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FOREWORD 

The spectacular growth of scientific knowledge in the last 
two centuries has called for an introspection as to its necessity 
and relevance. By this time the nature and character of a sub­
ject have also undergone a radical change resolving the often 
artificial distinction between different subjects and their 
fields. The questions of survival and values have thus gained 
importance in the context of various overlapping theories. A 
review of the old system of thoughts in relation to the new 
has become a call of the age. This monograph is an interes­
ting evaluation of various philosophical aspects of mathe­
matics in the said direction. The discussion starts with the 
nature of mathematics in the changed perspectives and winds 
its path through the philosophical schools, space and time, 
intuition in mathematics, crises in mathematics right upto the 
future of mathematics. 

The title of this study is 'Philosophy of Mathematics'. 
The usual meaning of philosophy is the use of reasoning in 
seeking truth and reality and knowledge of reality, especially 
of causes and nature of things. This agrees rather well with 
the explanation given by the authors when they state that the 
aim of the philosophy of mathematics is to find its relevance 
to human existence, analysing its basic concepts, its meaning 
and essence, to put mathematics on a strong foundation. This 
means that use will be replete with abstract notions as is 
natural with mathematics, as the authors say "Mathematics 
is a formal discipline, abstract and symbolic without refe­
rence to meaning." 

The authors have made an exhaustive and critical study 
of the works of mathematicians through the ages, starting 
with the Greek and Vedic period from the 4th century B.C. 
right to the most recent mathematics of the present age. 
Throughout this study one is faced with a mind boggling 
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array of mathematicians with short references to their perso­
nal contributions to the world of mathematics. 

There is an interesting discussion on the contribution of 
intuition to the acquisition of mathematical knowledge. In­
tuition is an immediate apprehension by the mind without 
reasoning, it is an immediate insight, as Descartes puts it 
"By intuition I understand not the fluctuating testimony of 
the senses, nor the misleading judgement that proceeds from 
the blundering construction of imagination, but the concep­
tion which an unclouded and attentive mind gives us so 
readily and distinctly that we are wholly freed from doubt 
about that which we understand." One might almost say 
that intuition is a sort of revelation, except that revelation 
is disclosure of knowledge by a transcendent agency, where­
as intuition is disclosure of knowledge by the action of the 
mind itself unconsciously working on notions acquired in 
previous experiences. 

The authors refer to periodic crises in the world of mathe­
matics, particularly in recent times. Einstein says, "Insofar 
as the propositions of mathematics give an account of reality, 
they are not certain and insofar as they are certain, they do 
not describe reality". 

However these crises act as an incentive to further and 
deeper research into the nature of mathematics. That mathe­
matics is growing is clear from the nearly 50,000 papers 
published every year. 

The authors insist that mathematics is the queen of science 
for ever. On the other hand they also say that it is a cons­
picuous fact that mathematics and physics play complimen­
tary roles, presumably on equal terms and not in the posi­
tion of one subordinate to the other. 

Calcutta 
12.4.1993 

Rev. A. Verstaeten, S.J. 



PREFACE 

The essence of life is the quest for knowledge and this 
world is a wonderful place that reveals at each corner of its 
vast domain unexpected new beauty and grace that is called 
knowledge. So the kingdom of knowledge is infinite and ever­
green with fascinating ideas that surprise any one with a 
serious mind. Eventually we, while walking down the road 
of life entered into a new world, namely, the Philosophy of 
Science whose firmament is studded with innumerable glitter­
ing stars. Astounded we looked up and then bathed in 
divine grace, we resolved to share our joy with others. This 
monograph is a gentle expression of our joy that we want to 
share. If any one gets pleasure in reading this, that would 
be our best reward. 

The theme essentially circle~ round and round one arch­
idea-the essence of Mathematics and it is arranged so as to 
enable the reader roam comfortably and happily over our re­
flections, except for the last article which is little involved. 
Our musing on different aspects of the life of Mathematics 
has manifested itself mainly through philosophical overviews, 
introspections and conclusions of different chapters. Many 
may differ from us and that is natural but no realization can 
be nullified by controversies. Only data can be rectified. 
Arguments and counter-arguments enrich knowledge but not 
wisdom. Mistakes are inevitable, more so for persons like us 
with humble means and ability. All responsibilities in this 
regard are ours and we beg no excuse for this but will be 
_glad to receive comments and criticisms from all. 

Coming back to the contents, we consider it important to 
mention that a reader after reading the first two chapters 
can move to any chapter with ease, though an orderly ap­
proach will be the best in our consideration. We have tried 
to be as explicit as possible in discussing the earlier theses 
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on various topics, but at times our limitations might have· 
surfaced. 

We appreciate the courage Mr. Mukherjee of the Firma 
KLM has shown in publishing this monograph and our thanks 
are due not only to him but also to all who worked hard to 
make the publication as neat and beautiful as possible. 

Thanks are also due to Professor P. M. Gruber, Professor 
G. Ramharter, Dr. Hartwig Sorger of the Technical Univer­
sity of Vienna who provided us time and inspiration to con­
centrate on such topics as these during our stay at Vienna. 
We acknowledge with gratitude our debts to Professor Dilip 
Kumar Sinha, Dr. Mrinal Kanti Das, Professor Rohinton 
Kapadia, Late Rev. F. Goreux, Professor Manindra Chandra 
Chaki, Professor Amarendranath Bhattacharyay and Professor 
Rama Ranjan Mukherjee who by care and criticism, inspira­
tion and collaboration guided us through this mysterious 
world of knowledge and to the completion of this mono­
graph. 

2nd July, 1992 

Calcutta. 
Dipak Chatterjee 

Supama Chatterjee 
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CHAPTER I 

THE PHILOSOPHY OF MATHEM1ATICS 

1.0 Introduction 

In the quest for knowledge human intelligence had always 
asked for the relevance of anything that came to the fore­
front, inquired into its essence and meaning and with the 
passage of time challenged old ideas in the light of the 
changed horizon of wisdom. New ideas were born often 
giving rise to new dimensions of life and philosophy. Powerful 
personalities dominated the world for centuries, then giving 
way to newer personalities with dazzling new ideas. Thus 
came Socrates, Plato, Aristotle, Jesus, Hume, Spinoza, Hegel~ 
Mill, Russell, Lakatos in the West and Buddha, Lao Tse~ 
Charvaka, Shankaracharya, Srichaitanya, Sri Ramkrishna, Sri 
Aurobinda in the East. Each of these greatmen questioned 
the essence of life on earth, its relation to time and space 
and its future. Nothing was beyond their critical observation 
and reflection. Their penetrating ideas are not only gems of 
wisdom to show the right path to the ordinary people but 
also sources of an eternal enlightenment to the thirsty souls 
striving for earthly and spiritual peace and happiness. 

Mathematics was born with the dawning of human civili­
zation, if not earlier, as it was needed by all for existence 
and subsistence as well. In other words, mathematics was 
equally important as food and shelter. It is the task of the 
historians to discover when mathematics was born and how~ 
but the philosophers are however inclined not to knowing 
this but to finding the relevance of mathematics to human 
existence, to analysing the basic concepts of mathematics, its 
meaning and essence and to putting mathematics on a strong 
foundational basis. A lot have been said about this but the 
philosophers never believe that the last word has been said 
because all notions are spatio-temporal. 
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In all centuries this creed of highly talented persons known 
as philosophers not only added to the vast ocean of knowledge 
but brought about thorough and often morphological chang~s 
of life. •. They helped people to know their identity and res­
hape their life style. It is a wellknown fact how Socrates inter­
cepted everybody he met on the road and by asking questicns 
as to their motto and mission of life changed the concept of 
life" in Greece. That the Marxian philosophy had tremendous 
influence on the twentieth century social and political life 
is beyond any dispute. Just as the meaning and essence of 
·life had assumed new dimensions so has mathematical truth. 
Almost .all philosophers had sometimes questioned the mean­
~ing of the word 'truth' and quite naturally the philosophers 
.~of science mused on the word 'mathematical truth'. As the 
:concept .of numbers came in the sequel, they questioned the 
m~ariing. and· genesis of these. numbers. They challenged even 
, the justifiability of the principles of reasoning that paved the 
path of modern science including mathematics. Numerous 
paradoxes, originated right from the Greek period till the 
nineteenth century rocked the foundation of mathematics, 

.-though the rsuccess of mathematics in unveiling the mysteries 
-of nature stood irrefutable and immutable. The enormous 
grow.th of mathematics till the nineteenth century and the 
paradoxes necessitated critical analysis not on'y of the no­
tions but also of the methods of mathematics to put it on 
a sound foundation. Here also approaches varied giving birth 
to different schools of philosophy. 'l'he platonist school that 
remained almost the solitary authority to explain mathema­
tics broke down to radical schools like the Formalist and the 

• Intuitionist. The philosophers of all ages raised many funda­
mental questions as to the nature and objective of mathema-

. tics, its relevance and relation to science and human exis­
tence, its methods and concepts and above all the meaning 
-of mathematics. In this essay we make an overview of some 
of these. fundamental issues only . 

. 1.1 Search fQr an Identity 
What is mathematics ? 'I 
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This is perhaps the toughest question in the whole of 
hun,an. knowledge and surely is as difficult as to answer the 
-question 'who am I ? ' The various attempts made by many 
philosophers and mathematicians have either failed to give a 
,comprehensive description of it or tactfully sidetracked it to 
give .a roundabout answer very much like 'mathematics is 
_what. mathematicians do'. One of the major reasons for this 
difficulty can be attributed to the changing aspect of mathe­
mc1.tics for the last five thousand years. In the days of Egyp­
tians and Babylonians, mathematics meant the study of whole 
numbers and some geometric objects. The Greeks enhanced 
the scope of mathematics by broadening the frontiers, of 
i:nathematics to astronomy, mechanics and geography. Thus 
geometry an_d arithmetic became much more enriched. So 
mathematics had a broader implication. Since the abstraction 
.and axiomatization started in the hands of the Greeks, mathe­
matics. by now had become more obscure. After the dark 
period in the history of Europe; when the lights of the Greek 
wisdom pervaded the European intellectual life and the 
RenaissanGe took away the clouds of ignorance, superstiti0n 
and traditionalism, science had a new birth and mathematics 
became a driving force in this intellectual upliftment. In 
multifarious activities, mathematics spread itself and help~d 
uncover the mysteries of nature. During this period of dark­
ness ·the Chariot of mathematics was drawn by the Arab and 
Hirtdu mathematicians who developed the long-neglected 
algebra to an admi_rable height. Astronomy too flourish~d 
•during this period and arithmetic gained momentum by some 
-outstanding discoveries. The 17th. 18th and 19th centuri~s 
marked a steady progress of mathematics towards abstraction 

:and formal manipulation. Logic played a key role in this pro­
gress. So gradually it became extremely difficult to define 

• mathematics in its ·entirety. This has been echoed clearly in 
the attempts of Russell, Poincare, Peirce and Whitehead. 
Benjamin Peirce said in his famous memoir on ''Linear Asso­
ciative Algebra" "Mathematics is the science which· draws 
necessary conclusions". "In his 'Universal Algebra', White­
head -declared,· "Mathematics in its widest significance is the 
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development of all types of formal necessary deductive re­
asoning". Russell in his characteristic tone uttered. "Mathe­
matics is the subject in which we do not know what we are­
talking about or what we say is true". The logicians of the 
20th century went further to prove that all of mathematics 
can be. derived from logic and therefore it is in a sense ap­
plied logic. But a careful look into these definitions will, in 
the light of experience, amply clarify the position of mathe­
matics in the perspective of the above notions. In fact, 
mathematics is mathematics. It has a distinct status com­
pared to any other subjects including physics and logic. While 
the hypotheses in physics seek more or less to explore the· 
designs of nature and in this way are somewhat based on 
empirical observations, mathematical axioms stand for none. 
Thus the results derived deductively in mathematics can be 
termed as mathematical truths. Mathematics can be defined· 
as a quest for mathematical truths which can be quite diffe-­
rent from empirical truths. So to understand what is mathe­
matics it is more important to know first what are mathema­
tical truths and what the nature of mathematics is. 

1.2 Mathematical Truth 

Euclid in his 'Elements' has set forth a model on which 
the whole of mathematics should be built up. Aristotle has 
bequeathed to us the principles of deducing valid conclusions. 
These two are the greatest achievements of the Greeks which 
we have inherited. Since nature appeared to men with its. 
formidably mystic robe, the first objective of human explora­
tion was to expose dreadful nature with its tooth and claw, 
to understand its mysterious functions and to get over our­
psychological insecurity about the hands of a controlling God. 
In this venture, quite naturally and logically, the basis was. 
one's experience and observations. 

The model of geometry, built up by Euclid was therefore· 
·based on certain axioms which had their genesis rooted in 
experience and the deductions therefrom were entirely com-
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mensurate with the logical principles codified by Aristotle. 
The theorem obtained thereby were taken as truths. Their 
overwhelming success in the demystification of nature estab­
lished the credibility of mathematical truths. But with the 
advancement of mathematics as non-Euclidean geometries 
came to explain nature in equal proportion with Euclidean geo­
metry, the 'truth' of any mathematical truth became obscure 
and the problem of consistency added fuel to this fire of 
misgiving. So a clearcut distinction between empirical truths 
and mathematical truths was imperative. Since then mathe­
matical truths are not empirical truths and are not bound to 
satisfy physical conditions. They stand for logically meaning­
ful hypotheses or theorems derived from such hypotheses on 
the basis of fundamental logical principles. Eventually the 
discovery of the non-Euclidean geometries had brought about 
a complete change in the nature of mathematics. The fact 
that set theory can be developed with the continuum hy­
pothesis or its negation, with or without the axiom of choice 
has rendered us to a position where we can not claim any 
theorem to be a truth. The Godel's Proof of the inconsis­
tency of any formal mathematical system that encompasses 
arithmatic has taken away the ground beneath our feet. The 
challenge of the logical principles, particularly the law of the 
excluded middle has subdued the status of mathematics to 
that of a lunatic who deserves no respect from any sane per­
son. So mathematical truths now stand for no truth but 
merely statements which have been arrived at by some logical 
principles, right or wrong, and which have not met with 
exactly opposite assertions as such. 

1.3 Nature of Mathematics 

As the nature of mathematics is time-dependent, with the 
-passage of time, this nature of mathematics has also changed. 
What mathematics meant in the Greek period or even be­
fore the 17th century is very different from what it means 
.now. But there are certain intrinsic characteristics that have 
:survived through ages. The nature of mathematics will be 
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best understood if we look into these intrinsic properties on. 
one hand ,and their interactions with other sciences. 

From the time of Plato, it had been a dominant question 
among others whether the numbers and the geometric no• 
tions are parts of reality or not. The question of reality .did 
n()t only pertain to mathematics alone but turned out to be a 
p"i·oblem of philosophy in general. For Plato, an import~nt p.:!r­
haps man's most important intellectual task was to distin­
guish appearance from reality. He held that there are mind­
indepenclent, definite eternal objects which we call 'one.' 
'two', 'three' _"etc., the arithmetical forms and there are 
inind-independent definite eternal objects which we call 
'point', 'line', 'circle' etc., the geometrical forms and 
this world of forms is different from the world of sense 
perception and this world of forms is apprehended not by 
the senses but by reason and constitute the subject matter 
of mathematics. Mathematical propositions are only about 
math~matical forms. Thus the proposition that 1 + 1 = 2· 
and all the other true propositions of arithmetic and of geo­
in~try are necessarily true because they describe unchange­
able relations between unchangeable objects, namely the· 
arithmetical and geometrical forms. Their necessity is inde­
pendent of their being apprehended by the discoverers of 
mathematical truths, independent of any formulation and thus 
·of any rules governing a natural or artificial language. Re-­
jecting Plato's distinction between the world of forms said to 
be true reality and that of sense experience which is only to 
be understood as an approximation to the world of Forms, 
Aristotle observes that the form or essence of any empirical 
object constitutes a part of it in the same way as does its 
matter. He pays much more attention than Plato did to the 
structure of whole theories in mathematics as opposed to 
isolated propositions, and distinguishes clearly between-

(i) 

(ii) 
the principles which are common to all sciences, 
the special princiI?les which are taken for granted by­
the • mathematicians engaged in the demonstration 

\ 

of theorems. 
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(iii) the definitions which do not assume that what is 
defined exists. 

(iv) existential hypotheses which assume that what has 
been defined exists independently of our thought and 
perception. 

Like Plato and Aristotle, Leibnitz, one of the most distin·­
guished philosopher-mathematicians of the 18th century deve­
loped a philosophy of mathematics which reflected his meta­
physical vision of great beauty and profundity. His position 
in logic that every proposition is reducible to subject predi­
cate form is paralleled by his mataphysical doctrine that the 
world consists of self-contained substances which he called 
monads and which do not interact. He presented a philo­
sophical thesis concerning the difference between truths of 
reason and truths of fact and their mutually exclusive and 
jointly exhaustive character on one hand 'and the metho­
dological idea of using mechanical calculation in aid of de­
ductive reasoning not only within those disciplines which 
belong traditionally to mathematics, but also beyond them on 
the other hand. Truths of reasoning are necessary and their 
opposite is impossible. Truths of fact are contingent and 
their opposite is possible. Thus truths of reason are ground­
ed in the principle of contradiction which he takes to cover 
the principles of identity and of the excluded middle. Not 
only trivial tautologies but all the axioms, postulates, defini­
tions and theorems of mathematics are truths of reason. In 
a similar sense a truth of fact is to be regarded as having 
a subject containing its predicate is far less clear. Indeed, 
in order to explain the meaning of his assertion that the sub­
ject of a truth of fact contains its predicate, Leibnitz had 
to bring in the notions of God and of infinity. Leibnitz's 
philosophy does not render much help to Mathematics. Accord­
ing to him that 2 + 3 = 5 is true on the basis of the law of 
contradiction. The concrete representation in suitable sym­
bols of a complicated deduction is in his words a 'threa~ 
of Ariadne' which leads the mind. Leibnitz's programme is 

• first of all to devise a method of so forming and arranging 
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characters and signs that they represent thoughts i.e. they 
are related to each other as are the corresponding thoughts. 
ln factl what Leibnitz said about the symbolization of deduc­
tive reasoning is full of prophetic insights varying from the 
clear _grasp of possible tasks to vague hints. Immanuel Kant 
(1724-1804), German Philosopher and Scientist, propounded 
a philosophy which lies in a sense between the rationalist 
.philosophy, represented by Leibnitz and the empiricist philo­
sophy represented by Hume. Differing from both Leibnitz 
and Hume he observed that though all propositions are divi­
sible into two classes viz. analytic and synthetic, yet synthe­
tic propositions can be further classified as a priori and a 
posteriori i.e. non-empirical and empirical. According to him, 
synthetic a posteriori propositions are dependent on sense­
perception in that any a posteriori proposition, if it be true, 
must either describe a possible sense perception or logically 
imply propositions describing sense perception. Synthetic a 
priori propositions on the other hand are not dependent on 
sense perception. He further divided a priori propositions 
into two classes 'intuitive' and 'discursive'. The intuitive are 
primarily connected with the structure of perception and 
perceptual judgement, the discursive with the ordering func­
tion of general notions. The so-called principle of causality is 
an example of a synthetic a priori proposition. According to 
Kant, all propositions of mathematics belong to the intuitive 
class of synthetic a priori propositions. Kant's classification 
reminds us of Plato's and Aristotle's attitude towards mathe­
matics. To Plato, mathematics meant a subject which stu­
dies idealized notions of the empirical objects and these ob­
jects he called Forms. So his was an idea close to Pure 
Mathematics. Aristotle on the other hand put equal em­
phasis on both Forms and the empirical objects and there­
fore to him mathematics was divisible into two types, pure 
and applied. Definitely this was implicit in Plato' observa­
tion also. But what Aristotle emphasized is that the state­
ments of applied mathematics would approximate to state­
ments of pure mathematics. In fact, Plato considered mathe­
matics not as an idealization, by the mathematicians, of cer• 
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tain aspects of the empirical world but as the description of 
reality and to Aristotle, both idealization and the empirical 
observation were reality i.e., 1 + 1 = 2 is true as an idealiza­
tion and so is the fact that one pen and another make two 
_pens. 

Kant made this position much more vivid by distinguish­
ing all synthetic propositions as a priori and a posteriori. 
To him pure mathematics is not analytic, but synthetic a 
priori and applied mathematics is synthetic a posteriori. The 
propositions of pure mathematics which by the time of Kant 
were no more than pure geometry, pure arithmetic and 
algebra are synthetic because they are about the structure 

,of space and time as revealed by what can be constructed 
in ~em and they are a priori because space and time are 
invariant conditions of any perception of physical objects. 
Pure mathematics has for its subject matter the structure of 

·space and time free from empirical material. Applied mathe­
matics has for its subject matter the structure of space and 
time together with material filling it. 

