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The Entropy Concept in Probability Theory 
( Uspekhi Matematicheskikh Nauk, vol. VIII, no. 3, 1953, pp. 3-20) 

In his article ''On the Drawing of Maps" P. L. Chebyshev 

beautifully expresses the nature of the relation between scien­

tific theory and practice (discussing the case of mathematics): 

"The bringing together of theory and practice leads to the 

most favorable results; not only does practice benefit, but the 

sciences themselves develop under the influence of practice, which 

reveals new subjects for investigation and new aspects of 

familiar subjects." A strik.ing example of the phenomenon 

described by Chebyshev is afforded by the concept of entropy 

in probability theory, a concept which has evolved in recent 

years from the needs of practice. This concept first arose in 

attempting to create a theoretical model for the transmission 
of information of various kinds. In the beginning the concept 

was introduced in intimate association with transmission ap­

paratus of one kind or another; its general theoretical signi­

ficance and-properties, and the general nature of its application 

to practice were only gradually realized. As of the present, a 

unified exposition of the theory of entropy can be found only 

in specialized articles and monographs dealing with the trans­

mission of information. Although the study of entropy has 

actually evolved into an important and interesting chapter of 

the general theory of probability, a presentation of it in this 

general theoretical setting has so far been lacking. 
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This article represents a first attempt at such a presentation. 

In writing it, I relied mainiy on Shannon's paper "The Mathe­

matical Theory of Communication".* However, Shannon's 

treatment is not always sufficiently complete and mathemati­

cally correct, so that besides having to free the theory from 

practical details, in many instances I have amplified and changed 

both the statement of definitions and the statement and proofs 

of theorems. There is no doubt that in the years to come the 

study of entropy will become a permanent part of probability 

theory; the work I have done seems to me to be a necessary 

stage in the development of this study. 

::I. Entropy of Finite Schemes 

In probability theory a cornplete systern of events A~~ A~, 

···,A" means a set of events such that one and only one of 

them must occur at each trial (e.g., the appearance of 1, 2, 3, 

4, 5, or 6 points in throwing a die). In the case n=2 we have 

a simple alternative or pair of rnutually exclusive events (e.g., 

the appearance of heads or tails in tossing a coin). If we are 

given the events A 1, A~, . .. , A" of a complete system, together 
II 

with their probabilities p11 p~, . .. , p 11 (Pi~ 0, ~ Pi= 1), then we 
z.-cl 

say that we have a finite scherne 

A=( AI A~·. ·A,.). 
PI p~· .. PI/ 

( 1 ) 

In the case of a "true" die, designating the appearance of t 

points by A, (1 ~ i ~ 6), we have the finite scheme 

( AI A., A3 A4 A, AG ) 
1/6 1/6 1/6 1/6 1/6 1/6 . 

• C. E. Shnnnon, Bell SyRtern Technirnl Journal, 21. 379-4~3: fi~:~-65ti i194HI. 
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Every finite scheme describes a state of uncertainty. We 

have an experiment, the outcome of which must be one of the 

events Au A~,· · ·, A", and we know only the probabilities of 

these possible outcomes. It seems obvious that the amount of 

uncertainty is different in different schemes. Thus, in the two 

simple alternatives 

( A1 A.,) 
0.5 0.5 , 

( AI A.,) 
0.99 0.01 , 

the first obviously represents much more uncertainty than the 

second; in the second case, the result of the experiment is 

"almost surely" Au while in the first case we naturally refrain 

from making any predictions. The scheme 

( A 1 A.,) 
0.3 0.'1 

represents an amount of uncertainty intermediate between the 

preceding two, etc. 
For many applications it seems desirable to introduce a 

quantity which in a reasonable way measures the amount of 

uncertainty associated with a given finite scheme. We shall 

see that the quantity 

" H(Pu p~, · · ·, P")=- ~ Pk lg p,., 
k-1 

can serve as a very suitable measure of the uncertainty of the 

finite scheme (1); the logarithms are taken to an arbitrary but 

fixed base, and we always take p,.lg pk=O if pk=O. We shall 

call the quantity H(p1, p~, · · ·, p,) the entropy of the finite 

scheme (1), pursuing a physical analogy which there is no need 

to go into here. We now convince ourselves that this function 

actually has a number of properties which we might expect 
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of a reasonable measure of uncertainty of a finite scheme. 

First of all, we see immediately that H(p 1, p~,· · ·, p,.)=O, if 

and only if one of the numbers p 1, p~, · · ·, p,. is one and all the 
others are zero~ But this is just the case where the result of 

the experiment can be predicted beforehand with complete 

certainty, so that there is no uncertainty as to its outcome. 

In all other cases the entropy is positive. 

Furthermore, for fixed n it is obvious that the scheme with 

the most uncertainty is the one with equally likely outcomes, 

i.e., pk = 1/n (k = 1, 2, · · ·, n), and in fact the entropy assumes its 

largest value for just these values of the variables PA·· The 

easiest way to see this is to use an inequality which is valid 

for any continuous convex function cp(x) 

( 1 " .) 1 " 
cp -::8 ak ~- 2:::; cp(aJ, 

. n k • n·k • 

where a11 a~,···, a,. are any positive numbers. Setting aA = p,. 

and (p(x) = x lg x, and bearing in mind that ± pk = 1, we find 
A· I 

( 1) 1 1 1" 1 q.J- =-lg-~-L;pA.lgpk=--H(pt,P~····,p,), 
. n n n n A·-• n 

whence 

H(Pt• p~, · · ·, P,) ~ lg n=H(_!_, _!_, ... , _!_), Q.E.D. 
n n n, 

Suppose now we have two finite schemes 

A=(A1 A~·· ·A,), 
P1 P~· · · P,. 

B=( B1 B~· · ·B"' ). 
. ql q~· .. qlll 

and let these two schemes be (mutually) independent, i.e., the 

probability r.A. 1 of the joint occurrence of the events AA. and 

B1 is pkq1• Then, the set of events AA.B, (1 ~ k ~ n, 1 ~ l ~ m), 
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with probabilities 7rA.1 represents another finite scheme, which 

we call the product of the schemes A and B and designate by 

AB. Let H(A), H(B), and H(AB) be the corresponding entro­

pies of the schemes A, B, and AB. Then 

H(AB)=H(A)+H(B), ( 2 ) 

for, in fact 

We now turn to the case where the schemes A and B are 

(mutually) dependent. We denote by qk1 the probability that 

the event B1 of the scheme B occurs, given that the event A,. 

of the scheme A occurred, so that 

'TT"At=PkQA·t (lLk~n, l~l~m). 

Then 

Here ~ q, 1 = 1 for any k, and the sum - '2:: q1,1 lg qA·t can be 
I I 

regarded as the conditional entropy Hk(B) of the scheme B, 

calculated on the assumption that the event Ak of the scheme 

A occurred. We obtain 

H(AB) = H(A) + 2: pkHk(B). 
k 

The conditional entropy H,(B) is obviously a random variable 

in the scheme A; its value is completely determined by the 

knowledge of which event A, of the scheme A actually occurred. 

Therefore, the last term of the right side is the mathematical 
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expectation of the quantity H(B) in the scheme A, which we 

shall designate by H,(B). Thus in the most general case, we 

have 

H(AB)=H(A)+Jl..,(B). (3) 

It is self-evident that the relation (3) reduces to (2) m the 

special case where the schemes A and B are independent. 

It is also interesting to note that in all cases Jl.,(B) L. H(B). 

It is reasonable to interpret this inequality as saying that, on 

the average, knowledge of the outcome of the scheme A can 

only decrease the uncertainty of the scheme B. To prove this, 

we observe that any continuous convex function f(x) obeys 

the inequality* 

if ).A.~O and 2:J.k=l. Therefore, setting f(x)=xlgx, 
k 

Ak= P~.:, xk =qw we find for arbitrary l that 

b pkqk! lg qkl ~ C:E pkqkl) lg C2~ pkqkl)=q~ lg q/1 
k k k 

since obviously b pkq kt = Q1 • Summing over z, we obtain on the 
k 

left side the quantity 

b Pk :E qktlg qkt=- :E P~.:H~.:(B)= -H.,(B), 
k l k 

and consequently we find 

If we carry out an experiment the possible outcomes of which 

are described by the given scheme A, then in doing so we 

obtain some information (i.e., we find out which of the events 

• See. for exnmple, Hardy, Littlewood, nnd POlyn. Jncqwtlitie:t. Cnn1brfdge UnlverHitY 

PreH8, IU::M. 
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A,. actually occurs), and the uncertainty of the scheme IS 

completely eliminated. Thus, we can say that the information 

given us by carrying out some experiment consists in removing 

the uncertainty which existed before the experiment. The 

larger this uncertainty, the larger we consider to be the amount 

of information obtained by removing it. Since we agreed to 

measure the uncertainty of a finite scheme A by its entropy 

H(A), it is natural to express the amount of information given 

by removing this uncertainty by an increasing function of the 

quantity H(A). The choice of this function means the choice 

of some unit for the quantity of information and is therefore 

fundamentally a matter of indifference. However, the proper­

ties of entropy which we demonstrated above show that it is 

especially convenient to take this quantity of information pro­

portional to the entropy. Indeed, consider two finite schemes 

A and B and their product AB. Realization of the scheme AB 

is obviously equivalent to realization of both of the schemes A 

and B. Therefore, if the two schemes A and B are independent, 

it is natural to require the information given by the realization 

of the scheme AB to be the sum of the two amounts of in­

formation given by the realization of the schemes A and B; 

since in this case 

H(A.B) = H(A) + H(B), 

this requirement will actually be met, if we consider the amount 

of information given by the realization of a finite scheme to 

be proportional to the entropy of the scheme. Of course, the 

constant of proportionality can be taken as unity, since this 

choice corresponds merely to a choice of units. Thus, in all 

that follows, we can consider the amount of information given 
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by the realization of a finite scheme to be equal to the entropy 

of the scheme. This stipulation makes the concept of entropy 
especially significant for information theory. 

