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PREFACE. 

THE more precise definitions and more rigorous methods of 
demonstration developed by modern mathematics are looked 
upon by the mass of gymnasium professors as abstruse and 
excessively ab'ltract, and accordingly as of importance only 
for the small circle of specialists. With a view to counteract­
ing this tendency it gave me pleasure to set forth last summer 
in a brief course of lectures before a larger audience than 
usual what modern science has to say regarding the possibility 
of elementary geometric constructions. Some time before, I 
had had occasion to present a sketch of these lectures in an 
Easter vacation course at Gottingen. The audience seemed 
to take great interest in them, and this impression has been 
confirmed by the experience of the summer semester. I ven­
ture therefore to present a short exposition of my lectures to 
the Association for the Ad vanceinen:t of the Teaching of Math­
ematics and the Natural Sciences, for the meeting to be held at 
Gottingen. This exposition has been prepared by Oberlehrer 
Tll.gert, of Ems, who attended the vacation course just men­
tioned. He also had at his disposal the lecture notes written 
out under my supervision by several of my summer semester 
students. I hope that this unpretending little book may con­
tribute to promote the useful work of the association. 

GOTTINOEN, Easter, 1895. 
F. KLEIN. 





TRANSLATORS' PREFACE. 

AT the Gottingen meeting of the German Association for 
the Advancement of the Teaching of Mathematics and the 
Natural Sciences, Professor Felix Klein presented a discus­
sion of the three famous geometric problems of antiquity, 
-the duplication of the cube, the trisection of an angle, 
and the quadrature of th~ circle, as viewed in the light of 
modern research. 

This was done with the avowed purpose of bringing the 
study of mathematics in the university into closer touch with 
the work of the gymnasium. That Professor Klein is likely 
to succeed in this effort is shown by the favorable reception 
accorded his lectures by the association, the uniform commen­
dation of the educational journals, and ~he fact that transla­
tions into French aL.d Italian have already appeared. 

The treatment of the subject is elementary, not even a 
knowledge of the differential and integral calculus being 
required. Among the questions answered are such as these : 
Under what circumstances is a geometric construction pos­
sible? By what means can it be effected? What are tran­
scendental num hers ? How can we prove that e and 'If' are 
transcendental ? 

With the belief that an English presentation of so impor­
tant a work would appeal to many unable to read the original, 



vi TB.ANSL.A TOR'S PREFACE. 

Professor Klein's consent to a translation was sought and 
readily secured. 

In its preparation the authors have also made free use of 
the French translation by Professor J. Griess, of Algiers, 
following its modifications where it seemed advisable. 

They desire further to thank Professor Zi wet for assist­
ance in improving the translation and in readiug the proof­
sheets. 

W. W. BEMAN. 

August, 1897. 
D. E. 81\liTH. 



EDITOR'S PREFACE. 

~--

Within tlU"ee years of its publication thirty-five years 
ago Klein's little work was translated into English, French, 
Italian, and Hussian 1• In the United States it filled a decided 
need for many years, and not a few teachers regretted 
that the work was allowed to go out of print. No other 
work supplied in such compact form just the information 
here found. Hence it seemed desirable to have a new 
edition with at least some of the slips of the first edition 
rectified, and with added notes illuminating the text. 

The corrections and notes of the present edition are 
little more than revised extracts from my article in The 
American 111atlwmatir:al Monthly 2, 1914. I am indebted to 
the Editors for courteously allowing the reproduction of 
this material. 

R. C. A. 
Fehruary, 1930. 

1 French translation by Griess, Paris, Nony, 1896; Italian by Giudice 
Turin, H.oscniJerg e Sallicr, 18!!6; Russian by Parfentiev and Sintsov' 
Kazan, 1898. Tllis last translation "seems to have been unknown to th: 
editors of Kiehl'S Abllandlunoen (see v. 3, 1923, p. 28). 

2 Remarks on Klein's "Famous Problems of Elementary Geometry", 
v. 21, p. 2-17-259. 
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INTRODUCTION. 

THIS course of lectures is due to the desire on my part to 
bring the study of mathematics in the university into closer 
touch with the needs of the secondary schools. Still it is not 
intended for beginners, since the matters under discussion are 
treated from a higher standpoint than that of the schools. 
On the other hand, it presupposes but little preliminary work, 
only the elements of analysis being required, as, for example, 
in the development of the exponential function into a series. 

We propose to treat of geometrical constructions, and our 
object will not be so much to find the solution suited to each 
case as to determine the possibility or impossibility of a 
solution. 

Three problems, the object of much research in ancient 
times, will prove to be of special interest. They are 

1. TM problem of the duplication of the lntbe (also called 
the Del ian problem). 

2. 1'/Le trisection of an arbitrary angle. 
3. The quad1·atnre of the circle, i.e., the construction of 'Tr. 

In all these problems the ancients sought in vain for a 
solution with straight edge and compasses, and the celebrity 
of these problems is due chiefly to the fact that their solution 
seemed to demand the use of appliances of a higher order. 
In fact, we propose to show that a solution by the use of 
straight edge and compasses is impossible. 
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'rhe impossibility of the solution of the third problem was 
demonstrated only very recently. That of the first and second 
is implicitly involved in the Galois theory as presented to-day 
in treatises on higher algebra. On the other hand, we find 
no explicit demonstration in elementary form unless it be in 
Petersen's text-books, works which are also noteworthy in 
other respects. 

At the outset we must insist upon the difference between 
practical and theoretical constructions. For example, if we 
need a divided circle as a measuring instrument, we construct 
it simply on trial. Theoretically, in earlier times, it was 
possible (i.e., by the use of straight edge and compasses) only 
to divide the circle into a number of parts represented by 
2", 3, and 5, and their products. Gauss added other cases 
by showing the possibility of the division into parts where 
p is a prime number of the form p = 27" + ~' and the impos­
sibility for all other numbers. No practical advantage is 
derived from these results ; the significance of Gauss's de,. 
velopments is purely tluwretica.l. The saine is true of all the 
discussions of the present cour~:~e. 

Our fundamental problem may be stated : What geometrical 
constructions are, and what are not, theoretically posswle? To 
define sharply the meaning of the word "construction," we 
must designate the instruments which we propose to use in 
each case. We shall consider 

1. Straight edge and compasses, 
2. Compasses alone, 
3. Straight edge alone, 
4. Other instruments used in connection with straight edge 

and compasses. 

The singular thing is that elementary geometry furnishes 
no answer to the question. We must fall back upon algebra 
and the higher analysis. The question then arises : How 
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shall we use the language of these sciences to express the 
employment of straight edge and compasses ? This new 
method of attack is rendered necessary because elementacy 
geometry possesses no general method, no algorithm, as do 
the last two sciences. 

In analysis we have first rational operations : addition, 
subtraction, multiplication, and division. These operations 
can be directly effected geometrically upon two given seg­
ments by the aid of proportions, if, in the case of multiplica­
tion and division, we introduce an auxiliary unit-segment. 

Further, there are irrational operations, subdivided into 
algebraic and transcendental. The simplest algebraic opera­
tions are the extraction of square and higher roots, and the 
solution of algebraic equations not solvable by radicals, such 
as those of the fifth and higher degrees. As we know how to 
construct -Jab, rational operations in general, and irrational 
operations involving only square roots, can be constructed. 
On the other hand, every ind-ividual geometrical construction 
which can be reduced to the intersection of two straight 
lines, a straight line and a circle, or two circles, is equivalent 
to a rational operation or the extraction of a square root. In 
the higher irrational operations the construction is therefore 
impossible, unless we can find a way of effecting it by the aid 
of square roots. In all these constructions it is obvious that 
the number of ope:rations must be limited. 

We may therefore state the following fundamental theorem : 
The necessary and suJficient condition tltat an analytic expres­
sion ccm be constructed u'itlt straight edge and compasses is that 
·it can be derived from the known quantities by a finite number 
of rational operations and square roots. 

Accordingly, if we wish to show that a quantity cannot be 
constructed with straight edge and compasses, we must prove 
that the corresponding equation is not solvable by a finite 
number of square roots. 
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A fortiori the solution is impossible when the problem 
has no corresponding algebraic equation. An expression 
which satisfies no algebraic equation is called a transcenden­
tal number. This case occurs, as we shall show, with the 
number Tr. 



PAHT I 

THE POSSIBILITY OF THE CONSTRUCTION 
OF .-\L<a..:BIL\1<' EXPIU:SSIONS 

CHAPTER I. 

Algebraic Equations Solvable by Square Roots. 

The following propositions taken from the theory of alge­
braic equations are probably known to the reader, yet to 
secure greater clearness of view we shall give brief demon­
strations. 

If x, tiLe quantity to be constJ"ll.Cted, depends ouly upon rational 
expressiurts and square roots, it is a root of an irreducible equa­
tionf/J(x) = 0, whose degree is always a power of 2. 

1. To get a clear idea of the structure of the quantity x, 
suppose it, e.g., of the form 

x= va+vc+ef+Vd+vb+p+vq, 
va+ vb vr 

whet·o a, b, c, d, e, f, p, q, r are rational expressions. 

2. 'fhe number of radicals one over another occurring in 
any term of x is called the order of the term; the preceding 
expression contains terms of orders 0, 1, 2. 

a. Let p. designate the maximum order, so that no term 
can have more than p. radicals one over another. 





PART I 

THE POSSIBILITY OF THE CONSTRUCTION 
OF ALGEBRAIC EXPRESSIONS 
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4. In the example X = Y2 + v3 + -16, we have three 
expressions of the first order, but as it may be written 

x=v-:;,+ v3+ v2· v3, 
it really depends on only two distinct expressions. 

We shall suppose that this 1·eductwn has been mads in all tluJ 
terms of x, so that among the n terms of order p. none can be 
expressed ratwnally as a functum of any other terms of order p. 
or of lower order. 

We shall make the same supposition regarding terms of 
the order p. -1 or of lower order, whether these occur ex­
plicitly or implicitly. This hypothesis is obviously a very 
natural one and of great importance in later discussions. 

6. NoRMAL FoRM oF x. 

If the ex pression x is a sum of terms with different denom­
inators we may reduce them to the same denominator and 
thus obtain x as the quotient of two integral functions. 

Suppose vQ one of the terms of X of order p.; it can occur 
iu x only explicitly, since p. is the maximum order. Since, 
further, the powers of vQ may be expressed as functions of 
YQ and Q, which is a term of lower order, we may put 

a+bvQ 
x= ' c+dvQ 

where a, b, c, d contain no more than n - 1 terms of order p., 

besides terms of lower order. 
Multiplying both terms of the fraction by c- d VQ, ..fQ 

disappears from the denominator, and we may write 

=(ac-bdQ)+(bc-ad)VQ= +a·'Q 
x c2 - d~Q u tJ v ' 

where a and {3 contain no more than n -1 terms of order p.. 
For a second term of order p. we ha.ve, in a similar manner, 

x = a1 + /31 YQ1, etc. 
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The x may, therefore, be transformed so as to contain a term 
of gi·ven order p. only in its numerator and there 011lty linearly. 

We observe, however, that products of terms of order p. 
may occur, for a. and fl still depend upon n -1 terms of order 
p.. We may, then, put 

and hence 

x = ( a.u + 111s Y Qt) + (flu + flu Y Q~) YQ. 

6. We proceed in a similar way with the different terms 
of order p. -1, which occur explicitly and in Q, Q1, etc.", so 
that each of these quantities becomes an integral linear func­
tion of the term of order p. - 1 under consideration. We 
then pass on to terms of lower order aud finally obtain x, or 
rather its terms of different orders, under the form of rational 
integral linear functions of the individual radical expressions 
which occur explicitly. We then say that x is reduced to 
the normal form. 

7. Let m be the total number of independent (4o) square 
roots occurring in this normal form. Giving the double sign 
to these square roots and combining them in all possible ways, 
we obtai:c. !1. system of 2m values · 

which we shall call conjugate values. 
We must now investigate the equation admitting these 

conjugate values as roots. 

s. These values are not necessarily all distinct ; thus, if 

we have x=va+...Jb + va-vb, 
this expression is not changed when we change the sign of 

v"b. 
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9. If x is an arbitrary quantity and we form the poly-
nomial 

F (x) = (x- x1) (x- x2) ••• (x- X2m), 

F (x) = 0 is clearly an equation having as roots these con­
jugate values. It is of degree 2m, but may have equal 
roots (8). 

Tlte coefficients of the polynomial F (x) arranged with respect 
to x are rational. 

For let us change the sign of one of the square roots ; this 
will permute two roots, say xA and xA·, since the roots of 
F (x) = 0 are precisely all the conjugate values. As these 
roots enter F (x) only under the form of the product 

(x- xA) (x- x.~:), 

we merely change the order of the factors of F (x). Hence 
the polynomial is not changed. 

F (x) remains, then, invariable when we change the sign of 
any one of the square roots ; it therefore contains only their 
squares ; and hence F (x) has only rational coefficients. 

10. When any one of the conJugate t'alues sa,tis.fies a given 
erzuation with rational coejfici~nts, f (x) = 0, tlte same is true of 
all tlte others. 

f (x) is not necessarily equal to F (x), and may admit other 
roots besides the x1's. 

Let x1 =a+ {3 VQ be one of the conjugate values; vQ, a 
term of order p. ; a and p now depend only upon other terms 
of order p. and terms of lower order. There must, then, be a 
conjugate value 

x1'=a-{JYQ. 

Let us now form the equation f (x1) = 0. f (x1) may be put 
into the normal form with respect to VQ., 

f (x1) = A+ 8 YQ ; 
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this expression can equal zero only when A and B are simul­
taneously zero. Otherwise we should have 

_,- A 
-vQ=-s; 

i.e., .../Q could be expressed rationally as a function of terms 
of order p. and of terms of lower order contained in A and B. 
which is contrary to the hypothesis of the independence of 
all the square roots (4). 

But we evidently have 

f (x1') = A- B .../Q; 
hence if f (x1) = 0, so also f (x1') = 0. Whence the following 
proposition : 

If x1 satisfies the equation f (x) = 0, tlte same is true of all 
th.e conjugate values derived from x1 by changing the signs of 
the roots of order p.. 

'fhe proof for the other conjugate values is obtained in an 
analogous manner. Suppose, for example, as may be done 
without affecting the generality of the reasoning, that the 
expression xl depends on only two terms of order ,..., vQ and 
...jQ'. f (x1) may be reduced to the following normal form : 

(a) f (xl) = p-+ q vQ + r VQi + s vQ. v'Q' = 0. 

If x1 depended on more than two terms of order ,..., we should 
only have to add to the preceding expression a greater num­
ber of terms of analogous structure. 

Equation (a) is possible only when we have separately 

(b) p. 0, q = 0, r = 0, s = 0. 

Otherwise ..JQ and v' Q' would be connected by a rational 
relation, contrary to our hypothesis. 

Let now v'R, vR', ... be the terms of order ,... -1 on 
which x1 depends ; they occur in p, q, r, s; then can the 
quantities p, q, r, s, in which they occur, be reduced to the 
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normal form with respect to VR and vR'; and if, for the 
sake of simplicity, we take only two quantities, vR and vR', 
we have 

(c) p = "1 + ..\1 VR + P.l vR' + Vt ..fR. vR' = 0, 
and three analogous equations for q, r, s. 

The hypothesis, already used several times, of the inde­
pendence of the roots, furnishes the equations 

(d) ~e=O, ..\.=0, u.=·O, v=O. 

Hence equations (c) and consequently f (x) = 0 are satisfied 
when for x1 we substitute the conjugate values deduced by 
changing the signs of vR. and VR'. 

Therefore the equation f (x) = 0 is also satisfied by all the 
conjugate 'Values deduced from x1 by changing the signs of the 
roots of order p. - 1. 

The same reasoning is applicable to the terms of order 
p.- 2, p.- 3, . . . and our theorem is completely proved. 

ft. We have so far considered two equations 

F (x) = 0 and f (x) = 0. 

Both have rational coefficients and contain the x1's as roots. 
F (x) is of degree 2m and may have multiple roots; f (x) may 
have other roots besides the x1's. We now introduce a third 
equation, f/J (x) = 0, defined as the equation of lowest degree, 
with rational coefficients, admitting the root x1 and conse­
quently all the x1's (t 0). 

12. PROPERTIES OF THE EQUATION f/J (x) = 0. 

I. f/J (x) = 0 is an irreducible equation, i.e., f/J (x) cannot be 
resolved into two rational polynomial factors. This irreduci­
bility is due to the hypothesis that ffJ (x) = 0 is the rational 
equation of lowest degree satisfied by the x1's. 

For if we had 
f/J (x) = .p (x) X (x), 
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then q, (xi)= 0 would require either t/t (xi)= 0, or ;t( (xi)= 0, 
or both. But since these equations are satisfied by all the 
conjugate values (10), <P (x) =0 would not then be the equa­
tion of lowest degree satisfied by the x1's. 

II. cp (x) = 0 has no multiple 7"oots. Otherwise cp (x) could 
be decomposed into rational factors by the well-known meth­
ods of Algebra, and cp (x) = 0 would not be irreducible. 

III. q, (x) = 0 has no otlter roots than the x1's. Otherwise 
F (x) and cp (x) would admit a highest common divi~:~or, which 
could be determined rationally. We could then decompose 
cp (x) into rational factors, and cp (x) would not be irreducible. 

IV. Let M be the number of x1's which have distinct values, 

aud let 

be these quantities. We shall then have 

cp (x) = C (x- xi) (x- x2) ... (x- )IH)· 

For q, (x) = 0 is satisfied by the quantities x1 and it has no 
multiple roots. The polynomial cp (x) is then determined sll.ve 
for a constant factor whose value has no effect upon q, (x) = 0 

v. q, (x) = 0 is the only irreducible equation with rational 
coejficients sati8fied by the x1's. For if f (x) = 0 were another 
rational irreducible equation satisfied by x1 and consequently 
by the x1's, f (x) would be divisible by cp (x) and therefore 
would not be irreducible. 

By reason of the five properties of cp (x) = 0 thus estab­
lished, we may designate this equation, in short, as the irre­
ducible equation satisfied by the x1's. 

18. Let us now compare F (x) and cp (x). These two poly­
nomials have the x1's as their only roots, and cp (x) has no 
multiple roots. F (x) is, then, divisible by cp (x) ; that is, 

F (x) = F1 (x) <P (x). 



12 FAMOUS PROBLEMS. 

F1 (x) necessarily has rational coefficients, since it is the quo­
tient obtained by dividing F (x) by cp (x). If F1 (x) is not a 
constant it admits roots belonging to F (x); and admitting 
one it admits all the x1's (10). Hence F1 (x) is also divisible 
by cp (x), and 

F1 (x) = F2 (x) cp (x). 

If Fs (x) is not a constant the same reasoning still holds, the 
degree of the quotient being lowered by each operation. 
Hence at the end of a limited number of divisions we reach 
a.n equation of the form 

F,._l (x) = C1 • cp (x), 
and for F (x), 

The pol'!J'Mmial F (x) is then a power of the polynomial of 
minimum degree cp (x), except for a constant factor. 

14. We can now determine the degree M of cp(x). F (x) 
is of degree 2m; further, it is the vth power of cp (x). Hence 

2m=v· M. 

Therefore M is also a power of 2 and we obtain the following 
theorem: 

The degree of the irreducible equation satisfied by an expres­
sion composed of square roots only is always a power of 2 

16. Since, on the other hand, there is only one irreducible 
equation satisfied by all the x1's (12, V.), we have the converse 
theorem: 

If an irreducible equation is not of degree 2", it cannot be 
solved by square 1·oots. 



CHAPTER II. 

The Delia.n Problem and the Trisection of the Angle. 

1. Let us now apply the general theorem of the preceding 
chapter to the Delian problem, i.e., to the problem of the 
duplication of the cube. The equation of the problem is 
manifestly 

This is irreducible, since otherwise ~2 would have a 
rational value. For an equation of the third degree which is 
reducible must have a rational linear factor. Further, the 
degree of the equation is not of the form 2h ; hence it cannot 
be solved by means of square roots, and the geometric con­
struction with straight edge and compasses is impossible. 

2. Next let us consider the more general equation 

x3 =A, 

A designating a parameter which may be a complex quantity 
of the form a + ib. This equation furnishes us the analyt­
ical expressions for the geometrical problems of the multi­
plication of the cube anrl the trisection of an arbitrary angle. 
The question arises whether this equation is reducible, i.e., 
whether one of its roots can be expressed as a rational func­
tion of A. It should be remarked that the irreducibility of 
an expression always uepends upon the values of the quan­
tities supposed to be known. In the case x8 = 2, we were 
dealing with numerical quantities, and the question was 

whether ~ could have a rational numerical value. In the 
equation x3 =A we ask whether a root can be represented by 
a rational function of A. In the first case, the so-called 
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domain of mtionality comprehends the totality of rational 
numbers; in the second, it is made up of the rational func­
tions of a parameter. If no limitation is placed upon this 

. 4>(>..) 
parameter we see at once that no expressiOn of the form Y,(A.)' 

in which q, (A.) and .p (.\.) are polynomials, can satisfy our 
equation. Under our hypothesis the equation is therefore 
irreducible, and since its degree is not of the form 2h, it can­
not be solved by square roots. 

8. Let us now restrict the variability of>... Assume 
y .\=r(cos r~>+i sin 4>); 

h _ar. _3r ar-~~--
w ence -v A.= -v r vcos ~ + i sin q,. 

Our problem resolves itself into two to 
' ~~-_._--vx extract the cube root of a real number and 

also that of a complex number of the form 
F'Io. 1· cos 4> + i sin 4>, both numbers being regarded 

as arbitrary. We shall treat these separately. 
I. The roots of the equation x3 = r are 

_ar _sr 2 _ar 
-vr, t: -vr, e: -vr, 

representing by e: and c' the complex cube roots of unity 

_- 1 + i -va !l _- 1 - i v3 
e:- 2 ' r- 2 

Taking for the domain of rationality the totality of rational 
functions of r, we know by the previous reasoning that the 
equation x3 = r is irreducible. Hence the problem of the 
multiplication of the cube does not admit, in general, of a 
construction by means of straight edge and compasses. 

II. The roots of the equation 

x3 = cos q, + i sin q, 
are, by De Moivre's formula, 
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cp+ .. q, x1=cos 3 1 sm 3 , 

X - COS cp + 2'~~" + ' ' cp + 2'~~" z- 3 I Sln 3 , 

X - COS cp + 4'~~" + ' . cp + 4:'11" a- 3 I SlD 3 . 

These roots are represented geometrically by the vertices of 
an equilateral triangle inscl'ibed in the circle with radius 
unity and center at the origin. The 
figure shows that to the root x1 cor- 2n+cp 

responds the argument l HencP. 3 

the equation 
x3 = cos cp + i sin cp 

is the analytic expression of the 
problem of the trisection of the 
angle. 

If this equation were reducible, 
FIG. 2. 

one, at least, of its roots could be represented as a rational 
function of cos cp and sin cp, its value remaining unchanged 
on substituting cp + 21r for cp. But if we effect this change 
by a continuous variation of the angle q,, 've see that the 
roots x1, x2, x8 undergo a cyclic permutation. Hence no root 
can be represented as a rational fttnction of cos cp and sin cp. 
The equation under consideration is irreducible and therefore 
cannot be solved by the aid of a finite nttmbe1• of square roots. 
Hence the trisection of the angle cannot be effected with straight 
edge and compasses. 

This demonstration and the general theorem evidently hold 
good only when cp is an arbitrary angle; but for certain spe­
cial values of cp the construction may prove to be possible, 

'If 
e.g., when cp= 2. 



CHAPTER III. 

The Division of the Circle into Equal Parts. 

1. The problem of dividing a given circle into n equal 
parts has come down from antiquity ; for a long time we 
have known the possibility of solving it when n = 2h, 3, 5, or 
the product of any two or three of these numbers. In his 
Disquisitiones Arithmet-icae, Gauss extended this series of 
numbers by showing that the division is possible for every 

prime number of the form p = 2~ + 1 but impossible for all 

other prime numbers and their powers. If in p = 22"'" + 1 
we make p. = 0 and 1, we get p = 3 and 5, cases already 
known to the aMients. For p. = 2 we get p = 2~ + 1 = 17, 
a case completely discussed by Gauss. 

For p. = 3 we get p = 2~ + 1 = 257, likewise a prime num­
ber. The regular polygon of 257 sides can be constructed. 
Similarly for p. = 4, since z2* + 1 = 65537 U! a prime number. 
fl= 5, fl= 6, fl= 7, fl= 8, fl= 9, fl= ll, fl= 12, fl= 15, fl= 18, 
fl = 23, fl = 36, fl = 38, fl = 73 give no prime numbers. The 
proof that the large numbers corresponding toe= 5, 6, ... ' 73 
are not prime has required a large expenditure of labor and 
ingenuity. It is, therefore, quite possible that p. = 4 is the 
last number for which a solution can be effected. 

Upon the regular polygon of 257 sides Richelot published 
an extended investigation in Crelle's ,Journal, IX, 1832, 
pp. 1-26, 146-161, 209-230, 337-356. The title of the 
memoir is : De resolut,ione algebraica aequationis x2.'11 = 1, sive 
de d,iv,isione circuli per bisectionem anguli septies ,repetitant in 
partes 257 inter se aequales cominentatio coronata. 
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To the regular polygon of 65537 sides Professor Hermes 
of Lingen devoted ten years of his life, examining with care 
all the roots furnished by Gauss's method. His MSS. are 
preserve·d in the collection of the mathematical seminary in 
Gottingen. (Compare a communication of Professor Hermes 
in No. 3 of the Gottinger Nuchricltten for 1894.) 

2. We may restrict the problem of the division of the 
circle into n equa] parts to the cases where n is a prime num­
ber P or a power p .. of such a number. For if n is a com­
posite number and if p. and v are factors of n, prime to each 
other, we can always find integers a and b, positive or nega-
tive, such that 1 + b = ap. v; 

whence .!.. =! + ~. 
p.v v p. 