What Plato, Aristotle, Leibnitz and Kant viewed regard­
ing the nature of mathematics has permeated in a polished 

·way to recent mathematical doctrines. Pure mathematics 
though fed by physics and other natural and social ~ciences 
has divorced them on the plea that the rich fabric of creations 

• by problems of the real world can be strengthened and 
illuminated by the recognition of identical mathematical 
structures in dissimilar situations and their common abstract 
basis. There is no doubt enough truth in it, but fanatic iso-

• 1ationist abstructionisms are dangerous because the life blood 
• of mathematics comes from reality and if the body does not 
get blood, it courts death. The nature of mathematics as has 

• been discussed in the earlier paragraphs relates to the in• 
trinsic characters only. To understand it from the relational 

• standpoint it is important to have an overview of the different 
philosophical movements that took the whole of the first half 

• of the twentieth century. In fact these movements started 
much earlier but took a serious dimension only after the 

"'tUm of the century. 
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1.4 The Philosophical Schools 

Even since the creation of logical principles by Aristotle,. 
mathematicians were greatly impressed by its tremendous 
success in almost all areas of human knowledge. This state· 
of obsession continued till in the late 18th century the fifth 
postulate of Euclid's 'Elements' raised good deal of confu­
sions. In fact, never before has this parallel postulate given• 
mathematicians enough solace and satisfacticn. When a geo­
metry was discovered independently by Lobatchevsky (1793-
1856) and Bolyai (1802-1860) which essentially differed from 
that of Euclid but fitted our physical space quite well, rather 
equally well as Euclid's geometry, the age-old conviction 
and faith both in the logical principles anci in the abrnlute 
supremacy of Euclid's geometry were torn into pieces. In 
effect this was a crisis of reason. But this crisis did not deter· 
the progress of mathematics. New and revolutionary disco­
veries poured into the world of mathematics on one hand 
and on the other a group of intellectuals determ;n~d to 
examine each of the earlier discoveries critically to make 
mathematics rigorous and well founded. They questioned· 
almost all basic notions of mathematics, its essence and vali­
dity, its significance and relevance and tried to give expla­
nations from their own philosophical views. Thus different 
schools of thought were formed and the first of them is 
known as the logistic school. They were so impressed by 
the power of the laws of logic that they contemplated to· 
prove the whole of mathematics as a part of logic. Since, to 
them the laws of logic were a body of truths, they contend­
ed that mathematics must also be true and since truth is 
consistent, mathematics must also be consistent. Thus what 
was seminal in the ideas of Leibnitz. and what really moved 
Dedekind got by now an explicit expression in the hands 
of Gottlob Frege (1848-1925) towards the end of the 19th· 
century. Frege believed that the laws of mathematics are 
what is called analytic and they say no more than what is 
implicit in the principles of logic which are. a priori truths,. 
Not all of mathematics may be applicable to the physicaf 
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world but certainly it consists of truths of reason. Frege's 
attempt was no doubt sincere but lacked clarity and insight 

• which was amply demonstrated in Russell's work. In fact, 
Russell (1872-1970) in collaboration with Whitehead (1~61-
1947) worked out the details of the programme. The work 
starts with the development of logic itself and then axioms of 
logic are carefully stated from which the theorems are de­
duced to be used in subsequent reasons. The reason for the 
culmination of this logistic school can be attributed not only 
to the discovery of non-Euclidean geometries but to the 
revolutionary work of Cantor (1845-1918) in developing 
set theory. It is beyond the scope of this article to discuss 
how much success was achieved by the logistic school. None­
theless it is worth mentioning here at least a large portion 

•• of mathematics could be shown as derivable from logic. This. 
amply illustrates the situation with regard to the nature of 
mathematics. When the philosophical texture of mathematics 
had been experiencing onslaughts of logic, another radi­
cal school was in the making. The ingredients that remain­
ed buried in the hearts of Descartes (1596-1650). Pafc3l" 
(1623-62), Kant (1924-1804) and Kronecker (1823-1891) and· 
could never precipitate in totality now became manifest in 
the writings of Brouwer. What Pascal tried to say in his 
statement "The heart has its own reasons. which reasons 
does not know" now became explicit in the Dutch Profe­
ssor's thesis that )Iathematics is a human activity which· 
originates and takes place in the mind and it has no real 
existence outside human minds. Thus it is independent of 
the real world and the mind recognizes basic, clear intuitions -
-not sensuous or empirical but immediate certainties about 
some concepts of mathematics. To Brouwer, mathematics is 
synthetic, composed of truths rather than derived implica­
tions of logic. He further observed that mathematics is a 
wholly autonomous, self-sufficient activity and is ind:pendent 
of 1anguage. The world of mathematical intuitions is opposed 
to the world of perceptions. According to him, mathemat'cs 
is not bound to respect the rules of logic and for this rea-

• sons knowing mathematics does not require knowing format 
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proofs. He insisted that as natural numbers, the operations 
.-of addition, multiplication and mathematical induction are 
intuitively clear, Cantor's infinite sets and Zermelo's axiom 

• of choice were rejected by him. The concepts or objects ac­
-ceptable to the intuitionists are those that can be construct-
• ed i.e. one must give a method of exhibiting the entity or 
,entities in a finite number of steps or a method of calculat­
. ing them to any desired degree of accuracy. The intuitio­
.. nists maintain with respect to infinite sets that there is a 
third state of affairs viz. there may be propositions wh:ch are 
neither provable nor disprovable. Under the intuitionist view, 
· the classical and the logistic constructions of the system of 
-real numbers, the calculus, the modem theory of real func­
tions, the Lebesgue integral are not acceptable. In fact in­
tuitionists gave a new dimension to the mataphysics of mathe­
,matics. Whether this really made mathematics healthier or 
--not is still a matter of controversy. The third school that left 
a lasting impression to the world of 20th century mathe­
maticians is popularly known as the formalist school founded 
by David Hilbert (1862-1943) who wanted to see whatever 
-mathematical truths are discovered, they are of real signi­
ficance. Thus came the question of consistency of any mathe­
matical system which became poignant in the hearts of the 
formalists. Though Frege developed logic to encompass much 
-0f mathematics, he eventually demonstrated the power of 
symbols which was immediately taken up by the formalists 
who realised the tremendous potentiality of such formalism. 
The thesis of the formalists was to prove that all of mathe­
matics can be put in a formal system to achieve the highest 
degree of generality. A formal system consists of a finite set 

. of symbols and of a finite number of rules by which these 
symbols can be combined into formulae or statements. A 
number of such statements are designated as axioms and by 

• repeated applications of the rules of the system one obtains 
an evergrowing body of provable statements. A proof of a 

-given statement or formula is a finite sequen~e of statements 
that starts with an axiom and ends with the desired state­
·ment. The sequence is such that every intermediate state-
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ment is either an axiom or is derivable by the rules of the 
system from statements that precede it. Hilbert and his colla­
borators in the scheme also developed a well-defined theory 
of how a proof works and what a proof is, which is often 
referred to as metamathematics. In this theory he not only 
emphasised on the classical constructivism like the intuitio- · 
nists, but also required finitary methods for the demonstra-· 
tion of a proof, which in essence differs from the intuitio­
nists' scheme and consistency and completeness were the 
most essential requirement of any mathematical system. 

The objective of the set theoretic school pioneered by 
Dedekind (1831-1916) and Cantor (1845-1918) was to reduce 
all of pure mathematics to set theory. Though the progra- • 
mme of the logistic school was very much the same, the set 
theorists preferred a direct approach through axioms. The 
aximatization of set theory was first undertaken by Zermelo 
in a paper of 1908 and later (1922) improved by Fraenkel. 
(1891-1965). The set theorists were never seriously concern­
ed about the consistency and completeness of the axioma­
tized set theory. 

Before the middle of the nineteenth century there was 
little conscious effort at synthesis or unification. Of course, . 
Euclid's 'Elements' represent a major synthesis and Des­
cartes' analytic geometry was a major unification of algebra 
and geometry, but mathematics after Newton were too busy 
joyfully exploring the new vistas opened by Calculus. Then. 
CaIDe a reaction and a trend towards organization developed 
because the body of mathematics had grown so large that 
organization became necessary, lest parts of the subject 
ceased to communicate with one another. Also unrestrained 
intuition unhampered by the rigid standards imposed by a 
formal system was beginning to get mathematicians into 
trouble. Euclid was once the unsurpassed model of rigour. 
But as mathematicians were exposed to an ever-widening 
stream of problems, critical senses sharpened and logical sen-· 
ses grew subtle and more refined. So what was once obvious 
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. to. all now became objects of critical analysis. Some notions 
which never critically examined now surfaced and drew the 

. attention of many. One such is the notion of •infinity'. Aris­
totle is the first of all mathematicians to have given detailed 
formulation of the problem of mathematical infinity. He 

. analysed the notion in two ways, viz. actual infinity and 

. potential infinity. He distinguishes the possibility of adding 
a further unit to the last member of any sequence of num-

. hers, say, the sequence of natural numbers from the possibi­
lity of conceiving a collection of all natural numbers, Ac­

. cording to him, the first implies the notion of potential infi­
nity and the second implies the notion of actual infinity. 
Though Aristotle advocated the acceptance of potential infi-

. . 
nity, for nearly two millenia both were used by i:nathemati-

. cians without sufficient justification. Kant is perhaps the 
first to • foresee the tremendous potentiality of the notion of 

. actual infinity. The contrast between the actual infinity 
-which cannot be constructed but is nevertheless '~eeded' 
.and the potential infinity which can be constructed . was 

· often emphasized by Kant. But the real distinction was· felt 
deeply and rigorously when the monumental work by G. 
Cantor (1845-1918) came to light. A conscious examination 

· of the foundation of analysis a11:d inquiry into the meaning of 
_the real number system and of the nature of functions defined 

. on them led to problems that are at the origin of modem. set 
theory and of modern mathematical logic. Cantor's set theory 
not only gave answers to the question posed previously by 
Galileo, Giordans Bruno, Bolzano, Weirstrass, Dedekind, 
Frege and Peano but also opened a new vista and dimension 

. of • the existing mathematics. A philosophical school was also 
enrooted by this discovery which sought to explain many of 
the mathematico-philosophical phenomena. In fact after Peano's 
work on axiomatization of arithmetic together with that of 
Boole's on algebra of sets, the creation of set theory made 
it imperative to attempt the construction of a system of 
axioms for the whole of mathematics. The great formalist 
programme of Hilbert was to erect an axiomatic edifice suffi-

. cient for all work in mathematics. Not that there was un-
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.-animity as to the admissibility of all axioms. In partic.llar, 
th~ a,dom of choice was felt by some to be of dubious cha­
racter and perhaps inadmissible because of the strange, see­
mingly paradoxical consequences of its applications. In fact, 
throughout the history of m.athematics new objec~s were 
-constantly being discovered 'with properties to which the 
·mAthematicai' thinking of the period was unaccus.to.med even 
.without· the use of axioms stating the existence of ·ncn­
·co~structive' entities. The process of generalization in· _mathe­
matics has very often started from such 'surprising' discove­
ries. Their logical consequences, no matter how strange they 
might have appeared at the moment, had to be accepted and 
have often formed a basis for new systems. T_he .school of 
ip_~itionists headed by Brouwer and for a time by Lebesgue 
.and .H. Weyl have attempted to confine. mathematics to mQre 
,cc{nstructive or operational system than mere existential 
•Qnes. 

Hilbert's programme implied a faith in the completeness 
,of • an all embracing axiom_atic system for the whole of 
mathematics. The work of Bernays, Fraenkel and von Neu-

• mann had already laid solid foundations for axiomatic sys­
tem·s of set theory and mathematical logic. There was reason 
to hope that all meaningful problems in such systems were 
•decidable. T~en Godel (1906-1978) in his revolutionary paper 
of 1931 proved that in any sufficiently rich system of 
axioms ·there will exist statements which though meaningful 
a~e :und~cid~ble within the system and cannot be made com­
plete by the addition of any fl.nit~ number of axioms. Another 
problem that drew the attention of the mathemati~ians of 
the twentieth century is known as the ·consistency problem 
which requires· ·every mathematical system to b~ consistent 
i.e. contra~ictory theorems are impossible. Godel's prcof of 
the incompleteness was based on the assumption of the con­
sistency· of the syst~m. In fact for healthy mathematics it 
should be a quite logical requirement that any mathematical 
system be· consiste~t. But this demand regarding the nature 
of ma!hematics met with . reje<:tion by _the _Godel's result that 
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it is not possible to prove consistency of any system that is­
broad enough to endorse the system of whole numbers. 

Thus the different schools of thought whether they are 
the classical Platonism or modern Formalism or Logicism or 
the radical intuitionism have had tremendous influence in 
reshaping mathematics from the foundational standroint pre­
serving most of the mathematics that existed till the tum 
of the century. 

1.s Indian Panorama 

Since India is accredited with the genesis of one of the 
richest philosophies that has survived at least five millenia, 
it is quite reasonable to think that mathematics was surely 
within the ambit of its musing. The amazingly rich arith­
metic and algebra, the tremendous success in areas of astro­
nomy and incredible vastness of Buddhist logic bear clear 
evidence tQ the depth of the Indian philosophy of mathema­
tics. Owing to cryptic aphoristic expressions of the ancient 
Indian philosophy and non-availability of a written history, 
no cogent development is noticeable except some stray and 
scattered writings and what is available to hand is difficult 
to put into a coherent whole. But fragmentary that may be, 
it evinces the tendency of th~ Indian philosophical thoughts 
towards mathematics. Interestingly, enough materials on the 
philosophy of science have been bequeathed to us but 
there is very little on mathematics proper. The argument 
that has been given by Brojendranath Seal, a great savant of 
India, for this is interesting and noteworthy. He maintains 
that Hindu Philosophy on its empirical side was dominated 
by concepts derived from physiology and philology just as 
Greek Philosophy was dominated by geometrical concepts 
and methods. He continues to say that comparative philo­
sophy in its criticism and estimate of Hindu thought must 
take note of the empirical basis on which the speculative 
superstructure was raised. Not only about mathematical 
truths but also about any scientific truth they had clear and 
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distinct position. According to them, the ultimate. criterion 
of truth i·s foit~d not in mere cognitive part presentation but 
in the correspondence between the cognitive and the practi­
cal -activity of the self, which together are supposed to form 
the circuit • of consciousness. Truth, the Buddhists contend, 
is not self evident, not self-evidence, not the agreement bet­
ween ideas, nor the agreement of the idea with the reality 
beyond, if any. for this cannot be attained direct, but the 
harmony of experience which is implied when the volitional 
reaction that. is prompted by a cognition and that completes 
the circuit of consciousness meets with fruition. This 
is the material aspect of truth. The formal aspect is given 
in a principle which governs all presentations in conscious­
ness. and which combines the three moments of Identity, non­
Contr,adiction. and :gxcluc;led :M:ddle in every individual 
cognitive operation. As. regards i_nference also, they had 
a differing view from the· Greeks. They maintain that infe­
re.nce is to be drawn not by perception or direct observation 
but through the instrumentality or medium of a mark, that a 
thing possesses a certain character. Inference is therefore in 
Indian Philosophy based on the establishment of an invari­
able concomitance between ~he mark and the character in­
ferred. Hindu Inference is therefore neither merely formal 
nor fully material, ~~t a c<;:>mbined Formal-Material Deduc­
tive-Inductive process. It is neither the· Aristotelian Syllo­
gism nor Mill's lndu~tion i.e. Material Inductive process, but 
the real inference which must combine formal validity with 
the material truth, inductive generalization with deductive 
particularisation. One of the predominantly materialist Hindu 
philosophies propounded by Charvaka had two subschools, 
one who accepted perception as a valid source of knowledge 
as well as the reality of natural law, and the other who 
impugned all kinds of knowledge, immediate as well as me­
diate and all evidence, Perception as well as Inference. The 
Charvakas hold that the principle of causality which the 
Buddhists assume to ·be a ground of an induction is itself 
an induction which amounts to circularity in reasoning that 

F-2 
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every inference is based on an unconditional invariable con­
comitance which itself must be inferred, as universal proposi­
tions cannot be established by our limited perceptions. Thus 
there is a regression ad infinitum and that the nexus bet­
ween cause and effect or between the sign and the thing 
signified is only a mental step or objective association based 
on former perception. 

The Buddhists however take their stand on the principle 
of the Uniformity of Nature particularly the uniformity of 
succession in the relation of cause and effect and the unifor­
mity of coexistence in the relation of genus and species and 
in all cases of inference based on the Uniformity of nature, 
the relation is that of inseparableness or non-disjunction bet­
ween the mark and the character inferred. The Nyaya School 
of Philosophy, more sophisticated and radical, demolishes 
the Buddhist contention about identity of essence. The Nyaya 
writers, being realists, do not impugn the reality of the genus 
like the nominalists or the nominalistic conceptualists, but 
they point out that the inseparableness in such cases cm 
only be established by the experience of unbroken unifor­
mity. Uniform agreement in presence with uniform agree­
ment in absence not the mysterious identity of essen::e irre­
sistibly perceived in any individual case or cases is the only 
basis for constituting genera and species in natural classifi­
cation. Some of the later Nyaya writers point out that indivi­
duals do not always possess in nature all the characters that 
go to form the definition of the class to which they are 
referred. 

Thus _though no_t very specific, the Hindu Methodology 
?r ~he. Hmdu doctrme of Scientific Method has very clear 
md1cat1on as to how mathematical truths are to be derived 
how empirical observation coupled with intuition discove; 
mathematical truths and what is the complete form of valid 
proof. !n fact, a ~:rfect blend of the logico-intuitionist ap­
proach 1s clearly v1s1ble, though the obvious trend was to­
wards intuition. Numbers, according to them are to be taken 
as names of certain classes and the rest of ~athematics is to 
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be developed through experimental ratifications. It is inte­
resting to note that when the Buddhist scholars engaged 
themselves with the development of logic in its full genera­
lity, the Jainas devoted themselves in harnessing the poten­
tiality of mathematics proper, regarding mathematics as 
an integral part of their religion. A section of their religious 
literature was named 'Ganitanuyoga'. This could happen 
possibly because Mahavira, the founder of Jainism, was him­
self a good mathematician. Among the religious works of 
Jainism those that are important from the viewpoint of 
mathematics are Surya Prajnapti, Jamboo Dwipa Prajnapti, 
Sthananga Sutra, Uttaradhyayana Sutra, Bhagawati Sutra and 
Anuyoga Dwara Sutra, all written between 500 B.C. and 300 
B.C. Of the later commentators Bhadrabahu and Umaswati 
had exceptional brilliance in dealing with the sub;ect in their 
original texts-'Bhadrabahavi Samhita' and 'Tattwarthadhi­
gaina Sutra Bhashya' respectively. Whereas in the Buddhist 
works 'Lalitta Visthara (circa 100 B.C.) numbers upto to the 
size of 1053 are noticeable, in the Jaina scriptures apropos 
of time and space numbers of the size of 10194 have been 
used. This quite naturally hints at the plausibility of the 
concept of infinity. In fact, it is no more a matter of con­
jecture that the Jainas had the concept of infinity-both 
actual and potential as enunciated by Aristotle and later 
Kant, Leibnitz and Cantor. Surprisingly, they had even the 
notion of infinite dimension. 

In a nutshell, it can be affirmed that the ancient Hindus 
bad a very rich philosophy of science which flourished in 
diverse areas including mathematics, but certainly it would 
•not be reasonable to compare its prolificity with the 20th 
century emanations, because science and technology as such 
·,have undergone enormous change by this time. It should 
neither be belittled in view of the period when it developed, 
viz. between 1000 B.C. to 500 A.D. The development of the 
-philosophy of mathematics during the period from 500 A.D. 
to 1500 A.D. is so insignificant that it hardly demands any 
,credit, the reason being· the aggressions by Muslim invaders 



20 REFLECTIOKS OK THE PHILOSOPHY OF ~L\THK~fATICS· 

and the predominance of Muslim culture and tradition which 
patronized anything except the Hindu Philosophy of religion 
of which the philosophy of mathematics was an integral part. 
The Buddhist school, the Jaina tradition, the Hindu Nyaya 
and Nabya Nyaya Schools did not add any new theory, dur­
ing this period except continuing the debate that started long 
since. This does not certainly mean that the growth of mathe­
matics was hindered during this time due to lack of rnough 
philosophy. The situation was rather opposite. The interaction 
of Hindu and Muslim mathematics that came from Baghdad 
enriched Hindu Mathematics, particularly in the sphere of 
Algebra and Astronomy. The classic works like Brahma Sphuta 
Siddhanta (630 A.D.) Khandakhandyaka (628 A.D.) by Brah­
magupta, Ganita Sarasangraha (850 A.D.) by Mahavira, Tri­
satika (750 AD.) by Sridharacharya, Patiganitasara (750 A.D.) 
by Sridhara, Ganitatilaka by Sripati, Arya Bhateeya (499 
A.D.) by Arya Bhatta I and Arya Siddhanta (950 A.D.) by 
Arya Bhatta II, Siddhanta Siromoni by Bhaskara Charya and 
Surya Sidhanta stand as glaring evidence to the height of 
achievements attained during this period. 

1 ~6 Conclusion 

It is argued sometimes that ~Iathematics was born before 
the philosophy of mathematics came into existence and 
mathematics did serve mankind to unveil the mysteries of 
nature, to have control over the nature and to help our civi­
lization progress to an incredible height. There is no doubt 
that there is sufficient truth in this, but that to be precise­
is only a half truth. The fact remains that there had always 
been a current of philosophy with a current of mathematics 
and these two currents are so inseparably related that none 
can go ahead of the other. Their interdependence is so intri­
cate that sometimes we are dazzled by the progress of 
mathematics and at other time, by the advancement of phi­
losophy. A serious look into the current of historical events 
in the world of mathematics will make it clear that when­
ever a new idea came that puzzled the mathematicians, 
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they started looking back, examining the validity of reason­
ing and the logical basis of the notions. Again when a 
plausible solution was obtained, they looked forward to 
create new mathematics. This is how the physiology and 
anatomy of mathematics are to be looked at. This cer­
tainly does not mean all problems of the philosophy of science 
have been solved or all questions have been answered, but 
surely the retrospections and the subsequent attempts to 
resolve the crises have given new insights into mathematics 
-the insight that have made mathematics the queen of 
science forever. 



CHAPTER II 

THE PHILOSOPHICAL SCHOOLS 

OF MATHEMATICS 

2.0 Introduction 

Mathematics is a majestic creation of the human reason. 
Endowed with this faculty man made mathematics not merely 
for his pragmatic interests but also for the pleasure of crea­
tion. It took several thousand years to establish the autho­
rity of mathematics with its boundless treasures. The history 
of development of mathematics is not a history of cor:quests 
alone, it is replete with innumerable failures, controversies 
and crises. The growth of mathematics was not continuous 
all along or at the same rate. There had been many catas­
trophic turns and twists. The factors that are responsible 
for such disasters are basically philosophical-man's never 
ending queries as to the definition and nature of mathema­
tics, its objectives and scope. 