In view of this stipulation, let us consider the case of two 

dependent schemes A and B and the corresponding relation (3). 

The amount of information given by the realization of the 

scheme AB is equal to H(AB). However, as explained above, 

in the general case, this cannot be equal to H(A) + H(B). 

Indeed, consider the extreme case where knowledge of the 

outcome of the scheme A also determines with certainty the 

outcome of the scheme B, so that each event Ak of the scheme 

A can occur only in conjunction with a specific event B, of 

the scheme B. Then, after realization of the scheme A, the 

scheme B completely loses its uncertainty, and we have H,(B)=O; 

moreover, in this case realization of the scheme B obviously 

gives no further information, and we have H(AB)=H(A), so 

that relation (3) is indeed satisfied. In all cases, the quantity 

Hk(B) introduced above is the amount of information given by 

the scheme B, given that the event Ak occurred in the scheme 

A; therefore the quantity JI.,(B)= ~ p .. Hk(B) is the mathe-
k 

matical expectation of the amount of additional information 

given by realization of the scheme B after realization of 

scheme A and reception of the corresponding information. 

Therefore, the relation (3) has the following very reasonable 

interpretation: The amount of information given by the reali­

zation of the two finite schemes A and B, equals the amount of 

information given by the realization of scheme A, plus the 

mathematical expectation of the amount of additional informa­

tion given by the realization of scheme B after the 1·ealization 

of the scheme A. In just the same way we can give an 
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entirely reasonable interpretation of the general inequality 

H 1(B) ,_c= H(B) proved above: The amount of information given 

by the realization of a scheme B can only dec1·ease if another 

scheme A -is realized beforehand. 

;:: 2. The Uniqueness Theorem 

Among the properties of entropy which we have proved, 

we can consider the following two as basic: 
" 1. For given n and for ~ P4 = 1, the function H(p 11 p~, · · ·, p,) 

k I 

takes its largest value for pk= 1 (k=1,2,···,n). 
n 

2. H(AB)=H(A)+H 1(B). 
We add to these two properties a third, which obviously must 

be satisfied by any reasonable definition of entropy. Since the 

schemes 

are obviously not substantively different, we must have 

3. H(p 11 p~, · · ·, p,, 0) = H(p 1, p~, · · ·, p,). (Adding the impos­

sible event or any number of impossible events to a scheme 

does not change its entropy.) We now prove the following 

important proposition: 

Theorem I. 

Let H(p 1, p~, · · ·, p,) be a function defined fo1· any integer 

nand for all values p 1, p~, · · ·, p, snch that pk '-.. 0 (k = 1,2, · · ·, n), 
" ~ p4 = 1. If for any n this function is continuous with respect 

4· I 

to all ·its arguments, and if it has the properties 1, 2, and 3, 

then 
" 

H(pl, p~, · · ·, JJ,) =-I.~ p, lg p,, 
, .. = 1 
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where J. is a positive constant. 
This theorem shows that the expression for the entropy of 

a finite scheme which we have chosen is the only one possible 

if we want it to have certain general properties which seem 

necessary in view of the actual meaning of the concept of 

entropy (as a measure of uncertainty or as an amount of 

information). 

Proof. 

For brevity we set 

1 1 1. 
H( -, -,· · ·, -)=L(n); 

.n n n 

we shall show that L(n)=J.lg n, where J. is a positive constant. 

By 3 and 1, we have 

so that L(n) is a non-decreasing function of n. Let m and r 

be positive integers. Consider m mutually independent finite 

schemes S 1, Se, · · ·, S"', each of which contains r equally likely 
events, so that 

H(Sk)=H(_!, _!_, .. ·, _!_)=L(r) (l~k~m). 
r r r 

By Property 2 (generalized to the case of m schemes) we have, 

in view of the independence of the schemes sk 
m 

H(S1Se· · ·S"')= 2::: H(Sk)=mL(r). 
A· I 

But the product scheme S1Se · · · S"' obviously consists of r'" 

equally likely events, so that its entropy is L(r"'). Therefore 
we have 
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L(r"')=mL(r), ( 4 ) 

and similarly, for any other pair of positive integers n and s 

L(s") = nL(s). ( 5 ) 

Now let the numbers r, s, and n be given arbitrarily, but 

let the number 1n be determined by the inequalities 

r"' L s" L r"' • 1, ( 6 ) 

whence 

1n lg ?" L n lg s < ( 1n + 1) lg r, 
(7) 

m L lg s < m + .!.__ 
n- lg r n n 

It follows from (6) by the monotonicity of the function L(n) 

that 

L(1·"') L L(s") L L(r"'•'), 

and, consequently, by (4) and (5) 

so that 

mL(r) L nL(s) L (m+ l)L(r), 

m L L(s) L m +_!_. 
n-L(r)- n n 

Finally, it follows from (7) and (8) that 

I L(s) _ lg s \ L _!_ 
L(r) lgr -n 

( 8) 

Since the left side of this inequality is independent of m, and 

since n can be chosen arbitrarily large in the right side 

L(s) L(r) 
lg s lg r ' 



12 KHll\CHI:" 

which, in view of the arbitrariness of r and s, means that 

L(n)=i.lg n, 

where ). is a constant. By the monotonicity of the function 

L(n), we have J. ~ 0, and our assertion is proved. 

This assertion represents the special case p .. = lfn (1 ~ k "'::. n) 

of the theorem to be proved. We now consider the more 

general case, where the P1· (lc=l,2,· · ·, n) are any rational 

numbers. Let 

p .. =J!J:__ (/c=l,2,· · ·, n), 
g 

11 

where all the g .. are positive integers and ~ U~.: =g. Let the 
k I 

finite scheme A consist of n events with probabilities Pu p~, . .. , p,. 

Our problem consists in defining the entropy of this scheme. 

To this end, we consider a second scheme B, which is dependent 

on A and is defined as follows: The scheme B contains g 

events B10 B~,· · ·, B9 , which we devide into n groups, contain­

ing g1, g~, . . ·, g,. events, respectively. If the event A~.: occurred 

in scheme A, then in scheme B all the g,. events of the k'th 

group have the same probability lfg .. , and all the events of 

the other groups have probability zero (are impossible). Thus, 

given any outcome A,. of the scheme A, the scheme B reduces 

to a system of U~.: equally likely events, so that the conditional 

entropy 

which means that 

We return now to the product scheme AB, consisting of the 



The Entropy Concept in Probability Theory 13 

events AA.B1 (1 ./ k L. n, 1 Ll L. g). Such an event is possible 

only if B 1 belongs to the k'th group. Thus, the number of 

possible events A .. B 1 for a given k is gk, and the total number 

of possible events in the scheme ABis ~ g .. =g. The probability 
k .. J 

of each possible event A"B1 is obviously pAJgk = 1/g, i.e., is the 

same for all the events. Thus, the scheme AB consists of g 

equally likely events, and therefore 

H(AB)=L(g)=J.lg g. 

Using property (2) and relation (9), we find 

" ). lg g =H(A)+J. ~ pk lg pk+J. lg g, 
k -I 

whence 

(10) 

Finally, relation (10) which we have proved for rational 
p 1 , p~, · · ·, p,., must be valid for any values of its arguments 

because of the postulated continuity of the function H(pl, P~· 

· · ·, p,.). Thus the proof of Theorem 1 is complete. 

~ 3. Entropy of Markov chains 

Suppose we have a simple stationary Markov chain with 

a finite number of states Au A~,· · ·,A,. and with the transition 

probability matrix p,, (i, k= 1,2, · · ·, n). We denote by Pk the 

probability of the state A, (1 ~ k :::_ n), so that m particular 

2; P,p,,=P, (l=1,2,· · ·, n). (11) 
k I 

If the system is in state A,, then its transitions to the dif­

ferent states A, (k = 1,2, · .. , n) form a finite scheme 

( A 1 A~ · · · A,.) 
']J II P 12 • • • PI'' ' 
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the entropy of which 
.. 