To divide the circle into p.v = n equal parts it is sufficient to 
know how to divide ib into p. and v equal parts respectively. 
Thus, for n = 15, we have 

1 2 3 
15=3-5' 

3. As will appear, the division into p equal parts (p being 
a prime number) is possible only when p is of the form 
p = 2h + 1. We shall next show that a prime number can 
be of this form only when h = 2". For this we shall make 
use of Fermat's Theorem : 

If P is a prime number a.nd a an integer not divisible by p, 
these numbers satisfy the cong·ruence 

aP- 1 = + 1 (mod. p). 

p - 1 is not necessarily the lowest exponent which, for a 
given value of a, satisfies the congruence. If s is the lowest 
exponent it may be shown that s is a divisor of p -1. In 
particular, if 5 = p - 1 we say that a is a primiti1•e ·root of p, 
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and notice that for every prime number p there is a primitive 
root. We shall make use of this notion further on. 

Suppose, then, p a prime number such that 
(1) p =2h+ 1, 

and s the least integer satisfying 

(2) 28 = + 1 (mod. p). 
From (1) 2h < p; from (2) 28 > p . 

. ·. s> h. 

(1) shows that h is the least integer satisfying the congruence 
(3) 2h = -1 (mod. p). 

From (2) and (3), by division, 
2a-h = -1 (mod. p) . 

. ·. (4) s- h <f:. h, s <f:. 2h. 

From (3), by squaring, 
2111 = 1 (mod. p ). 

Comparing with (2) and observing that s is the least exp~ 
nent satisfying congruences of the form 

we have 

(5) 

2x = 1 (mod. p), · 

s -:/> 2h. 
.·. s=2h. 

We have observed that sis a divisor of p -1 = 2h; the same 
is true of h, which is, therefore, a power of 2. Renee prime 
numbers of the form 2h + 1 are necessarily of the form 

2i" + 1. 

4. This conclusion may be established otherwise. Sup­
pose that h is divisible by an odd number, so that 

h=h'(2r+1); 

then, by reason of the formula 

x2D+l + 1 = (x + 1) (x211 - x211 - 1 + ... - x + 1), 
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p = 2h'C2n+l> + 1 is divisible by 2h + 1, and hence is not a 
prime number. 

6. We now reach our fundamental proposition: 
p being a prime numbe1•, the division of the circle into p equal 

parts by the straight edge and compasses is impossible unless p 
is of the form 

Let us trace in the z-plane (z = x + iy) a circle of radius 1. 
To divide this circle into n equal parts, beginning at z = 1, is 
the same a.~ to solve the equation 

zn-1=0. 

This equation admits the root z = 1; let us suppress this root 
by dividing by z -1, which is the same geometrically as to 
disregard the initial point of the division. We thus obtain 
the equation 

zn-1 + zD-1 + • • • + z + 1 = (}1 

which may be called the cyclotomic equation. .AP. noticed 
above, we may confine our attention to the cases where n is 
a prime number or a power of a prime number. We shall 
first investigate the case when n = p. The essential point of 
the proof is to show that the above equation is irreducible. 
For since, as we have seen, irreducible equations can only be 
solved by means of square roots in finite number when their 
degree is a power of 2, a division into p parts is always im­
possible when p - 1 is not equal to a power of 2, i.e .• when 

p * 2h + 1 * 2~" + 1. 
Thus we see why Gauss's prime numbers occupy such an 
exceptional position. 

6. At this point we introduce a lemma known as Gauss's 
Le1nma. If 

F(z) = zm + Azm-1 + Bzm-a+ ... + Lz ;- M, 
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where A, 8, ... are integers, and F(z) can be resolved into 
two rational factors f (z) and cp (z), so that 

F (z) = f (z) · cp (z) = (zm' + a 1zm'-I + ~zm'- 2 + ... ) 
(zm" + {3lzm"-l + {32zm"-2 + ... ), 

then must the a's and {3's also be integers. In other 
words: 

If an ·integral expression can be resolved ·into rational factors 
tltese factors must be integral expressions. 

Let us suppose the a's and {3's to be fractional. In each 
factor reduce all the coefficients to the least common denom­
inator. Let a0 and b0 be these common denominators. 
Finally multiply both members of our equation by a 0b0• It 
takes the form 

aoboF(z) = f 1 (z) cp1 (z) = (a0zm' + a1zrn'-l + ... ) 
(bozm" + blzm"-1 + ... ). 

The a's are integral and prime to one another, as also the b's, 
since a0 and b0 are the least common denominators. 

Suppose a0 and b0 different from unity and let q be a prime 
divisor of a0 b0• Further, let a1 be the first coefficient of f 1 (z) 
and bk the first coefficient of cp1 (z) not divisible by q. Let 
us develop the product f1 (z) cp1 (z) and consider the coefficient 
of zm"+m"-l-k. It will IJe 

a1bt + al-lbk+l + a1-t~+2+ · · · + al+lbk-1 + al+2bk_ 2 + ... 
According to our hypotheses, all the terms after the rlrst are 
divisible by q, but the first is not. Hence this coefficient is not 
divisible by q. Now the coefficient of zm ~m"-l-k in the first 
member is divisible by a0b0, i.e., by q. Hence if the identity 
is true it is impossible for a coefficient not divisible by q to 
occur in each polynomial. The coefficients of one at least of 
the polynomials are then a.ll divisible by q. Here is another 
absurdity, since we have seen that all the coefficients are 
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prime to one another. 
different from 1, and 
tegral. 

Hence we cannot suppose a0 and b0 

consequently the a's and /3"s are in-

7. In order to show that the cyclotomic equation is irre­
ducible, it is sufficient to show by Gauss's Lemma that the 
first member cannot be resolved into factors with integral 
coefficients. To this end we shall employ the simple method 
due to Eisenstein, in Crelle's Journal, XXXIX, p. 167, which 
depends upon the substitution 

z=x+1. 
We obtain 

zP-1 (x+l)~'-1 p(p-1) 
f (z) = --= = xP-1 + pxP-2+ xP-a 

z-1 x 1·2 
p (p -1) + ... + 1 . :,? X + p = 0. 

All the coefficients of the ~xpandE>d member except the first 
are divisible by p ; the last coefficient is always p itself, by 
hypothesis a prime number. An expression of this class is 
always irreducible. 

For if this were not the ease we should have 

f (x + 1) = (xm + alxm-l + · · ·+am-I X+ am) 

(xm' + blxm'-l + · • · + bm·-1 X+ bm·), 

where the a's and b's are integers. 
Since the term of zero degree in the above expression of 

f (z) is p, we have ambm· = p. p being Ilrime, one of the fac­
tors of ambm· must be unity. Suppose, then, 

am = ± p, bm = ± 1. 

Equating the coefficients of the terms in x, we have 

p(p-1)_ 
2 - am-:-.. ~~~·-+ -~mbm· -1· 

_,. ....~ . ~ .. 
~·~· . 

':>·'- ~\~~ 1l ~~'--~ i::: .;~··>''· 
.. · .. :.\,·· ~~ "15"-~~c·<~··\ 

. . " . Lt............ ' cP \ 

I · · , . . . \ 'S· l •• ~ C\ ) -1 : 
\ \ ' • ., I<>( ) C::: ,! ' ... • .... ' ......... ····- c::::, ;/ 

··· .J ....._II 
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The first member and the second term of the second being 
divisible by p, am_ 1 bm must be so also. Since bm = ± 1, 
am_ 1 is divisible by p. Equating the coefficients of the terms 
in x2 we may show that am -I is divisible by p. Similarly 
we show that all of the remaining coefficients of the factor 
xm + a1xm-1 + ... + am-1 x +am are divisible by p. But 
this cannot be true of the coefficient of xm, which is 1. 
The assumed equality is impossible and hence the cyclo­
tomic equation is irreducible when p is a prime. 

8. We now consider the case where n is a power of a 
prime number, say n = p". We propose to show that when 
p > 2 the division of the circle into p2 equal parts is impos­
sible. The general problem will then be solved, since the 
division into p" equal parts evidently includes the division 
into p2 equal parts. 

The cyclotomic equation is now 

zPII-1 
---=0. 
z-1 

It admits as roots extraneous to· the problem those which 
come from the division into p equal parts, i.e., the roots of 
the equation zP _ 1 

--=0. 
z-1 

Suppressing these roots by division we obtain 

zp'l-1 
f(z)= =0 zP-1 

as the cyclotomic equation. This may be written 

zp{P- 1> + zp{p-2) + ... + zP + 1 = 0. 

Transforming by the substitution 

Z =X+ 1, 
we have 

(x + 1)P<P- 1> + (x + l)p<po-1) + ... + (x + l)P + 1 = 0. 



THE CYCLOTOMIC EQUATION. 23 

The number of terms being p, the term independent of x after 
development will be equal to p, and the sum will ta.ke the 
form 

xP<P- 1> + p ·X (x), 

where x (x) is a polynomial with integral coefficients whose 
constant term is 1. We have just shown that such an expres­
sion is always irreducible. Consequently the new cycloto1nic 
equation is a.lso irreducilJle. 

The degree of this equation is p (p -1). On the other 
hand an irreducible equation is solvable by square roots only 
when its degree is a power of 2. Hence a circle is divisible 
into p2 equal parts only when p = 2, p being assumed to be a 

prime. 
The same is true, as already noted, for the division into p" 

equal parts when a.> 2. 



CHAPTER IV. 

The Construction of the Regular Polygon of 17 Sides. 

t. We have just seen that the division of the circle into 
equal parts by the straight edge. and compasses is possible 
only for the prime numbers studied by Gauss. It will now 
be of interest to learn how the construction can actually be 
effected. 

The purpose of this chapter, then, will be to show in 
elementary way how to inscribe in the circle the regular po~~ 
gon of 17 sides. 

Since we possess as yet no method of construction b d 
1 t .al ue upon considerations pure y geome nc ' we Inust folio th 

1 d. . w e 
path indicated by our genera '.scussw~s. We consider, first 
of all, the roots of the cyclotomic equation 

x'e + xu+ ... + x2 + x + 1 = 0, 

and construct geometrically the expression, formed of 
. square roots, deduced from 1t. 

We know that the roots can be put into the tra 
nscendental form 

2K7T + , . 2K7T 

f"=COS 17 I SID17 (K=l, 2, ... 16); 

and if 
- 27T+ .• 2'11' 

f1 - COS 17 I Sln -
17' 

that 

Geometrically, these roots are represented · h 
· d'ff In t e complex Plane by the vertices, 1 erent from 1 of th 1 · 

· · 'h · · ' e regu ar polygon of 11 s1des mscr1 ed m a cucle of radius 1 h . 1 . . 
' avmg t 1e ongm 
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as center. The selection of ~1 is arbitrary, but for the con­
struction it is essential to indicate some ~ as the point of 
departure. Having fixed upon ~u the angle corresponding to 
~" is K times the angle corresponding to ~u which completely 
determines f,.. 

2. The fundamental idea of the solution is the following: 
Forming a prirnitive root to the modulus 17 we may arrange 
the 16 roots of the equation in a cycle in a determinate order. 

As already stated, a number a is said to be a primitive root 
to the modulus 17 when the congruence 

a8 = + 1 (mod. 17) 

bas for least solution s = 17 - 1 = 16. The number 3 pos­
sesses this property; for we have 

31= 3 35= 5 3y =14 3"=12} 32= 9 36 =15 310= 8 3H= 2 

38 =10 37 =11 311= 7 315 - 6 (mod. 17). 

34 =13 38 =16 3u= 4 316= 1 

Let us then arrange the roots ·~ ... so that their subscripts 
are t.he preceding remainders in order 

t:81 ~9, ~101 ~~~, t:&, ~161 ~1u ~1s, ~u, rs, rn ~~ ru, r2, rs, r1. 
Notice that if r is the remainder of 3" (mod. 17), we have 

3"=17q+r, 

whence 

If r' is the next remainder, we have similarly 
~<+1 .J( 

Er' = f11 = (r1" )a= (t:r)a. 

Hence in this series of roots each root is the cube of the preceding. 
Gauss's method consists in decomposing this cycle into 

sums containing 8, 4, 2, 1 roots respectively, corresponding 
to the divisors of 16. Each of these sums is called a period. 
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The periods thus obtained may be calculated successively as 
;roots of certain quadratic equations. 

The process just outlined is only a particular case of that 
employed in the general case of the division into p equal 
parts. The p - 1 roots of the cyclotomic equation are cyclic­
ally arranged by means of a primitive root of p, and the 
periods may be calculated as roots of certain auxiliary equa­
tions. The degree of these last depends upon the prime fac­
tors of p - 1. They are not necessarily equations of the 
second degree. 

The general case has, of course, been treated in detail by 
Gauss in his Disquisitiones, and also by Bachmann in his 
work, Die Lehre von der Kreisteilung (Leipzig, 1872). 

s. In our case of the 16 roots the periods may be formed 
in the following manner : Form two periods of 8 roots by 
taking in the cycle, first, the roots of even oriler, then those 
of odd order. Designate these periods by x1 and x2, and 
replace each l'Oot by its index. We may then write symbol­
ically 

x1 = 9 + 13 + 15 + 16 + 8 + 4 + 2 -t L, 

x2 = 3 + 10 + 5 + 11 + 14 + 7 + 12 -+- 6. 

Operating upon x1 and xs in the same way, we form 4 periods 
of 4 terms: 

Y1 = 13 + 16 + 4 + 1, 
Ys = 9 + 15 + 8 + 2, 
Ya = 10 + 11 + 7 + 6, 
Y• = 3 + 5 + 14 + 12. 

Operating in the same way upon the y's, we obtain 8 periods 
of 2 terms: 

z1 =16 + 1, 
z2 =13+4, 
z3 =15 +2, 
z.= 9 +8, 

Z&=ll + 61 

z8 = 10+ 7, 
z7 = 5+ 12, 
Z8 = 3+14. 
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It now remains to show that tltese periods can he calculated 
successively by the aid of square roots. 

4. It is readily seen that the sum of the remainders corre· 
sponding to the roots forming a period z is always equal to 17. 
These roots are then ~ and ~17 -r ; 

Hence 

211" +. . 2r 
fr = cos r 17 1 sm r 17 , 

fa = ~n-r =cos (17- r) ~; + i sin (17- r) ~;, 
271" • • 21T 

= cos r 17 - 1 sm r 17 . 

21T 
fr + fr• = 2 cos r 17' 

Therefore all the periods z are real, and we readily obtain 

271" 
z1 =2 cos 17 , 

21T 
Zs = 2 cos 4 17 , 

21T 
z1 = 2 COB 2 17, 

21T 
z4 = 2 COB 8 17 , 

Moreover, by definition, 

21T 
Z15 = 2 COB 6 11 , 

x1 = z 1 + Zs + Za + z,, x, = z 6 + z 8 + z1 + z 8, 

y1 = z1 + z1, Ys = Za + z,, Ya = z6 + z8, y, = z1 + z8• 

6. It will be necessary to determine the relative magnitude 
of the different periods. For this purpose we shall employ 
the following artifice: We divide the semicircle of unit radius 
into 17 equal parts and denote by S1, Ss, . o o S11 the distances 
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of the consecutive poittts of division A1, A2, ••• A17 from the 
initial point of the semicircle, S17 being equal to the diam­

'FIG. 3. 

eter, i.e., equal to 2. 'l'he angle 
A .. A170 has the same measure as the 
half of the arc A,.O, which equals 
2K7r' 
34 . Hence 

S .. = 2 sin K7r' = 2 cos (17 - K~ 
34 34 . 

That this may be ~dentical with 
27r 

2 cos h 17, we must have 

4h=17-K, 
K= 17 -4h. 

Giving to h the values 1, 2, 3, 4, 5, 6, 7, 8, we find for K the 
values 13, 9, 5, 1, - 3, - 1, - 11, - 15. Hence 

Z1 = Su, 
z2 = sl, 
z1 =59, 

z4 =- Su, 

ZG =- $7, 

z6 =- Sw 
·z1=- Sa, 
Za = SG. 

The figure shows that S .. increases with the subscript; hence 
the order of increasing magnitude of the periods z is 

Moreover, the chord A .. A .. +P subtends p divisions of the semi­
circumference and is equal to SP; the triangle OA,.A .. +P shows 
that 

and a fortw'l"i 

Calculating the differences two and two of the periods y, we 
easily find 
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Y1- Y:~ = S1a + S1 - So+ S15 > O, 
Y1- Ya = S1s + S1 + Sr + 5 11 > 0, 
Y1- Y• = S13 + S1 + Sa- 55 > 0, 
Y~ - Ya = So - S15 + Sr + 511 > 0, 
Y2- Y4 =So - Su + Sa- 56 < 0, 
Ys- Y• =- Sr- Su T Sa- SG < 0. 

Hence 
Ya < Y2 < Y' < Y1· 

Finally we obtain in a similar way 

Xs < X1. 

6. We now propose to calculate z1 = 2 cos ~;. After mak­

ing this calculation and constructing z1, we can easily deduce 
the side of the regular polygon of 17 sides. In order to find 
the quadratic equation satisfied by the periods, we proceed to 
determine symmetric functions of the periods. 

Associating z1 with the period zs and thus forming the 
period y11 we have, first, 

Z1 + Zs = Y1· 

Let us now determine z1z 2• We have 

z1z2 = (16 + 1) (13 + 4), 

where the symbolic product ~ep represents 

Hence it should be represented symbolically by 1e + p, remem­
bering to subtract 17 from 1e + p as often as possible. Thus, 

z1z2 = 12 + 3 + 14 + 5 = y4• 

Therefore z1 and z2 are the roots of the quadratic equation 
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We must now determine y1 and y4• Associating· y1 with the 
period y2, thus forming the period x11 and Ys with the period 
y4, thus forming the period x2, we have, first, 

Y• + Y2 = x •. 
Then, 

y1y2 = (13 + 16 + 4 + 1) (9 + 15 + 8 + 2). 

Expanding symbolically, the second member becomes equal 
to the sum of all the roots; that is, to -1. Therefore y1 

and y2 are the roots of the equation 

(7J) 

whence, since Y• > Y2• 

x. +v';r+4 
Yt= 2 

Similarly, 

and 
YaYt =-1. 

Hence y3 and y4 are the roots of the equation 

( 7J') y' - x2y - 1 = 0 ; 

whence, since Y• > Ys• 

x2+v~ 
Yc= 2 

It now remains to determine x 1 and x2. Since x1 + X2 is 
equal to the sum of all the roots, 

x1 + x2 =-1. 
Further, 

X1X2 = (13 + 16 + 4 + 1 + 9 + 15 +8 + 2) 
(10 + 11 + 7 + 6 + 3 + 5 + 14 + 12). 

Expanding symbolically, each root occurs 4 times, and thus 

x1x1 =-4. 
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Therefore x1 and x3 are the roots of the quadratic 

(~) x2 + x -4=0; 

whence, since x1 > x2, 

-1 +--H7 -l--.J17 
X1= 2 x2=----

2 

Solving equations ~' 7]1 7]1, ' in succession, z1 is determined 
by a series of square roots. 

Effecting the calculations, we see that z1 depends upon the 
four square roots 

-J17, -Jxl2 t4, -Jx22 +4, vyl2 -4y,. 

If we wish to reduce z1 to the normal form we must see 
whether any one of these square roots can be expressed 
rationally in terms of the others. 

Now, from the roots of (7J), 

vxts + 4 = Yt- y,, 

-Jx,s + 4 = Y•- Ya· 

Expanding symbolically, we verify that 

(y1- y~) (y,- Ya) = 2 (x1- x2),• 

• (Yt- y11) (y4 - ya) = (13 + 16 + 4 + 1-9- 15- 8- 2) (3 + 5 + 14 

+ 12 - 10 - 11 - 7 - 6) = 16 + 1 + 10 + 8 - 6- 7 - 3- 2 
+ 2 + 4 + 13 + 11 - g - 10 - 6 - 5 
+ 7 + 9 + 1 + 16-14-15-11- 10 
+ 4 + 6 + 15 + 13- 11-12- 8- 7 
- 12- 14 - 6- 4 + 2 + 3 + 16 + 15 
- 1 - 3- 12- 10 t 8 + {) + 5 + 4 
- 11 - 13 - 5 - 3 + 1 + 2 + 16 + 14 
- 6- 7 - 16- 14 + 12 + 13 + 9 + 8 

=2(16+ 1 +8+ 2 + 4 + 13 + 16 +9-10-6-7-3-11-5-14 

-12) 
= 2(x1 - Xs)• 
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that is, 
-.../x12 + 4 -.../x,2 + 4 = 2 -.../17. 

Hence -.../x22 + 4 can be expressed rationally in terms of the 
other two square roots. This equation shows that if two of 
the three differences y1 - Y2• y4 - Ya1 x1 - x2 are positive, the 
same is true of the thhd, which agrees with the results ob­
tained directly. 

Replacing now x11 y11 y, by their numerical values, we 
obtain in succession 

-1+.JI7 
Xt= 2 I 

-1 + v17 + ya4-2 ...J11 Y1 4 , 

-1-vl7± ya4±2v17 
y, 4 

-t+K7+va4-2v'f!f 
zl 8 

~6s+ 12v1r -16V a4±2 v1r -ztl-vlr)y 34-2..J11 
+ 8 

The algebraic part of the solution of our problem is now 
completed. We have already remarked that there is no known 
construction of the regular polygon of 17 sides based upon 
purely geometric considerations. There remains, then, only 
the geometric translation of the individual algebraic steps. 

7. We may be allowed to introduce here a brief historical 
account of geometric constructions with straight edge and 
compasses. 

In the geometry of the ancients the straight edge and co~ 
passes 1ve1·e always 1taed together j the difficulty lay merely in 
bringing together the different parts of the figure so as not to 
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draw any unnecessary lines. Whether the several steps in 
the construction were made with straight edge or with com­
passes was a matter of indifference. 

On the contrary, in 1797, the Italian Mascheroni succeeded 
in effecting all these constructions with the compasses alone; 
he set forth his methods in his Geomet1ia del compasso, and 
claimed that constructions with compasses were practically 
more exact than those with the straight edge. As he ex­
pressly stated, he wrote for mechanics, and therefore with a 
practical end in view. Mascheroni's original work is difficult 
to read, and we are under obligations to Hutt for furnishing 
a brief 1·esume in German, Die Mascheroni'schen ConstrZtctionen 
(Halle, 1880). 

Soon after, the French, especially the disciples of Carnot, 
the author of the Geomet1ie de position, strove, on the other 
hand, to effect their constructions as far as possible with 
the straight edge. (See also Lambert, Freie Perspective, 

1774.) 
Here we may ask a question which algebra enables us to 

answer immediately : In what cases can the solution of an 
algebraic problem be constructed with the straight edge alone? 
The answer is not given with sufficient explicitness by the 
authors mentioned. We shall say : 

With the straight edge alone we can construct all algebraic 

expre.~sions whose form is rational. 
With a similar view Brianchon published in 1818 a paper, 

Les applications de la thio1·ie des transversales, in which he shows 
how his constructions can be effected in many cases with the 
straight edge alone. He likewise insists upon the practical 
value of his methods, which are especially adapted to field 

work in surveying. 
Poncelet was the first, in his Traite des proprietes projectives 

(Vol. I, Nos. 351-357), to conceive the idea that it is sufficient 
to use a single fixed circle in connection with the straight lines 



34 FAMOUS PROBLE~lfS. 

of the plane in order to construct all expressions depending 
upon square roots, the center of the fixed circle being given. 

This thought was developed by Steiner in 1833 in a cele­
brated paper entitled Die geometrisclLen Constructwnen, ausge­
foltrt mittels der geraden Linie und eines festen Kreises, als 
Lehrgegenstand fur ltolLere Unterricht.sanstalten und zU7n Selbst­
unterriclLt. 

8. To construct the regular polygon of 17 sides we shall 
follow the method indicated by von Staudt (Crelle's Journal, 
Vol. XXIV, 1842), modified later by Schroter (Crelle's Jour­
nal, Vol. LXXV, 1872). The construction of the regular 
polygon of 17 sides is made in accordance with the methods 
indicated by Poncelet and Steiner, inasmuch as besides the 
straight edge but one fixed circle is used. • 

Fi~;:st, 'We will show how with the straight edge and one fixed 
circle uJe can solve every quadratic equation. 

At the extremities of a diameter of the :fixed unit circle 
(Fig. 4) we draw two tangents, and select the lower as the 

.!. axis of X, and the diameter 
perpendicular to it as the 
axis of Y. Then the equa­
tion of the circle is 

x' + y (y - 2) = 0. 
Let 

z. x2 - px + q = 0 
FIG. 4. 

be any quadratic equation 
with real roots x1 and x1• Required to construct the roots x1 

and x2 upon the axis of X. 
Lay off upon the upper tangent from A to the right, a seg-

4 
ment measured by - ; upon the axis of X from 0, a. segmeut 

p 

• A Mascberoni construction of the regular polygon of 17 sides by 
L. <Mrard is given in Math. Annalen, Vol. XLVIII, 1800, pp. 390-892. 
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measured by .9 ; connect the extremities of these segments by 
p 

the line 3 and project the intersections of this line with the 
circle from A, by the lines 1 and 2, upon the axis of X. The 
segments thus cut off upon the axis of X are measured bv x1 

and X2· 

Proof. Calling the intercepts upon the axis of X, x1 and x1, 

we have the equation of the line 1, 

2x + x1 (y - 2) = 0 ; 
of the line 2. 

2x + x2 (y - 2) = 0. 

If we multiply the first members of these two equations we 

get 

as the equation of the line pair formed by 1 and 2. Subtract­
ina from this the equation of the circle, we obtain 

0 

This is the equation of a conic passing through the four 
intersections of the lines 1 and 2 with the circle. From 
this equation we can remove the factor y - 2, correspond­
ing to the tangent, and we have left 

x1 + x1 + x1x2 ( 2) 0 -2-x 4 y- -y=' 

which is the equation of the line 3. If we now make 
x, + x1 = p and x1x2 = q, we get 

~ X + ~ ('J - 2) - y = 0, 

and the transversal 3 cuts off from the line y = 2 the seg-
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ment 4 , and from the line y = 0 the segment .9. Thus the 
p p 

correctness of the construction is established. 

