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PREFACE

As colleagues or former students we wish to show our esteem and
friendship for J. M. Bochenski on the occasion of his 60th birthday.
We cannot enumecrate here what we owe him in several ficlds of
philosophical scholarship, or for his pioneering work in new areas
of research, or for his inspiring teaching or for his leadership in
scholarly enterprise.

A bibliography will be found on page IX of this book, but it should,
in any case, be incomplete for we hope he will be able to give us
the benefits of his fertile mind for many years to come. And while
our tokens of appreciation have the cold impersonality of learned
articles we honor him not only as a scholar, but also as a man of
character and a warm-hearted friend.

The cditor takes this opportunity to thank those whose cooper-
ation made the publication of this book possible, especially the
Committee which raised the necessary funds. The kind assistance of
the late Professor Evert W. Beth in introducing the volume to its
publisher is remembered with gratitude.

A-T. T.
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CHAPTER 1

BETRACHTUNGEN ZUM SEQUENZEN-KALKUL

P. BERNAYS

1 Von den Folgerungsaxiomen zum Sequenzen-Kalkul

Unter den Formen der mathematischen Behandlung der deduk-
tiven Aussagenlogik st der Sequenzen-Kalkul dadurch gekenn-
zeichnet, dass der Gesichtspunkt der Folgerung nicht nur die
axiomatische Anlage bestimmt, sondern dass die abzuleitenden
Ausdriicke selbst Darstellungen von IFolgerungsbezichungen sind.
Der Sequenzen-Kalkul kann so eingefiithrt werden, dass man aus-
geht von den Axiomen der Folgerungsmmenge, welche von ALFRED
Tarskl aufgestellt wutden,! und an diesen eine Elementarisierung
vornimmt. Jene Axiome bezichen sich auf einen Gesamtbereich S
von Aussagen, welche abstrakt als Individuen genommen werden.
Einer Teilmenge X von S wird ihre Folgerungsmenge F(\X) zuge-
ordnet (die Menge der aus X nach cinem gewissen Regelsystem
zu gewinnenden Folgerungen).

Dic Axiome lassen sich in drei Arten gliedern:

(1) Axiome, welche Michtigkeiten betreffen; sie besagen:

a) dass der Bereich S hiochstens abzdhlbar ist,

b) dass jede Folgerung aus einer Menge X, d.h. jedes Element
von F(X), zur Folgerungsmenge mindestens einer endlichen
Teilmenge von X gehort;

(2) Axiome, welche die Operation der Bildung der Folgerungs-
menge als eine Art der ergéinzenden Abschliessung, cine Art

Hiillen-Operation kennzeichnen;

1 Vgli. die Abhandlung: Ueber einige fundamentalen Begriffe der Metama-
thematik. Comptes Rendus de Varsovie 23 (1930) Classe IIl, S. 2. Siehe
auch: Fundamentale Begriffe der Methodologie der deduktiven Wissenschai-

ten I. Monatsh. Math. Phys. 37 (1930).



2 P. BERNAYS

(3) ein Axiom, das die Existenz eines Elements postuliert, aus
welchem jede Aussage von S gefolgert werden kann (im Sinne
der Regel “‘ex falso quodlibet”).

Wir wollen hier direkt nur die Axiome der zweiten Art heran-
ziehen, des Axiom 1.b) aber implicite in dem Sinne, dass wir speziell
Folgerungen aus endlich vielen Primissen betrachten. Lassen wir
zunichst diese Beschrinkung weg, so besteht der erste Schritt
der Elementarisierung darin, dass wir anstelle der Funktion F
die Beziehung a ¢ F(X) (‘a ist Element der Folgerungsmenge von
X"’) betrachten, die wir in der Form X — a darstellen.

Die Axiome der zweiten Art fiir die Funktion F besagen, dass
tiir beliebige Teilmengen X, Y von S gilt:

a) X ist Teilmenge von F(X) und F(X) Teilmenge von S;

b) wenn X Teilmenge von Y ist, so ist F(X) Teilmenge von F(Y);

¢) F(F(X)) ist Teilmenge von F(X).2
Diese Axiome sprechen sich mittels der Bezichung X — a, — wenn

von vornherein die Dingvariablen a, 6 auf Elemente von S, die

Mengenvariablen X, Y auf Teilmengen von S bezogen werden —

folgendermassen aus:

(1) Wenn a Element von X ist, so X — a.

(2) Wenn X — a und X Teilmenge von Y ist, so Y — a.

(3) Wenn Y — @ und wenn Y die Menge der b, ist, fiir welche
X —b,dann X — a.

(2) und (3) lassen sich, aufgrund von (1), durch folgende

Forderung ersetzen:

(4) Wenn Y — 4 und wenn fiir jedes b von Y gilt X — b,
dann X - a.

Die 'Forderungen (1), (4) sind also gleichwertig mit (D, (2), ).

H1errn}t ist der erste Schritt zur Elementarisierung vollzogen.

Der gwelte Schritt besteht darin, dass wir speziell Folgerungen aus

endlichen Teilmengen X von S betrachten, die durch Aufzihlung

; DI? Fassung dieser Axiome entspricht derjenigen bei KarL SCHROTER.
Vgl. Ein allgemeiner Kalkiilbegriff. Forschungen zur Logik ... Neue Folge,
Hfaft 6 (Leipzig 1941), S. 31-33. Bei Tarski wird das zweite dieser Axiome
mit der Forderung 1p ip ein Axiom zusammengefasst, welches besagt:

F(X) ist die Vereinigung der Mengen F(U), die den endlichen Teilmengen
U von X zugehéren
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ihrer Elemente gegeben sind. Die aus den Elementen ay, ..., ay
bestehende Menge werde mit {aj, ..., ay} bezeichnet. Die be-
trachteten Folgerungsbeziehungen stellen sich dann dar in der Form

{aly S ] a‘)l-} - b;

und die Forderungen (1), (4) ergeben die Regeln:

(Ry) Es gilt stets {ay, ..., an} = a; (t=1,...,n).
Gelten die Beziehungen
{(l1, ey an} —- by, ..., {al, ce ey an} — by,
(R2) sowie auch {b1, ..., bm} —¢,
so gilt auch {ai, ..., ay} —c.
Wir kénnen uns hier von den geschweiften Klammern befreien
und entsprechend inhaltlich uns eine Menge ay, ..., a, durch die

Folge der aufgezihlten Elemente gegeben denken. Dabei ergibt
sich durch Anwendung der (nun ohne geschweiften Klammern zu
benutzenden) Regeln (R1), (R2) von selbst, dass fiir das Bestehen
ciner Beziehung ai, ..., a, — 0 die Reihenfolge der Elemente
ai, ..., aysowie auch die wiederholte Aufzihlung ein und desselben
Elementes von keinem Einfluss ist. (D.h. von zwei Sequenzen die
sich nur in solcher Weise voneinander unterscheiden, ist die eine
aus der anderen mittels der Regeln (R;), (Rs) ableitbar.)

Hiermit kommen wir auf eine Art von Kalkul, wie er wohl zuerst
von PAauL HERTZ in seiner Theorie der ‘‘Satzsysteme” behandelt
worden ist,3 und fir welchen ausser der folgerungstheoretischen
Deutung auch verschiedene andere Interpretationen in Betracht

kommen. Z.B. kann die Bezichung ay, ..., a, — b gedeutet werden
als die Behauptung: “Wenn die Umstinde ay, ..., a, vorliegen,
so liegt auch der Umstand & vor”, oder auch als die folgende:
“Alle Dinge welche die Eigenschaften ay, ..., a, besitzen, be-

sitzen auch die Eigenschaft 4”. Auch fiir diese beiden Deutungen ist
die Giiltigkeit der Regeln (R;), (Re) ersichtlich.

Der abstrakte Rahmen der Theorie ist der folgende. Man hat einen
Elementen-Bereich E. Es werden “Sitze” der Form ay, ..., an — b
betrachtet, worin ai, ..., a,, b Elemente aus E sind. Die Folge

3 Siehe: Ueber Axiomensysteme fiir beliebige Satz-Systeme. Math.
Annalen 89 (1923) und 101 (1929).
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ai,..., apheisst das ““Antecedens’”’, b das “Succedens’’. Eine Menge
von Sitzen der betrachteten Form heisst cin Satz-Systen, und cin
Satz-System heisst abgeschlossen, wenn es durch Anwendung der
Regeln (R1), (Rg) nicht erweitert werden kann, d.h. wenn c¢s erstens
alle solchen Sitze enthalt, bei dem das Succedens mit einem Ile-

ment des Antecedens iibereinstimmt (“trivale Sdtze”), und wenn
es stets, sofern es die Sitze aj,
und bl,

o,y b1, L. ay ..o ay - by
... by, — ¢ enthalt, auch den Satz a; ... a, — ¢ centhilt.

Eine Teilmenge T eines abgeschlossenen Satz-Systems S heisst
ein Axiomen-System fiir S wenn jeder Satz von S sich aus Satzen
von T durch Anwendung der Regeln (R;), (Rg) gewinnen ldsst.

Fir die Definition der Abgeschlossenheit und des Axiomen-
Systems konnen die Regeln (R1), (Re) durch andere, ihnen gleich-
wertige Regel-Systeme ersetzt werden.4 Tatsichlich wurden
Paul Hertz nicht diese Regeln gewihlt, vielmehr ist das von
benutzte Begriffs- und Regel-Systemn das folgende: Unter
trivialen Sitzen werden die ‘‘tautologischen” Sitze, d.h. dic von
der Form a — a als Ausgangssitze ausgezeichnet. Als “‘unmittel-
barer Schluss” wird der Uebergang von einem Satz zu einem solchen
bezeichnet, der aus ihm durch Hinzufﬁgung von IKlementen zum

Antecedens entsteht. Und als “Syllogismus” wird die folgende
Schlussfigur (Re*) erklirt:

von
thm
den

aiy ... a1y, —> 0y
asy ... 6l2712 — bz
Aml -« - Amn, —> b
by oo by, a1 ... ap —¢
al] PR alnl, (lzl “ e a2"2, P anzI .. )

s Amn,, A1 ... A —> CV
. : .

Nunmehr heisst ein Satz-System abgeschlossen, wenn es erstens
alle tautologischen Sitze enthilt und wenn es ferner durch An-
wenqung von unmittelbaren Schlissen und Syllogismen nicht
erweitert werden kann. Und ein Teilsystem 7T eines abgeschlossenen

4y e .
Die Auszeichnung der Regeln (R;), (Re) findet sich in der Abhandlung

VOH_KAKF‘ Poprpir, New Foundations for Logic, Mind 56 (1947) N.S. No. 223
sow@ bei PauL LorexzixN, Einfiihvung in die operative Logik und M athe-
matik (1955) § 6, S. 41-42.
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Satz-Svstems S heisst ein Axiomen-System fiir S, falls jeder Satz
aus S, sofern er nicht schon zu T gehiort oder tautologisch ist, aus
Satzen von 77 und tautologischen Sdatzen mittels unmittelbarer
Schliisse und Svllogismen gewonnen werden kann. Eine solche
Ableitung des Satzes heisst ein “Beweis” des Satzes aus dem
Axiomensystem 7.

Man iiberlegt sich ohne Schwierigkeit, dass diese Definitionen
der Abgeschlossenheit und des Axiomen-Systems mit den vorherigen
¢leichwertig sind, insbesondere, dass der unmittelbare Schluss und der
Svllogismus sich auf Anwendungen der Regeln (Ry), (R») zurtick-
fiihren lassen. Im iiblichen Sinne hetsst ein Axiomen System unab-
hiingig, wenn keiner seiner Sitze aus den tibrigen beweisbar ist.

Dice Begriffsbildungen, Fragestellungen und Ergebnisse aus der
Hertz'schen Untersuchung der Satz-Systeme sollen hier nicht weiter
verfolgt werden.d Im vorlicgenden Zusammengang betrachten wir
diese Theorie der Satz-Systeme unter dem Gesichtspunkt, dass
aus ihr der Sequenzen-Kalkul erwachsen ist. GERHARD GENTZEN
wurde auf den Sequenzen-Kalkul, jedenfalls zu cinem Teil, durch
seine Beschiiftigung mit der Theorie der Satz-Systeme gefiihrt.
IEr brachte hier die vordem noch offene Frage, ob es nicht nur
zu jedem endlichen, sondern auch zu jedem unendlichem Satz-
System immer ein unabhiingiges Axiomen-System gebe, in ver-
neinendem  Sinne, durch  Aufweisung eines Gegenbeispiels, zur
Entscheidung. Zugleich zeigte er andrerseits, dass ein abgeschlosse-
nes Satz-System stets dann ein unabhingiges Axiomen-System
besitzt, falls es ein Axiomen-System besitzt welches nur aus Satzen
der Form a - b, d.h. mit cinem e/ngliedrigem Antecedens, besteht.6
Anlisslich dieser Untersuchung gab Gentzen den Schlussregeln
cine vereinfachte Form, indem er bemerkte, dass das Schema des
Syllogismus sich auf den Spezialfall m == 1 zurtickfiithren ldsst.
Diesen Spezialfall bezeichnet er als “Schnitt’.

5 Immerhin mag bei dieser Gelegenheit darauf hingewiesen werden, dass
in der Hertz'schen Theorie der Satz-Systeme ein gewiss bei weitem noch nicht
hinsichtlich der mdglichen I'ragestellungen und LErkenntnisse ausgeschépftes
FForschungs-Gebiet der Axiomatik und Logik vorliegt.

% Siche die Abhandlung: Ueber die Iixistenz unabhingiger Axiomen-
Systeme zn unendlichen Satz-Systemen. Math. Annalen 107 (1932).
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Mit seiner Angabe der Sitze in der Form 4 — b, wobei 4 das als
Menge aufgefasste Antecedens ist, stellt sich der Kalkul der Satz-
Systeme folgendermassen dar: Die Ausgangssitze sind die tauto-
logischen Sitze und die Axiome. Als Schemata des Schliessens hat
man den unmittelbaren Schluss, oder nach Gentzen’s Bezeichnung,

—C
das ‘“Verdinnungs-Schema

AB —¢
A —-¢, Bc—>d . . .
~————————— . Dabei bedeutet 4B die Vereinigung der Mengen
AB —~4d

und das ‘‘Schnittschema’”

A, B und Bc die aus B durch Hinzufiigung des Elementes ¢ her-
vorgehende Menge.

Von hier aus gelangen wir zu einem Sequenzen-Kalkul, indem wir
1. die Elemente als Aussagenformeln einer formalisierten Theorie
annehmen 2. ein Antecedens nicht als Menge, sondern wieder als
Folge von Aussagen-Formeln auffassen. Bezeichnen A, B solche
Folgen und ¢ eine Aussagen-Formel so moge “A, B” die TFolge
bedeuten, die entsteht, indem die Folge B hinter die Folge A
gesetzt wird, “4, ¢” und “c, A” mogen die Folgen bedeuten welche
entstehen, indem ¢ rechts, bezw. links, als Glied an die Folge A
angefigt wird. Die Gesamt-Ausdriicke der Form A4 — b heissen
jetzt, zur deutlichen Unterscheidung von den Sdtzen der formalisier-
ten Theorie, nicht mehr ““Sitze”, sondern ““Sequenzen”.

Es werden auch leere Formel-Folgen zugelassen und eine Sequenz
—>¢ mit leerem Antecedens soll gleichbedeutend sein mit der
Succedens-Formel ¢.

In Entsprechung zu dem beschriebenen Kalkul der Satz-Systeme
ergibt sich nun der folgende Sequenzen-Kalkul: Als “‘Grund-
Sequenzen” haben wir die tautologischen Sequenzen der Form
@ > a. Ausserdem konnen gewisse Sequenzen axiomatisch als

Grur}d—Sequenzen postuliert sein. Als Schemata des formalen
Schliessens werden genommen:

Verdiinnung; B e
a, B —>¢
. a,a, B —c
Zusammenziehung ; “ T
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\' C: a, bl D —C
ertauschung: C.b,a D —c

Schnit A —c; Be-rd

Schnitt: A B-—>d

Die mit B, C, D, A angegebenen Formel-Folgen kénnen eventuell
leer sein. Die Schemata der Zusammenziehung und der Vertauschung
bringen zum Ausdruck, dass es fiir die Giiltigkeit einer Sequenz
nicht auf die Vielfachheit des Auftretens des gleichen Gliedes im
Antecedens noch auch auf die Reihenfolge der Glieder ankommt.

Hier besteht eine Mdoglichkeit der Vereinfachung. Als Spezialfall

eines Schnittes haben wir weie —— - und aus der Se-

quenz B, B — d erhalten wir mittels der Schemata der Vertauschung
und der Zusammenziehung B -> d. Als abgeleitetes Schema ergibt
sich somit:

] 4 —b; 4,b—>c¢
) PRV

Legen wir andrerseits dieses Schema anstelle des vorherigen
Schnittschemas zugrunde und erweitern wir das Verdiinnungs-
Schema, indem wir neben dem Uebergang von B —-c zu a, B —¢
auch denjenigen zu B, a —c¢ — (der nach dem Vorherigen durch
Verdiinnung und Vertauschung bewirkt wird) — als Regel nehmen,
so werden die Schemata der Zusammenziehung und der Ver-
tauschung sowie das vorherige Schema des Schnittes zu ableitbaren
Uebergidngen.

Es wird geniigen, die Ableitbarkeit der Vertauschung an einem
Beispiel zu zeigen. Der Uebergang von einer Sequenz #, a, b, v — ¢ zu
#,b,a,v —c kann folgendermassen mittels der tautologischen
Grundsequenzen, des erweiterten Verdiinnungs-Schemas (Verdiin-
nung ‘nach links” und “nach rechts”) und des vereinfachten
Schnittes (S) vollzogen werden: Aus der Sequenz #, a, b, v —¢
erhialt man durch mehrmalige Verdiinnung nach links

((1)) u,b,a,v,u,a, b v-—>c.

Aus der Grund-Sequenz v — v erhdlt man durch Verdiinnungen
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nach links und nach rechts:

((2) w, b, a,v,1,a, b —wv.
Aus ((2)) und ((1)) liefert das Schnitt-Schema (S) dic Scquenz
((3)) u,b,a, v, 1, a b—c.

In ganz entsprechender Weise, wie man von ((1)) zu ((3)) gelangt,

gewinnt man aus ((3)) die Sequenz 1w, b, a, v, 1, a —-¢,
entsprechend aus dieser u, b, a,v, 1 —c,
und schliesslich aus dieser w,b,a,v—c.

Es sind somit als Schemata des formalen Schlicssens ausrcichend -

die Verdiinnung nach links und nach rechts und das cinfachere
Schnitt-Schema (S).

2. Sequenzen-Schemata fiir die intuitionistische Aussagen-
logik

Der beschriebene Sequenzen-Kalkul bildet nur den Anfangsteil
eines logischen Kalkuls mit Sequenzen. Man kann ihn als den
“reinen’’ Sequenzen-Kalkul bezeichnen, da in seinen Regeln nur
diejenigen Gesetzlichkeiten ihren Ausdruck finden, welche d
Folgern aus endilich vielen Prdmissen betreffen, noch nicht ab
die auf die aussagenlogischen und pridikatenlogischen Opcrationen
beziiglichen Gesetze. Wir haben die Ankniipfung des reinen Se-
quenzen-Kalkuls an den Kalkul der Satz-Systeme  Dbetrachtoet,
Diese bildete fiir Gentzen nur die eine Seite der Motivicrung
Sequenzen-Kalkuls. Die andere Art der Motivierung, welche in
seiner Abhandlung “Untersuchungen tiber das logische Schliessen’’?
(worin er zuerst den Sequenzen-Kalkul entwickelte)

Erscheinung tritt, besteht in dem Zusammenhang

des “natiirlichep Schliessens’
ist (

as
cr

seines

explicite in
mit dem Kalkul
, der eine Art des Annahmen-Kalkuls
d.h. ein Kalkul, bei dem Annahmen von Sitzen cingefiihrt

7 Mathematische Zeitschrift 39 (1934) siche insbesondere S. 183-196.
Eine Ubersetzung dieser Gentzen’schen Abhandlung ins I'ranzésische mit
Erlduterungen, Zusitzen und Kommentaren wurde von Rorert Frys
und JraN LADRriggy publiziert, in der Sammlung: Philosophic de la Matiéve
(Paris 1955). Eine Ul)ersetzung ins Englische, von Maxrren Szaso, soll
demnichst im American Philosophical Quarterly erscheinen.
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werden, die hernach gemiss bestimmten Regeln wieder ausgeschal-
tet werden). In der Tat fithrt die Aufgabestellung, den logischen
Kalkul méglichst weitgehend dem gebrauchlichen Schliessen anzu-
passen, auf einen Annahmen-Kalkul.8

Der Annahmen-Kalkul hat jedoch in seiner Handhabung, ge-
wisse  Komplikationen durch die Superposition der Annahmen
(d.h. weil die unter Annahmen erfolgenden Beweise wiederum
Annahmen cinfithren konnen). Hier ldsst sich nun mit Vorteil der
Sequenzen-Formalismus zur Anwendung bringen, in welchem das
Gelten einer Aussage unter bestimmten Annalmen die logische
Grundform bildet. Die betreffende Aussage steht dann im Succedens,
die Annahmen bilden dic Glieder des Antecedens.

Dic allgemeinen Regeln fiir das Umgehen mit Scquenzen werden
durch die Schemata des reinen Sequenzen-Kalkuls geliefert. Dazu
treten die Schemata, durch welche die Rolle der logischen Ope-
ratoren bestimmt wird. Diese Schemata kénnen auf schr verschie-
dene Art gewihlt werden. Wir wollen hier zunichst diejenige
FForm der Schemata betrachten, die sich ergibt, wenn wir die
Gentzen’schen Schemata des natiirlichen Schliessens in Sequenzen-
Schemata iibersetzen. Dabei wollen wir die Betrachtung auf die
aussagenlogischen Operatoren beschrianken. Gentzen betrachtet
von diesen: Konjunktion (‘‘und”), Alternative (“oder’’, im Sinne
von “‘vel”), Implikation (“wenn-so”’) und Negation. Die Negation,
die cine gewisse Sonderstellung hat, moége vorerst noch beiseite
gelassen werden. Die Uebersetzung der Schemata fiir Konjunktion,
Alternative und Implikation aus dem Kalkul des natiirlichen
Schliessens ergibt — wenn wir als Symbole fiir die drei Operationen:
&, v, o, und, wie bisher, als Zeichen fiir Aussagen, bezw. Aus-
sagenformeln, kleine lateinische Buchstaben, 9 als Zeichen fir
Folgen von Aussagen grosse lateinische Buchstaben nehmen:

# Ein Annahmen-Kalkul wurde auch etwa zur gleichen Zeit wie der
Gentzen'sche von Stanistaw Jaskowski begriindet, der damit einer Anregung
von Jan Lukasiewicz folgte, die sich ebenfalls auf die Anlehnung an das
natiirliche Schliessen bezog. Vgl. S. Jaskowski, On the Rules of Suppositions
in FFormal Logic. Studia Logica, Nr. 1 (Warschau 1934).

9 Wir konnen hier so verfahren, weil wir die kleinen lateinischen Buch-
staben nicht fiir Individuen-Variabeln brauchen werden.



10 P. BERNAYS

a,b—->a&d a&b —a, aXb b
A, b —-d; A,c —d
a—>avb, b—>avhb T A bve—d
ﬂ_lc_ a,a>b—0b.
A->b>oc

Wir haben hier 8 Schemata; 6 davon sind Schemata fiir Grund-
Sequenzen, 2 sind Schemata des formalen Schliesscns. Die crsteren
entsprechen direkt den Gentzen’schen Schematen, z.B. dic Grund-

’

. Dagegen ist bei den
a &

sequenz a,b —a & b dem Schema

Schematen des Schliessens jeweils im Antecedens der Sequenzen
A, b —c¢ .
A ph > c tritt an
die Stelle der Gentzen’schen Regel: “Wenn unter, der Annahme &
die Aussage ¢ gefolgert werden kann, so gilt b > ¢’ Dieser Regel
b —>c¢
——— —  — entspreche ro P
S 56 prechen, welches in

eine Folge 4 hinzugefiigt. Z.B. das Schema

wiirde Ausserlich das Schema

dem betrachteten Schema als Spezialfall (fiir eine leere Folge A)
enthalten ist. Das Erfordernis der Hinzufiigung von 4 im Ante-
cedens ergibt sich daraus, dass die Gentzen’sche Regel auch im
Rahmen solcher Beweisfithrungen anwendbar sein muss, dic ihrer-
seits unter gewissen Annahmen erfolgen.10

Zur Erliuterung des Systems unserer 8 Schemata — e¢s werde
kurz mit “[&, v, ©]” bezeichnet — sei folgendes bemerkt.

1. Die Anwendung der Schemata ist so zu verstehen, dass fiir
die Buchstaben 4,5, ¢, ... Aussagenformeln zu setzen sind, die
entweder “Primformeln” oder aus solchen mittels der Verkniipfun-
gen &, v, > zusammengesetzt sind, wobei in der iiblichen Weise
die Reihenfolge der Operationen durch Klammern oder Trennungs-

10 Tatséichlich Iisst sich auch anhand eines verbandstheoretischen Mo-

. A, b —c
dzuf ;elgen, dass, wenn wir das Schema =

——————— ersetzen, der Uebergang von einer Sequenz a, b —» ¢ zu a —» b>D
—->b>Dc¢

durch das speziellere

c
mit unseren Schematen pjcht vollzogen werden kann.
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punkte anzugeben ist. Was fiir Aussagen als Primformeln zu nehmen
sind, hingt von der jewciligen Anwendung des Kalkuls ab. Beim
reinen Aussagenkalkul fungieren als Primformeln wiederum Buch-
staben. Die Sequenzen sollen nicht zu den Aussagenformeln
gerechnet werden.

2. Die Schemata [&, v, =] sind, wie schon erwahnt, in Verbin-
dung mit dem reinen Sequenzen-Kalkul anzuwenden, fiir welchen,
wie wir feststellten, das Schema der tautologischen Grundsequenzen,
die Schemata der Verdiinnung nach rechts und nach links und das
Schnittschema (S) ausreichen. Die Gewinnung einer Sequenz
mittels des reinen Sequenzenkalkuls und der Schemata [&, v, o]
bezeichnen wir als Herleitung der Sequenz; und die Herleitung einer
Sequenz —» ¢, mit leerem Antecedens, welche ja mit der Formel ¢
gleichgesetzt wird, gilt darum auch als Herleitung dieser Formel.

3. In dem Gentzen’schen Kalkul des natiirlichen Schliessens
sind die “Schlussfiguren-Schemata” so gewihlt, dass sie entweder
die “Einfithrung” oder die ‘‘Beseitigung *’(Elimination) eines
Verkniipfungssymbols bewirken. Eine entsprechende Unterschei-
dung koénnen wir auch bei den Schematen [&, v, @] vornehmen.
Néamlich in jedem dieser Schemata tritt nur eines der Symbole
&, v, © und auch nur einmal, und zwar bei den Schematen des
Schliessens in der unteren Formel auf. Bei den Schematen, die einer
Einfiihrung entsprechen, findet das Auftreten im Succedens, bei
denen, die einer Beseitigung entsprechen, im Antecedens statt.

Wir kénnen den Gegensatz von Einfithrung und Beseitigung durch
eine andere Wahl der Schemata prignanter zum Ausdruck bringen,
indem wir zur sequenztheoretischen Kennzeichnung der Ver-
knipfungen &, v, > anstatt der Schemata [&,v, @] folgende
direkt mt ihrer Umkehrung versehene Sequenzen-Schemata
nehmen: 11

A, b, ¢c >d A, b—d; A,c—~d

(&> e —— :
A 08&c >4 v A bve>a

11 Der Gedanke, die logischen Operatoren durch solche, ihre Umkehrung
einbegreifende Sequenzen-Schemata zu kennzeichnen, wurde von KARL
Poprper in seiner bereits erwihnten Abhandlung: New Foundations for
Logic (vgl. Fussnote 4) angeregt und zur Anwendung gebracht.
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A, b —c

= A 5b>c¢
Hier soll jeweils der Doppelstrich besagen, dass nicht nur der Ucber-
gang von der oberen Sequenz, bzw. den obercn Scquenzen, zu der
unteren erlaubt sein soll, sondern auch der Uebcrgang von der
unteren Sequenz zu der, bezw. den oberen.

In der Tat sind diese drei Schemata <&, <v,, < >, den Schematen
(&, v, @] gleichwertig. Bei den Schematen <v, und - > . ist der

Uebergang von der oberen zur unteren Sequenz bereits c¢in Schema
aus [&, v, >]. Die zugehorigen Umkehrungen sind:

A-bo¢ A, bve—>d A, bve ~d
Ab o o a PR

Die erste davon ergibt sich folgendermasscn: Aus der Sequenz
b,b > ¢ —¢, welche eine Grundsequenz von &, v, = ist, crhiilt
man durch Verdiinnung nach links 4, 5,6 @ ¢ — c. Andcrerscits
erhdlt man aus der Sequenz A — b 2 ¢ durch Verdiinnung nach
rechts 4,5 — b > ¢. Die beiden erhaltenen Scquenzen ergeben
mittels des Schnittes A, b — ¢. Auf ganz entsprechende Art erhiilt
man die beiden anderen Umkehrungen, indem man aus dem System
&, v, =7 die Grundsequenzen b — b v ¢ und ¢ — b v ¢ benutzt.
Und die beiden in <&> vereinigten Uebergidnge: von +1, b, ¢ —d zu
4,b&c >4 ung umgekehrt, ergeben sich durch Benutzung der
Grundsequenzen bc >b&e¢, b&c —+b, b&c —caus dem System
(&, v, 2] mit Anwendung der Schemata des reinen Scquenzen-
Kalkuls,

Um andrerseits aus den Schematen (&>, <vy, <>, die Grund-
séquenzen und Schluss-Schemata von [&, v, ' abzuleiten, hat
man von <&» und (v die Uebergidnge von den unteren zu den oberen
Sequenzen, fiir leeres A, in Verbindung mit den tautologischen
Sequenzen b & ¢ _, p &ec, bve—0bvc anzuwenden. Damit ge-
winnt man b,¢ -, p &c, b »bve, ¢ —>bve Weiter ergibt die

Anwendung vop Aﬁ) b=e in Verbinding mit der tautologischen

A b —>¢
Sequenz b > ¢ & p = ¢ die Sequenz b > ¢, b — ¢ und somit auch
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A, 0, ¢ -d
4, 0&c—~d
fiir Ieeres oI, in Verbindung mit den im reinen Sequenzen-Kalkul
herleitbaren Sequenzen b, ¢ — b, b, ¢ — ¢ die Sequenzen b & ¢ = b,
h& ¢ -c¢. Die beiden dann noch von [&, v, @  verbleibenden
sSchluss-Schemata sind direkt in v, (2> enthalten.

Dic Bedeutung der Schemata <&> und (= > ldsst sich am besten
mit Hilfe des Begriffes der “Ableitungsgleichheit” kennzeichnen.
Zwet Sequenzen magen in Bezug auf ecin System von Regeln “‘ab-
leitungsgleich”™ heissen, wenn aus jeder von ihnen die andere geméss
diesen Regeln gewonnen werden kann. Offensichtlich ist diese
Ableitungsgleichheit eine Acquivalenz-Beziehung. IFerner mogen
zwer Aussagen-Formeln p, ¢ ableitungsgleich heissen, wenn die
Sequenzen -+ p, — g ableitungsgleich sind.

Wenn zwei Formeln p, ¢ inbezug auf unsere Grundsequenzen und
Schluss-Schemata  ableitungsgleich sind, so sind die Sequenzen
p — ¢ und ¢ — p herleitbar. Dieses ergibt sich aufgrund des fol-
genden (fiir unsere Schemata leicht als gililtig zu erweisenden)
“Deduktions-Theorems”: Wenn mit Hilfe der Formel p, (bezw.
der Sequenz -» p) eine Sequenz .4 — ¢ herleitbar ist, so ist ohne
Benutzung jener Formel (bezw. Sequenz) die Sequenz p, A —¢
herleitbar.12

Aus der Herleitbarkeit der Sequenzen p — ¢, ¢ — p folgt auch
dicjenige der Formeln p > ¢, ¢ © p und damit auch diejenige der
Formel (p 2 ¢g) & (¢ @ p). Umgekehrt konnen wir aus dieser
Formel die Sequenzen p ~» ¢, und ¢ — p mittels unserer Schemata
gewinnen.

Es ist nun aufgrund des Schemas <& jede Sequenz mit mehr-
gliedrigem Antecedens einer solchen mit eingliedrigem Antece-
dens ableitungsgleich, z.B. eine Sequenz a, b, ¢ —d der Sequenz
a& (h&c) —d. (Hier kann auch im Antecedens diec Reihenfolge
der Konjunktionsglieder sowie diec Klammerung beliebig gedn-
dert werden.) Aufgrund des Schemas <> ist jede Sequenz einer
Formel ableitungsgleich, z.13. die Sequenz a, b, ¢ —d der Formel

12

b, h > ¢ -c. Schliesslich ergibt die Anwendung von

Dass diese Behauptung ohne FEinschrinkung gilt, beruht darauf,
dass wir in unserem, gemiss den Sequenzen-Schematen und Schluss-Sche-
maten sich vollziehenden Kalkul keiie Einsetzungen haben.
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a > (b > (c © d)). Hier erhilt man ohne Miihe vie}e Folgerungen.
Nur ein Beispiel: Da die Sequenz a, b — ¢ einerseits der Sequenz
a & b — ¢ und somit auch der Formel (¢ & ) @ ¢ und andrerscits
der Formel a > (b > ¢) ableitungsgleich ist, so sind die beiden
Formeln (¢ & b) > ¢ und a > (b > ¢) einander ableitungsgleich.
Es sind somit die Sequenzena &b > c—a > (b 2 ¢),a = (b > o)
— (a & b) > ¢ herleitbar, welche die aussagenlogischen Gesetze
der “Exportation” und der ‘‘Importation’ ausdriicken.

Aus den Beziehungen der Ableitungsgleichheit zwischen Sequen-
zen und Formeln ergibt sich der Zusammenhang zwischen dem
durch unsere Schemata bestimmten Sequenzen-Kalkul und dem
aussagenlogischen Formel-Kalkul, insbesondere derjenigen Art
des deduktiven Aussagen-Kalkuls, bei der als einziges Schluss-
Schema der modus ponens Lb:b— verwendet wird. Diesem
entspricht in dem Sequenzen-Kalkul der Uebergang von den Se-
quenzen —q und —a > b zu — b, welcher sich hier so vollziehen
ldsst, dass man aus — a > & mittels des Schemas (> die Sequenz
4 - b gewinnt, welche zusammen mit —a gemiss dem Schnitt-
Schema — 3 ergibt. Ein solcher deduktiver Kalkul ist insbesondere
derjenige, durch welchen A. HEYTING die Browwer'sche ‘‘intui-
tionistische Aussagenlogik formalisiert hat.13

Anhand der Beziehungen zwischen Sequenzen und Formeln und
aufgrund der Ableitbarkeit des modus ponens im Sequenzen-Kalkul
lasst sich nun zeigen, dass der Bereich der Formeln, die mittels der
Schemata (&, v, 2] oder statt dessen der Schemata <&>, <v),
<.3 > unter Zugrundelegung des reinen Sequenzen-Kalkuls herleitbar
sind, mit dem Bereich derjenigen Formeln aus dem Heyting’schen
Aussagen-Kalkul tibereinstimmt, die mittels der Verkniipfungen

» v, = gebildet sind. Fiir den Nachweis geniigen aufgrund des
Zuvor Bemerkten die folgenden beiden Feststellungen: 1. Die
Ausgangsformeln des Heyting'schen Kalkuls sind mittels unserer
o¢quenzen-Schemata herleitbar. 2. Mittels der Ersetzung einer
Jeden Sequenz durch eine ihr ableitungsgleiche Formel gehen die

13 Vel A, HEevriNng, Die formalen Regeln dev imtuitionistischen Logik,

Sitzungsberichte der preussischen Akad. der Wissenschaften Phys.-Math.
Klasse (Berlip 1930)
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Grundsequenzen unseres Sequenzen-Kalkuls in ableitbare Formeln
des Heyting'schen Kalkuls iiber und die Schluss-Schemata in
Schemata von solchen Uebergidngen zwischen IFormeln, die sich im
Heyting’schen Kalkul vollziehen lassen. Wir wollen hier diese
Feststellungen, die keine grossen Schwierigkeiten bieten, nicht im
Einzelnen ausfithren.14

Ergianzend sel noch erwihnt, dass als Schema mit Umkehrung fir
die Konjunktion anstatt <&> auch das folgende Schema genommen

A =0 d —¢
werden kann: , von dem man leicht die Gleichwertig-
A -=0&c

Keit (im Rahmen des reinen Sequenzen-Kalkuls) mit den Grund-
secquenzena &b —-a,a& b —b,a, b — a & b erkennt.

Um nun fiir die ganze intuitionistische Aussagenlogik einen
Sequenzen-Kalkul zu gewinnen, bedarf es noch der Hiénzunalme
der Negation. Die Negation einer Aussage wird in der intuitionis-
tischen Logik als die Behauptung der Absurditit der Aussage
verstanden. Die Formalisierung des Begriffs der Absurditdt kann
mittels der Einfithrung eines Symbols A fiir das Falsche geschehen.
Wir kommen hier zuriick auf das ganz zu Anfang erwihnte Folge-
rungs-Axiom von Tarski, welches die Existenz einer Aussage
fordert, aus welcher jede in Betracht kommende Aussage gefolgert
werden kann. Nehmen wir A als eine solche Aussage, so kénnen
wir die geforderte Eigenschaft von A durch das Sequenz-Schema
A — ¢ formalisieren. Fiigen wir dieses zum System unserer Sche-

mata hinzu, so ergibt sich als ableitbares Schema oo Nun-
A —=>C

mehr ldsst sich die intuitionistische Negation explicite definieren

I Zu dem LErgebnis ist noch darauf hinzuweisen, dass fur die mit den Ver-
kniipfungen &, v, 2, also ohne die Negation gebildeten Aussagen-Formeln
die Herleitbarkeit im Heyting’schen Kalkul iibereinstimmt mit der Herleit-
barkeit in dem ‘Minimal-Kalkul” von INGEBRIGT JoHaNssoN. Vgl.:
Der Minimalkalkil, ein reduzierter intuitionistischer Formalismus. Composi-
tio Mathematica 4, Heft 1 (Groningen 1936). Der betrachtete Formelbe-
reich lisst sich auch anhand des in den: Grundlagen der Mathematik I,
S. 66 vorgelegten deduktiven Systems der Aussagenlogik kennzeichnen als die
Gesamtheit derjenigen Formeln, die aus den Formeln I-III mittels Einset-
zungen und des modus ponens zu gewinnen sind.
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durch die Festsetzung, dass fiir eine jede Aussagenformel 5 dic
Implikation & > A ersetzbar sei durch — & (b ist absurd”), und
umgekehrt = b durch & > A.

Anstatt so die Negation definitorisch einzufithren, kénnen wir
aber auch, anschliessend an die Einfithrung von A nebst dem
Sequenzen-Schema A —¢, die Negation durch Schemata kcnn-
zeichnen. Die Uebersetzung der von Gentzen in seinem ‘“‘Kalkul

des natiirlichen Schliessens” angegebenen Schemata fiir die Ne-
gation ‘="’ ergibt:

A,b - A A
"y Goema
Anstatt dieser zwei Schemata konnen wir auch das erste ncbst
) A, b - A
seiner Umkehrung, also — nehmen.
—> —

Man wird sich fragen, ob hier nicht die Einfiihrung des Symbols A
erspart werden kann. Eine Moglichkeit hierfiir, die von Gentzen
benutzt wurde, besteht darin, dass man Sequenzen mit leerem
Succedens zuldsst. Das leere Succedens wird dann als Darstellung
des Falschen, aber nicht als Formel genommen. Dem Sequenz-
Schema A — ¢ entspricht dann das Schluss-Schema A=

: dieses
- C

kgnn als Regel der Verdiinnung im Succedens, also als Regel des
reinen Sequenzen-Kalkuls aufgefasst werden. Inhaltlich ist dieses
Schema so zu verstehen: Das Falsche ist das stirkste mogliche
Folgerungsergebnis; die Folgerung einer beliebigen anderen Aus-
sage kann, wenn sie nicht damit gleichbedeutend ist, nur eine
Abschwichung sein.

Mit Anwendung des leeren Succedens lauten die Schemata der

L 4
Negation in der ersten Fassung: --—’b;%_ a,-a —, in der
H ’ )

Ab — A-—>-b

zweiten Fassung:

b )
Schliesslich konnen wir aber auch ohne eine solche Erweiterung

auskommen, indem wir die Schemata 7A, b _>———1l? , @, —a —0b
nehmen. A —>=b '
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Hier ist die direkte Umkehrung des ersten Schemas bloss eine
Verdiinnung und kann nicht das zweite Schema ersetzen. Die

. . A —> b
angemessene Umkehrung ist hier --- P
£, —C
Ein kleiner Schénheitsfehler bei diesem dritten Verfahren ist,
A, 0 —- b )
dass das Schema 1 —_}) weder als “Einfiihrung” noch als
>

“Beseitigung” der Negation bezeichnet werden kann, da die Ne-
gation hier sowohl in der oberen wie in der unteren Sequenz auftritt.

I£s lasst sich nun zeigen, dass bei Hinzunahme der Schemata fiir
die Negation, in einer der verschiedenen angegebenen Formen, zu
unseren  vorherigen Schematen [&, v, ©] die Gesamtheit der
herleitbaren IFFormeln (soweit sie nicht das Symbol A enthalten)
mit der Gesamtheit der im intuitionistischen Aussagenkalkul
beweisbaren Formeln iibereinstimmt.13

Zunichst ergibt sich diese Uebereinstimmung fiir die zuletzt
angegebene Form der Schemata der Negation (ohne A und ohne
leeres Succedens), und zwar auf ganz entsprechende Art wie zuvor fir
den negationsfreien Formelbereich (vgl. S. 14-15). Was ferner die

A, 0> A .
Schemata fiir A und —: -- - S a, - a — A, A — ¢ betrifft, so
—> =0
. . . A, b —> I) .
sind aus diesen die Schemata - —— und a, = a — b ableitbar.
- =

Andrerseits werden die Schemata fiir A, - aus unseren Schematen
fiir die Implikation unmittelbar erhalten, wenn die definitorische
Einfiihrung der Negation nebst dem Formelschema A > ¢ benutzt
wird. Es ergibt sich daher, dass bei der Hinzufiigung der Schemata
fir A und - zu den Schematen [&, v, 2] oder statt dessen der
definitorischen Einfiihrung der Negation (nebst dem Formelschema

15 Nicht alle Formeln dieser Gesamtheit sind im Minimal-Kalkul beweis-
bar. Fiir den Minimal-Kalkul kann die Negation — a definiert werden durch
eine Implikation @ © P, wobei P ein Aussagezeichen ist, fiir das keinerlei
Schema gefordert wird. Statt dessen kann natiirlich auch hier die Negation
durch ein Schema eingefithrt werden. Man kommt dann mit dem einen Schema
4,0 > —¢

-——— aus, das zu sich selbst invers ist.
A, c—> b



18 P. BERNAYS

A > ¢) alle mit &, v, >, - gebildeten Formeln des intuitionisti-
schen Aussagen-Kalkuls herleitbar sind. Dass andrerseits auch nicht
mehr solcher Formeln so erhalten werden, ergibt sich, indem man
A als Zeichen fiir eine Formel ag & — ap nimmt, (wobel @y cine
beliebig ausgezeichnete Primformel ist), da dann jede Iformel
A D ¢ im intuitionistischen Kalkul beweisbar ist) sowic auch,
fiir jede Formel b, die Implikationen = b = (b > A) und (b > A)
> — b beweisbar sind.

Was endlich die Schemata mit leerem Succedens betrifft, so
erkennt man deren Gleichwertigkeit mit den Schematen fir A, =
(in Hinsicht auf die Herleitbarkeit von A-freien IFormeln), indem
man allenthalben das leere Succedens durch A ersetzt.

In der Aussagenlogik fiihrt man nicht nur fiir die Grundver-
kniipfungen, sondern auch fiir solche Verkniipfungen, die sich durch
zusammengesetzte Ausdriicke darstellen, Symbole und Namen ein.
Zum Teil stehen solche direkt aus der Umgangssprache zur Ver-
figung, wie insbesondere “weder-noch’” und das ausschliessende
“oder”. Solche durch zusammengesetzte Ausdriicke definierbare
Verk.niipfungen konnen im allgemeinen durch verschiedene gleich-
wertlge Ausdriicke dargestellt werden. Dabei ist aber mit Bezug
auf die intuitionistische Logik zu beachten, dass hier oft zwel
Au§dfﬁ0k€, die in der fblichen, “klassischen” Aussagenlogik
glelC}{Werti“g §ind, unterschieden werden miissen, und zwar nicht
nur sinnmdssig, sondern auch hinsichtlich ihres Zutreffens.

Fir die Verkniipfung “weder-noch” sind die beiden in Betracht
kor.nmendén Darstellungen — ¢ & — b, = (@ v b) auch intuitionistisch
glelt.:l?wer.tl.g. Fir das ausschliessende “oder’” hat man zunichst die
zwel intuitionistisch gleichwertigen Ausdriicke (¢ & — b) v (b & — a)
und (a v b) & = (2 & b). In dem zweiten tritt als Konjunktionsglied
~ (@ & b) auf. Fiir diese Verkniipfung hat man das Sheffer’sche
Symbol a|b, welches in der klassischen Logik auch definiert werden
k.ann durch die Ausdriicke g > 5,5 > —a, ~a v — b. Von diesen
sind die ersten beiden auch intuitionistisch gleichwertig mit
- (2 & b), wihrend - a v - § intuitionistisch stirker ist.

Erwihnt sei noch die durch den Ausdruck (@ = b) & (b = a)
dfeﬁnierte “Biimplikation”. In der klassischen Logik haben wir fiir
diese auch die Darstellungen durch die Ausdriicke (—av b) &
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(mbva) und (@& d)v (wa& —b), welche aber intuitionistisch
starker sind.

Auf den Ausdruck (2 > ) & (b = a) wurden wir anlésslich der
Betrachtung der Ableitungsgleichheit gefithrt. Wir fanden, dass
zwei Aussagenformeln $ und ¢ dann und nur dann ableitungsgleich
sind, wenn die Formel (p > ¢) & (g @ #) in unserem Sequenzen-
Kalkul beweisbar ist. Dabei kann die Bedingung der Beweisbarkeit
im Sequenzen-Kalkul auch durch diejenige der Beweisbarkeit
im intuitionistischen Formelkalkul (aufgrund der erwédhnten
Gleichwertigkeit der beiden Kalkuli) ersetzt werden.

Dic durch den Ausdruck (@ = b) & (b > a) dargestellte Biimpli-
kation — zu lesen: “‘a genau dann, wenn o”’ — fiir die wir das Symbol
=" nehmen wollen, lisst sich, ohne Bezugnahme auf die Implika-
tion und Konjunktion, auch direkt sequenzen-theoretisch charak-
terisieren durch die Schemata:

a=0b,a—b, a=0b0b-—>a

A, b —c¢ A,c -0
4d—->b=c

A b —c¢ A,c—b

A—=>b=c

Diese Schemata sind bei der definitorischen Einfithrung von
a = b ableitbar, d.h. bel der Festsetzung, dass fiir einen Ausdrukc
(@ @ b) & (b > ¢) gesetzt werden kann @ = b, und auch umgekehrt.
Andrerseits kann bei der Einfihrung der Biimplikation durch
die Schemata die Ableitungsgleichheit von @ = b mit dem Ausdruck
(@ @ b) & (b > a) festgestellt werden.

Das System des intuitionistischen Sequenzen-Kalkuls, welches
durch Hinzufiigung der Schemata

oder durch das Schema mit Umkehrung:

R 4, —a—b

tiir die Negation, und

A, b -—>c¢c; A,¢c—>b

Ry a=>ba—>b, a=5b0b-—>a
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fiir die Biimplikation zu den Schematen [&, v, = gewonnen wird,
(wobei die Anwendung aller dieser Schemata im Rahmen des reinen
Sequenzen-Kalkuls gemeint ist) moge kurz als das “System
&, v, @, =, =] bezeichnet werden.

3. Ausrichtung des Sequenzen-Kalkuls auf den Gentzen’-
schen Hauptsatz

Bei der Aufstellung der sequenzenlogischen Schemata fiir
&, v, @, — sind wir ausgegangen von den Gentzen'schen Schluss-
figuren des natiirlichen Schliessens. Diese haben wir in Schemata
des Sequenzen-Kalkuls iibersetzt. Neben das so gewonnene System
haben wir noch ein anderes gestellt, dessen Schemata sdmtlich
Regeln des Ueberganges von einer Sequenz zu einer anderen sind,
wobei paarweise zwei Ueberginge zu einander invers sind.

.Das von Gentzen selbst in seinen “Untersuchungen iiber das lo-
gische Schliessen” verwendete System des intuitionistischen Se-
quenzen-Kalkuls ist von den genannten beiden TFormen des Se-
que‘nZen-Kalkuls verschieden. Die Anlage dieses Kalkuls ist aus-
geHCh.tet auf eine bestimmte Zielsetzung. Gentzen gibt hier den
Herleltu{lgen eine Normalform, welche dem Beweise seines Haupt-
satzes fiir den Pradikaten-Kalkul dient: Die Schemata fiir die
falisoiaéien;zg:rijpiungen und fiir d?e pradikatenlogischen Qpe—

_ : o gefasst, dass die Anwendung von Schuitten

‘;Z[r):r}l”'llwh wird l.md in jeder Seq}lenz einer Herleitung jede der

Imeln (d.h. die Antecedens-Glieder und das Succedens) cine

Tellhforrnel von einer Formel der Endsequenz der Herleitung ist 16
(T“lfo”MBl-Eigenschaft). Die Méglichkeit einer solchen Gestaltung
der Herleitgng’ ohne Beschrinkung des Bereiches der beweisbaren
Formeln, bildet den Inhalt jenes Hauptsatzes, Gentzen beweist

diese.n gleichermassen wie fiir den intuitionistischen auch fiir den
klassischen Logik-Kalkul, der von ihm als eine Erweiterung des

intuitionistischen Sequenzen-Kalkuls gestaltet wird, bei welcher

16 Eine Formel q heisst im Aussagen-Kalkul eine Teilformel! einer Formel
b wenn der aussagenlogische Aufbau der Formel & iiber die Formel a fiihrt,

sgwie auch, wenn g und » gestaltlich iibereinstimmen. {Analog ist die Defi-
nition fiir den Pridikaten-Kalkul.)
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der Sequenzen-Kalkul erst seine volle Abrundung und formale
Harmonie gewinnt.17

IZine Darlegung dieses Beweises wiirde uns iiber den Rahmen
unserer Betrachtungen hinaus fiihren.1?@ Wir wollen uns aber die
Modifikationen des Secquenzen-Kalkuls vergegenwirtigen, durch
welche im Bereich des Aussagen-Kalkuls, und zwar zunichst des
intuitionistischen Aussagen-Kalkuls, die dem Hauptsatz entspre-
chende Normalform der Herleitung ermoglicht wird.

Was zuerst den reinen Sequenzen-Kalkul angeht, so fallen ja hier
diejenigen Ableitbarkeiten dahin, welche auf der Anwendung des
Schnittes beruhen. Dieses hat zur Folge, dass die Schemata der
Vertauschung und der Zusammenzichung (vgl. S. 6-7) wieder als
Grundschemata eingefiithrt werden miissen. Dafiir brauchen wir
dann die Verdiinnung nur nach einer Seite (etwa nach links) als
Grundschema zu nehmen.

Bei den Schematen fiir die Verkniipfungen bemerken wir zu-
ndchst, dass die direkten Sequenzen-Schemata (Grundsequenzen
fiir die Verkniipfungen) nicht geeignet sind, wenn wir Schnitte
vermeiden wollen. Um z.B. mittels der Schemata a —av b,
b —-avb die Sequenz b —>av (bv c) herzuleiten, bediirfen wir
eines Schnittes.

Sehen wir uns ferner die Schemata <&, <v>, <> an, so bemerken
wir, dass wir von jedem der Paare zu einander inverser Schemata
nur je eines beibchalten konnen, nimlich dasjenige, bei welchem
das zu dem Schema gehorige Verkniipfungssymbol in der unteren
Formel neu auftritt. Die Umkehrung eines solchen Schemas diirfen
wir dagegen nicht als Regel nehmen, wenn wir den Bedingungen
der Normalform geniigen wollen. Wollten wir z.B. das Schema

17 Siehe in der genannten Gentzen’schen Abhandlung: Math. Zeitschrift
39 (1934) Teil I, §§1-3, S. 190-210. Ein neuerer Beweis fiir den Hauptsatz im
Rahmen des Sequenzen-Kalkuls wurde von Haskrir B. CURRY gegeben.
Siehe: A Theory of Formal Deducibility, Notre Dame Math. Lectures (1950)
Chap. II, 7, III, 6, IV, 4. Eine Darstellung des Gentzen’schen Beweises
gibt S. C. KLEENE in seiner Intvoduction to Metamathematics (Amsterdam
1952) § 78.

178 Fiir den Bereich des klassischen Aussagenkalkuls werden wir im Ab-
schnitt 4 einen einfacheren Beweis des Gentzen’schen Hauptsatzes erhalten.

A ?(9?\
"lm 3 9 63'

b \\...w-’

‘-4
'S
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ve—>d .. . . ]
Abve—d als Regel benutzen, so wiirden wir bei ciner Anwen-
A4,b >4

dung keine Gewahr haben, dass die Formel 4 v ¢, die in der oberen
Sequenz auftritt, eine Teilformel von einer Formel der Endsequenz

der Herleitung ist. Die drei hiernach beibehaltenen Schemata fiir
sind:

A 18 {1, b—d; A,c--d
& 1); Abe—d (v,1): =7
A, b&c —>4d’ A, bve—d
A, b—c
(=>,1): - - —.
A—-b>c¢

Diese Schemata sind allerdings auch in dem schnittfreien Sequenzen-
Kalkul in einem gewissen Sinne umkehrbar, aber nicht so, dass
allgemein aus der unteren Sequenz die obere (bezw. jede der oberen)
gewonnen werden kann, sondern nur in dem Sinne, dass, wenn die
untere Sequenz herleitbar ist, dann auch die obere (bezw. jede der
oberen) herleitbar ist.

An die Stelle der Umkehrungen der drei eben genannten Schemata
treten nun die Schemat

a
A — {1 _
(&, 2): w (v,2): - A0 o e
4 ->b&e ’ A—=>bve A ->bve

A—b; Ac—d

S N =

Um die Schluss-Schem
schaltung der Schnitte
Methode der Zulassung

ata der Negation dem Zweck der Aus-

anzupassen, verwendet Gentzen hier die

eines leeren Succedens, wobei zum reinen

Sequenzen—Kalkul das Schema r;»ib (Verdiinnung im Succedens)
—>

hinzukommt, Die Schemata der Negation fiir den schnittfreien

18 Gentzen benut

) a, G > d
zt anstatt des Schemas (&, 1) die Schemata
b, G > d

a&b G —>d
i & G > a welche zusammen jenen aufgrund der Regeln der Verdiinnung,

Vertauschung und ZUSammenziehung gleichwertig sind.
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Kalkul sind dann:
A0 — A —=b
A->=b’ A, =b ="

Mit dieser Art der Gestaltung des Systems der Schemata wird den
Bedingungen Genlige geleistet, unter denen der Beweis des Gentzen’-
schen Hauptsatzes gefiihrt werden kann, d.h. den Bedingungen fir
diec Eliminierbarkeit der Schnitte und fiir die Gewinnung der
Teilformel-Eigenschaft. Wie man sieht, erfordert die Erfiillung
dieser Bedingungen fast gar keine Komplikation der Schemata.
Nur das Schema der Implikation erhilt eine ungewohnte IForm.
Diese Form des Schemas bewihrt sich aber sehr bei der eindringen-
deren Untersuchung des implikativen intuitionistischen Kalkuls,
insbesondere fiir die Gewinnung von Entscheidungsverfahren.
In gewisser Hinsicht erscheint das Schema (>, 2) als eine Verall-
gemeinerung des Schnittes; wir gewinnen ndmlich aus ihm einen
Schnitt, wenn wir fiir ¢ speziell b nehmen, und in der resultierenden
(unteren) Sequenz das Antecedens-Glied b > b weglassen. Das
Schema (>, 2) entspricht jedoch, im Unterschied von dem Schnitt,
der Bedingung, dass jede Formel in den beiden oberen Sequenzen
Teilformel von einer Formel der unteren Sequenz ist.

Gentzen verwendet die etwas erweiterte Form des Schemas:
A —=b; B,c—~d

A,Bjb>c—>d ’
diinnung, Vertauschung und Zusammenziechung dem Schema
(>, 2) gleichwertig ist. Diese erweiterte Form ist oft fiir schnelles
Deduzieren besonders giinstig. So erhdlt man mittels dieses Schemas
aus den Sequenzen a — a, b — b sofort (mit leerem B):a,a = b — 0,
und aus dieser Sequenz, zusammen mit ¢ — ¢, die Sequenz a, a = b,
b > ¢ — ¢, welche mittels Vertauschungen und des Schemas (=, 1)
dic Sequenz @ 2 b,b > ¢ —a D ¢ ergibt. Die eben erhaltene
Sequenz a,a 2 b,b © ¢ —¢ liefert iibrigens, zusammen mit der
Sequenz a,a 2 b - a (die aus der Grundsequenz a —»a durch
Verdiinnung hervorgeht), gemiss dem Schema (>, 2) (worin fiir 4
die Folge a,a > b genommen wird) die Sequenz a,a > b,a =
(b > ¢) — ¢, welche, nach Anwendung von Vertauschungen, ge-
miss (>,1) die Sequenz a > (b 2¢),a 2 b —>a > ¢, ergibt,

welche aufgrund der Regeln der Ver-
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aus der man durch zweimalige Anwendung von (2, 1) dic IFormel
(@a> (b>c)) = ({a>b) > (a>c)) erhilt.

Als ein Beispiel fiir das schnelle Deduzieren im schnittireien
Kalkul sei noch die Ableitung der Sequenz

a&(bve)—(a&bd)v(a&e)

angegeben (welche den Hauptteil des einen distributiven Gesetzes
fiir & und v ausdriickt). Aus der Grundsequenz a — a erhalten wir
durch Verdiinnung und Vertauschung a,b —a, aus b — b durch
Verdiinnung a, b — b. Die beiden Sequenzen zusammen ergeben
gemiss (&,2): a,b >a&bund gemiss (v,2): a,b -~ (a&d) v (a &¢).
Ganz entsprechend gewinnt man die Sequenz: a,c¢ — (a & D) v
(@ & ¢). Die beiden erhaltenen Sequenzen zusammen ergeben nach
(vil)ta,bvec—>(a&c)v (@a&ec), und nach (&, 1): a & (b vc) -
(@&b)v (a&ec).

Bemerkt sei noch, dass aufgrund der modifizierten Fassung der
Schluss-Schemata die Sequenzen der Gestalt a — a nur fir Prom-
formeln a als Grundsequenzen genommen zu werden brauchen,
wahrend fiir zusammengesetztes a diese Sequenzen ableitbar sind.
In der Tat ist leicht zu verifizieren, dass wir mittels der neuen
Schemata fiir die Negation aus a —a die Sequenz —a — —a,
und mittels der neuen Schemata fiir &, v, © aus a —-a und b — b
die Sequenzen a &b —+>a &b, avb —>avb, a>b-—»a>Db (und
zwar jeweils ohne Schnitte) gewinnen konnen.

Wollen wir die Biimplikation als selbststindige Verkniipfung
in den schnittfreien Sequenzen—Kalkul einbeziehen, so kann dieses
mittels der folgenden Schemata geschehen: zunichst das frither
schon aufgestellte Schema

[ S G — =, 1)
A —> b = (
dazu das Paar der Schluss-Schemata
A—>b Ac—d Ad—e; A b—d o
m;zc»d ’ A b=c—d

welches bei Anwendung von Schnitten dem Paar der Sequenzen-
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Schemata
=b,a —b, a=0b0b—a

gleichwertig ist, welche mit (= 1) und (= 11) bezeichnet werden
mogen.

Beim Beweis fiir die Eliminierbarkeit der Schnitte lassen sich die
Schemata (=, 1), (=, 2) ganz entsprechend behandeln wie die
Schemata der Implikation. Es gilt daher der Gentzen’sche Haupt-
satz, in seinem auf den intuitionistischen Kalkul beziiglichen Teil,
mit Einschluss dieser Schemata fiir die Biimplikation.

Aus dem Satz iiber die Eliminierbarkeit der Schnitte, wie sie
aufgrund der modifizierten Fassung der Schluss-Schemata fiir den
intuitionistischen Sequenzen-Kalkul besteht, konnen wir auch
eine Folgerung fiir das vorherige System [&,v, Dv -, =] ent-
nehmen. Obwohl nidmlich fiir dieses System die Eliminierbarkeit
der Schnitte dahinfillt, so bleibt hier doch fiir geeignete Herleitun-
gen die Teilformel-Eigenschaft gewahrt, wie man ersieht, wenn man
die modifizierten Schemata durch Anwendungen der Schemata aus
dem System [&, v, 2, -, =] ersetzt, wobei jeweils nur die Schemata
fiir die gleiche Verkniipfung zur Anwendung kommen. (Die Er-
setzungen ergeben sich fast allenthalben einfach mit Hilfe von
Schnitten. Nur die Zuriickfiilhrung der modifizierten Schemata der
Negation — mit Verwendung des leeren Succedens — auf die Schemata
/-4;1-[) - “b und a, — a — b erfordert eine sorgféltigere Diskussion.)

— =
Aus der auch fir das System [&, v, @, -, =] bewirkbaren Teil-
formel-Eigenschaft der Herleitungen folgt insbesondere, dass auch
im Rahmen dieses Systems jede herleitbare Sequenz durch eine
“internc” Herleitung gewonnen werden kann, d.h. eine solche,
in der nur diejenigen Verkniipfungssymbole vorkommen, welche
in der Endsequenz auftreten.

4. Der symmetrische Sequenzen-Kalkul

Die neuen Schluss-Schemata die in Angemessenheit fiir den
Gentzen’schen Hauptsatz gewihlt sind, weisen iiberdies noch eine
durchgingige Paarung (fiir jede der Verkniipfungen) von Einfiihrung
um Succedens und Einfiihrung im Antecedens auf, — wenigstens wenn
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fiir die Negation die mit Benutzung des leeren Succedens gebildeten
Schemata genommen werden. Diese Paarung entspricht derjenigen
von Einfihrung und Beseitigung im Kalkul des natiirlichen
Schliessens.

Eine volle Symmetrie inbezug auf Antecedens und Succedens
lasst sich, wie Gentzen entdeckte, im klassischen T.ogik-Kalkul
erreichen. Diese Moglichkeit beruht auf dem Dualismus der klas-
sischen Logik, den man aus der Boole’schen Algebra kennt, auf-
grund dessen sich ¢ und —a, & und v dual entsprechen. Dieser
Dualismus involviert auch fiir die Sequenzen cin duales Entsprechen
von Antecedens und Succedens. Um diese Dualitit formal voll
auszunutzen, miissen wir diejenige Unsymmetric des Sequenzen-
Kalkuls beseitigen, welche sich bei seiner bisherigen IForm darin
zeigt, dass im Antecedens eine Folge von Formeln, im Succedens
aber nur eine Formel steht. Die Zulassung eines leeren Succedens
bedeutete bereits einen Schritt zur Aufhebung des Unterschiedes.
Lassen wir nun im Succedens auch eine Folge von Formeln zu,
S0 ist die allgemine Form einer Sequenz anstatt /4 — b nunmehr
A4 - B.Die Regeln der Verdiinnung, Vertauschung und Zusammen-
ziehung beziehen sich jetzt gleichermassen wie auf das Antecedens
auch auf das Succedens; und das Schema des Schnittes erhalt fol-
gende symmetrische Form:

4,b~C; A—>bC

Zur formalen Ausprigung der Dualitdt wird man dic Schemata fur
die Verkniipfungen so fassen, dass diejenigen der Negation zueln-
ander dual und die Schemata fiir & zu denen fir v dual sind. Bei
den Schematen der Schlussfiguren fiir den schnittfreien Kalkul
hat man i Entsprechung zu der willkiirlichen Folge 4 im Antece-
de.ns eine gleichfalls beliebige Folge im Succedens einzufiigen.
Hiernach lauten die Schemata der Negation:

Ab—>C A—>b,C
A5 -p,C’ 4,-b—=C’

Gemiiss diesen Schematen darf man eine Formel aus dem Ante-
cedens negiert in das Succedens verlegen und eine Formel aus dem
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Succedens negiert in das Antecedens verlegen. Die Schemata der
Konjunktion lauten nun:

A,b,¢c—>D A—=0,D; 4 —c D
A, b&c—>D"

A —-b&e, D

Dual zu diesen sind die Schemata der Alternative zu nehmen:

A A,»b,C,D A,Z)—)D; A,C-)D 19

A —>7b7vic,45’ A,dbve =D .
Aufgrund des ersten dieser beiden Schemata ist eine Sequenz mit
einem mehrgliedrigem Succedens ableitungsgleich einer Sequenz
mit einer entsprechenden Alternative 1m Succedens, z.B. eine
Sequenz A — b, ¢, d der Sequenz A — (bvc)vd. Damit ergibt
sich fiir die Sequenzen die Interpretation, dass aus den Gliedern
des Antecedens die Alternative aus den Gliedern des Succedens

gefolgert werden kann.
A —bc, D ) . )
Das Schema - —--———= tritt an die Stelle des vorherigen
[1 —> b v e,
Schemata-Paares (v, 2), welches in der erweiterten Form (mit einer
Folge D im Succedens) lautet:

A —>b D A —>¢ D
A —>bve D’ A—>bve D

Jedes dieser beiden Schemata gewinnt man leicht aus dem neuen;
aber auch das neue gewinnt man aus diesen beiden, indem man,
mit Hilfe von ihnen, aus 4 — b, ¢, D zuerst 4 — b v ¢, c, D, sodann
A ¢ bve, D, weiter daraus A —bv e, bve, D, und schliess-
lich durch Zusammenziehung A — b v ¢, D erhilt.

Die Implikation brauchten wir in der klassischen Aussagenlogik
nicht als Grundverkniipfung zu nehmen; wir kdnnten sie hier
explicite definieren durch die Festsetzung, dass fiir —a v b allent-
halben @ = b, und auch umgekehrt, gesetzt werden kann.

19 Das Schema der Einfiihrung der Konjunktion im Antecedens und das
dazu duale Schema fiir v findet sich in der hier angegebenen Form wohl
zuerst in der Abhandlung von Oiva KrtoNEN, Untersuchungen zuwm Pridi-
katen-Kalkiil. Annales Acad. Scient Fennicae (Helsinki 1944), welche die
Gentzen’schen Ueberlegungen weiterfiihrt.
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Namlich die Schemata, welche im erweiterten Sequenzen-Kalkul
den vorherigen Schematen (>, 1), (2, 2) entsprechen, lauten ja
A, b—>c¢c, D A—=-bD;, A,¢c—D
A—>b>¢, D’ A b>c—>D )

Ersetzt man in diesen beidemal 4 > ¢ durch =0 v ¢, so sind die
entstehenden Schemata mittels unserer neuen Schluss-Schemata
fiir mund v ableitbar: In der Tat, mittels dieser Schluss-Schemata
erhalten wir aus 4, & — ¢, D zunichst 4 — = b, ¢, D und daraus
A —>-bve, D;und aus A — b, D erhalten wir zunichst A, = b —
D, und diese Sequenz zusammen mit A, ¢ — D ergibt 4, ~bv ¢ — D.

Wir werden aber im Folgenden diese Mdglichkeit der definito-
rischen Einfithrung der Implikation nicht benutzen, sondern die
Implikation durch die beiden obigen Schemata charakterisieren.

Desgleichen wollen wir die Biimplikation, die ja, wie wir wissen,
durch & und =, und im klassischen Kalkul gleichwertig durch
&, v, — definierbar ist, hier durch zwei Schemata charakterisieren,
ndmlich die beiden folgenden:

Ab—-c,D; A,c—bD A—=bec D, A, b,c—>D

4d >b=c¢cD ’ Ab=c—>D

Mittels des zweiten von diesen lassen sich insbesondere aus a — a
und b - b (mit Anwendung von Verdiinnungen und Vertauschun-
gen) die Sequenzen a = b, a —~ b, a = b, b — a herleiten. In den
Schematen der Implikation und der Biimplikation ist wiederum
die Bedingung der Paarung von Einfiihrung im Succedens und
Einfithrung im Antecedens erfiillt.

Die 10 neuen Schluss-Schemata fiir -, & v, @, =, — sie mogen
insgesamt mit “{=, &, v, @, =}’ bezeichnet werden -, sind in
Verbindung mit den Regeln des reinen Sequenzen-Kalkuls anzu-
wenden. Von diesen sollen nunmehr einige, insbesondere die Schnit-
te, ohne Berupung auf den Gentzew'schen Hauptsatz, als entbehrlich
erwiesen werden. Dazu machen wir uns zunichst klar, dass alle
mittels unserer 10 Schemata und des reinen Sequenzen-Kalkuls
herleitbaren Sequenzen ‘‘aussagenlogisch wahre” Sequenzen sind.

Der Begriff “aussagenlogisch wahr” nimmt Bezug auf das be-
annte Verfahren der Auswertung von Aussagenformeln fiir einek
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“Belegung” ihrer Primformeln mit “Wahrheitswerten”. Eine
Belegung besteht darin, dass jeder vorkommenden Primformel
einer der Werte ‘“wahr”, “‘falsch”, (kurz bezeichnet durch “v”
und “f”) zugewiesen wird, und zwar gleichgestaltigen Primformeln
der gleiche Wert. Und die Auswertung einer aus Primformeln
mit den Symbolen -, &, v, 2, = gebildeten Formel geschieht
successive nach den geldufigen Anweisungen: — a erhilt den Wert v
dann und nur dann, wenn a den Wert f erhilt, sonst den Wert f;
a & b erhilt den Wert v dann und nur dann, wenn @ und & beide
den Wert v erhalten, sonst den Wert f; a v b erhdlt den Wert f
dann und nur dann, wenn a und b beide den Wert f erhalten, sonst
den Wert v: a = b erhidlt den gleichen Wert wie — av b, d.h.
a = b erhilt den Wert f dann und nur dann, wenn @ den Wert » und
b den Wert / erhilt, sonst den Wert v; a = b erhilt den Wert v
dann und nur dann, wenn @ und b den gleichen Wert erhalten, sonst
den Wert /.

Hiernach ergibt sich fiir jede Aussagenformel bei einer gegebenen
Belegung ihrer verschiedenen Primformeln mit Wahrheitswerten
cindeutig einer der Werte v, f. Eine Formel heisse nun aussagen-
logisch wahr, wenn sie bei jeder Belegung der verschiedenen in ihr
enthaltenen Primformeln den Wert v erhdlt. Eine Sequenz heisse
durch eine Belegung der verschiedenen in ihr vorkommenden Prim-
formeln “‘erfiillt’”’, wenn durch diese mindestens eine der Formeln
des Antecedens den Wert f oder mindestens eine der Formeln des
Succedens den Wert v erhdlt. Und eine Sequenz heisse aussagen-
logisch wahr, wenn sie durch jede Belegung der verschiedenen in
ihr vorkommenden Primformeln mit Wahrheitswerten erfiillt
wird. Nach dieser Festsetzung ist eine Sequenz aj, ..., a, — b,
.- ., bp dann und nur dann aussagenlogisch wahr, wenn die Formel

(- (a1 & az) &ag) ...)&an) D ((...((BLv b) v ...) v by)

aussagenlogisch wahr ist.

Aufgrund dieser Definitionen ergeben sich nun folgende Fest-
stellungen:

1. Jede Sequenz der Gestalt a — a ist aussagenlogisch wabhr.

2. Durch Anwendung einer Verdiinnung, einer Vertauschung
oder einer Zusammenziehung entsteht aus einer aussagenlogisch
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wahren Sequenz stets wieder eine solche. Denn bei jedem dicser
Prozesse kann sich die Gesamtheit der verschiedenen Formeln
im Antecedens, sowie die entsprechende Gesamtheit im Succedens
nur erweitern.

3. Durch Anwendung eines Schnittes auf zwei aussagenlogisch
wahre Sequenzen A,b —C; A - b,C erhilt man wieder eine
aussagenlogisch wahre Sequenz A — C. Denn betrachten wir
irgend eine Belegung der verschiedenen Primformeln aus A und
C mit Wahrheitswerten, so konnen wir diese zu einer Belegung der
Primformeln aus 4, b, C erginzen. Dabei erhilt die Formel b
einen der Werte v, f. Erhalt sie den Wert v, so muss, da ja die
Sequenz A4, b — C aussagenlogisch wahr ist, eine der Formeln aus
A den Wert f oder eine der Formeln aus C den Wert v erhalten. Das
Gleiche ergibt sich fiir den Fall, dass bei der betrachteten Belegung
die Formel b den Wert f erhdlt, durch Betrachtung der aussagen-
logisch wahren Sequenz A — b, C. Somit wird die Sequenz 4 — C
durch jede Belegung der in ihr vorkommenden Primformeln er-
fiillt, d.h. sie ist aussagenlogisch wahr.

4. Die Anwendung eines der Schemata {-, &, v, o, =} auf eine
aussagenlogisch wahre Sequenz, bezw. auf ein Paar solcher Sequen-
zen, ergibt wieder eine aussagenlogisch wahre Sequenz. Es mag
geniigen, das Verfahren der Begriindung dieser Behauptung an
einem der Fille darzulegen. Nehmen wir das Schema

und betrachten wir eine Belegung der verschiedenen Primformeln
von A4, b, ¢, D mit Wahrheitswerten. Wenn bei dieser eine Formel
aus der Folge 4 den Wert f oder eine Formel aus D den Wert v
erhilt, so wird die untere Sequenz durch die Belegung erfiillt. Ist
aber keines von beiden der Fall, so muss, weil ja die beiden oberen
Sequenzen aussagenlogisch wahr sind, die Formel & bei der Belegung
den Wert » und ¢ den Wert f erhalten; daher erhilt b > ¢ bei der
Belegung den Wert /. Somit wird die Sequenz 4,5 > ¢ — D
durch jede Belegung der in ihr vorkommenden Primformeln erfiillt,
sle ist also aussagenlogisch wahr. Ganz entsprechend gestaltet
sich die Ueberlegung fiir die {ibrigen 9 Schemata.
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Aus den Peststellungen 1.—-4. entnehmen wir im Ganzen das
Ergebnis: Jede ausgehend von Sequenzen der Form a — a mit
Hilfe der Schemata des reinen Sequenzen-Kalkuls und der Schemata
{=, &, v, @, =} herleitbare Sequenz ist aussagenlogisch wahr.

Nun kénnen wir aber auch zeigen: Jede aus einem Bestande von
Primformeln mit den Verkniipfungen -, &, v, 2, = gebildete,
aussagenlogisch wahre Sequenz kann aus Formeln der Gestalt
a —a, worin a jeweils cine der Primformeln ist, mit Hilfe von
Verdiinnungen und Vertauschungen sowie der Schemata {-, &, v,
>, =} gewonnen werden.

Es werden also Sequenzen a —a nur fiir Primformeln a als
Grundsequenzen (Ausgangsformeln) verwendet und von den Regeln
des reinen Sequenzen-Kalkuls nur Verdiinnungen und Vertau-
schungen, also weder Schnitte noch Zusammenziehungen, und mit
diesen eingeschrinkteren Mitteln sind bereits alle (aus dem Be-
stande von Primformeln gebildeten) aussagenlogisch wahren Sequ-
enzen herleitbar und somit alle diejenigen Sequenzen, welche
mit den zuvor genannten stirkeren Mitteln hergeleitet werden
konnen,

Der Nachweis erfolgt durch eine Induktion nach der Anzahl der
in der betreffenden Sequenz auftretenden Verkniipfungssymbole
(jedes in seiner Vielfachheit gezdhlt).

Wenn ecine Sequenz 4 — B gar kein Verkniipfungssymbol
enthilt, so besteht sowohl A wie B nur aus Primformeln, und die
Sequenz kann nur dann aussagenlogisch wahr sein, wenn 4 und B
mindestens ecine Primformel gemeinsam haben; dann aber entsteht
die Sequenz aus einer Grundsequenz a — a (ndtigenfalls) durch
Verdiinnungen und Vertauschungen.

Sei nun in einer aussagenlogisch wahren Sequenz die Anzahl der
Verkniipfungssymbole #, und nehmen wir an, dass fiir Sequenzen
mit weniger als # Verkniipfungssymbolen unsere Behauptung
schon erwiesen sei. Wir greifen dann nach Belieben eines der Glieder
des Antecedens oder des Succedens heraus, welches mindestens ein
Verkniipfungssymbol enthilt. Dieses hat dann eine der Formen
= b, b&ec,bve, b > ¢ b=c Hiernach ergeben sich, da das Glied
im Antecedens oder im Succedens stehen kann, 10 verschiedene zu
betrachtende Fille. In jedem dieser Fille hat die Sequenz, nach
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Anwendung eventuell von Vertauschungen, die Gestalt der .ullt(frcn
Sequenz von einem unserer 10 Schemata. Diese Schemata sind nun
alle so beschaffen, dass

1. wenn die untere Sequenz aussagenlogisch wahr ist, auch dic
obere Sequenz, bezw. jede der beiden oberen Sequenzen, aussagen-
logisch wahr ist,

2. die obere Sequenz, bezw. jede der beiden oberen Sequenzen
weniger Verkniipfungssymbole enthdlt als die untere Sequenz.
Somit ist in dem Schema, dessen untere Sequenz unsere betrachtete
Sequenz ist, die obere Sequenz (bezw. jede der beiden oberen
Sequenzen) aufgrund unserer Induktionsannahme mit den zuge-
lassenen Mitteln herleitbar, und das gleiche gilt daher von der
unteren Sequenz, d.h. von unserer betrachteten Sequenz. Damit
ist der gewiinschte Nachweis erbracht.

Die Herleitungen mit den betrachteten Mitteln besitzen die Teil-
formel-Eigenschaft, dass jede Formel einer vorkommenden Sequenz
Teilformel von einer Formel der Endsequenz ist. Und hieraus folgt
insbesondere, dass diese Herleitungen <néerne sind (vgl. S.25),
d.h. dass in ihnen nur solche Verknlipfungssymbole auftreten, die
in der Endsequenz vorkommen, und daher auch nur solche der
Schemata -~ &, v, o, =} zur Verwendung kommen, die zu ciner
in der Endsequenz auftretenden Verkniipfung gehoren.

Unsere Beweisfiihrung zeigt auch, dass man die Herleitungen
durch ein ganz schematisches Verfahren, ohne Ueberlegung,
gewinnt, wobei man iibrigens im allgemeinen viele Moglichkeiten
zur Auswahl hat. Es ergibt sich hier eine nahe Beziehung zu der
Methode der semantischen Tafeln von E. W. BETH.20

Wenn wir den dual-symmetrischen Sequenzen-Kalkul nicht im
Hinblick auf die Elimination der Schnitte anlegen, dann koénnen
wir, wie schon Gentzen hervorhob, die Regeln fiir die Verkniipfun-
gen merklich vereinfachen. Anstelle der Schluss-Schemata geniigen
dann — sofern wir 3l Grundverkniipfungen nur -, &, v nehmen -
die folgenden 8 Grundsequenzen-Schemata :

a, a4 — —> a4, a

20 Entwickelt in der Abhandlung: Semantic Entailment and Formal

Devivability, Mitteilungen d. kgl. Niederland. Akad. d. Wissenschaften,
Neue Reihe 18, (Amsterdam 1955) No. 13.
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(entsprechend dem Satz vom Widerspruch und dem Satz vom aus-
geschlossenen Dritten),

a&b —»a a&bd—0b a—avbh b-savd

avb-—s>alb a,b —-a&b.

(Dic links-seitig angegebenen Sequenzen enthalten jeweils das
Verkniipfungs-Symbol im Antecedens, die rechts-seitig angegebenen
im Succedens.)

Da wir hierbei wieder das Schnitt-Schema zur Verfiigung haben,
so brauchen wir neben diesem als Schluss-Regeln fir den reinen
Sequenzen-Kalkul nur die Verdiinnung nach links und nach rechts,
die jetzt aber auch auf das Succedens Anwendung findet. Die
Sequenzen @ — a werden jetzt herleitbar, da man aus den Grund-
scquenzen fiir die Negation durch Verdinnung die Sequenzen
a, ~a —a, a—>-a,aund aus diesen mittels des Schnitt-Schemas,
in seiner symmetrischen Form, a — a erhilt.

Nachtrigliche Bemerkung. Wie ich nach der Abfassung der vor-
liegenden Arbeit bemerkte, wurde die in diesem Abschnitt 4.
benutzte Methode der Gestaltung des symmetrischen Sequenzen-
Kalkuls, sowic des Nachweises der Zulinglichkeit des Kalkuls
(ohne Anwendung von Schnitten) in ganz dhnlicher Weise von Hao
WaNG angewandt, in seiner Abhandlung “Toward Mechanical
Mathematics”’, IBM Journal for Research and Development, vol. 4,
1960; siche § 2 und § 5.

5. Neuere Behandlung des einfachen Sequenzen-Kalkuls

Der Sequenzen-Kalkul in seiner dual-symmetrischen Form be-
sitzt unstreitig eine grosse Vollkommenheit. Er ist auch in neuerer
Zeit fiir die metamathematischen Untersuchungen, insbesondere von
G. TaxkeurTi, zur Verwendung gebracht worden.