H;=-2:; P;k lg Pi4· 
k· I 

depends on i and can be regarded as a measure of the amount 

of information obtained when the Markov chain ""-oves one step 

ahead, starting from the initial state A;. The average of this 

quantity over all initial states, i.e., the quantity 

H= ::t P;H;=-:t ± P;p;k lg Pik, 
i· I i··l A.···l 

is therefore to be regarded as a measure of the average amount 
of information obtained when the given Markov chain moves 

one step ahead. This quantity H, which we shall call the 

entropy of the chain in question obviously characterizes the 

chain as a whole; it is clear that it is uniquely determined by 

giving the state probabilities P; and the transition probabilities 

<lLiLn, lLlcLn). 
p;k -

All the concepts which are defined for moving one step ahead 

can be easily and naturally generalized to the case of moving 

ahead an arbitrary number of steps r. If the system is in 

state A;, then it is easy to calculate the probability that in 

the next r trials we shall find it in the states A4·,• AA· .. • . .. , Ak, 
in turn, where kl, lee, •• . 'lc, are arbitrary numbers fro~ 1 to n. 

Thus, the subsequent fate of a system initially in the state A; 

in the nex~ r trials is. described by a finite scheme (with n' 
events), with a defimte entropy which we designate by H; ,. 

and regard as a measure of the amount of information obtfl,ined 
. moving ahead r steps in the chain start1·n f h · "t" 1 m ' g rom t e 1m Ia 
state A;· The quantity 

; I 
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is to be regarded as the average amount of information given 

by moving ahead r steps in the given Jlfa'rlcov chain. We shall 

call it the r-step entropy of the chain in question. The one­

step entropy defined above can obviously be written as Hw. 

If the notion of the quantity H'r' as the average amount of 

information obtained in moving ahead r steps in a given Markov 

chain is to be reasonable, then it is natural to require that 

for arbitrary positive integers ?" and s we have 

H'r · ·" = H"'' + H<.", 

or, equivalently, H"'=1·Hn' for any positive integer r. It is 

easily seen that this is actually the case. In the first place, the 

relation H'''=1·H' 1 ' is trivially true for r=l. Suppose now 

that it is true for some r:::::,., 1; we shall show that in this case 

H" ·I> =(r+ 1)H' 1 '. 

Let the system be m the state A,; the finite scheme which 

describes the fate of the system in the next 1·+ 1 trials, can 

then be regarded as the product of two dependent schemes: 

A) the scheme corresponding to the immediately following 

trial with the entropy HP) and 

B) the scheme describing the fate of the system in the 

next r trials; the entropy of this scheme is H?:, if the out­

come of scheme A was the event A,. According to the general 

relation 

H(AB)=H(A)+H 1(B), 

we have 

" H r+ll-H·'·+ ,, P· H r, 
I - I .L:.,J 1J.." J.- ' 

k I 

and consequently, in view of (11) 
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H''·"-~PH'''"-~P.H'"+ ~H'''"'"'." Pp = - .L..J i ( - .L..J I i ~ k .L.J i il.; 
1=1 i=l J.:~t 1=1 

=Hn'+ ± PkH~''=Hn'+H'''=(r+1)Hw, Q.E.D. 
4· =I 

In a large number of cases, the application of the concept 

of the entropy of Markov chains in information theory is based 

on two fundamental theorems, which we shall prove in the 

next section. 

# 4. Fundamental Theorems 

Suppose now that the Markov chain we are studying obeys 

the law of large numbers, i.e. that in a sufficiently long 

sequence of s consecutive trials the relative frequency m; of 
s 

occurrence of the state A; will differ from P; by an arbitrarily 

small amount, with a probability arbitrarily close to unity. In 

other words, for arbitrarily small e>O and o>O, and for suf­

ficiently large s 

( 12) 

For brevity, we shall call such a chain ergodic. 

Each possible result of the series of s consecutive trials of 

the given Markov chain can be written as a "sequence" 

(C) 

where k 1, k~, · · ·, ks are numbers from 1 to n. The probability 

of realizing the sequence (C) does not depend on the part of 

the chain where the series of trials begins (because of the 

•J A. A. Mnrko\" Hhowed thnt for thiH to he the CnHe it iR Hufficient to nRRUme thnt the 

chnin in queHtion iH '' tro.nRitive •·• i.e .. thnt n tranRition iH poRHiiJJe from nn).' Rtnte to nny 

other Rtnte in n autficientJ.r Jnrge number uf HtepR. l•~or the rhnin~ with whic-h informntion 
thPor~· iR ronc-erned. thiR hypotheHiH iR apparently nlwn)·H fulfilled. 
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stationarity), and is obviously equal to 

p(C) = P~o,P~o,~o:Pk:A·3 • • • PA·s-lks" 

Let i and l be two arbitrary numbers from 1 to n, and let m 11 

be the number of pairs of the form k,k .. 1 (1 L r L s) in which 

k,=i, k .. 1 =l. Then, clearly the probability of the sequence 

(C) can be written in the form 

(13) 

Theorem 2. 

Given s>O and '1]>0, no matter how small, for sufficiently 

large n all sequences of the form (C) can be divided into two 

groups with the following properties: 1) the probability p(C) of 

any sequence of the first group satisfies the inequality 

lg___!-
p(C) -H <1" 
s 

(14) 

and 2) the sum of the probabilities of all sequences of the second 

group is less than s. 

In other words, all sequences with the exception of a very 

low probability group have probabilities lying between a-•<11• ... , 

and a-" 11 -'•', where a is the base of the system of logarithms 

used. Here H is the one-step entropy of the given chain. 

Proof. 

We shall agree to assign the sequence (C) to the first group 

if it has the following two properties: 

1. it is a possible outcome, i.e. p(C)>O, and 

2. for any i, l (1 L i L n, 1 L l L n) the inequality 
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(15) 

obtains. All the other sequences are assigned to the second 

group. We shall show that this division satisfies both require­

ments of theorem 2, if o > 0 is sufficiently small and if s is 
sufficiently large. 

1) Suppose the sequence (C) belongs to the first group. It 

follows from (15) that 

We now substitute these expressions for the numbers mil in 

(13), where in doing so we must bear in mind that the require­

ment that the given sequence be a possible outcome implies 

that mil=O when pil=O. Thus in the product (13) we must 

restrict ourselves to factors such that Pi!>O, which we shall 

denote by an asterisk on the product signs. We find 

p(C)=Pkl I1 I1* (pil)'~'o•a+.<aeil, 
i l 

lg (1C)= -lg Pk,-sL;L;* P .. pillg P11 -s8L;L;* H,,lg Pa= 
p I l i l 

= -lg Pk +sH-s8L;L;* 0, 1 lg Pu, 
I i l 

whence 

lg-1_ 
p(C) 1 1 1 

-.:......!..._~-H <-lg-+o:L::L:* lg-. 
s s Pk, , t Pu 

This means that for sufficiently large s 

1 1 gP(C) 
s H <?J, 

where 7J > 0 is as small as we please if 8 is sufficiently small. 
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Thus, the first requirement of Theorem 2 is satisfied. 

2) Tuming now to the calculation of the sum of the 

probabilities of all the sequences of the second group, we note 

first of all that the impossible sequences in this group are not 

included in this calculation, since their probabilities are zero. 

Thus, we only have to calculate the sum of the probabilities of 

those sequences for which the inequality (15) does not hold for 

at least one pair of indices i, l; to do this it suffices to calculate 

the quantity 

First we fix the indices i and l. By (12) we have for sufficiently 

large s 

P{ I m,-sP, I<: s }>1-s. 

If the inequality [ } is satisfied, and if s is sufficiently large, 

then m, is as large as we please, and therefore by Bernouilli's 

theorem 

Therefore the probability of satisfying both of the inequalities 

(16) 

(17) 

exceeds (1-s)2> 1-2s. But it follows from (16) that 
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and this together with (17) gives 

I ma-sP,P;1 I<os. (18) 

Thus for any t and l, we have for sufficiently large s 

which means that 

From this it follows that 

t ::8 P [I mil-sP;P;z I >os} <2n2c. 
i = 1 l = 1 

Since the right side of this inequality is together with c arbi­

trarily small, the sum of the probabilities of all the sequences 

of the second group can be made as small as we please for 

sufficiently large s, i.e., the second requirement of Theorem 

2 is also satisfied. Thus Theorem 2 is proved. 

We now note that the number of all s-term sequences of the 

form (C) equals n', and we arrange these sequences in order 

of decreasing probability p(C). We select sequences from this 

series in the order in which we have arranged them until the 

sum of the probabilities of the sequences selected just exceeds 

a preassigned positive number ). (0 <). < 1). We denote by Ns(J.) 

the number of sequences so selected. Theorem 2 permits us 

to make the following important estimate of the number Ns(J.). 

Theorem 3. lim lg Ns(J.) H. 
s ... oo s 

In particular, the indicated limit does not depend on the 

number J., if only 0 <). < 1 and ). remains constant as s in­
creases. 
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Proof. 

We agree to call a sequence (C) standard if its probability 
p(C) satisfies the inequality (14) where '7 is a fixed, arbitrarily 

small positive number. By Theorem 2, the sum of the proba­

bilities of all non-standard sequences is arbitrarily small for 

sufficiently large s. The inequality (14) is equivalent to the 
inequality 

a -•<If• ,,, < p(C) <a -s<u-~>, (19) 

which therefore are characteristic of standard sequences (a 

denotes the base of the system of logarithms used). 

