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PREFACE 

The purpose of this monograph is to give a collection of Fourier series. I ts limited 
scope made a number of compromises necessary. The question regarding the choice 
and organization of the material to be included posed certain problems. In order 
to preserve some consistency it seemed best to stay within the framework of what 
one could call the "classical" Fourier series, i.e., those of the trigonometric and their 
simplest generalization the Fourier-Bessel series. Thus results relating to Fourier 
series of generalized functions* or such series arising from Sturm-Liouville eigen­
value or integral equation problems are not included here. It was felt that such 
topics should be the subject of a separate treatment. An important question was 
which should be placed first, the Fourier series or the sum it represents. After some 
deliberation it was decided to opt for the first alternative. The material presented 
here is subdivided into five sections: 

I. Series with elementary coefficients representing elementary functions 

II. Series with elementary coefficients representing higher functions 

III. Series with higher function coefficients representing elementary functions 

IV. Series with higher function coefficients representing higher functions 

V. Exponential Fourier and Fourier-Bessel series 

* A few examples arc given in an appendix to I. 
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This arrangement should be helpful in equally balancing the task of either 
establishing the sum function of a given Fourier series or finding the Fourier ex­
pansion of a given function. It seems apparent that a sizable amount of attention 
centers around results involving higher functions. 

The author is not aware of the possible existence of a presentation of this subject 
on a similar scale and it is hoped that the contribution here will meet the require­
ments so often needed in applied mathematics, physics, and engineering. Since 
there is no lack of excellent texts concerning the subject of Fourier series no refer­
ences have been given. Most of the material displayed here is widely scattered over 
the literature and a sizable number of results seem not to have been available 
before. 



LIST OF NOTATION 

Special Symbols 

(a)n=a(a+l) (a+2) • • • (a+n-1), 
n = 1, 2, 3, • • • 

(a)o= 1 
En=Neumann'snumber, Eo=l, En=2, 

n=l,2,3, •·· 

List of Functions* 

-y = Euler's constant 
r,,n =nth positive root of J ,(x) =0 

k = modulus of the elliptic integrals, 
k' = (I -Jc2) 112 

am(z, k) Jacobian amplitudt function of argument z and modulus k (see 2.1) 
Bo Bernoulli numbers 
Bn(x) Bernoulli polynomials (see 1.37) 

C(x) = (2'11")-112 f"' t-112 cost dt 
0 

Fres1wl's integral 

Ci(x) = - /'° t-1 cost cit cosine integral 
:,; 

* The definitions are the same as in A. Erd6lyi et al., "Higher Transcendental Functions," 
3 vols., McGraw-Hill, New York, 1953. 

ix 



x List of Notation 

cn(z, k) Jacobian elliptic function cosine amplitude of modulus k and argu­
ment z 

Gegenbauer polynomials C~(z) 

dn(z, k) 

D,(z) 
E(k) 

Jacobian elliptic function delta amplitude of argumpnt z and modulus k 

parabolic cylinder function 
complete elliptic integral of the second kind of modulus k 

En Euler numbers 
En(x) Euler polynomials 

(see 1.37) 

Erf(z) =21r-1/2 r exp(-t2 ) dt= 1-Erfc(z) 
0 

Prror integrals 

Erfc(z) =21r-1' 2 f"' exp(-t2) dt= 1-Erf(z) 
% 

E.(z) Weber's function of order v 

2F1 ( a, b; c; z) hypergeometric function 
r(z) Gamma function 

H. (I)· <2> ( z) Hankel functions of order v 

H,(z) Struve's function of order v 

I. ( z) modified Bessel function of order v 

J .(z) Bessel function of order v 

J .(z) Anger's function of order v 

K ( k) complete elliptic integral of the first kind of modulus k 

K.(z) modified Hankel function of order v 
y;(z) Euln's psi function 
Pn(x) Legendre's polynomials 

associated Legendre functions of the first kind of argument x with 
-1 < x < l and x > l, respectively 

associated Legendre function of the spcond kind of argument x with 
-1 < x < 1 and x > 1, respectively 

S (x) = (21r )-112 fx t-112 sin t dt 
0 

Fresnd's integral 

Si(x) = Jx t- 112 sin t dt 
0 

sine integral 

sn(z, k) Jacobian <>Iliptic function sine amplitude of argument z and modulus k 
Lommel's function 



List of Notation xi 

Tn(x) =cos(n arcos ;i;) Chebyshev's polynomials of the first kind 
Un(x) = (l-x2)-1' 2 sin[(n+l) arcos x] Chcbyshev's polynomials of the second 

kind 
elliptic theta functions l = 0, I, 2, :1 (see 2.26-2.29) 

Y,.(z) Neumann function of order 11 

zn(z, k) Jacobi zeta function of argument z and modulus k 

00 

Hurwitz zeta f1:mction (sec 2.,jl, 2.:'>2) 



INTRODUCTION 

I. The Fourier Series 

Let f(x) be a function defined and bounded in the range a~x~b satisfying the 
conditions 

(a) f ( x) has only a finite number of maxima and minima in ( a, b) , and 
(b) f(x) has only a finite number of (finite) discontinuities in (a, b) and outside 

this rangef(x) is defined by the relationf[x± (b-a) ]= f(x), i.e., f(x) is a periodic 
function of period b-a. If two sets of coefficients an and bn ( the Fourier coefficients) 
are defined by 

2 fb (2,rnx) 
an= b-a a f(x) cos b-a dx, n=O, 1, 2, ... 

b 2 f b • (2,rnx) 
n = b-a a f(x) sm b-a dx, bn=l, 2, 3, ... (2) 

then the series 

00 
[ (2n'll"X) • (2nrx)] ½ao+ 7 an cos b-a +bn sm b-a (3) 

I 
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is called the Fourier series off ( x) . It converges at a point xo (a~ xo ~ b) to the sum 

½[J(xo+O) +J(xo-0) ]; f(xo±O) = lim f(xo±h) 
h-+O 

If b=l and a= -l, then 

00 

f (x) = ½ao+ :E { an cos[n1r(x/l) ]+bn sin[n,r (x/l)]} (period 2Z) (4) 
1 

with 
I 

an= (1/Z) f f(x) cos[n1r(x/l)] dx 
-l 

(5) 

bn= (1/Z) f I f(x) sin[n1r(x/l) J dx 
-l 

(6) 

If f(x) is an even function, then all bn=O and 

00 

J(x) = ½ao+ :E an cos[n1r(x/l) ]; 
1 

an= (2/l) f 1 
f(x) cos[n1r(x/l)] dx (7) 

0 

If f ( x) is odd, then all an= 0 and 

00 

f(x) = L bn sin[n1r(x/l)]; 
I 

I 

bn= (2/l) f f(x) sin[n1r(x/l)] dx 
0 

(8) 

The period in (7) and (8) is 2l. 
Also in exponential form 

00 

f(x) = L Cn exp[i2,rnx/(b-a)]; period b-a (9) 
-00 

Cn= (b-a)-1 fb f(x) exp[ -i21rnx/(b-a)] dx 
a 

(10) 

Again, if a= -l and b = l ( period 2Z), then 

00 

f(x) = L Cn exp[in1r(x/l)] (11) 
-00 

Cn = (2l)-1 f I f(x) exp[ -in1r(x/l) J dx 
-l 

(12) 

The case of an even or odd functionf(x) leads to formulas (7) and (8) r respectively. 
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2. The Fourier Integral 

The limiting case l---+oo in (11) and (12) leads to the representation of a function 
f(x) by a Fourier integral 

f(x) = (1/2,r) /"" dy /"" f(t) exp[iy(x-t) J dt 
-co -co 

(13) 

This is equivalent to the pair of inversion formulas (exponential Fourier transform) 

Oc(Y) = /"" f(x)e•= 11 dx 
-co (14) 

f(x) = (1/2,r) /"" g0 (y)e-•=11 dy 
-co 

Again, if f(x) is an even or an odd function, respectively, it follows from (14) that 

Oc(Y) = f"" f(x) cos(xy) dx; 
D 

g.(y) = f"" f(x) sin(xy) dx; 
D 

f(x) = (2/,r) f"" Oc(Y) cos(xy) dy 
D 

(15) 

f(x) = (2/,r) f"" g.(y) sin(xy) dy 
D 

(16) 

Here Oc(Y) and g.(y) denote the Fourier cosine and sine transform, respectively. 

3. Fourier-Bessel Series 

The Fourier-Bessel series represent a generalization of the trigonometric Fourier 
series. They are series involving Bessel functions as terms. Let J,(x) be the Bessel 
function of the order v and the argument x and let v > -1. Then the zeros of J. ( x) 
are real and of equal absolute value. If r,,n denotes the nth positive root of J. (x) = 0, 
then a function f(x) defined in (0, a) and vanishing at x=a admits under certain 
conditions the expansion 

"" 
f(x) = L anJ,[r,,n(x/a) ], (17) 

with 

an=2[aJ,+1(r,,n) J-2 / 0 xf(x)J,[r,,n(x/a)] dx 
D 

(18) 
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For the special values 11 = -½ and 11 = ½ one has 

with the zeros T,,n= (n-½)1r, (19) 

n=l, 2, 3, ... 

J1(x) = (½1rx)-½ sinx with the zeros T,,n=n1r, (20) 

The substitution/(x) = (½1rx)-½F(x); an= (-r,,n/a) 1An in (17) and (18) leads to 

F(x)= :EAncos[(n-½)1r(x/a)] with An=(2/a) j° F(x) cos[(n-·½)1r(x/a)]dx 
0 

(21) 
co 

F(x) = I: An sin[n1r(x/a)] 
l 

with A,.=(2/a) f° F(x) sin[n1r(x/a)]dx (22) 
0 

The periods of F(x) as represented in (21) and (22) are 4a and 2a, respectively. 
Obviously the series (21) and (22) are of the form (7) and (8). 

4. The Bessel Transform 

The expression of an arbitrary function F(x) by means of a double integral 
similar to (13) but involving Bessel functions is given by Hankel's formula 

F(x) = j"' J,(tx)t dt j"' F(u)J,(ut)u du 
0 0 

(23) 

Equivalent to (23) is the pair of inversion formulas 

h,(y) = j"' (xy)lf(x)J,(xy) dx; 
0 

f(x) = j"' (xy)th,(y)J.(xy) dy (24) 
0 

which for the special cases 11= ±½ lead to formulas (15) and (16). The property 
h,(y) is called the Hankel transform of the order II of a function f(x). Also used is 

H,(y) = J"' F(x)J,(xy) dx; F(x) =x j"' yH,(y)J,(xy) dy (25) 
0 O 

5. Generation of Fourier Series by Means of Integral Transforms 

The integrals for g.(y) and g.(y) in (15) and (16) taken over a finite interval 
(a, b) of integration are called the finite cosine and sine Fourier transforms of J(x) 

Yc(Y) = ~ 0 

f(x) cos(xy) dx; g.(y) = ~0 
f(x) sin(xy) dy 
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If f(x) is regarded as an even function of x, then by (7) 

CX) 

I f(x) I= (1/a) :E Engc[n(1r/a)] cos[n1r(x/a) ], -a<x<a (26) 
0 

Similarly whenf(x) is regarded as an odd function 

CX) 

sgnxf(x) = (2/a) L gs[n(1r/a)] sin[n1r(x/a) ], -a<x<a (27) 
1 

These formulas represent the Fourier expansion in -a<x<a of a function f(x) 
when its finite Fourier transforms are known. Similar considerations can be applied 
to Poisson's summation formula 

(28) 

with 

Oe(t) = JDO G(u)eiu1 du 
-00 

(29) 

Here G ( u) is a given function and g0 ( t) represents its exponential Fourier transform 
( 14) ; x, y, and d are real parameters. 

If y=O, then 
CXI DO 

:E ein"'G(nd) = (1/d) :E ge[(21rm+x)/d] (30) 
m--00 

If x=O, then 

DO CXI 

L G(y+nd) = (1/d) L Oe[21r(m/d) J exp[ -i21rm(y/d)] (31) 
m--co 

The left side of (31) represents a periodic function in y of period d while the right 
side represents its Fourier expansion in exponential form (9). Suppose now that 
the function G(u) occurring in the left side summation of (28) is such that its 
exponential Fourier transform ae(t) in (29) vanishes for a<t<b [i.e., Oe(t) is 
different from zero in a finite 'interval only]. The sum at the right side of (28) 
reduces to a finite sum and 

<XI m2 

L e•n"'G(y+nd) = (1/d) :E g0 [(21rm+x)/d] exp[-i(y/d) (21rm+x) J (32) 

The limits m1 and m2 are then defined by 

(33) 
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If b, a, d, and x are such that the equal sign holds then one half of the corresponding 
value in the right side summation has to be taken. 

The expressions (17) and (18) for the Fourier-Bessel expansion can also be 
written as .. 

x-lj(x) = 2 L r~![h,( T,,n) /J!+i ( r,,,.) ]J,( T,,nX), O<x<l (34) 

with 

h,(y) = { f(t) (ty)V.(ty) dt 
0 

(35) 

This is the finite Hankel transform of f ( x) . 
Finally the Jacobi-Anger relations from the theory of the Bessel functions are 

used: 

.. 
cos(x cosz) = :E En(-l)nJ2n(x) cos(2nz) 

0 

.. 
sin(x cosz) =2 :E (-l)nJ2n+1(x) cos[(2n+l)z] 

0 

(36) 

(37) 

Upon multiplying these relations by a suitable function of x and integrating over 
x from zero to infinity the results are 

.. 
L (-l)nEnH2n(l) cos(2nz) =ac(cosz) (38) 
0 

.. 
2 L (-l) 11H211+1 (1) cos[(2n+l)z]=g.(cosz) (39) 

0 

where ac, g., and H, are defined in (15), (16), and (25). 



FOURIER SERIES WITH ELEMENTARY COEFFICIENTS 
REPRESENTING ELEMENT ARY FUNCTIONS 

I 

I.I sin21x= ~ 21 (2l) ! L (- l)nen cos(2nx)/[(l+n) !(l-n) I] 
0 

l 

1.2 sin21+1:r= 2-21 (2l+ 1) ! L (-1)" sin[(2n+l)x]/[(l-l-l+n) !(l-n) !] 
0 

I 

1.3 cos21x= 2-21 (2l) ! I: [en cos(2n:r) J/[(l+n) !(Z-n) !] 
0 

l 

1.4- cos21+1:r= 2-21 (2l+ 1) ! L cos[(2n+ l).r]/[(l+ I+n) !(l-n) !] 

