOREM 3.8. Given positive real numbers « and B such that 1, «™?,
B~* are linearly independent over the field of rational numbers, then
N, and Ny have infinitely many common elements.

Proof: We may presume o > 1 and B8 > 1 since « < 1 implies that
N. = Z, the set of all positive integers. The hypotheses imply that
a~'and B~ are irrational, and so we can apply Theorem 3.4 and con-
clude that there are infinitely many positive integers m such that

(16) 0 < ma™ — [ma~] <", O0<mB™t—[mp~1]<pB ™.
Writing 4 and k for [ma~1] and [mB~] we get
O<m—ha<l, O<m-—kB <1,

[he] = [kB] = m — 1.

THEOREM 3.9. Let « and B be positive irrational numbers such that
aa~' + bB~1 = ¢ for some integers a, b, ¢ with ab < 0 and ¢ # 0.
Then N, and N, have infinitely many common elements.

Proof: We may presume that c is positive since the triplet a, b, ¢ can
be replaced by —a, —b, —c. As previously, we take« > 1and g > 1.
Also, because of the symmetry of « and B we presume that a > 0
and b < 0. By Theorem 3.6 the points

(17) (’nc‘m1 - [ma_1]9 mﬁ_l - [mﬁ-ll)’ m = 1, 2’ 3’ vt
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are dense on the line ax + by = 0 in the unit square. Hence there
are infinitely many positive integers m such that inequalities (16) hold
as in the preceding theorem, and the rest of the argument follows as
before.

THEOREM 3.10. Let « and B be positive irrational numbers such that
ac~' 4+ bR~ = c for some positive integers a, b, c with g.c.d.(a, b, c) = 1
andc > 1. Then N, and N; have infinitely many common elements.

Proof: Again we may presume that « > 1 and 8 > 1. By Theorem
3.6, the points

(17) (ma™! — [ma], mB=* — [mB~1]), m=1,2,3, ...

are dense on the line ax + by = 1 in the unit square. This line seg-
ment extends from (0, 6-1) to (¢!, 0). Since ¢ = 2 we note that
ac~! > 1lorbp~! > 1, thatis, «* > a"* or 7! > b~1. Hence the
line segment enters the rectangle defined by 0 < x < «™1,0 < y < 871,
and so infinitely many of the points (17) satisfy the inequalities (16).
The rest of the proof is the same as in Theorem 3.8.

THEOREM 3.11. Let « and B be positive real numbers. The sets
N, and Nj are disjoint if and only if « and B are irrational and there exist
positive integers a and b such that ae™' + bB~' = 1. Furthermore,
if N, and N have one common element they have infinitely many.

Proof: We can take « > 1 and 8 > 1 since otherwise N, and N,
have infinitely many common elements. If « and B are rational then
there are infinitely many pairs of positive integers A, k such that o = kB,
and so N, and N, have infinitely many common elements.

Next suppose that « is irrational but B is rational, say B = q/r,
where ¢ and r are positive integers. We prove that N, and N, have
infinitely many common elements. By Theorem 3.1 (or Theorem 1.1),
there are infinitely many positive integers m > g such that |me| < 1/m,
so that if k is the nearest integer to ma,

(18) O<ma—k<s or0<k—me<
m m
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If the first of these inequalities holds, then
_ 9
0 < gma — gk < o < 1,

lgme] = gk = krf = [krB],

so that gk belongs to both N, and N,. If the second inequality (18)
holds, let ¢ be the largest integer such that #(k — ma) < 1. Then we
get

1
(t+ Dk — me) > 1, O<tma—(tk—-l)<k—ma<;’

0<tqma—q(tk—l)<§l<l,

[tgme] = q@tk — 1) = rB(tk — 1)

so that g(tk — 1) belongs to both N, and N,.

Thus far we have completed the proof of Theorem 3.11 in case one
or both of «, B are rational. Now let o and g be irrational. If1,a7%,
B~* are linearly independent over the rationals, we use Theorem 3.8.
If 1, «=1, B~ are linearly dependent over the rationals, say aa™?
+ bB~! = ¢ with ¢ 2 0 and g.c.d.(a, b, ¢) = 1, Theorems 3.9 and 3.10
cover all cases with ¢ > 0 except thecase ¢ = 1,a > 0, b > 0. Here
wedefiney = a"l«, p = b~18. Theny~! + p~! = 1, and by Theorem
3.7 we observe that N, and N, are disjoint. But N, is a subset of Ny,
since « = ay, and likewise N, is a subset of N,. Hence N, and Ng
are disjoint.

Finally, there is the case ¢ = 0, that is, a«~* + b8~* = 0 for some
integers @ and b. Then for all integers m we have

[16|ma] = [|a|mB],

and the proof of Theorem 3.11 is complete.

[rBlk — D],

THEOREM 3.12. Let« > 1 and B > 1 be irrational. Then N,\J Ny =
Z, the set of all positive integers, if and only if there are positive integers
a and b such that

a(l — a~%) + b1 — 1) = 1.
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Proof: By Theorem 3.7 the complement of N, is N, where y is
determined by «~! + y~! = 1. Similarly, the complement of Nj is
N,, where B~ + p~t = 1. Now N, UN; = Z if and only if N, and
N, are disjoint. Thus we apply Theorem 3.11 to ¥, and N,, and this
completes the proof.