The following sequences are among the selected sequences 

(with sum of probabilities :> ).) : 

1) all non-standard sequences with probabilities p(C)-:::::.. 

a-><u-.,>; the sum of the probabilities of such seqences does not 

exceed the sum of the probabilities of all non-standard se­

quences, which latter is for sufficiently large s less than any 

e:>O, however small. 

2) a certain number M,().) of standard sequences, the sum 

of the probabilities of which must be greater than ).-s (since 

the sum of the probabilities of the selected sequences exceeds ).). 

The non-standard sequences with probabilities p(C) L. a -s<ll+~' 

can not be among the selected sequences, since according to 

Theorem 2 the sum of the probabilities of the standard se­

quences by themselves exceeds ).. Thus, for all the selected 

sequences p(C):>a-·'w"'', and therefore the sum of the proba­

bilities of the selected sequences is greater than N,,().)a-•W•"'· 

On the other hand, this sum is obviously less than ).+q, where 

q is the probability of the last sequence selected; thus 
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which means (since J.< 1) that for sufficiently large s 

whence 

N,(J.)a -•C/l+'J> < 1, 

lg N,(J.) < H + 7J· 
s (20) 

On the other hand, the M,(J.) standard sequences which we 
have selected have probabilities p(C)<a-•w-'1', while their sum 
is larger than ).-c. It follows that 

M,(J.)a-•W-'1' >l-c, 

so that a fortiori 
N,().)a -•W-'1> >l-c, 

whence 

lg N,(J.) >H-7J+_!_ lg (J.-c). 
s s 

(21) 

Combining the inequalities (20) and (21) obviously proves 

Theorem 3, since the number 7J can be made arbitrarily small 

for sufficiently large s. 
The great value of Theorem 3 for a variety of applications 

depends on the following considerations. Whereas the number 

of sequences of type (C) is n'=a''!!n, the number N,(;,) of 

selected sequences is approximately a•II, as Theorem 3 shows. 

If we recall that lg n is the maximum value of the entropy 

Hand that, consequently, we always have H<lg n (except for 

a trivial case) and if we choose the number ). very close to 

unity, then Theorem 3 shows that a negligibly small fraction 

of all the sequences (C) has a sum of probabilities arbitrarily 

close to unity (for sufficiently large s). Moreover, we see that 

the entropy of the given Markov chain plays a decisive role in 

determining how small this fraction is. 
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# 5 Application to Coding Theory 

In order to give at least one example which illustrates the 

practical applications of the entropy concept, we now consider 

one of the simplest problems of coding theory. Suppose that 

the text which is to be coded consists of a sequence of symbols 

(letters) belonging to a finite set (alphabet), and denote by m 

the number of different symbols (so that the number of different 

sequences of length s is m•). We shall regard this text as a 

simple Markov chain of the type considered in the two preced­

ing sections and assume that its statistical structure is known, 

in particular its entropy H. (We know that the maximum 

value of H is lg m.) We restrict ourselves to a consideration 

of the simplest case where the text at hand is coded into the 

same alphabet, i.e., each sequence from the text is' coded into 

a sequence of letters from the same alphabet. (Actually, of 

course, it is only important that the coded text has the same 

number of symbols as the uncoded text, since no role is played 

by the designation of the symbols.) It goes without saying 

that the rules of coding must guarantee that the original text 

can be uniquely reconstructed from the coded text, which re­

quires in Particular that different sequences of the uncoded 
text must be coded differently. 

It is immediately clear that by using as short a coding 

as possible for the most commonly encountered sequences, and 

conversely, by leaving the longer coding for the more rarely 

encountered sequences, we have the possibility of making the 

coded text shorter than the original, which obviously might 

constitute a Practical and economic advantage. In order to 

analyze this Possibility, we must first of all choose quantities 
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which can measure in a natural way this kind of compression 

by coding. It is apparent at once that both the possible amount 

of compression and the choice of an optimum code to achieve 

it depend entirely on the statistical structure of the given 
text. 

Each s-term sequence (C) of symbols from the input text 

has a definite probability p(C), and the sequence of coded text 

into which it is transformed by the coding has a definite length 

u(C). The ratio a{C)/s can be regarded as a "compression coef­

ficient" for the given s-term sequence. The mathematical 
expectation of this ratio 

~P(C)a(C) 
f-Ls = _c=------

s 

(where the summation is over all sequences of length s) is the 

"average compression" for sequences of length s; finally, the 
quantity 

which we shall call the compression coefficient (of a given text 

for a given code) can clearly serve to measure in a natural 

way the compression of the given uncoded text by the given 

means of coding. In addition, we note that in all cases actuallY 

encountered the quantity f-L.• approaches a definite limit as s- co. 

We are interested in the smallest value of the compression 

coefficient that can be achieved by coding when the text has 

a given statistical structure. Naturally, at the same time we 

are interested in how to construct the corresponding "optimum" 

code. A complete answer to these questions is contained in 
the following remarkably simple theorem: 
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Theorem 4. 

If the entropy of the given text is H, then the greatest 

lower bound of the compression coefficient p. for all possible 

codes is HJlg m, where m is the number of different symbols 

of the text. 

Thus, to find the greatest lower bound of the possible shorten­

ing of a text by coding, there is no need to know in detail 

the statistical structure of the text; it is sufficient to consider 

only its entropy and the number of symbols it uses. Since lg m 

is the maximum value of H for the given number of symbols, 

the quantity Hflg m is sometimes called the "relative entropy" 

of the given text. 

Proof. 
We must show that 1) for any code p.'::::,. _ _!!_ and 2) for 

- lgm 

arbitrarily small 17 > 0, there exists a code for which P. < H + 77 • 
lgm 

1) Choose an arbitrary code and let H'=H-2'" where 17>0 

is arbitrarily small. We agree to call an s-term sequence of 

the given text a special sequence, if o(C)<H'sflg m. Since the 

number of different k-term sequences of the coded text is m\ 

the number of all special s-term sequences of the text is no 

greater than 

[ If'S J lf'S { 1 1 } m sJl' 
m+ m 2 + ... + m lg m L. m lg m 1 +-+-o +. . . = ---1 a ' - m m- m-

where a is the base of the system of logarithms used. We 

shall denote the sum of the probabilities of all the special 

sequences by As and show that A, -o as s- CXJ. 

In fact, let c>O be an arbitrarily small constant; then, by 

Theorem 3, to obtain a sum of probabilities equal to c, we 

must take 
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of the most probable sequences. But, as we have seen, for 

sufficiently large s, the number of all special sequences does 

not exceed 

__!!!:__a•ll' <a"//'+~'. 
m-1 

Therefore, the sum )., of these probabilities is less than c if s 
is sufficiently large, i.e., ).,-70 as S-7 co, as was to be shown. 

Since for every non-special sequence (C) 

H's 
a{ C) ::0. lg m , 

H's 
the mathematical expectation of o(C) exceeds (1-J.,)-, 

lgm 

and therefore 
H' 

JLs ::0,. (1-J.,)-1-, 
- gm 

but since J. .• -70 as S-7 co 

- H' H-217 JL=lim JLs ::0..--=---'-.-.co lg m lgm · 

Finally, since 17 is arbitrarily small, we have 

. ::o. H 
JL- lg m' 

which proves the first assertion of Theorem 4. 

2) Let 'I> 0 be arbitrarily small; to prove the second 

assertion of Theorem 4, we determine directly a code for which 

JL< ~:7 • Let o>O be arbitrarily small. The number of dif­

ferent sequences of lenth s(H+o) equals 
lgm 
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S(/[+6' 

1n ~ =a"''u• 6 '. 

In addition, let .s > 0 be arbitrarily small: by Theorem 3, the 

number NJl-.s) of most probable s-term sequences the sum 

of which has probability greater than or equal to 1-.s is less 

than a·" 11 ·"', if s is sufficiently large. Therefore, all these 

"high-probability" s-term sequences can be coded using se­

quences of length s(H +o), since, as we see, there are enough of 
lg 1n 

the latter to do so. As regards the remaining "low-probability" 

s-term sequences (with total probability less than .::), we simply 

code each of them into itself. In order to guarantee uniqueness 

of decoding, it is sufficient (for example) to put one of the 

previously unused sequences of length s(H+o) (but always the 
lg 1n 

same one!) in front of each such s-term sequence of the coded 

text. For a code chosen in this way, the length a(C) of a 

coded s-term sequence will be either s(H+o) or s+ s(H+o) 
lg m lg m ' 

where the first eventuality occurs with a probability less than 

or equal to unity and the second with a probability less than 

or equal to.::. Therefore, the mathematical expectation of a(C) 

does not exceed 

s(H+o) +.s[s+ s(H+o) -! =s[ H+o (l+.s)+.sjl <s H+TJ 
lg m lg m J lg 1n lg m ' 

if .s and o are chosen sufficiently small. 