9. In accordance with the method just P-xplained, we shall 
now construct the roots of our four quadratic equations. 
They are (see pp. 29-31) 

(~) 
(7!) 
(r/) 

x2 + x - 4 = 0, with roots x1 and x2 ; 
y2 - x1y -1 = 0, with roots Y1 and Y2; 
y2 - x~y -1 = 0, with roots y3 andy.,; 

(~) zll - y1z + y4 = 0, with roots z1 and z2 ; 

These will furnish 
27T 

z1 =2 cos 17 , 

X1 > X:~u 
Y1 > Yll• 
y4> y., 
z1 > z1• 

whence it is easy to construct the polygon desired. We 
notice further that to construct z1 it is sufficient to construct 

x" x~~, Y~t y.,. 
We then lay off the following segments: upon the upper 

tangent, y = 2, 

upon the axis of X, 
+4 _.!_ _.!_ y., 

' I I • x1 x2 y1 

This may all be done in the following manner : The 
straight line connecting the point + 4 upon the axis of X 
with the point - 4 upon the tangent y = 2 cuts the circle in 

.i 
:r: 

+i 

Flo. 11. 
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two points, the projection of which from the point A (0, 2), 
the upper vertex of the circle, gives the two roots x1, x2 of the 
first quadratic equation as intercepts upon the axis of X. 

To solve the second equation we have to lay off i above • xl 
1 

and -- below. 
X1 

To determine the first point we connect x1 upon the axis of 
X with A, the upper vertex, and from 0, the lower vertex, 
draw another straight line through the intersection of this 
line with the circle. This cuts off upon the upper tangent 

the intercept !
1

• This can easily be shown analytically. 

The equation of the line from A to x1 (Fig. 5), 

2x + x1y = 2x1, 

and that of the circle, 
x2 + y (y - 2) = 0, 

give as the coordinates of their intersection 
4x1 2x12 

X12 +4' Xt2 +4" 

The equation of the line from 0 through this point becomes 

x1 
y = 2- x, 

cutting off upon y = 2 the intercept .! . xl 

We reach the same conclusion still more simply by the use 
of some elementary notions of projective geometry. By our 
construction we have obviously associated with every point x 
of the lower range one, and only one, point of the upper, so 
that to the point x = oo corresponds tho point x' = 0, and con­
versely. Since in such a correspondence there must exist a 
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linear relation, the abscissa x' of the upper point must satisfy 
the equation const 

x'=--· 
X 

Since x' = 2 when x = 2, as is obvious from the figure, the 
constant= 4. 

-4 

FJG. 6. 

To determine-_!_ upon the axis of X we connect the point 
XI 

- 4 upon the upper with the point + 1 upon the lower tan­
gent (Fig. 6). The point thus determined upon the vertical 

diameter we connect with the point 4 above. This line 
xl 

cuts off upon the axis of X the intercept 

line from - 4 to + 1, 
5y+2x=2, 

1 
For the 

intersects the vertical diameter in the point (0, f). Hence 

the equation of the line from .! to this point is 
XI 

5y -2x1x =2, 

and its intersection with the lower tangent gives - ! 
Xt 

The projection from A of the intersections of the line from 
1 4 

-; to- with the circle determines upon the axis of X the 
1 x1 

two roo~s of the second quadratic equation, of which, as 
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already noted, we need only the greater, y 1• This corres­
ponds, as shown by the figure, to the projection of the upper 
intersection of our transversal with the circle. 

Similarly, we obtain the roots of the third quadratic equa­
tion. Upon the upper tangent we project from 0 the inter­
section of the circle with the straight line which gave upon 
the axis of X the root + xs. 'l'his immediately gives the 

4 
intercept -, by reason of the correspondence just explained. 

x2 
_, 

FIG. 7. 

If we connect this point with the point where the vertical 
diameter intersects the line joining - 4 above and + 1 below, 

we cut off upon the axis of X the segment - .!.., as desired. 
Xs 

If we project that intersection of this transversal with the 
circle which lies in the positive quadrant from A upon th~ 
axis of X, we have constructed the required root y, of the third 
quadratic equation. 

We have finally to determine the root z1 of the fourth quad-

ratic equation and for this purpose to lay off i above and ~ 
Y1 Y1 

below. We solve the first problem in the usual way, by pro­
jecting the intersection of the circle with the line connecting 
A with + y1 below, from 0 upon the upper tangent, thus 

obtaining _!. For the other segment we connect the point 
Y1 + 4 above with y, below, and then the point thus determined 



40 FAMOUS PROBLEMS. 

upon the vertical diameter produced with.!. '£his line cuts 
Y1 

off upon the axis of X exactly the segment desired, l!. For 
the line a (Fig. 8) ha.s the equation Y1 

(y1 - 4) y + 2x = 2y,. 

FIG. 8. 

It cuts off upon the vertical diameter the segment ~-
The equation of the line b is then Y•- 4 

2y1x + (y4 - 4) y = 2y4, 

and its intersection with the axis of X has the abscissa l!. 
Y1 

If we project the upper intersection of the line b with the 

circle from A upon the axis of X, we obtain z1 = 2 cos 2"" 17' 
If we desire the simple cosine itself we have only to draw a 
diameter parallel to the axis of X, on which our last projecting 

ray cuts off directly cos ~;. A perpendicular erected at this 

point gives immediately the first and sixteenth vertices of the 
1•egular polygon of 17 sides. 

The period z1 wa.s chosen arbitrarily ; we might construct 
in the same way every other period of two terms and so find 
the remaining cosines. These constructions, made on separate 
figures so as to be followed more easily, have been combined 
in a single figure (Fig. 9), which gives the complete conMtruc­
tion of the regular polygon of 17 sides. 
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Flo. o. 



CHAPTER V. 

General Considerations on Algebraic Constructions. 

1. We shall uow lay aside the matter of construction with 
straight edge and compasses. Before quitting the subject we 
may mention a new and very simple method of effecting cer­
tain constructions, paper folding. Hermann Wiener • has 
shown how by paper folding we may obtain the network of 
the regular polyhedra. Singularly, about the same time a 
Hindu mathematician, Sundara Row, of Madras, published a 
little book, Geometrical Exercises in Paper Folding (Madras, 
Addison & Co., 1893), in which the same idea is consider­
ably developed. The author shows how by paper folding we 
may construct by points such curves as the ellipse, cissoid, etc. 

2. Let us now inquire how to solve geometrically prob­
lems whose analytic form is an equation of the third or of 
higher degree, and in particular, let us see how the ancients 
succeeded. The most natural method is by means of the 
conics, of which the ancients made much use. For example, 
they found that by means of these curves they were enabled 
to solve the problems of the duplication of the cube and the 
trisection of the angle. We shall in this place give only a 
general sketch of the process, making use of the language 
of modern mathematics for greater simplicity. 

Let it be required, for instance, to solve graphically the 
cubic equation 1 + 1 + b + _ 0 x ax x c- , 
or the biquadratic, 

x4 + ax11 + bx:l + ex + d = 0. 

• S<'e Dyck, Katalog der Miinchener mathematischen Ausstellung 110n 
1893, Nachtrag, p. 52. 
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Put x1 = y ; our equations become 

xy + ay + bx + c = 0 
and Y1 + axy + by + ex + d = 0. 

The roots of the equations proposed are thus the abscissas 
of the points of intersection of the two conics. 

The equation 
x•=y 

represents a parabola with axis vertical. The second equa.. 
tion, 

xy + ay + bx + c = 0, 

represents an hyperbola whose asymptotes are parallel to the 
axes of reference (Fig. 10). One of the fout· points of inter-

X 

FIG. 10. FIG. 11. 

section is at infinity upon the axis of Y, the otlier three at a 
finite distance, and their abscissas are the roots of the equa.. 
tion of the third degree. 

In the second case the parabola is the same. The hyper­
bola (Fig. 11) has again one asymptote parallel to the axis of 
X while the other is no longer perpendicular to this axis. 
The curves now have four points of intersMtion at a finite 
distance. 
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The methods of the ancient mathematicians are given in 
detail in the elaborate work of M. Cantor, Geschwhte de1· 
Math6matik (Leipzig, 1894, 2d ed.). Especially interesting is 
Zeuthen, Die Kegelschnitte i·m Altertum (Kopenhagen, 1886, 
in German edition). As a general compendium we may men­
tion Baltzer, Analytische Geometrie (Leipzig, 1882). 

8. Beside the conics, the ancients used for the solution of 

D 

the above-mentioned problems, higher 
curves constructed for this very pur­
pose. We shall mention here only 
the Cissoid and the Conchoid. 

The cissoid of Diocla (c. 150 B.c.) 
may be constructed as follows (Fig. 
12) : 'fo a circle draw a tangent (in the 
figure the vertical tangent on the right) 
and the diameter perpendicular to it. 
Draw lines from 0, the vertex of the 
circle thus determined, to points upon 
the tangent, and lay off from 0 upon 
each the segment lying between i•s 
intersection with the circle and the 
tangent. The locus of points so deter­
mined is the cissoid. 

Fm. 12. 

To derive the equation, let r be the 
radius vector, (J the angle it makes with 
the axis of X. If we produce r to the 

tangent on the right, and call the diameter of the circle 1, 

the total segment equals ~6 . The portion cut off by the 
cos 

circle is cos 8. The difference of the two segments is r, and 

hence 
~ sin1 (J r=-- -cos 6=--. 

COS (J COR (J 
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By transformation of coordinates we obtain the Cartesian 
equation, 

(x~+ y~ x- y"J=O. 

The curve is of the third order, has a cusp at the or1gm, 
and is symmetric to the axis of X. The vertical tangent to 
the circle with which we began our construction is an asymp­
tote. Finally the cissoid cuts the line at infinity in the cir-
cular points. · 

'l'o show how to solve the Delian problem by the use of 
this curve, we write its equation in the following form : 

('1.)8 _ _]__ 
x -1-x" 

We now construct the straight line, 

'1. =.\. 
X 

This cnts off upon the tangl'nt x = 1 the segment .\, and 
intersects the cissoid in a point for \vhich 

....J._ =.\s. 
1-x 

This is the equation of a straight line passing through the 
point y = 0, x = 1, and hence of the line joining this point 
to the point of the cissoid. 

This line cuts off upon the axis of -Y the intercept .\8• 

We now see how "f'2 may be constructed. Lay off upon 
the axis of Y the intercept 2, join this point to the point 
x = 1, y = 0, and through its intersection with the cissoid 
draw a line from the origin to the tangent x = 1. The intt>r­
cept on this tangent equals 1'2. 

4. The t:onclw-id of Nicomedes (c. 150 B.c.) is constructed 
as fo1lows : Let 0 be a fixed point, a its distance from a fixed 
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line. If we pass a pencil of rays through 0 and lay off on 
each ray fa·om its intersection with the fixed line in both 
directions a segment b, the locus of the points so determined 
is the conchoid. According as b is greater or less than a, 

the origin is a node or a con-
Y o jugate point ; for b = a it is 

no. t3. 

a cusp (Fig. 13). 
Taking for axes of X and Y 

the perpendicular and paral­
lel through 0 to the fixE'd 
line, we have 

r b -=-·--; 
x x- a 

whence 

X The conchoid is then of the 
fourth order, has a double 
point at the origin, and is 
com posed of two branches 
having for common asymptote 
the line x = a. Further, the 
factor (x2 + y") shows that the 
curve passes through the cir­
cular points at infinity, a mat. 
ter of immediate importance. 

We may trisect any angle by means of this curve in the 
following manner : Let c/J = MOY (Fig. 13) be the angle to 
be divided into three equal parts. On the side OM lay off 
OM = b, an arbitrary length. With M as a center and radius 
b describe a circle, and through M perpendicular to the axis 
of X with origin 0 draw a vertical line representing the 
asymptote of the conchoid to be constrncted. Construct the 
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conchoid. Connect 0 with A, the intersection of the circle 
and the conchoid. Then is L AOY one third of L cp, as is 
easily seen from the figure. 

Our previous investigations have shown us that the prob­
lem of the trisection of the angle is a problem of the third 
1legree. It admits the three solutions 

Every algebraic construction which solves this problem by 
the aid of a curve of higher degree must obviously furnish all 
the solutions. Otherwise the equation of the problem would 
not be irreducible. These different solutions are shown in 
the figure. The chcle and the conchoid intersect in eight 
points. Two of them coincide with the origint two others 
with the circular points at infinity. None of these can give 
a solution of the problem. 'fhere remain, then, four points 
of intersection, so that we seem to have one too many. This 
is due to the fact that among the four points we necessarily 
find the point B such that OM B = 2 b, a point which may be 
determined without the aid of the curve. There actually 
remain then only three points corresponding to the three 
roots furnished by the algebraic solution. 

6. In all these constructions with the a.id of higher alge­
braic curves, we must consider the practical execution. We 
need an instrument which shall trace the curve by a con­
tinuous movement, for a construction by points is simply a 
method of approximation. Several instruments of this sort 
have been constructed; some were known to the ancients. 
Nicomedes invented a simple device for tracing the conchoid. 
It is the oldest of the kind besides the straight edge and 
compasses. (Cantor, I, p. 302.) A list of instruments of 
more recent construction may be found in Dyck's Katalog, 
pp. 227-230. 340. and Nachtrag, pp. 42, 43. 
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PART II 

TRANSCENDENTAL .'\T.i\IBERS AND THE 
QlJADH..\TPHE OF TilE CIRCLF. 

CHAPTER I. 

Cantor's Demonstration of the Existence of 
Transcendental Numbers. 

1. Let us represent numbers as usual by points upon the 
a.xis of abscissas. If we restrict ourselv-~s to ration~ numbers 

the corresponding points will fill the axis of abscissas densely 
throughout (iiberaU dicht), i.e., in any interval no matter how 
small there is an infinite number of such points. Neverthe­
less, as the ancients had already discovered, the continuum 
of points upon the axis is not exhausted in this way; between 
the rational numbers come in the irrational numbers, and the 
question arises whether there are not distinctions to be made 
among the irrational numbers. 

Let us define first what we mean by algebraic number&. 
Every root of an algebraic equation 

aowD + alwn-J + • • • + a,_lW +aD= 0 

with integral coefficients is called an algebraic number. Of 
course we consider only the real roots. Rational numbers 
occur as a special case in equations of the form 

aow + a 1 =0. 





PART 11 

TRANSCENDEYI'AL :\T.MBEHS AND THE 
QUADH .. \.TlJHE OF THE CIRCLE 

CHAPTER I. 

Cantor's Demonstration of the Existence of 
Transcendental Numbers. 

t. Let us represent numbers as usual by points upon the 
axis of abscissas. If we restrict ourselves to rational numbers 
the corresponding points will fill the axis of abscissas densely 
throughout (iiheraU dicht), i.e., in any interval no matter bow 
small there is an infinite number of such points. Neverthe­
less, as the ancients had already discovered, the continuum 
of points upon the axis is not exhausted in this way; between 
the rational numbers come in the irrational numbers, and the 
question arises whether there are not distinctions to be made 
among the irrational numbers. 

Let us define first what we mean by algebraic numher11. 

Every root of an algebraic equation 

8oWD + 81Wil-l + • • 0 + all-1(1) + aD= 0 

with integral coefficients is called an algebraic number. Of 
course we consider only the real roots. Rational numbers 
occur as a special case in equations of the form 

a0w+ a1 =0. 
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We now ask the question: Does the totality of real 
algebraic numbers form a coutiuuum, or a discrete series 
~uch that other numbers may be inserted in the intervals? 
These new uumbers, the so-called transcendental numbers, 
would then be characterized by this property, that they cannot 
be roots of an algebraic equation with integral coefficients. 

This question was answered first by Liouville ( Comptes 
rendus, 1844, and Liouville's Jow·nal, Vol. XVI, 1851), and 
in fact the existence of transcendental numbers was demon­
strated by him. But his demonstration, which rests upon the 
theory of continued fractions, is rather complicated. The 
investigation is notably simplified by using the developments 
given by Georg Cantor in a memoir of fundamental impor­
tance, Ueber eine Eigenschaft des Inbegri.ffes 1·eeller algelJra­
i.~cher Zahlen (Crelle's Journal, Vol. LXXVII, 1873). We 
shall give his demonstration, making use of a more simple 
notion which Cantor, under a different form, it is true, sug­
gested at the meeting of naturalists in Halle, 1891. 

2. The demonstration rests upon the fact that algebraic 
numbers form a countaUe mass, while transcendental numbers 
do not. .By this Cantor means that the former can be arr~nged 
in a certain order so that each of them occupies a definite 
place, is numbered, so to speak. This proposition may be 
stated as follows : 

The manifoldness o.f real algebraic numbers and the mani­
foldness of positive inte,qers can be b?·ought into a one-to-one 
correspondence. 

We seem here to meet a contradiction. The positive inte­
gers form only a portion of the algebraic numbers ; since 
each number of the first can be associated with one and one 
only of the second, the part would be equal to the whole. 
This objection rests upon a false analogy. The proposition 
that the part is always less than the whole is not true for 
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infinite masses. It is evident, for example, that we may 
establish a one-to-one correspondence between the aggregate 
of positive integers and the aggregate of positive even num­
bers, thus: 

0 1 2 3 n 

0 2 4 6 2n 

In dealing with infinite masses, the words great and smaU are 
inappropriate. As a substitute, Cantor has introduced the 
word power (Miiclttigkeit), and says: Two infinite masse..<: have 
the same power when they can be brought into a one-tcrone ccn·­
respondence with each other. The' theorem which we have to 
prove then takes the following form : The aggregra.te of real 
algebraic numbers has the same power as the aggregate of 
positive integers. 

We obtain the aggregate of real algebraic numbers by seek­
ing the real roots of all algebraic equations of the form 

all the a's are supposed prime to one another, a0 positive, 
and the equation irreducible. To arrange the numbers thus 
obtained in a definite order, we consider their height N as 

defined by 

la..l representing the absolute value of a1, as usual. To a 
given number N corresponds a finite number of algebraic 
equations. For, N being given, the number n has certainly 
an upper limit, since N is equal to n -1 increased by positive 
numbers; moreover, the difference N- (n -1) is a sum of 
positive numbers prime to one another, whose number is 
obviously finite. 
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~ n leo~~~ 1 .. 1 l•al _I .. _I·I---EQtJ-A._n_oN_. ___ +_<N_>_, __ RooT __ a_. -I 

1 1 1 I o z=O 
2 0 0 0 

~~-~---;--;--
1 1 z±l=O 

1 

2 

0 

-1 
+1 

_j_:_ 1 ~ 0 ----------+--1-----1 
3 1 3 0 

2 1 

1 2 

2 2 0 0 
1 1 0 
1 0 1 

3 ] 0 0 0 

-2 

2z ± 1 = o 1 

z±2=0 

:--------1-------+--1------1 
4 1 4 0 

3 1 
2 2 
1 3 

2 8 0 0 
2 1 0 
2 0 1 
1 2 0 
1 1 1 
1 0 2 

3 2 0 0 0 
1 1 0 0 

0 1 0 
0 0 1 
0 0 0 0 

3z ± 1 =0 

z±3=0 

~e2±z-l=O 

zt-2=0 

12 -8 
-1.61803 
-1.41421 
-0.70711 
-0.61803 
-0.38833 
+0.38333 
+ 0.61803 
+ 0.70711 
+ 1.41421 
+ 1.61803 
+3 

Among these equations we must discard those that are 
reducible, which presents no theoretical difficulty. Since 
the number of equations corresponding to a given value of 
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N is limited: there corresponds to a. determinate N only a. 
finite ma.ss of algebraic numbers. We shall designate this 
by cp (N). The table contains the values of cp(l), cp(2), 4>(3), 
cp(4), and the corresponding algebraic numbers w. 

We arrange now the algebraic numbers according to their 
height, N, and the numbers corresponding to a single value of 
N in increasing magnitude. We thus obtain all the algebraic 
numbers, each in a determinate place. '.rhis is done in the 
last column of the accompanying table. It is, therefore, 
evident that algebraic numbers can be counted. 

8. We now state the general proposition: 
In any portion of the axis of abscis&as, however 811Ulll, there 

is an infinite num.ber of points whiclt certainly do not belong to 
a g·i·ven cozmtable mass. 

01·, in other words: 
Tlte continuum of nu.me1-ical valu.es represented by a portion 

of tlte axis of abscissas, however small, has a greater power 
than any given countable mass. 

This amounts to affirming the existence of transcendental 
numbers. It is sufficient to take as the countable mass the 
aggregate of algebraic numbers. 

'l'o demonstrate this theorem we prepare a table of algebraic 
numbers as before and write in it all the numbers in the form 
of decimal fractions. None of these will end in an infinite 
series of 9's. For the equality 

1 = 0.999 ... 9 .. 

shows that such .& number is an exact decimal. If now we 
can construct a decimal fraction which is not found in our 
table and does not end in an infinite series of 9's it will 
certainly be a. transcendental number. By mea.us of a. very 
simple process indicated by Georg Cantor we can find not 
only one but infinitely many transcendental numbers, even 
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when the domain in which the number is to lie is very small 
Suppose, for example, that the first five decimals of the num­
ber are given. Cantor's process is as follows. 

'fake for 6th decimal a number different from 9 and from 
the 6th decimal of the first algebraic number, for 7th decimal 
a number different from 9 and from the 7th decimal of the 
second algebraic number, etc. In this way we obtain a decimal 
fraction which will not end in an infinite series of 9's and i& 
certainly not contained in our table. The proposition is then 
demonstrated. 

We see by this that (if the expression is allowable) there 
are far more transcendental numbers than algebraic. For 
when we determine the unknown decimals, avoiding the 9's, 
we have a choice among eight different numbers; we can 
thus form, so to speak, 8."" transcendental numbers, even when 
the domain in which they are to lie is as small as we please. 



CHAPTER II. 

Historical Survey of the Attempts at the Computation 
and Construction of w. 

In the next chapter we shall prove that the uumber r. 

belongs to the class of transcendental numbers whose exis­
tence was shown in the preceding chapter. The proof was 
first given by Lindemann in 1882, and thus a. problem was 
definitely settled which, so far as our knowledge goes, has 
occnp1ed the attention of mathematicians for nearly 4000 
years, the problem of the quadrature of the circle. 

For, if the nnmber 1r is not algebraic, it certainly cannot 
be constructed by means of straight eclge and compasses. 
T11e quadrature of the circle in the sense understood by the 
ancients is then hnpossil!le. It is extremely interesting to 
follow the fortuues of this problem in the various epochs of 
science, as ever new attempts were made to find a solution 
with straight edge and compasses, and to see how these neces­
sarily fruitless efforts worked for advancement iu the maui­
fold realm of mathematics. 

'fhe following brief historical survey is based upon the 
excellent work of Rudio : Archimedes, Huygens, Lambert, 
Legendre, Vier Abhandlungen iiber die Krei.smessung, Leipzig, 
1892. 'fhis book contains a German translation of the 
investigations of the authors named. While the mode of 
presentation docs not touch upon the modern methods here 
discussed, the book includes many interesting details which 
are of practical value in elementary teaching. 
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1. Among the attempts to determine the ratio of the 
diameter to the circumference we may first distinguish the 
empirical stage, in which the desired end was to be attained by 
measurement or by direct estimation. 

One of the oldest known mathematical r:lomnnents. the Rhind 
Papyrus (c. 1650 B. c.}, contains the problem in the 
well-known form, to transform a circle into a square of 
equal area. The writer of the . papyrus lays down the 
following rule : Cut off l of a d1ameter and construct a 
square upon the remainder ; this has the same area as the 
circle. The value of 7r thus obtained is (\rif = 3.16 · · ·,not 
very inaccurate. Much less accurate is the value .,. = 0, 
used in the Bible (1 Kings, 7. 23, 2 Chronicles, 4. 2). 

2 . The Greeks .rose above this empirical standpoint, and 
especially Archime~es, :\'110, in his wo_rk Kv~>..ov p._irpTJfTt'>, com­
puted the area of the circle by the aid of mscnbed and cir-
umscribed polygons, as is still done in the schools. His 

c ethod remained in use till the invention of the differential 
:lculus ; it was especially developed and rendered practical 
by Huygens (d. 1654) in his work, De circuli rnagnitudine 

invent a-. 
As in the case of the duplication of the cube and the 

trisection of the angle the Greeks sought also to effect the 
quadrature of the circle by the help of hi~her curves. 

Consider :or e~amp~e the _curve ~ = sm-1 x, which repre­
sents the slDUSOld w1th axis vertical. Geometrically 7r 

appears as a particular ordinat_e of this curve ; from 'the 
standpoint of the theory .of functwns, as a particular value of 
oul' transcendental functiOn. Any apparatus which describes 
a transcendental curve we shall call a transcendental appara­
tus. A transcendental apparatus which traces the sinusoid 
gives us a geometric construction of .,., 

In modern language the curve y = sin-1 x is called an 
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integral t:w·ve because it Cll.ll be defined by weans of tl•e 
integra.) of au algebraic function, 

x dx 
y= !"'-Jl- x2 • 

u 

The ancients called such a curve a q-uadratrix or u.Tpu.ywv{­

'ovua. The best known is the quadratri:x of Dino.<:t1·atus 
(c. 350 B.c.) which, however, had al­
ready been constructed by Hippias of 
Elis (c. 420 B.c.) for the trisection of 
an :1ngle. Geometrically it may be 
defined as follows. Having given a 
circle and two perpendicular radii OA 
and OB, two points MandL move with 
constant velocity, one upon the radius 
OB, the other upon the arc AB (Fig. 
14). Starting at the same time at 0 

B 

FIG. 14. 

and A, they arrive simultaneously at B. The point of inter­
section P of OLand the parallel to OA through M describes 
the quadratrix. 

From this definition it follows that y is proportional to (). 

Further, since for y = 1, () = ~ we have 

7f 
6=2y; 

and from () = tau-1 y_ the equation of the curve becomes 
X 

Y =tan ~y. 
X 2 

It meets the axis of X at the point whose abscissa is 

x = lim y , for y = 0; 
7r 

tan 'iY 
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hence 2 
x=-· 

7r 

According to this formula. the radius of the circle is the 
mean proportional between the length of the quadrant and 
the abscissa of the intersection of the quadratrix with the 
axis of X. This curve can therefore be used for the reetifica­
tion and henee also for the quadrature of the circle. l'his 
use of the quadratrix amounts, howt>ver, simply to a geo­
metric formulation of the problem of rectification so long as 
we have no apparatus for describing the curve by continuous 
movement. 

Fig. 15 gives an idea of the form of the curve with the 
branches obtained by taking values of () greater than 7r or 

FIG. 15. 

less than -7r. Evidently the quadratrix of Dinostratus is 
not so convenient as the curve y = sin--t x, but it does not 
appear that the latter was used by the ancients. 