THEOREM 3.13. Let « > 1 and B > 1 be irrational. Then N, 2 N,
if and only if there are positive integers a and b such that a(l —a™ 1) +
bp~1 = 1.

Proof: Using the notation of the previous theorem, we observe that

N, 2 N, if and only if N, and N, are disjoint. Thus we need merely
apply Theorem 3.11 to N, and N,.

THEOREM 3.14. There are no positive real numbers «, B, v such that
N,, N;, N, are pairwise disjoint.

Proof: If there were such real numbers «, B, y, then by Theorem 3.11
there would be relations

gt + bft =1, aat+ byt =1, af '+ byt =1,

with positive integral coefficients. The elimination of y in the last
two equations gives

azbaa_l - aabzﬁ—l = ba - b2.

Now the coefficient azbs is positive, whereas —azb, is negative, so this
equation gives a linear relation on «™* and 8-* that is independent of
the relation ae~* + bB~* = 1. These two equations can be solved to
give rational values for o« and B, and this is not possible in view of
Theorem 3.11.

3.6. Sets defined by rational numbers

The last few theorems have been concerned with sets N, and N
in case o and B are irrational. We now investigate what can be said
about these sets in case one or both of «, f is rational. If « is rational,
say a = r/s with r > s > 0 and (r,s) = 1, then N, consists of the
union of s arithmetic progressions 4;, namely

A, = {[je], r + Lel, 2r + [jel, 3r + [jol, -},
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forj=1,2,3,---,s. Stated in terms of residue classes, this means
that N, contains all positive integers from s of the residue classes
modulo r, and no integers whatsoever from the other r — s residue
classes. For example, taking j = s above, we see that N, contains the
entire set r, 2r, 3r, 4r, - - -, all positive multiples of r. But N, contains
no integer x satisfying x = — 1 (mod r) because if there were, there would
have to be a value of j, as in 4; above, with 1 < j < s — 1 such that

Ljo] = —1 (mod r), [J;’J = —1 (mod »).

This is not possible because first if s > 1 then

1§[5]<[2]<...<[u-=r-|-[—-'-]<l'—19
s s s | s
and second if s = 1 then every integer in N, is a multiple of .

Next suppose that 8 is irrational, 8 > 1. We now show that none
of

() N,UN; = 2Z, (i) N, " N; =0,
(iii) Ne 2 N, (iv) Ny 2 Ne

can hold. For by Theorem 3.3, N, contains infinitely many integers
from every residue class modulo . In view of the residue class of
all multiples of r, we see that (ii) is impossible. ~Also the residue class
of all positive integers x = —1 (mod r) shows that (iii) is impossible.

To see that (i) and (iv) are impossible we think of N, as an increasing
sequence of positive integers

[B]a [213]’ [3ﬁ]’ ] [n:B]’ R}

and we use the concept of natural density. The natural density of an
increasing sequence of integers m,, my, mg, - - - is the limit, if it exists,
of u(n)/n as n— oo, where u(n) is the number of integers = 7 in the
sequence. It follows at once from this definition that N, as a sequence
has density 8-!. Furthermore, by Theorem 3.3 the subsequenceé of
those integers in any given residue class modulo r has density (ﬂf)'_1
because Theorem 3.3 says in effect that each residue class gets 1ts
proportionate share of members of Nj.
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Consider the residue class of all positive integers x = —1 (mod r).
The set N, has no members in this class, and hence those members of
N, U N, in this residue class, viewed as a sequence, have density
(Br)~*. This is less than r~*, and hence (i) is impossible.

Consider the residue class of all positive multiples of r. As a
sequence this has density r~*. These integers are all members of N,.
But the subsequence of N; made up of multiples of r has density (8r) 1.
Hence (iv) is impossible.

In case « and B are both rational, with « > 1 and B > 1, a little
more can be said about N, and N;. First we prove a partial analogue
to Theorem 3.7.

THEOREM 3.15. If p and o are positive rational numbers such that
p~r+ o1 =1, then N, and N, are almost complementary in the
Sollowing sense. Let p = kjm and o = k(k — m) with (k, m) = 1, and
let K denote the set of integers one less than those in N, thus

Ne={k}, K={k-1}, j=1,23, --.
Then N, and K are disjoint, N, and K are disjoint, and
(19) anNa=Nk$ NQUNUUK=Z.

Proof: The analysis given in the proof of Theorem 3.7 is valid as far
as (14). Thus with u(p, #) defined as the number of integers in N,
that do not exceed A, and with » written in place of u(p, 4), we see that

np < h+1 S (n+ Dp,

n<G+Dp ' =n+ 1.
It follows that

(h + 1p~* — 1 if this is an integer,
w(ps h) =
(2 + Dp~1] otherwise.

In case (h + 1)p~*is an integer, sois (h + 1)o~1since p™* + 071 =1,
and so we have

ulp, ) + wo, ) =+ Dp™* =1+ (h+ Dot —1=h—1
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On the other hand, if (4 + 1)p~* is not an integer, we have
#p, h) + plo, B) = [(h + Dp~*1 + [(h + 1)o™7]
=[h+ Dp~1+[h+ 1=+ Dp']
=h+1+[h+Dp 1+ [-C+ Dp77]
= h.