The genesis of such questions can be traced back to one 
thousand years before Christ when the ff ndus and the 
Greeks had been musing over what is true mathematics. Tile 
discovery of geometry gave a model, but such models were 
missing for arithmetic. The crises created by the discovery 
of zero in the Vedic period and negative m:mbers around 
600 A.D. by the Hindus made the wheel of progress rotate 
back and forth till the 18th century when the discovery of 
non-Euclidean geometries by Lobatchevsky (1793-1856), Bolyai 
(1802-1860) and Riemann (1826-1866) actually brought it 
to a standstill. The centuries old ideas of explaining nature 
by Euclidean geometry had a shocking rebuff. With the ad­
vent of the 19th century the scenes of the mathematical 
world started changing fast. Mathematicians concerned 
themselves with the foundational aspects which had been 
hitherto uncared for. The subsequent discoveries of com­
plex numbers, quarternions by Hamilton (1805-J g65) and 
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matrices by Cayley (1821-1995) complicated the situation. 
In the mean time Rene Descartes (1596-1650) and Immanuel 
Kant (1724-1804) started questioning the principles of logic 
that had been the basis of all mathematical judgements and 
deductions. The strongest blow to the philosophy of mathe­
matics was given by George Cantor (1845-1918) who brought 
about almost a revolution in mathematics by introducing the 
concept of transfinite sets. The concept of infinity had been 
perturbing mathematicians long since, almost from the 
Greek period and the mathematicians had made very weak 
attempts to solve and settle the problems of infinity by dis­
tinguishing potential infinity from actual infinity. However 
nothing else than the concept of transfinite sets could shake 
the foundation of mathematics so severely and forced 
mathematicians to solve the crisis from different angles. The 
result was a clear division of the elite of the mathematical 
world into four major factions, now more popularly known 
as philosophical schools. Each of these schools had its 
own philosophy with which it tried to explain all major 
mathematical events including mathematical concepts. In the 
International Congress of Mathematics held at Paris in 1900, 
this split was distinctly noticed. The following onslaughts on 
the foundation especially with regard to consistency and 
completeness of mathematics by Russell (1872-1970), Hilbert 
(1862 - 1943), Godel (1906 - 1978), Church (1903 - 1919), 
Lowenheim (1887-1940), Skolem (1887-1963) compelled all 
leading mathematicians of the 20th century to join one or 
the other of the camps. 

The concerted efforts by groups of mathematicians be­
longing to different schools engineered new outlook towards 
mathematics and certainly were not futile. The world ex­
perienced sometimes fierce battle between the intellectual 
giants-the battles that are still not over but not as con• 
spicuous as before. 

The most interesting of these schools was certainly the 
Intuitionist one. 
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2.1 The Intuitionist School 

To intuit does not simply mean to visualize but also that 
the vision should come from the mind which is illuminated 
with the light of wisdom and knowledge. To Kant, the mind 
organizes the perceptions and these organizations are intui­
tions of space and time. Space and time do not exist objec­
tively but are the contributions of the mind. The experien­
ces of discoveries of deep and penetrating results convir ced 
many discoverers of the tremendous role of intuifon in C)ID­

parison to rational reasoning. _so when the centuries old ideas 
and constructs of mathematics fell flat exposing the empti­
ness of human faculty of reasoning (e.g. in Euclidean Geo­
metry), many started believing intuition dominates bgic in 
al).y mathematical discovery. 

The celebrated mathematician Descartes who almost soli­
·tarily took over the task of rigorous mathematization of the 
Laws of Mechanics, Philosophy, Logic, Law, Biology, Physics 
and what riot. (one of the most successful of rll math:mati­
cians ever born) supported the intuitionist view of mathe­
matical philosophy. But a queer fact is that their view was 
never conspicuous in any of their writings. Brouwer (1881-
1966) can in this sense be designated as the founder of this 
philosophical school and Descartes and Kant as mere fore­
runners. 

According to Bro , h . . 
h. h . . U¼ er, mat ematics 1s a human activity 

w ic ongmates d k 
tence t 'd an ta es place in the mind. It has no exis-

ou s1 e human m. d Th . . . 
real wo Id Th . m s. us It is independent of the 
are tr • e mmd organizes basic, clear intuitions. These 

no sensuous or • . I b . . 
about empmca ut immediate certainties 

some concepts of th • I . 
from th f ma ematics. t is as such clear 

e ather of th· h 1 h 
redundant as Ion !s ~~ 00 t at proofs are absolutely 
. f g_ as mtmtion approves of any result The 
ques Ions of consistenc and I • 
are th f . Y comp eteness of m:Hhematics 
math ert: or: meanrngless to the intuitionists. To them 

ema ics IS synthetic d ·t 
derives implications of 1 /n 1 composes truth rather than 

0 0 !C. 
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Before Brouwer many including Descartes, Pascal, Kant, 
propounded this intuitionist philosophy, but many more 
flocked around him in the 20th century which is looked upon 
as the height of human reason. Mathematicians like Leopold 
Kronecker (1823-1891), Poincare (1854-1912) and Hermann 
Weyl who attained spectacular successes in mathematical 
researches and who earned the distinction of profoundest 
mathematicians of this century, lost faith in human reason 
and joined hands with Brouwer in defining the new stru:tur~ 
of mathematics and its scope and purpose. 'l'hey advocate 
that the heart has its own reasons which reason does not 
know and it is not to be subdued to the objective principles 
of logic. 

As a dominant philosophy that permeated all of 19th 
and 20th century mathematics and that lies almost on the 
opposite pole to that of the intuitionists is the logicist 
school. 

·2~2 The Logicist School 

Logic is the science of reasoning and is based on certain 
principles known as laws. 'l'hese laws were first expounded 
by the great Greek intellectual Aristotle in his ·Organon' 
around 300 B.C. He codified three basic principles n,1mely 
the principle of inductive reasoning, the principle of deduc­
tive: reasoning and the principle of analogy. When inference 
is drawn about a whole class of objects on the basis of 
observation of a part of the class, it is done on the principle 
of induction. The principle of analogy is the law of con­
cluding about an object by studying a similar object. The 
principle of deductive reasoning is composed of three funda-

. mental laws viz. the law of excluded middle, law of contra­
diction and law of syllogism. The law of excluded middle 
demtmds that an assertion p is true or its negation -1 P is 
ture, i.e., symbolically pV(-1 p ). The law of contradiction 
states that an assertion and its negation can not be simul­
taneously true. The syllogistic reasoning stipulates that there 
must be two premises to draw a conclusion. That man is 
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mortal and Socrates is a man implies Socrates is mortal is arr 
example of syllogism. These principles of logic had been in 
vogue for thousands of years and are responsible for the 
spectacular successes of mathematics in interpreting the de­
signs of nature and the universe. Though they proved their 
worthiness, mathematicians were never content, as the para­
doxes right from the Greek period like the one of Zeno had 
been discomforting. 1lany pointed at the insufficiency of the 
principles of logic to explain every mathematical relation ancf 
suggestions for improvement poured in from different cor­
ners. Leibnitz (1646-1716) in the 17th century and Gottlob 
Frege (1848-1925) in the 19th century proposed a reva1uation 
of the logical principles and suggested overhauling which 
was actually done by Russell (1872-1970) and Whitehead 
(1861-1947) in the early 20th century. While these men were 
busy developping the frame of logic they, on the other hand, 
were consciously or otherwise, contributing to the develop-­
ment of the logistic thesis that all of mathematics is deri­
vable from logic. lnfact, in his three outstanding works viz. 
Concept Writing (1879), Foundations of Mathematics (1884) 
and two volume Fundamental laws of Mathematics (1893. 
1903), Frege proceeded to derive the concepts of Arith­
metic and the definitions and laws of numbers from logical' 
premises and he believed that from the laws of numbers it 
is possible to deduce Algebra, Analysis and Analytic Geo­
metry. Russell had conceived the same programme and ran 
across Frege's work. In his 'Principles of Mathematics' 

(1903) he expressed his conviction with exultation "The fact 
that All Mathematics is Symbolic Logic is one of the grea­
test discoveries of our age''. As regards the most disturbing 
problem of the 20th century viz. the consistency problem he 
believed with Frege that if the fundamental laws of mathe­
matics could be derived from Logic then the problem of con­
sistency would be solved as Logic was a body of truths and 
hence the laws of mathematics would also be truths. This 
faith he did not leave for the future logicists to prove but 
he himself and Whitehead developed in details the proof of 
this identification of logic and mathematics. For this purpose: 
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he began with some undefined ideas, proposition, the nega­
tion of a proposition, the conjunction and the disjunction. 
of two propositions and propositional functions and six 
axioms of logic. To resolve the paradoxes that evolved due 
to the introduction of the notion of a set, it was necessary 
to enlarge the frame of logic and this was done by Russell 
and Whitehead by introducing the theory of types. On the 
basis of this theory they showed that it is possible to avoid 
the paradoxes but it was discovered soon that the theory 
has posed again certain problems in connection with the 
concept of a least upper bound of a bounded set of real 
numbers. So another subtle axiom viz. the axiom of reduci­
bility was introduced by them and the notion of natural num­
bers could then by introduced with ease in terms of proposi­
tional functions. From natural numbers they wanted to 
carry the program to rational and irrational numbers, and 
finally to transfinite numbers when they realized the neces-. 
sity of involving two more axioms, namely, the axiom of 
infinity and the axiom of choice. With these axioms Rus­
sell and Whitehead tried to found mathematics on logic and 
undoubtedly attained great success. 

But there was no dearth of critics of Russell's logistic • 
program. Objections were voiced by many including suppor­
ters of logistic philosophy like Ramsey and the major attacks 
were directed towards the axiom of reducibility. Hermann 
Weyl rejected the axiom unequivocally, while Poincare ob­
served that it was not an axiom of logic and the principle of 
mathematical induction which is proved by this axiom is in 
effect the axiom itself and hence the thesis fails. Similar 
objections were raised against the axiom of infinity and· 
many refused to accept this as an axiom of logic, as they 
could not find the slightest reason for believing its truth. 
The axiom of choice again engendered maximum contro­
versy and discussions compared to any other axiom. But 
these three axioms were retained in the frame of logic, zs 
but for these the major of mathematics could not be deriv.:d. 
and certainly such a gymnastic was healthy for mathematics. 
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The Russell-Whitehead program, no doubt, reduced Arith­
metic, Algebra and Analysis to logic, but the non-arithmeti­
cal parts of mathematics such as Geometry, Topology and 
Abstract Algebra could not be fitted into the general struc­
ture of logic. So a serious philosophical criticism of the 
entire logistic position was that if the logistic view is correct, 
all of mathematics is a purely formal logico-dzductive Science 
based on the laws of thought. Then how can this logistic 
view explain the wide varieties of natural phenomena like 
Cosmology, Electromagnetic Theory, Geometry of Space etc. 
Another serious philosophical concern was whether logicism 
can explain creativity, which is essentially a product of intui­
tion first. The questions of how new ideas could enter 
mathematics and how mathematics can possibly apply to the 
physical world if its contents are derivable entirely from 
logic are not readily answered and were not answered by 
Russell or Whitehead. 

The long period of conversion of mathematics to logic 
and the subsequent controversies did expose the limits of 
the pre-Russellian logic and the fruits of the programme 
were the enormous expansion of the scope of logic with actual 
success standing far beyond the reach of the logicians. In 
'My Philosophical Development' (1959) Russell confessed 
"The splendid certainty which I had always hoped to find 
in mathematics was lost in a bewildering maze. Jt is truly 
a complicated conceptual labyrinth''. This amply depicts the 
present state of the logistic school fathered by Russell and 
furthered by Whitehead, Church, Quine and many uthers. 

When the mathematical world was throbbing with two 
lively philosophies, namely, logicist and intuitionist, another 
philosophy fashioned by David Hilbert was gaining ground. 
This was the popular school of the formalists. 

2.3 The Formalist School 

Since the presentation of his paper by Hilb~rt in 1900 at 
the Second International Congress held at Paris, the mathe-
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matical world had been busy settling the burning questions 
of consistency and completeness and resolution of the para­
doxes of set theory. What the logicists did in the meantime 
was not at all satisfactory to Hilbert, as he was convinced 
that in the long and complicated development of logic, the 
notion of whole numbers were used not conspicuously but in 
effect. He also criticized defining sets by their properties as 
this required the axiom of reducibility to which he had, like 
many others, strong objections. Like Russell, he accepted 
infinite sets but the axiom of infinity was to him an axiom 
of mathematics and not of logic. Unlike the intuitonists he 
welcomed the proofs of existence. In fact, his differences in 
many respects with the logical and intuitionist schools com­
pelled him to set up a new school around 1920. He observed 
that if classical mathematics is to be preserved, the corr2ct 
ap-proach to mathematics must include concepts and axioms 
of both logic and mathematics and the most reliable way to 
treat mathematics is to regard it not as factual knowledge 
but as a formal discipline, i.e., abstract, symbolic and with­
out reference to meaning and deductions are to be mani­
pulations of symbols according to logical principles. So Hil­
bert started with all the logical axioms that Russell beaan 

b 
with, perhaps a few more, because he was not interested in 
establishing an axiomatic basis of logic and some axioms of 
mathematics such as the axiom of mathematical induction. 
With the sketch of this program, three of Hilbert's most 
talented students viz. Ackerman (1896-1962), Bernays (1888-
1978) and van Neumann (l 903-1957) developed an entirely 
new approach to mathematics during the years from 1920 to 
I 930. This approach is now know as "Metamathematics' •. 
Jn this they explained in clear terms what is meant by an 
objective proof, how to prove the consistency of any formal 
svstem and how the paradoxes could be resolved. In meta­
~athematics Hilbert proposed that all controversial reason­
ing like proof of existence by contradiction, transfinite induc­
tion. actually infinite sets, unpredicative definitions and the 
axiom of choice should be avoided and he called his method 
'finitary'. With his metamathematical program he again cor.-
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fidently asserted in the International Congress of Mathema­
ticians held in 1928 : "With this new foundation of mathe­
matics, which one can properly call a proof theory I be­
lieve I can banish from the world all the foundational 

·problems". 

Whether the formalists were hundred percent successful 
or .not is a matter of controversy but as usual they gave room 
for prolonged debates on the efficacy and accepta1.Jility of mmy 

· of its axioms and notions. Russell objected to the use of 
the axioms of Arithmetic and the concept of existence. 
Though some of the principles were close to those of the 
intuitionists, Brouwer, the founder of the intuitionist school 
waged wars against the formalists and made a blistering re­
mark "An incorrect theory even if it cannot be rejected by 
any contradiction that could refute it, is nevertheless incor­
rect just as a criminal act is nonetheless criminal whether or 
not any court could prevent it.'' He alleged that formalistic 
approach may avoid contradiction and save a sizable portion 
of classical mathematics but nothing of mathematical value 
will be obtained this way''. 

But Hilbert and his fellows never lost heart. By 1930, he 
proved the consistency of a somewhat artificial system con­
taining only a portion of arithmetic and was exalted there­
fore. But two startling results of his student Kurt God~l 
(1906-1978), a Professor at the Institute of Advanced Study, 
proved in 1931, fused Hilbert's dream. He proved that the 
consistency of any mathematical system that is extensive 
enough to embrace even the arithmetic of whole numbers 
cannot be established by the logical principles adopted by 
the foundational schools including the formalist and that if 
it happens to be consistent then it must be incomplete. B::>th 
of Godel's results thus dealt a death blow to Hilbert's form1-
1ist Philosophy. 

• 2.4 The Set Theoretic School 

When the intuitionist, logicist and formalist schools were 
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'flowering, attempts were there to explore the possibility of 
rigorizing mathematics in terms of sets and Dedek"nd and 
Cantor can be taken as the pioneers in this program. The 
proper systematic approach was, however, made by E,nst 
Zermelo around 1908 and developed by Fraenkel. In ess~nce 
this approach is not very different from the logistic, as set 
·theory is incorporated in the logistic approach, but the ex­
ponents of the set theoretic approach wished to define sets 
·without the jugglery of logical principles. The axiomatics 
used by Zermelo and refined by Fraenkel is now-a-days known 
as the Zermelo-Fraenkel system. The thesis of this school 
is to reduce pure mathematics to set theory by founding 
Arithmatic on the basis of a carefully defined axiomatics of 
set formation. In fact, the axiomatic system laid down by 
½ermelo and Fraenkel did actually avoid looseness in the 
,earlier work on sets and their properties and thus steered cl !ar 
,of the paradoxes. As regards consistency of this system, the 
set theorists are least concerned. The program of Zermelo 
and Fraenkel attracted many mathematicians of the thirties 
,even some from the Formalist and Logicist Schools who 
•served to modify the axioms. In particular, the system deve­
loped by von Neumann (1925) and Bernays in 1937 and 
sharpened by Godel in 1940 serves an alternative ax·ometic 
•system and avoided still many paradoxes. 

Objections were raised against the use of axiom of choice 
by the set theoretic sc_ho~l and the latter's _c~s_ual attitude 
towards the logical prmc1ples was severely cntic1zed. Accor­
ding to the critics the axioms are arbitra~y, ar?ficial. a~d 
·based on intuition. Why not then start with anthmet,c it­
self, they argued, since the logical principles are presupposed 
·by the set theorists ? 

Of all adherents to this philosophy the most sensitive is 
•the group of French mathematicians working under the pseu­
donym "Nicholas Bourbaki" who believes that logic is the 
grammar of Mathematics and does n~t. bother wi_th the prob­

·1em of consistency. These mathemat1c1ans who mclude Deu-
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donne maintain "For twentyfive centuries mathematicians 
have been correcting their errors, and seeing their science 
enriched and not impoverished in consequence, and this gives 
them the right to contemplate the future with equanimity''. 

Another classical school eclipsed by the modern schools 
of thought was revamped. and revived to synchronize the dif­
fering views of the other schools. 'l'his is the Platonist 
school propounded and rejuvenated primarily by Kurt Godel. 
the most distinguished contemporary mathematician. 

2.5 The Platonist School 

To this philosophical school mathematics is a body of 
truths about abstract structures, existing independently of 
us and tho logical proofs based on the modified logical prin­
ciples as the formal manipulation of symbols that express 
those arguments and truths and of nothing else. Natural 
Numbers are taken for granted independently of us and the 
fundamental theorem of Arithmetic is taken literally as a 
matter of fact. When intuitionism, logicism, formalism and set 
theory deny the, semantic content, the platonist school puts 
much emphasis on the semantic content of mathematical 
theories popularly known as the model theory. The central 
problem of this theory is the question of what properties of 
structures can be expressed in particular languages. Thu-:; 
according to platonism, the objects which mathematics stu­
dies are necessarily abstract. In this sense the platonist school 
is close to the formalist school and as such considers pure 
mathematics as real mathematics divorced from other scien­
ces. The crisis facing twentieth century mathematicians with 
regard to their stand about the set-theoretic universe resulted 
in the split of set theory into many pieces and paved the 
path of another split in the large structure of science. The 
mathematical platonism itself is the result of this split and 
does not throw away intuition altogether. The models form 
the building blocks of the platonist school and accepts 
major parts of the formalist and logicist schools. 
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2.6 . The Popperian School 

Another philosophical school that had taken roots in the 
.intellectual world in the post sixties is the Popperian scho~l 
which is in essence closest to the traditional utilitarian view 
and is due to Karl Popper, the great philosopher of the 
recent times. To the Popperians, mathematics is a public 
activity and it occurs in a social context. Mathematics has 
been done and is being done for social need. So mathematics 
can also survive so long it caters to the social benefits. 
Posing a problem, formulating a definition, proving a theo­
rem are all parts of a large social process, called science. 
Its main function should also be to facilitate the ongoing 
social process of doing mathematics. Thus whatever theo­
rems or concepts are of practical value, standing by the social 
progress and having stood the tests of time with regard to 
its validity are incorporated in the mathematics of this utili­
tarian school. One may misunderstand the Popperian philo­
sophy as advocating applied mathematics, but the fact re­
mains that it is not doing so. According to the Popperian 
school a serious philosophy of mathematics must satisfy the 
principle of objectivity, i.e., it must not deny objective rea .. 
lity to any aspects of mathematical activity which have prac­
tical utility. In this sense applicable mathematics comes with­
in the purview of this school so long mathematics is meant 
for the benefit of society. 

2. 7 Conclusion 

Though the movement of rigorization of mathematics 
mothered different philosophical schools, "it did not end 
with that achievement rather it enlarged the scope of mathe .. 
matics and logic as well. The long controversies, attacks and 
counter-attacks did certainly generate tremendous heat in the 
mathematical atmosphere, but ultimately the huge firmament 
of mathematics did help that to radiate brightly and by the 
firsc half of the 20th century a decent atmosphere prevailed 
to the relief of the majority of scientists, An important as-

F-3 
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pect of this, philosophical tangle was its great imp..:ct on 
other branches of science, especially physics. Waves of philo­
sophico-mathematical problems bang against the shore of 
physics which witnessed an almost parallel movement of axio­
matization and rigorization. As a result science in general has 
been enriched and mathematics studded with jewels. The 
·caves and dentures that might cause collapse in certain parts 
of tlre huge palace of mathematics have been repaired. 
Mathematics grew without its philosophy and it will grow 
.for ever till the last breath of human civilization, because "it 
•is as limitless as that space which it finds too narrow for 
its aspirations, its possibilities are as infinite as the worlds 
which are forever crowding in and multiplying upon the 
•astronomer's gaze, it is as incapable of being restricted with­
in assigned boundaries or being reduced to definitions of 
permanent validity as the consciousness of life, which 
-seems to slumber in each monad, in every atom of matter, 
in each leaf and bud cell and is for ever ready to burst 
-forth into new forms of vegetable and animal existencl!' !. 
'.(James Joseph Sylvester). 



CHAPTER III 

SPACE AND TIME-A PHILOSOPHICAL 
OVERVIEW 

:a.o Introduction 

Ever since the dawn of civilization, man has questioned 
the meaning of space and time. The measurability of time, 
its irreversibility, its relation with space, has perturbed the 
intellectuals of all ages. Whether space is ethereal or a per­
f~ct vacuum has been the issue of prolonged debate and con­
trovercy untill Einstein's theory of relativity brought about a 
revolutionary change in the intellectual world. Standing on 
the peak of 20th century scientific and technological advance­
ments it is amusing to observe what our ancestors thought 
about space and time. 

Just as the Greeks had queer ideas about space and time, 
the Indians too had peculiar perceptions about them, expres­
sed in general through maxims requiring elaboration or inter­
pretation. Not all of them can be taken as truths in the 
light of the latest discoveries nor can they be described as 
untrue at face value. To have a clear-grasp of the ideas and 
their philosophical impacts let us look at the Indian and 
Wes tern views on space and time. 

3.1 Western View on Space 

In the west the earliest consideration of these concepts is 
seen in the Greek period by the Pythagorians who identified 
empty space with air. For special metaphysical reasons 
Permenides and Melisus denied the existance of truly empty 
·space. 