Suppose now we have a large text (C) of length S=ks, 

where k is very large. This text can be broken up into k 

sequences CH c~, . .. , ck of length s; correspondingly, the coded 

text of length a(C) falls into k sequences with corresponding 

lengths a(Ct), a(C~),· · ·a(Ck), so that 



28 KHINCHIN 

Therefore, the mathematical expectation of a(C) is k times the 

mathematical expectation of the quantity a(C1), and so by the 

foregoing, does not exceed 

ks( H+11)=s H+17 • 
, lg m lg m 

It follows that 

H+77 f-L,L--, 
lgm 

and consequently that 

which proves the second assertion of Theorem 4. 

(Translated by R. A. Silverman) 
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(Uspekhi Matematicheskikh Nauk, vol. XI, no. 1, 1956, pp. 17-75) 

INTRODUCTION 

Information theory is one of the youngest branches of 

applied probability theory; it is not yet ten years old. The 

date of its birth can, with certainty, be considered to be the 

appearance in 1947-1948 of the by now classical work of Claude 

Shannon [1]. Rarely does it happen in mathematics that a 

new discipline achieves the character of a mature and developed 

scientific theory in the first investigation devoted to it. Such 

in its time was the case with the theory of integral equations, 

after the fundamental work of Fredholm; so it was with in­

formation theory after the work of Shannon. 

From the very beginning, information theory presents mathe­

matics with a whole new set of problems, including some very 

difficult ones. It is quite natural that Sha-nnon and his first 

disciples, whose basic goal was to obtain practical results, were 

not able to pay enough attention to these mathematical diffi_ 

culties at the beginning. Consequently, at many points of their 

investigations they were compelled either to be satisfied With 

reasoning of an inconclusive nature or to limit artificially the 

set of objects studied (sources, channels, codes, etc.) in order 

to simplify the proofs. Thus, the whole mass of literature f 
the first years of information theory, of necessity be o ' ars the 
imprint of mathematical incompleteness which in P t" ' ar lcular 
makes it extremely difficlflt for mathematicians to b ' . ecome 
acquainted with this new subJect. The recently b . 

PU hshed 
general textbook on information theory by S. Goldm r • an 2 can 
serve as a typical example of the style prevalent · th. . " . 

Ill IS lite-
rature. 
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Investigations, with the aim of setting information theory on 

a solid mathematical basis have begun to appear only in recent 

years and, at the present time, are few in number. First of 

all, we must mention the work of McMillan [3] in which the 

fundamental concepts of the theory of discrete sources (source, 

channel, code, etc.) were first given precise mathematical defini­

tions. The most important result of this work must be con­

sidered to be the proof of the remarkable theorem that any 

discrete ergodic source has ~he property which Shannon attri­

buted to sources of Markov type and which underlies almost 

all the asymptotic calculations of information theory.* This 

circumstance permits the whole theory of discrete information 

to be constructed without being limited, as was Shannon, to 

Markov type sources. In the rest of his paper McMillan tries 

to put Shannon's fundamental theorem on channels with noise 

on a rigorous basis. In doing so, it becomes apparent that the 

sketchy proof given by Shannon contains gaps which remain 

even in the case of Markov sources. The elimination of these 

gaps is begun in McMillan's paper, but is not completed. 

Next, it is necessary to mention the work of Feinstein [4]. 

Like McMillan, Feinstein considers the Shannon theorem on 

channels with noise to be the pinnacle of the general theory 

of discrete information and he undertakes to give a mathema­

tically rigorous proof of this theorem. Accepting completely 

McMillan's mathematical apparatus, he avoids following Shan­

non's original path and constructs a proof, using the completely 

new and apparently very fruitful idea of a "distinguishable 

set of sequences", the principal features of which will be ex­

plained below. However, Feinstein carries out the proof in 

* Sections U-8 of this paper nre devoted to this theorem. 
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all details only for the simplest and least practical case, where 

the successive signals of the source are mutually independent 

and the channel memory is zero. In the more general case, he 

indicates only sketchily how the reader is to carry out the 

necessary reasoning independently. Unfortunately, there remains 

a whole series of significant difficulties. 

As is well known, Shannon formulated his theorem on channels 

with noise in two different ways. One was in terms of a 

quantity called equivocation, and the other was in terms of the 

probability of error. McMillan's analysis leads to the conclusion 

that these two formulations are not equivalent, and that the 

second gives a more exact result than the first. Feinstein's 

more detailed investigation showed that although the first 

formulation is implied by the second, a rigorous derivation of 

this implication is not only non-trivial but fraught with con­

siderable additional difficulties. Since both formulations are 

equally important in actual content, it is preferable to speak. 

about two Shannon theorems rather than combine them under 

the same heading. 
In this paper I attempt to give a complete, detailed Proof of 

both of these Shannon theorems, assuming any ergodic source 

and any stationary channel with a finite memory. At the 

present time, apparently, these are the broadest hypotheses 

under which the Shannon theorems can be regarded as valid 

On the whole, I follow the path indicated in the works 0~ 
McMillan and Feinstein, deviating from them only in th e com-
paratively few cases when I see a gap in their explanat1• on, or 
when another explanation seems to me more complete and con-
vincing (and sometimes, more simple). 

The first chapter of the paper, which is of purely a .1. UX! Iary 
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character, requires special explanation. It is devoted to the 

derivation of a whole set of unrelated inequalities, each of 

which is a theorem of elementary probability theory (i.e., per­

tains only to finite spaces). The reader acquainted with my 

paper [5] will be able to begin this paper with the second 

chapter, returning to the first chapter only when references 

to its results appear in the text. All the following chapters 

are constructed according to a specific plan, and can not be 

skipped or read in different order. 

The reader will see that the path to the Shannon theorems 

is long and thorny, but apparently science, at this time, kno\VS 

no shorter path if we do not want artificial restrictions 011 the 

material studied and if we are to avoid making statements 
which we can not prove. 



CHAPTER I. 

Elementary Inequalities 

# 1. Two generalizations of Shannon's inequality 

Let A be a finite probability space composed of elementary 

events A; with probabilities 
n 

p(A;) (lLiLn, p(A;)>O; 2:P(A;)=l). 
i-l 

The quantity* 
n 

H(A)=-2: p(A1) lg p(A;) 
i=l 

is called the entropy of the space A. The significance of this 

quantity as a measure of uncertainty or as the amount of 

information contained in the space A was illustrated by us in 

detail in [5]. Important properties of the entropy are enumer­

ated there. 

Let us now consider, along with A, another finite space B, 

with the elementary events Bk and the distribution p(Bk) (1 L 

kLm, p(Bk)>O; ±p(Bk)=l). The events A; and Bk of the spaces 
k=l 

A and B can be dependent. The events A;Bk with the probabi­

lities p(A1Bk) can be regarded as elementary events of a new 

finite space which we shall designate by AB (or BA), and which 

we shall call the product of the spaces A and B. The entropy 

of this space is 

If it is known that the event A 1 occurred, then the events Bk 

* In this paper nil lognrithmH nrc to the bnRe 2. 
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of the space B have the new probabilities 

P (B.)= p(A;B,.) (k = 1, 2, · · ·, nt) 
·'; ' p(A;) 

instead of the previous p(B,.). Correspondingly, the previous 

entropy of the space B 

IS replaced by the new quantity 

which, naturally, we shall regard as the conditional entropy of 

the space B under the assumption that the event A; occurred 

in the space A. A specific value of H,,;(B) corresponds to each 

of the events A; of the space A, so that H.4;(B) can be regarded 

as a random variable defined on the space A. The mathematical 

expectation of this random variable 

is the conditional entropy of the space B averaged over the 

space A. It indicates how much information is contained on 

the average in the space B, if it is known which of the events 

of the space A actually occurred. In my paper [5], it is shown 

that 

(1.1) H(AB)=H(A)+H,~(B), 

a relation which is very natural from the standpoint of the real 

meaning of the quantities in it; in the special case where the 

spaces A and B are (mutually) independent, we have H..,(B) 

= H(B), and therefore 
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H(AB)=H(A)+H(B). 

Shannon's fundamental inequality (also introduced in my paper) 

is especially important for the purposes of this section. It states 

that for any finite spaces A and B 

(1.2) 

the real meaning of which is that, on the average, the amount 

of uncertainty in the space B can either decrease or remain 

the same, if it is known which event occurred in some other 

space A. (The uncertainty of a situation can not be increased 

as a result of obtaining any additional information.) It follows 

from (1.1) and (1.2) that 

(1.3) H(AB) L H(A)+H(B), 

an inequality which is easily generalized to the case of the 

product of any number of spaces; thus 

H(ABC) LH(A)+H(B)+H(C), 

etc. The inequality (1.2) can be generalized in various direc­

tions; we now prove two such generalizations, which will be 

needed subsequently. 

Let A and B be any two finite spaces. We keep all the nota­

tion introduced above. In expanded form, (1.2) becomes 

n m m 

~ p(A;)I.~ P,t;(Bk) lg PAi(BA.)::::,. &i p(Bk) lg p(Bk). 

For later use, it is important to show that this inequality re­

mains valid when we sum both sides not over all, but only over 

certain values of the subscript k (but, of course, over the same 

values in both sides of the inequality). In other words, this 

inequality does not depend on whether or not the events Bk 

form a "complete system". 
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Lemma 1.1. 

where L;* denotes summation over certain values of the subscript 
k 

k (not necessarily all, but the same values in both sides of the 

inequality). 