Now by virtue of the notation set forth in the theorem, (& + 1)p~ 1. I1s an
integer if and only if # = j(k — 1). The theorem follows by a simple
analysis of sets.

Let us return to the general study of N, and N,, where « and g are
rational, with « > 1 and B8 > 1. These sets cannot be disjoint b.ecause
ife = r/sand B = m/n, then [ksma] = [krnB] for every positive 1‘nteger
k. Tt is also impossible that No U N; = Z because N, contains no
integer of the form kr — 1 and N, contains no integer of the form
km — 1, so that N, U N, contains no integer of the form kmr — 1. .

However, it is possible that N, 2 Nj,; in fact, the conditions for this

are the same as in the irrational case in Theorem 3.13, as shown by the
following result (Bang, 1957).

THEOREM 3.16. Let « > 1 and B > 1 be rational. Then N. 2 Ns
if and only if there are positive integers a and b such that

(20) a(l — o) +p8~1 = 1.
Proof: The sufficiency of the condition can be estab}isheid from tl:;
irrational case. Let {«,} be a decreasing sequence of irrationals w1

limit «. For n sufficiently large the sequence ,, coincides with N,

through a finite number of terms. Let the sequence {8,} be chosen to
satisfy

a(l — «,~%) + b~ =1,
so that it forms a decreasing sequence with limit 8. Now if 1;» :lllsz)’
integer in N; we choose n sufficiently large so that N,, and N, an .
Ng, and N,, coincide at least up to integers <¢. Then we see DY
Theorem 3.13 that

1€ Ny, te Ny, te N, teN,.
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Conversely, assume that N, 2 N;. First we establish that if « > 1
is an integer, then 8 must also be an integer, and so 8 must be a multiple
of o, thus giving (20) witha = 1 and b = B«~1. Suppose that 8 = m/n
with (m,n) = 1, m > n > 1. Choose a positive integer x to satisfy
mx = 1(mod n), say mx = 1 + kn. Then consider the members
[xB] and [nxB] of Ny:

[XB] =k, [”IXB] = mx, (ks mx) =1,

and so it is not possible that all elements of N; are multiples of the
integer «.

Having completed the case where « is an integer, we presume in the
rest of the proof that « is not an integer. Let o« and B8 be written as
fractions with a common numerator, say « = m/s and B8 = m/n,
where g.cd. (m, n, s) = 1. We show that g.cd. (m — s, n) = 1.
Writing d for this g.c.d., we note that m/d is a multiple of both m/n
and m/(m — s). It follows that since N, 2 N,

Nm/d = len = Nm/s, Nm/d = le(m—s),

(21) Nm/d = les N Nm/(m—s)-

Now m/s and m/(m — s) can play the role of p and o as in Theorem 3.15,
with the property p=* + o~! = 1. Hence by (19) the right side of
(21) is N, where k = m/(m,s). Thus (21) becomes N, S N,, and
so m/d is an integer, that is, d is a divisor of m. It follows that d = 1,
since d is a divisor of m, m — s, and n.

The relation N; & N, states that to each positive integer j there
corresponds an integer x; such that [jB] = [x;z]. Thus

B=y xoe—y
have the same sign for all integers y (if the sign of zero is interpreted
to be plus). Substituting for « and B, we conclude that
jm — yn, x,m — ys

have the same sign for all j and all . We use the absolute values of
these numbers as @ and b, with j and y chosen appropriately. First
note that
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. ) n
a(l — «”l) + b1 = ’(Jm - yn)( 1-— E) + (x,-m - ys)'—,-z'

= [jtm — ) + (x, — )nl.

For any fixed positive integer j, note that x; — y can assume all integral
values. Hence j and y can be determined so that the right side is the’
g.cd. of n and m — s, namely 1.

This argument proves the theorem unless one or the other of these
values of @ and 4 is 0, and so we have two special cases to treat. First
suppose that the value of b obtained by the preceding process is O.
Then some multiple of 1 — «~! equals 1, so that « has the form
r/(r — 1), and N, consists of all positive integers except those congruent
to —1 modulo r. Let 8 = m/n with (m, n) = 1. Then N, 2 N;
implies that for every positive integer j,

[-%] # —1 (mod r).
This expression says that

k"—1§‘]7m<kr, krn—n<jm<km, —nzjm—km<O0

is impossible in positive integers j and k. Hence we see that

(m, rn) > n, (m,r) > n.
Then we choose
nr m
=T mn " mn

and (20) is satisfied.

Finally, suppose that the value of a obtained by the preceding process
is0. Then Bis an integer, say 8 = g, and write & = m/s with (m, 5) = 1.
and m > 5. Then N, 2 N, implies that for any positive integer j
there is a positive integer x = x, such that

xm

xm
X — g <2 <o+ 1,
[s] J4, Jq_s<J‘I+

O0sxm-—jgs<s, mzjg—(x—1)m>m-=35.
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It follows that

(m,qs) > m — s, (m,q) > m — s.

Then we choose

__m_ -, _49m—s)
1= m9 1= " ma)

and (20) is satisfied. This completes the proof.