1.5 

1.6 

0 

;.. ( ) sin(½N:r) ) 1 1 {sin[½(2N+l)x] } 
L. cos nx = . 1 cos[(N+ 1 2x]= - ----- -1 

1 sm(2:r) 2 sin(½x) 

N 

L sin(nx) = [sin(½N.i:)/sin(½x) J sin[½(N +1)x] 
I 

=½{cos( ½,r)- cos[½(2N+ 1) x]}/ sin(½x) 

7 
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N 

1.7 I: cos[(2n+l)x]= {sin[(N+l)x]/sin1:} cos[(N+l)x] 
0 

N 

1.8 I: sin[(2n+l)x]= {sin[(N+l)x]/sinx} sin[(N+I)x] 
0 

N-1 

1.9 [sin(Nx)/sinx]2= I: {sin[(2n+l)x]/sinx} 
0 

=N+2(N-I) cos(2x)+2(N-2) cos(4x)+ • • ·+2 cos[2(N-l)x] 

N-1 

I.IO I: sin(x+ny) =sin[x+½(N-l)y][sin(½Ny)/sin(½Y)] 
0 

N-1 

1.11 I: cos(x+ny) =cos[x+½(N-l)y][sin(½Ny)/sin(½Y)] 
0 

00 

1.12 I: n-1 sin(nx) =½11'-½x, 0<x<211' 
1 

00 

1.13 I: (-'-l)"n-1 sin(nx) = -½x, -1T<x<1T 
1 

00 

1.14 L n-1 cos(nx) = -log I 2 sin(½x) I 
1 

00 

1.15 L (-l)"n-1 cos(n.1:) =-log I 2 cos(½x) I 
1 

ao 

1.16 L (2n+1)-1 sin[(2n+l)x]=¼11' sgnx, -11"<x<1r 
0 

00 

1.17 L (-1)n(2n+l)-1 sin[(2n+I)x]=½ log I [cos(½x)+sin(½x)J/[cos(½x)-sin(½x)] I 
0 

00 

1.18 I:(2n+1)-1 cos[(2n+I)x]=½logicot(½x) I 
0 
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~ p 

1.20 L (n+p)-1 sin(nx) = (½,r-½x) cos(px)-cos(px) L n-1 sin(nx) 
p 

+sin(px) {log[2 sin(½x) J+ L n-1 cos(nx)}, p= 1, 2, 3, ... ; O<x<2'11" 

~ p 

1.21 I: (n+p)-1 cos(nx)= -cos(px){log[2 sin(½x) J + L n-1 cos(nx)} 
p 

+sin(px)[½7r-½x- L n-1 sin(nx)J, p= 1, 2, 3, ... ; 0<x<2'11" 
1 

~ p 

1.22 L (n+p)-1(-l)" sin(nx)= (-l)J>f-1 cos(px) [L (- l)"n-1 sin(nx)+½x] 
p 

+(-l)Psin(px){log[2cos(½x)J+ I:(-l)"n-1 cos(nx)}, p= 1,2,3, ... ; -7r<z<7r 

~ p 

1.23 I: (n+p)-1(- l)" cos(nx)= (-1)v+1 cos(px) {log[2 cos(½x) J+ I: (- l)"n-1 cos(nx)} 
p 

- (-l)P sin(px) [½x+ L (- l)"n-1 sin(nx) ], p= 1, 2, 3, ... ; -7r<x<'II" 

~ ~ 

1.24 ¼Ar+B-n-+C+4A :E n-2 cos(nx)- (47rA+2B) :E n-1 sin(nx) 

=Ax2+Bx+C, 0<x<2'11", A, B, C=constants 

1.25 -j: n-2 sin(nx) = - J''' log[2 sin(½t) J dt, 0~x~2'11" 
1 0 

1.26 -j: (- l)"n-2 sin(nx) = - [' log[2 cos(½t)] dt, -'ll"~X~'II" 

I 0 

~ 

1.27 :E n-2 cos(nx) = (1/12) (3x2-67rx+2r), 0~x~2'11" 

~ 

1.28 L (- l)"n-2 cos(nx) = (1/12) (3x2-r), -7r~X~'II" 
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.. 1 f:c 
1.29 I: (2n+l)-2 sin(nx) =- - log I tan(½t) I dt, -1T::;x::;1T 

0 2 0 

.. 
1.30 I: (2n+ 1)-2 cos[(2n+ 1) x]= l(1T2- 211" I :r I), -11"::; x::;11" 

0 

.. 
1.31 L (-l)n(2n+l)-2sin[(2n+l)x]=¼1T:i·, -½1T=:;x::;½1T 

0 

.. 1 f½ir-:c 
1.32 L (-1)n(2n+l)-2cos[(2n+l)x]=- - log[tan(½t)Jdt, 

0 2 0 

.. 
1.33 2(-1) 1+1(2Z)!Z::(2'11'n)-21 cos(2'11'nX)=B21 (x), o::;x::;1, l=l,2,3, ... 

.. 
1.34 2(-1) 1+1(2Z+l) ! I: (2'11'n)-2H sin(2'11'nx) = B2i-i-1(x) 

O~x~l, Z=l, 2, 3, ... ; O<x<l, l=O 

.. 
1.35 4(-1) 1(2l) ! I: [(2n+ 1)11" J-21-1 sin[(2n+ l)'ll'x]= E21(x) 

0 

O~x~l, l=l,2,3, ... ; O<x<l, l=O 

0 

1.37 The Bk(x) and Ek(x) are the Bernoulli and the Euler polynomials, respectively. 

Bk(X) = r_ (k) B,xk-r 
r=O r 

Eo=l, E2=-l, E -5 E 0 4- 1, •,; 214-1= , 

(Bernoulli's and Euler's numbers) 

r= I, 2, 3, ... 

r=O, 1, 2, ... 
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00 

I.38 I:; {cos[(n+l)x]/n(n+l)}=(l-cosx) log[2sin(½x)] 

00 

1.39 I:; lsin[(n+ l)x]/n(n+ 1)} = (½'rr-½:r) (cosx-1) 

-sinx log[2 sin(½x) J+sinx, 0:'.Sx:S21r 

00 

1.40 I:; 1(-l)"cos[(n+l)x]/n(n+I)}=-(l+cosx) log[2cos(½x)J 

00 

1.41 I:; 1(-l)"sin[(n+l)x]/n(n+l)}=-½:r(l+cosx) 

-sinx log[2 cos(½x) J+sinx, -1r:Sx:S1r 

00 

1.42 I:; [(-1)" sin(nx)/n(n+ I)]= -sin:r log[2 sin(½x) J+(½rr-½x) (1-cosx), 0:Sx:S21r 

00 

1.43 L [cos(nx)/n(n+ 1) ]= 1- (1-cosx) log[2 sin(½x) ]- (½1r-½x) sinx, 0:Sx:S21r 

00 

1.44 L [(-1)" sin(nx)/n(n+ 1) ]= -½x(l+cos.r)+sin:r log[2 cos(½:r) ], -1r:Sx:S1r 

00 

1.4-5 L [( -1)" cos(n:r)/n(n+ 1) ]= 1- ( l+cos.r) log[2 cos( ½x) J-½x sin:i:, -1r:Sx:S1r 

00 p p 

1.46 (p-q) L [cos(nx)/(n+p) (n+q) ]= cos(px) I; n-1 cos(nx)+sin(px) I; rc 1 sin(n:r) 
q q 

-cos(qx) I; n-1 cos(nx)-sin(q.r) I; n-1 sin(nx)-2 sin[½x(p+q)] 
I 

• sin[½x(p- q) J log[2 sin(½x) ]- (1r-x) cos[½x(p+q) J sin[½.r(p-q) J 

0:Sx:S21r, p, q=O, 1, 2, ... ; if p, q=O, L ( ) =0 
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ao JJ JJ 

1.47 (p-q) L [sin(nx)/(n+p) (n+q)]=cos(px) L n-1 sin(nx)-sin(px) L n-1 cos(nx) 
l l l 

q q 

+sin(qx) L n-1 cos(nx)-cos(qx) L n-1 sin(nx)-2 cos[½x(p+q) J 
1 1 

•sin[½x(p---q) J log(2 sin½x)+ (1r-x) sin[½x(p+q)] sin[½x(p-q) J 
0 

o=:;x=:;21r, p, q= 0, 1, 2; if p, q= 0, L ( ) = 0 

ao JJ 

1.48 (p-q) I: [(-1)" cos(nx)/(n+p) (n+q) ]= (- l)P L (- l)"n-1 cos[x(p-n) J 
q 

- (-l)qL (-l)"n-1 cos[x(q-n) J+½x[(- l)P sin(px)- (-1)v sin(qx) J 
1 

+Iog(2 cos½x) [(- l)P cos(px)- (- l)q cos(qx) J 
0 

-1r=:;x=:;1r, p, q=O, 1, 2, ... ; if p, q=O, L ( ) =O 

ao JJ 

1.49 (p-q) I: [(-1)" sin(nx)/(n+p)(n+q) ]= - (- l)P L (- l)"n-1 sin[x(p-n) J 

'l 

+ (-l)qI: (-l)"n-1 sin[x(q-n) J+½x[(- l)P cos(px)- (- l)q cos(qx) J 
1 

-log(2 cos½x)[(-l)P sin(px)- (-I)q sin(qx) J 
0 

-1r=:;x=:;1r, p, q=O, 1, 2; if p, q=O, L ( ) =0 

00 (±1)" {sin(nx)} 
1.50 (r-p) ~ (n+p)(n+q)(n+r) cos(nx) ' P, q, r=O, I, 2, ••• 

r-p 
use (n+p) (n+q) (n+r) = [(n+p) (n+q) J-1- [(n+q) (n+r) J-1 and 1.46-1.49 

1.51 i:, En cos (n1r =)= !!_ cosh[('ll"b/al)(l-x) J o:::;;x:::;;2z 
0 b4n2a2 l ab sinh(1rb/a) ' 

l.S2 r, (- l)"En cos (n1r =)= !!_ cosh[(1rb/ al)x] -l=:;x=:;l 
0 b4n2a2 l ab sinh(1rb/ a) ' 



Elementary Coefficients Representing Elementary Functions 13 

00 n . ( x) 1r sinh[(7rb/al)(Z-x)J 
l 53 ~ --- SID n'II" - = - ------- 0<x<2l 

• b2+ n2a2 l 2a2 sinh ( 7rb/ a) ' 

00 
[( 1) x] 1r sinh[(1rb/al) (l-x)J 

l 55 '°' [b4 (n+12 ) 2a2J-1 cos n+ - 1r - = - _....:::...;---'-----'----'--=, 0_<x_<2l • 7 2 l 2ab cosh(1rb/ a) 

00 (n+½) . [( + 1) x] 'II" cosh[(1rb/al)(l-x)J 1 56 ~ _..,;...._ __ SID n - 1r - = - _ __;=-c...--'--....;.....;.-_;.. 0<x< 2l 
• 0 b4(n+½) 2a2 2 l 2a2 cos(7rb/a) ' 

;... (- l)n(n+½) [( 1) x] 'II" cosh[(7rb/al)x] 158 £..,~----cos n+- 1r- = ----.;...._~ -l<x<l 
• 0 b2+ (n+½) 2a2 2 Z 2a2 cosh(1rb/a) ' 

;... En ( x) 1r cos[(1rb/al)(l-x)J 
159 £..J---cos n1r- =- ------- 0<x<2l 

• 0 n2a2-b2 l ab sin(1rb/a) ' - -

;... n . ( x) 'II" sin[{7rb/al)(Z-x)J 
I.61 £..J --- sin n1r - = - ------- O< x< 2l 

n2a2- b2 l 2a2 sin ( 1rb/ a) ' 

I.65 "i:, (-l)n sin[(n+~)1r~J=~sin[(1rb/al)x] -l5,x5,l 
0 (n+½) 2a2-b2 2 l 2ab cos(1rb/a) ' 
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,;(-l)n(n+½) [( 1) x] 1r cos[(1rb/al)x] I.66 LJ ----- cos n+ - 1r - = - ----- - l< x< l 
0 (n+½) 2a2-b2 2 l 2a2 cos(1rb/a) ' 

1.67 

1.68 

1.71 

1.72 

1.73 

00 En(-l)n[b ( x) ( x)] 1rexp[(1rb/al)x] L --- - cos n1r - -n sin n1r - = - -----, -l<x<l 
0 b2+n2a2 a l l a2 sinh[1r(b/ a) J 

;_En(-l)n[b ( x) . ( x)] 11" exp[-(1rb/al).r] 
LJ - cos n1r - +n sm n1r - = - ------ - l< x< l 
0 b2+n2a2 a l l a2 sinh[1r(b/a)J ' 

1r exp[(1rb/al)x] 
- __ .,;;....::;.___;__ -l<x<l (period 4l) 
- 2a2 cosh(1rb/ a) ' 

1r exp[-(1rb/al)x] 
=- - ------ -l<x<l (period 4l) 

2a2 cosh ( 1rb/ a) 

;_ En [~ ( ~) .· ( ~)]- ~ exp[(1rb/al) (l-.r)] O<:r< 2l 
LJ b2 2 • cos n1r +n sm n1r - • . ( .1 ) , 

0 +n a· a l l a· smh 1rb1 a 

00 En [b ( x) ( x)] 1r cxp[-(1rb/al)(l-J:)J L --- - cos n1r - -n sin n1r - = - -------- , O< :r< 2l 
0 b2+n2a2 a l l a2 sinh(1rb/ a) 

= ~ exp[(1rb/al)(l-x) J 
2a2 cosh(1rb/a) 

0<x<2l 

1r exp[-(1rb/al)(l-x)J 
=- - --------

2a2 cosh ( 1rb/ a) 
0<x<2l 
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00 