Remark. 

In the special case where the summation is carried out over 

all k (1 L k L m), the left and right sides of (1.4) become -H.-~(B) 

and -H(B), respectively, so that (1.4) agrees with (1.2). There­

fore, (1.2) is a special case of Lemma 1.1, and hence is proved 

when it is. 

Proof. 

The function f(x)=x lg x is conVPX for x>O; consequently, 

for x1 > 0, A;~ 0, ±A;= 1, the following inequality holds (see 
t=l 

[5], [6]) 

(1.5) t1 ). 1 f(x1)~f( ~ A;X1). 

Putting A1=p(A 1), x 1 =P.-~ 1(Bk), we find 

~ p(A 1) ~* P .. 11(Bk) lg P.~ 1(Bk)=~*{~ p(A;)f[P.-~ 1(Bk)]} 

~ ~* f {:t p(A1) P.-~ 1(Bk)}= ~* f[p(Bk)] = ~* p(Bk) lg p(Bk), Q.E.D. 

Now we generalize the inequality (1.2) in another direction. 

Lemma 1.2. 

For any three finite spaces A, B, C 
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Remark. 

In the special case where the space B consists of one event 

with probability 1, the space AB coincides with A, and H 8 (C) 

=H(C). For this special case, the statement of Lemma 1.2 

becomes 

HA(C) L H(C), 

and is equivalent to the inequality (1.2), which is therefore a 

special case of Lemma 1.1. 

Proof. 

Let a given event Bk occur in the space B; then all the 

events A;C1 in the product space AC have the probabilities 

Pn/A;C1)=q(A;C1); in just the same way the space A becomes 

the space A' with the probabilities p 8 k(A;) = q(A;) and the space 

C becomes C' with the probabilities Pnk(C1) =q(C1). Hence, accord­
ing to inequality (1.2) 

(1.6) HAC') L.H(C'). 

But 

(1.7) H(C')=-~ q(Ct) lg q(Ct)= -::8 Pnk(C1) lg P11k(C1)=H8 k(C). 
l 

On the other hand 

where 

consequently 

(1.8) HAC')=- 2f Pnk(A;) ~ PnkA;(C,) lg Pnet/Ct) 
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=~ Pnk(A,)Hnk.1,(C) . 
• 

Substituting (1.7) and (1.8) into (1.6), we find 

:::8 Pn/Aj)HnkA,(C) L Hn/C). 
I 

Multiplying both sides of this inequality by p(Bk) and then 

summing over all k, we obtain 

or 

or, finally 

Q.E.D. 

# 2. Three Inequalities of Feinstein [ 41 
We again consider two finite spaces A and B and their 

product AB. Let Z be some set of events AjBk of the space 

AB, and let U0 be some set of events A; of the space A ; let 

o1 >0, o~>O, and 

p(Z)>1-ol; p( U0 ) > 1-o~ . 

Let us denote by J'i (1 L.i L.n) the set of events Bk of the space 

B for which A,B, does not belongto the set Z. Finally, let U1 

be the set of events Aie U0 for which P.~,(I';) La. Then we 

have 

Lemma 2.1. 
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Proof. 

Let U~ be the set of events A; for which P .. 1 P' ;) > n:, so that 

(2.1) Ul=Uo-UoU~. 

If A; E u~' then 

which means that 

pc~.2 A,r,)=A~'zp(AJ';)> a.,,~.z p(A,)=ap(UJ. 

On the other hand, since all the events AJ', are incompatible 

with the event Z, the probability of which exceeds 1-(;1, then 

PC:PuzAJ'i) L 1-p(Z)< ol, 

and we find that ap(U~)<o,, or P(U~)<otfa. It follows, a for­
tiori, that 

hence, by (2.1) 

p(U1)=p(U0)-p(UoU~) > 1-o~-8 1 /n:, Q.E.D. 

For a given subscript k (1 L k L m), we now designate by ik 

the value of the subscript i (1 L i ~ n), for which the prob­

ability p(A,Bk) assumes its greatest value (in the space AB); 

if there is more than one such i value, we take any one as ik. 

Thus A;k is the event of the space A which is most probable 

"for a given event Bk of the space B. Obviously, the sum 

P= :f; ~ p(A,Bk) 
k =I i =I 

i'1'ik 
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is the probability (in the space AB) of the appearance of a pair 

of events AiBk such that Ai is not the event of the space A 

which is most probable for a given event Bk of the space B. 

Clearly, it is possible to write 

P=p(i=Fik). 

Lemma 2.2. 

If for a given c (0 < c< 1), a set .:Ji of events Bk can be as­

sociated with each Ai (1LiLn) such that 

1) p(L1iL1j)=O (i=Fj) 

2) (1LiLn) 

then PLc. 

Proof. 

Obviously, we have 

(2.2) 

Let us denote by .:10 the set of events Bk (if such exist) which 

are not in any of the sets L1i (1 L i L n); then, clearly, the 

range of summation in the last sum can be expanded into the 

parts .:10 , .:1 1, • • ·, ..1", and therefore 

According to the definition of the subscript iu the right side 

of this inequality can only be decreased if we replace the sub­

script ik in each term of the sum by any other subscript from 

1 to n. Thus, in particular 

n 

>(1-c) 2::; p(Ai)=1-c, Q.E.D. 
i=l 
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As before, let n denote the ~umber of elementary event A 1 of 
the space A. 

Lemma 2.3. 

For n>1 

H 8 (A) LP lg (n-1)-P lg P-(1-P) lg (1-P). 

Proof. 

As above, for brevity, we write f(x) for x lg x. We have 

H 8 (A)=-~ p(Bk) ~~ [Pnk(A~)J =H1 +H~ 
k • 

where 

He= - ~ p(Bk) ~"fr/ [p nk(A;)]. 

Putting ;.k=p(Bk), xk=Pok(A;k) in the inequality (1.5), we find 

by (2.2) that 

(2.3) H 1 =-~ ;.kf(xk) L-1( ~ i.kxk )=-1(~ p(Bk) Pnk(A1k)) 

= -1( 2J p(BkA1k))= -!(1-P)= -(1-P) lg (1-P). 

A similar application of the inequality (1.5) yields because of 
(2.2) 

(2.4) -~ p(Bk)/[1-Pnk(A;k)] < -!(~ p(Bk)[1-Pnk(Atk)]) 

= -1( 1-~ p(BkAik))=-f(P)=-P lg P. 
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then for any fixed k (1 L k L m) 

fC1- Pu/A.)] =.~ Pu/A;) lg 2: Pn .(A;) 
1 ~ 1 k iT·ik k 

We again use (1.5) to estimate the first term on the right 

side by putting this time l.;=-1-, X;=Pn,.(A;)(1LiLn, i=J.ik). 
n-1 • 

This gives 

and, therefore 

Multiplying all the terms of this inequality by p(Bk) and sum­

ming over k from i to m, we find by (2.2) that 

(2.5) 

+P lg (n-1)= -H~+P lg (n-1). 

Finally, combining (2.3), (2.4), and (2.5) term by term, we find 

H 1 L -(1-P) lg (1-P)-P lg P-H~+P lg (n-1), 

from which 

H 11(A)=H1 +H~ L P lg (n-1)-P lg P-(1-P) lg (1-P), 

Q.E.D. 



CHAPTER II. 

Ergodic Sources 

# 3. Concept of source. Stationarity. Entropy 

In statistical communication theory, the output of every 

information source is regarded as a random process. The statis­

tical structure of this process constitutes the mathematical 

definition of the given source. In this paper, we shall deal 

exclusively with discrete sources (processes with discrete time); 

the output of such a source is a sequence of random quantities 

(or events). Consequently, we must understand the definition 

of a source to be the complete probabilistic characterization of 
such a sequence. 

Underlying the definition of every source is the set A of 

symbols used by it, which we call its alphabet, and which we 

always assume to be finite. The separate symbols of this alpha­

bet, are called its letters. Let us consider a sequence of letters, 
infinite on both sides. 

(3.1) 

which represents a possible "life history" of the given source. 

We shall regard it as an elementary event in a certain (infinite) 

probability space, a space the specification of which character­

izes the sequence (3.1) as a random process. The set of all 

sequences (3.1) (i.e., the set of all elementary events of the 

given space) will be denoted by Ar. Any subset of the set A 1 

represents an event of our space, and conversely. Thus, for 

example, the event "the source emits the letter a at time t 
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and the letter {3 at time u, " is the set of all sequences x of 

the form (3.1) for which 

x,=a, X.,=(3. 

Generally, if t 1, t~, · · ·, tn are any integers and a 1, a~,· .• , an are 

any letters of the alphabet A, then the event " the source 

emits the letter a; at time t; (1 L. i L. n)" is the set of all x 

for which 
(1 L.i L.n). 