3.7. Further results

Theorem 3.2 was first proved independently by Bohl, Sierpinski,
and Weyl; see Koksma (1936, p. 92). Although the proof given in
Section 3.2 avoids continued fractions by substituting Theorem 3.1,
proofs by analytic techniques seem best suited to generalization. An
exposition of such a proof by Fourier analysis is given in Niven (1956,
Chapter 6). For the following n-dimensional generalization of
Theorem 3.2, see Cassels (1957, Chapter 4): If 6, - - -, 0,,, 1 are linearly
independent over the rational numbers, then the points

k6, — [kb], kb2 — [Kkb,], ---, k6, — [K6.])

fork = 1,2, 3, - - - are uniformly distributed in the unit cube in n-space.

This result gives at once a generalization of Theorem 3.3 as follows:
With 8,, - - -, 8, as above, the n-tuples of integers

([k8], [k0,), ---, [K6,])

for k =1,2,3,--- are uniformly distributed in the sense that if
my 22 my 22, -, My, 22 are any moduli, and a;, @2, - - -, a, are
any integers, then the fraction of the n-tuples satisfying

[6,] = a, (mod m,), [k8:] = a; (mod my), - .-, [k6,] = a, (mod m,),

has limiting value (mymaomg- - -my,) =L,

For other results on the uniform distribution of sequences on integers,
see Niven (1961) and Uchiyama (1961).

In view of the foregoing remarks, it may be noted that Theorem 3.4
does not tell the full story; the points are not only dense but also
uniformly distributed in the unit square, However, Theorem 3.4 as
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given, with a proof following Lettenmeyer (192:_3)’ is an adeqlslatedbgs:
for the work of Skolem (1957) and Bang (1957) in SecthIl.S 3. banH .S.
The proof of Theorem 3.6 was suggested to the writer by H. S.
Zuckerman. for
Theorem 3.7 is an often rediscovered result. It has been known fo
some time (see Beatty, 1926). I
Let B satisfy 0 < B < 1, and define R, as the set of all pointwise
integers m such that

[mB] < [(m + D]

. . : =1,
The study of such sets is included in this chapter because if of
then R, = N,.



CHAPTER 4

The Approximation of Complex Numbers

4.1. Ford’s theorem

The results of this chapter are the analogues for complex numbers
of the theorems on real numbers in Chapter 1. The central result,
Theorem 4.3, is by L. R. Ford (1925); the proof given here follows that
of O. Perron (1930, 1931). A complex integer, or Gaussian integer,
is a number of the form a + bi, where a and b are rational integers.
A rational complex number is one which can be expressed as the
quotient of two complex integers; the field of rational complex numbers
will be denoted by R(i). An irrational complex number is one that is

not rational; note that an irrational complex number a + bi may have
one rational component, a or b, but not both.

THEOREM 4.1. Given any irrational compléx number o there exist
infinitely many rational complex numbers ufv such that

u
a—-—
v

2

S P

Proof: Let v run through the (1 + 1)2 complex integers a + bi,
where 0 S a<n and 0 < b <n To each v select the complex
integer u so that «v — u = x + yi has the property 0 < x <1,
0=y <1 Thex + yiare (n + 1)? distinct numbers since « ¢ R().
Divide the unit square (with corners at 0, 1, 1 + i, i) into n® subsquares
of side I/n. At least one subsquare contains two of the av — u, say

avy — u; and ow, — u,. The distance between these is at most the
length of the diagonal of the subsquare; thus

V2

|(evy = ;) — (avy — ug)| < —=

n
46



4.1] FORD’S THEOREM 47

Here we have a strict inequality because only one of the av — u (the
one with » = 0) lies at a corner of a subsquare. By the method of

choice we have v; # v, and |v; — v,| < nV2. Hence we get

V2 - 2

Uy — Uy .
nloy — vo| T Jvg — vo)?

Uy — Vg

0]

o —

When we write v for v, — vy, u for u; — u,,

<2
[2]®

u
o« — —
v

If there were only a finite number of pairs of complex integers u, v
satisfying this inequality we could choose n sufficiently large so that
by (1)

V2

nlv]

u
o — —
v

would yield one more fraction u/v because n|v| can be made arbitrarily
large. Consequently there are infinitely many pairs u, v, and the
theorem is proved.

LEMMA 4.2. Let a be any complex number. To each complex
number z, there corresponds a homologous number z (that is, a number z
such that z — z, is a complex integer) such that

|z — a|* = {5 + |a]?
with equality only in the two cases a = %, z, homologous to i/2, and
a = —32, z; homologous to .

Proof: Writing a = « + i8, we begin with the case « = 0. To each
z, there correspond infinitely many homologous numbers z = x + ¥
such that —1 < y < 1, and from these choose that one satisfying

@ P+ G-yt <x =3+ G-y
Then define

P=|z—al?—la? Q=|z~17-ada—|d
R=|(z + 1)? — a|®* — |a|]%
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We prove that at least one of P, Q, R is less than %, except in case
a = 3, z = i/2 when there is equality.
By simple algebra we see that
) P=A{(x+ip)?® — (« + iBH(x — ip)* = (« — iB)}
— (¢ + iB)(x — iB),

and hence
4 P =x*+ 2x%? + y* — 2(x% — y?)o — 4xyB.