Andrerseits ist Gentzen selbst bei seinem ersten Widerspruchs-
freiheitsbeweis fiir die Zahlentheorie 21 auf den unsymmetrischen
Sequenzen-Kalkul mit eingliedrigem Succedens zuriickgekommen.
[Fir seinen zweiten Widerspruchfreiheitsbeweis hat er wieder den

21 Die Widerspruchsfreiheit der reinen Zahlentheorie. Math. Annalen
112 (1936) Siehe insbesondere § 5, S. 511-517.
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symmetrischen Sequenzen-Kalkul verwendet; jedoch findet sich
hier bei seinen einleitenden Bemerkungen das Zugestindnis, dass
der ‘‘neue Sequenz-Begriff”’ (gemeintist derjenige des symmetrischen
Sequenzen-Kalkuls) “schon ein Abriicken vom ‘Natiirlichen’
bedeutet”. 22 Ein Moment des nicht Natiirlichen liegt in der Tat
darin, dass der Dualismus, welcher eine Eigenschaft der klassischen
Aussagen- und Pradikaten-Logik ist, hier auf die Formalisierung des
Beweisbarkeits-Begriffes ausgedehnt wird. Der Sequenzen-Kalkul
ist ja nicht eine direkte formale Axiomatisierung der logischen
Gesetze, sondern eine Formalisierung einer Metalogik, welche die
logischen Beziehungen im Rahmen einer allgemeinen Folgerungs-
theorie betrachtet. Diese Folgerungstheorie hat aber von sich aus
keine duale Symmetrie, wenn man ihr nicht eigens eine solche
aufpragt.

Jedenfalls behilt, trotz der grossen formalen Vorziige des sym-
metrischen Sequenzen-Kalkuls, doch der fiir die Interpretation
einfachere unsymmetrische Sequenzen-Kalkul scine methodische
Bedeutung. Wir wollen diesen im Unterschied von dem symmetri-
schen Kalkul, den “einfachen Sequenzen-Kalkul’’ nennen.

Im einfachen Sequenzen-Kalkul ist die klassische Aussagen-Logik
reprasentiert durch die Gesamtheit der aussagenlogisch wahren
Sequenzen mit eingliedrigem Succedens und ihrer Herleitungen.
Fiir den intuitionistischen Aussagen-Kalkul haben wir beim ein-
fachen Sequenzen-Kalkul die in den Abschnitten 2. und 3. aufge-
stellten Systeme von Sequenzen-Schematen und Schluss-Schematen
als Mittel der Herleitungen zur Verfiigung.

Nun besteht im Rahmen des einfachen Sequenzen-Ialkuls die
Moglichkeit, den Uebergang vom intuitionistischen zum klassischen
Aussagen-Kalkul durch Hinzunahme eines einzigen Grundsequ-
enzen-Schemas zu bewirken. Hierfiir kénnen die #lteren Ergebnisse
betreffend den Formel-Kalkul verwertet werden. Aus diesen ent-
nimmt man zundchst, dass es hier geniigt, die Schemata fiir Im-
plikation und Negation zu ergidnzen, wihrend fiir die iibrigen

22 Neue Fassung des Widerspruchireiheitsbeweises fiir die reine Zahlen-
theorie, Forschungen zur Logik ... neue Folge, Heft 4 (Leipzig 1938) S. 21.
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Verkniipfungen die Formel-Schemata des intuitionistischen Kalkuls
beibehalten werden konnen.23

Beziiglich der Ergidnzung des intuitionistischen Kalkuls fiir
Implikation und Negation zum klassischen ergibt sich aus den Un-
tersuchungen von FREGE und Luxasiewicz, dass es hierfiir aus-
reichend ist, eines der Formel-Schemata ——p 2 p, (=p 2 p) 2 p
hinzuzufiigen.24

Anstatt des letzteren geniigt ebenfalls (wie man auch schon
seit lingerem weiss): 25 ((p > —p) @ p) > p. Dieses wiederum
ist ein Spezialfall des Schemas der Formel von PEIRCE ((p = q)
> p) > p, welches also a fortiori ausreichend ist.

Wiinscht man das deduktive System des Formel-Kalkuls so
anzulegen, dass alle Formeln, welche nur die Implikation enthalten,
auch ohne Einfiithrung einer anderen Verkniipfung herleitbar sind,
so wird man dieses IFormel-Schema vor den anderen genannten
bevorzugen.26 Andrerseits hat das Formel-Schema — -9 = p,
als Ausdruck des logischen Gesctzes, dass die doppelte Verneinung
einer Aussage ihre Bejahung ergibt, insofern seinen Vorzug vor
demjenigen der Peirce’schen Formel, als diese kaum iiberhaupt
sprachlich so formuliert werden kann, dass sie als ein Gesetz der
“wenn-so”’-Verkniipfung einsichtig ist.

23 Im Anschluss an das Vorangehende betrachten wir hier auch den
TFormel-IKalkul als einen solchen mit Formel-Schematen, wobei der modus
ponens die einzige Schlussregel ist, also die Einsetzungen wegfallen. Von dem
Kalkul mit Einsetzungen und modus ponens gelangt man zu diesem, indem
man in den Herleitungen die Einsetzungen in die Ausgangsformeln zuriick-
verlegt, was (gemdss einer bekannten einfachen Ueberlegung) stets moglich
ist.

24 Vgl. hierzu J. LLurasiewricz und A. Tarski, Untersuchungen iiber den
Aussagenkalkiil, Comptes Rendus de Varsovie 23 (1930) Classe III, Fussnote
9, sowie Satz 6 (beides auf S. 6).

25 Siehe in dem Enzyklopiddie-Bericht: Mathematische Logik, von H.
Herymes und H. ScuoLrz, Abschnitt 6., S. 37, die Feststellung ““(g)"".

26 Dieser Gesichtspunkt wird z.B. hervorgehoben in der Abhandlung von
Stic KanGeRr, A note on Partial Postulate Sets for Propositional Logic,
Theoria 21 (1955) 99-104. Der reine implikative Kalkul der klassischen
Aussagenlogik wurde schon sehr friihzeitig behandelt. Vgl. hieriiber in der
in Fussnote 24 zitierten Abhandlung von Eukasiewicz und Tarski, Satz 29
(S. 14).
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Die Sachlage erhilt noch eine anderweitige Beleuchtung durch
den Uebergang vom Formel-Kalkul zum Sequenzen-Kalkul. Durch
den Vergleich der beiden Arten des Kalkuls werden wir darauf auf-
merksam, dass im Formel-Kalkul die Implikation gewissermasscn
in zwel verschiedenen Rollen auftritt: einerseits als Verkniipfung,
andrerseits in der Rolle der Sequenz-Beziehung. Beim Sequenzen-
Kalkul wird die Vorrangstellung der Implikation aufgehoben.
So treten hier an die Stelle der Formel-Schemata — - > $ und
(( = q) = p)  p die Sequenz-Schemata

P =P =9 =>p—p;

im ersten kommt als Verkniipfung nur die Negation, im zweiten nur
die Implikation vor.

Man kann sich nun fragen, ob noch fiir eine andere unserer fiinf
Verkniipfungen ein Sequenz-Schema mit dieser Verkniipfung als
der allein auftretenden angegeben werden kann, welches hinzu-
gefligt zu dem intuitionistischen Sequenzen-Kalkul den klas-
sischen Sequenzen-Kalkul, im Rahmen des einfachen Sequenzen-
Kalkuls liefert. Diese Frage wurde neuerdings in einem Kreis von
Logikern aufgeworfen und dahin beantwortet: 27

. Fir die Verkniipfungen & und v gibt es kein derartiges
Sequenzen-Schema, und es gilt sogar der Satz: Jede aussagenlogisch
wahre Sequenz, worin & und v die alleinigen Verkniipfungssym-

bole sind, ist mittels der Schemata fir & und v des intuitionis-

tischen Sequenzen-Kalkuls, (im Rahmen des reinen Sequenzen-

.KaHTIU_IS)_herleitbar, oder wie wir es kurz ausdriicken wollen “‘im
Intultionistischen &-v-Sequenzen-Kalkul herleitbar’’.

2. Fiir die Biimplikation gibt es Sequenzen-Schemata von der
geforderten Eigenschaft.

Der Nachweis fiir den unter 1. ausgesprochenen Satz kann man
aus den folgenden Feststellungen entnehmen:

a. Jede mit & uynd v als alleinigen Verkniipfungen gebildete

27

o Vgl. HU(}UES Lesranc, Etudes sur les régles d’inférence dites régles
fe entzen, Dialogue, Canadian Philosophical review 1, No. 1 (Bruges 1962),
erner H. LEBLANC, Proof Routines for the Propositional Calculus, Notre

Dame Journal Qf Formal Logic 4, No. 2 (1963), sowie die in diesen ADb-
handlungen zu findenden Literaturangaben.
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Sequenz des cinfachen Sequenzen-Kalkuls ist aufgrund des in-
tuitionistischen &-v-Scequenzen-Kalkuls ableitungsgleich mit einer
solchen Sequenz, die ein eingliedriges Antecedens hat und worin
sowohl dic Formel im Antecedens wie dicjenige im Succedens ecine
“konjunktive Normalform™ ist; dabel bedeutet hier eine konjunk-
tive Normalform eine solche Konjunktion, deren Glieder Alter-
nativen (v-Verkniipfungen) aus Primformeln sind.

b. Sind $ und ¢ konjunktive Normalformeln (der eben genannten
Art), so ist die Sequenz p — ¢ dann und nur dann aussagenlogisch
wahr, wenn fiir jedes Konjunktionsglied ¢ von ¢ die Bedingung
erfiillt 1st, dass bei mindestens einem der Konjunktionsglieder von
p alle darin auftretenden Primformeln auch in ¢ vorkommen.

c. Eine Sequenz p —¢q, welche dem in b. angegebenen Kri-
terium geniigt, ist mittels des intuitionistischen &-v-Sequenzen-
Kalkuls herleitbar.

Was den Punkt 2. betrifft, so lasst sich das von H. LEBLANC
und N. D. BeLNAP erhaltene Ergebnis in gewisser Hinsicht ver-
bessern. Sie geben das Paar der Sequenzen-Schemata:

a, (¢ =a) =(c =0 >0, (1)
a, (C = l)) = ( = a) —b ((2))

als ein solches an, welches an die Stelle des Paares (=1), (=11), d.h.
a=0b,a—>b;, a=>010b-—>a (vgl. S.25) gesetzt, den intuitionis-
tischen Sequenzen-Kalkul zum klassischen ergdnzt.28 Als Schema
der Einfiihrung von == im Succedens nehmen sie dabei (=,1).

Hier kann zundchst ((2)) aus ((1)) abgeleitet werden. Namlich
mittels des Schemas (==, 1) und des reinen Sequenzen-Kalkuls

ergeben sich zunachst die Sequenzen:
—a = a, c—>(a=a)=c ((3)
c—>c=(b=0). ((4))

28 Die PFragestellung ist bei diesen Autoren insofern etwas verschieden
von der hier erdrterten, als sie den Uebergang vom intuitionistischen zum
klassischen Kalkul nicht durch Hinzufiigung eines Sequenzen-Schemas
sondern durch Verstdrvkung eines der Schemata bewirken wollen, womit sie
beabsichtigen, die vorherige Zweiheit von ‘‘Einfiihrung’’ und “Beseitigung”’
aufrecht zu erhalten.
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Nun liefert das Sequenzen-Schema ((1)) durch Spezialisicrungen:

a,(a=a) =(a=0) >0 ((5)

a,(b =a) = (b =0 —>b. ((6))
Als Spezialfall von ((3)) erhalten wir:

a=b->(@=a) =(a="), (7))
als Spezialfall von ((4)):

b=a—>{B=2a)=(@0=0b). ((8))

((7)) and ((5)) liefern durch Verdiinnungen und Schnitt:
a=0>b a—>b;

((8)) and ((6)) liefern gleichermassen: b = a, @ — b und somit auch
@ =15, b—+a. Und so bekommen wir unsere Schemata (=j) und
(=m) zuriick. Diese beiden zusammen liefern mittels (==, 1) die
Sequenz: a =b b =a und somit in spezieller Anwendung
c=0b)=(c=a) - —(c=a)=(c =05). Und dicse Sequenz zu-
Sammen mit ((1)) liefert durch Verdiinnungen, Vertauschung und
Schnitt die Sequenz ((2)).

_Wle wir zugleich sehen, sind aus den Schematen (=, 1) und ((1))
die Schemata (=1), (=n) des intuitionistischen Sequenzen-Kalkuls
ableitbar. Es lisst sich nun von dem Schema ((1)) gewissermassen

der nicht- -intuitionistische Bestandteil absondern, in der Form des
Sequenzen- Schemas

az(azb) —b . (,,_*)

In der Tat ist, bei Zugrundelegung der friihcren Schemata (=,
(=1), (=1) (und des reinen Sequenzen-Kalkuls), aus ((1))
Schema (=*) und aus diesem auch ((1)) ableitbar.

Um (=*) aus ((1)) zu gewinnen, leitet man zunichst mittels der

ginannten Intuitionistischen Schemata fiir = folgende Sequenzen
ab:

1),

das

—>a =q,
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und aus diesen die Sequenz
— (e =(a =a) = (c=b) = (c = (c =),
)

die abgekiirzt mit — # = (¢ = (¢ = b)) angegeben werde. Nun wird
das Schema ((1)) in der Spezialisierung

a=a,(c=(a@=a)=(=0b —0b

angewandt. Hier kann das erste Glied des Antecedens, wegen
—>a = a, durch einen Schnitt entfernt werden, sodass man u# — b
erhdlt. Das Sequenz-Schema (=qj) liefert:

w=(c=(c=b)c=(=1b —>u

und diese Sequenz, zusammen mit den erhaltenen: — it == (¢ =
(c =0)) und u — 0, ergibt durch Verdiinnungen und zweimaligen
Schnitt: ¢ = (¢ =) — b, worin noch a fiir ¢ genommen werden
kann.

Um andrerseits ((1)) aus ( =%) zu gewinnen, beginne man mit
der Herleitung der Sequenz

a—(c =a)=c (%)

1

welche mittels (=11) und (==, 1) erfolgt. Aus der bereits erhaltenen
Sequenz

p=q—>@p=r)=(@=7
ergibt sich durch spezielle Anwendung
c=a=c>(c=a=C=0t)=(=(=0)
Diese Sequenz zusammen mit ((9)) ergibt durch einen Schnitt:
a—>(c=a)=(=0) =(=(=0).

Wird diese Sequenz abgekiirzt, durch a — # = v angegeben, so 1st
die herzuleitende Sequenz ((1)): a, # —b. Nun haben wir herge-
leitet @ - = v; nach (=;) haben wir % = v, ¥ — v, und nach
(=*): v > b. Diese drei Sequenzen ergeben durch Verdiinnung,
Vertauschung und zweimaligen Schnitt: a, © — b.

Anstatt also das Paar der Sequenzen-Schemata (=), (=) 2zu
dem Schema ((1)) zu verstirken, koénnen wir das Schema (=%)
hinzufiigen.
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Dieses Schema ist in seiner inhaltlichen Auffassung einigermassen
ansprechend; es besagt ja: “Daraus dass a genau dann, wenn «
genau dann wenn 4, kann entnommen werden, dass b”.

Die Rolle des Schemas (=*) im Sequenzen-Kalkul der Biimpli-
kation beruht insbesondere darauf, dass aus ihm das assoziative
Gesetz

aE(bEc)e(aEb)Ec ((10))

herleitbar ist. Namlich aufgrund von (=, 1) erhdlt man ja ((10)) aus
den Sequenzen

«Q

E(b EC),(lEb—>C
und

a=(b=c),c—>a=b ((11)

Die erste von diesen wird (durch Verdiinnungen und Schnitt) aus
den Sequenzen

¢=lb=ca=bsb=(h=cundb=(0=c) >c

gewonnen, von denen die erste sich aus (=, 1), (=1) und (z-11) er-

gijt)t, wahrend die zweite eine Anwendung von (=%*) ist. ((1n)
wird aus den Sequenzen

aE(bEC),C,(l%b, a=(bz=c),cb->a

erhalten, die sich bereitg aus (

. =, 1), (=1) und (=-11) ergeben.
Die Umkehrung von ((10)) ) (=) (=) org

(@=0)=¢c—>a

(b = c) ((12))

durch mehrmalige Anwendung der Sequenz

pEQﬁqu’ Welch . _ B - : d
aus der man auch € sich aus (==, 1), (=1), (=n) ergibt un

erhélt man aus ((10))

~(a=b) = (b =a) ((13))
gewinnt. ((10)) und ((12)) zusammen liefern:
>@=(0=c)=(a=0b =c. ((14))

Nach der Herleitung vop ((10)), ((12)), ((13)), ((14)) ist es nicht
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mehr schwer zu zeigen, dass fiir den klassischen Kalkul der Biimpli-
kation die Schemata ( =, 1), (v21), (=n), (=%*) ausreichen.29

Im Sequenzen-Kalkul mit Biimplikation und Negation kénnen
wir bel Anwesenheit des Schemas (=*) die Sequenzen der Form
=~ = b - b aus den beiden intuitionistischen Schematen der Negation
A b -0 L . . L
; a,~a —b und denjenigen fiir die Biimplikation
A —->=b
herleiten.

Namlich zunichst crhalten wir aus (=p): —~a =a,a ——-a
und daraus (mittels des eben genannten Schlussschemas der
Negation): —ma =a — - @, also auch =~ —~a, =a - a — — a. Ferner
erhalten wir durch Anwendung des Schemas a, ma —b: = —a,
—ma — —a = a. Die beiden erhaltenen Sequenzen ergeben gemaiss
(=.,1)t ==a—>=a = (-a =a). Andrerseits haben wir als An-
wendung von (=%*): —a = (-~a =a) > a. Somit erhalten wir,
mit cinem Schnitt: = —a —a.

Desgleichen kann man - was hier nicht genauer ausgefiihrt sei —
aus dem Schema — ~ a — a das Schema (=%*) mittels der intuitionis-
tischen Schemata fiir die Biimplikation und die Negation ableiten.

Generell Jdsst sich von den drei Sequenzen-Schematen

- —a —a, (@ >0 ®a—a, a=(a=05b >0

zcigen, dass je zwel von ithnen ableitungsgleich sind im Rahmen des
intuitionistischen Sequenzen-Kalkuls fiir die beiden in ihnen
auftretenden Verkniipfungen. Jedes der drei Schemata fiir sich
erginzt den vollen intuitionistischen Sequenzen-Kalkul zum ein-
fachen klassischen Sequenzen-Ialkul.

Nach dem Vorschlag von Leblanc sollten wir jedes von diesen
Schematen mit dem Schema der “Beseitigung” (Einfiihrung im
Antecedens) des in ihm auftretenden Verkniipfungs-Symbols zu
einem verstirkten Beseitigungs-Schema vereinigen.30 Seine An-

* Man vergleiche hierzu die Ausfiihrungen iiber den Formel-Kalkul
der Biimplikation bei A. CuurcH, Introduction to Mathematical Logic,
Vol. 1 (Princeton 1956) Exercise 26, p. 143.

30 Er betrachtet ein System, das durch solche Verkopplungen von
Schematen aus einem unserem System [&, v, D, -, =] (vgl. Ende von
Abschnitt 2, S. 20) gleichwertigen System des intuitionistischen Sequenzen-
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sicht, dass dieses Verfahren sachgemdss ist, entspringt gewiss zum

Wesentlichen aus der Feststellung, dass bei seiner Wahl der Sche-

mata der Negation fiir den intuitionistischen Sequenzenkalkul,

nidmlich: A.b>c; Ab=ne ; @, —a—0b, dic Hinzufligung
A —>=b

des Schemas — —a —a eine Abhédngigkeit ergibt, indem das

Schema a, = a — b ableitbar wird.

Eine solche Abhangigkeit tritt jedoch nicht ein, wenn man das
A, b—c; Ab—-c
A —>-=b
A b—--b
A —=
jenes allgemeinere Schema (mit Hilfe von Verdiinnungen und

Schnitten) abzuleiten gestattet.

Dass in der Tat das Schema a, —a — & aus den {iibrigen Sche-
maten des Systems [&,v, @, -, =], auch bei Hinzunahme des
Schemas — —a —a, nicht abgeleitet werden kann, lisst sich
durch die Methode der endlichen Modelle (Matrix-Methode)
zeigen, die sich auf den Sequenzenkalkul in der Weise anwenden
lasst, dass man einer jeden Sequenz ay, ..., a, — b die Formel
(... (@1&a9) & ...) & a, > b zuordnet.

Es wird ein Modell mit 5 Werten «, 3, y, d, ¢ genommen, von
denen « der ““ausgezeichnete” Wert ist. Uber dem Bereich dieser
S Werte werden &, v, @, =, = als Funktionen definiert durch
folgende Festsetzungen:

Fir beliebige Werte #, y gilt: 3

Schema

durch das speziellere, von uns

benutzte: ersetzt, welches zusammen mit a, ~a — b

kalkuls hervorgeht. Fiir dieses System des einfachen klassischen Sequenzen-
kalkuls beweist er, dass mittels der Schemata von diesem jede aussagen-
logisch wahre Sequenz durch eine inferne Herleitung erhalten werden kann.
Den Nachweis hierfiir erbringt er durch eine Diskussion der verschiedenen
Teilsysteme der Kalkiile, die den moglichen Beschrankungen der Verkniipf-
ungen auf eine Teilgesamtheit entsprechen. Dieses Verfahren ist erheblich
mithsamer als dasjenige, durch welches sich, wie wir (im Abschnitt 4) sahen,
fiir den symmetrischen Sequenzenkalkul die Moglichkeit der schnittfreien
Herleitungen zeigen ldsst.

81 Das Zeichen “=’' steht in iiblicher Weise zur Angabe von Wert-
gleichheit.
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r&y=y&y, *vy=yvay x=y=V=21;

Y&y=21x XVI=UX XD¥=oa IN=X=a
a&yx =% avi=oa aDX¥X=X VXDa=c0o a=I=x,
B&x=f fvr=x f>2x=a
fiir_v;éﬁistxDﬁzﬁ, X = :ﬂ

Im dbrigen ist:

y&o=¢ yp&e=¢ 0&e=¢; yvi=oa yve=y,
dve=24;
}/D():(S, (SD’}I:‘}I, }/Dg:(s’ (SD{;‘:‘}}, E:)‘U::a,
£ >0 =ax;
yzézs, y::_&‘:(s, (3Eb‘=‘y,

ﬁa:ﬂ, ﬂﬁ:d, —1‘}/:(3, —-16:‘}/, — & =— .

Aufgrund dieser Festsetzungen erhdlt jede Formel bei einer
Belegung der Primformeln mit Werten aus der Menge {«, f8, y, 0, ¢}
einen Wert aus dieser Menge; desgleichen erhilt auch jede Sequenz
einen solchen Wert, indem wir als Wert der Sequenz den Wert der
zugeordneten FFormel erkldren.

Betrachten wir nun die Sequenzen-Schemata und Schluss-
Schemata des Systems [&, v, 2, -, =], jedoch unter Ersetzung
des Schemas a, - a — b durch das Schema — - a — a, so konnen
wir feststellen, dass jede gemiss einem der Sequenzen-Schemata
gebildete Sequenz bei jeder Belegung ihrer Primformeln den aus-
gezeichneten Wert o« erhilt und dass bei jeder Anwendung eines der
Schluss-Schemata die Bedingung erfiillt ist, dass jede Belegung der
auftretenden Primformeln, fiir welche die obere Sequenz (bezw.
jede der oberen Sequenzen) den Wert « erhilt, auch fiir die untere
Sequenz den Wert « liefert; und das Gleiche gilt fiir die Schemata
der Verdinnung und des Schnittes. Hieraus ergibt sich, dass jede
mittels der betrachteten Schemata herleitbare Sequenz bei jeder
Belegung ihrer Primformeln den Wert « erhilt. Dieses ist dagegen
nicht der Fall bei dem Schema a, — @ — b. Werden hier fiir 2 und 0
verschiedene Primformeln p, g genommen und belegt man p
mit den Wert y, ¢ mit dem Wert 8, so erhilt die der Sequenz
P, = p — q zugeordnete Formel (p & —p) @ ¢ den Wert (y & = 7)
SPl=@p&d)>f=e>p=4
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Hiermit wollen wir unsere Betrachtungen abschliessen, obwohl
es noch mancherlei Ankniipfendes zu erdrtern gidbe.32 Nur dic
Bemerkung moége noch vorgebracht werden, dass mit diesen Aus-
fiihrungen nicht die Meinung vertreten werden soll, dass der
Sequenzenkalkul unbedingt dem Formelkalkul iiberlegen sei. Was
insbesondere den Gentzen’schen Hauptsatz betrifft, so hat ja
KurTt SCHUTTE gezeigt, dass man auch beim Formelkalkul die
Moglichkeit hat, die Schlussregeln so zu wihlen, dass dic dem
Schnitt entsprechende Schlussweise — (sie wird auch hier als ““Schnitt-
schema’ bezeichnet) - eliminiert werden kann; und zwar bestcht
diese Moglichkeit hier ebenfalls sowohl fiir den klassischen wice fiir
den intuitionistischen Kalkul.33

Fiir die Logik aufgefasst als Folgerungstheorie hat der Sequenzen-
kalkul sein Gutes durch seine Beziehung zum Annahmenkalkul
und durch die Moglichkeit, im reinen Sequenzenkalkul die all-
g.emeinsten Gesetze des Folgerns darzustellen. Unter diesen Ge-
Sl_chtspunkten hat der einfache Sequenzenkalkul als das metho-
disch natiirlichere Verfahren gegeniiber dem symmetrischen den
Vorzug, wihrend andrerseits erst in der symmetrischen Form der
Sequenzenkalkul seine volle formale Abrundung und Eleganz er-

r.eiCht,. ~ wobei man sich allerdings von vornherein an die Gesetz-
lichkeit der klassischen Logik zu binden hat. —

Ziivich, Schweiz

%2 Fir das Studium der angrenzenden Fragen sei speziell hingewiesen
auf das neue Werk von HASKELL B. Curry, Foundations of Mathematical
Logic (McGraw Hill 1963).

33 Siehe K. ScutitTE, Schlussweisen-Kalkiile der Pradikatenlogik. Math.
Annalen Bel. 122 (1950) 47-65. Eine eingehende Behandlung des zu dem
schnittfrejen Sequenzen-Kalkul analogen Formelkalkuls enthilt das I.ehr-
buch von H, ArnoLD Scumipt, Mathematische Gesetze der Logik I. Grund-
lehren d. math. Wissenschaften 69. Band (1960).



CHAPTER 2

REMARKS ON INFERENTIAL DEDUCTION

HASKELL B. CURRY

Gentzen in his thesis [9] proposed a formulation of logical calculus
in which certain inferential rules played an essential role. The term
“inferential deduction’ is here used to describe deduction based on
inferential rules of Gentzen type. A number of persons have studied
such deduction; some of these, such as Jaskowski, arrived at similar
formulations independently.l

A considerable study of inferential deduction appears in my book
(4]. The manuscript of that book was sent to the publishers on May
20, 1961. In the meanwhile there have appeared several publications
dealing with inferential deduction; these have suggested ideas
which, naturally, I was not able to take account of there. Among
these publications are Anderson and Johnstone [1], — an elementary
textbook which is the first serious attempt to present certain forms
of inferential deduction to comparatively immature students, —
and the defence of the dialogue approach to logical calculus in
Lorenzen [14] and [13]. This paper contains some comments
which thesc publications have suggested.

The paper deals with three rather loosely connected topics.
Anderson and Johnstone present the Gentzen “natural”’ rules in a
linear form such as Jaskowski [10] and Fitch (8] used before them;
it is easy to see that this formulation is, in principle, equivalent to
the formulation by proof trees which Gentzen used; however, for
certain rather technical purposes it is desirable to have an explicit
process or algorithm for transforming either of these forms of proof
into the other. This technicality is my first topic; it is expounded

1 For the history and references see [5].
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in § 2 after a preliminary result in § 1. The second topic 1s the se-
mantics of Gentzen L-rules, about which it seems necessary (bc-
cause some improvements in my previous explanations scem
possible) to make some remarks in § 3. The rest of the paper deals
with a form of dialogue differing in some details from thosc ol
Lorenzen (l.c.), Stegmiiller [16], and Lorenz [117.2 The sccond and
third parts of the paper are quite independent of the first.?

1. Construction trees

The natural rules of Gentzen have the peculiarity that some of the
rules involve discharge of assumptions. Before embarking on an
analysis of such trees, I shall review some facts concerning proof
trees for systems where the rules are of the ordinary sort.

In [4] secs. 2A6 and 3Bl 4 there is a discussion of constructions
and the tree diagrams associated with them. This discussion will be
supposed known here. I shall call such trees comstruction trees. 1
shall consider only the case where the construction trees are proof
trees, i.e., the nodes are statements and the junctions are inferences
by virtue of the rules. Further, I shall restrict attention to the case

of an assertional system, with the elementary statements of the
form

(1) FA,

where 4 is a kind of ob called a formula.5 A proof tree is such a

construction tree if the inferential rules are elementary, i.c. schemes
of the form

Al, ...,Anl!-B,

where 44, ..., A5, B are elementary formula schemes (which be-

® It has been impossible for me to see a copy of this thesis in time to use
itin the preparation of the present paper. I know it only second hand from
information given in Stegmiiller [16].

% The reference to § 2 in § 6 does not require previous reading of § 2.

4 This treatment is revised from earlier treatments in [3] and [7] § 2Bl

5 In my previous publications I used the term ““proposition’ in this sen§e.
The shift to “formula’ is an experiment. Perhaps it will serve to emphasize

that T am talking about an object rather than an abstraction. Cf. [4] PP-
168-172.
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come clementary formulas when the U-variables are specialized
to specific formulas).

The normal construction sequence defined in [4] Sec. 2A6 con-
stitutes a form of linearization of a construction sequence. Such a
sequence may be defined as follows. If X" and Y are nodes, we say X
is to the left of Y just when the branch leading down from X lies
to the left of that from Y at the node where they join. Then X
precedes Y in the normal sequence just when X is over Y or X
1s to the left of Y.

This definition can be extended to proofs which contain super-
fluous formulas. Such proofs give rise to construction trees with
detached parts. We can then say that if X and Y are nodes in differ-
ent detached parts, X is to the left of ¥ when the terminus of the
part in which X lies is to the left of that in which Y lies.

A normal construction sequence of course contains repetitions.
We can get a construction sequence without superfluous repetitions
as follows. Let us say that nodes X and Y are homologons just when
(1) A and Y are initial (top) nodes which are alike, or (i1) X and Y
are obtained by inferences such that the same rule is used in both
cases and the premises are respectively homologous. Then the
linearization is an assignment of nodes to the lines Ny, ..., N,,
such that when those assigned to Ny, ..., N, have been determined,
the first not previously assigned node in the normal construction
sequence together with all nodes homologous to it are assigned to
Nyv1. Then a node will not be assigned to N,,+; until all those
preceding it have been assigned to some of the Ny, ..., Ny. The
process will stop when we reach an N, such that every node is
assigned to one of the Ny, ..., N,. It is not clear that the conclusion
of the original proof will be assigned to N,,; but that will certainly
be the case if the tree has no detached parts.

2. T-proofs

We turn now to discuss the application of these ideas to proof
trees constructed by the natural rules of Gentzen. These rules I
shall call T-rules,b and the proofs based on them T-proofs.

6 Gentzen called them N-rules. The change from “N”’ to ““T"’ was madeto
avoid conflict with the “N"’ standing for negation. See [4] p. 248 at the b ottom.
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As already stated, the peculiarity of such rules is that they may
involve the discharge of assumptions. Thus a T-proof consists of a
construction tree and a list of assumptions such that certain con-
ditions are fulfilled. The formulation of these conditions varies with
the extent to which repetitions are allowed. Suppose we are rather
liberal in regard to repetitions; then the conditions arc as follows:

(i) Every initial node is an instance of a specific assumption or
an axiom. 7

(i) An assumption is either not discharged at all, or is discharged
at a unique node; assumptions which differ as to their node of
Flischarge are distinct as assumptions, even though they may be
Instances of the same formula.

If it is desired to modify (ii) to eliminate repetitions, we may
proceed thus. Let us call two assumptions semi-identifiable when
(i) they are instances of the same formula, and (ii) if they have
distinct points of discharge, neither discharge point is under the
other. Let X;, Xy be two semi-identifiable assumptions and let
Y1, Y5 be the nodes such that X1, X3 are discharged in the inferen-
ces .leading to Y3, Y respectively. Let 43, A3 be the subtrees termi-
nating in Yy, Y, respectively. Then if 1) 4; and 4, are homologous
as construction trees, and 2) every assumption of A; which is
di.scharged below A4; has been previously shown to be identifiable
g?:?hileegsiurlnpti(?n made E.lt the corresponding point of 42 and
identifigglble ?[‘EW it, and vice \{ersaf_ then X, an.d X? .are also

. . en we can modify (ii) to allow identifiable as-
Sumptions to be considered the same; but otherwise assumptions
Wh\%‘;il ?}Ze unlike or are discharged at different points are distinct.
X ang YZI; say t}.m_t two nodes X and Y are homologous when (i)

e identifiable assumptions; or (ii) X and Y are conclusions

of inferences by the same rule, such that corresponding premises
are homolo

) gous and i i A
identifiable. corresponding discharged assumptions are

1 .7 We may need to consider cases in which there are axioms of the under-
ying SYstgm, for instance in predicate calculus with equality (cf. [4], Sec.
7D, Exercise 5). Indeterminates occurring in these axioms are still to be
regarded as indeterminates in applying such rules as ITiand Xe.
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The linearization process consists of an assignment of nodes of
A to the “lines” Nj, ..., N, of a linearized proof. At each stage
of the process a subtree 4; of 4 is determined. Initially 2 = 0 and
Ay i1s the whole of 4. Given Ny, ..., Ny and 4;, a node X is free
if and only if it has not been previously assigned, and either (1) X
is an assumption which is not discharged in 4, or (ii) X is not an
assumption and all nodes in 4, above X have already been assigned.
Then the nodes assigned to N4, or the 41 which is to replace 43,
are determined as follows:

Case 1. If there are any free nodes in 4, then the first (in the
normal construction sequence, i.e. left-hand-most) such node,
together with all nodes homologous to it, are assigned to N1,
and 41 is the same as 4;.

Case 2. If there are no free nodes in 4y, but there is a node Y
in 4, which is the conclusion of an inference at which an assumption
not previously assigned to one of Ny, ..., N, is discharged, let Z
be the unique such Y such that there is no other such Y under or
to the left of Z. Then take 41 to be the subtree over Z.

Case 3. If neither of these cases holds and 4; is 4 the process
terminates. If 47 is not 4, take 41 to be 4.

By this process a T-tree can be transformed into a linear series
Ni, ..., Ny, which will be called a linearized T-proof. This series
can be provided with an analysis 8 stating for each Ny whether
or not it is an assumption; and if it is not, by what rule it is inferred,
from what premises, and what assumptions are discharged in the
process. Conversely given such a T-proof with analysis one can
construct a T-tree by starting at the bottom and working upward.

3. Semantical discussion

In his original presentation Gentzen commented on the fact that
his inferential rules, particularly the T-rules, followed quite naturally
from the meanings of the logical connectives. This point can be
elaborated; and in fact there is a rather simple semantical justifi-
cation for all of the Gentzen rules. Although this justification has

8 This term is due to Kleene [10a] p. 87.
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been presented several times in a variety of different ways, it still
seems to be little known and often misunderstood. The following
discussion contains some improvements over those contained
in previous publications.

In setting up a logical calculus we are dealing with a system L
in which we make statements of a specified sort about certain
objects. These objects I shall call formulas. They may be thought
of, if one prefers, as a sort of expressions in an object language;
but that is not necessary, and no symbols or expressions of such an
object language are exhibited here. The formulas are generated
from certain elementary formulas by the logical operations. If
quantifiers are included, we must suppose there are also objects
called terms which can occur as parts of formulas; and a quantifier
is an operation combining a term and a formula to make a formula.
To fix the notation I state that the logical operations are those
which form, from given formulas 4 (and B), the formulas — 4
(non-4), A A B (A et Bor A meet Bor A con B), Av B (4 vel B
or 4 join B or A ad B), 4 = B (4 ply B), (Vx) 4, (for all x, A)
(3x) B (for some x, B). Formulas which are not elementary I shall
call compound.

So far nothing has been said about any meanings which may be
associated with the formulas. We now bring semantics into the
situation as follows. Let us associate with each formula A a state-
ment 4* belonging to a set of statements V*; I shall call 4* the
value of 4. In saying that the values are statements, I imply that
we have some way of picking out from V* those values which are
true statements. 9 It is presumed also that the values of the ele-
mentary formulas, or at any rate of some of them, are arbitrary,
and consequently the truth of these values is also; but for the
compound formulas the question of whether the values are true
OT not is to be determined by uniform rules from similar questions
related to the arguments from which they are formed. These rules
are what determine the meanings of the logical connectives. The
question is, how shall the rules be constituted?

In the classical case it is supposed that the value statements are

% Thus we are concerned with that branch of semantics for which I have
Proposed the term aletheutics (cf. [4], p. 91).
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divided into two exhaustive and mutually exclusive classes, the
true and the false: in other words that the value statements are
definite. In such a case the question is answered by the usual
truth tables together with analogous explanations for the quanti-
fiers. But suppose the value statements are such that the true
statements form an inductive class which is generated from certain
initial statements, the axioms, by inferential rules. In such a
case it is well known that there are cases where we cannot determine
whether a value statement is true or not. However, we suppose
that it is always possible to verify definitely the correctness or
incorrectness of a proof; Lorenzen expresses this by saying that
the value statements are proof-definite (beweisdefinit). A determi-
nation of the meanings of the operations which takes account of this
actual situation may be called an effective logic. How is such a
determination to be made?

Before attacking this question it is necessary to answer another.
So far the formulas are simply objects; but if we are to make a
formal system dealing with these objects, it is necessary to specify
some way of making statements about formulas. The new question
is how we do this. In the classical case the most natural answer
would be that the basic statement to be made about a formula 4
is that its value be true; and we can formalize this statement by
introducing a predicate  so that the elementary statements of the
formal system are of the form (1) where A is a formula. We could
do this in the case of an effective logic also; but it is Gentzen’s
suggestion, in effect, that we take as elementary statements con-
cerning formulas those of the form

(2) Aly'-';AﬂL”_B:

where Ay, ..., A, B are formulas and m > 0. The statement (2)
will be associated with a statement

3 AT, ..., A* — B*
1

m

¢

in V*, in which the connector ““—’’ has yet to be explained; for
the present let it suffice to say that when (3) is true, and all of
A¥, A%, ..., A} are also true, then B* is true. It can be shown that



52 HASKELL B. CURRY

this type of elementary statement is also suitable for a classical
logic, although somewhat less natural.

Let us now return to the interpretation of the logical operations.
The fundamental heuristic principle of the analysis is that the
meanings of these operations are fixed by the conditions under
which a formula formed by one of them can be introduced into a
discourse from which it was previously absent. Since the basic
statements of our formal discourse are of the form (2), such a con-
stituent may be introduced either on the left or on the right. In an
effective logic there will thus be two rules of introduction for each
operation. I shall discuss this more in detail for the ply operation.

Our intuitions would lead us to suppose that (4 > B)* should
be A* — B* This reduces the explanation of > to that of —.
The latter will concern us presently. But without regard to that
point note that the identification of (4 > B)* with A* — B*
motivates, in combination with common sense properties of —»,
the rule for ply introduction on the right, viz.

P+ X AFB

X, FA o B,
where 4 and B are any formulas, and X is any finite sequence of
formulas.
) In order to proceed further it is necessary to interpret (3). In
(6] .ar.1d subsequent publications — was interpreted as formal de-
du_mblht}’; Le. (3) was interpreted as saying that there was a method,
using the deductive rules in effect at that point, of deducing B*

from 4%, . ., A% as premises. On this basis and the above heuristic

Rrinciple it was shown that the rule P* and the rule for introduc-
tion on the left, viz.

*P X, FA X,BIFC

could be justified. I shall not go further with this, because Lorenzen
has another way. f, interprets (3) as a rule (for introducing B* if
A7, .. ., A% can be established) which is true just when it is “ad-
massible” (zuléssig), ie. when any conclusion derived by means of

it can be established without it. This, on the face of it, is a non-
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constructive concept; let us strengthen it by the requirement that
any derivation obtained by the use of the rule can be constructively
transformed into one obtained without such use.10 This must be
understood to include the possibility that it can be constructively
shown that the rule can never be used (because its premises cannot
be verified); then the rule is vacuously admissible.

That the rules #*P* can be justified in terms of admissibility can
be shown as follows.11

For P#. If there is a constructive process of obtaining B* from X*,
A*, that establishes the admissibility of A* — B* on the basis of X*.
If the premise is vacuously admissible, then we may suppose (as a
heuristic assumption) that cither X'* cannot be verified, in which
case the conclusion is vacuously admissible, or that .1 cannot be
verified when the X* are, in which case A* — B* is vacuously
admissible on the basis of X*.

For *P. If the left premise is vacuously admissible, so is the
conclusion. Suppose there is a constructive method of obtaining A*
from X*. Then if the right premise is vacuously admissible, so is the
conclusion. Otherwise let there be a wverification of 4% — B*,
then by the right premise there is a verification of C*. Thus there
1s a constructive method of obtaining C* from X* and A* — B*.

In these arguments it must be understood that the A, B, C,
may be elementary or compound; if the latter, and they involve 2,
their values are themselves rules, whose verification means a con-
structive demonstration of their admissibility. This admissibility
means their eliminability in terms of those considered earlier, and
ultimately in terms of the rules of the “ground system” S which is
supposedly present in V* to begin with. (This ground system S
must not be confused with the system L). In effective logic this S
is unspecified and may be void; effective logic can therefore be
applied in connection with any such system.12

10 Cf. Lorenzen [12] pp. 174f.

11 In these explanations X* means the sequence composed of the values
of the members of X.

12 The restriction made in [4] that the rules of the ground system be

“elementary”’ is not relevant to the semantical discussion, although it would
be if we went on to prove theorems.
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All the other rules of the Gentzen calculus L] can be justified
in a similar way. It is not necessary to go into detail about them
here. Concerning the rules for A and v, and the structural rules,
the situation is clear. Concerning negation I have nothing to add to

what is said in [4], Chap. 6; in this paper I shall regard negation as
defined by

(4) ~A =4 > F,
where F is a specific elementary formula.

It will be necessary, however to make a few remarks about
quantification. Lorenzen, in [14] pp. 20ff argues that (Vx) A, where
A(x) is some formula in which x occurs, is not in general proof-
definite, even when A(a) is proof-definite for every a. But if one
examines the way in which (Vx) A(x) is established in a dialogue
(Lorenzen l.c. pp. 27 and 31) one finds that one concludes it by
eStE'lb.liShing A(a) where a is an indeterminate.!3 Since A (a) is proof-
definite, (Vx) A(x) is also. Thus the Gentzen rules for introducing
(Vx) Agx) on the right and (3x) A(x) on the left can be justified
semantically if one understands (V x) A(x) as meaning, not .1(f)
for. every actual term ¢, but A(a) in a term extension formed by
ad]ommg an indeterminate a. This is a kind of generality called
schematic in [4]. The justification can then be given as in [4]
Sec. 7A. )
| ljhe conclusio.n of ’flll this is that there is a semantics for effective
ogic, and that in principle it has been known for a long time. Ac-
f:ordmg .to that semantics - if one takes the position that negation
IE to be 1den.tif'1ed with absurdity 14 — the rules of Gentzen's calculus
tJ bare Vah.d; anc.l consequently the formulas which they show

0 be assertible, viz. those of the Heyting calculus, are valid also.
th:ther‘, conversely, every semantically valid formula 1s so de-
ducible is another matter, with which I am not here concerned.1®

1% Cf. also Lorenzen [12] p. 175.

i: ?i defined, e.g., in [4] Sec. 6A1.
in the az;?;rirgialli m‘ Lorenzen [12] p. 17.3 shows that a rule may be valid
the conservationl y sense of (3) but not in that of formal deducibili‘.cy. By

property (4] Theorem 5E3) that would not be derivable,

e‘c’len_ n a da.ssical system. Thus we have incompleteness relative to the
admissibility interpretation of (3) when the ground system is not void.
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A few supplementary remarks will now close this discussion.
In the first place I have not claimed that the interpretation sketched
here is the only valid interpretation of the Heyting calculus, or
even the first, but simply that it is valid and natural. In the second
place it is significant that no matter whether one interprets (3)
in terms of formal deducibility or admissibility, the effective logic
is the same.16 In either case there are some heuristic assumptions,
but they are not nearly so questionable as in the more usual se-
mantical theories.1? In the third place it is possible to have a treat-
ment of classical logic along the lines indicated here. This treatment
uses elementary statements of form (2), rather than (1); one needs
to postulate an additional rule, called Px, which can be presented
in a form slightly different from that used in [4], viz.18

X, 4kC A, d>2BIFC
Px Sl Lo Il T T
XIC

There are also parallel treatments of either classical or effective
logic which use elementary statements of the form

(5) A, ..., AnF By, ..., By,

For the details see [4].

4. Dialogues

We turn now to discuss the game-theoretical approach which
appears in the work of Lorenzen, Lorenz, and Stegmiiller cited in the
introduction. This idea is an outgrowth of the semantic tableaux of

16 Cf. footnote 15.

17 Cf. Stegmiiller [16].

18 This rule is the translation (by putting an arbitrary B in the place of F)
of the rule Nx used in Chap. 6 of [4], whereas the Px used there in Chap. 5 is
the translation of an older form of Nx. The change from the old to the new
of Nx was made in Chap. 6 (in order to obtain ET for LDp) too late to affect
Chap. 5. There is an error in Chap. 6 (in the proofs of Theorems ! and 2 on
page 281) due to the fact that the older form of Nx was referred to and the
necessary correction was overlooked. The new Px would enable simplifi-
cations to be made in the proof of the elimination theorem. The new Px
is equivalent (from the point of view of semantics) to postulating that
Fdv.4 > B.
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Beth.l® But the German logicians have given the idea a peculiar
twist, in which the game aspects have become more prominent.

The basic idea of the game is the following: We suppose there are
two players, R and L. The game begins by R setting forth a thesis
which I shall call Rg. Thereafter moves are made by the two players
alternately; first L 1, then Rj, then Lo, then Ry, etc. The moves con-
sist in writing entries consecutively in the left and right columns
respectively of a tableau; 20 I shall identify the move with the
entry so made. The entries consist either of setting a formula, i.c.
writing it in the appropriate space, or of making a challenge; of
the latter there are five kinds: ?, ?1, ?2, ?a, ?¢{, in which a is an
indeterminate and ¢ is an arbitrary term. Every move must either
““attack” some previous move made by the opponent or “‘defend”’
some previous move of the same player against an attack made by
the other.

The appropriate attacks against the various kinds of moves and
the defenses against them are given for a modified form of Loren-
zen’s game in table 1. Here the original move is in M, possible
attacks in M, defenses (against the attacks in M) in Mg and Mas.
Additional conventions are explained below.

(For Lorenzen’s own game one should omit the column Maz;
the rows 2, 7b, 8b, requiring that rows 7a and 8a hold for both R
and L; and also omit the F, leaving a counter-attack as the only
possible response in row 6.) The “E” in row 1 stands for an ele-
ment'flry formula. Such a formula cannot be attacked if made by
L, orif made by R after it has been made by L; if R is compelled to
set such a formula which L has not set previously, then R loses the
game. If, without violating this condition, the game reaches a position
where R cannot be attacked, then R wins; otherwise R loses.

Now it seems to be Lorenzen’s contention that these rules deter-

19 These tableaux are called proof tableaux in [4]; references to the basic
bapers of Beth may be found there. Beth [2], p. 18, mentions the game idea
In a slightly different connection. Lorenzen ascribes certain ideas to Beth in
(13] p. 195, 196 and [14] p. 29.

20 In Stegmiiller’s presentation this condition is not satisfied. [Now that
L.orenz [11] has become available, it develops that this point is an essential
difference between his type of dialogue and that considered here.]
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TABLE 1
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3 ?2 B [B]

- - _i,, P -

4 dv B . LR ? . J41 | [4vB)

| _ o R
5 ' AD>BH LR | 4 | B [B]

‘ [ - — — S _‘ — [ — S S — —
6 | - LR 4 . F (F]
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ga | @nA() | R o ‘ AW | (@n4@)
8h oL | 2 IO

mine the meaning of the logical connectives. In effect he defines
a formula 4 to be valid in effective logic just when R has a win
strategy for the game with 4 as Ry. Indeed he goes on to derive the
Gentzen rules on that basis. But although there is a certain semanti-
cal justification for that approach, it involves some highly arbitrary
and unnatural conditions, such as the requirement (not previously
mentioned here) that only the last R, can be attacked whereas
any Ly can be attacked as often as R likes.2! It is far less satisfactory
than the semantical approach of § 3, to which, incidentally, Lo-
renzen has also contributed.

Suppose, however, we interchange the horse and the cart in all
this. If one takes the semantics of § 3, and with it the Gentzen rules,
as basis, then the game-theory approach does produce something
which is useful and interesting. As a technique for discovering proofs
it suggests a procedure which is an improvement over other

21 For discussion of this point see Stegmiiller [16]. lorenzen is actually
a little vague about this condition (and some others). Stegmiiller clarifies

these conditions (following Lorenz) in a “structural rule”’; on the lack of
intuitive justification for it see his Remark 5.4.
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existing procedures. But for that purpose it invites some modifi-
cation.

Stegmiiller [16] gives one modification of the dialogue, which [
understand has affinities with Lorenz [11). I shall propose presently
another modification which, in contrast to that of Stegmiiller, has
the following features.22

1. It allows much less choice to L, so that it is easier to check
whether or not one has a win strategy. In fact L is compelled to
attack (and, with few exceptions, R to defend) whenever such
action is possible. If there are no moves of the form A v B for L
and none of the form 4 A B for R, then L has no choice whatever.

2. It opens with given formulas for Ly, ..., Ly, and Ry, m = 0,
the first move being Ly+1. This is a slight generalization of the
foregoing, which is the special case 7 = 0. This is of no consequence
so far as generality of the theorem is concerned, but helps with
certain inductions in the proof.

3. It requires that under certain circumstances moves on the
left be cancelled. This is a nuisance, but I claim the advantages
compensate for it.

4. It defines negation by (4) of § 3, and allows F to appear as a
move on either side without necessarily terminating the dialogue.
In the full intuitionistic logic the appearance of such an I* uncan-
ce}led on the left allows an arbitrary formula to be set on the right
without possibility of being attacked; in the minimal logic this is
not the case.

S. A win for R consists in the confirmation, in a sensc to be
Sho‘rtly explained, of Ry, and not merely the attainment of a state
which cannot be attacked.23 If such a confirmation cannot be
attained, R loses.

6. It allows moves which are formulas in brackets : these are the
only moves which R is not obliged to defend immediately. This is
a purely technical device which could be dispensed with; but it

2 o
® An additional point of difference has already been mentioned in foot-
note 20.

23 i

. It may be that one can prove as an epitheorem that it is sufficient
0 te.rmmate the game when certain conditions, analogous to Lorenzen's
WINNIng positions, are fulfilled; but I have not investigated this.
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helps to keep track of the R-moves which are still undefended. If
Ry 1s elementary it is required to be bracketed.24

After these preliminaries we proceed to the formulation of the
rules. FFor this purpose we need some definitions. If “attack’ and
“defend’”” are terms to be defined by the rules below, these defi-
nitions are as follows.

A general challenge is one of the form ““?”’. Other challenges are
called special challenges.

Ry is firm 2 R, is a formula which cannot be attacked.

Ry confirms Ry <= R, is firm and either ¢ = », or R, confirms some
R which defends R,.

A round 25 is a set of R-moves, not necessarily consecutive, such
that 1) the first move, called the %ead of the round, is either R,
or a set formula which attacks; 26 and 2) if R, is in the round then
Ry is also if either R, defends Ry, or Rsis a challengeand s = ¢ + 1,
or Rs is a challenge and all R-moves between R, and R, belong
to rounds which have been previously closed. A round is closed when
there is a firm R, in it; then the round is said to be closed at R,,.
It follows that no member of the round is below R,, and that
R, confirms every formula of the round.

Ry cancels Ly == Ry, closes a round with head at Ry, ¢ < p < #,
and no Ry, s < n, has cancelled L.

Then the rules of the dialogue are as follows.

Rule 1. Every move, except the initial ones, must either defend
some previous move on the same side or attack some previous
move on the opposite side. The move must state whether it is an
attack or defense, and what previous move it attacks or defends;
this statement is called the justification for the move. No move can
state more than one justification; if two or more justifications are
possible, one must be chosen as the reason for the move.

24 The bracketed formulas are a partial substitute for the possibility of
leaving a “‘round” open and filling the blank space later which Stegmiiller
uses. The suggestion for using them came from Stegmiiller's completeness
proof.

25 This notion of round must not be confused with the similarly named but
quite different notion of Stegmiiller and Lorenz.

26 Tn either case it sets a new formula to be defended.
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Rule 2. Let M, be a move having a form indicated in the A4,
column of table 1. If M attacks A7y, M3 must have the form indicat-
ed in the same row of the M s column of table 1. If M5 attacks A,
and M3 defends Mo, then M3 must have the form indicated in the
same row of either the M3 or the M3 columns of table 1, except that
where “free’” occurs the move is not a defense; further more, there
must be no M4 between Mo and Mg which defends M, against M. A
move which does not appear in the M; column of table 1, in
particular a challenge, can be neither attacked nor defended.

.I_Qule 3. Ry can set a formula A only if one of the following con-
ditions holds: (1) 4 is compound; (2) 4 is of the form [B]; or (3) A
occurs as an uncancelled L, for p < #; or (4) (in the full intuitionis-
tic caleulus only), F appears as such an L.

Rule 4. R, can defend Ry only if there is no formula Ry,
$ < ¢ < #, which has not been confirmed.

Rule 5. R, can attack Ly, p < m, only if L, has not been can-
celled.

Z?uZe 6. 1If there is an undefended R, above R,, R, must take
action as indicated in table 1 with respect to one such Ryp. If Ry
11 AAB, A > B, (Vx) A(x) the M3 of table 1 must be made unless
this is Impossible by Rule 3. In the other cases either M3 or M3

(tiefense§ may be used. Only in those cases where “free’’ appears in
able 1 is an attack permitted.2?

Rule 7. 'If Ry is the same formula as some uncancelled L,
fhgg O, In the full intuitionistic calculus, if F is such an L,
en

n 18 firm; likewise an R, which has once been attacked cannot
be attacked again.

Rule 8. [
be attackeq.
Rule 9.
Rule 10.

n+1 must attack R, unless (by Rules 2,7) this cannot

If Ry is a challenge attacking L, L,.; must defend Lo.
conts If R, is firm, let L, such that it is uncancelled and R,
MIrms an R, which attacks Lp. Then L,.; must defend Ly,

z)llslmg the M3 defense in table 1. (There will always be one and only
byeRsujh Loivi, the L, attacked at the head of the round closed
n-

27 .
For a possible alternative here see Remark 1 under § 5.
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Let Di(dy, ..., Am; B) denote a dialogue which begins with
L=y, ..., Ly = 4d,, Ry = (B) where (B) is [B] if B is elemen-
tary and otherwise (B) = B. The notation

(6) Ay, ..., Ap P B

shall state that there is a win strategy for a dialogue Di(A4, ..., d,;
B).

The remainder of this paper will be devoted to proving that
(6) is neccessary and sufficient for (2). The necessity will be proved
in § 5, the sufficiency in §§ 6 and 7.

5. Proof of necessity

In proving the necessity of (6), we shall have occasion to draw
rather heavily on theorems of [4]. In fact it is because of these
theorems, notably the inversion theorem, that it is possible to
restrict the range of choices in the way stated under property 1 of § 4.
I shall therefore have no hesitation in using rather technical results
and terminology from [4].

The form of LJ* which is postulated in this proof is a singular
form coming under Formulation I, but with quasi-principal con-
stituents on the left in all premises, so that Rules *Ws are unneces-
sary. There is no advantage in the Ketonen form of % ; accordingly
it is not used. The rule %K is to be applied only initially. The range
of the elementary statements is not explicitly indicated; it could
be introduced and taken care of without difficulty. Negation is taken
as defined in terms of I' by (4), so it does not have to be treated
explicitly.

In regard to the inversion theorem, the proof given in [4] (§ SDI,
6B2, 7B2) is for multiple systems. But the proof of direct invertibili-
ty of Px, ITx, A%, xX and %V as given there is valid for singular
systems; Vx and #*/ are of course not directly invertible; and */7,
X% are not directly invertible even in multiple systems.

We proceed now with the proof of the following theorem.

TuEOREM 1. I} (2) holds in LJ*, then R has a win sirategy for
Di(4y, ..., Am; B).
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- ; sree M.
Proof. Let A be a derivation of (2) and let ?t 1}1a\e ng,1 s
If » = 0, then (2) is quasi-prime; the dialogue Dl(f L a ,thcn .
is then uniquely determined and closes at once. We¢ rlrllc}ascs where
an induction on #. We suppose the necessity holds 1n @ - which are
the degree is less then #, also for all proofs of degrec
shorter than 4. We then have the following cases. 4 by P28 The
Case 1. Bis Apy1  C and B is introduced into ‘ t};le dialogue
first step in the dialogue is then compulsory and reduces

is a proof
to Di(41, ..., Ame1; C). By the inversion theorem there 15 & 1
of degree less than # of

Al) ] AmyAm+1 “_C’

hence by the inductive hypothesis, there is a wm strategy for the
reduced dialogue, and therefore also for the orlgm.al on§- ced into 4

Case 2. B is (Vx) C(x) and B is previously introdu AT
by ITx. This case is similar. By the inversion theorem b
derivation of degree less than # of

Ay, ..., Ap I Cla),

Where a is an indeterminate. The first step of the dlfllogli(}?l,ere’IWilf:Z

1s compulsory, reduces it to Di (A1, ..., Am; Cla))- Smceh o ]

win strategy for the latter dialogue, there is also one for the ong

one. . . d into 4
Case 3. B is Cia Cq, and B is previously introduce

by Ax. Then by the inversion theorem there are proofs of degrees
< 7 for both of

Ay, oo Ap FCy, Ay, ..., A IFCa.

Hence there ar

: . |
e win strategies for both Di(d1, ..., Am; C1) and
Di(4,, .

++» Am; Cy). The move L1 must be a special challe?l?:r,
and the defense wil] reduce the original dialogue to one of theho .
of these two. Sipce there is a win strategy for each of them, there
for the original dialogy
e. ' )
Case 4. B i Clgv Cy or (Ax) C(x). If the last inference in 4
used B as Principal constituent, let D be its subaltern. Then there

?8 Such a B must pe introduced into 4 (not necessarily at the precercll(msg
step) by P* or Fi. If it is introduced by Fj we have Case 5. C{. Rema .
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is a win strategy for Di(dy, ..., 4,; D). R will then choose the Mg
~ defense with (D), and thus has a win strategy. If the principal con-
stituent is not B, R will choose the 173 defense.

Case 5. B isintroduced into 4 by Fj. Then there will be a proof
A" of degree < » and shorter than 4 of

Ay, oo, A B F.

By the inductive hypothesis there will be a win strategy G for this.
Then R will proceed with the dialogue until he reaches a point where
he can use an M3 defense. Let [C] be the result of this. Then R
can proceed with G until L is forced to set F; then R can introduce C
and win.

If none of these cases occur, then the principal constituent of the
last step in 4 must be some Aj. Further (B) must be [B] and
Ly,411s a general challenge. Thus Ry, is free to attack.

Case 6. jis C1 2 Ca. Then the premises of the last inference
are

(7) Al, “ ey Ayn “_ Cl,
(8) 4‘1], ...,fl‘,n, C2 ”— B.

By the inductive hypothesis there is a win strategy for each of
these. If C; is composite, set Rj+1 = C1; by the win strategy for
(7), Cy can be confirmed and L forced to set Cs. If C; is elementary,
the same effect can be achieved by taking R,,,; as the first R-move
(the first L-move is a general challenge) in the strategy for (7);
then L is forced to set C; (since it is elementary) and hence Cs. Then
R wins by the strategy for (8).

Case 7. Ajis C1a Cqor (Vx) C(x) or (x) C(x). Let D be the
subaltern. By a challenge in R,+1, R can force L to set D, and then
R wins by the strategy for the premise.

Case 8. Aj1s Cy v Cq. Here there are two premises
Av, ..., Apm, C1IF B, Ay, o, 4y, Co - B,

with a win strategy corresponding to each one. By a general challen-
ge L is forced to set either Cy or Cs, and R has a win strategy for
cither case.
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Remark 1. In the cases where A; is Cyv Ca or (x) C(x) one
could also use the inversion theorem. One would then nced to con-
sider the possibility that the derivation(s) of the premisce(s) have
the same degree; this can happen when all the parametric ancestors
of the principal constituent enter by %K. In this case a sccondary
induction on the K-order (of [4] p. 338) will take carc of the situ-
ation. This proof shows that we could modify Rule 6 to allow R
to attack immediately in such cases. Presumably it is to R’s
advantage to attack such an Aj as soon as possible.

Remark 2. There is unfortunately some confusion in regard to
the notion of degree in [4], particularly with respect to 1¥j.29 Thus
throughout § 2E6 the word “rank” is erroneously used instcad
“degree”. The footnote on page 265 is incorrect, and should be
replaced by the remark that if all the quasi-parametric ancestors
of M are introduced by Fj, then that particular instance of Fj
can be taken as the R of the theorem; and, when so taken it can be
regarded as nonstructural. This vitiates the proof of VIII on page
339; but in that case the point is that the result of VIII can be
obtained from the datum by K=, and thercfore has a 4 of the same
degree.

Remark 3. The inversion theorem requires that in .1 the prime
stat_ements be elementary. This corresponds to requiring that the
Rn. n the first part of Rule 7 be elementary. But if the more re-
stricted system is sufficient, so is the stronger.

6. Simple dialogues

In proving the sufficiency of (6) for (2), we shall look first at the
case where there are no instances of 4 A B on the right orof 4 v B
on the left. In that case L has no choice, and we have to do, not
with a strategy, but with a single dialogue. Such a dialogue will
be. Ca-lled a simple dialogue. It will be said to close if eventually the
Principal round, whose head is the initial R-move R, closes.

It will appear that if we have such a simple dialogue 4, then from
the moves of 4 one can

Nl, Nz,,._

pick out in a systematic manner a sequence
» such that after omission of challenges, brackets, and

29
[Tlle. errors described in the following paragraph have mostly been
Corrected in the second printing, which appeared in the late summer of 1963.]
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needless repetitions, one has a linearized T-proof in the sense ot
§ 2; further one eventually reaches every R, which is confirmed in
. This result is probably of sufficient interest to be set up as an
independent theorem. But before we tackle it, it will be necessary to
explain some conventions.

The positions of the N; are defined as follows. We take Nj
from L;. If the positions of the N, ..., N, are determined, then
Nri11s to be taken from the position shown in table 2.

TaBLE 2

. Position . | Position

! Conditions i

i of N, ‘ onditions | of Ny
1 ‘ L, n < m : Ly
2 ' L, [ R, does not close a round 1 Lyt
3 L, ‘ IR, closes a round . Ry,

[ ‘ - el - . s i
4 ! R ! R, immediate predecessor of Rj I R,

in round closed by R, ‘

5 | R R head of round closed by R, 1 L1

Thus one forms the N, by going down the left column to the end
of a round, then shifting over to the right column and going upwards
to the head of the round, then going back to the left column and
continuing. An R, will not be a position for an N, unless all L; for
7 < n, where Ry is the closure of the round containing Ry, have been

included among the Ny, ..., N,_;; and an L-move L, will not
be an N, until all R-moves in previously closed rounds, and only
those R-moves, occur previously among the Ny, ..., No1.

The foregoing provisions describe the positions from which the
N; are taken. When we actually write the V;, we modify the moves
as follows: If the move in the position indicated for V; is a set for-
mula 4, we take N; to be A4 ; if it is [A] we take N; to be 4; and
if it is a challénge we take N; to be a repetition of N;—;. We can,
if we wish, avoid a few anomalous positions at the beginning by
taking Ny to to be a provable formula 7.

Let an assumption be defined as an L-move which is a set formula
(not a challenge) and either 1) is one of the Ly, ..., Ly, 2) attacks,
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or 3) defends against a general challenge. If N; is an L-move Ly,
it will be said to be discharged in N1, ..., N when Ry_; appears as
Ny for 7 < j < #. This is particularly important when Lj; is an
assumption, but will be allowed generally.

If N; is an L-move which is discharged in forming Nj, then any
Ny such that ¢ < k << § will be said to be covered by Nj. An N

which is covered by some Ny, j < 7 will be said to be covered in
Nl, c vy Nr.

Let X, be the set of all assumptions in Ny, ..., N, which are
not discharged in Ny, ..., N,; Z, the set of all Ry;in Ny, ..., Ny
such that Ry is head of a round and is not covered in Ny, ..., Ny;

and U, the set of all Ly, 7 < n which are formulas and have not been

cancelled by some R, with g < n. One should note that X, and Z,
depend only on the level at which they occur.

In terms of these explanations the theorem to be proved is:

THEOREM 2. Let A be a sumple dialogue Di(Ly, ..., Ly; Ruy).
Let N1, N3, ... be determined as above described. Then
(%) X, Z, Ik N,.

Proof. U, » <m, Ny=1L, Xr=Li, ..., L,and Z, is void;

then (9) is clear. If s —

Oand » =1, then Ny = L;; if L, is a
challenge, (9)

. . is vacuous; if not X; = L3, Z; is vacuous, and (9)

is again clear. These two possibilities take care of the basic step

of an induction op 7.

VvSuppose, then, that (9) holds for a given 7 and all smaller values.
€ show that it holds for » -+ 1. This new (9) will be called (9)".

We dlv.ide into cases according to table 2. Case 1 is already taken
care of in the basjc step.

Case 2. N,=_L

Then n, and R, does not close a round; N,41 = Ly+1.
10
( I)f Zry1 = Zyr.
L

n+11S an assumption, then, since R, has not been confirmed,

Ly is not discharged; therefore it is in X,41, and (9)’ follows at

once.
If L

(11)

n+1 1S not an assumption, then

Xry1 = Xr.
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If L4 1s a challenge, then (9) is identical to (9). Otherwise L, 13
defends some L, in U, against attack by R,. Since R, does not
close a round,30 its attack on L, must be a special challenge; thus
L 4+1 must follow from L, by e or Ile, and so we can infer (9)’
from the following lemma.

LEMMA. [If Ny =L, and L;is in Uy, then X,, Z; I+ L;.

Proof. If L;jis an assumption, then it cannot be covered by any
previously closed round; hence it is in X,. This will be the case,
in particular, if L;is the first Z-move in U,,. It will therefore suffice
to prove the lemma for a given j on the assumption that it is true
for all smaller values of j.

If L; is not an assumption it defends some previous L; against
attack by some R, where either p =7 — 1 and Ry i1s a special
challenge, or R, is head of a round closed at Rj—1. In the former
case L; follows from L; by Ae or Ile, and the lemma follows by the
inductive hypothesis. In the latter case R, cannot be covered by a
round closed at R;, because such a round would have to include L;.
Hence R, is in Z,; and since L; follows from L; and R, by Pj,
we again have the lemma by the inductive hypothesis.

This completes the proof of the lemma, and of Case 2 under
Theorem 2.

Case 3. N, =L, and R, closes a round, N,+1 = R,. Then we
have (11). By the rules of the dialogue, R, is the same as some L,
in U, and hence, by the lemma of Case 2;

Xy, Zy IF Npj1.

Since (10) holds, unless R, is the head of the round it closes, in
which case Z, € Z,41, we have (9)'.

Case 4. N, = R; in the round closed by R,, Nri1 = Ry, the
next preceding K-move in the same round.

In cases where there is a gap between R; and R, that gap must
be filled by previously closed rounds. All lines in these rounds,
except possibly the head lines, will be covered when the rounds are

30 If R, were a set formula it would not be firm, and then L,4; would
be an assumption; likewise L,;; would be an assumption if R, were a
general challenge.
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circuited; hence, in considering the effects on X, and Z, in going
from 7 to » 4+ 1, we can ignore these lines and write only the un-
covered head lines. If Ry.; is one of these, then R; must close
the preceding round; for otherwise Rz;; would also be covered
when the round of Ry, is circuited. Hence every such Lz, except
possibly that where & = ¢, is a defense against attack by Ry.
Consequently the only possible effect on X, is to delete Lgi1,
so that we have one or the other of (11) or

(12) X=X v {Lq+1}-
As for Z,, let Bi1, Bs, ..., By be the heads of the rounds. Then
(13) Zy = Zyy1 v {B1,Ba, ..., By

The gaps cannot occur on the first round to be closed ; hence we
¢an use an induction on the number of such rounds. By applying
our result to these subordinate rounds we get the following de-
ducibilities

X' VT By

X', By FT By

X' B1, ..., B FT By

X',B1, ..., B FT N,.
Where X’ is x
Rs=N
(14)

r, Zr+1, and the last statement is (9) applied to
r- The result of all these is to give
X' T N,.

Let us now consider the various separate subcases.

TF Ry is (4], Lgy1 is a general challenge, and we have (11), also
r+1 = N, Thus (9)" follows from (14).

IfR,isa special challenge, L1 is a defensive move which is not

an assumptiop. Again we have (11) and Nyy; = N,. Hence we have
the same resyjt as before.

. If. Reis a general challenge, then Lgy; is an assumption which
1s disch

arged at R,. We then have (12). Further L,y is of the form

A(c), where ¢ doeg not occur above row ¢ 4 1,31 and (3 x) 4 ()

31 We ‘Must have Case 8b of Table 1, since Case 4 is excluded by the
hypothesis of sirnplicity.
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is in U, Also Ny = Ny, and this, since a challenge does not
change the formula defended, 1s the same as some [A] occurring
above row ¢, and hence not containing ¢. Then we can eliminate
Lg+1 from (14) by Xe, and so obtain (9)".

In the remaining subcases we have s =¢ + 1, Z,11 = Z,.

IfRyis A v B, (Vx) A(x), or (3x) A(x), Lgs1 1s a challenge, and R,
follows from Rgip by Vi, ITi, or Xi. Further (11) and (10) hold.
Hence (9) follows from (9).

If Rgis B 4 > (orits special case — 1), then Lgy1is -, and from
(14) for N, = B (or I') one can go to (9)" by Pi (or Ni).

Case 5. N, = Ry, the head of the round closed by R, Nry1 =
= Ly41. Then, since L,4; is not an assumption, and no as-
sumptions are discharged in adding L ,+1, we have (11) and

Zri1 = Zr o [Ry].

By the dialogue rules L, 41 defends an Ly, p < g, where Ly 1s in
Ug4. Hence by the lemma of Case 2, "

Xr, Zr ”- Lp .
From this, since Lpis Ry D Ly41 and Ry is in Zrpq

-YH—I, Zr+1 I+ Ln+1 ,
q.e.d.
This completes the proof of Theorem 2.
Theorem 2 takes care of the sufficiency of a simple dialogue.
For if the dialogue closes, we must eventually reach an 7 such that
N, = R,,; then X, = X,, and Z, is void.

7. Multiple dialogues

In this section we shall extend the result of §6é to the case of
dialogues not restricted to be simple. Such a dialogue will be called
a multiple dialogue. The procedure will be an induction on the num-
ber of occurrences of L-moves of form 4 v B or of R-moves of form
A A B. Such moves will be called splitting moves.

One can conceive of a multiple dialogue as carried out in the
following manner. One starts writing the moves on a tableau.
When one comes to a splitting move, one starts a new tableau,
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copying on it all moves made so far, and then uses onc alternative
on one of the tableaux, the other on the other. Each component
tableau may split again, and so on. Since we have a win strategy
by hypothesis, the process must come to an end. Each of thc com-
ponent tableaux of the final result will be called a sheet of the dia-
logue. A single sheet will be like a simple dialogue except that a
particular alternative will be chosen as assumption in response to a
challenge attacking a splitting move. Our induction will be on the
number of sheets.

Now we notice one fact concerning a simple dialoguc. Let 4
be such a dialogue, and suppose that the gth row is in a round whose
head is at R, and closure at R,, and that C is the last unconfirmed
formula on the right at the gth row or above. Then the rows from
9 + 1 to n inclusive constitute a dialogue 4, with the U, as initial
moves on the left and C (or [C]) as initial move on the right. When
the process of forming the N, reaches R, the dialogue 44 has closed,
and this establishes that

(15) U IFT C.
The rest of the argument makes use only of information in rows
above the gth row and below the uth row.

Suppose then we have a multiple dialogue 4. Select one of its
sheets as a master sheet. Let ¢ be the number of the first row such
that R is either a splitting move or a challenge against a splitting
move higher up on the left. Then the first g rows will be identical
on all sheets. At the next row the dialogue will split into two
dialogues A4’ and 4”. Each of these will have a smaller number
of sheets, and therefore they will close by the inductive hypothe-
S1s. If we can infer from this that (15) holds, the rest of the
Proof can be carried out on the master sheet only, as in the case
of a simple dialogue.

It is now necessary to handle the two cases separately.

I Cis 4 B, then in 4, and 4, (using only the parts analogous
to 44) we have

Ug - 4, Ug b B,
from which (15) follows by 4i.



INFERENTIAL DEDUCTION 71

If C is an attack on an Ly of the form A v B, then Ly will be A
in A" and B in A”. These are new assumptions. If we suppose them
added to U, the parts A,'] and A; of 4’ and A4” will establish

Ugy A IFC, Uq BIFC.
Hence, since A v B is in Ug, we have (15) by Ve.
Thus we have
TueoreM 3. If (6) holds, so does (2).

8. Concluding remarks

The notion of dialogue explained in the foregoing is probably
more closely akin to the Beth semantic tableaux than are the sys-
tems of Stegmiiller and Lorenz. But it differs from the Beth formu-
lation in a number of particulars. In the first place it is based on
the singular type of inferential formulation, whereas the Beth
systems, at least in their original form, were based on multiple
formulations. Again, although the amount of freedom has been cut
down, there is still some choice left, chiefly in that R can choose what
attacks to make when he has a chance to do so. I do not know any
theorems which would indicate general conditions as to which
choice would be best in such a situation. Thus the method is not
an algorithm, and it is conceivable that a rather lengthy enumer-
ation of cases may be necessary before one can conclude that no
derivation exists (even if quantifiers are not present).

The exposition here is adapted to the system LJ*; one could
adapt it to LM* by omitting the provision that any .4 is firm if
there is an uncancelled F on the L side. For other systems (LD¥,
LE*, LK*) one could permit adding to the initial assumptions
arbitrary instances of Peirce’s law or the law of excluded middle
(Cf. Theorem 8B2 of [4]).

It is natural to suppose that one could get a classical system by
omitting Rule 4. This amounts to admitting statements of form ().
Presumably by modifying Rule 4 so that a defense could not pass
over an undefended 4 > B or (vx) 4 (x) one could get a formulation
for LJ* and similar systems. But it is not clear how such concepts
as confirmation and cancellation would be formulated in such a
system.

The Pennsylvania State University, University Park, Penn., USA
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CHAPTER 3

MARGINALIA ON GENTZEN’S
SEQUENZEN-KALKULE

HUGUES LEBLANC

I

As many a reader knows, Gentzen fashioned in [3] two novel
versions of elementary logic or, to be more precise, of the quantifi-
cational calculus of first order (QC). One kalkiil, called LK, sports
besides the standard primitives of QC a fresh primitive, the symbol

—""; it also sports besides the standard formulas of QC so-called
sequents, that is, expressions of the kind

Ay, Ao, ..., dy - By, Bs, ..., B,

where A4, 4o, ..., 4, (n >0), By, Be, ...,and B, (m = 0) are
standard formulas of QC. As for Gentzen’s other kalkill, NK, it
can be thought of as a fragment of LK, a fragment that also boasts
the primitive -’ but only owns sequents of the sort

AL AZ. sees An _>B;
where 43, A2, ..., 4, (# > 0), and B are again standard for-
mulas of QC.1
Since Gentzen meant a sequent of the kind
Aly A21 se ey ‘471 _>Bl.v BZ; ] BﬂL:

where 7 > 1 and m > 1, to be valid when and only when the
formula
(AI&AZ&...&A”)D(B]_VBZV...VB7n)

of QC is valid, the commas which interspace the so-called ante-
cedent-formulas Ay, As, ..., and A,in A1, Ae, ..., Ay - B1,Bs, ...,

1 The present account of NK, though departing from the letter of [3],
stems from [4], p. 512, footnote 9, and hence meets Gentzen's intentions.
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B, may be treated as so many conjunction signs, those which
interspace the so-called consequent formulas By, Be, ..., and B,, as
so many disjunction signs, and the arrow -’ as a conditional

sign. Under this understanding of Gentzen’s commas and arrows,?2
a sequent of the kind

AI,AZ, "')A‘Il—)Bl;Bzy ---,Bm,

where n > 1 and m > 1, may be treated as an inference-form with
A1, 4y, ..., and A4, as premisses and the disjunction B; v B v

-V By as conclusion. Sequents without antecedent-formulas,
on the other hand, are tantamount to sequents with “p v ~ p”
as antecedent-formula, and sequents without consequent-formulas
tantamount to sequents with “p & ~ " as consequent-formula.

Gentzen supplied in [3] a list, revised in [4], of so-called /ntro-
duction and elimination rules of inference for NK; only in [4], how-
ever, did he trouble to write out the one axiom schema and the so-
called structural rules of inference he contemplated for that kalkiil.

Borrowing from [4] and recent papers of mine, I shall take NK to
be fitted here with the following axiom schema:

A4,

Qccasionally known as the Reiteration Rule, and the following
fifteen rules of inference, in which the Greek capitals “7”’ and ““ 4"’
range over (possibly empty) arrays of formulas and commas:

TABLE 1
Structural rules of NK:
I''d,B,4-~>C

Permutation: 17
I'B, A, 4 —->C
. I' - A4
Expansion: ——
B, I' > 4
Contraction. ArA T~ B
ontraction: AT SE

* See [3], p. 180.
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TABLE 1 (continued)

Int(roduction-)elim(ination) rules of NK:

Introduction rules Elimination rules
For > ' 4 > B I'>4 >Bandl'»> (4 D>C) > A4
or : LT S v T
I' >4 >B I' > B
. IN4A ->Band I'd - ~B - ~~ 4
IFor A - C e — e — .
I' - ~ A - A
. I'>Aand I'—> B I'>A4A&Bandl,4, B —~C
For “&: - [ T T T
I'>-A&B I' > C
For “v I"'>AorI’ - B (@) '>AvB,(b)I"4—->C,and (c)I,B—~C
“or v’ ST
I' >~Av B I —>C
Y
I'>(vX)Aand I'A . - B
- I' > A X
For “'v'': [ P
1" — (vX) A I' - B
Y
I >4 —
For '3 X I'>@3X)4dand I, 4 - B
“or : . R b _
I' > (34) X I' - B

Notes: (a) The individual variable X is presumed in the introduction rule
for v’ not to be free in I™;
(i) The same variable is presumed in the elimination rule for “3’’ not to be
free in I"'nor in B;

Y
(c) A4 % is understood in the remaining two intelim rules for “v’’ and ‘3"

to be like 4 except for exhibiting free occurrences of the individual variable Y
wherever 4 exhibits free occurrences of the individual variable X.

Gentzen lavished more attention on LK, for which he proposed
the axiom schema

A —->A

and the following sixteen rules of inference, in which the Greek
capitals “I'’, “4”, “©®", and “A” range over (possibly empty)
arrays of formulas and commas:
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TABLE 2
Structural rules of LK:
in the antecedent in the consequent
. IVA,B,4 > @ I -1 A4, B, 6
Permutation: T
I'B,A,4 56 ' A1, 4,6
E . I' > 4 I — /1
rpansion: AT S A I A,
A I"—> 1, A, A
Contraction: _lﬂrj:é,i. S -
A, I' > A D — A, A4
I'>A4A,Aand A, ® - A
Cut: G A )
I'e -4, A
Introduction rules of LK:
e I' >4, Aand B, ® — A A T 4,8
Forv>. T .
A>DB, IO —~>1A -4, 4> 08
. I'—- 4,4 A, I = 4
For "~ — - S
~A, T > 4 T SdA, ~4
For “&"- A, I’ >dor B, I' - 4 -4, Aand I’ - A, B
' A&B, I~ A > A4, A&B
For “y . A, I' >Aand B, I" - A F—;A,Aorl’—a—d,?
’ Av B, T >4 . I'>A4,Av B
Y
A— I'—>A 4
For gy X I~ A,’,
WX) A, T >4 ' >4, (vX) 4
I'—- A4, 4 Y
For g, A, T >4 IR ¢
' 3x)4,I' >4 >4, @3x) 4

Notes: (d) The individual variable X is presumed in the introduction rule
for “v” in the consequent and the introduction rule for 3" in the antecedent
not to te free in I" nor in a4;

(e) 4 5% is understoad in the remaining two introduction rules for ‘¥’ and

“3” to be as in Note (c).
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With the above axiom schema and rules of inference on hand,
I shall say: (a) that a finite column of sequents of NK or of LK
constitutes in that kalkil a proof of a sequent S of the kalkiil if,
first, every entry in the said column is an axiom or follows from
previous entries in the column by means of a rule of inference of the
kalktil, and, second, the closing entry in the column is S; (b) that a
sequent S of NIK or of LI is provable in that kalkiil if there exists a
proof of S in the kalkiil; and (c) that a sequent S of NK or of LK
is provable in that kalkil by means of » (m > 0) given rules of
inference of the kalkil, say Ri, Re, ..., and R,,, if there exists
a proof of S in the kalkill and every entry in the said proof that
follows from previous entries in the proof follows from them by
means of Ry, Ky, ..., or R,,.

Passing on to semantical matters, let the formula associate of a
sequent

Ay, de, oo, dy > B

of NK be Bor (d; & A2 & ... & 4,) > Baccording as , = 0 or
n > 0, that of a sequent

:11;‘42 '»‘f/‘[ll_)Bl)BKZ)-'-,B]n

y e

of LKbe Biv Bav ... vBy, ~(1&4:& ... &d,) or (41 &
As& ... &Ay) > (Byv Bav ... v By) according as # — 0 and
m> 0, n>0and m =0, or # > 0 and m > 0. I shall then say
that a sequent S is classically valid or, for short, valid if the formula
associate of S is classically wvalid; intuitionistically valid, on the
other hand, if the formula associate of S is intuitionistically valid.3
I shall also say that a rule of inference R is intuitionistically sound
if any sequent that follows by means of R from one or more intui-
tionistically valid sequents is itself intuitionistically valid.