Democritus like the atomists distinguished the atoms a~d 
the void which separated them. Lucretius who conceived 
space as an infinite material entity like a container, distin-
1u1shed space as a pure void. In 'Timaeus', Plato expressed 
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his idea of space as a receptacle and of the matter in ~his 
receptacle as itself mere empty space limited by geometrical 
surfaces. In thrashing out the question • 'whether an emp~y 
space is a thing or not a thing'', Aristotle defined space m 
terms of place and arrived at a dichotomy-=--space as a stuff 
and space as a system of relations between bcdies. 

In the sixteenth century Descartes held that the essence 
of matter is extension and so space and stuff are identical,. 
for if the essence of matter is to be extended, then any 
volume of space must be a portion of matter and there can. 
be no such thing as vacuum. From this view point, Des­
cartes could not explain how one material object is distin­
guishable from another. Though almost contemporary, Leib­
nitz held a relational theory of space whereby space is in 
no sense a stuff but is merely a system of relations in which 
indivisible substances (which he called monads) stand to one 
another. We remark here that the issue between the two 
theories viz. the absolute theory of Descartes and the rela-­
tional theory of Leibnitz is yet to be decisively settled in 
the light of the spacetime relation accorded by the theory of 
relativity. Immanuel Kant, in his 'Prolegomena', provided a 
curious argument supporting the absolute theory of space: 
initially but in his 'Critique of Pure Reason' argued against 
both a naive absolute theory and a relational theory and 
held that space is something merely subjective or pheno­
menal. Newton, one of the greatest of all scientists ever 
born, held an absolute theory of space and time and dispen•­
sed with any metaphysical view. In fact he had in his mind 
the development of the Newtonian mechanics that was to 
revolutionize the existing scientific knowledge. To be more· 
specific, what is important in Newtonian mechanics is not 
the notion of absolute space but that of an inertial system; 
An inertial system is one in which there are no accelerations 
of the heavenly bodies except those which can be accounted 
for by the mutual gravitational attractions of these bodies. 
Relative to an inertial system of axes a body, not acted on. 
by a force, moves With uniform speed in a straight line~ 
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However if S is an inertial system and another such system 
S1 moving with uniform velocity relative to S, then S' is 
.also an inertial system. So Newton must have taken only one 
such system at rest in absolute space. Newtonian mechanics 
is invariant with respect to uniform velocities. In contrast 
accelerations are absolute, and since the particles that cons• 
titute a rotating rigid body accelerate towards the centre of 
rotation, a system that rotates relative to an inertial system 
1s not itself inertial. Therefore in view of the rotation of the 
earth round the sun and rotation of the sun round the centre 
,of the galaxy to which it belongs it is fallacious to start with 
an inertial frame. In 1883 the Austrian physicist-philosopher 
Ernst Mach published his classic scientific polemic 'The 
'Science of! Mechanics' in which he maintained that an inter­
tial frame of reference was not to be defined as one at rest 
or in motion with respect to absolute space but was to be 
determined by the general distribution of matter in the uni­
verse. This is known as Mach's principle and till date the 
controversy over the acceptability of this principle is not 
over. What was seminal in Mach's demonstration of space 
became conspicuous in Einstein's theory of relativity which 
sought to unify space with time as a unitary space-time. 
So before coming to this culmination of the idea of space, 
let us look back on time. 

:3.2 Western View on Time 

Just as space perturbed the philosophers of all ages, time 
also struck them as mysterious. Interr.sting enough are their 
explanations as to its distinct nature and essence. Some of 
them felt that it was incapable of rational discursive treat­
ment and it was able to be grasped only by intuition. But 
•others propounded new theses regarding the direction, con­
tinuity and infiniteness of time. 

The earliest r-eference to the 'Nature of time' in the 
European literature is seen in St. Augustine's 'Confessions'. 
Here he asks 'What is time ? ' and then proceeds to answer 
this question. This is anything but a definition for it leads 
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to greater confusions. In explaining the word 'time' he· 
brings in cognate temporal words like "before', 'after, 'past' 
and 'future' and then finally in an attempt to explain l:ow 
time should be measured he develops an analogy between 
temporal measurement and spatial measurement. While the 
s.ame measuring stick can be used to measure the same 
length (say of a table) in two different lengths at different 
positions, two temporal measurements, say, walking a mile 
on two days implies two different movements of the watch 
hand. This leads Augustine to a puzzle and it seems that 
has been influenced by the thought that the present is real 
although the past and future are not. The above puzzle 
emanates apparently from the cofusion of the flow of time, 
popularly known as 'the myth of passage'. To many of us 
time is a stream that flows past us. But this again leads us 
to another controversy. If time is a flow then this would 
be a motion with respect to hypertime. A motion in space 
is with respect to time but motion in time cannot be so with 
respect to time and has to be with respect to something 
else, hypertime. Then in a similar argument, hypertime is 
a motion with respect to hyper-hypertime-an endless hypo­
thecation. Another way to look at time is to consider the 
changeability of events from future to past. We experience 
events as approaching from future whereupon they are mo­
mentar~y caught in the spotlight of the present and then 
'.·ecede m~o the past i.e. events are happening to continuants 
1.e •. to thmgs that change or stay the same. But can we in­
t~lhgently talk of a change itself as changing or not chan­
gmg? 

The philosophers of the 17th century and afterwards £eem 
to have been drifted by the metaphysics of time and they 
have, whenever convenient, mixed up 'duration' with 'time'. 
In his Essay (Bk. II, Ch. 14, Sec. I) Locke says that 'dura­
tion is fleeting extension'. Bergson makes 'duration' cen­
tral in his philosophy and says that physical time is some­
thing spatialized and intellectualized whereas the real thing 
with which we are acquainted in intuition is duration. Un• 
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like physical time, duration is the experienced change itse'.f 
-the directly intuited non-spatial stream of consciousness in 
which past, present and future flow into one another. This 
subjectivei notion of duration lac-ks clarity as it is not under­
standable why duration is to be intiutive_ly and not intellec­
tually grasped. His observation that the past survives in the 
present by memory is also questionable as he confuses the 
memory of the past event with the past event. 

It is interesting to note here that while almost none of 
the philosophers of science questioned the reality of time. 
McTaggart in his 1908 article in 'Mind' tried to prove through 
a fallacious argument the unreality of time; none the less 
his argument provides an excellent case study with which 
to elucidate-the relations between tensed and tenseless 
language. 

The earliest reference to the problem of continuity of 
space and time is seen in the works of Zeno of Blea in 
Greece of the fifth century B.C. Zeno posed a number of prob­
lems, now known as paradoxes which he could not solve or 
explain. The more popular of these is the paradox of Achilles 
and the tortoise. Achilles chases a fleeing tortoise at a certain 
distance. When Achilles reaches the position of the tortoise, the 
tortoise is farther away at another position. So to catch the tor­
toise, Achilles traverses infinitely many segments. Then how does 
he catch the tortoise ? A moment's thought will make it 
clear that the expalnation rather solution of the problem re­
quires understanding of the concepts of dimension and mea­
sure, which were non-existent during the time of Zeno. The 
consideration of Zeno's other paradoxes like Race course 
Paradox, Stadium Paradox, Flying Arrow paradox etc. amply 
illustrate the fact that space and time are not discrete but 
continuous. In fact, the set theory developed by Cantor and 
subsequent development of the concepts of dimension has 
been able to solve the paradoxes of Zeno, providing thereby 
the continuity of space and time. It would not be out of 
place to mention another paradox by Kant on space, time 
and causality, now known as Kant's antinomy. There are 
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two antithetical arguments in this antinomy. The first argu­
ment states that the world had a beginning in time whereas 
the second argument shows with equal plausibility that the 
world had no beginning. A critical scrutiny of Kant's argu­
ment will make it clear that Kant's definition of infinity, 
besides being objectionably psychologistic is inapplicable to 
uncountable infinite sets and the antinomy can be fully ex­
plained if the thesis of unidirectional flow of time is rejected. 

So the temporal directionality of the universe or at least 
our present cosmic era of the universe appear to be a deep­
lying cosmological fact to be understood with care and cau­
tion. Since the laws of classical dynamics, electr~mag~e­
tism (i.e. Maxwell's equation) and quantum mechanics ~1.e. 
Schrodinger's equation) are expressed by time-symmetrical 
differential equations, it is to be generally accepted that sym­
metry is the essence of the laws of physics. This may sound 
quite astonishing in view of the multitude of common ex­
periences. When a stone falls on the ground, we never 
see the energy in the ground causing the stone move up­
wards. Milk mixes with coffgee, but we never see a milky 
coffee separated into black coffee surmounted by a layer of 
milk. These examples certainly do not ratify the presence 
of symmetry in nature. But the modem physicists con­
tend . that the asymmetry observed in these examples and 
the hke are only a partial truth and the reverse phenomena 
are_ observable if possibly several billions of years one can 
wait to see. The entire thesis has been nicely described 
by the concept of 'Entropy' which means a measure of dis­
order: To understand this one can look at the example of 
sh~mg a pack of cards. If a pack of cards is arranged ac­
c_ordmg to_ some order and then the pack is shuffled many 
times, ~bviously the entropy will gradually increase and a 
stage will come when it will reach a maximum and then the 
ent~opy ~i_II start decreasing untill eventually it comes back 
to its original order. There is a celebrated mathematical 
theorem credited to the great French mathematical physicist 
Jules Henri Poincare, a contemporary of Einstein. who made 
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·significant contributions to relativity theory as well. Poin­
•care's theorem says that eventually every state in a system 
·will repeat itself infinitely often. But the period of repeti­
tion of the state i.e. 'Poincare's cycles' may be longer than 
·the present age of the universe which is approximately fifteen 
'billion years. From cosmology it is known that the universe 
'is expanding .with the distant galaxies mov:ng away from 
·one another at speeds approximating the velocity of light. If 
•one traces this expansion backward, it appears to have origi­
nated in a gigantic cosmic explosion-'The Big Bang' some 
fifteen billion years ago. At its creation, the universe was at 
:a low ebb in its entropy and since then the entropy has been 
'increasing constantly. Einstein's theory suggests that either the 
·universe will eventually die a slow but inexorable 'heat death', 
·temperature of the entire cosmos arriving at absolute zero or 
the entropy will reach a maximum when the universe will 
·start contracting until in about seventyfive billion years it 
·recontracts to its original state of a ball of superdense 
·matter and then there will be a new explosion conforming the 
·theory cif Poincare's cycles. In the era in which the universe 
•.was getting less disordered, time would seem to run in the 
•opposite direction to that in which it seems to run to us in 
deed, there would be an infinite sequence of cosmic eras with 
·time running in opposite ways in alternate eras. Thus, in a 
·sufficiently large view there would be temporal symmetry in 
·this universe. It is therefore not correct to talk about the 
•direction of time but of the temporal asymmetry of the universe. 

As regards absolute and relational theories of space and 
time we have seen earlier that Newton held to an absolute 
theory whereas his contemporary Leibnitz held that space 
and time are sets of relations between things which are in 
·space and time. Definitely Newton had reasons to identify 
·time as a unidirectional flow and state "Absolute, true and 
·mathematical time, of itself and from its own nature, flows 
-equably without relation to anything external". But this is 
unnecessary and misleading. Leibnitz, on the otherhand, be­

\lieved that time is simply a relation by which we order our 



42 REFLECTIONS ON THE PHILOSOPHY OF MATHE1\1ATICS 

experience, time does not exist in the absence of things. In 
an empty universe, Leibnitz maintained, there would be 
neither space nor time since these concepts refer to relations. 
among material objects. What Leibnitz propounded has row 
become an acceptable thesis by the discovery of the theory 
of relativity. The special theory of relativity has m~de it 
impossible to consider time as something absolute; rather it 
stands neutrally between ahsolute and relational theories. In 
fact, the great discovery of the theory of relativity had done 
away with the separate ideas of space and time and invoked 
a unitary space time, stated in the words of Herm.ann 
Minkowski • 'henceforth space by itself and time by itself are 
doomed to fade away into mere shadows and only a kind of 
union of the two will preserve an independent reality". 

3.3 Relativistic Analysis 

In the history of science Einstein's theory of relativity 
revolutionized the whole idea' of science. The classical mecha­
nic~ founded by the legendary Newton that worked as t:-e· 
basis of physics for several centuries was challenged as to its 
validity for high velocities. In deed, Newtonian mechanics 
and )faxwell's electromagnetic theory do not fit very 
well together. In 1905 Einstein modified Newtonian mecha­
nics keeping electromagnetic theory in tact and established 
t~at new mechanics becomes practically important when 
high velocities are involved. In this theory which is popu­
~arly known as special theory of relativity-special because 
1t deals 'th • E" t • w1 only a special category of motions, ms em 
P_roved not only that time and space are inseparable but also 
time and space are functions of velocity. He explained how 
u_nder the effect of velocities, a rod can be contracted and 
time ca~ be dilated. Technically these are known as Lorentz 
cont:act1on and time dilation. He identified time with simul­
taneity of events and not as a flow from the p:ist to future. 
Minkowski explained Lorentz contraction, time dilaticn 
and the relativity of simultaneity in Einstein's theory in a 
purely geometrical way, which has· since been the ;1cc('pted· 
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way of developing and understanding relativity theory. In 
additions to the three axes of the physical space he took. 
time as the fourth axis and showed that his geometry is 
non-Euclidean, more specifically hyperbolic in time like din:c­
tions and Euclidean in space like directions. This space time 
world picture enables to give a very simple account of 
change and motion. In 1916, Einstein presented a generaliza­
tion of his 1905 theory, now known as the General Theory 
of Relativity and considered as the most aesthetically beauti­
ful scientific theory ever invented, in which he showed how 
not only space but also time is affected by gravitating matter. 
In empty space a light ray propagates in a straight line but 
if the same light ray is acted on by gravitating matter, it 
is bent out of that line. Thus if a giant triangle is cons­
tructed near gravitating matter out of light rays, the triangle 
wm not obey the celebrated theorem of Euclidean Geometry 
that states that the sum of the interior angles of a triangle 
is exactly 180 degrees. This establishes the fact that the 
Minkowski's Geometry is non-Euclidean and the Geometry 
differs from place to place in the universe depending on the 
distribution of mass. Without such objects, in a sense, 
space and time disappear. This has nicely been put by 
Einstein, ''There is no such thing as an empty space i.e. a 
space without a field. Space-time does not claim existence 
on its own. but only as a structural quality of the fi.dd". 
Thus space and time in the absence of things is a purely 
metaphysical concept about which in Mach's phrase, we 
know 'ought'. The relativity of time has been nicely proved 
by Einstein in his 1905 paper "Zur Elektrodyn2mik bewegter 
Karper''. He first explains how time is assigned to a given 
event as "We have to take account that all our judgements 
in which time plays a part are always judgements of simul­
taneous events. If, for instance, I say, "that train arrives 
here at 7 O'clock". I mean something like this. ''The point­
ing of the small hand of my watch to 7 and the arr:val of 
the train are simultaneous events". Then he warns that the 
recording of simultaneity is not so easy. If the event is in· 
close proximity to my watch there is nothing very compE- • 
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• cated about recording, but if the event takes place on the 
Moon, say, then one had to take resort to some signalling • 

. preferably of light, since light travels in straight lines with 
a velocity of about 1,86,000 miles a second in vacuum . 

. Hence, if an atomic clock is used which measures minute 
fractions of seconds, simultaneity of the events to the obser­
ver does not imply simultaneity of occurrence since light 

• must have taken more time to reach the observer's eye from 
·the. moon than from the clock. In deed, for most practical 
purposes we can assume that this light propagation is ins-

• tantaneous, it is only when the speeds of objects become 
comparable to that of light then the impact of the theory of 

• relativity becomes dramatic. If the distant object is in mo­
tion, simultaneity has no longer a universal meaning. Two 

• e~ents that we judge to be simultaneous will not be judged 
• simultaneous by a moving observer. This situation was nicely 
: explained by Einstein by an example of a moving train. 
Suppose an observer stands at the midpoint between two 
places where two lightning bolts strike simultaneously. The 
actual simultaneity of the events can be judged by the simul­
taneous arrival of the light at his eye ; but if the observer 

• watches the events from a moving train whose front end is 
at th • e pomt where one of the bolt strikes down and whose 
rear. end is near where the other bolt hits and the observer 

• watches from a car in the middle of the train, a moment's 
thought Will convince us that the light from the bolts will 
not reach the observer's eye simultaneously. This pheno­
menon is the relativity of simultaneity. Since the time of an 

• e:ent is determined by the simultaneity of two events and 
• smce simultaneity is relative, then time itself must be relative. 

1 ndian Explorations 

. It is quite reasonable to think that an ancient civ;Iization 
hke India's which is so rich in its philosophy would have 
mu_sect over the different aspects of time and space. The 
s~nptures available till date amply corroborates this supposi-

·tion. Innumerable references to space and time are noticeable 
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in all works right from the Vedas to the Puranas and Tant-­
ras. But what is distinguishable from the Greek references 
is its means and mode of reference. Most of the references 
are cloaked in aphorisms and mysticism and the understand­
ing of the deeper significance and nature of space and time 
requires unveiling of the mystic mythologies and careful in- -
terpretation of the abstract symbols of truth hidden in their 
multifarious folds. In deed, under the abstract symbols of 
the fables and fairy tales of the mythologies lie buried deep • 
observations about nature which surprisingly conform to the 
theories of modern physics and mathematics. It is really 
astounding how the Risis (Scholars) of ancient India disco-· 
vered these deep theories without modern instruments and . 
this quite reasonably lead us to believe that knowledge is 
acquired not by perceptions alone but by 'intuitions' also. 
These Risis had a vision of the whole universe attained' 
through observation and meditation and to perpetuate their 
knowledge took resort to symbols and mythologies so that. 
the ordinary people learn and communicate to generations 
but the intelligent people dicipher and discover the mysteries 
of nature. 

The citations of these multitude of observations and· 
their interpretations are not our objective ; many Euro­
pean and Indian savants have already done this job. We shall' 
make some passing references only to a few of them to 
evince that Indian scholars too, like their Greek counter­
parts, meditated on space and time. It would not be fair to· 
say only this much, as has been proved by Wallace, Max 
Muller, Capra, Suzuki, they propounded sophisticated thec•­
:,;ies like the Relativity theory much before the modern physi­
cists proved them. This has been nicely echoed in the words 
of- a great scientist of the 20th Century, W. Heisenberg who· 
says, ''The great scientific contribution in theoretical physics 
that has come from Japan since the last war may be an indi• -
cation of certain relationship between philosophical ideas in 
the tradition of the Far East and the philosophical substance 
of quantum theory". A remark of Professor J. R. Oppen--
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. heimer, the mastermind behind the preparation of the first 
atom bomb is also worth mentioning here. He says, ''The 

_ general notions about human understanding . . . which are 
illustrated by discoveries in atomic physics are not in the 
nature of things wholly unfamiliar, wholly unheard of or 
new. Even in our own culture they have a history and in 
Buddhist and Hindu thought a more considerable and cen­
tral place. What we shall find in an exemplification, an 
encouragement and a refinement of old wisdom". 

As mentioned earlier, in the Vedas Desa (Space) and Kala 
(Time) have been mentioned many times and statements 

-about their nature are also quite frequent. But deciphering 
the codes one can easily observe deep and penetrating theo­
ries as has been observed by Wallace in one case. In Rig 
Veda 10.72.4, the following has been stated. 

"From Aditi, Daksa was born and from Daksa Aditi was 
born". 

If Aditi is interpreted as 'unbounded space' and Daksa 
as 'creative intelligence, the apparent contradiction boils 
down. to the following philosophical overtones 

A creative intelligence. assuredly dwells and functions 
within the womb of unbounded space, yet unbounded space 
is nevertheless the product of a creative intelligence. 

As regards Aditi, Max Muller writes, "Aditi, an ancient 
god, is in reality the earliest name invented to express the 
infinite, . . . the visible infinite, . . . the endless expanse be­
yond the earth, beyond the clouds, beyond the sky". The 
Vedas were written around 1500 B.C. So the concepts of 
space and time can be supposed to have been dealt with as 
early as 1500 B.C. or earlier. The Buddhist philosophy which 
is more down to earth than the Hindu philosophy and which 
flourished between 450 B.C. and 100 AD. is seen to have 
given due consideration on these concepts. The Avatamsah 
Sutra on which the Avatamsaka school of Mahayana Bud-

• dhism is ·based· gives a vivid description of how the world i. 
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,experienced in the state of enlightenment. In the words of 
D.T. Suzuk.i-

"The significance of the Avatamsaka and its philosophy 
is unintelligible unless we once experience a state of com­
plete dissolution where there is no more distinction bet­
ween mind and body, subject and object. We look around 
.and perceive that every object is related to every other ob­
ject not only spatially but temporally. As a fact of pure 
-experience, there is no space without time, no time without 
.space ; they are interpenetrating". 

In . another sequence he writes. 

"In this spiritual world there are no time divisions such 
:as the past, present and future ; for they have contracted 
themselves into a single moment of the present where life 
quivers in its true sense. The past and the future are both 
rolled up in this present moment of illumination and this 
present moment is not something standing still with all its 
-contents for it ceaselessly moves on". 

Is it not a sure testimony to the acquisition of relativistic 
ideas of space and time by the Indian sages in the light of 
the modern relativistic physics ? Is it difficult to draw an 
analogy if we recall Louis De Broglie's following remark? 

''In space-time, everything which for each of us consti­
tutes the past, the present and the future is given en block. 
Each observer, as his time passes, discovers, so to speak 
new slices of spacetime which appear to him as successive 
aspects of the material world, though in reality the ensem­
ble of events constituting space-time exist prior to his know­
ledge of them". 

