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YEHOSHUA BAR-HILLEL

A PREREQUISITE FOR
RATIONAL PHILOSOPHICAL DISCUSSION

Communication between philosophers has been deteriorating during the
last decades. Logical empiricists and British linguistic philosophers have
been branding large parts of the output of their speculative colleagues as
‘nonsense’ and ‘literally unintelligible’. Speculative metaphysicians, after
having recovered from the first shock, either just disregard these declara-
tions, or else declare, on their part, that the standards of intelligibility
employed by the critics are arbitrary.

The breakdown of communication is not always as radical as the situation
just described might lead one to believe. An analytic philosopher (let us
use this term to cover both logical empiricists and linguistic philosophers)
might often try to suggest one or more reinterpretations of his colleague’s
original formulations, thereby making them intelligible to himself. (This,
of course, indicates that he does ‘understand’ the original formulation;
thereby his behavior is not made absurd since this kind of understanding
is clearly different from the one he professes not to have.) Unfortunately,
this conciliatory action seldom does much good. The reinterpretations
have a tendency to become either flagrant truisms or flagrant falsities.
Even in case they do neither, more often than not the speculative philos-
opher will reject them as completely missing the point of his intentions,
perhaps adding that this failure could have been foreseen, since there is no
reason why his deep insights should be formulable in the analytic philos-
opher’s shallow and arbitrarily-restricted language.

One might have expected that another development would arrest and
reverse this trend of deteriorating communication. 1 refer to the well-
known fact that the standards of intelligibility of the late twenties and
early thirties — ‘whatever can be said at all, can be said in ordinary (thing-,
observational) language’ — have been undergoing a process of continuous
liberalization, the history of which has been told many times. In one of
the latest attempts at explicating the empiricist’s standard of intelligi-
bility 1), a discourse is regarded as intelligible, not only if it is formulated
wholly in observational language, but also if it is formulated in theoretical
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YEHOSHUA BAR-HILLEL

or mixed language, if only the theoretical terms occurring in it are
connected via theoretical postulates and rules of correspondence with the
observational terms. True enough, the degree of intelligibility of such
discourse is deemed to be inferior to that of a purely observational one.
However, thereby such discourse is not disqualified nor is one entitled to
draw the consequence that it is somehow less important or scientific than
fully intelligible observational discourse. Clearly, a treatise in thcoretical
physics, psychology or linguistics is not the worse off because of the fact
that its theoretical terms are only partially and indirectly interpretable.

It is nevertheless rather doubtful whether this liberalization will bring
about a reunion in philosophy. Though the analytic philosopher may be
willing to regard the specifically metaphysical terms used by his collcague
as theoretical terms of which he is quite ready not to require more than
partial and indirect interpretaticn in observational terms, he will continue
to ask his colleague to supply him this interpretation, at least in sufficient
outline. But the speculative philosopher will quite often refuse to do this,
just as he refused to comply with the earlier demand to supply full and
direct interpretation by operational definitions. He might even point out
that just as the empiricist will now agree that his earlier demands were
unjustified, so he will come to realize in due time that his present demands
are still unduly restrictive.

This may indeed turn out to be the case. Most analytic philosophers are
today aware that the whole conception of an observational language is
rather vague, that the line of demarcation between observational and
theoretical terms is blurred, elastic and even to a considerable degrec
arbitrary, and will therefore be rather careful with their use of the
epithets ‘meaningless’, ‘nonsensical’, or ‘unintelligible’. But they will
continue refusing to exert themselves overly in order to supply for their
own benefit all those theoretical postulates and rules of correspondence,
or at least a sufficiently large outline of these, which they regard as
necessary in principle for ensuring a modicum of intelligibility. If an
analytic philosopher finds that a certain philosophical text is underinter-
preted, he may or may not attempt to suggest to the reader of this text

1) R. Carnap, The methodological character of theoretical concepts, The Founda-
tions of Science and the Concepts of Psychology and Psychoanalysis, Minnesota
Studies in the Philosophy of Science, vol. 1, pp. 38-76, University of Minnesota Press,
Minneapolis, 1956.
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RATIONAL PHILOSOPHICAL DISCUSSION

one or more ways of supplementing the missing links, but if the author
refuses to follow suit, the analytic philosopher will still know no more
rational reaction than to count himself out. The possibility that he himself
twenty years hence, or the next generation of analytic philosophers, might
conceivably liberalize the standards of intelligibility still further and then
rejoin the metaphysical game, will be more or less cheerfully acknowledged
but will not influence the present breakdown of communication.

Is this then the end of the conversation? I am not convinced that it must be
so. Though I myself, for instance, as an analytic philosopher, see no way of
Joining many metaphysical discussions because of the hopelessness of
remedying their state of underinterpretedness, I am ready to explain why I
regard the language of these discussions as underinterpreted, what are my
present standards of intelligibility, why I believe that a discussion that
does not comply with them holds little or no promise of being fruitful,
etc. And 1 am ready to listen, and listen attentively, if my colleague will
challenge my evaluation, criticize my standards of intelligibility and try to
persuade me that the language of this or that speculative philosopher, or
of all speculative philosophers, is one which it is worthwhile to adopt, at
least for certain purposes. But I am ready to listen and argue with him
only if the (meta-) language, in which he explains to me his reasons for
challenging my standards, itself complies with these standards.

This may sound preposterous, but I don’t see how it can be helped. My
insistence is due to the fact that the situation is objectively asymmetrical.
One cannot expect that the analytic philosopher, while endeavoring to
persuade by rational means his speculative colleague of the cognitive
poverty of his ways of philosophizing, should himself use speculative
discourse for this purpose. This type of discourse is unintelligible to him
in any capacity, including that of a metadiscourse. This does not mean
that he is unable to intelligently manipulate such discourse for other
purposes, should the occasion require it. On the other hand, no similar
scruples could prevent the speculative philosopher from using scientific
(observational plus theoretical) metalanguage to impress his analytical
colleague with the importance of using metaphysical object-language.
Here then, it seems, the final conditio sine qua non of continued philos-
ophical discussion has been reached. Those speculative philosophers who
are interested in having analytic philosophers discuss their theses couched
in metaphysical language must use a scientific metalanguage as their

3
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rational tool of persuasion. (I shall not discuss here, for obvious reasons,
the possible use of extra-rational tools.) The analytic philosopher who is
interested in having speculative philosophers stop formulating their
theses the way they do, need do nothing beyond stretching his standards of
intelligibility to the limit and offering constant reinterpretations in scien-
tific language of the original metaphysical formulations. This includes
occasionally reformulating these theses as proposals, comments, ex-
hortations, etc. As I am using the term ‘scientific language’ now, such
languages contain not only declarative sentences but also question
sentences, etc.

I'am under no illusions as to the effects of my proposal. Even if speculative
philosophers should accept it in principle, there is little likelihood that
agreement could be reached as to the extent of the index verborum
prohibitorum for the common philosophical metalanguage. Differences
will arise as to which terms of ordinary language are entitled to be
considered directly intelligible. As to the theoretical terms, it is only with
regard to rigorously-constructed language systems that it is precisely,
though not necessarily effectively, determined whether they are or are not
empirically significant, relative to the given observational language and
after a certain criterion of significance has been adopted. Since nobody,
and certainly not myself, seriously requires that a theoretical term of
ordinary language should be admitted into philosophical metadiscourse
only after this discourse has been completely formalized, it cannot be
assumed that agreement would be reached on the admissibility of all
candidates, in anticipation of future formalization. It is notorious that no
such agreement has been reached as to the status of, say, certain psycho-
analytical terms, and this among methodologists who would all of them
be regarded as adherents of analytic philosophy. Similar disagreements
exist as to the character of such terms in theoretical semantics as ‘class’,
‘proposition’ and the like, which some analytic philosophers simply
claim not to understand. Add to this that a given term may doubtless
be intelligible, perhaps even straight observational, in some of its uses
(meanings) but of doubtful status in other uses (meanings), and this
even in the discourse of one and the same author — think of what theolo-
gians call ‘analogical use’, for instance —, and the very great difficulties of
agreeing upon a common metalanguage in which to discuss the relative
merits of the various object-languages used by philosophers should be clear.
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RATIONAL PHILOSOPHICAL DISCUSSION

Nevertheless, I think that an agreement in principle to use for this purpose
a language of about the same structure the analytic philosophers believe
that the object-language of science has, should have its beneficial impact.
One can only wish that prestige considerations (‘having to talk the other
fellow’s language’) will not blind the speculative philosophers in this
context. I see no rational reason why they should refuse a priori to use a
scientific metalanguage in order to justify their conviction that the
scientific object-language is not adequate for certain philosophical pur-
poses. Should they contend, however, that for intrinsic reasons such a
metalanguage is not up to its purpose, then this would now indeed mean
either the end of the conversation, or else the whole issue will just be
pushed one step higher the hierarchy of philosophical metalanguages. The
simple argument that a scientific metalanguage is unsuitable for the philos-
opher’s use for the same reason for which a scientific object-language is
unsuitable for this purpose would surely be a rather weak one, as can be
shown by innumerable analogies. One can and does show in ordinary
non-symbolic (meta-)language that ordinary non-symbolic (object-)
language is unsuitable for algebraic purposes. Any contention that a
discussion of the relative merits of various proposed notational systems
for chemistry should be held in a metalanguage in which these notations are
not only mentioned (which they clearly must be) but also used would meet
with very strong initial disbelief. Though philosophy is neither chemistry
nor algebra, this by itself is not a sufficient reason for rejecting the analogy.
My plea is necessarily of a general and vague nature. No recipe follows
from what I said. Any single word which the analytical philosopher
professes not to understand (sufficiently) in an initial stage of a discussion
can be made (sufficiently) intelligible by supplementing a few suitable
sentences (though there constantly lurks the danger of obscurum obscurior
in such situations). However, as to those notorious types of metadiscourse
which analytic philosophers tend to regard as definitely underinterpreted
in toto, it might be simpler to omit them altogether rather than to try
giving a sketch of the theory behind them, which would at the best
tend to become a very complex and time-consuming affair. But clearly no
hard and fast rules of thumb can be expected. Goodwill helps. But
unfortunately, though necessary, it is not sufficient.

The Hebrew University of Jerusalem



ABRAHAM A, FRAENKEL

EPISTEMOLOGY AND LOGIC

A. Church in his justified criticism ) of A. Koyré’s analysis of antinomies
without using the logistic method, and A. N. Prior in his rigorous treat-
ment ?) of the Epimenides paradox, concur in stressing that the point in
this paradox is not the supposed emergence of contradictory conclusions
but the apparent possibility of settling an epistemological question on
logical grounds.

The following remarks, which do not pretend to produce an actual
novelty, are to point out a somewhat reverse situation: the dependence of
solving a logico-mathematical problem on the epistemological attitude
in which the problem is viewed. The problem in question is fundamental
both in mathematics and logic. Mathematically it is of modern origin,
namely: Cantor’s continuum problem of ascertaining the place of the
power of the continuum in the series of alephs, a problem which was
named in the first place by Hilbert in his famous lecture on unsolved
mathematical problems at the International Congress of Mathematicians
in 1900. Its logical aspect mainly corresponds to the problem, discussed
from the Eleatic school to our days with increasing profundity but hardly
increasing success: of spanning the abyss between discrete sequences of
individual members and the amorphous, homogeneous pulp of continu-
ity.

It is well known that, N denoting the set of all positive integers 1, 2, 3,
- - -» the continuum - for instance the set of all real numbers or the set of
all points of a line—can be concejved as the set C the members of which
are all subsets of N, i.e. all sets of positive integers. The purpose, then,
is to ascertain the power (cardinal number) of the set C. The guess that
this power is the second aleph N is the continuum hypothesis.

Since 1880 mathematicians have been trying in vain to solve the problem;
for this purpose we have above all to determine what the subsets of N are

1) A. Church, Review of ‘Alexandre Koyré, The liar’. The Journal of Symbolic Logic,
vol. 11 (1946), p. 131.

%) A. N. Prior, Epimenides the Cretan. Ibidem, vol. 23 (1958), pp. 261-266.
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EPISTEMOLOGY AND LOGIC

and how they can be obtained, whether constructively or not. Disregard-
ing as secondary those subsets, if any, which can be defined only by
means of the axiom of choice, the ‘normal’ type of subsets will depend on
a condition which is meaningful for positive integers; any such condition
yields the uniquely-defined subset of those integers which satisfy the
condition, whereas different conditions — for instance, of equalling 2, and
of being an even prime number — may yield the same subset. (The principle
of extensionality, whereby sets containing the same members are equal,
is presupposed.) For short, the subsets are obtained by comprehension.
But what are the conditions which furnish the subsets? Skolem’s con-
ception of 1923 is now almost genera]ly accepted !), meaning the use
of a well-formed formula of the first-order functional calculus with a
free variable, built up from atomic membership statements. We need not
enter into intricacies of this conception to perceive its impredicative
character. For instance, the set of all subsets of N may occur among the
constants entering a condition, without a certainty that a predicatively
defined condition exists which is equivalent, i.e. which yields the same
subset. Of the five attitudes distinguished by Wang 2), the first four
(anthropologism, finitism, intuitionism, predicativism) would refute the
possibility of defining a subset in this way. Moreover, the Léwenheim-
Skolem theorem states that only denumerably many subsets can be
obtained whereas Cantor’s theorem maintains that the set of all subsets
of any set S has a higher power than S itself; in the present case, that the
continuum is not denumerable. (For a profound but non-technical
analysis of the Lowenheim-Skolem theorem and its ontological signif-
icance, see Myhill 3)).

At least the difficulties of impredicativeness will be ‘solved’ if we take a
platonistic attitude in some sense of a pre-existence of the mathematical
concepts, meaning that the mathematician does not invent his objects but
rather discover them. (Cf. Beth 4), e.g. pp. 407 and 465.) In this light a
particular subset of S, determined by means of the totality of all subsets

1) Cf. A. A. Fraenkel and Y. Bar-Hillel, Foundations of set theory (Amsterdam,
1958), pp. 38—40.

2) Hao Wang, Eighty years of foundational studies, Dialectica, vol. 12 (1958),
pp. 466-497.

3) J. R. Myhill, Symposium: On the oritological significance of the Lowenheim-Skolem
theorem. Academic Freedom, Logic and Religion (Philadelphia, 1953), pp. 57-70.

1) E. W. Beth, The foundations of mathematics. Amsterdam, 1959.
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of S, may be completely described though obviously it cannot be construct-
ed: it is the relation between the subset and the totality (and possibly
other constant objects) which, under suitable conditions, will constitute a
unique determination of the subset. Accordingly, the non-predicative
character of the definition will, in the eyes of platonists, not prevent the
subset in question from being admitted together with subsets constructed
in a predicative way.

In point of fact, even this large-minded attitude does not enable us to
decide whether Cantor’s continuum hypothesis is true or not, and with
increasing urgency the conjecture has arisen that the hypothesis might
be independent of the axioms of classical mathematics; that is to say,
that both the continuum hypothesis and its negation were compatible
with classical mathematics. The situation would then be somewhat
analogous to that of the problem of parallels in the beginning of the
nineteenth century: after efforts to prove Euclid’s axiom of parallels,
continued over more than two thousand years, the axiom turned out to
be independent, which led to the bifurcation into Euclidean and non-
Euclidean (hyperbolic) geometiies. Similarly a proof of the independence
of the continuum hypothesis should yield two different kinds of mathe-
matics, a Cantorian and a non-Cantorian.

Kurt Godel 1) has contributed more than anybody else to a solution
of the continuum problem, by showing that Cantor’s hypothesis is
compatible with a certain axiomatic system of classical mathematics.
This naturally falls short both of ‘solving’ the problem and of proving
the independence of the hypothesis; the latter would require the additional
proof of the compatibility of the negation of the hypothesis.

Yet Gédel, leaning consistently on platonic realism, rather surprisingly
denies 2) the consequences to be drawn from a possible proof of the
independence (which proof may be expected just of Godel). For the
concepts and axioms of mathematics, in particular of set theory, says
Godel, ‘describe some well-determined reality. In this reality Cantor’s
conjecture must be either true or false, and its indecidability from the
axioms as known today can only mean that these axioms do not contain a

1) K. Gédel, The consistency of the axiom of choice and of the generalized continuum-
hypothesis with the axioms of set theory. Princeton, 1940 (revised ed. 1951).

?) K. Gddel, What is Cantor’s continuum problem? Amer. Mathem. Monthly, vol. 54
(1947), pp. 515-525.



EPISTEMOLOGY AND LOGIC

complete description of this reality.” As to this deficiency, Godel adds
that there may exist ‘other (hitherto unknown) axioms of set theory
which a more profound understanding of the concepts underlying logic
and mathematics would enable us to recognize as implied by these
concepts.’

Conceived in this light, the inaccessibility of the continuum problem is
rather natural; the problem depends on our ability of defining the subsets
of a given set, in this case of the set N of all positive integers, and we
cannot expect to ascertain the number (power) of a totality of objects
(subsets) as long as we do not know what these objects are.

At present we have no idea in what direction the ‘missing’ axioms
required by Gédel might be sought and whether they refer to a mathemat-
ical reality yet unknown to us. However, some tentative proposals were
made, by a philosophically-minded mathematician 1) and a mathemati-
cally minded philosopher 2), to take a further and seemingly more radical
step towards platonism in order to ‘solve’ the problem of subsets. When
a finite set F which contains n members is given then we can enumerate
the 2 subsets of F (including F and the empty set) by a ‘combinatorial’
procedure, namely by arbitrarily and independently assigning to each
member of F one of two values, say ‘yes’ and ‘no’, and by relating to
any such assignment the subset that contains just those members to
which ‘yes’ has been assigned. The bold idea of transferring this procedure
to infinite sets, for instance of obtaining all sets of positive integers by
applying the procedure to the set N of all positive integers, was called by
Bernays ‘quasi-combinatorial’ and was imbedded in conceptualism by
McNaughton, who proposed hereby to justify the simple theory of types
and Zermelo’s set theory.

Tempting as such a solution might seem to non-intuitionistic mathemat-
icians, it is thorny in at least three respects. First, there is no indication
that this far-reaching description of subsets would at last pave the way
for solving the question for which it was designed, namely the continuum
problem. Secondly, among the subsets obtained by the quasi-combinat-
orial procedure, there is no more a discrimination visible between those

1y P. Bernays, Sur le platonisme dans les mathématiques. L’ Enseignement Math., vol. 34

(1935). pp. 52-69. .
2) R. McNaughton, Conceptual schemes in set theory. Philos. Review, vol. 66 (1957),

pp. 66-80.



ABRAHAM A. FRAENKEL

definable constructively (say, by the principle of comprehension) and
those which are only definable by an existential principle, for instance by
the axiom of choice. Finally and more generally, assuming that conceptual
schemes in set theory do serve logico-mathematical purposes such as the
principle of comprehension and the continuum problem: then we have
again, only in the reverse direction, a paradoxical situation similar to
that pointed out above in the introduction, namely of settling logical
questions on epistemological grounds.

The Hebrew University of Jerusalem
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PAUL BERNAYS

ZUR ROLLE DER SPRACHE IN ERKENNTNIS-
THEORETISCHER HINSICHT

In der Philosophie von Rudolf Carnap nimmt sein Werk ‘Logische
Syntax der Sprache’ eine markante Stellung ein. Die hier entwickelte
Konzeption der Wissenschaftslogik als Studium der Wissenschafts-
sprache, mit den sich an sie kniipfenden Begriffen, bildet sozusagen den
Ausgangsrahmen fiir Carnaps weitere Untersuchungen. Im Laufe dieser
Untersuchungen hat er die Auffassungen, die er in der Logischen Syntax
vertritt, erheblich revidiert, und auch jener Rahmen der Betrachtung
selbst mit den zugehorigen Begriffsbildungen hat starke Wandlungen
erfahren, wozu die Diskussionen mit den Philosophen verwandter
Forschungsrichtung Wesentliches beigetragen haben.

Diese Schritte der Revision der Philosophie Carnaps bedeuten eine
sukzessive Loslosung von den exklusiven und reduktiven Tendenzen des
anfianglichen Programms der Wiener Schule, gegeniiber dessen allzu
simplifizierenden Thesen ja bereits die Logische Syntax bedeutsame
Korrekturen brachte. Hier aber verfocht Carnap ja noch die Ansicht,
daB alle Erkenntnistheorie, sofern sie Anspruch auf Wissenschaftlichkeit
erheben kann, nichts anderes als Syntax der Wissenschaftssprache, bzw.
als solche aufzufassen sei, wihrend er seitdem die Aufgabestellung fiir
die wissenschaftliche Philosophie durch die Hinzunahme der Semantik
und der Pragmatik (unter Ankniipfung an C. W. Morris) wesentlich
erweiterte und ferner der Unterscheidung des Logischen vom Deskriptiven
den anderen Gesichtspunkt der Unterscheidung von theoretischer Sprache
und Beobachtungssprache gegeniiberstellte. Die Bedeutung, welche die
Einfithrung dieser Erweiterungen des methodischen Rahmens fiir die
Ausgestaltung der Philosophie Carnaps und auch fiir deren Annéherung
an die gewohnteren philosophischen Auffassungen besitzt, soll im
folgenden unter einigen Gesichtspunkten beleuchtet werden; zugleich
soll dabei auf gewisse sich natiirlich anschliefende Fragen hingewiesen

werden.
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1

Die Anlage der Logischen Syntax kann als eine Erweiterung .dcs 'Ansaths
der Hilbertschen Beweistheorie angesprochen werden. Bei Hilbert cr-
streckt sich die Methode der Formalisierung nur auf di.c Mathcma,llk:
Allerdings hatte Hilbert in seinem Vortrage ‘AXiomat{SChes Denljcn
auch gesagt: ‘Alles was Gegenstand des wissenschaftlichen .Dcn.l;s:nts
{iberhaupt sein kann, verfillt, sobald es zur Bildung einer Theorie ret i
der axiomatischen Methode und damit mittelbar der .Mall?cma.ll r
Carnap geht in der Logischen Syntax einen Schritt wcncr' in d-lcs;:-
Richtung, indem er die Wissenschaft im Ganzen als ein a?u.omatlsc"
deduktives System betrachtet, welches mittels der Formahsncrun%’, ‘Ll;
einem mathematischen Objekt wird : die Syntax der Wissenschaftssprac X
ist die auf dieses Objekt gerichtete Metamathematik. ) ber
Das hierbei benutzte idealisierende Schema der Wisscnscha‘ft ist a o
gewiB fiir die Erkenntnistheorie nicht zuldnglich. Zunichst einmal ste
es ja nur das fertige Resultat der Wissenschaft dar, nicht den vollen
ProzeB des wissenschaftlichen Geschehens. Wohl vermag bei den ,grOBcn
mathematischen Theorien eine axiomatisch-deduktive Priasentation der
fertigen Disziplinen das Bedeutsame an ihnen hinldnglich zur Dar-
stellung zu bringen. Doch bereits in der theoretischen Physik ist dx.e
Sachlage wesentlich anders, da hier die obersten Grundsitze dc.r Thcorllc
in ihrer mathematisch genauen Fassung fiir die Forschung meistens das
Endergebnis und nicht den Ausgangspunkt bilden.

AuBerdem aber ist ja fiir viele Gebiete der Forschung die Hcrvorkehr}mg
des Deduktiven gewaltsam. Man verfiahrt in diesen Gebieten gar”mcl?t
deduktiv; vielmehr kommt hier das logische Schlieflen fast nur fur dic
heuristischen Uberlegungen zur Anwendung, durch welche die A“fs_wl-
lung von Hypothesen oder von Tatsachen-Behauptungen motiviert wird.
Mit der Hinzunahme der Pragmatik kann nun alledem Rechnung getra.gcn
werden. In die Pragmatik gehort sicherlich die Erdrterung der Ent\Yle'
lung der Wissenschaften, freilich nicht im Hinblick auf das hiS‘O”S_Ch-
Biographische, sondern im Sinne der Herausarbeitung des methodisch
Bedeutsamen der Gedankenginge. Hier finden daher die heuristischen
Betrachtungen ihre natiirliche Einordnung.

Beiliufig sei hier daran erinnert, daB die Heuristik nicht nur if‘ den
empirischen Wissenschaften, sondern auch in der rein mathematlsche“

12
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Forschung eine Rolle spielt, worauf in neuerer Zeit besonders nachdriick-
lich Georg Polya hingewiesen hat. Es besteht ja eine methodische Analogie
zwischen der mathematischen und naturwissenschaftlichen Forschung in
der Hinsicht, daB es auch fiir die Mathematik eine Art von Empirie
und ein Erraten von Gesetzlichkeiten aufgrund einer Reihe von Einzel-
feststellungen gibt. Allerdings hat eine solche Art der Aufstellung eines
Gesetzes in der Mathematik nur einen provisorischen Charakter, zumal
in der Zahlentheorie, wo sich ja der Einzelfall niemals bloB durch un-
wesentliche Bedingungen (wie solche von Ort und Zeit in der Physik)
aussondern l4Bt, vielmehr jede Zahl ihre besonderen Eigenschaften hat.
Daf} wir aber selbst in der Zahlentheorie aus unserem Umgehen mit den
Zahlen Uberzeugungen gewinnen koénnen, zeigt das Beispiel des Satzes
von der Eindeutigkeit der Zerlegung der Zahlen in Primfaktoren, den
man von dem Zahlenrechnen her (wenn man noch keine zahlentheoretische
Beweise kennengelernt hat) geneigt ist, fiir ganz selbstverstindlich zu
halten. Erst auf einer fortgeschrittenen Stufe macht man sich das Er-
fordernis eines Beweises fiir diesen Satz klar, dem ja dann in befriedigen-
der Weise entsprochen wird.

2

Fiir die Betrachtung des Verhdltnisses von Syntax und Semantik ist es
niitzlich, wenn wir uns vergegenwirtigen, dal nach der gewohnten
Auffassung fiir eine Sprache als solche wesentlich ist, dal ihre Worte
und Sitze eine unmittelbare Sinn-Bezogenheit haben. Wenn wir die
Formbildungen einer Sprache losgelost von der Bedeutung der Aus-
driicke zum Gegenstand machen, so ist dieses eine bewuBtermalen
vorgenommene, modifizierende Abstraktion.

In Carnaps Logischer Syntax wird die Ausschaltung des SinnesmiBigen
zu einem Teil dadurch ausgeglichen, daB er neben den ‘Formbestim-
mungen’ die ‘Umformungsbestimmungen’ als Regeln der Sprache statu-
iert. Zu diesen Umformungsbestimmungen fiir die Sprache einer formali-
sierten Theorie rechnet er nicht nur solche Regeln, nach denen ein Satz
in einen ihm logisch gleichwertigen iibergefiihrt werden kann, sondern
allgemeiner alle solchen, nach denen sich logische Abhéngigkeiten be-
stimmen, und ferner auch die Festsetzungen, wonach bestimmte Sitze
die Rolle logisch allgemeingiiltiger Aussagen oder auch formalisierter
Axiome haben.
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Bald hernach hat Carnap, unter dem EinfluB der Untersuchungen von
Alfred Tarski und im Zusammenhang mit der Erweiterung seines
methodischen Programmes, den Begriff der logischen Folge aus der
Syntax in die Semantik verwiesen.

In der Semantik werden den logischen Symbolen mittels der ‘rules of
truth’ ihre Bedeutungen zugeordnet, und an diese Wahrheitsregeln
kniipft sich der semantische Folgerungsbegriff. Von da aus kann das
formale Deduzieren so eingefiihrt werden, daf3 zunidchst Folgerungs-
beziehungen teils als Sitze, teils als Ableitungsregeln vermerkt werden
und dann die Mannigfaltigkeit solcher sich ergebender Satze und Regeln
einer Axiomatisierung unterworfen wird. Auf diese Weise wird der
Begriff der Umformungsbestimmungen als urspriinglicher Regeln der
Sprache grundsitzlich entbehrlich, wihrend die ‘rules of truth’ als zur
Charakterisierung der Sprache gehorig anzusehen sind.