3 For lack of a handier criterion of intuitionistic validity, the reader may
take a formula 4 to be intuitionistically valid if 4 is g theorem of Heyting's

QC.
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II

In one respect NK and LK run neck and neck: “Every valid
sequent of either kalkiil is provable in that kalkiil”, as Gentzen
showed of LK and as is easily shown of the present version of NK.
Gentzen, nonetheless, preferred LK to NK because — as he saw it —
the valid sequents of LK are susceptible in LK of more direct
proofs than those of NK are in NK. I should like to assess here the
comparative merits of his two kalkiile and justify his partiality
for LK in the light of some results of his and mine.

Let a formula 4 be declared (i) a subformula of 4, (ii) a sub-
formula of ~ B if 4 is a subformula of B, (iii) a subformula of
B>C B&C,and Bv C if 4 is a subformula of B or of C, and

b

. !
(iv) a subformula of (VX)B if 4 is a subformula of B or of B?,

Y . .
where B)—{ 15 like B except for exhibiting free occurrences of Y

wherever B exhibits free occurrences of X. Next, let a finite column
of sequents, say, the sequents Si, S, ...,and S, constitute a
Sllbformula-preserving proof of S, if the column constitutes a
proof of S, and any antecedent- or consequent-formula of any one
of Sy, S, ..., and S¢-1 is a subformula of some antecedent- or
consequent-formuyly of S¢. Then, let such a column constitute a
constant-preserving proof of S, if the column constitutes a proof
of S; and any connective or quantifier letter that occurs in any
oneof Sy, Sy, ... and Sg-1 also occurs in Sq. Finally, let a sequent S
be susceptible of a subformula-preserving proof if there exists a
subfprmula—preserving proof of S, susceptible of a constant-pre-
SCTVINg proof if there exists g constant-preserving proof of S.

The read_er Need only glance at the various rules of inference of
LK to realize that any sequent of LK which is provable in LK by
means of the ryjeq of inference of LK minus Cut is susceptible in
LK of a Subformula-preserving proof. But Gentzen effectively
proved — t.he result is known as the “Hauptsatz” — that any sequent
of LK which is proyap)e in LK is provable in LK by means of the
rules of inference of 1 g minus Cut.4 Hence:

4 To simplify matterg I assume here with Gentzen that no individual
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TueoreM 1.  Ewvery valid sequent of LK is susceptible in LK of a
subformulda-preserving proof.

This corollary of Gentzen’s “‘Hauptsatz” has a corollary of its
own, which Gentzen did not bother to record, namely:

THEOREM 2. Ewvery valid sequent of LK s susceptible in LK of a
constant-preserving proof.

Since subformula-preserving proofs never stray — so to speak —
from their closing entry 5 and constant-preserving ones stray less
than others from that entry, the valid sequents of LK are thus
susceptible in LK of direct proofs in two senses (a stronger one and
a weaker one) of the word ““direct.”

So much, however, for LK. Consider now those sequents of NK,
dubbed for the occasion propositional sequents, in which neither
one of “¥" and ‘3" occurs. Gentzen'’s intelim rules for “ 27, “~",
&Y, v, Y, and 37 in [3] were all intuitionistically sound.6
To permit proof of sequents which, though classically valid, are
not intuitionistically wvalid, Gentzen accordingly had to appoint
a second axiom schema for NK, to wit: - A4 v ~ A. In such a
version of NK a good many valid propositional sequents of NK
were simply not susceptible of constant-preserving, let alone sub-
formula-preserving, proofs, and the race was thrown from the very
start. The present version of NK, however, fares much better than
Gentzen’s. I effectively showed in [5] that every valid propositional
sequent S of NK is provable in NK by means of the structural rules
of NK and the intelim rules of NK for such and such only of the
connectives 2", “~", “&”, and v’ as occur in S.7 It accordingly
follows that:

variable is permitted to occur both bound and free in a sequent S.

5 To quote Gentzen's own characterization of a subformula-preserving
proof, “Er macht keine Umwege.”” See [3], p. 177.

6 Or, to be more exact, Gentzen's intelim rules for the said symbols and
the propositional constant “f”’, which Gentzen also adopts as a primitive
of NK (though not of LK).

7 In [5] “F" does duty for ‘“—' and is intended as a primitive of the
metalanguage of PC, the propositional calculus, rather than a primitive of
PC; all results, nonetheless, carry over. In the paper in question ‘="
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THEOREM 3. Ewery valid propositional sequent of NI s sus-
ceptible in NK of a constant-preserving proof,

a result which at least puts NK back in the running.

The instructions supplied in [5] make for proofs which, besides
being constant-preserving, are also variable-preserving. They
unfortunately do not always make for subformula-preserving proofs,
nor can they be so amended as to always make for subformula-
preserving proofs, for some valid sequents of NK are simply not
susceptible in NK of such proofs. Consider, for instance, the sequent

(>9 >p—p

Since the sequent, though classically valid, is not intuitionistically
valid, and since — among the structural rules of NK and the intelim
rules of NK for “>” — only the elimination rule for =", call it
HE, is not intuitionistically sound, at least one entry in any proof
of “(p = q) > p —p” must, for one thing, follow by HE from two
previous entries in the proof and, for another, fail to be intuitionisti-
cally valid. But among the sequents which qualify as entries in a
subformula-preserving proof of “(p = ¢) > p — p”’, each and
every one that follows by HE from two others in the group is
Intuitionistically valid as well as classically valid. “(p = ¢q) = p
— " is therefore not susceptible in NK of a subformula-preserving
proof. Hence:

THEOREM 4. Not every wvalid propositional sequent of NK 1s
susceptible in NK of a subformula-preserving proof.

also figures as a primitive, a primitive governed by the following two intelim
rules:
N4 »>BandI',B - A4
I'>A =8B
I'>Aandeither '~ (C =A4) = (C =B)orI' > (C = B) = (C = 4)

BE: 5 C _—

BI:

and the result obtained runs (mutatis mutandis): “Every valid propositional
sequent S of NK is provable in NK by means of the structural rules of NK
and the intelim rules of NK for such and such only of the connectives >,
‘~', ‘&, ‘v’, and ‘=’ as occur in S.”
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I have not pursued this matter any further, but would conjecture
that Theorem 4 holds true whatever rules of inference of the familiar
sort NK may be fitted with, and hence that the valid propositional
sequents of NK are at best susceptible in NK of constant-and-
variable preserving proofs.8

An even more disappointing result is in store when it comes to the
non-propositional or, if you wish, quantificational sequents of NK.
Consider, for instance, the sequent

(V) (P v () =P v (V¥) f (x).

Since the sequent, though classically valid, is not intuitionistically
valid, and since all the structural rules of NK and all the intelim
rules of NK for “V”” and ‘v are intuitionistically sound, no con-
stant-preserving, let alone subformula-preserving, proof of
“(Vx)(p v f(x)) = p v (Vx) f (x)" is possible in NK. Hence the two
negative results:

THEOREM 5. Not every valid quantificational sequent of NK 1s
susceptible in NK of a constant-preserving proof.

THEOREM 6. Not every valid quantificational sequent of NK is
susceptible in NK of a subformula-preserving proof.

I would conjecture that Theorems 5 and 6 hold true whatever
rules of inference of the familiar sort NK may be fitted with. We
know, for one thing, that any structural rule and any intelim rule
for “v”’ NK may be fitted with is intuitionistically sound.® I
suspect, for another, that any intelim rule for “V”’ NK may be
fitted with is likewise intuitionistically sound. If this surmise of
mine is borne out, then the sequent “(Vx)(p v f(x)) —p v (Vx) f(%)"
will not be susceptible in any version of NK of a constant-preserving
proof (nor, a fortiori, of a subformula-preserving one).

QOur box score thus reads:

(i) All valid sequents of LK are susceptible in LK of direct proofs in
both our senses of the word ““direct’’;

8 Requirements to be met by a rule if it is to qualify as a structural rule
or an intelim rule of such a kalkiil as NK are laid down in 1.
9 See [1] and [2].
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(11) All valid propositional sequents of NK are susceptible in NK of
direct proofs in the weaker sense of the word “direct’’;

(1if) Not all valid propositional sequents of NK are susceptible in
NK of direct proofs in the stronger sense of the word “‘direct”;
(iv) Not all valid quantificational sequents of NK are susceptible
in NK of direct proofs in the weaker (nor, a fortiori, in the stronger)
sense of the word ““direct””.

The reader will have noticed that both “(p > gq) > b — P,
the sequent I used to obtain Theorem 4, and YY) (P v (x) —
_1’ v (Vx) f{x)”’, the one I used to obtain Theorems 5 and 6, fail to be
1ntuitionistically valid. He might, as a result, wonder whether N7,
the intuitionist kin of NK, does not fare better NK. A somewhat
offhand remark of Gentzen’s in [3] suggests that it docs.10 So far
as L know, however, the question is still an open one.

Let NJ sport the same sequents as NK and be fitted with the
Same axiom schema and rules of inference as NK except the elimi-
nation rule for “ o ", now weakened to read:

' >4and " -4 > B

I' - B ’

and the elimination rule for “~", now weakened to read:
I'-Aand " > ~A4

F — B )
Suulte a few Intuitionistically valid sequents of N J are known to be
nosnceptlb}e In NJ of a constant-preserving proof: (1) those in which
v;rhlehof‘ “D , ”NJ)’ “&”, “V”, uvn’ and uan Occurs, (11) thOSC 1n
andc”a“&---or “v” or both occur, but none of “= L VY,
an » (iti) those in which “ =" occurs, either alone or along with
vy ?}1\5:, any two, any three, any four, or all five of “~"", “&”,
that’ th »and “3” and so on. I would, as a result, willingly surmise
of NJ 1? same holds true of all other intuitionistically valid sequents

" But I know of no proof of it, nor do I know of any proof that

every 1ntuitionistically valid sequent of NJ is susceptible in NJ,

11 (Added in prOOf_)

jecture. See hig forthco
10 See [3], p. 177.

The author has since arrived at a proof of the con-
ming ‘‘Two separation theorems for natural deduction.”’
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as Gentzen apparently believed, of a subformula-preserving proof.
L], however, the intuitionist kin of LK, fares as well as LK, a
result duc to Gentzen himself. This fourth kalkiil sports sequents of
only two kinds:
Al, Ao, Lo, :1-” —> B,
where > 0, and
Ay, Ao, .. . An -,

where # > 0 again, and 1s fitted, subject to amendments (a)-(c)
below, with the same axiom schema and rules of inference as LK:
(a) Permutation in the consequent and Contraction in the con-
sequent are dropped as inoperative;
(b) “4""1s deleted in Expansion in the consequent, Cut, the two intro-
duction rules for each one of “2"" and ““~"’, and the introduction
in the consequent rule for cach one of “&”’, “v”’, “¥"’, and “3"";
(c) “4” is understood in Expansion in the antecedent, Contraction
in the antecedent, and the introduction in the antecedent rule for
each one of “&”, “v”, V¥V, and “3” to range over a single formula
or no formula at all; so is “®@” in Permutation in the antecedent;
so, finally, is “A” in Cut and the introduction in the antecedent
rule for “>"

Since Gentzen’s ““Hauptsatz’ holds true of L] as well as LK, every
intuitionistically valid sequent of LJ is susceptible in LJ of a sub-
formula-preserving proof and hence of a constant-preserving one.

)

Bryn Mawr College, Bryn Mawr, Penn., USA
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CHAPTER 4

A MODAL LOGIC WITH EIGHT MODALITIES

STORRS McCALL

The pure strict implicational fragments of the Lewis Systems
S3-5 have been investigated in [5]. We find there the following
axiomatic bases for these fragments, named by the authors C3-5:
Rules (common to C3-5): Substitution and modus ponens.

Axioms

C3: 1) CCpqCCqrChr L

(

(2) CCpChHqCpyq
(3) CQCpp

C4: (1) and (2) plus (4) CqCpp

CS: (1) and (4) plus (5) CCCPgPP.

The authors of [5] established that their axiomatization of €5 was
complete with respect to just those theses of S5 containing only the
operator C, and similar completeness results for C3 and C4 arc found
In the work of Hacking [4]. This author constructs Gentzen-type
Systems which are complete with respect to the implicative parts of
S3 and S4. He then shows these systems to be equivalent to two
systems S3I angd S41, whose bases may be re-formulated to con-
?iSt of the rules of substitution and modus ponens, and the follow-
Ing axioms:

S3L: (6) CCpCqrCChaCpr
(7) CCqrCCpqCpr
(8) Cpp
! In this paper tpe operator C occurring in a Lewis system will always

denote strict implicatjon Capitalized variables take as values only formulae
which are themselves strict implications, €.8. the formula Cpg.
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(9) CPCQP
S41: (6) and (8) plus (10) CPCqP.

These axioms may be deduced from those for C3 and C4 above.
Hacking also obtains completeness results for the implicational
fragments of S5, S2 and Feys’ System T, confirming the conjecture
of Lemmon in [5] that the rule of modus ponens will not suffice
for the axiomatization of C2.

In this paper a modal logic will be presented whose pure impli-
cational fragment is a different one, namely Church’s weak positive
implicational calculus of [3]. This latter system is based on substi-
tution, modus ponens and the following axioms:

WPIC: (1), (2), (8)and (11) CCpCqrCqCpr.

[t will be noted that WPIC is stronger than C5 in containing (11)
instead of C5’s weaker laws of commutation (12) CCpCQrCQCpHr
and (13) CCpCgRCqCHR, but weaker even than C3 in lacking (9),
which C3 has.

It is a property of the Lewis systems that most of the modal
features characterizing them are mirrored in those of their theses
which contain only operators for strict implication and negation.
Theorem 18.14 of [6] asserts the strict equivalence of Lp and CNpp
even in S!, and hence corresponding to every formula C, N and L
there will be an equivalent formula in C and N alone. For example,
to CLpp there corresponds CCNppp, the consequentia mirabilis
of the Scholastics. We may in fact define Lp as CNpp, and since
every thesis which holds for strict implication also holds for material
(but not vice versa) exhibit the C-N fragments of the Lewis systems
as proper parts of classical two-valued logic (PC). This way of
viewing the Lewis systems has the effect of allowing the differences
between strict and material implication to emerge as differences
between each of S1-5 and PC, rather than, as now, within S1-5.
It has the virtues of simplicity, not calling for the mixing of different
kinds of implication within the same logical system.

The modal logic of this paper, R8M, will be constructed by adding
appropriate negation axioms to WPIC, and defining Lp as above.
The result will be yet another C-N fragment of PC, independent
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of the C-N fragment of S5. Its difference from S5 will lie mainly
in its different means of reducing iterated modalitics. Thus in S5
we have LMp equivalent to 3 p, and MLp to Lp (in S5 strings of
L’s and M’s reduce to the last L or M), but in R8M LA{p and MLp
are equivalent to one another. In both S5 and R8M LL is L, and

MM is M. Thus in R8M we deal with iterated modalities as in the
following example. Given

NMLNMLLMMN9p,

first eliminate interior N’s by the equivalence ot L to NAIN,
the rule for the replacement of equivalents, and double negation:

NMNMNNMLLMMNp = LMMLLMMN©p,

then eliminate pairs of L’s and M'’s:
LMLMNDP,
then replace LM by ML, or vice versa, and again eliminate pairs:
LMMLNp = LMLNp = LLMNp = LMN9p.

igte that in R8M LMNp = NMLp = NLMp. In all we have in
M eight r}OH-equivalent modalities, as compared with S5's six,
namely the following and their negations:

TABLE |
Lp Lp
1 /N
S5 1; R&M p LMp (= AILD)
Mp AMp

su}itt'rem'ains to construct R8M. Its basis consists of the rules of
aX.s 1tution and modus ponens, and the following definitions and
loms. Those theses comprising the axioms of WPIC are starred.

Definitions DfL: Lp = CNpp
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Axioms

© NN

CCpgCCqrCpr*
CCpCPeChg*

CpCCpyq

CCNpNqCqp

CHNNp

CCNppp
CCHPNHCHCHNp
CCCpNppCCCNppNpg.

In what follows the key theses (21, 27, 38 and 47) for the reduction
of R8M’s modalities are deduced. Proof notation is based on that
of (7], p. 81, with substitutions omitted. “(w, x, ¥, RE)"”’ on line z
means that z is the result of replacing in w one expression by another
shown to be equivalent to it through the implications x and y,
it being noted that in R8M the rule for the replacement of equiva-
lents is derivable by repeated applications of theses 1, 12 and 19

below.
1=Cl1— 9.

9=C9—10.
10=C2—11.
11=Cl1—-12.

4=C5-—13.

1=C5—C13—14.
3=C14—15.
12=C5—16.

1=C13—17.
1=C16—C17—18.
1=C18—C4—19.

(4, 5, 13, RE) 20.
(6, Df L) 21.
(7,5, 13, RE, DI L) 22.
(2, Df L) 23.

(22, 23, 22, RE) 24.

1=C024—C20—-25.
1=C25—C11—26.

(26, Df L) 27.
1=C21—-28.

CCCCqrCprsCCphgs
CCHpCqrCCsqCHCsr
CCpCqrCqCpr *
CCqrCCpqCopr
CNNpp

Chp *

CCChpyq
CCpgCHNNgq
CCPNNqCNNpNNgq
CCpgCNNpHPNNgq
CCpgqCNgNp
CCNpgCNgp
CLpp
CLpCNpLp
CCNpLpLp
CLPpCNPCNpLp
CLPpCNPCNLpp
CLPpCNLPCNpp

CLpLLD (whence CMMpMp)
CCpNpCLpNp

(whence CpMp)
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(28,5, 13, RE, Df L) 29. CLpCLNpp
(8, Df L) 30. CCLNppCCLpNpq
1=C29—C30—31. CLpCCLpNpq
11=C31—32. CCLpNpCLpq
1=C28—C32—33. CCpNpCLpq
(33, Df L) 34. CLNpCLpCLNpNLp
1=C34—C11—35. CLNpCLNpCLpNLp
1=C35—C19—36. CLNpCNCLPNLPpNLNp
11=C36—37. CNCLpPNLPCLNHNLNp
(37, Df L, Df M) 38. CMLpLMp
1=C30—C19—39. CCLNppCNgNCLpNp
(39, 5, 13, RE) 40. CCLNppCCppNCLpNp
1=C40—C15—41. CCLNppNCLpNp
(33, DI L) 42. CLNLNpCLLNpp
(42, 21, 27, RE, Df M) 43. CLMpCLNpp
(43,5,13, RE, Df M) 44. CNMLpCLpNp
20=C44—45. CNCLpNpMLp
1=C43—C41—46. CLMpNCLpNp
1=C46—C45—47. CLMpMLp.

We have now proved theses permitting the reduction of R8M’s
andalities to the four of table 1 and their negations. The matrix
In table 2, which satisfies the axioms 1-8, shows that no further
reductions are possible: the implicational part of this matrix is to

be found in [11], where it is used to show the non-derivability of
CpChp in WPIC,

TABLE 2
C|t 2 3 4]|N
111 4 4 414
211 2 3 413
3.1 4 2 4|2
411 11 11

Finally, table 3 shows the relation of R8M to other C and C-N
fragments of classical logic. CN3-5 are the C-N fragments of the
Lewis systems S3-5: PL is the C fragment, and ICN the C-N
fragment, of the intuitionist calculus; I is what is conjectured by
Anderson and Belnap to be the implicational fragment of Acker-
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mann’s system of [1], axiomatized by (1), (2), (8) and (12) above
(for various axiomatizations of I see [2]); B is Moh Shaw-Kwei’s
weak modal base of [10], with Lp definedas CN$p; and RS is another
modal system of the author’s (see [8]), in which occurs not only
the equivalence of LMp to M Lp, but also of both to plain p. In the
table, C logics are in plain face, C-N logics in bold face, and the
arrows denote containment.

TABLE 3

PC
I

ICN CNS R8M RS

PLL C N4 /
WLIC C 3 \,/>\
N

McGill University, Montreal, Canada

Bibliography

[1] W. AckERMANN, Begriindung einer strengen Implikation, The Journal
of Symbolic Logic 21 (1956) 113-128.

{2) A.R. ANDERsON, N, D. BELNAP, Jr.,and J. R. WALLACE, Independent
Axiom Schemata for the Pure Theory of Entailment, Zeitschrift fiir
math. Logik und Grundlagen der Math. 6 (1960) 93-95.

(3] A. CuurcH, The Weak theovy of Implication, Kontrolliertes Denken,
(Munich 1951) pp. 22-37.

(4] I. M. HackinG, What is Strict Implication? The Journal of Symbolic
Logic 28 (1963) 51-71.

[6] E. J. Lemmon, C. A. MerepitH, D. MErReEDITH, A. N. PrIOR and
1. Tuomas, Calculi of Pure Strict Implication (1956) (mimeographed).
Many of the results of [5] have been published in [9].



90 STORRS MCCALL

{6] C. I. LEwis and C. H. LANGFORD, Symbolic Logic (New York 1932)-

[71 J. Luxkasiewicz, Aristotle’s Syllogistic (Oxford 1951).

[8] R.S. McCary, Contrariety, paper read at the meeting of the Eastern
Division of the American Philosophical Association (December 1961)-

(9] C. A. MerepITH and A. N. Prior, Investigations into Implicational
S5, Zeitschrift fiir math. Logik und Grundlagen der Math. 10 (1964)
203-220.

[10] Mon SHaw-KwEI, Modal Systems with a Finite Number of Modalities,
reviewed in The Journal of Symbolic Logic 25 (1960) 183—4.

[11] B. Somocinski, A Note Concerning the Many-valued Propositiorléll
Calculi, The Notre Dame Journal of Formal Logic 2 (1961) 127-8-



CHAPTER 5

ZUR SYLLOGISTIK STRIKT
PARTIKULARER URTEILE

ALBERT MENNE

0. Willlam Hamilton ! hat bereits darauf hingewiesen, dass

in den partikuliren Urteilen der Form “Einige S sind P an-

gedeutet “SiP” bzw. “Einige S sind nicht P angedeutet “SoP”

das ‘“‘einige’’ zwei Deutungen zulassen kdnne, namlich

1. “wenigstens einige” (some at least; some, perhaps all: indefi-
nite meaning)

2. “‘nur einige”’ (Some at most; some only; some, not all: definite
meaning).

In der klassischen Logik wird den partikuldren Urteilen stets
die erste Bedeutung zugeordnet. Nur dann sind ja die Subalterna-
tionsgesetze sowie die Konversion von SiP und die Kontraposi-
tion von SoP allgemeingiiltig. Und nur dann ergeben sich alle
24 Syllogismen Barbara, Celarent usf. Nun hat man hiufig bei
logistischer Behandlung der Syllogistik 2 die vier klassischen
Urteilsarten in abweichender Bedeutung definiert, so dass die Sub-
alternationsgesetze, die unreinen Konversionen und Kontra-
positionen sowie die fiinf abgeschwichten Syllogismen Barbaria,
Celarent usf. sowie die (deshalb auch “‘angefochten” genannten)
Syllogismen Darapti, Felapton, Bamalip und Fesapo nicht mehr
gelten.

1 'W. HaMILTON, Lectures on Logic, I1 Bde (Edinburgh 1866) S. 284.

2 J. JORGENSEN, 4 Treatise of Formal Logic, 111 Bde (London 1931)
Bd. II p. 14 Anm. 22 u. S. 126 ff. D. HILBERT and P, BERNAYS, Grundlagen
dev Mathematik. 11 Bde (Berlin 1934-39) Bd. I, S. 106; Hans REICHEN-
BacH, Llements of Symbolic Logic (New York 1947) p. 94: HeINr. SCHOLZ,
Grundziige dev Mathematischen Logik, 11 Bde (Miinster 1949/50) Bd. I S. 169;

D. HiLBerT und W. AckrErMANN, Grundziige dev theovetischen Logik, 4. Aufl.
(Berlin 1959) S. 59.
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Wir wollen uns hier die Frage stellen, welche logischen Gesetze€
sich bei der Einfithrung des ““strikt partikuliren’ Urteils (worunter
wir ein partikuldres Urteil der zweiten Art verstchen wollen)
neben oder anstatt der {iblichen partikuldren Urteile ergeben.

Aus der klassischen Urteilslehre benstigen wir die drei Axiome:
0.11 F SaP « P'a¥
0.12 FMaP A SaM — SaP
013 I SaP —SaP’
und die drei Definitionen:

0.14 SeP =df SaP’

0.15  SiP =df SaP’

0.16  SoP =df SaP

und die beiden Regeln:

0.17 Fir eine Termvariable (S, P, M und deren Komplement?)
darf eine andere eingesetzt werden, wenn zugleich tar
alle mit der Termvariablen isomorphe mit der einzu-
setzenden isomorphe eingesetzt werden.

Eine doppelte Komplementation hebt sich wieder auf.
(Also darf z.B. fiir M"’ einfach M gesetzt werden)

Aus dem Aussagenkalkiil bendtigen wir die Definitionen:

0.21 P =df p/p
022 p A g =df (plg)/(plg)

023 p v g=di (p/p)/lg]0)

024 p - g =dip/lglg)

025 p o g =df (p/(g/)/((PIL}I9)I((algla) [(([P) D))

0-26  p>~Cq =at ((plg) /(1P @ON/(Bl0)](21P)/(a12))
und die Regeln:

0.18

031 fir eine Aussagevariable (p, ¢,7) darf eine syllogistische
Aussage (z.B.MaP oder SiM usf) eingesetzt werden,
wobei fiir alle mit der Aussagevariablen isomorphen
Aussagevariablen der syllogistischen Aussage isomorphe
Aussagen eingesetzt werden miissen.

0.32

Eine Aussage darf durch eine ihr dquivalente Auﬁsage
beliebig ersetzt werden. (Also nicht unbedingt mussen
alle isomorphen Aussagen hier gleicherweise ersetzt
werden.)
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0.33 P A ¢ ist dquivalent g A p

0.34 p ist dquivalent p

0.35 Wenntpag—rsobpar—>g

0.36 Wenmntpag—rundbs >gsokbpas—>r

0.37 Wenntp +~gundbg —7rsobp —vr

Aus 0.11-0.37 lassen sich alle Gesetze der klassischen Urteilslehre
und simtliche Syllogismen herleiten.3

1. Das strikt partikuldre Urteil wollen wir mit “SuP’” andeuten.
Es lasst sich wie folgt definieren:
1.11 SuP =df SaP a SiP
durch Anwendung von 0.16 daraus:
1.12 F SuP < SoP a SiP.
Das negative strikt partikulire Urteil wird entsprechend defi-
niert:
.13 SuP’ =df SaP’ a SiP’
daraus nach 0.15; 0.15, 0.18, 0.16; 0.33:
1.14 + SuP’ < SoP A SiP
aus 1.14 und 1.12 nach 0.32:
LIS F SuP « SuP’.
Das strikt partikulire und das negativ strikt partikulire Urteil
sind also dquivalent. Mit anderen Worten: Das strikt partikulire
Urteil ist invariant gegen Postnegation.
Nehmen wir nun zusitzlich eine Regel zu Hilfe, die sich im Aus-
sagenkalkiil leicht als zuldssig erweisen lisst:
1.21 Wenntpeogarundbtg—=7rsobrepvyg.
Wird darin jetzt fiir p SuP, fiir ¢ SaP und fiir » SiP ein-
gesetzt, so ergibt sich unter Beriicksichtigung von 1.12,
0.16 und 0.13, 0.15:
1.22  + SiP & SuP v SaP.
Durch Einsetzung P’/P und nach 1.15 sowie 0.15, 0.18,
0.16, 0.14 ergibt sich:
1.23  F SoP «» SuP v SeP.
Die beiden gewshnlichen partikuldren Urteile lassen sich
also als zusammengesetzt darstellen aus dem strikt

3 Vgl. A. MENNE, Logik und Existenz (Meisenheim 1954) S. 57ff.; auch
die Vollstandigkeit und Widerspruchsfreiheit der syllogistischen Spezial-
axiome 0.11-0.13 wird dort S. 61f. bewiesen.
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partikuliren und dem positiv bzw. negativ universellen
Urteil. _

Nehmen wir nochmals eine Regel aus dem Aussagenkalkiil zu Hilfe:

1.24 Wenntgeoparundbp -7sobg — 7. )
Setzen wir dort ein $/SaP, ¢/SuP, »/SiP so erhalten WiT
aufgrund von 1.12,0.16; 0.13, 0.15:

1.25 F SuP — SiP
daraus durch P’/P, 1.15; 0.15, 0.18, 0.16:

1.26  FSuP — SoP. o
Das strikt partikuldre Urteil impliziert also das pgsﬁlve
wie das negative gewohnliche partikulire Urteil. Es
ergeben sich also zwei neue Subalternationsgesetze.

Aus 1.25 ergibt sich mit 0.24, 0.21, 0.15, 0.14:

1.27  + SuP/SeP
entsprechend folgt aus 1.26:

1.28  + SuP/SaP )

Es ergeben sich also zwei neue Gesetze der kontraren
Opposition. '

Reine KOI?VI')(;‘SiSI(i und reine Kontraposition sind fiir das U-Urteil

nicht allgemeingiiltig. Analog zu den universellen Urteilen la.SSG§

sich jedoch wie dort mit Hilfe der Subalternation ‘‘unreineé

Operationen als giiltig erweisen. .

AES 1.25 uncall Sdgﬂ:ff 0.11 basierenden Konversion des I-Urteils

ergibt sich:

1.31  FSuP - Pis. ]

Aus 1.26 und der alslf 0.11 basierenden Kontraposition des O-Urteils

ergibt sich:

1.32 SuP - P'oS’. ]
Wird in 1.31 S/P und P/S substituiert, erhalten wir
ferner:

1.33  FPuS - Sip. _ N
Wird in 1.32 S/P’ und P/S’ substituiert, erhalten wir nac
0.18:

1.34 FPus — SoP.
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Aus 0.12 (Barbara) und 0.35 ergibt sich:

F MaP A SiM — SiP (Darii).
Hieraus gemdiss 0.36 und 1.25.
F MaP A SuM — SiP (Darui).
Da dieser Syllogismus mit einer strikt partikuldren
Primisse dem Syllogismus Darii mit gewdhnlich parti-
kuldrer Primisse entspricht, mége er analog dazu Darui
heissen. 2.12 P/P’ ergibt nach 0.14; 0.15, 0.18, 0.16:
F MeP A SuM — SoP (Feruo).
2.12 nach 0.11, 0.32; P/P’, M/M'; 1.15, 0.15, 0.18, 0.16:
F PaM A SuM — SoP (Baruco).
2.14 M/M’, 0.14, 1.15:
F PeM A SuM — SoP (Festuno).
2.12 S/M, M/P, P/S’ nach 0.35, 0.33; 0.15; 0.11, 0.18,
0.15:
F MuP A MaS — SiP (Dusamis).
2.16 P/P’; 1.15; 0.15, 0.18, 0.16:
F MuP A Mas — SoP (Bucardo).
Im Aussagenkalkiil gilt die Regel:
Wenntp -gundkp -7rsobp —-gar
Wird in 218 p/MuP A MaS, ¢/SiP, #/SoP eingesetzt,
so ergibt sich aufgrund von 2.16 und 2.17:
F MuP A MaS — Sip A Sop.
Gemiss 1.14, 1.15, 0.32 daraus:
F Mup A MaS — Sup (Bucardu).
Dusamis und Bucardo stellen also Abschwichungen von
Bucardu dar.
2.12S|M, M|S, PP’ nach 0.35, 0.33, 0.15; 0.15:
F MaP A Mus — SiP (Datusi).
2.22 P|P’;0.14;0.15, 0.18, 0.16:
F MeP A Mus — SoP (Feruson).
2.125/P, P|S;0.33;0.11:
F PuM A MaS — SiP (Dumatis).
Aus 2.23, 0.11 ergibt sich:
F PeM A Mus — SoP (Fresuson).

Wir haben also insgesamt 11 Syllogismen mit einer strikt parti-
kuldren Prdmisse erhalten, darunter zwei abgeschwichte. Nur
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ein Syllogismus hat auch eine strikt partikulidre KO.HRIUSI?E,
alle anderen haben eine Konklusion mit cinem gc\\-(jlmlach 1.>al1ti_
kuldren Urteil. Es sei angemarkt, dass sich bei der Beriicksich

- Tlogismen creeben wiir-
gung von Inversen als Konklusionen 20 Syllogismen ergeber
den.

3. Wird nur das strikt partikulire Urteil neben den beiden univer-

sellen verwandt, so erhalten wir ein dreiwertiges System:

3.11  FSaPv SeP v SuP. . - die
Das ist der Satz vom ausgeschlossenen 3 1c11'0n fiir e
Syllogistik mit zwei universellen und dem cinen strik
partikuldren Urteil. .

Bezeichnet N die Postnegation, so gilt:

3.12  + NSaP « SeP

3.13 i NSeP SaP

3.14  F NSuP « SuP. )
Die Gesetze des logischen Quadrates schrumpfen zu
sammen auf die kontraren Oppositionen:

3.15  +SaP/SeP,

3.16 + SaP/SuP.

3.17 L

Es gibt}—nierPéiszinen echten Syllogismus Bucardu mit partikulédrer

Pramisge:

e lg:rll)egelx\fa;e;eiu%ie fiinf Syllogismen mit universellen
Primissen: Barbara, Celarent, Cesare,. Camestres, Car_nerlei

Ausserdem kénnte man alle tbrigen Syllogismen, au.ch chclml_

Strikt partikuliren Primissen, als * uncchte” Syllog%smen ff;_

Struieren, in denen die Stelle des partikuliire_n Urteils {%C‘l"ollm

licher Art durch eine Disjunktion aus cinem lllmyersell.en unlc) Ct o

Strikt partikuliren Urteil ersetzt wird. Als Beispiele scien geboten:

321+ MaP A SaM v SuM — SaP v SuP (Darii)
3-22 +MaP A SuM - SaP v SuP (Daru)
3.23 FMeP A SaM v SuM —» SeP v SuP (Ferio)
3.24

F MeP A Sum —SeP v SuP (Feruo).
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Zusammenfassend darf festgestellt werden:

Das strikt partikuldre Urteil ldsst sich im Rahmen der
klassischen Urteilslehre ohne Benutzung neuer Grund-
begriffe definieren.

Die fir die klassische Syllogistik benétigten drei Axiome
reichen aus, um auch alle Gesetze mit strikt partikuldren
Urteilen herzuleiten.

Es werden dabei allerdings drei zusédtzliche Regeln aus dem
Aussagenkalkiil benutzt, die sich dort als allgemeingiiltig
erweisen lassen. (1.21, 1.24, 2.18)

Bei Einfihrung des strikt partikuliren Urteils werden
die beiden gewdhnlichen partikuliren Urteile entbehr-
lich. (Ihre Einfihrung kann gelegentlich zu Abkiirzungen
niitzlich sein.)

Da das strikt partikuldre Urteil invariant gegen die
kontrdre Negation ist, ergibt es zusammen mit dem
allgemein bejahenden und allgemein verneinenden Urteil
ein dreiwertiges System von Klassenaussagen: jeder
Klassenaussage kommt einer der kontriren Werte zu
“ allgemein wahr”’, *“ allgemein falsch”, ‘* strikt partikuldr
wahr”. (“Strikt partikuldr falsch” wire dquivalent mit
“ strikt partikuldr wahr”.) Beispiel: Die Aussage ‘‘ Logiker
sind Raucher” kann allgemein wahr, allgemein falsch,
oder partikulir wahr sein.

Dic Gesetze eines Systems mit Urteilen der Art 4, E,
U sind entschieden weniger als in der iiblichen Syllo-
gistik: Die Kontraponibilitit von 4 und die Konverti-
bilitit von E bleiben erhalten. In dem entstehenden
** Logischen Dreieck’” gelten drei kontrire Oppositionen.
Es gibt genau sechs Syllogismen.

Da die gewoshnlichen partikuliren Urteile sich durch
Disjunktionen darstellen lassen, kann unter deren Ver-
wendung das System 4.6 erheblich erweitert werden,
so dass es alle klassischen Gesetze und viele neue enthalt.

U niversitdt Hamburg, Deutschland



CHAPTER 6

BANKS AB OMNI NAEVO VINDICATUS

E. W. BETH

In a recent book 1 a German philosopher, G. Jacoby, makes an
attempt to defend logic and its history against the pretensions of
those scholars which he denotes as logisticians. His argument has
the dismal quality of a voice from the past. It recalls the endless
polemics of earlier generations of philosophers against such new
disciplines as non-euclidean geometry or the theory of relativity.

It would be out of place to follow Jacoby’s requisitory in every
fieta}il and to try to put right all the misunderstandings of which
1t gives proof. But it is, perhaps, not altogether useless to discuss
at least a few samples of the way of proceeding that is characteristic
of the .book. Let us start with the following quotation.?2

Ein gewisser Banks erdachte 1950 ein Propagandagesprich.

Inihm wirbt ein Neuerer, lies Logistiker, “Neo” sofort cinen Aris-

t(?teliker, lies Scholastiker, fiir Logistik an und schliesslich auch

einen Ignoranten ‘“Palio”’, lies Logiker. So Banks. Anders in
gleichem Jahre die wirklichen Bremer Gespriache mit von Frey-
tag. Trotzdem beginnt 1952 Clark unter Quines Auspizien sein

Buch und 1959 Menne unter Bochenskis ein anderes mit

Banks’ Machwerk. Dagegen zitiert kein Logistiker die realen

Bremer Gespriche. Wissenschaftsbetrieb der Logistik.

Poor Mr Banks! His “Aristotelian dialogue’” On the Philosophical

Interpretation, of Logic3 is concerned, as A. Menne aptly ex-

1
G. Jacosy, Die
schi

2

p ¢ Amspriiche der Logistiker auf die Logik und ihve Ge-
chtschreibung (Stuttgart 1962).
G. Jacosy, op. cit., p. 157.

3
a4 1P. Banks, On the philosophical interpretation of logic: an Aristotelian
1alogue, Dominican Studies 3 (1950); reprinted in: A. Men~E (ed.), Logico-
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I

plains,® with clarifying “without formal means the relation between
classical, traditional and symbolic logic.” Having gained, like the
carly Wittgenstein, notoriety by one single publication, he has been
compelled, if I am not mistaken, to remain silent ever since. He is
now blamed with having contrived a propaganda discourse which
has kept logisticians from reading and quoting the real discussions
that took place in 1950 in Bremen, an accusation to which he is
hardly in a position to reply. I should wish here to plead his case.

My defense will be based upon a close examination of the following
points:

1° The reason why logisticians refrain from quoting the ““Bremer
Gespriche”,

2° Jacoby’s reproduction of Banks’s dialogue,

3% Jacoby's moral right to blame Banks for making propaganda.

In connection with point 1°, it will be sufficient to observe that
in Symphilosophein 5 a slip of paper is pasted which contains the
following announcement:

Zu:  Symphilosophein. Bericht iiber den Dritten Deutschen
Kongress fiir Philosophie. Bremen 1950.

Infolge einer erst nachtriglich bemerkten Verwechslung ist der
Bericht tiber das Symposion ‘‘Philosophische Grundfragen der
Logistik” bedauerlicherweise nicht, wie angegeben, in der von
Professor Dr. Arnold Schmidt revidierten Fassung zum Druck
gekommen; es ist geplant, die Ausfiihrungen an anderer Stelle
in berichtigter Form zu veréffentlichen.

Unfortunately, the revised version of Schmidt’s report has, to
the best of my knowledge, never been given to print. It is fully
understandable that, in the absence of a reliable report, logistic-
1ans prefer not to quote the “Bremer Gespriche”. I may add that I
agree with Jacoby to this extent that I regret the fact that, owing
to the unsatisfactory way in which they have been published, the

Philosophical Studies (Dordrecht 1962) German translation in: I. M. Bo-
CHENSKI, Logisch-philosoplische Studien, iibers. von A. Menne (Freiburg/
Miinchen 1959).

4 A. Mi:NNE, op. cit., Preface.

5 Symphilosophein, Bericht iiber den Dritten Deutschen Kongress fiir
Philosophie (Bremen 1950) herausgeg. von H. Plessner (Miinchen 1952).
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“Bremer Gespriche” have not received all the attention to which
otherwise they would have been entitled; but this i1s no reason to
offer Banks as a scapegoat.

Turning now to point 2°, I must first note that the above quota-
tion is not the only place where Jacoby refers to Banks's dialogue.
Elsewhere ¢ he reports that “to regard the syllogism as indispensa-
ble, or as reasoning par excellence,” is called by C. I. Lewis 7 “the
apotheosis of stupidity” and by Banks, “‘a completely mistaken
view.”

It will be convenient here to offer a very brief summary of
Banks'’s dialogue. The dramatis personac are: Paleo, an old-fashioned
§cholastic who, on the basis of Aristotelian logic as he understands
It, rejects modern symbolic logic; Neo, a logistician with nominalist
and operationist leanings, who rejects Aristotelian logic as he under-
stands it; and the Aristotelian, who speaks for Banks himsel{.

So, when the curtain rises, the Aristotelian is alrcady a partisan
‘O{f mathematical logic, and therefore Neo has no necd at all to

convert” him; and, when the curtain falls, Paleo is still stubbornly
holdmg his ground. The words “a completely mistaken view”
OCCur in a passage in which Neo points out the incompatibility of
mathematical logic with Aristotelianism ; this argument is applaud-
ed by Paleo but firmly contradicted by the Aristotelian; and so
most Cl.early the words quoted by Jacoby do not express Banks’s
OWn opinion, as suggested.

The A’ristotelian argues that both Paleo and Neo misinterpret
urilclsérosée s doctrines an'd that, if only these d(.)ctrines are correctly
Symbolizoil’ .they are in perfect harmony. with the pri.nciplgs of
the Arist ‘t)gl.C. This, a.nd not the conversion to symbolic logic of
ot give o) ellfﬂ.n (who. Is alrf:ady an.adept) or of Paleo (who does

This rrllp his opposition), is the pomt. that .Banks wants to make.
Conﬁdentai,hsufhce to complete the dl,scussmn of Point 2°. 1 feel
dialogue ¢ bat I have s}}own Jacoby’s I.‘eprOdLICtIOI.l of Banks’s
must be c © be altogether inacceptable. IT. is grossly misleading and

onsidered a most rejectable falsification.

Before turning to point 3°, I wish to discuss another cxample of

6
; gf IJACOBY, op. cit., pp. 128-129, p. 133.
- L. Lews, 4 Survey of Symbolic Logic (Berkeley 1918},

A
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the manner in which Jacoby thinks fit to handle the ideas of other
persons. And, since after all we are not actually in court, I believe
that T may be allowed to present my own case.

At the very beginning of Part IT of his book, which is devoted to
historical investigations, Jacobv 8 quotes the last of the “Thesen”
which, in reply to an invitation, I had submitted to the Organizing
Committee of the Congress in Bremen,? namely:

S. Da andererseits die erwdhnte Entwicklung von Logik und
Mathematik die Erfillung derjenigen Aspirationen darstellt,
von denen letzten IEndes auch die traditionelle abendldn-
dische Spekulation (Platon, Aristoteles, Descartes, Leibniz,
und sogar Hegel) ihren Ausgang nahm, verfiigt die spekulative
Philosophie iiberhaupt nicht tber irgendwelche Mittel, den
Folgen dieser Entwicklung vorzubeugen.

In addition, he quotes similar statements made by Bernays
and others and then goes on to discuss a certain number of historical
data which contradict, or seem to contradict, the thesis which has
just been quoted. The following lines conclude this discussion and
introduce the next one.

- ... Und nie hat Mathematisierung der Logik zu Aristoteles’
“Aspirationen’” gehort. So weit die These Beths.

Ich fiithre nun konkrete, mir bekannt gewordene Argumente
von Logistikern iiber Beziehungen der Aristotelischen Logik zu
Mathematik vor.

It is clearly suggested here, by implication, that I have never
presented concrete arguments in support of the views that are
summarized in my above thesis. And this is again a gross mis-
representation of the facts. For I have published, both before 1950
and later on, a number of books and papers which contain a wealth
of facts in support of my views. Since many of these publications
are mentioned in Bochenski’s Formale Logik 10 which is frequently
quoted by Jacoby, their existence cannot possibly have escaped his
attention.

Jacoby’s line of conduct in this connection is again an unfair

8 G. Jacony, op. cit., pp. 65-66.
9 Symphilosophein, p. 171.
10 I. M. BocHENSKI, Formale Logik (Freiburg/Miinchen 1956).
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one since it tends to restrain his readers from checking his arguments
with mine and thus from living up to the ancient maxim: audi cf
alteram partem.

Turning finally to point 3°, I observe that it splits up into three
points, namely:

3a The presence of propaganda elements in Banks’s dialogue,

3b The objectionable character of such propaganda clements as
Banks'’s dialogue may happen to contain,

3¢ Jacoby’s moral right to blame Banks even for the presence
of objectionable propaganda elements.

As to point 3a, it is appropriate first to take the notion of propa-
ganda in a rather large sense. From this viewpoint, anything in an
utterance that goes beyond a sober description of rcal facts may
be considered pPropaganda. Even so, the notion does not fully ex-
haust the field of application of the word, since even a sober
statement of real facts may become a piece of propaganda because
of the context in which it is placed; but this possibility need not
detain us here.
.It cannot be denied that, in the larger sense of the word, Banks’s
dialogue contains a few elements of propaganda; the two which
I dgtected on a rather close inspection of the text are the following:

(i) The Aristotelian’s words: “‘Aristotelianism is just common-
sense and scientific spirit.”

() The dialogue form itself; if Banks should have wished to
a\f'o1d eve.ry element of propaganda, he ought to have been content
Wlt_h Statlng the relation between classical, traditional and symbolic
logic n the familiar forms of scientific discourse.

Tt will be clearly necessary now to distinguish the milder forms
of propaganda from those which are objectionable; this brings us to
point 3b. Propaganda becomes objectionable as soon as it appeals to
some lnt.ellect.ual Of moral weakness in the reader or in some other
Tanner impairs his freedom to judge of what is written; this may
oceur, for example, in the form of an appeal to authority or to
feehngs.of shame or fear, or by taking advantage of the reader’s
lack of information.

If this criterion is accepted, then the elements of propaganda
detected in Banks’s dialogue cannot reasonably be said to be ob-
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jectionable; for they do not, in any way, interfere with the reader’s
freedom of judgement.

So we now come to point 3c: Jacoby’s moral right to blame Banks
even for the presence of objectionable propaganda elements. In
spite of Jacoby’s emphatic statement to the contrary: 11

Das Buch ist keine Streitschrift. Es streitet nicht. Es priift
Tatbestande sachlich und zieht die Folgerungen. Sein In-
halt gleicht eher den Untersuchungsakten eines Rechtsver-
fahrens.

but in accordance with the specific purpose of his book, its charac-
ter 1s most strongly polemic. And therefore it is not surprising that
it contains propaganda in various forms.
As relatively inoffensive — though already less so than the above
propaganda elements in Banks’s dialogue — I mention such slogans
as:
Logiker denken. Logistiker rechnen.

or:
Der Zusammenbruch der Logistik in der Logik und threr Ge-
schichtschrerbung.

Much more serious are Jacoby's grossly misleading reproduction
of Banks’s dialogue and his misrepresentation of the facts in con-
nection with his discussion of my thesis; it will not be necessary
to add a word to what already has been said about these matters.

I contend, however, that Jacoby has forsaken every moral right
to blame Banks for any propaganda elements whatsoever which his
dialogue may contain by using the following arguments:12

Zu den Propagandamotiven der Logistiker gehort ihr Ver-
bandbewusstsein. Nach Einstellung, Ziel, Marschroute, Wort-
schatz, stereotypen Wendungen und Argumenten sprechen sie
als Exponenten der Ideologie eines unsichtbaren internationa-
len Konzerns. Dessen Macht weiss jeder Logistiker hinter sich.
Sie hebt und schiitzt ihn nach Massgabe der Verbandinteressen
in allem, was er, Logistik preisend, Logik diffamierend, tiber
beide schreibt. In anderen Wissenschaften sprechen Selbst-
denker. In logistischer Propaganda spricht mit Einheits-

1L G. Jacosy, op. cit., p. 6.
12 G. Jacosy, op. cit., p. 152.
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vokabeln der Verband. Vieles stammt, oft ohne Quellenangabe,
aus Scholz, Lukasicwicz, Carnap, Bochenski.

This is propaganda of a most condemnable kind, characterized
by what may be called the conspiracy argument. This tvpe of argu-
men‘t is familiar from the propaganda made by agressive groups:
fa§c1sts, McCarthyists, nazis, stalinists and the like against such
minorities as capitalists, freemasons, intellectuals, Jews, and liberals.

The accusation of having laid a plot against the community, the
state{ or the workers is spread among the public in order to Arousc
Z;z;i::i:e fe.el'm.gs of fea.r, and then of repulsion and of. hatred,
state .of e‘{e_mmorlty that is tg be attacked. If only a satisfactory

xcitement can be achieved, the mob can be trusted to take
?lVer and settle the “problem”, thus creating the atmosphere of
nrest and confusion that is to enable the agressors to seize the
power,
priz\::? Sthough, un.fort\.mately, this scheme has in several cases
fulfilled uICCGSleul,. it will not work unless certain conditions are
disconténtn the first place, there must be a certain amount of
Next som’ecal-lsed_’ for example, by a bad harvest or a lost war.
eXpo;e dto ferélll.norlty group must be available that is sufficiently
the population icr:)gbse()ff%e:'ilz)lusy and of distrust in large groups among
mind (not necessar(;l eli r?lse;rlns};:apegfoat. And. flr'lauy, some maste'r-
general a man of a zlh i e_r 0l an agresmvg group, but 1n
the paranoid id uthority and influence) is required to contrive
come of g cOnl o that the bad }}arvest or the lost war is the out-
conspirac St%}lraciy of that p.artlcular minority and that from that
This bgief ld.mme' dlsgster is to be expected.
ganda may Suflfir:cees:;onhmto hthe domain 9f the theory of propa-
Jacoby, is characteri show that the conspiracy argument, used by
L\Toreov,e£ it r(n'j; lf(zlsoi;:e(;f\zc{n t(;qst Conder_nnable kind of propaganda.
- at both in the ab i 1
elsewhere Jacoby also uses the phraseol e quot.atlon .
Pr(l)gpaganda of this kind. phrascology that is typical of all
has }ée\::iilif C{) nclusion, 1 may state that on the one hand Banks
of prOpagang: pai(;d from using any except the very mildest kind

. L me ods, and that on the other Jacoby has forsaken

every moral right to blame Banks for using such methods, since he
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was found guilty of making propaganda of a most condemnable
kind.

Jacoby 13 falls in with Scholz’s observation: “Die Qualitit einer
Logik ist nur an ihren Friichten erkennbar.” Now if this criterion
15 to be applied to what is proudly offered by Jacoby as a “philo-
sophical logic”, then it scems only reasonable to demand that we
find at least some wisdom among its fruits. It is disappointing that
of this wisdom Jacoby’s book gives so little proof.

Epiloguc

It is, perhaps, not fully satisfactory, even though it is justified
with a view to the facts, that in the preceding pages we have
been concerned only with details. Therefore, I may still devote a few
lines to a discussion of Jacoby’s argument as a whole.

The reactions of some philosophers to the rise of mathematical
logic show a striking similarity to the reactions of certain people
to the introduction of motorized traction in transportation.

_ Among these latter, I recall that of an oriental ruler, as reported
by O. Neurath.14 This prince had acquired a beautiful automobile.
At his request, he was given a detailed explanation of the operation
of the engine as well as an opportunity to submit the interior of the
car to a close inspection. Iinally, he was taught to drive the car and
cven to carry out small repair jobs. Nevertheless, he felt deeply
puzzled when, in spite of all this, he was still unable to locate the
horse.

Jacoby’s attitude, however, rather resembles that of an old
army general who deeply resents the introduction of motorized
traction into military transportation. Such a man may argue that,
even though for civilian life motorized transportation is excellent,
military transportation has special demands that can only be met
by horse traction. He will ascribe the supersession of the horse by
the motor to a plot laid by an international concern of automobile
manufacturers, civilians lacking all understanding for military
affairs. This accusation he will emphasize by using slogans such as:

13 G. Jacosy, op. cit., p. 163.
14 O. NeuratH, Einheitswissenschaft und Psychologie (Wien 1933).
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Soldiers fight. Civilians think.

He may even argue that a specialist in motorized transportation
is not qualified ever to become a historiographer of transportation,
as follows. In former times, only horse traction was available and
so, since no civilian can ever be trusted to treat horses properly,
even civilian transportation had to be controlled by military men
and therefore was organized on military principles. On the other
hand, a specialist in motorized transportation, even though he
may be given a military rank, remains forever at bottom a civilian
and hence uncapable to grasp the workings of the military mind.

Even though, of course, it would not do to carry the matter too
far, T feel that the above parable provides a fair epitome of Jacoby’s
train of thought; it clearly demonstrates its inherent weakness.
If the motor tends to supersede the horse both in civilian and in
military transportation, this is not due to a sinister plot laid by
automobile manufacturers; it is a result of the fact that, for transpor-
tation of almost any kind, motorized traction has proved vastly
superior to horse traction. And if at present automobile manufac-
tcurers carry more prestige than retired generals or horse-breeders,
it is because they produce a commodity that is very much in
demand. Moreover, since the major problems of transportation
.remain forever basically the same but stand out much more clearly
In the present than in the past because of the ever growing variety,
amount and speed of transportation, an expert in motorized
transportation, if historically minded, is in a very good position
to become a successful historian of his field as well.

University of Amsterdam, The Netherlands

Editor’s note: We deeply regret that Professor Beth, who took
an active interest in the publication of this volume, did not live
to see it appear in print. His contribution was completed just
bgfore the illness which caused his untimely death. As a token of
his friendship for Professor Bochenski this defense of the pseud-
onymous P. Banks is particularly appropriate!



CHAPTER 7

METHOD AND LOGIC IN
PRESOCRATIC EXPLANATION

JERRY STANNARD

If there is one thing that students of the presocratics agree
upon, it is that disagreement, ranging from textual emendations to
wide sweeping differences of interpretation, characterizes modern
research. Within recent years, we have studied major contributions
of such scholars as Cherniss, Jaeger, Solmsen, Vlastos, von Fritz,
and many others; each of whom has added much that is new and
valuable to our understanding of the presocratics. Rather than
attempt to assess these rival claims, I intend to draw a moral from
this state of affairs. The absence of agreement, sometimes on basic
matters, is a sign that further questions legitimately may be raised
as to the meaning and intent of the presocratics.

The Anglo-American tradition of presocratic scholarship goes
back, in large measure, to Burnet’s now-classical Early Greek
Philosoply. 1 do not mean by this, that Burnet’s interpretation
enjoys canonical status, for his views today are as often criticized
as they are accepted. But the fact that scholars still feel it necessary
to mention Burnet, if only to take issue with him, suggests that
whatever his errors or defects may have been, they are, nevertheless,
still important. For, as historians of science are fond of remarking,
errors are instructive if they stimulate further inquiry. “A false
theory may be as great an achievement as a true one,” Karl Popper
recently wrote and singled out as an instance of this, Thales’
floating earth.!

Time and again have I pondered a passage that enunciates one of
Burnet’s main theses:

! KarL POPPER, Back to the Pre-Socratics. Proceedings of the Aristotelian
Society 59 (1958-59) 1-24 (p. 8).
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My aim has been to show that a new thing came into the
world with the early Ionian teachers — the thing we call science
—and that they first pointed the way which Europe has followed
ever since, so that ... it is an adequate description of science
to say that it is “‘thinking about the world in the Greek way.”
That is why science has never existed except among peoples
who have come under the influence of Greece.?

Most scholars today have reservations about accepting Burnct’s
enthusiastic identification of presocratic inquiry with science.®
Yet, as easy as it may be to find flaws in his overstatement of the
case, I am not prepared to dismiss it with a non probatiur.4

I shall suggest, therefore, in the following exploratory sketch,
that Burnet’s thesis may be defended with the proviso that two
conditions be satisfied. The first condition is that by ‘“science”
we understand ‘“‘the formulation of an explanatory method.”
The second condition, one that has received considerable attention
in recent years, is that the sharp distinction between ‘‘science”

¢ Jou~n BURNET, Early Greek Philosophy. 4th ed. (London 1948) Prefacc
pV Cf. POPPER 0p. cit. p. 3 . .. it is good to remember ... that our Western
science — and there seems to be no other — did not start with collecting ob-
servations of oranges, but with bold theories about the world.”

3 It is quite probable that Cornford is referring to Burnet when he asks,
“Is the Milesian cosmogony the work of rational inference based on obser-
yation and checked by at least rudimentary methods of inference? Or are
1t'§ features to be referred to an attitude of mind uncongenial to natural
Science as we understand it?”, I'. M. CorNFORD, Principium Sapientiae
(Qambridge 1952) p. 186. As has often been pointed out, Cornford devoted
111§ life to proving the latter alternative. Cf. W. J. Marsox, Cornford on the
Blrthi of Metaphysics, Rev. of Metaph. 8 (1955) 443-454. WERNER JAEGER
11k§w1se singled out Burnet as representing the ‘‘perspective that emphasizes
their [sic the presocratics] achievements as natural scientists.”’ The Theology
of the Early Greek Philosophers (Oxford, 1948) pp. 7, 195. On the other
handg, S. SAMBURSKY, The Physical World of the Greeks (London 1952) has
at.tempted to restate the presocratic contributions in terms of contemporary
SC1§HC6, a method which is not altogether satisfactory. Cf. my remarks in
Philosophy of Science 26 (1959) 155-57.

4 Burnet’s contention that pdorg meant “‘stuff” or Urstoff when used by
the Tonians generally has been rejected. Cf. G. S. Kirk, Heraclitus, The
Cosmic Fragments (Cambridge 1954) p. 229 and JAEGER, op. cif. p. 198. For
Cornford’s explicit criticism of Burnet, cf. Princ. Sap. pp. 4-6 and infra n. 34.
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and “philosophy” does injustice to presocratic inquiry by insisting
on a distinction which is anachronistic.b

The concept of explanatory method need not be restricted to
what has come to be the paradigm of explanatory method — modern
science. There are several reasons for insisting upon this. The most
obvious one is that philosophy always has claimed that it is her role,
as much as it is the role of science, to furnish explanations. Even
granting that a distinction can be made in presocratic times between
philosophy and science, it is evident that this distinction cannot be
maintained on the grounds that their respective explanations apply
to different sets of phenomena. And that brings up the second
point, that the distinction between philosophy and science is not a
presocratic distinction but one that modern scholars have imposed
on the presocratic fragments. Scholars may differ as to the debt
owed by Plato and Aristotle to their predecessors, but all will
agree that our distinction between philosophy and science, in so
far as it applics to the presocratics, is as much a falsification of
history as those falsifications for which Plato and Aristotle have
been criticized.

Today, the phrase “explanatory method” is widely used and
there appears to be some agreement that the essential ingredients
arc three:

I. The explicit formulation of specified techniques,
IT. To be followed in a stipulated sequence,

III.  Tor the solution of a circumscribed problem.

While there are, doubtless, many possible addenda to the above,
it would not be too difficult to argue that the denial of any one
of the three ingredients is tantamount to saying that the remaining

5 The attempt to soften this harsh dualism, and at the same time to
emphasize a transition from mythopoesis to presocratic inquiry is one of the
many notable contributions of G. S. Kirk and J. E. Raven, The Presocratic
Philosophers (Cambridge 1957) esp. pp. 8-72. Cf. also JAEGER, op .cil. pp.
55-72 on Orphic theogonies. It is going too far, however, to say that “the
early philosophers like Thales, Heraclitus, and Anaxagoras tried to explain
the physical world in terms of its own phenomena without having recourse
to philosophy or religion.” R. J. Forns, Man the Maker (London 1958)
p. 60.
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two do not satisfy the conditions generally required of an explanato-
ry method.6

In order to explain a set of facts, whether or not by the conscious
use of an explicitly-formulated method, certain preliminary stages
are required. We would all agree, I think, that to speak of a method
in the absence of specifying the content or subject matter is some-
how inadequate. But that specification alone is not sufficient to
describe an explanatory method. Professor Philip Wiener has
recently written, in conjunction with specifying the nature of what
is commonly called the history of ideas, that “No discussion of
problems and methods can mean much apart from the subject-
matter, interests, and general basic assumptions of the investiga-
tors”.7

The application, if not the explicit formulation, of an explanatory
method thus presupposes a prior stage which, however dimly
it may be known to historians, supplied the content to which the
method later applied.#8 The almost simultaneous emergence Of
problems and difficulties will, moreover, contribute to the limits
9: tilfe method’s application and to further refinements in the method
itself.

For a variety of reasons it is not possible to describe the earliest
stages of Greek thought, i.e., that period which preceded the appli-
cation of an explanatory method. In order to do so, with some show
of completeness, another Paideia or Glaube der Hellenen would be

o 6 Cf. GEorGE Boas, Some Assumptions of Aristotle. Trans. Amer. Phil.
OC. n.s. vol. 49, part 6 (1959) esp. pp. 9-11.

? PuiLip P. WIENER, Problems and Methods in the History of [deas.
J.HL.I. 22 (1961) 531-48 (p. 538).

8 This 1§ especially true of the gradual ‘‘rationalization’ of the mythologic?l1
COSmpgonles (cf. n. 5). This process is well summed up by Kirk and RAVEN
oi. czt.. p. 72, “VYhat gave these [sc. Thales and the first lonian Philosophers]
the title of philosopher was their abandonment of mythopoeic forms of
tho}lght. of personification and anthropomorphic theistic explanations, and
the.lr.attempt to explain the seen world in terms of its seen constituents.”
This 1s.not to say, however, that the Ionians borrowed nothing for as Burnet
recognized, and has been followed by the majority of scholars, there was &

conFinual interplay between Ionian speculation and Hippocratic medicine.
Cf. infra n. 34,



PRESOCRATIC EXPLANATION 111

required.? But it is possible to sketch some parts of the next stage,
L.c., that period characterized by the application of an explanatory
method. There is, to be certain, a third stage in which the method and
its application arc themselves the object of inquiry. However, this
stage, generally characterized by its concern with methodology,
will be ignored in the following discussion.10

I shall attempt to localize some of the components of presocratic
inquiry that have entered into the mainstream of later, more
sophisticated types of explanation. Despite the fact that the pre-
socratics rarely spoke of method per se, there are scattered indi-
cations that there was, in fact, an lodos in the sort of inquiry then
prevailing and the belief that, were this lodos to be laid out in
advance, and then followed, an entrance would be made on yet
uncharted territory.1l Heraclitus’ recommendation that to know
many things one must be a lover of wisdom (lit. philosophos)
announces that to know those many things, certain techniques
must be adopted.!2 Diogenes of Apollonia states, in the most general
terms, one requirement, but that is sufficient to indicate by its
very generality, that method was indispensable, “‘In starting any
thesis, ... one should put forward as one’s point of departure
something incontrovertible ...” 13 In the same spirit, Xenophanes

9 In recent years two such attempts are noteworthy. Bruxo SNELL,
The Discovery of the Mind, trans. T. G. Rosenmeyer (Harvard U. P., 1953)
and 3. A. vaN GRONINGEN, La Composition littéraive archaique grecqite (Am-
sterdam 1958).

10 [Loenen is almost alone in suggesting a methodological interpretation
of the presocratics, J. H. M. M. Lou~kx, Parimenides, Melissus, Gorgias
(Assen 1959). Cf. my review, Philosophical Review 70 (1961) 423-25. SNELL,
op. cit. 221 and others have, however, emphasized analogical reasoning as an
important part of presocratic method.

11 For the use of ¢ddc as method, see the index to Diels-Kranz, Vol. I11
302b22-35. All references to the presocratic fragments are to HERMANN
DieLs, Die Fragimente der Vorsokratiker. 5. Aufl. edited by \Walther Kranz
(Berlin 1934).

12 Heraclitus B 35. Cf. Cornford, Princ. Sap. p. 115 (where the fragment is
misnumbered as B 34) and for the Pythagorean background of philosophia,
J. S. Morrisox, The Origins of Plato’s Philosopher-Statesman, Cl. Quart.
52 (1958) 198-218 esp. 208.

13 Diog. Apoll. B.1. Although this passage has sometimes been interpreted
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said “Truly the gods have not revealed to mortals all things from the
beginning; but mortals by long seeking discover what is better.”’14

We can abstract from presocratic explanations and rcconstruct
the components which such explanations presupposed.?d VWhether
the presocratics had a name to describe such a component as, say,
inference, is of less consequence than the fact they made use of
inferential reasoning in a wide variety of explanatory contexts.
We are, accordingly, entitled to speak of inference as a component
of presocratic explanatory method.16

Having now characterized explanatory method, let us usc it as a
guide by which the components of such a method may be more
precisely delineated. I do not claim that the following list exhausts
all of the components of an explanation - presocratic or otherwise.
On the other hand, each of the following can, I think, be defended
as essential to those types of explanation which, as Burnet would
say, have Ionian antecedents.

L. Inference

It is not my intention in discussing this or succecding points, to
€numerate all of the instances which could serve as evidence of the
point in question. Since the presocratic fragments are readily
accessible, it seems more important to discuss a few fragments
Tepresentative of each of the following components of explanatory
method.

Inference or inferential reasoning is an essential ingredient in all
forms of explanation. Obviously, inference takes many forms and
at various points abuts upon other equally-essential components

n the light of ancient rhetoric, e.g., by INGEMar DURING, Aristotelis De

artibus Animalium (Goteborg 1943) p. 71, n. 1, I agree with GUNNAR
RUDBERG, Zum Stil des Diogenes von Apollonia, Symbolae Osloenses 22
(1942) 1-7 that Diogenes must be understood in terms of “ionische Wissen-
Schaft” (p, 7).

4 Xenophanes B. 18 (Trans. Freeman).

15 Cf Cuarrrs E. Kaun, Anavimander and the Origins of Greek Cosmology
(New York 1960) pp. 5-6 for a discussion of what is involved in reconstructing
Presocratic thought.

18 W, A. Heipsr has written on inference in The Hevoic Age of Science
(Baltimore 1933) pp. 92-117.
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of an explanation, for example, evidence, causal connection, pre-
diction, ctc. Any explanation, moreover, is characterized by the
fact that one set of data becomes more intelligible when it is brought
into relation with another set of data. The connection between
these two sets varies considerably; in some cases it is immediately
obvious, while in other cases, the connection may demand further
inquiry. A mixed type is that known as analogy.l?” The explicans
must be immediately obvious, otherwise the explicandum can not
be said to have been explained. When Musaeus sought to explain
the cycle of birth and death, he chose to illustrate it by drawing
an analogy between it and the seasonal cycle of vegetation.18
Empedocles, too, made use of common knowledge when he likened
the sea to the sweat of the earth.19

It was probably very early in man’s intellectual career that the
defects of analogical reasoning became apparent. When Anaximan-
der likened the earth to a stone pillar he was calling attention to
the limitations of analogy as a form of explanation.20 True as it
may be that the earth’s fixed position in a geocentric universe may
be better understood by arguing that it, like a stone pillar, has a
fixed and rigid position, it cannot be denied that in many other
respects there is little similarity.2! When analogies generate more

17 The presocratic use of analogy and analogical reasoning has been the
subject of many investigations. Cf. esp. H. C. BaLbpry, Embryological
Analogies in Pre-Socratic Cosmogony, Cl. Quart. 26 (1932) 27-34; W. KraNz,
Gleichnis und Vergleich in der frithgriechischen Philosophie, Hermes 73
(1938) 99-122 and HEIDEL, op. cit. pp. 139-152.

18 Musaeus B. 5. On the seasonal cycle of vegetation, cf. the parallels
adduced by KKAHN, op. cit. pp. 175-6.

19 Empedocles B. 55. For other examples of what may be supposed to
have been then-current knowledge and its transformation by presocratic
writers, see OTT70 GILBERT, Spekulation und Volksglaube in der ionischen
Philosophie. Arch. f. Religionswiss. 13 (1910) 306-332.

20 Anaximander B. 5. Cf. KaHN, op. cit. pp. 76-84.

21 This is evident in Pherecydes’ allegorical interpretation of Anaximan-
der’s cylindrical-shaped earth as a winged oak (Phercyd. B. 2). JAEGER
op. cit. p. 70 follows Diels’ interpretation in claiming that this allegorical
account presupposes a knowledge of Anaximander’s cosmology. KURT vON
Fritz s.v. Pherekydes, PauLv-Wissowa, Real-Encyclopiddie d. classischen
Altertumswissenschaft Bd. XIX/2 (Stuttgart 1938) columns 2025-2033,
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difficulties than they explain, another pattern of inferential reason-
ing is required if explanation is to continue.

A more sophisticated form of inferential reasoning is characterized
by the schema, “If P then Q.” Interest in this form of reasoning lies
not only in its increased explanatory powers, but also in the as-
sumption in back of it. The derivation of one statement from
another rests on the assumption that the grammatical connection
between statements represents a causal connection between cvents
in the physical world. Although this assumption was not made
explicit in presocratic times, the explanatory force of such an
inference was recognized. On the authority of Aristotle, Thales is
saild to have believed that the soul was a moving force. Aristotle
repeats, or at least paraphrases, the main point of Thales’ arguments,
... thelodestone possesses soul because it moves iron”.22 Both the
inferential form of this argument and its explanatory function are
preserved when it is recast into the form, ““If the lodestone moves
iron, then the lodestone possesses a soul.” It should be observed
that the explanatory role of this inference depends upon acceptance
of a causal connection between the stone’s possession of a soul and
its ability to attract pieces of iron.23 For otherwise, the stone’s
broperty is left unexplained and no progress has been made, that is,
the juxtaposition of the two statements is a mere irrelevancy.

It is not always easy to catch the force of ancient arguments
because what has been preserved is not labelled as “premise’”’ or as

denies any allegorizing and dismisses Pherecydes’ attempts at philosophizing
as characteristic of Marchenstil. (col. 2030).

22 Thales A, 22. JAEGER, op. cit. p. 21 connects this line with another line
from the same fragment (cf. infran. 54) and suggests that Thales’ recognition of
magnetic attraction served ‘‘as a basis for a generalization about the nature
of t.he so-called inorganic world. .. Thales would thus have made his obser-
vation of magnetism a premise for inferring the Oneness of all reality as
‘S'Omething alive.”” It is instructive to note Burnet's opposite conclusion,

to say that the magnet and amber are alive is to imply, if anything, that
other things are not,”’ op. cit. p. 50.

23 Aristotle, like Plato (cf. Ion 533D for Plato’s reference to the magnet)
believed the possession of soul supplied an explanation for its possessor’s
overt behavior. Cf. the definition of soul as odoia Tob uyiyov, Ar. metaph.
Z 10, 1035b15, cf. also de anima I 2,403b29.
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“‘conclusion.” 24 In other cases, however, the inferential force of the
argument is self-contained as in a contrary-to-fact conditional;
for example, Heraclitus’ statement. “If there were no sun, the
other stars notwithstanding, it would be night.” 25 Whatever was
Heraclitus’ evidence, other references to eclipses and to the re-
flected light of the sun, make it clear that a causal relation was
recognized between certain types of astronomical phenomena.26
How much of this was due to observation and how much was due
to speculation is a vexed question. But, for our purposes, it is im-
portant to recognise that in inferential reasoning the two coalesce.
The solution as to whether Thales predicted an eclipse is hampered
by our inability to separate out the observational data from the
inferences, or speculations, founded on them.2?

2. Evidence

The foregoing examples bring out a further point concerning the
development of an explanatory method. By accepting the assump-
tion which, as we have seen, permits a passage from the connection

2 E.g., Alcmaeon’s statement, “Men perish because they cannot join
the beginning to the end” (B.2) could function as either a premise or con-
clusion. One may compare an apophthegm attributed to Thales, “The divine
has neither beginning or end” (A. 1.36) Cf. also Diogenes’ statement, ‘‘But
this seems to me to be clear, that it is great and strong, everlasting and
deathless, and multiform (B. 8). A somewhat different meaning is, I think,
conveyed by Kranz’' translation ad loc, ““‘Doch dies ist, scheint mir, klar,
dass der Urstoff gross und gewaltig, ewig und unsterblich und vielwissend
1st.””

25 Heraclitus B. 99. For other examples of contrary to fact conditionals,
sce Xenophanes B. 15 and B. 38. Hippolytus reports that Anaximines
(A 7.2) argued that bodies are in constant movement, ‘‘for they would not
undergo change if they were not in motion.”

26 For eclipses, cf. Emped. B. 42, Anaximander A. 21. For reflected light
of the sun, Parm. B. 14, Emped. B. 43-45; Anaxagoras B. 18. Anaximander
A1,

%7 Thales A. 1.23. The matter is sympathetically discussed by STEFAN
OSwircimski in Charisteria Thaddaeo Sinko ... Oblata (Varsaviae 1951)
pp. 229-253. Tor a hypercritical interpretation which denies Thales any
speculative insight whatsoever, cf. D. R. Dicks, Thales, Cl. Quart. 53 (1959)
294-309.
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between statements to a connection between events in the physical
world, the gap is widened between two types of evidence. That is,
an explanation may employ as evidence further grammatical or
logical connections uncovered, so to speak, by analysis. Onc such
species of this is commonly known as deductive reasoning.?8 Or,
the evidence may be based on sensory reports. Examples of evidence

in this second sense are empirical evidence and, at a slightly further
remove, prediction.29

Two examples will make clear the important differences between

these two types of evidence, both of which are integral to an
explanatory method.

When Parmenides argued that Being was One and that it was
impossible to speak of Non-Being, he was employing a type of
argument that contained an example in miniature of how evidence
is used in a philosophic explanation. First he ruled out sensory
evidence as relevant to deciding the merits of a certain type of
statement. Then he explored what consequences would follow if
his hypothesis that Being is One were (a) True or (b) False. If his
hypothesis were true, he could consistently explain further pheno-
mena, or further properties of Being. If, on the other hand, it were

28 T do not mean that the presocratics had a notion of a formalized
deductive system. I have discussed this matter in the paper cited infra n. 30.
For this Teason, Kirx, Heraclitus, The Cosmic Fragments p. 16 goes too far
wher} he accuses Heraclitus, following Aristotle (cf. Heracl, B. 58 and 102),
Of.v1olating the law of contradiction. There was no “law of contradiction’’
Prior to Aristotle’s formulation of logical rules. For the pre-formalized
S‘caggs of Greek thought, cf. E. HoFFMANN, Die Sprache und die archaische
Loéflk (Heidelberg 1925) and for what can be said of pre-aristotelian formal
10821;3: LM, Bocuexski, 4ncient Formal Logic (Amsterdam 1951) pp. 14~18.
th(::reI:raddition to Thales’ alleged prediction of an eclipse (supra n. 27),
B € other examples of the same type. E.g., Anaximander (A 5a) a1.1d

erecydes (A 1.116) are supposed to have predicted earthquakes while
An_axagoras (A 11-12) is credited with predicting the spectacular meteorite
which fell at Aegospotami cn. 467. Cf. F. S. KIRK, Some Problems in Anaxi-
mander Cl. Quart. 48 (1955) 21-38 esp. p. 30. For empirical evidence in
PTesocratic cosmology of. . SoLMsEN, Aristotle and Presocratic Cosmogony,
H.S.C.P. 63 (1958) 2¢5_g5 esp. 274 n. 54 and the controversial claims made

by .OLA,F Greon, Unte?suchungen zu Hevaklit (Basle 1935) concerning He-
raclitus’ use of empirical evidence.
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false, then the truth-value of other statements must be revised.
But these, commonly accepted as false, could not, without serious
misgivings, be supposed to be true. From this it followed, claimed
Parmenides, that his initial supposition must be true.30

For evidence in the second sense, we shall turn to Empedocles.
While it cannot seriously be maintained that he was an evolutionist,
still less a Darwinist, the very fancifulness of this fin de siécle
comparison, draws attention to an important component of ex-
planatory method.3! The enormous difference between Empedocles’
and Darwin’s method must not obscure one point of resemblance.
Although rather trivial by modern standards, this one point is of
the utmost historical importance. The resemblance concerns their
use of evidence and the consequences which each drew from that
evidence. It is idle to pretend that Empedocles’ evidence was of the
same nature as Darwin’s or that each obtained his evidence in the
same manner. Nevertheless, the fact remains that in each case their
respective theories and generalizations were supported by evidence.

In several cases, Empedocles cites the evidence that supports
his claims, for example, his belief that, in some sense, hair, leaves,
feathers, and scales were comparable.32 Whether or not this permits
the historian of biology to attribute to Empedocles a knowledge

30 Cf. my paper, Parmenidean Logic. Philos. Rev. 69 (1960) 526-33.

31 The older literature is vitiated by failure to distinguish the important
methodological differences between Greek biological speculation and the
conceptual refinements and testable consequences of Darwinian evolutionary
theory. R4dl summed up the matter succinctly when he wrote, “In almost
every philosophical writer from Empedocles and Aristotle to Goethe, the
inquiring eye of faith of some historian would discover a masked Darwin,”’
Evanver RApL, The History of Biological Theories. Trans. E. J. Hatfield
(London 1930) p. 7. None the less, the belief that the presocratics were
“masked Darwins” continues unabated. E.g., the well-known biologist
Ludwig von Bertalanffy recently stated, ‘““The first Darwinist to explain
organic ‘fitness’ on the basis of events at random was the. pre-Socratic
Empedocles””. Lupwic voN BERTALANFFY, Problemns of Life (New York
1952) p. 106. A detailed investigation of the entire problem is nearing com-
pletion and will appear elsewhere.

32 Emped. B. 82. Tor an attempt to place this fragment within the Em-
pedoclean context, cf. F. SoLMsEN, Aristotle’s System of the Physical World,
(Ithaca 1960) p. 1139,
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of homologous structure, the mere possibility of such an attribution
depends on the fact that Empedocles has cited preciscly the evidence
that would justify the attribution. His famous clepsydra experiment,
like that of Anaxagoras’, provides another example.?? In these
cases, leaving aside the vexed question of experimentation, we learn
something further of ancient explanatory method. For in these cases,
not only is their evidence cited, thus permitting a duplication, but
the theories based on that evidence are communicated as well.34

Today, as well as yesterday, the distinction between description
and explanation is sometimes blurred. Despite the excellent admoni-
tion of Julius Sachs, “Was man nicht gezeichnet hat, hat man nicht
gesehen”, in fields as widely separated as astrophysics and genetics,
1t is difficult to avoid imposing explanatory or interpretative
C_ategories when describing a complex process.35 In presocratic
times it was not easy to avoid blurring the distinction between
description and explanation.? Nor is it easy for us to dctermine

i 3 Empedocles B. 100, Anaxagoras A. 69. The old belief that the clepsydra
In Empedocles meant “‘water clock”’ (oddly still retained by GLORGE SA RTON,
Intvoduction to the History of Science, (Baltimore 1927) I,- 87) was corrected
by Hucu Last, Empedocles and his Clepsydra again. Cl. Quart. 18 (1924)
169-73. Cf. the article by Furley cited infra n. 58. ~
34 On the controversial question of experimentation in the presocratics
cf. Burnet op. cit. P. 27 and Cornford’s criticism there of, cited supra n. 4. Much
Valluable material on the presocratics is found in G. Sexx, U"ber Herkunft und
itrllhde(‘; Biscbreibungen von Experimenten im Corpus Hippocraticum.
like H .esc' : Med. .22 (1929) 2‘17—89 esp. pp. 269, 274-81. Senn's work,
eldeI. s discussion of experiments, op. cit. pp. 153-194, emphasizes the
‘(3:1055 rela'tlonship between presocratic and Hippocratic patterns of inquiry.
I(?rrl?'fsrg}jllaSt word F)n ‘fh‘e subject, his posthumously published, Was the
for ;1 lgsop]1y Scientific?, J.H.S. 62 (1942) 1-7 makes one concession —
\ e, admits (p. 3) that “Alcmaeon even tried, by dissection, to trace the
PZI;GS leading from the sense organs to the brain.”
o 121Qu0‘ced from Ac~Es ARBER, The Mind and the Eye (Cambridge 1954)
an::; tizr;]emdes’ statement ‘(I will describe) how earth and sun and moon,
outermosteg\{ens common to all, and the Milky Way in the heavens, and
being” B. 11 ympus, and the hot power of the stars, hastened to come into
he : (trans. Freeman) may be taken as a description of astronomical
phenomena, so Kaun op. cit. p. 148 or as an explanation. FFor a good discussion

Oﬁ tl?is and related matters, cf. W. J. VERDENIUS, Parmenides’ Conception
of Light, Mnemosyne 2 (1949) 116-131.
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what theories were based on relatively pure descriptive evidence.37
It 15, therefore, to miss the point of, say, Empedocles’ clepsydra
experiment if it be said that the experiment was inconclusive or
that experimental controls were wanting. It is no more just to
label as false Xenophanes’ assertion that “We all have our origin
from carth and water.”’38 The very fact that the truth-claim of an
assertion, offered as an explanation, depends on evidence, is a
noteworthy step forward. No less important is the fact that this
evidence must be selected out of a much larger collection of possi-
ble data. How the presocratics faced this issue is our next point.

3. Classification

Once evidence becomes important in the support or substantiation
of an explanation, a methodological problem arises. Assuming that
much of the evidence available to the presocratics was of the sort
that could be obtained with a bare minimum of specialized equip-
ment or instrumentation, there remains the problem of using it
effectively. What, for example, was Xenophanes to do with the mass
of fossilized remains he observed on Paros and elsewhere? 39
Classification first arose in the attempt to catalogue such accumulat-
ed evidence. By “classification,” one must not think of the elaborate

37 Despite an abundant literature, it is still uncertain what theoretical
foundation Diogenes of Apollonia’s description of the human vascular
system was meant to serve (B. 6). Aristotle, our source for the passage, added
no comments and apparently understood it as a description. Later, Simplicius
(ad B. 6) took the passage to refer to Diogenes’ theory of &fp as véqatg
(cf. B. 5), neither of which is mentioned in B. 6. Later Greek physicians,
according to Vindicianus, adopted Diogenes’ description without assenting
to his physiological or psychological theories. Cf. Max WELLMANN, Die Frag-
mente der sikelischen Aerzte (Berlin 1901) pp. 51-52.

38 Xenophanes B. 33. Cf. B. 29 “All things that are generated and grow are
earth and water.”’ Statements of this form, a “rudimentary physical theory”’,
as Kirk and RAVEN op. cif. pp. 176~77 term it, probably represent an attempt
to explain the fact that growth is always accompanied by moisture and
nourishment. Cf. Jou~y McDraraip, Theophrastus on the Presocratic Causes,
H.S.C.P. 61 (1953) 85-156 esp. pp. 135-36.