8. The period from 1670 to 1770, characterized by the 
names of Leibnitz, Newton, and Euler, saw the rise of modern 
analysis. Great discoveries followed one another in such an 
almost unbroken series that, as was natural, critical rigor fell 
into the background. For our purposes the development 
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of the theory of series is especially important. Numerous 
methods were deduced for approximating the valuP of 7r. It 
will suffice to mention the so-called Leibnitz series (kno,vu, 
however, before Leilmitz): 

7T' 
-=l-1-+-•-1· 4 :J .; ., 

This same period brings the discovery of the mutual depend­
ence of ~ and 7r. 'l'l1e number e, natuml logarithms, and 
hence the exponential function, are first found in principle in 
the works of Napier (1614). This number seemed at first to 
have no relation whatever to the circular functions and the 
number .7r until Eulet· had the courage to make use of imagi­
nary exponents. In this way he arrived at the celebrated 
formula 

e1x =cos x + i sin x, 
which, for x = 7r, becomes 

el"'=-1. 

This formula is certainly one of the most remarkable in all 
mathematics. The modern proofs of the transcendence of 7T' 

are all based on it, since the first step is always to show the 
transcendence of e. 

4. After 1770 c•ritical rigor gradually began to resume its 
rightful place. In this year appeared the work of Lambert: 
Vorliiufige Kenntnisse fur die so die Quacb·atw· des Cirkuls 
.~uclten. Among other matters the irrationalitv of 7T' is dis­
cussed. In 1794 Legendre, in his Elbnents. de geon11ft,ri.e, 

showed conclusively that 7T' and rare irrational numbers. 

0• But a whole century elapsed before the question was 
investigated from the modern point of view. The starting­
poillt was the work of Hermite : Sttr la. Jimdion expouentidle 
(Cmnptes 1·endus, 1873, published separately in 1~74). The 
transcendence of e is here proved. 
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An analogous proof for 7r, closely related to that of 
Hermite, was given hy Lindemann: Ueber die Zahl 7T' 

(Jfathematische Annalen, XX, 1882. See also the Proceed­
ings of the Berlin and Paris academies). 

The question was then settled for the first time, but the 
investigations of Hermite and Lindemann were still very 
complicated. 

The first simplification was given by Weierstrass in the 
Be1·liner Berichte of 1885. The works previously J;nentioned 
were embodied by Bachmann in his text-book, Vorlesunyen 
Uber die Natur der Irrationalzahlen, 1892. 

But the spring of 1893 brought new and very important 
simplifications. In the first rank should be named the 
memoirs of Hilbert in the Gilttinyer Nachrichten. Still 
Hilbert's proof is not absolutely elementary :. there remain 
traces of Hermite's reasoning in the use of the mtegral 

But Hurwitz and Gordan soon showed that this transcen­
dental formula could be done away with ( Guttinger Nach­
richten j Comptes rendus j all three papel·s are reproduced 
with some extensions in Mathem.a.tisclw Annalen, Vol. XLIII). 

The demonstration has now taken a form so elementary 
1 that it seems generally available. In substance we shall 

follow Gordan's mode of treatment. 



CHAPTER III. 

The Transcendence of the Number e. 

t. We take as the starting-point for our investigation the 
well-known series 

ex= 1 +~+x!l xn 
1 ')I+·.·-+· ., ~. n! 

which is convergent for all finite values of x. The difference 
between practical and theoretical convergence should here be 
insisted on. Thus, for x = 1000 the calculation of e1000 by 
means of this series would obviously not be feasible. Still 
the series certainly converges theoretical-ly; for we easily 
see that after the lOOOth term the factorial n! in the 
denominator increases more rapidly than the power which 

occurs in the numer11.tor. '!'his circumstance that ~~ has for 

any finite value of x the limit zero when n becomes infinite 
has an important bearing upon our later demonstrations. 

We now propose to establish the following proposition: 
TILe number e is not an a.lgebraic nunwer, i.e., an equation 

with integral coefficients of the form 

is impossible. The coefficients C1 may be supposed prime to 
one another. 

We shall use the indirect method of demonstration, show-
ing that the assumption of the above equation leads to. an 
absurdity. The absurdity may be shown in the followmg 
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way. We multiply the members of the equation F(e)=O by 
a certain integer M so tbat 

MF(e)= MCo+ MC1e+ MC2e2 +· · ·+ MCne"=O. 

We shall show that the number M can be chosen so that 

(1) Each of the products Me, Me2, • • • Men may be sepa­
rated into an entire part MK an<l a fractional part (c~ and our 
equation takes the fot·m 

MF(e) = MC0 + M1C1 + M2C~ + · · + M,.Cn 
+ cl(l + c2(2 + . . + cn(n = 0 j 

(2) The integral part 

MC0 + M1C1 + · · · + M"C" 

is not zero. 'rhis will result from the fact that when divided 
by a prime number it gives a remainder different from zero; 

(3) The expression 

C1£1 + C2£2 + · · · + C .. "" 

can be made as small a fraction as we vlt•ase. 
These conditions being fulfilled, the equation assumed is 

manifestly impossible, since ~he sum of an integer different 
{rom zero, and a proper fractwn, cannot equal zero. 

The salient point of the proof may be stated, though not 
quite accurately, as follows: 

\Vith an exceedingly small error we may assume e, e2, ... en 
proportional to integers which certainly do not satisfy our 
assumed equation. 

2. We shall make use in our proof of a symbol h• and a 
certain polynomial cf> (x). 

ThP symbol h• is simply another notation for the factorial r! 
'l'lm~, we shall write th(> series for ex in the form 

x x2 x" 
ex = 1 + h + hi + . . + h" + . 
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The symbol has no deeper meaning; it simply enables us to 
write in more compact form every formula containing powet·s 
and factorials. 

Suppose, e.g., we have given a developed polynomial 

f(x) =! c.x•. 
r 

We represent by f(h), and write qnder the form I c.h•, the 
sum r 

C 1 • 1 + c, · 2 ! + Ca • 3 ! + · · · + C 0 • n : 

But if f (x) is not developed, then to calculate f (h) is to 
develop this polynomial in powers of h and finally replace 
h• by r!. Thus, for example, 

f(k +h)=! c.~k +h)'=! c'. · h• =! c'. · r!, 
r r r 

the c', depending on k. 
The polynolllial ~(x) which we need for our proof is the 

following remarkable expression 

cp(x) = x1,_1[(1-x)(:!-x) · · · (n-x)JP, 
(p -1)! 

where p is a prime number, n thP degt·ee of the algebraic 
equation assumed to be satisfied by e. We shall suppose p 
greater than n and !Cui• and later we sl1all make it increase 
without limit. 

•ro get a gPo metric picture of this polynomial cp (x) we con-
stl'tlct the cun·e 

y = cp(x). 

At the points x = 1, 2, · · n the curve has the axis of X as 
an inflexional tangent, since it meets it in an odd number of 
points, while at the orig-in the axis of X is tangent without 
inflexion. For values of x bPtween 0 and n the curve t·emains 
in the neighborhood of the axis of X; for greater valuPs of x 
it recedes indefinitely. 
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Of the function q,rx) we will now establish three important 
properties : 

1. x being supposed given and p increasing without limit, 
q, ( x) tends toward zero, as does also the sum of the absolute 
values of its terms. 

Put u = x (1- x) (2- x) · · · (n- x); we may then write 
u,,_, u 

q,(x) = \P- 1)! -;• 

which for p infinite tends toward zero. 
To have the sum of the absolute values of cp (x) it is suffi­

cient to replace - x by lxl in the undeveloped form of cl>(x). 
Tl1e second part is then demonstrated like the first. 

2. h being an integer, cp (h) is an integer not divisible by p 
and therefore d·i.ffe·rent from zero. 

Develop q, (x) in increasing powers of x, noticing that the 
terms of lowest and highest degree respectively are of degree 
p -1 and np + p -1. We have 

Hence 
r=np ~p-I 

c/> (h)=~ crhr. 
r=p-1 

Leaving out of account the denominator (p -1) !, which 
occurs in all the terms, the coefficients cr are integers. This 
denominator disappears as soon as we replace hr by r!, since 
the factorial of least degree is h~'-1 = (p -1)!. All the terms 
of the development after the first will contain the factor p. 
As to the first, it may be written 

(1·2·3· · ·n)"·(p-1)! 
-----'-~--· . - (n ')P 

(p- 1)! - . 

and is certainly not divisible by p since p > n. 
Therefore cp (h)= (n !)P (mod. p), 

and hence cp (h) ;;eo. 
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Moreover, q, (h) is a very large number; even its last term 
alone is very large, viz.: 

(np + p -1)! _ . . . _ 
(p- 1)! -p(p+l) (np+p 1). 

3. h being an integer, and k one of tlte numhers 1, 2 · · · n, 
q, (h + k) is an integer divisible b.11 p. 

We have q, (h + k) =I c. (h + k)'= I c'.h•, 
r r 

a formula in which we are to replace h• by r! only after hav­
ing arranged the development in increasing powers of h. 

According to the rules of the symbolic calculus, we have 
first 

c/J(h+k) 
=(h + k)p-l [(1-k-h)(2-k-h) · ··(-h)· · · (n- k- h)J~. 

(p -1)! 

One of the factors in the brackets reduces to - h ; hence the 
term of lowest deg•·ee in h in the development is of degree p. 
We may then write 

r=np-t-p-1 

q, (h + k) =I c'.h•. 
r=p 

The coefficients still have for numerators intPgers and for 
denominator (p - 1)!. As already explained, this denomi­
nator disappears when we replace h• by r!. But now all the 
terms of the development are divisible by p; for the first 
may be written 

~-l)kp · kP-l[(k-l)!(n-k)!]P' p! 
(p- 1)! 

= (-1)kPkP-l [(k -1)! · (n- k)!]P · p. 

q, (h + k) is then divisible by p. 
3. We can now show that the equation 

F (e'l = C, + C1e + C~e2 + · · · + C"e" = 0 

is impossible. 
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For the number M, by which we multiply the members of 
this equation, we select f/J (h), so that 

f/J (h) F (e)= C,,f/J (h)+ C1f/J (h) e + C2 f/J (h) e~ + · · · + C .. f/J (h )en. 

Let us try to decompose any term, such as C"f/J (h) e", into an 
integer and a fraction. WP ha,·e 

e~< · f/J (h)= e"! c,h'. 
r 

Considering the series development of e", any term of this 
sum, omitting the constant coefficient, has the form 

h'·k h··k~ h'·k' h'·k•+l 
ek · h'= h'+-1- + :rr- + · · · + -r!-+ (r+l)! + · 

Replacing h• by r !, or what amounts to the same thing, by one 

of the quantities 
rh~'--1, r(r-l)hr-2. · ·, r(r-1)· · ·3·h2, r(r-1)· · ·2·h, 

and simplifying the successive fractions, 

ek. h: = h' +I~ h•-•k + r (r;; 1) h•-~k2+ ... +I hkr-I + k• 

~ K k2 J 
+k'Lr+l + (r+l)(r+2) +· ... 

The first line has the same form as the development of 
(h + k)'; in tl1e parenthesis of the second line we have the 
series 

k k2 

0 + r + 1 + (r + l)(r + 2) + .. 

whose term~ are respectively lPss than those of the series 

k~ k3 

ek = 1 + k + -- + - + · · · 
~! ;~! 

The secontl line in the expansion of ek · h' may therefore he 
representetl by an exprPssion of the fnrm 

<l•.k e" · k'. 
q,,k Leing a proper frac·tion. 
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Effecting the same decomposition for each term of the sum 

ek::£c,h' 

it takes the form 

e~< ::£ c,h• = ::£ c, t..h + ky + e~< ::£ q,,kc,k'. 
r r r 

The first part of this sum is simply cp (h + k); this is a 
number divisible by p (2, 3). Further (2, 1), 

cp (k) = ~ 1 c.k•l 

tends toward zero when p becomes infinite: the same is trne 
a fortwri of ~ q.,kc.k•, and also, since ek is a finite quantity, 

r 

of ek ::£ q.,kcrk•, which we may represent by £k. 
r 

The term under consideration, Cke~<cp (h), has then been put 
under the form of an integer ~cp (h + k) and a quantity Ck£k 
which, by a suitable choice of p, may be made as small as we 

please. 
Proceeding similarly with all the terms, we get finally 

F (e) cp (h)= Co«P (h)+ C1cp (h + 1) + · · · + C11cp (h + n) 
+ C1£1 + C2£2 + · · · + Cn(n· 

It is now easy to complete the demonstration. All the 
terms of the first line after the first are divisible by p ; for 
the first, I Co I is less tnan p ; cp (h) is not divisible by p; hence 
Cof/J(h) is not divisible by the prime number p. Consequently 
the sum of the numbers of the first line is not zero. 

The numbers of the second line are finite in number; each 
of them can be made smaller than any given number by a 
suitable choice of p ; and therefore the same is true of their 

sum. 
Since an integer not zero and a fraction cannot have zero 

for a sum, the assumed equation is impossible. 
Thus, the transcendence of e, or Hermite's Theorem, is 

demonstrated. 



CHAP'l'ER IV. 

The Transcendence of the Number 1t. 

1. The demonstt·ation of the transcenuence of the num her 
7r given by Lindemann is an extension of Hermite's proof in 
the case of e. While Hermite shows that an integral equa. 
tion of the form 

Co + C1e + C2e~ + · · · + Cnen = 0 
cannot exist, Lindemann generalizes this by introducing in 
place of the powers e, e2 • • • sums of the form 

• k 
ekt + ek2 + ... + e " 
ell + eJ2 + . . . + el" 

where the k's are associated algebraic numbers, i.e., roots of 
au algebraic equation, with integral coefficients, of the degree 
N · tl1e l's roots of an equation of degree N', etc. Moreover , . ' 
some or all of these roots ma.y be imn.gmary. 

I-'indemann's general theorem may be stated as follows : 
The !number e cannot satisfy an equation of the form 

(1) Co+ Ct(ek1 + ek2 + · · · + ek") 

+ C2(e11 + e12 + · · · + e1")+ · · · = 0 
where the coefficients C; are integers and the exponents k11 11, • •• 

are respectively associated algebmic numbers. 
The theorem may also be stated : 
The numbm· e is not only not an algebmic numbe1· and there­

.fm·e a transcendental number simply, but it is al.so not an 
iuterscendental"" number and the·refore a transcendental number 
of higher order. 

* Leibnitz calls a function xA, where ;\. is an algebraic irrational, an 
interscew.leHtal function. 
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Let 
ax" + a1x"-1 + · · · + a,.= 0 

be the equation having for roots the exponents k1 ; 

bx"· + b1x"'-I + · · · + b,... = 0 

that having for roots the exponents Iii etc. These equations 
are not necessarily irreducible, nor the coefficients of the first 
terms equal to 1. It follows that the symmetric functions of 
the roots which alone occur in our later developments need 
not be integers. 

In order to obtain integral numbers it will be sufficient to 
consider symmetric functions of the quantities 

ak1, ak2, • • • ak,., 
bl 17 bl2, · · · bl,.., etc. 

These numbers are roots of the equations 

y" + a1y"-1 + a2ay"-2 + · · · + a"a"-1 = 0, 
y"' + b1y'''-t + b2by"._2 + · · · + b,..b"'-I = 0, etc. 

These quantities are integral associated algebraic numbers, 
and their rational symmetric functions real integers. 

We shall now follow the same course as in the demonstra­
tion of Hermite's theorem. 

We assume equation (1) to be true; we multiply both 
members by an integer M; and we decompose each sum, 

such as 
M (eti + ek2 + ... + ek"), 

into an integral part and a fraction, thus 

M ( e k 1 + e k2 + · · · + e k") = M 1 + f1, 

M (e11 + e12 + · · + e1"') = M2 + f2, 

Our equation then becomes 

C0 M + C1M1 + C2M2 + · 
+ c1f1 + c2f2 + · · = o. 
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We shall show that with a suitable choice of M the sum Qf 
the quantities in the first line represents an integer not 
divisible by a certain prime number p, and consequently 
different from zero ; that the fractional part can be made as 
small as we please, and thus we come upon the same contra­
diction as before. 

2. We shall again use the symbol hr = r! ana select as 
the multiplier the quantity M = Y,(h), where Y,(x) is a gene­
ralization of cf>(x) used in the preceding chapter, formed as 
follows: 

xP-1 . .. 
Y,(x) = (p -l)! [ (k1- x) (k~- x) · · · (k,.- x) ]P · a"P ·a" P ·a" 1> • • • 

"[(1 1 - x) (19 - x) · · · (1,..- x)JP • b"P • b"'P · b""P · · · 

where p is a prime number greater than the absolute value of 
each of the numbers 

C0, a, b, · · ·, a,., b,.., · · · 
and later will be assumed to increase without limit. As to 
the factors a"P, b"'P, · · ·, they have been introduced so as to 
have in the development of y, (x) symmetric functions of the 
quantities 

ak1• ak2, • • ·, ak", 
bllJ bl2, .. ·, bl ... , 

that is, rational integral numbers. Later on we shall have 
to develop the expressions 

l:Y,(k.+ h), l:Y,(Iv+ h), • • • 
v v 

The presence of tl1ese same factors will still be necessary if 
we wish the coefficients of these developments to be integers 
each divided by (p - 1)!. 

1. Y,(h) is an inter;ral n·umber, not divisible by p and con­
sequently different from zero. 
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Arranging y, (h) in increasing vowers of h, it takes the form 
r=Kp+K'p+'' '+p-1 

y,(h) = ~ c.h•. 
r=-p-1 

In this develovment all the coefticients have integral numer­
ators and the common denominator (p - 1)!. 

The coefficient of the first term h-1 ma,y be written 
1 

(p _ 1)! (ak1 • ak2 • • ak~)Pa"'Pa""P. 

(bll 'bl2 ' · bl,..)~'b"Pb""l' · 

- ( 1 
1. 1(-l)"P+I<'p+ .. '(a,.a"-I)Pa"'Pall"p' ' '( b,..b"'-l)Pb"Pbll"p ' ' ' 

p- )· 
If in this tt·rm we replace hr-• by its value (p- 1) ~ the 
denominator disappears. According to the hypotheses made 
regarding the prime number p, no factor of the product- is 
divisible by p and hence the product is not. 

The secowl term cPh" becomes likewise an integer when 
we replace h" by p! but the factor p remains, and so for all 
of the following terms. Hence Y,(h) is an integer not divis­

ible by p. 
~. .F'or x, a given ji11ite quantity, and p increasiug witlwut 

limit, Y,(x)=~c,x' tends t01Mrd zm·o, as does al.<:n fl1e .mm 
r 

Iic,x'\. 
r 

We may write 

Y, (x) =I c,x• 
xr-1 

_ [a"a" · · · b:<bli'(k - x)tk .• - x) · .. (k - x) 
(p-1)! 1 - . ' 

(1 1-x)(l2-x) · · · (1,..-x) · · ·]~". 

Since for x of gtven value the expression in brackets is a cm•­
staut, we may replace it by K. We then have 

- _{xK)P-1 
"' (X) - (p - 1) ! K' 

a llua.ntity which tends toward zero as p increases iuuefinitely. 
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The same reasoning will apply when each term of Y, (x) is 
replaced by its absolute value. 

I'= II 

3. The expression I Y, (k., +h) is an integer divisible by p. 

We have 

+ h aP(k .. + h)p-1 b ~.: .. 
•1• (k ) = lip o" P • • • .,. .. (p-1)! 
· a1:1-l)P [(k 1 - k.- h)(k1 - k.,- h)· • ·(-h)· · · (k,- k.,- h)]P 
• a•'Pbl\'1'[(11 - k.,- h)(l:!- K.,- h)' ' '(l!i' -k.- h)]1' 

'rhe vth factor of the expression in brackets in the second 
line is - h, and hence the term of lowest degree in h is hP. 

Consequently 
~"="JI+II'JI+' '"+JI-1 

.;,(k .. +hJ= I c',h•, 
r=p 

whence 
"'=!< r=:<p+:<'p+ · · · +p-1 

I Y,(k .. +h)= I C',h•. 
r=l r=p 

'rhe numPrators of the coefficients C'r are rational and integral, 
for they are integral symmetric functions of the quantities 

·, 
·, 

ak~. 
bl,.., 

atJd their common denominator is (p -1)!. 
If we replace h~ by r ! the denominator disappears from all 

the coefficients, the factor p remains in every term, ann hence 
the sum is an integer divisible by p. 

Silnilarly for 
r.=S 

Il/l(t+h)· · 
r-=1 

We ha.ve thus established three properties of Y, (x) analogous 
to those demonstrated for r; (x) in connection with Hermite's 
theorem. 
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8. \Ve now return to our demonstration that the assumed 
equation 
(1) Co+Cl(elr.'+elr.~+· · ·+elr.~<)+C2 (e11 +e12+· · ·e1")+· · ·=0 
cannot be true. For this purpose we multiply both members 
by tjl (h), thus obtaining 

Cot/! (h)+ C, [e"1 t/l(h) + e"~t/1 (h)+· · · + e""y, (h) J + · · · = 0, 

and try to decompose each of the expressions in brackets into 
a whole number and a fraction. The operation will be a little 
longer than before, for k may be a complex number of the form 
k = k' +'ik". We sha.llneed to introduce 1 ki= + Vkr2 + k'12• 

One term of the above sum is 

e" · tjt (h)= e"! c,h' =! c, · e" · h•. 
r r 

The product e~< · h• may be written, as shown before, 

[ k k2 

ek ·h'=(h+k)'+k• -;+1 + (r+l)(r+2) +· ] 
The absolute value of every term of the series. 

k k2 

O+ r-Fi + (r+l)(r+2) +·. 

is less than the absolute value of the corresponding term in 
the series 

k k! 
e"=l +-+-+-1 ')' ... 

Hence I k k, 
r+l + (r+ l)(r+2) +. 

or _k_+ k! +· 
r+l (r+l)(r+2) 

. = q,,keJkl, 

q.,k being a complex quantity whose absolute value is less 
than 1. 

We may then write 

ek · 1/f (h)= I c,ekh• =I c,(h + k)" +I c.q.,~~.k•eJkl 
r r r 

= t/1 (h + k)+! c,q,,~~.k• · e1" 1• 
r 



FAMOUS PIWJJLE.\fS. 

By giving k in succession the indices 1, 2, · · · N, and form­
ing the sum the l?I}Uation becomes 

e"1 tft (h)+ e"~t/1 (h)+· · · + e"~tjl(h) 
l'=:l l'=::!f 

=It/t(k.,+h)+ I )ei".,iic,k•.,q,,~<.,f· 
"'=I 11=1 r 

Proceeding similarly with all the other sums, our equation 
takes the form 

V=ll' I'=Jf' 

(2) Cut/t (h)+ C1 I t/t(k,. +h)+ C2 I t/t (1., +h)+· · · 
•·=J •·=I 

1'-!"f ··=:-:· 
+ cl! I e:k,.lc,k~q.,k,, + c, I e••···c~I·,.Qrlo•+ .. ·=0. 

V=J r •·=1 
Ry 2, 2 we can make I 1 c,k•l as small as we please by takiug , 
p snffi,~iently great. Since I q •. ~<l < 1, this will be true a fort·im·i 

uf 

and hence also of 

v=• r 

Since tl•e coefficients C :ue finite in value autl in number, thP 
sum which occurs in the second-line of (2) ·~an, Ly iuerea.sing 
p, he made as small as we please. 

The numbers of the first liue are, after the first, all divis­
ible by p (3), but the first numbel", Cut/1 (h), is not (1 ). 
Therefore the sum of the numbers in the first line is uot 
divisiulc by p aud hence is 1liffercnt fron: zero. The sum of 
an inte~er nnll a fraction cannot be zero. HP.nce equation (!!) 
is impossible and conseqnPntly also Pquation {1).• 

4. We now come to a pl'Oposition more general than tlu~ 
preceding, but whose demonstration is an immediate conse-

• The pronf for the more ~o:rnt>rnl case whl.'re Co = 0 may be reduced 
to U1is by multiplkation by a suitable factor, or may be obtai nell rlia·ectly 
by a. proper modification of .p (h). 
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quence of the latter. For this reason we shall call it Linde­
mann's corollary. 

The number e crrnnot sati.~f!l an equation of tlte form 

(3) C'u + C'1eki + C'2e11 + · · · = 0, 

in u.:hich tlte coe,ffit·ieltt:s u re intey~rs ei'lm when t!te exponents 
k1, 11, • • • are 1mreltrted algebraic numbers. 

To demonstrate tllis, let k2, k8 , • • ·, k,.. be the other roots of 
the equation satisfied l,y k1 ; similarly for 1~, 13, • • ·, 1,..., etc. 
Form all the polynomials which may be deduced from (3) 
by replacing k1 in succession by the associated roots k2, • • ·, 

11 by the assoeiated roots 12, • - • Multiplying the expres­
sions thus formed we have the produr.t 

II ~ C'o + C'1ek" + C'2e1~'~ +- · · t [;. . ~: ;: : : :: :. '] 
a,fJ, ... 

=Co+ Cl (ekl + e"2 + ... + ek")+ C2(ekl+k2 + ek2+ka+ .. ·) 
k1+11 + k1+lo + + C3 ( e e · - + · · ·) · · · 

In ear.h parentl.esis the exponents are formed symmetrically 
from the quantities k,, li, · - ·, and are therefore roots of an 
algebraic equation with integral coefficients. Our product 
comes under Lindemann's theorem; hence it cannot be zero. 
Consequently none of its factors can be zero and the corollary 
is demonstrated. 

We may now deduce a still more general theorem. 
Tlte number e cannot satisf!l an equation of the form 

c<i,> + C'l 1elt + C'~'e1 + · · · = 0 

wlu~re tlu1 coeffiril'nfs as well as the exponents are unrelated 

alge!Jra ic numbers. 
:For, let us form all the polynomials which we can deduce 

from the preceding when for each of the expressions C0 l1 we 
substitute one of the associatetl algebraic numbers 

cc;l. CC¥>. · · · c~ ). 



7'6 F.AJlOUS PROBLEMS. 

If we multiply the polynomials thus formed together we get 
the product 

n l c<:> + cu:>elr. + c<~>e1 + ... t 
... #J, ,., ••• 

= Co + Ckelr. + C1e' + · · · 
+ Ct,lr.elr.+lr. + Ct,,e~<+t +. 

+· 

[
a-1 9 · · · NJ - ,.w, ' 0 

{i= 1, 2, · · ·, N1 

y = 1, 2, · ·, N 1 

. . . . . . 