Subsequently, we shall call such a set of elementary events 

x a cylinder set, or briefly a cylinder. As is well known, it is 

sufficient to know the probability p.(Z) of all cylinders z to 

define the sequence (3.1) as a random process. Let us consider 

the set of all cylinders of the given alphabet A and its Borel 

extension FAI i.e., the intersection of all the Borel fields which 

contain all the cylinders of the alphabet A. Then, giving the 

probabilities p.(Z) of all cylinders Z uniquely determines the 

probability p.(S) of any set S e F.4 of elementary events x. Thus 

a complete description of the source as a random process is 

achieved by specifying 1) an alphabet A, and 2) a probability 

measure p.(S) defined for all S e F .. !' In particular, we always 

have p.(A 1)=1. Since the alphabet A and the probability measure 

JL completely characterize the statistical nature of the source, 

we can denote the source by the symbol [A, p.]. 

In his basic work [1], Shannon considered only sources with 

the character of stationary Markov chains; the characterization 

of such sources is achieved by more elementary means. The gen­

eral concept of source just given is due to McMillan [3 ]. 

Consider any given sequence x of the type (3.1) of letters 

from the alphabet A, and denote by Tx the sequence 
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Tx=( · · ·, x~ 11 x~, x;, x~, ... ), 

where x~=Xu 1 (-co <k< +co) (so that the operator T denotes 

the "shift" by one time unit). If S is any set of elements x, 

then the set TS is the set of all Tx for which xES. (In other 

words, the relations xES and Tx E TS are equivalent.) It is easy 

to see that if S E F .• we have TS E F,.; it is also obvious that 

the operator T maps the set A' into itself 

If 

JL(TS)=JL(S) 

for any set S E F .• , then the source is called stationary. Evidently, 

by the stationarity of a source is meant the time invariance of 

the probability regime of its output. All the sources considered 

below will be assumed to be stationary. 

From the information theory viewpoint, the most important 

characteristic of every source is the rate at which it emits 

information, i.e., the average amount of information given by 

one emitted symbol. We now show how to arrive at an exact 

definition of this quantity. Consider a sequence of n successive 

symbols emitted by a given source; let this sequence be x" 

x,.~, ... , x,_,_ 1• If the source alphabet A contains a letters, then 

the number of such different n-term sequence is obviously a". 

Every such sequence C is a cylinder in the space A 1 (i.e., the 

set of all xeAr for which the Xu···,x~.,-• assume the fixed 

values characterizing the given sequence), and therefore has a 

definite probability JL(C). Thus, the set of all possible n-term 

sequences of the type described represents a finite probability 

space consisting of a" elementary events C with probabilities 
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JJ.(C). In chapter I we agreed to measure the amount of m­

formation contained in such a space by its entropy 

H,.=-~ JJ.(C) lg Jl.(C). 
c 

If the given source is stationary (as we shall always assume), 

then the probabilities JJ.(C), and therefore the entropy H, of an 

n-term sequence do not depend on the "initial moment" t, and 

are uniquely determined by the nature of the source and by 

the number n. Thus we can say that the sequence of n symbols 

emitted by the source gives a well defined amount of informa­

tion H,., which depends only on n and on the nature of the 

source, so that, on the average, the amount of information per 

symbol emitted by the source is H,Jn. Consequently, it is 

natural to agree to call the quantity 

H=lim H, 
u·~co n 

the sou1·ce entropy, i.e., the average amount of information 

conveyed by one emitted symbol (if, of course, the limit exists). 

Clearly, the entropy H as thus defined, depends only on the 

nature of the source (i.e., on the alphabet A and on the pro­

bability distribution JJ.). The fact that the entropy really ex­

ists for every stationary source is the first fundamental theorem 

of the general theory of discrete sources. We turn to its proof.* 

The space An+m of sequences of length n+m (where n and 

m are positive integers) can be regarded as the product of the 

space A,. of sequences of length n and the space A, of se­

quences of length m (see #1). Hence, according to #1 

* As fnr ns I l<now, the first proof wns given by Mcl\lillnn (3]. However, McMillnn hnd 
in mind n brander nim, so thnt his proof is considerably more formidable thnn the one given 
below. 
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from which 

In our new notation, this can be written as 

In particular, the first of these inequalities yields (for m=l) 

(3.2) 

and the second is easily extended to any number of terms and, 

in particular, gives for any integral k 

(3.3) 

Setting n = 1 in (3.3), we find that for any k ~ 1. 

HkL.kHI, 

which shows that 

l .. f H a= liD m _n <+oo. 
n .. oo n 

Now let s>O be given arbitrarily, and let the subscript q be 

chosen such that 

H 
_q <a+s. 

q 

For any n>q, we determine an integer k>l such that 

(k-l)q<nL.kq. 

Then, because of (3.2) 

Consequently, by (3.3) 
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Hn L. Hkq L. k H k 
n - (k-1)q - k-1 -,f-< k-1 (a+.s), 

and therefore, for sufficiently large n (and hence for appro­
priately large k) 

< Hn k ( 
a-.s n < k-1 a+.s)<a+2e. 

But since .s is arbitrarily small 

I. H 
Im-n-=a, 

n+o> n Q.E.D. 

# 4. Ergodic Sources 

The set S of elements x e A 1 is called invariant if TS = S, 

i.e., if the "shift operator" T carries the set into itself. The 
set A 1 is always invariant. For any xeA1 , the set of elements 

.. ·, r-•x, X, Tx, T 2x, ... is always an invariant set. The source 

[A, JL] is called ergodic if the probability JL(S) of every invariant 

set S e F .• is either 0 or 1. The ergodic property is very im­

portant in the study of the statistical structure of the source. 

This results from the following considerations. Each (numeri­

cally valued) function f(x) of the elementary event x e A 1 can 

be regarded as a random variable defined on the space A 1 , and 

conversely. If the abstract Lebesgue integral 

(4.1) jl f(x) I dJL(x)< + =, 
AI 

then this random variable has the mathematical expectation 

M f(x) = J f(x) dJL(X). 
AI 

The well-known "ergodic theorem" of Birkhoff states that 



50 KHINCHIN 

for any stationary source [A, .u] and for every summable func­

tion f(x) (i.e., satisfying the requirement (4.1)) the limit 

lim_!_~~ f(T .. x)=h(x) 
n-)oo:::~ n k=O 

exists almost everywhere (i.e., with probability 1) where the 

function h(x) is invariant, i.e., h(Tx)=h(x) for all x for which 

h(x) exists. If "the source [A, J.L] is ergodic, then almost every­

where (with probability 1) 

h(x)=Mf(x); 

thus, in the case of an ergodic source, the ratio 
H-1 

::S f(T .. x) 
k-0 

n 

approaches the mathematical expectation of f(x) as n~ (Y.), for 

almost all x. 

Now let Us(x) be the characteristic function of the set s e F.~ 

(i.e., Us(x)=1 (xES) and Us(X)=O (x¢S)). Obviously, Us(X) is 

summable and Mgs(x)=J.L(S). The sum :8us(Tkx) is the number 
k=O 

of terms of the series x, Tx, · · ·, T"- 1X which belong to the set 

S. Let us denote this number by 'Pn• s(x). Then the Birkhoff 

theorem states that in the case of an ergodic Murce, we have 
for almost all x 

lim 'Pn• s(X) = J.L(S). 
n-fOO n 

Thus, in this case, the proportion of the terms in the sequence 

x, Tx, T 2x, ... 

which are elements of the set is just the probability of the set 
S, for almost all such sequences. 
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Let us agree to say that the source [A, JL] 'reflects the set 

SE P 1 , if almost everywhere (with probability 1) 

We have just seen that an ergodic source reflects any set SEFA. 

It is easy to convince oneself that the converse holds: If the 

stationary source [A, JL] reflects any set S E F.41 then the source 

is ergodic. Indeed, if the [A, JL] source were not ergodic, then 

there would exist an invariant set S E P.1 for which 0 < JL(S) < 1. 

Because of the in variance of S, we would have Tx E S, T 2x E S, 

· · · for any xES and, therefore g 8 ( T''x) = 1 (lc = 0,1,2, · · · ). Con­

sequently 

1 n-1 

lim-~ g 8 (T''x)=1=FJL(S) 
11-•cc n ~.:=u 

for any xES. Since JL(S) > 0, then the set S is not reflected 

by the source [A, JL], Q. E. D. 

A somewhat stronger theorem will be needed below: In 

order for a given stationary source to be ergodic, it is sufficient 

for it to reflect all cylinders of the space A;. To see this, it 

is enough to show that the sets S E P.~~ which are reflected by 

a given source, generate a Borel field, for, if this field contains 

all cylinders of the space A 1 , it contains the whole field FM by 

the very definition of the latter. But this means that the 

given source reflects any set S E F.~ and, as we have just seen, 

this is sufficient for the source to be ergodic. 

Let us denote by G the class of all sets S E F_.1 which are 

reflected by the given source ; in our special case, G contains 

all cylinders of the space A 1• If the sets Sus~, ... , sk are non­

overlapping, then obviously 
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Ys, • ...• sk(x) = Ys,(X) + · · · + Ysk(x), 

whence it follows at once that sl E G, . .. 'sk E G implies sl + ... 
+ s k E G. Furthermore, if s~ c sl' then 

g s,- s 2(x) =Ys,(X) -gsz(x), 

whence it is easy to see that s~-s~ E G follows from sl E G and 

s~ e G. In order to convince ourselves that G is a Borel field, 

it remains only to show that the rule which we established 

above for a finite sum of sets S1+ · · • +Sk remains valid for an 

infinite sum ::E Sk of non-overlapping sets. For this purpose 
k=l 

we need the following auxiliary proposition. 