39 Xenophanes A. 33. Xenophanes was not the only one in antiquity to
recognize fossils. Cf. the references assembled by A. S. PeasE, Fossil Fishes
Again, Isis 33 (1942) 689-90.



120 JERRY STANNARD

structures current in the heyday of the descriptive sciences and
illustrated by Linnaeus’ binomial classification. Rather, one¢ must
look to the earliest forms of classification — dividing, and collecting,
or, as Plato later will term them, diairesis and synagogé. 9 These
techniques, as simple as they may be, contain the essentials of
classification and can thus claim a place in the development of
explanatory method. The recognition of a criterion, whether it is
made explicit or not, by which one divides particulars into several
groups or collects discrete particulars into a group, is the minimal
requirement for a classification.4l An elementary example, in the
sense that the criteria are not explicit, and that no clear distinction
between collecting and dividing is discernible, is the fragment of
Democritus’ almanac-like classification of weather-signs.42

In antiquity, the search for a criterion often took the form of a
search for some factor common to a group of particulars which for
some implicit reason, were roughly lumped together, for example,
Heraclitus’ catalogue of “Night-ramblers, magicians, Bacchants,
Maenads, Mystics”.43 It makes no difference whether this common-
factor was imposed in an arbitrary fashion, for as logicians have
taught us, any property can serve to define a set. Again, Heraclitus

40 Cf, my pa

120-34 per, Socratic Eros and Platonic Dialectic, Phronesis 4 (1959)

41. For a.classification based on several explicit criteria, see the Hippo-
gi:c treatise De Victu esp. IT cc. 39-49. This has been carefully studied by
(P ERT JoLv, Recherches sur le traité pseudo-hippocratique Du Régime

ars 1960) pp. 93-121. For a different interpretation see my paper, Hippo-
Crit;c Pharm.acology, Bull. Hist. Med. 35 (1961) 497-518.

.,ﬁndﬁerzocntus B. 14. f\lt,}'lou.gh Democritus emphasized the need of
in antig .:ausal e’fpléna‘c_lon (lit. aitiologia, B. 118) the widespread failure
(cf. quity to distinguish between causal connection and correlation

fef., €8, Hippocr. de aere 32; humor. 20) was one of the factors which
Indered progress in meteorology.

43 Heraclitus B. 14. The passa

. ' ge continues ““the rites accepted by mankind
i the Mysteries are an unholy

the Soment o ol pe}’formance” (trans. Freeman). Rather than
Vo b ;A}/ at envolved religious Interpretation given by WiLHELM NESTLE,

ythos zum Logos, 2. Aufl. (Stuttgart 1942) pp. 99-100, 1 prefer to
agree .w1th GREGORY VLasTos, Equality and Justice in Early Greek Cos-
mologies, Cl. Philol. 42 (1947) 156-178, that Heraclitus is taking such groups
as representing the ““many”’ who are “philosophically benighted” (p. 166).
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provides an example by his assertion that “Reason is common to
all”’, that is, with respect to the possession of reason, there is a
property common to members of a certain set and that this property
serves to distinguish that set from other sets not so characterized.44

Thus, the search was on in presocratic writers to find the common
factor which by its presence or absence was a sufficient condition to
collect or divide particulars, with respect to that criterion, into their
respective classes. Instances of the attempt to classify and thus
explain in a unified fashion the set so defined occur in the early
stages of presocratic meteorology. The common factor sought
after may take a variety of forms, but it will suffice to mention one
representative type of classification.

Anaximines’ primal element, air, unlike Anaximanders’ apeiron
was determinate. Of this material, it was said that ‘it differs in
different things according to its rarity or density. In its rare form
it gives rise to fire and in its dense form it gives rise to wind from
which come clouds and when more dense water; in turn, comes
earth, then stones, and from them everything else.”’45 The impor-
tance of this passage is twofold. It is a classification of meteorological
phenomena in terms of the criteria ‘‘rare’” and ‘““dense.”’4® But more
than that, in so classifying a diverse group of meteorological pheno-
mena, Anaximines has also supplied an explanation of their origin

44 Heraclitus B. 113. For a proper understanding of the epistemic voca-
bulary of the presocratics, cf. KurT vox FriTz, NOYE, NOEIN, and their
Derivatives in Pre-Socratic Philosophy. Cl. Philol. 40 (1945) 223-42.

45 Anaximines A. 5. JAEGER op. cit. p. 36 compares B. 2, ““As our soul, being
air, holds us together, so do breath and air surround the whole universe”
(trans. Freeman) and notes, ““In his attempt to identify Anaximander’s infi-
nite first principle with air and to derive everything from the metamorphoses
which air undergoes, Anaximines has undoubtedly been guided also by a
feeling that the first principle ought to explain the presence of life in the
world....”

46 On rarefaction-condensation and related meteorological phenomena
cf. Kaun op. cit. p. 160 and WiLnernm CAPELLE, s.v. Meteorologie, PauLy-
Wissowa, Realencyclopddie . .. Suppl. Bd. VI (Stuttgart 1935) esp. coll.
327-338. Cherniss, in referring to Anaximines’ “‘mechanism of condensation-
rarefaction’ adds that this mechanism is “‘in modern terms ... a function
of the variation of density,” Harorp Cuirxiss, The Characteristics and
Effects of Presocratic Philosophy, J.H.I. 12 (1951) 319-45 (p. 328).
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and nature. In a similar fashion, modern phylogenctic taxonomies
not only classify, but in the process of classifying also cxplain the
ancestry of orders and families within the larger taxonomical
groupings.

4. Hypothesis

The fragment of Anaximines, just discussed, will serve to illustrate
another step in the development of explanatory mecthod. “Rare”
and “dense” have been rejected as criteria for classifying and ex-
plaining meteorological phenomena, but it does not follow that
such an attempt at classification was lacking in explanatory power.47
On the basis of these criteria, hitherto unrelated metcorological
phenomena were unified and given a consistent explanation.
Although the explanation turned out to be factually false, the fact
remains that it was internally consistent because of the rigor in
which these, and no other criteria, were applied in order to explain
the data in question.4® The adoption of a criterion on the strength
that it will unify and explain, plus the fact that the resulting ex-
planation will be, at least with respect to that criterion, internally
consistent, may be termed a hypothesis. At the moment of its
adoption a hypothesis is neither true nor false. It is, rather, a
well-phrased question or a poorly-phrased question. “The method
?‘f a.pproach to any scientific problem,” Julian Huxley cone wrote,
s itself largely dictated by the type of answer you want to obtain,
1t. is, in fact a kind of question”.49 [t may turn out that the hypothe-
SIS 1s confirmed, in which case it is in line for promotion to a theory
or even a law, or it is rejected. In either case, it directs attention to

a7 .
hJAEGERr op.cit. p. 123 contrasts Heraclitus' ““cosmology’” with the Milesi-
an philosophers who “in line with their basic assumptions, tried to explain the

emer L ; :
1 gerllce of the world from the one primal ground by resorting to purely
hysic ac « . . .
physical hypotheses such as separating-out or rarefaction and condensation.”

In an . L. .
ote ad loc. Anaximander A. 9 and Anaximines A. 5 are cited as
examples,

48 ; )
oo ST MATSON 0p gt pp 445, 450, 452 and Crrerniss op. cit. pp. 328, 336 for
different account

49 s of what constitute rigor and consistency.
D. 68 Jutrax HUKLEY, Knowledge, Morality and Destiny (New York 1960)
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onc problem or a certain class of data, for which better answers
arc required than those hitherto available.

The ascription of hypotheses to the presocratics — from vague sug-
gestions to what we might call theory formation —is a difficult matter
to sum up adequately. This is due, in large part, to the many cross-
currents that entered, at a very early time, into the formation of the
pattern of presocratic inquiry. It appears that while there are many
such strands, two deserve special notice: (i) pure speculation and
(i1} the extension of analogies, drawn from a biological, moral or
political domain, to cosmological dimensions.59

Of the presocratic doctrines falling within these two classes, some
may be called hypotheses in the sense that they functioned as
questions. That a concept served as a question need not preclude
the inclusion of an answer in its explication. For hypotheses, in the
sense of questions as well as answers to those questions, have as
their purpose the demand for increasingly better explanations of
data.5! The data may have been localized by some previous step
in the attempt to explain, e.g. by classification, but this is by no
means always the case. It is probably more frequent that it is a
well-directed question which isolates a certain class of data out of a
larger set that, up to the time of the question, was either taken for
granted or given a mythological explanation.

Like hypotheses in the modern sense, Alcmaeon’s isonomnua,
Heraclitus’ logos or even Thales’ floating earth, served their purpose
by unifying data not otherwise or not hithertofore amenable to
inquiry, and hence explaining them. Although fragmentary evidence
prevents us from judging, in systematic terms, presocratic writings,
there is some evidence that Empedocles and Anaxagoras attempted

50 The best statement of “‘the naturalization of justice” is Vlastos (cited
n. 43) to whom I owe this useful phrase. For the generalization of biological
analogies, cf. supra n. 17 and the recent study by H. A. T. Reicug, Em-
pedocles’ Aixture, Eudoxan Astronomy and Aristotle’'s Connate Pueuma
(Amsterdam 1960).

51 CHERNISS op. cil. p. 329 describes Anaximander's physical system as the
“ultimate achievement’ of Milesian philosophy. He continues by noting
that the answers given by Anaximander were such as to call attention to the

“limitations which were to become important and stimulating problems for
subsequent thinkers.”’
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to explain, in a systematic manner, a wide range of data.52 It
would appear that their efforts at a system depended upon the,
explanatory usefulness of their hypotheses. Because Anaxagoras
nous and Empedocles’ philia kai neikos have been superseded as
explanatory categories, their role as hypotheses is scen more clearly.
By its very nature, an hypothesis is provisional and its replacement
by a more adequate or fertile suggestion reinforces the claim

that a hypothesis serves its purpose best when it initiates further
inquiry.53

5. Generalization

As indicated previously, one way be which a hypothesis is tested
in preparation for its eventual acceptance or rejection, is the degree
to which it can be generalized. If it will explain, when applied to data
not specifically included in its initial formulation, it may be termed
a generalization. Thus, whatever we may think about Thales’
statement that “all things are full of Gods,” it is clearly a gener-
alization and, perhaps for that reason, it was the more easily found
to be lacking in explanatory power.54 Generalizations are, however,
not restricted to the testing of hypotheses for, as Beveridge has
recently noted, ““Generalizations can never be proved [but] they

52 The belief in the presocratics as systematic thinkers is well-stated by
BURNET 0p. cit. p. 6. Hesioid’s Theogony, he writes, ‘is an attempt to reduce
all the stories about the gods into a single system, and system is fatal to so
wayward a thing as mythology.” For Empedocles as a system-builder, cf.
CHARLES E. Kann, Religion and Natural philosophy in Empedocles’ Doctrine
of the Soul, Arch. Gesch. Phil. 42 (1960) 3-35; for Anaxagoras, cf. GREGORY
Viastos, The Physical Theory of Anaxagoras, Philos. Rev. 59 (1950) 31-57.

53_ This is well illustrated by Solmsen’s contention that Parmenides’
denial of change and plurality caused a crisis in Greek philosophical thinking.
After him, “the future actually unfolds by positing now this and now that
concept that he had rejected (and rejecting a corresponding antiphysical
concept that he had posited). . . .”, Aristotle’s System. .. p. 5.

_°4 Thales A. 22. Cf. supra n. 22 and CHERNISS, 0p. cit. p. 322, ' Tosay thatall
.thmgs are full of gods, for example, may be to mean that all things are divine
1n a mystica] or religious sense or equally to mean that nothing is, in the way
that the author of the Hippocratic essay, ‘On the Sacred Disease,” asserts

.that all qlseases are divine and all human, meaning that no disease is sacred
in the religious sense at all.”
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can be tested...” 35 Once a hypothesis has been accepted, gener-
alization supplies the means of extending its range of application
to the point that it becomes, in its own right, an essential component
of explanatory method. Presumably Heraclitus’ statement that
“Every creature is driven to pasture with a blow,” is a generali-
zation which either supports his system as a premise or is derivable
as a conclusion from other statements.5¢ This relation of generali-
zation to the other portions of a system comes out more clearly
in Empedocles’ observation. “Thus all (sc. creatures) have a share
of breathing and smell.”’57 The force of the particles (hdde men oun)
suggests that this statement was a conclusion Empedocles derived
from his observations on the physiology of respiration, fragments
of which still remain.58

Much has been written about the origin of Natural Law and Laws
of Nature though it is difficult to determine when the idea first
became crystallized in a form which we would recognize today. 59
While it is true that the earliest of the presocratics did not use the
phrase nomos tés physeds, it seems probable that they viewed the
succession of events and natural cycles in law-like terms.®® For

55 W. I. B. BEVERIDGE, The Art of Scientific Investigation (New York
1957) p. 118.

56 Heraclitus B. 11. However, Kirk, Heraclitus, The Cosmic Fragments
pp. 258-59 states that although the context of this fragment “‘asserts that
all things in nature, plants and animals as well as the heavenly bodies, behave
as parts of a single organism”’, it tells us “‘nothing of what Heraclitus intend-
ed.”

57 Empedocles B. 102.

58 Empedocles B. 100-101. For Empedocles’ theory of respiration cf.
D. J. FurLry, Empedocles and the Clepsydra. J. Hellenic Studies 77 Pt. 1
(1957) 31-34.

59 JAEGER op. cit. p. 16 finds “Natural law’’ as early as Hesiod,!but the more
common view is that natural law, if it occurs in the presocratics at all, is to
be found first in Anaximander, cf. Kaun op. cit. p. 191 and CHERNISS op. cit.
p. 327. SAMBURSKY 0p. cit. p. 161 by interpreting natural law as causal law
. argues that it was first introduced by Democritus.

60 The phrase occurs first in Plato, Gorgias 483 E. E. R. Dopbs, ed.
Plato Gorgias (Oxford 1959) states (ad. loc.) that this phrase is “‘not to be
confused ... with the modern scientist’s ‘laws of Nature’ which are simply
observed uniformities . .. [it] is not a generalization about Nature but a rule
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example, the so-called “Attraction of Likes”, despite its limited
application, is capable of being stated in law-like terms which apply
to the whole of nature.6! In the same manner, both the carlier
doctrine of opposites and the later, primarily atomistic account of
mechanical regularity, can be interpreted as attempts to explain
the order (taxis) of the cosmos.62 This law-like behavior of natural
phenomena was quickly seized upon as part of the explanation of
those phenomena. One has only to think of the famous first frag-
ment of Anaximander to note the explanatory force of a generali-
zation. Whether Anaximander generalized from the primitive
lex talionis or whether the pregnant phrase kata to chredn was origi-
nally formulated with reference to cosmological explanation is a
matter of conjecture.63 None the less, any interpretation of Anaxi-
mander’s role in philosophy and/or science must make room for the
gen_eralized, and at the same time, the explanatory force of his
(;laxm that natural phenomena ‘“‘give justice and make reparation
'l?irgrel%’%zzgleegsog their injustice, accgrding to the arrangement of

. ot know what Anaximander would have accepted

gi)\f/‘;‘:](el:ct):flse(cll on the analogy of ‘natural’ behaviour.” This explanation,
It is the, lattgr (;legffz“y Ztlptll)lle? to Plato’s later usage in Timacus 8315,
Rhet. I. 13, 1373pb6. ge, not the former, that Aristotle seems to refer to 1n
61 -
n SC(iZni:eijSidzli 1109 a;dHK.URT voN Fritz, Demacritus’ Theory of Vision,
Thought and Motdion] beacti istory. Essays on the Lvolution of Scientific
1953) pp. 83-99 \1[Ca ‘H_ldlce W “tt‘?n in Honour of Charles Singer (Oxford
“Like to 'Like" i.n t}on I‘—rlt,z ha:s studied Cfdrefully the use of the doctrine of
% A typical stat 1e explanation of physm;.xl agd cosmic questions.
A 16 CE R tz a ement’of the use of ()K}‘)p‘osnes n cosmology 1s Anaximander
B. 2 Suﬁs {1 Atlop_ Pp- Cl,t.' 1 19_1'65 911 hleme?ts and Opposites.” Leucippus
pens at mnd[()) '1e atom-ls.tlc belief in mechanical regularity, '*Nothing hap-
Freeman) Cym, everyﬂthmg ha?pens out Qf reason and necessity’ (trans.
50101 eI. RIL ‘BAIL]:.Y, The Greek Atomists and Epicurus (Oxford 1928)
mphasizes Leucippus’ dependence on Anaximander and Anaxagoras

and his N )
(p. 97 attempt_ to give ‘“‘coherence and a scientific character”” to cosmology
P I) For taxis, cf. infra nn. 64-65.
169 7oor 2:1 resumé of older interpretations, cf. Vlastos (cited n. 43) pp
—/Y and for the nume s ceptual : ! e . CoY )
OP-Mcit. PP, 166196, rous conceptual and textual difficulties, cf. INAHN,
Anaxnnander B.1 (trans_ Freenlan)_ The word "arrangement" is a

translati . ] ‘
nslation of taxis, which JAEGER, Paideia I (New York 1945) 159 would
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as a legitimate deduction, but that he intended his statement to be
generalized seems clear from the last clause concerning the univer-
sality of time. For time is one of the #efra by which the dimensions
of a generalization are determined.65

6. Guarantee

The ultimate test of any method is its effectiveness. But, as we
all know, this an uncertain guarantee, for success in one or a few
instances does not necessarily entail success in all cases. Perhaps
one of the most striking differences between ancient and modern
explanatory methods lies at precisely this point. When we have
reason to believe that an explanatory method will always prove
to be reliable, we are assuming that the correct application of the
method, with all that it entails in the way of controlling external
conditions, parameters, etc., is in itself its own guarantee. That
is, the gurantee, such as it is, is internal to the method. It is for this
reason that some scientists speak of their method as “‘self-correct-
ing.”” Thus, Louis Pasteur defended ‘‘this marvelous experimental
method” on the grounds, “not that it is sufficient for every purpose,
but that it rarely leads astray, and then only those who do not use
it well.” 66

It is otherwise with those methods which have been rejected on
the grounds that their results are not always reliable and that no
margin of error or limits of application are included in their for-
mulation. A major reason why these methods have been rejected
lies in the nature of their guarantee of reliability. Generally, a
method is found to be objectionable, or at least highly suspect,
when the guarantee of its reliability is external to it. As Carl Becker

prefer to translate as “‘ordinance” in order to emphasize the legal metaphor.
This claim has been contested by McDiarmid, cf. next note.

65 Cf. Diog. Apoll. B. 3. McD1ARMID 0p. cit. p.141 has argued against Jaeger's
interpretation of faxis in Anaximander B. 1 on the grounds that the phrase,
xate To ypewv, paraphrased by Theophrastus as xata <ijv Tod ypdévou Talw
emphasizes a temporal rather than a juridical meaning. For time as a metron
cf. ViasTos, (cited n. 43) 161 and for taxis, G. S. Kirk, Natural Change in
Heraclitus, Mind 60 (1951) 35-42 esp. p. 36.

66 Quoted from RENE Dusos, Pasteur and Modern Science (New York
1960) p. 22.
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put it, “No serious scholar would now postulate the existence and
goodness of God as a point of departure for explaining the quantum
theory or the French Revolution.” 67 An extra-methodological
guarantee is a not uncommon device in presocratic writings. One
thinks of Empedocles’ invocation to the gods as providing him with
a guarantee or of Heraclitus’ emphatic distinction between human
fallibility and divine truth.68 In both cases, the fecling of certainty
that permeates their assertions depends as much on a prior belief
in the nature of the guarantee or guarantor as in the testable con-
sequences of the method itself. When Philolaus stated that “‘there
are certain thoughts which are stronger than ourselves,”” 69 this
certainty, like that felt by Parmenides 79 is no different psychologi-
cally from that felt by Archytasin arriving at a mathematical proof ;7!
the difference lies in the location of the guarantee.

The fact that ancient and modern explanatory methods differ
on the location of their respective guarantees, does not mean that
tl}e ancient demand for an extra-methodological guarantee is
historically unimportant. For if one compares the type of expla-

°7 Carv L. Brcker, The Heavenly City of the Eighteenth-Century Philo-
sophers (New Haven 1932) p. 16.
6 3 : .

8_ EI.npedocles B 3, Heraclitus B. 78. The belief that man is inferior to the
devine is common in presocratic fragments, e.g., Xenophanes 13. 23, Epichar-
mus B. 23, etc.', and possibly is part of the epic tradition which underlies
many presocratic thought-patterns. Cf. C. M, Bowra, The Proem of Par-
menides, Cl. Philol. 32 (1937) 97-112. E. R. Dovbs, The Greeks and the

Irrational (Berkeley 1951) p. 51, n. 6 minimizes the point of Heraclitus’

fllstlngtlon when he states that B. 78 represents “man’s lack of insight
nto his own situation.”

% Philolaus B. 16.

70 Parmenides B. 2.1. W. R. CHALMERS, Parmenides and the Beliefs of
Mortals, Phronesis 5 (1960) 5-22 suggests that pistis (B. 1.30) is more ade-
quately rendered by ‘“reliability”, “evidence,” or “‘genuine conviction”
than by the more common “belief.”

71 . Several examples of Archytas’ ability in mathematics and geometry still
survive. A. 14 is a solution in “‘three dimensions’ of the celebrated problem
of tl?e duplication of the cube while. A. 19 Contains a theorem for a super-
particular ratio. Cf. Ivo TuoMmas, Greek Mathematical Works I (London
1957) pp. 284, 130 for the above fragments and Archytas B. 4. Whether the

latter fragment is genuine or mnot, it is a summary statement of the logical
powerfulness of a deductive proof.
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nation precceding from a mythopoetic cosmogony, as Hesiod’s T /eo-
gony, with a presocratic cosmological explanation, it will be observed
that one of the fundamental differences is the latter’s concern that
there be a guarantee. It matters not, at this point, whether the
guarantee is internal or external to the method. For the belief that
the purpose of a method is to provide a consistent explanation is in
sharp contrast to the inconsistencies permitted in mythological
explanations. Inconsistencies, to say nothing of factual errors and
conceptual extravaganzas as the Orphic World Egg, were apparently
not felt to be defects in mythologies because there was no standard
or logos by which they might be judged, as there would have been
had a guarantee been included.?2

The frequent occurrence of the word “Truth” in presocratic
writings testifies to the care they took lest they be confused with
their mythologizing predecessors.”3 Even the equally-frequent
denial that truth can be attained points in the same direction for,
In no case in presocratic literature, does the denial of the attainabili-
ty of truth lead to a suspension of the method which permits that
assertion. Neither Xenophanes nor Democritus had any doubts
about the compatibility of the usefulness and reliability of his
method with the claim that truth cannot be attained.?4

Although truth is only one form of a guarantee, it cannot be
doubted that historically, any method which claimed to lead to,
or was supported by, truth had an initial advantage over a method
which made no such claims.?s For, as Epicharmus said, “No sooner

72 Cf. MATSON, 0p. cil. p. 447, ""The criteria of philosophers and shamans
have nothing in common, for the reason that the shamans had no criteria.”

78 The index in Diels-Kranz (Vol. III pp. 32-34) s.v. alétheia, aléthés
and other cognates, occupies over 3 columns. JAEGER op. ctf. p. 94 stated that
the presocratic emphasis on truth goes back to Hesiod who gave to the word
“truth” an “‘almost philosophical sense.”

74 Xenophanes (B. 34) stated roundly *“. . . as for certain truth, no man has
seen it, nor will there ever be a man who knows about the gods and about all
the things I mention” (trans. Freeman). Cf. Democritus B. 7, 8, and 10 for a
similar sentiment.

75 Democritus’ methodological denial of attaining truth reaches its climax
in the statement, “We know nothing in reality; for truth lies in an abyss”
B. 117 (trans. Freeman).
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are the words spoken than the fault appears.” 76 Probabilism, and
the relativism described by Xenophanes and Heraclitus, are, like
truth, forms of a guarantee.?’? While it is probably hyperbolic to
see in Protagoras’ homo wmensura argument the direct ancestor
to the modern disenchantment of what Dewey called “The Quest
for Certainty,” there are some grounds for believing that a healthy
scepticism lies in back of the modest claim that some method is
better than no method.”® For, it is no method when it is claimed
before that method is tried, that all its results are vouchsafed by
revelation or fiat.

I am aware that in characterizing explanatory method as I have,
certain steps were omitted which have a strong claim to being es-
sential in any such method. Today, logical rigor, semantic precision,
and an historical review of the subject are as much parts of our
working vocabulary as physis or doxa were to the presocratics.
With some effort, passages could be cited to indicate that the
presocratics were not totally ignorant of procedures such as these.
But, on the whole, the adoption of these procedures was far from
being a widespread practice. Other components of explanatory
method could, perhaps, be extracted from presocratic writings;
for example, prediction, measurement, controlled experiments,
experimental confirmation, quantification of observational data,
etc. But, even in their simplest forms, these later procedures require
flppara}tus or equipment of the sort that was not readily obtainable
n antiquity.?® Therefore, I have concentrated my remarks on the

76 Epicharmus B. 14.

77 . S
5 16For typical relativistic statements, cf. Heraclitus B. 82 and Xenophanes

78 ; i i
KAHN, op. cit. p. 117 writes approvingly of the presocratics’ ‘‘severely
skeptical common sense.”’

de:j In addition to the f:lepsydra (s.upra n. 32) several types of mechanical

1Ces are referred to in presocratic writings. Pending a fuller statement
elsewhere, I note that they fall largely into 2 classes, (i) apparatus designed
fgr further application, e.g., tools, the gnomon, the polos, etc., and (ii) de-
YIC(?S whose construction, apart from any application they may have had,
Indicates a knowledge of mechanical principles and technological practices,

e.g.,‘ tooling, etc. In general, cf. PauL TANNERY, Pour I'histoive de la science
helléne, 2nd ed. (Paris 1930) p. 85.
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conceptual apparatus rather than on the technological apparatus
in the belief that there were no physical barriers to prevent their
widespread adoption in a variety of explanatory contexts. Why
ancient science failed and ancient philosophy prospered is a topic
I leave for another occasion.80 But, in closing, I think that the
answer is not to be found by projecting our compartmentalization
of disciplines back to the presocratics. That they tried to explain is,
I trust, admitted on all hands. To describe how they did it, and
not how far they succeeded, has been my aim in this paper.

Rutgers University, Newark, New Jersey, USA

80 The most balanced account of the various theories advanced for the
decline of ancient science is Lupwic EDELSTEIN, Recent Trends in the
Interpretation of Ancient Science, J.H.I. 13 (1952) 573-604 esp. pp. 598-601.



CHAPTER 8

PSEUDO-SCOTUS ON THE SOUNDNESS
OF CONSEQUENTIAE

BENSON MATLES

In a pair of articles published twenty-five years ago 1 Professor
Bochenski first drew attention to the remarkable logical acumen of
an unknown Scotist who wrote a commentary on Aristotle’s Prior
Analytics 2 and whom, in accord with an established convention,
we shall call “Pseudo-Scotus”’.

Some of the most interesting parts of the commentary by Pscudo-
Scotus are found in his discussion of the quaestio “whether in every
sound consequentia the negation of the antecedent follows from the
negation of the consequent”.3 In the course of his treatment of this
topic he is quite naturally led to a more fundamental question:
what, after all, are the necessary and sufficient conditions for the
soundness of a consequentia? He considers various possibilitics and
in a subtle analysis disposes of nearly all of them by means of
counterexamples. Then, after presenting an illuminating classi-
fication of comsequentiae, he applies his distinctions in answering
the principal quaestio itself.

Now since the whole of Pseudo-Scotus’ analysis has been ad-
mirably set forth in an exegetical article by J. Bendiek 4 it does not

! De consequentiis scholasticorum earumque origine, Angelicum 15 (1938)
92-109, especially 93-96: Notes historiques sur les propositiones modales,
Revue des sciences philosophiques et théologiques 26 (1937) 673-99, es-
pecially 687-90,

2 Toannis Duns Scoti Opera Omnia, ed. Wadding (Paris, 1. Vives 1891-95)
volume 2, pp. 81-197. Citations of “‘Pseudo-Scotus, op. cit.” will refer to this
edition.

% Pseudo-Scotus, op. cit., pp. 103 ff.

4 Die Lehre von den Konsequenzen bei Pseudo-Scotus, Franziskanische
Studien 34 (1952), 205-34.
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need to be recounted here. Instead we shall concentrate upon a
few points that plainly merit further comment. For the most part
these concern the ingenious counterexamples that our author
brings against various plausible possibilities for a satisfactory
definition of soundness.

The term consequentia, as used by Pseudo-Scotus, refers to
something that seems to be intermediate between an argument and
a conditional. According to the definition he gives, “a consequentia
is a hypothetical proposition composed of an antecedent and a
consequent, joined by a conditional conjunction”.5 Typical exam-
ples found in his text are:

Omnis homo est animal; igitur omne animal est homo.
and
Socrates est et Socrates non est ; igitur Socrates non est.

From his explanations and practice it is clear, however, that Pseudo-
Scotus, like many of the other scholastics and like Aristotle himself,
was not much concerned to distinguish between propositions and
arguments. But this really makes little difference to his work, for
it is equally clear that in effect he is endeavoring to explicate the
intuitive concept of logical consequence, in the sense in which one
sentence or proposition may be said to be a logical consequence of
another. It will be seen that the points he makes concerning the
soundness of consequentiae arc immediately applicable to the validity
of arguments.

Pscudo-Scotus takes up and rejects each of three possible defi-
nitions of soundness as applied to conseguentiae. Although the last
of the three, with its corresponding counterexample, is by far the
most interesting, there are reasons for following the author’s
own order.

I. “For the soundness of a consequentia it is necessary
and sufficient that it be impossible for the antecedent to be
true and the consequent false.”” 6

5 Pseudo-Scotus, op. cit., pp. 104-5. .

6 Ibid., p. 103: “Primus modus est, quod ad bonitatem consequentiae

requiritur, et sufficit, quod impossibile est antecedens esse verum, et con-
sequens falsum”.
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Against this proposal Pseudo-Scotus brings as a counterexample
the following consequentia:

Every proposition is affirmative; therefore no proposition
is negative.?

He argues 1) that the given consequentia as a whole is sound,
2) that it is possible for the antecedent to be true, and 3) that it
is not possible for the consequent to be true. From 1)-3) he concludes
that the condition mentioned in [ is not necessary to the soundness
of a consequentia. Unfortunately the reason that he gives for 1),
namely, that the negation of the antecedent follows from the ne-
gation of the consequent, seems question-begging in view of the
principal quaestio under discussion, but in any case we can sce that
he considers the consequentia intuitively sound. In support of 2) he
observes that the antecedent would be true if all negative propo-
sitions were destroyed, and to establish 3) he notes that the conse-
quent is itself a negative proposition and thus will be false if it
exists at all (so it cannot be true).

W}.xile giving due credit to the author for his refreshingly un-
m.ystlcal attitude toward the existence of propositions — despite
his association with realist metaphysicians he seems to have had
what Russell calls “a healthy sense of reality’”’ — and for his willing-
ness to make a serious application of a self-referential proposition,
we must note that his argumentation does not hang together very
well. He appears to be employing the modal principle

CKPpNPqPKpNg,

which is good enough, but if he is going to argue that
Every proposition is affirmative.

would be true if all negative propositions were destroyed, he must
grant that under the same condition the proposition
No proposition is negative.
:‘;10011:1?1 ?}?;:te'}:l'St anq hence would not be false. Thus he has not
seatient f 11 1s possible .for the antecedent to be true and the con-
quent false. At best his counterexample applies not to I but to

r. L.
For the soundness of a consequentia 1t 1S necessary
7 Ibid., p. 104:

“Omnis propositi i iva- igi Na pr itio
est negativa’, propositio est affirmativa; igitur nulla propos
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and sufficient that it be impossible for the antecedent to be
true without the consequent also being true.
Since his point 3), which is crucial for the argument, is directly
relevant to I’ but not to /, we may conjecture that the text has
been somehow corrupted.8

Pseudo-Scotus returns later to an amended version of I, but
first he tries another approach.

II. “For the soundness of a consequentia it is necessary
and sufficient that it be impossible for things to be as signified
by the antecedent without also being as signified by the
consequent”.9

The counterexample in this case is even more curious:

No chimaera is a goat-stag; therefore a man is an ass.10

and Pseudo-Scotus’ comments about it are also in certain respects
puzzling. After noting that “‘for the truth of a negative proposition
it is not required that anything be in this or that state, but only
that things should not be as signified by its affirmative contradic-
tory”, he states that accordingly the antecedent is true. Thus,
taking the consequent as obviously false, he pronounces the given
consequentia unsound. But, he goes on to say, according to the
criterion under consideration it would have to be sound, since it is
impossible for things to be as signified by the antecedent of this
consequentia without also being as signified by the consequent.
Hence, he concludes, the proposed criterion must be rejected.

Now although the text of Wadding’s edition, upon which we
have to rely, is not entirely satisfactory here, we can see fairly
clearly that the reason why Pseudo-Scotus thinks that the given
consequentia satisfies the condition of I/ is that he considers it

8 BENDIEK (op. cit., p. 209) considers that the author takes 7 in the sense
“For the soundness of a consequentia it is necessary and sufficient that it be
impossible for the antecedent to be true and that it be impossible for the
consequent to be false”’. To me the text does not seem to require this (lo-
gically unsatisfactory) interpretation.

9 Pseudo-Scotus, op. cit., p. 104: ‘Secundus modus dicendi est, quod ad
bonitatem consequentiae requiritur, et sufficit, quod impossibile est sic esse,
sicut significatur per antecedens, quin sic sit, sicut significatur per conse-
quens’’.

10 Ibid.: *'Nulla chimaera est hircocervus; igitur homo est asinus’.
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impossible for things to be as signified by the proposition
No chimaera is a goat-stag,

even though at the same time he regards this proposition as frue
This, as the Kneales say, “‘is very strange indced’’ .12

But Bendiek has given what must be the explanation.!3 He
notes that in discussing an earlier quacestio Pscudo-Scotus has
explicitly rejected the idea that the significatum of the sentence
“God exists” is a significabile complexe, such as might be referred
to by the clause “That God exists” (in Latin, Deuin esse); instead
it is God himself. Similarly, the significatum corresponding to
“Socrates has a shape” is said to be Socrates; that corresponding
to “‘Socrates is not an ass” is again Socratcs ; and that corresponding
to “Man is an animal” is mankind. But, he says, the significatum
corresponding to “‘a chimaera is not a goat-stag” does not exist
(and presumably could not exist). In general, as concerns the sorts
of propositions here considered, the view of Pscudo-Scotus seems
to be that the significatum corresponding to an affirmative pro-
position is the same as the significatum of its subject term, while

1 W.adding’s text is defective here. He has “‘Nulla chimaera est hircocer-
vus; igitur homo est asinus, quod est falsum; quia antecedens est verum,
et consequens falsum; quia impossibile est sic esse, sicut significatur per
Mlt(?t:fidens, quin ita sit sicut significatur per consequens; et hoc per s¢
~’Sufflcn: ad bonitatem consequentiae: igitur consequentia dicta fuit bona”’
f_he~s.ense requires something like ‘... quia impossibile est sic esse sicut
significatur per antecedens, impossibile est sic esse sicut significatur per
éntecedens quin ita sit sicut significatur per consequens 2Tt is easy to
T;,e lzlmrv such a seem}ir.lg re.duplicatim.l cou.ld have been edited out. Interesting-
Q, Flre 1529 edition in the University of California library, Berkeley,
67':“‘,2‘;;7)7112321? iubf;’l?ssimi doctoris Ioam{is Scotz"su[;cr libros .Prior?ml.
“Nulla Chil‘[:lera (:;t ;:'uch, though full of mistakes, 1:9 better at this point:
quia anteceduns ot Vl;';:ocervtus. Igltur homo est asinus, quod‘ e:%t falsm.n
esse sicut significaltl um et consequens fals'um; quia 1mpos§1blle est‘ sic
significatur por o ur per antgcec?ens;' 1g1jcur 1rr.1po.551b11e est sic esse sicut

ntecedens quin ita sit sicut significatur per consequens;

et hoc per se suffici i . .. Y
fuit bona> icit ad bonitatem consequentiae; igitur consequentia dicta

12 W
WiLLiam and Martua KxearLe, The Developimnent of Logic (Oxford,
Clarendon Press 1962) p. 287.

13 BENDIEK, op. cit., pp. 211 ff.
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that corresponding to a negative proposition is the same as that
of the contradictory affirmative. Applied to the present case, this
yields the conclusion that it is impossible for things to be as signified
by “No chimaera is a goat-stag”. (Here we assume that the phrase
“things arc as signified by ¢”’ means approximately the same as
“the significatum of ¢ is as described by ¢’"). On the other hand,
Pseudo-Scotus holds that although the truth of an affirmative
proposition requires the existence of its significatum, a negative
proposition will be true provided only that its contradictory affir-
mative is false. Thus our same proposition “No chimaera is a goat-
stag” will be true, since ‘“Some chimaera is not a goat-stag’ is
false. It is a true proposition, and yet there can be no fact or state-
of-affairs corresponding to it.

The upshot of all this, I would say, is as follows. Confronted by
the suggestion that a consequentia is sound if and only if it is
impossible for the significatum of the antecedent (i.e., what the
antecedent 1s about) to be as described in the antecedent, without
the significatum of the consequent being as described in the con-
sequent, Pseudo-Scotus constructs his counterexample by utilizing
a true proposition that neither has nor could have a significatum.
Perhaps a mathematical example, such as

The greatest integer is not even; therefore 2 is not even.

would have been clearer. Applied to this example Pseudo-Scotus’
argument would be that the antecedent is true (since “‘the greatest
integer is cven” is false), and yet that it is not possible for the
significatum of “thc greatest integer” to be as there described
(because it is not possible for such a significatum to exist at all).
In effect, what is here involved is the Theory of Descriptions,
including the problem of scope. The question with which Pseudo-
Scotus is occupied, namely, whether there can be a true proposition
with a subject term that does not — or even cannot — denote any-
thing, was not really clarified until the time of Frege and
Russell.

The next definition considered is the result of amending I so
as to get around the objection there raised.

I1I. “For the soundness of a consequentia it is necessary
and sufficient that it be impossible for the antecedent and
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consequent, when formulated at the same time, to be respective-
ly true and falsel4”.

Against this definition our author proposes to give an cxample
of a consequentia that has a necessary antecedent and a necessary
consequent and yet is not sound. Such a consequentia will
satisfy the condition of 71, he points out, since “‘when the antece-
dent and the consequent are both necessary, it is impossible for the
antecedent and consequent, formulated at the same time, to be
respectively true and false”’. Thus the condition of 777 will be shown
not sufficient for soundness. Pseudo-Scotus then comes up with
the following consequentia:

God exists; therefore this consequentia is not sound.15

Of this he says, “The consequentia is surely unsound, for it cannot
be sound since in that case there would be a sound consequentia
with a true antecedent and a false consequent. And that the ante-
cedent is necessary, is acknowledged. But that the consequent is
necessary I am (now) establishing, since it is impossible for the said
consequentia to be sound.”

Thus we have what appears to be a clear counterexample to
one of the most common ways of explaining informally the validity
(.)f arguments. Our author has concocted an argument which is
%nvalid and which nevertheless satisfies the condition that it is
impossible for its premises to be true and its conclusion false. Note
tha‘t any other necessary proposition could have served instead
Qf ‘God exists”, but note also that necessity, and not just truth,
18 essential.

Pseudo-Scotus regards his argument as showing that / and 11/
are defective. If, however, we accept I or II] as logically true,
.hls argument becomes an antinomy. For let “A4” denote the follow-
Ing consequentia :

God exists; therefore A is not sound.

Then A both is and is not sound. 4 is not sound, since if it were
sound it would have a true antecedent and a false consequent,

14 Pseudp-Scotus, op. cit., p. 104: ““Tertius modus est, quod ad bonitatem
consequentiae requiritur, et sufficit, quod impossibile est antecedente, et
consequgnte simul formatis, antecedens esse verum, et consequens falsum.”

15 Ibid.: “‘Deus est; igitur ista consequentia non valet’’.
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which is impossible in a sound consequentia. But on the other hand
A is sound, for, since “God exists” is counted as a necessary truth,
we have just shown that the consequent of A is a necessary truth,
and by I or [11 this suffices for the soundness of A.

One can consider a necessary truth as a sound consequentia
with no antecedent (i.e., as the conclusion of a valid argument from
the empty set of premises). From this point of view, the following
is an analogue to Pseudo-Scotus’ antinomy. Let “4” denote the
sentence

A is not a necessary truth.
Then A both is and is not a necessary truth. It is not, for if it were,
it would be true and hence would not be a necessary truth. But
we have just proved A, and so A is a necessary truth after all.

Two close relatives of the foregoing antinomy immediately
spring to mind. One, of course, is the patriarch of all antinomies,
The Liar (Riistow’s history of which ought to be read by every
logician).16 The other is the undecidable sentence of K. Gddel’s
famous incompleteness proof.1?7 As will be recalled, in the course
of his proof Godel constructs a sentence that asserts its own un-
provability. With certain important qualifications that are irrele-
vant to the present discussion, an essential portion of his argument
may be set forth as follows.18 Let “A’’ denote the sentence

A is not provable.

Now suppose that A is provable. Then, assuming that whatever
is provable is true, A is true. But if A is true, it is not provable.
Hence A4 is not provable. On the other hand, suppose that the
negation of A is provable. Then the negation of A is true. But in
that case A is provable and true, so that both A4 and its negation
are true, which is impossible. Therefore, neither A nor its negation
1s provable (although, as noted earlier, A is true).

If we regard an argument as an ordered pair, the first term of
which is a set of sentences (the premises) and the second term of

16 Rustow, A., Der Liigner (Leipzig, Teubner 1910).

17 Goper, K., Ueber formal unentscheidbare Sitze der Principia Mathe-
matica und verwandter Systeme I, Monatshefte fiir Mathematik und Physik
38 (1931) 173-198.

18 Cp. op. cit., pp. 175-6.
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which is a single sentence (the conclusion), we get a somewhat more
general form of Pseudo-Scotus’ antinomy by letting /7 be any set
of necessary truths and letting “4’" denote the argument with
premises I"and conclusion ““A is not valid”. Then .4 will be an invalid
argument with a necessary truth as conclusion.

Similarly, if I' is a set of true sentences and “.1”" denotes the
argument with premises I" and conclusion “the conclusion of A
1s not derivable (in a system in which derivation preserves truth)
from the premises of 4", then we find that the conclusion of - is
a true sentence not derivable from the set of truc sentences I
Thus, for any set of true sentences there is a true sentence that is
not derivable from it ; in particular, if I"is the set of all true sentences,
it follows that A is not derivable from I” although A belongs to I
which on any plausible notion of derivability is an antinomy.

When we consider the relation of logical consequence instead of
derivability, and again let I" be the set of all true sentences, the
foregoing form of Pseudo-Scotus’ antinomy reduces to The Liar.
For if “A”’ denotes the argument with premises /" and conclusion
“the conclusion of 4 is not a logical consequence of the premises of
A", 1t is clear that the conclusion of A asserts its own falsehood
and thus is both true and false.

There may be some interest in the fact that similar lines of thought
lead to paradoxes for other modalities. As an example, let “A”
denote now the sentence

Nobody knows that A is true.
Suppose that 4 is not true. Then somebody knows that A is true,
and hence 4 is true after all. But now we have proved the truth
of A, even though, oddly enough, we have also shown that nobody
knows that 4 is true.

Or, if the reader feels no dismay at the above established limi-
tation on his knowledge, he may wish to consider the following.
This time let “4” denote the sentence

Either the reader has no slightest doubt that A is true, or A
is false.
Suppose that 4 is false. Then 4 is true. Therefore, A is indeed true.
But further, since 4 is a true disjunction and its right member is
false, the left member must be true; hence, however he may protest
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to the contrary, the reader has no slightest doubt that A is true.

In a collection honoring a modern scholastic who has written a
nice essay on the advantages of Spitzfindigheit 19 it is probably
unnccessary to apologize for spending some time in the consider-
ation of paradoxes and antinomies. From the earliest times puzzles
of this sort have appealed to some minds and repelled others, and
of course there has never been a shortage of critics to complain
about “triviality”’, “quibbling”, “superficiality”’, and so on. But
although the scoffers have always been numerous and confident,
it is worth noting that they have been remarkably unable to agree
with one another upon the solutions which they individually found
so obvious. This by itself suggests that there may be a few more
things to learn from The Liar and its associates before they are
shelved “‘as of historical interest only”’. Especially in logic, as Rus-
sell has observed, one cannot afford to overlook the antinomies:

A logical theory may be tested by its capacity for dealing
with puzzles, and it is a wholesome plan, in thinking about
logic, to stock the mind with as many puzzles as possible, since
these serve much the same purpose as is served by experiments
in physical science. 20

And to this may be added the fact that, as Godel has amply shown,
some of the deepest results are obtainable by arguments that closely
skirt antinomies. Whether thé contribution of Pseudo-Scotus will
give anyone similarly good ideas, remains to be seen.21

University of California, Berkeley, Calif., US.1

19 BocHexski, 1. M., Spitzfindigkeit, in: Festgabe an die Schweizerkatho-
liken (Freiburg, Schweiz, Universititsverlag 1954) pp. 334-356.

20 RusseLr, B., On Denoting, Mind 14 (1905) pp. 484-5.

21 Research for this paper was aided by the National Science Foundation.



CHAPTER 9

THE LATER HISTORY OF THE
PONS ASINORUM

IVO THOMAS O.P.

Some essential stages in the history of the syllogistic diagram
known as the pons asinorum or wmbelicus have been enumerated
by Bochenski.! Those data should be supplemented by notes of
L. Minio-Paluello 2 in which he remarks for instance that Alexander
of Aphrodisias refers to a diagram at the relevant place in his
commentary on the Prior Analytics, that the figure is given in some
Greek and at least a hundred Latin MSS, and that mnemonic verses
had already been devised to accompany it in the 13th century.
A magnificent printed version, illustrated with the crescent and
triangular diagrams which were also of Greek origin, occurs in the
rare Latin Averroes of 1489.3 As was frequently the case, it is not
free from misprints and errors. A treatise was devoted to all these
diagrams by Joannes Albanus: Apparatus syllogistici ad Aristotelis
mentem synopsis, Bononia, 1620. Throughout this tradition the
Latin letters A through H were used to parallel the Greck letters
Alpha through Theta, and the exemplifying terms inherited from
Philoponus remained unchanged. After such detailed commentaries
as those of Thomas Bricot, John Dorp and others 4 it might be
thought that there was little room for further development of the

v Foymale Logik (1956).
A History of Formal Logic (1961).

2 Aristoteles Latinus III. 1-4, Analytica Priora, pp. 384-6. A T.atin
Commentary (? translated by Boethius) on the Priov Analytics, and s
Greek Sources. Journal of Hellenic Studies 72 (part 1), pp. 97, n. 7.

8 Ommia Avis. opera cum commento Averrois; Bernardinus de Tridino de
Monteferato (1489).

* Cf. K. PRANTL, Geschichte dev Logik, vol. IV.
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theme. However, three writers from the 16th century deserve some
notice.

Ratio inveniendi medium terminum in syllogismo categorico, ab
Aristotele tradita, et per Christophorum Cornerum ex Fagis diligenter
explicata. Una cum tractatu ipso mepi edmopiag mpotdoewv, ex
Aristotele, ad finem adiecto. Addita etiam est praefatio, de usu
huius doctrinae. Basel, 1549; 9.5 x 16 cm.

The contents are: p. 1 title, 2-12 dedication, 13-28 preface,
29-133 treatise, 134-142 text of the so-called Tunpa Sebrepov
from An. Pr. The preface, part of which we quote, shows that the
pons was by no means as well known as one might suppose, and
also evidences a concern with educational theory such as occupied
John Sturm and Peter Ramus about this same time. Corner stresses
the need to make things easy for pueri educandi, and considers that
he is the first to treat this particular matter from that point of
view. He himself, a pupil of Melancthon, had come on it only
after he had thought his knowledge of logic was complete and was
about to proceed to other subjects.

Nec est alia causa cur hactenus haec doctrina sit omissa,
quam quod sine praeceptore difficulter possit intelligi: et quod,
qui priori aetate dialecticen Aristotelis enarrarunt, ut caetera
omnia, ita neque hanc partem non modo non illustrarint, sed
etiam exemplorum obscuritate et praecipiendi difficultate
totam e manibus discentium excusserint.

His method is to translate the text of Aristotle and comment on
it, section by section, before giving the entire Greek text, and he
thinks this whole proceeding sufficiently novel to need detailed
justification.

Non dubitat et ipse Melanthon, illis qui perfecte cupiant
hanc artem cognoscere, et veros fontes eius intueri, et quasi
exhaurire, esse author, ut postquam haec elementa perdidi-
cerint, legant quoque Aristotelem ipsum. ...Multa ... sunt
quae non cum rivulis his, quos pueri degustant, profluunt,
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sed 'in vivo fonte necessario conservantur. Etsi non sunt
pauci, qui credant ignoratione et desidia falsi, nihil posse
ostendi in Aristotele, quod non in vulgaribus libellis abunde
satis explicatum sit. His ego non inscitiam obijcio, sed iubeo
tantum vel a primo limine salutare Organum Aristotelicum:
quod ubi fecerint, dabunt mihi cute manus, et se victos fate-
buntur. Ut enim de me ipso dican, cum adolescens primum,
nihil admonitus a praeceptoribus, incidissem in hoc caput, ...
cogitavi ita mecum, Quo nunc quaeso, in quos labyrinthos et
monstrosas figuras vocor? putabam equidem me totam artem
probe cognovisse, et constitueram ad graviora studia progressus
facere: nunc vero cum huc verto oculos, et in haec scripta in-
spicio, intelligo quam procul adhuc absim ab artis huius
perfectione. Videri possum, recessisse ab Aristotelis in-
scriptione, at revera meanon est alia quam Aristotelisinscriptio:
sed est, ut mihi quidem videtur, apertior, et adolescentibus
magis nota atque grata.
Finally he confesses that if circumstances had allowed, he would
have preferred to comment directly on the Greek text, but has to be
content with appending it, a proceeding which by itself renders the

bogk a monument of scholarship. The diagram of the pous is given
twice, on p. 94 in Latin, and p. 138 in Greek.

I1

Paralipomena dialectices. Libellus lectu dignissimus, et ad dialec-
ticam demonstrationem certius cognoscendam, cuius etiam in

Praefatione prima quaedam principia proponuntur, apprime utilis.
Basel, 1558; 8.5 % 14 cm.

The contents are: pp. 3-11 epistula nuncupatoria, 15-28 praefatio,
29-78 liber primus, de inveniendo medio, 79-183 liber secundus,
de ordine, (184-192) index. The epistle is signed by Mathias Flacius
Illyricus, who says that the book was written ‘“by someone”’,
presumably himself, in the long and dangerous siege of Magdeburg
(1550). (His son, Mathias Flacius Junior, wrote an Opus logicum
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in Organon Aristotelis ... constans libris xiiii, Frankfurt, 1593.)
In the preface he remarks that no-one has yet written a satisfactory
treatise on Order, one of the two principal parts of dialectic, the
other being de instriumentis. This last has been satisfactorily covered
by many, with the exception of the ratio inveniend:i medii, generally
neglected and little known.

The emphasis on order is consonant with that of so many of
Ilacius’s contemporaries on method, and the spatial imagery noted
by Ong 5 in connexion with this post-Agricolan school of writers
1s very evident in the first chapter, where Flacius distinguishes
between the inventio medit, loci, and formae argumentorum.

posset haec fortasse ei similitudo (quanquam iusto crassior sit)
recte proponi, quod topica seu argumentorum loci sint veluti
vascula quaedam, in quibus metalla resoluta contineantur.
Formae argumentorum sint veluti typi et formae quaedam,
in quas formanda materia infundatur. Doctrina vero de inven-
tione medii sit veluti instrumentum quoddam, quo hauriamus
ex locis tantum materiae et eam materiam, quae instituto
operi apta est, eamque in suos typos industrie infundamus,
atque ita destinatum opus efficiamus. Hec similitudo satis
apte rem declarare videtur.

The kind of instruction given for finding particular kinds of
syllogistic argument can be exemplified from the third chapter,
de inquisitione medii, in probanda universali affirmativa.

Cum habes propositionem disputandam, quae sit univer-
saliter et affirmative ponenda, pone in tabula summo loco
eius maiorem terminum seu praedicatum, minimum in infimo.
In medium congere voces, quae praedicta ratione supremo,
sed per subiectionem, et infimo termino per praedicationem
coniungi possunt, ut typus ostendit . ..

ANIMAL

TangenS_/G-ustans Olfaciens\ Rationale
Ridens Quod moveétu Videns//Audiens

Sentiens
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Jam accipe maiorem, Omne sentiens est animal. Et minorem,
Omnis homo est sentiens. Ergo &c. Vel sume aliud quocunque
medium: ut, omne ratiocinans, omne videns, omne loquens &c.
Observandum autem in delectu medii, diligenter Aristotelis
praeceptum est: qui iubet, ut praecedentes sint notiores et
firmiores conclusione, seu ut notius sit medium terminum
maiori et minori.

The early part of the book is distinguished by illustrative dia-
grams such as that given above. The pons itsclf comes on p. 52
and is commented on thus:

Typum praecedentem, veteres philosophi umbelicum appel-
larunt: recentiores pontem asini. Illi quod iudicabant csse
mirabile quoddam invemtum, quo positis in parva tabelly
cuiusvis sententiae terminorum circumstantibus vocibus,
facile iudicari posset, quid de ea, et quomodo vel pPosset
probari, vel non posset. Adhaec et mirificam quandam perfa-
cilemque rationem contineret, protinus inveniendi de quavis

re: cuius modo sis peritus, argumenta, eaque non ex trivig
sumpta, sed ex ipsius rei natura plerunqu.e petita.
Sophistae porro novi, ideo Pontem asini nominarunt, quod
etiam imperitioribus, minusque in argumentando expeditis
facilem ostendat rationem, de quavis propositione affirmativa,
negativa, particulari, et universali argumenta inveniendi,
Non dubito tamen, dubitaturos primo aspectu rudiores,
qui nam sibi velit totus typus, vel singulac rotulac, carum
connexiones et litterae,
and an explanation follows. The ninth chapter repeats the Whole
doctrine in the form of a catechism, with the pupil asking the ques-
tions, e.g., p. 71:

Nihilne habes amplius?

I Nihil. Nisi cognoscera velis ea quae hac de re certis quibusdam

vocabulis ad hunc usum confictis, tradiderunt scholastici, seu
Sophistae recentiores.

Quae sunt illa vocabula ?

5 WALTER J. Oxg, S. J., Ramus, Method and the Decay of Dialectic (Harvard
U.P. 1958) Cf. €sp. pp. 116 ff.
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4 Duobus his versiculis, comprehensam totam rationem
inquirendi Medii indicant. Fecana, Cageti, Daphenes (sic)
Hebare, Gedaco, Gebali stant: sed non stant Febas, Hedas et
Hecas.
Quae tu mihi monstra refers?
9 Voces sunt durae quidem et inauditae Latinis hominibus:
sed ... valde ad confirmandam hulus doctrinae memoriam
utiles.

On p. 78 another pons is given, partly in Greek, but with the

mnemonic words written on the lines.

ITI

L'ORGANE c’est a dire L'Instrument du Discours Divisé en
deux parties, s¢avoir cst, L’Analytique, pour discourir veritablement,
et La Dialectique, pour discourir probablement. Le Tout puisé
de I'Organe d’Aristote, et dedié au Roy Treschrestien, par M. Phi-
lippes Canaye, Sieur de Fresnes, Conseiller de sa Majesté en Soy
Grand Conseil. MDLXXXIX par Jean de Tournes Imprimeur du
Roy. 16.5 X 34 cm.

Pp. 135-270 are devoted to covering the ground of the Prior
Analytics. The whole book deserves some special study as being out-
side the usual categories of logical writing, though not uninfluenced
by contemporary trends. Itis anclegantly written and very discursive
exposition rather than a commentary, marked by enormous en-
thusiasm for its subject with strong emphasis on what the author
considers to be its practical nature. The preface opens:

M’Estant proposé de declarer I'usage de I’'Organe d’Aristote,
non point pour entreprendre sa defense contre ceux qui se
sont vainement efforcés de la reprendre et de le supprimer,
que pour proffiter a ceux qui désirent d’apprendre le divin
art du discours . ... cest admirable instrument lequel iusques
icy a csté si mal manié par la barbarie pedantesque, que la
plus part des beaux esprits de nostre temps l'ont estimé du
tout inutile et de nul usage, combien que ce soit I'ccuvre le plus



148 IVO THOMAS O.P.

necessaire et le plus accompli de tous les liures humain est,
qu’il ne puisse estre aboli, sans la perte et ruine de toutes les
sciences. .... Et neantmoins, d’autant que 1'Organc est fort
incdgnu en France, et principalement en la langue francoise . . .
toute la beauté de 1'Organe gist en la prattique, et que plus
un instrument est portatif, plus il est estimé, il I'ayt voulu
reduire au plus petit volume qu'il a peut.

We have already seen Flacius juxtaposing a treatise on the
fashionable theme of Method under the name of Order and one on
the purely Aristotelian pons. When Canaye reaches the latter sub-
j.ect (p. 167) he unites these two matters. For him the tnventio medii
1:8 a main part of Aristotelian method, the other being contained
in the Topics. Some of his headings to this section show this clearly:

Louange de I'Invention Analytique. De la Methode tant Analyti-
que que Topique. Pourquoy la Methode du discours consiste plus
en I’In\_/ention qu'en lArtifice du Syllogisme. Pourquoy
I'Invention qu'il enseigne icy ne peut estre commune a I’Analytique
& aux '_I‘opiques. Division de la Methode Analytique.

A brief extract from the first of the fore-going sections gives a
good sample of the hyperbolic language he uses about the pons:

Le secret qu’Aristote enseigne icy, enrichit I'ame, & non
pas 13: bourse: car & iceluy est attaché la clef de toutes sciences,
& quiconque l'aura trouvé ne craindra point le larron ny le
soldat. 11 ne craindra point de le prattiquer de peur d’estre
enfermé en quelque tour, & en enrichir autruy. Il ne luy faudra
ny fourneay ny poudre ny racine pour faire ses operations.6
11 trava.illera de iour & de nuict, par les champs, & a la maison,
f:qul)ll;S i travaiille\ra, plus i'l prendra. de plaisir en son travail:
estime rapportdt a son droit usage, il acquerra ce thretsor tant
pience par le_ plus riche Roy qui fut onques, a scavoir la _sz%—

When ité au prix c_ie.laquelle tou.te autre chose n’est que val'nte.
innOVationson}lfs to giving the pons itself, Canaye makes some unique

+ ti€ prints two figures, one to show the conclusive

ations, the other the useless ones; he changes the traditional
& and introduces curved lines.

combin
letterin

6 .
The reference is 1o 4 long alchemical simile that precedes this passage.
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. et pource que la figure, qui a esté mise cy deuant,
pourroit estre difficile a cause de ses entrelassements, en voycy
une autre qui sera plus facile a mon iugement.

Consequent du Subiect.

m
1 E><A D
G\—/j

G Antecedent du Subiect.

/‘\ I Repugnant du Subiect.

Yigure de I'Invention Analytique.

Attribué.

Consequent de I'Attribué.
Antecedent de I'Attribué.
Repugnant de I'Attribué.
Subiect, duquel il faut
demonstrer 1’ Attribué.

moowr

o

F B
I E A D
Figure des compositions inutiles des
G C principes.

The essential doctrine is then tabulated in verbal form, and an
claborate example of the whole figure given in religious terms, on
which he comments:

Cest exemple suffira pour monstrer comme il faut faire,
et comme il faut avant toutes choses chercher les consequents,
antecedents, et repugnans, qui est un étude le plus utile et qui
apporte autant de contentement 4 un gentil esprit, que nul
autre.
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After this wild enthusiasm of the greatest devotee the pons ever
had, it seems to have gradually passed out of fashion, though
Robert Sanderson’s Logicae Artis Compendium (various cditions
from 1615 to 1841) preserved its memory at Oxford. The second
edition (1618) contains a number of misprints which must have
made the figure more than usually puzzling to the student.

University of Notre Dame, Notre Dame, Indiana, US .1



CHAPTER 10

REIFICATION, QUOTATION AND
NOMINALIZATION

J. F. STAAL

Do we know, then, that there will prove to
be any ultimate boundary between ‘‘logical
grammar’” and a revised and enlarged
Grammar? In the history of human enquiry,
philosophy has the place of the initial central
sun, seminal and tumultuous: from time to
time it throws off some portion of itself to
take station as a science, a planet, cool and
well regulated, progressing steadily towards
a distant final state. This happened long ago
at the birth of mathematics, and again at
the birth of physics: only in the last century
we have witnessed the same process once
again, slow and at the time almost imper-
ceptible, in the birth of the science of
mathematical logic, through the joint labours
of philosophers and mathematicians. Is it
not possible that the next century may see
the birth, through the joint labours of phi-
losophers, grammarians, and numerous other
students of language, of a true and com-
prehensive science of language? Then we
shall have rid ourselves of one more part
of philosophy (there will still be plenty left)
in the only way we can ever get rid of
philosophy, by kicking it upstairs.t

1. Introductory

The three concepts mentioned in the title of this paper are often
considered to belong to ontology, semantics and linguistics re-
spectively.2 A study concerned with the interrelations between

v J. L. AustiN, Philosophical Papers (Oxford 1961) p. 180.

2 I am grateful to N, Chomsky, J. C. Heesterman, A. Kraak, R. B. Lees,
P. A. M. Seuren and especially to the late E. W. Beth for valuable suggestions.
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these concepts cannot be easily classified under any of thesc fields
of research. This paper attempts to study these interrclationships
al.’ld to. unearthen the roots of some philosophic perplexities by
discussing cases mostly taken from Indian logic and Sanskrit
grammar. Since logic in some respects can be thought of as a bridge
b'etween philosophy and linguistics, it will be appropriate to con-
sider what follows a study in logic. In so far as it contributes to the
understa'nding of Indian logic, this paper will not be out of place in a
.volume. In honour of Professor Bochenski, whose Formale Logik
1s the first comprehensive history of formal logic which takes into
Ellfltlci)::tl Ir}dmn material. However, I shall not confine myself to
remark ;)flfhbl.lt shall fOHOW_a suggestion implicit in Bochenski’s
bictet don 1-;' 1mp.ortanc.e of its s‘tudy:_ “denn sie — und sic allein -
némlich i dlSto?ker eine Mb’ghch?«:mt von hochster Bedeutung,
be cone: e des \ erglelch..s”.3 In this respect this paper may also
ThnSIfiered a comparative study.

will lgoilctliie gf some structures of Indiar'l logic which will emerge,
This ic n;lith e éfferent from the char.acterlstics given by Bochenski.
selection frer ue to differences of. interpretation, nor to different
unavoidable tg e, Source material. Undoubtedly the latter is
2 vast and heOtsome extent .when one tries to refer in a few pages to
taken as incmdill‘”logenfcaous fleld.. Moreover the telrm Indian logif: is
doctrines Propou fdlgz bonly I‘nchan syster.ns of loglic, but. also lgglcal
the Indian grammari y Indian scholars in Other‘flelds, in part@ular
logicians 4 The s 1ans, W.hO often use more logic than profes;onal
point of viey COrIl)cerCI'pal dlffere.m‘:e rather_results from a part1c1?lar
techniques ang fOrmmlr'lg t}.le position of loglc'. On the one ha.nd loglcal
which are best doser ia}l) 1zdat1ons 'are Oft(?l’l motlvated by considerations
logical expressions € 1as philosophic in nature. On the other hand
in which they Occuralr_;a closely related.to the _strucfcure of 1angu.ages

. Here the latter point of view will be emphasized.

I am especially ;
note (see beloy Indebted to Peter Hartmann who has placed in an additional

w, A . X i e
perspective, nnex), some of the facts studied here in a wider linguistic

3 1. M. Bocurgy
N H <N & . . -
4 This pers ENSKI, Formale Logik (Freiburg/Miinchen 1961) p. 180.

) Pective i : C 1 T3 ) )
of Philosophy (forthcolriiig)pted in an article “Indian logic”’, Encyclopedia
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It does not only apply to natural languages in which logical struc-
tures may be initially embodied, but also to artificial and formal
languages which developed in India as well as in the West. This
point of view will result in particular comments on the relations
between natural and artificial languages.

Sanskrit, the natural language in which Indian logic developed,
may at first appear abstruse and exotic, but reveals on closer
inspection Indo-European structures which also belong (in varying
degrees) to languages in which Western logic developed. In both
cultures logicians may feel that their constructions and discoveries
arc merely expressed by means of language, but have remained
independent of this instrument. In how far can this feeling be said
to be appropriate? The minimum hypothesis we can initially
adopt is that a formal system has at least some structures in com-
mon with some natural languages, while the meta-language in
which the formal system is presented or studied is in general much
closer to a natural language.

In the first place the following will therefore differ from Bo-
chenski’s “indische Gestalt der Logik’ as more attention will be paid
to structures of the language in which logical expressions are for-
mulated. In particular, the doctrines described by Bochenski
as dealing with “mehrstufige Abstrakia”5 will be studied here. In the
second place observations on the relations between natural and
artificial languages in India will be shown to apply in part to Western
logic as well. In this respect this paper attempts to throw some light
not only on Indian logical structures, but also on relations between
logical structures and linguistic expressions in general.

The paper consists of three parts. The first deals primarily with
reification, but also treats quotation and nominalization; the second
deals primarily with quotation, but is also concerned with reification
and nominalization; and the third deals primarily with nominali-
zation, and to a far less extent with the remaining two.

2. Reification
At the end of this section, the philosophical problem of reification
will be disposed of rather quickly, not because it is so transparent,
5 Op.cit. p. 517.
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by his expression’ the last word can be easily thought of as referring
to a thing in the same way as the last word of “‘she was struck by
his stick”. Similarly, the first word of “‘this is what you were thinking
of”” can be easily considered to refer to a thing in the same way
as the first word of “this is what you were looking for”’. In both
cases confusion about the meaning of an expression or object of
thought may occur at this stage.

A particular class of nouns has for its meaning (not necessarily
for its referent) universals, and a particularly important kind of
reification is the reification of universals.? Linguistically speaking,
universals are often expressed by nouns which end in abstract
forming suffixes such as Greek -74;, Latin -fas, French -#4, German
-heit, English -ness, -ty, -ion, etc.

In all these respects ordinary Sanskrit is basically similar, but
philosophic Sanskrit and especially the technical Sanskrit used
in Indian logic goes much further. Sanskrit nouns are easily for-
mally recognized because of their declension and terminations. On
account of distinctive nominal declensions, nouns are to a far
greater extent similar to each other and dissimilar e.g., to verbs
than in English, where a man not only blows bubbles but also comes
to blows. Two important abstract forming suffixes in Sanskrit
are -tva and -ta (cf. -193, -tas, -t¢, -ty). These are used with greater
ease in Sanskrit than their cognates are in other Indo-European
languages. Already in the earlier stages of the language it was com-
mon usage to speak of asvandin asvatvam ‘‘the horseness of horses’’ 10
and the like. These suffixes can be liberally attached to wvarious
forms. They also occur combined (e.g., -fvatd), not only in the
technical language of Indian logic but also in the oldest religious
hymns of the Vedas.11

A widespread logical expression for a subject-predicate sentence
could be described as semi-artificial. In ordinary “‘natural” Sanskrit,

9 Cf. W. V. O. QUINE, From a Logical Point of View (Cambridge Mass. 1961)
pp. 102-129.

10 [, ReNou, Histoive de la langue sanskrvite (Lyon/Paris 1956) p. 44.

11 D, H. H. INGALLS, Materials for the Study of Navya-nyaya Logic (Cam-
bridge Mass. 1951) p. 45; L. ReNou, Etudes védiques et Paninéennes, 1 (Paris
1955) p. 54.
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“the pot is blue”’ is expressed by ghato nilal 12 (as isolated forms,
ghatah is “‘pot” and wnilah ‘‘blue”). Logicians, however, prefer
to say ghatasya nilatvam. Here -tvam is attached to the stem nila-,
while ghatal is replaced by its genitive ghatasya. The result may be
somewhat more litterally translated by either “‘there is blueness
of the pot” or by “‘blueness of the pot”. In the first interpretation
the expression continues to function as a sentence, in the second
1t is replaced by a nominalized sentence part. The latter can become
part of a sentence, but in many such cases it is customary to go
a step further and form one nominal compound, ghatanilatvam
litterally “pot-blueness” or, rarely, ‘“there is pot’s-blueness”.
tl‘his can be incorporated in a sentence in the same way nouns are
Incorporated in sentences. It is declined like other nouns ending
In -am. Logicians express ‘‘since the pot is blue, the flowers look
beautiful” by an expression which may be litterally rendered by
Something like ‘“because of pot-blueness the flowers look beautiful”’.
This development:

ghato nilah (1)
ghatasya wilatvam (2)
ghatanilatvam (3)

May be compared to Western expressions for the subject-predicate
type of sentence. In the predicate calculus any of the expressions
(1)‘(3) can be represented by “F(x)”. However, if predicates are
treated as propositions in the propositional calculus, i.e. occur in
“Xpressions such as “F (x) © G(x)”, Indian logicians are inclined
i;)cuse (2) and especially (3) rather than (1). Predicates are thereby
Canortl))or.ated in other sentences. Any of the expressions (1)-(3)
ox e‘lncorporated in another sentence if (1)—(3) are considered
ar?ressmns of an object-language which are quoted in a meta-

8uage. In a Western terminology, a metalinguistic expression

(C:;O(:cr)?,sp‘OHding to the expression of the object-language “F(v) =
» st

“‘F(x)’ entails ‘G(x)" .

12 .
The nominative case ending -ah of ghatah is replaced by .o when
#- follows. T
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In an Indian terminology, quotation can bec effectuated by
relatively similar means, as will be shown in the next section.
Linguistically speaking, an expression, if quoted, assumes the status
of a noun. It can be introduced into a sentence in the place of a
noun. Since the expressions (2) and (3) can be considered nouns
already, the need to quote them explicitly is hardly felt.

In Sanskrit it is possible to quote any of (1) — (3), for example in:

““‘the pot is blue’ entails ‘the flowers are beautiful’”.

Without quotation, (2) and (3) can be directly incorporated in
another sentence as follows. Since one of the functions of the Sanskrit
ablative case is to express a reason, and since the ablative case
termination of words ending in -am is -4, the sentence part “‘since
the pot is blue” can be expressed by ghatanilatvat, litterally “‘be-
cause of pot-blueness’”. Expressions ending in -fvam play a similar
role in Indian logic as expressions of the form “F(x)”” in the Western
predicate calculus. Similarly, declined forms of expressions ending
in -twam, in particular forms ending in -fvaf, function in a similar
way as occurrences of “F(x)” in larger expressions, e.g., “F(x) =
G(x)”’. In Sanskrit reasons are often given at the end of sentences:
a stock example in logic is parvato vahniman dhiimavativat ‘‘the
mountain possesses fire because it possesses smoke”’. The philosopher
Sures$vara (ca. 800 A.D.) characterized this kind of artificial Sans-
krit, when he described scholars as ““trying to catch each other in
webs of words, culminating in- fva#’’13. At pandits’ debates in India,
arguments continue to be driven home in this resounding manner.

From a grammatical point of view the abstraction expressed by
attaching -fvam to various linguistic forms, is nominalization.
Since we can talk about things by expressing them as nouns or nomi-
nal forms (‘‘about” is also followed by nouns or nominal forms4),
nominalization increases the descriptive power of language. As

18 Naiskarmyasiddhi, ed. M. Hiriyanna (Poona 1925) p. 80, quoted in:
P. HackER, Untersuchungen iiber Texte des frithen Advaitavidda, 1 (Mainz
1951) p. 1923.

14 The literature about about is mentioned in the first note of : N.GOODMAN,
About, Mind 70 (1961) 1-24. The last but one section of this paper is called
Nominalization, a term which is not used in the text and which should
probably be read either as nominalisim or as a transition to nominalism.
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we shall see later, quotation can be said to provide within a limited
context a more general method for introducing topics into our
discourse. The use of nominalization in natural languages too can
be further extended, unified and formalized. It may lead to artificial
expressions such as ““F(x)”’. The mere occurrence of such expressions
in formal systems may appear rather elementary from a logical point
of view. The interesting feature is that these expressions and their
occurrences are based upon a process which in natural languages is
expressed by nominalization.

In “F(x)” reification is applied to the individual x. Similarly
in (3) the element ghata-, though hardly describable as a word, is
thought of as referring to a thing. In general, if “x” in a given
language is used as a variable, reification applies to the values
“x” may assume within the language. By this generalization
“F(x)” becomes an open sentence which can be closed by prefixing
ﬂuantiﬁers and the like. As Quine remarked, in expressions such as

(*)F(x)”, “x” is rather like a pronoun.!® The variable “a” can
refe‘r to various constants just as a pronoun can stand for (refer to)
various nouns. If the variable “x”’ ranges over the set of individuals

1L, ..., 2., ...}, the quantified expression “(x)F(x)” will accord-
ingly express “Fx1) A ... A F(xa) A .7, while “(Ex)F(v)” will
express “F(x;) v ... v Flxy) v ...".

Speaking about quantified artificial languages Quine has pro-
pOSed.the fOllowing criterion for ontological (later called: ontic)
Comn}ltment: entities of a given sort are assumed by a theory if and
?nly if some of them must be counted among the values of the variables
Zﬁitt)_rdler that the statements affirmed in the theory be true’” 16 Bochenski
be ;CI\ZIZ? this view fmd said that, fo.r properties, ‘‘to be i§ not to
Thie o u_e of”a variable but toh qualify the v.alua of a 'Uana'ble’i.”
to thi quires “to be” to have dlffer?nt meanings in its application
‘e ngs and properties. Once we write “(Ex)F(x)”, says Bochenski,

W? turn the Property into a thing”’. But this is exactly what reifi-
cation means, When properties arc introduced, the values of varia-

1;’: Op. ci.t. PP. 102-103.
Op. cit. p. 103 W v O, Quing, Word and object (New York/London
1960) p. 120. )

17 Lf’giCO-Pllvilosophical Studies, ed. A. Menne (Dordrecht 1962) p. 131.
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bles are always qualified. In the controversy between realists
and nominalists the referent of ‘“‘qualify’’ is under discussion. If
“to be”’ had different meanings when applied to things and pro-
perties, the problem of universals would vanish 18 and be replaced
by an analogia entis. While Bochenski expresses, in this context,
a critique of the reification of predicates which, from a realistic
point of view, appears nominalistic, Quine has merely tried to
“point to certain forms of discourse as explicitly presupposing
entities of one or another given kind” without settling the issue.!9
This discussion is revelant here since this paper studies the possible
implications of certain expressions without trying to settle the issue
either.

In a natural language ontological commitment is not determined,
but merely suggested by the kinds of expression utilized. In Sans-
krit entities mentioned by names which can be substituted for
nilatvan in any expression of the form (2) or (3) can be said to be
assumed by the language, when the reifications suggested by these
expressions are accepted.

According to Quine’s criterion, “F(x) © G(x)”’ does not require
that there are entities “F”" and “G”, though “(F) (G) (F(x) = G(x))",
where “I” and “G”" are variables, does. Following Quine, quanti-
fication of the predicate can be avoided 20 by treating “F”
and “G” as schematic letters. This convention can be applied to
such expressions as (3), since (3), though it can be replaced by

18 “‘in which case we need not concern ourselves’: QUINE op. cil. p. 105.
A criticism in this respect similar to Bocherniski’s, was given by B. MATES in:
Synonymity, University of California Publications in Philosophy 25 (1950)
222-223. The idea of different meanings of ‘‘there is’’ is treated in: M. WHITE,
Toward Reunion in Philosophy (Cambridge Mass. 1956) pp. 60-80. It is repudi-
ated again by QUINE in Word and object, pp. 241-242.

19 QuUINE op. cit. p. 102. Towards the end of the essay Quine appears to
take sides. Nominalism is finally rebuked pp. 173-174 and in Word and object,
p. 243, note 5; cf. pp. 266-270.

20 Quantification of the predicate (as in “(F) F (x)'’ or “God possesses
all attributes”) is different from propositions such as “‘every man is every
animal”’, frowned upon since Aristotle (cf. J. F. Staar, The Construction
of Formal Definitions of Subject and Predicate, Transactions of the Philo-
logical Society (1960) pp. 95-97). The latter type of proposition is more
adequately expressed by “(x) (F(x) & G(x))".
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similar nominal compounds, need not commit us to cntities such
as nilatvam “blueness’. The need does not arisc if (3) is merely
considered another way of saying (1), i.e., a synonym of (1). This
reflects the nominalist point of view.

However, in Sanskrit realistic suggestions arce strong: (3) is
generally considered as of higher level, in some sense or other, than
(1). As we shall see, there are good syntactical reasons for this view.
An excessive use of abstract forming suffixes in gencral did not
commit all Indians to realism, but suggested Platonic inter-
pretations to an even larger extent than was the casc in Europe.
Still, nominalistic reactions did appear soon on the Indian philo-
sophic scene as well. The discussion between realists (notably the
Hindu logicians and the followers of Mimimsa, the most orthodox
of the six main philosophical schools of Hinduism) and nominalists
(notably the heterodox Buddhists) continued for centuries. I shall
not enter these philosophic discussions, which often have a familiar
flavour, but only quote a fragment ascribed to the Buddhist logician
Dignaga (VIth century A.D.). Digndga ridiculed the realists’
belief in universals by drawing attention to the incompatible
functions universals would be required to perform:

“Great is the skill of that which should, while residing in

one place without moving from there, yet reside in what comes
to exist in another place.

This is connected with what is therc and yet does not fail
to pervade what occupies this place: a great miracle!
It does not go, it does not stay, it does not exist afterwards,

it has no parts, it does not leave its former receptacle — what
a series of difficulties!’’2t,

anyatra varvtamdanasya tato’nyasthanajanmani

tasmad acalatah sthanad vrttiv ity atiyulkiata

yatrasau vartate bhavas tena sambadhyate na tu

taddesinam na vyapnoti kim apy etan mahadbhutam

na yati ma ca tatraste na pascad asti namsavat

7a‘hdti puvvam nadharam aho vyasanasa miatili (H. N. RanprLy, Fragnents
/rom.Dzmzdga (London 1926) pp. 56-59.) I have adopted de la Vallée Poussin’s
reading na (for ca) in the fourth line and replaced the last two lines from the
Sarvadarianasamgraha {ed. V. S. Abhyankar (Poona 1951) pp. 27, 139-140)
bv two lines from the Nyayadipika (quoted by Randle from: S. C. VInva-

21
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3. Quotation

\We have seen that any expression can be converted into a noun
by quoting it. Quoting, then, is a kind of nominalization. Often
both are on a par with each other, e.g., English “he thought of
coming’’ and ‘“‘he thought ‘I'll come’’’; or Sanskrit famaso dasama-
dravyatvam siddham ‘it has been established that darkness is the
tenth substance” and famo dasamadravyam iti siddham ** ‘darkness is
the tenth substance’ has been established’’; or “‘artificial”’, “F(x) >
G(x)” and “‘I(x)" entails ‘G(x)’”’. In artificial languages the differ-
ence between quoting and merely containing is a difference of level
(as between entailment and implication, rule and theorem), which
can be made unsurmountable if the construction of the language
demands it (e.g., in order to avoid paradoxes). In natural languages
the difference is at the most gradual; more often, the two expres-
sions are interreplaccable and can be described as synonyms.

In translating the second Sanskrit expression mentioned above,
usc is made of single quotes. These are absent in the Sanskrit
original. Before studying the method used for expressing quotation
in Sanskrit some general remarks must be made. From some exam-
ples it might appear that quotation is a much more general method
for introducing expressions into sentences, than nominalization.
Though we can find a parallel nominalization for the quotation of
“he thought ‘I'll come’”’ in: “he thought of coming”, we cannot do
this in such cases as: "‘he said ‘I'll come’”, ‘‘she thought ‘how
marvellous!””, “he cried ‘I am lost

R

and the like. In some of these
cases there is a parallel construction in English by means of a
dependent clause: “he said (that) he would come”, etc. In Latin
accusativus cum infinitivo can be used. In Sanskrit there is no such
construction though there is something similar in the occurrence
of the accusative of the present participle in the widespread con-
struction pravisantam mam apasyat “‘he saw me entering’’.
However, quotation can be said to provide a more general
method for introducing expressions into our discourse only within

BHUSANA, A4 History of Indian Logic (Calcutta 1921) pp. 273-274 note). — Ct.
OckHAM, Summa totius logicae, ed. and tr. P. BoruNER in: Philosophical
Writings (Edinburgh etc. 1957) pp. 32-40; see also M. H. CARRE, Realists
and Nominalists (Oxford 1946) p. 108.
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a limited context. While nominalized expressions can be substituted
for almost any noun occurring in a sentence, only some nouns could
be replaced by quotations. In English quotations can occur:
(1) after such verbs as saying, shouting, dreaming, quoting, ... (it
is doubtful whether it occurs after stating, expressing, believing, .. .);
(2) after nouns such as statement, expression, name, word, letter, rule,
law, proverd, etc.; and (3) in the same context as expressions such
as “the statement ‘—’" mentioned under (2). As for the difference
between (2) and (3) compare:

“the expression ‘Damn it!” is to be avoided”

“‘Damn it!” is to be avoided”
“the letter ‘O’ is not quite round”
“*O’ is not quite round”’.

From a semantic point of view Austin is right when he says:
“Inverted commas show that the words, though uttered (in writing),
are not to be taken as a statement by the utterer”.22 He is only
partly right when he continues: “This covers two possible cases,
(i) where what is to be discussed is the sentence, (11) where what is
to be discussed is a statement made elsewhere in the words ‘quoted’ .
For we may discuss not only sentences, but also words, case endings,
¥etter.s, etc. Though words and sentences sometimes appear to have
identical referents in Austin’s work,23 this is definitely not in
accordance with ordinary English usage. Elsewhere Austin rightly
emphasizes that a sentence is made up of words.24

or:

Op. cit. p. 88 note 3. The criticism in this footnote: “it is quite incorrect
to say that ‘The cat is on the mat’ is the name of an Fnglish sentence’”,

apparently directed against Russell and other logicians, is hardly convincing.