Die hiermit erméglichte prignante Gegeniiberstellung des semantischen
und des syntaktischen Folgerungsbegriffes hat fiir die Darstellung Qer
mathematischen Logik - sofern diese nicht von vornherein auf eine
konstruktive Methodik ausgerichtet ist — groBe Vorteile, und besonders
Heinrich Scholz hat diesen Gesichtspunkt sehr zur Geltung gebracht.

An der Semantik wird oft als Mangel empfunden, daB sie auf einer nicht
konstruktiven Art der Begriffsbildung beruht. Diese Nicht-Konstrukti'Vl-
tat ist aber fiir die Semantik nicht spezifisch. Eine Semantik kann an sich
auch in einem elementaren Rahmen der Begriffsbildung betrieben werqen-
Andrerseits wird sich die Uberschreitung der elementaren BegrifﬂlCl}‘
keit, ob mit oder ohne Semantik, kaum vermeiden lassen, wenn man, W.le’
Carnap es anstrebt, fiir die Logik einen solchen Begriff der ‘Giiltigkeit

festlegen will, aufgrund dessen fiir jeden rein logischen Satz A4 (d.h. einen
Satz ohne auBerlogische Bestandteile) nicht nur die Alternative ‘A4 oder
nicht-4’ logisch giiltig ist (im Sinne des Satzes vom ausgeschlossencn
Dritten), sondern dariiber hinaus entweder die logische Giiltigkeit von A
oder diejenige von nicht-4 besteht.

Die Semantik wird auch noch in anderer Hinsicht kritisiert, namlich
insofern sie den Bereich der umfangslogischen Betrachtung iiberschreitet
und sich mit den Fragen des Sinnes und insbesondere mit dem Verhiltnis
des Extensionalen zum Intensionalen befaBt. So macht besonders
Willard Quine geltend, daB mit der Einfithrung der Sinngehalte (Inten-
sionen) von Ausdriicken als Gegenstindlichkeiten eine wissenschaftlich
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unzuldssige Hypostasierung vollzogen werde, und daB selbst bei der
Reduktion der Fragen des Sinnes auf solche der Sinngleichheit und Sinn-
verschiedenheit, man sich noch immer in einem Gebiet des schwer
Pridzisierbaren befinde. Bei dieser Diskussion ist Quine mit Carnap darin
einhellig, dal er tendiert, die Sinngleichheit zweier Aussagen als ihre
logische Aquivalenz zu erkldren und entsprechend auch die Sinngleich-
heit von Pridikaten und von Kennzeichnungen auf logische Aquivalen-
zen zuriickzufthren. Dadurch tritt der Begriff der Sinngleichheit in enge
Beziehung zu dem des Analytischen.

Eine solche Begriffsbestimmung von Sinngleichheit fiihrt aber zu Un-
zutriglichkeiten, insbesondere sofern man, wie es ja Carnap und viele
der heutigen Philosophen tun, die Sachverhalte der reinen Mathematik zu
den logischen Gesetzen rechnet. Denn nach dieser Auffassung sind ja je
zwei giiltige Sidtze der reinen Mathematik logisch dquivalent, und es
miiBten daher, wenn Sinngleichheit dasselbe wire wie logische Aqui-
valenz, je zwei zutreffende Sitze der reinen Mathematik, also etwa der
Satz, daB es unendlich viele Primzahlen gibt, und der Satz, daB die
Zahl & irrational ist, denselben Sinn haben, — oder um ein elementareres
Beispiel zu nehmen: der Satz, daBl 3X 7 = 21 ist, miiBte denselben Sinn
haben wie derjenige, daB3 43 eine Primzahl ist.

Wir konnen uns aber fiir diese Uberlegung sogar von der Stellungnahme
zu der Frage des rein logischen Charakters der Arithmetik unabhingig
machen. Nehmen wir ein Axiomensystem A und zwei ganz verschiedene
Lehrsitze S, 7, die aus diesem Axiomensystem beweisbar sind. Wir
werden dann schwerlich bereit sein zu sagen, die Feststellung ‘aus A4 folgt
logisch S* habe denselben Sinn wie die Feststellung ‘aus A folgt logisch
T’, auch wenn diese beiden Aussagen zutreffend, daher auch beide
logisch giiltig und somit einander logisch dquivalent sind.

Es fillt also keineswegs immer Sinngleichheit von Aussagen mit deren
logischer Aquivalenz zusammen. Andrerseits wird man aber doch in
vielen Fillen, auch in der Mathematik, eine logische Umformung als
nicht Sinn-dndernd betrachten. Zum Beispiel die beiden Aussagen
‘wenn a, b, ¢, n Zahlen der mit 1 beginnenden Zahlenreihe sind und
a® -+ b = c*,soistn = 1 oder n = 2’ und ‘es gibt nicht Zahlena, b, c, n
der mit | beginnenden Zahlenreihe, derart daB n > 2 und @» + b = ™
wird man als Formulierungen derselben mathematischen Behauptung
(des groflen Fermatschen Satzes) ansprechen.
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An diesen Beispielen tritt uns zunéchst die Schwierigkeit der Abgrenzung
dessen, was jeweils als sinngleich zu gelten hat, entgegen. Zugleich aber
bemerken wir, daB diese Schwierigkeit ihre Ursache in der Unterschied-
lichkeit der Abstraktionsweise hat, welche den verschiedenen Unter-
suchungsgebieten eigentiimlich ist. Zwei theoretisch-physikalische Fest-
stellungen, von denen eine aus der anderen durch eine Umrechnung eines
in ihr auftretenden mathematischen Ausdruckes hervorgeht, werden wir
als sinngleich erkldren; wenn es sich aber um mathematische Feststellun-
gen handelt, ist das im allgemeinen nicht statthaft. Von der Formulie-
rung eines mathematischen Satzes werden wir sagen, daB ihr Sinn durch
eine elementar-logische Umformung nicht verandert wird; wenn dagegen
die elementar-logischen Beziehungen selbst behandelt werden, dann gilt
dieses nicht mehr.

Wir haben hier nur die Sinngleichheit von Aussagen betrachtet; jedoch
fiir Pradikate und Kennzeichnungen 14Bt sich ganz das Entsprechende
feststellen. Dabei liefert die Betrachtung mathematischer Kennzeich-
nungen ein reiches MaB an Beispielen, bei denen die Gegeniiberstellung
von Extension und Intension ganz im Sinne unserer iiblichen wissen-
schaftlichen Denkweise liegt. Nehmen wir etwa die Darstellung einer
positiv-reellen Zahl durch einen Ausdruck der Analysis, z.B. cine unend-
liche Reihe oder ein bestimmtes Integral. Eine solche Darstellung bildet
eine Kennzeichnung der betreffenden reellen Zahl. Die Extension dieser
Kennzeichnung ist die reelle Zahl selbst, und die Intension ist eine Regel
zur Bestimmung dieser Zahl, d.h. zu ihrer Eingrenzung in belicbig enge
Intervalle. Ein und dieselbe positiv-reelle Zahl kann, wie man weif,
durch sehr verschiedenartige solche Regeln bestimmt werden; dann
haben wir gleiche Extension bei verschiedener Intension.

Um auch bei Pridikaten ein mathematisches Beispiel verschiedener
Extensionen mit gleicher Intension zu erwihnen, so konnen ja die Prim-
zahlen unter den von 1 verschiedenen Zahlen auf zweierlei Art charakteri-
siert werden: einerseits als solche, die keinen echten Teiler auBer |
besitzen, andrerseits als solche, die in einem Produkt nur dann aufgehen,
wenn sie in mindestens einem Faktor aufgehen. Das ergibt zwei Vver-
schiedene Pridikat-Intensionen mit gleicher Extension: die Extension ist
die Klasse der Primzahlen, die Intensionen sind die den beiden Charakteri-
sierungen entsprechenden Decfinitionen des Begriffes ‘Primzahl’.
Analoge Beispiele finden sich auch in empirischen Wissenschaften, z.B.
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wenn eine Tierart auf verschiedene Weisen charakterisiert werden kann,
so dal} sich verschiedene Definitionen desselben Artbegriffes ergeben und
somit verschicdene Intensionen des Art-Namens bei gleicher Extension.
Unsere Uberlegung zeigt uns einerseits, daB es groBe Klassen von
Fillen gibt, in denen der Begriff der Intension eine wissenschaftlich
naturgemillc Anwendung hat. Andrerseits sind wir auf die Schwierig-
keiten im Begriff der Sinngleichheit aufmerksam geworden, die mit der
Verschiedenartigkeit der Einstellung in den verschiedenen Forschungs-
gebieten zusammenhidngen, wobei die Gegeniiberstellung bloB des
Logischen und des Auflerlogischen nicht geniigt, um diesen Unterschieden
Rechnung zu tragen.

Wir kénnen uns den in dieser Hinsicht vorliegenden Sachverhalt ndher
bringen, indem wir uns die Art der Abstraktion vergegenwirtigen, auf
welche es bei dem Begriff der Intension ankommt. Hier geht man nicht
aus von der Absonderung der Sprachausdriicke als Formgebilde von
ihrer Ausdrucksfunktion, vielmehr behdlt man diese geflissentlich bei,
und wovon man abstrahiert, das sind nur die fiir diese Funktion unwesent-
lichen Besonderheiten der Ausdrucksmittel und die auf ihnen beruhende
Vielfiltigkeit von Formulierungen, welche fiir den gleichen Ausdrucks-
zweck verwendbar sind. Diese Mannigfaltigkeit der Moglichkeiten be-
steht einerseits in konventioneller Hinsicht, durch die Vielheit der
Sprachen, andrerseits aber aufgrund begrifflicher und sachlicher Gleich-
wertigkeiten, wie sie zwischen Bestimmungen, zwischen Eigenschaften
und zwischen Beziehungen bestehen konnen. Eine solche Gleichwertig-
keit bewirkt aber nur dann die Vertretbarkeit eines Ausdruckes durch
einen anderen, wenn sie im Rahmen der Darlegung oder der Unter-
suchung, in welcher der Ausdruck verwendet wird, ganz unproblematisch
ist, d.h. zu dem Bereiche dessen gehort, woriiber man nicht erst diskutiert,
sondern was als ausgemacht gilt. In der Tat liegt ja bei unseren Erkennt-
nisbemiihungen, wenigstens im Stadium eines entwickelten Reflektierens,
jeweils ein gewisser Vorrat an (teils mehr, teils minder bewuBten) Vor-
stellungen, Ansichten und Uberzeugungen zugrunde, an welche wir uns
bei unseren Fragen, Uberlegungen und Verfahren halten, sei es mit
Wissen oder instinktiv. Solche Vorstellungen, Ansichten und Uber-
zeugungen mogen, im AnschluB an Ferdinand Gonseths Begriff
préalable, als ‘vorgiingig’ bezeichnet werden.

Dic Annahme gewisser vorgingiger Vorstellungen und Voraussetzungen
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fir eine jegliche wissenschaftliche Disziplin, und auch fiir unsere natiir-
liche Einstellung des tiglichen Lebens, unterliegt nicht der gleichen
Problematik wie die Annahme von Erkenntnissen a priori. Es wird nicht
behauptet, daB die vorgingigen Voraussetzungen etwas UnumstoB-
liches seien. Eine Wissenschaft, die sich zundchst auf eine Voraussetzung
stiitzt, kann in ihrem weiteren Verlauf uns dazu fiihren, diese Voraus-
setzung preiszugeben, wodurch wir eventuell gendtigt werden, die
Sprache der Wissenschaft zu dndern. Auch bringt es die wissenschaftliche
Methodik mit sich, daB wir vorgingige Voraussetzungen uns zum
BewuBtsein bringen und sogar zum Gegenstand einer Untersuchung
machen, bzw. in das Thema einer Untersuchung einbeziehen kon-
nen.

Damit verlieren dann diese Voraussetzungen fiir das betreffende For-
schungsgebiet den Charakter der Vorgdngigkeit. Im Verlauf der Ent-
.WiCklung der theoretischen Wissenschaften kommt es so dazu, daB
Immer mehr von den Voraussetzungen der Thematisierung unterworfen
werden, so daB sich der Bereich des Vorgdngigen immer mehr veren-
gert.

An die Stelle des friiheren, spontanen Vorgingigen treten dann eigens
Statuierte Ausgangs-Begriffe und Prinzipien.

Im U.nterschied zum Begriff des a priori ist der des Vorgingigen entweder
a}1f einen Erkenntniszustand oder auf eine Disziplin bezogen; es wird
nicht etwas absolut Vorgingiges angenommen.

Wenn man nun diesen Begriff des Vorgingigen akzeptiert, so kann man
fo.]g"-.nd'e Definition der Sinngleichheit ansetzen: zwei Aussagen einer
Dfszfplfﬂ sind sinngleich, wenn die Aquivalenz zwischen ihnen fiir die
Dlszfplln vorgingig ist. Entsprechend wiirde die Sinngleichheit von
Pridikaten und die von Kennzeichnungen zu erkldren sein. Auch kann in
der Definition die Disziplin durch eine Erkenntnislage (Erkenntnis-
zusfand) ersetzt werden, in Bezug auf welche man in geniigend bestimmter
Weise von Vorgiingigem sprechen kann.

Es' mochte scheinen, daB sich auf diese Art die vermerkten Schwierig-
keiten in der Bestimmung von Sinngleichheit beheben lassen. Freilich
muB man bei der gegebenen Erklirung der Sinngleichheit in Kauf
nehmen, daB die Sinngleichheit von Sitzen von der Disziplin, bzw.
fier Erkenntnislage abhingt, im Rahmen deren sie betrachtet wird. Das
1st aber bei niherem Zusehen nicht so paradox.
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3

Wenden wir uns nun zu derjenigen Erweiterung des methodischen
Rahmens der Logischen Syntax, welche Carnap durch die Gegeniiber-
stellung von theoretischer Sprache und Beobachtungssprache gewinnt.
Theorie und Experiment einander gegeniiberzustellen, ist uns bei der
Betrachtung der Methode der Naturwissenschaften gelaufig. Doch in der
anfianglichen Form des logischen Empirismus kam das Moment des
Theoretischen nicht recht zur Geltung; und es haben erst Diskussionen
liber die anfidngliche Auffassung, an denen insbesondere Karl Popper
beteiligt war, dazu gefiihrt, dal bei dem revidierten Standpunkt der
Logischen Syntax der Ansicht der Vorzug gegeben wurde, wonach die
Formulierungen von Naturgesetzen als eigentliche Sitze der Wissen-
schaftssprache figurieren.

Daf} sich hiergegen anfangs eine Resistenz richtete, begreifen wir, wenn
wir uns klar machen, daB mit der Anerkennung der Rolle der physi-
kalischen Gesetzesaussagen als eigentlicher Sitze jene Zweiheit von
relations of ideas und matters of facts, wie sie ehemals David Hume als
Einteilung aller Gegenstinde des Forschens angesetzt hatte, und wie sie
die Wiener Schule in etwas préizisierter Form aufrecht zu erhalten
bestrebt war, sich als nicht erschopfend erweist. Die Gesetzesaussagen
der Naturwissenschaft sind ja einerseits nicht Aussagen iiber relations
of ideas, d.h. nicht Sitze der reinen Logik oder der reinen Mathematik,
andrerseits sind sie nicht Feststellungen von Tatsachen, da sie doch die
Form allgemeiner hypothetischer Sdtze haben.

In der Ausdrucksweise Carnaps besagt diese Konsequenz, dafl der
Bereich des Deskriptiven (des AuBerlogischen) nicht mit dem des
Faktischen zusammenfillt, daB vielmehr der Bereich des Faktischen
enger ist.

Der gleiche Sachverhalt 148t sich noch von einer anderen Seite her
beleuchten. Carnap erklért in seinem Buche ‘Meaning and Necessity’ den
Begriff des logisch Wahren mit Hilfe von ‘state descriptions’. Dabei
kniipft er an den Leibnizschen Gedanken der ‘méglichen Welten’ an:
was notwendig ist, muf} in allen moglichen Welten gelten; und die state
descriptions stellen schematisch die moglichen Weltbeschaffenheiten dar.
So definiert nun Carnap: Ein Satz ist logisch wahr, wenn er fiir jede srate
description zutrifft. Bei dieser Uberlegung treten die Begriffe des
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Méglichen und des Notwendigen auf. Es ist aber nicht ausgemacht, dal3
man vom Mbdglichen und vom Notwendigen nur im logischen Sinne
sprechen kann. Carnap selbst erwdhnt im Anhang zu seiner ‘Introduction
to Semantics’ (§ 38 d, S. 243) unter den fiir die Semantik ausstehenden
Problemen das Studium solcher nicht-extensionaler Operatoren, welche
physikalische oder kausale Modalititen zum Ausdruck bringen. Physi-
kalische oder kausale Modalitdten betreffen das naturgesetzlich Moégliche
und das Naturnotwendige. Wenn nun im Rahmen der Wissenschafts-
sprache Naturgesetze als giiltig statuiert werden, und wenn ferner
anerkannt wird, daB die Naturgesetze nicht logisch notwendig sind, so
ergibt sich eine Unterscheidung des Notwendigen und des Tatsédchlichen,
welche von derjenigen zwischen dem Logischen und dem Deskriptiven
verschieden ist. Wir kdnnen dann state descriptions in einem engeren
Sinne betrachten, indem wir nur solche zulassen, die den Naturgesetzen
gemdB sind, und erhalten damit eine engere Mannigfaltigkeit von
moglichen Welten.

Den Feststellungen von Faktischem stehen somit nicht nur diejenigen
von logischen Gesetzlichkeiten gegeniiber, sondern allgemeciner von
Gesetzlichkeiten iiberhaupt. Diese allgemeinere Entgegensetzung kdnnen
wir nun mit Hilfe des Begriffs des Theoretischen zum Ausdruck bringen,
indem wir den Feststellungen iiber Tatsdchliches die theoretischen Fest-
stellungen gegeniiberstellen. Der Bereich des Theoretischen cnthilt dann
als echten Teilbereich den des Logischen.

Das Spezifische des Theoretischen besteht aber gewi nicht allein in
einer Gesamtheit von Aussagen, welche als giiltig anerkannt werden,
sondern vor allem in einer Begriffswelt, im Rahmen derer die theore-
tischen Aussagen erfolgen. Innerhalb der Wissenschaftssprache findet
die theoretische Begriﬂ’sbildung ihren Niederschlag in dem, was Carnap
die ‘theoretische Sprache’ nennt.!)

Betrachten wir nun des Niheren die Rolle, welche Carnap der theo-

') Wenn hier, in Anlehnung an Carnaps Ausdrucksweise schlechtweg von ‘der
theoretischen Sprache' die Rede ist, so soll damit nicht auf die Vorstellung von ciner
Gesamtwissenschaft Bezug genommen sein. Auch in Carnaps eigenen Ausfithrungen
zum Thema der theoretischen Sprache ist das keineswegs der Fall. So spricht er von
den *methodologischen Problemen, die mit dem Aufbau eines theoretischen Systems,
ctwa eines solchen der theoretischen Physik . . . zusammenhingen® (*Beobachtungs-
sprache und theoretische Sprache® Dialectica 47/48. S. 241-242).
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retischen Sprache zuweist. Nach seiner Auffassung ist die theoretische
Sprache nicht unmittelbar gedeutet, vielmehr erhalten die theoretischen
Termini ihre Signifikanz erst in Verbindung mit den ‘Korrespondenz-
Postulaten’, welche zwischen theoretischen Termen und Beobachtungs-
termen Beziehungen herstellen. Diese Beziehungen sind allerdings nicht
als so weitgehend gedacht, dal dadurch alle theoretischen Termini in der
Beobachtungssprache definiert wiirden. Carnap schlieB3t sich vielmehr der
Auffassung derer an, welche die Forderung, dal3 jeder theoretische Ter-
minus sich experimentell definieren lassen miisse und in seiner Verwen-
dung an eine solche Definition gebunden sei, als zu einschrinkend fiir die
theoretische Forschung und auch nicht dem tatsdchlichen Verfahren der
theoretischen Wissenschaft entsprechend erkldren, wie es im Kreise des
Neupositivismus insbesondere Herbert Feigl und Carl Hempel getan
haben.

Hiermit wird ein wesentliches Erfordernis fiir die Freiheit der theore-
tischen Gedankenbildung anerkannt. Es bleibt dabei aber doch der
Umstand, daB die Theorie nicht als eine Gedankenwelt, sondern bloB3
sozusagen als eine Sprach-Apparatur angesehen wird. Zu diesem mehr
nur technischen Aspekt, den die theoretische Sprache bei Carnap erhalt,
tritt als ein anderes charakteristisches Moment dasjenige der Reduktion
auf das rein Mathematische. Carnap ist bestrebt, nach Maglichkeit die
theoretischen Entititen auf mathematische zu reduzieren. Im Gebiet der
Physik zeigt sich diese Moglichkeit in spezieller Art anhand der Vor-
stellungsweise der Feldtheorie, wonach das physikalische Geschehen in
einer Abfolge von Zustinden im Raum-Zeit-Kontinuum besteht. Die
Zustandsbestimmung wird durch Skalare, Vektoren und Tensoren
gegeben. Z.B. in der reinen Feldtheorie der Gravitation und der Elektrizi-
tat erfolgt die Beschreibung des physikalischen Zustandes durch den
symmetrischen Tensor des metrischen Feldes, aus dem sich die Lingen-
und Zeitmessung sowie die Trégheits- und Gravitationskrifte bestimmen,
und den antisymmetrischen elektromagnetischen Tensor, der die elek-
trischen und magnetischen Krifte bestimmt. Materielle, geladene oder
ungeladene Teilchen werden hier als besonders konzentrierte Verteilungen
der FeldgroBen in einem rdumlich engen Weltgebiet aufgefalit. Die
Komponenten der Tensoren sind Funktionen der Raum-Zeit-Stellen,
und bei Einfithrung eines Koordinatensystems und Wahl von Einheiten
werden die MaBzahlen der Komponenten mathematische Funktionen
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der Raum-Zeit-Koordinaten !); nennen wir sie ‘Feldfunktionen’. Die
physikalische Feldgesetzlichkeit wird durch Differentialgleichungen fiir
diese mathematische Funktionen (in einer gegeniiber dem Koordinaten-
system invarianten Weise) formuliert, und die Feldfunktionen, welche den
Ablauf der Zustinde des Systems darstellen, bilden eine Losurg dieses
Systems von Differentialgleichungen.

Die Ankniipfung der Theorie an die Erfahrungswirklichkeit wird durch
Beziehungen von mehrerlei Art gegeben:

1. solche, auf denen die Einfithrung von Raum-Zeit-Koordinaten-
systemen beruht, sowie die Moglichkeiten der Bestimmung von Werten
der Feldfunktionen,

2. solche, welche die Auswirkungen von Zustinden des Systems teils
auf unsere direkten Wahrnehmungen, teils auf unsere experimentellen
Beobachtungen betreffen,

3. solche, die jeweils die Anweisung liefern fiir die theoretische Uber-
setzung eines beobachtungsmiBig (sei es nur schematisch oder aber in
genauerer experimenteller Bestimmtheit) gegebenen Falles, der mittels der
Theorie untersucht werden soll.

Alle diese Beziehungen denkt sich Carnap axiomatisierbar durch Korres-
pondenz-Postulate in denen Verkniipfungen zwischen den Feldfunktio-
nen und unseren Beobachtungen ausgesagt werden. Ein solches System
von Korrespondenz-Postulaten Ii8t sich jedenfalls dann aufstellen, wenn
liberhaupt die Mannigfaltigkeit der moglichen Anwendungen der Feld-
th?orie (der Differentialgleichungen des Feldes) auf Beobachtungen
axiomatisierbar ist.

Unter diesem Vorbehalt besteht somit die Maéglichkeit, die theoretische
Sprache der Physik ginzlich auf mathematische Begriffe zu beschrinken
}lnd 'alles spezifisch Physikalische teils in die Beobachtungssprache, teils
in die Korrespondenz-Postulate zu verlegen. Die physikalische Theorie
sagt dann nichts mehr aus iiber etwas, das in der physikalischen Natur
\{orhanden ist, ja sie sagt fiir sich allein iiberhaupt nichts aus, sondern
liefert nur eine mathematische Handhabe fiir die Vorausbestimmung von
Beobachtungen aufgrund von gegebenen Beobachtungen. Man kann hier
streng genommen daher gar nicht von einer theoretischen Sprache reden.

1) Die Komponenten des metrische

n Feldes sind ja sogar von vornherein unbenannte
Zahlen.
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Allerdings ldf3t sich dabei doch eine Art theoretischer Sprache wieder-
gewinnen, indem man geeignete physikalische Benennungen einfiihrt fiir
gewisse hdufig wiederkehrende mathematische Beziehungen und Aus-
driicke, in Entsprechung zu den Bedeutungen, welche diese in der inhalt-
lich aufgefaBBten Theorie haben; das Verfahren ist dann analog, wie wenn
in einer rein arithmetisch konstituierten (analytischen) Geometrie doch
die arithmetischen Beziehungen und Gegenstidndlichkeiten geometrisch
interpretiert und benannt werden.

Was aber an der beschriebenen Methode der Elimination theoretischer
Entitiiten stutzig macht, ist der Umstand, daB3 sie ja gleichermaBen auf
jedwede Art des Ansetzens von Naturgegenstinden anwendbar ist:
Wenn in den geldufigen Fillen des téglichen Lebens die Annahme von
Naturgegenstidndlichkeiten sachgemdl ist, und wenn wir ferner unsere
geldufigen Methoden der Orientierung iiber Ort und Zeit zu der Vor-
stellung der vier-dimensionalen Raum-Zeit-Mannigfaltigkeit extrapolie-
ren, so scheint es nicht angingig zu sein, dal wir in dem Ansetzen von
Naturgegenstiandlichkeit an gewissen Stellen sozusagen abbrechen und hier
die Gegenstinde durch ihre mathematischen Beschreibungen ersetzen.
Dieser Erwigung gegeniiber kann jedoch Carnap geltend machen, daB3
die Unterschiedlichkeit der methodischen Behandlung nicht die Ver-
schiedenheit von Stellen in der Raum-Zeit-Mannigfaltigkeit betrifft,
sondern sich auf die Verschiedenheit in der Stufe des Theoretischen be-
zieht. Was mit einer solchen Verschiedenheit der Stufe gemeint sein soll,
1468t sich insbesondere an dem Unterschied der Makro- und der Mikro-
physik exemplifizieren. Allgemein liegt eine weitergehende Stufe des
Theoretischen bei der Behandlung eines Wissensgebietes da vor, wo die
Begriffsbildung zu einer stirkeren Uberschreitung des anschaulich
Vertrauten notigt. Ein solcher Schritt der verstirkten Theoretisierung
kann erfolgreich sein und sich als sachgemil erweisen, und es kann sich
auch im Umgehen mit den zuerst ungewohnten Begriffen nach reich-
licherem Gebrauch eine praktische Sicherheit einstellen. Dabei bleibt
aber doch der Unterschied bestehen zwischen dem methodisch mehr und
dem weniger Elementaren, d.h. zwischen dem, was dem Konkreten und
der Beobachtung ndher und dem, was ihnen ferner steht.