I.75 L zn sin(nx) = z sinx/(1-2z co5.1,+z2), I z J< 1 

00 

I.76 L zn cos(nx) = (1-z cosx)/ (1-2z cosx+z2), J z J< 1 
0 

00 

I.77 L n 1zn sin(nx) = arctan[z sim/(1-z cosx) ], I z J~ 1 

00 

I. 78 L n-1 zn cos(nx) = -½ log(l-2z cosx-tz2), I z J~ 1 

00 

l.79 L z2n+i sin[(2n+ I)x]=z sinx(I+z2)/[(I+z2)2-4z2 cos2x], I z I< 1 
0 

00 

1.80 L z2n+1 cos[(2n+ l)x]=z cosx(l-z2)/[(l+z2)2-4z2 cos2.r], I z I< 1 
0 

00 

1.81 L (-1)nz211+1 sin[(2n+I):r]=zsinx(l-z2)/[(l+z2) 2-4z2sin2x], JzJ<I 
0 

00 

l.82 L (-1)nz2n+1 cos[(2n+ l)x]= z cosx(I+z2)/[(l+z2)2-4z2 sin2x], I z I< 1 
0 

1.83 L (2n+ 1)-1z2n+1 sin[(2n+ l)x]= ½ arctan[2z sinx/(1-z2) ], J z I~ 1 
0 

00 

1.84 L (2n+ I )-12211+1 cos[(2n+ l).1'.J= ¼ log[( 1+2z cos.r+z2)/ (I-2z cosx+z2) ], I z I~ I 
0 

00 

1.85 L (- 1)n(2n+ 1)-12211+1 sin[(2n+ l):r]= ¼ log[(l +2z sim+z2)/ (1-2z sinx+z2) ], 
0 

00 

l.86 L (- l)n(2n+ 1)-12211+1 cos[(2n+ l):r]=½ arctan[2z cosx/(l-z2) ], I z I~ 1 
0 

I z l~I 
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00 

1.87 :E e-1 sin(nx) =½[sinx/(cosht-cosx) J 

.. 
1.88 :E (- l)"e-1 sin(nx) =-½[sinx/(cosht+cosx) J 

00 

1.89 L E,.e-1 cos( nx) = sinht/ ( cosht- coax) 
0 

00 

1.90 I: (-l)"E,.e-1 cos(nx)=sinht/(cosht+cosx) 
0 

00 

1.91 :E exp[-(2n+l)t] sin[(2n+l)x]=sinx cosht/[cosh(2t)-cos(2x)] 
0 

.. 
1.92 L (-1)" exp[ -(2n+l)t] sin[(2n+l)x]=sinx sinht/[cosh(2t)+cos(2x)] 

0 

00 

1.93 :E exp[- (2n+l)t] cos[(2n+l)x]= cosx sinht/[cosh(2t)-cos(2x)] 
0 

.. 
1.94 ~ (-1)" exp[- (2n+I)t] cos[(2n+l)x]= cosx cosht/[cosh(2t)+cos(2x)] 

0 

.. 
1.95 :E n-1e-1 sin(nx) = arctan[sinx/(e1-cosx) J 

1 

.. 
1.96 L n-1 e-nt cos(nx) =½t-½ log[2(cosht-cosx) J 

l 

.. 
1.97 L (-l)"n-1e-n1 sin(nx) =-arctan[sinx/(e1+cosx)] 

l 

00 

1. 98 L ( - 1) "n-le-nt cos ( nx) = ½t- ½ Iog[2 ( cos ht+ cosx) ] 
1 

00 

1.99 L (2n+1)-1 exp[ -(2n+I)t] sin[(2n+ l)x]=½ arctan(sinx/sinht) 
0 
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Cl0 

I.100 I:; (2n+1)-1 exp[- (2n+l)t] cos[(2n+l)x]=¼ log[(cosht+cosx)/(cosht-cosx) J 
0 

.. 
I.IOI I:; (-1)n(2n+1)-1 exp[- (2n+l)t] sin[(2n+I)x] 

0 

=¼ log[(cosht+sinx)/(cosht-sinx)] 

Cl0 

I.102 I: (-1)n(2n+ 1)-1 exp[- (2n+ l)t] cos[(2n+I)x]=½ a.rctan(cosx/sinht) 
0 

Cl0 

I.103 E (zn/n I) sin(nx) = exp(z cosx) sin(z sinx) 

Cl0 

1.104 E (zn/n!) cos(nx)=exp(zcosx) cos(zsinx) 
0 

Cl0 

I.105 I:; [z2"+1/ (2n+ 1) I] sin[(2n+ l)x]= sin(z sinx) cosh(z cosx) 
0 

Cl0 

1.106 I:; [z2"/ (2n) I] sin(2nx) = sin(z sinx) sinh(z cosx) 
1 

Cl0 

1.107 I: [z2"+1/ (2n+ 1) !] cos[(2n+ l)x]= cos(z sinx) sinh(z cosx) 
0 

Cl0 

1.108 I:; [z2"/ (2n) !] cos(2nx) = cos(z sinx) cosh(z cosx) 
0 

Cl0 

1.109 ,E (-l)n[z2n+1/(2n+I) !Jsin[(2n+I)x]=sinh(zsinx) cosh(zcosx) 
0 

Cl0 

1.110 I:; (-l)n[z2"/(2n) !] sin(2nx) =-sinh(z sinx) sin(z cosx) 
1 

Cl0 

I.Ill ,E (- l)n[z2"+1/ (2n+ 1) !] cos[(2n+ l)x]= cosh(z sinx) sin(z cosx) 
0 
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.. 
1.112 L (-l)n[z2n/(2n) !]cos(2nx) = cosh(z sinx) cos(z cosx) 

0 

.. 
1.113 L n-1 sin(nx) sin(ny)e-1=¼ log{ [cosht-cos(x+y) J/[cosht-cos(x-y) J} 

.. 
1.114 L n-1 sin(nx) cos(ny)e-n1 

=½ arctan[(2e1 sinx cosy-2 sinx cosx)/ (e21 - 2e1( cosx cosy-t--cos2x) J 

.. 
1.115 L n-1 cos(nx) cos(ny)e-1=½t-¼ log{4[cosht-cos(x+y) J[cosht-cos(x-y) ]} 

Appendix: Some Results Involving Generalized Functions 

The unit step function U(t) and the "delta" function li(t) are defined by 

U(t) =0, t<O 

U(t) = 1, t>O 

li(t)=U'(t) 

Some formerly listed results and some of their generalizations can be expressed in 
terms of the unit step function U (t). Also, some formal nonconvergent Fourier 
series can be interpreted as an infinite number of rows of delta functions. With the 
definition of two sets of four functions, Ym(x), hm(x), m= 1, 2, 3, 4: 

.. .. 
a1(x) = L U(x-2na+y) - L U(x-2na-y) 

0 0 

.. .. 
a2(x) = L U(x-2na+y) + L U(x-2na-y) 

0 0 

.. .. 
Ya(x)= L (-l)nU(x-2na+y)- L (-l)nU(x-2na-y) 

0 0 

.. .. 
g4(X)= L (-l)nU(x-2na+y)+ I: (-l)nU(x-2na-y) 

0 0 
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00 00 

h1(x) = L 8(x-2na+y) - L 8(x-2na-y) 
0 0 

00 00 

h2(x) = L 8(x-2na+y) + L 8(x-2na-y) 
0 0 

00 00 

/i3(X) = L (-l)n8(x-2na+y) - L ( -l)n8(x-2na-y) 
0 0 

00 00 

/i4(X) = L (-l)n8(x-2na+y)+ L (-l)n8(x-2na-y) 
0 0 

[The Om(x) and h,,,(x) arc regarded as functions of x>O (this is no loss of generality 
since the terms in the Fourier series involved are either even or odd functions of x) 
with parameter y ( -a<y<a).] One has the following formulas. 

00 00 

1.116 Z:::n-1 sin[mr(;r/a)J=-½1r[I+(x/a)-2L U(x-2na)J 
1 0 

00 00 

1.117 L (-l)"n-1 sin[mr(.r/a)]=-~{(.l/a)-2L U[x-(2n+I)a]j 
0 

00 00 

1.118 L (2n+ 1)-1 sin[(2n+ 1) (7r:i:/2a) J=-½11'[½- L (-l)nU(x-2na) J 
0 0 

00 00 

1.119 L (-1)"(2n+l)-1 cos[(2n+l)(11'.r/2a)J=½7r{½- L (-l)"U[x-(2n+I)a]I 
0 0 

00 

1.120 L n-1 sin[n7r(y/ a) J cos[n7r(.i/ a) ]=½7r[g1 (.r)- (y/ a) J 

00 

1.121 L n-1 cos[n7r(y/ a) J sin[n7r(.r/ a)]= ½7r[g2(:r)- l- (i/ a)] 

00 

1.122 L (2n+ 1)-1 sin[(2n+ I) (7ry/2a) J cos[(2n+ 1) (7r.t/2a) ]=¼7rg3(x) 
0 

00 

1.123 L (2n+ 1)-1 cos[(2n+ 1) (7ry/2a) J sin[(2n+ 1) (7r:r/2a) ]=f'lr[g4(x)-1] 
0 
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00 

1.124 L (-l)nn-1 sin[n-ir(y/a)J cos[n1r(x/a) J=½n-[g1(x-a)- (y/a) J 
1 

00 

1.125 L (- l)nn-1 cos[n1r(y/ a) J sin[n1r(x/ a) J=½n-[g2(x-a)- (x/ a) J 
1 

00 

1.126 _I: (-1)n(2n+ 1)-1 sin[(2n+ 1) (1ry/2a) J sin[(2n+ 1) (1rx/2a) ]= ¼n"ga(x-a) 
0 

"' 
1.127 L (-1)n(2n+1)-1 cos[(2n+l) (1ry/2a) J cos[(2n+ 1) (1rx/2a) J=¼n"[l-g4(x-a) J 

0 

The formulas 1.116-1.119 are equivalent to 1.12, 1.13, 1.16, and 1.19. It should 
be pointed out that the periodicity in x (equal to 2a) is preserved for both sides of 
the formulas before. Nonconvergent Fourier series representing an infinite number 
of rows of delta functions can be obtained by formally differentiating term by term 
the results 1.116-1.127. 

"' "' 
1.128 L En cos[n1r(x/ a)]= 2a L ii(x- 2na) 

0 0 

"' "' 
1.129 L (- l)nEn cos[mr(x/ a)]= 2a L il[x- (2n+ 1) a] 

0 0 

~ "' 
1.130 L cos[(2n+1)(1rx/2a) ]=aL (- l)niJ(x-2na) 

0 O 

"' 00 

1.131 L (- l)n sin[(2n+ 1) ('11"x/2a) ]= a L (- l)niJ[x- (2n+ 1) a] 
0 0 

00 

1.132 :E sin[n'll"(y/ a)] sin[n'll"(x/ a)]= -½ah1(x) 
1 

00 

1.133 :E cos[n1r(y/a) J cos[n'll"(x/ a) J=½a[hi(x)-a-1] 
1 

00 

1.134 :E sin[(2n+ 1) ('11"y/2a)] sin[(2n+ 1) (1rx/2a) J= -½ah3(x) 
0 
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00 

1.135 :E cos[(2n+ 1) (7!"'Y/2a)] cos[(2n+ 1) (1rx/2a) J=½a~(x) 
0 

00 

1.136 :E (-1)" sin[n1r(y/a) J sin[n1r(x/a) J=-½ah1(x-a) 
I 

00 

1.137 :E (-1)" cos[n1r(y/a)] cos[n1r(x/a) J=½a[~(x-a)-a-IJ 
1 

00 

1.138 :E (-1)" sin[(2n+1)(1ry/2a) J cos[(2n+1)(1rx/2a) J=½ah3(x-a) 
0 

00 

1.139 :E (-1)" cos[(2n+ 1) (1ry/2a) J cos[(2n+l) (1rx/2a) ]=-½a~(x-a) 
0 
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FOURIER SERIES WITH ELEMENTARY COEFFICIENTS 
REPRESENTING HIGHER FUNCTIONS 

Formulas 2.1-2.25 involve the Jacobian elliptic functions am(z, k), sn(z, k), 
cn(z,k), dn(z,k), and zn(z,k). The parameter k is omitted in these formulas, 
i.e., snz=sn(z, k), etc. 