\\7 : . . , .
hy is this incorrect> \We have here a special use of the term name which

coincides in some cases with ordinary usage, and is elsewhere artificial. The
f:ontention that it is dangerous to suppose that each name refers to a thing,
1s a different matter, — Tarski, who uses sentences, statements, etc. in the
sense of Austin’s senlences, has shown that the so-called quotation-mark
names can be dispensed with when use is made of so-called structural-

d  pti 1 ind;
escriptive names. For this purpose we must have individual names of some
sort for all signs of which the ex

pressions of a language are composed (A.
TARsKI, Logic,

Semantics, Metamathematics (Oxford 1956) pp- 156-157)

Ingthis cor'mexion Quine speaks of spelling (Word and object pp. 143, 190).
23 Op. cit. PpP. 89-90.
24 (Op. cit. p. 88.
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Now let us look at Sanskrit quotations. Instead of using left hand
quotes to the left and right hand quotes to the right of written
expressions, Sanskrit uses it/ after the quoted expression, whether
in speech or in writing, i.e.:

English “‘—""" corresponds to Sanskrit “‘—7ti".

Accordingly there may be uncertainty about the beginning of a
quotation. In practice ambiguity is rare, partly on account of the
context and partly because there are additional conventions.25

In this system of quoting, parallel uses to the three kinds of
English quotation described above are common. Thus quotation
can occur in Sanskrit: (1) before verbs such as saying, etc. e.g.,
agaccham ity 26 aha “he said ‘I have come’”’; (2) before nouns such
as statement, etc., e.g., tattvamasiti mahdvakyam ‘“‘the Great State-
ment ‘tattvamast’’’; dravyam iti padam ‘‘the word ‘dravyam’”
(note how sometimes what is quoted can not be translated); and
(3) as in (2), omitting the relevant noun, e.g., tattvamasity arthal
“the meaning is “tattvamasi’”; —iti tatha karoti ‘“‘after (the words)
‘—’ he acts thus’ (stage direction).

There are in Sanskrit, however, many more uses of 7, which are
generally comparable to nominalization (the fact that, as for) and
need not be connected with what in English could be called verbs
of quoting. A few examples will be given here of such un-English
usage.2? For the sake of clarity, the Sanskrit clause which is bracket-
ed by itz will be written in Roman while the corresponding part of
the English translation will be italicized: n#a dharmasastram
pathatiti karanam “‘the fact that he reads law books is not a reason
(for confiding in him)”;?8 $ighram iti sitkaram nibhrtam iti cin-
taniyam bhavet “as for doing it quickly, it would be easy, as for

25 See e.g. below note 28. Cf. RexoU op. cil. p. 142 for special conventions.

26 [7inal -7 is replaced by -y before some vowels. The reader will have
noticed and will continue to notice similar applications of so-called sandhi
rules.

27 See V. S. Apre, Sanskrit-English Dictionary, 1 (Poona 1957) pp. 381-2;
A. A. MacvoxztLr, 4 Sanskrit Grammar for Students (London 1950) pp. 148-
149.

28 Here another interpretation is excluded by ethical considerations:
na dharmasastram pathatiti kdranam “the fact that he does not vead lawbooks
is a reason (for confiding in him)".
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doing it secretly, it would require consideration’’; purdnam ity
eva na sadhu sarvam ‘‘everything is not good just because it is old’’;
brahmanam iti mdm vidhi “know me to be a Brahman''. In these and
similar cases, expressions terminated by 7# are incorporated into
sentences in the same way in which nominalized expressions arc
incorporated in sentences. In most cases it is possible to replace
the quoted forms by nominalized forms.

These uses occur in ordinary Sanskrit. The Sanskrit grammarians
classified some of them under the headings Sabdasvaritpadyotaka,
pratipadikarthadyotaka and vakyarthadyotaka.?® The first, $abda-
svaripadyotaka “referring to a sound’s own form”’ (corresponding to
Austin’s “sentences”) is exemplified by grammatical expressions,
€.8., Satam iti pade $akarah ‘‘the $-sound occurring in the word
‘Satam’”. The second, pratipadikarthadyotaka “referring to the
Mmeaning of a nominal base” is exemplified by diltpa iti rajendul
“the meaning of (the name) Dilipa is moon amongs kings”. The
third, vakyarthadyotaka ‘‘referring to the meaning of a sentence”
corresponds to Austin’s quoted statements. The general distinction
between arthadyotaka ‘‘referring to its meaning” and $abdasvarii-
padyotaka “referring to its own form’ corresponds to the Western
distinction between “use’”” and “mention’’.30

As is well known, the Indian grammarians attempted to arrive
at the shortest possible description of linguistic phenomena.31
They generally confined themselves to forms and excluded meaning.

ince in ordinary language if7 is used whenever a form is to be
Mentioned, grammatical descriptions should abound in occurrences
of % and this should conflict with the economy criterion that all
Superfluous elements ought to be deleted. The grammarian Panini

%% APTE loc, cit.

% See e.g. W. v. O, QuiNE, Mathematical Logic (

Cambridge Mass. 1951)
PP. 23-26. For the m

edieval suppositio formalis and suppositio materialis
sec BOCHENSKI, Formale Logik, pp. 188-193, 277. Cf. also I>. A. VERBURG,
Taal op functionaliteit (Wageningen 1952)
further J. . STaar, I
Society (forthcoming).

31 Applications of this principle in: J. F. StaaL, A Method of Linguistic
gzsécé)ipltion: the Order of Consonants according to Panini, Language 38

~10.

Zaakvegister s.v. suppositio. See
ndijan Semantics, Journal of the American Oriental
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(ca. 400 B. C.) therefore framed a meta-rule (paribliasa) 32 for the
particular practice to be followed in his grammar: “a word (in
a grammatical rule) which is not a technical term refers to its own
form”.33 This rule, to which attention was drawn by Brough,34
implies that when a grammatical rule says that agnz ““fire’” has the
suffix -eya, the suffix has to be attached to the form itself and not
to its meaning or referent. We clearly cannot add the suffix to the
embers, says Patafijali.?5 This convention conflicts with ordinary

2

usage, which employs ifi as in agniti “‘agni’”’. As for technical
terms, for example $a referring to “‘the infix ‘a’”’, these should
be replaced by their referent: the result of inserting $a between
tud- and -ti 1s tudati, not * tudsatr.36 Similarly, when a rule of
English grammar states that the plural of nouns is formed by adding
a “suffix ‘s””’, this implies that the plural of horse is forses but not
*horsesuffixs.

By means of this rule Panini makes a distinction between the
object language, to which Sanskrit forms which he describes belong,
and the meta-language of description, to which not only technical
terms belong, but also meta-rules such as the rule which lays down
the distinction between object language and meta-language. One
test for differentiating between mentioning forms of the object
language and using forms of the meta-language is translation into
another language: forms of the meta-language are replaced but forms
of the object-language remain. However, Panini and his immediate

32 Cf. J. I. StaaL, The Theory of Definition in Indian Logic, Journal of
the American Oriental Society 81 (1961) 122-126; Negation and the Law of
Contradiction in Indian Thought: a Comparative Study, Bulletin of the
School of Oriental and African Studies 25 (1962) 52-71.

33 Panini 1.1.68: svam riupam sabdasyasabdasamjia.

34 J. BroucGH, Theories of General Linguistics in the Sanskrit Gramma-
rians, Transactions of the Philological Society (1951) 27-46.

35 BrouGH o0p. cil. p. 29. Since attention is confined to the expression
(agni) and excludes the reference (embers), quotation becomes referentially
opaque (Word and object, p. 144). (Patafijali is generally placed in the 2nd
century B.C., but see E. FRAUWALLNER in, Wiener Zeitschrift fiir die Kunde
Siid- und Ostasiens und Archiv fiir indische Philosophie 4 (1960) 92-118.)

36 For further particulars see J. I'. StaaL, review of B. Shefts, Gramma-
tical Method in Panini: his Treatment of Sanskrit Present Stems (New Haven
1961) in, Language 39 (1963) 483-488.
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followers never considered translating their grammar into another
language (the matter becomes different with the later Prakrit and
Dravidian grammarians). Another test for differentiating both
forms is substitution of synonymous expressions. For cxample, if
-eya is attached to agni this does not imply that it should also be
attached to the synonym tejas. On the other hand, if a synonym
for $a were available, this could be substituted for $a in rules of the
meta-language, since both would have to be replaced by their
referent, i.e., -a-, if the rule were applied to the object-language.
Similarly, in English the first word of : *“fire’ consists of four letters”
cannot be replaced by a synonym (unless it happens to consist of
four letters too), but the first word of ‘‘fire is hot’’ can.37
: I_n general, Panini’s meta-language is an artificial language which
1s highly formalized and not intelligible to ordinary Sanskrit speakers
or stl.xd_ents of natural Sanskrit. The practice of quoting forms with-
out 4tz is equally artificial. It could be compared to avoidance
of quotes in Western philology and linguistics by italicizing forms
F)f t.h? Object—language (this is often done, e.g., in this paper, when
1ta¥101zed forms of the object-language are accompanied by trans-
lf)liflo'ni written in Roman and placed within quotes). In Sanskrit
Ir?r.lolilés convention is the opposite (viparydsa) of ordinary usage.
Indianer to makej the reversal co.mplete and the result C(?n51stent,
forms ng:.arl?maflans have. also introduced .thc convention, tl.]:.tt
refer 1o t}ic' are quoted ‘m.the grammar (1.c.., followed by iti),
Since s €I meaning. This is a reversa.l of ordl.nary usage as wclll,
elemente g g natural language‘ means in the first place- using 1ts
i for ex an not merely mentioning therr-l.”8 The technical uE‘e'of
which defli)rrlessmg- use oceurs for example in a m(‘zta.—rulc of Panini
rules are €S 0ption, an important conc.eptmhngmstms, where many
Optional. Pinini defines wibhasd “option” as follows:

37 Cf. €.8. QuinNg
dox of denotation :
dam 1959)

38 Cf, ’

Mo, German scidier who said: “Es schneit”. The interpreter
Jones, ask

s, ed for an interpretation, replied: ““He uttered a German sentence
consisting of two word

‘e ) s, the first of which was ‘es’ and the second, ‘schneit’"’
("Synonymity”, p. 29

).

» Mathematical Logic, p. 26. This has been called the para-

see E. W. BeTH, The Foundations of Mathematics (Amster-
°SP- pp. 516-518.
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na veti vibhasa.3® This means that vibhdsa is na “‘not” and va
“or”’. The referents of na and vad are prohibition and alternative,
respectively. Now in this rule must the definiens be understood as
“not’”’ and “or’’ or as not and or? The former is excluded, for rules
about #a and va occur elsewhere in the grammar and the present
rule does not mean that occurrences of the term vibhdsd in other
rules should be replaced by occurrences of #a and vd. The latter is
correct, for the meta-rule gives the meanings of #a and va in order
to explain how wibldsa is used in the grammar: if this term occurs
in a rule it implies that first a prohibition is given and next an
alternative. For example, if there is option with regard to the
form su$ava ‘it has swollen”, the form can be prohibited and replac-
cd by another form derived in accordance with other rules of the
grammar, e.g., $i$vava. The option obtains between Susava and
$isvaya. In brief, since the expressions na and vd are marked by itZ,
they are not mentioned but used.

The fact that Panini and his followers refer to forms of the object-
language without making use of /#/ has some unexpected conse-
quences. In ordinary Sanskrit a sentence can mention a form by
quoting it; hence this form can occupy the place of a noun in a
sentence. When referring to the spelling of astz “he is”, the Sanskrit
man in the street will say astiti padam “‘the word ‘asti’”’ or astiti
“fasti’” (the Western man in the street could at the most write
the last expression). If somebody says about a man “he is on holi-
day’’, while in fact the person he refers to has died, the Sanskrit
man in the street could say: “you should have said ‘he was’ in
the place of ‘he is’”’. For “in the place of ‘he is’”’ he will use the
expression astiti padasya sthane (where sthane “in the place of”
is the locative case of sthanam “‘place”, and padasya “‘of the word”
the gemtive of padam “word”).

Linguists are always engaged in substitutions and Panini has
constantly to say “in the place of”’. For the sake of simplicity
he therefore deletes sthane and retains only the genitive of the form
in the place of which something else should be substituted.40

L]

39 Panini 1.1.44. IFor what follows cf. Y. Ojinara and L. RENoU, La
Kasika-vrtti, 1 (Paris 1960) pp. 120-121.
40 Panini 1.1.49: sasthi sthaneyoga ‘‘the (technical) genitive expresses
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This cannot easily produce ambiguity, since non-technical uses
of the genitive are always perspicuous. Had Panini further adopted
ordinary usage, he could have said astiti padasya for “‘in the place
of ‘astz’”’. But now the general convention can be applicd, i.c. asti
can be referred to without being quoted. To put this to practice
another artifice is introduced. The expression ast; “he is” is a
conjugated verbal form but has now entered a sentence where it is
going to function as a noun. It can therefore be declined as a noun
and treated like nouns ending in -i. Since the genitive case termi-
nation of nouns ending in -7 is -efz, Panini expresses “‘in the place
of ‘asti’” by means of a nominalization of a verbal form: astel.
_ As in many other languages, the verb “to be” is rather irregular
n Sanskrit. Some of its forms can be described as derived from asti,
others as derived from a root bhii. This root, when referred to, need
not be quoted but can be treated as a noun ending in -it. The
nomm‘ative case ending of nouns ending in -7t is -#/. Panini treats
some 1rregularities of the verb “‘to be’’ by specifying conditions when
‘a‘S‘tt S_l’lould be replaced by bkii. He therefore needs the expression
bhir’ (should be substituted) in the place of ‘asts’”’. This job can
be done by astel bhith, which then on phonemic grounds is replaced
by aster bhij.a1
re(;rlfirzzp};iln this single rule a r‘elatively long anaﬁlysis has l?een
ot SUffi.cie ilresult., though c‘on‘c1se, may appear neither practical,
sions be(;omneg, 11}11c1d. But this 1s qnly one exarr}pl'e. Such ef:pre.s-
a system. In t}?_’t useful and perspicuous by./ their mC(.)rpor.atlo.n in
Facts in a‘con D1s way the. Indian grammarians d'escnbc hr'lgmstlc
from natul cslse anc.l consistent way. Sl.lc?h.expressmns are dlff.e.re.nt
h anskrit and therefore artificial, but no more artificial

an expressions such as “F(x ” s .
understood only ch as “F(x) » G(x)"”". Their significance is fully

studied in When'the toFal sys.tem in which they are used is
case: o lgrgatex' detail th‘an 1s p0551b1e.here. Consider the opposite
sign thep :l‘?lng to an Indian grammarian (1) the meaning of “if I
e advantest ban treaty, I recognize East Germany”, and (2)

age of representing this by “F(x) > G(x)".

the relation in the place of”

. . CI. J. . SraaL, Context-sensitive rules in
Pl " . ’ o
Panini, Foundationg of Language 1 (1965) 62-71.

41 Panini 2.4.53; cf. 8.2.73.
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Actually similar artificial uses occur in Aristotle who speaks of
76 €ott ‘‘the is”’, and the schoolmen who added quidditas, quodditas,
and the like. In English such expressions are not absent either,
though they seldom occur and are never directly incorporated in a
scientific language.42 When Austin calls one of his essays “Ifs and
cans’’43, the title is, though artificial, immediately intelligible:
no philosopher who adheres to ordinary usage has objected to it on
behalf of ordinary usage. Austin uses ¢f and can as if they were
nouns and forms their plural as if he were treating of horses and
cows. Of course, the essay drives home that these words do not
function like nouns and can never be rcified. Nevertheless the title
exemplifies reification suggested by nominalization.44

Even this usage may appear less extraordinary when compared
to an expression which is quite natural: though English balloons
which fly up and up to the skies are never said to rise ups, the
scholar who is puzzled by these limitations of language may very
well have his ups and downs.45

42 They are indirectly incorporated in formal systems in the sense dealt
with here (above p. 157).

43 Op. cit. pp. 153-180. In the first line of this essay: ““Are cans constitu-
tionally iffy ?”’ can is italicized, but if is not. Does this mean that can is more
canny than if?

44 Titles need not be nominalized, though they often are: the treatment
of a subject suggests slight reification. Ryle, when first writing about abo1,
called his paper “About” (G. RyLg, ‘“About’, Analysis 1 (1933) 1011), but
Goodman is content with About (above note 14), reserving aboutness for
the text.

45 In the above mentioned review (note 36), where some Latin examples
of artificial nominalization have been constructed, italicization in trans-
lations of technical treatises of Sanskrit grammarians is discussed. — If
ifs and cans are acceptable, and can can be said to be iffy, the criticism that
Carnap and Ayer directed against Heidegger’s das Nichts nichtet applies to
nothing, but does not affect nothings once it is taken for granted that nothing
s meaningful (in this sentence quotes are optional). In all such cases the
parts of speech are no longer used as disjunct classes: conjunctions are
nominalized or adjectivized and nouns are verbalized. In historical linguistics,
this may have happened in, e.g., English or Chinese. In philosophy the need
was felt, not only of neologisms, but also of neogrammaticalisms (cf. M. Hxi-
DEGGER, Sein und Zeit (Halle 1931) p. 39: “fiir die letztgenannte Aufgabe
(i.e., Seiendes in seinem Sein zu fassen) fehlen nicht:nur die Worte, sondern
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4. Nominalization

In order to characterize nominalization as used in the artificial
Sanskrit of Indian logic and philosophy, a kind of modcl 46 and an
outline of its construction will be given. This model is th(i rcs.ult 9f a
generalization from some important features of this I’lOlTllIlzlllZE'lt.IO.rl.
It will consist of rules which exhibit methods by which artificial
nominalized expressions can be derived from sentences in natural
Sanskrit. Some sentences which can be derived from the mo@el mz‘Ly
not be idiomatic, while many others, though probably idiomatic,
have not been found in existing texts.47 Illustrations will partly

vor allem die ‘Grammatik’”’). Aristotle and the schoolmen did not' shrink
from such artificialities, as we saw before. The problem is what usec is made
of such jargon and, in particular, whether such expressions arc incorpora.ted
in a system. Isolated examples of artificial extensions of grmnnmtlc:_ll
Possibilities are also found in Indian philosophy. Sure$vara uses the Sanskrit
bersonal pronoun aham ““I' to denote the Self as well as the ego. In the
first case he forms a regular genitive mama “of the Self”’, in the second het
treates afiam ag a noun and forms the artificial genitive aliamah “‘of the ego”
(Hacker, op. cif, P- 1952 note 2).
46 The term

‘model” is used here in a general sense and without specific
reference to model theory.

47 The apparent discrepancy between an actually available corpus gf
linguistic utterances and the probably idiomatic results of constructions is
none other than the distinction Chomsky made between linguistic data and
linguistic facts: see N. CHoMsKY, Some Methodological Remarks on Genera-
tive Grammar, Word 17 (1961) 219-239. The identification of utterances as
belonging to a corpus through checking with informants (cf. Z. S. Harris,
Structuyal Linguistics (Chicago 1960) p. 12 note 12) is no easy matter when
dealing witly 5 language such as Sanskrit which, though not dead, is still
mainly available in a large corpus of texts. Such a corpus rarely provides
the exact answer to a particular question: this was another reason for pro-
Posing a mode] instead of a description in the present paper. Though Harris’
methodological réquirements may need some modification in view of lan-
g,iuages like Sanskrit, it is imperative that a modern linguist should study
Sanskrit with the help of a pandit who speaks the language fluently (for-
tunately, they are not rare in Iﬁ&ia). Apart from the use that can be made
of the work done by Indian grammarians, an advantage of Sanskrit as an
tructural research is that we can confine ourselves to the language
(whether spoken or written) as it is spelled, for the spelling is largely phonetic

(Cf. W. g, ALLEN, Phonetics in Ancient India (London 1953) and the article
quoted above note 31)

object of g
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be taken from studies on Sanskrit artificial and semi-artificial
nominalization by Jacobi, Hartmann and Renou.#® In order to
arrive at an adequate and formal description which is satisfactory
from a linguistic point of view, a much larger body of texts will
have to be examined than is possible here. There is no lack of
such texts, even in Western libraries. I therefore hope that linguists
who know Sanskrit will be prepared to undertake this job. The fol-
lowing sketch may have heuristic value for them. Actually Sanskrit
nominalization, natural as well as artificial, should prove an exciting
topic for structural linguists. The reaction against Latingrammar, an
important factor in the establishment of modern linguistics, has had
its salutary effects. Linguistic methods, successfully applied to
English and numerous ‘‘exotic” languages, appear now powerful
enough to tackle the language which has always been the corner-
stone of Indo-European philology. Moreover there are structures in
Sanskrit which a student of Latin could hardly have dreamt of, let
alone appreciated. Nominalization is one of these.49 It is imperative
that modern linguistic research on Sanskrit should follow the lead
of the Indian grammarians, especially of Panini. Western grammars
may be consulted if necessary. Structural linguists who study
Panini may well experience a strangely familiar atmosphere and

48 H. Jacosi, Uber den nominalen Stil des wissenschaftlichen Sanskrits.
Indogermanische Forschungen 14 (1903) 236-251; P. HArRTMANN, Nonunale
Ausdrucksforinen im wissenschaftlichen Sanshrit (Heidelberg 1955) (cf. also
the same, ‘Lebendige’ Sprachformen: Zur Frage des nominalen Ausdrucks.
Sprachforum 1 (1955) 223-233, especially p. 229); 1.. RENou, Histoirve de la
langue sanskrite, and Recherches sur 'emploi du participe in, Efudes de
grammaive sanskrite, 1 (Paris 1936). — Nominalization is also conspicuous
in kavya (erudite poetry).

49 Another feature is nominal composition: cf. J. F. StaaL in BSOAS 23
(1960) 110-113 and Synthese 12 (1960) 281. Cf. also Renou op. cit. p. 144:
“En définitive, le bhasya i son apogée — surtout le bh@sya philosophique —
a été une réussite achevée dans la voie de 'abstraction, de la condensation,
et cela dans des conditions d’autant plus extraordinaires que rien, dans le
substrat linguistique élémentaire, n'y préparait”. — (Added in the proof)
Nominal composition is treated at length in R. Harweag, Kompositum und
Katalysationstext vornehmlich im spéten Sanskrit (The Hague 1964) which was
published after the above article was sent to the press (August 1963) and
will be reviewed in the Indo-Iranian Journal.
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this is not surprising, since Panini’s grammar contributed, mainly
through Bloomfield, to the foundations of modern linguistics.

To logicians the following sketch may scem to be primarily a
linguistic affair. But which Indian logician would not at first sight
consider an introduction to a Western formal system a special
chapter of English syntax? 50 One cannot talk about artificial
Sanskrit without talking about Sanskrit: this gives the exposition
a linguistic flavour. Another factor will contribute to create a
similar impression. In the following outline some ideas of Chomsky will
be utilized, though the formalizations proposed here will be different
from those used by Chomsky 51 and Lees 52. Though Chomsky is
Tegarded by some linguists as a kind of logician, most linguists
and logicians rightly consider his work an attempt at linguistic
description of natural languages, which has in common with logic —
and with many of the sciences — a good amount of formalization.53
One respect in which the model proposed here is different from a
logical model, is that it explicitly starts from Sanskrit sentences.
Two respects in which it is different from a linguistic description are
that (1) its object consists of linguistic structures which arc partly
artificial and (2) it merely exhibits some structures of the object-
language. Chomsky and Lees do not provide models in this sense,
but attempt to construct adequate descriptions.

The peculiar situation we are faced with here is determined by the
Object of study: an artificial language constructed from and within
a rather unfamiliar natural language_ Since for this reason natural
features of the artificial language will have to be studied as well,
While on the other hand Western students of Western artificial

%0 Cf. RusscrL’s remarks on natural langu
©Xpressions in Introduction
esp. chapters X V-XVII.

31 Especially: N. CHOMSKY, Symtactic Styyctuves (
APpendix [ of passint.

:: R. B. Lees, The grammay of E”é’lisb Nominalizations (The Hague 1963).

Of course there is more to it: see, ¢.g N. CHoMSKY, Logical Syntax
4Nd Semantics: their Linguistic Relevance, Language 31 (1955) 36-45;
i- W. Betn, Konstanten van het wiskundige denken. Med. Kon. Nederlandse

23klademie v. Wetenschappen, Afd. Letterkunde, Nieuwe recks 26, 7 (1963)
—256.

ages when introducing formal
to Mathematicq] Philosophy (London 1948)

's-Gravenhage 1957)
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systems have often forgotten the structures of their own natural
language, generally assimilated some decades earlier, conditions are
created for a coup d’eil on both natural and artificial features of
language. The results will probably suffice to show that the differ-
ence between natural and artificial language is relative (actually
some features could be described as semi-artificial). This has nothing
to do with the fact that Western artificial languages appear more
artificial than Indian ones (an impression partly created by formali-
zation); on the contrary, this fact points to the existence of degrees
of artificiality. Some structures of Western logic could be looked
upon as partial descriptions of the skeleton (in some sense or other)
of a natural language. Other structures could be interpreted as
constructions inspired or suggested by particular structures of
natural languages.’® The gap between natural and artificial
languages appears unbridgeable mainly to those who neglect the
intermediaries and whose image of the situation resembles a
total blank with a play of Shakespeare at the one end and an article
in the Jowurnal of Symbolic Logic at the other. In fact, both scientific
Sanskrit and Western formal systems can be described as specimens
of artificial Indo-European.

The kind of nominalization studied here can be described as a
development of the following, earlier mentioned, sequence of
expressions:

ghato nilah (1)
ghatasya nilatvam (2)
ghatanilatvam (3)

In order to study the nominalizations in (2) and (3), let (1) be called
a source sentence or source and let (2) and (3) be called transforms
which can be derived from (1) by transformational rules, T1 and T2
respectively. In general, sources are expressions of natural Sanskrit
wherecas nominalized transforms are expressions of artificial
Sanskrit. The further nominalization proceeds, the greater the
degree of artificiality. The transformational rules can therefore
be regarded as rules for the construction of an artificial language
from a natural language. Transformational rules will be written

54 Cf. the second article quoted above (note 32), esp. p. 71.
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in the form X — Y “rewrite X as Y, where Y is a transform and X
is a source, which itself may be a transform. The transformational
rules T1 and T2 should therefore be of the form:

(1) — (2) T1
(1) — (3) T2

If required, a transformational rule may also describe:
(2) — (3) T3

and thereby show that (3) can be described as a transform of the
second order.

Sources such as (1), which are not transforms, will be considered
as given: an analysis of transformational structure presupposes
an analysis of phrase structure. Phrase structure rules will be required
to produce sources along with specifications of their constituent
structure. For the present purpose it will suffice to describe sources
and transforms as strings, the elements of which arc morphemes,
words or larger units. The original and derived P-markers (structural
descriptions) will not be given here but can be casily supplied. The
phrase structure rules must be supplemented by lexical ritles, by
means of which specific morphemes, etc., are substituted for general

expressions for morphemes, etc.

To the resulting cxpressions
sandhi  yules

(roughly: morphophonemic rules) are applied in
order to produce grammatical sentences of the form (1). The
transforms will undergo a similar treatment. Since attention will
be mainly directed to transformational rules, the lexical and
§andhi rules will be only illustrated. The notation used in these
lustrations is clear from the context and will not be described.
Adequate formulations of phrase structure and sandhi rules
would require a restatement of a large part of Sanskrit grammar.

Since sources and transforms are described as strings consisting
Qf elements, the only relation required for the description of strings
1s the relation of concatenation which holds between two elements
which occur in a string in immediate succession. Concatenation
will be symbolized by “~”. Since word and sentence boundaries are
presupposed, the open space between words and at the beginning
and end of sentences is also an element of strings. This element will
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be symbolized by ““#”’. This symbol will never be used, however,

¢ i3}

since ‘- 7# -"° will be abbreviated as ‘“+”’ and initial “# -
and final ‘= #”" will be omitted.

A rough outline of the phrase structure analysis can be given
along the following lines. Before stating the lexical rules, the ele-
ments of strings will be classified under the following types:

(1) %y ...,N@®), NW), ..., N@), ... interpreted as nominal
stems,
(1) o, ... interpreted as werbal stems;
(i) 1,2, ..., 7 interpreted as case endings in Panini’s order:
1 nominative
2 accusative
3 instrumental
4 dative
S ablative
6 genitive
7 locative:
(iv) ¢, ... interpreted as verbal cndings;
( V) #'55

The elements N(x), N(y), ..., N(»), ... can be interpreted as no-
minal stems of nominalizations of elements of types (i) and (ii).
Repeated nominalization can occur, as was noted before. The
nominalization of sentences will be described by transformational
rules. This implies that little attention will be paid to some parallels
between nominalizations at different levels. Such considerations
are nevertheless relevant, since use could be made of parallels
to increase the degree of simplicity in a full-fledged transformational
grammar of Sanskrit.

55 For more adequate statements of phrase structure rules, the types
of elements should be further subdivided and specified, other types should
be added, and different types may be expressed with the help of different
typographical means, subscripts, accents or the like. In this paper no ambigui-
ty will arise though small Roman letters are used in most cases.
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Lexical rules

X, 9, ... —ghata, nila, mangala, karana, . ..
v, .. — bhava, padya, sadhaya, kalpa, . . .
1 — O(zero), b, m,s, a, 1, ...

2—=m, ...

3 —~ena,a, ...

4 — dya, ...

S — at, smat, el, yah, . ..
6 — sya, nam, eh, al, . ..

7 —e¢ am, ...
(7N - i1, te, nie, . ..
N(x), ... — X—tva, X—ta, Xx—na, x-t, ...

Sandhi vules

tamas + Q0 —» tamah

ghata — h - nila — b — ghato nilak
kalpana ~yalh — kalpanaydah

rasa — nam — vasanam

Tiidna — aya — jrianaya

bhakt; — eh — bhakteh

bhaktil, jiandya — bhaktir jiiandya
tat — utpattip, tadutpatiih

Wila — B 4Gty s pila it

upadya — te - it; s utpadyata iti
etc,

Tmnsformational rules

Yol y—1 5 464 Ny) —1
Folty—1 s N — 1

With the help of lexical rules these can be exemplified as:
ghata — h 4- nilag — h — ghata — sya + wnila — tpg — m
— ghata — nila — tyg — 4,

With the help of sandhi rules this can be written as:
ghato nilah — ghatasya nilatvam
— O¢hatanilatvam

T1
T2

T1
T2

T1
T2
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Other substitutions can be similarly made, e.g.;

X — tamas

1 — O (tamal ‘“‘darkness”’)

y — dasamadravya

I — m (dasamadravyam ‘‘tenth substance”’)
6 —ah

After applying sandhi rules also the results are:

tamo dasamadravvam — tamaso daSamadravyatvam T1
— Ytamodasamadravyatvam T2
“darkness is the tenth substance’ .56

Another example:
x — karvana
1 - m
y — karvaniyatapiirvavrtti
1 — O (Raryaniyatapitrvavrtteh ‘‘necessarily preceding the effect”)
karanam karyaniyatapitrvavrtti — karvanasya karyaniyata-
pitrvavrttitvam  T1
— Okaranakdaryaniyata-
pitrvavrttitvam T2
“the cause necessarily precedes
the effect”.

So far sources have been representend by purely nominal sentences,
where subject and predicate occur in the nominative. Next verbal
sentences will be considered consisting of: (1) a noun in the no-
minative; (2) a noun in the accusative, instrumental, dative,
ablative or locative;37 and (3) a verb. The elements of the strings

56 Quoted earlier (above p. 161).

57 Deletion of the genitive corresponds to its so-called quasi-adjectival
function. In Panini this is expressed by deleting the genitive in the list of
cases which can be used to express a relation between the referent of a noun
and the referent of a verb (kdraka; exceptions are dealt with in Panini
2.3.51-63). Philologists usually call these cases oblique. The genitive ex-
presses a relation between two nouns. This can also be nominalized by the
simple rule:

¥—6+y-1->xr—y—1

which yields a tatpurisa compound (cf. BSOAS 23 (1960) 111-112).
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will be given in this order, though the order of nouns may be revers-
ed.58 Such sentences can be nominalized in accordance with the
following transformations which hold for numerals ¢ such thatz # 1,
1 5% 6, and (in the case of TS) ¢ # 2:

x—1+y—it+v—t—-x—6+y—N@E—1 T4 59
—y —i+x =N — 1 TS
—0y — x — N(v) — 1 Té6

Note that T4 and Té result in transforms which can be ambiguous,
since i has disappeared.® Such cases of ““nominalizational homo-

58 In highly inflexional languages such as natural Sanskrit a problem is
created by the optional character of word order, by which generally synony-
mous sentences are produced. This suggests a description in other terms than
strings. A grammar constructed for the generation of strings should contain
numerous additional rules to exhibit these options. It might be more eco-
nomical to mention only the restrictions by which certain types of word
order are excluded. Since the order of elements in nominalized expressions
is relatively fixed (cf. note 60) a description in terms of strings is undoubtedly
the most simple. See further H. B. Curry and H. Hiz in: Structure of
Language and its Mathematical Aspects (Providence 1961) pp. 66 and 256,

% Note that T1 can be considered a special case of T4 if T4 is written as:

X—1ld4y—ito—t—>x—6+Nyo)—1(0~6).

However the simplicity thus gained at the transformational level is probably
lost at the phrase structure level, where additional rules will be required, e.g.:

N(y, v) — N(y) for v = 0, as, bhava, ...
Ny, v) >y — N(v) forv #+ 0

{In the last expression, as, bhava, - .. need not be excluded since we may
need. N(as) - sat, N(bhava) — bhava, etc.) Attempts to find an ad lhoc
solution may await a general decision procedure for simplicity, covering
all lev‘els of grammatical description. As far as I know this has not been done
(cf. N. GOoobMAN, The Structure of Appearance (Cambridge Mass. 1951)
pp. ?9‘851 J. G. KeMmENy, The Use of Simplicity in Induction, ’hilosophical
Rev1e_w 62 (1953) 391-408: M. Harri, On the Role of Simplicity in Linguistic
Descriptions, Structure of language and its mathematical aspects (American
)’I?:.Ehematical Society 1961) pp. 89-94)-

. ? _:\ generalization of this disappearance of 7 in nominalized expressions
implies that the inflected system of natural Sanskrit is exchanged for an
artificial system where the order of elements becomes increasingly important,
At the same time word boundaries disappear. Hartmann has given a semantic
analysis of this system and has shown how the result resembles the structure
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nymy’’ are relatively common in Sanskrit. \While the hearer or
reader understands such sentences on account of the context,
the different uses can be described without semantic analysis by
mentioning the transformational history, i.e., by describing trans-
forms in terms of transformations such as T4 and Té.

IFor each case one example will follow:

X ->mangala
1 —mn (mangalam “introductory benediction’’)
y — samdapti
2 —m (samdptih “‘completion”)
v — sadhaya
t - ti (sadhayati “‘accomplishes”)
N(sadhaya) — sadhanatva
mangalam samaptim sadhayati — mangalasya samaptisadhanatvam
T4
— Osamaptimangalasidhanatvam
Té
“theintroductory benediction accom-
plishes the completion (of the work)”’

1 =3
X —>rasa
1 ->al (rasalt “‘sentiment’’)
y - svasabda
3 —ecna (svasabdal “*(its) own name”’)
v — nivedya
t — nte (nivedyante “‘are called”)
6 — nam
N (nivedya) — niveditatva
rasal svasabdena nivedyante - rasandam svasabdaniveditatvam T4
— svasabdena rasaniveditatvam TS
— Osvasabdarasaniveditatvam Té
“feelings are called by their own name”

of systems like Chinese, where no inflexion exists and all units occur in
juxtaposition so that order is a decisive factor (op. cit. p. 207 sq.).
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i=4
x — bhakti
1 -4 (bhaktils “‘love’)
Y — jiidna
4 — aya (7ianam “‘knowledge’’)
v — Ralpa
t — te
6 —eh
N (kalpa) — kalpana
bhaktir jiianaya kalpate —» bhakter jiianakalpana
-> jiianaya bhaktikalpana
— Yiianabhaktikalpana
“love is conducive to knowledge”’

(kalpate “‘conduces to”)

=35
X —>tat
1 -0
Y = anya
S — smat
U —> Mtﬁady a
L~ te
Nutpadya) — wipatt;
fad anyasmad utpadyate — tasya anyotpatiih
— anyasmat tadutpattify
— Ognyatadutpatich

(¢at “‘that”’)
(anyah “other”)

(utpadyate “‘arises’)

“that arises from something clse”

X — lamas

1 — 0

Y — brthiv;

U — antarbhgyg
t - ¢

N (antarbkam)

(tamah ““darkness’’)
(prthivi “earth’)

(antarbhavati “exists in”’)
~ antarbhdva

tamah py thivyam antarbhavati — tamasal prthivyantarbhavah

— prihvyam tamontarbhivah

T4
TS
Té

T4
TS
Te

T4
T5
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— prihivitamontarbhaval T6
““darkness exists in earth”

From a logical point of view all transforms obtained by these
transformations express propositions of the form “I'(x)”. Since
the transforms are nominalized they can be introduced into senten-
ces like nouns. The sources can be incorporated in a sentence only
if quoted. The simplest kind of incorporation in a sentence is as
of “x” in “F(x)” or as of a subject in a predicative sentence. In
Sanskrit the predicate can be expressed by an adjective, the ending
of which agrees with the ending of the subject (e.g., in gender).
An example is the adjective siddiia—"established”. The masculine,
feminine and neuter endings of siddia- are k, a, and m, respectively.

Let sources be denoted by “K”, their nominalized transforms by
“T”, and masculine, feminine and neuter transforms by ‘T,
“T¢" and ‘T, respectively, then:

“‘K’ is established” — ““T is established”
“K-1ti stddham™ — “Ty stddhal”, “‘Tysiddha” or “T, stddham’’.

Accordingly we can construct:

ghato nila iti siddham — ghatasya nilatvam siddham
— ghatanilatvam siddham
mangalam samaptim sadhayatiti siddham — mangalasya samapti-
sadhanatvam stddham
— samaptimangalasadhanatvam siddham
tad anyasmad utpadyata iti siddham — tasya anyotpattil siddha
— anyasmat tadutpattih siddha
— anyatadutpattih siddha
etc.61

Readers who have been puzzled by the unexplained symbol ©
will be relieved by its absence here. While most nominalized
transforms can occur as sentences or be incorporated in sentences,
nominalized transforms marked with ¢ may be incorporated in
sentences, but rarely function as sentences themselves. Since they

61 Another example occurred earlier (p. 161).
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times incorporated they had to be first constructed. This
are sometim
: 2 and Té. : ‘e 4 vene
ex%ami . een fii; quotation in English provides a gencral
metheOd af\;: ir(ftroducmg expressions into our discoursce \\1tt1mta
. . - ntexts.
limited context. In Sanskrit, 77 can be used in many more co hoxts.
The nominalize:d transforms constructed here can func'tl()tl 1 f(1
s _ > subst ed for
still greater number of contexts. They can _bc Su‘}.).s't1numrtance
almost any noun in a sentence. This partly explains their imj
for artificial Sanskrit. Lo L same way
In general all nominalized transforms function in the 5ant1c \\tay1
, hi ere treated
as the nominalized expressions (2) and (3) “}jlll{d.it “}Sllqti\'c is to
earlier. We have seen that a furlCtion_of the Sans r1 : : (thc Pof is
eXPress a reason, so that gha_zfanflatvat expresses .s‘mg v ')Ogsiblc
blue”. As this holds for all nominalized transforms, it is pos
- A $ : . ssions as:
to construct sentences which COrlml_n such exPrCS.SIOI]::CCanrin pre-
karazmkdryaniyatapz'trvavlrttitvﬁt “since the cause ncces:
cedes the effect” : : : 1e”’
svasabdarasaniveditatvat *“as feelings are called b}; Fhurl()(\?,l? name
I ; relse’;
tasya anyotpatteh “‘because that arises frgm SOmCt.m?{; ‘ knowledge”.
1Mandaya bhaktz'kalj)andydh “because love 1s co‘nducwc. O N
The other cases will be considered next. The nommfl : e ()hce as
ablative cases of nominalized transforms occupy thc Sh}rl?a 1lo(cativ;)
:(G(x)n and “F(x)”, respectively, 11 F(x) - G(l) 1 o
CXpresses a conditional which is often counterfactua ,1-( té’ ;1 realized
mangalasamaptisadhanatve “if the introductory benediction realize
the completion’ ; isted in carth’ -
tawiasah prthivyantarbhave *'if darkness ex15tc(1 o lse” ’
- Y (1Se .
anyasmadqt tadutpattay ‘if that arose from something clsc

I api is added to such locative expressions, the conditional
becomes concessive

o : T ' > is conducive to
Jianaya blzaktzkalpandydm api “even i love is
knowledge” :

Ings d by their
svas’abdamsanivcditatve’j)z' ““although feelings arc called by
Own name”’,
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The dative expresses a purpose:

mangalasya samaptisadhanatvava “in order that the introductory
benediction may accomplish the completion”

and the instrumental expresses a reason or further specification

of the reason, and i1s thercfore generally used in combination

with the ablative, e.g.,:

anyatadutpattyd mangalasamaptisadhanatvat “*since the introductory
benediction realizes the completion in as far as that arises
from somcthing else”.

Now let “Nom’’ denote any of the strings occurring to the right
of the symbol “—"" and to the left of the final elements “~1"" in
T1 -Té6; let “S” denote any sentence and let “NP” and “V'P”
denote the noun and verb phrases respectively of ““S’"; then the
previous results can be expressed by five transformational rules.
These rules are of a type not considered before: the transforms are
derived from more than one source. The following five expressions
give only the transforms (the most common word order is exhibit-
ed: see footnote 58). For the first four, the sources are “S’” and
“Nom — 1”; for the last, “S”, Nom - 1" and “Nom’ - 1"":

“t

Nom — 1 4+ VP T7

S 4+ Nom — 5 T8
Nom — 7 + S (¢ ==4,7) T9
Nom — 7 + api + S T10

S + Nom — 3 4+ Nom’ — 5 T11

Next the system will be extended in order to express negation
and modality.62 For negation the general rules are the following.
It is assumed that the negative particle na “‘not” occurs in the
source in concatenation with “VP”’ (this restriction can be removed
if required: see footnote 58):

NP + 5a + VP -~ Nom — | + ndst: T12
NP + na 4+ VP — (@ — Nom) — 1 T13

62 Conjunction (by means of ca “and” or nominal compeosition (dvandva))
and disjunction (by means of v@ “‘or”’) pose no special problem. I'or particular
cases see Ingalls, op. cit. pp. 63-65.
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where:

(¢ — Nom) —a — N(y),y —a — N(v), x —a — N(v),
y—x — a —N (v)

and:
NP 4+ na + VP — Nom — ablhdava — 1 T14
Examples:
x—l—{—na—}—y—2-{-U—t—>x—6+}/—l\7(v)—1+
nasti T12

mangalam na samaptim sadhayatt — mangalasya samaptisidhanatvam

nasti

“the introductory benediction does not accomplish the com-

pletion”
x—14+na+y—4+v—t—-y—x—a—N@ —1 TI3
bhaktir na jiiandaya kalpate — jrianabhaktyakalpana

“love is not conducive to knowledge”

x—14+na+y—1-—>x—6+ Ny — abhdava — 7 + apr T14

karanam na karyaniyatapiirvavyiti — karanasya haryaniyatapiirva-

vrititvabhave’ pi

“though the cause does not necessarily precede the cffect”

Modality can be introduced into the system in a similar way as
abhava was introduced into T14. While various modal expressions
can he variously introduced into the natural sources, there are only
a few typical methods for introducing modality into artificial
nominalized transforms. Modal functors are more casily incorporated
In the artificial language than in natural Sanskrit. In order to
avoid the complications of natural language, all modal sources will
be denoted by “Mod(S)":

sambhava ‘‘possibility”’
Mod(S) — y —i 4+ x — N{@ — sambhava — 1
anyasmad tadutpattisambhaval

“that can arise from something else”
avasyakatva “‘necessity’’

Mod(S) - x — 6 + y — N(v) — avasyakatva — 1
mangalasya samaptisadhanatvivasyakatvam
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““the introductory benediction must accomplish the com-
pletion”
anupapatti “‘impossibility”
Mod(S) -~y — x — N(v) — anupapalti — 5

svasabdarasaniveditatvanupapatteh
“since feelings cannot be called by their name’’.

The general rule can be stated as follows:

Mod(S) — Nom — M -1 T15

where:

M — sambhava, avasyakatva, anupapatti, . ..

FFurther nominalizations can be constructed by combining T12-
T14 with T15, combining substitution results of T15 with each
other and substituting “Nom-M"" for any “Nom” in T7-T11.

The transformations T1-T15 show methods by which Indian
scholars have constructed an artificial language from ordinary
Sanskrit. Since transforms derived from sources which are not
transforms themselves can be called first order transforms, and
transforms derived from 7-th order transforms can be called (n+1)st
order transforms, the order of transforms can be denoted by a
numeral and regarded as a measure for the degree of artificiality.
By adding the order numcerals of the constituent transforms of a
sentence, each sentence can be given an index which expresses the
degree of its nominalization. In the finally resulting artificial
language, implication, conditionality, concessiveness, finality,
specification, conjunction, disjunction, necgation and modality
can be systematically expressed by means of sentences with various
degrees of nominalization, resulting [rom various types of nomi-
nalization. Quantification, which also involves nominalization, poses
a separate problem.63

=

3 See Bocuenski, Formale Logik, p. 513; INGALLs, op. cif. pp. 47-50;
J. . Staar, Means of Formalization in Indian and Western Logic, Proceed-
ings of the XIIth International Congress of Philosophy, 10 (Firenze 1960)
pPp. 221-227 and BSOAS 23 (1960) 114; A. Uno, The Determination of
Terms in Navya-nydya, Journal of Indian and Buddhist Studies 7 (1958}
331-335.
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Sentences marked with high nominalization indices suggest
considerable reification, especially since logicians and most Hindu
philosophers who use this language are realists. The issue between
realists and nominalists depends on scmantic interpretation.
According to nominalists, the higher order transforms are identical
in meaning with their sources. According to realists, they are not.
In general, many transformations produce sentences that are
synonymous with their sources. IExceptions are, for cxample,
the question, imperative and negation transformations (cf. Fodor
and Katz 64). Nominalizing transformations occupy an inter-
mediate position: semantic interpretation of nominalization involves
ontological commitment.

What has been done so far corresponds mainly to a characteriz-
ation of well-formed expressions of an artificial language. Trans-
formational theory could be used for this characterization since
its main purpose is to provide a description of grammaticality in
natural languages. Grammaticality in natural languages corresponds
to well-formedness in artificial languages. Moreover, transformation-
al theory generates strings which could be used to exhibit the rela-
tively fixed order of elements in nominalized expressions. However,

% The original statement of J. A Fopor (Projection and Paraphrase
In Semantics, Analysis 21 (1960-61) 73-77) that most transformations change
mea.ning, the most important exception being the active-passive transfor-
mation, has been exchanged, via J. J. Karz (A reply to “I’rojection and
Paraphrase in Semantics’, Analysis 22 (1961-62) 36-41) for the formulation
of Fopor and KaTz (The Structure of a Semantic Theory, Language 39
(1963) 170-210- see p. 206) adopted here. Sce now (added in the proof):
J. J. Katz ang P. M. PostaL, An infegrated theory of linguistic descriptions
(Cambridge Mass, 1964), csp. Ch. 4. Whether any two expressions are
ever strictly P-related, identical in meaning or synonyvmous has been
qQuestioned, with special reference to terms rather than sentences, by N.

GQODMAN (On Likeness of Meaning, Analysis 10 (1949-50) 1-7, On Some
Differences about Meaning, Analysis 13 (1952-53) 90-96) and B. MATES
(Syﬂonymity, University of California Publications in Philosophy 25 (1950)
201-226). The discussion continues. The criticism of synonymity as well as
the related attacks by Quine and White (from 1950 onward, but see Word
and object P. 67 note 7) on the analytic/synthetic distinction were clearly
foreshadowed in 1940 by Austin, who considered sentences as well as terms
(see Philosophical Papers pp. 30-37).
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the real work can only begin when the well-formed expressions are
at hand. Only a logical language can provide the foundation for
logic and an adequate treatment of interesting philosophic pro-
blems. But this is another topic.

It may be too early to speculate on the possible forms of trans-
formational rules by which Western artificial languages can be
derived from Western natural languages. I hope the above fragment
will provide some methods which can be utilized in this type of
foundational research. The result might contribute to the foun-
dation of a science of language, which is empirical as well as creative
and which includes an analysis of some of the roots from which
logical and philosophic perplexities arise.

Universitv of Amsterdam, The Netherlands



ANNEX TO CHAPTER 10

EINIGE LINGUISTISCHE BEMERKUNGEN
ZUM VORSTEHENDEN THEMA

PETER HARTMANN

Nach einem freundschaftlich gewidhrten Einblick in sein Manus-
kript dusserte der Verfasser des vorstehenden Beitrags den Wunsch,
da}ss seiner Darstellung noch einige Bemerkungen aus der Sicht eines
L'1nguisten beigegeben wiirden. Dem komme ich gerne nach: Einmal
smd die angeschnittenen Fragen so behandelt, dass sie fiir die
L‘m‘guistik von erheblichem Interesse sein miissen — denn sie ver-
einigen semantische und formale Gesichtspunkte mit cinem direkten
Blick auf das fiir die Sprachtechnik entscheidende Verhdltnis zwi-
schen Wort und Satz, Name und Aussage, Teil und Ganzem. Zum
anderen erﬁ?ffnen sie eine neue Stellungnahme zur Rolle der Sprache
zlliii}’mbohsmus — was ebenfalls einem Linguisten nicht unwichtig

: €n k.ann, der bei aller systeminternen Forschung und Analyse
f:a?ienthc‘h wissen muss, in welcher Weise sein Objekt {iberhaupt
Wennel;izx;st'ent 1st.. Er wird eine Hilfc hierzu umso mechr begriissen,
hre Behanceﬁtens einer Philosophle‘kommt, die es nicht ablehnt,

Wenn es 1}ngsob]e.kte auch Sachhcl“} zu kennen.
mein on o einem Linguisten auch nlfamgls zuste‘.hen kanp, allge-
bemerker{ Wg:n',‘ was zuvor von den‘ indischen Grammatikern zu
than professicf the _Ir}dian grammarians, who oftc?n use more logic
cine Nho Zunaé logicians” (p. 152), $0 darf er darm' d.och vielleicht
Analysator do. em S‘:e_danken Sehen, der sich bei ihm als df:m
meldet: dass & nz‘tturl}c}}-sprachhchen‘ Formgebung gelegentlich
setzungsfreier (fO hngmstl.sch—grarr‘lmatls§he' Analyse df)rt voraus-
aller Bindung dormaler) ist als Fhe log(ISF)lsChC,' wo sic noch wor
wirklich foor: nl{rch. Semantik hegt u.nd ihr Objckt erforscht als

> Damlich nur-kombinative (grammatische) Form -
auch wenn diese “aqp sich” so ‘‘nie vorkommen kann’’. Eine ent-
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sprechend weit angelegte Linguistik konnte also zum Thema des
Formalen in Ausdriicken etwas aussagen, das auch dem Logiker inte-
ressant sein diirfte, denn “logical expressions are closely related to
the structure of languages in which they occur” (p. 152). Obgleich
eine linguistische Lehre von den moglichen (vorhandenen) leeren
Ausdrucksformen - als induktive Forschung — zundchst nur bis zu
natiirlichen letzten Formgebungen in realisierten Sprach- und
Formulierungstypen kommen kann, wiirde sie doch ebenso even-
tuelle Abhingigkeiten (Ahnlichkeiten) zwischen natiirlichen Aus-
gangssprachen und kiinstlichen Formalsprachen besser erkennen
lassen, wie auch zur Frage eines nicht-mehr-natiirlichen, voraus-
setzungsfreien und nur seinem log(ist)ischen Zweck adédquaten
Symbolismus einiges beitragen kénnen.
So zu Fragen wie:

Ist iiberhaupt eine Sprache moglich, die, als reduziertes
und speziell prédpariertes System, ausschliesslich nach den
FForderungen der von ihr auszusagenden Korrelate — der lo-
gischen Formen und Typen — eingerichtet ist?

Ist sie iiberhaupt notig oder geniigt es, bei welcher halb-
natiirlichen oder halb-kiinstlichen Sprachform immer, jeweils
dazuzusagen, wie die eine oder andere ‘“‘unvollkommene”
Ausdrucksformation hinsichtlich einer logischen Form zu
verstehen ist?

Wie sehen solche TForderungen aus, zu denen es ja z.B.
gehoren wird, dass es gleichgiiltsg sein kann/muss, an welcher
Stelle etwas wie die altbekannten Glieder Subjekt/Priadikat
im Ausdruck erscheinen, auf Elemente welcher Formgebung
(Wortart) der Subjekts- oder Pradikatwert f4llt?

Wie verhdlt sich andrerseits eine beliebig kiinstliche Sprache,
wenn sie zwecks Sicherung ihres Informationswertes ihre wie
immer benutzbaren Symbole (Namen, Ausdriicke) der Funkiion
nach unterscheiden muss, obgleich es fiir deren Bedeutungen
vielleicht gleichgiiltig ist, wie sie iiberhaupt ihren Ausdruck
finden?

So wenig hier zur Autonomisierung der Logik gesagt werden kann,
so gewiss scheint es auch einem Linguisten, dass sie primar tiber
eine Analyse ihrer semantischen Formen (“‘Sprache’) gewinnbar
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und zu bewerkstelligen ist. Daher wire eine allgemein und formal
genug gefasste Lehre der leeren Ausdrucksformutionen, cventuell
auch der Werte derartiger Formen, den Interessenten beider Ge-
biete dienlich.

Doch wenden wir uns den im vorigen mitgeteilten Tatsachen zu.
Die drei behandelten Punkte Reification aufgrund von Benennung,
Quotation in Form eines Satzteils (Substantivs, Namens) und
Substantivierung zum Satzteil werden fiir den Linguisten zweifach
wichtig: 1. formal, 2. inhaltlich.

In formaler Hinsicht: Alle drei Titel fallen unter das Oberthema
der Opposition zwischen Teil und Ganzem. Reification ist dic
Anerkennung eines Teilwertes (einer Bedeutung) als real-existent,
“parts of sentences ... considered as referring to things” (p. 154);
Zitieren ist das Einbeziehen von Teilen oder Ganzen in ihrer Ori-
ginalform in einen “neuen” bzw. andercn Satzausdruck: Sub-
stantivierung ist das Verwandeln von Noch-nicht-Namen in Satz-
teile unter Einbau in satzgemisse Formgebung. Damit crgibt sich
ein Durchblick, der Vorkommen von Textstiicken vereinigt, die
linguistischerseits nicht immer so gesehen und ecrfasst werden:
namlich Worter als Wérter mit neuem (z.B. Zitat—)]’)czug, Sdtze
als Satzteile und Aussagen in Geltung als zumteil mehrstufige
Weérter. Das zeigt, wie hier die sogenannte Funktion, genauer der
Wille zur Llementverwendung und Ausdrucksbildung, Elemente
verschiedenen Umfangs vom Affix (p. 166) bis zum mchrgliedrigen
Satz ibergreift, und als entscheidende Struktur tritt hervor:
dass man sich beim Sprechen auf etwas — eine “Tatsache dass. . .”
“as for...” (p. 163) — beziechen will, um dariiber oder dazu noch
etwas (aus-)zu sagen. Und anscheinend 1st diese Bezugnahme daran
gebunden und davon abhingig, dass ihr Symbol nur Teil (Name,
Nennung, Wort) ist im Gegensatz zu einem anderen und Anders-
wertigen, das Mehr-als-Tei] (Aussage, Satz) ist. Dic Erstellung eines
Modells fiir die Verwandlung von und zu derartigen Satzteilen

mittels CHoMsKyscher Transformationsregeln  zeigt form- und
inhaltsstrukturel]

detaillierte mel

»

» Wie man aus sources oder original strings (p. 173)
irstufige Namen gewinnt: Zugleich e¢in Beispiel
daflr, dass man sich bald sogar iiber logischen Voraussetzungen
in der Grammatik wird Gedanken machen dirfen, vielleicht aller-
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dings ebenso auch iiber grammatische Voraussetzungen fiir die
Ausbildung von logischen Symbolismen. Kombinierbarkeit und
Umformbarkeit wird man dafiir als die leerste (formalste) Voraus-
setzung noch vor aller Zweckrichtung einer natiirlichen oder kiinst-
lichen Sprache ansehen, auch wenn sie nur in Zweckentsprechung
zu einem inhaltlichen Bediirfnis (Motivation) existent werden kann.

In inhaltlicher Hinsicht: Bei allen drei behandelten Punkten sind
Weisen und Verdanderungen der semantischen Bezugnahme dar-
gestellt. Die reificalion wirkt ontisierend, das Zitat macht Sprach-
inhalte oder Sprachformen zum Bezugspol, die Substantivierung
ist die grammatische Form einer derartigen Behandlungsstufe.
Dabei verbleibt man gedanklich bewusst in der Ebene der Symbolisie-
rung (Sprache), in den sprachlichen Formen und Prozeduren der
Ausdrucksbildung, kann jedoch hiernach die Irage nach dem
Verhiltnis von Symbolisierung und Realitdt wieder neu und mit
bewussterer Schirfe stellen. Denn alle mégliche oder ungerecht-
fertigte Verdinglichung per signum besagt nichts gegen reelle Onta
als Bezugs- und Erfahrungskorrelate, entbindet auch nicht davon,
sich um die Vorhandenseinsart der jeweils symbolisierten Sorte von
Wirklichkeit gesondert und unter mdglichster Absehung von
Symbolisierungen zu kiimmern: wird doch alles an “Welt”” im Sym-
bol immer nur ‘“‘neutralisiert’” getroffen, selbst wenn man sie zur
Verifizierung der Symbole hinzu-fordern muss (Quine p. 11).
Analog zeigt der mogliche Grad an Kiinstlichkeit (p. 185) die ver-
schiedene Symbolisierung von Behandlungs- oder Abstraktions-
stufen an: genau das aber wird ausschliesslich durch das Vor-
handensein einer Sprache mdoglich, die mittels Elementkombina-
tionen ‘‘neue” Klassifikationsmehrheiten — in Namen und Aus-
sagen — zu bezeichnen erlaubt.

So gesehen bilden die vorgefithrten Nominalisierungstypen
(p. 185) einen durch seine logischen Konsequenzen aufschlussreichen
Beitrag zu einer Linguistik, die sich auch als Analyse der in der
Menschensprache angelegten Moglichkeiten versteht. Das unsere
Sprache ausmachende Symbolisierungsverfahren erscheint als ein
Verfahren bzw. als eine Menge von geregelten Prozeduren, worin
feststehende Eunheiten (oppositive Signale) mit festen oder vari-
ablen Bezugswerten. (Bedeutungen) nach ususbedingten Regeln
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benutzt werden, die vom Deskribenten her hierarchisierbar sind
und eine Sinn- oder Bezugsstufung (“Abstraktion’”) durch ein
Operieren mit wechselnden Symbolteilen (Wortern, Namen) und
Symbolganzen (Sitzen, Aussagen) erlauben. Die Gramumatik wird
zur Beschreibung der Anwendung dieser je systeminternen (sprach-
bestimmten) symbolischen Technik; das macht die Frage nach dem
einzelsprachlichen Wie (spezielle Grammatik) cbenso wichtig
wie das Achten auf tatsichliche Gemeinsamkeiten (Allgemeine
Grammatik) in den Sprachprozessen.

Miinster, Westfalen, Germany



CHAPTER 11

ON THE LOGIC OF PREFERENCE
AND CHOICE

H. S. HOUTHAKKER !

1. Preliminaries

Two recent monographs by Scandinavian logicians ([4] and [16])
testify to a widening interest in a field that has long been the
preserve of economists, except for occasional forays by psycholo-
gists and mathematicians. We may expect much good from such
a fresh approach whose objectives, mostly located in the realm
of ethics, are evidently much broader than the necessarily narrow
ones of economics and psychology. It would be unfortunate, how-
ever, if these new investigations were to be pursued in isolation,
without drawing on the valuable insights obtained in connection
with specific applications. This danger is not imaginary in view
of the wide gaps that now separate the various disciplines. In the
nineteenth century it was not uncommon for one man to be versatile
both in philosophy and in economics; indeed there was then no
clear boundary between the two domains. As both became in-
creasingly technical, however, communication became more diffi-
cult. The philosophy of science, which might have been expected to
facilitate such communication, has in fact confined itself almost
entirely to physics, a discipline that for all its importance and
spectacular successes is hardly representative even of the natural
sciences, let alone of science in general.?

1 The author gratefully acknowledges the useful comments made by
Professor Kenneth J. Arrow on an earlier version of this paper. The latter
is not responsible for any remaining errors.

2 A notable exception is the valuable little book by Bochenski [2]. His
inclusion of economics among the historical sciences, however, is open to
question.
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The present note is a modest effort to report on some contri-
butions by economists to the logic of preference and choice that
appear worthy of the attention of philosophers. In keeping with this
aim it concentrates on the more formal aspects rather than on the
context in which these contributions emerged, but a brief discussion

of this context will be found in section 4. The concluding scction 5
is devoted to some methodological points.

2. Some questions of definition

The terms “‘preference’”” and “choice” arc often employed loosely
(not least by economists) and it is therefore necessary to give some
precision to their use in what follows. Since they are of a fairly
elemental nature it is hard to give a helpful definition in even more
primitive terms. Thus we are not much enlightened by the ex-
planation that if a person prefers a to b he likes a better than .
On the other hand it is also unsatisfactory to leave these two terms
completely undefined and merely to state certain rules for their mani-
pulation. By way of informal clarification it may thercfore be said
that the term “‘preference” will refer to certain features of a person’s
state of mind, and the term ‘“choice” to a person’s overt act of a
certain type. Furthermore it is basic to the following account that
preference if related to choice as the possible to the actual. A
person prefers a to b if, when confronted with a choice between a
and b, he chooses a. Preference, therefore, is potential choice.

Unfortunately we cannot simply reverse this relation and assert
that choice is realized preference. There is the phenomenon of
random choice, which we observe, for instance, if a traveller
abroad has to choose a meal from a menu of which he does not under-
stand anything. To interpret such a choice in terms of underlying
preferences would be either wrong or tautological. A minimum of
knowledge has to be present, but the mere presence of some degree
of uncertainty concerning the objects of choice does not make the
notion of preference inapplicable.

Clearly nothing very interesting can be said about completely
random choice except perhaps that it obeys the laws of probability,
and we shall confine ourselves here to choice based entirely on
preferences, or preferential choice. A more complete theory would



THE LOGIC OF PREFERENCE AND CHOICE 195

integrate random and preferential choice, but it is still in its infancy3.
Here we shall attempt to axiomatize the concept of preferential
choice without reference to the concept of preference, and then
relate these axioms of choice to the axioms of preference, which
are much better known.

It may be asked why there is this apparent asymmetry between
choice and preference; more specifically why we have to speak of
preferential choice but not (say) of selective preference. The
reason is that preference has been interpreted in terms of potential
rather than actual choice. For this interpretation it does not matter
whether the hypothetical choice is open to the individual concerned.
Thus a person may well say that he prefers Napoleon to Hitler
even though he will never have to choose between the two. Such
nonoperational preferences are to some extent a counterpart
to nonpreferential choices.

3. The axioms of preference and of choice

We consider a set X of distinct objects x1, ¥2, .. .., not neces-
sarily finite or denumerable. On X we define a binary relation P,
whose arguments arc the elements of X. The expression “x1 Pxs”
means that v is preferred to xs. The relation P satisfies the follow-
ing well-known axioms, common to all ordering relations:

P1. not x; Pxy (irreflexivity)
P2, x;Px; implies (not x2Px;) (antisymmetry)
P3. (x1Pxs and x2Px3) implies x1Px3 (transitivity)

As is well known either the first or the second of these axioms can
be deduced from the remaining two.

Further axioms for the relation P can be stated according to
the specific nature of the objects xj, x2, .. .., but we shall not do
so in this section since it is concerned only with general character-
istics of preference and choice. There is one axiom, however, which
appears to be valid for all preference orderings, although it does
not hold for all ordering relations. Let us write “not x1Px2” as
“x1Pxs”, where P consequently stands for “‘is not preferred to”. It

3 An interesting attempt was made by Davidson and Marschak [3].
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follows from axiom P1 that P is reflexive, and from P2 that it is
connected ; P2 can therefore be replaced by

P2*.  x,Pxs or x3Px;
even though P itself need not be connected. The additional, appar-
ently general axiom we have in mind asserts the transitivity of P:

P3*.  (x1Pxe and x2Px3) implies x1Px3

It can easily be verified that P2 and P3* together imply P3, but P2
and P3 do not imply P3*. Among the ordering relations that satisfy
P3* is “‘greater than’’, among those that do not is that of ancestry.
In this paper we shall not use P3%, except briefly at the end of this
section, because its consequences for choice have not yet been fully

explored.
The axioms of choice require some preliminary discussion. Let the
set X have subsets X1, X, ..., which may or may not overlap. We

define choice as a set function #(X;), which allocates to cach subset
X; a unique element &, the “chosen” element. The first axiom of
choice is evidently

Cl. &e Xj; (only elements of X; can be chosen)

It is to be noted that unlike the elements %1, Xe, ... the functional
values £, £, . ... need not be distinct: the same clement may be
chosen from different subsets to which it belongs.

It is more difficult to find an axiom that characterizes choice as
preferential. Samuelson [9] and [10], who was the first to explore
this problem (in a particular context, to be discussed in Section 4
below) considered the elements &; and &2 chosen from two different
but overlapping subsets X; and Xa. Suppose #;, which by C1 must
IA)eIong to X3, also belongs to X, but is not identical with 9. Then
Z2 must have been preferred to #;, for since & belongs to Xz it
could have been chosen instead of #9, but was not. Hence &2 iS
“revealed to be preferred” to #,. But if £5P#;, then #2 cannot belong
.tO X1, for if #, had been available it would have been chosen
Instead of #;. This argument suggests the following axiom, known
as the “weak axiom of revealed preference”:

C2. not (#; £ # and &; € X5 and &2 € X})

where #; and 45 appear symmetrically.
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To see how Cl and C2 fit in with the axioms of preference we
must first define choice in terms of preference:

Def. I. “‘xy = &(X1)" is equivalent to “xy € X; and x1Px for all
x # x1 such that x € X"’

Since C1 is part of this definition we need only verify that £(X;)
thus defined satisfies C2. This is already clear from the informal
reasoning that justified the introduction of C2; more formally
suppose that &; € Xo and &2€ X3. Then by Def. I it must
be true that either &) = &2 or (£;P#2 and #2P%;), but the latter
alternative is excluded by P2.

It will be noticed that P3 has not been used so far, which may
be considered an indication that C2 does not completely characterize
preferential choice. That this is indeed so can be seen by considering
choice from three or more subsets. Let &, € X» as before, and also
&2 € X3. From this we infer that &P#; and #3P#s, hence by P3
that &3P%;. It is not necessarily true, however, that #; € X3, so
&3, unlike &g, is only “indirectly’”’ revealed to be preferred to ;.
All the same the assumption of preferential choice would be contra-
dicted if &3 € X3. Thus we arrive at the revised axiom, essentially
due to Von Neumann and Morgenstern [15] and also proposed by
Ville [14] and Houthakker [5]:

C2*. not (&1 #dsandds # &3 and .... and &,—) # £, and &2 € X3
and #3€ Xg and .... and #, € X,—1 and &1 € X,,),

of which C2 is a special case. It has already become clear that if
#(X) satisfies Def. I it also satisfies C2* by virtue of P3. The axioms
of preference, together with Def. I, therefore imply the axioms of
choice. C2* has become known as the “strong axiom of revealed
preference”.

To consider the converse problem we have to define preference
in terms of choice:

Def. II. “x1Pxy” is equivalent to “‘there exist admissible subsets
X1, Xo,...., Xp_1such that x; = &; and £ € X; and #3 € X2 and
. a.nd (ﬁn—l S Xn—z a.nd xfn S Xn—l.”

At first sight this definition may seem unnecessarily complicated,
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for we have already suggested in section 2 that “x;Px,”" mecans
that x; will be chosen out of the set whose only elements are vy and
xn. The important word in the definition, however, is “admissible’.
Which subsets are admissible depends on the specific subject matter
to which the formal theory is applied. Thus we shall see in the
next section that in the economic theory of consumer’s choice the
only admissible subsets are certain convex polyhedra in s»-dimen-
sional Euclidean space. Sets consisting of only two points arc not
convex and therefore not admissible in this theory.

There is no difficulty in showing that if P is defined by Def. 11
then C1 and C2* ensure the satisfaction of P1, P2 and P3. To prove
P3, for instance, we note only that the two chains of admissible
S.ubsets whose existence defines respectively x;Px; and x;Pxy
link into each other with the condition xj # &4, and can therefore
be combined into a single chain defining x;Px;.

It will be apparent from this informal discussion that the axioms
of choice and those of preference are equivalent 4. There are,
howeyer, a number of related problems which may be briefly
mentioned at this stage, in particular those concerning the con-

ce;?ts of indifference and utility. Indifference is a rclation between
objects of choice defined by

Def. 111, “x11x9” is equivalent to “x1Pxs and xvoPxy".

The properties of this relation follow from the axioms of preference.
P1 -and P2 ensure that the definition is not self-contradictory,
while the reflexivity and symmetry of indifference are entailed by
Pef- IIT itself. The matter of transitivity is less straightforward:
xilx?,and x2lx3” is equivalent to “x1Pxs and x9Px; and voPx3 and
f3Pf2 » but P3 does not enable us to conclude from this that
¥1Px3 and x3Px,”. The latter conclusion would be warranted,
however, by P+ mentioned earlier but not used so far. If P3%

1 postulated, therefore, I has all the characteristics of an equivalence
relation.

R S N .

1.01 more details seec Uzawa 112] "13] and Schoenfeld {11). The first-
mentfmned of these articles is based largely on the present author's un-
published lectures given at the University of Tokyo in 1955.
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A further important consequence of P3* is the following
THEOREM. (x1Pxg and xolxg) implies x1Pxg.

The proof is immediate: if the subscripts 2 and 3 are interchanged
P3* can be written as

not (x;Px3 and x3Pxs and v Pxy)
and hence as

(x¥1Px2 and xal_)xg) implies x1Px3

from which the theorem follows upon replacement of “xolx3"” by its
definition. In the literature this theorem, and also the transitivity
of indifference, have usually been introduced as separate postulates.

The difficulties with theindifference conceptin the theory of choice
result from the fact that while choices may ‘“‘reveal” preferences,
they can only reveal indifference in a very indirect way, if at all.
Even in the theory of preference Def. III does not tell us whether
there are any pairs of indifferent objects; thus if P is connected
there will not be any. In fact, as Little [8] and others have shown,
it is quite possible to dispense with the indifference concept alto-
gether.

Much the same applies to the concept of utility, at least in its
simpler (and hence more useful) interpretations. The explanation
of choice in terms of utility is much older than the explanation in
terms of preferences, for it was not until the advent of modern logic
that relations began to be taken seriously. Even now it is sometimes
argued that if x; is preferred to xe, then x; must contain more of
something (namely utility) than xe. This argument is impeccably
tautological provided nothing is assumed about utility, but as soon
as one assumes utility to be (for instance) a measurable one-dimen-
sional magnitude, any new conclusions become arbitrary and the
whole argument a source of needless confusion. This does not mean
that in the modern theory of choice there is no room for the utility
concept, which is more amenable to mathematical analysis than the
preference concept, but it does mean that assumptions about utility
should not be introduced ad hoc, preference being primordial.

As a final comment on the axioms we shall discuss a property
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of preferential choice which has often been regardc‘d as particularly
indicative of rationality. This is the so-called "independence of
irrelevant alternatives” first formulated by Arrow [1]. Suppose
that an individual chooses x if the set of alternatives open to hir{l is
X;. Now let X be reduced by omitting from it the subsct Xy*,
which does not include x;. Then the rational individual will pre-
sumably still choose x; out of the new set of available alternatives
(X1—X1*); his choice will be independent of the irrelevant alter-
natives contained in X;*.

An example from politics may illustrate Arrow’s axiom and §h:ow
at the same time that it, and indeed the whole idea of explaining
choice from preference only, is not as obvious as it may seerm at
first sight. Consider an Englishman who favors the Liberal party.
If in his constituency there is a straight choice between the Liberals
and the Conservatives, or between the Liberals and Labour, he
will vote Liberal. Now suppose all three parties appear on the ballot.
According to the axiom he should still vote Liberal, for the new
alternative was previously dispreferred and is thercfore irrelevant.
In reality, of course, a man’s vote may depend not only on his first
preference but also on his assessment of the likely outcome of the
election. Thus our Englishman, arguing that the Liberals have no
chance of winning anyway, may decide to vote Conservative in
order to keep out Labour, whom he likes even less.® This is not
consistent with g simple preference explanation, but it is not a
specific objection to Arrow’s axiom, which has been instrumental
in clarifying decisions in a variety of context.

It will now be shown that Arrow’s axiom, which we may put
formally as

C3. If”"125‘7(X1) and XT < X;and x1 ¢ X7, thenx; = $(X1—X7),

Is equivalent to the weak axiom of revealed preference C2. First
We prove that C2 implies 3. Put Xz = (X1—X7) and note that

5 In this example the set (X1 — X’l“) is assumed to be available before

the set X, rather than after, but this does not matter because Arrow’s
axiom, like all the axioms discussed in this paper, is of a static nature: ‘“‘be-
fore’”’ and “‘after” are dynamic notions which do not apply in this context.



THE LOGIC OF PREFERENCE AND CHOICE 201

x1 € XNg and &3 € X, since (X1 — X}) © X, hence it is not possible
that .o 3 #1. To prove the converse, we now put Xp = X; — X7
+ X3, where X¥ and X are disjoint. If $2eX¥, then &2 ¢ X3, hence
C2 is satisfied. On the other hand if #2 ¢ X3 then &2 € (X; — X7),
hence by C3 we have & = #(X1—X7), so we have to prove that
£1¢ Xso or &1 = £a. Suppose first that & € Xo; then & ¢ X7, since
XT ¢ Xo. Alsods ¢ X7, hence fo = &(X1—X7), but &1 =&(X1 — X7),
s0 #1 = Fo. Finally let £y 5 &2; then &1 # &(X1 — X7), hence #1€ XT,
which means that #; ¢ X». This completes the proof of equivalence.

4. The economic context

Reversing the historical development we shall now discuss
the interpretation of the axiomatics of preference and choice in
the economics of consumer demand. The problem there is to find
a theoretical framework for the analysis of consumers’ expenditure.
Such a frame work should be formulated in terms of the data to
which the theory is applied. In the case of consumer demand these
data are observations on the prices and quantities of various com-
modities, and the main purpose of the theoretical framework is
to translate propositions about preferences (which in general are
not directly observable) into propositions about prices and quanti-
ties. The theory refers mostly to a single individual even though the
applications of ultimate interest are to the aggregate behavior of
large groups of people.

For the individual consumer prices are regarded as given para-
meters; he is assumed to decide on the quantities he will buy
on the basis of his preferences and of a budget constraint, according
to which the total cost of his purchases cannot exceed a given
sum of money (his income). The principal question then is how, for
fixed preferences, the quantities bought will vary in response to
changes in prices and income. In mathematical terms prices and
quantities can be conceived as components of n-dimensional
vectors in Euclidean space; thus a particular price constellation can
be represented as py = {p!, p%, ... ., p}}, where the superscripts
designate particular commodities. Similarly the quantities bought
when prices are p1 can be represented by ¢1 = {g!, ¢%, ..... g%}
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Total expenditure can then be written as a vector product

P1q1 = Piqi + Pigi + .- + PG
Similar expressions can be formed where prices and quantities do
not belong to the same situation; thus p;-ge is the cost of the goods

bought in situation 2 at the prices prevailing in situation 1.
The budget constraint becomes

Pirqs < 14

where /¢; is income in the sth situation (¢ arbitrary). In practice the
inequality sign can be replaced by an equality sign since savings
can be included among the » commodities. Together with a re-
striction of the components of the vector ¢; to nonncgative values
the budget constraint defines a convex polyhedron in n-dimensional
Space whose vertices are the coordinate axes and whose top is the
origin. All polyhedra of this type which correspond to positive
prices and income are “admissible subsets” in the sense of Def. I
in Section 3.6

Let us now consider the weak axiom of revealed preference C2.
The ““chosen element” £ of the general formulation now becomes the
commodity bundle ¢: bought in the 7-th price-income situation. The
€Xpression “#3 € X, is translated as “p1-g2 < p1-q1”’, whichmeans
that in situation | the commodity bundle g2 cowld have been bought
(since it cost no more than the bundle ¢; which was bought), but in
fact was not bought: hence g1 is ‘‘revealed to be preferred” to
72 From this (assuming, as in gencral we may, that g1 # ¢2) the
axiom infers that %1 ¢ X, or in the present context,

p2rq2 < p2-q1.
The common sense of t
to g,
hence

been

his is that, since ¢; is revealed to be preferred
71 will be bought instead of g2 whenever g¢; is available;
in the situation where g2 was actually bought, ¢; cannot have
available, and this can only mean that its cost at prices po was
greater than the available income Ji2 = pa-ge. The proposition

P12 < p1-q1 implies pa-ga < p2-qu

5 In some economic contexts other subsets may also be admissible, but
the

above describes the standard case of consumption theory.
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is the original form of the weak axiom as proposed by Samuelson [9].

An immediate consequence of the weak axiom is a refined version
of the “law of demand”, which is fundamental to consumption
theory and indeed to economics in general. Suppose the situations
1 and 2 are such that p;-¢2 = p1-q1; subtracting this from its
conscquence ps-gz: < p2-¢q1 we obtain

(P2 — P1):q2 < (P2 — P1)' 1

or more symmetrically
(P2 — P1)-(g2 —q1) <O

which means that in total price variations lead to quantity vari-

ations of opposite sign. In particular if only one price (say p1!)
changes, then

(P2 — P1) (g2 — q1) <O
so that the quantity bought of the commodity considered must be
larger the lower its price, provided that $1-¢2 = p1-¢1. Without the
latter condition, which implies that the income ;o is adjusted in
such a way that the consumer could still buy ¢; in situation 2 if he
wanted to, the law of demand need not hold.

It would lead us too far to discuss the economic interpretation
of the strong axiom C2*¥. On the observational level it leads to
certain symmetry conditions concerning the effect of a change in
the price of one good on the quantity bought of another good. In
principle it can also be used to reconstruct the preference ordering
underlying a consistent system of price-quantity relations. If the
strong axiom (and hence the weak axiom) is found to be satisfied
in an empirically given set of price-quantity data, then that set
can be interpreted as reflecting a single underlying preference
ordering. In this way it is possible to test, for instance, whether
there are differences in preferences among different countries, that
is to say whether the differences in consumption patterns among
countries are attributable entirely to differences in prices and
income levels {7]. In this test countries are treated as individuals,
which is legitimate because the axioms (as distinct from their

provisional interpretation) do not say anything about the origin
of the preference ordering.
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5. Some methodological remarks

It seems appropriate in the present volume to terminate this
essay in applied logic with some comments on methodological
aspects.

First of all, the explanation of choice from preference should
be viewed with the clarification of section 2 in mind. There choice
was described as an overt act, preference as a state of mind. By
and large, overt acts are more accessible to scientific observation
than states of mind, although this certainly docs not mean that
states of mind are less important. Nevertheless the increased
emphasis of economic theory on propositions with directly obser-
vable implications has been an essential factor in the transformation
of economics that has taken place in recent decades. In the nine-
teenth century economics was mostly concerned with the derivation
of normative conclusions from abstract assumptions, which were
regarded as valid a priori. The problem of testing either assumptions
or conclusions therefore hardly arose. It did not arise any more
for the minority of economists belonging to the historical and
Institutional schools, which were averse to generalizations and
gfle;);éoancll' COnCentrateq on description. Until these two extremes
there Wna 1sSm and empiricism were seen to be equally untenable

.- vas not much scope for the development of economics as a
Positive science.
tisfi}clzlsl C:flv‘ts}llopment had to await the elaboration of modern sta-
Without t(; ?C}C}S, the tOOIS. i).ay e.xcellgncg of the inexact sciences.
tieth Centure t;0ry of statistical inference, a _product of the twen-
chology bioi; e course not only of economics, b_ut also of psy-
been Ve’ry dif?y, astronomy arlld many other d}Smplmes, would hav‘e
preoccupatio erent. Onf:e phllosopher§ (?f science overcome their
less imPOrtantWIth physics (wher-e statistical methods hap.per'l .to be
revolution irr11 )t the}f may yet dlscqver t}.1at the truly significant
relativity nor tV}‘]’entleth ce?ntury science 1s meither the thgor.y of
gration of the € uncertainty Prmmple, but the systemat.lc .mte.z-

; ory and observation that mathematical statistics is
making possible.
But this is 3 digression. What matters for our present purpose

is the reorientation of theoretical work that is required by the
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integration just mentioned. To the contemporary researcher a
theory is of ultimate interest only to the extent that it leads to
testable statements about observations (and for this recognition,
which now seems obvious, we should give due credit to the phi-
losophers of science). The more directly it yields such statements,
the better the theory. From this point of view the “revealed pre-
ference’” approach is a great advance over earlier formulations.

More interesting, perhaps, is another feature which can be fully
appreciated only in the light of the history of consumption theory,?
namely the minimal character of the assumptions concerning prefer-
ences. In the early years of the theory (roughly the second half
of the nineteenth century) the standard assumption was that the
consumer attached a certain measurable utility to the commodities
he might acquire, and that his actual choice was the result of
making total utility as large as possible. Later it was realized
that the measurability of utility was irrelevant, which led to
formulations in terms of “ordinal” utility, from which the same
observable conclusions could be derived. Once the necessity of
assumptions began to be questioned Occam’s razor came to be
wielded with ever increasing vigor. Some economists even proposed
to abandon all references to the consumer’s state of mind and to
assume nothing but the existence of price-quantity relations, but
this was clearly going too far, for any assumptions about these
relations would then become completely gratuitous. So the question
arose what are the weakest assumptions from which could be derived
conclusions such as those of section 4. The answer has already
been given, namely that a consistent preference ordering has to
exist. Since this assumption is both necessary and sufficient, it is
indeed the weakest that can be made without sacrificing important
conclusions. The whole development is a remarkable instance of the
search for economy of thought emphasized around the turn of the
century by Mach and Poincaré.