Also Q is the same with x replaced by x — 1, and R with x replaced
by x + 1. It follows that

®) (I =X)P+ xQ =u—3u®+ 2uv 4+ v2 + 2(v — U)a,
where v = x — x2 and v = )2, and
©) (1 —x*— )P+ 4(x2 + »* + x)Q + $(x* + »2 — x)R
= y% — 3x% + 3y* + 6y%x? + 3x%

Separate the interval (2) into two parts:

@ PGP < xS 4G -
and
® —3+ G-y <xs1-@F - )2

In case (7) holds, we have 0 < x < 1;
Os(x-P*=%4-y2, «x
0=y sx—-x2s514, OZv=u

Then by (5) we see that

min (P, Q) £ (1 — x)P + xQ = u — 3u® + 2up + v + 2(v — e
Su—-22w+2 + =y <} <%

In case (8) holds, we have |x| < 4 and
G xx?2 31— X+ +x20

for both signs. Also we have 1 — x2 — 32 > 0 since |x|] £ % and
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|¥] £ 4. Hence in (6) the multipliers of P, Q, R are nonnegative with
sum 1, so that
min (P, O, R)
S =x2= )P+ 3x* + y* + )0 + 3(x* + y* — )R
= y? — 3x2 + 3y* + 6y2x% + 3x*
=3 - 3x% + 5% + 3x% + 3x¢

i 3 4 __ 7 3,2 2
6 — 3x2% + 3x* = % — 2x%(1 — 2x2).

Since 1 — 2x2? is positive, we conclude that min (P, @, R) £ 7% With

equality possible only in case x =0, y =4, z=x + iy =i/2. In
this case (6) becomes

P+ 30 + R = 1%
It follows that min (P, Q, R) = 5 if and only if P = Q = R with

z = i[2; thus
i\ i 2 i 2

() —d = |- el =] +1) -
Geometrically, this means that the point a in the complex plane 'is
equally distant from —%, 3 — i, and % + i Thus a= % This
completes the proof of Lemma 4.2 in case « = 0.

Incase « < 0 we apply what has already been proved to —a and iz;.
Thus we conclude that there is a number z, homologous to iz, such that

|28 + al* = 15 + | ~a|* = 76 + |a]*.
When we write z in place of —iz,, we see that z is homologous to z
and also
|22 — a|2 = |(—iz))® — a|® = |22 + a|* £ 75 + |a]*
Finally, there is equality here only if —a = 2 and iz, is homologous
to i/2; thus a = —$ and z, is homologous to 3.

THEOREM 4.3. Given any irrational complex number « there exist
infinitely many rational complex numbers ufv such that

l“ L I S
vl V3|y)?
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Furthermore the constant V'3 is best possible in the sense that the result
becomes false for any larger constant.

Proof: Consider any rational complex number u/v in lowest terms,
with |v| > 1. Define § by the equation

8
oy

o —

[SHEN

Note that § = 0; in fact, 8 is irrational. To each u/v there correspond
infinitely many pairs of complex integers u,, v, satisfying the equatic
Wy — vu; = 1. [This follows from the unique factorization property
of complex integers (Niven and Zuckerman, 1960, p. 193); the theory
of linear Diophantine equations in complex integers is directly analo-
gous to the corresponding theory in rational integers.] Any solution
Uy =0, v, = p of this equation generates them all: u, = 6 + 1,
U1 = p + tv, where ¢ is an arbitrary complex integer.

Now we apply Lemma 4.2 with z; = p/v + 1/(28) and a = 1/(482).

Hence there is a value of ¢ yielding z = v,/v + 1/(28) such that

v, 1V 1) [T I
(v*zs) 452| = N6 Tt T

This is a strict inequality because p/v + 1/(28) cannot be homologous
10 if2 or 1/2 because 8 is irrational. Define §, by the equation

€)

(Z—-u—l.z.s_l,
1 U%
and we see that
u ) u )
a=—1+—;_—+—21
v, V% v v

8
8 = vg(lf -4 + =
Then using (9) we conclude that

. v 1\2 1
O =) -
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Now we specialize the u/v in the foregoing analysis to be the infinitely
many rationa: <. mplex numbers from Theorem 4.1, omitting the finite
number of thesc having |v| = 1. Note that for each such u/v the
inequality |8] < 2 is satisfied. Furthermore, each such ufv yields a
rational complex number u,/v,, and we prove first that the process
gives infinitely many u,/v,. We do this by showing that a specific
/vy cannot arise from infinitely many u/v. For the preceding analysis
gives

5 u u 8 1 8

—.];- = 2 4+ - = — 4+ -

3 v v, vy Vv U
) | Ly 8 <L 4|2
i v, V2 vy, v

It is impossible tha* this relation is satisfied for infinitely many u/v
because |8,/12] is a fixed positive number, but 1/[oo,| and |8/v?| are
arbitrarily small as |v| — co.

Now by (10) together with |§| < 2 we observe that for any & satisfying

7 1 7 1
2 4 2 . z L
188 < 7 131" + gpep = ,mas, (gx + l6x)

7 1
= T¢ @ + 164 < 2.