DaB die Quantenphysik gegeniiber der vorherigen ‘klassischen’ Physik
eine verstirkte Theoretisierung in dem genannten Sinn bedeutet, ist
ersichtlich. Auf die Quantenphysik kann allerdings das vorher beschrie-
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bene Verfahren der Eliminierung von Entitdten nicht direkt angewendet
werden, da bei dieser ja die Vorstellung von der eindeutigen, unab-
héngig vom Experimentieren objektiv bestimmten Abfolge der Zustdande
in der Raum-Zeit-Mannigfaltigkeit verloren geht. In anderer Hinsicht
kommt aber die Quantenphysik der Absicht des Eliminierungsverfahrens
insofern entgegen, als hier die Vorstellung von der Gegenstidndlichkeit
ohnehin eine abgeschwichte ist und das Mathematische der Begriffsbil-
dungen im Vordergrund steht. Die Quantenphysik zeigt uns auch, auf
welche "Art sich die unterschiedliche methodische Behandlung verschie-
dener theoretischer Entititen ohne eine anstoBige Zidsur durchfiihren
1aBt, indem hier die theoretische Sprache der vorherigen Physik sozu-
sagen die Rolle der Beobachtungssprache erhilt.
Hierdurch wird zugleich der Gedanke nahegelegt, daB es wohl ange-
messen ist, die Unterscheidung zwischen Beobachtungssprache und
theoretischer Sprache, anstatt sie absolut zu fassen, auf ein Niveau der
Begriffsbildung zu beziehen. Darin werden wir bestirkt, wenn wir uns
liberlegen, was es in der Wissenschaftspraxis mit der Beobachtungssprache
fiir eine Bewandtnis hat. Wenn sich die Physiker von ihren Experimenten
erzdhlen, so sprechen sie gewiB nicht nur von Objekten der unmittel-
ba.lren Wahrnehmung. Man spricht etwa von einem Stiick Holz, von einer
Eisenstange, einem Gummiring oder einer Quecksilbersiule. In den
Bedeutungen solcher Worte sind ja bereits betriachtliche theoretische
Momente enthalten. Die Experimentalsprache der Physiker geht aber
df)ch in dieser Hinsicht noch viel weiter.!) Bemerkenswert ist auch, daB
:he Namen der physikalischen Begriffe fiir einen groBen Teil (etwa
I.-uftdruck’, ‘elektrischer Strom’) in die gewdhnliche Umgangssprache
€ingegangen sind.
Im Ganzen 4Bt sich der Sachverhalt dermaBen charakterisieren, daB

1 : . .
n:e:tlilzrrgmgs fwt ja die These“aufgestgllt‘worden, daB alles physikalische Experi-
ist abor n al{B Feststellungen uber. Koinzidenzen hlpauskomme. Diese Behauptung
(oder Nig}:'w' .rluF cum grano sql:s zu verstehen: Die Feststellung iiber Koinzidenz
c. t-Koinzidenz) ist jeweils der letzte entscheidende Schritt in dem Gesamt-
ErpzeB eines Experimentes, welches iiberdies erfordert, daB der Experimentator
emen'Apparat als solchen erkennt und in der richtigen Weise mit ihm umgeht, ferner
de dlese}' Apparat sachgemiB angefertigt worden ist, weiter daB der Experimen-
tlerenfje sich eine hinlingliche Uberzeugung davon verschafft, daB keine stérenden
Umstande vorliegen, u.s.w. DaB alles das, was hierzu aufgefaBt werden und eingeiibt
sein muB, sich auf bloBe Feststellungen iiber Koinzidenzen zuriickfiihren 14Bt, diirfte
wohl schwerlich zutreffen. Aber das ist ja auch wohl mit jener These nicht gemeint.
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die Beobachtungssprache einer auf einem bestimmten Niveau befind-
lichen Wissenschaft Bezug nimmt auf eine vorgéingige Vorstellungs- und
Begriffswelt, — ‘vorgidngig’ gemdfl der in unserm Abschnitt 2 eingefiihrten
Ausdrucksweise. Die vorgidngigen theoretischen Begriffe erhalten auf
diesem Niveau auch ihre Benennungen in der Beobachtungssprache. Wir
brauchen wohl die Beobachtungssprache iiberhaupt nicht von der
Umgangssprache zu trennen. Yielmehr kann vermutlich die Beobachtungs-
sprache als eine durch Hinzufiigung einer groBeren Reihe von Termini
bereicherte Umgangssprache aufgefaf3t werden.

Die Relativierung der Beobachtungssprache auf ein begriffliches Niveau
wird auch jener Art der Gegeniiberstellung des Empirischen und des
Theoretischen gerecht, wie sie in Ferdinand Gonseths Prinzip der
Dualitdt intendiert ist. Gemeint ist hier, da das Empirische und das
Theoretische nicht getrennte Bereiche sind, sonderr- daB3 in jedem Gebiete
und jedem Stadium des Erkennens die beiden Momente zusammenspielen.
Die verschiedenen Gesichtspunkte der im Vorangehenden angestellten
Uberlegungen: die Eliminierung abstrakter Entitdten, die Unter-
scheidung von Stufen des Theoretischen und die Relativierung der
Beobachtungssprache auf ein begriffliches Niveau haben ihre Anwendung
im besonderen fiir die mathematische Beweistheorie. Diese geht ja aus
von der Unterscheidung zwischen der ‘klassischen’ Methode der Mathe-
matik, wie sie in der Analysis und der Mengenlehre sowie in den neueren
abstrakten Disziplinen der Mathematik angewendet wird, und den
clementareren Methoden, welche je nach der Art der Abgrenzung als
‘finite’, ‘konstruktive’, oder ‘pradikative’ zu charakterisieren sind. In der
beweisthcoretischen Untersuchung der klassischen Mathematik wird
durch die Methode der Formalisierung der Aussagen und Beweise, wie
sie mittels der logischen Symbolik erfolgt, eine Eliminierung abstrakter
Entititen ermdglicht. Diese Eliminierung will man insbesondere dazu
verwerten, um die formale Widerspruchsfreiheit klassischer Theorien
von ecinem der elementareren methodischen Standpunkte nachzuweisen.
Bisher sind Nachweise der formalen Widerspruchsfreiheit mittels
konstruktiver Methoden nur fiir solche formalen Systeme erbracht
worden, die wenigstens einer priadikativen Deutung fihig sind. Neuer-
dings scheint durch ein Verfahren von Clifford Spector mit einer weiten
Fassung des konstruktiven Standpunktes ein Nachweis der Wider-
spruchsfreiheit fiir die formalisierte impradikative Analysis zu gelingen.
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Die elementarere ‘Metasprache’, in der ein solcher Nachweis der Wider-
spruchsfreiheit gefiihrt wird, hat, wie von Carnap vermerkt worden ist,
die Rolle einer Beobachtungssprache. Es war urspriinglich die Idee
Hilberts, daB diese Sprache sich ganz im Rahmen der Betrachtung des
Konkreten halten, also eine Beobachtungssprache im absoluten Sinne sein
sollte. Schrittweise wurde man aber gendtigt, mehr und mehr Theore-
tisches in sie aufzunehmen. Bereits der ‘finite Standpunkt’ verwendet
grundsitzlich mehr, als Hilbert urspriinglich zulassen wollte; doch auch
dieser methodische Standpunkt hat sich, aufgrund der Resultate von
Kurt Godel, fiir den gesetzten Zweck als nicht zuldnglich erwiesen. Das
Ergebnis dieser Feststellung erscheint als nicht so fatal fiir die Beweis-
theorie, wie es anfangs angesehen wurde, wenn man den Gedanken der
Bezogenheit der Beobachtungssprache auf ein Begriffsniveau akzeptiert.
Die Anerkennung der methodischen Bedeutsamkeit der beweistheo-
retischen Untersuchungen, und insbesondere derjenigen iiber formale
Widerspruchsfreiheit, ist nicht daran gebunden, daB man die iibliche
klassische Mathematik fiir dubios erachtet oder daB man jenen Stand-
punkt des-‘Formalismus’ einnimmt, wonach die klassische Mathematik
nur als reine Formeltechnik ihre Berechtigung hat. So dachte auch
Hilbert im Grunde nie, trotz mancher in solche Richtung weisender
AuBerungen von ihm. — Die Aufgabestellung der konstruktiven Nach-
weise von Widerspruchsfreiheit ist durch die hohe Stufe des Theoretischen
motiviert, wie sie in der klassischen Mathematik vorliegt.

Jedenfalls kann ein Angehoriger der konstruktiv-beweistheoretischen
Forschungsrichtung sehr wohl die Ansicht vertreten, wie sie auch von
Carnap befiirwortet wird, daB die Begriffsbildungen der klassischen
Mathematik auch als inhaltlich gedeutete ihre berechtigte Anwendung
haben. Ob es aber angemessen ist, die simtlichen von der Mengenlehre
eingefiihrten Entitdten als eigentliche zu akzeptieren, steht auch von
diesem Standpunkt zur Diskussion. Auch wird man nicht geneigt sein,
die positive Stellung zu den theoretischen Begriffen gerade bloB der
mathematischen Begriffsbildung als Privileg zuzuerkennen: Was den
mathematischen Klassen und Funktionen recht ist, ist den Entitiiten der
Naturwissenschaften billig, soweit diese in Verstindnis-erzeugender
Weise angesetzt sind.

Ziirich
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SOME REMARKS CONCERNING LANGUAGES,
CALCULUSES, AND LOGIC

I am writing this paper lying with a coronal thrombosis in a hospital bed.
As I have been told not to make any unnecessary movements Carnap will,
I hope, draw the conclusion, that I have found it necessary to try to give
a contribution to his 70th birthday as an expression of my gratitude
for his stimulating works and for the friendliness he has shown to me
during the time, of peace and war, we have known each other.

My present condition gives me plenty of time to think about philosoph-
ical problems but, unfortunately, very small possibilities for controlling
my thoughts by means of printed matter and oral discussion. It is
therefore not without some misgivings that I send this small article to
‘Synthese’, whose editors have kindly asked me to contribute to this
special issue, — and my misgivings are so much heavier as 1 do not feel
quite sure whether the following remarks are in contradiction with
Carnap’s views or whether they are merely supplementary to it. Anyway, 1
wish him many happy returns. —

Few subjects have, I think, interested Carnap more than language and
the relation between language and logic. And his conception of language
(in general) seems to have changed very little since he in his ‘Logical
Syntax of Language’ (London, 1937) defined: ‘By a language we mean
here in general any sort of calculus, that is to say, a system of formation
and transformation rules concerning what are called expressions, i.e.
finite, ordered secries of elements of any kind, namely, what are called
symbols’ (pp. 167-168) — right up to his ‘Introduction to Symbolic Logic
and its Applications’ (New York ,1958) where he writes: . .. a language
(i.c. a system of signs and of rules for their use)’ (p. 1). In both cases
he seems to consider languages as calculuses, and calculuses as systems
of something (‘symbols’ or ‘signs’) of which one need merely know the
formal rules of formation and transformation in order to construct the
languages in question.

Now, to my mind, this secems to be a very peculiar way to use the word
‘language’. Even if this usage has become habitual to some mathematicians
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and logicians it is, I am sure, very different from the sensc in which the
word ‘language’ is used in everyday usage as well as in the writings of
linguists. And as this difference in the use of the word-image ‘language’
has, in my opinion, caused serious misconceptions as to the rclations
between languages, calculuses, and logic, I would make a few remarks
that may, I hope, contribute to clear up the matter a littlc — even if they
probably leave more questions open than they answer. In passing, I must
state that these troubles cannot be eliminated by the distinction between
the syntactical, the semasiological, the psychological, and the sociological
aspects of language that is mentioned in ‘Logical Syntax of Language’,
p. 5.

First and foremost I would stress that a calculus is notr a language nor a
language a calculus in any of the current senses of these words, — one
essential difference between a calculus and a language being that a
calculus need not have a meaning, but may be a mere game with shapes
or sounds according to rules that are conventional in principle, while
it is essential to a language to have meanings, to refer to somecthing
different from the expressions of the language concerned, or to cxpress
some content of consciousness, — to which differences between calculuses
and languages may be added that the syntactical rules of languages are
always empirical regularities (with many or few exceptions) and not
invariable conventional stipulations as are the rules of formation and
transformation of any calculus. And, considered from the other side,
it is essential to a calculus that its elements and expressions may always
be identified as belonging to the calculus concerned by means of its
rules of formation or transformation, while such rules (if they cxist at
all for languages that are not merely interpretated calculuses) arc never
sufficient to identify the elements or expressions of a language because it
is always necessary to take the meaning in consideration.

Before trying to elucidate this a little further 1 would add the following
remark: to my mind it is of fundamental significance to note that what
can be sensed or observed (in the usual intersubjective manner) of a
language, whether purely logical or not, is merely one side or aspect of it,
viz. the expressive aspect, whereas another, viz. the ‘content’ or ‘meaning’,
can never be observed or discovered by observation of the ‘expressions’.
Indeed, the ‘expressions’ are not expressions of anything, if they have
not got a content or meaning. And if they do not express anything they
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have nothing to do with language (or languages) but are mere sensorial
non-linguistic phenomena (shapes or sounds).

In the following I will try to say a little more about the content or
meaning that is expressed by means of the linguistic expressions. At the
present moment | will, however, restrict myself to the suggestion that
what is expressed in a linguistic expression is always some content of the
consciousness of the speaker (or writer) as e.g. a feeling, a need, a
perceptual content, a thought, an attitude, etc. Such contents of conscious-
ness are what the speaker ‘means’ by his expressions — whether they are
understood by others or not, and whether they are intersubjective or not.
As a matter of fact, however, many systems of mutual understandable
expressions of intersubjective perceptual contents and of common ideas
and feelings have developed, and such systems are what we usually call
‘natural languages’ by means of which the so-called artificial or construct-
ed languages are usually explained and learned.

The syntactical rules of (natural) languages are neither conventional
stipulations nor invariable norms but empirically observable regularities
(with a greater or smaller number of exceptions) concerning the formation
of the expressions of the various languages. To be true, ifthese regularities
are being fixed voluntarily they change into conventional norms that may
not be changed except by voluntary decision. But at the same time the
respective ‘languages’ change into calculuses that are not able to ‘live’
and develop as natural languages do. The syntactical or grammatical
rules of a (natural) language are in fact, | think, merely more or less
fossilized habits of expressing certain ‘meanings’ (e.g. cases of nouns,
moods of verbs, modalities of sentences, etc.). But they change, although
slowly, during the development of the languages, the creating factors
presumably being original speakers or writers finding new and apt
expressions of old or new thoughts or impressions, or children not yet
having learnt to speak ‘correctly’, or creative minds in the various fields
of mental life, while the teaching of the present stage of language (in-
cluding scientific language), journalism, everyday talk, slogans, etc. are
stereotyping and fossilizing factors. So two important tendencies are
mutually frustrating and working against each other: the one being the
striving for originality, new thoughts and points of view, new discoveries,
new impressions, and corresponding new expressions of all these ex-
pericnces, — the other being the striving for easy mutual understanding
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and communication, for standardized or unified thinking and feeling,
for generalizations as conditions of inferences, and moreover for all that
tends towards calculatory thinking. —

If now a language is given, i.e. if a system of expressions of contents of
consciousness is given, then it is, of course, possible to abstract from the
content and concentrate solely on the formal or expressive aspect, — and
this is apparently what Carnap generally does. But this approach seems
to be fatal in the respect that it leads to overlooking the fact that the
formal laws that may be found ruling the constructions of expressions
are conditioned by the relations existing between the elements of content,
and can therefore neither be found by investigation of the expressions
alone (one and the same content being expressed in different ways in the
different languages) nor be altered conventionally according to some
‘Principle of Tolerance’. Such alterations will merely change the linguistic
expressions into meaningless shapes or sounds. The whole system of such
shapes or sounds, the construction of which is regulated by conventionally
fixed rules, is not a language at all, but at best a game or a calculus with
uninterpreted (and, so far, meaningless) shapes or sounds, misleadingly
called ‘symbols’ or ‘signs’. Not even so-called ‘implicit definitions’ can
change such meaningless shapes into meaningful expressions. What is
needed for obtaining an interpretation of such a formal system is ostensive
definitions of its elements. (Even the truth-tables in the sentential calculus
cannot give the so-called ‘logical constants’ (or ‘sentential connectives’)
any meaning, because the truth-tables themselves have no meaning, if
they are not conceived as expressions of mental facts as c.g. rejection,
incompatibility, doubt, assertion, etc.).

Before trying to present a short survey of my view of the relations between
languages, calculuses, and logic, 1 would insert yet a preliminary remark
that concerns the problem of intercommunication or mutual under-
standing of a language. As suggested above, any linguistic expression must
be an expression of some content of the consciousness of the person (or
animal) using the language. But how can a listener know the meaning
that the speaker intends to express? In my opinion it would be onc of the
most difficult tasks philosophers or psychologists have ever undertaken
to give a full and satisfactory answer to this question. But | suppose that
afirst rough approximation to an answer can be suggested in the following
way:
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Even if we cannot creep into other peoples bodies and observe by their
senses or think with their brains, we nevertheless actually use various
criteria of what is common to the contents of consciousness of different
people (including ourselves), and by these criteria we become convinced
from our early childhood that we are living in a common world and that
human beings to a rather large extent are feeling and thinking similarly
when they are in similar situations. Primarily members of a certain
language-community learn to use similar sounds as intersubjective signs
for things or phenomena in their external phenomenal world, as e.g.
‘mama’, ‘daddy’, ‘food’, etc. Such sounds function very well not merely
as expressions of our needs and wishes but also as expressions of contents
of perception of the persons and things named by those sounds. And little
by little by means of mutual imitation and adaptation of such usage the
words (i.e. the sounds wirh their meanings) become more and more
differentiated and precise. During this process it never occurs to us that
we should be able to find the common meaning of the sounds either by
observation of the sounds themselves or by observation of our language-
partners alone. The partners simply show us, by pointing with their
fingers, direction of their glances, or by other gestures, that the sound
they produce and which we experience as an element in our perceptual
field is meant to signify some object in our perceptual content (to which
the partner also belongs). In this way the sound produced by the speaker
acquires a meaning for the listener too, and as long as the process pof
communication goes smoothly no suspicion of a possible difference
between the speaker’s and the listener’s meaning connected with a given
sound arises. Indeed, the smoothness of the process of communication
and collaboration between speaker and listener seems to be our main,
perhaps sole, criterion of the identity of the meanings attached to the
sounds used. A suspicion of not-identity of meanings of similar sounds
seems first to arise when the listener’s reactions on the speaker’s utterances
differ from the speaker’s intentions, and the difficult problems that have
resulted from such suspicion are, I think, mainly due to philosophical or
epistemological reflexions that may very well depend on untenable
presuppositions, as e.g. that my phenomenal external world exists in my
brain. This last supposition may not even be true concerning my cenesthe-
tic or other corporal sensations, e.g. my hunger or my tooth-ache that
certainly exists in my inside, resp. in my tooth, when they are observed by
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my appropriate interoceptors, even if they cannot be observed gz all by
other receptors (e.g. eyes or ears), whether my own or others. The difficulty
of the problems turning up here are surely not to be undcrrated, but 2
preconceived attitude towards them ought not, on the other hand,
frustrate the way to a possible fruitful view of the relations between
languages, calculuses, and logic. -

After these preliminary remarks I will now try to sketch the majp, lines
of such a view that to my mind seems to be promising, well knowing that
I must here restrict myself to a rather concentrated account, ]Caving to
the readers to draw the conclusions of the sketch.

As already remarked, it seems to me evident that a language (natura] or
artificial) is a means of communication by which a certain persop (the
speaker) communicates a certain content of his consciousness to another
person (the listener). The linguistic means of communication arc werd-
images or statement-images (sentences), primarily sounds or complexes
of sounds, secondarily shapes or complexes of shapes. To use a language
means to use word- or statement-images as means to communicate a
content of consciousness, e.g. a content of perception, an idea, a thought,
a feeling, an emotion, an intention, a wish, a claim, a decision, etc.
Usage is a special form of behaviour in which the speaker produces sounds
or shapes as expressions of his content of consciousness in order to
communicate (part of) it to the listener, and the listener interprets or
understands the expressions of the speaker as expressions of the speakers
content of consciousness.

The means of expression are not merely word- or statement-images,
but also tone of voice, accentuation, gesture, look, attitude, etc. The
content of consciousness that is expressed may be labelled the speaker’s
‘meaning’ in the widest sense, and the listener’s interpretation of the
speaker’s expression may be labelled the listener’s ‘meaning’ in the widest
sense. These two kinds of ‘meaning’ need not, however, be identical, and
perhaps they rarely are so. The listener’s interpretation is ‘correct” merely
when he adequately experiences the means of expression either as an
expression of the speaker’s actual content of consciousness (as it really is)
or as an cxpression of the content of consciousness which the speaker
(really) intends to express. In the first-mentioned case onc may say that
tl ¢ listener has found a psychologically correct interpretation, in the last-
mentioned case that he has found a linguistically correct interpretation.
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To find such correct interpretations of the expressions of a speaker is,
however, a very difficult matter, and many misunderstandings are possible
as well as coirect understandings which the speaker had not intended by
his expressions.

Mutual understanding thus seems to be a very complicated process which
1 cannot go deeper into here. What [ would stress in this connection is
mercly the great importance of distinguishing between word- and state-
ment-images on the one hand and ‘meanings’ or concepts expressed by
means of these Images on the other. Indeed, in my opinion it is just the
connection between the images mentioned and their ‘meanings’ that
make the most fundamental difference between a language and a calculus,
it being essential to a language to have a meaning and to a calculus not
to need one. While an element of a calculus need not be capable of being
interpreted but may function as a mere sound or shape, a word ceases to
be a word and degenerates into a mere sound or shape, if it loses its
‘meaning’ or ceases to be part of an expression of a ‘meaning’. When
linguists formulate grammatical and syntactical rules for conjugations or
for combinations of word-images they always presuppose that these
images arc images of words, i.e. that they have a ‘meaning’. But when
constructors of calculuses formulate rules for combinations of the
symbols of the calculuses they abstract in principle from any possible
interpretation of same. The linguistic ‘commutation test’ is, therefore, so
important in linguistics in order to identify or to distinguish between
words (see c.g. L. Hjelmslev: ‘Prolegomena to a Theory of Language’,
pp. 29-48, especially pp. 46-47), while such a test is quite irrelevant in a
calculus. While a calculus remains a calculus whether an interpretation
of it exists or not, a language ceases to be a language, if it loses its
‘meaning’. And while Carnap’s ‘Principle of Tolerance’ (see ‘Logical
Syntax of Language’, pp. 51-52) may be valid for any calculus, it has no
validity at all for languages. The syntactical rules of a calculus, as of any
other game, arc conventional, whereas the syntactical rules of a language
arc empirical truths found by observation of the actual linguistic usage.
So much concerning the differences between calculuses and languages.
And now some remarks concerning the peculiarity of logic.

In my opinion logic has to do neither with relations between words or
sentences. nor between calculatory shapes or sounds, but with relations
between ‘meanings’ or concepts. The fundamental /ogical relations are
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exclusion (either exhaustive, i.e. contradiction, or non-exhaustive, i.e.
contrariety) and entailment and its converse. These relations do not
exist between word- or statement-images nor between the symbols of a
calculus, but solely between ‘meanings’ or concepts and, secondarily,
between statements. The images and ‘symbols’ are mere sense data, and
no sense datum is standing in any logical relation to any other sense datum.
To be true, some sense data are incompatible with some other sense data
while they are compatible with some different ones, and in some cases
one can make inferences from some sense data to some others while in
other cases no such inferences are possible. But such incompatibilities or
compatibilities or inferential connections are empirical facts. They are
not logical relations between sense data, although they may be foun-
dations of logical relations between the concepts to the formation of
which they may give occasion. A sense datum as such neither contradicts
nor entails any other sense datum. In this sense it seems quite right to
speak of a ‘logical atomism’ of sense data. Experience, however, shows
that some sense data have always appeared together or that the one has
always succeeded the other (or, at least, that such relations between
sense data have merely been altered by alteration of the conditions of
the sense organs, e.g. by closing of the eyes, or by withdrawing of the
" fingers, etc.), and these observed constant connections between the
sense data seem to be the bases of our concepts of things and of laws, i.e.
concepts of constant connections of sense data. If such connections
remain constant while the complex that 1 name ‘I’ or ‘myself’ varies,
then the connections are independent of the I (the observer) and may
be considered objective: the independence of the variations of the
‘subject’ being my criterion of objectivity, — even if the sense data in some
sense are ‘my’ sense data, i.e. are experienced by me. The fact that 1
experience something is, of course, dependent on me, but whar I experience
may be independent of me.
While no logical relations exist between my sense data such relations do
exist between my concepts ~ whatever the nature of concepts may be
(they are, in my opinion, a kind of mental attitudes). Some concepts are
in fact incompatible while other concepts are compatible, and among
some of the compatible concepts there may exist entailment-relations
while other compatible concepts are logically independent of each other.
Like any other content of consciousness, any concept may be cxpressed by
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some sound or shape, and the system of such meaningful expressions are,
as already remarked, the (descriptive) languages. Most of those linguistic
expressions are not expressions of logically related concepts, and so far
the language has nothing to do with logic. The linguistic syntax of every-
day languages is of such a character that it allows the construction of
contradictions as well as consistences, of inconsequences as well as
logically correct inferences. Therefore, if one formalizes a text of an
everyday language, the result will most often be a quite illogical collection
of symbols for words, whose ‘meanings’ are not logically related to each
other. It is, however, possible to express logically related concepts
(proofs, argumentations, inferences) in everyday language, and where
this is done everyday language will contain small selections of linguistic
expressions that are expressions of logically related concepts. By for-
malization of such selections of everyday language it is possible to reach
what may be called a ‘logical language’ with a ‘logical syntax’. But this
is quite another thing than an everyday language with a linguistic syntax.
Indeed, the logical character of such ‘logical language’ depends solely
on the ‘meaning’ of the expressions, i.e. on the logical relations between
the concepts expressed in the language. As one and the same ‘meaning’
may be expressed in many ways (in different languages or even within a
single language) there are many different linguistic syntaxes, whereas
there seems to be merely one logic common to all intelligent people.
Logic is thus, in my opinion, best defined as the study of the logical
relations between our concepts (and statements). These relations are not in
any way conventional, but have a character of evidence and necessity
that probably is due to the fact that the formation of our concepts are
subjected to a kind of laws of nature, which we must follow willy-nilly.
These laws are, evidently, not laws of association of ideas, but they may,
perhaps, be analogous to Wertheimer’s ‘Laws of Organization in Percep-
tual Forms’ (see ‘A Source Book of Gestalt Psychology’, prepared by
Willis D. Ellis, p. 71 f.). This, however, being as it may, [ would merely
stress that logic is not a conventional calculus but really a science of ‘the
laws of thought’ as Boole said. Two incompatible concepts cannot be
made compatible by any definition or other convention, and neither can
a statement by convention be made to follow from another from which
it does not in fact follow. This being so, I also would like to emphasize
once more that it seems impossible in principle to define entailment by
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means of truth tables, and this time for another reason than the one
mentioned before. Indeed, a statement may follow from another statement
quite independently of the truth or falsity of the statemcnts. The entail-
ment relation between statements seems to depend on the relation between
the predicates of the statements and thus on their intension, it being quite
immaterial whether these concepts have any extension at all. Or, other-
wise expressed, a statement may be necessary although not being rrue, if
by ‘truth’ we mean correspondence with something different from the
statement. Thus ‘logical sentences’ are expressions of complexes of
concepts between which there exists some logical relation which relation
it is, as a fact, impossible to deny when it is clearly experienced. In this
sense logical connections are empirical, although not sensorial, facts,
even if sensorial experiences may form the original basis from which the
concepts have developed.

When concepts have arisen they may function as a kind of norms or
models for our classification and ordering of perceptions, i.e. we classify
and order our perceptions in such a way that they conform to the con-
ceptual schemes available at the given moment. To the extent these
schemes function as norms, they necessitate a definite conception of the
perceptions. If we have formed a definite concept of a triangle, or a horse,
or an atom, these concepts determine whether a given perceived object is
or is not what we mean by the words ‘triangle’, or ‘horse’, or ‘atom’. And
we know that objects conforming to these concepts must have the qualities
that are entailed by (or follow from) these concepts. If they do not have
these qualities, the objects would not be triangles, or horses, or atoms.
But this necessity concerns merely our present concepts, and it is experi-
ence only that can assure us of the (perceptual) existence of objects corre-
sponding to the concepts. Thus, the consistency of our concepts can never
guarantee that corresponding objects exist. And if we wish that our
concepts should correspond to our perceptions, we must form and alter
our concepts in such a way that the desired correspondence is obtained.
Our conceptual schemes are always hypothetical as to the objects of our
perceptions, and the whole development of our conceptual knowledge
(our concepts and theorics) consists in a running alteration of our
hypothetical concepts and theories according to the principle: respect the
facts.