Now it might be argued that the pursuit of minimal assumptions
is after all of merely esthetic interest, and that it involves only
harmless tautological reasoning to proceed from hypotheses that are
sufficient without being necessary. This argument unfortunately

7 See [17], [18] and [6].
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ignores the psychology of research. Once “superfluous entities”
are introduced scholars will start discussing them, often without
any consideration of their usefulness. Thus many books and articles
have been written about the measurability of utility at the expense
of more fruitful analyses.8 It is true, on the other hand, that it is
sometimes more important, especially in the exploratory stages
of a problem, to find productive assumptions than to find minimal
assumptions.

Finally it is worth noting that the reconsideration of the theory
of choice described above led economists naturally to adopt
symbolic logic where specifically mathematical methods, especially
the calculus of maxima and minima, had ruled supreme. Although
the applications of logic to economics have so far remained on an
elementary level, this area should nevertheless be counted as one
where contemporary logic has proved its worth.

Harvard University, Cambridge, Mass., US.1
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CHAPTER 12

SENSE, DENOTATION, AND THE CONTEXT
OF SENTENCES

FRANCESCA RIVETTI BARBO

0. This research falls within the field of semantics. Starting from

an inguiry into some of Frege’s, Church’s, Russell’s and Quine’s
theories (at Nos. 1-9; see hereafter No. 0.21) its main results give
an outline of a theory of designation (summarized at Nos. 10-11;
see No. 0.1).
Finally some correlated topics are briefly discussed (Nos. 12-13;
see No. 0.3)
0.1

The chief result is that the meaning of words which is to be
sought in the context of sentences is their designation, as distinct
from .their sense (No. 11). Thus before a sentence is asserted, ex-
pressions have only a sense (No. 10); according to the different
%ilnds of word even senses (No. 10.1) as well as the ways of designat-
ng (No. 10.2) are of different kinds. The things spoken about —
deno_ted through the arguments of sentences — arce (following the
terminology here adopted) the designata which verify (or falsify)
sentences (No. 10.3)

0j2 These theses are proved and more extensively stated
durmg the previous inquiry (No. 1-9).

The analysis of Frege’s demonstration of his distinction between
Ser_lse_and denotation will draw us back to one of the fundamental
Principles of inquiry, as stated in Grundlagen (No. 1). First of all

1 .
partI-n Numbering the sections, decimals are used for subdivision of wider
S: €8, No. 1 is subdivided in Nos. 1.1, 1.2, and No. 1.2 in Nos. 1.21,

1. .
0n2§},1 etc. Moreover the passage No. 2.1 may either bea part of or a comment
; € passage No. 2. (this last one being analogous to the criterion of number-

ng (;Jsed by Wittgenstein for the propositions of his Tractatus). This holds
good also for further subdivisions, e.g for No. 2.12 in respect of No. 2.1 etc.
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the proof of the distinction is put forth (No. 2) as it stands in both
of Frege's writings (No. 2.1. and 2.2.) — as well as some of his further
remarks (No. 2.3.). The examination of Frege's arguments (No. 3)
— that is the search for the very basis of the above proof (No. 3.1)
and the analysis of other of his teachings (No. 3.2) — points out that
the proof rests on the very possibility of stating the relevant
sentences. This result (see No. 3.3) leads us back to the above
principle (stated by Frege himself) stressing the importance of the
context of sentences (No. 4). This principle and Frege’s well-known
distinction (though he did not realize it) illuminate each other
(No. 4.1 and No. 4.4): hence the meaning which is to be sought in
the context of sentences is the denotation, as distinct from the
sense (No. 4.2), more exactly the denotation of its subjects (Nos.
43 - 43.1).

By this conclusion (summarized at No. 5) we are driven to take
into account the theory of descriptions (No. 6), because of its
stressing the importance of contexts, although not agreeing with
Russell’s elimination of Frege’s sense (No. 6.1). In some statements
of On Denoting (No. 6.2) the main features of the theory are to be
found at their very origin (No. 6.3) ; whereas Quine’s restatement rec-
tifies it (No. 6.4). Thus I point out that here, too, the primacy of
the sentence-context and the distinction sense — denotation should
illuminate each other (No. 6.5).

My aim is thus to specify — starting from the theory of descript-
ions so modified — the various kinds of sense and designation (No. 7)
proper to quantifiers, variables, and bound variables (pronouns)
(No. 7.1) and to the other parts of sentences (No. 7.2). Also for
these, i.e. for names (No. 8.1) and for (singulary or n-ary) predicates
(No. 8.2), the same approach helps to determine what their sense
is (at Nos. 8.11 and 8.21 respectively) and how they designate
(at Nos. 8.12 and 8.22). Designation is warranted by the context
of asserted sentences (No. 9), both whether they are closed quanti-
fying variables (No. 9.1) or are replacing them with constants (No.
9.2); although before their being asserted sentences also only express
sense (No. 9.3.).

0.3 After summarizing (at Nos. 10-11) the above results (see
No. 0.1), I open discussion on further topics (No. 12): phrases
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in “oblique use” (No. 12.1), nominata of names not occurring in
sentences (No. 12.2), and finally the true and falsc as designata
(No. 12.3). At the end a short remark about “‘ontology”’, as, perhaps
correlated with the above semantics (No. 13).

1. I will analyse Frege’'s argument by which he proves his
distinction betwecen sense and what he called Bedeutung — the
denotatum, or nominatum, or even designatum or reference.? The
distinction is very well known and so is the puzzle — akin to the
“paradox of analysis’ 3 — in order to solve which 1t has been intro-
duced; but, strangely enough, the argument itself does not scem to
have been analysed as soundly as its importance would descrve.d

Yet the examination of this proof will throw new light on the
very distinction by its recalling a principle stated years before,
by Frege himself.

From the very beginning of his Grundlagen der Arithinetik he
had stated that the meaning of words 1s to be sought in the context
of sentences. At that time he used ‘bedeuten’ without any further
d.iscrimination 5 (in this sense I shall use ‘meaning’ and its deriva-
tives); later on he distinguished the sense from the Bedeutung,
obviously taking this last one in a narrower scnsc (for which I
shall use ‘denotation’ 6, But at this time Frege no longer toke

2' G. FrEGE, [USB] Uber Sinn und Bedeutung, in Zeitsch. {. Phil. u. phil.
Krl.t. n.s. 100 (1892) 25-50. English translations: by M. Brack, in The
Phil. Rev. 57 (1948) 209-230; repr. in P. T. Guacu and M. Brack, [Tr.
?;gge] Translations from the Philosophical Writings of Gottlob I'vege, (Oxford

2)_' PP. 56-78; and by H. Fricr, in H. FeiGL and W. SELLARS, [Readings)
Readings in Philosophical Analysis, (New York), pp. 85-115. A previous
short account was published in [FB] Fumnction und Begriff, (Jena 1891),
p. 31-; English translation by P. T. GEacH, in [Tr. Iregel, pp. 21-42. For
teraml‘nological remarks see footnote 6.

Log S)ZGI f(\l-gigURCH, Review of M. G. White zmd'M-. Bluck,. in Journ. Symb,.
: ) 132-133: “The paradox of analysis is a special case of rege's

Pufzie, and is to be solved in the same way'’ (ibid., p. 133).

instar?c:aticethe dlstmc.tion is generally taken as already established; sce for

5 Troge (iaisages cited b(?lO-\V at_ no‘ge 2%. B . )
in Viertelja%rsnfs l\;/f)ut e)xphcltly in [UBG] Uber Begriff E:ncl‘(zcgenstand,

5 Iy o Oun.d.. iss. I'hll. 16 (1892) 192-205: p. 198; [Tr. l'x:ege], p.) 47.
Geach’s trinsl ng Frege s thnght I generally ff)llow M. Black s and P. T.

ations (op. cit. in note 2), except in a few cases. So I use to
denole as a translation for bedeuten and bezeichnen (since they are synony-
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into account the principle stated in his Grundlagen ; though it proves
to be closely related to that distinction, as will be pointed out by the
analysis of its very proof.

2. The difference of sense from denotation might be accepted
on account of a given theory of knowledge. However this is not
Frege's starting point, provided his proof of the distinction is
grounded on the examination oflinguistic signs and of their meaning.

It is important to notice that IFrege’s demonstration is concerned
(in both writings) only with names, more exactly with proper names,
“naming”’ (as he says in Sinn und Bedeutung) “‘a definite object
and not a concept or a relation’.?

2.1 In Function und Begriff the distinction is mentioned in
connection with the polemical remark — against psychologists —
stating that numerals are to be distinguished from what they
stand for. Frege points out that 2’, ‘1 4 1’, ‘6 : 3’,8 all stand for
the same thing; if you would object that 1 +4 1 is a sum, whereas
6 : 3 is a quotient, the reply would be (according to him) that
“different expressions correspond to different conceptions and
aspects, but nevertheless always to the same thing”’.9

2.2 In Sinn und Bedeutung the proof of the distinction starts
from the need of explaining what equality is (“is it a relation?”’),
or more exactly what entities are the ones related by an equality.
This would give at the same time the reason why sentences stating
identity, like ‘@ = b’, express (as Frege says) proper knowledge.
mous) and denotation for Bedeitieng (of words), thus following CHURCH'S sug-
gestions (see his Review of M. Black’s translation, in Journ. Symb. Log. 13
(1948) 152-153); hereby I use denotatum for Bedeutung (the object). For Ge-
danke see note 16. For Vorstellung 1 use representation: see No. 2.3. An al-
ternative terminology can be found in R. CARNAP, [MN] Meaning and Ne-
cessity, {Chicago 1947), and in Feigl's translation (op. cit. in footnote 2). See
Carnap’s terminological remarks in [MN], note 1 at p. 97 and note 21 atp. 118.

For my own contentions I will use also to designate, to name, etc., but in
slightly different senses; see footnote 59 and Nos. 10-11 and 12.2.

7 [USB], p. 26; [Tr. Frege], p. 57; [Readings], p. 86.

8 Words written between inverted commas ¢ ’ (and only these) are in
material supposition (i.e. autonymous use) : therefore ‘‘dog’ has three letters”,
is a true sentence. Whereas quotation marks ** ** are used here only to point

out expressions, though leaving them in formal supposition.
9 [FB] pp. 4-5; [Tr. Frege], p. 23.
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The cognitive value of a = & is different — and stronger — than
that of a = a; so it is worthwhile stating the sentences: “the point
of intersection of a and b is the same point of intersection of b and
¢”’ (provided that a, b and ¢ are the median lines of a triangle) and
“the morning star is the evening star’’, just because by these you
say something more than a mere tautology. What is said by these
sentences has a proper cognitive valuc if and only if the difference
between ‘a’ and ‘0’ and between ‘point of intersection of a and o’
and ‘point of intersection of b and ¢’ etc. expresses a difference of
““the mode of presentation” of the thing spoken about 19; je. if
each name, besides its denoting the same object denoted by the
other name of the same pair, expresses a sense, different from the
sense of the other name; so that each sense is one of the different
“modes of pPresentation’ of the same thing.

Frege points out that meaning is given to words in quite an
arbitrary way; everyone could thus take “‘any arbitrarily producible
event or object as a sign for something’’.10 So, if the difference be-
:cween ‘@’ and ‘b’ would concern only these signs, then the phrase
@ = b’ would regard only the signs themselves, inasmuch as these
are taken as objects; and therefore this phrase would only say
that ‘@’ anq p’ have both been arbitrarily chosen as names for
one and the same object. Whereas generally by ‘a = " we want
to express Proper knowledge, and not only a linguistic convention
concerning signs.

O guarantee thig cognitive value of statements of identity it is
Ibl:;:Sjiry to distinguish the thing for which the sign stands (the onc
Bed;;;r bezeichnet by it), i.e. its denotatur.n or nommatur‘n (the
sens S'g of F}‘e.ge), from what the same silgn.expr'esses, le. its

¢ (Sinn). This 1s the proper proof of the distinction given by Frege.
ar;f;nerlj:ege,s further remarks on the same topic come after this
oroof o t,hand_ fgr a gooq reason. In fact they do Tlot. give any new
and denotaf' distinction itself, thoggh bette.r spec1fy1ng what sense

Frege 1on are, z'lnd thus throwing new light on their dlfferen'ce.
(i, o) BOCS on setting forth the difference between representation
(“idea” in Geach’s translation, “‘image in the psychological sense”

-
[USB]. pp. 26-27; [Tr. Frege), pp. 56-57.
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in FFeigl’s) and sense: the one is subjective, the other, on the contrary,
cannot be “‘a part or a mode of the individual mind”’, because it
may be “‘the common property of many’’.11

So the sense is to be distinguished (at least in direct speech)
from the object spoken about; as this object is the denotatum
(Bedcutung) of the name, sense is conceived by Frege as something
which “lies in between’ the thing — the object itself — and the fully
subjective representation.1!

Furthermore sense does “illuminate only a single aspect of the
denotatum”’, and we will never get at a ““comprehensive knowledge”
of the named thing.12 In a given language, or at least in a given
context, each name should have a definite sense.l3 This does not
involve however that a denotatum always corresponds to the sense,
as there are names having sense but destitute of denotation;13
however this is an anomaly of natural languages to be avoided in
scientifical ones.14

These seem to be Frege’s most important remarks concerning
the ““ordinary use’’ of words; the only one I want to take into ac-
count here. I will give just a hint to their “oblique use’’ later on
(in this case, according to Frege, the denotatum is the very sense of
the words).

3. Now I will analyse Frege’s above mentioned proof of the
distinction, in order to illuminate its theoretical foundation.

In both Frege’s works concerning it — Function und Begriff and
Sinn and Bedeutung — this distinction is proved by pointing out
that as many different senses as there are names, are corresponding
to only one denotatum.

In fact,if several non- synonymous names stand for thesameobject,
it is plain that within the (generic) meaning of each name we must
distinguish the sense expressed by the name from the denotatum
for which it stands: i.e. the object it denotes through its sense.15

11 [USB], pp. 29-30; [Tr. Frege], pp. 59-60; [Readings], pp. 87-88.

12 [USB), p. 27; [Tr. Frege], p. 58.

13 [USB], pp. 27-28; [Tr. Frege], p. 58.

14 [USB], pp. 40-41; [Tr. Frege], pp. 69-70.

15 Frege’s example about the moon, its image in the object glass (the sense)

and in the eye (the subjective idea) points out that the sense is the very means
by which we get at the object [USB], p. 30; [Tr. Frege], p. 60.
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Not only the distinction, but its very necessity is o proved.

3.1 How may, however, the identity of the denotatum - con-
current to the plurality of different senses — be verified and ex-
plicity stated? It is obvious that, if this identity could not be verifi-
ed, there would be no necessity of admitting the difference between
denotation and sense, which has been hereby demonstrated. The
reply will be given by a closer examination of Frege's above-
mentioned reasoning.

We have seen that in Sinn und Bedeutung the identity of the
denotatum is stated in true sentences, like ‘‘a = b, “‘thc point
of intersection between a and b is the same as the point of inter-
section between & and ¢’ etc.: Hence the very fact of stating these
true sentences assures that one and the same denotatum, which is
therefore to be distinguished from the many differcnt scnses, 1s
really given.

In Function und Begriff it might appear as if the stating of a true
’sentence could be avoided in order to make surc that ‘1 -+ 17,
§13’, ‘2" etc. denote the same denotatum, though expressing
different senses. However the dispensability of stating the relevant
sentfe,nces 1s due only to the fact that the equalities: “1 + 1 = 6 3
=2 _are so well known that it is useless to state them explicity;
notwithstanding this, the names ‘1 4 1’, ‘6 : 3’ and ‘2’ having the
same dt?notation cannot be separated from the truth of the sen-
tences “1 41 = 2" and ‘6 :3 = 2”. Whercas if the relevant
Sentel‘xces were either false or not well formed, or even not known
as bemg true, the identity of the denotatum spoken about would
not hold, or (in the last case) would not be acknowledged; so, as
the deno'f:ata of ‘6 :3" and of ‘1 + 1 + 1’ are not the same, the
?entenc'e 6:3=1+4 1+ 1"1is false; and I do not know whether
21»_1?5 and 725 x 43’ have the same denotatum, until I have
verified the sentence “725 x 43 = 21,175".

I do not want to question whether, in stating equalities, it 1s
only afte.r acknowledging the sameness of the denotatum that
we can rightly affirm the relevant sentence as a true one; in fact
this seems to me the normal process of knowledge, as it falls within
the field of pragmatics (in Morris’s sense) of language. Notwith-
standing this, it is evident that stating that there is only one
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denotatum is explicit only when I affirm it (by saying for instance
“6 :3 =1 4 1), thereby acknowledging the truth of the relevant
sentence.

So I would conclude - relying on the result of the foregoing
analysis of Frege's argument, as well as on theoretical reasons —
what follows: it is the possibility of formulating true sentences
(stating equalities) which assures that theidentity of each denotatum
1s concurrent to the diversity of senses of the names of a given set
(like ‘1 4 17, ‘2", ‘6 : 3’). This is the fundamental basis of the
proof.

3.2 We are driven in the same direction even by Frege's
remarks on the connection between denotation and the truth-
value of sentences; just the ones from which he starts establishing
his well-known thesis on the denotation of sentences (I shall have
a hint at it later on).

Here I recall only his stating that if one should be satistied with
the bare sense of the statement — i.e. with the not affirmed pro-
position (the Gedanke 16) devoid of truth-value — he would be taking
no account of denotation of the names there occurring. “Thus”
as Frege concludes “it is the striving for truth which urges us to
penetrate beyond the sense to the denotatum’ ; moreover “‘itis the de-
notatum of the name to which the predicateis ascribed or denied’’.17)
Later on I shall point out that the denotatum here really relevant
1s just the one of names occurring as subjects, and this will lead
us to important conclusions. Here I simply want to stress the fact
that the advancement from the bare sense of sentences to their
truth (or falsity) is conditioned by the acknowledgement of the
presence of the denotata of the names occurring in them.

3.3 On this basis we can say that if 1., it is in the search of

16 M. Black’s translation is thought; H. FEIGL translates with proposition,
following (see footnote in [Readings], p. 85) R. CarNap, [MN] (cit. in foot-
note 6); A. CHURCH, Review of M. Black (cit. at footnote 6), prefers proposition.
B. RussEeLL, [Principles]) The Principles of Mathematics, (Cambridge 1903),
App. A, translates with “propositional concept’”. It might seem strange that
Frege uses ‘Gedanke’, while in German you can also use ‘das Gedachte’,
thus mentioning the thought in objective sense.

17 [USB], pp. 32-33; [Tr. Trege)], p. 63; for the translation see also [Read-
ings], pp. 90-91.
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truth that we want to take hold of the denotata, and if 2., 1t 1s of
the denotata of the subjects that predicates are affirmed or denied,
and besides, if 3., the applying or with-holding of predicates occurs
only within sentences which can have a truth-value - their names
having a denotation — and, 4., truth or falsity arc to be found only
in such statements; then it is clear that just in the context of sen-
tences stated as true we have the assurance, becausc of names
occurring in them, to have not only a sense but a denotation too.
This substantiates my above thesis as to the basis of the proof
of the distinction sense-denotation — i.c. that it depends on the
POSSil?ﬂity of stating the relevant true sentences. Morcover those
teachings will help me in going farther with the theory of denoting
here advocated; firstly they will help in stressing the importance
of the context of sentences in this connection (sce Nos. 4, 4.1, 4.2);
secondly they will give the guiding thread to specify how subjects

denote within such contexts (see No. 4.3).
4. The. said conclusion leads back to the principle stated by
Frege hlmeilf in his Grundlagen der Arithmetik (1884), which Is hall
zig rtr::;npi:nc;?le of t}}e Prima'cy of th.e context: ‘“‘never ask for
sition’” 18 T}%e Sar\;vlords in 1solat10n,. but in the context of a propo-
in Wittgenston ‘e ;’Eatementlgve find later, strengthened perhaps,
41 Whén F:e 7 ra?tatztf, and recal.led‘ even by Carnap.20
distinguished ] {:’10 estal?llshed that principle he had not yet
stated this diffee enotatlop from the sense; 5 .lat?r on, when he
this, he simpl éence, he d.1d not r.ecz.xll t‘hat principle.2t Far from
epoach: thue }2’0 xtended his new distinction to the other parts of
’ opened a new way, followed, later on, by Carnap.?2

18 G. FriGE : '
REGE, [GLA] Die Grundlagen dev Avithmetik (Breslau 1884); English

translati

19 L mxnvlbéc‘i' AUSTIN (Oxford 1952) p. X. See also ibid., § 62, p- 73.
' ENST , . . ,

2nd ed. 1933, Prop, ;gN Tractatus Logico-Philosophicus (London 1922),

20 R. Carn .
note 64. AP, [MN] (cit. in footnote 2), p. 7; the text is quoted at foot-

21
noﬁci\g .t];;cM,:}f:T% (being acquainted also with Frege’s unpublished papers)
other of his writs' ate’r’nent ”O'ccurs in Frege's Grundlagen [...] and in no
22 Carna ings” (Nominalism, in Phil. Rev. 65 (1956) 491-505).
P remarks that Frege’s pair of concepts “coincides, in ordinary
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(So Wittgenstein follows the first of Frege’s suggestions; while
Carnap follows his later teaching, though giving acknowledgement
also of the importance of the context. But neither of them

established — as far as I know — a thorough comparison with the
other view).

Irege, immediately after demonstrating, by the said argument,
that names have a denotation different from their sense, applied
this distinction both to sentences (their sense is the non-asserted
proposition, their reference the True or the False) and to predicates,
taken as linguistic expressions, and relation-signs.23 So all ex-

(extensional) contexts’ with his own pair of ‘‘extension and intension’’
((MN], p. 124); and this distinction applies, asis wellknown, to all the express-
ions he calls designators, i.e. to (declarative) sentences, individual expressions
and predicators.

I would remark that Carnap does not point out that Frege, first of all,
proves the distinction for proper names; in fact he says that ‘“After having
explained the distinction in a general way, Frege proceeds to apply it to
sentences”. Thus Frege’s pair of concepts turns out as being construed in
order to fit to names, predicates, and sentences (for the consequences of
this view see below, footnote 24).

Carnap’s exposition of Frege’s ‘‘preliminary’’ explanation of the distinction
consists in illustrating it by (Frege’s) examples — without any further analysis
of the proof. But notice that going this way Carnap is driven to remark
that “For the reader [...] it is not so clear as for Frege himself what is to be
understood by his two terms’’; although, as Carnap acknowledges, ‘‘Frege
assumes that he knows quite clearly what he means by ‘sense’ and ‘nomi-
natum’” ([MN], p. 120). Consequently Carnap concludes that ‘‘Frege’s
preliminary explanations of his terms are not sufficient as a basis for his
results. In order to understand the specific sense in which Frege means his
terms, we have to look [. ..] at the reasoning by which he reaches his results”
(IMN], p. 120-121); here ‘‘Frege makes use of certain assumptions’’, which
““‘can be formulated as principles of interchangeability’ (ibid.).

It is plain that Frege’s reasoning is considered by Carnap at a different
point — a later one — from the one here analysed; and accordingly the
results are different.

28 For sentences see [USB], pp. 32-36; [Tr. Frege], pp. 62-66. For predicates
(taken in the linguistic sense) see [UBG], p. 198; [Tr. Frege], pp .47-48. On
this last point see the discussion between W. MarsHALL and M. DUMMETT
in Phil. Rev. 62 (1953), 64 (1955), 65 (1956). See especially the argument,
based on a manuscript of 1906, in M. DuMMETT, Note: Frege on Functions,
ibid. 65 (1956) 229-230, and the passages quoted by E. D. KLEMKE, Pro-
fessor Bergmann and Frege's ““Hidden Nonimalism’, tbid. 68 (1959) 507—
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pressions, both single words and sentences, have a denotation as
well as a sense ; and the context of sentences would have no influence
on the denotation of words.

On the contrary I would emphasize how both theses —the principle
of the primacy of the context in the search for mcaning, and the
splitting of meaning in sense and denotation — do illuminate each
other. Their connection will provide the very foundation of the
whole semantics of language I wish to advocate.

4.2 To restate the principle of the primacy of the sentence-
context, in order to make it conform to the distinction denotation-
sense, it will be useful to recall what has been clarificd so far about
the denotation of expressions. As we saw sentences can be true (or
false) if and only if the names there occurring do have a denotation;
and conversely, we seek the denotation in order to affirm the truth
of sentences; moreover the explicit assurance of the presence of
only one denotatum for several names having different senses lies in
the sentence (if a true one) stating their identity. Therefore we must
conclude that, though words have a definite sense from the moment
they are assumed as significant signs in a language, their denotation
(i.e. the coming into act of the ability of names to denote the objects
spoken about) is warranted just by the context of truc sentences.
Soilg‘;iceaile (11<.ind of meaning th_e d‘eterr.ninati(m of which is to be
s the ,deno(ir t}rlg to the above pr1nc1p1e, in the context of sentences
do 4 ation of words, not th.elr sense. It follows that words

enote only as long as they are inserted in sentences. 24
:el: bp 510. For ‘predicate’ and ‘relation-sign’ as taken in the linguistic sense,
elow, footnote 48
of Z:ri};sc‘:se“‘;zﬁ;e advocated, that designfitif)n dc.pcnds on the fzontext
) words have a sensc even in isolation, is a theorctical one

see bel y i |
l(an Ae ow Nos. 10-11). (Moreover it concerns natural, and not formalised,
guages: see below footnote 60).

Obviously the .
) two questions - the theoretical 2 istorical, con-
cerning Frege's inter q ctical and the historical,

the above 1 pretation — are independent; but I would suggest that
analysis of ) : 3 :
result {of No. 4}.,2)_ Frege's argument leads to this theorctically important

dis’:;:;’trii;n]g;}; the dis.tin.cﬁion Sen§e—den0tation turns out to be akin to the
For the it ween szgmfwatwq.@ (i.e. Frege's “‘sense’’) and suppositio. .
(Freiburg.} eory of suppositiones see J. M. Bocurxski, Fovmale Logik
urg-Muenchen 1957) pp. 186-199; E. A. Mooby, Truth and Consequence
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in Mediaeval Logic (Amsterdam 1953) pp. 18-19; PH.EBOEHNER, Medieval
Logic (Manchester and Chicago 1952) pp. 27-51. In fact words have a
suppositio (i.e. do designate) only when inserted in propositions (sentences)
while they have a significatim (i.e. they express a sense) even in isolation.
See W. OckHay, Swmmna logicae ed. PH. BOEHNER (St. Bonaventure, N.Y.
1957), Ia Pars, ¢. 63um. According to earlier authors in a proposition only
the subject has its suppositio, while predicates (and adjectives) copulant;
see W. O. SHYRESWOOD, in G. PRANTL, Geschichte der Logik i Abendlande,
vol. 111 {Leipzig 1867), p. 17, note 60. For the difference between earlier and
later scholastics see JOHANNES a S.To THoMA, drs Logica, ed. by B. REISER
(Torino 1948), Ia pars, Lib. II, cap. X, p. 30. IFor the two different senses of
suppositio, the stricter and broader ones (this last including also appellatio),
see also W. BURLEIGH, De puritate artis logicae, cit. by PH. BOEHNER, op. cil.,
P. 45. It seems to me that the very extension of suppositio to all categorematic
terms occurring in sentences — proper to later scholastics — led them to turn
the traditional doctrine of suppositio in the ““complicated technical apparatus’,
mentioned by P. T. Geach, The doctrine of distribution (in Mind LXV
(1956) 67-74: pp. 71-73. (Where Geach shows how this doctrine of sup-
positiones led to the later doctrine of distribution; ibid. pp. 73-74).

In approaching Frege’s Bedeutung to the medieval suppositio, 1 do ob-
viously not follow the current views. (Even W. and M. KNEALE, the Develop-
wment of Logic (Oxford 1962), though admitting that Mill’s denotation and
connotation cover at least some kind, respectively, of suppositio and signifi-
catio (zbid., p. 373), do not mention these in connection with I'rege’s dis-
tinction; but they differentiate Frege’s pair also from Mill’s', (ibid., p. 496).
In fact only the critical analysis of Frege's proof of the distinction led me to
assimilate sense and denotation to significatumn and suppositio; this is clear
on the basis of the arguments of Nos. 3.1, 3.2, 3.3.

Whoever does not rely on the proof (like Carnap, see note 22), but on
the illustration of the distinction, and on its application to all categorematic
terms, will obviously be led to assimilate it to other distinctions of traditional
logic. On one hand, with A. CuurcH (Review of Carnap’'s Introduction
to Semantics, in Phil. Rev. 72 (1943) pp. 298-304; see p. 301), to ap-
proach it to the one of Port-Royal logic, between comprehension and exten-
sion, and to Mill's connotation and denotation; on the other hand, with
Carnap, to the pair nominatum-sense (see [MN], pp. 126—127). Notice that
Church accurately speaks of their being only ‘‘similar distinctions’ without
any closer historical or theoretical correlation, while Carnap seeks for which
traditional pair of concepts — the explicanda — Frege introduces his new ones,
as explicata; and it seems to me that Carnap is right in rejecting, as explicanda,
both pairs of Port-Royal and Mill’s logic, while accepting as such explicanda
the pair nominatum — sense of everyday language.

As the extension of the distinction sense — denotation to all categorematic
words assimilates it obviously to the distinctions of Port-Royal and of Mill’s



220 FRANCESCA RIVETTI BARBO

4.3 Since the sentence is (as stated in Frege's cxplanations)
an organic complex,25 it will be useful to specify the way this hap-
pens; that is how the designations of the following cxpressions,
subjects, predicates and relation-signs, and sentences taken as a
whole, are connected one to the other.

Though here I depart from Frege’s theories (as I admit, for each
of these expressions, a different way of designating), the leading
thread for this research can be found — especially for names occurring
as subjects - in his own teaching. The thcory of reference I would
propose here will be than completed by resorting — especially as
far as predicates and relation-signs are concerned — to suggestions
tz}kel_l from the other semantical analysis of language: the one
hinging on the theory of descriptions, inaugurated by Russell.
. 4.3.1 1In Sinn und Bedeutung (the work in which the distinction
1s proved ex professo) the possibility for sentences to be true or
false dgpends on there being the denotata of the names occurring
as S‘%b]eCtS. Though Frege speaks clsewhere of the denotation of
predicates and relations signs?3 — and admits a denotation for any
name, even if being part of a predicate26 — he does not mention at
all these other denotata in connection with the truth-value of

11\?[%110,5 ';c?trgz),;dei ﬂ_lat“these apply to .all categorc.m.atic terms (except to
are sach rlameno ative'” proper names; if you are.wxllmg to grant that there
concepts, and s) - I wou.ld n.otxce a ce.rtalr_l ambivalence in Frege's pair of
t0 be ak‘in - teS};)eCI_ally in h_xs denotatulm; in fact Frege's denotation seems
to the medievaci egin \.N%th, 1e according tF) the proof of the distinction -
extension or 1o NSIi.tfiposztw, w?nle at the end it can be assimilated to the later
F ill’s denotation.
or the correlation between the extension of terms and their designation

See my essay Il “semso ¢ significato” di Frege i | di Filosofia ¢ di
stovia della Filogg e significato’” di Frege in Studi di Filosofia e @i

fia . - L T
483; pp. 40-42 n onove di Francesco Olgiati (Milano 1962) pp. 420-

25 ,
of PSee .Bl' RUSSFLL s comment on Frege’s logical theories, in Appendix A
[., r~1nc1p es], (cit. in note 16): §§ 482 if; see also 4bid., § 136. Sce also L.
Wit TGENSTEIN, Tractatys, prop. 3.141.
26 ]
See [UBG], pp. 194-195; [Tr. Frege], p. 44, where Frege acknowledges

that a name like “Venus’, having a denotation (that given planet) can “'form
part of a predicate’.
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sentences: thus the denotations of other words there occurring
scem to have no importance in this respect.

Therefore the presence of the truth-value (considered by Frege,
from now on, as the denotation of the sentence) seems to be
conditioned by the presence of the denotata of the arguments only.
Frege himself does not point this fact out explicitly, but this could
be inferred: 1) from Frege’s stating that the predicate is affirmed or
denied of the denotatum of the name: so that whoever does not
admit its presence can neither apply nor withold the predicate;
2) by the examples given by him.2?

Hence it is the experience of our speaking to lead to these
conclusions: 1) the presence of the denotata of the subjects of a
sentence is the condition of the very possibility to get its truth or
falsity, starting from its mere sense — the non affirmed proposition —;
and conversely 2) the assertion of a sentence as true involves the
explicit acknowledgement of the presence of the denotata of its
subjects.

These are the objects spoken about in sentences: i.e. the things
(denoted by the subjects) to which the sense of the predicate (or
relation-sign) is applied or witheld; the things that I would call
(leaving Frege) the designata of the sentence itself.

4.4 Thus the thesis of the primacy of the sentence-context,
as fas as the determination of the meaning of words is concerned,
points out exactly how the splitting of their meaning into sense and

27 [USB), pp. 32-33; [Tr. Frege], p. 62. I quote the whole passage: ‘“Hat
viclleicht ein Satz als Ganzes nur einen Sinn, aber keine Bedeutung? Man
wird jedenfalls erwarten konnen, dass solche Sdtze vorkommen [...] Und
Sitze, welche Eigennamen ohne Bedeutung enthalten, werden von der Art
sein. Der Satz ""Odysseus wurde tief schlafend in Ithaka ans Land gesetzt”
hat offenbar einen Sinn. Da es aber zweifelhaft ist, ob der darin vorkom-
mende Name ‘‘Odysseus’’ eine Bedeutung habe, so ist es damit auch zweifel-
haft, ob der ganze Satz eine habe. Aber sicher ist doch, dass jemand, der im
Ernste den Satz fiir wahr oder fiir falsch hilt, auch dem Namen ‘“‘Odysseus’’
eine Bedeutung zuerkennt, nicht nur einen Sinn; denn der Bedeutung dieses
[p. 33) Names wird ja das Pridicat zu- oder abgesprochen’. It is easily seen
that, though there are here three names occurring in the sentence, only
one is relevant to our question: the subject ‘Odysseus’. Both the other names
‘Tthaca’ and ‘Land’ have their denotation, but this is unimportant in
respect of the designation (in Frege’s sense) of the sentence: its truth-value.
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denotation is to be taken; moreover this distinction shows the way
in which the primacy of the context is to be understood.

5. As a conclusion I should say that ecach expression has its
own sense; but only in the context of sentences, expressions (the
categorematic ones) explicitly designate the things of which we
are speaking; this substantiates the thesis of the primacy of
sentence-context in the determination of the meaning of words.

This result depends on the reason why Frege distinguishes the
denotation from the sense: as we have seen the basis of the proof
lies in the fact that several senses correspond to only one denotatum;
and this is assured, as pointed out, by the possibility of stating a
corresponding true sentence. This is why I conclude that the virtual
ability of each categorematic term to lead, through its sense, to
something, becomes an actual “standing for’” (in the case of the
subject) or “applying to” (for the predicate or relation-sign)
the t}_ling spoken about, only in the context of sentences. 24
. It is easily seen that the conclusion, unlike the starting point,
1s n.ot the same as Frege’s: at least in the way of conceiving the
designation of the other parts of sentences, proper names excluded,
and of sentences themselves.

On the other hand the reasoning itself leads back — as previously
Seen ~ to Frege’s principle of the primacy of sentence-context in
the determination of meaning.

((:)(.)reT(})lf f}?nclusion thus af:hievcd 1s strangely quite akin to the
¢ other semantic analysis, “apparently’”’, as Church

imamlgams, “the only tenable alternative to Frege's account’:28
O(; ussell's theory of descriptions, especially as improved by
Quine.

wilII gz 1;180’; \;Vant to expound it, nor c}laboratc its analysis, but' it
I shall fﬁ ul to recall some of Rl.lSS(iH s and Quine's theses, which

E use to complete and clarify the theory of designation here
proposed.

6'1_ To avoid misunderstandings I anticipate the main results
of this approach, in stating that: 1) the point of agreement (between
my own achievement and the said theory) lies in the importance

2 .
8 A. CHURcH, Review of Carnap (cit. in note 24), p. 302.
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given to the context (which however must be put in the right light,
also in regard to the theory of descriptions): this is expected to be
one of the fundamentals of the account of semantics I wish to
advocate. 2) Thechief divergency between Russell’s theory of meaning
on one hand, and Frege’s and the one here supported on the other,
is the elimination of the sense of expressions as distinct from their
denotation. This seems to be untenable: in fact we shall see that —
as Church pointed out — this elimination would lead to the disap-
pearance of the meaning of descriptions themselves, if taken in
isolation.

Quine’s contribution will correct this defect, but — in my opinion —
not completely: in fact, though accepting a meaning distinct from
reference, he identifies it with the signs themselves, i.e. with the
class of synonymous expressions.

Another preliminary remark will condition what follows: refer-
ences to expressions of formal languages are expected to clear
up the way of meaning of the corresponding expressions of natural
languages: the relation which can be set up in between serves in
fact to throw light upon them.

6.2 To begin I shall recall the initial statements of Russell’s
first account of his new theory of descriptions,2® where its main
features can be found at their origin.

Russell starts, in On Denoting,29 stating that he takes ““the notion of
the variable as fundamental”; where the ‘x’ occurring in ‘C(x)’
“1s essentially and wholly undetermined’’, and ‘C(x)’ is an open
sentence (according to Russell: ‘C(x)’ means a propositional
function). Then Russell considers ‘C(x) is always true’ — by means
of which ‘C(x) is sometimes true’ is definable — and so he defines
‘everything’ ‘nothing’ and ‘something’. These ‘“‘are not assumed
to have any meaning in isolation, but a meaning is assigned to
every proposition in which they occur” .30

Since the bondage imposed upon variables by quantifiers can be

29 B. RussteLL, [OD] On Denoting, in Mind n.s. 14 (1905) 479-493;
reprinted in B. RUSSELL, Logic and Knowledge essays 1901-1950, ed. by
R. C. MarsH (London, pp. 44-56). I will quote from this reprint.

30 [OD], p. 42. Though departing from Russell’s use in On Denoting, 1
use even here quotation marks following the convention stated in footnote 8.
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held as the link unifying the sentence — whose arguments are thus
bound variables — the very fact of taking variables as fundamental
shows the importance given to the context in this theory. f.\ﬂd
this importance is still stressed by Russcll’s denying the meaning-
fulness of isolated words.

So far the ‘“lack of significance in isolation” can appear (15 \\te
shall see better, later on) rather plausible. But this contention is
immediately applied also to the other parts of denoting phrases,
and even to denoting phrases taken as a whole, and out of scnt.(‘ncc.\—
context. Holding this course, Russell declares here (I mention it
only as an example) that ‘a man’ when occurring in a denoting
phrase, is “by itself wholly destitute of meaning”.31

6.3 These quotations are enough to point out the two main
interfering aspects of Russell’s theory of descriptions: 1. the
dependance of meaning (of denoting phrases) from the sentence-
context; 2. the denial of any kind of mcaning different from
denotation. The first point might secm analogous to IFrege’s stating
the primacy of sentence-context in the search for meaning ; but for
the cases in which the context is to be taken into account, Russell
stresses its importance, by stating that all mcaning of denoting
phrases is given by their context: and this is closely correlated to
the second thesis, quite different from Frege's, provided that it

31 [OD]' P- 43. Asis well known, Russell started, in [Principles]), Appendix
A, by a criticism of Frege’s view: ‘It seems to me that only such proper names
as are derived from concepts by means of the can be said to have meaning,
and that sych words as John merely indicate without meaning. If one allows,
as .I do, that concepts can be objects and have proper names, it scems fairly
evident that their proper names, as a rule, will indicate them without having
an}.’ distinct meaning; but the opposite view, [.. .] does not appear to be
logically impossible'”, (ibid., § 476). Notwithstanding this, in [OD] (note at
P- 42), Russell points out that ‘“the theory there advocated” in [Principles]

1S nearly the same ag Frege’s, and is quite different from the theory to be
advocated in what follows”. In fact in [OD)] any meaning different from
denotation is swept away.

This contention of Russell has been frequently and thoroughly criticised.
See for instance P. ¥. Srrawson, On referring (in Mind 59 (1950} 320-344;
repr. in A. Frew, Essays in Conceptual Analysis (London 1956) pp. 21-52),
urging that Russell confuses meaning with referring (and with mentioning).
The same confusion is pointed out by Quine; see texts cit. in note 34.
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imvolves the rejection of the sense as distinct from denotation.
I't is just on account of this second thesis that Russell is forced to
state that words — not being proper names having a denotation -
do not have any meaning at all if taken out of the context.

6.4 On the contrary I would argue that the contentions, reported
at No. 6.2., as to the words having a meaning or lacking it, hold
not for a monolithic meaning but for their denotation as distinct
from their sense. This step forward has been taken, at least partially,
by Quine.32

It is well-known, that he states that what is warranted by the
bondage imposed by quantifiers on variables — i.e., I would say,
by the context —is just the reference of words.33 On the other hand,
he admits that singular terms have a meaning even if deprived of
designation.34 And the importance of this should not be minimized,
even though I would not share his thesis identifying the sense with
the set of synonymous expressions.3% Finally Quine’s extension of
the paraphrase of names in descriptions to all names, the singular
ones included, enlarges the importance of the context to the same
extent: 36 that is, at least potentially, to all discourse.

32 W. V. O. QuinE, [DE] Designation and Existence, in Journ. of Phil.
36 (1939) 701-709, reprinted in [Readings] pp. 44-51; [NEN] Notes Existence
and Necessity, ibid. 40 (1943) 113-127, reprinted in L. LiNskI, Semantics
and the philosophy of language (Ilinois 1952) pp. 77-91; [FLPV] From a
Logical Point of View (Cambridge Mass. 1953); [WO) Word and Object
(Cambridge Mass. 1960).

33 [FLPV], pp. 6-8, 12-13, 85-86, 103; [DE], pp. 707-708; [NEN], p. 118;
[WO], Ch. IV-V. See also W. V. O. QuINE, [ML] Mathematical Logic, revised
edition (Cambridge Mass. 1951), pp. 149-150; Methods of Logic (London
1952) p. 224.

34 [DE], pp. 702-703; (FLPV], p. 9; [NEN], pp. 119-120.

35 The main difference between Quine’s ‘“meaning’’ and Frege's ‘‘sense’’
was rightly pointed out by A. CHURcH (Review of Quine, [NEN], in Journ.
Symb. Log. 8 (1943) 45-47): Quine ‘‘suggests, e.g., that the meaning of
an expression might be identified with the class of all the expressions
synonymous with it; while Frege’s sense is an abstract object not having a
syntactical make-up” (¢bid., p. 47).

3¢ [DE], pp. 706-707 [FLPV], pp. 7-8; [WO], pp. 185-186. Quine points
out (in [FLPV], p. 39) the importance of the ‘‘reorientation in semantics
[...]) whereby the primary vehicle of meaning came to be seen no longer in
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6.5 If we take into account the way just suggested (i.c.; so
substitute, in 6.2, the denotation, as distinct from scnse, for the
unique ‘‘meaning’”’) the importance of the above remark (see
No. 4.4.) comes out — even for the theory of descriptions, as well as
for Frege’s theories: — that the lack of any distinction of the de-
notation from the sense prevents us from rightly stating how the
primacy of the context is to be understood;37 as well as, on the

contrary, that distinction and this principle do illuminate each
other.

7. Therefore we shall be able to find, in the theory of descriptions

thus modified, the starting point to restate the theory of sense and
designation, as I would advocate it.

Suggestions drawn from the above theory will in fact help to
determine how the words of different kinds — quantificers, variables,
and bound variables (No. 7.1), categorecmatic words (No. 7.2),
names and predicates separately taken (Nos. 8.1-8.3) — do designate
or dc.) concur in the designation of the context; thereby 1 shall also
specify the various kinds of sense, proper to cach of them.

7.1 - As for quantifiers their sense consists - besides the indication
of a given quantity — in their ability to warrant the designation of
the context. This denoting comes into act upon prefixing them to the
due OPen sentence (matrix), providing the scntence-context thus
obtained with bound variables — i.c. (still following Quine) with
Pronouns3s

Regarding the variables — which arc bindable by them — we have
seep 'thgt, according to Russell, they are wholly undetermined.
Th.ls 1S 1n essential agreement with Frege’s teaching that they do
p01pt out a gap; i.c. they assure that “unsaturcdness’ thanks to
which predicates or relation-signs (of which they arc arguments)

the term bl.lt In the statement. This reorientation, explicit in Frege [GLA]

§ 63(3 Ifrnderllgs R.usse‘ll’s concept of incomplete symbols defined in use”.
he.ob]eCtIOH is even stronger, provided that in this case not only it

becomes impossible to give the right statement of that principle, but the

meaning of the context itself vanishes, as will be proved below at Nos. 7.2
and 8.2.1; see also footnote 42.

38 “_ V.. O. QuINE, [ML] p. 68-70. The importance of pronouns is stressed
by Quine in [WOQ), p. 186: ““That variables alone remain as singular terms

may be seen as testifying to the primacy of the pronoun’’.
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are in need of supplementation and are so able to unify sentences.39

It is plain that the aspects of things denoted by means of pro-
nouns — i.e. by bound variables — are however not described by
them, but expressed only by the categorematic words of the phrase ;40
and those aspects are the sense that such words express — as we
shall sce (at Nos. 7.2 and 8.2) —. Whereas the sense expressed by
bound variables (pronouns) is not a property or a relation of
things spoken about, but consists only in their ability to point to
the things so designated, from the very moment they have been
inserted in the due sentence-context.40

It follows that variables, quantifiers and pronouns cannot by
themselves designate anything — if taken in isolation from the
context —; in fact though vaguely pointing to something, they
cannot by themselves give us the means to know determinately
which is the designated thing. Therefore the above described, and
only that, is their sense. (So we understand that Russell’s refusing
meaning to isolated words (other than proper names) is less ob-
jectionable in regard to expressions of such kinds: exactly the ones
with which he begins stating this peculiar contention).

7.2 1If, in a given sentence, bound variables (i.e. pronouns)
are the only words on which designation relies, it is obvious that
the other words there occurring cannot denote, when isolated from
them; (thus the extension — with Russell — of lack of meaning to
the other parts, the categorematic ones, of denoting phrases would
be acceptable only if it would be a question of lack of designation);
but these words go on — also in isolation — expressing the sense
not expressed by the bound variables; this sense consists (as we
have just seen) of at least one aspect of the things they come to
designate when in the due context.

To prove it, it is enough to point out that, if these words, taken

39 See [UBG], p. 197, quoted below, at footnote 54; see also G. FREGE,
[(GGA] Grundgesetze dev Avithmetik, vol. 2 (Jena 1893, 1903); vol. I, pp. 5-6.

40 This holds for all “variable-binding operators’ including the prefixes
for descriptions and class abstractions; but I will not dwell upon these here.
The reason is that their application does not produce sentences but singular
terms, and — from my point of view — generally there is no guarantee, for

singular terms taken in isolation, that they effectively have a denotation;
(but see below, No. 12.2).
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alone, would not even maintain their sense, they could not concur
then to give any kind of meaning to any context in which they
should be inserted ; this is in opposition to what Russell believes. In
fact after stating that ‘a man’, when occurring in a denoting phrase,
is quite destitute of meaning, Russcll goes on saying it ““gives a
meaning to every proposition in whose verbal expression ‘a man’
occurs’ ;4! but it is impossible that somecthing provides another
thing a meaning which it, itself, does not have; not even if that
thing comes to form a part of this one: so 1f a rosc have no scent,
it would not concur to the scent of the bunch! Thus, in the case we
should go on denying (with Russell) the possibility of a sense distinct
from the meaning of names he identifies with their denotation, then
(as Church already pointed out) 42 also the very meaning of des-
criptions would vanish.

This conclusion is inescapable at least for the case of indispensa-
bility of the description (in conformity with Russcll); in fact, should
the description serve (as in this case) to translate words which are
only “seeming names”, that is pseudo-names destitute of de-
notation, and therefore of any kind of meaning, then — as a good
translation would preserve synonymy — the description too should be
quite meaningless. But in this way all these expressions — seceming
names and descriptions, synonymous to them - could no longer
belong to a meaningful language; and I cannot scc which could be

41 [OD7, p. 43.
42

A. CHURCH, Review of Carnap (cit. at note 24), pp. 302-303: "If,
howeve.r, we do reject the notion of sense [...] then Russell’s well-known
conclusion seems inescapable that descriptions [...} may not be admitted
excep.t as introduced by contextual definition, i.e. that a sentence ostensibly
containing a description must be construed as a mere abbreviation for a
sentence of another form in which neither the description nor any name
Synonymous to it appears. [...] As a result, the notion of designation largely
disappears along with that of sense — except perhaps in the case of sentences.
[...] Predicates must be construed as having no meaning in isolation [...]
See also A. CHURCH, 4 Formulation of the Logic of Sense and Denotation (in
Structuve, Method and Meaning, Essays in honour of H. M. Sheffer, ed. by
P. HENLE, H. M. KaLLey, S. K. Lancer (New York 1951) pp. 3-24: p. 15

note 17); and Review of W.V.0. Quine, Whitehead and the rise of modern

logic, in Journ. Symb. Log. 7 (1942) 100.
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the use of translations or linguistic analyses turning words into
meaningless sense-data.

8. Having thus established that also such categorematic words
have a sense by themselves, Quine’s formulation of the theory of
descriptions will give us the clue to further specify what sense this
1s, and how we can get to the designation through it; this must be
established for names (No. 8.2), for predicates and relation-signs
(No. 8.3), and finally also for sentences (No. 9).

8.1 Quine enlarges the theory of descriptions in pointing out
that every name (not only ‘‘seeming names’) can be expanded in a
description.43 So every name has a description synonymous to it
(remember Quine’s ‘“‘Pegasus” i.e. “the pegasizing thing”) and “‘a
singular term need not name to be significant’’.44

8.11 In fact when names are paraphrased in descriptions the
burden of denotation is taken up by bound variables; whereas,
independently from these, the other words of the description
maintain a meaning of their own. As the denoting —1i.e. the pointing
to the object spoken about —, has already been eliminated from this
meaning, the meaning itself can obviously be nothing but their sense:
the very sense of the corresponding name, that is one or more
aspects of the thing which could be the denotatum of the description.

As for names, it follows that if (for any reason whatever) a name
should lack the denotatum which could be pointed to — in the
corresponding description — by the bound variable, the meaning

43 Quine’s contention was already anticipated by Russell. (So that Carnap
makes no difference between them; see [MN], p. 74). See B. RusserL, The
Problems of Philosophy (London — New York 1912) p. 84, where Russell had
already pointed out that ‘‘common words, even proper names, are usually
really descriptions’”’. Even an anticipation of the famous ‘‘pegasizing’ is
to be found in RusseLrL, An Outline of Philosophy (London 1927) p. 267:
“'Of these [proper names] therc are no examples in actual language [...] thus
assertions about ‘‘Peter’” are really about everything that is “‘Peterish”.
To get a true proper name, we should have to get to a single particular or a set
of particulars defined by enumeration, not by a common quality”. (This
obviously depends on Russell’s distinction between knowledge by acquaint-
ance and knowledge by description). The above contention was already
stated, about ‘‘Socrates” in P.M., 2nd ed., vol. 1, p. 50; therefore “Truly
elementary judgements are not very easily found” (ibid. p. 45).

44 [FLPV], p. 9; see also texts cited in note 34.
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the name has to maintain will be the sense cxpressed by the other
words of that description.

Thereby we go back to Frege’s thesis stating that all names have
a sense besides their denotation: I should rather say besides the
possibility of denoting something.

8.111 This approach of Quine’s thesis to Frege’s is possible only
as far as we leave out of consideration two of their theories: on onc
side Quine’s identification of what he calls the meaning of words
with the set of synonymous words, so eliminating all abstract
entities. On the other side, we do not take into account that Frege
considers only singular names as names; ‘‘common names’’ would
not be, according to him — anything but an ‘‘unfortunate expression”
Creating confusion.4 (I think the distinction betwecen singular and
Common names is to be kept, and would be very interesting to
analyse, but I am not going to dwell upon this now).16

8.112 If (as already proved) there are no names destitute of
Sense, there can be instead occurrences of names for which there
1S no sufficient reason to admit they actually have a denotation too.

In fact, how do I know that ‘3 horse’ and ‘a winged’ and ‘@
Winged horse’ do denote something? ‘A winged horse’ does not
denote anything, at least at the present state of our zoological
€Xperiences.47

As for descriptive phrases taken in isolation and destitute of

% G. FreGE, Review of E. Husserl, in Zeits. . Phil. u. philos. Kritik 103
1894) 313-332: p. 236; [Tr. Frege), pp. 82-83. And G. Frian, [KBS]
(cit. at note 14), p. 454; [Tr. Frege), p. 105.

-46 I examinated this point in my essay Il "‘senso e significato” (i Irege
(¢it. in note 24, last paragraph) PP. 32-40 Nos. 28-36.

Moreover, as names can be Paraphrased in descriptions, the comparison
between singular and common names would correspond to that petween
definite and indefinite descriptions. Thus it would be useful to examine
Russely’s passage from definite descriptions alone, (as in [OD] and in PM,
Vol 1, 2nd ed., p. 30 and p. 66) to both definite and indefinite descriptions(as
N his Futyoduction to Mathematicq) Philosophy (London 1919) . 167) See
G. E. Moore, Russell's Theory of Descriptions in The Philosophy of Bertrand
Russell, ed. by P. A. SCHILPP (1944) PP. 175-225.

47 See, e.g., the “indesignative occurrences” of names, by Quine, [NEN]

P. 116. In [DE], p. 703, Quine noticeg that “'Pegasus’’ I8 NOt & 34, in the
Semantic sense’’.
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quantifiers, once we have excluded their supposed insignificance
and their pointing to a denotatum as well, the only way out left
is the one already suggested: i.e. to identify their meaning with
their sense. This is also coming out from the above examples
(think of ‘winged horse’) and will be better focussed in the dis-
cussion (see below) on the sense of predicates and relation-signs.

8.12 The assurance of denoting is usually given, even for
names, by some kind of context. Firstly the context of sentences;
when I say that ‘‘there is at least one horse” I state that at least in
one case, ‘a horse’ stands for a denotatum, besides expressing a
sense. And secondly — in case — a context of circumstances showing
a name is used to call, or to point to something (see later on No.
12.2). (Notice that the above case of sentences seems to be the only
one relevant to science, since sentences are the only expressions
which can be true or at least confirmable).

8.2 The thesis that names can be paraphrased in descriptions
throws new light even upon the way of meaning of predicates or
relation-signs.48 On this subject it is enough to remember that to
enlarge a name in a description in which a predicate or relation-
sign occurs involves that the noetic or sensible content, i.e. the
aspect of the thing spoken about, which was up to now the sense
of the name, will be expressed, from now onward, by the predicate
or relation-sign occurring in the corresponding description.4? This

48 1 take ‘predicate’, in the linguistic sense (see Frege, [UBG] p. 198,
[Tr. Frege] p. 147). Frege used also ‘Begriffswort’ and ‘Begriffsausdruck’;
in analogy with this I will use ‘relation-sign’ for words indicating relations.

49 That this is the sense of the name corresponding to such a description
is implicit in the remark by A. CHURCH, Review of Carnap (cit. in note 24)
P- 301: “The designatum of ‘the author of Waverley’ is the man Sir Walter
Scott; the sense is the description of a man by his being the author of Waver-
ley (not, of course, a property in this case, but another sort of an abstract
object, which let us call a description). The designatum of ‘Sir Walter Scott’
is again the man Sir Walter Scott; the sense is again a description but of a
different sort.”” See also the passage (by Church) quoted in footnote 61.

As to the aspect of the object which is the sense expressed by one of its
names, I agree that it can be of any sort. It may also be quite individual,
and therefore not a property or relation that could be shared by many;
though only in this last case the corresponding description is compound
with a proper predicate or relation-sign.
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is implicit (for one of the possible cases) in Irege’s view 0{ ic
“concept-names” (Begriffsnamen), the ones obtained by prefixing
the definite article to predicates expressing a concept under which
only one individual falls;50 with the onc difference, that Frege
considers the concept as the denotation of the predicate,?3 and not,
as I will do here, as its sense.

According to Frege this sensc is in fact onc of the aspects, i.c.
one of the modes of presentation of the object; and I should add
that in many cases (though not in all) this aspect can be taken in
abstraction from the thing it determines, thus becoming the very
sense of a predicate (or a relation-sign). This predicate will then
be able to be affirmed (within a sentence) of an argument, either
bound variable or name, denoting the thing itsclf ; the thing to which
the (before abstracted) sense will be so applied again. When one
OT many aspects are shared by several objects, we have of course
a common name and its corresponding predicate, whose sense is
applicable to all of them.

This remark is good not only for singulary predicates (expressing
attributes) but also for n-ary ones (expressing rclations). Let us
take the relation “...is the author of...”, if the words ‘author of
Waverley’ express (as just proved) an aspect of the object “W,
Scott” of which we can speak in a sentence — e.g. ““W. Scott is
the author of Waverley’” —, then ‘author of’ can obviously express
an aspect of each of the two objects “W. Scott” and “Waverley”’, —
gt least when in the right sentence (as above) —, this aspect being
Just the relationship of cach of them with the other.

8.21 The foregoing remarks give us the ground for an important
conclusion: if the burden of designation weighs on quantified varia-
bles, obviously Predicates and relations signs, when considered inde-

Pendently from the bondage of their variables (i.c. if taken in their

Itis plaip that this question is the same as the onc concerning the difference
between sing

ular and common names (see above footnote 46); but I would
Suggest to abandon both Frege’s theories about Begriffsnamen (sce hereafter,
ansdo note 50) and common names (sce No. 8.111. and note 46.).
éccording to Frege, Begriffsnamen can be derived only from such names.
See [USB), pp. 41-42; [Tr. Frege), pp. 70-71; [UBG], p. 197; [Tr. Frege],
PP- 46-47; [GGA] (cit. in note 39), vol. I, pp. 18-20.
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intension), are relieved of this duty; that is they cannot designate
when out of the context where their variables are bound by quanti-
fiers, but shall have necessarily a sense (as already proved).
And we just saw that thisis the very sense of the name, which can be
paraphrased in the description where the corresponding predicate
or relation-sign occurs.

8.211 Accepting on the one hand Frege’s thesis according to
which: Ia) the sense of names is an aspect — or mode of presentation —
of the things so denoted, 1b) from given predicates we can obtain
“concept-names”’,50 whose sense is the aspect itself, indicated also
by the respective predicate; and on the other hand Quine’s stating
that 2a) every name can be paraphrased in a description, and 2b)
descriptions designate through bound variables — so that predicates
there occurring do not designate when in isolation — thus we come
to a theory of the meaning of predicates and relation-signs equally
distant from the two extreme points of Frege’s and Russell’s
doctrines respectively.

According to Russell, descriptive phrases, and even predicates
there occurring, have no meaning if out of the context; according
to Irege, predicates and relation-signs, besides having a sense,51
designate respectively concepts and relations.52 From the previous
considerations we are instead driven to consider just these concepts
and relations as the sense — and not as the denotatum — of the
respective expressions. So the presence of the so-called (by Frege)
concept-names, and on the other hand the paraphrasability (asserted
by Russell and Quine) of names into descriptions, point out that
the content of concepts can be the sense expressed by both predi-
cates and corresponding names (i.e. a given aspect of the object
named by these last ones).

51 This is Dummett’s opinion: “It is difficult to give exact references to
justify my statement: it was seldom to Frege’'s purpose to discuss the sense
of functional expressions [...] But a careful reading of Uber Sinn und Be-
deutung will make it plain that Frege had no idea of ascribing Sinn only
to denoting expressions and sentences, as will [GGA], vol. 1, pars 2, 29",
(M. DummeTrT, Frege on Functions, a Reply, in Phil Rev. (1955) 96-107:
note 5 at p. 98). For further references see above footnote 23.

52 [UBG], p. 198; [Tr. Frege], p. 47-48.
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8.22 This thesis, according to which concepts and relations are
the sense of the respective expressions, is obviously com‘lcctod with
the one saying that ““to be is to be a valuc of a Varmblc”:53 It
follows that there is evidently no place for denotations of pr.cdlcates
and relation-signs other than the ones pointed to by their argu-
ments. Moreover the fact they are followed by free variables shows
that — by their very nature — such signs arc applicable to something
else (in fact Frege’s “unsaturedness’’ is nothing but this) 54

Also these expressions are expected to reach the [ullness of their

meaning through operations on these variables; which consists,
essentially, in introducing the designation of the objects; so that
the sense of predicates or relation-signs will be applied to (or
witheld from) them, within the sentences thus obtained.
9. In the context of asserted sentences this application or with-
holding is done when the things spoken about arc actually pointed
to, either by the bondage of the variables, or by the substitution
of constants for them: these are the two operations by which we
advance from sentence-forms to sentences, true or false.

So far I have followed the modern view ascribing on onc hand the
existential import to the argument(s), on the other the cohesion
O.f the context of sentences (with Frege) to their predicates or rela-
tlon-signs, or (otherwise) to their bound variables. By this T do not
deny the Possibility of an alternative analysis assigning both to the

copula, as in Aristotelian logic;%5 but this view will not be taken into
account here,
Following the oth

er one I would so return, also on the basis of my
anal

ysis of the theory of descriptions, to the above thesis regarding
Sen?enCeS; the one I have reached (in No. 4.2) through the exami-
nation of some of Frege’s remarks (though departing from his own
teaching)_

>3 [DE), p. 708,

. 54- [UGB], P. 197 foot note; [Tr. Frege], p- 47: ““What 1 call here the pred-
icative nature of the

concept is just a special case of the nced of supple-
mentation, the “unsat

uredness’” ..."”. Frege was aware of the metaphorical
character of “unsaturedness” :

. see [UBG], p. 205; [Tr. Frege], p. 55.

5 The fact that the existential import is assigned only to the copula comes
out also from the treatment of contradictories in AristorLr, Categories,
13b 26-32
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Accordingly it is only in the context of sentences that the existen-
tialimport of quantified variables or of names (being their arguments)
1s testified, by stating the sentence as having a truth-value; and
reciprocally the acknowledgement of the presence of the due design-
ata is indispensable to its truth.56 These designata are just what is
spoken about within the sentence.

9.1 Concerning the closure of sentences through the bondage
of variables I would add the following remarks. The fact that each
variable (bound by one and the same quantifier) can have many
occurrences in a statement, is due to the need of applying all the
various senses of predicates or relation-signs, to which it serves as
argument, to the object (or objects) ambiguously designated
through this variable; thus the reciprocal connections (between
those properties and relations) are assured, they too, by these many
occurrences of one and the same variable (or variables).

Thus the bondage imposed by quantifiers also concurs in ensuring
the unity of the sentence-context, by the very fact that they do
designate — thanks to their existential import — the given denotata.

9.2 As for statements obtained by substituting constants for
variables, I shall recall some of Frege's (already mentioned) thesis:
1) the name, subject of a true sentence, must have its designation,
and 2) in such true sentences the predicate is assigned to the
denotatum of the subject, whereas 3) the only junction of predicate
and subject is not enough to pass from the sense to the denotation,
and from the proposition (sense of the sentence) to its truth-value;
hence, even in sentences formed by means of substitution, it is
the denoting of names (and not only their sense) to give unity to
the statement. And inversely, the very fact of stating a sentence as a
true one, involves the acknowledgement of the presence of the
denotata of its names.

9.3 This does not prevent us from considering the sense ex-
pressed by sentences in leaving out of consideration both their
truth-value and designation.

Before a sentence is asserted as true what the complex of its

56 See W. V. O. Quing, [FLPV] p. 103 “an entity is assumed by a theory
if and only if it must be counted among the values of the variables in order
that the statements affirmed in the theory be true.”
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words expresses 1s a junction of the scnses of.thv Cut(:gt(;rc;:;atlc
terms there occurring; which can rightly be consu.lcr(-.d, wi '1k ) elgse,
asthesense of thesentence,57i.e. as the thought (objcctively taken16),
i %i{’l(:r}elzs\?es a proper (i.e. true or false) sentence, when thT PhrliltSS
1s not only used to express a sense (the content of thc, t 1();1'g‘1t] 7
Or proposition) but is also explicitly stated. Hereby we 11'1.1‘1) teitly
affirm its truth t00,58 and explicitly acknowledge the existential
import of its arguments. ..
lO.p Synthesizilglg the results achieved - through t.ho cr?tlczﬁ
analysis of Frege’s proof of his distinction smmc—dcnotntl(‘m,' aiwe‘
as of some typical aspects of Russell’'s theory of dc.\crllpllO-HS,
especially as developed by Quine ~ I would propose the following
sketch of an analysis of meaning. )

10.1 Words have - since they are introduced in a language -
SOme meaning; but this does not involve our acknm\’l‘cdgemen't
that things really are so and so, as signified by pot affirmed ex-
Pressions. So words have first of all a sense, even if 1solnt.cd from the
context of sentences, and this sense is an abstract meaning.

Notice that this kind of meaning — the sense — is to be found
within the contex

ing — the denotat
tences.

10.1
for nam

t of a language; whereas the other kind of mean-
ion - is chiefly warranted by the context of sen-

As for categorematic terms, their sensc is — as Frege stated
€S — at least onc of the aspects of the objects spoken about.

57 [UsBy, P. 35; [Readings], p. 91: ‘“By joining subject and predicate we

always arrive only to a proposition ; in this way we never n'1,o\'e from a sense
to a nominatum o from a proposition to its truth-value”. M. Black, [Tr.
Frege], p. 64, has “‘combining’ instead of ‘‘joining’’. ‘
For one of the good reasons why sense has to be distinguished, also for sen-
tences, from the full meaning they have when asserted, see G. FREGE,
Die Verneinung (in Beitr. zur Phil. des Deutsch. Ideal. 1 (1918-1919)
143-157; [Tr. Frege), pp. 117-135), pp. 145-144; [Tr. Frege], pp. 118-119.
%8 As to the truth as being implicit in every (asserted) proposition see
Cu. S, Prrrce, Collected Papers, 4.282. A connection can be founfl betwgen
this thesis and Carnap’s assertion that the sentence being true is nothing
but the sentence itself; (sec citation in footnote 70).
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10.1  As far as free variables are concerned, they just indicate —
as Frege said — that peculiar “unsaturedness” of predicates and
rcelation-signs which shows their predicability of subjects.

10.13 The sense of quantifiers is — besides the quantity (“all”
or “some’’) which they indicate — the existential import, by means of
which they warrant the designation within the sentence they close.

10.2 By affirming sentences, we pass from sense to designa-
tion.59 In fact in such statements — affirmed sentences — we implicitly
admit their truth; and this involves - first of all — our acknowledge-
ment that ¢here is what we are speaking about; the thing spoken
of is obviously either the denotatum of the subject (or subjects)
of the sentence, or the designatum of its bound variables.60

10.21 So the names, being arguments of a proper sentence,
denote the things spoken about, through their sense: hence these
arc the denotata for which they stand in the statement, producing
them through at least one of their aspects.

10.22 1In sentences the predicate or relation-sign is affirmed
or denied of its argument (or arguments); thus the sense of the
(singulary or n-ary) predicate is applied to, or witheld from, the
denotatum of cach of the names there occurring as subjects, and

59 IFor this sketch of a theory of reference, I use one term, i.e. ‘designation’
and its derivatives, for any kind of indicating things spoken about, through the
scnse of any expression; thus *'to designate’ is taken in an undiscriminated
sense. While I use other terms for its specifications; thus I take ‘denote’
for the only subjects; ‘refer to’ for predicates; ‘to be verified by...’ for
sentences; while I would use another verb, e.g. ‘to name’ (see below No. 12.2)
for the designation of names taken out of sentence-contexts. If I may venture
such suggestions for a language foreign to me!

60 Asweshallsce (at No.10.22) the denotatum of the subject is also the object
to which the predicate is referred within the sentence. This I would contend for
natural languages; but obviously this does not prevent us from constructing
languages (mainly formalized languages) on conventions leading to a different
semantical structure (such as if we assign to each term both a sense and a
denotation of its own, independently from the sentence-context). A. CHURCH,
A Formulation of the Logic of sense and denotation, Abstract in Journ.
Symb. Log. 11 (1946) 31, incorporates the distinction in a logistic system
with names of denotata and names of the senses of these names. But these
do not seem to be semantical structures of natural languages, if designation
is taken in the above explained sense; (for the correlation of this designation
with the extension of terms see my essay, cit. in note 24).
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this through the senses of these names; so cach of these denotata,
already determined by the sense expressed by its namc,8! 1s once
more determined, in affirmative sentences, by the application to it,
whereas in negative sentences by the witholding from it, of the
sense of the predicate.

Thereby the predicate or relation-sign, which alrcady expresses
a sense, becomes a designation too, inasmuch at it is referred to the
thing(s) themselves which are spoken about in the sentence;®°
the ones determined by the application (or witholding) of their
sense. So these things become the designata (or references) of the
predicate or relation-sign too.62

10.221 Let us illustrate this through some of Irege’s examples:
when we say “the leaf is green”, we assert as true that the deno-
tatum itself, which is viewed through the complex sense expressed
by the word ‘leaf’, is also determined by the sensc of “being green”63
expressed by the predicate.

When we say ‘‘the morning star is the evening star’’, we assert
that the sense, being the relation ‘‘is identical to’, determines,
through the senses of the two names ‘morning star’ and ‘evening
star’, the denotatum of these two names as being onc and the same.
_ For the case of sentences obtained by binding the variables,
it is obvious that the aspects of the designata are all expressed by
Predicates and relation-signs, whercas the quantifiers serve only
to point to things, so far quite indeterminate.

10.3 The things spoken about — ecither denoted by names Or
Pointed to by bound variables — verify or falsify the whole sentence.

81 A. CuurcH, Introduction to Mathematical Logic, vol. 1 (Princeton 1956)
PP. 6-7: ““Of the sense we say that it determines the denotation, OF is a
oncept of the denotation. Concepts we think of as non-linguistic in character
(. - -1 every concept of a thing is a sense of some name of it in some (con-~
Ceivable) language’’. And Church points out (ibid., footnote 17) that “this
use of concept is a departure from Frege's terminology” )
% This view of the designation and sensc of predicates and relation-siBNs
Is obviously quite different from Frege's.

3 Notice that, up to Frege, in German, the copula “ist’’ of ““dies Blatt ist

8rin” can be eliminated by saying “‘dies Blatt griint”; see [UBG], P: 194;
[Tr. Frege], pp. 43-44.
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In fact the proposition (in Frege’s sense) i.e. the sense expressed
by a sentence, is asserted as true when we (at least) believe the
sense expressed by the (singulary or s-ary) predicate does actually
determine, affirmativély or negatively, that of which we are speak-
ing.

I should call the denotatum of the name, which is determined

by the sense of the predicate, and verifies the sentence, the desigi-
atumd9 — distinct from the sense — of each of these expressions: i.e.
of the sentence and of its categorematic terms, (the most designative
expressions according to Carnap).64 So the designata are what we
speak about, through the senses of expressions.
11. It has become clear that the meaning of expressions which —
in Frege’s first view (1884) — is to be sought in the context of sen-
tences, and not in single expressions taken in isolation, is their
designation.

Once the designata have been not merely grasped but also
actually rccognized as such, i.e. when the fact that they are (and are
so and so) 65 is explicitly stated in sentences, only then have we got
at the fullness of meaning of linguistic expressions,4 that is at their
full cognitive value.65

11.1 This conclusion eliminates also the main difficulty we
find in admitting that only sentences have a complete meaning.
In fact it has already been objected that,86 if the meaning should
depend on the context of sentences, it would not be possible to

81 See also R. Carnap, [MN] p. 7: “Only (declarative) sentences have a
(designative) meaning in the strictest sense, a meaning of the highest degree
of independence. All other expressions derive what meaning they have from
the way in which they contribute to the meaning of the sentences in which
they occur.””

55 We come to this by stating a sentence as true. See A. Tarski, Der
Wahrheitsbegriff in den formalisierten Sprachen, in Studia Philosophica,
1 (1935) 393-405.

66 M. DumMmETT, Nominalism, in Phil. Rev. 65 (1956) 491-505: “Any
attempt to express clearly [...] even the idea that the meaning of sentences
is primary, that of words derivative, ends in implicitly denying the obvious
fact — which is of the essence of language — that we can understand new sen-
tences which we have never heard before,.
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understand new ones never heard before; yet we express and com-
municate our, knowledge by formulating new sentences.

The difficulty vanishes if we state that what the context provides

1s the designation of words, and not their sense. The latter is to
be found in words even if isolated from sentences, since the context
relevant to the sense of words is the one of languages, not of sen-
tences.
12. This paper concerns only the designation within scentences
in ordinary use (direct specch); thercfore I shall just give a hint to
three more points: i.e. the phrases in “oblique use”, the deno-
tation of proper names taken in isolation (out of the context of
statements), and the truth-values taken as the denotations of
Sentences.

12.1  As to the phrases “in oblique use” — i.c. subordinate claus-
€S, as reported speeches and similar ones 67 — the very fact that they
are used in this special way depends on the context in which they
are. So - any way you want to deal with them more specifically =
the theory of designation here advocated scems to be the more
appropriate to explain the designation of these phrases too, as it
Makes designation depend on the context of speech.

122 As to proper names, it is plain that they can be used to
designate something even out of the context of sentences: as if,
ff)r example, a noun is used to call somebody. In this case I should
like to single out, by a different term, this specific kind of the
(generic) designating: perhaps using for this ‘to name’,

I would remark (besides the fact that usually this is done In
€Xtrascientific discourse) that designation depends, hepe too, ON
the context; it is not, of course, the context of a sentence (here

7 [Usny, pp. 36-49; [Tr. Frege], pp. 65-77. For this kind of gpecch I'rese
Temarks that ‘It is hard to exhaust all the possibilitics given by a 1angua‘o’e”
([USB], P. 49; [Tr. Frege], p. 77). It is plain that this variety ig possible as
Ong as the subordination of clauses depends on the context of specch:

% This kind of context has been emphasized by . F. SrpawsoN, 07
Referring (cit. in note 31). This contention obviously follows Sirawson's
8eneral view that *...referring is not something an expression does; it 1S
SOmething that somebody can use an expression to do’ (ibid_, p. 29): but

I think that also independently from this view the above contentjon cah P¢
Maintained.
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inexistent!) but the one provided by the circumstances which
assure we are pointing to the thing named®® (as when a hunter is
calling his dog ““Dick!”’).

12.3 As to Frege’s well known thesis concerning the denotation
of sentences (the true or the false) and their sense (the pro-
positions) I would add what follows.

As for the sense of sentences, it is given by the junction of the
senses of the words there occurring. This seems to be what Frege
meant by Gedanke: i.e. the non-asserted proposition expressed by
the sentence.

As for the designata of sentences, the ones here described are,
on the contrary, quite different from Frege’s — 1.e. the true and the
false —, as they are the things themselves spoken about; 69 that is
the things denoted by the arguments of the sentence.

It is obvious that in most cases we do not speak of the true and;or
the false, but of something else (so that Carnap could say that the
truth of a sentence is nothing but the sentence itself).”0 Thus the
true and the false are not — generally — such designata of sentences.

12.31 — This does not prevent us from taking the true and the
falsc as what we are speaking about in other speeches (especially
in the field of logic): e.g. the so-called propositional variables can
be taken as variables of truth-values, within a context where the
true and the false are just the things spoken about.?!

13. To conclude I would add that the thesis I have supported
so far is not bound, as regards designata, to a given ontology;72
i.c. it does not give us means to state — univocally perhaps — which

69 I'rege himself notices that ‘“‘the designation of the truth-values as objects
may appear to be an arbitrary fancy or perhaps a mere play upon words, . .."
[USB], .p. 34; [Tr. Frege], pp. 63-64. In a footnote of the later paper Die
Verneinung, (cit. in note 87), p. 151; [Tr. Frege], p. 126, Frege seems to give
a slightly different account of truth.

70 R. CARNAP, Introduction to Semantics (Cambridge Mass. 1942) pp. xii +
263: p. 26.

71 For this point see Nos. 55-57, pp. 58-61, of my essay Il ‘‘senso e significa-
to’’ di Frege (cit. in note 24),

72 For references and discussions of various views on this point see L.. Apos-
TEL, Logic and Ontology, in Logique et Analyse 3 (1960) 202-225.
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kind of beingis that of things denoted by names or bound variables.?3

In fact designata are these things of which we speak, and thus
they are the very objects of our knowledge; thercfore it must be
up to the wvarious sciences — the philosophical oncs included —
to state what these are. Whereas a theory of language (or of know-
ledge) can obviously deal with things only in so far linguistic signs
(or knowledge) are related to them.

As for the sense of expressions it was proved that it has to be
distinguished from the signs, as well as from their designata;
hereby the very fact they are abstract cntities?d — i.c. neither
linguistic signs nor the very things gencrally spoken about? —
s also proved. And this result depends on rescarch falling within
the field of the theories of language and of knowledge.

Concerning designata I would only add that, considering how
various the objects of sciences are — c.g. animals, numbers, values of
different kinds, etc. — it comes out that there arc as many different
kinds of being as there are various objccts of knowledge spoken
about. This is, the only “ontology’” immediatcly suggested by that
very knowledge of extralinguistic things which nccessarily prcccdes
any semantical investigation.

Universita Cattolica del Sacro Cuore, Milan, Italy

dezaET-his contention is supported also by A. ‘\’II‘:NI.\’E, Zur logischen _441(11}’5_3
with xlsl.enfz (1958) pp. 97-106. Even Quixk ends hlS.} famous Oy what there 1S

o 4 stmilar remark (though relying on a quite different point of view):

. I agree with Church in maintaining that abstract entities are not eli-
mln_a_ble. For a description of such abstract entities se¢ — as to Frege's pro-
fnos];t@n, i.e. the thought expressed by a sentence - G. FREGE, Der Gedanke,
A CItr. z. Phil. d. Deutsch. Ideal. 1 (1918-1919); English translation PY

- M. and M. QuinTon, in Mind 65 (1956) 289-311; ¢specially pp. 292,
302, 308-311.

"5 Of Course we can also speak of senses and thus they become the desigﬂata
of such expressions, as when we say: “sense is an abstract entity’’. In this
Sentence the sense of the name ‘sense’ is identical to its denotatym.

This is a feature Interesting to analyse, but which is not examined here¢-



CHAPTER 13

LEIBNIZ’'S LAW IN BELIEF CONTEXTS

RODERICK M. CHISHOLM

1. The author of Marmion is identical with the author of
Waverly; it is true that George believes the author of Marmion
to be Scotch; and it is false that George believes the author of
Waverly to be Scotch. These facts, according to many philosophers,
present us with two undesirable extremes. We might reject Leibniz’s
law, according to which if a certain thing A (say, the author of
M armion) is identical with a certain thing B (say, the author of
Waverly), then whatever is true of A is also true of B. Or, we might
say that, if George believes the author of Marmion to be Scotch,
the fact that he has the belief is not a fact about the author of
Marmion; and that, if he does not believe the author of Waverly
to be Scotch, the fact that he does not have the belief is not a fact
about the author of Waverly. In the one case, we would be com-
mitted to saying that, although the author of Waverly is identical
with the author of Marmion, the author of Waverly may yet have
certain properties which the author of Marmion does not have.
And in the other case we would seem to be saying that George’s
beliefs do not pertain to the author of Wawverly (i.e., the author of
Marmion). It is clear, I think, that these are undesirable extremes.
I wish to suggest, in the spirit of Russell, that both of these extremes
may be avoided.

2. By ‘“‘Leibniz’s law,” we mean, not the ‘“‘salve veritate’’ prin-
ciple,! but the more fundamental

1 “Two terms are the same (eademn) if one can be substituted for the other
without altering the truth of any statement (salve veritaie).”
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(1) For every x and every v, if v is identical with v then what-
ever is true of x 1s true of y.

Our problem arises if we consider this law along with three
other statements which also seem to be truc. These comprise:
a statement of identity

(2) The author of Waverly is identical with the author of
Marmion;

a belief-statement

(3) Although it is true that George believes that the author
of Marmion is Scotch, it is false that George believes that
the author of Waverly is Scotch:

and a general statement about the relevance of belief to reality

(4) For every , if anyone believes that x has a certain property
F, then his believing that x is F is something that is true of
x; and if he does not believe that x is F, then his not believ-
ing that x is I, is also something that is truc of x.

.The four statements together seem to commit us to a contra-
dlctory conclusion:

(5) There exists an x such that George believes that v 1S
Scotch, and such that it is false that George believes that &
is Scotch.

To solve the problem, we must show either that one of the first
tour statements is false, or that there is no justification for believing
hat the premises commit us to the conclusion.
solIutS'haH' propose a solution for thi§ particular exan?ple, 1f the
care 1on 1s adequate, then, I suggest, it may be genc}‘allzed to take

‘ of other cases where Leibniz’s law, in application to psycho-
Og1cal contexts, seems to lead to similar difficulties.2

3. ) Sc?me have attempted to solve the problem by denying
©1bniz’s law and submitting to a kind of relativism. Thys it has
n(e)inb said: ”What is true of a thing under one description may
€ true of it under another description; hence what is true of 2

2 GG A
’I’Sut for modal contexts (“it is necessary that...,” ‘it is possible that

d -»""), where an analogous problem arises, the solution may need to take &
Uferent form.



LEIBNIZ'S LAW IN BELIEF CONTEXTS 245

thing under the description ‘author of Afarmion’ may be false
of it under the description ‘author of Waverly’.”’

Others have attempted to solve the problem by denying premise
(4) — “If something x is believed by a man to have a certain property
IF, then his believing that x is I¥ is something which i1s true of x” —
and thus submitting to a kind of subjectivism. For to deny (4)
1s to say, in effect, that our beliefs have nothing to do with the
objects they purport to be about, and this is to revive the doctrine
that ““the mind cannot get outside the circle of its own ideas.”

We will find the solution, I think, if we look more carefully at
premise (3) and then consider the relation between the premises
and the conclusion. Although, as I have suggested, the problem
i1s not primarily a problem about the nature of language, we can
solve it only by making use of the insights of those philosophers
and logicians who have emphasized its linguistic aspects.

4. Let us make four preliminary observations. These concern
(a) the logic of belief-statements, (b) Russell’s theory of descrip-
tions, (c) what Quine has said, in the spirit of Russell, about the
adjectival nature of singular terms, and (d) the disjunctive or
indeterminate character of certain statements about belief.