In 2.26-2.37t?-1(z) =t?-1(z, q) are the Jacobian theta functions defined in 2.26-2.29. 
Finally K ( k) and E ( k) are the complete elliptic integrals of the first and second 
kind of the modulus k, respectively; k'2 = 1-k2• Also 

q = exp ( i1rT) , 

Furthermore 

00 

T=i(K' /K); ImT>O; q=exp[-1r(K'/K)] 

00 

Qo= IT (l-q2"), logQo= - :E [n-1q2"/(1-q2")], 
1 1 

q"/(l-q2n) =½{sinh[n1r(K'/K)Jj-1 ; 

q"/( 1 +q2 n) = ½ { cosh[n1r(K' /K) Jj-1

, qn+½/(1-q2 n+ 1
) = ½{sinh[(n+½)1r(K' /K) J}-1

; 

[qn+½/(l+q2n+1) ]= ½{ cosh[(n+½) (1rK' /K) J}-1 

Restrictions In formulas 2.1-2.4, 2.7, 2.9, 2.11, 2.14, 2.15, 2.17, 2.18, 2.20, 2.21, 
2.23, 2.25, 2.30, 2.31 

I Imz l<½1rlmr 

23 
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In 2.5, 2.6, 2.8, 2.10, 2.12, 2.13, 2.16, 2.22, 2.24, 2.32, 2.33 

I Imz I <1r ImT 
In 2.19 

I Imz I <21r ImT 

... 
2.1 :E [n-1q"/(l+itn) J sin(2nz) =½ am[2K(z/1r) J-½z 

l 

... 
2.2 L [qn-i/(1-q2"-1)]sin[(2n-l)z]= (kK/21r) sn(2Kz/1r) 

... 
2.3 L [q"-l/(1+q2n-1)J cos[(2n-l)z]= (kK/21r) cn(2Kz/1r) 

l 

... 
2.4 L [q"/(l+q2")] cos(2nz)= (K/21r) dn(2Kz/1r)-¾ 

l 

2.5 :E[q2"-1/(1-q2n-1)Jsin[(2n-l)z]= K -(4sinz)-1 

1 21r sn(2Kz/1r) 

2.6 

2.7 

2.8 I: [(-l)"q2"/(l+q2") J sin(2nz) = k'K sn(2Kz/1r) - ~ tanz 
1 21r cn(2Kz/1r) 4 

... 
2,IO L [q2"/(l+q2")] sin(2nz) = - K cn(2Kz/1r) + ~ cotz 

1 21r sn(2Kz/1r) 4 

2.ll I: [(-l)"q"-l/(l-q2n-l) J cos[(2n- l)z]= _ kK sn(2Kz/1r) 
1 21r dn(2Kz/1r) 
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00 K dn(2Kz/1r) . 
2.12 :E [q2"-1/(l+~tn-1)] sin[(2n-l)z]=- ---- + (4 smz)-1 

1 211' sn(2Kz/1r) 

00 K dn(2Kz/1r) 
2.13 :E[(-1)nq2n-1/(1-q2n-1)Jcos[(2n-l)z]=- ( :/ )+(4cosz)-1 

1 21rcn 2Kz 1r 

00 K sn(2Kz/1r) dn(2Kz/1r) 1 
2.15 :E {q"/[1+(-l)"q"]} sin(2nz)= -------- -tanz 

1 21r cn(2Kz/1r) 4 

00 k'2K sn(2Kz/1r) 1 
2.17 :E [(-l)"q"/(1-q")]sin(2nz)= -------- - -ta.nz 

1 21r cn(2Kz/1r) dn(2Kz/1r) 4 

00 K cn(2Kz/1r) 1 
2.18 7 { (- l)"q"/[l+ (- l)"q"]} sin(2nz) = - 21r sn(2Kz/1r) dn(2Kz/1r) + 4 cotz 

.. 
2.20 :E [n-1q"/(l+q") J cos(2nz) =½ log sn(2Kz/1r)-½ log(2qlk-l sinz) 

.. 
2.21 :E {n-1q"/[1+ (-q)"]} cos(2nz) =½ log cn(2Kz/1r)-½ log[2ql(k1/k)l cosz] 

.. 
2.22 :E [(2n-1)-1q2n-1/(1-_q4"-2) J cos[(4n-2)z]=-¼ logk'+¼ log dn(2Kz/1r) 

.. 
2.23 L [nq"/(l-q2")] cos(2nz) = (K3/2r) dn2(2Kz/1r)- (KE/2r) 

00 K2 K(K-E) 
2.24 :E [nq2"/(1-q2")]cos(2nz)=- 2( /) +(8sin2z)-1+ 2-2 

1 2r sn 2Kz 1r 1r 
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"' 
2.25 :E [qn/(l-q2n) J sin(2nz) = (K/21r) zn[(2K/1r)z] 

"' 
2.26 :E (-1)nEnqn2 cos(2nz) =t?o(z/ir) 

0 

"' 
2.27 :E Enqn2 cos(2nz) =t?3(z/1r) 

0 

00 

2.28 L (-1)nq<n+l>2 sin[(2n+l)z]=½t11(z/1r) 
0 

"' 
2.29 :E q<n+l>2 cos[(2n+ l)z]=½t?2(z/1r) 

0 

"' 
2.30 :E [n-1q"/(l-q2n) J cos(2nz) = ½ logQ0-½ logt?0 (z/1r) 

"' 
2.31 L [n-lqn(- l)n/(1-q2n)] cos(2nz) = ½ logQ0-½ logt?a(z/1r) 

1 

00 

2.32 L [n-1q2n/ (I-q2n) J cos(2nz) =½ log(2Q0)+-! logq +½ log sinz-½ logt?1 (z/1r) 
I 

"' 
2.33 L [ ( - 1) nn-1q2n/ ( 1- q2n) J co,- ( 2nz) = ½ log ( 2Q0) + { logq+ ½ log cosz- ,~ logt?2 ( z/ 7r) 

I 

2.34 

2.36 i [n-1q2n/(1-q2n)Jsin(2nz1) sin(2nz2)= !1og(t?1[(z1+22)/1r])- ~ log (s~n(z1+22)) 
1 4 t?1[(z1-22)/1r] 4 sm(z1-z2) 

I Imz1 l+I Im22 l<1r Imr 
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;._ (- l)"n-1q2" . (2 ) . (2 ) 1 1 (t12[(z1+22)/1r]) 1 1 (cos(z1+22)) 2.37 L..J ---- sm nz, sm nZ!! = - og - - og 
1 l-q2" 4 t12[(z1-z2)/1T] 4 cos(z1-22) 

I Imz, I+ I Imz2 I< 1T Imr 

00 

2.38 :E {[(2n) !]3/(n!) 4}2-4"sin[(211+½)x]=1T-1K(sin½x), O<x<1T 
0 

00 

2.39 :E [(2n) !(2n+l) !/(n!) 3(n+l) !]Z-4" sin[(2n+!)x] 
0 

00 

2AO :E { [(2n) !]1/ (n !) 4 } 2-4n cos[(2n+½).i:]=1T-1K(cos½.:r), O<x< 1T 
0 

00 

2.41 :E [(2n) !(2n+l) !/(n!) 3(n+l) !JZ-2" cos[(2n+J)x] 
0 

1·3(n+l) (n+2) 
2.42 sin(n+l);i:+[(n+l)/(2n+3)]sin(n+3).:t+ ( )( sin(n+5)x 

2 ! 2n+3 2n+5) 

1·3·5 (n+l)(n+2)(n+3) . ( ) + --·--------sm n+7 .i+•·· 
3 ! (2n+3) (2n+5) (211+7) 

n+I 1·3(n+l)(n+2) 
2.43 cos(n+ l).1+ -- cos(n+3).1+ ( ) ( ) cos(n+5).i: 

2n+3 2! 2n+3 2n+5 

00 (2r--!-2n) !(l+r+n) !(l+l+n) ! . • . 
2.4-4 :E -----------sm[(2n+l+r+1).i:]=1TZ-3-r-·1(smx)-rP{(cosx) 

0 n !(r+n) !(2l+2+2n) ! 
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2.45 "i:, (2r-t2n) !(Z+r+n) !(Z+l+n) ! cos[(2n+l+r+l)x]=~2-,-.-21(sinx)_,.Q{(cosx) 
0 nl(r-tn) !(2Z+2+2n) ! 

0<x<1r; r, Z=O, 1, 2, ... 

.. 
2.46 L [(½+µ)n(l+v+µ)n/n !(v+½)n] sin[(2n+v+µ+ 1) x] 

0 

.. 
2.47 L [(½+µ)n(l+v+µ)n/n!(½+v)n] cos[(2n+v+µ+l)x] 

0 

.. 
2.48 L log[n/(n+ 1)] sin(2n+l)x=sinx1J,(x/1r)+½1r cosx+ (,+log21r) sinx, 0<x<1r 

l 

.. 
2.49 L n-1 logn sin(nx) =1r logr(x/21r)+½1r log(sin½x) 

1 

.. 
2.50 L En{b4[n(1r/a) ]2}-l sin{a[b2+[n(1r/a) J2Jl} cos[n(1rx/a) ]= aJo[b(a2-x2) 1], 

0 

-a<x<a 

.. 
2.51 cos(½1rz) 7 nz-1 sin(21rria)+sin(½1rz) :E n•-1 cos(21rna) 

"° I 

= L n--1 sin(21rria+½1rz) =½(21r)l-•[r(l-z) J-lr(z, a)' Rez< 1, o<a< 1 
I 

.. 
2.52 cos(½1rz) 7 (2n- 1) •-1 sin[(2n- l)a1r ]+sin(½1rz) :,E (2n-1) H cos[(2n- l)a1r J 

"° I 

= :E (2n-1)•-1sin[(2n-l)a~hz] 
I 
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~ m2 

2.53 L En cos(nx) [b2+ (nd) 2J-1 sin{ a[b2+ (nd)2Jl) = (1r/d) L Jo(b{a2- [(2'11"m+x)/d]2}i) 
0 m1 

m1==F[(ad±x)/21r] 
2 

If ( ad±x )/21r is an integer, then one half of the corresponding term in the sum is taken. 





111 

FOURIER SERIES WITH HIGHER FUNCTION COEFFICIENTS 
REPRESENTING ELEMENT ARY FUNCTIONS 

00 

3.1 L I (- l)nEn cos(2nx)/[r(1+v+n)r(l+v-n) JI= [22'1r(1+2v) J sin2•x 
0 

Rev>-½, O<x<'II" 

00 

3.2 L {(- l)n sin[(2n+ l)xJ/[r(v+!+n)r(v+½-n)J} = [22 ..... 1/r(1+2v) J sin2•.1· 
0 

00 

3.3 L !En cos(2nx)/[r(I+v+n)r(l+v-n) JI= [22'1r(1+2v) J cos2•x 
0 

00 

3.4 I: { cos[(2n+ l)xJ/[r(v+!+n) r(v+½-n)J} = [22•-1/r(1+2v) J cos2•.1: 
0 

00 

3.5 L (-1)nEnJ2n(z) cos(2nx) = cos(z cosx) 
0 

31 
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00 

3.6 L (-1)nJ2n+1(z) cos[(2n+ l)x]=½ sin(z cosx) 
0 

00 

3.7 LEnJ2n(z) cos(2nx)=cos(zsinx) 
0 

00 

3.8 L J2n+1(z) sin[(2n+ l)x]=½ sin(z sinx) 
0 

00 

3.9 I: EnJ2n(z) cos(2nt) cos(2nx) = cos(z sinx cost) cos(z cosx cost) 
0 

00 

3.10 LJ2n+1(z) sin[(2n+l)t] cos[(2n+I)x]=½ cos(zsinx cost) sin(z coax sint) 
0 

00 

3.11 L (-1)nEnJ2n(z) cos(2nt) cos(2nx) = cos(z coax cost) cos(z sinx sint) 
0 

00 

3.12 L (-1)nJ2n+1(z) sin[(2n+ l)t] sin[(2n+ l)x]=½ cos(z coax cost) sin(z sinx sint) 
0 

00 

3.13 LEnln(z) cos(nx)=exp(zcoax) 
0 

00 

3.14 L (-I)nEnln(z) cos(nx)=exp(-zcoax) 
0 

00 r2 

3.15 L En exp[inm('ll"/2) ]Jnm(z) cos(nx) = m-1 I; exp{ iz cos[(271'7'""!-x)/m]} 
0 r-r1 

m=O, 1, 2, ... ; r1==t=[(m7r±x)/27r] 
2 

00 ~ 

3.16 L Enlnm(z) cos(nx) =m-1 I; exp{z cos[(2~x)/m]} 
0 
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If (m11'±x)/211" is an integer or zero, one half of the corresponding term at the 
right side finite sum of 3.15 and 3.16 has to be taken. Formulas 3.5-3.16 hold also 
for arbitrary complex values of z, x. 

oo m k 

3.17 I: J 0(nx) cos(nxt)= -½+ :E [x2-(21rl+tx)2J-t+x-1(1-t2)-t+ :E [x2-(21rl-tx)2J-t 
z-1 z-1 

oa k m co 

3.18 L Jo(nx) sin(nxt) = (211')-1[:E z-1- :E z-1J+ :E { [(21rZ+tx) 2-x2J-t- (2,rZ)-1} 

z-1 z-1 z-m-t-1 
00 

- L I [(21rl-tx) 2-x2J-1- (21rZ)-1} 

l-k+l 

oo m k 

3.19 :E Y0(nx) cos(nxt)=-1!'-1[rllog(x/41r)J+(21r)-1[:E Z-4 :E Z-1] 

00 00 

- :E { [(211'l+tx)2 -x2J-½- (21rl)-1

}- :E { [(21rl-tx) 2 -x2J-t- (2,rl)-1
} 

l-m+l l-k+l 

oo k 

3.20 I:Jo(nx) cos(nxt)=-½+ :E [x2-(21rl-tx) 2J-l 
l-m+l 

oo m k 

3.21 :E J 0(nx) sin(nxt) = :E [(21rl-tx)2-x2J-t+ (21r)-1 :E Z-1 

00 00 

+ :E { [(21rl+tx)2-x2J-t- (21rl)-1

}- :E { [(2,rl-tx) 2 -x2J-t- (21rl)-1
} 

z-1 l-k+l 

oo m 

3.22 :E Y0 (nx) cos(nxt) = -11"-1 [r-f-log(x/41r) ]- :E [(21rl-t.x) 2 -x2J-l 
l-0 

k oo oo 

+(211')-1 :E z-1- :E { [(21rz+tx) 2-:i.2J-•-(21rz)-1}- :E { [(21rZ-tx)2-x2J-•-(21rz)-1J 

oo '" k 

3.23 :E (- l)''Jo(nx) cos(nxt) = -½+ :E [x2- (2l1r-~tx) 2J-I+ :E [x2- (2l1r-1r-tx) 2J-I 

oo k m 

3.24 L (- l)nJo(nx) sin(nxt) = (211')-1[}: z-1- L z-1] 
00 00 

+ L { [(2l11'-1!'+tx)2-x2J-1- (21rl)-1}- }: { [(2l1r-1r-tx)2-x2J-I- (21rZ)-1} 
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00 m k 

3.25 L (-l)nYo(nxt) cos(nxt)=-1r-1[y-Hog(x/41r)}+(21r)-1[L z-4 L z-1J 
00 00 

Z=l z-1 

- L {[(2lrr-rr-+-tx) 2-x2]4-(21rZ)-1}- L {[(2l1r-1r-tx) 2-x2]4-(21rZ)-I} 
Z--m+ I l-k+ I 

00 k 

3.26 L (-l)nJo(nx) cos(nxt)=-½+ L [x2-(2l1r-1r-tx) 2] 4 
Z-m+l 

oo k m 

3.27 I: (-l)nJo(nx) sin(nxt) = (21r)-1 I: z-4 I: [(2l1r-1r-tx)2-x2J-~ 

00 00 

+ L ( [(2lrr-,r-f--tx) 2-x2J-½- (21rz)-1}- L ( [(2l1r-1r-tx)2-x2J-½- (21rl)-l} 
l=I l=k+I 

3.28 L (- l)nYo(nx) cos(nxt) 

k m 

= -1r-1[y+log(x/ 41r) }+ (2rr)-1 L z-1- I: [(2l7r-rr-tx)2-x2J-½ 
1-1 Z=l 

00 00 

- L { [(2lrr-,r-f--tx)2-x2J-½- (2rrl)-1}- I: { [(2l1r-1r-tx) 2-x2]-!- (21rl)-1} 
l=I l=k+l 

00 

3.29 L Ko(nx) cos(nxt) = ½[,+ log(x/ 41r) J+ (rr/2x) (l+t2)-½ 
l .., 

00 

+½rr L { [x2+ (2lrr-tx) 2]-!- (2l1r)-1l+½rr L { [x2+ (2lrr+tx) 2]-!- (2lrr)-1 j 
Z=l !=I 

00 

3.30 L (-l)nKo(nx) cos(nxt) =½[-y+log(x/4rr) J 
l 

00 
00 

+½rr L { [x2+ (2l1r-1r-tx)2J-L (2lrr)-1 l+½rr L { [x2+ (2l1r-1r+xt)2]-¼-(2l1r)-1 l 
!=I 

In 3.11-3.19: x>O, m, k=O, 1, 2, ... 