Thus from any u/v with 2 < |8]2 < 4 we get u;/v, with |8,]* < 2.
Any u/v with |8|2 < 2 is not treated by the preceding process. In
either case we get |8,]2 < 2 or |8]2 < 2.

Changing notation we now have infinitely many u/v with |8|% < 2.
We iterate the process. Any such & with 1 < [8|2 < 2 gives, by (10),
a 8, satisfying

7 1 7 1
8 2 — 2 —_— —
8.2 < 16 181 + qgp5p =, max, (16" + 16x)

IIA

1

m<1.

7
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Hence we have infinitely many u/v with |8]2 < 1. Repeating the proc-
ess, we apply (10) to any & with 3 < |8]% < 1 to get

|81|2< max (lx+L =_7_+_1__%

16 16x 16 6= =

1
1<zz1

Next, to any & with 3 < 8|2 < 4 we get

3
=
S
A
3
I
»
~~
—
(=)}
=
+
—
o~
=
N—
o
~~
N
N
+
1
o™
A
[

3 7
T3 16~7+m) =max (4, ) = 1.

Note that no further iteration of the process is possible, and we have
NOW proved the first part of Theorem 4.3,

To show that v/3 is best possible, consider the number « =
1+ iV'3)/2, and so

1+iV3 u_8 V3 s v
2 I R )

SqUaring the last equation and rearranging, we get

&2 cox /T
FTiVI=w— e
Now 4,2 _ uv + v?2 # 0 because 32 2 impli
W — yup + v2 = 0 1mplies that

uf v = (1 £iV3)2, whereas u/v is complex rational. Hence
“'—uv + 2| 2 1, and

82
- iS\/§~ 21,

+ |i8V3| 2 1,

2
02
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Now suppose that there are infinitely many such approximations u/v

with |8] < 1/c for some fixed constant ¢ > V/3. Then we conclude
that

11
CZ |U|2
c?|v|? c c
. S
c(c — V3)

But this inequality is satisfied by only a finite number of complex
integers v.

Theorem 4.3 implies the following result.

1, V3
c

o] <

COROLLARY 4.4. Given any complex numbers .y, az, By, B2 with A # 0,
where A = |a;B, — auB,|, and given any positive e, there are infinitely
many pairs of complex integers h, k such that

A
lask + Bih|-|agk + Boh| < :/—3 + e
The proof of this is directly analogous to the proof of Corollary 1.6.

4.2, Further results

HofTeiter (1952) has proved that given any irrational complex number
« there exists at least one rational complex number u/v such that

1
V2 + V3 |v|?

u
Al

A

o —

The constant here is best possible.
Corollary 4.4 can be improved by the removal of the &, but without
a strict inequality; see Perron (1932) and Chalk (1955).



CHAPTER 5
The Product of Complex Linear Forms

The purpose of this chapter is to establish the analogues in the
complex case of the results of Chapter 2. The proofs can be made by

analogy, provided we first establish a result paralleling Lemma 2.2,
which is given as Theorem 5.3.

5.1. The covering of lattice points

A lattice point in the plane is any point (r, s) with integer coordinates.

THEOREM 5.1. A rectangle of dimensions a by b (say with a £ b)
has at least one lattice point in its interior or on its boundary no matter

where it lies in the plane if and only ifa =2 1 and b = V2.

Proof: If a < 1, then the rectangle can be placed between an axis
of the coordinate system and a parallel line at a distance of one unit
(x = 0 and x = 1 in standard notation) in such a way as to cover no
lattice point. This can be done by placing the rectangle so that its
sides are parallel to the axes.

If a2z 1 and b < V2, thus 1 £ a < b < V2, then the rectangle

can be placed with sides inclined at 45° to the axes so that it lies com-
pletely inside the rectangle with vertices (2, 1), (3, 2), (=3, ), 3, — D)

The rectangle so placed will cover no lattice point.

Hence the condi-
tions are necessary.

Conversely, consider a rectangle of dimensions a by b, with @ = 1
and b = V2. To prove that such a rectangle covers a lattice point
no matter how it is placed in the plane, it suffices to establish the result
with @ = 1 and b = V2. First, if the rectangle is placed with sides
parallel to the coordinate axes, the conclusion is obtained at once.

So consider the case where the sides of the rectangle are not parallel
54
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to the axes. By translating the position of the rectangle through
integer lengths in the directions of the axes, we may presume that the
rectangle is in a position so that it is not intersected by either axis or
by the lines y = + x. By an interchange of the axes if necessary, and a
reversal of the positive and negative directions if necessary, we may
presume that the sides of length V2 of the rectangle are lines with posi-
tive slope between 0 and 1. Note that these changes do not alter the
question of whether the rectangle covers a lattice point.

Thus we may presume that the sides of the rectangle of length V2,
being a distance 1 apart, are segments of some lines

(1) f(x,y) = xsina —ycosa —c =0,
() gx,») = f(x,») —1=0,
with

0<tana < 1, 0<a§%~

There are infinitely many lattice points lying on or between these lines;
this is so because any line parallel to the x-axis has a segment of length
1/sin o between lines (1) and (2), and 1/sin « > 1. Let (r,s) be any
such lattice point, so that

Sflr,5) 20, g9 =0.