(a) The general point about the logic of belief-statements con-
cerns the result of using the apparatus of quantification-theory
in the formulation of such statements. We may think of “George
believes that’ as being a type of modal operator and distinguish
the case in which it modalizes an existential quantification #»n sensu
composito, e.g., ‘George believes that there exists an x such that x
is honest,” from that in which it modalizes such a quantification
in sensu diviso, e.g., ““There exists an x such that George believes
that x is honest.”” In the first case, the modal operator immediately
precedes the existential quantifier and thus modalizes the entire
quantified statement; in the second case, the existential quantifier
immediately precedes the modal operator and thus quantifies into
a modal context. Let us note that the first of the two statements of
our example does not imply the second: George may have a general
faith in human nature and thus believe that there is an honest man
without being able to specify any particular person as a person
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whom he believes to be honest. Similarly, although there is no
one whom 1 believe to be President Johnson’s successor, 1 believe
that there is someone who is President Johnson’s successor.3

We may affirm this general principle: no belicf-statement in
sensu composito (‘George believes that there exists an a1 such that

) implies any belief-statement in sensu diviso (‘“There exists
an x such that George believes that...”).4

Part of our problem, then, is to answer the question: Shall we
paraphrase ‘‘George believes that the author of Wawerlv is Scotch”
in sensu composito or in sensu diviso?

(b) Letus remind ourselves, following Russell, that many state-
ments of the form, “The thing which is ¥ is G,”” where “F” and
“G” occupy the position of adjectives, may be paraphrased into
statements of the form: ‘“There is just one x such that vis IF, and
% is G.” (For simplicity, we may use the expression ‘just one thing
x’ ‘ instead of writing out Russell’s paraphrasc in full.) And “The
thing which is A is identical with the thing is B may be para-
phrased as ““There is just one thing x such that x is A, and just one
thing y such that y 1s B, and x 1s identical with y.”

(c) Following Quine, let us assume that any noun or substantival
eXPrfession (e.g., “dog”’) which is used to denote an object may
readily be transformed into an adjective (e.g., “caninec’’) which is
'true of that object; if the noun is a proper name (c.g., ‘‘Socrates”)
1t may be turned into an adjective (e.g., “socratic”’)

exclusively of that ob
“Socrates”)

“The x such

which is true
ject. In the latter case, the proper name (e.g.,
may be replaced by a descriptive phrase of the form,

that x is F,”” wherc “F’ is the adjective (c.g., “'socratic”’)
that replaces the proper name.®

3 Compare W, V.
Journal of Philoso
Belief (Ithaca 1962)

4 One of the
mul

ns

QuINgE, Quantifiers and Pr()positi(mal Attitudes,

Phy 53 (1956); JAAKKO HinTikka, Knowledge and
, pPp. 148-150.

) problems of epistemology could be sajd to be that of for-
ating general Principles enabling us to pass from psychological statements
Ensu composito to psychological statements i sensy ¢iviso. For, according

to some conceptions at least, the only statements which are directly evident
are first person psycholog

1 oae
i

! ical statements in sensu composito (‘1 believe that
I seem to remember that. . - It appears to me that...,” efc.).

5 e .
So there is no longer any obstacle to treating all singular terms as
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(d) Now we need only note the disjunctive or indeterminate
character of the type of belief-statement with which we are concern-
ed.

The statement ““George believes that the author of Waverly
1s Scotch” is indeterminate in that it presents us with two different
possibilities, realization of either one being sufficient to make the
statement true. We might say, in somewhat intuitive terms, that
the sentence allows, first, for the possibility that the descriptive
phrase (“the author of Wauerly”) is being used to describe the
object of the belief (the actual thing which the belief is about) and,
secondly, for the possibility that the descriptive phrase is being
used to express the content of the belief (what it is that is believed
about the thing).® Or, somewhat more precisely, “George believes
that the author of Waverly is Scotch” would be true under either of
these conditions: (i) the author of Waverly is such that George
believes him to be Scotch; and (ii) George believes that just one
thing wrote Waverly and that that thing is Scotch.

Now we have an answer to our question “Should we paraphrase
‘George believes that the author of Wawverly is Scotch’ in sensu
dwviso or in sensu composito?”’ The answer is that we should para-
phrase it as a disjunction of two statements, one in senswu diviso
and the other ¢n sensu composito.

The context in which such a belief statement is made may well
rule out one or the other of the two possibilities which the state-
ment presents. But it is essential to note that the statement itself
presents us with two possibilities. One of the mistakes which give
rise to our present problem is that of supposing that only one of the

descriptions. Given any singular term of ordinary language, moreover, say
‘Socrates’ or ‘Cerberus’ or ‘the author of Waverly’, the proper choice of ‘F’
for translation of the term into ‘the x such that x is F’ need in practice never
detain us. If a pat translation such as ‘the » such that x wrote Waverly’
lies ready to hand, very well; if not, we need not hesitate to admit a version
of the type of ‘the » such that x is — Socrates’ or ‘the .v such that x is — Cer-
berus’...” W. V. QuINE, Methods of Logic (New York 1956), pp. 218-219;
compare: Mathematical Logic (New York 1940), pp. 149-152.

6 This distinction doubtless brings to mind Frege's distinction between
the Bedeutung and the Sinn of a term. But we need not here commit ourselves
to Frege’s theory of reference.
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two possibilities — the interpretation in sensit composito - would
render the statement about George and the author of Waverly
true.

Consider the true statement, ‘‘Columbus belicved that the land
we now call ‘Cuba’ is in the Indian Ocean.”” The statement would
be false if “the land we now call ‘Cuba’’ could be taken only as
expressing the content of the belief. But “the land we now call
‘Cuba’”’ can also be taken to describe the actual object which the
belief is about, and because of this fact the statement is true. In
other words, the statement is true in virtue of the fact that the land
we now call ““Cuba’ is such that Columbus belicved it to be in the
Indian Ocean. (Compare this statement, taken from a biography:

““Some of his comrades at school thought that the future Pope would
never hold ecclesiastical office.”’?)

5. Making use of the points just made, let us now labor the
obvious and note how certain belicf-statements may be paraphrased.

We may use lower-case letters to indicate positions in which
nouns occur, and upper-case letters to indicate positions in which
adjectives occur. The adjective which 1s derived, according to
Quine’s procedure, from the noun indicated by a lower-case letter
may be indicated by the upper-case version of that samec letter.
Thus if “4 ig replaced by “Socrates,”” then “A” should be replaced
by “socratic.”

The two alternatives which are presented to us by “S believes
thflt ais F” may now be spelled out as: “Either (i) there is just one
thing x such that x is A, and S believes that x is I¥; or (i) $ believes

7 Russell writes in - On Denoting: “*. .
know whether g
Iv

. when we say, ‘George 1V wished to
cott was the author of Waverly’, we normally mean ‘George

Wwished to know whether one and only one man wrote Waverly and Scott
was that man’; pyt we may also mean: ‘One and only one man wrote Waverly
and George 1V wished to know whether Scott was that man.” Logic and
Knowledge (London 1956), p. 52. Russell said that such sentences in ordinary
langue.xge are ambiguous, sometimes referring to the one possibility and
Sometimes to the other (compare: Principia Mathematica, Vol. 1, p. 186);
1 am Suggesting, however, that they are, not ambiguous, but indeterminate,
telling us that one or the other of the two possibilities obtains.
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that there is just one thing x such that x is A, and also that x is F.”

The contradictory of ‘S believes that a is F”” - i.e., “It is false
that S believes that a is F”’ (as distinguished from ‘S believes that
it is false that @ is ") — is a denial of each of the alternatives just
considered. That is to say, “It is false that S believes that a is F”
may be paraphrased as: (i) It is false that there is just one thing x
such that x is A, and S believes that x is F; and (ii) it is false that:
S belicves that there is just one thing v such that x is A, and that x
is .7

The method of paraphrasing other belief statements may now
be obvious. But perhaps we should note that such a statement as
“S believes that the thing which is A is identical with the thing
which is B,” which contains two descriptive phrases, presents us
with thiree alternatives: viz., “Either (i) S believes that there is just
one thing x such that x is A, and just one thing y such that vy is
B, and that x is identical with y; or (ii) there is just one thing x
such that x is A, and S believes that there is just one thing y such
that y is B, and that x is identical with y; or (iii) there is just one
thing x such that x is A, and just one thing vy such that v is B, and
S believes that x is identical with v.”” And so on, for more complex
belief statements.

6. We may now turn back to premise (3) of our puzzle
Although it is true that George believes that the author of
Marmion is Scotch, it is false that George believes that the
author of Waverly is Scotch '
and paraphrase it in the manner described (but retaining, for the
sake of simplicity, the substantival expressions ‘““‘Waverly” and
“Marmion”):
(a) It is false that: there exists just one thing x such that x
wrote Waverly, and George believes that x is Scotch.
(b) It is false that: George believes that there exists just one
thing » such that x wrote Waverly and that x is Scotch.
Either: (c) there exists just one thing x such that x wrote
Mayrmion, and George believes that x is Scotch; or (d)
George believes that there exists just one thing x such that
x wrote Marmion and that x is Scotch.
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This expanded version of premise (3) tells us, then, that (a) and
(b) are true and that either (c) or (d) is true.

To solve our problem, we need only consider the result of assum-
ing (c) to be false and the result of assuming (c) to be true.

If (c) is false, then we will have two statements — (a) and (b) -
telling us what George does #ot believe (but not telling us what he
disbelieves). We will have just one statement — (d) — telling us what
George does believe. And this one statement which tells us what
George does believe is a belief-statement 47 sensu composito (*George

believes that there exists an x such that ...”). But the conclusion
of our puzzle is a belief-statement 1 sensu diviso (“There exists
an x such that George believes that...”). Hence if (c) is false,

we have no reason for supposing that the premises of our puzzle
imply the conclusion.

And what if (c) is true? Qur second premisc (“The author of
Waverly is identical with the author of Marmion’’), taken in con-
junction with (c), implies that (a) is false. But our third premise
implies that (a) is true. Hence if (c) 1s true, the third premise is
false and therefore, once again, we escape the conclusion.8

More generally: if we know of the A that it is identical with the
B and of George only that he believes that the A is C, we may not
infer that George believes that the B is C (much less that the B
is such that George believes it to be C); but if we know of the A,
not only that it ig identical with the B, but also that it is such
t(‘.}hat George believes it to be C, then we may infer, not only that

corge believes that the B is C, but also that the B is such that
George believes it to be C.

Brown University, Providence, R.I., USA

® 1 am indebted to Herbert Heidelberger for correcting an error in an
earlier version of thig paper.



CHAPTER 14

CONJECTURAL INFERENCE
AND PHENOMENOLOGICAL ANALYSIS

ANNA-TERESA TYMIENIECKA

The statement may be ventured that phenomenological analysis
combines the two methodological procedures which Leibniz had
distinguished as “‘analysis” and ‘synthesis”. The analytic and
synthetic aspect of the structural approach elaborates a body
of knowledge, yet by itself it would amount to no more than an
elucidation of what has always been there to be seen, to a tautology.
Analysis and synthesis cannot contribute to authentic progress
In knowledge other than by serving as a springboard to further
inquiry.

What could constitute such a further step in research for the
pPhenomenological method which in its program had to reject
empirical reduction, deductive reasoning, and idle speculation?

In the development of post-Husserlian phenomenology either the
postulates of the methodological clarification and rigor have been
abandoned, as in the metaphysical doctrines which originated in
Husserl’s thought and in the philosophy of the Lebenswelt, or, as in
Phenomenological ontology and phenomenologically inspired scien-
ce, no progress has been made beyond purely structural descriptions.

Are we bound to remain at the purely descriptive level, abandon-
Ing any hope of real progress in knowledge? Or should we hastily
despair for clarity and precision of foundations and abandon our-
selves to vague speculations?

In the present essay, on the contrary, we will attempt and legiti-
mate a program of enquiry, as well as its objective and method, which
would take into account the results of structural analysis and tend
to go further; relying upon the separate individual structures it
seeks the outline of the whole, of the wuniversal order and of the
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architectonic project. It is no more a new structure we look for, but
the set of conditions for all structures given. Taking as a starting
point the structural data of the given, this program gocs on to ask
1ts reasons.

From ontology we move to cosmology. In the first part of our
essay we will stress the basic arguments of our inquiry and outline
our conception of the wniversal order and architectonic project (plan)
of the universe as the objective for a research comprising the struc-
tural level and projecting it into a ¢cleological one, cosmological,
coupled with the notion of the conjectural inference as the appropriate
method towards its discovery.

In the second part, the conception of conjectural inference will
be determined in more detail and be further specified when we dis-

cuss certain similar preoccupations that we sec in the thought of
Leibniz.

I

1. The anticipatory evidence and the choices of the method

In general, it can be asserted that we focus our attention on
foundations and method only when the edifice of rescarch is outlined
and when we have already come to grips with the problems and
difficulties of its realisation. First, because our attention in every
undertaking 1s essentially oriented towards the aim to be achieved;
the search for the ways or means to attain it comes as a secondary
Preoccupation. The nature of the aim proposed entails the indication
of appropriate means to attain it. The question of the method
comes to our attention only when the process of attainment is
unduly hindered, or when we wish to establish the validity of
results obtained.

The Preoccupation with the method is secondary, furthermore,
b.ecause problems of foundations, being thus subordinated to their
alm, cannot be authoritatively scrutinised other than by being
checked by the results, that is by confronting the results obtained
with the objective aimed at. The anticipatory evidence of such re-
sults as possible and desirable is then the first condition of every
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type of research or pursuit.! The question of foundations and
method arises when the need is felt to justify the results obtained
by the nature and validity of that anticipatory evidence. Conse-
quently, no discussion of the method can be plausibly pursued with-
out a grasp and clarification of its corresponding anticipatory
cvidence of the results.

The phenomenological method in all its forms consists essentially
of a combination of the analytic and synthetic procedures, in the
sense in which Leibniz uses these terms. Its analytic aspect consists,
firstly, in distinguishing and ascertaining a level of analytic visibility
at which the given subject matter is considered; secondly, in dis-
sociating its various structural elements, differentiating them from
each other. This differentiation leads to determine their specific
nature and their relations to each other in their réle of constructing
jointly the given object. Thus the basis for a selection of those
clements which play within the whole a specific constructive réle
1s prepared, and to operate this selection no longer belongs to
analysis proper; it is obviously a synthetic operation. Such a
selection necessitates, first, a hierarchical arrangement of these
elements according to the importance in their constructive function
to be established; second, this selection culminates in the grasp
of a structural pattern towards which all the elements coincide.
This culminating phase of the ‘‘eidetic insight’’ or in Husserl’s
words ‘““the viewing of the essence” (IWesenschau) is synthetic par
excellence.

In the clarification of the phenomenological method its objective
foundation consists in the assumption of ideal structures inherent
in the subject matter. This objective requisite foretraces the aim
towards which the method is oriented; the analytico-synthetic
operations in this form are coupled with a foresight of the possible
structures which they are geared to reveal. The validity of these
procedures is itself justified by the fact that they are capable of

1 We are pleased to have found a confirmation of this view in a dis-
cussion of scientific methods made by a scientist himself. See H. S. Hour-
HAKKER, The Present State of Consumption Theory, Econometrica 29 (1961)
705.
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fulfilling such expectations. Together with its anticipatory cvidence
indicating a universe of possible structures as its aim, the pheno-
menological analytico-synthetic procedure outlines the program
of phenomenology as initially seen by Husserl. The method plays
in this program a secondary rdle implied by the anticipatory cviden-
ce of possible results.

This program, fulfilled to a considerable degree in various con-
crete phenomenological studies, in phenomenological ontology,
aesthetics etc, as well as in several realms of science which it has
inspired, offers the universe of knowledge in the form of a set of
basic structures corresponding to all types of beings in general and

a number of structural fragments showing the great diversity of
their concretisations in a more specific form.2

2. The outline of the program of conjectural inquiry

However, at the analytico-synthetic level, we are left with a
series of separate and apparently isolated structural fragments,
forms of beings, processes, relations seemingly disconnected from
the soil in which they take root and from their framework. Although
the particular sciences which have adopted phenomenological
foundations, such as some branches of sociology, psychology,
economics, history etc.? have solved some of their particular pro-
blems by means of strictly determined structural devices alone,
nevertheless, only a limited range of questions have been asked
alfld solved: questions concerning the given and the mode of its
grvenness. The structural approach to the given can do nothing more
th;m bring out the various mechanisms of its functioning as given.
Plag.et’s psychology of intelligence has revealed the pattern ac-
f:ordmg to which the functioning of human responses at all levels
18 orgapised, a pattern which has solved the puzzle of what intelli-
gence 1s. Georges Gurvitsch shows the structures of the social life,

2 I . . N .
For the phenomenological investigation of basic ontological structures

see the present writer's Eidos, Idea and Participation, fqyur Stiudien, 1958.

For the results of the phenomenologically inspire
author: Phenomenolo

(Noonday 1962).
3 Ibid.

d sciences see by the same
gy and Science in Contemporary Euwropean Thought
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banishing thereby the phantom of the absolute primacy of “‘society”
over the individual; Hedwig Conrad Martius distinguishes the
pattern of a self-governing, the self-sufficient functioning of develop-
ment, solving embryonically the problem of the self-determination
of the growing individual without falling into the excess of the
“emboitement’’ theory. Phenomenological ontology, by clearly
distinguishing and elaborating the structures of five general types
of beings (thereby solving many of the puzzles about the problems
of matter and form, substance and accident etc.) purports the same
view.

And yet, although all the distinguishable structures left at the
analytic level appear disconnected and groundless, isolated without
explicitly showing a structural continuity with the others, all of
them indicate an #mplicit interdependence. To give a simple exam-
ple, the structure of the organism indicates dependence upon the
environment necessary to the fulfillment of its functions as a
mechanism. To grow, to persist in existence, certain climatic
conditions, mineral composition of the surroundings, food etc.
are indispensable. The structure of intelligence entails as its neces-
sary counterpart certain selections of physical and mental conditions
in the environment in response to which the “‘intelligent” being
develops reactions, taking then on the organizational pattern of
“intelligence”’.

An inquiry of the marginal indications entailed by the structural
elements themselves pushed far enough would show that the struc-
ture may well be the nucleus of the individual beings, yet it is not
self-enclosed or sufficient to fulfill the very functions which it itself
prescribes for the individual.

It states certain patterns of givenness, of the given, but it fails to
explain why they are such and not otherwise. Although it even hints
at the co-existence of other beings, it does not explain why it
indicates such possible co-existants and not others.

The individual structures do not appear as self-explanatory;
the reasons for their existence, for the particular selection of their
implicitly indicated co-existence, the relations they have, are not
revealed. These questions and others concerning their reasons
transcend the structural level; they coincide to a particular con-
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figuration: by the indications of the structural fragmentation we
are made aware of the outline, the universal project of the totality.
First, it crystallises into the anticipatory cvidence of the universal
order; second, by the conjectural inference, we arce led to the archi-
tectonic project of the universe.

3. The conjecture of the universal order

All the structures which we encounter in the analytic inquiry
show basically the formal features of the five basic structural patterns
which correspond to the five fundamental types of beings: individual
being (real or ideal), intentional being, idea, process and pure
quality. An existential analysis would show that the real individual
being is existentially the strongest, that is that all other types of
beings whether autonomous like ideas, or heteronomous like the
intentional objects are in their actual existence (ideal, intentional
etc.) dependent existentially upon the existence of the individual
being_4 The individual being, specifically the real individual,
appears as the center towards which the final significance of bio-
logical, social, artistic, economic, mathematic, etc. structures
converge, All these and all possibles structures express the profound
Nature, the behavior, the array of connections etc. of the natural
being, man, animal, plant etc. Consequently, these structures find
their final commitments in the nature and place which the real
individual occupies in relation to the rest of the universe, In the
Position of the real individual they find in turn their final explana-
tion,

As a matter of fact, only the structural nucleus of the real iﬂ('ﬁ‘
Vidual is available for direct inspection in structural analys!s:
Yet, since in our inquiries we start always out from the primiti‘_’e
€Xperience of the real individual as it exists in the world, we avoid
Subrep’ticiously separating its ideal nature from this context; 0

€ contrary, its essential nucleus points out its ramifications in the
World-context. It seems to point at the world, in the first place, by
Tequiring or postulating a universal order. This postulation at the

% ¢f. by the present writer: Essence et Existence, ed. Aubier (Paris 1957)
P. 126144,
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same time indicated this order as a #necessary field in which the
ideal nucleus extends. But a specific type of ‘“‘extension’ is under-
stood, namely, the individual requires postulating the universal
order as the field containing its ultimate aim and sufficient reason
for its existence. That means that the inquiry as outlined by the
set of postulates demanded by the real individual, and which,
inspired by Leibniz, we call ‘“‘conjectural inference’’, is no more
a direct structural inspection, but a finalistic (teleological) in-
vestigation.

Like the empirical induction it extends our cognition beyond
strictly inspectable data, but it does not share the lack of certainty
of the latter. Taking root in eidetic structures of beings, we con-
jecture following the requisites needed by these structures to satisfy
the conditions for their existence.

The conjectural procedure as we devise it, emerges as the con-
tinuation of the structural analysis once this analysis merges the
ideal nucleus of structure with its situation and its ramifications
in the context of the world-total from which the nucleus is originally
abstracted. Its two essential merits are that, like the empirical
induction, it extends our cognition beyond the strictly inspectable
data, but it does not share the uncertainty of the latter. Indeed,
taking root in the eidetic structures of beings, the conjecture moves
along the requisites postulated by these structures, first in relation
to the world-total, and then beyond it in relation to the constitutive
design which they indicate.

As a matter of fact, in consideration of the individual structure,
the idea of order cannot be avoided. Interconnections among indi-
vidual beings are indicated by their structures. These intercon-
nections, of an extremely specialized and infinitely varied nature,
extend in all directions and yield an infinitely complex scheme
of existing things and beings. The individual being is by its nature
a bead in this chain; it is intrinsically interconnected with other
beings within a net of the most specialized interactions and therein
forms a specific context. As we have already pointed out, a certain
physical dimension of this context is the closed system of nature,
closed in its purposively oriented and causally connected system of
operating matters. The world-order cannot be identified with the
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system of nature, but stands out from it as its concrete pattern
indicating its actual forms, their relations and the mechanism of
their operations. Neither can the world-order be conccived as an
all-embracing whole with particular things and beings as its parts -
that is, what we call the word-context - since it means merely the
presence of the totality of beings.

But what is striking in the primitive as well as scientific view
of this totality is that it is not a chaos, a static state, or a whimsical
play of forces. On the contrary, the world-context appears as an
articulated sequence of incessantly progressing developments. All
types of beings, the system of their interrelations and, finally,
this ordering progress are united in this sequence.

Of course, it can be argued, adopting a position analogical to
m0§ern physics, that the basic corpuscles of matter coalesce in
th'en‘ constructive activity merely by chance, thereby dispensing
with ‘order. And yet, the ideal of chance itself presupposes a norm,
'that 15, an order, if not in things, at least conceived by and operating
In n?an. as a standard. Even if we consider the world, not in terms of
mtrl_nsu: relations, but as modern statistics does, in terms of oc-
Culr;mg facts and their frequency, the statistical laws in which these
ar Fltrary facts are expressed obviously appeal to a superior order.
Corplﬁ’:;lzzmore, at the pure'ly physic.al level, the coalescence of the
this arbite may éppear entirely arbitrary and unaccountable, yet
order < Stielrmess does not .exclude the. ne_cessity of there being an
COnStitu};iVem,for code relating these primitive motions to the laws
naty of the pheno_menfll level. Without it the emergence of

Alii would be entirely irrational and unaccountable for.
of fOrrr?suiide the world-order we mean the system of organization
as well s thatpc?fr%jtil?s att all pbysmal levgls, the microscopic level
the world-opqar e stinctive bem.gs, that Is, the phenomenal level,
of relations qoer is not necessarnlly contain the answer to all types
WOrld—order, isp a lc?ns and thglr results. In the first place, the
pervading th a system ordering the chain of causal relations
forming ih s? V‘Ioﬂd context, and consisting of a system trans-
workin Sofy Cal matters. As SUC}? an un?lerlylng system of the

gS ol nature, the world-order is the object of scientific inquiry.

However, while the chain of causality is limited to the trans-
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formation of matters towards the production of singular beings,
the world-order is concerned with the succession of forms, of types,
which are then singularized in physical nature. As such a formal
sequence, the world-order reveals an ontic nature, a distinctive
form, not of being, but of an expanding sequence rooted in the phy-
sical causal chain as its formal organization.

Indeed, paleontological investigations have shown that there is
an undeniable line of successive change of forms of species and
kinds and that there is a constant progress in this line, that the
world-process progresses through structurally higher, more com-
plex, species. There are also reasons to believe, according to astro-
physical research, that the inorganic forms of the universe are also
engaged in a perpetually progressing activity, continually elabo-
rating their complexity and differentiation of forms.5

There are, however, three reasons why the world-order cannot
offer us a satisfactory explanation of the problems of the individual
structure at this level.

First, if the individual being points towards the causal chain as
its source, its ultimate explanation could not be found there; we
could never grasp the infinite array of concrete relations involving
the complete world-context as it extends in every direction and
establishes its causal constitution. Science engaged in such a
pursuit has set itself an endless task.

Second, as was shown in Hume’s analysis of causality, there is a
specific discreteness in the nature of causal relations, consisting of a
particular lack of continuity between the causal agent and the caused
effect. From the point of view of the infinite interrelations of the
individual being, there is such a complex concourse of circumstances,
preparing the indispensable conditions for every causal relation
between A and in B with respect to X, that there is not, and could
not be, evidence or proof concerning the causal agent. This corre-
lation of agent and effect is a mere assumption based on a series of
correlating observations. Therefore, tosay that it is a cause of B tells
us these processes and beings are correlated as they are, but does
not tell us why they should be so correlated. We can find out by

5 E. SCHRODINGER, Expanding Universes (Cambridge University Press
1957).
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according to which it is established, indicates the necessity of a
superior, universal order of planning according to which it is con-
strued; it appears as possessing a mechanism which can operate,
but the joints of its operation escape it. This order is indicated as
not merely a factual mapping of a certain state of things, but as an
architectonic plan considering universal possibilities of beings and the
principles of their selection. We find at this point that through the
seemingly negative (if interpreted directly) results of our analysis
of the world-order, we reach a conjectural level at which both the
concrete world-order and its intermediary, the individual structures,
are brought together in order to discover the common clues for
their puzzling existence.

This architectonic plan does not mean merely a superior structural
pattern of order. Since the world-order postulates the rules and laws
according to which the structural plan could have been devised,
the architectonic plan cannot be limited to the ideal consideration
of the real world-total, but must include considerations of all the
elements involved in the possible existence of the world-order and
the real being. Consequently, it embraces the rules and laws of the
universal total of beings.

In our discussion we have attempted to show how the structural
level of inquiry offers new, original evidence for further research.
Recapitulating: the anticipatory evidence-proposes as the objective
of research, (1) the universal order, and (2), the architectonic project
of the universe; it entails simultaneously the indication of an ap-
propriate way to proceed towards their discovery: conjectural
inference. By conjectural inference is meant the grasp of the final
reasons or mnecessary conditions of the postulates indicated by
individual structures. These postulates or requirements are not
given, but have to be inferred as the counterpart of the individual
structures demanding them. However, in this case, the inferential
mode of reasoning takes as its starting point, not empirical obser-
vation in its contingent nature, inferring equally uncertain data,
but indications contained within lasting structures which entailed
them. It cannot be less “certain’” than those structures postulated
by their very nature as conditions of their givenness or existence. We
witness here an essential correspondence between the respective
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methods and the anticipated results: the analytico-synthetic
method has as its correlate the structural objective, the conjectural
method corresponds to the architectonic project which cannot be seen,
since it is not “given”, but has to be reconstructed on the basis of the
requirements of structures. Furthermore, there is also a strict
correlation to be seen of the two methodological procedures. Each
of them operates on a different level, the one, the structural level,
the other, that of relations, principles and rules of operations.
Yet structural analysis implies conjectural inquiry as its necessary
complement and final explanation and conjectural inference is
rooted in the results of structural analysis. The analysis operates
“horizontally”’, so to speak, at the level of the givenness, of its
structural mechanism, and conjectural inference operates ‘per-
pendicularly”, bringing the different structural levels together
under common principles.

Together, through their procedures and their objectives, they
Seem to constitute two methodological steps corresponding to a
basic constitutive scheme of the universe.

Thl}s in the assumption of the universal order and of the archi-
t“t"‘mc project of the universe as the anticipatory evidence and in the
outline of conjectural inference as the way to its disclosure we have
& Tew program of cosmological inquiry in which the results of
structural analysis are comprised and evaluated and which leads
Us to the philosophical explanation of sufficient reason and final aim
of the structural universe. Consequently, this inquiry is no longer
structural, but teleological.

Le%}jrii;StE?W'See the prc.>totype of' our coniecturgl reasoning 'in
inking as we interpret it. Our discussion of Leibniz’

mEthOdOIOgi.Cal procedures will provide further specification to
our conception of conjectural inference.
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II
CON]JECTURAL THINKING IN THE PHILOSOPHY OF LEIBNIZ *

1. The reconciliation of methods unsatisfactory to explain
Leibniz’ way of philosophising

In his various scientific and intellectural pursuits Leibniz had
specifically applied different methods appropriate to the given
field of inquiry, empirical induction in geology, deduction in ma-
thematics etc. yet, in a letter which was communicated by Rémond
to Leibniz, Abbé Conti contrasts the methods of Leibniz and New-
ton. Newton is praised for merely observing the phenomena and
deriving their explanatory laws from observation only, without
“worrying about their causes’’.6 ““What seems beautiful in the system
of M. Newton, is that he neither assumes nor recognises in things
anything beyond what he sees; then through wisdom he draws
conclusions that would not have occurred to any one else ... he
never makes a decision about principles.” 7 This strictly obser-
vational method of Newton, in which explanation must consist
of laws equally observable, is called ‘“‘experimental philosophy”
in the Commercium Epistolicum.8 To this “‘experimental method”
Conti opposes Leibniz’ way of inquiry which he sees as a search
for the causes and principles of phenomena beyond any obser-
vation, and which he terms “conjectural philosophy.” 9

This observation of Conti notes with striking simplicity the es-
sential features of Leibniz’ scholarly pursuits. Conti’s description,
stating a universal attitude in Leibniz’ methodological approaches,
shows most pointedly his way of procedure in the quest of ultimate
principles. It is in metaphysical concern that all his particular
inquiries culminate.

* Part two has appeared simultaneously in my book Leibniz’ Cosmological
Synthesis, Royal van Gorcum, Assen.

6 Extraits des Lettres de Conti concernant Newton, communiqués pav Rénond
a Leibniz, June 30, 1715, ed. Robinet (P.U.F. 1957) p. 18.

7 Ibid. p. 19.

8 Commercium Epistolicum Acts of the Royal Society, July 12, 1715,
ed. Robinet (P.U.F. 1957) p. 19.

9 Ibid. p. 20.
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Leibniz’ theory of the method of universal analysis and synthesis
conceived at a level scarcely less universal than Conti’s description
is often mistaken for his method in metaphysics. The essential
features of that method, like the analysis of the elements of the
given field into simplest components, and the use of hypothesis
towards the construction of a new definition is, as Leibniz professes,
essential to every approach or method he uses. In its universal
conception it is the method of the universal science.10 Yet the method
of universal analysis and synthesis would apply directly only to the
basic analysis of concepts, if such were possible without considering
a spfecific field of knowledge, but cannot apply directly to any specific
Sul?]ect matter.11 As it stands, it could not be the method by which
Leibniz’ metaphysical principles are derived. Leibniz conceives of
m_Etaphysics as a specific science, even if highest in the constitutive
hlere}rchy. It is for him a particular section of the universal science,
dealing with its own subject matter and its own specific problems.

The'description Leibniz gives of what he calls the method of
angly§1s and synthesis obviously plays an important réle in his
thlr‘lkmg, but in itself it falls short of accounting for the way in
which his far-reaching conclusions concerning the ultimate reason
of things were obtained.

We will attempt to point out the striking features of Leibniz’
prgcedure complementing the analytical and synthetical aspect by
ggmg_ beyo.nd it in a brief refutation of views which attempt to
! en’_u.fy L‘.ﬂlbn.iz’ procedures in his metaphysical thinking with the
Sp‘;c_lflc scientific methods he uses in particular fields of inquiry.
andlzsst i‘;fda;ilsacc.(glding' to its cejntr.al place among other.sciences,
physics, as & Wi ultimate principles of reality, Leibniz’ meta-
from m;lthe ethlmself of.ten stated, draws its inspiration not only
dynamical r;r?dlc‘z .arlld 1.0glC, but to a large extent frf)m- his physma'l.
mentation wnd 10 oglcgl obsefvatlons. and convictions. Experi-
objects dan' observatmn.(mlcroscoplc observation of external
" an dlArec'F observz.ltlon of psychological phenomena) play

Important rdle in the origin of Leibniz’ metaphysics. Consequent-

10
See the present author’s, Leibniz’ Metaphysics and his Theory of the

Universall Scienc i Tosonhi
u Ibid,‘ e. International Philosophical Quarterly, September 1963.



CONJECTURAL INFERENCE 265

ly, on the one hand, we cannot accept Couturat’s reduction of the
sources of metaphysics to logic, or that by Caspari to the empirico-
inductive method, each to the exclusion of the other. In the very
text used by Couturat to prove his thesis it is patent that Leibniz
does not proceed through a deductive chain of reasoning like Spi-
noza, who first poses the principles and then analytically deduces
further statements from them, because the content of the further
statements in this Leibnizian text contains elements which are
totally absent in the previous ones, and adds to them new original
material. To relate them to the preceding ones, not a deduction,
but a sort of inference is indispensible. '

Caspari, on the other hand, does not accept the supposition that
Leibniz’ principles could have been derived deductively from some
a priori principles. He considers that Leibniz obtained new ideas
from natural phenomena by the purely empirical-inductive method
of the natural sciences, with special reference to the microscopic
discoveries of his time.12

If there is the question of inference in Leibniz’ procedures, it
means a specific type of inference. We will get the first indication
of its nature if we distinguish two ways in which, in general, the
empirical-inductive method may be conceived and applied. The
first would rely directly upon empirical data and incorporate them
into a body of thought. The second would consider empirical data
simply as a source of “inspiration”, a springboard helping to form
conceptions of an entirely different nature now no longer empirical,
but merely analogical. There are, as a matter of fact, different
types of connections to be expected according to whether they are
established between empirical data by way of induction or between
non-empirical data (merely analogical to empirical ones) conveyed
by a specific kind of inference. The ideas Leibniz conceives by “‘inspi-
ration” from what is empirical are of an essential nature, and consti-
tute the level of structures; the inference through which they are
attained is grounded upon the scheme of these structures themselves.
Empirical induction is related to this inference as the empirical
data are to the elements of substance, Leibniz’ basic metaphysical

12 Orto CasPari, Leibniz’'s Philosophie, beleuchtet vom Gesichispunkt dev
phys. Grundbegriffe von Kraft und Stoff (Leipzig 1870).
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concept. The elements of the notion of the individual substance
corresponding strictly to facts are relevant to phenomena as we
distinguish them by observation; nevertheless, they are of a heter-
ogeneous nature and so are their interconnections.

Thus we have arrived at the first intimation of a way both of
dissecting and organising what is given and also of augmenting our
knowledge about it beyond analysis. This, in a way that neither
means an undue extension of what we know to wards what we do not
byhypotheses burdened with the uncertainty of empirical procedures,
nor a ratiocination which assumes that all knowables must obey the
same laws. It remains to specify it and to examine what foothold
in reality it may have rather than being an idle speculation.

But it may be alleged that since it is not possible to dissociate
the two methods (the empirical-inductive and deductive) in Leib-
niz’ thought, therefore, a simple synthesis of the two should be
accepted. Such an opinion has its reasons: Leibniz clearly oscillates
be.tween a priori speculation and the method of inquiry of natural
science. Auerbach insists upon the intrinsic connection among the
various disciplines like theology, mathematics, physics and phi-
losophy, and Merz upon Leibniz’ effort to combine mechanical and
telef)logical convictions, inductive and deductive procedures, obser-
Vathn and theory, efficient and final causality.13 Neither of them
P.r(_)Vl_des a homogeneous basis for such a unification. The recon-
ciliation of the different aspects of Leibniz’ thought does mean to
them a reconciliation of methods, but these methods are directly
taken in their “brute” form to be that of the speculative a priori
?élrd\;’hat ?f empirical observation, respectively. The same holds

_wundt’s interpretation of Leibniz along a naturalistic-psycho-
logical line 14

Tha.t such a reconciliation of methods is insufficient to account
fczr Leibniz’ metaphysical findings can be seen from the very limited
role' he.attributes to empirical explanation alone; such an expla-
nation itself (i.e. the empirical world and its nature as he con-

13 g
S1 . . o
GMUND AUERBACK, Zur Entwicklungsgeschichte dev Leibnizischen
Monadenlehy

e (Dessau 1884), J. TH. MERZ, Leibniz (Heidelberg 1886).
14 WILHELM Wunpr,

1917) Letbniz zu seinem 200-jachrigen Todestag (Leipzig
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ceives of it) stays precisely in need of a further explanation, of
higher reasons that it contains within itself.

There is an undeniable primitive conviction in Leibniz’ reflections
which he traces back to his early youth. This conviction gave rise to
his basically empirical attitude. The world as we know it directly
from observation, and prior to introducing any explanatory clues
appears as a series of aggregates. We might scrutinize the world
endlessly and not find in it anything but aggregates infinitely
decomposable into smaller and smaller parts. However, we cannot
deny the world, or these series, some sort of coherence. Even our
own experience of the world exhibits an order among the phenomena
which permits the continuity of our world-orientation. We do
not start anew at every instant our basic orientation in the world;
we can rely upon our previous observations to the point of predicting
new, similar occurrences for the future. In order to explain, then,
how things and beings accessible to our senses as mere aggregates
can and do arrive at a coherence, an interconnectedness, it is
necessary to go beyond the purely observational stage.

Once we admit that things and beings, as we know them by
empirical observation, are mere aggregates, traditional philosophy
offers us the following alternatives to account for their order: we
can have recourse either to the mathematical point, which explains
extension, or to the atoms of Epicurus and Cordemoy; we can
deny the reality of bodies altogether; finally, we can admit the
notion of substance.1® The reasons why Leibniz combats the Car-
tesian solution, admitting of the absolute reality of extension, are
only too well known.16 He rejects as well the phenomenalism of
Berkeley which discounts the reality of the world as devoid of an
absolute foundation and which places it on the same footing as
illusion or dream.

Leibniz confesses to having believed in his youth in atoms. His
main reason for rejecting them was their uniformity. As a uniform
plurality they could not account for the variety of phenomena;
as the basic buildingstones of the phenomenal world, they could
not explain the unity of its varied structures; nor could they

15 Correspondance with Arnauld, April 30, 1687, Montgomery.
16 Tbid. July 14, 1686, p. 136,
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function as a ground for infinitely graduated continuity of phe-
nomena.

The plurality of infinitely varied serial phenomcena demands a
principle of underlying unity. Their order and interconnectedness
can be revealed and grasped only with reference to a unifying factor
from without.

Such a unifying factor cannot obviously be the result of any
particular scientific method; if it has to unify the mathematical
an‘d the empirical, transcending both, it could not have becen ob-
talr}ed by either in particular or by their simple cooperation. To
arrive at the higher reasons for both, a specific transformation
of the particular scientific methods would be necessary.

How shall we proceed to find it?

_ In .hiS search for an order in the succession of phenomena, Leibniz
1s guided first, by a quest for its unifying principle as derived from
the Sgccession itself. The law of succession, its empirical order
estabhsh.ed by observation, does not yield an explanation. Through
0b§ervat10n, we could go infinitely further and further, discovering
§er1es after series and its empirical order. Leibniz says, ‘A continuum
's not only divisible to infinity, but every particle of matter is
islicr‘:ually_ divided into parts as different among themselves. . .. And
thi(rtle tok;1s E-Olﬂd always be continu.ed, we should never reach any-
foungd a;‘V ich we coul.d say, ‘Here is really a being,” unless there were
the Substcmat'ed ma'chlr}es whose soul or substantial form constituted
tact.” 17 ,?;ltlal unity lnde.pgndently of the external union of con-
uni t.y” of t}? quest by empirical observation for such a “‘substantial
events. 1o Le .phgnomena. of the world, bodies, things, matter and

As E;Ver e}llbmz to revive the Scholastic idea of substantial forms.
servably gi};tne;? elsg, he proceeds from a recognition of the ob-
he attemte 1 - To satlsf.y t.he demands postula.ted by the observable,
here th o infer principles that (?ould satisfy them. We can see
: € Prototype of a procedure which we have called “conjectural
Inference”. ndeeq th ““conj & ) .
descriptive of Lo - e term con]ectu‘re_ seer.ns partlcularly
but its ratiq fﬂbr_llz quest. Undoubt.edly it is a rational procedu're,

nality is flexible and mediates between the speculative

17 C
OITespondance with Arnauld, Dec. 8, 1686, Montgomery, p. 162.
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rationalism of the mathematically inspired Spinoza and the em-
pirical induction of Hobbes.18 It is also more flexible than the
conciliatory rationalism of Descartes, through which he attempts
to bring together different principles accepted on their own evi-
dence: a priori principles like, for instance, those of the existence
of God and the existence of the world.

In opposition to speculative rationalism in general, which
proceeds by drawing consequences from principles established on
their own evidence. Leibniz does not establish principles first,19
Leibniz searches for the type of explanation which the empirical
given of the world postulates; he scrutinizes the ‘“‘requirements”
(requisita) which it implies and the direction which it indicates.
He checks prospective explanatory elements against the criteria
which the empirical givenness itself imposes. Thus, principles of
‘““reasons’’ are neither accepted a priori nor are they deduced or
inferred empirically, but ‘‘conjectured.” Were the ‘“conjectured”
identical with the “‘empirically inferred” we would remain at the
natural level of laws observable empirically — the level at which
Newton’s inquiry remains — and we should never reach the level

18 In his essay: On the Elements of Natural Science (1682-1684) Leibniz
introduces the notion of the ‘“‘conjectural’”’ method as follows: *‘ Just as there
is a twofold way of reasoning from experiments, one leading to the applica-
tion, the other to the cause, so there is also a twofold way of discovering
causes, the one a priori, the other a posteriori, and each of these may be
either certain or conjectural. The a priori method is certain if we can demon-
strate from the known nature of God that structure of the world which is in
agreement with the divine reasons and, from this structure, can finally arrive
at the principles of sensible things.”” Leibniz considers this method as “‘cer-
tainly difficult and that not everyone should undertake it.”” He recommends
“‘the conjectural method a priori”’, which “‘proceeds by hypotheses, assuming
certain causes, perhaps without proof, and showing that the things which
now happen would follow from these assumptions. A hypothesis of this
kind is like the key to a cryptograph, and the simpler it is, and the greater
the number of events that can be explained by it, the more Probable it is.”
in LEROY LOEMKER, Philosophical Papers and Letlers, a selection transl.
and ed. with an introduction (Chicago University Press 1956) p. 43¢_437.

19 It is a great mistake to admit, like Rintelen, the notion of the monad
as such a first principle from which the entire Leibnizean doctrine can be
deduced.
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of transcendent ‘‘reasons.” This difference appéilfs Cle?ﬂy '1“ the
example given in the above-mentioned ‘“‘Commercium E'plstohm.lm
... Newton makes no decision as to the cause of gravity — Lelb‘mé
affirms that it is mechanical ... The one says that the -flrst
corpuscles of matter are solid because of the power and the Wf“' of
the Creator; the other that they are solid because of conspiring
motions’’,20 Lo .
In point of fact, going further than Newton in his explanation In
Some cases, while sticking to ‘‘facts’” more than Newto'n does in
others, Leibniz follows a strictly determined line established step
by step and inherent in the entire system of “‘conjectural moti-
vation.” In order to explain the nature of the corpuss:lcs of 'mat'tel-
one should not jump to the ultimate point of explanat.lon, switching
at the same time from the physical to the theological system of
“reasons.” Within the system of the physical., we x}egd only go one
Step further in order to conjecture that thel.r individual h
IS connected with the system of motion in Whl.Ch they all take part.
On the other hand, to infer the law of gravitation from the behavior
of phenomena as an observable fact, does not suffice as a “reason”
for the phenomena. If the reason for gravitation has to be given,
the next step is the conjecture about the ngture of its mechanism.
In general, Leibniz proceeds in the following way: the empirical
Observation and the scrutiny of problems which arise from it
Point oyt Principles capable of supply.ing an explanation of the
§lven situatiop. These principles are pointed out or postulated, as

necessary “Trequisites’” for that explanation.?! This
(POstulation)

Only when t
Conjecture o
aPPhEd at a
in the reCOg

ardness

“inference”
is indispensable for attaining the structural level.

he level of intelligible structures is reached, through
T postulated principles, can the analytic method be
. As a matter of fact, the analytic method consists
nition of essential structures. After the elements of

2; Commercium Epistolicum, previously quoted, July 12 1915, Robinet»
p. 20. '

2L Oy insight inte this matters is largely a result of Professor F. S. C.
Northrop’g SeMinar in Philosophy of Science, Yale University, 1957-1958,
in which we first became acquainted with his distinction between ““concepts
by intuition” and “‘concepts by postulation.”
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structures are dissociated in the course of analysis, these elements
can then be differently combined by synthesis. So understood, the
analytic method is practiced most ingeniously by Leibniz. The
exploration of essential structures offers ground for further infer-
ential progress. For instance, the recognition of the nature of
the individual offers the starting point toward the notion of the
universal pattern of the world — more generally expressed by the
term ‘‘pre-established harmony.”

In the light of our discussion, the “‘conjectural inference”” which
we have previously attempted to establish as a “hypothetical”
but non-empirical way of procedure finds its prototype in Leibniz’
philosophical thinking. Devised by Leibniz for the sake of taking
into account all realms of scientific inquiry, despite the differences
in their specific methods, while gathering materials for a philo-
sophical reconstruction of the universe, this way of procedure
in an inquiry which possesses more elaborate and differentiated
phenomenological tools than the tools possessed by Leibniz,
seems to promise a real progress in knowledge coupled with its
clarified foundation and freed from the uncertainty of particular
scientific methods.

The Radcliffe Institute for Independent Studies,
Cambridge, Mass., USA



CHAPTER 15

ON ONTOLOGY AND THE PROVINCE OF LOGIC:
SOME CRITICAL REMARKS

R, M. MARTIN

In his valuable contribution to the 1960 International Congress
for Logic, Methodology, and Philosophy of Science, Alonzo Church
was concerned primarily with the province of logic and how
it is to be distinguished from that of mathematics.1 Roughly,
logic may be said to consist, he says, “in a theory of deductive
reasoning, plus whatever is required in object language or meta-
language for the adequacy, generality, and simplicity of the theory.”
This statement is intended by the author as a “descriptive account
rather than g definition, and assuming the notion of deductive
.reasoning as already known, from experience with particular
Instances of it.” The crucial word ‘valid’ is left out in this de-
scription, and we may assume, may we not, that Church intends
‘deductive reasoning’ here only in the sense of ‘valid deductive
Teasoning’? Even so, the clause beginning with ‘plus whatever’
1S not clear. The two paragraphs which follow arc presumably
Intended to make amends. Because we wish to comment upon these
at some length, let us quote them in full.

“That logic does not . ... consist,” he says, “‘merely in a meta-
theory of some object language arises in the following way. It is
found that ordinary theories, and perhaps any s
of deductive reasoning in the form of a metatheory will lead to
analytic sentences in the object language . ... These analytic
sentences lead in turn to certain generalizations: ¢.g., the infinitely
fmany analytic sentences A v ~A, where A ranges over all sentences

atisfactory theory,

1. ALoNzo CHURCH, Mathematics and I
P/z.zlosop/zy of Scien

Tarski (Stanford U

-ogic, in, Logic, Methodology and
ce, ed. by Ernest Nagel, Patrick Suppes, and Alfred
niversity Press, Stanford 1962) pp. 181-186.
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of the object language, lead to the generalization $ v ~p, or more
explicitly (p)(pv ~p); and in similar fashion (F)(y).(x)F(x) = F(y)
may arise by generalization from infinitely many analytic sentences
of the appropriate form. These generalizations are common to
many object languages on the basis of what is seen to be in some
sense the same theory of deductive reasoning for the different
languages. Hence they are considered to belong to logic, as not only
is natural but has long been the standard terminology.

“Against the suggestion,” Church continues, “‘which is some-
times made from a nominalistic motivation, to avoid or omit these
generalizations, it must be said that to have, e.g., all of the special
cases Av ~A and yet not allow the general law (p)(p v ~p)
seems to be contrary to the spirit of generality in mathematics,
which I would extend to logic as the most fundamental branch of
mathematics. Indeed such a situation would be much as if one had
in arithmetic 24+ 3=34+2, 4 4+5 =544, and all other
particular cases of the commutative law of addition, yet refused to
accept or formulate a general law, (x)(y)-x +y = v + x.”

Almost surreptitiously here, as an arriére pensée, as it were,
Church has been guided by a conception of mathematical generality
as well as by a conception of logic as ‘‘the most fundamental branch
of mathematics.” But such conceptions are the very points at issue
and we may well ask whether this conception of mathematical
generality should guide us here, and whether (and if so, why and
in what sense) logic should be regarded as the most fundamental
branch of mathematics. Why, in fact, should logic be regarded as a
branch of mathematics at all? It was not so regarded for many
centuries, and surely it does not go without discussion that modern
developments have proved this beyond cavil. Indeed that it should
not be so regarded will be urged below at some length.

Further, the philosopher sensitive to matters of existence, i.e.,
to matters of ontology and ontic commitment,? will observe an
enormous difference between admitting infinitely many analytic

2 Please bear in mind here Quine’s criterion of ontic commitment. See
his Word and object (The Technology Press of the Massachusetts Institute
of Technology and John Wiley and Sons, New York and London 1960)
p. 242.
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sentences of the form ‘(A v ~A)’, where ‘A’ ranges over the
sentences of the object language, and a generalization of the form
“(p)(p v ~p), where ‘p’ ranges over propositions. The one
formulation carries with it no ontic commitment other than that
carried by A; the other carries ontic commitment to an altogether
new kind of entity, abstract propositions. It is clear that these latter
are never needed for the purpose of formulating a theory of valid
deduction for any given system, or indeed for all first-order systems
given simultaneously. Church himself comments later that “the
abstract general laws of logic may satisfactorily be formulated as
extensional ....” and hence presumably without the use of
propositional variables, for propositions and intensionality go
hand in hand. The formulation of these laws in terms of propositions
1s in fact more complicated than that without them, in the obvious
sense of requiring a new style of variables together with the entities
over which they range. Thus at best the introduction of the form
(P)(p v ~p) serves ncither the ‘“‘adequacy”, “generality”,
nor “simplicity”’ of the theory.

Similar remarks apply to the form ‘(F)(y). ...’ although much
depends here upon what ‘F’ is taken to range over. If ‘I7 is taken

to range over properties-in-extension or classes, the ontic commit-
ment of the form ‘(F)....’ involves no intensionality whatsoever.

The onti.c commitment of ‘(p)(p v ~p)’, however, presumably
nvolves Intensionality no matter what the variables of the object
1apgl}age at hand range over. Also the form (INy)...." is a form
within a specific object-language and is thus ling{ﬁstically relative.
The form “(p)(p v ~p)’, on the other hand, is intended in some
Sense to_ _h°1d for all languages. In allowing quantificrs over all

propositions” we are no longer speaking of the sentences or state-
ments of just one language, but presumably of all propositions
eXpress.ed in any language whatsoever. There is thus an implicit
'gene.ra'hzation here to all languages or language-systems. Such
Implicit generalization is not involved in the form “Iy)...-
on the_ usual interpretation of the quantifiers. There are thus very
essential differences between these two forms which Church fails
to note.

Surely also there is an enormous difference between admitting
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in arithmetic all laws of the form 2 +-3=3+4+2", 44+ 5 =
5 4+ 4’, and so on, and yet refusing to admit the general law ‘(x)(y)-
x -+ y=v 4 x’. In fact, just this difference has been at the root of
some important mathematical work.3

Even if we grant that this difference is somewhat special, another
point should be observed. We note that the variable ‘x’ here is
presumed to range, say, over the natural numbers or positive
integers. Hence the quantifier ‘(x)’ may be read ‘for all positive
integers x’ or ‘for all natural numbers »’. The “spirit of generality
in mathematics” here carries us from an infinity of statements
containing proper names ‘2°, ‘3’, ‘4’, ... of specific integers or
natural numbers to a statement containing universal quantifiers
over integers or numbers in general. Our criterion of ontic commit-
ment may or may not be formulated so that the sentence ‘2 4 3 =
3 + 2’ carries ontic commitment to the integers 2 and 3. If it is,
and it is not unreasonable to allow this, the ontic commitment of
‘2 4+ 3 =3 4 2’ consists of a subclass of the ontic commitment
of the sentence ‘(x)(¥)-x + ¥y = v + x’. Thus here the spirit of
mathematical generality does not lead to a change, but merely
to an increase, of ontic commitment. This indeed seems as it should
be.

For a sentence ‘(A v ~A)’, we have the same ontic commitment
as for A, some objects in a domain D, namely, over which the
variables of A (if any) range or which are denoted or designated by
the proper names occurring in A. The spirit of generality then
carries us to a general formula in which we allow the quantifier
over the objects of D, but not to a general formula such as ‘(p)(p
v ~p)’ where the ontic commitment is not preserved. In short,
the spirit of generality in mathematics should be such as to preserve
ontic commitment to the same kind of object, not to change it. If
the ontic commitment is changed, it is no longer the spirit of

3 See, e.g., D. HILBERT and P. BERNAYS, Grundlagen dev Mathematik,
Vols. I and II (Springer, Berlin 1934 and 1939); R. GOODSTEIN, Recursive
Nwnber Theory, in the series Studies in Logic and the Foundations of
Mathematics (North-Holland Publ. Co., Amsterdam 1956); and the several
important early papers by Th. Skolem mentioned in the bibliography to
Goodstein’s book, p. 188.
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generality which is guiding us, but the desire or need (if such it be)
of introducing some altogether new kind of objcct.

The points we are raising may seem minute, but out of such
minutiae important truths emerge which are essential for the proper
understanding of logic, ontology, syntax, semantics, theory of
intension, and the like.

The small error in mathematics is of little account. It is casy to
detect and readily corrected, and the result remains. But in philo-
sophy, and especially in these delicate logical matters, small crror
piles upon small error to issue in a major mistake. Here the small
errors are much more difficult to detect, and we must be on our
guard vigilantly in trying to to stave them off. They continually

press agamnst us on all sides, and no sooner have we gotten rid
of one than another forces itself upon us unawares.

o

I1

. Yalid deductive reasoning does not take place in a vacuum;
it is al.ways reasoning as applied to a particular subject-matter.
There is no specifically logical subject-matter, it scems, for us to
rea§on abc?ut, validly or otherwise. There is no eternal notion or
which we Introduce the wedge sign ‘v’ to designate. There are of
course signs or expressions, in particular the signs of logic, but there
are no SpeCIfic'ally logical individuals or things. There are no
specifically loglgal classes or relations; there are merely specific
classes_ and relations germane to a given subject-matter. The theory
oi vahc} deducti.ve reasoning cannot, it would seem, be a theory
(S)ay: tg;\;eirtl ds(llb]ect—matt‘er.”What i§ it, then, precisely? Chu.rch
- 1t does not consist “‘merely in a metatheory of some object

guage.” Surely not of any one object-language. This would be
much too narrow a characterization. But if we consider all object-
laflguages formulated as first-order systems, say, first-order logic
might well‘ be regarded as merely their syntax and semantics.4

If there is no specifically logical subject-matter, we speak instead

1 s
e Cf. Fhe author's Tvuth and Denotation (University of Chicago Press,
Chicago and Routledge & Kegan Paul, London 1958), passim.
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of the signs of a language and of how these signs are connected
with each other and with the objects with which the language deals.
We consider certain purely syntactical relations between certain
formulae of the language, on the one hand, and how the formulae
are related to the semantical truth-concept for that language, on the
other. Roughly, in some such way, we characterize valid deductive
inference for the given language or languages. And most important
here, as Church in effect emphasizes, is the notion of analytic
or logical truth. Given this latter for a language, the set of valid
deductive inferences of the language is uniquely determined.
First-order logic may equally well then be regarded as the theory
of analytic truths for first-order languages.5

Church would no doubt regard the foregoing remarks as arising
from a “nominalistic motivation.” Actually, however, this view
of logic is strictly neutral with regard to nominalism. Nominalistic,
realistic, and conceptualistic systems may alike be formulated
within the kind of logic discussed. This latter contains no hidden
features which require defense. Church’s kind of formulation,
on the other hand, is out-and-out realist, as well as intensionalist.
The burden of proof is therefore upon him to provide a suitable
philosophical justification for these views. Clearly, the neutral
formulation enjoys an important advantage in this respect.

Every language-system, of the kinds usually considered, contains
a logic as a part, whether the specific subject-matter be from physics,
chemistry, biology, musicology, psychology, or whatever. Logic
might therefore be regarded as the fundamental branch of all of
these sciences or areas of inquiry. There is nothing especially pri-
vileged about mathematical subject-matter, and hence no reason
why logic should be regarded as the fundamental branch of mathe-
matics any more than of any other science. Of course, mathematical
subject-matter is especially ‘“‘clear” and it is especially easy to
get at the exact character of mathematical inferences. But this
says merely that mathematics affords an especially convenient
area to which logic may be applied. Here too then a strict neutrality

5 Cf. the author’s The Notion of Analytic Truth (University of Pennsyl-
vania Press, Philadelphia and Oxford University Press, London 1959).
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should, it would seem, be maintained. The study of valid deductive
inference seems quite neutral as regards specific subject-matter.
This neutrality permeates the history of logic, from Aristotle and
Chrysippus through Leibniz to Bolzano, Boole, Frege and Peirce,

and modern developments do not indicate that it should be abandon-
ed or that it is in any way in error.

111

In The Development of Logic,b William Kneale has urged a usc of
‘logic’ in accord with which one would not correctly speak of the
“logic”’ of the terms for this or that special subject-matter. I this
latter were admitted “arithmetic would undoubtedly be the logic
of numerals, just as geometry would be the logic of shape words,
fnef:hanics the logic of ‘force’, analytical economics the logic of
price’, philosophical theology (if such a science exists) the logic
of ‘God’, and so forth.” Tt is clear that this use of ‘logic’ is roughly
the. same as what more accurately and customarily is called 'applic‘d
logic’. The use of ‘applied logic’ does not seem to involve ‘‘an
enormous extension of a technical term” and it is not clear why,

1.f we think that the logic of tradition has been concerned primariiy
with principles of inference valid for all possible subject-matters,
we rr'lust reject as unprofitable such phrases as ‘the logic of ‘God’".”
In dls.course about ‘God’ we find in fact an extremely interesting
fmd historically important area for the use of logic which it might
indeed be very profitable to explore on a more modern footing
as Father Bochenski has recently suggested.? Logic may be presumeci
to include the syntax and semantics of such discourse quitc as much
as of any other. )
welfail(zl t:e Plure_ly logi.cal axioms and rules of a language-system
N n(;r;— tohglcal axioms akin to.Carnap’s meaning postulates,

erewith alter the notion of analytic truth for that

8 .
o WiLLiam KNEALE and MARTHA Kxeare, The Development of Logic
(Clarendon Press, Oxford 1962) p. 740ff.

- .
) In h1.s Lhz}rles F. Deems Lectures, The Logic of Religion, given at New
York University in March, 1963.
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language.8 Carnap regards meaning postulates as in some sense primi-
tively L-true or analytic. But this is an extension of the word
‘analytic’ as used here and by Church. Thus meaning postulates
concerning ‘God’ need In no way become logical or analytic
truths. Kneale's insistence therefore that we cannot properly
speak of a logic of ‘God’ seems gratuitous, if meaning postulates
germane to a given subject-matter are not regarded as analytic
truths.

Of course the general characterization of logic as the study of
valid deductive inferences is, as Kneale points out, somewhat vague.
Precisely what are valid deductive inferences? Well, each of the vast
multiplicity of well-formulated logics attempts to answer this
question, each in its own way. One cannot single out one of these
logics and say by fiat that the inferences it condones are just the
valid ones. Nonetheless these various logics are not all on a par and
good arguments can be adduced that the classical, two-valued logic
of truth-functions, quantifiers, and perhaps identity (the so-called
first-order logic mentioned above), is the fundamental or basic one.

v

It seems to be a rather wide-spread opinion among philosophers
that, in view of the vast multiplicity available, any one logic is as
good as any other. Just take one’s pick and, if none of them quite
suits, make up a new one. But this rather cavalier attitude is surely
not defensible. Why not reject physics also, on the grounds that there
is not complete unanimity as to all details of wave theory, of
field theory, or of the quantum theory, and to how they are inter-
related? Or reject arithmetic on similar grounds?

Very roughly, some of the arguments that first-order logic is
more fundamental than the alternatives (such as higher-order logics,
modal logics, intensional logics, many-valued logics, etc.) are as
follows.

8 R. CarnaP, Meaning Postulates, in Meaning and Necessity, 2nd ed.
(University of Chicago Press, Chicago 1956) pp. 222-229.
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In the first place it is a direct and natural outgrowth of the logic
of tradition, stemming from Aristotle and the Stoics and Scholastics.
As Kneale himself notes, . .. it is desirable that any new rules we
adopt deliberately for old words should depart little, if at all,
from previously established customs...” What is added should,
in Hobbes’ phrase, contain “no offcnsive novelty.” This typically
British attitude no doubt neceds defense in general, but not, it
would seem, in the present context.

First-order logic may be regarded as containing the conceptual
core of other logics. Most of them may be viewed as arising from
first-order logic by a modification of this or that, or by an extension
or deletion here or there. Other logics are then viewed and charac-
terized with respect to their similarities to and differences from
first-order logic regarded as a kind of paradigm.

No doubt one can argue also for the simplicity and naturalness
of first-order logic as over and against the alternatives. Also first-
order logics may be formulated wholly cxtensionally, as we have
already noted above, as contrasted with some of the alternatives,
and hence enjoy the advantages of extensionality.

Another very important argument is the following. Every logic
has a syntax and a semantics — in fact, as we have observed, s
a syntax and a semantics in the sense that it is formulated within
a syntactical or semantical meta-language. These meta-languages
mn ‘furn may be formulated as formal systems and hence contain a
logic as a part. This logic in turn is the classical logic, irrespective
of whether that of the object-language is or is not. For example,
Synt?}X may be regarded as the theory of concatcnation or logical
spelling, even for intuitionistic or many-valued systems. That first-
order logic always secems presupposcd in thevsyntactical meta-
language of any logic whatsoever provides a most telling argument.
(However, not too much seems known about the exact logical
character of the semantical meta-languages for systems other than
‘.che Stagdard ones, so that this argument might need modification
n ﬂ.le light of subsequent research, or rephrasing for this or that
special system.)

Another interesting point is that, as a matter of historical fact,
the standard first-order logic has been used more successfully in
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applications than any other kind of logic. Most of the interesting
applications in the sciences are of this kind, as well as those in the
methodology of the sciences. Modal logics, many-valued logics,
intuitionistic logics, and the like, seem not to have been used very
much or very fruitfully in such applications. And surely when
philosophers worry about whether such and such an inference is
valid, it is always, is it not, to first-order logic (whether they
consciously realize it or not) that they turn for adjudication? Logic
in the sense of the “logical geography of concepts,” to use Ryle’s
apt phrase, seems to involve only the notions of first-order logic.

Each of these arguments should be developed much more fully
and no one of them is by itself conclusive. They sum, however,
to lending good support to the thesis of the fundamentality of
first-order logic. If so, philosophers may well look to this kind of
logic as providing the most suitable tools for their work.

V

We come now to the question as to whether the notion of identity
belongs properly to the province of logic. Kneale says not, but his
argument seems rather arbitrary. He says that ‘‘it seems most
natural to present quantification theory in rules of inference like
those of Gentzen” and “‘this technique cannot be extended to the
theory of identity.” Hence the theory of identity, he thinks, is
not so intimately related to entailment or valid inference as
conjunction, negation, etc., are. But of course we are not compelled
to formulate quantification theory in terms of “natural’” deduction
any more than we are compelled to formulate arithmetic in some one
given fashion. (And anyhow critics of natural deduction do not find
it very “natural”’, especially when it comes to the so-called Rule of
Existential Instantiation and its ilk).

A stronger argument against regarding identity as a notion of
logic, not mentioned by Kneale, would be, I think, the following.
Let ‘a’ and ‘0’ be primitive individual constants of some first-
order L. Let ‘~’ express negation. The sentence “‘~a ="
expresses then that a and & are distinct individuals. That this is
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the case would not seem to be a matter of logic but of the particular
subject-matter dealt with. To say that the individual Socrates is
distinct from the individual Plato is to utter a matter of historical

fact, not an analytic truth of some theory of valid inference.
On the other hand, if ‘x =% and ‘--x--

arc schemata for
theorems of L, then °

- -y~ - is also, ‘- -y- =" differing from ‘- -x- -’
appropriately. Suitable rules for identity may be added to the valid
rules of quantification theory of L without losing completeness,
as Kneale points out. If we leave out such rules, we are in cffect
omitting a rather important item in the study of valid inference.
Should not the “‘spirit of generality in mathematics”” induce us to
include them here?

' We must recall also that the notion of identity may be introduced
ln'to' some L’s by definition. Thus suppose there arc only two pri-
mitive predicates of L, ‘P’ and ‘Q’ of one and two places re-
spectively. Suppose further that not both of Pand Q arc universal or
null or that one is universal and the other null. V(‘Univcrsal’ and

null’ here are of course ambiguous, but what is intended is clear
enough.) We may then define

%=y as (Px = Py).(2)(Qxz = Qyz).(2)(Qzx = Qzy)’

W%th_o‘lt further ado, achieving herewith the full effect of identity
Within this L. (The ‘=’ and ‘." and quantifiers are taken in the
usuaI'S(‘znse.) And of course this definition generalizes to L’s with
any finite number of primitive predicates, under suitable assump-
tions Concerning their nullity and universality_ Recause as a matter
of fact the primitive predicates of most L’s satisfy the requirement
concerning nullity and universality — and if they do not can be
Su1tab'1y tra.nSfOI‘med into such as do — we see that identity is already
(Ixtmsté:;eddm quantification theory as developed for these L’s.
dent. $ doubtful, ther_efore, that‘ Kneale is correct in excluding

ntity from the province of logic. The fact is that for the L’s
considered we have identity present whether we wish it or no.

We Mmay conclude that not all logics are of equal value for the
ph%losopher. Not all of them are equally sound, nor are all formu-
1at1o.ns €qually acceptable. Mathematicians may continue to explore
special features of this or that kind of system, but their results
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are likely to be of little philosophical interest. The standard,
classical, first-order logic of truth-functions, quantifiers, and identity
provides the most suitable philosophical tools, it would seem, and is
presupposed in one fashion or another even in the discussion of the
alternatives.

VI

It has been suggested above that syntax and semantics may
themselves be viewed as applied first-order systems. That this is the
caseisamost important situation for philosophy and logical analysis,
with significant bearings on ontology.

Logical analysis is preeminently concerned with the syntax,
semantics, and pragmatics of language. Only rarely, however, are
these three compartments of semiotic clearly distinguished from
one another. Some philosophers even make a virtue of blurring them
together indiscriminately, especially when natural language is
concerned. Well, blurring has its merits and is often desirable,
e.g., in playing Debussy, where subtle pedal effects are needed.
But philosophy and logical analysis, like the great fugues of Bach,
live and breathe with sharp distinctions, precise lines, and clear
groupings. Hence it seems eminently desirable here to distinguish
carefully among logical, factual, syntactical, semantical, and
pragmatical rules or assumptions.

Logic in a wider sense 1s often taken to include syntax, semantics,
and pragmatics. The question arises now as to how ontology is re-
lated to these. What is ontology? It is a quite separate subject? A
further subdivision of logic? Or is it in some sense reducible to these
others?

We have been following Quine in essentials in using ‘ontology
of L’ and ‘ontic commitment of L’ to refer to the domain of
objects taken as values for variables in L. This usage seems justified
and is a mere sharpening of more or less traditional notions.
Ontology as the science of being gua being is in its modern setting
essentially the study of the objects “about’ which our language or
languages speak. The use of ‘ontology’ in this modern sense does
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no violence to traditional meanings. Rather it 1s a natural outgrowth
of those meanings and of the concerns by which they are prompted.
Ontology enters into logic via semantics, which 1s the study of
the relation between signs and objects, between words and things.
To study such relations we must then, occaslonally at least, make
reference to objects as the relata of those relations. In semantics
we are not interested in objects in any deeper sense, however, so
that ontology there plays only a rather subsidiary role. It has been
urged that the ontology of a semantical mecta-language should
involve no objects other than those of the objcct-language under
discussion. (Cf. Truth and Denotation.) This is clearly essential for
economy of ontic commitment. But it is also essential if the seman-
tician is not to usurp the tasks of the ontologist. In marked contrast
are the formulations of semantics in which all manner of new entities
are admitted other than the values for variables of the object-
language (or translation of such). The kind of formulation suggested
above, presupposing only a first-order logic, involves no such
objects and hence is strictly neutral with regard to further ontic
commitment. Such neutrality should be part and parcel of the
conce.ption of semantics, just as of the conception of logic.
_ .It 1s not the logician’s task to settle problems of ontology, nor
18 1t his place either to populate or de-populate the actual universe.
He me’rely accepts what is given him and returns it in an ordered
folrm. This is all - but this is ecnough. His tools should, then, enable
him to do this in the simplest and easiest way. First-order logic

ar_ld the syntax and semantics built upon it, are explicitly designed
with this in view,

VII

U Eather Bochenski’s interesting discussion, “The Problem of
'Iillvelsals, at Notre Dame in 1956, raises several jssues, which it
will be well to examine from the point of view put forward above.9

Bochenski ig - . .
skl is concerned with the question “Are there universals?”’

9 [Tnivera
University of Notre Dame Press, 1956.



ONTOLOGY AND THE PROVINCE OF LOGIC 285

primarily with regard to three “realms or levels of reality’ — that
of linguistic symbols, that of “objective meanings,”” and that of real
entities.

By linguistic symbols he means “heaps of dry ink on paper, of
chalk on blackboard, etc.” It is quite clear thus that, for the purposes
of his discussion, Bochenski requires an ¢nscriptional syntax, and
if a semantics is to be employed it will have to be an inscriptional
semantics. The “‘real entities” are “‘what 1s given, either to sensual,
or (through it) to direct intellectual apprehension.” If we are to
distinguish carefully object- from meta-language throughout,
which we must surely do, the “real entities’’ will no doubt be the
objects (values for variables) of the object-language and the linguistic
symbols will be the values of the expressional variables of the meta-
language. But where do the “objective meanings” fit in? This we
must ponder.

Bochenski considers first the problem of universals for linguistic
symbols. What is a wuniversal symbol? Roughly, Bochenski says,

For all x and L, x 1s a universal symbol of L if and only if there
is at least one v, 2, ¢, and # such that y and 2z are symbols of L,

x, ¥, and z have the same shape, y is predicated of ¢ and z of #,
and ¢ is distinct from .

Bochenski is explicitly clear here that ‘is a symbol of’, ‘has the
same shape as’ and ‘is predicated of’ must have meaning in the
underlying syntax and semantics. The ‘is predicated of’ pre-
sumably represents the relation of (multiple) denotation. To say
that y is predicated of £ is to say, is it not, that y denotes #? (But
one may query the bringing in of languages or language-systems
here as values for variable and hence the need for the variable ‘L’).

It is interesting to compare this definition with the notion of
being a common predicate constant, as given in Truth and Deno-
tation10. An expression a is said to be common provided it is a
predicate constant and denotes at least two distinct entities. A
common expression is explicitly required there to be a predicate
constant. Bochenski does not require a universal symbol to be a

10 p. 10S.
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predicate constant, although it secms likely that in fact it would be.
If x is predicated of y, then is not x a predicate constant? And if x
is a non-null predicate constant, then therc is a ¥ of which it Is
predicated, is there not? Bochenski tells us nothing concerning the
underlying syntactical and semantical axioms required for his
discussion, but clearly there are universal or common terms or
predicate constants, according to him and according to the theory
of multiple denolation.

Are there objective meanings? And if so, what are they? And
in particular, are there universal meanings? Bochenski distinguishes
syntactic and semantic meaning as follows. “The meaning of a term
may consist entirely in the set of syntactical rules concerning that
term; this is the case in a formalistic language without interpre-
tation.” Semantic meaning is, in a similar way, determined by the
syntactic and semantical rules together. Let us consider an example.
What is the “syntactic meaning” of the term ‘man’? First, note,
it is a set, and, moreover, a set of 7ules, more specifically of syntacti-
cal rules. A syntactical rule is, presumably, a statement within
the syntactical meta-language. A set of such statements is then a
set, an expression for which could be found only in a meta-language
of the syntactical meta-language (presumably a semantical meta-
%anguage of the syntactical meta-language, the latter being assumed
1nterpreted.) The “syntactic meaning” of ‘man’ can be given then
not In a meta-language but only in a meta-meta-language. And
similarly for ‘“‘semantic meaning.” This is surely awkward and
PrOb'ably not intended. Also there is difficulty concerning ‘con-
cerning’. When does a rule “‘concern” a term and when not? Mere
occurrence is not sufficient, for the term may occur vacuously.

As an incidental comment Bochenski states that ‘it seems that . . -
[higher level] functors [predicates or names of functions] and
quantifiers occur only in formal sciences, and are not neceded in
[the] empirical sciences.” Of course, Bochefiski means to speak here
only of formalized versions, of ‘‘rational reconstructions,” of the
language of the sciences. Taken literally this statement is false, for
asamatter of fact most formalized or semi-formalized versions of the
language of science do employ predicates and quantifiers of higher
level. But let us insert ‘need’ between ‘quantifiers’ and ‘occur’
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in Bochenski’s statement. Let us call this result Bochensks’s thesis:
functors and quantifiers of higher level need occur only in the formal
sciences, and are not needed in the empirical sciences. This is a
most interesting thesis and may well be true.

Bochenski goes on to discuss objective meanings in connection
with the Goodman-Quine nominalistic syntax.1l He seems to say
that Goodman and Quine “‘consider a given language as a purely
formalistic system without attaching any interpretation, i.e.,
any semantic meaning, to its symbols. This has been proposed
for logic and mathematics by Goodman and Quine, who suggest
that we may consider them as a pure abacus.” But that any
language-system may be viewed purely syntactically was known long
before Goodman and Quine. Further, their syntax is applicable to
all systems whatsoever, although they consider in detail only a
particular system for logic and mathematics. Also when we say
that a system is “given without interpretation,” we may wish to
say merely that the system is ““given” without semantical rules in
the sense of Rules of Denotation or Rules of Truth. Or we may wish
to say that the system is “‘given’” without Rules of Meaning (in
some Fregean sense). It seems that these two senses of ‘‘interpre-
tation’” are not always clearly distinguished.

Bochenski notes that “if we try to dispense with monadic name-
determining functors [predicates], WeEfail and we smust fail.”’ As an
example, he cites the predicate ‘has the same shape as’ which is
needed in inscriptional syntax. He seems to suggest that Quine
and Goodman do not recognize this circumstance and support “the
opposite theory.” But neither Quine nor Goodman, nor indeed any-
one, it would seem, has seriously suggested that all primitive
predicates may be dispensed with either in an object- or meta-
language. In the language for inscriptional syntax, certain primitive
predicates applicable to inscriptions are admitted, so-called shape
predicates, enabling us to state that a given inscription has a given
shape. But this is surely not to support the “opposite theory”
that all ““name-determining functors” may be dispensed with.

ry

11 See their Steps Toward a Constructive Nominalism, The Journal of
Symbolic Logic 12 (1947) 105-122. C{. also Truth and Denotation, pp. 227-245.
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Bochenski states that “such words like ‘the shape of tec’ must be
semantically meaningful, in order that we might recognize which
heap of dry ink is a tee. And that means on our assumption that there
are semantic meanings corresponding to the functors in the meta-
language.” But clearly we can and do oftensay that a given predicate
is significant in a given language without assuming that there is
a ‘‘semantic meaning” corresponding to it. A one-place predicate
need not be regarded as designating a meaning but only as denoting
the objects to which it applies. The Rules of Denotation supply
all that is needed to give significance (an interpretation) to the
primitive predicates.12

To show that meta-linguistic rules must be formulated with the
help of ““name-determining functors” Bochenski states the rule of
Modus ponendo ponens. But the rule is formulated in terms of
assertion. Modus ponens is not, ordinarily at least, taken to be a
pragmatical rule concerned with assertion, but only a scmantical
or syntactical rule concerned with truth, logical truth, or theorem-
hogd: If A and ‘(A > B)’ are truths (logical truths, thcorems),
s01s B a truth (logical truth, theorem). Stated in terms of assertion,
the Modus ponens becomes an empirical statement concerning
actual behavior, and may or not be true.

Contrary to the view suggested, however, Bochenski thinks
thflt “when we state truly e.g., ‘pa’ [where for the moment we may
tl}mk of ‘¢’ as a one-place predicate constant and ‘a’ as an indi-
v1c1}1a1 constant], there is something in the phenomenal world
which corresponds not only to ‘a’, but also to ‘¢"."" Hence ‘¢’
must, according to him, be regarded as designating. Suppose there
1S no correlate to ‘¢’ in the phenomenal world. Then, Bochenski
Ellgrgues, “we must say that we do not say anything about that world.
inzcii‘il;ia;v}zf;;r we say [gssuming for the moment t.hat all

VI stants are defined by means of Russellian de-
SCl.‘lptlons], we do so with functors [predicates]. But we most cer-
tainly do say something about the phenomenal world. Consequently
the ontology . . [which requires no such correlate] must be rejected.

- ,Cf' the author’s On Denotation and Ontic Commitment, Philosophical
Studies 13 (1962) 35-39.
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The only alternative seems to be an extreme skepticism.” But quite
clearly if we regard ‘¢’ as denoting rather than as designating,
we can have an interpreted linguistic framework in which we can
talk about the world significantly and without skepticism.13
Bochenski’s argument, it would appear, fails to do justice to the
semantics based on denotation, which — or some theory like it -
seems essential, incidentelly, for Ledniewski’s ontology as well as
for that of Quine and Goodman.

To summarize. In this paper we have (1) put forth a few critical
remarks concerning Church’s intensional view of ontology and
logic, (2) urged that the latter may be viewed as the syntax and
semantics of scientific language, (3) put forth a few critical com-
ments concerning Kneale’s conception of the province of logic, (4)
suggested several arguments as to why the classical, first-order
logic should be regarded as the fundamental one, (5) reflected upon
whether or not identity should properly be included in the list of
logical notions, (6) recalled that syntax and semantics themselves
may be formulated as first-order systems, (7) commented briefly
on the role of ontology in semantics, and (8) reflected critically upon
Bochenski’s discussion of the problem of universals in its relation to
certain formulations of semantics.

New York University, N.Y., USA

13 If, in addition to Rules of Denotation, Rules of Meaning are thought
needed, these may be given in terms of the notion of analytic truth for the
language at hand. See the author’s Intension and Decision, A Philosophical
Study (Prentice-Hall, New York 1963).



CHAPTER 16

REFLEXIONS SUR LA METHODE
DE TEILHARD DE CHARDIN!

NORB. M. LUYTEN O.].

Peut-on parler de méthode chez Teilhard de Chardin, autet,lhr
déroutant s'il en fat, ce que prouvent les réactions extrémes qu'il
suscite, allant de I'enthousiasme délirant au refus le plus catégo-
rique? 2 Ces attitudes contradictoires du public en face de son oeu-
Vre, ne montrent-elles pas précisément un certain désarroi devant
une pensée qui, tout en s’annongant comme scientifique, sort des
cadres de ce qu’on entend communément par science?

' 11 peut sembler paradoxal, pour ne pas dire incongru, de consacrer une
étude 3 Teilhard de Chardin dans un recueil dont la plupart des contri-
butions risquent bien de se mouvoir sur le terrain de la logique la plus
rigoureuse, Quelle figure va faire Teilhard, que 'on classe volontiers pz}rpl}
les podtes oy les prophetes, dans cette ambiance toute imprégnée de austérité
méthodique et de la rigueur scientifique, propres a la logique?

N'ayant aucune compétence dans le domaine logique, j'ai pourtant tenu
4 m’associer a I'hommage rendu & un collegue auquel me lient, en dehors
de Vappartenance A une méme faculté, des liens d’estime et d'amiti¢. 1.'édi-
teur de ce volume a été assez aimable d’estimer qu’une ¢tude sur la méthode

de Teilharq Pourrait trouver sa place dans cette Festsehrift. Encouragé
par cet avis favorable je me suis enhardi a offrir ces modestes pages en
1 r

l0Mmage 4 monp

® Dans la litte
consacrées 3 gy
losophie de 1a na

cher collégue jubilaire. N
rature abondante sur Teilhard, plusicurs ¢tudes ont été
méthode. Notons plus spécialement: C. d'Armacnac, Phi-
ture et méthode chez le 1. Teilhard de Chardin, in Archives

de Philosophie XX (nouv. série) (1957) pp. 3-41; L. MarLrviz, La Mdéthode
du P. Teilhard de Chardin et la Phénoménologie, in NIRRT, t, 79, pp. 574-599;
1

" Russo, La Méthode du P. Teilhard de Chardin, in Recherches et Débats,
cah. 40 (1962), Pp. 13-23. Signalons encore le chapitre XV, Un renversement
de méthode dans l'ouvrage de H. DE LUBAC, La pensée religieuse du P.
Tethard de Chardin. 1! ne m'a pas semblé que ces differéntes études ren-
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Il y a d’ailleurs d’autres indices qui semblent aller dans le méme
sens. Alors que le souci de la méthode a amené les différentes
sciences a se distinguer nettement les unes des autres, I'ccuvre
de Teilhard releve de disciplines aussi diverses que la biologie et
la morale, la physique et la théologie, la paléontologie et la socio-
logie. N’est-ce pas le signe évident que ce n’est pas une ceuvre
scientifique, mais une espece de vision d’ensemble, dans laquelle
tout est mélé, au détriment évidemment de la rigueur méthodique.