Not in the Vedas of the Hindus and the Buddhist Scrip­
tures alone, in the Puranas too, space and time appeared 
cloaked in mysticism. The Hindu trinity of gods, Brahma. 
Vishnu • and Siva if interpreted in the right perspective, 
-demonstrates through their functions and interrelations deep 
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theories of this cosmic world. One will miss the whole fla­
vour if one considers them as the forces of creation, pre­
servation and destruction. One has to recount the various 
highlights in the life of these deities to appreciate the sym­
bology in which this basic truth was enshrined. Of the three 
deities, Siva is the only deity perpetually on the move and 
hence is to be understood as the Energy of motion. He· 
wears as a sacred thread a serpent which represents energy· 
inherent in spiral form of motion. Often he is drawn with a 
third eye in the middle of his forehead-an eye that could 
see both backward and forward in time. Hidden in this 
symbolism is the concept of Siva as the creator of time. Just 
as Siva is drawn as the energy of motion, Vishnu symbolizes 
space. In every action of Vishnu we find his deep need to­
preserve our material reality. As space, Vishnu is drawn 
with Brahman growing out of his navel but in another epi• 
sode he is said to have measured the entire universe in three 
strides. This is just a symbolic way of saying that he has 
the space like qualities of the universe and the emergence of 
Brahma from Vishnu's • navel is a symbolic way of showing 
that the energy of expression manifested itself in space. As 
regards the nature of space, we thus get from the Vishnu 
Puran. 

''The world was produced from Vishnu it exists in him ; 
he is the cause of it, continuance and c~ssation, he is the­
world." The Padma Puran also describes Vishnu (Space) as 
"without beginning or end" i.e. capable of infinite expansion •. 
In the Mahabharat too, written circa 400 B.C., Vishnu's 
abode is described as studded with jewels (i.e. galaxies), the· 
pillars and the facade of which are embedded with precious 
stones. Vishnu himself is presented as dark complexioned' 
since space beyond our atmosphere is black. The episode of 
Vishnu's appearance to his wife Lakshmi as 'Siva' symboli-­
zes the unification of space and time. 

Going back to the Vedas, one who is conscious of tem­
poral asymmetry will be pleased to note the following from: 
the Maitrayana. 
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''In truth, there are two forms of Brahman, time and 
not time. That is to say, that which existed before the Sun 
is not time (i.e. negative time) and that which began to be 
with the Sun is time, is the devisible". 

In Brihadaranyaka 3.8.11, space is characterised as "ln 
truth, O. Gargi, this (Brahman) imperishable one sees but is 
not seen, hears but is not heard, comprehends but is not 
comprehended, knows but is not known. In truth, 0. Gargi, 
in this imperishable one is space in woven and interwoven". 

Regarding the Buddhist experience of spacetime, Lama 
(1973) writes. 

'' If we speak of the space experience in meditation we 
are dealing with an entirely different dimension. In this space 
experience the temporal sequence is converted into a simul­
taneous co-existence, the side by side existence of things and 
this does not remain static but becomes a living continuum 
in which time and space are integrated''. 

In the eye of Swami Vivekananda (1863-1902) a compara­
tively recent philosopher, "Time, space and causation are 
like the glass through which the absolute is seen. In the 
absolute there is neither time, space nor causation". 

3,5 Philosophical Overview 

From time immemorial man has been concerned with 
space and time, but a rigorous consideration of the problem 
is noticed in the Vedic period circa 2500 B.C. in India and 
in Greece around 1000 B.C. From this early stage of civili­
zation, the natural scientists like the early atomists includ­
ing Democritus, Epicurus identified space with vacuum, which 
they considered absolute, always and everywhere the same 
and motionless with time running always at the same space. 
There had been always dissidents but the main current of 
thoughts remained unaltered till the 20th century when 
niodern physics discarded the old conceptions of space as 
an empty receptacle of bodies and of time as something uni-

F-4 
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form for the boundless universe. Einstein's theory of rela­
tivity played the most crucial role in bringing about radical 
morphological change of the ideas of space and time. The 
n'iain conclusion of ·Einstein's theory is precisely the estab• 
lishment of the fact that time and space do not exist by 
themselv~s in isolation from matters but are part of a uni­
versal '.interrelation in which they lose their independence 
and en:ierge as aspects of a single and diverse whole. The 
general -theory of relativity has proved that the elapse of 
time- and- extent of bodies depend upon the velocity of these 
QQdies and that the structure of the four dimensional space­
time· continuum changes according to the distribution of mas­
ses of substances and the field of gravitation to which they 
give rise. Indeed, the discovery of non-Euclidean geometry 
by Labatchevsky, Riemann, Bolyai refuted Kant's teaching on 
time and space as forms of sense perception outside the 
range of experience. Thus the theory of relativity settles 
:fhe question of :relationship between time and sp1ce and 
matter that concerned the philosophers ever since the begin­
ni~S: The long standing thesis of the idealist philosophers 
like'~B~rkeley, I;Iume, Mach in which they sought to establish 
that space and time are forms of individual consciousness or a 
priori forms _of sense contemplatio_n (Kant) or as categories of 
the absolute spirit (Hegel) thus got rejected by the material 
philosophy backed by the physics. Materialism stresses. the 
objectivity of space and time which according to the materia­
·lists are inseparable from matter, this being a manifestation of 
their universality. Space expresses the distribution of simulta­
neously existing· objects while time expresses the sequence of 
.existence of phenomena which replace one another. Thus time 
.is irreversible Le. every material process develops only in 
·OIJ.e direction , from the past to the future. According to 
the materialists, motion is the essence of • space and· time 
and matter and motion, space and time are inseparable. 
The Big Bang . theory· .of the or.igin of this universe 
• has modified f1:_1rther: the ,concept ·of irreversibility of time 
when judged in the most general • context of cosmic, eras 
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.and has urged to consider temporal asymmetry in place of 
irreversibility. Thus a thorough change has taken place in 
the philosophical views about space and time due to the 
revolutionary discovery of the theory of relativity by 
Einstein. Before concluding, we feel tempted and privi­
leged to say that certainly Einstein is to be accorded 
with the credit of a formal theory that unified space with 
time but the same observations were made long before by 
the Indian sages. Let the following comments of Capra 
conclude this article in a placid mood, ''In my opinion, 
the time minded intuition of Eastern mysticism is one of the 
:main reasons why its views of nature seem to correspond, in 
general, much better to modern scientific views than those 
·of most Greek philosophers. Greek natural philosophy was, 
on the whole, essentially static largely based on geometrical 
considerations. It was, one could say, extremely 'non-rell­
ti_vistic' and its strong influence on Western thoughts may 
well be one of the reasons why we have such great concep­
tual difficulties with relativistic models. in modern physics. 
·The Eastern philosophies and thus their intuition often 
comes very close to the views of . nature. implied by our 
modern relativistic theories". 



CHAPTER IV 

INTUITION IN MATHEMATICS 

4.0 Introduction 

The history of human civilization is a history of nume­
rous intellectual upheavals, popularly known as 'movements'. 
This is perhaps more true about and better applicable to the 
history of literature and art, particularly after the Renais­
sance in Italy. This is equally true, if not more, about Phi­
losophy. No sooner one philosophical movement had taken 
root in the minds of people than another started throwing 
new light in our life. Though rationality had althrough played 
a predominantly uncontroversial role in shaping our life fol­
lowing the traditions of the Greek, anti-rational movements 
did wage wars against the rationalist traditions and exercised 
for decades together a dominant role in the intellectual fore­
front of our civilization. But as time is the best judge, the 
anti-rational movements had to quit the arena leaving room 
to the better for human existence and sustenance. Thus 
came the empiricism, the naturalism, the romanticism, the 
existentialism, the impressionism and many other philoso­
phies of art and literature that charmed and fascinated the 
intellectual world for years. Some of them lasted several 
years and many died a premature death to occupy a meagre 
space in the history of civilization. But despite the fact that 
liberation from superstitions and religious oppressions is 
the product of a revolution waged by reason and huma­
nity, the twentieth century has witnessed an upsurge of anti­
rationalism. Even among the professed philosophers, the· 
high priests of the sanctuary of reasons, faith in rational or 
demonstrative science is noticed to be on the wane in the 
interests of practical idealism, vitalism, humanism, intuitio­
nism and other forms of avowed anti-intellectualism. A 
striking instance of this is William Jame's attack, in his 
'Pluralistic Universe', on the whole enterprise of intellectual 
logic in favour of Bergsonian intuitionism and Fechner's. 
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mythologic speculations about the earthspirit. In the philo­
sophy of science too, Brouwer, Heyting and Dumme~t have 
revived faith in intuition in respect of mathematical com­
prehensions and discoveries. Romanticism on the other band 
denies the existing order in literature to affirm what may be 
non-existent in the real world, and finds sanction in the 
realm of fancy and mysticism. In deed almost all of the 
popular philosophies of the day, those which emanate from 
James, Croce, Bergson, Nietzsche, Spengler show a clear 
tendency towards deviation from rational forms and ideas 
seeking refuge in some forms of anti-intellectual pluralistic 
universe with the growing contempt for the ideal of huma­
nity that was professed in the days of the rationalistic enli­
ghtenment by illuminati like Voltaire, Lessing, Diderot, Kant, 
Condorcet, Paine and Goethe. This current anti-rationalism 
strives to soften its opposition to rigorous logical procedure 
by representing modern science as empirical rather than ratio­
nal. But it is surprising how the vanguards of the present 
anti-rational movement forget that the science which has 
unveiled the mysteries of nature and liberated mankind from 
the gloomy world of superstitions and savagery is the pro­
duct of reason, that the great scientific achievements of Coper­
nicus, Kepler, Galileo, Descartes, Newton and Leibnitz were 
thoroughly mathematical and rationalistic and not based on 
mystic vision, intuition or higher non-rational illumination. 
In deed, in science rationalism opposes the traditionally 
authoritative view of the world as well as popular credulity 
in the strange, the marvellous and the magical. But this 
does not mean that intuition had no role to play in the ad­
vancement of science and civilization. Certainly it had. 
Now to see in what way it permeated the intellectual life, 
it is necessary to first know what intuition really means. 

·4.1 Meaning of Intuition 

In the broadest sense the term 'intuition' means 'imme­
diate apprehension' where apprehension covers such ,.states 
.as sensation, knowledge and mystical rapport and 1mme-
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diate' has as many senses as there are kinds of mediation like 
the absence of inference, the absence of causes, the absence of 
justific"ation, the absence of concept, the absence of symbols or 
the absence of thought processes. Given these mediations, 
there can be as many rational connotations as one likes, but 
there are only four generally accepted principal meanings in 
vogue, namely, 

I. The faculty that provides us unjustified true belief 
not backed by inference i.e. non-inferential flashes 
like hunches. 

2. The faculty that provides us immediate knowledge of 
the truth of a proposition i.e. non-inferential know­
ledge of the truth of a proposition. 

3. The faculty that provides us immediate knowledge of 
a concept without the ability to define the concept. 

4. The faculty that provides us non-propositional know­
ledge of an entity like sense perception or mystic 
realisation or insensible illumination. 

If carefully studied, Bergson's inexpressible intuition of 
duration, Fichte's intuition of the transcendental ego and 
Shankaracharya's mystic intuition of God will be found to 
conform to the fourth category of meaning. There had been 
variety of opinions among the philosophers as to how intui­
tion comes or whether intuition is the only modus operendi 
in the acquisition of knowledge, which have been grouped as 
linguistic theory, faculty theory, behaviourist theory etc. 
Since our intention is not to explore these theories but to 
see how intuition works both in acquisition of mathematical 
knowledge and in discovery of mathematical theorems, we 
would concentrate on only that type of intuition that per­
tains to mathematics proper. In deed, it would be a totally 
wrong approach if we study the role of intuition with a very 
wrong idea about intuition itself. To have a fairly clear idea 
about what mathematicians mean by intuition let us recall 
what Descartes, a great philosopher-mathematician said. He 
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stated, ''By intuition I underst nd, r.ot the fluctuating testi­
mony of the senses, or the mi~le2ding judgement that pro­
ceeds from. the blundering construct:ons of imaginat:on, but 
the conception which an unclouded and attentive mind gives 
us so readily and distinctly that we are wholly freed from 
doubt about that which we understand". This idea is not 
surely uncontroversial because many would argue-that ready 
acceptance of the truth without doubt has created so many 
crises in mathematics. has dislodged mathematicians for de­
cades if not centuries from the correct rational paths. Yet 
Descartes' notion of intuition is what every mathematician 
experiences. As a matter of fact, it is an essential psyche­
logical process which every mathematician must undergo in 
order to learn mathematics and to discover mathematics. In 
this regard, the more experienced he becomes, the more reli­
able becomes his intuition. That is, mathematical intuition' 
is a psychological quality stemming out from an experience­
based faculty and which contains one's attitude towards a 
mathematical situation which one has never faced before. 
The common experience is this that a mathematician is 
seen to have no intuition or little intuition regarding a branch 
of mathematics in which he has never worked. 

4.2 Intuition in Mathematics Learning 

While most mathematicians are least concerned in expres­
sing how mathematics is learnt, there. are a few who have 
expounded in very clear terms how the concepts of mathe­
matics, their interrelations and properties are understood by 
a human being. The question as to the understanding of 
mathematics requires special attention because as a subject 
mathematics is quite distinct in the world of learning. There­
fore it is important to see what mathematicians and philo­
sophers of mathematics have said. In this context, the fol­
lowi~g remark by Immanual Kant, the greatest of the philo­
sophers of the modern world who started his career as a 
mathematician is worthmentioning. ''Thus all human cog­
nition begins with intuition, proceeds from there to concep-
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Jions and ends with ideas". This is applicable not to leam­
_ing of mathematics alone but to acquisition of any know­
ledge as such. In '.deed, he has categorically emphasized the 
role of intuition in the acquisition of any knowledge. He 
points out in his "Citique of Pure Reason", "Our know­
ledge comes from two basic sources in mind, of which the 
first is the faculty of receiving sensations, the second abi­
lity to recognize an object by these perceptions. Through 
the first an object is given to us, through the second this 
object is thought in relation to these perceptions as a simple 
determination of the mind. Thus intuition and concepts 
~onstitute the elements of all our knowledge''. 

Thus Kant talks about passive role of intuition which plays 
first and then the active role of thought which plays next to 
form new ideas. He also admits of two ingredients of intuition 
viz., a posteriori part which forms the content of intuition 
and a priori part which forms the form of intuition indepen­
dent of all experiences. He proceeds further to say that we 
possess two such pure intuitional forms, namely, space and 
time, where space is, according to him, the intuitional 
form of our external sense by means of which we picture 
things as outside ourselves and time is the intuitional form 
of our inner sense by means of which the mind observes 
itself or its inner state. These intuitional forms of space 
and time constitute the a priori frame into whi:h we fit all 
physical events experienced by us and every such event has 
a precisely determined place in space and time. Before we 
pass on to the observations made by others in respect of 
i~t~itive acqu!siti~n of knowledge, we simply like to men­
tion that Kant s views have been strongly criticized by many. 
Particularly the physical aspects of his thesis about the a 
priori nature of space and time, because its dependence on 
the Newtonian concepts of mechanics has turned out to be 
fallacious in the light of the relativity theory of Einstein. The 
psychological aspect, i.e., the intuitional aspect has been 
¥ehemently encountered by Russell who forcefully denied 
the· role of intuition in the acquisition of knowledge and set 
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-out to prove Kant's antithesis that even arithmetic b;!long 
exclusively to the domains of the intellect and of logic and 
-certainly not of pure intuition. 

Now let us look at the Greek who provided us the 
models of modern science and are considered to be the 
founders of the rationalist thesis. A careful study of the 
views of Socrates, Plato and Aristotle will convince anybody 
that they were basically proponents of the rationalist thesis 
in every sphere of human knowledge possibly witl:out any 
exception, none the less at times they could not deny the 
-elements of intuition in some kinds of scientific activities. 
Particularly, for Aristotle, the greatest of the Greek intellec­
tuals, intuitive reasoning was imperative in the understanding 
of the axioms as self-evident truths which were to be fol­
lowed by discursive reasoning for understanding the relation­
ship between the concepts. 

Rene Descartes the greatest of the mathematicians of the 
17th century and staunch rationalist voted essentially in 
favour of Aristotle. He distinguishes intuitive knowledge as 
particular and general and goes forward to rny that our 
knowledge of the particular has often been referred to as 
sensory intuition and of the very general as non-sensory 
intuition. Thus, according to Descartes also, 1he presence in 
our mind of the original starting points of knowledge is due 
to the peculiar faculty of our mind and is therefore inex- • 
plicable. 

Thus we see that in Cartesianism this inexplicability was 
woven into the fabric of a metaphysical dualism, according 
to which no mental event can be caused by any sequence of 
physical events and in which the only mental relat:on that 
can bring about a coming-to-know is the relation of being 
inferred. Thus, according to Descartes sensory intuitions 
are not really cases of knowledge at all but are merely 
physical ones. This, in effect, implies that sense perception 
is in principle nonessential to attaining knowledge, although 
it is mysteriously necessary in practice. The rationalist 
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Locke criticized this paradoxical position of Descartes but 
subscribed to the rationalist contexts of Cartesian thesis. 

Leibnitz's rosition in respect of this is much the same as 
the Greeks. Though a pioneer and an uncompromising Van• 
guard of logicism and rationality in general, he accepted the 
Greek models of scientific pursuits which base on the accep­
tance of a number of axioms purely intuitively and then the 
application of deductive logic for proofs of the results. 

Bertrand Russell (1980), a stalwart logician and rationa­
list of the 20th century, waged wars against any kind of 
intuition refuting all arguments in favour of that and in pur­
suasive language established that intuitive acquisition of 
knowledge is a vague term and that knowledge is acquired 
only by a rational process once the language of mathEmatics 
1s known by sense perception. 

Most of the Indian philosophers possibly because of their­
religious background have in rnme way or other subscribed 
to the intuitionist thesis of acquisition of knowledge. Radha­
krishnan remarks, ''while all varieties of cognitive experience 
result in a knowledge of the real, it is produced in three 
ways, which are sense perception, discursive reasoning and 
intuitive apprehension". It seems that Radhakrishnan has 
tried to propound a compromising thesis supporting the role 
of intuition as a way of acquiring knowledge just as the 
discursive reasoning is another distinct way. It cannot be· 
denied that intuition certainly plays an important role in the 
assimilation of preliminary mathematical knowledge, but ex­
perience suggests that it is not a must. Much of mathe­
matics can be grasped purely on the basis of the language 
and deductive logic; just as mathematical logic can be gras­
ped without an intuitive aid. Thus intuition is merely an 
aid. not an ingredient of our mental faculty. 

4.3 Intuition in Mathematical Discoveries 

The intuitionists have advocated not only the presence of 
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an element of intuition in the acquisition of knowledge but 
also the active role of intuition in every mathematical dis­
covery. The physicist mathematician Pascal has put great. 
emphasis on intuition in derivation of mathematical results. 
According to him, "the heart has its own reasons which 
reason does not know". He maintains that "reason is the 
slow and tortuous method by which those who do not know 
the truth discover it". 

Jaques Hadamard in the "Psychology of invention in the 
Mathematical Field'' investigated the question of how mathe­
maticians think and discover. He came out with very inte­
resting findings in this regard. He concluded that in the • 
creative process practically all mathematicians avoid the use 
of precise language ; they use vague images, visual or tactile. 
The great scientist Albert Einstein subscribes to the same 
view. In a letter to a friend he once remarked ''The words 
or the language, as they are written or spoken, do not seEm · 
to play any role in my mechanism of thought. The physical 
entities which seem to serve as elements in thought are cer­
tain ,signs andi more or less clear images which can be volun­
tarily reproduced and combined. The above-mentioned ele- · 
ments are in my case, visual and some\ of mascular type. 
Conventional words or other signs have to be rnught for 
laboriously only in a secondary state." 

The greatest exponent of intuitionism is however L.. 
E. J. Brouwer, a Dutch professor of mathematics who on 
his own developed an intuitionist school of philosophy. He 
maintains that mathematics is a human activity which ori• 
ginates and takes place in the mind and therefore it is in­
dependent of the real world; tr.e mind recognizes basic, clear 
intuitions which are not sensuous or empirical but imme­
diate certainties about some concepts of mathematics. He 
further said. ''Mathematics arises when the subject of twc­
ness, which results, from the passage of time, is 2bstracted 
from all special occurrences. The remaining Empty form of 
the common content of all these twonesses becom:!s tre 
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. original intuition of mathematics and repeated unlimitedly 
creates new mathematical subjects". To Brouwer, mathema­
tics is synthetic and is composed of truths rather than de-

- rived implications of logic. He held that ''in this construe-
• tive process, bound by the obligation to notice with reflec­

tion, refinement and cultivation of thinking which theses 
. are acceptable to the intuition, self-evident to the mind ~d 
-which are not, the only possible foundation for mathematics 
. is to be looked for''. In deed, Brouwer believed that intui-
tion determines the soundness and acceptability of ideas, 
not experience or logic. He did not recognize any a priori 

. obligatory logical principles to deduce conclusions from axioms. 
Herman Weyl, one of the greatest mathematician of the 20th 
century, in his 'Philosophy of Mathematics and Natural Science' 
has held a supporting view also. He says that the Principia (by 

-Russell and Whitehead) based mathematics not on logic alone, 
but on a sort of logician's paradise, a universe endowed with 
an ultimate furniture of rather complex structure .... Would 

. any realistically-minded man dare say he belives in this 
transcendental world ? . . . This complex structure taxes the 
strength of our faith hardly less than the doctrines of the 
early Fathers of the Church or of the Scholastic philosophers 
of th_e Middle Ages'·. In deed, in Principia Mathematica, 

'Russell and Whitehead attacked the intuitionist thesis of the 
foundation of mathematics rejecting the claim of Brouwer 

• and his followers. In the logistic programme contained in 
Principa, they proved systematically how a large portion of 
classical mathematics can be developed purely on deductive 
logic without resort to the intuitive appeal of the concepts 

: even. The famous Bourbaki school of France remarked, 
''The memory of the intuitionist school will without doubt 
be destined to survive only as a historical curiosity." This 
proves how much critical it was in respect of the intuitionist 
thesis. Felix Klein, Moritz Pasch, David Hilbert, Alonzo 

·Quine, Paul Bernay and many others of the 20th century 
had shown their least faith in intuition and very strongly 

. advocated the logicist thesis or the rationalist thesis. The 
.rationalists in general criticize the intuitionist citing eum-
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pies of the Greek and their marvellous achievement in un• · 
veiling the mysteries of nature. They questicn, if intuition 
is the principal force in discovering mathematical truths, 
then why not the poets or novelists or historians with high 
degree of intuitive faculty have not been able to discover 
sophisticated mathematical theorems, given relevant mathe- . 
matical concepts ? 