2mn <x(l-t) <2(m+ 1)71"; 

In 3.20--3.22: t> l, x>O, m, k=O, l, 2, ... 

In 3.23-3.25: O<t:Sl, x>O, m, k=l, 2, 3, ... 

( 2m - 1) 1r < x ( 1 - t) < ( 2m + 1 )7r; ( 2k- 1) 1r < x ( 1 + t) < ( 2k + 1) 1r 
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In 3.26-3.28: t>I, x>O, m, k=I, 2, 3, ... 

(2k-I)1r<x(I+t) < (2k+I)1r 

00 

3.31 L Enn-•J.(n,r) cos[n,r(x/ a)]= c21-1r(½+11) }r--ia1- 2•(a2-x2)--I 
0 

-a<x<a, Rev>-½ 

for v= 1, Fourier series of a circle of radius a 

00 

3.32 :E En(- l)"n-•J.(n1r) cos[2mr(x/a) ]= [2'1/r(½+v) ]irv-ia1- 2•(ax-x2)v-i 
0 

00 

3.33 :E (-1)"(2n+ 1)-•J,[(n+½)1r] sin[(2n+l)(x/a)]= [a1- 212r(½+v)J1rv-i(ax-x2)v-i 

00 

00 

0 

= (a/21r) (ax-x2)-i cos[b(ax-x2)i], O<x<a 

00 

3.36 I: (- l)"EnJo(½a{ b4 [2n(,r/ a) J2I I) cos[2n,r(x/a) J 
0 

00 

3.37 L (-l)nJ01½a[(2n+1) 2(1r3/a2)-b2]½J sin[(2n+1)1r(x/a)J 
0 

00 

3.38 L (- J)nEnJo(½al [2n(1r/ a) J2-b2Jl) cos[21rn(x/ a) J 
0 

= (a/1r) (ax-x2)-i cosh[b(ax-x2)i], -a<x<a 
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.. 
3.39 L EnnV,(½n7r)J_,,_1(½mr) cos[n7r(x/ a) J 

0 

=7r-2(2a)f(a2x-x3)-i cos[(2v-t½) arccos(x/a)J, O<x<a 

.. 
3.40 LniJP-1-1(½n7r)J_,(½n7r) sin[n7r(x/a)] 

.. 
3.41 L n-•H.(n7r) sin[n7r(x/ a)]= [Z--'/r(½+v) Ja1- 2•7r--l(a2-x2)--½ 

0 

Rev>-½, O<x<a 

for v= 1, Fourier series of circle of radius a 

oo m2 

3.42 L En(nd)-•J.(and) cos(nx) = [7rl21-•a-,; dr(½+v) JI: { a2- [(27rm+x)/ d]2} ,.....I 
0 m1 

Rev>-½, Rev>½ if x=±ad 

.. 
3.43 L En cos(½and) (nd)-•J.(½and) cos(nx) 

0 
m2 

= [7rla-'/dr(½+v) JE I (27rm+x)/d 1•-l[a- I (21r1n+x)/d IJ--1 
m1 

Rev>-½, Rev>½ if x=±ad, or x=O 

00 m2 

3.44 L EnJo{ a[b4 (nd) 2JI} cos(nx) = (2/ d) I: { a2- [(2mn+x)/ d]2}-½ 
0 

m1 

m2 

3.45 LEnJo{a[(nd) 2-b2]i} cos(nx)= (2/d) I: {a2-[(27rm+x)/d]2J-I 
.. 

0 m1 

• cosh(b{ a2- [(27rm+x)/ d]2} I), x¢=±ad 

oo m2 

3.46 LEnCOs(½and)Jo{½a[b2+(nd) 2Ji} cos(nx)=tt-1:E I (27rm+x)/dl-~ 
0 m1 
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~ mz 

3.47 I: e,,(nd)V.(½and)J_,,_i(½and) cos(nx) = 2(½1rnd)-l I: I 21rm+x j-i 
0 m1 

• {a2- [(21rm+x)/d]2}-l cos{ (2v+-½) arc cos[(21rm+x)/ad]l, x¢0, ±ad 

~ ~ 
3.48 l: En[J.(a+nd)+ J_.(a+nd)] cos(nx) =4a-1 cos(½m,) I: {a2- [(21rm+x)/d]2}-l 

0 m1 

•cos{.v arc cos[(21rm+.:r )/ad]}, x¢±ad 

~ ~ 
3.49 L EnOand/.-(z)+ J-and/.-(Z) J cos(nx) =-21r(ad)-1 L sin{z sin[(1r/ad) (21rm+x) ]} 

0 m1 

~ 

3.50 L En[cos(and) J-1[J2ondt.-(z)+ J-2and/.-(z) J cos(nx) 
0 

mz 

= 21r(ad)-1 I: cos{z cos[(1r/2ad) (21rm+x) ]} 
m1 

~ 

3.51 l: En[cos(and) J-1[E2and/.-(z)+E-2ond/.-(z)] cos(nx) 
0 

mt 

= -21r(ad)-1 l: sin{z cos[(1r/2ad) (21rm+x) ]} 
m1 

~ ~ 

3.52 L En[Eand1.-(z)+E_-andt.-(z) J cos(nx) =-21r(ad)-1 I: sin{z sin[(1r/ad) (2,rm+x) ]} 
0 m1 

In Formulas 3.42-3.52 m1 = -[(ad+x)/21r]; m2=[(ad-x)/21r]. If (ad±x)/21r 
is an integer or zero, one half of the corresponding term in the right side sum has 
to be taken. 

~ 

3.53 I:; (½nz)-•H.(nz) sin(nx) =O, O<z<x 

~ 

3.54 L Pn(cost?-) sin[(n+½)x]=O, x<.J 
0 

=-Z--l(cost?--cosx)-l, O<t?-<x<1r 

O<TJ<1r 
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00 

3.55 I: P,.(cost?-) cos[(n+½)x]= ~l( cosx-cos{J)-t, 
0 

-{}<x<t?-<11" 

{}<x<27r-{} =O, 

=O, 

= ~t ( cos.x- cos{})-½, 

O<t?-<71" 
co 

2n{}< x< 411"-{} 

411"- {}< x< 471"+ {} 

3.56 I: E,.P,._1(cost?-) cos(nx) =2i(cos.x-cost?-)-t, -{}<x<{}<7r 
0 

=O, {}<x<27r-{} 

= 2l(cos.x- cos{J)-t, 27r-{J< x< 2n{} 

0<{}<7r 

3.57 L (- l)"EnP,.-1(-cos{J) cos(nx) = 0, 
0 

O<x<{} 

00 

3.58 I: P,.(cos{J) sin(nx) = -sin(½x) (2 cosx-2 cos{})-½, x< {} 
0 

= -cos(½x) (2 cos{J-2 cos.x)-t, x> {} 

00 

3.59 I:P,.(cost?-) cos(nx)=cos(½x)(2cosx-2cos{J)-½, x<{} 
0 

=-sin(½x) (2 cos{J-2 cosx)-t, x>{} 

00 

3.60 L EnP-½+n.-/a(cost?-) cos(nx) = O, (7r/a){}<x<211"- (7r/a){} 
0 

=2½7r-1alcos[(a/1r)x]-cos{Jj-t, -(7r/a)iJ<x< (7r/a)i'J 
00 

3.61 L (- l)"Q,.(z) sin[(n+½)x]= (2z+2 cosx)-½ arctanl [(1-cosx)/(z+cosx)J½l, z> 1 
0 

00 

3.62 L Q,.(z) cos[(n+½)x]= (2z-2 cosx)-l arctanl [(l+cosx)/(z-cosx) Ji), z> 1 
0 

co 

3.63 I: E,.Q,._½( cos{}) cos(nx) =7r(2 cosi'J-2 cosx)-½, x>{} 
0 

=O, x<{} 
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00 

3.64 :E EnQ-½+!n(z) cos(nx) = [2/(z-cos2x) Jl(½w+arctan{[2/(z-cos2x) Ji cosx}), z> 1 
0 

00 

3.65 :E (- l)"EnQ-t+½n(z) cos(nx) = [2/(z-cos2x) ]1(½11"-arctan{ [2/(z-cos2x) J½ cosx}) 
0 

z>I 

00 

3.66 LEn(-l)nQn-t(z) cos(nx)=11"(z+cosx)-t, z>I 
0 

00 

3.67 LEnP~½+n<>-l">(cost?) cos[n'll"(x/a)J= (½ir)-it?[r(½-µ)J-1(sint?)" 
0 

00 

3.68 :E EnP~t+nc.-1.,,(cosht?) cos[n1r(x/ a)]= (½1r)-lt?[r(½-µ) J-1(sinht?) 11 
0 

•{cos[(t?/a)x]-cost?}-11-t, Reµ<½, t?>0, -a<x<a 

00 

3.69 :E EnP~t+n(cost?) cos(nx) = [(211") 1/r(½-µ) J(sint?) 11 (cosx-cost?)-11-t, 0<x< t? 
0 

=0, 

00 

3.70 L En(- l)np~-½(-cost?) cos(nx) 
0 

00 

0 

00 

= [(21r)1/r(½-µ)J(sint?) 11(cosx- cost?)-11-½, t?<x< 11" 

=0, 0<x<t? 

0<t?<1r, Reµ<½ 

=0, 

3.72 :E En{r[v+ (a/'ll")nd]r[v- (a/1r)ndJ}-1 cos(nx) 
0 

m2 

= 22- 21r[adr(211- l) J-1 :E { cos[(1r/2ad) (21rm+x) ]1 2.-2 

ffll 

Rev>½, Rev> 1 if x=±ad 

t?<x<'II" 

t?<x<'II" 
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.. 
3.73 :E EJ>~t+nd(cosa) cos(nx) = [(211")1/dI'(½-µ) J(sina)" 

0 
mz 

• :E {cos[(21r1n+x)/d]-cosa}-,-l, 0<a<11", Reµ<½, Reµ<-½ if x=±ad 
m1 

.. 
3.74 :E EJ>~t+ind(cosha) cos(nx) = [(211")l/ df(½-µ) J(sinha)" 

0 
m1 

• :E {cosha-cosh[(2,rm+x)/dJ}-11-l, Reµ<½, Reµ<-½ if x=±ad 
m1 

.. 
3.75 :Ee,.Q:-t(z) cos(nx)=exp(i11"µ)(p)lf(½+µ)(z2-l)l11(z-cosx)-,-l, z> 1, Reµ>-½ 

0 

.. 
3.76 :E e,.Q~t+nm(z) cos(nx)=exp(i11"µ)(211")-lf(½+µ)(z2-l)l11 

0 
•1 

• (11"/m) :E {z-cos[(2m+x)/mJ}-,-t 
r1 

Reµ>-½, m=l,2,3, ... , r1=-[(11"m+x)/211"], r2=[(1r1n-x)/211"], z>l 

If (wm±x) /211" is an integer or zero, one half of the corresponding term at the 
right side has to be taken. 

In 3.72-3.74, m1 = -[(ad+x)/211"], m2 =[(ad-x)/2,r]. If (ad±x)/2,r is an 
integer or zero, one half of the corresponding term at the right side has to be taken . 

.. 
3.77 :E (- l)ne,.r(v-t-2n+ l)P,-2n(y) cos(nx) = f(l+11) [if+ (l-y2) cos2x]-l..-l 

0 

·cos{(11+l) arctan[(y-2-l)lcosx]}, O<y<l, Re11>-l 

.. 
3.78 :E (-l)"f(vf-2n+2)P,-2n-1(y) cos[(2n+l)x]=½f(11+1)[y4(1-y2) cos2x]-l>-l 

0 

•sin{(vf-1) arctan[(y-2-l)icosx}, O<y<l, Re11>-l 

.. 
3. 79 :E (- l)"e,.Q:-t(z) [r (t+-n+µ) f(½-n+µ) J-1 cos(2nx) 

0 

.. 
3.80 :E [e,.(-i)"/(n+m) IJP1"(cost7) cos(nx)= (ll)-1(cost7-+i sint7- cosx) 1, l= 1, 2, 3, • • • 

0 
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00 

3.81 E [En(-i),Yr(v+n+ 1) ]P,n(cost?) = [I'(v+ 1) J-1(cost7--H sint? coax)•, Rev>-1 
0 

00 

3.82 E [en/r(v+n+l) ]P,n(coshz) cos(nx)= [I'(v+l) J-1(coshz+sinhzcoax)•, Rev>-1 
0 

00 

3.83 E Cn•(cost?) sin(nx) =-sin(vx)(2 coax-2 cost?)-•, x<t? 
0 

=-sin[v(x+'II') ](2 cost?-2 coax)-•, x>t? 

O<t?<'II', Rev<l 

00 

3.84 ECn•(cost?) cos(nx)=cos(vx)(2coax-2cost?)-•, x<t? 
0 

= cos[v(x+'II') ](2 cost?-2 coax)-•, x>t? 