Et, puisque nous parlon de vision, Teilhard est manifestement
un intuitif, épris d’absolu. Il exprime l'intention de son ceuvre
dansla formule bien significative: ‘“Voir et faire voir”’ (Le Phénomene
humain, Prologue p. 25). Comme tout intuitif, il se sent porté
vers les vues d’ensemble, les grandes syntheéses, plus que vers les
recherches méthodiques de détail. Ne signale-t-il pas lui-méme
comment, par tempérament déja, il est avide d’absolu deés sa plus
tendre enfance: “Aussi loin que je remonte dans mes souvenirs
(des avant ’dge de dix ans), je remarque en moi l'existence d'une
passion nettement dominante: la passion de I’Absolu... Le
besoin de posséder en tout ‘quelque absolu’ était dés mon enfance
I'axe de ma vie intérieure ... L’histoire de ma vie intérieure est
celle de cette recherche, portant sur des réalités de plus en plus
universelles et parfaites...” (Mon Univers, 1918, cf. fac-similé
dans CueNoOT, Pierre Teilhard de Chardin, entre les pp. 74 et 75).
Quelqu'un qui avoue ainsi avoir été guidé dans ses recherches par
cette “ passion de I’absolu’, ne risque-t-il pas d’étre bien plus un
passionné qu’'un scientifique?

Ce qui rend cette question encore plus pressante, c’est que toute
la pensée de Teilhard s’insére dans une perspective religieuse. Par
toute sa personnalité, Teilhard est un homme profondément
religieux.3 Il ne laisse aucun doute sur l'inspiration religieuse, et
daient superflues une réflexion sur la méthode de Teilhard, telle que je la
présente ici. Je m’en tiens aux textes mémes de Teilhard, en tdchant d'en
dégager les aspects méthodologiques principaux. Une discussion plus ou
moins polémique des vues avancées dans les articles cités aurait, & mon avis,

nui & une présentation claire et critique. Le lecteur jugera de la légitimité
de ce point de vue.

3 Voir surtout les textes d’une belle élévation religieuse, comme par
exemple Le Miliew divin, et La Messe suy le Monde, dans Hymne de I’Univers.
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méme l'intention apostolique de sa recherche scientifique. Invité a
exposer en quelques pages lessentiel de sa pensée, il présente sa
““ Physique”’ (nous reviendrons sur ce terme), comme d¢ébouchant
sur une apologétique et une mystique. (cf. Texte publi¢ dans
P. GRENET, Teilhard de Chardin, un évolutionniste chrélicn, p. 191-3).
Et dans une lettre & son Supérieur Général, il souligne avec insistance
le ressort religieux de toute sa recherche: * Depuis mon enfance,
ma vie spirituelle n’a pas cessé d’étre completement domince par
une sorte de ‘‘sentiment’’ profond de la réalité organique du Monde;
sentiment originairement assez vague dans mon esprit et dans mon
cceur ... mais sentiment graduellement devenu avec les années,
sens précis et envahissant d’une convergence générale sur soi de
I'Univers; cette convergence coincidant et culminant, a son sommet,
avec Celui in quo omnia constant.” (P. Grenet, o.c. p. 213). Cette
interpénétration voulue de recherche scientique et de convictions
religieuses, n’enléve-t-elle pas d’emblée & la premicre toute garantie
d’objectivité? Un esprit guidé par un tel parti-pris, peut-il étre
considéré comme un véritable homme de science?

On voit, les raisons ne manquent pas pour opposer d’entrée en
matiere une fin de non-recevoir a Teilhard, scientifique.

Et pourtant. Sommes-nous sirs de pouvoir juger ct classer le cas
Te%lhard au vu de ces objections, toutes péremptoires qu’elles
Puissent nous sembler? Aprés tout, Teilhard a fait ses preuves en
Paléontologie, et d’avoir été mélé d’assez pres a la découverte du
Slnanthropus Pekinensis n’est pas précisément un certificat d’igno-
rance. Les titreg qu’il peut faire valoir dans son activité scientifique
i‘lli Sril'flzs(;iu;ant' du mot, invitent peut—étr,G_ quand mé’me 4 ne pas

priori notre audience lorsqu’il prétend élargir et re-

nouveler la recherche scientifique. Lui opposer d’emblée une fin de
:g;—;zi:i\;gi; tparce que sa sypthése engllobe des dOl’l’laiI}eS que no,tre
contester ement §c1ent1f1que a soigneusement séparés, ¢ est
_assez gratuitement la possibilité de modifier en quoi
gsr?c(;;tsi(::lsla fitl’lation actuelle. T’eilhardin’hgnorg pas gu’il sort des
raison. pourglene?alement af:ceptfees, mals cro1\t avoir de bonnes

: e faire. La vraie attitude critique dés lors n’est pas de
lui tgurner le dos, ne voulant rien entendre de ce qui choque nos con-
ceptions courantes, mais bien d’examiner si vraiment sa conception
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nouvelle apporte du valable. Au méme titre, il ne suffit pas de dé-
noncer l'inspiration religieuse de sa pensée, pour la discréditer
automatiquement. Comme homme de science, Teilhard était bien
conscient de cette connivence, chez lui, entre sa conviction religieuse
et sa pensée scientifique. Loin de penser que la premiere génerait la
seconde, il était profondément convaincu que la perspective reli-
gieuse l’avait aidé a découvrir scientifiquement les dimensions
synthétiques du réel. Ceux qui lui font grief de son inspiration
religieuse et y voient d’emblée une raison suffisante pour ne pas le
prendre au sérieux, risquent fort de céder a une réaction affective
aussi peu scientifique que celle qu’ils prétendent rejeter. Peut-
étre un examen critique réveélera-t-il 'insuffisance méthodologique
— et donc scientifique — du projet teilhardien. En tout cas, ce n’est
qu’apres un examen critique qu’on pourra en décider, et il serait
singuliérement anti-scientifique de rédiger un certificat d’insuf-
fisance sans avoir pris la peine d’examiner de plus prés le bien-
fondé de ses prétentions. Teilhard prétend parler en scientifique.
Il présente son ceuvre maitresse comme un ‘‘mémoire scientifique”
(cf. Le Phénomeéne humain, Avertissement, p. 21). Accordons lui au
moins le bénéfice du doute, et tichons de voir comment il entend
justifier cette prétention.

Nous savons déja que sa conviction religicuse l'a sensibilisé
aux problémes de signification et de synthése. Mais, sans vouloir
ignorer ce facteur, tichons de voir l'éclosion au plan méme de
la recherche scientifique, de la nouvelle conception qui va faire
sauter les cadres des méthodes scientifiques généralement adoptées.4

Deux facteurs surtout, qu’il tient de sa recherche paléontologique,
me semblent avoir joué ici un rdle déterminant: la perspective
évolutionniste et l’anthropocentrisme. Inutile d’insister que la
paléontologie implique la perspective évolutionniste. Ce qui
veut dire que chaque élément de la recherche est automatiquement
vu dans le contexte d’'un immense mouvement de synthese, I'évo-
lution n’étant autre chose que cette synthése en train de se faire.

4 La synthése élaborée par Teilhard méne jusqu'aux problémes théologi-
ques. Sans vouloir minimiser cet aspect de son ceuvre, nous en faisons ab-
straction dans ces pages, limitant le sujet aux dimensions qui entrent plus
spécialement dans nos compétences.
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Or, a travers son travail de paléontologue, Teilhard découvre 'hom-
me comme le point de convergence de cet immense processus
évolutif. Et, notons-le bien, cet hommme n’est pas sculement celui
dont il rencontre lss restes fossilisés, dans telle ou telle foutille.
C’est également, et méme davantage, ’homme qui vit aujourd’hul.
Car, ceci est pour Teilhard une conviction inébranlable, si nous
pouvons déchiffrer les fragments que le passé nous a léguds, c’est
en fonction du présent que nous avons sous les veux. Le passé ct
le présent ne sont que deux stades d’'un méme mouvement ¢évo-
lutionniste. C’est pourquoi le paléontologue qui sc¢ concentre sur
ses fossiles et oublie de considérer le présent, tronque singulicre-
ment les possibilités d’explication de sa science.?

L’étude minutieuse de restes fossiles pourra étre si cxacte que
l'on veut, jamais elle ne nous apprendra ce qu'un simple coup
d'.oeil sur 'homme actuel nous révele. La cohérence des choses de-
v1e.nt donc, non simplement un principe heuristique, mais encore un
puissant moyen d’explication de la réalité, qui, par structurc inti-
me, est un immense processus de synthése. Et cette synthése que
1 evolujcion nous présente en train de sc faire, n’est pas une pure som-
me arithmétique, ou un agencement tout mdécanique; c’est un
processus dans lequel - comme dans chaque organisme individuel -
un sens devient visible. Voila donc deux principes méthodologiques
majeurs qu.e Teilhard va mettre en ceuvre: le principe de la cohé-
rence; le principe du sens, qui se révele dans ’homme.

. Avant de rTou:s attacher a2 un examen un peu plus approfondi
Sge?e:ecllﬁeuzé)glzgluzes, esquissons‘b'rivé_vement I’éclosion de cette pen-
_ s pouvons la suivre dans les notes ¢t les ceuvres

de Teilhard.
Econtons.lo: G fncgrsﬂi é {’que que ne l'est la gcol?glc 1"eg,ue.
en Chine. Toﬁt - e l'age d'or pour lcs'recherch.es geologlqtles,
. méme, ici comme ailleurs, l'inventaire des
C,;St“z_:i};lr:lilrisiu(rlfo;lfteiclll’lla]rgd einbra.ssc mén1e,‘§()n11mg on le sait, 1’;1.\-e}1ir.
tions théologiqﬁe& C'estt 1};()l?:q§1(i)idlrci)cr‘:1fi))?1 q;u 111t§rYlenxlcl1t ses consl.(?f:m—.
, mement a ce que nous disions

dans le -éeé .
ans lfl n"'@ P1§§Ldente, nous n'aborderons pas cette dimension — d'ailleurs
la moins scientifique - de la synthése teilhardienne.
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couches et des fossiles ne tardera pas a étre terminé dans ses grandes
lignes, et je me dis souvent que dans une génération, la Science
dont je m’occupe commencera a se faner si on n’arrive pas a
agrandir son objet, a changer ses méthodes. Il doit y avoir un moyen
d’aborder I'étude de la Terre d’une facon plus profonde et plus syn-
thétique en la considérant comme un fouf, doué de propriétés
mécaniques, physiques, chimiques, spécifiquement terrestres. Ce
sont ces propriétés qu’il faudrait arriver a dégager, me semble-t-il,
au lieu de s’acharner & suivre, dans le détail, l'action de causes
minimes qui n’influencent que d’infimes parties de la Terre. Si
J'avais a refaire ma vie, je m’orienterais vers la géo-dynamique ou
la géochimie.” (cf. CUENOT, Picrre Teilhard de Chardin, p. 73).
Ce texte est bien révélateur de la direction dans laquelle Teilhard
cherche. Il espere peu d’une recherche de détail toujours plus poussée.
Pour faire avancer sa science et empécher qu'elle ne sc¢ fane, il
prévoit qu’il faudra agrandir I’objet et changer les méthodes, arriver
a une étude plus profonde et plus synthétique. Nous avons ici déja
clairement esquissées les grandes perspectives dans lesquelles va
s’élancer la pensée de Teilhard. Une seule chose, a vrai dire la plus
importante, manque encore a ce projet d’élargissement et de synthé-
tisation de sa science, c’est la signification centrale de la réalité
humaine. Pour le moment Teilhard pense encore a une synthése
qui se ferait en fonction des propriétés mécaniques, physiques,
chimiques spécifiques de la Terre considérée comme un tout. Il
ne tardera pas a découvrir que seule la dimension humaine permet
d’organiser autour d’elle tous les processus de l'univers matériel
dans une immense synthése. Dans une lettre du 31 décembre 1926,
nous voyons se dessiner cette nouvelle perspective: “Intellectuelle-
ment, je suis toujours trés intéressé et absorbé par les recherches
techniques de géologie, dans un domaine et dans un pays encore
pleins de choses a découvrir. Pourtant, depuis deux ans surtout,
j’ai I'impression d’étre graduellement attiré vers I’étude de I'Hu-
manité, non pas préhistorique, mais présente. Je congois de mieux
en mieux I'Homme comme le grand phénomeéne tervestre, celui
en lequel culminent les plus grands phénomenes géologiques,
ct le plus vaste mouvement de la vie. Autrement dit, je découvre des
prolongements humains a la Géologie. .. Les géologues, je ne sais
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pourquoi, considerent toutes les sphéres concentriques dont st for-
mée la Terre, sauf une: celle formée par la couche humaine pensante;
et ceux qui s'intéressent a I'Homme sont généralement ¢trangers a
la Géologie. 11 faudrait unir les deux points de vue.” (cf. Cucnot,
o.c. p. 95-6). Les lignes de force commencent a sc dessiner plus
clairement. Ce n’est plus sculement en introduisant des considé-
rations plus synthétiques en géologic que Teilhard compte réaliser
la synthese, dont il a entrevu la nécessité impéricuse, mais ¢n ouvrant
la géologie sur ’homme, en découvrant ‘“des prolongements humains
a la géologic”. On sent cette idéc & I'ceuvre; des a présent, clle
oriente ses recherches: ““J’ai en projet un travail sur 'Homme
— non pas 'Homme préhistorique précisément, mais I'Homme
regardé comme le plus grand événement tellurique ct biologique
de notre planéte. Je suis de plus en plus persuadé que nous sommes
aussi aveugles sur la couche terrestre humaine que nos aieux
l’étallient sur les montagnes ct les océans. Et cctte considération
devient graduellement la dominante de mes réflexions scientifiques.
11 y 2, autrement dit, des prolongements humains de la géologie
qu’il faudrait commencer dégager”. (Cuénot, o.c. p. 96, note 1).
('l’est autour de cette idée centrale que va s’organiser la synthese
Tellhgrdienne, telle qu'elle a été élaborée dans son “phénomenc
hurpam”. Notons que, en 1928 déja, Teilhard avait rédigé quelques
feu}lles dactylographiées sous ce titre. En 1930, c’est devenu un
article publi¢ dans la Revue des questions scientifiques (18 (1930)
geslggggiélg:gliz clllirllz La \‘risilon_ du passé p- ??7—243), pour devenir
Toeuvre. Lidéy d'an dquetp usmur’s considerent comme son chef-
scionce séologiaio o fOr X en re]vue 'd u\n prolopgemcnt h‘}lms’lm d(? la
humain” o ;{3 el ait son ‘me’mn’i,\a tel Pomt que ‘le phengmene
n ) ~ : ent est intégré a la science, mais c¢n devient la
S;:’fglzzir:i;i Fé‘;llsccllue .Seulemen.t en lui et & travcrf lui la lecture
le réel dans ef 4 tra:iVlenlt po’ssfblre. Cette? vue coheren'tc de tout
contribution originale ders a reah?c hur.namc est c.cr‘t?:m}ement la
e Teilhard a la science. C'est ici évidemment
que. se .pose.nt les problémes de méthode que la réalisation d’un tel
projet impliquent.

A e )
Tachons donc d’insister sur ce point pour découvrir la démarche
de sa pensée et nous faire une idée sur sa valeur.
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D’emblée Teilhard, par la fagon dont il a entamé le probleme,
a sauté I'obstacle qui, a ses yeux barrait le chemin a une synthése
scientifique du réel. L'homme, comme réalité spirituelle, était
considéré comme irréductible au monde physique et organique.
Par le fait méme, toute idée de science embrassant la réalité maté-
rielle et 'homme dans une méme vue synthétique semblait exclue.
Or, ce qui apparaissait ainsi comme impossible, devient pour Teil-
hard nécessité impérieuse. Puisque la synthése n’est possible qu’a ce
prix, et puisque, d’autre part, elle est nécessaire si nous voulons
comprendre la cohérence du réel, il faut donc que cette intégration
de ’'homme et du monde physique et organique soit possible. Cette
possibilité pour Teilhard se fonde sur ce qui lui apparait comme
une évidence fondamentale d’une simplicité presque déroutante:
I’homme est un phénomene au méme titre que tous les autres phéno-
meénes que les sciences ont coutume d’étudier. De fait, c’est le phé-
nomene de loin le plus marquant qui nous frappe dans notre monde.
Un premier impératif sera donc d’accueillir le phénoméne humain
comme un élément irrécusable de notre réflexion scientifique.
“Pour rendre acceptable le Phénoméne humain, et lui permettre de
manifester sa fécondité scientifique, la premiére condition est de ne
pas biaiser avec lui, ni de le minimiser. L’Homme n’est aussi
troublant pour la science que parce que celle-ci hésite a I'accepter
avec la plénitude de sa signification, c’est-a-dire comme l'appari-
tion, au terme d’une transformation continue, d'un état de la Vie
absolument nouveau. Reconnaissons franchement, une bonne fois,
que, dans une perspective réaliste de I'histoire du Monde, 'avene-
ment du pouvoir de penser est un événement aussi réel, aussi spé-
cifique et aussi grand que la premiére condensation de la Matiere
ou la premiére apparition de la Vie: et nous verrons peut-étre,
au lieu du désordre redouté, une harmonie plus parfaite s’étendre
sur nos représentations de I'Univers”. (article Le Phénomeéne hu-
main, La vision du Passé, p. 234).

Longtemps la science s’est arrétée devant cette “barriere” de la
pensée, ne voulant pas I'accepter de plein pied comme un phé-
nomene irrécusable. Ecoutons le diagnostic de Teilhard: ““Soit
par peur chez les uns de tomber dans la Métaphysique, soit par
crainte chez les autres de profaner I’ame en la traitant comme



298 NORB. M. LUYTEN 0O.D.

un objet de simple Physique, I'Homme, dans ce qu’il a de spéeial
et de révélateur pour notre expérience, ¢’ est-a-dire, dans ses proprié-
tés dites ‘spirituelles’ est encore exclu de nos constructions géndrales
du Monde. D’oli ce fait paradoxal: il y a une Science de I'Univers
sans I’'Homme. Il y a aussi une connaissance de I'Homme en marge
de I'Univers, mais il n'y a pas cncore unc Science de 'Univers
étendue a I'Homme, en tant que tel. La Physique actuclle (en
prenant ce mot au large sens gree de ‘Compréhension systématique
de toute la Nature’') ne fait encore aucunc place i la Pensée; ce
qui veut dire qu’elle est construite enticrement en dehors du plus
remarquable des phénomenes présentés a notre observation par la
nature” (lL.c. p. 228).

Teilhard ne se contente pas d’un tel diagnostic. Si vraiment la
situation est telle qu’'il 'a décrite, il est impéricux de réagir et de
procéder sans biaiser 4 la construction d’une science synthétique du
réel. Il n’hésite donc pas a tirer la conclusion: “Nous voudrions,
dans ces pages, réagir contre une situation aussi anti-scientifique,
en ’es.q.mssant ... les contours possibles d’'un Univers o1 Jes ])ropriétés
spécifiquement humaines (Réflexion et Pensée) seraient introduites,
comme une sorte de dimension nouvelle” (L.c. p. 229).

Noqs Croyons ce texte tres révélateur quant i 1y position du
P.. Teilhard. 4} nomme la situation dans laquelle i1 trouve les
Zﬂ:élrc:squ‘i‘all?ltii-scientifiquo.", c-’cst évide'mr‘nm?t. en vertu d’un

. ) permet de juger de ce qui est scientifique et de ce
qui ne Uest pas. Quel est ce critore?

.H e%t. clair, tout d’abord, que Teilhard ne conteste pas le caractere
Sc1ent1f1q1‘1e des sciences existantes. Bien au contraire. Non sculement
e caractere vraiment scientifique n’est jamais mis en doute, mais

encore Tej 1 .
Teilhard fait constamment appel au paradigme
pour documenter ’jdgy] d'une vr

ce qu'elles sont ¢
scientifique, maj

de la physique
aic science. Ce n’est donce pas par
t font que les sciences sont dans une situation anti-
oenih s plutdt par ce qu'elles ne font pas. Et ce péché

f)rr1‘1551on c‘onmste précisément a exclure de la science ce qui selon
le’s regles me.thodologique devrait y étre intégré. Si donc Teilhard
n est, pas satisfait de la situation en science ct §'il veut la changer,
ce n'est pas qu'il conteste la validité de

: - : s canons méthodiques en
vigueur. Au contraire. C'est en se basant

SUr ces canons IﬂéthOdOlO’
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giques qu’il veut montrer la nécessité pour la science d’englober des
éléments du réel, qu’elle avait jusque 1a négligés. Il ne s’agit donc
nullement d’une réforme de la science en recourant a de nouvelles
méthodes, mais bien d’un élargissement en allant au bout des mé-
thodes en vigueur. Plus spécialement, pour concrétiser immédia-
tement cette pensée: la science ne doit pas recourir a une nouvelle
méthode pour englober I'homme dans ses recherches; elle doit tout
simplement appliquer ses méthodes a la réalité humaine. Ceci
implique évidemment que cette réalité humaine est atteignable
a travers les méthodes admises en science. C'est bien ce que pré-
tend Teilhard, et ce qu’il veut souligner en parlant du ‘“‘phénomene
humain’. Il note explicitement avoir délibérément choisi ce terme
“pour affirmer que 'Homme, dans la Nature, est véritablement un
fait, relevant (au moins partiellement) des exigences et des métho-
des de la Science”. (Le Phénomene humain p. 29). Ou encore, dans
son article de 1930: ““Par I'expression ‘“Phénoméne humain”, nous
entendons ici le fait expérimental de’apparition, dans notre Univers,
du pouvoir de réfléchir et de penser’” (Vision du Passé, p. 227).

Un objet de science doit étre un fait expérimental, un phé-
nomene. Teilhard identifie: Objet de Science pure et phénomene
(Vision du Passé, p. 228). Rappelant le caractére scientifique de son
ceuvre (ce qu’il ne cesse de faire), il insiste de préférence sur le
caractere expérimental de ses démarches. ““Je ne quitte a aucun
moment le terrain de 'observation scientifique” (Avenir de 'Hom-
me, p. 161) ... “sans quitter le domaine des faits scientifiques”
(Energie humaine, p. 69-70). Et en présentant son Phénomene
humain “uniquement et exclusivement comme un mémoire scien-
tifique” il justifie cette revendication par sa limitation au phé-
nomeéne: “‘Rien que le Phénoméne. Mais aussi tout le Phénomeéne”
(Le Phénomene humain, p. 21). C’'est d’ailleurs ce qu'’il estime étre
sa grande trouvaille, grace & laquelle une science synthétique de
1'Univers, homme compris, peut enfin étre envisagée: lascience ayant,
de par sa nature, le phénomeéne pour objet, elle se doit d’englober
I’homme dans sa synthése, puisque ce dernier est un phénomeéne au
sens le plus strict du mot. Il n’est pas étonnant de voir Teilhard insis-
ter sur ce caractére phénoménal de 'homme, puisque ¢’est la P’affirma-
tion la plus centrale et aussi la plus révolutionnaire de son systeme.
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Et pour qu'on ne s’y méprennc pas, pour quon n'entende pas
cette affirmation de la pure apparition extéricure de I'homme,
il spécifie clairement qu'il s’agit de 'homme en ce quil a de plus
propre: sa pensée, son pouvoir de réflexion. Il parle du “fait exp¢-
rimental de 'apparition, dans notre Univers, du pouvoir de réflé-
chir et de penser” (Vision du Passé, p. 224). ""Pendant longtemps, il
n'y a pas eu de Pensée sur terre. Maintenant il y en a, ct tellement
que la face des choses se trouve enticrement changée. Nous nous
trouvons vraiment la en présence d’un objet de Science pure, d'un
phénomene” (ibid. p. 227-8).

Mais déja ici un doute s’annonce. Est-ce la pensée clle-méme qu’on
peut dire phénomeéne, ou est-ce son empreinte sur les choses ma-
térielles? Teilhard n’hésite pas un instant. Sa facon de s’exprimer
montre bien a quel point il propose la pensée en tant que telle comme
phénomene expérimentalement observable. Citons quelques-uns
des passages les plus caractéristiques. “On a remarqué que, vue a
trés grande distance, la Terre, couverte de ses végétaux ct de ses
océans doit paraitre verte et bleue. Pour un observatcur lointain
qui saurait mieux la déchiffrer, elle paraitrait, en ce moment,
lumineuse de Pensge” (Le. p. 231; cf. texte parallele dans: Le
Phénomene humain, p. 202). L’ambiguité d’une telle position res-
sort encore davantage de la suite du texte: “Du point de vue le
plus froidement positiviste qui soit, le Phénomdéne humain ne
représente rien moins qu’'une transformation générale de la Ter-
T€, par ctablissement, a la surface de celle-ci, d’une enveloppe
nouvelle, Penveloppe pensante, plus vibrante et plus conductrice,
en un sens, que tout métal; plus mobile que tout fluide; plus ex-
pansive que toute vapeur; plus assimilatrice et plus sensible que
toute matiere organisée” (l.c. p. 231). A lire un pareil texte, on
COI}H.)rend que Teilhard ait été qualifié de pocte. Sculement la
boesie n'est pas de mise & un point si critique de la structure de sa
Synth.‘ese. D’ailleurs, Teilhard n’entend nullement faire de la poésie.
I ?Stl_me parler ** du point de vue le plus froidement positiviste
qui soit”. La chose n’en devient que plus inquiétante. Si sympathi-
que que puisse étre 'idée d’une science élargie, débordant les ca-
dres trop étroits de disciplines cloisonnées a ’extréme, si la nou-
velle syntheése doit étre batie sur une notion si peu différenciée
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de phénomene, sl massivement univoque, le remeéde risque bien
d’étre pire que le mal que I'on veut combattre.

I1 semble bien que Teilhard, emporté par son idée d’une science
universelle, a4 la mesure du processus universel que constitue
I’évolution de I'univers, n’ait vu d’autre issue qu’'une univocisation
de tout le réel. En admettant ainsi une homogénéité de base il
rendait possible du fait méme 1I'“ explication cohérente et homo-
géne du monde” (lettre du 11 octobre 1936, Cuénot, o.c., p. 264-5),
qu’il cherchait. Cette science universalisée devient une Physique
généralisée, puisque I’homme est devenu un phénomeéne, assimilable
en principe a n'importe quel phénoméne physique. En 1938, il
écrit par exemple: *“ Je serais heureux de vous voir (comme je m'y
essaie moi-méme), pénétrer ... dans les questions spirituelles et
humaines avec les méthodes de la Science, de maniére a substituer
aux Métaphysiques dont nous mourons une Ultraphysique (la
vraie Physikeé des Grecs, j'imagine) ot Matiére et Esprit seraient
englobés dans une méme explication cohérente et homogene du
Monde” (Lettre du 11 oct. 1936, cf. Cuénot, o.c., p. 264-5). En
septembre 1952, il se dit * préoccupé de I'urgence qu’il y aurait a
opérer une ‘réforme’ de 1I’Anthropologie en séparant enfin celle-ci
des ‘Lettres’ ou de la ‘Philosophie’ pour en faire, par son essence
(analyse et étude de I'Humain), — comme on dirait ‘de I'Hydro-
géne’, ou ‘de I'Uranium’-, un prolongement authentique de la
Physique et de la Biologie” (cf. Cuénot, o.c., p. 428). Et encore:
““ Il faut a tout prix dégager enfin une véritable discipline étudiant
I’'Homme, comme ‘une force de la Nature’ (étudiant le ‘Réfléchi’,
comme on étudie le ‘Nucléaire’)”’, ibid. note 4. Malgré toute la
compréhension que I'on peut tacher d’avoir pour le dessin teilhardien
d’une science universelle, on reste perplexe devant de telles for-
mules. Que peut bien étre cette physique de I'esprit? Comment
traiter ’humain comme I’'Hydrogéne ou I'Uranium? On a nette-
ment 'impression que le désir de synthése a conduit ici a une ni-
vellation indue du réel, qui, au fond, n’est que verbale.

Il est assez curieux que Teilhard, qui se sait lui-méme “natura-
liste plus que physicien” (Le Phénomeéne humain, p. 33), préfere
appeler sa synthese une Physique (cf. Grenet, o.c., p. 192), une
Hyperphysique (Lettre du 29 avril, Cuénot, p. 264; lettre du
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3 décembre 1954, Cuénot, p. 428), une Ultraphysique (Lettre du 11
octobre 1936, Cuénot, o.c., p. 264), un prolongement de la Physique
(Lettre du 11 février 1952, Cuénot, p. 425; lettre du 21 septembre
1952, Cuénot, p. 428). (Notons d’ailleurs que parfois il propose
Hyper-biologie comme alternative, p. ex. lettre du 29 avril 1934).
Comment expliquer chez un paléontologue cette préférence pour la
physique? Il me semble qu’on peut avancer deux raisons. D'abord,
pour Teilhard, comme pour beaucoup de ses contemporains, la
physique est et reste le paradigme de la science expérimentale. Une
discipline est science pour autant qu’clle s’inspire de ce paradigme
et se construit selon des méthodes semblables. Or, Teilhard veut
¢tre scientifique: c’est pour lui plus qu’unc consigne méthodologi-
que, c’est un point d’honneur! On comprend donc qu’il tient a
?e que sa syntheése ait vraiment le caractére d’une physique, c’est-
a-dire qu’elle soit une vraic science.

Mais une autre raison semble avoir joué. Le terme “physique”
permet le rapprochement avec la “‘Physiké” des Grees. 11 congoit
son Hyperphysique comme “le vraie Physike des Grees” (lettre
;iu Il octobre 1936). Il explique qu'il veut prendre Physique “au
arge sens grec de compréhension de toute la Nature”
Passe, p. 229). Quelle est cette Physike des Grees, et en
?;Te zlur\;oit—il un mf)('l(‘:\le pour sa synt;_hés.c. Il semble bien qu'il

out penser ici a la Physique d’Aristote, avec, sans doute,
Szrr;?i(t)(t)ii(l; dj f(;?d,v la réf]ex?on philos?pl‘liquc des Toniens autour
compréhen e Physis. Nous tr(,)’u-vons la en C.ffct un ‘“‘effort de
nsion de toute la nature”: une conception globale ct syn-

(Vision du
quoi Teil-

théti .
quue de la nature, basée sur unc observation, ¢videmment
rudimentaijre.

f peut s’étonner de voir Teithard s'inspirer d'idées si dive

due celles de 1a physique modernc et celle de la philosophie naturelle

d R 5. | 1 > et
es Grecs, Manifestement, c’est “I'effort de compréhension de toute
la nature’’ (

Mais Ia o YV-iSion du Passé, p. 229) qu.i I'attire chez les G.recs.
& - Physique moderne, avec ses exigences méthodologiques

€Xactitude et de vérification expérimentale minuticuse, n'est-elle
pas aux, antipodes de ces syntheses généreuses, qui n’étaient possi-
bles qu'auss longtemps que les exigences expérimentales étaient
¢ncore rudimentajres? Sans doute les exigences méthodologiques

rgentes
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ont-clles amené la physique, et les sciences expérimentales en
général, a se limiter a l'observable. Mais précisément, Teilhard
estime que la science a été trop craintive et qu’elle a laissé de c6té
une partie importante de l'observable; du phénomeéne comme il
aime le nommer.

Mais il y a plus. Toute science de l'observable qu’elle est, la
Physique, ni aucune vraie science, ne saurait se limiter a I’enregistre-
ment de purs faits. Une science sans mise en ceuvre d’éléments de
synthese est une absurdité. Les physiciens réfléchissant sur leur
science, ont été les premiers a le souligner. La critique des sciences
a fortement relevé I'élément synthétique (d’ailleurs diversement
interprété) dans la construction de la science.

Teilhard le sait bien, et il ne manquera pas d’exploiter cette idée
au profit de sa synthése. S’il veut étre disciple du phénomene,
il prend soin de spécifier que c’est ‘““tout le phénomeéne” qu’il
entend capter dans sa synthése. “Depuis quelque cinquante ans,
la critique des Sciences I'a surabondamment démontré, il n'y a pas
de fait pur; mais toute expérience, si objective semble-t-elle, s’en-
veloppe inévitablement d’un systeme d’hypothéses, dés que le sa-
vant cherche a la formuler. Or, si a I'intérieur d’'un champ limité
d’observation cette auréole subjective d’interprétation peut rester
imperceptible, il est fatal que dans le cas d’une vision étendue au
Tout, elle devienne presque dominante”, (Le Phénoméne humain,
p. 22). Et encore: ““C’aura été une candeur, probablement nécessaire,
de la Science naissante, de s’imaginer qu’elle pouvait observer les
phénomenes en soi, tels qu’ils se dérouleraient a part de nous-
mémes. Instinctivement, physiciens et naturalistes ont d’abord
opéré comme si leur regard plongeait de haut sur un Monde que leur
conscience pouvait pénétrer sans le subir ni le modifier. Ils commen-
cent maintenant a se rendre compte que leurs observations les plus
objectives sont toutes imprégnées de conventions choisies a I’origine,
et aussi des formes ou habitudes de pensée développées au cours du
développement historique de la Recherche. Parvenus a 'extréme de
leurs analyses, ils ne savent plus trop si la structure qu'ils atteignent
est I'essence de la Matiére qu'ils étudient, ou bien le reflet de leur
propre pensée. Et simultanément, ils s’avisent que, par choc en
retour de leurs découvertes, eux-mémes se trouvent engagés, corps
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et ame, dans le réseau des relations qu’ils pensaient jeter du de-
hors sur les choses, pris dans leur propre filet” (Le Phénoméne hu-
main, p. 26). Ce dernier passage pourrait faire allusion aux con-
ceptions exposées par Eddington dans sa “‘Philosophy of Physical
Science”’. Teilhard n’a pas tort de couvrir son cffort de synthese
par des témoignages qui lui viennent de la physique, la science la
plus exacte et la plus positive qui soit. Et beaucoup de scientifiques
qui reprochent a Teilhard ses syntheses “‘subjectives’ feraient bien
de réfléchir un peu au statut assez précaire de leur propre
science. Ceci étant dit, il faut quand méme constater combien Teilhard
reste dans le vague dans cette justification de son effort de synthese.

Déja en parlant de sa fidélité au phénomene, il s’était bien gardé
de spécifier plus exactement ce qu’il fallait entendre par ‘‘phé-
nomene”’, ce qui lui permet de confondre sous un méme terme
I'observation d’un fait extérieur et la réalité de notre propre pen-
sée; la constatation d’un fait isolé et la “saisie’’ d’'un mouvement
d’ensemble, tel que la “‘dérive” évolutive vers I'Esprit. Nous re-
trouvons ici le méme a peu pres. 11 parle d'un “‘systeme d’hypo-
théses”, d’une “auréole subjective d’interprétation’’, d’observations
objectives “imprégnées de conventions choisies 2a I'origine, de
formes ou d’habitudes de pensée’” (cf. les textes cités). On avouera
que tout cela est peu précis et ne nous renseigne pas outre mesure
sur la nature et la valeur de 'élément de synthese qu’il entend mettre
€n ceuvre dans sa construction. Si nous ajoutons que tout cela nous
?‘St Présenté comme du “subjectif” qui vient auréoler I'expérience

Ob;ective”, la situation épistémologique, il faut I’avouer, n’en
devient pas plus limplide.

Tout ceci aurait pu étre un point de départ valable, a partir
duqu(?l’ par une réflexion critique exigeante, on aurait pu dégager
des regles de méthode, concernant les possibilités d’extrapolation
et'de geénéralisation admissibles dans les différents domaines de la
SCler%ce. Cet examen critique, Teilhard ne I’a pas fait. C’est ce qui
exphq'ue qu’il se lance, téte baissée, dans des généralisations, dont
le r,noms qu’on puisse dire, est que leur gratuité saute aux yeux.
Qu on p?nse, P- ex. a sa fameuse loi méthodologique d’extrapolation:
‘C}CC-OIIVHI‘ I'universel sous I'exceptionnel, qu'il formule lui-méme:

Bien observé, fiit-ce en un seul point, un phénomeéne a nécessaire-
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ment, en vertu de I'unité fondamentale du Monde, une valeur et des
racines ubiquistes’”’. Et I'application bien connue qu’il en fait:
“I.a conscience apparait avec évidence dans ’'Homme ... donc,
entrevue dans ce seul éclair, elle a une extension cosmique’ (Le
Phénomene humain, p. 52).

Qu’on analyse de pres la démarche de la pensée teilhardienne
tout le long de cette extrapolation géante. En vain y chercherait-on
une consigne méthodologique précise. Outre I'exemple du Radium,
et la remarque assez péremptoire — ‘“‘nous l'avons trop souvent
expérimenté dernicrement pour pouvoir en douter encore — : une
anomalie naturelle n’est jamais que I’exagération, jusqu'a en deve-
nir sensible, d'une propriété partout répandue a l'état insaisissa-
ble” — auncune justification, aucune précision n’est fournie. Ce qui
ne I'empéche pas de conclure: “Je suis incapable de voir comment
en bonne analogie avec tout le reste de la Science, nous saurions
y échapper” (Le Phénomeéne humain, p. 52). Il est permis de douter si
vraiment 'analogie est tellement bonne. On aurait de la peine de
trouver dans “tout le reste de la Science” une extrapolation, basée
sur des indices si minces que ceux dont dispose Teilhard ici. A vrai
dire, il n’y a méme aucun indice. En derniére analyse, le tout repose
sur le postulat d’une ‘“‘unité fondamentale du Monde” (l.c.) Or, on
veut bien qu'un essai d’interprétation globale du monde, parte
forcément de l'idée que le monde constitue un systéme cohérent.
Mais quant a prétendre que cette cohérence entraine nécessairement
une homogénéité, du style de la “conscience, dimension universelle”,
ceci est une affirmation absolument gratuite, un postulat théorique
que rien dans l'expérience ne justifie. Que Teilhard continue a
parler ici d'un “point de vue phénoménal, qui est “/e point de vue
de la Science” (Le Phénomeéne humain, p. 54), qu’il ose méme écrire:
“Considérée sous I'angle purement expérimental, la Conscience se
manifeste comme une propriété cosmique de grandeur variable,
soumise & une transformation globale’” (o.c., p. 56), montre a quel
point il est lui-méme victime de ce qu’il pense étre une application
de la méthode scientifique. A dire vrai, il se rend trés bien compte
qu'il va plus loin que n’importe quel homme de science ne I’a fait
avant lui. Mais il pense rester intégralement dans la ligne de la
méthodologie scientifique.
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Il est vrai qu’aussi bien dans l'article sur le Phénomene humain
que dans le livre du méme titre, il présente sa synthese comme une
tentative toute provisoire. Et il ajoute: “Elle risque de paraitre, 4
certains, développement poétique plutdot que systeme de faits
solidement assemblés. Mais qui saurait dire jusqu’a quel point une
séduisante harmonie n’est pas le charme naissant ct le signe avant-
coureur de la plus rigoureuse vérité?” (Vision du Passé, p. 229).
Mais, chemin faisant cette “séduisante harmonic’” devient bientot
pour Teilhard critére de vérité; il identific: “T'ordre, 'homogénéité,
c’est-a-dire la vérité” (Le Phénoméne humain, p. 194).

Dans son “Esquisse d'un Univers personnel”’, Teilhard a mis en
lumiére, comment il congoit cette cohérence comme sonsigne
méthodologique, menant a la saisic de la vérité: “Il semble v avoir
‘un vent d’esprit’ enregistrable a travers le Monde. Comment Gta-
blir définitivement ce fait, qui, bien prouvé, nous donnerait la
preuve cherchée d’'un mouvement défini de I’Cnivers ?’

En l'acceptant, répondrai-je, et en cherchant si, pouss¢ {4 ses
dernieres conséquences, il vérifie I'Univers autour de nous. lLa
P?}.'S'{que ne connait pas d'autre critére que cette réussite a la
veérité de ses développements. ... La vérité n’cst pas autre chose
qqe 12} cohérence totale de I'Univers par rapport & chaque point de
lui-méme. . .. ‘Don’t chat, but try? Laissons les discussions vaines

et voyons en vrais positivistes si I'Univers se cohérc. . .""

I£nergie
humaine, p. 70-71 ) ( g

n V(?it a quel point Teilhard est convaincu d'c¢tre dans la ligne
de la science positive - méme positiviste —, de la physique. Force
nou% fast de constater que la physique, ou n'importe ;111(-11(- science
;Xperlrr}entale, est autrement exigeante quant a la vérification de ses

Ygotheses que ne l'est Teilhard. Certes, ses hypothéses sont plus
?;ui;uzzszz'ur};ruésqué beauco?p plu's synthéti(.lm.\s; Sans (}(’)lltt‘,
gNer. Au moine fzs risques qu'une science plus limitée peut s'¢par-

. udrait-il le faire en connaissance de cause, et ne
see}iif?;‘;ge;:r?;tg la marge qu'il y a entre unc théoric physique,
- es faits bien concrets et mesurables, et les vues
;ynth.ethues proposées par Teilhard, invérifiables par principe dans
€s fal.ts (P. ex. la dimension consciente de la Matiére, le caractere
psychique de toute énergie) (Le Phénomene humain, p. 62). Ici la
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scule vérification est dans la cohérence du systéme tel qu’il est
congu. Certes, ce n’est pas rien, et nous serions les derniers a
dénier toute valeur a de tels essais. Mais il est évident que le seul
critere de la cohérence ne saurait suffire, puisqu’il y a manifeste-
ment plusieurs fagons de penser le monde de maniére cohérente.
Ceux qui ne suivent pas Teilhard, p. ex. dans l'attribution de la
conscience aux réalités matérielles, ne renoncent pas pour autant
4 concevoir le monde comme un systéme cohérent. Il faut donc de
toute nécessité un critére ultérieur pour départager les différentes
conceptions. Teilhard a beau nous inviter a voir les choses comme
il le fait, pour apprécier la valeur de sa synthése. Il ne pourra nous
empécher de lui opposer par exemple que nous ne voyons nullement
la dimension consciente de la matiére. Comment fera-t-il pour nous
obliger, contre I'évidence méme de notre expérience, & admettre
sa théorie pour la seule raison qu’elle est cohérente? Malgré toute
la grandeur - et certainement la valeur - de la vision que nous
propose Teilhard, nous Iui reprochons de vouloir nous l'imposer a
travers un cautionnement scientifique, auquel elle n’a aucun droit.
Sans doute, l'intention de Teilhard ne saurait étre refusée. Il faut
de toute nécessité dépasser la compartimentement et 1'émiettement
du savoir scientifique. Déclarer d’emblée que tout probléme de
synthese est par définition en dehors des limites de la science,
scrait une position désastreuse, et aprés tout, défaitiste. D’ailleurs
précisément les faits d’évolution, comme Teilhard I'a bien montré,
ne nous permettent pas d’éluder la question. Qu'’il ait eu le courage
de s’attaquer a ce probléme, c’est sans aucun doute un mérite qu’'on
ne saurait lui dénier. Mais il est tout aussi évident qu'on ne peut
se contenter de la fagon, somme toute assez désinvolte, dont Teil-
hard s’y est pris.

Dire que tout ceci est ccuvre de pure science est un leurre dan-
gereux, qui risque de masquer le travail immense qu’il nous reste
4 faire pour explorer les possibilités vraiment scientifiques de
synthese.

Dans ce contexte, nous devons soulever une question ultérieure.
Depuis toujours la philosophie s’est mise sur les rangs lorsqu’il
s’agissait dc poser le probléme du réel total. Comment se fait-il
que Teilhard, qui avait regu une formation philosophique, n’ait



308 NORB. M. LUYTEN 0.P.

pas pensé A chercher dans cette direction? Cette question sc pose
d’autant plus que Teilhard fait souvent intervenir la catégoric de
“sens’’ dans l'élaboration de sa synthese. Or, saisir, comprendre le
sens d’une chose, d’'un événement, n’est-ce pas déja unc intention
qui dépasse la pure constatation expérimentale, pour s’attacher a
la compréhension, 4 l'intelligence des choses, tiche qui a été de
tout temps considérée comme plus spécialement philosophique?6
On pourrait certes répondre, qu’on ne peut exclure a ‘priori un
¢largissement de la notion d’expérience, de facon i y inclure la
signification du fait observé. Plus spécialement, la biologie semble
bien devoir introduire de telles considérations au niveau méme de
sa recherche expérimentale. Il y a ici manifestement un probleme
sur lequel le dernier mot n’a pas été dit.? La prépondérance du para-
digme de la physique dans I'élaboration de la méthodologic scien-
tifique a certainement entrainé un rétrécissement indd de la notion
Sl’expérience scientifique. On ne saurait donc reprocher sans autre
a Teilhard de faire intervenir des considérations de “sens” dans sa
'syntl?ése_ Poser la question méme de I'orthogénese, par exemple,
l‘mpllqu.e déja la notion du “sens’” de 'évolution, et on ne voit pas
4 quel titre on pourrait défendre a priori a 'homme de science de la
POS<‘3‘r. Encore faudrait-il alors le faire selon des criteres bien définis.
I:a céré.bralisation” croissante en est certainement un, qui, & une
i(}::tllfl’iilrlr;tlf:, Eseut fl?rllr’ler ?es inflications v‘alabl.e,s_s T (-.B'llhzftl'd
de monde animzl \s/[e1.1 al aPP"llcluerfﬂ';me ;:ertame hl.erarchlsat'lo’n
conscience (cf. I ¢ P lh ats, ?rSQEl en fal SSZ a.tmeuse\ loi ‘complex1te—
polation géan.te ol enlomenﬁ ?mal?', p- - ),”11 pr?,cede a une ex'tra—
ification contrc“)iablnS aquetie a nomon ce sen§ perd toute sign-
e, pour devenir une hypothése non seulement

6 Vo .

Philozsgh:l)m?l Sur ce probleme, C. Soucy, Teilhard de Chardin est-il un
NET, Tﬁilha.y,dl; Recllethes et Débats, n. 40, pp. 24-44. Egalement P. GrE-

? Pai cone e 'Chardm, le philosophe malgré lui.

suivantes. Psacr;: quelques réflexions & ce probléme dans les contributions

der SChw;aizeryc ologie gnd Philosophie, in Studia Philosophica, Jahrbuch

Das Verhart 1‘schen- Philosophischen Gesell.s<.:haft 16 (1956) pp. 20-37 et

T 4 NS zwischen Wissenschaftskritik und
ragwette und Grenzen der wissenschaftlichen Method

und Theologie, Heft 5), pp, 150-175.

8 Cf. Le Phénomepe humain, ch. Le fil d’Ariane.

Naturphilosophie, in
en (Naturwissenschaft
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gratuite, mais méme contraire aux faits les mieux établis. Peut-on
imposer un ‘‘sens’”’ aux phénomenes qui soit en contradiction avec
leurs caracteres observables les mieux établis?

Mais revenons a notre question essentielle: pourquoi Teilhard
ne met-il pas en jeu ici des catégories d’ordre philosophique, qui
sembleraient plus adéquates au probléme posé? Surtout que sa
passion d’absolu semblerait le prédisposer davantage a la philo-
sophie qu’a la recherche scientifique.

Il y a la d’abord un probleme assez complexe de psychologie
personnelle du P. Teilhard, sur lequel nous ne pouvons pas insister
ici. Remarquons seulement en passant que sa passion d’absolu
a des le début le besoin de se concrétiser: dans le fer, dans la pierre.
Teilhard est un intuitif, qui a besoin de voir, de sentir. Il parle de
son intuition fondamentale “la conscience d’une dérive profonde,
totale, ontologique de I'Univers”, comme d’'un “‘sentiment” (cf.
Le cceur de la Matiere, p. 2 cité par Grenet, o.c. p. 73). Annoncant
son projet encore vague d'un livre a écrire (on y devine déja l'idée
fondamentale du Phénoméne humain), il spécifie: “‘Dans ces pages,
ol je ne chercherais a m'accorder avec aucun des courants d’idées
recues, mais seulement a traduire ce que je sens...” (Cuénot, o.c.,
p. 104.)

Et encore, avec plus d’insistance, vers la fin de sa vie, dans
I’Introduction a son Essai sur “L’Etoffe de 'Univers”: ‘“‘Ainsi,
une fois de plus, je veux essayer d’atteindre et d’exprimer un peu
plus outre, le fond, toujours fuyant, de ce que je sens, de ce que je
vois, de ce que je vis”. (L’Activation de I’Energie, p. 397).

L’ascése d'une pensée abstraite n’est pas dans sa ligne. Il pense
tout en images; lorsqu’il a trouvé I'image, il croit avoir compris et
expliqué. Qu’on pense, par exemple, a son “‘explication” de la
conscience par I'image d’une énergie radiale (Le Phénoméne humain,
p. 62 sv.). Mieux encore, que l'on relise son “‘explication” de l'a-
vénement de la Réflexion: “a4 1’Anthropoide, porté ‘mentalement’
a 100 degrés, quelques calories encore ont donc été ajoutés. Chez
I’Anthropoide, presque parvenu au sommet du cdne, un dernier
effort s’est exercé suivant ’axe. Et il n’en a pas fallu davantage pour
que tout l'équilibre intérieur se trouvit renversé. Ce qui n’était
encore que surface centrée est devenu centre. Par un accroissement
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‘tangentiel’ infime, le ‘radial’ s’est retournd, ct a, pour ainsi dire,
sauté a l'infini en avant” (Le Phénoméne humain, p. 185).

Une avalanche d’images, 'une plus suggestive que autre, mais
auxquelles 1l est difficile de faire correspondre un contenu intellee-
tuel bien défini. On comprend que la philosophic, surtout dans sa
forme austere scolastique, ne devait avoir rien de trés attirant pour
un tel “imaginatif”’.

Un autre facteur personnel qui a décidé de Vorientation franche-
ment “‘scientifique’” de son ccuvre, est aussi paradoxal que cela
puisse paraitre 4 premi¢re vue, son scns apostolique. Teilhard
souffre de constater le divorce entre l'idéal religicux, incarné dans
I'Eglise, et un idéal humain sappuvant sur des valeurs terrestres,
dont la science est I'aile marchante. 11 est profondément convaincu
que “au nom de notre foi, nous avons le droit ¢t le devoir de nous
passionner pour les choses de la Terre” (Le Milicu divin, p. 61). La
science est unc valeur humaine supréme que le crovant ne peut pas
laisser en marge de sa vie: ce n'est qu’a travers la science que I'hom-
me trouvera son plein épanouissement en Dicu. Pour Teilhard,
son effort scientifique doit déboucher tout droit dans unc apologdti-
que et méme une mystique (cf. Texte cité chez Grenet, o.c., p. 192)
Le prestige de la Science, qui a trop longtemps éearté les hommes de
Dieu, doit étre mis au service d’une divinisation de I'Huam
(cf. Le Milieu divin, p. 59 sv.).

aniteé.

Tout ceci nous fait comprendre, sans doute, 'attrait de Teilhard

pour la science, Mais, puisqu’il veut faire 1

a svnthése entre Science
et Relig

ion, pourquoi ne tiche-t-il pas de méme a4 faire le pont
entre Science et Philosophie? Or, on ne peut pas s’v méprendre,
Teilhard 4 gardé pendant toute sa vie une certaine méfiance pour
N€ pas dire une hostilité i Iégard de la philosophic. 11 est vrai que
Parfois il consent 3 laisser,
Place a la philose
et béante” (

a coté de la svnthese qu’il présente, une
phie qu'il qualific méme une fois de “essentielle
_ Le Phénoméne humain, p- 21). Mais comme cette CXpres-
S10m se trouve dang I'“Avertissement” ¢

ment A intention de ses censeurs, il co
trop d'importance, Plus souvent, Teilh

de la philosophie ep soulignant que,
1l ne

crit aprés coup et probable-
nvient de ne pas lui accorder
ard prend soin de se distancer
malgré certaines apparences,
veut, a aucun prix, faire de la philosophic. Tout en admettant
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que l'ampleur de sa synthese “‘risque de donner aux vues que je
suggere l'apparence d’une philosophie”, il nous conjure aussitot:
“regardez-y seulement de plus pres; et vous verrez que cette Hyper-
physiquen’est pas encore une Métaphysique’’ (Le Phénoméne humain,
p. 22). Et il nous invite avec insistance: ““Qu’on ne cherche donc pas
ict une explication derniere des choses, une métaphysique” (o.c.,
p. 29). Ou encore: ‘““Malgré certaines apparences, ou confluences,
tenant a I'ampleur de 1'objet étudié (au voisinage du Tout, Phy-
sique, Métaphysique et Religion convergent étrangement ...),
je tiens et je maintiens, qu’'au cours des pages qui suivent, je ne
quitte a aucun moment le terrain de l'observation scientifique.
Non pas une spéculation philosophique, mais une extension de nos
perspectives biologiques, —rien de plus, mais rien de moins: voila ce
que cet essai prétend apporter”. (La Planétisation humaine.
Avenir de 'Homme, p. 161).

Pourquoi cette allergie envers la philosophie? Nous croyons en
découvrir la raison profonde dans certains passages de ses lettres,
ol il semble livrer sans ambages, le fond de sa pensée.

En 1934, il écrit: ‘Il me semble présentement qu’il y a deux es-
péces de ‘savoir’: un savoir abstrait, géometrique, extra-durée,
pseudo-absolu (= le monde des idées et des principes) auquel
je ne me fie pas, instinctivement, et un savoir réel, qui consiste
en l'actuation consciente (c’est-a-dire la création prolongée) de
I’Univers autour de nous. Le premier de ces deux savoirs ne chan-
ge ni le monde ni le sujet connaissant. Le deuxiéme coincide avec
le perfectionnement du monde et une croissance ontologique du
sujet . .. Je me méfie de la métaphysique (au sens habituel du mot)
parce que j'y flaire une géométrie. Mais je suis prét a reconnaitre
une autre espece de métaphysique qui serait réellement une Hyper-
physique, ou une Hyper-biologie” (Lettre du 29 avril 1934. Cuénot,
0.c., p- 264). Vers la fin de sa vie une autre lettre dit: * Je crois que
I’ancienne métaphysique (per descensum) a fait son temps et est en
train de faire place au développement d'une Hyperphysique (abou-
tissant 4 1'établissement d’une Weltanschauung ‘per ascensum’)
par co-réflexion générale de I'Humanité (co-réfléchissant sur le
Phénomeéne” (Lettre du 3 décembre 1954, Cuénot, o.c. p. 428).

Notons qu’ici l'attitude de Teilhard envers la philosophie ou
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métaphysique est nettement négative. Non sculement il ¢prouve
envers elle une aversion ‘‘instinctive’”’, mais il croit qu'elle “‘a
fait son temps” et qu’elle sera avantagcuscment remplacée par
son Hyperphysique. Il espére “‘substituer aux mdétaphysiques dont
nous mourons, une Ultra-Physique” (lettre du 11 octobre 1936,
Cuénot, o.c., p. 264). Le jugement n’est pas flatteur pour la philoso-
phie. Mais il ne l'est peut-étre pas davantage pour Teilhard. Car
dans tout le contexte il est clair qu'il con¢oit la philosophic comme
un savoir a priori purement déductif (per descensum) a partir
d’un ““monde des idées et des principes”. On comprend qu’il n’at-
tendait rien d’un tel savoir, qui a son avis, s¢ construisait compléte-
ment en dehors de tout contact avec le réel. Quoiqu’ayant été
enthousiasmé par Bergson et Blondel, et malgré aussi ses contacts
personnels avec Le Roy, Teilhard semble avoir gard¢ pendant toute
sa vie une image plutét négative des philosophes ct de la philosophie.
Qu’on lise les extraits de lettres de la fin de sa vie, ot il se déclare
“préoccupé de l'urgence qu'il y aurait & opérer une réforme de
I'Anthropologie en séparant enfin celle-ci des ‘Lettres’ ou de la
‘Pl'lilosophie”’ (Lettre du 21 septembre 1952, Cuénot, o.c., p. 428;
volr aussi lettre du 11 janvier 1952, Cuénot, o.c., p. 425 et lettre
du 18 avril 1953, Cuénot, o.c., p. 426). Or, si son préjugé d'une philo-
Sop.hie “a priori” pouvait se comprendre face 4 une scolastique
rationalisante, on voit moins bien comment Teilhard peut mettre
les philosophes ““phénoménologistes” ou “existentialistes” dans
le méme sac (Lettre du 18 avril 1953, Cuénot, o.c., p. 426). Une
certaine incompréhension fondamentale semble avoir commandé
chez lui une attitude affective de refus. Cest d’autant plus dom-
mage que, surtout dans certains courants phénoménologiques, pour
ne pas parler de I'école néo-thomiste, la réflexion philosophique
mettait au premier plan le souci de son enracinement dans le réel.
S?n fefus, plutdt passionné, de la philosophie, a empéché Teilhard
d’opérer des confrontations qui auraient pu féconder et rectifier
son effort de synthese. Mais, peut-étre, la confrontation entre
la pensée de Teilhard et la philosophie aurait-elle abouti & un dialo-
gue de spurds. Certaines indications, plus spécialement la comparai-
son qu’il fait lui-méme entre sa “phénoménologie’” et celle de Hus-
serl et de Merleau-Ponty (cf. lettre du 11 avril 1953, Cuénot, o.c.,
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p. 311), vont dans ce sens.? Quoiqu'il en soit, nous devons constater
que Teilhard aime marquer la différence entre ce qu'il fait, lui,
et ce que font les philosophes. Mais, comme on peut souvent le voir,
on ne chasse la philosophie que par la philosophie. Les problémes
philosophiques se posent avec une trop grande insistance a la
réflexion humaine, pour que celle-ci puisse les éluder par de pures
déclarations verbales. Il ne suffit pas de déclarer bien haut qu’on
ne veut pas faire de la philosophie, pour ne pas en faire de fait.
Malgré ses déclarations reitérées, Teilhard, par la logique immanente
des choses, semble étre amené a faire de la philosophie, puisque les
problemes qu’il aborde, impliquent tout naturellement des dimen-
sions philosophiques.

Il semble étre difficile de décrire la naissance de I'Esprit & partir
de la Matiere, par exemple, sans toucher d’aucune fagon au pro-
bléme philosophique de la nature propre de ces deux formes de
réalité. Nombreux sont les points dans la syntheése teilhardienne,
oll des problémes philosophiques se posent avec plus ou moins
d’insistance. Or rien n’est plus dangereux que de remuer des pro-
blémes philosophiques, sans s’en douter ou en voulant l'ignorer.
C’est la meilleure maniere de ne les poser ni de les résoudre de fagon
adéquate. C’est 1a un reproche grave qu’on ne peut épargner a
la méthode de Teilhard. On I’a nommé, non sans raison, le philo-
sophe malgré lui (P. Grenet a écrit un livre portant ce titre). D’ail-
leurs Teilhard lui-méme parle parfois de ‘“sa philosophie” (cf.
par exemple, lettre du 16 juin 1935, Cuénot, o.c., p. 180; P. Grenet,
P. Teilhard de Chardin, p. 192), tellement il est évident que la
synthése qu’il présente ne peut s’affirmer qu’en prenant au moins
I’allure d’une philosophie.

Que conclure de tout ce que nous a livré ce rapide examen de la
méthode chez Teilhard? A premiére vue, le bilan semble étre bien
négatif. Tant au niveau des exigences méthodologiques de la science,
qu’a celui de la philosophie, des reproches graves ne peuvent étre
épargnés & Teilhard. Allons-nous en conclure que notre auteur n'a
rien a nous apprendre, et que nous pouvons écarter ses idées comme
dépourvues de consistance et de valeur? Je crois que ce serait une

9 L’article cité plus haut de Malevez (cf. note 1) étudie plus spécialement
ce point.
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grave erreur. Nous avons peut-étre une tendance a surestimer les
questions de méthode parce que nous pensons trop dans le cadre
de sciences toutes faites. Si nous regardons I'histoire des sciences,
nous constatons que bon nombre d’idées fondamentales étaient
acquises, avant que les canons de la méthodce n’aicnt ¢t¢ formulés, 10

La science qui se fait suit souvent davantage les chemins de
Iintuition que ceux d’une lente élaboration méthodique. A travers
des procédés méthodologiques parfois exccrables, Teilhard pourrait
bien nous fournir des indications du plus haut intérét pour I'avenir
de la science, ne fiit-ce qu’en posant, de facon brutale, le probléme
d’une synthése de notre savoir. Certes, il peut nous exaspérer pas ses
proceédés parfois hautement discutables, pour ne pas dire nettement
anti-scientifiques. Et néanmoins, gardons-nous de refuser a cause de
cela, en bloc, tout son apport. On pourrait bicen appliquer a toute
Uceuvre de Teilhard, ce qu'il écrivait en 1917 4 propos d’un de ses
essais: “la partie philosophique est évidemment trés approximative
et méme d’apparence manichéenne. Je 'ai laissée telle quelle, faute
de pouvoir m’exprimer mieux et parce qu’il m’apparait que sous des
termes un peu faux ou contradictoires, il se cache unc “‘dérive
de vérite"” qu’appauvrirait un langage plus correct dans sa logique
€t son orthodoxie de surface’” (Lettre du 24 mars 1917).

Tachons de lui faire la justice de découvrir, sous des procédés
rrlé'Ehodologiques défectueux, une pensée qui ne manque pas de
g'randeur, et constitue un appel & une réflexion ultéricure.

Albewtinmn, Fribourg, Suisse

1% Teilhard lui-méme attache d’ailleurs une grande importance & cet
aSpect de la science en train de se faire et par I4 & une certaine “‘efficacité”
‘omme critire de la valeur d’'une méthode scientifique. l.e reproche qu'il
fait 3 1a Philosophie de ne changer ni le philosophe lui-méme, ni le monde
(cf, lettre dy 29 avril 1934, Cuénot, o.c. p. 264) a comme pendant I'¢loge de sa
Science 3 luj qui “‘coincide avec un perfectionnement du Monde et une crois-
San'ce ontologique du sujet” (ibid). On ne saurait y voir un pur “pragmatis-
Me”. L'homme étant pour Teilhard activement engagé dans le processus
de 1’EVOIu‘cion, la science doit étre un des facteurs de cette promotion évo-
lutive, Il y anrait ici un point sur lequel il faudrait insister davantage. Nous
D€ pouvong Je faire dans le cadre de cet article et nous proposons d'y revenir
dans ype prochaine publication.



CHAPTER 17

N. A. VASIL'EV AND THE DEVELOPMENT OF
MANY-VALUED LOGICS

GEORGE L. KLINE

1. Introduction

Credit for the development of three-valued, and more generally,
n-valued, logics, is customarily given to the Polish logician Jan
Lukasiewicz [1], the American mathematician E. L. Post [3],
and Fukasiewicz and the Polish-American logician Alfred Tarski [2].
Post’s paper was written independently of Lukasiewicz's; it is a
much fuller and more systematic discussion of topics which Luka-
siewicz adumbrates with extreme brevity and conciseness.

The purpose of the following brief paper is to rewrite a chapter,
or section of a chapter, in the history of formal logic, in order to
give to the Russian N. A. Vasil’ev (1880-1940), a professor of
philosophy at Kazan University, his due as originator of the
general idea of a[three-valued logic, an idea set forth in four papers
published between 1910 and 1913, the principal statement dating
from 1912. Vasil’ev’s work anticipated that of Lukasiewicz and
Post by a full decade. That his work is not better known ! appears

1 Vasil’ev’'s work is not mentioned in most histories of logic. Even the
Soviet logician A. A. ZINOV'EV, in his interesting monograph, Phtlosophical
Problems of Many-Valued Logic (trans. from the Russian by David D.
Comey and Guido Kiing; Dordrecht: Reidel, 1963) does not refer to Vasil'ev.
Neither do J. BARKLEY RossEr and ATWELL R. TURQUETTE in their Many-
Valued Logics (Amsterdam, 1952). The only study of Vasil’ev so far published
makes no reference to his anticipation of the idea of a three-valued logic.
(See V. A. SmirNov, “Logideskie vzgljady N. A. Vasil'eva’™ [N. A. Vasil'ev’s
Logical Views] in Ocerki po istorit logiki v Rossit [Essays on the History of
Logic in Russia], Moscow, Izdatel'stvo MGU, 1962, pp. 242-257.)

Vasil’ev’s three major papers (Nos. (4], [6] and [7]in the Bibliography at the
end of this article) are listed by Aronzo CHURCH as Nos. 3211, 3210,1, and
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to be due chiefly to the fact that his papers have l)ccn.zn'uilul)lc only
in Russian 2 and that files of the journals in which they were

published are to be found only in a handful of major rescarch
libraries.

2. Non-Euclidean geometry and ‘“non-Aristotelian’ logic

It can hardly be accidental that one of the first formulations,3 if
not the first, of a three-valued, ‘‘non-Aristotelian’ 4 logic, should

32lo.2in “A Bibliography of Symbolic Logic” (Journal of Symbolic Logic 1

(1936) 121-216: 3 (1938) 178-192,) Vasil'ev's work is referred to briefly
in a paper by the Polish historian of logic Axtoxt Korcik ("I’rz_vczn}‘k do
historij klasycznei teoris opozycji zdan asertorycznych’ TA (‘,omribu.tlon to
the History of the Classical Theory of the Opposition of Assertoric Pro-
positions}, Roczniki filozoficzne 4 (1955) 33-49). Otherwise Vasil'ev's work
has been neglected on ali hands. .

® An abstract of Vasil'ev's 1912 paper appearced in 1924; "I'ziizlglllllf)’
(non-Aristotelian) Logic,” Atti del V Congresso internazionale di /iloso/.za,
Napolj, 5-9 maggio 1924, Naples, 1925, pp. 107-109. However, this version
is worse than useless: it is written in awkward, ungrammatical, and un-
idiomatic English, which distorts Vasil'ev's meaning at crucial points. That
Western logicians should have paid no scrious attention to this garbled
Presentation of Vasil'ev’s ideas is quite understandable.

8 It hag been claimed that such medieval thinkers as Duns Scotus, and
especially William of Ockham, provided the basic conception of a three-
V.alucd logic in their discussion of the ‘‘propositio ncutra’ as something
distinct from the “propositio vera' and ‘‘propositio falsa’. Sce, for cxampl(:‘.
KonsTtanty MicHaLsky, “Le probleme de la volonté 4 Oxford ct & Paris
au XIVe siécle,” Stydia philosophica (L.emberg [Lwow]| 2 (1937); and the

of PriLotnrus BorHNER, O.F.M., in his edition of The
Tmaams de Praedestinatione et de praescientia Dei et de futuris contingen-
tibus of Wity of Ockham, with a Study on the Medieval Problem of a Three-
Valued Logic (Franciscan ,Institute Publications, No. 2; St. Bonaventure,
N.Y,, 1945,

4 I;ukasiewicz

iy

Critical Temarksg

\ has pointed out that n-valued logics (where # > 2) should
not, ,Stn‘:tly Speaking, be called ‘“non-Aristotelian,” since Aristotle himself
admitteq , class of propositions (“‘future contingents’) which are neither
" alse, Fukasiewicz suggests that such logics might better be called

non-Chrysippean,” sinee it was Chrysippus who first asserted categorically
that all PTOpositions are either true of ralse. (Cf. Jan Lukasizwicz, “Philo-
sophische Bemcrkungen zu mehrwertigen Systemen des Aussagenkalkiils,”
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have come from Kazan University. It was there, in the mid-
nineteenth century, that N. I. Lobachevsky had formulated his
non-Euclidean geometry.

Lobachevsky himself had called his geometry ‘“‘imaginary’ (vo-
obraiaemaja geometrija); the term ‘non-Euclidean’ became current
somewhat later. Vasil’ev calls his logic “imaginary’’ (voobrazaemaja
logika),5 and by analogy with non-Euclidean geometry, “non-
Aristotelian.” A given logic, Vasil’ev points out, rests on several
independent axioms, not just one,b so that, by omitting different
axioms, we get different logics ([6], p. 211). In non-Euclidean
geometry — whether Lobachevskian or Riemannian — Euclid’s fifth
(“parallel”’) postulate is omitted ; in non-Aristotelian logic Aristotle’s
Law of Noncontradiction is omitted, or at least the scope of its
application is drastically limited ([6], p. 208). (Vasil’ev’s claim
presupposes that the Law of Noncontradiction is explicitly included
among the axioms of a logical system, which is seldom the case.)

According to Vasil’ev, Euclidean and non-Euclidean geometries
have in common those Euclidean theorems which do not depend on
the parallel postulate; similarly, Aristotelian and non-Aristotelian
logics have in common those propositions which do not depend on
the Law of Noncontradiction. Just as in Lobachevskian geometry

straight lines may be either:
(1) intersecting (svodmnye),
(2) non-intersecting (razvodnye), or
(3) parallel,

Comptles vendus des séances de la Société des Science.s et des Lettres de Varsovie,
classe TIT 23 (1930) 51—77. This remark is cited, with appar.ent approval, by
ZINOV'EV, op. cit., p. 16 [fn. 1 above].) Vasil’ev, after referring to DeMorgan,
Peirce, Peano, Russel], et al., asserts that “the whole contemporary move-
ment in logic is a revolt against Aristotle’” ([7], P- 81). .

5 In one place he suggests — somewhat playfully, 'I' think -a number. of
other ‘‘imaginary’’ disciplines: “jmaginary zOOlOgX - ‘Vh.ICh ‘t‘tl.ea.ls .Wlth
centaurs, etc.; “‘imaginary sociology’’ — which deals w1t.h utopla.s'; imaginary
history’’ — which deals with uchronias. In this connection, Vasil’'ev refers the
reader to RENOUVIER ([6], p. 222).

¢ “Mathematical logic is an elegant demo
several axioms and postulates’ ([6], P- 211nl).

nstration of this; it is based upon
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ed; any alleged violation is regarded as not being a genuine case of
negation. ““The Law of Noncontradiction is just as unshakeable as
the truth that the earth rotates on its axis in twenty-four hours
(v tecenie sutok). Whether the rotation is faster or slower, one com-
plete rotation will take exactly twenty-four hours, since ‘twenty-
four hours’ is defined as the period of a complete rotation of the
earth on its axis’’ ([6], p. 215). Vasil’ev denies that either case is
merely tautologous: the proposition that the earth rotates on its
axis in twenty-four hours presupposes the fact that the earth does
rotate; the Law of Noncontradiction presupposes the “fact” that
there are incompatible predicates. (Vasil’ev appears to assume that
these ‘““facts’” are on the same logical level, a controversial as-
sumption at best. The general question of the relation of logic to
the empirical world will be treated below).

Vasil’ev insists that negative predicates are not primitive but are
arrived at inferentially from positive predicates. Similarly, negative
propositions are inferentially derived from affirmative propositions.
According to Vasil’ev, we do not have negative sense-perceptions
- e.g., of non-white; we cannot directly confirm the absence of a
property. All sense-perceptions are positive; negativity is introduced
through comparison with other perceptions. For example, there
is nothing negative in the sense-impression “red”; but we compare
it to (sensed) white and label it “‘non-white.” “Not-to-see x™ is,
m fact, “to-see y’’; and, if y is incompatible with %, we can infer
non-x ([6], pp. 213f). In general, negative propositions about per-
ceived objects and properties are inferences from pr9p051tlons about
incompatible properties. “I saw [videl] that the object was red; I
inferred [vyvel] that it was not white, knowmg that re.d cannot
be white.” According to Vasil’ev, we do not tl?lnk of th1§ process
as an inference because we ordinarily carry it out rapidly and
automatically. But in fact we can deny that an ob]?ct has property
P only by asserting that it has property N, which excludes P.
This inference can be expressed as a syllogism:

N is incompatible with P
SisN
S is not-P
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There are thus two kinds of negative propositions: .\ excludes
(is incompatible with) >’ — a premise; and S 1s not-/>7 - a con-
clusion.

In Aristotelian logic, which applics to the “ordinary”™ world,
a given object cannot provide the ground for both affirmative and
negative propositions, since — as we have seen ~ “ordinary” Aris-
totelian negation is based on iricompatibility. But a non-Aristotelian
logic, without the Law of Noncontradiction, would not utilize such
“ordinary’’ negation. According to Vasil’ev, we can imagince a world
in which “‘experience itself, without any infcrence, would convince
us that S is not P’ ([6], p. 216), because we would be able to sense
negative properties directly. For example, empirical fact a would
make the proposition “S is 4" true; fact b would make the pro-
position “‘S is not A4’ true. But facts @ and » would not be incom-
patible, as such facts are in the world we know. In the imagined
world to which “‘imaginary logic” applies, a given sensc-object might
tl‘n'ls simultaneously ground both affirmative and negative propo-
51.t1ons about the sensed properties of the object. In such an “‘ima-
glnary logic” we could assert the contradictory or “indifferent”
(1.9:;, neither affirmative nor negative) proposition: ‘S is and is not
A."” Such a proposition asserts that an object or event both has and
does nF)t have a given property, i.e., is both red and not-red, or
both discrete and non-discrete.

Such considerations lead us directly to the question of three-
valued logics and the “Law of Excluded Fourth.”

4. Three-valued logics and the “Law of Excluded Fourth”

falIsT;nae three-valued logic neg'ative Propositions, while asserting the
baoed Ss 9f the co‘rr.e.spondmg affirmative propositions, are not
NOncogil m.cor.npai“blhty (6], p. 217). The Aristotelian Law of
Truth rélldmtl(?n » rep}aced by a “Law of Absolute Difference of
true a:(?f FFalsity,” which §SSerts tﬁhat no proposition can be both
Nonself alse at t.he same time. This may also be called a “‘Law of
AN ons coptradlctlon” (zakon mnesamoprotivoreija) ([6], Pp. 218,
221). Vasil'ev goes on to say that the Aristotelian Law of Non-
contradiction has “objective’” reference, while the non-Aristotelian
Law of Nonselfcontradiction has only “‘subjective’” reference. Thus,
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in an imagined world which is objectively different from our world,
the “objective’” law could be rejected, but — presumably because our
conceptual apparatus would remain the same — the “subjective”
law would retain its force.

Although Vasil’ev does not try to develop a logical calculus
using ‘‘indifferent’’ propositions (and in general, seems to have no
clear idea of what is involved in such a calculus), he does assert
that his “imaginary logic” is a consistent system, and he is at pains
to specify the rules which govern the truth-values of the various
kinds of propositions. Thus, an affirmative proposition is false when
either the corresponding ‘“‘indifferent’”” proposition or the corre-
sponding negative proposition is true. More generally, each of the
three kinds of proposition is false when one, but not both, of the
other two kinds is true. Vasil’ev offers three rules, which we
may reformulate as follows:

(1) If an affirmative proposition is false, then either the corre-
sponding negative proposition, or the corresponding “indifferent”
proposition, is true, but not both.

(2) If a negative proposition is false, then either the correspond-
ing affirmative proposition, or the ‘‘indifferent’”” proposition, is
true, but not both.

(3) If an ““indifferent’”’ proposition is false, then either the
corresponding affirmative proposition, or the corresponding nega-
tive proposition, is true, but not both.

These rules may be generalized in this form: Where the affir-
mative and negative propositions have the same truth-value, the
corresponding “‘indifferent’’ proposition is triee; where they have
different truth-values, the corresponding “‘indifferent” proposition
is false.

Vasil’ev insists that ordinary logical rules, including the rules
of inference (and, in particular, syllogistic inference) apply to the
“indifferent”” proposition. In the first figure of the syllogism (which,
he claims, does not depend upon the Law of Noncontradiction),
two valid modes are added to the traditional four: Mendalin —
universal “indifferent””, and Kindirinp — particular “indifferent.”

Thus:
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Mindalin Kindivinp
All M are and are not P All M are and arc not I’
All Sare i1 Some S are .'U’
WMF Some S are and are not I’

Vasil'ev offers two further interpretations of three-valued logic;
the first is based on a distinction between “absolute’” and “simple”’
or ‘‘relative” negation.8 The distinction is as follows (I have Sligh_tly
formalized Vasil’ev’s argument, introducing an arbitrary notation
for absolute [4] and relative [~A] negation, but have added
nothing essential).

Assume that concept A includes properties py, pa, ..., pa. Th.en

(a) The absolute negation of A is formed by the conjunction
of the negations of all of these propertics:

E=~p1,~p2. s o~py

(b) The relative negation of A is formed by the alternation of the
Negations of all of these properties:

NA:N/)IVNfJZV ...V’\f/)n.

Vasil'ev claims that (b) reproduces the “ordinary’ sensc of
negation.? However, he does not consider the possibility that,
under non-exclusive disjunction (v), absolute and relative negation
might coincide, i.e., that every negation in alternation (b) might
hold. This difficulty could be avoided by using exclusive disjunction
(=), but this woul& greatly weaken the concept of relative negation.
Post's distinction between “complete” and “incomplete” falsity
1S much more elegant. Post generalizes the notion of degrees of

8 He noteg that Bolzano had distinguished between absolute and rclthiYc
Negation (cf, Wissenschaftslehre, 1, § 89). In fact, Bolzano speaks of a rewn
oder durchayg verneinende Vorstellung, as opposed to a feilweise verneinende
'I'/orstellng. In other words, he distinguishes — as Post did later — between

complete”” ang “incomplete” negation. However, he also speaks of das
absolute Nichts. (BErNARD BovrzanNo, Wissenschafislehve, Salzbach, 1837
[reprinteq Leipzig, 19143, Vol. I, pp. 417, 423). _

® Vasil'ev does not distinguish betwecen negation of a property and negation
of a concept. Presumably there would be only one kind of negation (*“absolu-
te”?) of PTroperties, unless properties in turn were analyzable into component
sub-properties - a5 concepts are analyzable into component propertices.
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negation (or falsity) in terms of a truth-function P, composed of
(subordinate) truth-functions p1, p2, ..., pm-1, and proposes that
P be said to have the truth-function #; “‘if all the $’s are true, #5
if all but one are true, etc.” ([3], p. 184).

On Vasil’ev’s view, the proposition ““S is M is true if S has all
of the properties in question, i.e., is characterized by the conjunction

$1.p2. ... . pn. The proposition is absolutely false if S has none
of these properties, i.e., is characterized by the conjunction ~p;.
~ps . ... .~py. The proposition is relatively false if S lacks

at least one of these properties, i.e., is characterized by the alter-
nation ~pi1v ~pa Vv ...V ~Dy.

The difference between Vasil’ev's “properties” and Post’s
“truth-functions’” seems to me significant, but not decisive, in this

context.
Vasil’ev notes that a three-valued logic based upon the truth-
values ‘“‘true,” ‘‘absolutely false”, and ‘‘relatively false” would

differ slightly from one based upon affirmative, negative, and
“indifferent’’ propositions. Unfortunately, he did not work out the
differences in detail. He did remark that the first figure of the
syllogism could be interpreted in terms of absolute negation in the

minor premise:
Adis P
S is non-4
S is non-P

— where the minor premise, and presumably the conclusion, are to
be read “A [and, in the conclusion P] is absolutely negated with
respect to S”’ ([6], p- 241).

The distinction between absolute and relative negation (and
falsity) would appear to be better adapted to the construction of
three-valued and many-valued logical calculi than that of affir-
mative, negative, and “‘indifferent”” propositions.

Vasil'ev’s final interpretation of three-valued logics centers
on the Law of Excluded Fourth, as applicable not to objects or
events, but to concepts (ponjatija). The Law of Excluded Middle
applies to objects and events — e.g., the lamp either burns or does

not burn, tertium mon datur — but a given predicate may be (1)
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required by, (2) incompatible with, or (3) compatible with but not
required by, a given concept ([4], pp- 42, 44). IL.g., for the concept
“triangle” the predicate ‘closed’ is required (or “necessary’’y;
the predicate ‘round’ (Vasil’ev’s own, rather misleading, example
is ‘“‘virtuous’) is excluded; the predicate ‘isosceles’ is ncither
required nor excluded ([6], p. 234). Required predicates appear in
traditional “universalaffirmative’’ propositions; excluded predicates
in “universal negative’” propositions; compatible predicates in what
Vasil’ev calls “‘accidental” propositions — what arc now usually
called sentences in modal logic. Vasil'ev characterizes “accidental”

(modal) propositions as a special synthesis of affirmative and ne-
gative propositions. Thus

S may be P = Some S arc P and some S are not .

Vasil'ev suggests in this context that modal logic applies only to
CQnt?epts, but he does not develop the suggestion. In 1910 he had
distinguished between conceptual propositions (which state rules or
laws, “was gilt"") and factual propositions (which statc “was 7st”).
The Law of Excluded Middle and the Square of Opposition apply
to the latter, the Law of Excluded Fourth and the “Triangle (;f
Opposition’ to the former.
Vasil’ev also envisages the possibility of n-valued logics, where
7 > 3. Just as Spinoza conceived of Substance as having an infinite
number of attributes of which we know only two (extension and
though.t), so — Vasil'ev writes — we may conceive logical systems
(CEQCUh?) with an indefinite number of kinds of propositions of
WhICh. we know only two (affirmative and negative). “We can
conceive a logical system with # qualitatively different kinds of
Pf0P051t19nS; we will call such a system a logical system of order #,
(C)(r) sgnﬁdm}ensmnal system’ ([6], p. 229). Such a system, Vasil'ev
.es,‘}s analogous to n-dimensional geometry.10 It would have
a special “law of excluded # + Ist” — e.g., in three-dimensional
(ie., three-valued) logic, a “Law of Excluded Fourth,” asserting

that. there can be no fourth kind of proposition in addition to affir-
mative, negative and “indifferent.”

10 A similar comparison is made by Post (sec [3], p. 164).
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5. Conclusion

The principal difference between Vasil’ev’s anticipation (1910-
1913) and Lukasiewicz’ and Post’s formulation (1920-1921) of the
idea of three-valued and many-valued logics is that the Russian
did not, and the Pole and American did, work out propositional
calculi based on three, and, more generally, 7, truth-values. In this
respect the work of Lukasiewicz and Post has a definite advantage
over that of Vasil’ev. However, in other respects: in the general idea
of a non-Aristotelian (or “non-Chrysippean”) logic paralleling non-
Euclidean geometry, in the replacement of the Laws of Non-
contradiction and Excluded Middle,11 in the distinction between
absolute and relative negation and falsity (anticipating Post’s dis-
tinction between “‘complete’” and “incomplete’ falsity) — Vasil’ev
set forth the essential ideas of three-valued and many-valued logics.
His contribution deserves to be better known.

Bryn Mawr College, Bryn Mawr, Penn., USA

11 Of course, L. E. J. Brouwer had published strictures on the Law of
Excluded Middle as early as 1908. However, I have found no evidence that
Vasil’ev was familiar with Brouwer’s work.

Vasil’ev’s fundamental objections would appear to be directed against the
Law of Excluded Middle rather than the Law of Noncontradiction. Thus his
persistent attacks on the latter Law are somewhat misleading.
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