+· ., 
where the coefficients C are integral symmetric functions of 
the quantities 

CCJ>, CC~>, ·, CC~··, 
ccp, or>, CC~•>, 

and hence are rational. By the previous proof such an 
expression cannot vanish, and we have accordingly Linde­
mann's corollary in its most general form: 

Th.e number e cannot .o:atisfy an ~UJU.ation of the form 

Co+ C,et + Cle1 + · · · = 0 

where the exponellts k, I, · · ·as toell as tlte C<Jejjicient.s C0, C1, 

· · are algebraic nunwers. 
This may also be stated as follows : 
In an equation of t.ILe form 

Co+ Ctelr. + C2e1 + · · · = 0 

the exponents and coefficients cannot aU be alyebraic numhers. 
6. From Lindemann's corollary we may deduce a number 

of interesting results. First, the transcendence of ., is an 
immediate consequence. For consider the remarkable ertua­
tion 

1 +ei""=O. 
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The coefficients of this equation are algebraic; hence the 
exponent i7T" is not. Therefore, 7T" is transcendental. 

6. Again consider the function y = e". We know that 
1 = e0• This seems to be contrary to our theorems about the 
transcendence of e. This is not the case, however. We 
must notice that the case of the exponent 0 was implicitly 
excluded. For the exponent 0 the function 1/J(x) would lose 
its essential properties and obviously our conclusions would 
not hold. 

ExcluJing then the special case (x = 0, y = 1), Lindemann's 
corollary shows that in the equation y = e" or x = logey, y and 
x, i.e., the number and its natural logarithm, cannot be alge­
braic simultaneously. To an algebraic value of x corresponds 
a transcendental value of y, and conversely. This is certainly 
a very remarkable propert-y. 

If we construct the curve y = e" and mark all the algebraic 
points of the plane, i.e., all points whose coordinates are alge­
braic numbers, the curve passes among them without meeting 
a single one except the point x = 0, y = 1. The theorem still 
holds even when x andy take arbitrary complex values. The 
exponential cun·e is Ghen transcendental in a far higher sense 
than ordinarily supposed. 

1. A further consequence of Lindemann's corollary is the 
transcendence, in the same higher sense, of the function 
y = sin-1 x and similar functions. 

The function y = sin-1 x is defined by the equation 

We see, therefore, that here also x and y cannot be algebraic 
simultaneously, excluding, of course, the values x = 0, y = 0. 
We may then enunciate the proposition in geometric form: 

The cur11e y = sin-1 x, like the curve y = e", passes th.rnuglt 

no algebra-ie point of the plane, except x = 0, y = 0. 



CHAPTER V. 

The Integraph and the Geometric Construction of n. 

1. Lindemann's theorem demonstrates the transcendenct• 
of 7r1 and thus is shown the impossibility of solving the old 
problem of the quadrature of the circlt>, not only in the sense 
understood by the ancients but in a far more general manner. 
It is not only impossible to construct 7r with straight edge 
and compasses, but there is not even a cur\'e of higher order 
defined by an integral algebraic equation fot· which 7r is the 
ordinate corresponding to a rational value of the abscissa. 
An actual construction of 7r can then be effectt>d only by the 
aid of a transcendental curve. If such a constru1!tion is 
desired, we must use besides straight edge and compasses 
a "transcendental" apparatus which shall trace the curve by 
continuous motion. 

2-. Such an apparatus is the integraplt, recently invPnted 
and described by a Russian engineer, Abdank-Aba.kanowicz, 
and constructed by Coradi of Zurich. 

This instrument enables us to trace the integral curt'S 

Y = F (x) =Jf (x) dx 

when WP. have given the d~tferential Cltrl'e 

y = f (x). 

For this purpose, we move the linkwork of the integraph 
so that the guiding point follows the differential curve ; the 
tracing point will then trace the integral curve. For a fuller 
description of this ingenious instrument we refer to the 
original memoir (in German, Teubner, 1889; in French, 
Gauthier-Villars, 1889). 
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We shall simply indicate the principles of its working. 
For any point (x, y) of the differential curve construct the 
auxiliary tna.ngle having for vertices the points (x, y), (x, 0), 
(x -1, 0); the hypotenuse of this right-angled triangle makes 
with the axis of X an angle whose tangent= y. 

Hence, tlds !Lypotenuse is pamllel to tiLe ta.ngent to the inte­
gral czwve at the point (X, Y) corresponding to the point (x, y). 

y v 

X 

FIG. lG. 

The apparatus should be so constructed then that the trac­
ing point shall move parallel to the variable direction of this 
hypotenuse, while the guiding point describes the differential 
curve. This is effected by connecting the tracing point with 
a sharp-edged roller whose plane is vertical and moves so as to 
be always parallel to this hypotenuse. A weight pressf>s this 
roller firmly upon the paper so that its point of contact can 
advance only in the plane of the roller. 

The practical object of the integraph is the approximate 
evaluation of definite integrals; for us its application to the 
construction of ,. is of especial interest. 

3. . Take for differential curve the circle 

x2 + y2 = r'; 
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the integral curve is then 
-- r xx--

y =I vr~- x2dx = 2 sin-l-; + 2 Vr2 - x2• 

This curve consists of a series of congruent branches. The 
points where it meets the axis of Y have for ordinates 

r7r 
0, ±2' 

Upon the lines X=± r the intersections have for ordinates 

..,~, r'37r, 
4 4 

If we make r = 1, the ordinates of these intersections will 
determine the number 7r or its multiples. 

It is worthy of notice that our apparatus enables us to 
trace the curve not in a tedious and inaccurate manner, but 
with ease and sharpness, especially if we use a tracing pen 
instead of a pencil. 

Thus we have an actual constructive quadrature -of the 
circle along the lines laid down by the ancients, for om 
curve is. only a modification of the quadratrix considered 
by them. 
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NOTES 
PART I - CHAPTER III 

Gaussian Polygons. Up to the time of Gauss, no one suspected 
that it W88 possible to construct, with ruler and compasses, regular 
polygons other than those the number of whose sides could be 
expressed in one of the forms: 2n, 2n · 3, 2n • 5, 2n • 15. All of these 
were known to the Greeks. But Gauss proved as early as 18011 
that whenever a prime number F~ could be expressed in the form 
22tt +I, the construction of a regular polygon with F~ sides was 
possible by Euclidean methods. It was then apparent that regular 
polygons not included in the Euclidean series, namely 17, 257, 
65537, ... sides, could be constructed under the same imposed 
conditions. And indeed Gauss's discussion led to the result2, that 
the 01lly regular polygons which it is possible to construct with 
ruler and compasses, are those the number P of whose sides can 
be expressed in the form 

2a, (22al + 1). (22ao + 1). (22a3 + 1) ... (22as + 1), 

where a ... a8 are distinct positive integers and each 22"i + 1 is 
a prime. The number of such polygons is small in comparison with 
the number of regular polygons which can not be constructed with 
the means employed. As Dickson has pointed out3 the number of 
P's up to 100 is 24; up to 300 is 37 (all noted by Gauss); up to 1000 
is 52; up to 1000000 only 206. Kraitchik has remarked4 that there 
are only 30 polygons with an odd number of sides that are known 
to be constructible with ruler and compasses. These polygons have 
the following number of sides: 5, 15, 17, 51, 85, 255, 257, 771, 1285, 
3855, 4369,13107, 21845, 65535, 65537, 196611, 327685, 983055, 
1114129, 3342387' 5570645, 16711935, 16843009, 50529027' 
84215045, 252645135, 286331153, 858993459, 1431655765, 

1 Disquistiones arilhmeticro, Leipzig, 1801, p. 664; Werke, v. 1., 2. Ab· 
druck, 1870, p. 462; French ed. Recherches ..drithmetiques, Pn.ris, 1807, 
p. 488; Ger. ed. by Maser, Berlin, 1889, p. 447. 

• This result was, in effect, stated, but not proved, by Ga.uBB. 
• L. E. Dickson, "On the number of inscriptlble regular polygons", 

Bull. N. Y. Jlfath. Soc., Feb., 1894, v. 3, p. 123. 
• Kraitchik, Recherches sur la thCoric des nombres, Parle, 1924, p. 270. 
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4294 967 295. This set of numbers, together with 1 and 3, coincides 
with the divisors of 232 -1 = 1· 3 · 5. 17. 257. 65537. 

The determination of the number of regular polygons which can 
be constructed for P less than a. given integer is, then, bound up 
in the determination of the prime numbers Fw Now for only 18 
values of It has it been shown whether F,. is prime or not, namely 
for the values of It from 0 to 9 inclusive, and for 11, 12, 15, 18, 23, 
36, 38, 73. In the first five of these cases, and in these alone, is F,. 
prime. These five cases were noted by Fermat in the seventeenth 
century. It may well tum out that F1, is not prime, for .u > 4, 
although Eisenstein proposed as a problem 1 : "There are an infinity 
of prime numbers of the form 221' + l". 

The results already established in this connection may be set 
forth in tabular form 2 : 

Prime Factors ot F.u = 221' + 1 

0-4 3, 5, 17, 257, 65537 ....... . 

{ 27 ·5+1=641 } 
5 27. 52347 + 1 = 6700417 ..... 

{
Unknown but composite. . . . . . 

6 2S·9·7·17+1=274177 .•..•..•• 
28.5.5256282!1149 + 1 +&7280421310i21 

7 Unknown but composite. . . . 
8 Unknown but composite. . . . . 
9 216. 37 + 1 = 2424833 . . .... 

{ 213. 3 • 13 + 1 = 319489} 
11 213,7.}7+1=974849 ..... 

{
214. 7 + 1 = 114 689 ••.•.. 

12 216,397+1=26017793} 
210. 7 • 139 + 1 = 63766529 .. 

15 221, 579 + 1 = 1214251009 .. 
18 220. 13 + 1 = 13631489 .. 
23 225. 5 + 1 = 167772161 ... 
36 239. 5 + 1 = 2748779069441 . 

38 241. 3 + 1 = 6597069766657 •. 

73 275, 5+ 1= 188894559314785808547841 
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{ J. Cullen, .A. Cunningham, 
.A. E. and F. J. Western 

J. C. Morehead 

1 G. Eisenstein, ".Aufgaben", Crelle's Journal, v. 27, 1844, p. 87. 

Year 
of 

Dis· 
co very 

1640 

1732 

1878 
1880 
1880 
1905 
1909 
1903 

1899 

1877 

1903 

1925 
1903 
1878 
1886 

1903 

1906 

' The sources for the different results, except those of Fermat, are as 
follows, for the 13 different values ot I': 
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The labor expended in deriving these results has been enormous; 
to the layman who knows nothing of congruences in the theory of 
numbers, the facts found must seem almost to border on the mira­
culous. For, even when t.t = 10, a case not yet solved, F .u contains 
309 digits; but when t.t = 36, F.u is a number of more than twenty 
trillion digits. Concerning it Lucas remarkedl "la bande de papier 
qui le contiendrait ferait le tour de la Terre". For ft = 73, Ball 
states that the digits in F,u "are so numerous that, if the number 
were printed in full with the typeandnumberofpagesusedin this book 
[Mathematical Recreations, fifth edition, 1911, 508 pages], many more 

5. L. Euler, Commentarii .dcademire Scientiarium Petrop., v. 6 (1732-3), 
1738, p. 104; laid before the Academy of St. Petersburg, 26. Sept. 1732. 

In biB autobiography (Springfield, Mass., 1833, p. 38) tho .American 
calculator Zora Colburn records that 'while on exhibition in London, at 
the age of 8, he found "by tho mere operation of his mind" the factors 641 
and 6, 700, 417 of 4, 294, 967, 297 ( = 2 11 + 1 ). OJ. F. D. Mitchell, "Mathe­
mn.tico.l prodigies", .dmer. Journal of Psychology, v. 18, 1907, p. 65. 

G. Lucsa, Comptes Rendus de l' .dcadt!mie des Sciences, Paris, v. 85, 1878, 
p. 138; .dmer. Jour. JJiath., v. 1, 1878, p. 238; Recreations mathematiques, 
v. 2 (2e (ld., 1896), p. 234-5. Landry, Nouv. Corresp. Jl!ath., v. 6, 1880, 

p. 417. 
'/.. Independent discoverers: Western, Proc. Land. Math. Soc., a. 2, v. 3, 

p. x:rl-xxi! . .Abstract of paper read, .A.pril13, 1905; Morehead, BuU • .&mer. 
Math. Soc., v. 11, p. 543-545, abstract of paper read April 29, 1905. 

8. Western and 1\Iorebcad, Bull . .dmer. ll!ath. Soc., v. 16, 1909, p. 1-6; 
"each doing half of tho whole work". 

9, 12 <"'estern), 13, 16. Proc. Land. 1llaflt. Soc., a. 2, v. 1, 1903, p. 175; 
abstract of paper read l\Iay 14, 1903. 

11. .A.. Cunningham, Brit . .dssoc. Rept., 1899, p. 653-4; tho factors 
are here given aa 319489 and 974489. The second number is incorrect, 
4 and 8 being interchanged. The other forms of the correct factors were 
given bY .A.. Cunningham and .A.. E. Western in Proc. Land. 111aflt. Soc., 
e. 2, v. 1, 1903, p. 175. It is here noted also that there are no more factors 
of F,u < 100, and no other factor of F,u < 108 , (,u not less than 14). 

l2, 23. E. Lucas, .dtti Accad. Torino, v. 13 (1877-8), p. 271 [27 Jan., 
18781 • Jl!tflanoes math. ast. acad. Petersb., v. 5, part 5, 1879, p.505, 519, 
or Bull . .&cad. Petersb., a. 3, v. 24, 1878, p. 559; s. 3, v. 25, 1879, p. 63; 
communication of results, for I' = 12 and 23, found by J. Pervouchinc, 
in Nov. 1877 and Jan. 187 8. He notes that the integer 2211 + 1 contains 

2 525 223 digits. 
15• M. Kraitchik, Comptes Rendus de l'.dcademie des Sciences, Paris, v. 180, 

p. 800, March, 1925; also Sphinx-Oedipe, v. 20, p. 24. 
36. P. Seelboff, Zeitschrift math. u. Phys., v. 31, 1886, p. 17 4. 

73. J. c. Morehead, Bull. Amer. Math. Soc., v. 12, 1906, p. 449-451. 

' E. Lucas, Theorie des nombres, P!ll'iR, v. 1, 1891, p. 51. 
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volumes would be required than are contained in all the public 
libraries of the world". 

In not less than seven places 1, during the years 1640-58, did 
Fermat refer to F I' = 221' + 1 as representing a series of prime 
numbers; but in no place did he claim that Fl' was always prime. 

Gauss's Statement of his Polygon Results. In two passages 
the implication to be drawn from what Klein has written is, that 
Gauss published a proof that a regular polygon of p sides can not 
be constructed by ruler and compasses if p is a prime not of the 
form 2k + l. The passages to which I refer are (pages 2, 16): 

(1) "Gauss added other cases [to Euclid's] by showing the possi­
bility of the division into parts where p is a prime number of the 
form p = 221' + I, and the impossibility for all other numbers"; 
(2) "Gauss extended this series of numbers [Euclid's] by showing 
that the division is possible for every prime number of the form 
p = 22~' + 1 but impossible for all othP.r prime numbers and their 
powers". Now the implication referred tQ above is not correct, as 
Pierpont interestingly set forth in hie paper "On an undemonstrated 
theorem of the Disquisitiones Arithmeticae" 2 • That is, Gauss did not 
give a 1Jroof of the "impossibility" referred to in the quotations. But 
after proving the "possibility" described above he continued as follows: 

"As often as p-1 contains other prime factors besides 2, we orrivo 
at higher equations•, namely, to one or more cubic equotlonas,it 3 enters 

1 Letter dated Aug. [ 1] 1640 to Fronlcle (Oeuvres de Fermat, v. 2, 1894, 
p. 206); letter dated 18 Oct., 1640, to Frcnicle (Oeuvrc.s, v. 2, 1894, p. 208); 
Varia Opera, Toulouse, 1679, p. 162; Drassino's Precis, Toulouse, 1853, 
p. 142-3); letter dated 25 Dec., 1610, to Mersenno (Oeuvres, v. 2, p. 212-
213); "Do solutiono problomatum gcomctriconum per curvas almpllciBBimae 
ot unlcuiquc problcmatum goner! propria convenicntcs, Dlssertatlo tri· 
partita" (Oeuvres de Fermat, v. 1, 1891, p. 130-131; French translation, 
v. 3, 1896, p. 120; Varia Opera, 1679 [reprint, 1861], P· 115); lottor dated 
29 August, 1654, to Pascal (Oeuvres de Pascal, v. 4, Paris, 1819, p. 384; 
Oeuvres de Fermat, v. 2, 18!J.i, p. 309-310); letter to Sir Kcnclm Digby, 
sent by Digby to Wallis, 19 June, 1658 (Oeuvres de Fermat, v. 2, 1894, 
p. 402, 404-5; French translation of the Latin, v. 3, 11196, p. 314, 316); 
letter dated August, 1659 to Carcavi, copy sent by Carcavl to Huygons 
14 August, 1659 (Corresp. do Huygcns no. 651; Oeuvres de Fermat, v. 2, 
p. 433--134). 

2 Bull . .Amer. li'Iath. Soc., v. 2, 1895, p. 77-83. 
• In his earlier discuBBion of an inscribed polygon of P sides, Gauss 

considers the equation xJ• - 1 = 0 and the resulting equation got by 
dividing out the factor x - 1, where Pis a prime. 
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once or oftener as a factor of p-1, to equations of 5th degree if p-1 
is divisible by 5, eto. And we cnn prove with all rlgour that these 
equations cannot be avoided or made to depend upon equations o! lower 
degree; nnd although the limits of this work do not permit us to give 
tho demonstration here, we still thought it necessnry to signal this fact 
Jn order that one should not seek to construct other polygons than 
t.hosc given by our theory, as, for example, polygons of 7, 11, 13, 19 
sides, nnd so employ one's time in •tlln." 

Fermat's Theorem. This theorem (p. 17) was indicated by Fer­
mat in a letter, dated 18 October 1640, to B. Freniclc de Bessy 
(Oeuvres de Fermat, v. 2, 1894, p. ~09). Euler gave two proofs 
(Comment . .Acad. Petrop .• v. 8 for 1736, 1741, p. 141, and Comment. 
Nov. Acad. Petrop., v. 7 for 1758-59, 1761, p. 49). Other proofs 
are due to Lagrange (Now; . .Mcm. de i'Acad. de Berlin, 1771) and 
to Gauss (Disquisitiones .Arithmeticu, § 49) 

PART I - CHAPTER IV 

Geometrical Constructions of the Regular Heptadecagon. The 
remark of Klein (p. 24, 32) that we posses as yet no method of 
construction of the regular polygon of seventeen sides, based upon 
considerations purely geometrical, is a little curious, since several 
constructions of this kind have been given. One by Erchinger was 
indeed reported by Gauss in 1825 1 • The construction is as follows: 

Let D, B, G, A, I, F, C, E be points on a line determined by con­
structimis about to be given. Let AB be a line of any length. Pro­
duce it both ways to C and D so that, 

-1--------1--I--1-I-1------1--1-
D B G AlP C E 

.AO X BC = AB X BD = 4 AB2 • 

1 Gottinois~he oelcltrie .A n::eioe11, Dec. 1 !l, 1825, no. 203, Jl. 2025; TVerke, 
v. 2, p. 186-7. 'l'o Art. 365 of the Disquisitioncs .Arithmeticac Gauss ndded 
this noto in his handwrit.ing: "Clrculum in 17 pnrtcs divisibilcm esse geo· 
metrice, deteximus 1796 Mnrt. 30". Ct. Werkc v. 1, p. 476 and v. lO~o 

1917, p. 3-4,120-126,488. The discovery oftheresultwasfirsto.nnounced 
in the IntellioenzblaU ot the -lllaeme-ine Lifc1·atur·Zeituno, no. 66, 1 June, 
1796, col. 554. 
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Further determine the points, E, G, on both sides of OA produced 
SO that, 

AE X EO= AG X OG = AB2; 

and find the point F on the side A of the line BA produced, such 
that 

AF X DF = .AB2. 

Finally divide AE in I so that 

AI X EI = AB X AF, 

where AI is the smaller, and EI the larger part of AE. Then con­
struct a triangle, in which each of two sides equals A B, the third 
being equal to AI. About this triangle describe a circle; then AI 
will be one side of the regular inscribed polygon of seventeen sides. 

Gauss particularly remarks that the author gave a purely syn­
thetic proof of this construction. 

Another synthetic construction and proof dated "Dublin, 17th 
October, 1819" was published by Samuel James in the Transactions 
of the Irish Academyl. Yet another construction was given by John 
Lowry in The Mathematical Repository2 for 1819. But tho earliest 
published geometrical construction was given by Huguenin in his 
Mathematische Beitriige zur weiteren Ausbildung angehender Geometer, 
Konigsberg, 1803, p. 283. 

A score of geometrical constructions are assembled in A. Golden· 
ring, Die elementargeometrischen J(onstruktioncn des regelmiissigen 
Siebzehnecks, Leipzig, 1915. See also the review of this work in 
Bull. Amer. Math. Soc., v. 22, 1916, p. 239-246, and my note 
"Gauss and the regular polygon of seventeen sides" in Amer. Math. 
Monthly, v. 27, 1920, p. 323-326. 

The discovery that the regular polygon of seventeen sides could 
be constructed with ruler and compasses was not only one of which 
Gauss was vastly proud throughout his life, but also, according to 
Sartorius von Waltershausen 3, the one which decided him to dedicate 
his life to the study of mathematics. Archimedes expressed the wish 
that a sphere inscribed in a cylinder be inscribed on his tomb, as 
Ludol{ van Ceulen did in connection with the value of n to 35 decimal 

1 V. 13 (1818), p. 175-187; paper read Jan. 24, 1820. 
' N. e., v. 4, p. 160. Lowry's proof occupies p. 160-168. 
' Gauss cum Gediichtniss, Leipzig, 1856, p. 16. 
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places, and Jacques Bernoulli with reference to the logarithmic 
spiral. So also, according to Weoer1, Gauss requested that the 
regular polygon of seventeen sides should be engraved on his tomb­
atone. While this request was not granted, as it was in ea.ch of 
the other cases mentioned, it is engraved on the side of a monument 
to Gauss in Braunschweig, his birthplace. 

Constructions in general with Ruler and Compasses. Regarding 
constructions as effected 'vhen intersections of circles with circles 
or lines, or of lines with lines may be determined, it can be shown 
that: Every 1Jroblem solved with mler and compasses can be solved 
with compasses alone. This was first shmvn by Georg l\Iohr in his 
Euclides Danicus published at Amsterdam in 1672; this work was 
reprinted in 1928 by the Danish Society of Sciences. Klein refers 
(p. 33) only to Mascheroni's proof of this result 125 years later, in 
his Geometria del Com]JaSso. Of this work there were two French 
ctlitiona Geometric du Compas, Paris, 1798 and 1828. From the 
first of these a German edition L . .Mascheroni's Gebrauch des Zirkcls, 
Berlin, 1825, was prepared by J. P. Gruson. The subject is trea~d 
in English by: A. Cayley, Messenger of Math., v.14, 1885, p.179-181; 
Collected Papers, v. 12, p. 314-317; by E. W. Hobson, in a presi­
dential address, 1\Iathematical Gazette, v. 7, HH3, p. 49-54; by 
H. P. Hudson, Ruler & Compasses, London, 1916, p. 131-143; and by 
J. Coolidge, Treatise on the Circle and Sphere, Oxford,1916, p.186-188. 

Klein has noted (p. 33-34) that Poncelet first conceived the 
result that given a circle and its center, every solution of a problem 
with ruler and compasses can be carried through with ruler alone. 
A little later IGein states (p. 34) "we will show how with the straight 
edge and one fixed circle we can solve every quadratic equation". This 
is not posRible; IGein should have had "with its center" after "one 
fixed circle". That the center be also given is very essential when 
only one circle is given. Hilbert suggested the problem: How many 
given circles in a plane are necessary in order to determine with 
ruler alone, the center of one of them? In 1912 D. Cauer2 showed: 
(a) If two circles do not intersect in real points it is generally impossible 
to determine the center of either circle with ruler alone; (b) A center 

1 Encyclo]Jiidie der clcmcntarcn .t1lgebra und Analysis bcarbeitet von H. 
Weber. 2. ed. Leipzig, 1906, p. 362. 

• Jlathematische A.nnalen, v. 73, 1912, p. 90-94; v. H, 1913, p. 462-464. 
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may be determined if the circles cut in real points, touch, or are 
concentric. About the same time J. Grossmann discovered a result 
which proved that Every problem solvable with ruler and compasses 
can also be solvecl with ruler alone if we are given, iu the plane of 
construction, three linearly independent circles. Correct proofs of 
this result were given by Schur and Mierendorff. 

From this it is clear that every construction with ruler and com­
passes can be effected with a ruler, and compasses with a fixed 
opening. Constructions of this kind were found already in the tenth 
century by Abu'} Wefa of Bagdadl. With such means, in the six­
teenth century, certain problems of Euclid were solved by Cardano, 
Ferraro, and Tartaglia. At Venice in 1553 G. B. Benedetti published 
a little treatise, Resolutio omnium Eucliclis problematum, aliorumque 
ad hoc necessaria ittventorwn, una tan.tumodo circuli data apertura. 
In English the topic is treated in a rare pamphlet translated from 
the Dutch by Joseph Moxon2 , and in an article by J. S.l\Iackay 3 • 

Every problem whose solution is possible by ruler and compasses 
can be also solved with a two edged ruler alone, whether the edges 
are parallel or meet in a point. For some of the literature in this 
connection the following sources may be consulted: Nouvelle Corresp. 
Math., v. 3, 1877, p. 204-208; v. 5, 1879, p. 439-442; v. 6, 1880, 
p. 34-35; Akademic der ·wissen., Vienna, Sitzungsberichte, Abt. II a, 
v. 99, 1890, p. 854-858; Bolletino d~ Matematiclze e eli Scienze fisiclze 
e naturali, v. 2, 1900--01, p. 129-145, 225-237. 

PART II - CHAPTER II 

Irrationality of rr. Klein wrote (p. 59}: "After 1770 critical rigour 
gradually began to resume its rightful place. In this year appeared 
the work of Lambert: Vorliiufige Kenntnisse f"r die, so die Quadratur 

' "Woepcko" Analyse ct extrnit d'un rccucll de constructions g6om6tri­
ques Par .A.boO.l WafA", Journal Asiatique, 1855. 