O<x<t?, Rev< 1 

00 

3.85 E enAn cos(nx) = (1-2z coax+z2)-• 
0 





IV 

FOURIER SERIES WITH HIGHER FUNCTION COEFFICIENTS 
REPRESENTING HIGHER FUNCTIONS 

00 

4.1 I: «=n[I'(¼+½n)/r(¾+½n) ]2 cos(nx) = 4K(cos½x), -'ll"<x<'I!" 
0 

00 

4.2 I: En(- l)"[I'(¼+½n)/r(¾+½n) ] 2 cos(nx) = 4K(sin½x), O<x<2'1l" 
0 

00 

•l.3 L «=n(- l)"[I'(¼+½n) r(¼-½n)/r(¾+Jn)I'(¾-!n) J cos(nx) =4K(cos½x), O<x<'ll" 
0 

00 

4.4 I: En[I'(¼+½n) I'(¼-½n)/r(¾+½n) r(¾-½n) J cos(nx) =4K(sin½x), O<x<2'1l" 
0 

00 

4.5 L (-l)"n-1[sin(n,rs) Ci(n'll"s)-cos(n'll"s) si(n'll"s)Jsin(nx) 
I 

= -¼{it,[½+½s+ (x/2'11") J-1/{½+½s-(x/2'11") ]}, -'l!"~X~'ll", s>O 

43 
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00 

4.6 ~ (-1)"{ cos[(n+½)7rs] Ci[(n+½)7rs]+sin[(n+½)7rs] si[(n+½)7rs]} sin[(n+½)x] 
0 

= -½{i/l[¼+¼s+ (x/411") J-i/l[¼+¼s- (x/411") J-y,[¾-f-¼s-+- (x/ 411") J 

+v,[¾+¼s-(x/47r)]}, s>O, -7r~x~1r 

GO 

4.7 I: (- l)"{sin[(n+½)1rs] Ci[(n+½)7rs]-cos[(n+½)7rs] si[(n+½)7rs]I cos[(n+½)x] 
0 

=¼{if[¾+¼s-+-(x/471") J+v,[¾-1-¼s- (x/411") J-1/,[¼+¼s-+- (x/471") J 

-i/l[¼+¼s-(x/47r)]I, -11"~X~11", s>O 

4.8 r,EnJn(z) cos(nx)=cos(zsinx)+zcos:i: f1 
cos(tzsinx)Jo(zt) dt 

0 0 

4.9 'iJn(z) sin(nx)=½sin(2sim)-½zcosx / sin(tzsinx)J0(zt) dt 
1 0 

GO 

4.10 I:(-1)nJ2n+1(z) cos[(2n+½).r]= z-i[cos(z cosx)C(2z cos2½x)+sin(z cosx)S(2z cos2½x)J 
0 

GO 

4.11 I: ( -1)nJ2n+1(z) cos[(2n+½)x]= z-i[sin(z cosx)C(2z cos2½x)-cos(z cosx)S(2z cos2½x)J 
0 

4.12 'i In(z) sin(nx) =½z sinx / exp(-zt cosx)I0(zt) dt 
1 0 

GO 

4.13 LEnJo2(½n7r) cos[n7r(x/a)]=47r-2K'(x/a), O<x<a 
0 

GO 

4.14 I: t,,J,(½n7r)J-,(½n1r) cos[n7r(x/ a)]= 27r-1P,._t[2(x3/ a2)-1], -a<x< a 
0 

GO 

4.15 I: En{ b4[n(7r/ a) ]2}4 •J,(alb2+[n(7r/ a) ]2jl) cos[n7r(x/ a) J 
0 

GO 

4.16 I: EnJ,(½a{ [b2+n2(r/ a2)Jl+11(7r/ a)})J.(½a{[b2+n2(r/ a2)]l-n(7r/ a)}) cos[n1r(x/a)] 
0 
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00 

4.17 :E (- l)"EnJ.(¼al [fr-t-4n2(r/a2) Jt+2n('ll"/a)}) 
0 

•J.(¼a{ [b44n2(-n-2/ a2) ]1-2n(7r/ a)}) cos[2n7r(x/ a)] 

• =a1r-1(ax-x2)-IJ2,[b(a2-x2)i], Re11>-½, -a<x<a 

DO 

4.18 :E (- l)nJ,(¼a{ [b4 (2n+ 1) 2(-n-2/ a2) JI+ (2n+ 1) (7r/ a)}) 
0 

DO 

•J,(¼a{ [b4 (2n+ 1) 2(r/a2) ]l- (2n+ 1) (1r/a)}) sin[(2n+1)1r(x/a) J 

=½a1r-1(ax-x2)-IJ2,[b(a2-x2)], Re11>-½, O<x<a 

4.19 :E Enltn(z) cos(nx) = exp(z cos2x) { l+Erf[(2z)½ cosx]} 
0 

= exp(z cos2x) { 2-Erfc[(2z)t cosx]} 

DO 

4.20 :E (-l)nfnltn(z) cos(nx) =exp(z cos2x) Erfc[(2z)i cosx] 
0 

= exp(z cos2x) { 1-Erf[(2z)i cosx]} 

OD 

4.21 :E ln-tt(z) cos[(2n+l)x]=½ exp(z cos2x) Erf[(2z)l cosx] 
0 

DO 

4.22 L (- l)nJn+t(z) sin[(2n+l)x]=½ exp(-z cos2x) Erf[(2z)l sinx] 
0 

DO 

4.23 L (-l)nln+t(z) cos[(2n+I)x]=-½iexp(-zcos2x) Erf[i(2z)lcosx] 
0 

DO 

4.24 L In+!(z) sin[(2n+ l)x]= -½i exp(z cos2x) Erf[i(2z)l sinx] 
0 

DO 

4.25 L EnJn-t(z)Jn+¼(z) cos(2nx) 
0 

= 2(21rz sinx)-f[cos(2z sinx) C(2z sinx)+sin(2z sinx) S(2z sinx)] 

DO 

4.26 L (- l)nEnJn-¼(z)Jn+¼(z) cos(2nx) 
0 

= 2(21rz cosx)-f[cos(2z cosx) C(2z cosx) +sin(2z cosx) S(2z cosx)] 
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00 

4.27 L (- l)"Jn+¼(z)Jn+i(z) cos[(2n+ l)x] 
0 

= (211"2 cosx)-l[sin(2z cosx) C(2z cosx)-cos(2z cosx) S(2z cos;r) J 

00 

4.28 LJn+/z)Jn+¾(z) sin[(2n+l)x] 
0 

= (21rz sinx)-l[sin(2z sin.r) C(2z sinx)-cos(2z sinx) S(2z sinx)] 

00 

4.29 L e,.Jn2 (z) cos(nx) =J0(2z sin½x) 
0 

00 

4.30 L EnJn(z) Yn(z) cos(nx) = Yo(2z I sin½x I) 
0 

00 

4.31 :E En(-1)"[/n(z) ] 2 cos(nx) = l 0(2z sin½x) 
0 

00 

4-.32 L Enln(z) Kn(z) cos(nx) = K 0(2z I sin½x I) 
0 

00 

4.33 L Jn(z)Jn+1(z) sin[(2n+ l)x]=½J1(2z sinx) 
0 

00 

4.34 L (-1)nJn(z)Jn+1(z) cos[(2n+ l)x]= ½J1(2z cosx) 
0 

00 

4.35 L (- l)"[Jn+i(z) ] 2 cos[(2n+ 1 Lr]= ½H0(2z cos:r) 
0 

00 

4.36 L [Jn+1(z) ]2 sin[(2n+ 1):r]= -½H0(2z sinx) 
0 

00 

4-.37 L (- 1) "+1Jn+½(z) Yn+½C z) cos[(2n+ l)x]= ½J0(2z cos:r) 
0 

00 

4-.38 I:Jn+½(z)Yn+½(z) sin[(2n+l)x]=-½J0(2zsinx) 
0 
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GO 

4.39 L EnJn(z1)J,.(z.i) cos(nx) =Jo[(zl·+zl-2z1Z:? cosx)½J 
0 

GO 

4.40 LEnJn(z1)Yn(22) cos(nx)=Yo[(z14-Z:?2-2z1Z:?COsx)l], Z:?>z1 
0 

GO 

4.41 L ( -1) nEnln (z1) l,.(z.i) cos(nx) = lo[(z14-zl- 2Z1Z:! cosx)l] 
0 

GO 

4.42 L Enln(z1)K,.(z.i) cos(nx) = Ko[(z14-Z:?2- 2z1z2 cosx)i], Z:?>z1 
0 

GO ~ 

4.43 L (-l)nE,.lnm(z1)Inm(Z:?) cos(n:r) =m-1 L lo({z12+z?-2z1z2 cos[(2m+x)/m]}l) 
0 

00 r2 

4.44 L EnJnm(z1)J,.m(z.i) cos(nx) =111-1 I:Jo({z14-z22-2z1z2 cos[(2m+x)/m]}½) 
0 

oo r2 

4.45 L EnJnm(z1) Y,.,,,(z2) cos(nx) =m-1 L Yo({z14-zl-2z1Z:? cos[(2'11"r--!-x)/m]}l) 
0 

00 12 

4.46 L E,.l,.m(z1)Knm(Z:?) cos(n:r) =111-1 L Ko({z12+zl-2z1Z:? cos[(2'1l"r--!-x)/mJ}½) 
0 

In the last four formulas m = 1, 2, 3, ... , r1 = -[(m'll"+x)/2'11" ], r2= [(m'll"-x)/2'11"]. 
If (m'll"±x) /2'11" is an intPger or zC'ro, one half of the corresponding term in the sum 
at the right side has to be' taken . 

. t..4,7 i: Jn+1(az)J,.-tt(bz) cos[(n+½ ).r]= 'Ir-Ir· [/2- (a2-j-b2- 2ab cos.r) ]-! sin(tz) dt 
0 11 

GO 

-1-.48 L (- l)n+IJn+½(az) Yn+1(bz) cos[(n+½).i-J 
0 f t2 

='ll"-1 [(a2+b4-2ab cos.r)-12J-½ cos(tz) dt 
11 
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... 
4.49 I: (- l)"E,.J2 .. (z)K2 .. (z) cos(2nx) =½{K0[z(2i cosx)½}tKo[z(-2i cosx)i]j 

0 

.. 
4.50 I: (- l)"J2n+1(z)K2n+1(z) cos[(2n+ l)x]=¼i{Ko[z(2i cosx)i]-K0[z(-2i cosx)-i]} 

0 

... 
4.51 L fnJ2 .. (z)K2 .. (z) cos(2nx) =½{K0[z(2i sinx)i]+Ko[z(-2i sinx)i]} 

0 

.. 
4.52 L J2n+1(z)K2n+1(z) sin[(2n+ l)x]=¼i{K0[z(2i sinx)i]-K0[z(-2i sinx)i]} 

0 

.. 
4.53 L (- l)"In+i(z)Kn+i(z) cos[(2n+ l)x]=p[I0(2z cosx)- L0(2z cosx) J 

0 

.. 
4.54 L In+i(x)Kn+i(x) sin[(2n+ l)x]=¼,r[I0(2z sinx)- Lo(2z sinx)] 

0 

.. 
4.55 L Jn(z)Jn+2m(z) cos[2x(n+m) J=½(- l)mhm(2z sinx)-½(- l)m 

1 

.. 

m 

• I: Ek(- l)kJm-k(z)Jm+k(z) cos(2kx), m= 0, 1, 2, ... 
k=O 

4.56 L (-1)nJ .. (z)Jn+2m(z) cos[2x(n+m) J 
I 

.. 

m 

=½J2m(2z cosx)-½ L EWm-k(z)Jm+k(z) cos(2kx), m= 0, I, 2, ... 
k=O 

4.57 L (-l)"J .. (z)Jn+2m+1(z) cos[x(2n+2m+I)] 
0 

m-1 

=½J2m+1(2zcosx)- I: Jm-k(z)Jm+k+i(z) cos[(2k+I)x] 
k-o 

m-1 

m=O, I, 2, ... ; I; ( ) =O if m=O 
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00 

4.58 :EJn(z)Jn+2m+I(z) sin[x(2n+2m+I)J 
0 m-1 

=½(- l)mJ2m+1(2z sinx)- (- l)m L (- I)kJm-k(z)Jm+k+1(z) sin[(21c-t l)x] 

00 

m-1 
k-o 

m=0,1,2, ... ; I;()=O if m=O 
.!.--0 

4.59 :E (- l)nenJn_,(z)Jn+.<z) cos(2nx) = [2 cos(m,) J-1[J2,(2z cosx)+ J-2,(2z cosx) J 
0 

= [2 sin('ll'"11) J-1[E2,(2z cosx)-E_2,(2z cosx) J 
00 

4.60 :E (- l)"Jn+i+•(z)Jn+i-•(z) cos[(2n+I)x] 
0 

= [4 sin('ll'"II) J-1[J2,(2z cosx)- J-2,(2z cosx) J 
= -[4 cos('ll'"II) J-1[E2,(2z cosx)+E-2,(2z cosx)] 

00 

4.61 :E (- l)nen[Jn+t•(z) Yn-1,(z)+Jn-1,(z) Y n+1,(z)] cos(2nx) 
0 

= 2 sin(½'11'"11)J,(2z cosx)+2 cos(~) Y,(2z cosx), Re11>- I 

00 

4.62 :E ( - 1) n+I[Jn+t+t,(z) Yn+H•(z)+Jn+i--t•(z) Yn+½+J,(z)] cos[(2n+ l)x] 
0 

= cos(½1r11)J,(2z cosx)-sin(p11) Y,(2z cosx), Re11>- I 

00 

4.63 :E (- l)"enJ ,_n(z)J ,+n(z) cos(2nx) =J2,(2z I sinx I), Re11>-½ 
0 

00 

4.64 :E EnJ,,_n(z)J,+n(z) cos(2nx) =J2,(2z cosx), Re11>-½ 
0 

ao 

4.65 :E (- l)"J•-n-½(z)J>+n+½(z) sin[(2n+I)x]=½J2,(2z I sinx I), Re11>-½ 
0 

ao 

4.66 :E J,-n-t(z)J>+n+½(z) cos[(2n+ l)x]=½J2,(2z cosx), Re11>-½ 
0 

00 

4.67 :E (- l)"enl,_n(z)l,+n(z) cos(2nx) =I2,(2z I sinx I), Re11>-½ 
0 
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4.68 I:enl,-n(z)l..+n(z) cos(2nx)=I2,(2zcosx), Rev>-½ 
0 