- In the light of the above discussions, the justification of 
Wilder (1967), that the role of mathematical intuition in the 
evolution of mathematical concepts-our collective intuition of • 
basic concepts has grown by a series of discoveries of faulty 
features in the current concepts, with ultimate replacement 
by new concepts which not only clear up the faults, but lead 
to feverish activity on the new foundation with consequent. 
creation of much good mathematics is; too weak a proposi- . 
tion to be acceptable. 

Most of the philosophers and scientists of ancient India • 
are no doubt pro-intuitionism, yet they did not want to sail 
on without a proper rational justification. The Hindus ar.d • 
the Buddhists alike developed the science of logic not for 
logic's sake but to give a rational finish of what they con-• 
templated. 

We conclude this section by recalling one of Descartes'· 
memorable comments about intuition. 

''Let us now declare the means whereby our understand­
ing can rise to knowledge without fear of error. There are 
two such means intuition and deduction. By intuition x · 
mean not the varying testimony of the senses, nor the mis­
leading judgement of imagination naturally extravagant, but 
the conception of an attentive mind so distinct and so clear· 
that no doubt remains to it with regard to that which it 
comprehends, or what amounts to the same thing, the self­
evidencing conception of a sound and attentive mind, a con­
ception which spring from the light of reason alone, and is 
more certain, because more simple, tfian deduction itself~ 
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qlthough as we have noted above the human mind cannot err 
ip. deducing either. Thus everyone can see by intuition that 
he exists, that he thinks, that a triangle is bounded by only 

-three lines, a sphere by a single surface and so on. 

It may perhaps be asked why to intuition we add that 
. other mode of knowing by deduction, that is to say, the pro­
. cess which, from something of which we have certain know­
•• 1edge, draws consequences which necessarily follow there-
from. But we are obliged to admit this second step ; for 
there are a great many things which, without being evide~t 

-of themselves, nevertheless bear the marks of certainty if 
• only they are deduced from true and incontestable princi .. 
ples by a continuous and uninterrupted movement of thought, 

-with distinct intuition of each thing ;, just as we know that 
the last link of a long chain holds to the first, although we 
cannot take in with one ,glance of the eye the intermediate 

• links, provided that, after having run over them in succes­
sion, we can recall • them all, each as being joined to' its 
fellows, from the first to the last. Thus we distinguish in-

- tuition from deduction, inasmuch as in the later case there 
is conceived a certain progress or succession whHe it is not 

• so in the former-whence itfollows that primary propositions, 
derived immediately from principles, may be said to. be 
known, according to the way we view them, now by iritui­
tion, now by deduction, although the principles themselves 
can be known only by intuition, the retnote consequences 

. only by deduction". 

. It -is clear from the_ above passage, Descartes' view was 
tui:ied to the Greek model which in essence accepts the role 

• of intuition to the extent of self-evident axioms. Whatever 
glorification: of intuition Descartes might have • done, that 
intuition sometimes .leads to deep crisis has been proved be­
yond doubt by the discqvery of non-Euclidean Geometry and 
Perano's .spacefilljng curve. We now • give some examples 

- wfi~re intuition leads to crisis. -
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4.4 The Crisis of Intuition 

In different ages there were proponents of intui:ion who 
glorified the role of intuition not only in mathematics but 
also in science as such. There were persons who sought to 
.establish the supremacy of. intuitionism over formalism and 
logicism. Even the Greeks who are considered as the founder­
fathers of modern science and who evinced in clear terms 
the strength of .logic and rationality spoke of limited but 
indubitable role of intuition. In deed, the Euclid's geometry 
stands as a glaring example and a model of the height of 
fogicism 1 and also of limited intuition as far. as the acc~p­
tance of. the axioms as truths is concerned. Many a mathe­
matician and philosophers of the 20th century even thronged 
to this school of intuition, who include L.E.J. Brouwer 
{1913-1914); Hermann Weyl,. Michael Dummett (1964), 
Arend• Heyting (1964). But some recent discoveries have 
proved beyond doubt that intuition can lead us astray. Many 
.of the propositions which had been accounted true by intui­
tion has been repeatedly proved false by logic. Even Eucli­
dean geometry which till 19th century lend credibil:ty and 
•greatest support to intuition has succumbed to a serious in­
tuitio:q.al crisis by the discovery of non-Euclidean geometries. 
The _dis~overies of Gaus~, Lobatchevski, Bolyai • and Rie­
·mann evinc_ed that non-Euclidean geometries demonstrate 
nature equally effectively as Euclidean· geometry though in­
tuitively the • fifth. postulate of Euclid • which is. the starting 
'point of non-Euclidean geometries was. unacceptable. But 
perhaps the greatest blow was given by Karl Weirstrass 
(1815-1897) fn the year· 186L Till this time it was a well­
accepted truth that every continuous function is derivable at 
every point .. Some even went further to prove it, for exam-

·ple, Andri Marie Ampere (1775-1836), J.L.F. Bertrand (1822-
1900), Lacroix' and ai~ost ·an text ·book authors of 'the 19th 
century and many more accepted that like Fourier, Cauchy, 
Galois, L~gendre, • Gauss who · were the leading mathemati­
•cians of their times. One of the reasons· for the existence of 
:such an jnexcusable .error may be , attributed to the absence 
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of a rigorous definition of function but the main reason is 
conspicuously the dictate of intuition which derived the ccn­
clusion by studying the graphs of a number of functions com­
monly known. Weirstrass invented the curve by an intricate 
and arduous calculation and the character of this curve en­
tirely eludes intuition; indeed only thought or logical analysis 
can pursue this strange curve to its final form. Thus, had we 
relied on intuition in this instance, we would have remaim d. 
in error till another serious crisis had jolted us. 

The example of W eirstrass concerns differential calculus: 
There are similar examples in other areas too, which lead to· 
intuitional crisis. The second example we cite r.ow is from 
integral calculus. The question facing us is as follows : If two 
curves in a plane start from a common origin and conti­
nuously have the same slope must they coincide in their 
entire course? Intuition suggests that the two curves must 
coincide in their entire course, yet logical analysis shows 
that this is not necessarily so. The intuitive answer is true· 
of course foi1 ordinary curves but there exist rather compli­
cated curves for which it is not true. 

We now give a third example drawn from geometry which 
happens to be the foothold of intuition. It is well known 
that a curve is an one-dimensional geometric object. In the 
year 1890 the Italian mathematician Giuseppe Peano (1858-
1952) pr?ved _much to the surprise of the intuitionists that 
a two d1mens10nal object can be produced by such an one­
dime?sional object, more precisely, it is possible to imagine 
a pomt moving in such a way that in a finite time it will 
pass. through every point of a square and yet no one would' 
consider _the entire area of a square as simply a curve. This 
space-fillmg curve baffles intuitive apprehension and can 
only b~ un~erst?od by logical analysis. This apparently 
parado~1cal s1tua~1on can be explained and properly under­
stood if the notion of a curve is precisely defined and the· 
concepts of connectivity and dimension are brought in. 

There are many other examples which convince ourselves 
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of the undPpendability of intuition even as regards very ele­
n,.::ntary geometrical questions like the Brcuwer's three­
country cornErs problem () 910) and Sierpinski's branch 
point problem ( 1915). In all these problems we are faced 
with intuitional crisis which is overcome only by str:ct leg:-: 
cal reasoning. Thus from the gamut of problEms we see 
that intuition is decept:ve and an unreliable guide. In fact, 
this point the formalists and logicists had been hrrping Cll 

v01cmg absolute dependence on log:c and critical examina­
tion of all results and concepts of classical mathEmatics. 

A Synthesis : There is hardly any doubt that the ratio­
nalist movement after tte Greek mcdel launched by the 19th 
Century philosophers and scientists have brought about .a 
morphological change of the human civilization ; but yEt tte 
psychologists inspite of its spectacular advances in exploring 
the functions of mind, have achieved little success in harne[­
sing the total faculty of mind wh:ch is still clouded in n:ys­
teries. Clarivoyance and premonition r re no more dispute: ble 
claims but facts of life. So to whatever height re,son may 
soar with flying colours, intuition as such is an accepted 
truth, more so in mathematical discoveries. One mt:st grant 
that logic plays an important part, but who can deny the 
role of intuition in guiding one's thought to a meaningful 
proposition. In fact it is almost a truism that without intui­
tion there is no creativity in mathfmatics. Wilder depicts 
the role concisely in the following words : ''The younger 
man has not only come into the particular field without 
having to clutter up his brain with concepts and methods 
which served their purpose and are new d:scarded but using 
new concepts and methods he has built up an individu21 
intuition which forlllS a platform frcm which he can ree-ard 
his field of research with an eye undimmed by the recollec­
tion of earlier and faulty intuitions.'' Thus the role of intu:­
tion is to provide the "educated guess" which may prcve 
to be true or false, but in either case, prcgress cannot be 
made without it and even a false gcess may l~ad to progress. 
Mathematics undouttedly rests upon certain intuitions th, t 

F-5 
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may be the product of our sense organs, brains and the 
external world. The essential idea or method is always 
grasped intuitively long before any rational argument for 
the conclusion is devised. In deed, the intuitions of great­
men are sounder than the deductive d~monstrations of 
mediocrities. 'l'he French mathematician Jacques Hadam1rd, 
:referring intuition as the master and logic as the servant, 
observes that logic restricts unbddled intuiticn. He main­
tains, ''The object of mathematical rigor has been only to 
sanction and legitimize the conquests of intuition''. That 
legitimization too, in the opinion of E. H. Moore, a foremcst 
American Mathematician, is a function of the epoch, that 
is, its civilization. The same concern has been exi:;ressed by 
Poincare, ''There are no solved problems, there are only prob­
lems more or less solved''. The faith in reason is shaken 
due to the disasters of mathematics that built up its king­
dom on the strength of reason. The noted philosopher of 
science Karl Popper in his ''The logic of scientific disco-
v " k ery remar s that mathematical reasoning is never verifi-
able but only falsifiable and mathematical theorems are not 
guaranteed in any way. Thus if intuition is deceptive and 
need to be abandoned in the pursuit of know'.edge, can we 
absolutely depend h · • · f . on t e raticnahty when the crises o rca-
s~n is no more a folklore but reality so far as the founda­
tion of mathematics is concerned ? 



CHAPTER V 

THE CRISES IN MATHEMATICS 

5.0 Introduction 

In an age of tremendous scientific and technological ad­
vancement when men have put their footsteps on the moon, 
when the appearance of the Halley's comet is predicted with 
minutest precision or when the star wars are not dreams but 
a reality, it is unbelievable that present mathematics is 
shaken and shattered by a crisis and that its credibility is 
at stake. But as truth is stranger than fiction, the fact re­
mains that there is a crisis and the paradise where mathema­
ticians reigned for five thousand years is lost. In fact not just 
one but a compendium of crises have taken away the ground 
on which the majesty of mathematics developed, and because 
the present one concerns the foundation, it is one of the 
deepest crises that mathematics has ever faced. Worse than 
that there is no slightest sign of hope flickering in the firma­
ment of the mathematical world. The cry that tore the heart 
of Hermann Weyl, one of the deepest and certainly the most 
erudite of modern mathematicians, is now rumbling in the 
hearts of thousands of mathematicians. "We are less certain 
than ever about the ultimate foundations of mathematics and 
logic. Like everybody and everything in the world today we 
have our "crisis"." In fact, we had several such in the past 
two millenia, which were resolved partly or fully yet we have 
another of much deeper significance and gravity. To under­
stand the crises it is most essential to have a knowledge of 
the structure of mathematics and its evolution. 

5, 1 Crises of Concepts 

The earliest form of mathematics initiated by the Hindus, 
Egyptians and Babylonians can be termed as a naive play 
with some whole numbers and geometric figures. Apropos of 
physical needs, these concepts came into existence and as 



68 REFLECTIOJ\"S ON THE PHILOSOPHY OF ~L\ TH l•:~lAT IC,-, 

such never seized the attention of the intellectuals. Thu;; the 
subject status it never gained. 'lhe Hindus were little ad­
vanced at this time because they had already defined wry 
large numbers and zero. They had mastered i=e~uliar calcu­
lations with fractions and strange numbers. In a nutshell, 
Hindu mathematics though developed to satisfy religious and 
social needs as evidenced in the Vedic '..criptures was more 
sophisticated compared to other civilizations in Egypt and 
Babylon in the period 3C00 to 2000 B.C. 

When the Greek civilization spread in length and breadth 
from the island of Sicily to Egypt circumscribing the Medi­
terranean coast, the mathematics of numbers and geometric 
figures caught the attention of the best Greek intellectuals, 
who in return developed systematically and analytically the 
whole of mathematics in the light of rigorous reasoning, un­
like the Hindus who~e contribution was more of an intuitive 
and empirical nature and least based on reasoning. It is still 
a matter of imagination and co:1jecture how the Hindus got 
such splendid results simply by intuition as the slightest rea­
soning can hardly be traced there. However, th,e GreEks, on 
the contrary, developed the laws of reasoning on one hand 
and on the other through systematic 8pplication cf the laws 
developed geometry to an incredibl::: maturity. The grcate: t 
contribution of the Greeks is thus the formation of these 
principles of logic and was codified in . 'Organon' by the un­
parallel Greek genius Aristotle, a student of Plato and the 
teach-er cf Alexander, the great. These principles discovered 
and codified around 300 B.C. still form the basic principles of 
reasoning o;-i which almost the whole of mathematics h2s 
been developed, if not the whole of science. In fact, there 
are many typ,es of reasoning,-for example, induction, rea­
soning by analogy and dedL·ction. Induction means generali­
zation of an inference from a part to the whole. Analogy estab­
lishes truths of one from 2n analogous one and deduction is 
made by several ways. The first way is known as syllogis­
tic reasoning, which establishes the truth of a statement 
from two premises. The second is the law of contradicticn 
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which assures that a proposition cannot be both true and false 
and the third one is the law of excluded middle which asserts 
that a proposition must be either true or false. In most areas 
of science a hypothesis is made through an induction but that 
is proved or disproved by deductive reasoning. 

There are three characteristic features of the Greek mathe­
matics. The first is the discovery of the pr·nciples of logic, 
the second is the discovery of methodology of describing 
mathematics in a systematic manner, n,imely the ax omJ.tic 
method based on deduction and finally the attitude of the 
Greeks, at brge, towards nature. 

The Greek intellectuals adopted a totally new attitude. 
They dared to look nature in the face. Their intellectU1l lea­
<lers, if not the people at large, rcjcct:d traditional doctrines, 
supernatural forces, superstitions. dogm1 and other trammels 
on thought and tried to understmd the multifariou:;, rryste­
rious and complex operations of na1ur~. 'l'hey app'ied mathe­
matics to dispel the mystery, mystic!sm and seeming craos in 
the working cf nature and establish the existence of irrefut­
able and immutable laws there. This is echoed in the words 
of Anaxagoras, a Greek mathematician cum philosopher 
··Reason rules the world''. 

As regards methodology, the 'Elements' by Euclid con­
taining the works of many including Apollonim and Pytha­
goras stands as an examplary testimonial and emb2dies how 
by deductive reasoning, Geometry is develop~d starting frcm 
some undefined terms and a host of axioms i.e. assertions 
about the undefined terms which are to be taken for granted. 
Since 300 B.C. this has become a model on which the rest 
of mathematics and even science have been developed. At 
present almost all sciences including social sciences have been 
constructed on this model of Euclid's geometry. In fact, the 
Euclidean geometry starts with some definitions an -:l ten 
axioms of which the most controversial is the par .11lel axiom or 
the fifth postulate in particular. These axioms wer.: b::1sed on 
experience and seemed to fit nature appropriately and as such 
were accepted as truths. 
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In another aspect the Greeks can demand special credit as 
they are the first to apply deductive reasoning to political sy£­
tems, ethics, justice, education and nlm~rous other concerns 
of man. Here too they achieved great success just as they 
had in geometry. 

Though the Greeks achieved sprctacular successes in geo­
metry and astronomy, they were not as successful in devr­
loping arithmetic as the Hindus were. The first crisis thEre­
fore was faced by the Greeks as they never bowed down to 
mere intuition or experience. This was concerning irrational 
numbers. In geometric ccnstructions of right angle triangles 
they discovered some quantities like ./2, .; 3 etc. which they 
did not accept as numbers. The rampant attempts by them 
to explain how these can be fit into the system of numbers 
met with failures as no other kinds of numbers except whole 
numbers were known to them. These new numbers perturbed 
them greatly and ultimately they overcame the crisis by ostra­
cizing them. They however tried to give a geometric treat­
ment of such quantities which proved anything but their 
usefulness. 

The period from 300 B.C. to 1300 A.D. in the history of 
European Mathematics is dipped in darkness. The master­
minds behind the construction of this majesty of mathema­
tics were busy saving the fruits of their toil for one thousand 
years from the angry Romans who waged wars against the 
pagan Greeks, and destroyed hundreds of thousands ~f par­
chments containing invaluable treasures of the human mmd. In 
47 B.C. tr.e Romans set fire to the Egyptian ships in the har­
bour of Alexandria, the fire 1;pread and burned the Fbrary­
the most extensive of ancient libraries-Such destructive acts 
were repeated under the direction of the Roman emi:eror~, 
Constantine, Theodosius and his two sons Honorius and 
Arcadius. The next wave of attacks on the Greek Civiliza­
tion came from the Moslem hordes in A.D. 640 who captured 
Egypt causi~g migration of the majority of Greek scholars 
to Constantinople. The atmosphere there was still incon­
ducive for any academic pursuits. The scholars were busy 
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preserving somehow the remnants of their researches. A po~i­
tive effect of the mohammedan rule was that the Arabs came 
to know the vast treasures of the Greek intellectual world. 
The Arabian scholars being charmed by the dazzling glow of 
the Greek intellect resolved to master the art and scienc.: of 
mathematics. But the crisis created around 600 A.D. by the 
Hindus by discovering negative numbers rzmained unsolved, 
though they were prone to using such numbers in greater 
proportions than the Greeks. Even as late as 1694, the Euro­
pean mathematicians including Blaise Pascal (1623-1662), 
Nicolas Chuquet, Antoine Arnould were bewildered by this 
crisis as negativity of numbers was entirely new to them ard 
they refused to accept them as numbers and called them 
"absurd numbers". But reali1y, need and convenience forced 
them to finally accept them. This is how this crisis was 
avoided without sufficient justification like the crisis of ratic­
nal numbers. 

Though the Greeks ostracized irrational numbers, calcul2-
tions with irrationals were carried freely in Europe in keep­
ing with the Hindu tradition, but the problem of whether 
irrationals were really numbers troubled mathematicians 
even in the 17th century. John Napier (1550-1617) made fr2-
quent use of irrationals even in his new creation 'logarithm' 
for positive numbers one of the most valuable Renaissanc2 
products. In the 16th century sincere attempts w2re made 
by many to identify irrational numbers. Jerome Cardan 
(1501-1576), Michael Stifel (1486-1567); Luca Pacioli (1445-
1514) and John Wallis (1616-1703) not only accepted irratio­
nals as numbers but tried to justify the operations with irra­
tionals, though any logical foundation for such numb~rs was 
lacking. Without having over.::ome their difficulties with irra­
tionals and negative numbers, the Europeans added to their 
burdens another by blundering into what v- e now call complex 
numbers. These numbers they arrived at from two sides, one in 
attempting to solve equations like x2 + 1 = 0 or x~=l and 
the other in trying to extend the definition of logarittm to 
negative numbers. Cardan in his attempt to solve an equa-
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tion· x(l0- x) = 40 obtained the roots as 5 + ,./ - 15 and 
5 - ..; -15 which he called ''Useless Sophistic quantities.'' 
These sophistic quantities induced c.louds of confusion in the 
world of mathematics and were not received w:th pleas:.1r.!. 
This situation has been vividly narrated by Leibnitz in foe 
following lines. "The Divine Spirit found a sublime outlet 
in that wonder of analysis that portend of the ideal world, 
that amphibian cetween being and n:,t be'.ng wnich W.! c1ll 
the imaginary root of negative unity.'' The quandaries about 
the meaning and use of complex numbers deepened with th! 
introduction of logarithm of negative numbers and logarithm of 
complex numbers and over the meaningfulnss of such operations, 
Leibnitz, Euler and John Bernoulli debated the matter hotly 
through letters and rapers. Finally this crisis was n,solved by 
d'Alembert and Euler, who published two papers in 1947 ar.d 
in 1951 in wihch they justified the operations with complex num­
bers. Subsequently Gauss, Hamilton and Argand est:1blished 
the true significance of complex numbers by associating a geo­
metric interpretation and meaning of complex numb.!rs. Thu:;, 
though geometry was deductively organiz=d bJ 300 B.C. an-:l 
the few defects detected later could be readily cJrr~cted, 
arithmetic and algebra had no logical foundation w·.1atsoev .!r. 
The whole numbers were taken as God's gift and accepted 
unquestioningly. The basis for adapting the properties of 
whole numbers and fractions had certainly b:!en an Expe­
rience. As new types of numbers were added to the numb~r 
system, the rules of operations already a-::cepted for the 
natural numbers and fracticns on an empirical basis were 
applied without logical justification. Fc-rtunately, the use of 
these new numbers and of Algeb,a in general in scient'fi-:: 
work produced excellent agre~ment with observations and 
experiments. As the needs of science prev1iled over log·c 11 
scruples. doubts about the soundness of alg~b,a were cast 
aside. However, the most potent impetus was infl' cted on 
mathematics in the 17th century. C:1lculus, the sub'lest d;~c·,­
pline in all of mathematics was born in an atmosph:re of 
non-existent logical foundations of arithmetic and alg ~bn. 
The two fundamental conc~pts namely the derivativ.! and the 
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definite integral appeared in the works of many, the most 
famous of whom were Kepler (1571-1630), D:scartes (1596-
1650), Cavalieri (1598-1647), Fermat (1601-1665), Pasc:11 
(1623-1662), Gregory (1638-1675). Huygens (1629-1695), Wallis 
(1616-1703), Newton (1642-1727) and Leibnitz (1646-1716). 
Each of these men formulated his own approach to the prob­
lem of defining and computing the derivative and de finite 
integral. Of the above apprOJches only two dem:md fpecial 
mention namely those by Newton and V~ibnitz. N. w :en 
explained the concept of derivative purely as a rate measure, 
more precisely as velocity of a particle, but Leibnitz follo­
wed a more abstract approach using a concept known as in­
finitesimal. The use of such a quantity raised a storm of pro­
test all over the mathematical world probably bec3.use L-~:b­
nitz himself failed to justify the logic of his approach pro­
perly. Not being able fully to clarify concepts and justify ope­
rations, both men relied upon the fecundity cf their methods 
and the coherence of their results and pushed ahead with 
vigour but without rigour. The 17th century ended with cal­
culus as well as arithmetic and algebra in a muddled state 
and the 18th century mathematicians vastly extended the 
arena of calculus by deriving new subjects from it namely 
infinite series, ordinary and partial differential equations, 
differential geometry, the cal:ulus of va"'ations and the 
theory of functions of a complex variable wh :ch are collec­
tively referred to as Analysis. Needless to mention that all 
these poured fuel to the burning flame of the rigorizition 
problem. The concept of the infinitesimal or more cp?cifi­
cally infinity stood in the way of intuitive understanding of 
the whole working. 