We prove that at least one of the points (r + 1,s)and (r + 1,5 + 1)
also lies between, or on one of, the lines (1) and (2). Suppose that
(r + 1, 5) does not have this property; then we prove that (r + 1,
s + 1) does. We are supposing that

J(r+1,5)>0 and g(r+1,s) > 0.

Then we see that

fr+1,s+1)=f(r+1,5) —cosa

=gr+1,5)+ (1 —cosa) >0,
and

gr+1,s+1)=g(r,s) +sine —cosa 20

because sin « £ cos « for the values of « under consideration.
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Thus from a lattice point (r, s) lying between or on one of the lines
(1) and (2) we get another such lattice point, (r + 1, s) or (r + s+ 1)
or both. Repeating the process we obtain an infinite sequence of §uch
lattice points. Furthermore, it is an infinite sequence in both directhns,
for if (r, 5) is such a lattice point so also is at least one of the points
(r—1,s)and (r — 1,5 — 1). Consider the set of lines, perpendicular
to (1) and (2), through each of the points in this infinite sequence.
If we prove that adjacent lines in this set are at a distance <V2,
this will prove the theorem. It suffices to consider two cases, first
where adjacent lines pass through (r,s) and (r + 1, s5), and second

where adjacent lines pass through (r,s) and (r + 1,5 + 1). In the
first case the lines are

Il
o

xcosa + ysina — rcosa — ssine
and

Xcosa + ysine —rcosa — ssinae — cosa = 0.

The distance between these lines is cos «, and we note that cos « < V2.
In the second case the lines are

xcosa + ysina — rcosa — ssine =0
and

XCOSa + ysina — rcosa — §sin @« — cos & — sino = 0.

The distance between these lines is cos « + sin «, and we note that the
maximum value of cos & + sin «, for all a, is V2.

5.2. An inequality in the complex plane
We now prove an analogue of Lemma 2.1.

LEMMA 5.2. Given any complex integers h, k with greatest common
divisor 1, and given any complex number p, there exist complex integers
¥ and s such that |ks — hr + p| < 1/V2.

Proof: The proof is analogous to that of Lemma 2.1. Since hand k
are relatively prime, the set {ks — hr} runs through all complex integers
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as s and r run through all complex integers. Hence s and r can be
chosen so that ks — hr is the complex integer nearest to —p, and the
result follows.

THEOREM 5.3. If « and B are any complex numbers, there is a complex
integer u such that |e — u| < 2 and

3) lo — ul-|B —u|l =3 if |« — B < V2,

(4 o —u|-|B—u <le—8l if lo — B| = V2.
) o — w18 —ul < =7 o — Al

Remark. This is not an exact analogue of Lemma 2.2 because in
inequality (3) the constant $ is perhaps not best possible. HowevFr,
(4) is best possible because if @ = (1 + i)/2 and |B| is large, the in-
equality cannot be improved.

Proof: If « = B, we can take u as the complex integer nearest to o,
so that

Ia—ul'_—lﬁ_ulé:/l-j’ la—ul.lﬁ_ulé%<%,

and the case is finished. Henceforth we presume that « # B-

We look upon « and 8 not only as complex numbers but also as two
distinct points in the complex plane. Similarly, u is to be selected
as a complex integer, and from a geometric viewpoint we think of u
as a point chosen from among the lattice points, that is, points with
integer coordinates. We now choose a new coordinate system.
This will not affect the location of the points a, 8, 4, but their co-
ordinates will in general be changed. Note for a fixed # the invarlanc?e
of « — u, B — u, and o« — B under a change of coordinate system 1n
which the unit of length is the same.

Impose a new coordinate system so that the real axis passes through
the points o and 8, with the origin midway between « and B, and with
« on the positive end of the real axis. Thus if 2k denotes the distance
between the points « and B, the coordinate system is chosen so that «
has new coordinates (k, 0) and 8 has new coordinates (—k, 0). Hence
forth in the proof the complex numbers belonging to the points & B, ¥
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will be in the new coordinate system. Thus « = k, 8 = — k, and we
write u = x 4+ yi, where x and y are now not necessarily integers.
However, we shall still refer to the points u as lattice points, even

though their coordinates are perhaps not integers.

In view of these
conventions we can write

(%) (¢ = )(B — )|* = {(x — k)2 + y*H(x + k) + »?}
= (x + k% + )2 — 4k2x2.

Case 1. k* z 3. Choose u = (x, y) as the lattice point nearest

to ((k* — $)*/%,0). Since there is a lattice point within 1/V/2 of any
point, we see that

= (k2 — a2 4 p2 < 4,

— e,

(6

Now since 2rs < r?2 + 52 we see that

x? 4+ k% 4 2 < 1 4 2x(k?

2x(k® — )12 <

= x? + k% — %’
{1+ 2x(k? — HV22 = | 4 4x2(k2 — 1) + 4x(k2 — 317

S 1+ 4x2(k* — §) + 2x> + 2k% — 1
= 2](2 + 4X2k2.
This together with (6) and (5) implies that
(e = w)(B - w2 =

(x® + y? + k?)% — 4k2x?