00 

4.69 ~ (-l)n/,,_n-½(z)I..+n~(z) sin[(2n+ l)x]=½I2,(2z sinx), Rev>-½ 
0 

00 

4.70 ~ l,,_n4(z)I..+n+i(z) cos[(2n+ l)z]=½I2.(2z cosx), Rev>-½ 
0 

00 

4.71 ~ (-l)nenlnJ,v(z)K~.(z) cos(2nx) 
0 

=-['lr/sin(1n1)J[½J-,(2iz cosx)+½J-,(-2iz cosx)-cos(~v)L.(2z cosx) ], Rev< 1 

00 

4.72 ~ (-l)n[~.(z)Kn~-i•(z) cos[(2n+l)x]= ['11"/2 sin(1rv) J[½iJ.(2iz cosx) 
0 

-½iJ.(-2iz cosx)+sin(½,rv)I.(2z cosx) ], Rev>-1 

00 

4.73 ~ (- l)nen[/n+h) Kn-,(z)+ ln_.(z)Kn-tv(z) J cos(2nx) = 2 cos(1rv) K2.(2z cosx) 
0 

Rev>-½ 

.. 
4. 74 ~ (- l)n[In+½_.(z) K~h) - ln+½+.CZ) Kn~-v(z)] cos[(2n+ 1) x J 

0 

= 2 sin( 11"v)K2.(2z cosx), Rev>-½ 

.. 
4.75 LEn(nd)-•J,+21(nda) cos(nx) 

0 
m2 

= [(-1) 1(½a)-•(2Z) !/dr(2z+2v) J ::E I a2- [(211"m+x) I d]21 .-½C21[(21rm+x)/ad] 
m1 

l=O, 1, 2, ... ; Rev>-½; Rev>½ if x=±ad 

00 m2 

4.76 L<=n[Jo(½and)J2 cos(nx)= (4/11"ad) ::E J('[I (2'1rm+x)/ad IJ 
0 m1 

00 m2 

4.77 L EnJ,(½and)J_,(½and) cos(nx) = (2/ad) ::E P,-1[(2/ a2d2) (211"m+x) 2- 1] 
0 2 

m1 
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00 

4. 78 L En[b2+ (nd) 2]-!•J,I a[b2+ (nd)2J½} cos(nx) 
0 

m2 

m1 

Rev>-½; Rev>½ if .r=±ad 

00 

4.79 L EnT2zl nd/[b2+ (nd)2]1}J2i{ a[b2+ (nd)2]1} cos(11.r) 
0 

m1 

• T21[(2'11'm+.r)/ad], l= 0, I, 2, ... ; .r;ead 

00 

4.80 L EnT2z{b[b4 (nd)2]-!)J2zla[b4 (nd)2]}} cos(nx) 
0 

m2 

= (-1) 1(2/d) L I a2-[(2'11'111+.r)/d]2J-½ cos(b{aL [(2'11'm+.r)/d]2)!) 
m1 

00 

4.81 L EnT2i+1 I b[b4 (nd) 2J-!)J21+1 I a[b4 (nd)2]1) cos(n:r) 
0 

n, 2 

= (-1) 1(2/d) L I a2- [(2'11'111+.r)/d]2J-! sin(bla2- [(2'11'111+:r)/d]2}!) 
m1 

00 

4.82 L En[b2+ (nd) 2] 4 U2zl nd[b2+ (m/) 2J-!)J21+il a[b4 (nd) 2]~} cos(n:r) 
0 

m2 

= (-1) 1(2abd)-1 L sin(bl a2- [(2'11'111+.r)/d]2j!)U21[(2'11'm+.r)/ad], l= 0, I, 2, ... 

00 

4.83 L EnJ,(½al [b2+ (nd) 2Jl+nd} )J,(½a! [b4 (nd) 2JL11dl) cos(n.r) 
0 

m2 

= (2/d) L {a2-[(2'11'm+.r)/dJ}-lJ2,(b{a2-[(2'11'111+:r)/d]2}!) 

Rev>-½; Rev>-½ if .r=±ad 
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00 

4.84 I: En cos(½and)J.(¼a{ [b4 (nd) 2J½+nd} )J.(¼a{ [b2+ (nd) 2]!-nd}) cos(nx) 
0 

m2 

=al LI 2'11"m+xl-l[a-l (2'11"m+x)/dlJ-V2.{b I (2'11"m+x)/dl½[a-l (2'11"m+x)/dl½J} 
m1 

Rev>-½; Re11>½ if x=O or x=±ad 

00 m2 

4.85 L £n.J.-candJr>(y)J.+candJr>(Y) cos(nx) ='ll"(ad)-1 L J2,{2y cos[('11"/2ad) (2'11"m+x) ]} 
0 ffll 

Rev>-½; Re11>0 if x=±ad 

00 

4.86 L £n cos(½and)J,-cand/2r)(y)J.+cand/2r)(y) cos(nx) 
0 

m2 

='ll"(ad)-1 L J2,{2y sin[('ll"/ad) (2'11"m+x) ]} 
m1 

Rev>-½; Re11>0 if x=O or x=±ad 

00 -
4.87 L £n.lv-(andJr>(y)l.+candJ.->(Y) cos(nx) ='ll"(ad)-1 L I2,{2y cos[('11"/2ad) (2'11"m+x) ]} 

0 

Rev>-½; Rev>O if x=±ad 

00 

4.88 L En cos(½and)J,_Candlr)(y)l.+cand/r)(y) cos(nx) 
0 

m2 

ffll 

='11"(ad)-1I:I2.{2ysin[('11"/ad)(2'11"m+x)J}, Rev>-½; Rev>O if x=O or ±ad 
m1 

00 

4.89 L En(nd)-.-iH,(and) cos(nx) 
0 

m2 

= 2(2'11"/a)½d-1 L {a2- [(2'11"m+x)/d]2j!v+tp;~½½[I (2'11"m+x)/ad IJ 
m1 

00 

4.90 L En(nd)-11- 1s,.,.(and) cos(nx) 
0 

m2 

• L {a2-[(2'11"m+x)/d]2}½"-+iP;l1tci (2'11"m+x)/ad IJ 
m1 

Reµ>-!; Reµ>-½ if x=±ad 
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00 

4.91 :E Enp,and/r(y)P,-and/r(y) cos(11.-r) 
0 

m2 

= (1r/ad) :E P,11-2(1-zf) cos2[(1r/2ad)(2mn+.i:)Jl, O<y<I, x;c±ad 

m1 

00 

4.92 :E Enp,and/r(z)p,-and/1r(z) COS(n1,) 

0 
m2 

= (1r/ad) :E P,{1+2(z2-1) cos2[(1r/2ad)(21rm+x) JI, z> 1, x~±ad 

m1 

00 

4.93 :E En cos(yn) Q-t+Cand/r) (z) Q_Hand/r) (z) cos(nx) 
0 

m2 

= (1r2/ad) :E {y2-sin2[(1r/2ad) (21rm+x)J}--i 
m1 

4.94 :E En[P-t+i;nd(cosha)]2 cos(nx)= (4/1rd sinha) ~ K' (I sinh[(2~m+x)/d] I), a>O 
o m 1 smha 

00 

-1-.95 :E EnP~t+½ind(cosha)P:t+½ind(cosha) cos(nx) 
0 

= _2 I: P,,_t [2 (sinh(2~m+x/d))2-1]' a>O, x;c±ad 

d smha mi smha 

00 

4.96 :E EnD--t-(2and/r) (y) Dv-(2and/,r)(y) cos(nx) 
0 

m2 

m1 

In 4.75-4.96, m1= -[(ad+x)/21r]; m-2=[(ad-x)/21r]. If (ad±x)/21r is an 
integer or zero, one half of the corresponding term in the right side sum has to be 
taken. 

00 

4.97 :E ( - l)nEnI'(½+2n) D-2n-½[(½ia2)lJD-2n-1[(-½ia2)½J cos(2nx) 
0 

= 1r(cosx)-l{ cos2(a2/4 cos.i:) [½-S(a2/4 cosx) J-sin(a2/4 cos.-i:) [½-C(a2/4 cosx)J} 
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00 

4.98 L (-l)nr(!+2n)D-2n-1[(½ia2)½JD-2n-~[(-½ia2)½J cos[(2n+ l)x] 
0 

= ½ir( cosx)-i { cos( a2/ 4 cosx) [½- C( a2/ 4 cosx) ]+sin( a2/ 4 cosx) [½- S( a2/ 4 cosx) ]} 

00 

4.99 L (- l)nenJ2n{z[(a2+ l)i-aJ½}K2n{z[(a4 I)½+a]lj cos(2nx) 
0 

=½Ko[z(a+i cosx)½J+½Ko[z(a-i cos.r)½J 

00 

4.100 L (- l)"J2n+dz[(a2+ l)i-a]ljK2n+I {z[(a4 I)½+a]!j cos[(2n+ l)x] 
0 

=¼iKo[z(a+i cosx)IJ-¼iK0[z(a-i cosx)½J 

00 

4.101 L (- l)nen[Pn-½(Y) ]2 cos(2nx) = (2/-rr) (1-y2)-iK'[cosx(l-y2)-i], cosx< (1-y2)1 
0 

=O, cosx> (l-y2) 1 

O<y<l 
00 

4.102 L (- l)"[Pn(Y) ]2 cos[(2n+ l)x]='ll"-1(1-y2)-iK[(I-y2)-i cosx], cosx< (1-y2)1 
0 

00 

= ('11" cosx)-1K[(l-y2)-i secx], 

O<y<I 

cosx> (I-y2)1 

4.103 L (- l)"en[r(n-µ+½)/r(n+ µ+½) ][P~_1(y) ]2 cos(2nx) 
0 

00 

00 

00 

= (2/71") (1-y2)-iQ_"_½{ l-[2 cos2x/(1-y2) JI, O< cosx< (l-y2) 1 

= (2/71") (1-y2)-½ sin('ll"µ)Q_µ-½{ [2 cos2x/(1-y2) J-1}, (1-y2)1< cosx< 1 

O<y<l 
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00 

4.107 I: (- l)nen[Qn-~(z) ]2 cos(2nx) =1r(z2-sin2.1:)-lK[cosx(z2-sin2x)-l], z> 1 
0 

00 

4-.109 L EnP,"(y) P,-n(y) cos[n1r(;r/a) ]= P,{l-2(1-y2) cos2[1r(x/a) ]}, O<y< 1 
0 

00 

4.110 L €nP,n(z)P.-"(z) cos[n1r(;r/a) ]= P.{1+2(z2- 1) cos2['11'(:i:/a) Jl, z> 1 
0 

00 

4.111 L (-l)"enQ-½+n(z)Q-~n(z) cos[n'll'(:i/a)J 
0 

00 

4.112 L (- l)"[r(n-µ+ 1)/r(n+µ+ 1) ][Pn"(y) ]2 cos[(2n+l)x] 
0 

00 

= ½(l-y2)-lP _,._½f 1-[2 cos2.r/(l-y2) ]} , 

= 1r-1 ( l-y2)-lQ_,.4 { [2 cos2:i:/ (1-y2) ]-1} cos('II'µ), coar> (1-y2)i 

Reµ<I 

4.113 L (- l)nen[r(½+n-µ)/r(½+n+µ) J[Q~-1(z) J2 cos(2nx) 
0 

= ½r(z2- 1)-t sec(1rµ)P-,.-1{ 1+ [2 cos2.r/(zL 1) ]} exp(i2'11'µ), z> 1 

00 

4.114 L (- l)nenP,"(cos~1)P,-n(cost12) cos(n;r) 
0 

00 

= L En[r(v-n+ 1)/r(v+n+ 1) ]P,n(cos~1)P,"(cosl12) cos(nx) 
0 

00 

4.115 L ( - l)"enP,,-" ( cosl11) Q," ( cosl12) cos(nx) 
0 

00 

= L En[r(v-n+ 1) /r(v+n+ 1) JP."(cosl11) Q,"(cos02) cos(nx) 
0 
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.. 
4.116 :E (-l)ne,..P,n(z1)P.n(Z2)[I'(11-n+l)/I'(1+n+l) J cos(nx) 

0 .. 
= :E (-1)nEnP,n(z1)P.-(Z2) cos(nx) 

0 

P,[z1Z2-(z12-l)l(Z22-l)lcosx], Rez1>0, iarg(z1-l) 1<11" 
2 2 

.. 
4.117 :E (- l)nEnQ,n(z1)P,-(Z2) cos(nx) 

0 

.. 

.. 
= :E (-1)nEn[I'(11-n+ 1) /I'(v+n+ 1) JQ,n(z1)P,n(Z2) cos(nx) 

0 

=Q.[z1Z2-(z12-l)l(Z22-l)I cosx], z1 real, l<Z2<z1, v¢-1, -2, -3, ... 
2 

4.118 :E P,n-H(z)P.---i(z) cos[(2n+ l)x]=½P.[z2+ (z2-1) cos(2x) ], z> 1 
0 

.. 
4.119 :E P,n-H(y)P,-n--i(y) cos[(2n+l)x]=½P,[y2- (1-y2) cos(2x) ], O<y< 1 

0 

.. 
4.120 :E En[I'(l+11-nm)/I'(l+v+nm) J[p,nm(y) ]2 cos(nx) 

0 
•2 

= m-1 :E P.{y2+ (1-y2) cos[(27r'l'"t-x)/m]), O< y< 1 
•1 

.. 
4.121 :E (-l)nmEn[I'(l+11-nm)/I'(l+v+nm) J[P,nm(z) ] 2 cos(nx) 

0 
T2 

==m-1 :E P,{z2-(z2-1) cos[(21rr-f-x)/m]}, z> 1 
•1 

.. 
4.122 :E (-l)"mEn[I'(l+11-nm)/r(l+v+nm) JP."m(z)Q."m(z) cos(nx) 

0 
•2 

=m-1:EQ.{z2-(z2-1) cos[(211'7·-t-x)/m]), z>l 
Tl 

In the last three formulas m = 1, 2, 3, ... , r1 = -[(m'll"+x) /211" ], r2 = [(m1r-x) /21r]. 
If ( m'll"±x) /211" is an integer or zero, one half of the corresponding term in the sum 
at the right side has to be taken. 