As Newton, Leibnitz, Euler, d'Alemb2rt, L1grang~ and 
many others of this century strnggled with the strange rrcb­
lem of infinity and employed them in analys's, they p2rpe­
trated all sorts of blunders, made false rroofs and c·r~w 
incorrect conclusions; they even put forward arguments 
which we are now able to call ludicrous. To ov~rcome this 
crisis and to build the foundations of the calculu ;, L1grange 
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(1736-1813) came forward and while he himself was tryi~g for­
a solution as the Director of the Berlin Academy of Sciences 
also he ;roposed in 1784 that a prize be awarded in 1786 ~or 
the best solution to the problem of the infin:te in mathematics. 
best solution to the problem of the infinite in mathematics. 
But the best solution was not obtained and the state of the 
foundations was worse at the end of the 18th century though 
its successes in representing and predicting physical pheno­
mena were beyond all expectation superlative. 

The history of the medieval Europe is marked by a fa st 
and steady growth of knowledge in almost all directions. En­
lightened minds fused with Greek ideals applied reason to_ 
all human activities including the search of a mathematical. 
design of the universe and discovered in succession hundreds of 
thousands of truths about nature, psychology, philosophy and 
society at large. Nicolaus Copernicus (1473-1543), Johannes, 
Kepler (1571-1630), Galileo Galilee '1564-1642) overhauled 1he-_ 
already existing misconceptions about the heavenly bodies and 
Rene Descartes (1596-1650) set about erecting a new philo­
sophy of science. His contribution to mathematics did not 
offer new truths but rather a powerful methodology which 
we now call analyt:c geometry. In the history of science if 
any century is to be ascribed to any person, it is the 17th 
century which is illuminated by the shining genius of Sir 
Isaac Newton (1642-1727) the greatest of all scientists ever 
born. His scintillating intelligence wa!- multidirectional and 
superseded all his predecessors. The mechanistic theory 
that was fertilized by Aristotle and laid by Descartes surren­
dered to Newtonian mechanics. The most powerful, almost 
omnipresent, Cakulus was discovered. Gottfried Wilbelm 
Leibnitz (1646-1716) with much more versatility came as an 
aide to endow this century with an exceptional brilliance. 
His contributions to mathematics, science, history, logic, 
law, diplomacy and theology were remarkable. Quite inde­
pendently, using an original idea of infinitesimal he developed 
Calculus though he was not as clear as to this new idea as 
one needs be. The 18th century accounted for many more 
discoveries of great significance but there was no serious 
crisis as such. 
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5.2 Crises of Intuition 

The 19th century dawned quite auspiciously, attained 
immense progress but ended with several severe crises that 
tore the hearts of hundreds of thousands. Karl Friedrich 
Gauss (1777-1855) and Cauchy (1789-1857) the two leaders 
in the mathematical world and Immanuel Kant (1724-18C4) 
the great Philosopher not only influenced the entire intelle:­
tual world by their brilliant ideas but also ctallenged the 
foundation of the existing beliefs and scientific truths. Tne 
contributions of W:lhelm Weber (H04-1891), Nicolai Iva­
novich Lobatchevsky (1793-1856), Joh~nn Bolyai (i802-1860), 
Georg Bernhard Riemann (1826-1866), Karl Gustav Jc:cob 
Jacobi (1804-1851), Casper Wessel (1745-1818), Jean-Robert 
Argand (1786-1822), William R. Hamilton (1805-1865), 
Arthur Cayley (1821-1895), Hermann Gunther (1809-1877), 
Felix Klein (1849-1925) were no less significant. Almost 
each of these mathematicians made a mark in the hi~tory of 
mathematics. 

'l'he first half of the nineteenth century heralded with a re­
markable success in unveiling the mysteries of nature. Both 
Gauss and Cauchy though first rate mathematici:irs were 
equally efficient physicists. In the words of J~mes Cle1k 
Maxwell, the founder of electromagnetic theory, Gauss's 
studies of magnetism reconstituted the whole science, the 
instruments used, the methods of ob~ervation and the cal­
culation of results. Gauss worked on Arithmetic, Algebra, 
Geometry, Astronomy, Optics, Mt1gneti<-m and several other 
disciplines and achieved reir-arkable success. Cauchy laid the 
foundation of the theory of functions of a complex variable 
and left an indelible impression of his superb mathematical 
genius through as many as seven hundred papers, second only 
to Euler in number, in different aret1s of science. But in the 
midst of such splendid discoveries, who could imagine that 
a severe crisis was looming large in the horizon of mathe­
matics? 

From the time of the Greeks, though Euclid's geometry 
was accepted with exhileration as a model of scientific ap-
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• h ed as to the acceptability of 
proach doubts were bemg eap . f E 1·d 

' • t gether the axioms o uc 1 
the axioms. For centuries o f ' ed the truths of the 
were taken as truths as they con orm d . 

these did not stan m our physical space and except one 
I • t ·t· The one that really caused trouble way to norma m m 10n. 1 

is the fifth postulate, also known as th~ p~rallel ~ostu ate 
which stipulated a geometric object of mfirnte lengtn. Cer­
tainly experience did not vouch for the behaviour of infinite 
straiaht lines whereas axioms were sup;iosed to be self­
evid;nt truths about the physical world. So all round at­
tempts were made to rebuild Euclid's geometry with the 
replacement of the parallel axiom by a seemingly more self­
evident statement or to prove the parallel axiom by the 
other nine axioms. The attempts in particular by John 
Playfair (1748-1819), Georg S. K'iigel (1739-1812), Abnham 
G. Kastner (1719-18C0) were far rea~hing in that they p.·ond 
the independence of the axiom, but G1uss's work in this 
direction can be termed revolutionary. What he visualiz~d 
and deduced unprecisely was rigorously established by 
Lobatchevsky and Bolyai who proved that the variations of 
the fifth postulate give birth to new geometries, called non­
Euclidean geometries and they do fit into the physical ~p1ce 
as accurately as the Euclidean geometry. Th;s stinmlated 
another novel creation-a new geometry, that gave the 
mathematicctl world further inducement to believe that the 
geometry of physical space could be non-Euclidean. Infact 
Riemann's 1854 paper published in 1868 covinced many 
mathematicians that a non-Euc1idean geometry could be t½e 
geometry of physical space and that we could no longer be 
sure which geometry is true. The mere fact that there 
could be alternative geometries was in itself a shock. But 
the greater shock was that one could no longer be rnre 
which geometry was true or whether any one of them was 
at all true, because it was clear by this time that the axioms 
framed were based on our limited excerience and could 
never be taken for granted as truths. So the supporters of 
Plato·s view that God geometrizes were at a loss and having 
no reinforced argument to support their view had to sur-
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render. After the discovery of non-Euclidean geometries, it 
was really difficult to accept that tli.e axioms and theorems 
of mathematics in general were not necessary truths about 
the physical world. This formidable crisis moved a physi­
cist like Einstein so much that he expressed his despair in 
I 921 .. In.sofar as the r.ropositions of mathematics g:ve an 
account of reality they are not cn-t:1in and insofar as they 
are certain they do not describe reality''. The reverberations 
of this disaster reached a'mo.,t all areas of our cul'ure of 
the 19th century, shattering the confidence man had gather­
ed by spectacular achievements in all branches of ~cience 
till the beginning of the 19th century. That there is no 
truth in mathematics destroyed the evidence that man can 
acquire truths with the help of mathematics. The disco­
very of quarternions by Hamilton in the mean time deepened 
the crisis that suggests that conceptual order is not a veri­
dical account of the perceptual. The pride of human reason 
suffered a fall which brought dcwn with it the temple of 
truth. 

But history suggests that man c-annot live happily in an 
unpleasant darkness; he strives to 1:urn darkness into light. 
So a critical movement started in the second decade of the 
century, because the founders of tht> movement realiz::!d that 
for over two thousand years mathematicians had wandered 
in a wilderness of intuitions, plausible arguments, inductive 
reasoning and formal manipulation of symbolic expressions. 
As two thousand years of reliable usage lent assurance to 
what logic had failed to demonstrate, the founders of the 
movement chose calculus as their starting point and not geo­
metrv, for calculus, the fount of analysis had already in­
corp~rated in its body loose proofs, paradoxes and even 
contradictions and many results without pragmatic sanctions. 

As Cauchy (1789-1857) at that time was at the centre 
of the mathematical world, he had to shoulder this enor­
mous task. He decided to found calculus on the limit con­
c.ept built on the logic of numbers. Certainly he was not cent­
percent' successful and he alrn lost sight of rigor in many of 
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his arguments, but much credit is to be g·.ven to him for 
this venture and the success he attained. The chief credit 
however should go to another master, Karl Weierstrass 
(1815-1897) who freed analysis from all dependence upon 
motion, intuitive understanding and geometric notions. 

5,3 Crises of Reason 
When the rigorization was going en in full swing, another 

metamorphic event was under way. The science of logic was 
founded by Aristotle in his Organon around 300 B.C. but the 
crises exposed its limitedness of scope. Leibnitz proposed a 
universal logic to enhance the utility of mathematics. He 
founded symbolic logic and tried to develop a symbolic calculus 
of reasoning but met with little success. So until the 19th 
century, Aristotelian logic held sway. George Boole (1815-
1864) was instrumental in using logic to rigorize algebra and 
developed an entirely new kind of algebra of logic, now 
popular as Boolean algebra. Following Boole, DeMorgan 
provided another innovation. The logic of relation that was 
lacking so far was then propounded by Charles Sanders 
Peirce (1839-1914) and systematized by Giuseppe Peano 
and Ernest Schroder (1841-1902). The final step in mathe­
matical logic was taken by Gottlob Frege (1848-1925). With 
these new instruments of logic the structure of m:1thematics 
was given soundness but this was almost gratuitous as no 
new theorem of arithmetic, algebra, or Eu:lidean geometry 
evolved and the theorems of analysis had only to be more 
carefully formulated. Thus though mathematics lost its 
grounding in reality, the axiomatic activity of the 19th cen­
tury resolved a severe crisis in its history. 

But the goddess of fortune smiled perhaps at the satis~ 
faction of the 19th century mathematicians and storm clouds 
were gathering over the firmament of the mathematical 
world. In the International Congress held at Paris in 1900. 
David Hilbert presented a list of twenty three problems 
whose solution he regarded as most important for the ad­
vancement and even existence of mathematics. The first 
two problems are worth mentioning as they stand at the 



THE CRISES IN MATHE~lATICS 79 

root of all controversies that swept away foundation built 
thus far. George Cantor (1845-1918) introduced transfinite 
numbers called cardinal numbers to represent the number 
of objects in infinite sets. Hilbert's first problem was to 
prove that there is no card"n1\ number between that of the 
set of natural numbers and that of the set of real numbers 
and also to prove that the set of real numbers is well ordered. 
The second problem raised the question of consistency of 
the Arithmetic system. This was pertinent as Hilbert had 
already proved that the Euclidean G~ometry is consistent if 
the Arithmetic system is consistent. There was enough 
fround prepared by Cantor for the presentation of the above 
rroblems. The rigorization of analysis had to take into ac­
count the distinction between infinite series that converge 
and those that diverge. The difference between 'actual infi­
nite' and 'potential infinite, propounded by Aristotle had to 
be carefully analysed since these had caused lot of confusion 
and challenged our intuition as is evident bJ a remark of 
Descartes ''The infinite is recog:-ii21ble but not comprehen­
sible·'. In fact, the concept of infinity did thwart compre­
hension for centuries together. When in 1873, C-mtor intro­
duced infinite sets as existing totalities, as entities but he 
set about distinguishing them, the world of mathematics was 
in a whirlpool. Just as we have number symbols 1, 2, 3, 10 
etc., to denote the number of objects in a finite collection, 
so Cantor decided to use symbols for the number of objects 
in infinite sets. He used the notation N 11* to denote the 
number of objetcts of a set whose objects can be put into 
one-to-one correspondence with the whole numbers. He 
used the notation N 1 * or c to denote the number of objects 
in the ~et of all real numbers, because he proved this set of 
real numbers is larger than the set of whole numbers. Cantor 
was further able to show that for any given set there is al­
ways a larger one and this he demonstrated by taking the 
set of all subsets of the original set, which he called Power 
set and denoted as P(X) or 2x. Considering the set of whole 

' -N 1 (aleph one). 
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numbers, he thus obtained the power set whose cardinal 
number i.e. the number of objects he denoted by 2'.': .. and 
proved that 2N,,'"' = N/''. Cantor's proof of the fact 
that there were larger and larger transfinite sets deepen­
ed the crisis of logic and intuition. The logician Russell 
also was initially stunned and he added his famous para­
doxes to the problems that took away the sleep of many. 
Cantor introduced ordinal numbers , Lo for sets and used 
the notion w to denate the ordinal number of the set cf 
whole numbers. In fact, an ordinal number is lhe cardinal 
number of a well ordered set i.e. a set every sub£et of which 
has a first element. Cantor introduced a hierarchy of tram:­
finite ordinal numbers, like w, w + 1, w + 2, .... o, .w , .... 

w n ... , w(/J and beyond. After creating the theory of trans­
finite ordinal numbers, Cantor believed that the set of 
ordinal numbers can be ordered in rnme rnitable fashior.; 
but a theorem that the ordinal number of the set of all 
ordinals upto and including c(. , say, is larger than c(. shook 
his convictions as the fact that the set of all ordinals 
should have a larger ordinal than 1he 1arge~t in 1he sft Ieacs 
to contradiction. With regard to the axiomatizat:on a b:.rr.­
dle of paradoxes flooded the mathematical rrrna this time. 
Aristotle's 'Liar paradox', Russell's 'Barber paradox', G. G. 
Berry's 'Word paradox' and many others by Kurt Go:lel 
(1906-1978), Kurt Grelling (1886-1941), Leonard Nelson (1882-
1927), Jules Richard (1862-1956), Frank Plumton R1msEy 
(1903-1930) and Burali Forti (1861-1931) set the stage in a 
bewildering condition. A number of attempts were m2.de to 
resolve the paradoxes and as many of them ccu'd 1::e 1e­
solved, the fallacies were discovered. Russell pointed at 
the unpredictiveness of the definitions wh:ch had been 
in use for long and were at the root of confusions. So sEt 
theory called for carefully worded axicms. Ernst 7,,rmelo 
(1871 - 1953) and Fraenkel (1891 - 1965) offered a scheme, 
Russell-Whitehead offered another, while von Nrnmann 
(1903-1957) offered a third and in the effort to build sdd 
foundation for mathematics, establishing consistency cer-

't{-c.i- (aleph null), N 11 = t N1 (aleph one). 



THE CHJi:iES lX 2\IATHE~{ATICS 81 

tainly became the most demanding problem of the e2rly 20th 
century. The earlier proofs were critically examined in tte 
light of the new axiomatics. An innocent looking assertion, 
now known as Axicm of choice which had been in use in 
many earlier works struck the mathematicians. This asserticn: 
is that given any collection of ~ets, one can select one object 
from each set and thus form a new set. Cantor tad used 
the axiom of choice in many situations including the proof 
of the theorem that an infinite set contains a sutset wi1h 
cardinal number N 0*. Peano first called attention to the 
axiom of choice in 1890 when he wrote that one cannot 
apply an infinite number of times an arbitrary law that se­
lects a member of a class from each of many classes. The nub 
of the criticism was that unless a definite law specified 
which object is to be chosen from each set, r.o real choice 
can be made and so the new set cannot be really formed. 
So attempts were made by many to replace the axiom by 
a less controversial one but rnccess was a far cry. The key 
issue with respect to the axiom of choice was wr.at m1the-­
matics means by existence. Martin's Axiom, Countable 
Axiom of choice, Finite Axiom of choice came as substi­
tutes but none proved equal to the Axiom of Choice. 

Though the problems posed by Hilbert put mathematics 
into an uncomfortable situation, the state of the foundations 
of mathematics was tolerable till 1930. Two problems how­
ever continued to trouble the mathematical conscience, name­
ly the problem of consistency and the problem of complete­
ness. This second problem amounts to whether a rearnn­
able conjecture can be proved or disproved. With regard 
to these two problems and tl:e other vital questions like 
infinity and existence mathematicians were divided into d;ffe­
rent schools of thought, now known as the intuitionist school 
headed by Brouwer (1881-1966), the Log:cist fchool headed 
by Russell and the Formalist school headed by Hilbert. Each 
of these schools tried to settle the i:roblems within the philo­
sophical framework. Russell had abandoned his belief in the· 
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truth of the logical axioms used in the logistic approach and 
had confessed tthe artificiality of his axiom of reducibility. 

His theory of types avoided the known paradoxes and 
the completeness problem was outside his purview. The 
intuitionists were indifferent to the problem of consistency, 
since they were convinced that the intuitions accepted by 
the human mind were eo ipso co:i.sistent and formal proofs 
were unnecessary and irrelevent and as to completeness they 
believed that human intuition was powerful enough to decide 
the truth or falsity of any meaningful proposition. 

The formalists did not like to leave these two major prob­
blems unchallenged. In 1920 Hilbert returned to these prob­
lems. In his metamathematics he outlined the approac·1 to 
a proof of consistency and expres!,ed his confidence in the 
possibility of a solution of both the problems. But in 1931, 
Godel published a paper entitled "On Formally Undecidable 
Propositions of Principia Mathematic1 and Related Sys­
tems'', containing two startling results regarding consistency 
and completeness. He demonstrated first that the consis­
tency of any mathematical system that is extensive enough 
to embrace the arithmetic of whole numbers cannot be 
proved by the logical principles of the different philosophical 
schools, and secondly that if any formal theory adequate to 
embrace the theory of whole numbers is consistent, then it 
must be incomplete, which means the price of consistency is 
incompleteness. This was a death blow to comprehensive 
axiomatization, because mathematicians, formalists in parti­
cular, ,had expected that any valid statement could cer­
tainly be established within the framework of some axioma­
tic system. Thus Godel's formidable results exp')sed the 
hollowness of mathematics. Since consistency could not be 
proved, mathematicians risked talking nonsense b~cause 
anyday a contradiction could be found. Godel's incomplete­
ness theorem is to an extent a denial of the law of excluded 
middle, a logical principle applied so long with remarkable 
success. The fact that no contradiction has been found in 
the axiomatic set theory with the continuum hyp:>thesis and 
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also in the theory with the negative of the continuum hypo­
thesis added credence to this futility of the law of excluded 
middle. That theorems like Fermat's which assert that there 
is no integral solution of xn + y11 = zn when n > 2 and like 
Goldbach ·s which assert that every even positive integer is 
the sum of two primes have baffled the endeavours of hun­
dreds of mathematicians for centuries together supports 
Godel's incompleteness theorem. A result of Alonzo Church 
(1903), a professor at Princeton University deepened this 
crisis. Developing a notion of function he showed that in 
general no decision procedure or an algorithm can be found 
to ·establish provability or disprovability of any meaningful 
statement. Thus Euclid's parallel postulate is not decidable 
on the basis of other Euclidean axioms. In view of the fur­
ther result by Paul Cohen (1934), a professor of mathe­
matics at Stanford University that the axiom of choice and 
the continuum hypothesis are independent of the oth~r 
Zermelo-Fraenkel Axioms if the latter are consistent, it be­
came obvious then that there are many mathema1ics. The 
troubles multiplied when Leopold Lowenheim (1878-1940) 
and Thora!£ Skolem (1887-1963) disclosed new flaws in the 
structure of mathematics. Lowenheim and Skolem proved 
that a set of axioms permits many more essentially different 
interpretations than the one intended-a result that denies 
categoricalness in a more radical way. The efforts to elimi­
nate possible contradictions and establish the consistency of 
the mathematical structures thus failed and there was no 
longer any agreement on whether to accept the axiomatic 
approach or if so, with which axioms or the non-axiomatic 
intuitionist approach. No school has now the right to claim 
that it represents mathematics. 

Thus present mathematics is a collection of results-the 
results which may be true or false because their derivations 
are based on faulty logic and what are taken as rigorous 
proofs now are anything but secular. There is no unified 
theory of proof or any solid foundation. The proofs are 
parochial in the sense they . obey only one set of axioms 
which are not acceptable to many. The question of the con-
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sistency problem has doomed the credibility of mathematics 
because what we prove now to be correct may tum out false 
tomorrow. What a stumbing disaster ! 

Still mathematics is growing. Nearly 50,000 papers are 
being published every year in different journals of the world. 
There are several reasons for this growth amidst this quan­
dary. The one that accounts for by and large is that most 
contemporary mathematicians are unaware of this crisis, and 
many who are aware prefer taking an indifferent attitude to­
wards this because publication of more and more papers is 
their prime interest for survival and prestige. They prefer 
to be suckled in a creed outworn. Then, is there no autho­
rity to, urge restraint on the ground that foundational issues 
remain. to be resolved ? The fact is there is none. The edi­
tors of journals could refuse papers but they are peers having 
the same position as mathematicians at large. Hence papers 
that maintain some semblance of rigor, the rigor of 1900, 
are being published. A few mathematicians have expressed 
their deep concern about foundational issues among whom, 
are Emile Borel, Rene Baire, Henri Lebesgue and Hermann 
Weyl. Despite this deplorable stage of affairs, those who 
advocate the growth of matter whether it is an advancement 
or a digression hold this view that mathematics is the sus­
tenance of science and therefore it must develop. This tune 
is echoed in the voices of many amongst whom are Karl 
Popper and Andre Weil, the greatest philosophers of science 
of modern times. We conclude this article by a remark of 
Weil 

"For us, whose should::rs sag under the weight of 
the heritage of Greek thought and who walk in 
the _paths traced out by the heroes of the 
Renaissance, a civilization wlthout mathe t· . h" ma 1cs 
rs unt mkable. Like the parallel postulate, the 
po~tulate th~t ~,athematics will survive has been 
~tnpped of its evidence''' but while the former 
is no lon_ger necessary, we would not be able to 
get on without the latter''. 