A

< {1 + 2x(k? — 122 — 4k%x?
S 2k? + 4k2x? — 4k2x2

= 2k* = 4o — |2,
Next we show that

I~ 1B — p?| = 3la - B2

is nof possib.le, and so we will have (4). This equality would occur
only if equality occurred in (6) and in the result immediately after (6);
thus

200k = D=2 4 k2 — 3, s x = (k2 — J).
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But there is equality in (6) only if the point
((k2 —_ %)1/2’ 0)

lies at the center of a lattice square, in which case there would be four
choices for (x, ), and so at least two choices for x. Thus we could
choose x to be other than (k2 — 4)!/2.

Furthermore, we see that

jo = u] = Ju = (6 = PV + (K = D e

< k-

2
<L+k_(k—i)=vz.
=z V2

CaSE 2. k2 < 1. Apply Theorem 5.1 to obtain a lattice point
u = (x,y) inside or on the boundary of the rectangle defined by

x| < 1/V2, |y| < 1/2. Thus we have
o —ul < Jof + |u] Sk + VIS VE+VE<2
Also by (5) we see that
e — W) — w)|2 = (* + K>+ D~ 4k>x*.
Denoting the right member of this by F(x, k). we Ppr
F(x, k) < %, and this will complete the proof of the theorem.
suffices to consider x = 0, and for 0 £ x = 1/v2 and k fixed

F(x, k) < max {F(O, k). F(V]‘i k)}

ove that
It

2 whose only critical point is a

because F(x, k) is a quadratic in x i F :
k at the endpoints x* = 0 an

minimum, and so we need only loo

x? = 4. Then we compute
2

FO.k) = (& + P < (3 + D* = 16
F(\/Lz K) = e + 37 - 20
max {(3 + ? — 2(3), 0 + P2 — 20}

= max (s, 5 = %

IA
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5.3. Minimum values of forms

With the work of the last two sections as background, we can now
write analogues of Theorem 2.3, Corollary 2.4, and Theorem 2.5.

THEOREM 5.4. Let a;x + b,y + ¢, and a,x + b,y + ¢, be linear
Sforms with complex coefficients so that A = |aby — azh,| # 0.

Furthermore, suppose that a,/b, is complex irrational and that
a,x + b,y + ¢; = 0 has no solution in complex integers. Then for

any given positive ¢ there are infinitely many pairs of complex integers
x, y such that

(7) |alx + bly + Cll . lagx + b.-_,y + c2| < % and

layx + b1y + ¢ < e

Proof: Generally speaking the proof is directly parallel to the proof
of Theorem 2.3, with Theorems 5.3 and 4.3 replacing Lemma 2.2 and
Theorem 1.5. However, since the constants are different and there is a
slight stricture at one point of the present proof, we will sketch the

argument. Equation (5) in the proof of Theorem 2.3 is now replaced
by

Ialk + b h < lbll_
A< w

and the constant } in (7) is replaced by 1/V2.
of Theorem 2.3 are replaced by
Lfl'— < e and —_

V3|k| k3] = 100

The requirements (6)

The constant % in (10) is replaced by %, and the argument following (10)
now takes the following form. We have

h_ a8 1
k=~ "p, Tk  Where [§ <5

and hence

|ask + bihl-ak + by
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- I@ , abok | by
T %

ak — b, +k

)
axb, — a,b, + bllfzz

= 18]

b,b,8
< |8|-|azby — ayby| + |3 lkzz

<A_+__A_.

= 43 300
Hence equation (7) in our present Theorem 5.4 is satisfied because
(A4 <4
4\+/3 " 300 2
Finally, equation (11) of Theorem 2.3 has a direct parallel in the
present case, with a simple change in the constants.

COROLLARY 5.5. If 8 is complex irrational and « is any complex
number such that 6x + y + « = 0 has no solution in integers x, y then
Jor any given ¢ there are infinitely many pairs of complex integers x,y
such that

|x(0x+y+a)| <1 and |0x+y+al < e

The proof of this is directly parallel to the proof of Corollary 2.'4’
with no difficulties whatsoever. Likewise we obtain the following
analogue to Theorem 2.5.

THEOREM 5.6. Let a,x + byy + ¢, and asx + byy + co be linear
Jorms with complex coefficients such that A = |aibs — axby| # 0. Then
there exists at least one pair of complex integers X,y such that

Ialx + bly + C]l'lazx + bzy + C'zl = A/2
As an example where there is only a finite number of pairs of complex
integers, consider the forms x — (1 + i)/2and y — (1 + i)/2.
5.4. Further results

Theorem 5.3 was communicated to the writer by L. C. Eggan and
E. A. Maier in response to a suggestion that an analogue to Lemma 2.2
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would be useful. Their proof used a covering theorem by Sawyer
(1953); the proof given in Section 5.2 uses the simple covering Theorem
5.1 in place of Sawyer’s. The writer has extended Theorem 5.1 to the
three-dimensional case, that is, the covering of lattice points by rec-
tangular parallelopipeds; this result will be published elsewhere.
Theorem 5.6 is due to Hlawka (1938), who gives precise circumstances
for equality. Hlawka’s proof, like that given here, is based on the

Ford theorem; for proofs avoiding the Ford theorem, see Mahler (1940)
and Chalk (1956).
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