1 Compendium Euclidis Curiosi: or, geometrical operations. Showing how 
with a Bingle opening of the Compasses and a straioht ruler all the propositions 
ot Euclid's first five books arl' performed. London, 167 7. Moxon docs not 
tell us who the author of tho Dutch treatise was. 

1 "Solutions of Euclid's problems, with a ruler and one fixed aperture 
of the compasses, by tbe Italian geometers of tho sixteenth century", 
Proc. Edinb. Math. Soc., v. 5, 1887, p. 2-22. 
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•.. des Cirlculs suchen. Among other matters the irrationality of rr 
is discussed. In 170-1 Legendre in his i:tements de Geom!itrie showed 
conclusively that rr and rr;2 are irrational numbers." The implication 
of this note is that Lambert did not discuss the irrationality of rr 
conclusively and that Legendre did. How both of these points of 
view are essentially incorrect will appear in \vhat follows. Klein 
was simply reproducing the erroneous statements of Rudio1 ; but 
after Pringsheim's Clueful study in 1898:, Lambert's proof emerged 
as "ausscrordentlich scharfsinnig und im \Vesentlichen vollkommen 
einwandfrei", while Legendre's remained "in Bezug auf Strenge 
hinter Lambert weit zuri\ck". 

As in the later proof of the transcendence of rr, so here when 
its irrationality was in question, discussion of e is fundamental. 
The irrationality of e and e2 was shown, substantially, by Euler in 
17373 and he gave the expression for e as a continued fraction on 
which Lambert's proofs of the irrationality of ez, ta.n x and rr rest, 
Starting with Euler's development4 

e-1 1 1 1 1 1 
-"2 = 1 + 6 + 10 + 14 + 18 +etc., 

Lambert found 

ex-1 I I I I 
ex+ 1- 2/x + 6/X + IO/x + I4;x + etc., 

and since 

1 F. Rudio: Arcl!imedes, lluyoens, Lambert, Leoendre, vier Abhandlunuen 
tiber die Krcismcssrmo. Leipzig, 1892, p. 56 f. This error is also reproduced 
by B. Calo in Enriquee's Frauen dcr Elcmentaroeometrie, II. Tell, 1907, 
p. 315; by D. E. Smith in Young'slllonooraphs on Topics of .11-Iodern Mathe· 
matics, 1911, p. 401. Tho matter was correctly set forth by T. Vahlon in 
Konstruktionen 1tnd APJJroximationen, Leipzig, 1911, p. 319f. 

1 A. Pringsheim: "0ber die orston Beweise del' Irrationo.litll.t von e und 
'It", Bayerische Aka d. der \\'ieeen., Sitzrtnosbericltte, mathem.·phys. Cl., 
v. 28, 1899, 11. 325-337 • 

1 "De frnctionibue continuie", Comment. acad. de Petrop, v. 9, 1744, 
p. 108. Presented to St. Petersburg Academy, March. 1737. 

• L. Euler: Introductio in analysin in!initorrtm. Tomus Primu:!, Lau· 
sannac, 1748, p. 319. This work was finished in 1745; 0/. G. Eneetrom, 
Verzeichnis etc., Erato Licfcrung, p. 25. 
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ex -1 ex/2- e-x/2 h x 1 ix .f ix 
_ =tan - = --c tan 2 , 1 z = 2 ex+ 1- ex/2 + e x/2 2 t 

1 1 1 1 1 
tan z = 1/z- 3/z-5/z -7jz- 9/z- · · · · 

He then proved the theorems: 
1. If x is a rational number dilferent from zero, ex can never be 

rational. 
For x = 1, we have as special case the irrationality of e. 
2. If z is a rational number different /rom zero, tan z can never be 

rational. 
For z = -rc/4, tan -rc/4 = 1, and hence as a special case the irratio­

nality of rc. 
The part of Lambert's Vorliiufige Henntnisse to which Klein refers 

contains some formulae without proof, and no analytical develop· 
ments, and was rather intended to serve as a popular survey of 
the treatment of the topic. With it must be considered the scien· 
tifically remarkable "Memoire" of 1767 1 • Here "mit minutiOser 
Genauigkeit" Lambert proves the convergence of the expression 
for tan z as a continued fraction. Pringsheim dwells on the "astound­
ing" nature of these considerations at this period in the history of 
mathematical thought. For of such considerations Legendre was 
innocent, as well as the great Gauss in his 1812 memoir on hyper­
geometric series, and others, till a much later period. 

"Thus the Lambert memoir contains the first, and for many 
years, the only example of what we now consider really rigorous 
developments of functions as converging continued fractions, in 
particular, that for tan z given above." 

Measurement of a Circle. By considering inscribed and circum· 
scribed polygons up to 96 sides Archimedes arrived at the result 
that the ratio of the circumference of a circle to its diameter is less 

than 3 ~ but greater than 3 ~- The following tab:e exhibits the 
perimeters of regular inscribed and circumscribed polygons of a 
circle with a unit diameter (Chauvenet, Treatise on Elementary 
Geometry, Philadelphia, 1870, p. 161). 

' "Mllmoire sur quelques proprl6t6s remarquables des quantiUs trans· 
ce~dantes clreulaires et logarithmiques". Lu en 1767. Printe:i In 1768 in 
H~st. de l'acad. royale des sciences et belles·lettres, Berlin, .Annl!e 1761 ( 1 ), 
p. 26:i-322. 
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Number P erimcter of Perimeter of 
of sides circumscribed polygon inscribed polygon 

-! J.OOOOOOO 2.8284271 
8 3.3137085 3.0614675 

16 3.1825979 3.1214452 
32 3.1517249 3.1365485 
64 3.144ll84 3.1403312 

128 3.1422236 3.1412773 
256 3.1417504 3.1415138 
512 3.1416321 3.1415729 

1024 3.1416025 3.1415877 
2048 3.1415951 3.1415914 
4096 3.1415933 3,1415923 
8192 3.1415928 3.1415926 

The remarkable approximation 355fll3 for rr is correct to six 
places of decimals. It seems to have been first given by a Chinese, 
Tau Ch'ung-ching (5th century), and later by Valentin Otho (16th 
century) and Adriaen Anthonisz (17th century). Grunert gave a 
geometrical construction for rr based on the fact that 355fll3 = 3 + 
42 1 (7 2 + 82 ), A.rchiv der Mathematik und Physik, v. 12, 1849, p. 98 . 

.Another construction was given by Ramanujan in Journ. Indian 
Math. Soc., v. 5, 1913, p. 132 (also in Collected Papers of Srinivasa 
Ramanujan, Cambridge, I9l7, p. 22, 35). 

Euler's Formula. The formula 

<,;"' = cos:z: + i sin :z: 

was first given by Euler in Miscellanea Berolinensia, v. 7, 1743, 
p. 179 (paper read 6 Sept. 1742), and again in his Introductio \n 
Analysin, Lausanne, 1748, v. I, p. 104. He gave also 

e-i:z: = cos x - i sin x. 

The equivalent of the form 

ix = log (cos x + i sin x 

was given earlier by Roger Cotes (Philosophical Transactions, 1714, 
v. 29, 1717, p. 32) as: "Si quadrantis circuli quilibet arcus, radio 
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OE deacriptus, sinum habcat OX, sinumque complementi ad qua­
d.ra.ntem XE: sumendo radium OE, pro Modulo, arcus erit rationis 
inter EX+ XC v-1 & OE mensura. ducta in tr-1." See also Cotes, 
Harmonia Mensurarum, 1722, p. 28. 

PART II - CHAPTER IV 

In the course of the discussion on pages 61-74 it is assumed that 
there are an infinite number of prime numbers. One of the neatest 
proofs of this fact was given by Euclid (about 300 B.C.) in proposition 
20, book 9 of his Elements. 

On page 77, in considering the relation y = ex, Klein made a. 
slight slip when he wrote: "To an algebraic value of x corresponds 
a transcendental value of y, and conversely." "Conversely" leads 
to the statement, to a transcendental value of y corresponds an 
algebraic value of x. But a proof of this haa nowhere been given; 
indeed the result is not true, in general. To correct delete "con­
versely" and add: "To a.n algebraic value of y corresponds a transcen­
dental value of x." 
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FADS AND FALLACIES IN THE NAME OF SCIENCE, Martin Gardner. Examines various cults, 
Quack systems, frauds, delusions which at various times have masqueraded as science. 
Accounts of hollow-earth fanatics like Symmes; Velikovsky and wandering planets; Hoer· 
b1ger; Bellamy and the theory of multiple moons; Charles Fort; dowsing, pseudoscientific 
methods for finding water, ores, oil. Sections on naturopathy, iridiagnosis, zone therapy, 
food fads, etc. Analytical accounts of Wilhelm Reich and orgone sex energy; L. Ron Hubbard 
~nd D1anet1cs; A. Korzybski and General Semant1cs; many others. Brought up to date to 
Include Bridey Murphy, others. Not just a collection of anecdotes, but a fair, reasoned 
appraisal of eccentric theory. Formerly tilled IN THE NAME OF SCIENCE. Preface. Index. 
x + 384pp. 5:Ya x 8. T394 Paperbound $1.50 

A DOVER SCIENCE SAMPLER, edited by George Barkin. 64-page book, sturdily bound, contain· 
mg excerpts from over 20 Dover books, explaining science. Edwin Hubble, George Sarton, 
Ernst _Mach, A. d'Abro, Galilee, Newton, others, di~cussing island universes, scientific truth, 
b1olog1cal phenomena, stability in bridges, etc. Copies limited; no more than 1 to a customer, 

FREE 

POPULAR SCIENTIFIC LECTURES, Hermann von Helmholtz. Helmholtz was a superb expositor 
as weU as a scientist of genius in many areas. The seven essays in this volume are models 
of clanty, and even today they rank among the best general descriptions of their subjects 
ever wntten. "The Physiological Causes of Harmony in Music" was the first significant physic· 
log1cal explanation of musical consonance and dissonance. Two essays, "On the Interaction 
of Natural Forces" and "On the Conservation of Force," were of great importance in the 
h1story of science, for they firmly established the principle of the conservation of energy. 
Other lectures include "On the Relation of Optics to Painting," "On Recent Progress in the 
Theory of Vision," "On Goethe's Scientific Researches," and "On the Origin and Significance 
of Geometrical Axioms." Selected and edited with an Introduction by Professor Morris Kline. 
XII + 286pp, 5:Ya x 8112. T799 Paperbound $1.45 

BOOKS EXPLAINING SCIENCE AND MATHEMATICS 
Physics 

fhONCRERNING THE NATURE OF THINGS, Sir Willi~m Bragg. Christma.s lectures delivered at 
e . oyal Soc1ety by Nobel laureate. Why a spmning ball travels '" a curved track; how 

~~~m~m 1s transmuted to lead, etc. Partial contents: atoms, gases, liquids, crystals, metals, 
figu o SCienllfic background needed; wonderful for intelligent child. 32pp. of photos, 57 

res. XII + 232pp. Sl/a x 8. T31 Paperbound $1.50 

!~~0 RESTLESS UNIVERSE, Max Born. New enlarged version of this remarkably readable 
ex 1 unt ~Y a Nobel laureate. Moving from sub-atomic particles to universe, the author 
an~ aits m1 v~ry simple terms the latest theories of wave mechanics. Partial contents: air 
nuclea~ rhe a~1ves, electrons & ions, waves & particles, electronic structure of the atom, 

P YSics. Nearly 1000 illustrations, Including 7 animated sequences. 325pp, 6 x 9. 
T412 Paperbound $2.00 



Catalogue of Dover Bool!s 

FROM EUCLID TO EDDINGTON: A STUDY OF THE CONCEPTIONS OF THE EXTERNAL WORLD, 
Sir Edmund Whittaker. A foremost British scientist traces the development of theories of 
natural philosophy from the western rediscovery of Euclid to Eddington, Einstein, Dirac, etc. 
The inadequacy of classical physics is contrasted with present day attempts to understand 
the physical world through relativity, non-Euclidean geometry, space curvature, wave me­
chanics, etc. 5 major divisions of examination: Space; Time and Movement; the Concepts 
of Classical Physics; the Concepts of Quantum Mechanics; the Eddington Universe. 212pp. 
5% x 8. T491 Paperbound $1.35 

PHYSICS, THE PIONEER SCIENCE, L. W. Taylor. First thorough text to place all important 
physical phenomena in cultural-historical framework; remains best work of its kind. Exposi­
tion of physical Jaws, theories· developed chronologically, with great historical, illustrative 
experiments diagrammed, described, worked out mathematically. Excellent physics text 
tor self-study as well as class work. Vol. 1: Heat. Sound: motion, acceleration, gravitation, 
conservation of energy, heat engines, rotation, heat, mechanical energy, etc. 211 illus. 
407pp. 5~1• x 8. Vol. 2: Light, Electricity: images, lenses, prisms, magnetism, Ohm's law, 
dynamos, telegraph, quantum theory, decline of mechanical view of nature, etc. Bibliography. 
13 table appendix. Index. 551 illus. 2 color plates. 508pp. 53/a x 8. 

Vol. 1 S565 Paperbound $2.25 
Vol. 2 S566 Paperbound $2.25 

The set $4.50 

A SURVEY OF PHYSICAL THEORY, Max Planck. One of the greatest scientists of all time 
creator of the quantum revolution in physics, writes In non-technical terms of his own 
discoveries and those of other outstanding creators of modern physics. Planck wrote this 
book when science had JUSt crossed the threshold of the new physics, and he communicates 
the excitement felt then as he discusses electro~allnetic theories, statistical methods, evolu­
tion of the concept of light, a step-by-step descroptron of how he developed his own momen­
tous theory, and many more of the basic ideas behind modern physics. Formerly "A Survey 
of Physics." Bibliography. Index. 128pp. 53hl x 8. S650 Paperbound $1.15 

THE ATOMIC NUCLEUS,. M. Korsunsky. The only non-technical comprehensive account of the 
atomic nucleus In English. For college phys1cs students, etc. Chapters cover: Radioactivity 
the Nuclear Model of the Atom, the Mass of Atomic Nuclei, the Disintegration of Atomic 
Nuclei, the Discovery of the Positron, the Artificial Transformation of Atomic Nuclei Artifi­
cial Radioactivity, Mesons, the Neutrino, the Structure of Atomic Nuclei and Forces' Acting 
Between Nuclear Particles, Nuclear Fission, Chain Reaction, Peaceful Uses, Thermoculear 
Reactions. Slightly abridged edition. Translated by G. Yankovsky. 65 figures. Appendix includes 
45 photographic illustrations. 413 pp. 53/a x 8. S1052 Paperbound $2.0D 

PRINCIPLES OF MECHANICS SIMPLY EXPLAINED, Morton Molt-Smith. Excellent, highly readable 
introduction to the theories and discoveries of classical physics. Ideal for the layman who 
desires a foundation which will enable him to understand and appreciate contemporary devel­
opments in the physical sciences. Discusses: Density, The Law of Gravitation, Mass and 
Weight Action and Reaction, Kinetic and Potential Energy, The Law of Inertia, Effects of 
Acceleration, The Independence of Motions, Galilee and the New Science of Dynamics, 
Newton and the New Cosmos, The Conservation of Momentum, and other topics. Revised 
edition of "This Mechanical World." Illustrated by E. Kosa, Jr. Bibliography and Chronology. 
index. xiv + 171pp. 5~'• x 8lf2. T1067 Paperbound $1.35 

THE CONCEPT. OF ENERGY SIMPLY EXPLAI,NED, Morton Matt-Smith •. Elementary, non-technical 
exposition wh1ch traces the story of mans conquest of energy, With part1cular emphas1s on 
the developments durin~ the nineteenth century and the first three decades ~f our own 
century. Discusses mans earl1er eff~rts to harness e~ergy, more recent experoments and 
discoveries relating to the steam engme, the engme md1cator, the mot1ve power of heat, the 
principle of excluded perpetual motion, the bases of the conservation of energy, the concept 
of entropy, the internal combustion engine, mecha~ical refrigeratio.n, and many ,other related 
topics. Also much bJographJcal materoal. Index. B1bl10graphy. 33 Illustrations. IX + 215pp. 
53;8 x 81/2. Tl071 Paperbound $1.25 

HEAT AND ITS WORKINGS, Morton Matt-Smith. One of the best elementary introductions to the 
theorY and attributes of heat, coverong such matters as the laws governing the effect of heat 
on solids, liquids and gases, the methods by which heat is measured, the conversion of a 
substance from one form to another through heating and cooling, evaporation, the effects of 
pressure on boiling .and freezi~g points, and the three ways in which heat is t~ansmitted 
(conduction, convectron, radJallon). Also broef notes on maJor experoments and d1scoveroes. 
concise, but complete, it presents all the essential facts about the subject in readable style. 
Will give the layman and beginning student a first-rate background in this major topic in 
physics. Index. Bibliography, 50 illustrations. x + 165pp. 53,\J x 81/2, T978 Paperbound $1.15 

THE STORY OF ATOMIC THEORY AND .ATOMIC ENERGY, J. G. Feinberg. Wider range of facts 
on physical theory, cultural Jmpllca!Jons, than any other s1m11ar source. Completely non· 
technical. Begins with first atomic theory, 600 B.C., goes through A-bomb, developments to 
1959. Avogadro, Rutherford, Bohr, Einstein, radioactive decay, binding energy, radiation 
danger, future benefits of nuclear power, dozens of other topics, told in lively, related, 
informal manner. Particular stress on European atomic research. "Deserves special mentiOn 
.•• authoritative," Saturday Review. Formerly "The Atom Story." New chapter to 1959. 
Index. 34 illustrations. 251pp. 5'/s x 8. T625 Paperbound $1.60 
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E QUANTUM AN ACCOUNT FOR THE GENERAL READER OF THE 
THE STRANGE STDR'1 Of TH R'ESENT ATOMIC KNOWlEDGE B Hoflmann. Presents 
GROWTH OF IDEAS UNDERLYING OUR P . ' • d th ries which 
lucidly and expertly, with barest amau"t "~ mathematiCS,. the problems an e~ the 19th 
\'Po.t\ '-"'""' w.,\.-..t...\\.'\"\.'. "'-~·4\"\"\:um pny51CS. Or. Hoffmann begms. w1th the c~osm_g y~ars. o . 5 
<.tn\ury, when certain trilling tli~crepancies were not1ced, and w1th illum1nat!ng anilog1•.e 
and examples takes you through the brilliant concepts of Planck, E1nstcm, Pauli, ~e rdog •e, 
Bohr, Schroedinger, Heisenberg, Dirac, Sommerfeld, Fcynman, etc. Th•s ed1t10n mclu es a 
new, long postscript carrying the story through 1958. "Of th_e books attemptmg an account 
Of the history and COntents of OUr modern atomiC phySiCS. WhiCh have come to mx ~~tert~?ns 
this is the best," H. Margenau, Yale University, in "Amencan Journal of PhySICS. d $a1 ; 5 
and line illustrations. Index. 275pp. 53fa x 8. T518 Paperboun • 

THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d'Abro. Elnstein:s 
special and general theories of relativity, with their historical implications, a~e analyzW 'r" 
non-technical terms. Excellent accounts of the contributions of Newton, R1emann, 1. ey • 
Plane~. Edctington, Maxwell, Lorentz and others are treated in terms of sp~ce and •me, 
equatiOns of electromagnetics, finiteness of the universe, methodology of sc1ence. d21$2di~S grams. 482pp. 53fa x 8. T2 Paperoun • 

THE RISE OF THE NEW PHYSICS, A. d'Abro. A half-million word exposition, formerly titled 
THE DECLINE OF MECHANISM for reacters not versect in higher mathematics. The only t~or· 
ough explana~ion, In everyctay' language, of the central core of modern mathema_tical_ PhYSICal 
theory, treatmg both classical and modern theoretical physics, and presentmg m te~ms 
almost _anyone can understand the equivalent of 5 years of study of mathematical phys1~s. 
Scientifically Impeccable coverage of mathematical-physical thought from the New!on_1an 
system up through the electronic theories of Dirac and Heisenberg and Fer_ml's statiSti~S­
Combmes both history and exposition· provides a broad yet unified and detailed v1ew, With 
constant comparison of classical and moctern views on phenomena and theories. "A must for 
~nyone d~mg senous stucty in the physical sciences," JOURNAL OF THE FRANKLIN INSTITUTE. 
'Extraorctmary faculty .•• to explain ideas and theories of theoretical phys1cs In the Ian· 

guage of dally life," ISIS. First part of set covers philosophy of science, drawing upon th_e 
pract1ce of Newton, Maxwell, Poincare, Einstein, others, discussing modes of _thought, expend· 
ment, mterpretat1ons of causality, etc. In the second part, 100 pages explam gram!llar an 
vocabulary_ of mathematics, with discussions of functions, groups, series, Fourier senes, etc. 
The _remamcte~ _IS devoted to concrete, detailed coverage of both class•cal and quantum 
phYSICS, explammg such topics as analytic mechanics, Hamilton's principle, wave theory. of 
light, electrorryagnetic waves, groups of transformations, thermodynamics, phase rule, ,Brown•an 
movement, kmet1cs, special relalivity, Planck's original quantum theory, Bohr s atom, 
Zeeman effect, ~roglie's wave mechanics, Heisenberg's uncertainty, Eigen-values, matnces, 
scores of other Important topics. Discoveries and theories are covered for such men as Alem­
bMert, Born, Cantor, Debye, Euler, Foucault, Galois, Gauss Hadamard Kelvin, Kepler, Laplace, 
tlaxwel_l, Pauli, Rayleigh, Volterra, Weyl, Young, more th'an 180 oth'ers. Indexed. 97 illustra· 

ons. IX + 982pp. 53fa x B. T3 Volume 1, Paperbound $2.25 
T4 Volume 2, Paperbound $2.25 

SPINNING TOPS AND GYROSCOPIC MOTION, John Perry. Well-known classic of science still 
unsurp~ssed f_or lucie!, accurate, delightful exposition. How quasi-rigidity is Induced in flex•b!e 
and ~u1d bod1es by rapid motions; why gyrostat falls, top rises; nature and effect on cl1mat1c 
cond1t1ons of earth's precessional movement; effect of internal fluidity on rotatmg bodieS, 
etc. Appendixes describe practical uses to which gyroscopes have been put in ships, com· 
passes, monorail transportation. 62 figures. 128pp. 53/a x 8. T416 Paperbound $1.25 

TH.E UN_IVERSE OF liGHT, Sir William Bragg. No scientific training needed to read Nobel 
Pnze wmner's expansion of his Royal Institute Christmas Lecture~. Insight mto nature of 
light,. methocts and philosophy of science. Explains lenses, reflection, color, res~nance, 
polanzat•on, x-rays, the spectrum Newton's work with prisms Huygens' w1th polanzatlon, 
Crookes' with cathode ray, etc. Leads into clear statement ot' 2 mdJOr historical theories 
of light, corpuscle and wave. Dozens of experiments you can do. 199 11lus., mcludmg 2 
full-page color plates. 293pp. 53fa x 8. S53B Paperbound $1.85 

THE STORY OF X-RAYS FROM RONTGEN TO ISOTOPES, A. R. Bleich. Non-technical history of 
x-rays, their scientific explanation, their applications in medicine industry, research, and 
art, and their effect on the individual and his descendants. Includes amusing early reactions 
to Rontgen's discovery, cancer therapy, detections of art and stamp forgenes, potent1al 
nsks to patient and operator, etc. Illustrations show x-rays of flower structur~, the gall 
bladder, gears with hidden defects, etc. Original Dover publication. Glossary. Bibliography. 
Index. 55 photos and figures. xiv + 186pp. 53/a x B. T662 Paperbound $1.50 

E_LECTRONS, ATOMS, METALS AND ALLOYS, Wm. Hume-Rothery. An introductory-level explana· 
t1on of the application of the electronic theory to the structure and properties ot f!letals 
and a_lloys, taking into account the new theoretical work done by mathe~at1ca1 Phys1c!st~; 
Mat_enal_ presented in dialogue-form between an "Old Metallurgist" and a Young Sc1ent.st. 
Their discussion falls into 4 main parts: the nature of an atom, the nature of a metal, 
the nature of an alloy, and the structure of the nucleus. They cover such top1cs as t~e 
hydrogen atom, electron waves, wave mechanics, Brillouin zones, co-valent . bon_ds, ract1o· 
acliv1ty and natural disintegration, fundamental particles, structure and _f•ss•on of the 
nucleus,etc. Revised enlarged edition. 177 illustrations. Subject and name mdexes. 407pp. 
53fa x 8112, ' S1046 Paperbounct $2.25 
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TEACH YOURSELF ~ECHANICS, P. Abbott. The lever, centre of gravity, parallelogram of force, 
friction, acceleration, Newton's Jaws of motion, machines, specific gravity, gas, liquid 
pressure, much more. 280 problems, solutions. Tables. 163 illus. 271pp. 60'a x 41;4 • 

Clothbound $2.00 

MATIER & MOTION, James Clerk Maxwell, This excellent exposition begins with simple par­
ticles and proceeds gradually to phys1caJ systems beyond complete analysis: motion, force, 
properties of ce_ntre of mass of matenal system, work, energy, gravitation, etc. Written with 
all Maxwell's ongmal lns1ghts and clanty. Notes by E. Larmor. 17 d1agrams. 178pp. 5'1a x 8. 

S188 Paperbound $1.35 

SOAP BUB.BLES, THEIR .COLOURS AND THE FORCES WHICH MOULD THEM, C. V. Boys. Only com­
plete edlt1on, half agam as much matenal as any other. Includes Boys' hints on performing 
h. is . experiments, sources of supply. Dozens of lucid ~xperiments show complexities of 
r1qu1d films, surface tens10n, etc. Best treatment ever wntten. Introduction. 83 illustrations 
Color plate. 202pp. 5'1a x 8. T542 Paperbound 95~ 

MATI~R & LIGHT, THE. NEW PHYSICS, L: de Broglie. Non-technical papers by a Nobel laureate 
explam eiectromagn~t1c theory, relallvlty •. matter, l1ght and radiation, wave mechanics 
quantum phys1cs,. ph1los~phy of sc1ence. Emsteln, Planck, Bohr, others explained so easily 
that no mathematical trammg IS needed for all but 2 of the 21 chapters. Unabridged. Index 
30DPP- 5'1a x 8. T35 Paperbound $1.85 

SPACE AND TIME, Emile Borel. An entirely non-technical introduction to relativity, by world­
renowned mathemat1c1an, Sorbonne professor. (Notes !Jn. basic mathematics are included 
separately.) ~h1s book has never been surpassed for ms1ght, and extraordinary clarity of 
thought, as 11 presents .sc.ores. of examples, analogies •. ar~uments, illustrations, which ex­
plain such topics as: d!ff1cult1es due to motion; grav1tat10n a force of Inertia; geodesic 
Jines; wave-length and difference of phase; x-rays and crystal structure; the special theory 
of relativity; and much more. Indexes. 4 appendixes. 15 figures. xvi + 243pp. 5'1a x a. 

T592 Paperbound $1.45 

BOOKS EXPLAINING SCIENCE AND MATHEMATICS 

Astronomy 

THE FRIENDLY STARS, Martha Evans Martin. This engaging survey of stellar lore and science 
is a well-known classic, which has Introduced thousands to the fascinating world of stars 
and other celestial bodies. Descriptions of Capella, Sinus, Arcturus, Vega, l'olaris, etc.-all 
the important stars, w1th informative disc~ssions of rising and ~etting of stars, their num­
ber names brightness, distances, etc. IR a non-techmcal, h1ghly readable style. Also: 
double stars, constel!alions, .clusters-concentrating on stars and formations visible to the 
naked eye. New edil1on, rev1sed (1963) by D. H. Menzel, D~rector Harvard Observatory. 23 
diagrams by Prof. Ching-Sung Yu. Foreword by D. H. Menzel and W. W. Morgan. 2 Star 
Charts. Index. xli + 147pp. 5'1a x 8'12. 11099 Paperbound $1.00 

AN ELEMENTARY SURVEY OF CELESTIAL MECHANICS, Y. Ryabov. Elementary exposition of 
gravitational theory and cele.stial mechanics. Historical introduction and coverage of ba~ic 
principles including: the eli1pt1c, the orb1tal plane, the 2· and 3-body problems, the dis-

very of' Neptune planetary rotation, the length of the day, the shapes of galaxies, satel­
co s (detailed treatment of Sputnik 1), etc. First American reprinting of successful Russian 
~~~uiar exposition. Elementary algebra and trigonometry helpful, but not necessary; presenta­
tion chiefly verbal. Appendix of theorem proofs. 58 figures. 165pp. 5'1a x 8. 