CHAPTER VI 

THE FUTURE OF MATHEMATICS 

6,0 Introduction 

Crowned with innumerable glorious achievements nnthe­
matics has a special position in our culture-a position that 
is unique and invulnerable. She has been worshipi:;ed by "II 
and sundry as the 'queen of science'. The adventures that 
began nearly three thousand years back by the Greeks and the 
Hindus met with memorable successes that shaped our civili­
zation delivering us from the gloomy world of rnperstitions 
and ignorance to the new universe cf light and wisdom. But 
every success is the ct:lmination of several failures. The 
exalted position now held by mathematics has been attained 
not by a series of successes alone. Just as darkness reigns 
behind light. failures paved the path of successes. It would 
be unjust to call them failures. there had been several crises 
-Crises of concepts, crises of intuition and crises of reasons­
more precisely intellectual crises that altered radically mathe­
maticians' attitude towards their work. The discovery of non­
Euclidean geometries by Gauss, Bolyai and Riemann compelled 
mathematicians to forget that mathematics is a body of truths 
about nature-a faith nourished by all for more than two mil­
lenia. The creation of quarternions and matrices forced mathe­
maticians to belive that mathematics of ordinary numbers is 
not •even a priori applicable. Like the well known three­
body problem of mechanics and Goldbach's hypoth<:sis of 
arithmatic. innumerable problems of very candid c·ppearance 
mock at human intelligence even to day. The great disco­
veries of Godel have lead us to an apparently inrnrmount­
able ditch. destroying our faith and credibility in mathema­
tics. Standing in this gloomy world of mathematics one 
may naturally doubt whether the death of rnath':'matics is 
imminent. If not, how can one believe that in the teeth of 
this severe intellectual crisis, mathematics ha.s the nece'."sary 
potential to survive ? This worry of the present generation 
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is not altogether meaningless. Because the loss of truth is 
• s and the a tragedy, for truths are man's dearest possession ~ 

loss of even one is a cause of 1,rief. In a broader view, our 
culture is veritably dependent ~n and intimately connected 
with a normal growth of mathematics, because the _growt? 
of mathematics entails the growth of science and science 15 

the mind of civilization, art is but the heart. Marshall stone, 
a great mathematician of this century suggests in this re­
gard-"We shall not resolve its tensions untill we accept 
science as an integral and all pervasive part of our culture, 
not only at the material level but also in the tangent spheres 
of the intellectual life and of education. So suddenly has 
this ,crisis developed and so far do its effects extend that 
we are forced to recognize in it the symptoms characteris­
tic of a major mutation in human culture''. This optimi5tic 
tone is not the solitary one to keep our spirit a1ive in mathe­
matics; Andre Weil, one of the leading mathematician of 
our time has also sung the songs of a hopeful future. He 
remarks in his famous article "The Future of Mathematics", 
"Like the parallel postulate, the postulate that mathematics 
will survive has been stripped of its evidence". Professor 
Weil or Professor Stone was not prophets of science or 
mathematics in particular. They certainly did not see the 
dawn of a revolution in mathematics th;ough clairvoyance, 
but backed by careful observations only they enchanted us 
with the music of a new epoch. Let us look back in the 
history of science for evidence of their phrophecies. 

6.1 Survey of the Past 
The past history of mathematics is replete with innumer­

able failures and several debacles that seemingly stranded 
the progress of mathematics. The Greek had many such 
setbacks. The Ionian Philosophers of the 6th century B.C. 
gave rational explanations of the nature and functioning of 
the universe. Almost every one of the famous philosophers 
of this period like Thales, Anaximander, Anaximenes, Hera­
ditus, Anaxagoras took a distinct substance as the consti­
tuent of the universe. Thales, for example, declared that 
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everything is made of water and tried to explain all natural 
phenomena accordingly. But meticulous studies later en 
exposed the truth to a great shock of the Greeks ; yet the 
expedition in the domain of science never stopped. Prom­
pted by the theological tenets and taboos, the Greeks also 
propagated that the universe has been designed by the god 
and natural phenomena are only whims of the creator. Even 
Plato (427-347 B.C.) who dominated Greek thought in the 
momentous 4th century B.C. and long after believed that 
God eternally geometrizes. Much of the works of Archi­
medes (287-212 B.C.), Menelaus (circa AD. 98), Ptolemy 
(d. A.D. 168) turned out erroneous in later researches. The 
same thing happened with almost all scientists of every age 
but the mere fact of discovering errors in any scientific in­
vestigation never stood in the way to progress of mattema­
tics; rather the critical analysis and attempts to rectificaticn 
of these errors ended with new discoveries, more useful 
techniques and greater farsight. 

Not the indomitable venturesomeness of human nature 
alone, but the socio-political conditions too had althrough 
played a vital role in the growth of mathematics. When 
the beams of intellectual light kindled by the pioneers of 
Renaissance in Europe charged thousands of hearts, they 
stood up together to fight against the long cultivated supers­
titions and anti-rational prejudices that had eclipsed human 
civilization for a long period and ungrudgingly took service 
of the queen of science. This enormously coasted up the 
spirit of mathematics and as the primary objective of science 
is human welfare, mathematicians of the Renaissance period 
imbued with new ideals started contributing liberally to 
science and mathematics in particular. 

The history of mathematics till the 17th century is mark­
ed by several crises, mostly with regard to the notions. The 
negative numbers, rational and irrational numbers, infinity 
infinitesimals posed serious problems to mathematicians. 
Galileo, Copernicus, Kepler, Descartes, Leibnitz, Newton 
and many others challenged the traditional concepts about 
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nature and numbers. The catholic c!o::trine of God's creat­
ing the universe and the Greek doctrine of m:tthematical 
designs of nature were thrown aside; but the rejection of the 
old incorrect ideas did not check the sponteneity of growth. 
The effect was rather beneficial; a spurt of fresh researches 
was noticed. The ideas and techniques devised by D~scartes, 
Newton and Leibnitz povided new areas of research. The 
foundational questions started pouring in to thr.:w awJ.y the 
discrepencies, imprecision and irregularities in m1thematics 
on a solid foundational basis. 

The 18th century flourished with a steady growth of 
mathematical results in the hands of several lum'naries like 
Euler, Lagrange, Laplace, Fourier and Gauss. But man foe 
foundational questions drifted mathematics to one of its 
worst debacles. Euclid's fifth postulate whose validity and 
relevance had already been an issue of f.reat con ::ern inevi­
tably led mathematics to an uncomfortable situation. The 
centuries old perception of describing nature by E 1-1clicl's 
geometry tore into pieces when the non-Euclidean geometry 
was discoivered by Gauss, Lobatchevsky and Bolyai. In deed, 
from Galileo's time onward, scieatists recognised that the 
fundamental principles of science, as opposed to mathenu­
tics, must come from experienc~, although for at least two 
centuries they believed that the principles they did find were 
imbedded in the design of nature. But by the end of J 8th 
century they realised that scientific theories are not truths. 
With the loss of truth, man lost his intellectual centre, hie; 
form of reference and the estab'.ished authority for all 
thought. The pride of human reason suffered a fall which 
brought down with it the temple of truth. But did this de­
bacle put an end to mathematical discoveries ? The history 
proves the other truth. The needs of science prevailed over 
lo~ical s_cruples. Doubts about the soundness of algebra, 
arithmatic and geo1~etry were cast aside to make way to 
new concepts and discoveries. The fertile complex numbers 
matrices, quan~ernions, divergent series came with flvin; 
colours and swept the 18th century and the first half of th; 
I 9th century. 
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The crises of concepts and the crises of reality th1t had 
shaken the faith and infallibility of mathematics now being 
studied introspectively by the philosophers of science paved 
the path for serious logical tests. 

With this objective, the traditional logic hitherto applied 
to all branches of science was improvised by Peano, Boole, 
Frege and Russell. The foundation of mathematics so long 
uncared for drew the attention of all mathematicians of this 
generation. With the revolutionary idea of set by Cantor 
and the subsequent paradoxes. the growth of mathematics 
though it took a new turn never held sway. Series of vahi­
able discoveries poured in enriching the vast treasure of 
mathematics. Great mathematicians like Dedekind. Weirs­
trass, Riemann, Hilbert, Schroder and Poincare worked cea­
selessly to broaden the majesty of mathematics. Hilbert 
alone provided hundreds of outstanding problems the solu­
tions of which could give not only new insight but new d1-
mensions to mathematics as well. 

6.2 Survey of the Present 
Though the present century witnessed the worst ever 

foundational crisis, it is this century in which mathematics 
has revolutionized the whole concept of science. No doubt 
Godel' s results have marred the credibility of mathem1tics 
but not its vitality. Defying the crises mathematics has 
flourished at an incredible pace, permeating in almost all 
spheres of human activitv. Tn the words of Marshall stone, 
a vanguard of modern mathematical culture, "Our concep­
tion of the nature of mathematics has been revolutionized, 
our technical knowledge of the subject vastly enlarged and 
our dependence upon it for scientific and technological pro• 
gress enormously increased. In deed, it is becoming clearer 
and clearer every day that mathematics has to be regard~d ~s 
the corner-stone of all scientific thinking and hence of the 
intricately articulated technological society we are busily 
engaged in building. We can forsee a time in the not-very­
distant future when a complete identification of sciences, logic 
and mathematics will be achieved". 
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Thus the merging of mathematics with science itself, in, 
the opinion of Stone, ensures a bright future of mathematics 
since science means survival of the civilization. Andre weil 
too is highly optimistic about the future of mathematics and 
does not consider the foundational crisis that has stamped 
the 20th century with the worst blemish as an omen of an 
ill fate but as a nucleus storing unbounded energy for future· 
growth. In his famous article ''The Future of Mathematics'', 
he goes on to say, "In recent times mathematics has de­
monstrated its vitality by passing through one of these_ 
periods of growing pains, to which it has been accustomed 
for a long time, and which are designated by the strange 
name of foundation crisis. It has come through it, not only 
without damage but with great gain''. Referring to a ca~~-­
tic remark of Hilbert that a branch of science is full of life 
as long as it offers an abundance of problems and a lack of 
problems is a sign of death, he proceeds in the same ar~icle 
to cite some of the outstanding problems that had remamed 
hitherto unsolved and that suggest great unification of mathe­
matics. In deed, many such lists are available today pre­
pared mostly by the vanguards of modern mathematics like 
Hilbert, Ulam, Bessaga, Nagy, Bourbaki, Erdos, which have 
not only kept mathematics lively but also suggest extension· 
of the frontiers of science in general. 

In what follows, we make a survey of the present state 
of mathematical investigations in various fields of research. 
We do not intend to give as many major problems as are pre­
sent there, but only some illustrative examples to evince the 
liveliness of that part of mathematics. To start with we 
e'.lter the domain of algebra first but ask the reader to remem­
ber that different disciplines of mathematics are so interwo­
ven now that it is difficult to assert the major field to which 
a problem belongs. 

Mathematicians have studied intensively the structure of 
continuous groups. Recent work has successfully clarified 
many of the topological characteristics of such groups, espe­
cially in the case where the group operation, in addition to 
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being continuous, possesses differentiability properties. These 
are called _Lie groups. The representation of such groups as 
groups of lmear transformations of the n-space has enabled im­
portant physical interpretations in quantum theory and particle 
physics. Application of these ideas to the classification of 
atom spectra has shown the unexpected powers of mathema­
tical foresight. But stpl there are plenty of unsolved problems. 
The Riemann hypothesis which could not be proved by func­
tion theoretic method now raises hope in the light of new 
discoveries and seems to be closely connected with the con­
jecture of Artin on the L-functions and hence requires simul­
taneous study of all the cyclotomic extensions of a given 
number field. In this context Gaussian arithmetic was cen-

' tred around the law of quadratic reciprocity. Though much 
has been studied about this law and the like but practically 
nothing is known as to the deeper lying symmetries behind 
this. The automorphisms induced in the class groups by the 
automorphisms of the field, the properties of the norm resi­
dues in non-cyclic cases, its direct product and direct sum 
replacing the base field by extensions of indefinitely increas­
ing degree are questions which are yet to be answered to 
study the Riemann hypothesis in its complete generality. In 
brief, practically very little is known about non-abelian ex­
tensions and once the first decisive step has been taken, a 
vast domain will be opened for future work. 

The Kronecker's work on generalization of class fields by 
means of analytic function in the case of imaginary quadratic 
fields has made a satisfactory progress, but the general prob­
lem considered by Hilbert is far from the desired success. 
The guesses as to the applicability of automorphic functions 
of Siegel or endomorphism of abelian varieties are yet to be 
tested. 

Hermite's approach to the systematic study of di~conti­
nuous groups of arithmatical nature by means of continuo~s 
groups in which they can be embedded, of the symmetr~c 
Riemannian spaces associated with these groups, of the dif­
ferential and topological properties of their fundamental do-
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mains and of the automorphic functions which belong to 
them is yet to yield desired results. 'l'he works of Siegel, 
Minkowski, Fermat, Lagrange and Gauss, that establishes a 
connection between numbers and forms, in particular the 
genera of quadratic forms, have opened new vistas of re­
search. The analogy between the results of Siegel in arith­
metic and Cauchy's theorem for the Riemann surface of an 
algebraic curve raises the following question. Is it i::ossible 
to formulate a general principle which would allow us to 
obtain all results of this character at one stroke ? It is now 
quite clear ithrough the work of Hecke, that the above work 
will have a long lasting bearance ui:;on the class of quadratic 

• forms and the theory of theta functions and modular func­
tions. 1This domain is still full of mystery and shows clear 
signs of fascinating research potentiality. 

In deed, the recent works of Bergman, Hodge, de Rham, 
Ahlfors, and Chern have proved beyond doubt an intimate 
connection between analytic number theory, function theory 
and Topology which has given rise to series of new prob­
lems. Thus having received a fresh stimulus from the recent 
developments in topology and differential geometry, alge­
braic geometry has exposed multitude of unexplored areas 
for future research. The theory of surfaces developed mainly 
by the Italian school calls for a general theory of algebraic 
varieties. In deed, algebraic geometry over fields other than 
the complex field like p-adic fields, fields of algebraic num­
bers deserve to be studied in greater details. 

In geometry the work of Cartan is good enough to mp­
ply problems for several generations of mathematicians. 
His general theory of systems in involution is yet to be 
completed and stands as a perenial source of mathematical 
invest~ga~ions. His work on "infinite Lie groups" was just 
a begmnmg of a long way and requires sustained efforts on 
the part of the researchers. The modern techniques from 
the topological theory of fibre spaces, de Rham's theory and 
homology theory seem to take the enterpreneurs a long 
way. 
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The mathematical treatment of continuous distribution 
of mass or of fields in physics requires partial differential 
equations and here functions of several variables play the 
major role. Problems in hydrodynamics, elasticity, thermo­
dynamics, heat could be stated and solved by p3rtial diffe­
rential equations. The development of electromagnetic 
theory by Maxwell also call for differential equations for its 
description and analysis. Though the theory of partial 
differential equations has been developed much to satisfy 
our requirement, yet many more investigations atleast re­
garding the elliptic and hyperbolic equations are to be car­
ried on. Another path shown by Bergman and his pupils 
with regard to the study of transformation of diffm~ntial 
equations by means of integral or of integro-differential ope­
rators demand exploration. This seems to be the germ of 
entirely new developments in the classification of systems of 
partial differential equations which falls possibly outside the 
framework of classical methods. 'l'he Banach space theory 
seems to be inadequate in this regard and calls for more 
general spaces. 

The recent input of physics into ordinary differential 
equations, particularly by Vander Pal and Hopf has given 
rise to a new set of problems for further studies. 

Information theory shaped by Shannon and his succes­
sors forms an elegant and coherent part of mathematics. 
Intially it sarted with a finite set of events and the asso:ia­
ted probabilities. But the recent development in terms of 
infinite set of events and the subsequent introduction of the 
idea of entropy from physics into information theory has not 
only greatly stirred the whole theory but also proved ex­
tremely valuable in abstract mathematical questions that 
prima facie seemed to have nothing to do with notions of 
probability. The application of computers has tremendously 
influenced Coding Theory in particular and has sparked off 
new hopes of further researches. 

In Game theory, much has been done in the very simple 
_case when all the strategies of the opponent are known. A 
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c:ompletely new type of problems in which coalitions of play­
ers are taken instead of players themselves was initially 
studied by J. von Neumann and his students but now re­
quires much more attention of the researchers. 

Ergodic theory concerns dynamical systems of n mass 
points. If the motion in a dynamical system is described by 
linear equations; the situation is much simple due to avail­
ability of many mathematical tools, but the situation with 
non-linear representation of motion is much more compli­
cated and demands sustained efforts of the researchers for a 
useful solution. Some problems of purely mathematical 
interest are there and the tools of topology and modern al­
gebra have been proved to be useful in this exploration. 
Non-standard analysis is of recent origin and is a fertile 
area of research to take analysis further for a few years to 
come. 

In the history of science, it is a conspicuous fact that 
mathematics and physics played complementary roles and just 
as much of mathematics received the basic stimulus from 
physics so did physics get new interpretations, new insights 
and even new intellectual dimensions. The very essence of 
theoretical physics lies in its mathematical formulation and 
the development of a large part of mathematics was stimt,­
lated and determined by problems posed by the behaviour 
of matter. The great success thus attained in physics prom­
pted mathematicians, scientists of pure sciences and social 
scientists to try mathematization of various aspects of the 
relative sciences. Overwhelming success has been achieved 
in the 20th century particularly in Bio-sciences and Econo­
mics. In the recent past we have witnessed a rapidly increa­
sing knowledge of primary or elementary biological pheno­
mena which are ripe for mathematization. Much has been 
done in this direction. Studies like Volterra's on changes in 
the number of individuals of living species that feed on each 
other were mathematically beyond their implications in bio­
logy. Volterra, using a system of related total non-linear 
differential. equations, has been able to show farflung effec-
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tiveness of mathematization. Such work has stimulated 
study of non-linear problems afresh in pure mathematics and 
seems to lead mathematical biology quite far in the near 
future. Similarly Mendel's genetic laws set in mathematical 
language gave rise to a number of combinatorial problems. 
[n bio-chemistry too mathematics is playing an influential 
role not only to describe the behaviour of mixtures but also 
to consider the thermodynamics and quantum theoretical 
bases of such processes. In economics mathematics has de­
monstrated beyond doubt its inevitability in the demonstra-­
tion and better understanding of a variety of economic be­
haviours and phenomena. 

The theory of Fuzzy sets is yet to attain its major status, 
none the less it is all set for an astonishing influence on 
social as well as pure sciences. 

In biology again, important beginnings have been achie­
ved in understanding operating schemes of the living cells. 
The exact mechanics, logic and combinatorics of this pro­
cess are not yet fully understood. New logical schemes that 
have been proved mathematically sound seem to describe 
new pattern somewhat different from those used in the for­
mal apparatus of mathematics. A prospective research area 
is in the offing which will take enough time of our future 
for a complete understanding. 

Recent discoveries in mathematical logic by Godel as to 
the incompleteness and consistency of any axiomatic system 
have posed serious scientific as well as philosophical prob­
lems regarding the universe. Since mathematics pravides 
models of physics, time is mature now in the light of the 
results of Godel to reconslder the models critically as it is 
now an accepted fact that no finite system of axioms can 
be considered as definite or ultimate. Should the universe 
actually contain an infinity of distinct points in the form of 
stars or photons or elementary particles of matter state­
ments concerning such assemblies will certainly exiSt that 
are undecidable in terms of any finite number of laws aotl 
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rules stated in advance. In deed, this philosophico-mathe­
matical problems seems to have profound mathematical as 
well philosophical import in the days to come. 

It is a common experience in the history of mathematics 
whenever mathematics expanded enormously, the search for 
a pattern aimed at unification had been desperately attemp­
ted resulting in a new insight into the subject. For obvious 
reasons this would be quite exr:;ectedly a direction of re­
search in the coming decades. 

6.3 Conclusion 

The 20th century witnessed on one side splendid mathe­
matical discoveries marvellous achievements in mathema-

' tizations of remotest subjects which could not be dreamt of 
even a decade back and on the other side severest debacle 
ever seen in the history of mathematics. The very nature of 
mathematics, the science of logic which forms the very life 
blood of mathematics and the most fundam~ntc1l notions are 
faced with gruesome challenges. A prominent mathemati­
cian like R. L. Wilder comments that rroof, absolute rigor 
and their ilk are will-o-the wisps, ideal concepts with no 
natural habitat in the mathematical world. Mathematicians 
are divided into different camps as to what is true mathe­
matics and what is not. Yet even a currnry glance at the 
history of mathematics will convince anybody that this chal­
lenge to mathematics is not new. In deed. it is an intrinsic 
char~cteristic of any science that old ideas are challenged 
to give way to new ideas, old customs are changed. Mathe­
~atics in particular faced several such crises in· the past but 
it possess enough vigour, vitality and strength to get over 
such crises. Days are not far away when mathematicians 
will find a solution to the present foundational crisis. how­
ever grave it is. But history evinces that even in the teeth 
of such devastating foundational crisis, mathematics had a 
steady growth-a growth envisaged by plenty of nhysical 
problems and an attempt for unity of mathematics in diver­
sity. In the words of Courant and Robbins, "Fortunately, 
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creative minds forget dogmatic philosophical beliefs when­
ever adherence to them would impede constructive achive­
ment' '. 

Professor Andre Weil's apprehension of the contingent 
growth of mathematics is but a father's worry for his son. 
History ratifies the thesis that mathematics will never die 
neither for any foundational crisis nor for dearth of prob­
lems. '11hank God that he made physics the closest friend of 
mathematics who never refrained from supplying food for 
mathematics. Thank God Physics has still numerous un­
solved problems which will take many more years for solu­
tion even with the strongest backing of mathematics. Thank 
God for his blessing to mankind to discover electronic com­
puters which will further mathematical researches at least 
for another century. 

F-7 
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