To treat in detail the way in which this task is performed (by means of
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abstractions, idealizations, hypothetical generalizations, etc.) would take
us too far, and I must therefore conclude this sketchy article by giving
the following summary:

A language is not a collection of mere sounds or shapes, or ‘strings of
marks’, according to rules or not, but such a system connected with
‘meanings’, i.e. conceived as a collection of expressions of contents of
consciousness. As such contents are continously developing as new
external and internal experiences crop up, it is impossible to prescribe
eternal or necessary rules for the usage of linguistic symbols (expressions).
The regularities actually found by analysis of living (or dead) linguistic
systems are relative to a given stage in this development, even if some of
those regularities are changing more slowly than others. To define a
certain language by means of (in terms of) the regularities existing at a
given moment is merely to fix our concept of the language concerned but
will not stop the development of the language itself, which development
will sooner or later make our (synchronic or structural) definition obsolete.
A calculus, on the other hand, is a conventional construction of meaning-
less shapes or marks that must be mutually combined according to conven-
tional rules. If these rules are arbitrarily changed, the calculus changes
into another calculus. Thus it is quite certain that the rules of a given
calculus will remain constant or invariable forever. The development of a
calculus can, consequently, merely consist in the addition or making of
new combinations in conformity with the rules once fixed, but never in
an alteration of these rules.

If some interpretation of a calculus is found (or presupposed by the
foundation of the calculus), then the calculus becomes a (meaningful)
language. But such a language is always of a restricted character and
application, its meaningfulness never stretching further than the inter-
pretation found.

Finally, logic is the study of the so-called logical relations between the
parts (or elements) of the content of consciousness which are called
‘concepts’ and ‘statements’. Such relations can never be altered conven-
tionally and therefore have a character of necessity. If they are ‘formalized’,
a ‘logical language’ results, and if the regularities of this language
are fixed as norms for the construction of the expressions of this lan-
guage, it may be called a ‘logical calculus’. As regards possibilities of
application, the status of such a ‘logical calculus’ is quite the same as the

37



JORGEN JORGENSEN

status of any other calculus, i.e. it is meaningful merely to the extent to
which an interpretation can be found by internal or external experience.
Without such interpretation the logical calculus, as all other calculuses,
is merely a conventional game that may be entertaining, and cven
fascinating, but not useful in any other way — until an interpretation is
may be found.

University of Copenhagen ( Kobenhavn)
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CARNAP AND LOGICAL TRUTH?)

1

Kant’s question ‘How are synthetic judgments a priori possible?” pre-
cipitated the Critique of Pure Reason. Question and answer notwith-
standing, Mill and others persisted in doubting that such judgments were
possible at all. At length some of Kant’s own clearest purported instances,
drawn from arithmetic, were sweepingly disqualified (or so it seemed; but
see § I1) by Frege’s reduction of arithmetic to logic. Attention was thus
forced upon the less tendentious and indeed logically prior question,
‘How is logical certainty possible?’ It was largely this latter question that
precipitated the form of empiricism which we associate with between-war
Vienna - a movement which began with Wittgenstein’s Tractatus and
reached its maturity in the work of Carnap.

Mill’s position on the second question had been that logic and math-
ematics were based on empirical generalizations, despite their superficial
appearance to the contrary. This doctrine may well have been felt to do
less than justice to the palpable surface differences between the deductive
sciences of logic and mathematics, on the one hand, and the empirical
sciences ordinarily so-called on the other. Worse, the doctrine derogated
from the certainty of logic and mathematics; but Mill may not have been
one to be excessively disturbed by such a consequence. Perhaps classical
mathematics did lie closer to experience then than now; at any rate the
infinitistic reaches of set theory, which are so fraught with speculation
and so remote from any possible experience, were unexplored in his day.
And it is against just these latter-day mathematical extravagances that

1) This paper was written early in 1954 at the request of Professor Schilpp, for
inclusion in a volume on Carnap which he had been planning. The paper has since
appeared in Italian translation as ‘Carnap e la verita logica’, Rivista di Filosofia,
vol. 48 (1957), pp. 3-29. Sclected portions, running to somewhat less than half,

have appeared also in American Philosophers at Work (Sidney Hook, ed.), Criterion
Books, New York, 1956.
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empiricists outside the Vienna Circle have since been known to inveigh,!)
in much the spirit in which the empiricists of Vienna and elsewhere have
inveighed against metaphysics.

What now of the empiricist who would grant certainty to logic, and to the
whole of mathematics, and yet would make a clean sweep of other non-
empirical theories under the name of metaphysics? The Vienncse solution
of this nice problem was predicated on language. Metaphysics was
meaningless through misuse of language; logic was certain through
tautologous use of language.

As an answer to the question ‘How is logical certainty possible?" this
linguistic doctrine of logical truth has its attractions. For there can be no
doubt that sheer verbal usage is in general a major determinant of truth.
Even so factual a sentence as ‘Brutus killed Caesar’ owes its truth not
only to the killing but equally to our using the component words as we do.
Why then should a logically true sentence on the same topic, e.g. ‘Brutus
killed Caesar or did not kill Caesar’, not be said to owe its truth purely
to the fact that we use our words (in this case ‘or’ and ‘not’) as we do?
~ for it depends not at all for its truth upon the killing.

The suggestion is not, of course, that the logically true sentence is @
contingent truth about verbal usage; but rather that it is a sentence which,
given the language, automatically becomes true, whereas ‘Brutus killed
Caeser’, given the language, becomes true only contingently on the alleged
killing.

Further plausibility accrues to the linguistic doctrine of logical truth
when we reflect on the question of alternative logics. Suppose someone
puts forward and uses a consistent logic, the principles of which are
contrary to our own. We are then clearly free to say that he is merely
using the familiar particles ‘and’, ‘all’', or whatever, in other than the
familiar senses, and hence that no real contrariety is present after all.
There may of course still be an important failure of intertranslatability,
in that the behavior of certain of our logical particles is incapable of being
duplicated by paraphrases in his system or vice versa. If the translation
in this sense is possible, from his system into ours, then we are pretty
sure to protest that he was wantonly using the familiar particles ‘and’ and

1) An example is P. W. Bridgman, ‘A physicist's second reaction to Mengenlehre,’
Scripta Mathematica, vol. 2, 19334, pp. 101-117, 224-234.
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‘all’ (say) where he might unmisleadingly have used such and such other
familiar phrasing. This reflection goes to support the view that the truths
of logic have no content over and above the meanings they confer on the
logical vocabulary.

Much thc same point can be brought out by a caricature of a doctrine of
Levy-Bruhl, according to which there are pre-logical peoples who accept
certain simple sclf-contradictions as true. Over-simplifying, no doubt,
let us supposec it claimed that these natives accept as true a certain
sentence of the form ‘p and not p’. Or - not to over-simplify too much -
that they accept as true a certain heathen sentence of the form ‘q kabuq’
the English translation of which has the form ‘p and not p’. But now
just how good a translation is this, and what may the lexicographer’s
method have been? If any evidence can count against a lexicographer’s
adoption of ‘and’ and ‘not’ as translations of ‘ka’ and ‘bu’, certainly the
natives’ acceptance of ‘q ka bu q’ as true counts overwhelmingly. We
are left with the meaninglessness of the doctrine of there being pre-
logical peoples; prelogicality is a trait injected by bad translators. This
is one more illustration of the inseparability of the truths of logic from
the meanings of the logical vocabulary.

We thus sec that there is something to be said for the naturalness of the
linguistic doctrine of logical truth. But before we can get much further we
shall have to become more explicit concerning our subject matter.

11

without thought of any epistemological doctrine, either the linguistic
doctrinc or another, we may mark out the intended scope of the term
‘Jogical truth’, within that of the broader term ‘truth’, in the following
way. First we suppose indicated, by enumeration if not otherwise, what
words are to be called logical words; typical ones are ‘or’, ‘not’, ‘if’,
‘then’, ‘and’, ‘all’, ‘every’, ‘only’, ‘some’. The logical truths, then, are
those true sentences which involve only logical words essentially. What
this means is that any other words, though they may also occur in a
logical truth (as witness ‘Brutus’, ‘kill’, and ‘Caesar’ in ‘Brutus killed or
did not kill Caesar’), can be varied at will without engendering falsity.!)

1y Substantially this formulation is traced back a century and a quarter by Yehoshua
Bar-Hillel, ‘Bolzano’s definition of analytic propositions,” Merhodos, vol. 2, 1950,
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Though formulated with reference to language, the above clarification
does not of itself hint that logical truths owe their truth to language.
What we have thus far is only a delimitation of the class, per accidens if
you please. Afterwards the linguistic doctrine of logical truth, which is an
epistemological doctrine, goes on to say that logical truths are true by
virtue purely of the intended meanings, or intended usage, of the logical
words. Obviously if logical truths are true by virtue purely of language,
the logical words are the only part of the language that can be concerned
in the matter; for these are the only ones that occur essentially.
Elementary logic, as commonly systematized nowadays, comprises
truth-function theory, quantification theory, and identity theory. The
logical vocabulary for this part, as commonly rendered for technical
purposes, consists of truth-function signs (corresponding to ‘or’, ‘and’,
‘not’, etc.), quantifiers and their variables, and ‘=".

The further part of logic is set theory, which requires there to be classes
among the values of its variables of quantification. The one sign needed
in set theory, beyond those appropriate to elementary logic, is the
connective ‘€’ of membership. Additional signs, though commonly used
for convenience, can be eliminated in well-known ways.

In this dichotomy I leave metatheory, or logical syntax, out of account.
For, either it treats of special objects of an extralogical kind, viz. notation-
al expressions, or else, if these are made to give way to numbers by
arithmetization, it is reducible via number theory to set theory.

1 will not here review the important contrasts between elementary logic
and set theory, except for the following one. Every truth of elementary
logic is obvious (whatever this really means), or can be made so by some¢
series of individually obvious steps. Set theory, in jts present staté
anyway, is otherwise. 1 am not alluding here to Gédel’s incompleteness
principle, but to something right on the surface. Set theory was straining

pp. 32-55 (= Theoria, vol. 16, 1950, pp. 91-117). But note that the formulation fails
of its purpose unless the phrase ‘can be varied at will,” above, is understood to provide
for varying the words not only singly but also two or more at a time. E.g., the sentence
*If some men are angels some animals are angels’ can be turned into a falsechood by
simultaneous substitution for ‘men’ and ‘angels’, but not by any substitution for
*angels’ alone, nor for ‘men", nor for ‘animals’ (granted the non-existence of angels)-
For this observation and illustration 1 am indebted to John R. Myhill, who expresses
some indebtedness in turn to Benson Mates. — 1 added most of this footnote in MaY.
1955; thus one year after the rest of the essay left my hands.
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at the leash of intuition ever since Cantor discovered the higher infinites;
and with the added impetus of the paradoxes of set theory the leash was
snapped. Comparative set theory has now long been the trend; for,
so far as is known, no consistent set theory is both adequate to the
purposes envisaged for set theory and capable of substantiation by steps
of obvious reasoning from obviously true principles. What we do is to
develop one or another set theory by obvious reasoning, or elementary
logic, from unobvious first principles which are set down, whether for
good or for the time being, by something very like convention.

Altogether, the contrasts between elementary logic and set theory are
so fundamental that one might well limit the word ‘logic’ to the former
(though I shall not), and speak of set theory as mathematics in a sense
exclusive of logic. To adopt this course is merely to deprive ‘€’ of the
status of a logical word. Frege’s derivation of arithmetic would then
cease to count as a derivation from logic; for he used set theory. At
any rate we should be prepared to find that the linguistic doctrine of
logical truth holds for elementary logic and fails for set theory, or vice
versa. Kant’s readiness to see logic as analytic and arithmetic as syn-
thetic, in particular, is not superseded by Frege's work (as Frege sup-

posed 1)) if ‘logic’ be taken as elementary logic. And for Kant logic
certainly did not include set theory.

111

Where someone disagrees with us as to the truth of a sentence, it often
happens that we can convince him by getting the sentence from other
sentences, which he does accept, by a series of steps each of which he
accepts. Disagreement which cannot be thus resolved I shall call deductively
wrresoluble. Now if we try to warp the linguistic doctrine of logical truth
around into something like an experimental thesis, perhaps a first
approximation will run thus: Deductively irresoluble disagreement as to a
logical truth is evidence of deviation in usage (or meanings) of words. This
is not yet experimentally phrased, since one term of the affirmed rela-
tionship, viz. ‘usage’ (or ‘meanings’), is in dire need of an independent

1) See §§ 87f., 109 of Gottlob Frege, Foundations of Arithmetic (New York: Philosoph-

ical Library, and Oxford: Blackwell, 1950), a reprint of Grundlagen der Arithmetik
(Breslau, 1884) with translation by J. L. Austin.
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criterion. However, the formulation would seem to be fair enough
within its limits; so let us go ahead with it, not seeking more subtlety
until need arises.

Already the obviousness or potential obviousness of elementary logic
can be seen to present an insuperable obstacle to our assigning any
experimental meaning to the linguistic doctrine of elementary logical
truth. Deductively irresoluble dissent from an elementary logical truth
would count as evidence of deviation over meanings if anything can, but
simply because dissent from a logical truism is as extreme as dissent can
get.

The philosopher, like the beginner in algebra, works in danger of finding
that his solution-in-progress reduces to ‘0 = 0. Such is the threat to the
linguistic theory of elementary logical truth. For that theory now scems
to imply nothing that is not already implied by the fact that elementary
logic is obvious or can be resolved into obvious steps.

The considerations which were adduced in § I, to show the naturalness
of the linguistic doctrine, are likewise seen to be empty when scrutinized
in the present spirit. One was the circumstance that alternative logics
are inseparable practically from mere change in usage of logical words.
Another was that illogical cultures are indistinguishable from ill-translated
ones. But both of these circumstances are adequately accounted for by
mere obviousness of logical principles, without hclp of a linguistic
doctrine of logical truth. For there can be no stronger evidence of a
change in usage than the repudiation of what had been obvious, and no
stronger evidence of bad translation than that it translates earnest
affirmations into obvious falsehoods.

Another point in § 1 was that true sentences generally depend for their
truth on the traits of their language in addition to the traits of their
subject matter; and that logical truths then fit neatly in as the limiting
case where the dependence on traits of the subject matter is nil. Consider,
however, the logical truth ‘Everything is self-identical’, or ‘(x)(x = X).
We can say that it depends for its truth on traits of the language (specif-
ically on the usage of = *), and not on traits of its subject matter; but we
can also say, alternatively, that it depends on an obvious trait, viz. self-
identity, of its subject matter, viz. everything. The tendency of our
present reflections is that there is no difference.

I have been using the vaguely psychological word ‘obvious’ non-technic-
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ally, assigning it no explanatory value. My suggestion is merely that the
linguistic doctrine of elementary logical truth likewise leaves explanation
unbegun. I do not suggest that the linguistic doctrine is false and some
doctrine of ultimate and inexplicable insight into the obvious traits of
reality is true, but only that there is no real difference between these two
pseudo-doctrines.

Turning away now from elementary logic, let us see how the linguistic
doctrine of logical truth fares in application to set theory. As noted in
§ 11, we may think of ‘€’ as the one sign for set theory in addition to those
of elementary logic. Accordingly the version of the linguistic doctrine
which was italicized at the beginning of the present section becomes, in
application to set theory, this: among persons already in agreement on
elementary logic, deductively irresoluble disagreement as to a truth of set
theory is evidence of deviation in usage (or meaning) of ‘g’.

This thesis is not trivial in quite the way in which the parallel thesis for
elementary logic was seen to be. It is not indeed experimentally significant
as it stands, simply because of the lack, noted earlier, of a separate
criterion for usage or meaning. But it does seem reasonable, by the
following reasoning.

Any acceptable evidence of usage or meaning of words must reside
surely either in the observable circumstances under which the words are
uttered (in the case of concrete terms referring to observable individuals)
or in the affirmation and denial of sentences in which the words occur.
Only the second alternative is relevant to ‘c’. Therefore any evidence of
deviation in usage or meaning of ‘e’ must reside in disagreement on
sentences containing ‘e’. This is not, of course, to say of every sentence
containing ‘e’ that disagreement over it establishes deviation in usage or
meaning of ‘€’. We have to assume in the first place that the speaker
under investigation agrees with us on the meanings of words other than
‘e’ in the sentences in question. And it might well be that, even from among
the sentences containing only ‘€’ and words on whose meanings he agrees
with us, there is only a select species S which is so fundamental that he
cannot dissent from them without betraying deviation in his usage
or meaning of ‘c’. But S may be expected surely to include some (if not
all) of the sentences which contain nothing but ‘e’ and the elementary
logical particles; for it is these sentences, insofar as true, that constitute
(pure, or unapplied) set theory. But it is difficult to conceive of how to be
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other than democratic toward the truths of set theory. In exposition we
may select some of these truths as so-called postulates and deduce others
from them, but this is subjective discrimination, variable at will, ex-
pository and not set-theoretic. We do not change our meaning of ‘g’
between the page where we show that one particular truth is deducible
by elementary logic from another and the page where we show the con-
verse. Given this democratic outlook, finally, the law of sufficient reason
leads us to look upon S as including all the sentences which contain only
‘e’ and the elementary logical particles. It then follows that anyone in
agreement on elementary logic and in irresoluble disagreement on set
theory is in deviation with respect to the usage or meaning of ‘¢”; and this
was the thesis.

The effect of our effort to inject content into the linguistic doctrine of
logical truth has been, up to now, to suggest that the doctrinc says
nothing worth saying about elementary logical truth, but that when
applied to set-theoretic truth it makes for a reasonable partial condensa-
tion of the otherwise vaporous notion of meaning as applied to ‘c’.

Iv

The linguistic doctrine of logical truth is sometimes expressed by saying
that such truths are true by linguistic convention. Now if this be so,
certainly the conventions are not in general explicit. Relatively few persons,
before the time of Carnap, had ever seen any convention that engendered
truths of elementary logic. Nor can this circumstance be ascribed merely
to the slipshod ways of our predecessors. For it is impossible in principle,
even in an ideal state, to get even the most elementary part of logic
exclusively by the explicit application of conventions stated in advance.
The difficulty is the vicious regress, familiar from Lewis Carroll,!)
which I have elaborated elsewhere.2) Briefly the point is that the logical
truths, being infinite in number, must be given by general conventions
rather than singly; and logic is needed then to begin with, in the meta-
theory, in order to apply the general conventions to individual cases.

1) What the tortoise said to Achilles,” Mind, vol. 4, 1895, pp. 278fT.

%) *Truth by convention,’ in O. H. Lee (ed.), Philosophical Essays for A. N. Whitehead
(New York, 1936), pp. 90-124. Reprinted in H. Feigl and W. Secllars (eds.), Readings in
Philosophical Analysis (New York: Appleton, 1949).
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‘In dropping the attributes of deliberateness and explicitness from the
notion of linguistic convention,” I went on to complain in the afore-
mentioned paper, ‘we risk depriving the latter of any explanatory force
and reducing it to an idle label.” It would seem that to call elementary
logic true by convention is to add nothing but a metaphor to the linguistic
doctrine of logical truth which, as applied to elementary logic, has itself
come to seem rather an empty figure (cf. § III).

The case of set theory, however, is different on both counts. For set
theory the linguistic doctrine has seemed less empty (cf. § III); in set
theory, moreover, convention in quite the ordinary sense seems to be
pretty much what goes on (cf. § 1I). Conventionalism has a serious claim
to attention in the philosophy of mathematics, if only because of set
theory. Historically, though, conventionalism was encouraged in the
philosophy of mathematics rather by the non-Euclidean geometries and
abstract algebras, with little good reason. We can contribute to sub-
sequent purposes by surveying this situation. Further talk of set theory
is deferred to § V.

In the beginning there was Euclidean geometry, a compendium of truths
about form and void; and its truths were not based on convention
(except as a conventionalist might, begging the present question, apply
this tag to everything mathematical). Its truths were in practice presented
by deduction from so-called postulates (including axioms: I shall not
distinguish); and the selection of truths for this role of postulate, out of
the totality of truths of Euclidean geometry, was indeed a matter of
convention. But this is not truth by convention. The truths were there,
and what was conventional was merely the separation of them into those
to be taken as starting point (for purposes of the exposition at hand)
and those to be deduced from them.

The non-Euclidean geometries came of artificial deviations from Euclid’s
postulates, without thought (to begin with) of true interpretation. These
departures were doubly conventional; for Euclid’s postulates were a
conventional selection from among the truths of geometry, and then the
departures were arbitrarily or conventionally devised in turn. But still
there was no truth by convention, because there was no truth.

Playing within a non-Euclidean geometry, one might conveniently make
believe that his theorems were interpreted and true; but even such
conventional make-believe is not truth by convention. For it is not really
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truth at all; and what is conventionally pretended is that the theorems
are true by non-convention.

Non-Euclidean geometries have, in the fullness of time, received serious
interpretations. This means that ways have been found of so construing
the hitherto unconstrued terms as to identify the at first conventionally
chosen set of non-sentences with some genuine truths, and truths pre-
sumably not by convention. The status of an interpreted non-Euclidean
geometry differs in no basic way from the original status of Euclidean
geometry, noted above.

Uninterpreted systems became quite the fashion after the advent of non-
Euclidean geometries. This fashion helped to cause, and was in turn
encouraged by, an increasingly formal approach to mathcmatics.
Methods had to become more formal to make up for the unavailability,
in uninterpreted systems, of intuition. Conversely, disinterpretation served
as a crude but useful device (until Frege’s syntactical approach came to
be appreciated) for achieving formal rigor uncorrupted by intuition.

The tendency to look upon non-Euclidean geometries as true by con-
vention applied to uninterpreted systems generally, and then carried over
from these to mathematical systems generally. A tendency indeed devel-
oped to look upon all mathematical systems as, qua mathematical,
uninterpreted. This tendency can be accounted for by the increase of
formality, together with the use of disinterpretation as a heuristic aid
to formalization. Finally, in an effort to make some sense of mathematics
thus drained of all interpretation, recourse ‘was had to the shocking
quibble of identifying mathematics merely with the eclementary logic
which leads from uninterpreted postulates to uninterpreted theorems.!)
What is shocking about this is that it puts arithmetic qua interpreted
theory of number, and analysis qua interpreted theory of functions, and
geometry qua interpreted theory of space, outside mathematics alto-
gether.

The substantive reduction of mathematics to logic by Frege, Whitehead,
and Russell is of course quite another thing. It is a reduction not to
elementary logic but to set theory; and it is a reduction of genuine
interpreted mathematics, from arithmetic onward.

") Bertrand Russell, Principles of Mathematics (Cambridge, 1903), pp. 429f.; Heinrich

Behmann, ‘Sind die mathematischen Urteile analytisch oder synthetisch? Erkenntnis,
vol. 4, 1934, pp. 8fF.; and others.
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Vv

Let us then put aside these confusions and get back to set theory. Set
theory is pursued as interpreted mathematics, like arithmetic and
analysis;indeed, it is to set theory that those further branches are reducible.
In set theory we discourse about certain immaterial entities, real or
erroneously alleged, viz. sets, or classes. And it is in the effort to make up
our minds about genuine truth and falsity of sentences about these
objects that we find ourselves engaged in something very like convention
in an ordinary non-metaphorical sense of the word. We find ourselves
making deliberate choices and setting them forth unaccompanied by any
attempt at justification other than in terms of elegance and convenience.
These adoptions, called postulates, and their logical consequences (via
elementary logic), are true until further notice.

So here is a case where postulation can plausibly be looked on as con-
stituting truth by convention. But in § IV we have seen how the philosophy
of mathematics can be corrupted by supposing that postulates always
play that role. Insofar as we would epistemologize and not just mathe-
matize, we might divide postulation as follows. Uninterpreted postulates
may be put aside, as no longer concerning us; and on the interpreted
side we may distinguish between legislative and discursive postulation.
Legislative postulation institutes truth by convention, and seems plausibly
illustrated in contemporary set theory. On the other hand discursive
postulation is mere selection, from a preéxisting body of truths, of
certain ones for use as a basis from which to derive others, initially known
or unknown. What discursive postulation fixes is not truth, but only
some particular ordering of the truths, for purposes perhaps of pedagogy
or perhaps of inquiry into logical relationships (‘logical’ in the sense of
elementary logic). All postulation is of course conventional, but only
legislative postulation properly hints of truth by convention.

It is well to recognize, if only for its distinctness, yet a further way in
which convention can enter; viz. in the adoption of new notations for
old ones, without, as one tends to say, change of theory. Truths contain-
ing the new notation are conventional transcriptions of sentences true
apart from the convention in question. They depend for their truth partly
on language, but then so did ‘Brutus killed Caesar’ (cf. § I). They come
into being through a conventional adoption of a new sign, and they
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become true through conventional definition of that sign rogether with
whatever made the corresponding sentences in the old notation true.
Definition, in a properly narrow sense of the word, is convention in a
properly narrow sense of the word. But the phrase ‘true by definition’
must be taken cautiously; in its strictest usage it refers to a transcription,
by the definition, of a truth of elementary logic. Whether such a sentence
is true by convention depends on whether the logical truths themselves
be reckoned as true by convention. Even an outright equation or bicon-
ditional connection the definiens and the definiendum is a definitional
transcription of a prior logical truth of the form ‘x == x" or ‘p = p".
Definition commonly so-called is not thus narrowly conceived, and must
for present purposes be divided, as postulation was divided, into legislative
and discursive. Legislative definition introduces a notation hitherto
unused, or used only at variance with the practice proposed, or used also
at variance, so that a convention is wanted to scttle the ambiguity.
Discursive definition, on the other hand, sets forth a preéxisting relation
of interchangeability or coextensiveness between notations in already
familiar usage. A frequent purpose of this activity is to show how some
chosen part of language can be made to serve the purposes of a wider
pa}'t. Another frequent purpose is language instruction.

Itis only legislative definition, and not discursive definition nor discursive
Postulation, that makes a conventional contribution to the truth of
sentences. Legislative postulation, finally, affords truth by convention
unalloyed.

Increasingly the word ‘definition’ connotes the formulas of definition
which appear in connection with formal systems, signalled by some extra-
Systematic sign such as ‘=, Such definitions are best looked upon as
correlating two systems, two notations, one of which is prized for its
econgmical lexicon and the other for its brevity or familiarity of ex-
Pf€§81f>n.1) Definitions so used can be either legislative or discursive in
th.exr Inception. But this distinction is in practice left unindicated, and
wisely; for it is a distinction only between particular acts of definition,
and not germane to the definition as an enduring channel of inter-
translation,

The distinction between the legislative and the discursive refers thus to

1) See my From a Logical Point of View (Cambridge, Mass.: Harvard, 1953), pp. 26f.
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the act, and not to its enduring consequence, in the case of postulation
as in the case of definition. This is because we are taking the notion of
truth by convention fairly literally and simple-mindedly, for lack of an
intelligible alternative. So conceived, conventionality is a passing trait,
significant at the moving front of science but useless in classifying the
sentences behind the lines. It is a trait of events and not of sentences.
Might we not still project a derivative trait upon the sentences themselves,
thus speaking of a sentence as forever true by convention if its first
adoption as true was a convention? Noj; this, if done seriously, involves
us in the most unrewarding historical conjecture. Legislative postulation
contributes truths which become integral to the corpus of truths; the
artificiality of their origin does not linger as a localized quality, but
suffuses the corpus. If a subsequent expositor singles out those once
legislatively postulated truths again as postulates, this signifies nothing;
he is engaged only in discursive postulation. He could as well choose his
postulates from elsewhere in the corpus, and will if he thinks this serves
his expository ends.

VI

Set theory, currently so caught up in legislative postulation, may some
day gain a norm - even a strain of obviousness, perhaps — and lose all
trace of the conventions in its history. A day could likewise have been
when our elementary logic was itself instituted as a deliberately con-
ventional deviation from something earlier, instead of evolving, as it
did, mainly by unplanned shifts of form and emphasis coupled with
casual novelties of notation.

Today indeed there are dissident logicians even at the elementary level,
propounding deviations from the law of the excluded middle. These
deviations, insofar as meant for serious use and not just as uninterpreted
systems, are as clear cases of legislative postulation as the ones in set
theory. For here we have again, quite as in set theory, the propounding
of a deliberate choice unaccompanied (conceivably) by any attempt at
justification other than in terms of convenience.