V 

EXPONENTIAL FOURIER AND FOURIER-BESSEL SERIES 

In formulas 5.1-5.33 the properties m1, m2, and H(m) on the right-hand sides are 

m2= [(ad-x)/21r]; H(m) =exp[ -iy(2~+x)/d] 

If (ad±x) /21r is an integer or zero, one half of the corresponding term in the sum 
has to be taken. 

00 

5.1 I: exp(inx) [b2+ (Y+nd) 2J-½ sin{ a[b4 (y-t-nd) 2]½) 
-oo 

m2 

m1 

00 

5.2 I: exp(inx) cos[½a(y-tnd) ]{ r[v+ (ay/21r)+ (and/21r)Jr[v- (ay/21r)-(and/21r)J}-1 

-oo 
m2 

=1r22,-2[adr(2v-1) J-1 I: H(m) I sin[(1r/ad) (21rm+x) J 12...-2 

ffll 

Rev>½; Rev> 1 if x=±ad or x=O 

57 
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00 

5.3 I: exp(inx) {r[11+ (a/ir)y+ (a/ir)ndJr[11- (a/-rr)y- (a/-1r)ndJj-1 

-co 
m2 

= 22.-21r[adr(211- l) J-1 I: H(rn) { cos[(1r/2ad) (21rm+x) Jj 2- 2 

m1 

Re11>½; Re11>l if x=±ad 

00 

5.4 L exp(inx)P~+1-11+nd(cosa) 
-co 

m2 

= [(21r)½/dr(½-µ) J(sina)" I: H(m) { cos[(21rm+x)/dJ- cosaJ-ii-½ 
m1 

0<a<1r, Reµ<½; Reµ<-½ if x=±ad 

00 

5.5 L exp(inx)P-tt,-11+;nd(cosha) 
-co 

m2 

= [(21r)1/ dr(½- µ) J(sinha)" L H(m) { cosha-cosh[ (21rm+ x) / dJJ-ii-i 
m1 

Reµ<½; Reµ<-½ if x=±ad 

00 

5.6 L exp(inx)P,a(u+,,d)f,,(b)P,-a(u+,,d)f,r(b) 
-co 

m2 

= (1r/ad) L H(m)P.{ l-2(1-b2) cos2[(1r/2ad) (21rm+x) JI, O<b< 1, x;;e±ad 
m1 

00 

5. 7 L exp(inx) P,a\Y+ndl/r(b) p,-a(u+nd)/,r (b) 
-co 

m2 

= (1r/ad) L H(m)P.{ 1+2(b2-1) cos2[(1r/2ad)(21rm+x) JI, b> 1, x;;e±ad 
m1 

00 

5.8 L exp(inx) cos(an)Q_i+a<11+ndJ/r(b)Q_ 1_a<v+ndJf,,.(b) 
-00 

m2 

= (1r2/ad) L H(m) lb2-sin2[(1r/2ad) (21rm+x) Jj-½ 

00 

5. 9 L exp ( inx) P':H-½i11+½ ind ( cos ha) P = !+½iv+½ind ( cos ha) 
-co 

= (2/d sinha) 5: H(m)Pii-i (2 sinh2[(~1r~+x)/dJ -1), x;;eO, .i:;;e±ad 
m1 smh a 
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00 

5.10 I: exp(in.r) (y+na)-•J.[a(y+nd)J 

"'I 

Rev>-½; Rev>½ if x=±ad 

00 

5.11 I: exp(inx) (y+na)-•J,+21[a(y+nd) J 
-00 

m2 

= [(-1) 1(½a)-•r(v) (2l) !/dr(2l+2v) lE H(m) I a2- [(21rm+x)/d]2j....-½ 

"'' 
·C21•[(211'm+;r)/ad], l=0,1,2, ... ; Rev>-½; Rev>½ if x=±ad 

00 

5.12 I: exp(inx) cos[½a(y+nd) ]J,[½a(y+nd) J(Y+nd)-• 

7711 

Rev>-½; Rev>½ if x=O and x=±ad 

00 

5.13 I: exp(inx)J.[½a(y+nd) JJ_,[½a-(Y+nd) J 

00 

5.14 I: exp(in.r) (y+nd)V.[½a(y+nd) JJ_,,_½[½a(Y+nd) J 
-00 

m2 

= 2(½11'd)-½ L H(-m) I 211'm+.r l-l!a2-[(21rm+x)/d]2\-; 

• cos! (2v+½) arccos[(211'm+.r) / ad]I, ;r~O, ±ad 

00 

5.15 :E exp(in.1:) cos[½a(y+nd)]J0!½a[(1n-nd) 2+b2J½j 
-00 

m2 

= a-½ :E H(m) I 211'm+.r 1-l[a-l (2mn+;r)/d IJ-½ 
m1 

00 

5.16 L exp(inx)Jola[(y+nd) 2+b2J½I 
-00 

m2 

= (2/d) L H(m) I a2- [(211'm+:i·)/d]2\-; cos(bla2- [(2mn+r)/d]21½), .i:~±ad 



60 V Exponential Fourier and Fourier-Bessel Series 

00 

5.17 L exp(inx)J0{a[(y+nd)2-b2]1j 
-oo 

m2 

= (2/d) I: H(m) {a2- [(2'11"m+x)/d]2j-1 cosh(b{a2- [(2'11"m+x)/d]2jl), x~±ad 
ffll 

00 

5.18 I: exp(inx) [b2+ (Y+nd) 2J-l•J.{ a[b2+ (y-t-nd) 2JI} 
-oo 

m2 

= [(2'11"b)l/d](ab)-• I: H(m) { a2- [(2'11"m+x) /d]2)i..-¼J,,_.1(b{ a2- [(2'11"m+x)/d]2}1) 
m1 

Rev>-½; Rev>½ if x=±ad 

00 

5.19 L exp(inx) Tu{ (y+nd)/[b2+ (y+nd) 2J½jJ2ila[b2+ (y-tnd) 2]11 
-oo 

m2 

= (-1) 1(2/d) I: H(m) {a2- [(2'11"m+x)/d]2}-t 
m1 

00 

5.20 L exp(inx) T21{b[b4 (Y+nd) 2J-t}J21{ a[b2+ (y-t-nd) 2Jt} 
-oo 

m2 

= (-1) 1(2/d) L H(m) {a2- [(2'11"m+x)/d]2}-t cos(b{a2- [(2'11"m+x)/d]2}t) 
m1 

00 

5.21 I: exp(inx) T21-t1{b[b4 (Y+nd)2J-t}J2z+i{ a[b2+ (y+nd)2Jt} 
-co 

m2 

= (-1) 1(2/d) L H(m) {a2- [(2'11"+x)/d]2J-t sin(b{a2- [(2'11"m+x)/d]2}1) 
m1 

00 

5.22 L exp(inx) [b2+ (y+nd) 2J-tU2i{ (y+nd)/[b2+ (y+nd)2J!}J2z+i{ a[b2+ (y-t-nd) 2]1} 
-co 

m2 

= (-1) 12(abd)-1 I: H(m) sin(b{a2- [(2'11"m+x)/d]2\I) 
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co 

5.23 I: exp(inx)J.(½a{ [b4 (y+nd) 2]4Y+nd} )J.(½a{ [1r-Hy+nd) 2]l-y-nd}) 

m2 

= (2/d) I: H(m) {a2-[(2'1!"7n+x)/d]2 j-JJ2,(b{a2-[{21Mn+x)/d]2}i) 
ffll 

Rev>-½; Rev>½ if x=±ad 

co 

5.24 Z: exp( inx) cos[½a{y+nd) ]J,(¼a{ [b2+ (Y+nd) 2]4y+nd}) 
-co 

m2 

= a½ L H(m) I 21rm+x 1-J[a-l (2'11"1n+x)/d IJ-i 
ffll 

Rev>-½; Rev>½ if x=O or ±ad 

co 

5.25 Z: exp(inx)J,._[o(i,-t-nd)/.-J(b)J..+cacl/'tfldl/.-J(b) 

m1 

co 

5.26 Z: exp{ inx) cos[½a(y--f-nd) ]J P-[a(i,-t-nd)/2.-J (b)J,..._ca<IH-ndJ/.-J (b) 
-co 

m2 

= (1r/ad) L H(m)J2,{2b sin[(11/ad) {21rm+x)J} 
m1 

Rev>-½; Rev>O if x=O or ±ad 

co 

5.27 I: exp(inx)I.-ca(i,-t-nd)/.-J(b)I ..... ca(i,-t-nd)/.-1(b) 
-oo 

m2 

m1 

00 

5.28 Z: exp(inx) cos[½a(y+nd)JI .... 1ac1H-ndJ/2.-1(b)I,..._1acttndJ/2rJ{b) 
-00 

m2 

= (1r/ad) :E H(m)l2,{2b sin[(1r/ad) (21rm+x) ]} 
m1 

Rev>-½; Rev>O if x=O or ±ad 
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00 

5.29 :E exp(inx) { J.[a(y+nd) J+ J_.[a(y+nd) ]} 
-00 

m2 

= (4/d) cos(½,rv) :E H(m) {a2- [(21rm+x)/d]}-i cos{v arccos[(21rm+x)/ad]} 
m1 

x~±ad 

00 

5.30 L exp(inx) [Ja(lf+nd)/r(b) + J- a(lf+nd)t.-(b)] 
-00 

m2 

= (21r/ad) :E H(m) cos{b sin[(1r/ad) (21rm+x) ]} 
m1 

00 

5.31 L exp(inx) [Eac11+nd)t.-(b)+ Kacv+nd)t.-(b)] 
-00 

m2 

= (-21r/ad) I: H(m) sin{b sin[(1r/ad) (21rm+x) ]} 
m1 

00 

L exp(inx) [cos(aY+and) J-1[J2acv+ndJt.-(b)+ J-2ac11+nd)t.-(b) J 
-00 

m2 

= (21r/ad) I: H(m) cos{b cos[(1r/2ad) (21rm+x)J} 
m1 

00 

L exp(inx) [cos(aY+and) J-1[E2acv+ndJ/.-(b)+K2acv+nd>t.-(b)] 
-00 

m2 

= (-21r/ad) I: H(m) sin{b cos[(1r/2ad) (21rm+x) JI 
m1 

00 

5.32 L exp(inx) (y+nd)-1-•H.[a(y-+nd)] 
-00 

m2 

= (2/d) (21r/a)t I: H(m) { a2- [(21rm+x)/d]2 \t...+-¼p~½1[I (21rm+x)/ad IJ 
m1 

Rev>..-!; Rev>-½ if x=±ad 

00 

5.33 L exp(inx) (y+nd)-,.-18 ,.,.[a(y+nd) J 
-00 

m2 

• L H(m) {a2- [(21rm+x)/d]2 \iP-1-¼P;;-!½1[1 (21rm+x)/ad IJ 
m1 

Reµ>-!; Reµ>-½ if x=±ad 
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DO 

5.34 I: J,._n(a)J>+n(a) exp(inx) = exp[i(µ-v)½x]J>+ 11 (2a cos½x) 

DO 

5.35 I: J,-n(z)Jn(z) exp{i'.nx) = exp(iv½x)J.(2z cos½:r) 
-oo 

00 

5.36 I: exp(in.r)Jn(a)J>+n(b) = [(b-ae-iz)/(b-aei.r) Jl•J.[(a4b2-2ab cosx)IJ 

00 

5.37 L ( -1) nJn(a) I>+n(b) exp(in.l') = [(b-ae-iz)/ (b-aeii) Jl•J.[(a4b2-2ab cosx)i] 
-oo 

00 

5.38 L exp(inx) Y >+n(b)Jn(a) = [(b-ae-i-")/(b-ae•'o:) J1•Y.[(a4b2-2ab cosx)i] 

DO 

5.39 L In(a)K>+n(b) exp(inx) = [(b-ae-"')/(b-aeiz)Ji•K.[(a2+b2-2ab cosx)i] 
-DO 

DO 

5.40 I: an-11J ,._n(a) b-.-"J >+,.(b) exp(1'.nx) = exp[i(µ-11)h][2 cos½x/(a2el"'+b2e-l"') Jl>-!-111 
-oo 

Re(v+µ)>O 

DO 

5.41 L [T,,nJ>+1(T,,n)J-1J,(T,,n:r)=½;r•, O~x<I 

DO 

5.42 L [ro,nJ1( To,n) J-2Jo(Xro,n)Jo(ro,nl") = -½ logX, O~x~X~ 1 

DO 

5.43 L To::-l[J1(To,n) J-2J,.+1(To,n)Jo(To,nX) = [2-°11-l/r(l+µ) ](1-x2)11 

O<x< 1, Reµ>- I 

O<x<l, Rev>-1 
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oa 

5.45 L '1",,n(T!,n-z2)-l[J.(T.,nx)/JPf-1(T,,n) ]=½(J.(xz)/J.(z) ], O::;x< 1 
1 

... 
5.46 :E ('1"!,n-z2)-i.,.~![J.('1",,nx)/J.,...1(-r.,n) J=½z2{ [J.(xz)/J.(z) J-x•}' o::;;x< 1 

1 

oa 

5.47 L '1",,n( 'T!,n+z2)-1[J.(-r.,nx)/J.,...1( T,,n) J=½[I.(xz)/ I,(z) ], o::;x< 1 
1 

oa 

5.48 L (z2- 'l"!,n)-1[J.,...1(T.,n) J-2J,( T.,..X)J.('1",,nX) 
J 

= [1rJ.(xz)/4J.(z) ][J,(x) Y,(Xz)-J,(Xz) Y,(z) J 

= [riJ,(xz)/4J,(z) ][J.(z)H,C2>(Xz)-J.(Xz)H,<2>(z)] 

oa 

5.49 L (z4-r!,n) [J!+1(-r,,n) J-2J.('1",,nX)J.( 'Tp,nX) 
1 

= [I,(xz) /21,(z) ][J,(z) K,(Xz)-K.(z)I.(Xz)] 

In the last two formulas O < x < X < 1. If O::; X::;; x::;; 1, interchange x and X at 
the right sides. - - -
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