T756 Paperbound $1.25 

THE SKY AND ITS MYSTERIES, E. A. Beet. One of most lucid books on mysteries of universe; 
deals with astronomy from earliest observations. to latest theories of expansion of umverse, 
source of stellar energy, birth of planets, ongin of moon craters, possibility of life on 
other planets. Discusses effects of sunspots on weather; distances, ages of several stars; 
master plan of universe; met~ods and tools of astronom~rs; much more. "Eminently readable 
book" London Times. Extens1ve b1bl1ography. Over 50 diagrams. 12 full-page plates, fold-out 
star 'map. Introduction. index. 5!f4 x 7'12- T627 Clothbound $3.50 

THE REALM OF THE NEBULAE, E. Hubble. One of the great astronomers of our time records 
his formulation of the concept of "island universes," and its impact on astronomy. Such 
topics are covered as the velocity-distance relation; classification, nature, distances, general 
field of nebulae; cosmological theories; nebulae in the neighborhood of the Milky Way. 39 
photos of nebulae, nebulae clusters, spectra of nebulae, and velocity distance relations 
shown by spectrum comparison. "One of the most progressive lines of astronomical re­
search," The Times (London). New introduction by A. Sandage. 55 illustrations. Index. iv + 
201PP- 5% x 8. S455 Paperbound $1.5D 
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OUT OF THE SKY, H. H. Nininger. A non-technical but comprehensive introduction to "me· 
teoritics", the young science concerned with all aspects of the arrival of matter from 
outer space. Written by one of the world's experts on meteorites, this work shows how, 
despite difficulties of observation and sparseness of data, a considerable body of knowledge 
has arisen. It defines meteors and meteorites; studies fireball clusters and processions, 
meteorite composition, size, distribution, showers, explosions, origins, craters, and much 
more. A true connecting fink between astronomy and geology. More than 175 photos, 22 other 
illustrations. References. Bibliography of author's publications on meteorites. Index. viii + 
336pp. 5% x 8. T519 Paperbound $1.85 

SATELLITES AND SCIENTIFIC RESEARCH, D. King·Hefe. Non-technical account of the manmade 
satellites and the discoveries they have yielded up !o the autumn of 1961. Brings together 
Information hitherto published only in hard-to-get scientific journals. Includes the life history 
of a typical satellite, methods of tracking, new information on the shape of the earth, zones 
of radiation, etc. Over 60 diagrams and 6 photographs. Mathematical appendix. Bibliography 
of over 100 items. Index. xii + 180pp. 5% x 81/2. T703 Paperbound $2.00 

BOOKS EXPLAINING SCIENCE AND MATHEMATICS 

Mathematics 

CHANCE, LUCK AND STATISTICS: THE SCIENCE OF CHANCE, Horace C. Levinson. Theory of 
probability and science of statistics in simple, non-technical language. Part I deals with 
theory of probability, covering odd superstitions In regard to "luck," the meaning of bet­
ting odds, the law of mathematical expectation, gambling, and applications in poker, rou· 
fette, lotteries, dice, bridge, and other games of chance. Part II discusses the misuse of 
statistics, the concept of statistical probabilities, normal and skew frequency distributions, 
and statistics applied to various fields-birth rates, stock speculation, insurance rates, adver­
tising, etc. "Presented In an easy humorous style which I consider the best kind of exposi· 
tory writing" Prof. A. C. Cohen, Industry Quality Control. Enlarged revised edition. Formerly 
titled "The 'science of Chance." Preface and two new appendices by the author. Index. xiv 
+ 365pp. 5% x 8. 11007 Paperbound $1.85 

PROBABILITIES AND LIFE, Emile Borel. Translated by M. Baudin. Non-technical, highly read­
able introduction to the resul_ts of probability as applied to everyday situations. Partial con· 
tents: Fallacies About Probab11i~fes Concerning Life After D~~th; Negligible Probabilities and 
the Probabilities of Everyday Life; Events of Small Probability; Application of Probabilities 
to certain Problems of Heredity; .Probabilities. f?f Death~, Diseases, and Accidents; On 
Poisson's Formula. Index. 3 Appendices of stat1st1ca1 stud1es and tables. vi + 87pp. 5% 
x 81/2 • 1121 Paperbound $1.00 

GREAT IDEAS OF MODERN. MATHEMATICS: T_HEIR NATURE AN~ USE, Jagjit Singh. Reader with 
only high school math Will under~tand mam mathematical 1deas of modern physics, astron­
omy genetics, psychology, evolution, etc., better than many who use them as tools but 
comprehend little of their basic structure. Author uses his wide knowledge of non-mathe­
matical fields in brilliant exposition of differential equations, matrices, group theory logic 
statistics, problems l!f mathematical foundations, imaginary numbers, vectors, etc. Orlglnai 
publication. 2 append1ces. 2 Indexes. 65 lflustr. 322pp. 5% x 8. S587 Paperbound $1.75 

MATHEMATICS IN ACTION, D. G. Sutton. Everyone with a command of high school algebra 
will find this book one o_f !he finest f?OSsible introductions to the application of mathematics 
to physical theory. Balhst1_cs, numencal analySIS, waves and wavelike phenomena Fourier 
series, group concepts, flu1d flow_ and aerodynamics, statistical measures, and meteorology 
are discussed with unusual clanty. So,me calculus and d1fferent1al equations theory Is 
developed by the author for the readers help In the more d1ff1cult sections. 88 figures 
Index. viii + 236pp. 5:Vs x 8. T440 Clothbound $3.50 

THE FOURTH D!MENSIDN SIMPLY EXPLAINED, edited by H. P. Manning. 22 essays originall 
Scientific Amencan contest entries, that use a minimum of mathematics to explain aspect~ 
of 4-dimensional geometry: analogues to 3-dimensional space, 4-dlmensional absurdities and 
curiosities (such as removmg the contents of an egg without puncturing its shell), possible 
measurements and forms, e_tc. lntro_duct1on by the editor. Only book of Its sort on a truly 
elementary level, excellent mtroducllon to advanced works. 82 figures. 251pp. 5% x 8. 

T711 Paperbound $1.35 
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BOOKS EXPLAINING SCIENCE AND MATHEMATICS 
Engineering, technology, applied science etc. 
TEACH YOURSELF ELECTRICITY, c. W. Wilman. Electrical resistance, induclance, capacitance 
magnets, chemical effects of current, alternating currents, generators and motors trans: 
formers, rectifiers, much more. 230 questions, answers, worked examples. List of units. 115 
lllus. 194pp. 6'% x 4V4. Clothbound $2.00 

ELEMENTARY METALLURGY AND METALLOGRAPHY, A. M. Shrager. Basic theory and descriptions 
of most of the fundamental manufacturing processes involved in metallurgy. Partial 
contents: the structure. of metals; slip, plastic .deformation, and recrystalization; iron ore 
and production of p1g 1ron; chemistry mvolved m the metallurgy of iron and steel; basic 
processes such as the Bessemer treatment, open-hearth process, the electric arc furnace 
-with advantages and disadvantages of each; annealing, hardening, and tempering steel· 
copper, aluminum, magnesium, and their alloys. For freshman engineers, advanced students 
In technical high schools, etc. ln.dex. Bibliography. 177 diagrams. 17 tables. 284 questions 
and problems. 27-page glossary. IX + 389pp. 5% x 8. 5138 Paperbound $2.25 

BASIC ELECTRICITY, Prepared by the Bureau of Naval Personnel. Originally a training course 
text for U.S. Navy pers~nn~l, this book provide~ tho~ough cov~rage of the basic theory of 
electricity and Its applications. Best book of 1ts kmd for e1ther broad or more limited 
studies of electrical fundamentals ..• for classroom use or home study. Part 1 provides 
a more limited coverag~ o! theory: fundamenta_l . concepts, batteries, the simple .circuit, 
D.C. series and parallel cJrcuJts, c~nductors and w1nng techmques, A.C. electricity, inductance 
and capacitance, etc. Part 2 applies theory to the structure of electrical machines-genera­
tors motors, transformers, magnetic amplifiers. Also deals with more complicated lnstru­
menis, synch~o.s, se':'fo-mechanisms. The concluding chapters cover .electrical drawings and 
blueprints, w1rmg d1agrams, technical manuals, and safety educallon. The book contains 
numerous questions for the student, with answers. Index and six appendices. 345 illustra­
tions. x + 448pp. 6J,'z x 9V4. 5973 Paperbound $3.00 

BASIC ELECTRONICS, prepared by the U.S. Navy Training Publications Center. A thorough 
and comprehensive manual on the fundamentals of electronics. Written clearly, it is equally 
useful for self-study or course work for those with a knowledge of the principles of basic 
electricity. Partial contents: Operating Principles of the Electron Tube; Introduction to 
Transistors; Power Supplies for Electronic Equipment; Tuned Circuits; Electron-Tube Ampll· 
fiers· Audio Power Amplifiers; Oscillators; Transmitters; Transmission Lines; Antennas and 
Propagation; Introduction to Computers; and related topics. Appendix. Index. Hundreds of 
Illustrations and diagrams. vi + 471pp. 6V2 x 9V4. 51076 Paperbound $2.75 

BASIC THEORY AND APPLICATION OF TRANSISTORS, Prepared by the U.S. Department of the 
ArmY An Introductory manual prepared for an army training program. One of the finest 
available surveys of theory and application of transistor. design . and operation. Minimal 
knowledge of physics and theory of electron tubes requ~red. Su1table for textbook use, 
course supplement, or home study. Chapters: lntro~uction; !und.amental theory of. transistors; 
transistor amplifier fundamentals; parameters, equ1valent CirCUitS, and charactenst1c curves; 
bias stabilization; transistor analysis and comparison using characteristic curves and charts; 
audio amplifiers· tuned amplifiers; wide-band amplifiers; oscillators; pulse and switching 
circuits· modulation, mixing, and demodulation; and additional semiconductor devices. 
unabridged, corrected edition. 240 schematic drawings, photographs, wiring diagrams, etc. 
2 Appendices. Glossary. Index. 263pp. 6J,'z x 9V4. 5380 Paperbound $1.25 

TEACH YOURSELF HEAT ~NGINES, ~- De Ville. Mea~urement of heat •. d~v.elopme~t of steam ~nd 
internal combustion engmes, eff1c1ency of an engme, compress•on-1gn1tJon engmes, produchon 
of steam, the ideal engine, much more. 318 exercises, answers, worked examples. Tables. 
76 illus. 220pp. 6¥e x 4V4. Clothbound $2.00 

BOOKS EXPLAINING SCIENCE AND MATHEMATICS 

Miscellaneous 

ON THE SENSATIONS OF TONE, Hermann Helmholtz. This Is an unmatched coordination of 
such fields as acoustical physics, physiology, experiment, history of music. It covers the 
entire gamut of musical tone. Partial contents: relation of musical science to acoustics, 
physical vs. physiological acoustics, composition of vibration, resonance, analysis of tones 
by sympathetic resonance, beats, chords, tonality, consonant chords, discords, progression 
of parts, etc. 33 appendixes discuss various aspects of sound, physics, acoustics, music, etc. 
Translated by A. J. Ellis. New introduction by Prof. Henry Margenau of Yale. 68 figures. 43 
musical passages analyzed. Over 100 tables. Index. xix + 576pp. 61/s x 9V4. 

5114 Paperbound $3.00 
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THE NATURE OF LIGHT AND COLOUR IN THE OPEN AIR, M. Minnaert. Why is falling snow 
sometimes black? What causes mirages, the lata morgana, multiple suns and moons In the 
sky? How are shadows formed? Prof. Mmnaert of the U_niversity of. Utrecht answers these and 
similar questions '" opt1cs, light, colour, for non-spec1al1sts. Particularly valuable to nature, 
science students, pamters, photographers. Translated by H. M. Kremer-Pnest, K. Jay. 202 
illustrations, including 42 photos. XVI + 362pp. 5lfs x 8. 1196 Paperbound $2.00 

THE PHYSICS OF MUSIC, Al_e~ander Wood. Introduction for musicians to the physical aspect 
of sound. No scientific trammg necessary to understand concepts, etc. Wealth of matenal 
on origin and development. of instruments, phys1cal principles involved. in the production of 
their sounds pitch intensitY and loudness, mechamsm of the ear, diSsonance and conso­
nance, sound reproduction and recordings, concert _halls, etc. Extensively revised by Dr. 
J. M. Bowsher. Indices. Bibliography. 16 plates. 114 1llustrat1ons. 270pp. 51/s x 81/e. 

T322 Paperbound $2.25 

GREAT IDEAS AND THEORIES OF MODERN COSMOLOG\', Jagjit Singh. The theories of Jeans, 
Eddington, Milne, Kant, Bondi, Gold, Newton, Einstein, Gamow, Hoyle, D_ir~c, Kuiper, Hubble, 
Weizsacker and many others on such cosmological questions as the ongm of the universe, 
space and time, planet formation, "continuous creation," the birth, life, and death of the 
stars, the origin of the galax1es,_ etc. By t~e author of the popular "Gre~t_ Ideas of Modern 
Mathematics." A gifted populamer of sc1ence, he makes the most d1ft1cult abstractions 
crystal-clear even to the most non-mathematical reader. Index. xii + 276 pp, 5~ x 811.!. 

T925 Paperbound $1.85 

PIONEERS OF SCIENCE, 0. Lodge. Eminent scientist-expositor's authoritative, yet elementary 
survey of great scientific theories. Concentrating on individuals-Copernicus, Brahe, Kepler, 
Galilee Descartes, Newton, Laplace, Herschel, Lord Kelvin, and other scientists-the author 
presents their discoveries in historical . order adding biographical material on each man and 
full, specific explanations of thelf ach1evements. The clear and complete treatment of the 
post-Newtonian astronomers Is a feature seldom found in other books on the subject. Index. 
120 illustrations. xv + 404PP- 5:Ys x 8. 1716 Paperbound $1.65 

BIOGRAPHY OF SCIENTISTS 
ISAAC NEWTON: A BIOGRAPHY, Louis Trenchard More. The definitive biography of Newton his 
life and work. Presents Newton as a living man, with a critical, objective analysis of his char­
acter as well as a careful survey of his manifold accomplishments, scientific, theological, etc. 
The author himself a professor of phys,cs, has made full use of all of Newton's published 
works and' all material in the Portsmouth Collect1on of Newton's personal and unpublished 
papers. The text includes numerous letter~ by Newt?n and his acquaintances, and many other 
of his papers-some translated from Latm to English by the author. A universally-esteemed 
work. unabridged republication. 1 full-page Plate. Index. xiii + 675pp. 5~ x 8112. 

T579 Paperbound $2.50 

PIERRE CURIE Marie Curie. Mme. Curie, Nobel Prize winner creates a memorable portrait of 
her equally tamous _husband and hl_s hfelong scientific researches. She . brings to lite the 
determined personalitY of a great sc1ent1st at work. Her own autobiographical notes included 
in this volume, reconstruct her own work on radiation Which resulted in the isolation of radium. 
"A delighttul book. It marks one of the few mstances in which the proverbially humdrum life 
of the student of phys1cal sc1ence, together With the austere ideals! has been made intelli· 
gible," New York T1mes. Unabndged repnnt. Translated_ by Charlo te and Vernon Kellogg. 
Introduction by Mrs. Wm. Brown IV\eloney, 8 halftones. VIII + 120pp, 5~ x 8112 • 

1199 Paperbound $1.00 

THE BOOK OF MY LIFE_ (DE VITA PROPRIA UBER), J~r_ome Cardan, The remarkable autobiography 
of an important Renaissance mathematiCian, PhYSICian, and sc,ent1st, who at the same 11me 
was a paranoid, morbid, superstitiOUs man, ~onsumed with ambition and se_lf-love (and self· 
pity), These chromcles_ of hiS fortun,es and misfortunes make absorbmg readmg, giving us an 
extremely insightful ~1ew of a man s reactions and sensations-the llrst psychological auto· 
biography. Through hiS eyes we can also see the superstitions and beliefs of an age Renals· 
sance medical pract1ces, and the problems that concerned a trained mind in the 16th' century 
Unabridged republicati~n. of anginal English edition, translated by Jean Stoner. Introduction: 
Notes. llibliography, XVIII + 331PP- 5"1s x 8112. T345 Paperbound $1.60 

THE AUTOBIOGRAPHY OF CHARLES_ DARWIN, AND SELECTED LETTERS, edited by Francis 
Darwin. Darwin's own record. of h1s early life;_ the historic voyage aboard the "Beagle"· 
the furor surroundmg evolution, and h1s replies; reminiscences of his son. Letters to 
Henslow, Lyell, Hooker, Huxley, Wallace, Kmgsley, etc. and thoughts on religion and 
vlv1sec_tion. We see how he. r~volut10nlzed geology with his concept of ocean subsidence· 
how h1s great books on vanalion of . plants and animals, primitive man, the expression of 
emot1on among pnmates, plant fertilization, carnivorous plants, protective coloration etc 
came into being. Appendix. Index. 365pp. 5"1s x 8. T479 Paperbound' $2.00 
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MATHEMATICAL PUZZLES AND RECREATIONS 

AMUSEMENTS IN MATHEMATICS, Henry Ernest Dudeney. The foremost British originator of 
mathematical puzzles is always intriguing, witty, and paradoxical in this classic, one of the 
largest collections of mathematical amusements. More than 430 puutes, problems, and 
paradoxes. Mazes and games. problems on number manipulation, unicursal and other route 
problems. puzzles on measuring, weighing, packing, age, kinship, chessboards, joining, 
crossing river, plane figure dissection, and many others. Solutions. More than 450 Illustra­
tions. vii + 25Bpp. 5~8 x B. T473 Paperbound $1.25 

SYMBOLIC LOGIC and THE GAME OF LOGIC, Lewis Carroll. "Symbolic Logic" Is not concerned 
with modern symbolic logic, but is instead a collection of over 380 problems posed with 
charm and imagination, using the syllogism, and a fascinating diagrammatic method of draw­
Ing conclusions. In "The Game of Logic," Carroll's whimsical Imagination devises a logical 
game played with 2 diagrams and counters (included) to manipul_ate hundreds of tricky syl­
logisms. The final section, "Hit or Miss" is a lagniapl!.e-of"101 additional puzzles in the 
delightful Carroll manner. Until this reprint edition, both of these books were rarities cost­
ing up to $15 each. Symbolic Logic: Index, xxxi + 199pp. The Game of Logic: 96pp. Two 
vols. bound as one. 5% x 8. T492 Paperbound $1.5D 

MAZES AND LABYRINTHS: A BODK OF PUZZLES, W. Shepherd. Mazes, formerly associated with 
mystery and ritual! are still among the most intriguing of intellectual puzzles. This is a 
novel and differen collection of 50 amusements that embody the principle of the maze: 
mazes in the classical tradition; 3-dimensional, ribbon, and Mobius-strip mazes; hidden mes­
sages; spatial arrangements; etc.-almost all built on amusing story situations. 84 illustra­
tions. Essay on maze psychology. Solutions. xv + 122pp. 5:Va x 8. T731 Paperbound $1.00 

MATHEMATICAL RECREATIONS, M. Kraitchik. Some 250 puzzles, problems, demonstrations of 
recreational mathematics for beginners & advanced mathematicians. Unusual historical prob­
lems from Greek, Medieval Arabic, Hindu sources: modern problems based on "mathematics 
without numbers," geome!ry, topology, arithmetic, etc. Pastimes derived from figurative 
numbers, Mersenne numbers, Fermat numbers; fairy chess, latruncles, reversi, many topics. 
Full solutions. Excellent for insights into special fields of math. 181 illustrations. 330pp. 
5% x 8. 1163 Paperbound $1.75 

MATHEMATICAL PUZZLES OF SAM LOYD, Vol. I, selected and edited by M. Gardner. Puuies 
by the greatest puzzle cre!ltor and innovator. . Selected from his. t.amous "Cyclopedia or 
Puzzles " they retain the umque style and hostoncal flavor of the ongonals. There are posers 
based 'on arithmetic, algebra, probability, game theory, route tracing, topology, counter, 
sliding block, operations research, geometrical dissection. Includes his famous "14-15" 
puzzle which was a national craze, and his "Horse of a Different Color" which sold millions 
of copies. 117 of his most ingenious puzzles on all, 120 line drawings and diagrams. Solu­
tions. Selected references. xx + 167pp. 5:Va x 8. T498 Paperbound $1.00 

MY BEST PUZZLES IN MATHEMATICS, Hubert Phillips ("Caliban"). Caliban is generally con­
sidered the best of the modern problemists. Here are 100 of his best and wittiest puzzles1 
selected by the author himself from such publications as the london Daily Telegraph, ana 
each puzzle is guaranteed to put even the sharpest puzzle detective through his paces. Per­
fect for the development of clear thinking and a logical mind. Complete solutoons are pro­
vided for every puzzle. x + 107pp. 5:Va x 8112. T91 Paperbound $1.00 

MY BEST PUZZLES IN LOGIC AND REASONING, H. Phillips ("Caliban"). 100 choice, hitherto 
unavailable puzzles by England's best-known problemist. No special knowledge needed to 
solve these logical or inferentoal problems, just an unclouded mind, nerves of stee!, and 
fast reflexes. Data presented are both necessary and just sufficient to allow one unamboguous 
answer. More than 30 different types of puzzles, all ingenious and varied, many one of a 
kind that will challenge the expert, please the beginner. Original publication. 100 puzzles, 
full 'solutions. x + 107pp. 5~1o x 8112. 1119 Paperbound $1.00 

MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS G. Molt-Smith. 188 mathematical 
puzzles to test mental agility. Inference, in~erpretation, algebra, dissection of plane figures, 
geometry, propertoes of numbers, decomatoon, permutations, probability, all enter these 
delightful problems. Puzzles _loke the Odoc Force, How to Draw an Ellipse, Spider's Cousin, 
more than 180 others. Detaoled solutoons. Appendix with square roots, triangular numbers, 
primes, etc. 135 dlustratoons. 2nd revosed edotion. 248pp. S:Va x 8. 1198 Paperbound $1.00 

MATHEMATICS, MAGIC AND MYSTERY, Martin Gardner. Card tricks, feats of mental mathe· 
matocs, stage mond-readmg, other "magic" explained as applications of probability, sets, 
theory of numbers, topology, vanous branches of mathematics. Creative examination of laws 
and their applications with scores of new tricks and insights. 115 sections discuss tricks 
wtih cards, dice, coins; geometrical vanishing tricks, dozens of others. No sleight of hand 
needed; mathematics guarantees success. 115 illustrations. xii + 174pp. 5% x 8. 

T335 Paperbound $1.00 
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RECREATIONS IN THE THEORY OF NUMBERS: THE QUEEN OF MATHEMATICS ENTERTAINS Albert 
H. Beiler. The theory of numbers is often referred to as the "Queen of Mathemati~s." In 
this book Mr. Beiler has compiled the first English volume to deal exclusively with the 
recreational aspects of number theory, an inherently recreational branch of mathematics. 
The author's clear style makes for enjoyable reading as he deals with such topics as: 
perfect numbers, amicable numbers, Fermat's theorem, Wilson's theorem, interesting proper· 
ties of digits, methods of factoring, primitive roots, Euler's function, polygonal and figurate 
numbers, Mersenne numbers, congruence, repeating decimals, etc. Countless puzzle problems, 
woth full answers and explanations. For mathematicians and mathematically-inclined laymen, 
etc. New publication. 28 figures. 9 illustrations. 103 tables. Bibliography at chapter ends. 
vi + 247pp. 53/a x Bl/2. T1096 Paperbound $1.85 

PAPER FOLDING FOR BEGINNERS W. D. Murray and F. J. Rigney. A delightful introduction to 
the varied and entertaining Japanese art of origami (paper folding), with a full cry_stal-clear 
text that anticipates every difficulty; over 275 clearly labeled doagrams of a~l omportant 
stages in creation. You get results at each stage, since complex fogures are logocally devel· 
oped from simpler ones. 43 different pieces are explamed: place mats, dnnkmg cups, bonbon 
boxes, sailboats frogs roosters etc. 6 photographic plates. 279 doagrams. 95pp. 5% x B'MJ. 