This example from elementary logic controverts no conclusion we have
reached. According to §§ II and 111, the departure from the law of the
excluded middle would count as evidence of revised usage of ‘or’ and
‘not’. (This judgment was upheld in § 11, though disqualified as evidence
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for the linguistic doctrine of logical truth.) For the deviating logician
the words ‘or’ and ‘not’ are unfamiliar, or defamiliarized; and his
decisions regarding truth values for their proposed contexts can then be
just as genuinely a matter of deliberate convention as the decisions of the
creative set theorist regarding contexts of ‘e’.

The two cases are indeed much alike. Not only is departure from the
classical logic of ‘or’ and ‘not’ evidence of revised usage of ‘or’ and
‘not’; likewise, as argued at length in § 1II, divergences between set-
theorists may reasonably be reckoned to revised usage of ‘c’. Any such
revised usage is conspicuously a matter of convention, and can be
declared by legislative postulation.

We have been at a loss to give substance to the linguistic doctrine,
particularly of elementary logical truth, or to the doctrine that the
familiar truths of logic are true by convention. We have found some
sense in the notion of truth by convention, but only as attaching to a
process of adoption, viz. legislative postulation, and not as a significant
lingering trait of the legislatively postulated sentence. Surveying current
events, we note legislative postulation in set theory and, at a more
elementary level, in connection with the law of the excluded middle.

And do we not find the same continually in the theoretical hypotheses of
natural science itself? What seemed to smack of convention in set theory
G V), at any rate, was ‘deliberate choice, set forth unaccompanied by
any. attempt at justification other than in terms of elegance and con-
venience’; and to what theoretical hypothesis of natural science might
not this same character be attributed? For surely the justification of any
theoretical hypothesis can, at the time of hypothesis, consist in no more
than the elegance or convenience which the hypothesis brings to the
containing body of laws and data. How then are we to delimit the category
Of. legislative Postulation, short of including under it every new act of
scientific hypothesis?

Tl'le situation may seem to be saved, for ordinary hypotheses in natural
science, by there being some indirect but eventual confrontation with
empirical data. However, this confrontation can be remote; and, con-
versely, some such remote confrontation with experience may be claimed
even for pure mathematics and elementary logic. The semblance of a
difference in this respect is largely due to over-emphasis of departmental
boundaries. For a self-contained theory which we can check with
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experience includes, in point of fact, not only its various theoretical
hypotheses of so-called natural science but also such portions of logic and
mathematics as it makes use of. Hence I do not see how a line is to be
drawn between hypotheses which confer truth by convention and
hypotheses which do not, short of reckoning all hypotheses to the former
category save perhaps those actually derivable or refutable by elementary
logic from what Carnap used to call protocol sentences. But this version,
besides depending to an unwelcome degree on the debatable notion of
protocol sentences, is far too inclusive to suit anyone.

Evidently our troubles are waxing. We had been trying to make sense
of the role of convention in a priori knowledge. Now the very distinction
between a priori and empirical begins to waver and dissolve, at least
as a distinction between sentences. (It could of course still hold as a
distinction between factors in one’s adoption of a sentence, but both
factors might be operative everywhere.)

Vil

Whatever our difficulties over the relevant distinctions, it must be con-
ceded that logic and mathematics do seem qualitatively different from
the rest of science. Logic and mathematics hold conspicuously aloof
from any express appeal, certainly, to observation and experiment.
Having thus nothing external to look to, logicians and mathematicians
look closely to notation and explicit notational operations: to expressions,
terms, substitution, transposition, cancellation, clearing of fractions,
and the like. This concern of logicians and mathematicians with syntax
(as Carnap calls it) is perennial, but in modern times it has become
increasingly searching and explicit, and has even prompted, as we see, a
linguistic philosophy of logical and mathematical truth.

On the other hand, an effect of these same formal developments in modern
logic, curiously, has been to show how to divorce mathematics (other
than elementary logic) from any peculiarly notational considerations not
equally relevant to natural science. By this I mean that mathematics can
be handled (insofar as it can be handled at all) by axiomatization,
outwardly quite like any system of hypotheses elsewhere in science; and
elementary logic can then be left to extract the theorems.

The consequent affinity between mathematics and systematized natural
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science was recognized by Carnap when he propounded his P-rules
alongside his L-rules or meaning postulates. Yet he did not look upon
the P-rules as engendering analytic sentences, sentences truc purely by
language. How to sustain this distinction has been very much our
problem in these pages, and one on which we have found little encour-
agement.

Carnap appreciated this problem, in Logical Syntax, as a problem of
finding a difference in kind between the P-rules (or the truths thereby
specified) and the L-rules (or the L-truths, analytic sentences, thereby
specified). Moreover he proposed an ingenious solution.!) In effect he
characterized the logical (including mathematical) vocabulary as the
largest vocabulary such that (1) there are sentences which contain only
that vocabulary and (2) all such sentences are determinable as true or
false by a purely syntactical condition — i.e., by a condition which speaks
only of concatenation of marks. Then he limited the L-truths in effect to
those involving just the logical vocabulary essentially.2)

Truths given by P-rules were supposedly excluded from the category of
logical truth under this criterion, because, though the rules specifying
them are formally stated, the vocabulary involved can also be recombined
to give sentences whose truth values are not determinate under any set of
rules formally formulable in advance.

At this point one can object (pending a further expedient of Carnap’s,
which I shall next explain) that the criterion based on (1) and (2) fails of
its purpose. For consider, to begin with the totality of those sentences
which are expressed purely within what Carnap (or anyone) would want

to count as logical (and mathematical) vocabulary. Suppose, in conform-

ity with (2), that the division of this totality into the true and the false is

reproducible in purely syntactical terms. Now surely the adding of one

general term of an extra-logical kind, say ‘heavier than’, is not going to

alter the situation. The truths which are expressible in terms of just

‘heavier than’, together with the logical vocabulary, will be truths of only

the most general kind, such as ‘(3 x) (3 y) (x is heavier than y)’, ‘(x) ~ (x is

heavier than x)’, and ‘(x)(»)(2)(x is heavier than y -y is heavier than

2+ . x is heavier than z)’. The division of the truths from the falsehoods

1) Carnap, Logical Syntax of Language, § 50.
?) Cf. § I above. Also, for certain reservations conveniently postponed at the moment,
see § IX on ‘essential predication.’
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in this supplementary domain can probably be reproduced in syntactical
terms if the division of the original totality could. But then, under the
criterion based on (1) and (2), ‘heavier than’ qualifies for the logical
vocabulary. And it is hard to see what whole collection of general terms
of natural science might not qualify likewise.

The further expedient, by which Carnap met this difficulty, was his use
of Cartesian coordinates.!) Under this procedure, each spatio-temporal
particular ¢ becomes associated with a class K of quadruples of real
numbers, viz., the class of those quadruples which are the codrdinates
of component point-events of ¢. Further let us write K[¢] for the class of
triples which with ¢ appended belong to K; thus K[t] is that class of
triples of real numbers which is associated with the momentary state
of object ¢ at time . Then, in order to say e.g. that ¢; is heavier than c2
at time 1, we say ‘H(Ki[t], K2[r])’, which might be translated as ‘The
momentary object associated with Ki[7] is heavier than that associated
with K2[t].” Now Ki[r] and K:[¢] are, in every particular case, purely
mathematical objects; viz., classes of triples of real numbers. So let us
consider all the true and false sentences of the form ‘H(Ki[t], Ka2[t])
where, in place of ‘K [t]’ and ‘K2 [t]’, we have purely logico-mathematical
designations of particular classes of triples of real numbers. There is no
reason to suppose that all the truths of this domain can be exactly
segregated in purely syntactical terms. Thus inclusion of ‘H’ does violate
(2), and therefore ‘H’ fails to qualify as logical vocabulary. By adhering
to the method of coérdinates and thus reconstruing all predicates of
natural science in the manner here illustrated by ‘H’, Carnap overcomes
the objection noted in the preceding paragraph.

To sum up very roughly, this theory characterizes logic (and mathematics)
as the largest part of science within which the true-false dichotomy can
be reproduced in syntactical terms. This version may seem rather thinner
than the claim that logic and mathematics are somehow true by linguistic
convention, but at any rate it is more intelligible, and, if true, perhaps
interesting and important. To become sure of its truth, interest, and
importance, however, we must look more closely at this term ‘syntax’.

As used in the passage: ‘The terms ‘sentence’ and ‘direct consequence’
are the two primitive terms of logical syntax,’2) the term ‘syntax’ is of

1) Logical Syntax of Language, §§ 3, 15.
2) Carnap, Philosophy and Logical Syntax, p. 47.
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course irrelevant to a thesis. The relevant sense is that rather in which it
connotes discourse about marks and their succession. But here still we
must distinguish degrees of inclusiveness; two different degrees are
exemplified in Logical Syntax, according as the object language is
Carnap’s highly restricted Language I or his more powerful Language II.
For the former, Carnap’s formulation of logical truth is narrowly
syntactical in the manner of familiar formalizations of logical systems by
axioms and rules of inference. But Gédel’s proof of the incompletability
of elementary number theory shows that no such approach can be
adequate to mathematics in general, nor in particular to set theory, nor
to Language II. For Language II, in consequence, Carnap’s formula-
tion of logical truth proceeded along the lines rather of Tarski’s technique
of truth-definition.!) The result was still a purely syntactical specification
of the logical truths, but only in this more liberal sense of ‘syntactical’:
it was couched in a vocabulary consisting (in effect) of (a) names of
signs, (b) an operator expressing concatenation of expressions, and
(), by way of auxiliary machinery, the whole logical (and mathematical)
vocabulary itself.

So construed, however, the thesis that logico-mathematical truth is
syntactically specifiable becomes uninteresting. For what it says is that
logico-mathematical truth is specifiable in a notation consisting solely of
(a), (b), and the whole logico-mathematical vocabulary itself. But this
thesis would hold equally if ‘logico-mathematical’ were broadened (at
both places in the thesis) to include physics, economics, arfd anything
else under the sun; Tarski’s routine of truth-definition would still carry
through just as well. No special trait of logic and mathematics has been
singled out after all.

Strictly speaking, the position is weaker still. The mathematics appealed
to in (c) must, as Tarski shows, be a yet more inclusive mathematical
theory in certain respects than that for which truth is being defined.
It was largely because of his increasing concern over this self-stultifying
situation that Carnap relaxed his stress on syntax, in the years following
Logical Syntax, in favor of semantics.

1) Logical Syntax, especially §§ 34a-i, 60a-d. 71a-d. These sections had been omitted
from the German edition, but only for lack of space; cf. p. xi of the English edition.
Meanwhile they had appeared as articles: ‘Die Antinomien . .." and *Ein Gultigkeits-
kriterium..." At that time Carnap had had only partial access to Tarski's ideas

56



CARNAPAND LOGICAL TRUTH

VIII

Even if logical truth were specifiable in syntactical terms, this would not
show that it was grounded in language. Any finite class of truths (to take
an extreme example) is clearly reproducible by a membership condition
couched in as narrowly syntactical terms as you please; yet we certainly
cannot say of every finite class of truths that its members are true purely by
language. Thus the ill-starred doctrine of syntactical specifiability of
logical truth was always something other than the linguistic doctrine
of logical truth, if this be conceived as the doctrine that logical truth
is grounded in language. In any event the doctrine of syntactical specifi-
ability, which we found pleasure in being able to make comparatively
clear sense of, has unhappily had to go by the board. The linguistic
doctrine of logical truth, on the other hand, goes sturdily on.

The notion of logical truth is now counted by Carnap as semantical.
This of course does not of itself mean that logical truth is grounded in
language; for note that the general notion of truth is also semantical,
though truth in general is not grounded purely in language. But the
semantical attribute of logical truth, in particular, is one which, according
to Carnap, is grounded in language: in convention, fiat, meaning. Such
support as he hints for this doctrine, aside from ground covered in
§§ I-VI, seems to depend on an analogy with what goes on in the pro-
pounding of artificial languages; and I shall now try to show why I think
the analogy mistaken.

I may best schematize the point by considering a case, not directly
concerned with logical truth, where one might typically produce an
artificial language as a step in an argument. This is the imaginary case of a

logical positivist, say Ixmann, who is out to defend scientists against the

demands of a metaphysician. The metaphysician argues that science

presupposes metaphysical principles, or raises metaphysical problems,

and that the scientists should therefore show due concern. Ixmann’s

answer consists in showing in detail how people (on Mars, say) might speak

a language quite adequate to all of our science but, unlike our language,

incapable of expressing the alleged metaphysical issues. (I applaud

(cf. *Giiltigkeitskriterium,’ footnote 3), the full details of which reached the non-Slavic

world in 1936: Alfred Tarski, ‘Der Wahrheitsbegriff in den formalisierten Sprachen,’
Studia Philosophica, vol. 1, pp. 261-405.
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this answer, and think it embodies the most telling component of Carnap’s
own anti-metaphysical representations; but here I digress.) Now how
does our hypothetical Ixmann specify that doubly hypothetical language?
By telling us, at least to the extent needed for his argument, what these
Martians are to be imagined as uttering and what they are thereby to be
understood to mean. Here is Carnap’s familiar duality of formation rules
and transformation rules (or meaning postulates), as rules of language.
But these rules are part only of Ixmann’s narrative machinery, not part
of what he is portraying. He is not representing his hypothetical Martians
themselves as somehow explicit on formation and transformation rules.
Nor is he representing there to be any intrinsic difference betwcen those
truths which happen to be disclosed to us by his partial specifications
(his transformation rules) and those further truths, hypothetically likewise
known to the Martians of his parable, which he did not trouble to
sketch in.

The threat of fallacy lurks in the fact that Ixmann’s rules are indeed
arbitrary fiats, as is his whole Martian parable. The fallacy consists in
confusing levels, projecting the conventional character of the rules into
the. story, and so misconstruing Ixmann’s parable as attributing truth-
legislation to his hypothetical Martians.

Thf: case of a non-hypothetical artificial language is in principle the same.
Being a new invention, the language has to be explained; and the
explanation will proceed by what may certainly be called formation and
tr%l‘nsformation rules. These rules will hold by arbitrary fiat, the artifex
being boss. But all we can reasonably ask of these rules is that they enable
us to find corresponding to each of his sentences a sentence of like truth
vah{e in familiar ordinary language. There is no (to me) intelligible
additional decree that we can demand of him as to the boundary between
ana}ytic and synthetic, logic and fact, among his truths. We may well
decide to extend our word ‘analytic’ or ‘logically true’ to sentences of his
langl‘xage which he in his explanations has paired off fairly directly with
English sentences so classified by us; but this is our decree, regarding our

word ‘analytic’ or ‘logically true’.
IX
We had in § IT to form some rough idea of what logical truth was supposed
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to take in, before we could get on with the linguistic doctrine of logical
truth. This we did, with help of the general notion of truth 1) together
with a partial enumeration of the logical vocabulary of a particular
language. In § VII we found hope of a less provincial and accidental
characterization of logical vocabulary; but it failed. Still, the position is
not intolerable. We well know from modern logic how to devise a
technical notation which is admirably suited to the business of ‘or’,
‘not’, ‘and’, ‘all,” ‘only’, and such other particles as we would care to
count as logical; and to enumerate the signs and constructions of that
technical notation, or a theoretically adequate subset of them, is the work
of a moment (cf. § 11). Insofar as we are content to think of all science as
fitted within that stereotyped logical framework - and there is no hardship
in so doing - our notion of logical vocabulary is precise. And so, deriv-
atively, is our notion of logical truth. But only in point of extent. There is
no epistemological corollary as to the ground of logical truth (cf. § 1I).
Even this half-way tolerable situation obtains only for logical truth in a
relatively narrow sense, omitting truths by ‘essential predication’ (in
Mill’s phrase) such as ‘No bachelor is married’. 2) I tend to reserve the
term ‘logically true’ for the narrower domain, and to use the term
‘analytic’ for the more inclusive domain which includes truths by essential
predication. Carnap on the contrary has used both terms in the broader
sense. But the problems of the two subdivisions of the analytic class
differ in such a way that it has been convenient up to now in this essay
to treat mainly of logical truth in the narrower sense.

The truths by essential predication are sentences which can be turned into
logical truths by supplanting certain simple predicates (c.g. ‘bachelor’)
by complex synonyms (e.g. ‘man not married’). This formulation is not
inadequate to such further examples as ‘If A is part of Band B s part of C
then A4 is part of C’; this case can be managed by using for ‘is part of’
the synonym ‘overlaps nothing save what overlaps’.?) The relevant notion

1) In defense of this general notion, in invidious contrast to that of analyticity, see my
From a Logical Point of View, pp. 137f.

?) Cf. M. White, ‘The analytic and the synthetic: an untenable dualism,” in Sidney
Hook (ed.), John Dewey: Philosopher of Science and Freedom (New York: Dial, 1950),
pp. 316-330. Reprinted in Leonard Linsky (ed.), Semantics and the Philosophy of
Language (Urbana: University of lllinois Press, 1952). -

3) Cf. Nelson Goodman, The Structure of Appearance (Cambridge, Mass.: Harvard,
1951).
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of synonymy is simply analytic coextensiveness (however circular this
might be as a definition).

To count analyticity a genus of logical truth is to grant, it may seem, the
linguistic doctrine of logical truth; for the term ‘analytic’ directly suggests
truth by language. But this suggestion can be adjusted, in parallel to what
was said of ‘true by definition’ in § V. ‘Analytic’ means true by synonymy
and logic, hence no doubt true by language and logic, and simply true
by language if the linguistic doctrine of logical truth is right. Logic itself,
throughout these remarks, may be taken as including orexcluding set theory
(and hence mathematics), depending on further details of onc’s position.
What has made it so difficult for us to make satisfactory sensc of the
linguistic doctrine is the obscurity of ‘true by language’. Now ‘synonym-
ous’ lies within that same central obscurity; for, about the best we can
say of synonymous predicates is that they are somehow ‘coextcnsive by
language’. The obscurity extends, of course, to ‘analytic’.

One quickly identifies certain seemingly transparent cases of synonymy,
such as ‘bachelor’ and ‘man not married’, and scnses the triviality of
associated sentences such as ‘No bachelor is married’. Conceivably the
mechanism of such recognition, when better understood, might be made
the basis of a definition of synonymy and analyticity in terms of linguistic
behavior. On the other hand such an approach might make sense only of
something like degrees of synonymy and analyticity. I sce no reason to
expect that the full-width analyticity which Carnap and others make
such heavy demands upon can be fitted to such a foundation in even an
approximate way. In any event, we at present lack any tenable general
§uggestion, either rough and practical or remotely theoretical, as to what
it is to be an analytic sentence. All we have are purported illustrations,
and claims that the truths of elementary logic, with or without the rest of
mathematics, should be counted in. Wherever there has been a semblance
of. a general criterion, to my knowledge there has been either some drastic
failure such as tended to admit all or no sentences as analytic, or there
has been a circularity of the kind noted three paragraphs back, or there
has been a dependence on terms like ‘meaning’, ‘possible’, ‘conceivable’,
and the like, which are at least as mysterious (and in the same way) as
what we want to define. I have expatiated on these troubles elsewhere, as
has White.1)

1) Quine, From a Logical Point of View, Essay 11; White, op. cit.
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Logical truth (in my sense, excluding the additional category of essential
predication) is, we saw, well enough definable (relatively to a fixed
logical notation). Elementary logical truth can even be given a narrowly
syntactical formulation, such as Carnap once envisaged for logic and
mathematics as a whole (cf. § VI1I); for the deductive system of elementary
logic is known to be complete. But when we would supplement the logical
truths by the rest of the so-called analytic truths, true by essential
predication, then we are no longer able even to say what we are talking
about. The distinction itself, and not merely an epistemological question
concerning it, is what is then in question.

What of settling the limits of the broad class of analytic truths by fixing
on a standard language as we did for logical truth? No, the matter is very
different. Once given the logical vocabulary, we have a means of clearly
marking off the species logical truth within the genus truth. But the
intermediate genus analyticity is not parallel, for it does not consist of
the truths which contain just a certain vocabulary essentially (in the sense
of § 11). To segregate analyticity we should need rather some sort of
accounting of synonymies throughout a universal language. No reg-
imented universal language is at hand, however, for adoption or con-
sideration; what Carnap has propounded in this direction have of course
been only illustrative samples, fragmentary in scope. And even if there
were one, it is not clear by what standards we would care to settle ques-
tions of synonymy and analyticity within it.

X

Carnap’s present position !) is that one has specified a language quite
rigorously only when he has fixed, by dint of so-called meaning postulates,
what sentences are to count as analytic. The proponent is supposed to
distinguish between those of his declarations which count as meaning
postulates, and thus engender analyticity, and those which do not. This
he does, presumably, by attaching the label ‘meaning postulate’.

But the sense of this label is far less clear to me than four causes of its
seeming to be clear. Which of these causes has worked on Carnap, if any,
I cannot say; but I have no doubt that all four have worked on his readers.
One of thesc causes is misevaluation of the role of convention in con-

) See particularly ‘Meaning postulates.’
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nection with artificial language; thus note the unattributed fallacy
described in § VIII. Another is misevaluation of the conventionality of
postulates: failure to appreciate that postulates, though they are postu-
lates always by fiat, are not therefore true by fiat; cf. §§ IV-V. A third is
over-estimation of the distinctive nature of postulates, and of definitions,
because of conspicuous and peculiar roles which postulates and defini-
tions have played in situations not really relevant to present concerns:
postulates in uninterpreted systems (cf. § IV), and definitions in double
systems of notation (cf. § V). A fourth is misevaluation of legislative
postulation and legislative definition themselves, in two respects: failure
to appreciate that this legislative trait is a trait of scientific hypotheses
very generally (cf. § VI), and failure to appreciate that it is a trait of the
passing event rather than of the truth which is thereby instituted (cf. end
of § V).

Suppose a scientist introduces a new term for a certain substance or
force. He introduces it by an act either of legislative definition or of
legislative postulation. Progressing, he evolves hypotheses regarding
further traits of the named substance or force. Suppose now that some
such eventual hypothesis, well attested, identifies this substance or force
with one named by a complex term built up of other portions of his
scientific vocabulary. We all know that this new identity will figure in the
ensuing developments quite on a par with the identity which first came of
the act of legislative definition, if any, or on a par with the law which
first came of the act of legislative postulation. Revisions, in the course of
further progress, can touch any of these affirmations equally. Now I urge

that scientists, proceeding thus, are not thereby slurring over any

meaningful distinction. Legislative acts occur again and again; on the

other hand a dichotomy of the resulting truths themselves into analytic

and synthetic, truths by meaning postulate and truths by force of nature,

has been given no tolerably clear meaning even as a methodological ideal.

One conspicuous consequence of Carnap’s belief in this dichotomy may

be seen in his attitude toward philosophical issues, €.g. as to what there is.

It is only by assuming the cleavage between analytic and synthetic truths

that he is able e.g. to declare the problem of universals to be a matter not

of theory but of linguistic decision.!) Now I am as impressed as anyone

1) Se:e Carnap, ‘Empiricism, semantics, and ontology,” Revue internationale de Philo-
sophie, 1950, especially § 3, longest footnote.
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with the vastness of what language contributes to science and to one’s
whole view of the world; and in particular I grant that one's hypothesis
as to what there is, e.g. as to there being universals, is at bottom just as
arbitrary or pragmatic a matter as one’s adoption of a new brand of set
theory or even a new system of bookkeeping. Carnap in turn recognizes
that such decisions, however conventional, ‘will nevertheless usually be
influenced by theoretical knowledge.’!) But what impresses me more
than it does Carnap is how well this whole attitude is suited also to the
theoretical hypotheses of natural science itself, and how little basis there
is for a distinction.

The lore of our fathers is a fabric of sentences. In our hands it develops
and changes, through more or less arbitrary and deliberate revisions and
additions of our own, more or less directly occasioned by the continuing
stimulation of our sense organs. It is a pale grey lore, black with fact and
white with convention. But I have found no substantial reasons for

concluding that there are any quite black threads in it, or any white
ones.

Harvard University

1) Op cit., § 2, fifth paragraph.
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EXTENSION AND INTENSION

I. INTRODUCTION

One of the most important operations in the logic of science as conceived
of by R. Carnap is the explication of a familiar but vague concept. It
consists in replacing that concept by a new and exact concept; the carlier
concept is called the explicandum, the new concept by which it is replaced
is called the explicatum.

An operation of this kind can be carried out in two different ways. In the
first place, we may start from a critical examination of such definitions
or other elucidations of the explicandum as we happen to come across
and try to convert these descriptions into a precise definition of a new
concept which is then accepted as an explicatum. Secondly we may define
the explicatum in a straightforward manner, independently of any
traditional elucidations of the explicandum, and then try to show that
the new concept thus obtained is indeed a suitable substitute for the
earlier concept.

The purpose of the present essay is to apply the second procedure in an at-
tempt to provide explications for the concepts of extension and of intension.
These concepts are currently used in an epistemological context and
with respect to terms which occur in certain domains of knowledge. Such
domains may consist, for instance, of all cosmological insights of educated
adult persons, of all astronomical insights of professional astronomers,
or of all chemical insights of a professional chemist.

We shall assume that the insights belonging to each domain can be
expressed by means of true sentences in a suitable terminology and that
for cach domain these sentences form a deductive system in accordance
with elementary predicate logic. Of course, these assumptions arc highly
debatable ones; they are nevertheless justified by the fact that in similar
epistemological discussions they arc currently made, that they simplify
the following observations, and that our main conclusions do not
essentially depend on them.
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The deductive systems corresponding to the above-mentioned domains
of knowledge will be, respectively, referred to as E, as 4 and as C.

II. DEDUCTIVESYSTEMS AND THEIR MODELS

It is essential for our discussion that the systems E, 4, and C, as well as
all similar ones, are incomplete.

An incomplete system S is a deductive system for which we can find two
sentences U and U, formulated in the terminology of S, such that neither
U nor U is contained in S. Accordingly, the system S will have two kinds
of models. For models of both kinds all sentences contained in S are true;
but for models of the first kind U is true and U is false, and for models
of the sccond kind U is false and U is true.

Now let M be any model of S. Those sentences which are formulated in
the terminology of S and which are true with respect to M will form a
certain deductive system S°. We observe that

(i) S°is complete as, for any choice of a sentence U, either U or U is true
with respect to M and thus must be contained in S°;

(ij) S° includes S, as any sentence U in S is true with respect to M and
thus must be contained in S°.

We can state this observation more briefly by saying that each model
M of S determines a complete extension S° of S.

It is a well-known fact that different models M and M’ may determine
the same complete extension S°. In that case (which for our present
discussion is not particularly important) the terminology of S clearly
does not enable us to describe the difference between M and M'.

The choice of a definite model M of S determines a unique denotatum
M (1) for cach constant or closed term t in the terminology of S. In partic-
ular, as we have seen, it determines a unique truth value M (U) for each
sentence U.

11I. EXTENSION AND INTENSION

Let us now consider a certain specific model M° of S and a certain set
{M} of modecls of S; we assumc that M° belongs to {M}. Then we can
dcefine, withrespect to M° and { M }, the extension and intension of a constant
or closcd term ¢ in the terminology of S, as follows.
(1) The extension of t is the denotatum M°(7) of 1;
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(ij) The intension of t is the denotatum M (r) of ¢ as a function of M for
Min {M}.
Hence ¢ and ¢’ have the same extension, if M°(t) = M°(t’), and the same
intension, if, for every M in {M}, M(t) = M(¢'). As M° is in {M},
sameness of intension implies sameness of extension; the converse im-
plication clearly does not hold true.
In the following discussion, we shall assume that the set {A } is the set
of all models M of the deductive system S under discussion.
Now let U and V be sentences in the terminology of S. Then U and V
will have the same extension, if U and V are both true or both false with
respect to M°. Accordingly, both U and ¥ or both U and ¥ are in the
complete extension S° determined by M°; this will be the case, if and only
if both U — ¥ and V — U are contained in S°.
Uand V will have the same intension if, with respect to any model M of S,
U and V have the same truth value, that is, if both U — V and V — U
are true with respect to any model M of S. By the completeness theorem
for elementary logic this will be the case, if and only if both U — V and
V' — U are contained in S.

1V. APPLICATIONS

Let us apply the above notions to the deductive system E characterized
above. M° will be the real world, whereas {M} will contain both the
real world and all possible worlds. These ‘metaphysical’ terms will cause
no trouble because of the assumptions which have been stated. Moreover,
as E is incomplete, certain differences between possible worlds M and M’
can be described by means of the terminology of the system E. In partic-
u?ar, this terminology makes allowance for the description of certain
differences between the real world M° and a possible world M.

Il'l asserting a sentence U in the terminology of the system E, we may refer
either to all models in the set {M} or only to the model M°. In the first
f:ase, the assertion will be justified if and only if the sentence U is in E;
In the second case, it will be justified if and only if U is contained in the
Cf)mplete extension E° determined by M°.

(i) Let us suppose that the terminology of the system E contains the
terms ‘Morning Star’ and ‘Evening Star’. Presumably, the sentence:

Morning Star = Evening Star
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will be in E° but not in E. Hence, there will be possible worlds in which
the Morning Star is different from the Evening Star. Thus, with respect
to M° and {M}, the terms ‘Morning Star’ and ‘Evening Star’ will have
the same extension, but different intensions.

The situation will change if the system E is replaced by the deductive
system A. By our suppositions, M° will still be a model of 4, but the set
{M"} of all possible worlds which are models of 4 will be a proper part
of the above set {M}. Accordingly, we may assume that the sentence:

Morning Star = Evening Star

is in A. Therefore, with respect to M° and {M'}, the terms ‘Morning
Star’ and ‘Evening Star’ will have both the same extension and the same
intension.

(ij) As a second example, let us consider a counterfactual conditional,
such as:

If the moon were a green cheese, then2 + 2 = 5.

If referred to the real world M °, this sentence is true; hence it is contained
in the system E° and so its assertion would seem to be justified. However,
the subjunctive mood in the sentence makes it clear that it should be
referred, not only to the real world M°, but rather to the set {M} of all
possible worlds. Presumably, the deductive system E contains the sen-
tence:
242 #5,

but not the sentence:

The moon is not a green cheese.
Hence the above counterfactual conditional cannot be contained in E
and so its assertion is not justified.
Again, the situation changes completely if the system E is replaced by
the deductive system A.
(ij) It is well known that definitions of the so-called disposition terms
involve subjunctive clauses of the above kind. More often than not the
opinion is defended that such clauses cannot be understood as material
implications.
However, the above discussion suggests that subjunctive clauses can be
understood as material implications, provided they be referred, not only
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to the real world M°, but rather to the set {M} of all possible worlds.
It would carry us too far to consider this point in more detail.

V. CONCLUSION

It has been shown that, for the concepts of extension and intension with
regard to (closed) terms occurring in various domains of knowledge, an
acceptable explication can be given by reference to the denotata of these
terms with respect to the real world and to certain possible worlds.

In the context of this discussion the introduction of these apparently
metaphysical entities will not cause any trouble, as they are nothing else
but the models of certain deductive systems corresponding to each of the
relevant domains of knowledge. It is of essential importance for our
discussion that the deductive systems involved are incomplete.

It seems to follow from our discussion that an explication of the above
concepts, and of a few related ones, does not require the introduction of a
modal or otherwise intensional metalanguage. The explication can be

stated in the semantic metalanguage which serves as a means of expression
for the theory of models,

The University of Amsterdam
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THE PRESENT SITUATION IN THE PHILOSOPHY
OF MATHEMATICS

I. THE PHILOSOPHY OF MATHEMATICS BETWEEN 1930 AND 1960

Thirty years have elapsed since an important international convention
took place in Ko&nigsberg with a view to surveying the main schools of
thought in the philosophy of mathematics. Although this convention
was held in the city where Immanuel Kant was born, taught, wrote, and
died, his philosophical views of mathematical knowledge, which had
enjoyed a virtual monopoly in the nineteenth century, played a negligible
role in the 1930 debates. As a matter of fact, these debates were almost
entirely dominated by three rival schools of thought usually referred to as
mathematical logicism, intuitionism, and formalism. None of these trends
was related to Kant’s philosophy of mathematics.1)

The logicist group was represented in Konigsberg by R. Carnap 2), the
spokesman of intuitionism was A. Heyting,3) and J. von Neumann 4)
stated the case for formalism. The investigators who have been
mainly responsible for these three trends took no direct part in the
convention. Thus, modern logicism originated with B. Russell %) and

A. N. Whitehead,5) whose work was decisively influenced by their older
contemporary, G. Frege, and could be ultimately traced to Leibniz’s

philosophy of mathematics. Similarly, both the founder of the formalist

school, D. Hilbert,5) and the originator of modern mathematical intui-

tionism, L. E. J. Brouwer,?) chose to be represented in Konigsberg by the

1) On closer analysis, this holds also of mathematical intuitionism in spite of the
superficial similarity between the role of our intuition of time in mathematical know-
ledge as stressed by both Kant and Brouwer. Cf. 1. Kant's Prolegomena zu einer jeden
kiinftigen Metaphysik, sec. 10 (1783), and L. E. J. Brouwer, Thesis (1907).

2) R. Carnap, ‘Die logizistische Grundlegung der Mathematik,’ Erkenntnis, 11 (1931),
pp. 91-105.

3) A. Heyting, ‘Die intuitionistische Grundlegung der Mathematik,’ ibid., pp. 106-15.
4) Johann von Neumann, ‘Die formalistische Grundlegung der Mathematik,” ibid.,
pp. 116-21,

5) A. N. Whitehead and B. Russell, Principia Mathematica, Vol. I-11I (1910-1913).

6) D. Hilbert, ‘Gesammelte Abhandiungen,’ 111 (1935), pp. 146ff.
7) Loc. cit.
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aforementioned members of their respective groups. The proceedings
of the Konigsberg convention made apparent several advantages and
drawbacks of each of the three philosophies of mathematics without
revealing a decisive superiority of any one of them.

Another international convention largely concerned with the philosophy
of mathematics was recently held at Stanford, California.l) Ostensibly
the three schools of thought labelled logicism, intuitionism, and formalism
have still dominated the 1960 debates although not all of these schools
were represented by the same investigators as in Konigsberg. Actually,
only A. Heyting was again the spokesman of the intuitionist movement,
testifying thereby to his admirable Dutch perseverance and consistency
of endeavor. Naturally, Professor Heyting became more conciliatory
and appreciative of co-operation rather than competition among the
three schools of mathematical philosophy during the three decades which
elapsed between the 1930 and 1960 conventions. Naturally also, his
emphasis on the co-operation of the three trends of mathematical
philosophy has contributed to making more appealing and effective his
1960 presentation of mathematical intuitionism (as distinct both from
logicism and formalism and from more recent ‘constructivist’ attempts 2)
atlaying down a more satisfactory foundation for mathematics by resorting
to the theory of general recursive functions developed in the last two
decades. This shift in emphasis, however, did not affect the basic tenets
of intuitionism and its undeniable ability to persist in its vicissitudes
without changing intrinsically to any appreciable extent.

As for logicism and formalism, their 1930 protagonists have been replaced
by other spokesmen in 1960, for obvious reasons. J. von Neumann passed
away a few years ago and the formalist position was presented in a letter
addressed to the 1960 convention by P. Bernays, Hilbert’s closest associate
and co-author of the formalist magnum opus on the foundations of
mathematics.3) This letter made it apparent that Hilbert’s initial outlook,

1) The 1960 International Congress for Logic, Methodology, and Philosophy of
Scicnce, August 24-September 2, 1960.

?) Cf:. Constructivity in Mathematics, Proceedings of the Colloquium held in Amster-
dam in 1957 (1959).

291;9.)Hilbert and P. Bernays, Die Grundlagen der Mathematik, Vol. 1 (1934); Vol. 11
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both anti-logicist and anti-intuitionist,!) has been considerably ‘liberalized’
in the subsequent evolution of formalism.

The spokesman of logicism at Stanford was A. Church, one of the world’s
authorities on mathematical logic and foundational research. R. Carnap,
who had represented the logicist philosophy in Konigsberg, made an
essential contribution to the debate on foundations of probability which
took place in another section of the Stanford convention. He refrained,
however, from commenting on the differences between various schools
of mathematical philosophy, possibly because in the interval between
the 1930 and 1960 conventions (actually as early as 1934) he developed a
more comprehensive theory of mathematical knowledge, radically
different from the logicist outlook. Carnap’s new position, condensed
in his ‘Principle of Tolerance’ and expounded in detail in his 1934 work
on the philosophy of language,?) was subsequently modified to some
extent by his adoption, after the 1936 International Philosophical
Congress in Paris, of A. Tarski’s 3) ‘semantic’ approach to the logical
analysis of language. The new mathematical philosophy of the leader of
logical positivism turned out to be more ‘liberal’ than logicism in some
respects and more restrictive in others.

The restrictive implications of Carnap’s new outlook on mathematics
followed from the fact that, between 1934 and 1936, he identified the
philosophy of mathematics with the study of the morphological (or
‘syntactical’) aspects of the language used by mathematicians in the
formulation of mathematical theories, on the understanding that the part
played either by the human users of mathematical language, or by the
nature of the entities which the language enables its users to talk about
or refer to, is irrelevant to the philosophical problems of mathematics.
This exclusive emphasis on a linguistic approach to problems in the
philosophy of mathematics had not appreciably shifted when Carnap
came to realize in 1936 that the philosophy of mathematics includes
not only the morphology of mathematical languages but also their
semantics as conceived, explored, and placed on a firm foundation by
A. Tarski. Tarski’s semantic investigations, which centered about the

1) D. Hilbert, loc. cit.
2) R. Carnap, Die logische Syntax der Sprache (1934).

3) A. Tarski, ‘Grundlegung der wissenschaftlichen Semantik.’ Actes du Congrés de
philosophie scientifique, fasc. VII (1936).
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extra-linguistic reference of the language under consideration, instead
of exploring the syntactical or morphological forms and patterns of
the relevant linguistic expressions, have shed new and revelatory light
onseveral problems of great philosophical importance, e.g., the problem
concerning the meaning of truth.1)

After having adopted the ‘semantical’ viewpoint Carnap made important
contributions to the study of many philosophically significant, semantic
features of any language including languages used by mathematicians.?)
He discovered useful, alternative procedures equivalent to Tarski’s
pioneering semantic method. However, the fact that, from then on,
Carnap considered both the semantic and the morphological aspects
of mathematical languages as being within the scope of mathematical
philosophy did not affect the restrictive nature of his new outlook on
mathematics as compared with logicism since he maintained the emphasis
on a linguistic approach to the philosophy of mathematics after having
extended the subject matter of the latter in the semantic direction.

On the other hand, it is important to realize that the more comprehensive
and liberal nature of Carnap’s new philosophy of mathematics as
compared with logicism was also due to his linguistic approach. The
liberalizing tendency of the linguistic approach can be explained as
follows: since in Carnap’s view the solution to problems in mathematical
philosophy is determined by the language the mathematician uses in
formulating his theories, any differences of opinion concerning the
philosophical aspects of mathematics can be accounted for by assuming
that those who hold conflicting views of mathematical knowledge have
actually chosen different languages for the formulation of mathematical
theories. This explanation holds, in particular, according to Carnap, for
the apparent gap between intuitionism and logicism. In his ‘Logical
Syntax of Language’ Carnap has already tried both to show in detail
how the mathematical language used by intuitionists 3) differs from the
language preferred by logicists 4) and to prove that the disagreement
between these two philosophical views of mathematics is completely
reducible to the linguistic preferences which are implicit in the two

1) A. Tarski, The Concept of Truth in Formalized Languages (1930, Polish).
2) R. Carnap, Introduction to Semantics (1946).

3) Ibid., Chapter I-II.

4) Ibid., Chapter III.
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philosophies. Since the choice of a particular linguistic medium
with a view to formulating a particular body of knowledge is merely
a matter of convenience and manageability, no genuine cognitive
question answerable by a true assertion or a true negation is involved.
It seems obvious, therefore, that, according to Carnap’s new position,
the conflict between logicists and intuitionists (or, for that matter, between
any rival schools of mathematical philosophy) would not involve any
genuine philosophical problem as to who is right or who is wrong.

In a later exposition of his views 1) Carnap stresses the dichotomy of
two types of questions concerned with the language of mathematics or of
any other science, viz., questions he calls ‘external’ and ‘internal’ with
regard to a given language. Thus, in so far as mathematical language
is concerned, the ‘internal’ questions refer to purely mathematical issues
answerable within mathematics proper by well-known deductive proce-
dures, e.g., the question of whether there is a finite or infinite number
of prime numbers. On the other hand, according to Carnap, ‘external’
questions, e.g., those about the nature of mathematical existence or
the subject matter of mathematical knowledge, are actually issues
concerning the advantages or disadvantages of using a particular
mathematical language as compared with other languages which the
mathematician might prefer for his professional activities. These
‘external’ questions obviously belong to the philosophy of mathematics
rather than to mathematics proper and are decidable in terms of con-
venience, conciseness, or manageability, without requiring direct evidence
in support of a particular answer. In other words, since philosophical

questions are of the ‘external’ variety, they actually concern how to

choose the most convenient mathematical language from an infinite

variety of possible languages. No such choice can be meaning-

fully said to be true or false, and this holds also of the mathematical

philosophy underlying a linguistic choice of this kind.

In particular, the question of whether intuitionists, logicists, or formalists

are right in their respective philosophical views of mathematics should be

classified as ‘external’ and as admitting neither a true nor a false

answer. Philosophically speaking, intuitionism, logicism, and formalism

are all on a par. This is how Carnap’s conciliatory attitude towards all

) R. Carnap, ‘Empiricism, semantics, and ontology,” Revue Internationale de Philos-
ophie, Vol. 1V (1950).
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rival schools of mathematical philosophy turned out to be a direct
consequence of his linguistic approach to this branch of the philosophy
of science. No wonder that he was reluctant to comment, at the 1960
Congress, on the philosophical status of these three philosophies of
mathematics.

II. LOGICISM IN 1960

In his address to the 1960 Congress at Stanford A. Church presented an
outline of mathematical philosophy which may be termed ‘moderate
logicism.” He pointed out that, in the original formulation of the logicist
position, due mainly to B. Russell, the relationship between mathematics
and logic has been characterized by the following tenets: (1) all mathemat-
ical concepts can be defined in terms of purely logical concepts, or, as
Professor Church put it, ‘the mathematical vocabulary is part of the
logical vocabulary’; (2) all mathematical assumptions (axioms, postulates)
can be derived from purely logical laws by applying well-established and
purely logical modes of reasoning.

If these two initial, logicist claims could be substantiated, then mathemat-
ics would form a part of logic, according to the view defended by B. Russell
in the first stage of the evolution of logicism. A. Church acknowledged,
however, that the second logicist claim had proved to be untenable. He did
notelaborate on this point but we may presume that he had in mind mathe-
matical assumptions such as Zermelo’s ‘axiom of choice’ or the ‘axiom of
infinity’ used by Russell and Whitehead in their derivation of Peano’s
postulates from logical premises. There is hardly any reason either for
considering these two axioms as intrinsically logical (or derivable from
logical premises) or for questioning the need for these and for similar
postulates in the foundations of mathematics.” It seems, therefore, that
Professor Church’s suggestion that the second logicist claim (and,
consequently, the claim that mathematics is literally part of logic) be
dropped is fully supported by the present situation in the foundations of
mathematics.

What about the first logicist claim that the mathematical vocabulary is
part of the logical vocabulary? A. Church expressed the opinion that this
claim, which has been made ever since the initial phase of the logicist
philosophy of mathematics, was corroborated by subsequent devel-
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opments in foundational research. It is obvious that although this claim
cannot establish the view that mathematics is literally a part of logic,
it could guarantee that, in a precise sense, logic is prior to mathematics.
For suppose that some mathematical terms are clearly part of the logical
vocabulary and that all the remaining mathematical terms are definable
by means of, and hence replaceable by, an appropriate combination of
logical terms (which is just another way of putting the first claim). Then,
no mathematical term, proposition, or proof could be meaningful unless
the corresponding logical terms were meaningful. Since the converse is
not the case, one can see in what precise sense logic would be prior to
mathematics provided that the validity of the first claim be assumed or
established; the meaningfulness of mathematics would depend upon the
meaningfulness of logic, but not vice versa.

To evaluate the present status of mioderate logicism, i.e., the validity
of the first logicist claim on presently available evidence, it is useful to
recall briefly how this claim came to be supported by the impressive over-
all achicvement of the ‘century of mathematical criticism.” To put it in a
nutshell: the successive generalizations of the concept of natural number
(integers, rational, irrational, real, complex, and hyper-complex numbers)
were first shown to be definable in terms of natural numbers. Similarly,
the successive generalizations of the notion of number-theoretical
function have proved definable in terms of this notion, parallel to the
generalizations of those numbers over which the domain and the range
of the gencralized functions, respectively, vary. Later on, the decisive
role played by the set-theoretical, conceptual framework in establishing
the number-theoretical definability of the successively generalized concepts
has been noticed. The next step was reached when the role of set-theoret-
ical concepts in the number-theoretical definability of more complex

mathematical entities induced several investigators (mainly Frege and

Russell) to make a successful attempt at defining the number-theoretical

concepts themselves in set-theoretical terms.!) This was achieved by

defining a cardinal number as the set of all sets isomorphic with a single

set and a natural number as any cardinal number which is never assignable

both to a particular set and to some proper sub-set of this set. The

relation of isomorphism of sets, made use of in the aforementioned

1) B. Russell, Introduction to Marhematical Philosophy (1919).
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definitions, has also proved to be definable in terms of sets, once every
relation was shown by N. Wiener 1) to be so definable.

The final problem which then arose was concerned with the definability
of set-theoretical concepts in purely logical terms. Accordingly, the
outcome of the entire foundational trend just outlined would come to the
single question of whether or not the concept of set, and the group of
other related set-theoretical notions, are definable in purely logical terms
on the assumption that the position of moderate logicism is justifiable.
Some authors feel that the concept of set is intrinsically logical and that,
consequently, the over-all result of the ‘century of mathematical criticism’
comes to the very claim of moderate logicism. As for myself, I find
extremely illuminating and impressive the spectacular array of successful
attempts at analyzing the conceptual apparatus of mathematics which
have been made in the era of ‘mathematical criticism’ and have culminated
in establishing the definability of mathematical concepts in terms of sets.
I see little reason, however, for classifying the concept of set under the
heading of logical concepts. There is no doubt, either, that many a
respectable logician’s name could be quoted in support of a non-logical
status of the concept of ‘set’. However, problems of this kind cannot be
solved by counting noses. The important point is that, should the issue
between logicism and intuitionism (or, for that matter, between Leibniz’s
and Kant’s philosophies of mathematics) be made conditional only on
whether or not the term ‘set’ qualifies as logical, then hardly any justice
would be done to the Leibniz-Kant controversy over the nature of
mathematical knowledge. The latter would then be interpreted as pertain-
ing to lexicography and depending upon a somewhat different propensity
for the lexicographic classification of terms like ‘set’. There seems to be
much more involved in the conflict of these two views of mathematical
knowledge.

Another, much stronger argument against identifying the logicist philos-
ophy of mathematics with attaching the label ‘logical’ to the term ‘set’
can be derived from a closer examination of the very structure of logical
systems. I have in mind the undoubtedly logical theories concerning the
propositional and the predicate-calculi both of which, including their
undefined concepts, have to be utilized in conjunction with set-theoretical

1) N. Wiener, ‘A simplification of the theory of relations,” Proceedings of Cambridge
Philosophical Society, Vol. 17 (1912-14), pp. 387-390.
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concepts in order to ensure the number-theoretical definability of all
less elementary mathematical concepts. The point is that any satisfactory
axiomatic foundation for the propositional and predicate-calculi consists
of a list or description of all the undefined symbols of the logical calculus
under consideration, a list of rules defining the class of ‘well-formed’
sequences of symbols (i.e., sequences which represent propositions within
the calculus), a list of the unproved propositions or axioms of the
calculus, and a list of rules of inference which are associated with the
calculus and which enable the logician to derive his theorems from his
axioms. Sometimes other lists are added to the four lists I have just
mentioned, e.g., a list of rules specifying those sequences of symbols
which are terms (not propositions) or a list which determines how a well-
formed formula can be refuted (rather than demonstrated) on the basis
of the listed axioms. The important feature of all such lists, no matter
whether they are concerned with the supply of undefined symbols, or
with criteria for well-formedness, or with rules of inference, is the
circumstance that these lists 1) are not expressible in the purely logical
language in which the axioms and theorems of the logical system under
consideration are couched but requirenstead resort to ordinary language
and to quite a few unmistakably mathematical concepts, including
concepts of set-theory. For example, in most satisfactory systems of the
propositional calculus, as exemplified in the system developed by
Professor Church,?) the list of undefined symbols is required to include
an infinite (strictly speaking, an enumerably infinite) set of propositional
variables. The concept of an enumerably infinite set is set-theoretical
rather than logical since ‘sets’ could not possibly be defined at the start
of logic and are nevertheless indispensable for the construction and the
understanding of the logical calculus of propositions. It must be granted
that the deductive system of the classical propositional calculus is
susceptible to several distinct axiomatizations which may differ from each
other, as well as from the axiomatization constructed by Professor
Church, in regard to all the relevant lists. There is no shortage of such
equivalent, alternative axiomatizations of the classical propositional

1) With only the exception of list 3 in regard to those special axiomatic systems which
do not involve ‘axiom-schemata.’ Cf. S. C. Kleene, Introduction to Metamathematics,
(1952), p. 81ff., concerning the distinction between an ‘axiom’ and an ‘axiom-schema.’
2) A. Church, Introduction to Mathematical Logic, Vol. 1, (1955) p. 65ff.
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calculus. Yet no matter how much they differ from one another in regard
to their respective lists of undefined symbols, of well-formed sequences
of symbols, of axiomatic propositions, and of rules of inference, the
fact is that the definitions of these four groups of rules, essential for the
logical system under consideration, are always couched in ordinary
language and involve arithmetical (i.e., in the last analysis, set-thcoretical)
concepts. Granted, logical systems can be satisfactorily axiomatized
so as not to involve any axioms at all; the rules of inference can do any
job of which the axioms are capable. But this circumstance only emphasizes
the indispensable part played by mathematical, and hence by set-theoretic-
al, concepts in any intelligible axiomatic system of logic. Never mind that,
for good reasons, the rules of formation (i.e., the list of symbols and the
definitions of well-formed sequences of symbols) and the rules of trans-
formation (i.e., the list of axioms and of rules of inference) are often said
to be formulated in the meta-language rather than in the object-language
of the system. This does not prevent these rules from being integral parts
of the system and from involving set-theoretical concepts.

The conclusion following from this second argument is clear: it may be
the case that all mathematical terms, including the term ‘set’, are either
part of an admittedly logical vocabulary or that they can be defined by
appropriate combinations of items contained in this vocabulary. Such a
fact, even if granted, would not establish the priority of logic to mathemat-
ics in the aforementioned, precise sense, because set-theoretical concepts
are definitely needed both for setting up the basic logical theories of the
propositional and predicate calculus and for making these two calculi
intelligible and meaningful. All one can grant is the symmetrical relation
of mutual inter-connection between mathematical and logical concepts.
This symmetrical relation could not possibly establish the asymmetrical
priority of logic to mathematics in the aforementioned sense.

We may mention that attempts have been made at formalizing the meta-
language required to express the aforementioned four groups of rules
inherent in logical systems.1) It is obvious that, in these special cases, the
meta-language is distinct from ordinary language. However, an exami-

_nation of such meta-languages shows readily that their vocabulary is not
part of the logical vocabulary.

1) S. Lesniewski, ‘Grundziige cines neuen Systems der Grundlagen der Mathematik,’
Fundamenta Mathematicae, Vol. XIV (1929).
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Finally, let us mention a third argument against granting a logical status
to the concept of set. The point is, simply, that abstract set-theory has been
axiomatized in so many ways which are obviously incompatible with
each other 1) that the inclusion of the notion of set within logic would
make logic a highly speculative and controversial discipline, hardly
suitable for laying down firm ‘foundations’ for mathematics, including
the theory of natural numbers: who could possibly doubt that the
‘foundations’ of statements like 2 + 3 = 5’ or ‘I = I’ cannot be supplied
by a logic which includes or entails the axiom of infinity; or the claim
that the set of all sets is its own element; or, alternatively, the claim that
the assertion to the effect that the set of all sets is its own element does
not make sense?

Shall we infer from the aforementioned three arguments that, since on
presently available evidence the first logicist claim seems to be as untenable
as the second claim, the position of logicism, however moderate, must be
definitively abandoned? In the sequel, I shall argue that this is only
apparently the case. In particular, we shall see that pluralistic logicism
is capable of providing a satisfactory adjustment to the present situation
in foundational research because such a version of logicism supplies a
common basis for the main trends in contemporary philosophy of
mathematics.

III. FORMALISMIN 1960

1. The Implications of the Unrealizability of Formalist Objectives.

The formalist philosophy of mathematics originated with D. Hilbert and
consisted initially of a vast research program. The program included the
following major objectives: (1) to prove the consistency of classical
mathematics by using special ‘finitary’ methods (i.e., procedures which
meet somewhat more stringent conditions than those recommended by
intuitionists) within a new discipline called ‘metamathematics’ or ‘proof-
theory’; (2) to solve the decision-problem of classical mathematics, i.e.,

') Thus, in some axiomatizations of set-theory, the concept of a self-containing set is
meaningless whereas, in other axiomatizations, it has a meaning and can be shown to
apply to some sets. Similarly, the set of all sets is meaningless in some axiomatic
systems of set-theory although its existence is provable in other set-theoretical systems.
Furthermore, in some systems of set-theory, a sharp line is drawn between sets and
classes while other systems do without this distinction. Cf. A. Fraenkel and J. Bar-
Hillel, Foundations of Set-Theory (1958).
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to discover effective methods capable either of solving any pre-assigned
mathematical problem in a finite number of predetermined steps or of
proving that the problem has no solution. This second objective was
often formulated somewhat inaccurately as tantamount to the principle
that ‘every mathematical problem is solvable.’

By 1937 both formidable objectives of the formalist program were admitted
everywhere (including Géttingen) to be unrealizable in principle, in view
of logical discoveries made by K. Godel ) and A. Church 2) in 1931 and
1936 respectively. Among Godel’s several 1931 results, one was concerned
with the unexpected fact that any non-trivial mathematical theory (I
mean, any theory capable of providing proofs for all those properties of
natural numbers which are derivable from Peano’s classical set of five
number-theoretical postulates) cannot be proved to be (simply) consistent
without circularity since its consistency-proof would have to make use
of these very properties of natural numbers and of additional, independent
assumptions transcending number-theory. This shows that Hilbert’s first
objective was unattainable in principle.

The unsolvability of the problem which underlies Hilbert’s second objec-
tive is a direct consequence of a result obtained in 1936 by A. Church. He
showed then the non-existence of a decision-procedure for the lower
predicate-calculus, i.e., the impossibility of a uniform procedure for
solving all the problems of this calculus in a finite number of predcter-
mined steps. Church’s discovery came as a surprise because of the com-
parative simplicity of this calculus and in view of the fact that the
calculus was known to be complete, in the sense that all its valid formulae
(i-e., all formulae expressible in the calculus and true in every non-empty
universe of discourse) are provable within the calculus. The impact of
the result, however, was due to another circumstance, viz., to the fact
that the non-existence of a decision-procedure for a particular axiomatic
system was thereby established and, consequently, the unsolvability
of the general decision problem shown.

Church’s theorem has then been successively extended to several logical

1) K. Godel, ‘Uber‘formal unentscheidbare Sitze der Principia Mathematica und
verv;{tlr;d;egrs Systeme,’ Monatshefte fiir Mathematik und Physik, Vol. XXXVII1, (1931)
pp. 173-198.