' ' ' T713 Paperbound $1.00 

1800 RIDDLES, ENIGMAS AND CONUNDRUMS, Darwin A. Hindman. Entertaining collecti_on rang­
mg from hilarious gags to outrageous puns to sheer nonsense-a ~elcome respote fro_m 
sophisticated humor. Children, toastmasters, and practically anyone .1~oth a funny bone will 
find these zany riddles tickling and eminently repeatable. Sample: Why does Santa Glaus 
always go down the chimney?" "Because it soots him." Some old, some new-covenng a 
Wide variety of subjects. New publication. iii + 154pp. 5'hl x Bl/2. T1059 Paperbound $1.00 

EASY-TO-DO ENTERTAINMENTS AND DIVERSIONS WITH CARDS, STRING, COINS, PAPER AND 
MJ\TCHES, R. M. Abraham. Over 300 entertaining games, tricks, puzzles, and pastome~ for 
choldren and adults. Invaluable to anyone on charge ot. groups of youngsters, for party govers, 
etc. Contains sections on card tricks and games, makmg thmgs by paperfol~ong-toys, deco­
rations, and the like: tricks with coins, matches, and poeces of stnng; descnptoons of games; 
toys that can be made from common household ObJects; mathematocal recreatoons; word 
games· and 50 miscellaneous entertainments. Formerly "Winter Nights Entertainments." 
Introduction by Lord Baden Powell. 329 illustrations. v + 186pp. 53/e x 8. 

T921 Paperbound $1.00 

DIVERSIONS AND PASTIMES WITH CARDS,_ STRING, PAPER AND MATCHES, R. M. Abraham. 
Another collection of amusements and doversoon f'!r game. and puzzle fans of _all ages. 
Many new paperfolding ideas and tncks, an extensove sectoon on amusements woth knots 
and splices, two chapters of easy and. not-so-easy problems,_ coon and match tncks, and 
lots of other parlor pastime~ from the agole mond of the late Bnlosh problemost and gamester. 
Corrected and revised versoon. lllustratoons. 160pp. 5:Ye x 8'12. Tll27 Paperbound $1.00 

STRING FIGURES AND HOW TO MAKE THEM: A STUDY OF CAT'S-CRADLE IN MANY LANDS, 
Caroline Furness Jayne. In a. simple and easy-~o-follol'! manner, this book describes how to 
make 107 different string fogures. Not only os loopong and crossmg stnng between the 
fingers a common youthful diversion, but it is an ancient form of amusement practiced In 
all parts of the globe, especially popular among primitive !robes. These games are fun tor 
all ages and offer an excellent means for developing manual dexterity and coordination. 
Much Insight also tor the anthropological observer on games and diversions in many different 
cultures. Index. Bibliography. lntroductoon by A. C. Haddon, Cambridge University. 17 full· 
page plates. 950 illustrations. xxloo + 407pp. 53/a x Bl/2. T152 Paperbound $2.00 

CRYPTANALYSIS Helen F. Gaines. (Formerly ELEMENTARY CRYPTANALYSIS.) A standard ele· 
mentary and intermediate text for serious students. It does not confine Itself to old material, 
but contains much that is not generally_ k~own, ex~ept to experts. Concealment, Transposi· 
loon, Substitution ciphers; Vogenere, Kasosko, Playfaor1 multafod, dozens of other techniques. 
Appendix with sequence charts, letter frequencies on English, 5 other languages English 
word frequencies. Bibliography. 167 codes. New to this edition: solution to codes. vi + 
230pp. 5:Ys x B. T97 Paperbound $2.00 

MAGIC SQUARES AND CUBES, W. S. Andrews. Only book-length treatment in English a thor· 
ough non-technical description and analysos. Here are nasoK, overlappmg, paMiago'nal ser· 
rated squares; magic circles, cubes, spheres, rhombuses. Try your hand at 4-dimensional 
magocal figures! Much unusual folklore _and tradition included. High school algebra Is suffi· 
coent. 754 diagrams and illustratoons. vlio + 419pp. 5% x 8. T658 Paperbound $1.85 

CALIBfii!'S PROBLEM BOOK: MATHEMATICAL, INFERENTIAL, AND CRYPTOGRAPHIC PUZZLES 
H. 1 P~olhps ("Caliban"), s. T. Shovel ton, G. S. Marshall. 105 ingenious problems by the great: 
es liv_ong creator of puzzles based on lo~oc and onference. Rigorous, modern, piquant and 
retlectmg theor author's unusual personaloty, these intermediate and advanced puzzles all 
knvolve the abohty to reason clearly through complex situations; some call for mathematical 
nowledge, rangmg from algebra to number theory. Solutions. xi + 180pp. 5% x a. 

T736 Paperbound $1.25 
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FICTION 
THE LAND THAT TIME FORGOT and THE MOON MAID, Edgar Rice Burroughs. In the opinion of 
many, Burroughs' best work. The first concerns a strange island where evolution is indi· 
vidual rather than phylogenetic. Speechless anthropoids develop into intelligent human 
beings within a single generation. The second projects the reader far into the future and 
describes the first voyage to the Moon (in the year 2025). the conquest of the Earth by the 
Moon, and years of violence and adventure as the enslaved Earthmen try to regain posses­
sion of their planet. "An imaginative tour de force tl1at keeps the reader keyed up and 
expectant," NEW YORK TIMES. Complete, unabridged text of the original two novels (three 
parts In each). 5 illustrations by J. Allen St. John. vi + 552pp. 5% x 8'12. 

T1020 Clothbound $3.75 
T358 Paperbound $2.00 

AT THE EARTH'S CORE, PELLUCIDAR, TANAR OF PELLUCIDAR: THREE SCIENCE FICTION NOVELS 
BY EDGAR RICE BURROUGHS. Complete, unabridged texts of the first three Pellucidar novels. 
Tales of derring-do by. the famous master of science fiction. The locale for these three 
related stor1es IS the mner surface of the hollow Earth where we discover. the world of 
Pellucldar, complete with all types of bizarre, menacing creatures, strange peoples and 
alluring maidens-guaranteed to delight all Burroughs fans and a wide circle of advenutre 
lovers. Illustrated by J. Allen St. John and P. F. Berdanier. vi + 433pp. 5~-11 x 8'12. 

TlOSl Paperbound $2.00 

THE PIRATES OF VENUS and LOST ON VENUS: TWO VENUS NOVELS BY EDGAR RICE BURROUGHS. 
Two related novels, complete and unabridged. Exciting adventure on the planet Venus with 
Earthman Carson Napier broken-field running through one dangerous episode alter another 
All lovers of swashbuckling science fiction will enjoy these two stories set in a world oi 
fascinating societie~1 fierce beasts, 5000·11. trees, lush vegetation, and wide seas. Illustra­
tions by Fortunino Malania. Total of vi + 340pp. 5'1-11 x 8'12. T1053 Paperbound $1.75 

A PRINCESS OF MARS and A FIGHTING MAN OF MARS: TWO MARTIAN NOVELS BY EDGAR 
RICE BURROUGHS. "Princess of Mars" is the very first of the great Martian novels written 
by Burroughs, and it is probably the best of them all; it set the pattern for all of his later 
fantasy novels and contains a thrilling cast of strange peoples and creatures and the 
formula of Olympian heroism amidst ever-fluctuating fortunes which Burroughs carries off 
so successfully. "Fighting Man" returns to the same scenes and cities-many years later. 
A mad scientist, a degenerate dictator, and an indomitable defender of the right clash­
with the fate of the Red Planet at stake! Complete, unabridged reprinting of original edi­
tions. Illustrations by F. E. Schoonover and Hugh Hutton. v + 356pp. 5'\11 x 8'12. 

Tll40 Paperbound $1.75 

THREE MARTIAN NOVELS, Edgar Rice Burroughs. Contains: Thuvia, Maid of Mars; The Chessmen 
of Mars· and The Master Mind of Mars. High adventure set in an imaginative and intricate 
concepti'on of the Red Planet. Mars is peopled with an intelligent, heroic human race which 
lives in densely populated cities and with fierce barbarians who inhabit dead sea bottoms. 
Other exciting creatures abound amidst an inventive framework of Martian history and 
geography. Complete unabridged reprinlings of the first edition. 16 illustrations by J. Allen 
st. John. vi + 499pp. 5'1-11 x 8'12. T39 Paperbound $1.85 

THREE PROPHETIC NOVELS BY H. G. WELLS, edited by E. F. Bleiler. Complete texts of 
"When the Sleeper Wakes" (lsi book printing in 50 years), "A Story of the Days to Come," 
"The Time Machine" (lsi complete printing in book form). Exciting ad~entures m .the 
future are as enjoyable today as 50 years ago when _first print_ed. Pred1c~ lV,_ mov1es, 
intercontinental airplanes, prefabncated houses, a1r-cond1t1oned c1hes, etc. F1rst 1mportant 
author to foresee problems of mind control, technological dictatorships. "Absolute best of 
imaginative fiction," N.Y. Times. Introduction. 335pp. 5'\'s x 8. T605 Paperbound $1.50 

28 SCIENCE FICTION STORIES OF H. G. WELLS. Two full unabridged novels, MEN LIKE GODS 
and STAR BEGOTTEN, plus 26 short stones by the master science-fiction writer of all t1me. 
Stories of space, time, invention, exploration, future adventure-an indispensable part . of 
the library of everyone interested in science and adventure. PARTIAL CONTENTS: Men L1ke 
Gods, The Country of the Blind, In the Abyss, The Crystal Egg, The Man Who Could Work 
Miracles, A Story of the Days to Come, The Valley of Spiders, and 21 more! 928pp. 5~'a x 8. 

T265 Clothbound $4.50 

THE WAR IN THE AIR, IN THE DAYS OF THE COMET, THE FOOD OF THE GODS: THREE SCIENCE 
FI~TION ~OVELS BY H. G: WELLS. Three exciting Wells offerings bearing on vital soc1al and 
ph1losoph1cal 1ssues of h1s and our own day. Here are tales of air power, strateg1c bomb· 
ing, East vs. We.sl, t~e potential miracles of science, the potential disasters from outer 
space, the relat1onsh1p between sc1entific advancement and moral progress, etc. F1rst 
reprinting of "War in the Air" in almost 50 years. An excellent sampling of Wells at his 
storytelling best. Complete, unabridged reprintings. 16 illustrations. 645pp. 53/B x 8'12. 

T1135 Paperbound $2.00 
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SEVEN SCIENCE FICTION NOVELS, H. G. Wells. Full unabridged texts of 7 science-fiction 
novels of the master. Ranging from biology, physics, chemistry, astronomy to sociology and 
other studies, Mr. Wells extrapolates whole worlds of strange and intriguing character. 
"One will have to go far to match this for entertainment, excitement, and sheer pleas· 
ure •. ," NEW YORK TIMES. Contents: The Time Machine, The Island of Dr. Moreau, 
First' Men in the Moon, The Invisible Man, The War of the Worlds, The Food of the 
Gods, In the Days of the Comet. 1D15pp. 5:Vs x 8. T264 Clothbound $4.50 

BEST GHOST STORIES OF J. S. LE FANU, Selected and introduced by E. F. Bleiler. LeFanu is 
deemed the greatest name in Victorian supernatural fiction. Here are 16 of his best horror 
stories including 2 nouvelles: "Carmilla," a classic vampire tale couched in a perverse 
eroticism and "The Haunted Baronet." Also: "Sir Toby's Will," "Green Tea," "Schalken the 
Painter,"' "Uitor de Lacy," "The Familiar," etc. The first American publication of about half 
of this material: a long-overdue opportumty to get a cho1ce samplmg of LeFanu's work. New 
selection (1964). 8 illustrations. 5:Vs x 8'11!. T415 Paperbound $1.85 

THE WONDERFUL WIZARD OF OZ, L. F. Baum. Only edition in print with all the original W. W. 
Denslow illustrations in full color-as much a part of "The Wizard" as Tenniel's drawings 
are for "Alice in Wonderland." "The Wizard" is still America's best-loved fairy tale, in 
which, as the author expresses it, "The wonderment and joy are retained and the heartaches 
and nightmares left out." Now today's young readers can enjoy every word and wonderful 
picture of the original book. New introduction by Marlin Gardner. A Baum bibliography. 23 
full-page color plates. viii + 268pp. 5:Vs x 8. T691 Paperbound $1.50 

GHOST AND HORROR STORIES OF AMBROSE BIERCE, Selected and introduced by E. F. Bleiler. 
24 morbid, eerie tales-the cream of Bierce's fiction output. Contains such memorable 
pieces as "The Moonlit Road," "The Damned Thing," "An Inhabitant of Carcosa," "The Eyes 
of the Panther," "The Famous Gilson Bequest," "The Middle Toe of the Right Fool," and 
other chilling stories, plus the essay, "V1sions of the Night" in which Bierce gives us a 
kind of rationale for his aesthetic of horror. New collection (1964). xxii + 199pp. 5'11! x 
8%. T767 Paperbound $1.00 

HUMOR 
MR DOOLEY ON IVRYTHING AND IVRYBDDY, Finley Peter Dunne. Since the time of his appear· 
anc'e in 1893 "Mr. Dooley," the fictitious Chicago bartender, has been recognized as Amer· 
lea's most humorous social an~ political commentator. Collected In this volume are 102 of 
the best Dooley pieces-all wntten around the turn of the century, the height of his popu· 
Jarity Mr Dooley's Irish brogue is employed wittily and penetratingly on subjects which are 
just as fresh and relevant today as they were then: corruption and hypocrisy of politicans, 
war preparations and chauvinism, automation, Latin American affairs, superbombs, etc. Other 
articles range from Rudyard Kipling to football. Selected with an introduction by Robert 
Hutchinson. xii + 244pp. 5% x 8112. T626 Paperbound $1.00 

ESS RHYMES FOR HEARTLESS HOMES and MORE RUTHLESS RHYMES FOR HEARTLESS 
RUTHE~ Harry Graham ("Col. D. Streamer"). A collection of Little Willy and 48 other poetic 
~~i~asters." Graham's funniest and '!lost disrespectful verse, accompanied by original . il.lus· 
!rations. Nonsensical, wry h!Jmor ~h1ch employs stern. parents, careles~ nurses, U!Jinhlblted 
children practical jokers, smgle-mmded golfers, Scotllsh la~rds, etc. m the leadmg roles. 
A recursor of the "sick joke" school of today. This volume contains, bound together for 
thl first time, two of the most perennially popular books of humor in England and America. 
Index. vi + 69pp. 5% x 8. T93D Paperbound 75~ 

A WHIMSEY ANTHOLOGY, Collect~d by Carolyn Wells. 250 of the most amusing rhymes· ever 
written Acrostics, anagrams, palindromes, alphabetical 11ngles, tongue tw1sters, echo verses, 
alliterative verses, riddles, mnemonic rhymes, interior rhymes, over 40 limericks, etc. by 
Lewis Carroll Edward Lear, Joseph Addison, W. S. Gilbert, Christina Rossetti, Chas. Lamb, 
James Boswell, Hood, Dickens, Swinburne, Leigh Hunt, Harry Graham, Poe, Eugene Field, 
and many others. xiv + 221pp. 5% x 81/2. Tl95 Paperbound $1.25 

MY PIOUS FRIENDS AND DRUNKEN COMPANIONS and MORE PIOUS FRIENDS AND DRUNKEN 
COMPANIONS, Songs and ballads of Conviviality Collected by Frank Shay. Magnificently 
illuminated by John Held, Jr. 132 ballads, blues, vaudeville numbers, drinking songs cow· 
boy songs, sea chanties, comedy songs, etc. of the Naughty Nineties and early 20th century. 
Over a third are reprinted with music. Many perennial favorites such as: The Band Played On 
Frankie and Johnnie, The .Old Grey Mare, The Face on the Bar-room Floor, etc. Many others 
unlocatable elsewhere: The Dog-Catcher's Child, The Cannibal Maiden, Don't Go in the 
Lion's Cage Tonight, Mother, etc. Complete verses and introductions to songs. llnabridged 
republication of first editions, 2 Indexes (song titles and first lines and choruses). Jntro· 
duction by Frank Shay. 2 volumes bounds as 1. Total of xvi + 235pp. 5% x 8¥2. 

T946 Paperbound $1.25 
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MAX AND MORITZ, Wilhelm Busch. Edited and annotated by H. Arthur Klein. Translated by 
H. Arthur Klein, M. C. Klein, and others. The mischievous high jinks of_ Max and Moritz, 
Peter and Paul, Ker and Plunk, etc. are delightfully captured in sketch and rhyme. (Com­
panion volume to "Hypocritical Helena.") In addition to the title piece, it contians: Ker and 
Plunk; Two Dogs and Two Boys; The Egghead and the Two Cut-ups of Corinth; Deceitful 
Henry; The Boys and the Pipe; Cat and Mouse; and others. (Original German text with accom­
panying English translations.) Afterword by H. A. Klein. vi + 216pp. 5'/a x a•;,. 

na1 Paperbound $1.15 

THROUGH THE ALIMENTARY CANAL WITH GUN AND CAMERA: A FASCINATING TRIP TO THE 
INTERIOR, Personally Conducted by George S. Cha~pell. In mock-travelogue style, the amus­
Ing account of an imaginative journey down the alimentary canal. The "explorers" enter the 
esophagus, round the Adam's Apple, narrowly escape from a fierce Amoeba. struggle thro~gh 
the Impenetrable Nerve Forests of the Lumbar. Region, etc. Illustrated by the famous cartoomst, 
Otto Soglow, the book is a~ much a broll1ant sat1re of academ1c . pompos1ty and pro­
fessional travel literature as 1t IS a clever use of the facts of physiology for supremely 
comic purposes. Preface by Robert Benchley. Author's Foreword. l Photog1 a ph. 17 il\us\ra· 
tlons by 0. Soglow. xii + 114pp. 53,11 x 8'12. 137G Paperbound $1.00 

THE BAD CHILD'S BOOK OF BEASTS, MORE BEASTS FOR WORSE CHILDREN, and A MORAL 
ALPHABET, H. Belloc. Hardly an anthology of humorous verse has appeared in the last so 
years without at least a couple of these famous nonsense verses. But one must see the 
entire volumes-with all the delightful original illustrations by Sir Basil Blackwood-to 
appreciate fully Belloc's charming and witty verses that play so subacidly on the platitudes 
of life and morals that beset his day-and ours. A great humor classic. Three books in one. 
Total of 157pp. 53,11 x 8. T749 Paperbound $1.00 

THE DEVIL'S DICTIONARY, Ambrose Bierce. Sardonic and irreverent barbs puncturing the 
pomposities and absurdities of American politics, business, religion, literature, and arts, 
by the country's greatest satirist in the classic tradition. Epigrammatic as Shaw, piercing 
as Swift, American as Mark Twain, Will Rogers, and Fred Allen. Bierce will always remain 
the favorite of a small coterie of enthusiasts, and of writers and speakers whom he supplies 
with "some of the most gorgeous witticisms of the English language." (H. L. Mencken) 
Over 1000 entries in alphabetical order. 144pp. S:Ye x a. T4a7 Paperbound $1.00 

THE COMPLETE NONSENSE OF EDWARD LEAR. This is the only complete edition of this master 
of gentle. madness available at a popular price. A BOOK OF NONSENSE, NONSENSE SONGS, 
MORE NONSENSE SONGS AND STORIES in their entirety with all the old favorites that have 
delighted children and adults for years. The Dong With A Luminous Nose, The Jumblies, The 
Owl and the Pussycat, and hundreds of other bits of wonderful nonsense. 214 limericks, 3 sets 
of Nonsense Botany, 5 Nonsense Alphabets. 546 drawings by Lear himself, and much more. 
320pp. 53,11 x a. T167 Paperbound $1.00 

SINGULAR TRAVELS, CAMPAIGNS, AND ADVENTURES OF BARON MUNCHAUSEN, R. E. Raspe, 
with 90 Illustrations by Gustave Dor~. The first edition in over 150 years to reestablish 
the deeds of the Prince of Liars exactly as Raspe first recorded them in 17a5-the genuine 
Baron Munchausen, one of the most popular personalities in English literature. Included 
also are the best of the many sequels, written by other hands. Introduction on Raspe by 
J. CarswelL Bibliography of early editions. xliv + l92pp. 53,11 x 8. T698 Paperbound $1.DO 

HOW TO TELL THE BIRDS FROM THE FLOWERS, R. W. Wood. How not to. confuse a carrot 
With a parrot, a grape with an ape, a puffin with nuffin. Delightful drawrngs, clever puns, 
absurd little poems point out farfetched resemblances in nature. The author was a leading 
physicist. Introduction by Margaret Wood White. 106 iilus. 60pp. 53,11 X a. 

T523 Paperbound 75¢ 

JOE MILLER'S JESTS .OR, TH_E WITS. VADE-MECUM. The original Joe Miller jest book. Gives 
a keen ~nd pungent 1mpress1on of hie in 18th-century England. Many are somewhat on the 
~awdy sJde .and they are st111 capable of provoking amusement and good fun. This volume 
IS a tacs1m1le of the orlgrnal "Joe Miller" first published in 1739. It remains the most 
popular and 1nfluent1al humor book of all time. New introduction by Robert Hutchinson. 
XXI + 70pp. 53,11 x a•12. T423 Paperbound $1.00 

Prices subject to change without notice. 

Dover publi~hes ~oaks on art, music, philosophy, literature, languages, 
history, soczal setences, psychology, handcrafts, o1-icntalia, puzzles and 
entertainments, chess, pets and gardens, books explaining science, inter­
mediate and higher mathematics, mathematical physics, engineering, 
biological sciences, earth sciences, classics of science, etc. Write to: 

Dept. catrr. 
Dover Publications, Inc. 
180 Varick Street, N.Y. 14, N.Y. 
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Clwnce, I.uck ond Stntistics, Horace C. Levinson. $2.00 

Tlw Fourth Oimension Simply Expluincd, edited bv Henry P. 
Manning. $1.50 • 

Introductory Non-Euc:lidocm Geometry, Henry P. Manning. $1.00 

Higher lvlnthcnwtiGs for Students of Chemistry rmd Pl1ysics, Joseph 
W. Mellor. $2.50 

II ow Oo You Usc n Slide Rule? Arthur A. Merrill. 75¢ 

Mntlwmnticol Exc:ursions. Helen Abbot Merrill. $1.25 

On Tvlntlwnwtir.s ond Motlwmntir.ions. Robert E. Moritz. $2.00 
Cnrdrmo: The Gmnbling Sr.holor. Oystcin Ore. $1.60 

Guide to the Litcrnturc of Mntlwmntir.s nnr/ Phy:;ics, Nathan G. 
Parke III. $2.75 

Mntlwmotir.s rmd Science: Lnst Essoys, Henri Poincare. $1.25 

Geometric Exercises in Pnper Folding, T. Sundara Row. $1.00 

Greot !dens of /'vlodcrn Mntlwnwtics: Their Noturc nnd Usc, Jagjit 
Singh. $2.00 

AppliP.d Mnthcnwtics for Rnrlio one/ Communication Engineers, 
Carl E. Smith. $1.75 

Tench Yourself thP. Slide Rule, Burns Snodgrass. Clothbound $2.00 

How to Colculotc Quickly. Henry Sticker. $1.00 

Mnt!wnwtic:s in Action, 0. G. Sutton. Clothbound $3.50 

Concepts onrl Methods of Arithmetic, Marvin C. Volpcl. $2.50 

An !ntrorluc:tion to Projective Geometry, Roy M. Winger. $2.00 

Monogrnphs on Topics of Modern Mnthemntics, edited by J. VIJ. A. 
Young. $2.00 

Paperbound unless otherwise indicated. Prices subject to change 
without notice. Available at your book dealer or write for free 
catalogues to Dept. TF 4, Dover Publications, Inc., 180 Varick St., 
N.Y., N.Y. 10014. Please indicate field of interest. Each year Dover 
publishes over 150 classical records and books on art, music, lan­
guages, philosophy, science, engineering, advanced mathematics, 
chess, humor, puzzles and other areas. 



Felix Klein 
Famous Problems 

of Elementary Geometry 
This expanded version of the famous 1894 Easter lectures at Giit­
tingen University has been accepted as a modern mathematical 
classic, and has been translated into four different languages. Using 
techniques of modern m a thematics, it examines three famous prob­
lems which wj:!re intensely investiga ted in premodern mathematics: 
doubling the volume of a cube, trisecting an angle, squaring a 

circle-

Written with all Felix Klein's mathematical breadth, clarity, and 
profundi~y. this volume provides answers to mod:rn pro?lems con­
nected With these three problems of the past. It IS cspectally inter­
esting to the modern student in answering such ques tions as: Under 
what circumstances is a geometric construction possible? By what 
means can a geometric construction be effected? What arc trans­
cendental numbers, and lww can you prove that e and pi are trans­
cendental? Treatment is simple. and no knowledge of higher mathe-

matics is required. 

contents. I. The _ Possibil~ty of the Construction of Algebraic Ex-
ressions. AlgebraiC equauons solvable by squar_e .r?ots. The delian 

P blern and the trisection of th e angle. The dtvtston of the circle 
pro equal parts. The construction of the regular polygon of 17 
1nto . b . . ·deS General considerations of alge rate constructions. II. Trans-
51 d~ntal Numbe rs and the Quadrature of the Circle. Cantor's 
cell onstration of the existence of transcendental numbers. Historical 

de~ey of the attempts at the compu· fi:\ Lii.JrarY liAS Shimla 
su nscendence of the number e. T1 \flWI · ' 

f@:~~;,~Sf!,!~,;~:,:,~:::;.~:. i lllllllllllllllllliill ~l11ifllflllll lllllllllll 
bridged, unaltered r ep ublicatiOn 

vnansJated by W. W. Beman and D. I 00039358 
-rra prefaces. xi + 92pP· 5% x 8. l ~!:1!:1 Paperbound $1.25 
tiOil · 

ft. pOVER EDITION DESIGNED FOR YEARS OF USE! 

_ }lave made every effort to make this the best book possible. Our 
weer is opaque, with minimal show,through ; it will not discolor 
paPbecornc b_ri_ttle with age. Pages are sewn in signatures, in the 
orethod trad itiOna lly usc~ for the best booJ.:s, and will not drop 
Jll t as often h app ens wtth paperbacks held together with glue. 
ou 'ks open flat for easy reference. The binding will not crack or 
D 01?t This is a permanent book. 
sp I. 
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