%) A. Church, ‘A Note on the Entscheidungsproblem,’ The Journal of Symbolic Logic,

Vol. I(1936), and his abstract in the Bulletin of the American Mathematical Society,
Vol. XLI, (1935) p. 333.
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and mathematical theories such as number-theory, elementary group-
theory (i.c., group-theory to the extent to which it is expressible in the
lower functional calculus), the theory of topological spaces, the simplified
theory of logical types, etc. Moreover, A. Tarski!) and his associates
have devised general methods for determining whether or not any pre-
assigned theory admits of a decision-procedure. The number of theories
known to be devoid of a decision-procedure was thereby considerably
increased. At this juncture it will suffice to notice that all these results
show unmistakably that Hilbert’s second objective is unrealizable in
principle.

In view of the aforementioned two negative results it may seem that the
entire formalist program, which has been initially made up of the
problems concerned with the decision-procedure and the consistency of
classical mathematics, should be abandoned since both problems have
turned out to be unsolvable in principle. It is all too human that, at the
beginning, Godel’s 1931 discoveries, which also underlie Church’s 1936
finding, have been looked upon suspiciously by the Hilbert group in
Géttingen. Professor Bernays told me that, during a brief initial phase,
Gottingen presumed that some decisive and elusive mistake was implicit
in Gddel’s proofs. However, it did not take long for Gottingen to realize
that this conjecture was unwarranted. One cannot but admire the way
Professor Bernays then faced the situation created by Gddel’s discoveries
and responded to their challenge. His memorable reaction can be
summarized as follows: Since the decision problem is now known to be
unsolvable in most cases, we shall have to determine the mathematical
theories which do admit of a dccision-procedure. Moreover, since the
problem of proving the consistency of classical mathematics within a
finitary metamathematics turned out to be unsolvable, we shall from now
on drop the requirement of finitary admissibility. Instead, we shall try to
discover whatever is discoverable and important about classical mathemat-
ics by using metamathematical methods regardless of whether the latter
may be finitary or must be non-finitary. There is no need to elaborate on
how fruitful and momentous this courageous response to Godel’s and
Church’s discoveries has been.

The questions I should like to raise in connection with the 1960 status

) A. Tarski, R. M. Robinson, A. Mostowski, Undecidable Theories (1953).
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of formalism are concerned with the following points: (a) the implications
of the failure of Hilbert’s initial program, and (b) the extent to which this
program was actually affected by the aforementioned discoveries. Since
the unsolvability of the general decision-problem, as discovered by
Church in a limited domain and then successively extended by A. Tarski
and his associates, seems definitive, I shall confine my comments on this
point to a single remark: ‘So much the better.” For the effect of this
negative result is simply the fact that the creative mathematician and
logician could not possibly be replaced by any computer, however
ingeniously built, and that, socially speaking, scientific progress will
keep these creative thinkers from unemployment regardless of any
conceivable advance in automation.

However, the first negative result has none of thesc advantages. On the
contrary, if it were the case that we shall never be able to prove the
consistency of the basic mathematical theories then, by the same token,
we would be incapable of knowing that these theories arc consistent, lct
alone that they are true. Our ignorance of the consistency and of the
truth of these theories would, in turn, entail the impossibility of knowing
Whether any other theory which presupposes the basic mathematical theo-
ries is true. Practically speaking, any and every scientific theory would be
involved. Godel’s result would imply that virtually no scientific theory
could be classified as knowledge. The only alternative we would be left
with in regard to science would be belief: since knowing the truth of these
theories would transcend the scope of man’s potentialities, he would have
to believe blindly in the validity of his general outlook, which is presently
based on scientific information; he would also have to believe blindly in
the dependability of the individual and social actions which he is presently
compelled to take on the basis of scientific information. Thus, belief,
rather than knowledge, would have to be admitted as the basis of our
theoretical outlook and practical activity in view of the pervasive part
which science has come to play in man’s life.

I do not claim that such a conclusion would amount to a catastrophe.
But, to begin with (1), I do wonder whether the impossibility of attaining
Hilbert’s first objective, i.e., of constructing a finitary, metamathematical
consistency-proof for classical mathematics, would actually justify the
over-all replacement of scientific knowledge with belief. And I also
wonder (2) to what extent Hilbert’s initial program has actually been
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shown unrealizable by Godel's 1931 results. Let us first evaluate briefly (1),
i.e., the impact upon the sum-total of scientific knowledge of the alleged
impossibility of proving the consistency of basic mathematical theories.
The view that the whole of scientific knowledge would be affected by the
impossibility of proving the consistency of mathematical (and logical)
theories presupposes, obviously, that knowledge based on proof, on the
one hand, and belief, on the other, are the only two alternatives available
to man. But this is hardly the case. I am not referring to empirical
knowledge of facts perceived with or without instruments, or remembered,
since in these cases the dichotomy is clearly wrong. However, in the case
of logical and mathematical theories, the most typical cases of knowledge
are certainly those involving a deductive proof; hence, it seems natural
that, in the logico-mathematical field, all knowledge-situations are often
considered as involving proof. This, however, is certainly not the case.
For the most advanced form of organized knowledge in the fields of
mathematics and logic is certainly represented by a successful application
of the axiomatic method. And the knowledge of most informational items
which belong in a given axiomatic system is certainly derived from a
deductive proof for this item of information. But it is obvious that the
truth of the axioms of the axiomatic system under consideration could
not possibly depend on the availability in the system of a valid deduc-
tive proof for them. Hence, unless a derivative system is envisaged,
the axioms of which are provable in some other, ultimately non-derivative
system, we have to acknowledge that if we know at all that the axioms
of the non-derivative system are true, such knowledge is not the result of a
deductive proof.

It may be granted that, in quite a few axiomatic systems, the relevant
axioms may be claimed to be ‘self-evident’ and ‘self-evidence’ may be con-

sidered as a second source of reliable information, or knowledge, in the

logico-mathematical field, apart from deductive proof. This view has been

considerably weakened during the evolution of the axiomatic method

in the last century but it is far from being definitively refuted.l) However,

even if granted, the cognitive significance of self-evidence would be of no

avail in regard to the consistency-problem, since the consistency of basic

mathematical theories is far from self-evident. The central importance

1) H. Mehlberg, The Reach of Science (1958), p. 225.
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acquired by set-theory in mathematical science illustrates this point
sufficiently: nobody would consider as self-evident any onc of the major
available axiomatizations of set-theory. If set-theory, in turn, is used as a
basis for number-theory, or algebra, or analysis, or any other basic
mathematical theory, then the self-evidence of the latter would not be
compatible with the fact that set-theory is admittedly devoid of self-
evidence.

The only sensible way out of this predicament created by Godel in 1931
which seems open at present is the idea that we should take the differcnce
between mathematics and metamathematics seriously. This is, at bottom,
Hilbert’s basic attitude. However, this great mind interpreted the distinc-
tion between these two inter-related and distinct ficlds of science as
implying the following difference between the kinds of knowledge which
are available or desirable in the two fields, respectively: in classical
mathematics, knowledge is usually based on a deductive proof from
axioms except for the axioms themselves which we may assume as self-
evident or intuitive, or as to be chosen so as to insure their intuitiveness.
On the other hand, knowledge of how problems in metamathematics
are solved should, according to Hilbert, be always of a ‘finitary’ kind, i.c.,
of a kind satisfying a more stringent requirement of intuitiveness than the
requirement adopted in mathematics proper. This view of Hilbert’s is
historically intelligible since he was faced with intuitionist competitors.
But we may doubt whether the historical explanation of Hilbert’s position
provides the epistemological justification of this position. The point is
that, if metamathematical knowledge is required to satisfy too rigid
conditions, we shall find out that there is no metamathematical knowledge.
In particular, the metamathematical problem of the consistency of
mathematics may prove to transcend the potentialities of human know-
ledge if the knowledge of a system’s consistency were expected to meet the
unrealistic conditions which were inherent in the initial phase of the
formalist program. Yet the case of empirical sciences shows clearly that
knowledge may be dependable to a high degree without being deductively
established and, therefore, virtually infallible. And the requirement of
dependable rather than of deductively established or virtually infallible
knowledge can point to a way out of the predicament created by the
demonstrable impossibility of a non-circular consistency-proof for basic
mathematical theories.
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What I am driving at is simply the idea that a mathematical theory can be
dependably known to be consistent if a reasonable number of appropriately
variegated attempts at deriving a contradictory consequence from this
theory have been made over an adequate time by competent investigators
and if all these attempts have proved unsuccessful. Granted, their failure
does not theoretically preclude the possibility that, in a more or less remote
future,a lucky investigator may succeed in deriving such consequences from
this theory. This theoretical possibility points simply to the fact that our
knowledge of the consistency of the theory is not infallible although it is
dependable to a very high degree, But, short of infallibility, an adequate
degree of dependability is perfectly sufficient to warrant our classifying
the consistency of this theory under the heading of knowledge rather
than belief. The situation is exactly the same as in the empirical sciences,
where no infallible knowledge is available and where dependable know-
ledge is carefully distinguished from more belief.
I would like to adduce one more argument in support of the view of
metamathematical knowledge just outlined. It may well happen that, with
a view to unifying mathematical science, several theories may be axiomat-
ized within a single comprehensive system in spite of the fact that the
axioms of this comprehensive system are less dependably known to be
true than some theorems of the unified theories and, consequently, less
dependable than some theorems of the comprehensive system, too. Thus,
elementary arithmetic can be (and sometimes was) axiomatized on a set-
theoretical basis. Yet nobody would claim that we know the truth of set-
theoretical axioms in any major available axiomatization of the theory of
sets more dependably than we do know the truth of grade-school arithmetic.
Hence, the axiomatic unification of mathematical knowledge (including
the reduction of mathematics to logic, or to set theory, or to both)
provides a foundation for mathematics only in those cases where the
axioms of the unifying system are more dependable than the axioms and
theorems of the set of mathematical theories which are unified or reduced
to logic within the single, comprehensive system. Consequently, the
failure of Hilbert’s grandiose program of unification can hardly affect
the dependability of the unified mathematical theories.
The limited effect of the failure of Hilbert’s program upon the depend-
ability of the impressive cluster of mathematical theories which he tried
to place on a common ‘foundation’ can be clarified by reference to certain
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relevant views of Godel’s which he informally conveyed to me, some
years ago, during a discussion we had at Princeton, N. J. According to
Gddel, an axiomatization of classical mathematics on a logical basis or in
terms of set-theory is not literally a foundation of the relevant mathemat-
ics, i.e., a procedure aiming at establishing the truth of the relevant
mathematical statements and at clarifying the meaning of the mathemat-
ical concepts involved in these theories. In Gddel’s view, the role of
these alleged ‘foundations’ is rather comparable to the function dis-
charged, in physical theory, by explanatory hypotheses. Thus, in the
physical theory of electro-magnetic phenomena, we can explain why the
sky looks blue to us under normal circumstances, and we are cven able to
produce the same phenomenon in the laboratory. Both the explanation
of the physical phenomenon under consideration and its production
under laboratory conditions are due to the logical fact that the statements
describing the blue of the sky or that of an artificially produced area in
the laboratory are theorems provable within an axiomatic system the
postulates of which are concerned with hypothetical laws governing
electro magnetic phenomena, the composition of the atmosphere, etc.
It would not occur to a physicist that these electro-magnetic assumptions
which enjoy the role of postulates in an axiomatized, or axiomatizable
physical theory, are more dependably known to be true than the pre-
scientific phenomena (like the blue of the sky) which are being explained
by being shown to be provable theorems in the aforementioned physical
theory. Thus, the actual function of postulates or axioms occurring in a
physical theory is to explain the phenomena described by the theorems of
this system rather than to provide a genuine ‘foundation’ for such theo-
rems. Professor Gédel suggests that so-called logical or set-theoretical
‘foundations’ for number-theory, or any other well established mathemat-

ical theory, is explanatory, rather than really foundational, exactly as in
physics.

2. The Limitations of Formalism due to the Discoveries of K. Godel and
A. Church

To sum up: the impossibility of constructing a deductive proof for the
consistency of classical mathematics by finitary, metamathematical
procedures would not entail a wholesale obliteration of the boundary line
which separates scientific knowledge from mere belief. We shall now
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discuss briefly the limitations of Hilbert’s initial program which Gédel’s
and Church’s discoveries have made apparent. The extent of these
limitations can be determined by analyzing the role played by non-
finitary assumptions in the available consistency-proofs for classical
mathematics. We shall confine ourselves to consistency-proofs for
classical number-theory and shall select (as representative examples) the
absolute consistency-proof for number-theory discovered by Gentzen
by resorting to a non-intuitionist extension of Hilbert’s finitary basis,
and to the relative, intuitionistic consistency-proof for classical number-
theory derivable from several related results of Godel, Kleene, Mostowski,
and other investigators. Let us start with the relative, intuitionist consist-
ency-proof.

The gist of the proof may be put as follows: the fact that any proof valid
in Holland (i.e., intuitionistically) is also valid outside of Holland
(classically) wherecas the converse is not the case was apparent and gen-
erally known ever since Professor A. Heyting’s formalization of intuitionist
logic (1930). However, as a result of an impressive array of results due to
Kolmogorov,!) Godel,2) Kleene,®) Menger,%) Kreisel,5) and other
investigators, it has become equally clear that, whenever a theorem T
is classically provable, it suffices to replace T with a slightly modified
formulation 7’ of T in order to ensure the intuitionistic provability of 7.
Since T and T are classically equivalent while 7 and non-7 can be shown
to be equivalently transformable into T’ and non-T", respectively, it is
obvious that the classical provability of T and of non-7 would entail the
intuitionistic provability of 7’ and of non-T". In other words, if classical
mathematics were inconsistent then so would be intuitionistic mathemat-
1) A.Kolmogorov,‘O npuHyune tertium non datur’, Recueil Mathématique de la Société
Mathématique de Moscou, Vol. XXXII (1924-5), pp. 646-667. I owe the historically
important reference to Kolmogorov's Russian paper to Prof. A. Church.

2) K. Godel, ‘Zum intuitionistischen Aussagekalkiil,’ Ergebnisse eines mathematischen
Kolloquiums, (1933), p. 40.

3) S. C. Kleene, ‘On the intuitionistic logic’, Proceedings of the Tenth International
Congress of Philosophy, (1949), pp. 741-743.

1) K. Menger, ‘Bemerkungen zu Grundlagen,” D.M.V., Vol. XXXLII, (1928),
pp. 213-226, 298-323. In contrast to inter-translatability relations referred to in the
footnotes #¢2)-3) and concerned with classical and intuitionist logic and number-
theory, Menger’s result establishes a parallelism of intuitionist set-theory and the
classical theory of ‘analytic’ (or Suslin) sets.

5) G. Kreisel, Interpretation of Analysis by means of constructive Functionals of
finite Types, cf. Ref. #2 on p. 101 of Section I, pp. 101-128.
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ics. This may be considered as a relative consistency-proof for classical
mathematics and hence as an approximate and partial solution of
Hilbert’s first foundational problem.

Needless to say, I do not question the cogency of Godel’s 1931 result
that classical mathematics cannot be shown to be consistent without
circularity. Nor do I doubt that, on its literal interpretation, Hilbert’s
problem of a finitary metamathematical consistency-proof has been
shown by Godel to be unsolvable. It seems to me, however, that on its
literal interpretation Hilbert’s first foundational problem refers to an
absolute and finitary, metamathematical consistency-proof. What I did
stress as a consequence of the inter-translatability relations between
classical and intuitionist logic and number-theory as established by
Godel, Kleene, and other investigators, is an intuitionist, relative consist-
ency-proof for classical logicand number-theory. It is hardly questionable,
however, that such a relative intuitionist consistency-proof comes so
close to a partial solution of Hilbert’s first foundational problem as to
warrant the claim that, owing to the aforementioned inter-translatability
relations, a partial solution to this formalist problem has actually been
obtained.

The qualifications of this solution, from a formalist viewpoint, are
obvious: the most serious gap is undoubtedly due to the circumstance
that only some evidence in support of number-theoretical consistency
has been produced. We are, accordingly, left in the dark as to the possibil-
ity of an intuitionist and relative consistency-proof, for other basic
mathematical theories like analysis,) theory of function-spaces, variational
calculus, etc. On the other hand, we are entitled to disregard the distinction
between the intuitionist and the finitary viewpoint as described, e.g., by
Bernays. Since finitary formalism makes fewer assumptions than intui-
tionism, a relative intuitionist consistency-proof guarantees a fortiori,
formalist consistency - on the assumption that intuitionist mathematics is
consistent.

To determine the limitations discovered in the finitary positions by
Godel and Church more accurately, we shall now discuss the non-
finitary assumptions involved in another consistency-proof for number-

1) However, Kreisel succeeded in extending relative intuitionist consistency-proofs
to virtually the whole of classical analysis. Says he: “If intuitionist analysis is a-
consistent then classical analysis is consistent.” (loc. cit., p. 108).
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theory, viz., in contrast to our previous example, a case of an absolute
consistency-proof. G. Gentzen!) succceded in constructing such an
absolute consistency-proof for number-theory. In order to avoid a clash
with Godel's denial of the possibility of such an absolute consistency-
proof within the framework of Principia Mathematica, Gentzen has
introduced an additional, powerful rule of inference which Gédel did not
take into consideration, viz.. the rule of transfinite induction. To obtain his
consistency-proof, he was not compelled to apply the rule of transfinite
induction to all transfinite, ordinal numbers. It turned out that it would
suffice to stipulate that this rule applies to a segment of Cantor’s sequence
of transfinite ordinal numbers, viz., to those numbers which are below &o.
The question which therefore arises in connection with Gentzen’s proof,
and with similar attempts made by other investigators, is concerned with
the extent to which recourse to transfinite inducticn (limited in the afore-
mentioned way) exceeds finitary requirements. Unfortunately, the
rcquirement of ‘finitary’ admissibility of any metamathematical proof
was never made clear, although it has characterized the formalist philos-
ophy from its very beginning. It is even more regrettable that this
undefined requirecment became so misleading as to induce several out-
standing investigators to put several mutually incompatible interpre-
tations 2) on the requirement.

Let us start, however, with an official explanation of the meaning of
‘finitary admissibility’ by a most authoritative exponent. In his paper,
‘Sur les questions méthodologiques de la théorie hilbertienne de la
démonstration’3), Professor Bernays compares the methodological assump-

1) G. Gentzen, ‘Die Widerspruchsfreiheit der reinen Zahlenlehre,” Marhematische
Annalen, (1936), Vol. CXII.

%) Thus, P. Bernays emphasizes the difference between the finitary and the intuitionistic
(or constructivistic) viewpoints, in contrast to J. Herbrand, who simply identifies these
viewpoints. Cf. the lucid presentation of the former’s position in his contribution to:
F. Gonseth, Les entretiens de Zurich sur les fondements de la méthode des sciences
mathématiques, (1941), pp. 144-152 and Herbrand’s explicit identification of the two
relevant positions *. . .an intuitionistic (i.e., a finitary) argument’: J. Herbrand, *Sur
la non-contradiction de I'arithmétique.” Journal fiir reine und angewandte Mathematik,
(1932), Vol. CLXVI.

Moreover, K. Menger has indicated several significantly distinct degrees of construc-
tivity and has shown the arbitrariness of any choice among those various concepts of
constructivity. Cf. K. Menger, ‘Bemerkungen zu Grundlagenfragen,” Jahresbericht
D.M.V., (1929), Vol. XXXVII.

3) F. Gonseth, op. cir.
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tions inherent in the ‘finitary attitude’ with the intuitionist assumptions
on the one hand, and those mac}e by Gentzen in his consistency- roof’
on the other. Since Bernays admits that the inadequacy of finitar y Pu )
tions foraconsistency-proof of number-theory was established i)/ asé_.':;pl.
he is prepared to g0 beyond Hilbert’s initial finitary requi y t 0 :{ )
stresses, however, that an extension of Hilbert’s assum 'q lren?en s. ne
] ption which would
suffice to secure a consistency-proof for number-theory, as e lified
t\a:; G;ntzen, need not go as far as intuitionists do 4 xemprtie
e thus obtain a sequence of three increasi 4 . )
the finitary, the Gentzen, and the intuitio;}ftlyrl;b:al requnrements,'wz_,
requirement is more stringent than the intuiti;nig S‘remem, The finitary
from mathematics the . - since the former bans
. athemalics | negation of any proposition which arises b
universal quantification over an infinite domain. The finit . y
also prohibits the use of any proposition which is unive ary“reerem;nt
over an infinite domain, in the antecedent of a conditio "513 Oy quantiec
hand, the intuitionist ban applies only to the applicat‘na ) ¢ n the other
Excluded Middle to infinite sets and affects, therefore lc::ﬂo si)hr‘:leszW tlf:f
:tc;i;?g:)e;:ls banné:d' by the ﬁni’fary requirement. I;inall);, Gentzen’:
reasoning ;n::)orh- nitary e.lssumptxf)n 'extends the validity of inductive
o e :ransﬁmte doman.l, in contrast to B. Russell’s suggestion
matter of %acta tu o bnu-mb?rs as verifying the inductive reasoning.!) As a
ratter offact o oblain his consistency-proof. Gentzcn need not stipy aie
tfanSﬁniteyo,-dma; ematical induction for admittedly non-constructible,
fOTaSCgm,ent Olfné nurr:berS. It S.Ufﬁces'to stipulate transfinite induction
We shall not disc;m?; s transfinite ordinal numbers of the second class.
between finita anj the implications of the aforementioned relationship
officially abargo dmtu-mOmSt requirements; since the former has been
interest. It is imnc , this relationship is of no more than historical
requirements arel::l'tanlt', however, to ascertain (1) whether Gentzen’s
and, more importaotr]o: iberal than tho.se recommended by intuitionists,
theory takes care fn hy’ (2) .Whether his consistency-proof for number-
In connection wit(; - p!'edlcament created by Gédel’s 1931 result.
validity of transfi 'tqu?Stlon ‘(l)’ we have to observe that if the partial
intuitionist math nite induction assumed by Gentzen were implied by
being made use oefman]C,S_Where the .l‘Ule of transfinite induction is not
1) B. Russell Introa'u:'xp itly, then.thls partial transfinite rule would have
) ion to Mathematical Philosophy, (1919).
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to be demonstrably a derivative inference-rule in the intuitionist calculus.
This, however, is not the case since, in view of Godel’s result, the trans-
finite induction rule cannot be provable in the system of Principia
Mathematica and is, therefore, unprovable in intuitionist mathematics, a
Sortiori.

As for question (2), it would seem to me that even if Gddel’s ban on
consistency-proofs for number-theory is overcome by postulating the
additional validity of transfinite induction, the circularity of such a
consistency-proof remains obvious. For Gentzen has to use Peano’s
axioms supplemented by his transfinite rule in order to prove the consist-
ency of Peano’s axioms. This is hardly illuminating, even if it is not at
variance with Godel’s result.

Moreover, the consistency of number-theory, in spite of its intrinsic
interest, is a far cry from a consistency-proof for other theories of
classical mathematics like analysis or set-theory. Aslong as no consistency-
proof for the core of classical mathematics will be made available, partial
consistency-proofs will be of limited interest only.

Another essential qualification follows from another 1931 Godel result
concerning the essential incompletability of any axiomatization of
number-theory. This basic result shows that, even if the class of provable
theorems in an axiomatic system for number-theory is shown to be
consistent, no guarantee of consistency is provided for the non-axiomatiz-
able class of all true number-theoretical statements nor even for the class
of those number-theoretical statements which are consequences (in the
model-theoretical sense) 1) of Peano’s axioms. Godel’s example of an
undecidable number-theoretical proposition which can be shown to be
true by metamathematical methods is a case in point; his proposition is a
model-theoretical consequence of Peano’s axioms and yet undecidable by
means of these axioms. The consistency of the class of model-theoretical
consequences of number-theoretical axioms is not included in Gentzen’s
result.

Finally, a difficulty which we shall discuss in some detail in connection
with intuitionism should be pointed out in regard to Gentzen’s result.
It is obvious (and explicitly admitted by Professor Bernays) that both
finite and transfinite induction are acceptable from the viewpoint of an

1) A. Tarski, ‘Uber den Begriff der logischen Folgerung,’” Actes du Congrés International
de Philosophie Scientifique, (1936), Vol. VIL
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extended finitary attitude only on the assumption that the hereditary
property whose universal applicability has to be established must be
finitary in some sense. But, as we shall see, attempts at circumscribing in a
precise and intelligible way those properties which are eligible for an
application of the principle of induction have failed to clarify this concept,
so far. Hence, even the claim that the finitary attitude involves weaker
assumptions than the intuitionist cannot be tested because the concepts
of ‘finitary’ property, of ‘definite’ property (Carnap),!) of recursive
property, etc., have all proved inadequate for clarifying the scope of the
inductive principle.2)

IV. INTUITIONISM IN 1960

I have already referred to the surprising ability of mathematical intui-
tionism to stand up under a barrage of more or less justifiable criticisms
and to endure without undergoing any appreciable intrinsic change. I
have also indicated that this intuitionist perseverance is perfectly compat-
ible with a growing readiness to co-operate with other trends in the
philosophy of mathematics without making any essential sacrifices in
point of doctrine. The question I should like to discuss in this section is
whether it is presently possible to define a foundational basis both
common to the main trends in the philosophy of mathematics and free
from the serious difficulties which the developments of the last three
decades have proved to be inherent in the intuitionist position. It seems
to me that the answer is a definite ‘yes’ and that pluralistic logicism can
be shown to provide such a basis.
Let us notice, to begin with, that the inter-translatability relations
between intuitionist mathematics and logic on the one hand and classical
mathematics and logic on the other reduce the gap between intuitionism
and logicism to a considerable extent. For suppose that all classically
provable theorems can be bi-uniquely mapped on intuitionistically
provable theorems on the understanding that the mapping is brought
g '];h Carnap, Pie logische Syntax der Sprache, (1934).

_I'be evaluation of the present status of formalism which I have proposed in the
third section of this paper seems to apply without any major change to the independent
presentation of the formalist viewpoint by Professor Curry, whose position must not

be 'confused with the Géttingen position. Cf. H. B. Curry, An Outline of the Formalist
Philosophy of Mathematics, (1951).
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about by replacing a classically provable theorem T by another theorem
T’ where T' is both classically equivalent to T and provable within the
intuitionist framework. Suppose also that T’ can be obtained from T in a
finite number of predetermined steps by applying a set of inter-trans-
latability rules which are fixed in advance for the two associated (classical
and intuitionist) theories. This being the case, it seems impossible to
escape the conclusion that these two associated theories consist basically
of the same results since the only difference between the two theories
would then reside in the circumstance that the small number of logically
constant symbols (propositional connectives and quantifiers) are some-
what differently interpreted by intuitionists and classicists respectively.

It is obvious that the intuitionists might argue (as Professor Heyting
actually did during a discussion we had in Chicago in 1957) that this
difference of interpretation is all that matters. It is equally obvious that
intuitionists are entitled to determine their evaluation of scientific results
in any way they choose, and that their evaluation deserves to be fully
appreciated. Let us notice, however, that if the difference separating
classicists from intuitionists would affect only their respective
interpretations of logical symbols, then intuitionism would become a
version of logicism, no matter how much the two interpretations of
logical terms differ from each other. More importantly, it would seem
that, from a practical point of view, a working mathematician could
hardly be expected to appreciate the separate and individual nature of
intuitionist mathematics under the circumstances just mentioned. For
the mathematician is essentially an architect of proofs, no matter whether
he lives inside or outside Holland. Suppose he is told that, given a classi-
cal mathematical theory, he can quietly proceed with the derivation of new
theorems and the solution of new problems by applying the rules of
classical logic to this theory. Suppose also that he will be assured of
obtaining the intuitionist counterparts of his classical proofs and solutions
by using intertranslatability relations which are both fixed in advance for
the two associated (classical and intuitionist) theories under consideration
and applicable in a finite number of predetermined steps. This being so,
we can hardly expect the mathematician who is working on some non-
trivial problems to worry over the mechanizable transitions between
intuitionist and classical theories.

To support this argument in favor of a narrowing gap between classical
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and intuitionist philosophies of mathematics which results from the inter-
translatability relations, let us point out that such relations are by no
means confined to the field of syntax or logical morphology. It has been
shown by Prof. Kleene 1) that Tarski’s ‘semantic’ conception of mathemat-
ical truth (and, by the same token, the over-all scmantic approach to
mathematical philosophy as distinct from the syntactical viewpoint) can
be transferred to intuitionist mathematics without any serious difficulties.
This result provides another contribution to the rapprochement between
logicism and intuitionism which has been effected by the findings con-
cerning the inter-translatability relations.

A more powerful argument in support of a kind of logicism which I have
already referred to as ‘pluralistic’ and which seems to reduce to zero the
gap between intuitionism and logicism, can be derived from the specific
nature of what a mathematician does in his professional capacity, i.e.,
from the fact of his being primarily an architect of proofs. Once we
realize the part played by the construction of proofs in the mathemati-
cian’s work, we can hardly reject the position of pluralistic logicism
provided the latter be construed as asserting the following: ‘Any proof
which is valid in some particular mathematical theory has a valid replica
which clearly belongs to some pure logic and can therefore be established
by a logician within his own field.” What I am driving at is simply the
§o-called ‘deduction-theorem’ of mathematical logic which has been
independently discovered by Tarski 2) and Herbrand 3) for conventional

systems of logic and has subsequently been extended to other logical

Systems. In substance, this result states that whenever a mathematical

theorem 7T can be proven on the basis of a finite set of axioms A;(i =

i,n 1,n
1,2, ... n) then the conditional ] TAIDT (where [ | A; signifies the

logical conjunction of all the axioms :4,, i= 1,2, ... n)is a special case
(a ‘substitution-instance’) of a conditional ‘if C then D’ which is both
expressible and provable within pure logic. If the set of axioms A, of the
mathematical theory under consideration is infinite (either general
1) Op. cit., p. 4998,

2 Y . .
Ig ‘; Tsrskl, Uber cinige fundamentale Begriffe der Metamathematik,” Comptes
(legrgol;s es séances de la Société des Sciences et des Lettres de Varsovie, Vol. XXIII

3 J. Herbrand, ‘Recherches sur la théorie de la démonstration,” Travaux de la Société
des Sciences et des Lettres de Varsovie, (1928).
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recursive or recursively enumerable) then the proof of any particular
theorem 7 will always involve only a finite sub-set of the class of axioms
under consideration and the Herbrand-Tarski Deduction Theorem will
still hold. Thus, no matter what the cardinality of the set of axioms of a
given theory happens to be, he who would know all the laws of logic,
the form of which is conditional, would by the same token be in a
position to prove any mathematical theorem which is derivable from a
specified set of axioms. To effect the transition from logic to mathematics,
the logician would merely have to show that the mathematical theorem T
is a substitution-instance of a conditional expressible and derivable
within logic proper. In other words, the only operation required to
provide a transition between the class of logically provable laws and the
class of theorems provable in any preassigned mathematical theory
consists in an application of the ‘dictum de omni et nullo.

To realize the relevance of the Herbrand-Tarski result to the intrinsic
affinity of intuitionism and logicism, we have to take into account that
the Deduction Theorem shows that logic suffices to prove whatever the
mathematician has proved or could possibly prove, within any axiomatic
or axiomatizable mathematical theory. This means that no recourse to an
extra-logical ‘intuition’ is necessary at any stage of a mathematical proof.
The adequacy of pure logic for establishing the relevant mathematical
results is therefore guaranteed by the Deduction Theorem whenever this
theorem applies. This theorem holds, however, not only in classical
mathematics associated with classical logic as developed by Russell and
Whitehead in their Principia Mathematica and subsequently improved
upon and simplified considerably by several investigators like Godel,
Tarski, Quine and Bernays, but the same result applies also to intuitionist
mathematics associated with a system of intuitionist logic as developed,
e.g., by A. Heyting. Thus, if a mathematical theorem is intuitionistically
derivable from a set of intuitionistically acceptable postulates by applying
the axioms, definitions, and rules of inference of intuitionistic logic, then
the entailment of this theorem by the conjunction of these postulates is a
substitution-instance of a law of intuitionist logic. Hence, both classical
and intuitionist mathematics have their exact replicas in their respective
logical systems. The only difference between these two kinds of mathemat-
ics would seem to consist in the circumstance that two different logics are
used in these kinds of mathematics.
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Finally, a fourth argument, pointing to an intrinsic difficulty facing the
intuitionist philosophy of mathematics to the extent to which the latter
disassociates itself from logicism, may be indicated. The point is that the
fundamental intuitionist concept, viz. that of constructibility, which the
leading intuitionists consider as central in their position and even as
sufficient to characterize this position completely proves to be both
vague and elusive when submitted to a closer analysis. Professor
A. Heyting states explicitly that ‘the exigency that only constructible
objects can be mentioned suffices to explain the particularities of intui-
tionistic mathematics.’l) On the other hand, he refuses to propose an
explicit definition of constructibility and even asserts that it is impossible
to define this intuitionistically crucial concept. In support of the view
condemning any attempt to define the concept of constructibility, he
invokes an argument developed by Miss R. Péter in the same volume.?)
It seems therefore significant that Miss Péter derives, from the same
considerations, a conclusion diametrically opposed to Heyting’s conclu-
sion. Says she: ‘Es hat den Anschein, daB sich der Konstruktivitidtsbegrifl
iiberhaupt nicht zirkelfrei erfassen 148t.”3)

As for myself, I cannot help feeling that the conceptual difficulties inherent
in the notion of constructibility are essentially similar to those characteris-
tic of the concept of ‘empirical verifiability’; the latter has been and is
still being considered central in the philosophy of empirical sciences by
virtually every major school of philosophy of science like pragmatism,
logical positivism, operationism, etc. This may be the reason why Henri
Poincaré has sometimes characterized his mathematical intuitionism as
‘pragmatism.” The similarity between mathematical constructibility and
empirical verifiability seems very significant and I will deal with it in a
forthcoming paper of mine. The only point I should like to make at this
juncture in connection with the aforementioned similarity is that the
ambiguity, vagueness, and elusiveness of the concept of empirical
verifiability as used in the philosophy of empirical sciences is notorious in
spite of sustained attempts by many outstanding investigators to

1) A. Heyting, ‘Some Remarks on Intuitionism,” Constructivity in Mathematics,
(1959), pp. 69-71.

2) R. Péter, ‘Rekursivitdt und Konstruktivitit, Constructivity in Mathematics,” (1959),
pp. 226-233.

3) R. Péter, ibid., p. 233.
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clarify this concept. These repeated failures have even induced some
authors to condemn any ncw attempt as hopeless and to consider the
borderline between empirically verifiable and unverifiable assumptions as
incapable of being drawn in any significant and non-arbitrary way.
Such a pessimistic conclusion seems to me unwarranted !) although I do
appreciate the fact that the conclusion may be helpful in pointing out the
difficulties involved in clarifying the meaning of ‘empirical verifiability.’
The necessity and difficulty of a similar clarification in the case of
mathematical constructibility can hardly be doubted by anybody who is
familiar with the relevant literature. Thus, in discussions concerning
empirical verifiability, the distinction between actual possibility of verifica-
tion and theoretical possibility of verification (actual verifiability vs.
verifiability in principle)2) continues to play an essential role and nobody
doubts the importance of, and the need for, making such a distinction.
However, ‘mathematical’ (or intuitionist) constructibility obviously
involves either the actual or the theoretical possibility of constructing a
mathematical entity rather than the fact that such a construction has been
effected. Yet as late as 1959 Prof. Heyting wrote: ‘By a constructive theory
I mean a theory in which an object is only considered as existing after it
has been constructed. In other words, in a constructive theory there can
be no mentioning of other than constructible objects.’3) The two words
which T have italicized show clearly that even the distinction between
factually constructed mathematical objects and objects whose construc-
tion is merely possible is disregarded by the most lucid and effective ex-
ponent of intuitionism ; the subtler and more important distinction between
objects whose construction is actually possible and the more comprehen-
sive class of mathematical objects whose construction is at least possible
in principle is apparently not even considered.

No wonder that the vagueness and ambiguity of the term ‘construc-
tibility’ has induced several investigators to explain this concept in terms
of less objectionable concepts. In the main, these attempts center around
the concept of general recursiveness as a satisfactory substitute for
‘constructibility.” This substitution would have the advantage of being

") H. Mehlberg, The Reach of Science, (1958), p. 221ff.

)
®) H. Mehlberg, 1bid., p. 316f.
3) A. Heyting, ibid.
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supported by the volume of evidence known to be favorable to ‘Church’s
thesis’1) and of replacing an undefined and obscure term by another term
which is susceptible to several rigorous and demonstrably equivalent
definitions. Unfortunately all such attempts at formulating intuitionism
in terms of recursiveness instead of in terms of constructibility have been
far from successful. Prof. Heyting, who speaks about intuitionism with an
authority both unquestionable and second to none, has serious doubts as
to the adequacy of approaching the problem of constructibility in terms of
general recursiveness. His presentation of the intuitionist position at the
Stanford Congress seems to support his doubts very strongly. Several
difficulties which a definition of constructibility in terms of general
recursiveness would be confronted with if constructibility were interpreted
as effective calculability (which is often the case) were pointed out by
Professor L. Kalmar.2) Finally, the most telling objection to Heyting’s
aforementioned identification of intuitionism with the constructibility
of every entity in the mathematical universe of discourse was formulated
by Professor A. Grzegorczyk. The following passage quoted from his
1957 essay will give an idea of what his objection comes to: 3) ‘The con-
structive analysis... is not part of the intuitionistic mathematics. All
methods of proof are allowed. The constructive tendency consists only
in the narrowing of the field of mathematical entities considered in
classical analysis. In the constructive calculus, we consider only those
objects for which we have constructive methods of approximation, this
means methods given by means of constructive functions of integers.
The most constructive are the general recursive ones.’

Both the analysis of difficulties inherent in the concept of constructibility,
which is admittedly crucial in the intuitionist philosophy of mathematics,
and the survey of unsuccessful attempts at overcoming these difficulties
support the conclusion that the position of an immutable and jnflexible
intuitionism seems to have become virtually untenable in the face of
developments which have taken place in the last three decades. It is worth

1y Cf. S. C. Kleene, Introduction to Metamathematics, (1952), p. 300ff.

2) L. Kalmar, ‘An Argument against the Plausibility of Church’s Thesis,” Constructivity
in Mathematics, (1959), pp. 72-80. However, serious doubts concerning Kalmar’s
position have been expressed by R. M. Robinson. Cf. Journal of Symbolic Logic,

Vol. XXIII pp. 362-363. )
3) A. Grzegorczyk, ‘Some Approaches to Constructive Analysis,” Constructivity in

Mathematics, (1959), p. 43.
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pointing out that intuitionism has nevertheless maintained its initial
stimulating power and that the serious objections raised by the intui-
tionist requirement of constructibility would be overcome automat-
ically if intuitionism were construed as a version of pluralistic logicism.?)

V. CONCLUSION: PLURALISTIC LOGICISM AND CONTEMPORARY

PHILOSOPHY OF MATHEMATICS

There is no need to elaborate on the position outlined in section I1I that
the common basis provided by the Deduction Theorem for logicism,
intuitionism, and many other trends in contemporary philosophy of
mathematics points towards a pluralistic logicism rather than towards
intuitionism. To bring out the survival of logicist tendencies in such a
common basis (and the possibility of thereby freeing intuitionism from
the drawbacks which have recently become apparent) 1 would like to
conclude the discussion by making the following points:

1) The pluralist logicism I am proposing resembles, in some respects,
R. Carnap’s ‘Principle of Tolerance.” However, the former differs essen-
tially from the latter for the following reasons: Carnap’s Principle states,
in substance, that any language involving among its syntactical features
(or, according to a later version, among its syntactical and semantical
features) any logic whatsoever may be chosen for the formulation of any
relevant group of mathematical theories, provided that this language
contains the facilities required by such a formulation. In contrast to this
identification of the logic associated with a given language L with a
group of syntactical features of L, (or of syntactico-semantical features of
L) pluralistic logicism does not involve any commitment to such a
linguistic view of the logic associated with a given language. Nor does
pluralistic logicism imply the possibility of identifying a logical system
associated with a language used by the members of a given society with
certain intrinsic features of this language on the understanding that the
way this society makes use of this language can be disregarded completely
in so far as the logic associated with the language is concerned. This
intralinguistic approach upon which pluralistic logicism confers no
monopoly seems to be implicit in the Principle of Tolerance. Needless
to say, while pluralistic logicism is not committed to the aforementioned
1) Cf. section V of this paper.
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nominalist 1) approach to logic, it does not imply 2 Platonistic or, at
least, a realist attitude towards logical ontology either, although it is
compatible with such an attitude. 1, for one, would certainly favor a
realist view of the ontological subject matter of logic since, to my mind,
the difficulties it raises are substantially easier to overcome than are the
difficulties inherent in a nominalist view of logical subject matter.

2) One of the main difficulties confronting the philosophy of mathematics
which centers around the claim that the mathematical vocabulary is part of
the logical vocabulary and abandons Russell’s second claim that math-
ematics is literally part of logic 2) has been scen to consist in the fact that
the issue between logicism and intuitionism would then hinge on the
single lexicographic question as to whether or not the concept of set
belongs in logic proper. From the viewpoint of pluralist logicism it
hardly matters whether the term ‘set’ is classified under the heading
‘logical.” For even if the mathematical character of this term were granted
and both claims of Russell's original, radical logicism were dropped, it
would still remain a fact that the knowledge of all logical laws would
automatically yield the proofs of all valid theorems in all axiomatized
or axiomatizable mathematical theories. Consequently, the main objection
raised by ‘moderate logicism’ does not affect pluralist logicism.

3) The feature of mathematical knowledge which pluralistic logicism
emphasizes is the fact that for every mathematical theory there exists
some logic capable of providing the necessary tools for the derivation of
all the relevant theorems of this theory without any recourse to extra-
logical ‘intuition.” The circumstance that for every mathematical theory
some logic can supply all the tools required by this theory is our main
reason for regarding this conception of mathematical knowledge as a
version of logicism. We have qualified this logicism as ‘pluralistic’ because

1) A nominalist view of logical subject matter is construed here in a ‘radical’ sense and
denies any_extra-lmgunstlc status to those entities with which logic is concerned. The
more specific guesthn pf whether the extra-linguistic subject matter of logic — if
granted — consists of individuals only, or includes abstract entitics also, is not involved
in the thesis of plur.alist'ic logicism. Obviously, only the first member of this alternative
to radical nominalism is usually referred to as ‘nominalism’, and is contrasted with
Platonism. This conventional, moderate version of nominalism, compatible with plu-
ralistic logicism, was skilfully developed and defended by Professor L. Henkin at the

Stanford meeting. .
2) In other words, the philosophy of ‘moderate logicism,’ according to the terminology

proposed in section IL.
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it does not confer a monopoly upon, or discriminate against, any partic-
ular logic. Thus, from the viewpoint of pluralistic logicism the system of
‘classical’, two-valued and extensional logic developed by Russell and
Whitehead in their monumental work is no more legitimate than the non-
classical logics which Von Neumann and Von Weiszicker have respectively
constructed in order to adjust classical logic to the quantum-theoretical
situation. A comparable legitimacy must be granted, from the viewpoint
of pluralistic logicism, to the bunch of many-valued logics discovered by
J. Lukasiewicz and E. Post (independently from one another), to the
families of modal logics, to C. I. Lewis’ ‘strict’ logics, to H. B. Curry’s
variable-free (combinatory) logics, to A. Tarski’s logics involving infinitely
long propositions and/or infinitely long proofs (on the understanding that
the respective length of admissible propositions and/or proofs is specifiable
by a class of transfinite, ordinal numbers), to logics which possess finite
or transfinite hierarchies of logical types, of either the ‘ramified’ or the
‘simplified’ or the ‘cumulative’ variety — in brief to the snowballing
assembly of various logical systems which are now being manufactured
on the assembly line. The only condition to be satisfied by anyone of these
various logical systems is adequacy to the relevant cognitive objective.
No ‘ideal’ status is claimed for any of these logical systems or for the
language with which a particular logical system is associated. It goes
without saying that this egalitarian rule applies also to the logic and the
language of Principia Mathematica.
What about the relative roles of logicism, intuitionism, and formalism,
in the present situation of the philosophy of mathematics? It is obvious
that from the viewpoint of pluralistic logicism, mathematical intuitionism
is still to be considered as an expression of the most stimulating and stable
attitude in foundational research. It is inevitable, however, from this
viewpoint, that the intuitionist position be readjusted so as to overcome
the grave difficulties it has been confronted with between 1930 and 1960.
In my view, this readjustment cannot fail to bridge the gap between the
classical formulations of intuitionism and logicism since both would
then be classifiable under the heading of pluralistic logicism.
As for logicism, we have seen that in the present situation, ‘radical’
logicism, as represented by B. Russell, rests on two clearly untenable
claims. On the other hand, the ‘moderate’ logicism suggested by A. Church
does not seem to be moderate enough in order to take care of the difficul-
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ties inherent in the ‘radical’ variety. However, one more step towards
liberalizing the logicist position would reach the viewpoint of pluralistic
logicism, maintain the common core of the aforementioned varieties of
logicism and help overcome the objections to which these varieties are
open.

The case of formalism is more difficult to evaluate at present. It is
undeniable that both fundamental formalist objectives (viz. the discovery
of decision-procedures for all the theories of classical mathematics and
the construction of a finitary, metamathematical consistency-proof for
these theories) have neither been attained nor could possibly have been
attained, in view of Gédel’s and Church’s results. The failure to find the
aforementioned decision-procedures seems to be definitive, and on the
whole, beneficial. However, during the last decades, several consistency-
proofs for crucial classical theories have been constructed and the Gédel
predicament has been taken care of by sacrificing part of the finitary
requirements. The most important consistency-proofs are exemplified
by the relative, intuitionist consistency-proof (which provides a partial
and approximate solution to Hilbert’s first foundational problem) and
by Gentzen’s absolute consistency-proof for number-theory. On closer
analysis, the latter seems to be unsatisfactory.

Yet neither the partial successes nor the partial failures of Hilbert’s
original program determine the actual role of non-finitary metamathemat-
ics in the present situation. The essential point is that, by now, non-finitary
metamathematics is both scientifically and philosophically one of the
most significant aspects of contemporary investigations into the nature of
mathematics, Granted, the specifically formalist features of metamathe-
matics have virtually disappeared in the process and there is little to
prevent metamathematical research carried out by investigators with a
forma]ist background from being identified with metamathematical
Investigations creditable to logicists, intuitionists, or constructivists. It
seems very doubtful to me whether the common denominator of all these
avenues of approach to metamathematics contains anything beyond the
basic thesis of pluralistic logicism. In any event, this co-operative feature
of contemporary philosophy of mathematics and foundational research is
perhaps its most remarkable feature.

Needless to say, no complete picture of the present situation in mathemat-
ical philosophy was the object of this study. We have selected three
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particular features of this situation, (logicism, intuitionism, formalism)
as the sole object of our examination, for reasons which should have
become apparent in the course of the discussion. But new, promising
approaches to mathematical philosophy are noticeable in recent litera-
ture: there is no doubt that a more comprehensive presentation of this
particularly intriguing branch of the philosophy of science would have to
take into account these recent approaches. They include for instance,
the philosophical views of mathematics expounded in Wittgenstein’s
posthumous work,) the mathematical philosophy underlying the power-
ful French Bourbaki group,2) the numerous versions of constructivism
(inside and outside Poland), Goodstein’s ‘constructive formalism’,3) etc.
Professor Saunder MacLane’s attempt so to extend the import of various
applications of mathematics as to make these applications of mathematics
an essential factor in understanding its philosophy, deserves a special
interest since a problem is often more likely to be solved if its range has
been adequately widened.?)

A glimpse of these novel attempts suggests that pluralistic logicism can
provide a common basis for all of them. But any judgement concerning
the adequacy of pluralistic logicism to this extended scope of mathematic-
al philosophy would be premature at present. I have no doubt that no
matter which judgment will be supported by coming developments, all
these recent avenues of approach to mathematical philosophy are most
welcome, in view of the baffling complexity of the relevant problems.
The three decades which have elapsed between 1930 and 1960 have
taught us at least one lesson: There are more mathematical puzzles
between heaven and earth than logicists, intuitionists, and formalists
have ever dreamt of.

The University of Chicago

1) L. Wittgenstein, Remarks on the Foundations of Mathematics, (1956).

2) Bourbaki, ‘Foundations of mathematics for the working mathematician,” The
Journal of Symbolic Logic, (1949), Vol. XIV.

3) R. L. Goodstein, Constructive Formalism, (1951).

4) S. MacLane, ‘A Different Approach to the Foundations of Mathematics,” address
delivered to the departmental philosophy-seminar of The University of Chicago.
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A COUNTERPART OF OCCAM’'S RAZOR
IN PURE AND APPLIED MATHEMATICS;
ONTOLOGICAL USES

INTRODUCTION

One of the most efficient methodological tools, Occam’s celebrated

razor, is the maxim that it is vain to do with more what can be done With

fewer. This principle is primarily ontological: Entities must not be mul-

tiplied beyond necessity. But the razor may also be construed as a semantic

maxim opposing the use of synonyms. Occam’s principle is often called

the Law of Parsimony.

A thorough examination of science and mathematics reveals that they

include only few superfluous entities but that, on the contrary, many

ideas have merged and lost their identity in misconceptions. Perhaps the

most important example are variables — a term applied to totally dis-
crepant ideas 1) to which mathematicians and scientists, overparsimo-
niously, have denied individual names, thereby making variables in
certain ways unmanageable. Thus what is needed is a counterpart to the
Law of Parsimony - so to speak, a Law against Miserliness — stipulating
that entities must not be reduced to the point of inadequacy and, more
generally, that it is vain to try to do with fewer what requires more.

This law, too, has what might be loosely called ontological as well as
semantic applications. It condemns gaps in ontology just as Occam’s law
repudiates redundancies; and it may be construed as a maxim denouncing
?qUivocations just as Occam’s law opposes synonyms. The present paper
1s devoted to the former uses.2

!) Cf. the author’s papers ‘The idea of variable and function,’ Proc. Natl. Acad. Sci.
U.S.A., 39 (1953), pp. 956-961; ‘On variables in mathematics’ and in natural science’
Br. Journ. Phil. Sci., 5 (1954), pp. 134-142; ‘Mensuration and other mathematical
connections of observable material,” in Measurement: Definitions and Theories, ed.
Churchman and Ratoosh, John Wiley, New York, 1959, pp. 97-128; ‘An axiomatic
Theory of functions and fluents,” in The Axiomatic Method, ed. Henkin, Suppes, and

Tarski. North-Holland Publ. Co., Amsterdam, 1959, pp. 454-473, and the author’s
book Calculus. A modern Approach, Ginn, Boston 1955; mimeo-editions Chicago 1952

and 1953.
%) A forthcoming paper is devoted to semantic uses of the principle.
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Since current pure and applicd mathematics include little that mlghtf?:‘
shaved off, but abound in medleys of diverse constituents that pass .
homogeneous, what contemporary mathematics calls for is nOf so rn.uus
a razor as a device that analyzes mixtures and isolates their }'arnot
components. Mathematico-scientific methodology is in need - lfl fac;
in urgent need — of a separator or a prism resolving conceptual mixture
into the spectra of their meanings. .
The resolution of equivocal uses of terms into various nuances f’f meaning
is, of course, no novelty. That method has led to the clarification and the
improvement of technical expositions in many a branch of k'nowledge-
But the material that will be resolved by the methodological prism ont ,the
following pages is absolutely fundamental and not only of technical
nature; and it includes conceptual combinations of such incongr
the analysis will resolve more than mere nuances. The separa
sort altogether diverse categories. Some of these categories hav
completely ignored in the traditional literature, whence the .afo.l'e'
mentioned gaps. Therefore, the analysis of the mathematico-scnentlﬁc
material suggests the need for certain extensions of the classical conceptual
frame. Such extensions will be outlined in a spirit of parsimony but
without miserliness.

uity that
tor will
e been

1. THENOTION OF VARIABLES

Logicians mean by a variable a symbol that stands for any element ofa
certain class (which I will call the scope of the variable) or a symbol that
may be replaced with the designation of any element of that scope. The
first articulate definition of certain variables in this sense (viz., of number
variables, i.e., variables whose scopes are classes of numbers) seems to
have been given by Weierstrass 1). .
Variables in the sense of the logicians are hardly ever used outside of pure
and applied mathematics, while they are ubiquitous in those fields. This
state of affairs has a sound reason. The reason is that most nonmathemat-
ical assertions can be well understood without variables, whereas
complicated mathematical assertions in purely verbal form are almost
incomprehensible. This reason is, however, purely practical. The basic
situation is as follows:

1) Cf. Pincherle, Giornale di mat., 18 (1880), p. 243.
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(a) Variables may be used in nonmathematical (as well as mathematical)
assertions. Consider, for example, the proposition:

The (paternal) grandfather of the father of any person is the father of the
grandfather of that person.
This assertion could be expressed in terms of the abbreviations g and f,

and by the use of a variable x — one might say, by the use of a person
variable - as follows:

g(f(x)) = f(g(x)) for any person x.

(b) Variables may be dispensed with in mathematical (as well as in
nonmathematical) assertions. Not a single variable occurs in Alkhowariz-
mi’s Al Jebr, the famous book whose title is at the root of the word
algebra. Nor are purely verbal assertions by any means inferior to for-
mulations in terms of variables. Compare, e.g., the assertion:

The cube of the square of any number equals the square of the cube of that
number with the formulations

cu(sq(x)) = sq(cu(x)) or (x2)3 = (x3)2 for any number x.

The latter are shorter but not otherwise superior.

But if there is only a superficial difference, with regard to variables in the
sense of logic, between mathematical and nonmathematical assertions,
why has Russell 1) called variables ‘perhaps the most distinctly mathemat-
ical of all notions’? What probably prompted Russell’s dictum is the
fact that pure and applied mathematics do not confine themselves to the
use of variables in the sense of logic but abound in totally discrepant uses
of the term variable. In the traditional literature, the term is used as a
reference to x, y, 5, and 1 in each of the following examples — six variations
of the idea of something being the square of something else:

(1) Comprehensive assertions about numbers, such as x%2/x = x for any
number x =+ 0; (x2)2 = x4 for any number x; or, for any two numbers
xand y, if y = x2, then y2 = x4; (number here and in the sequel means
real number)

and descriptions of classes of pairs of numbers; e.g., the class of all pairs
(x, x2) for any number x; or of all pairs (x, y) such that y = x2.

(2) Assertions about Junctions; e.g., that the function x2 (or, as some
mathematicians say, the function y= x2) is nonconstant.

1) Principles of Mathematics, Cambridge, 1903, p. 5 and p. 89.
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(3) Physical laws, such as Galileo’s Law s = 4 g¢2 or, in proper units,

s =2,

(4) Discussions in the analytic geometry of curves such as the parabola
= x2,

(5) Laws of analysis; e.g., if y = x2, then dy/dx = 2x.

(6) Algebraic formulae about polynomials such as x2 = x « x or x2/x = X.

These examples of which only (1) will appear to include number variables

in the sense of Weierstrass, also explain why Russell !) has called variable

‘certainly one of the most difficult [notions] to understand.” A full

understanding presupposes that the mélange illustrated in Examples
(1) to (6) be resolved in the prism.

2. THERESOLUTION OF VARIABLES IN THE PRISM

The prism separates each two of the six listed types of ‘variables.’

I. The Separation of (2) from (1). Each of the three assertions in (1)
synthesizes countless specific assertions such as 32/3 = 3, e?/e = e (where
e designates the base of the natural logarithms); (02)2 = 0%,(32)2 = 34,
(e%)2 = e; and if 0 = 02, then 02 = 0%;if 9 = 32, then 92 = 44. Similarly,
the definitions in (1) combine countless specific pairs of numbers such as
(0,0%), (3,32), (e,e?). The specific assertions or pairs of numbers are
obtained by replacing the variables with designations of elements of their
scopes. On the other hand, the statement (2) that the function x? is
nonconstant is not the synthesis of specific assertions such as

the function e2? is nonconstant or the function 9 = 32 is nonconstant.
These assertions are not even true. What (2) does assert is the property
of one specific entity, called ‘the function x2’ and obtained by pairing
the number x2 to any number x, for example, 32 to 3. The most concise
definition of that entity is as the result of t<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>