Lemma 4.1. 
For any c:>O, no matter how small, there exists a 8>0 such 

that if the set U e F.1 has probability less than S, then p.(S,) < c:, 

where S, is the set of values of x fo1· which hu(x) >c:. 

Proof. 

For xeS, 

Hence, if n is sufficiently large, we have 

(4.2) 
n -1 

2:: g,.(Tkx) >~n 
k=U 2 

for all points x of a set S,' with probability 

From 

(4.3) 

p.(S,') ~ ! p.(S,). 

(4.2) we find by integrating over x 

't:; Ye(Tkx)dp.(x)-::::,. c:; p.(S:)-::::,. c:: p.(S,). 
s, 
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But, on the other hand, because of the stationarity of the given 

source 

j Yc(T~x) dJ.L(X) = f Yc(T".x) dJ.L(T' .. x) L J.L( U) (0 L. k< n), 

s~ s~ 

and (4.3) gives 
c.n 
4 J.L(S,) L nJ.L( U). 

c.~ 
If we put o=-, then the inequality 

4 

follows from J.L( U) < o, which proves the lemma. 

Now, let S;EG (i=1,2,· · ·), ~S;=S and let the sets S; be 
t=l 

non-overlapping so that the series 

converges. 

co 

2::; J.L(S;) = J.L(S) 
' = 1 

We put 2::; S;= U.v• so that 
i>.V 

(N-. co). 

Since S = S 1 + · · · + Ss + U_n then 

Ys(x)=YsJx)+ · · · +YsN(x)+Ycjx). 

and therefore 

h8 (X)=hs 1(x)+ · · · +hs)x)+huN(x). 

But we have hs Jx) = J.L(S,) (1 L i L N) with probability 1. There­

fore, with probability 1, we have 
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But by lemma 4.1, for sufficiently large Nand with probability 

arbitrarily close to unity, we have 

hc,y(x)<s, 

where c>O is arbitrarily small. Since h8 (x) is independent of 

N and c, then with probability 1 

hs(x) = p.(S ), 

and therefore S e G. Thus, G is a Borel field, a fact which, as 

we have seen, completes the proof that every source which re­

flects all the cylinders of the space A. 1 is ergodic. 

#5. The E property. McMillan's theorem. 

If the alphabet A of a given source contains a letters, then 

the number of different "n-term sequences" 

which can be emitted by the source is a". As already stated 

in ~ 3, these sequences C can be regarded as the elementary 

events of a finite probability space. The probabilities p.(C) of 

these elementary events are determined by specifying the source 

itself, since every sequence C is a cylinder of the space A 1 and 

has the definite probability p.(C) (which in the case of a sta­

tionary source is independent of t). Thus, the different sequences 

C can also be regarded as compound events (cylinders) of the 

infinite space A 1 • As long as n remains constant, the first point 

of View is preferable, since it is considerably simpler than the 

second. But if n varies in our considerations, then the first point 

of view becomes inconvenient, since it forces us to consider a 

separate space for every value of n ; in such cases it is usually 

more advantageous to use the second point of view, since it 
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allows us to consider all the events as occurring in one and the 
same space A 1 • 

As we have already noted in #3, every (numerical valued) 

function of the letters Xu X1• 1, • • ·, X1 + n _1 can be regarded as a 
random variable on the space A 1 of the given source, since the 

letters Xu X1. u • • ·, X1• n -1 as well as the value of the given func­
tion are uniquely determined by specifying the elementary event 

of the space A 1 (x=· · ·,x_ 1,x0,x1,· • ·). In particular, -(1/n) 

lg p.(C) is such a random variable, where C is a random se­

quence Xu xl+l> •• ·, x,+ll-1 with given nand t. (Of course, lg p.(C) 

is independent of t if the given source is stationary.) Clearly, 

this random variable assumes the same value for all x having 

the identical sequence C= Xu XI+ I> ••• , XI+ n-1 (i.e., belonging to 

the cylinder corresponding to this sequence). Consequently, the 

mathematical expectation of this quantity can easily be found by 

elementary means, i.e., by multiplying its value on each cylinder 

C by the probability ,.,.(C) of the cylinder and adding all the 

products. This gives 

M(-_!_lg ,.,.(C))= _ _!_ 2::; p.(C) lg ,.,.(C). 
n n c 

Here we recognize the sum -::8 ,.,.(C) lg p.(C) (see #3) as the , c 
entropy of n-term sequences from the given source, which we 

d t d b H Thus we find eno e Y ... 

Assuming the given source to be stationary, we set t=O, so 

that hereafter C denotes the sequence X 0 , X 10 • • ·, x,_p The 

random variable -(1/n) lg p.(C) is then a function of x and n, 

which we denote by /,.(x); thus 
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In ~ 3 we showed that for any stationary source the ratio H.fn 
approached a definite limit as n-co, which we agreed to call 

the entropy (per letter) of the given source. Thus we find for 

any stationary source 
(n-co), 

i.e., the mathematical expectation of the random variable f,.(x) 

= -(1/n) lg p.(C) approaches the entropy of the given som·ce as 

n-co. 
The fact of primary significance for all of information theory 

is that a considerably stronger statement holds under certain 

simplifying assumptions about the nature of the source : Not 

only does the mathematical expectation of f,.(x) approach Has 

a limit as n-co, but fn(x) itself converges in probability to H 

as n-co. This means that, for arbitrarily small c: > 0 and o 
>0, the probability of the inequality lf,.(x)-HI >c: is less than 

o for sufficiently large n. This can be said still more descrip­

tively as follows, by recalling the definition of f,.(x). For 

arbitrarily small c:>O and o>O, and for sufficiently large n, all 

the n-term sequences C in the output of the given source can 

be separated into two groups, such that 

1) For every sequence C of the first group 

llg ~C) +Hj<c:. 

2) The sum of the probabilities of all the sequences of the 

second group is less than 8. 

Let us agree to call the first group the "high probability 

group"; and the second group the "low probability group". 
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The high probability group is characterized by the fact that 

(1/n) lg J.L(C) is close to-H for all its sequences C, so that the 

probability J.L(C) of such a sequence is approximately 2-"H. 

Hence, all the sequences of the high probability group have 

approximately the same probability 2-nu, which means that the 

number of sequences in this group is approximately 2 7111• If we 

recall that the number of all n-term sequences is a"=2" 1~ta and 

that H is alway:;, L lg a, them we see that, generally speaking 

(more exactly, with the exception of the case H=lg a), for 

large n the high probability group contains only a negligibly 

small share of all the n-term sequences from the source. On 

the contrary, the overwhelming majority of such sequences fall 

into the low probability group. 

We shall call the source property just described the E pro­

perty. As already mentioned, it is of fundamental significance 

in information theory. Therefore it is important to find the 

broadest possible class of sources possessing this property. For 

sources such that each letter is statistically independent of all 

the preceding letters, the E property is an almost immediate 

consequence of the law of large numbers, and always holds; 

however, in practice, we seldom encounter such sources. As 

Shannon showed (see [1], also [5], Theorem 3), all sources of 

the simple ergodic Markov chain type also possess the E pro­

perty, and this proof is easily carried over to the case of 

compound Markov chains of any order. Finally, in 1953, McMillan 

succeeded in proving that any ergodic source possesses the E 

property. This important theorem permitted for the first time 

the construction of a mathematical basis for the general theory 

of information with sufficiently broad assumptions on the sta­

tistical nature of the transmitted information. We shall give 
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a detailed proof of McMillan's theorem in subsequent sections. 

In doing so, we shall refer to certain "ergodic theorems" of 

a general character, which, like Birkhoff's theorem (already 

cited more than once), we must assume to be known to the 

reader. 

~ 6. The martingale concept. Doob's theorem. 

In recent years, the concept of martingale, introduced by 

Doob, has been useful in various problems of probability theory. 

Here, we must become acquainted with this concept in a rather 

limited form corresponding to our needs. 
Let 

(6.1) c ... . . . :: ... 
'!io 1 t c; !!t ' .., 1n' 

be a sequence of random variables defined on the space of 

elementary events x e A 1 • (The sequence of functions f,.(x) which 

we considered in the previous section is such a sequence.) In 

general, the ~m are mutually dependent, and, for m>1, we can 

speak of the conditional mathematical expectation of fm for 

given values of ~ 1 , • • ·, ~m-t· Let us agree to denote the con­

ditional mathematical expectation of ~"' for ~~ =a1, ~~=a~, · · ·, 
$,._!=a,.,_! by Mu,az···am-l(~m)• 

The sequence (6.1) is called a martingale if for any m>l 
and any a, 

(6.2) 

We call the martingale (6.1) bounded if the random variables 

~ .. are all bounded (I ~m I< C for any x and m). In what follows, 

we deal only with bounded martingales, so that the question 

of the existence of the mathematical expectations which we 
need causes no difficulty. 
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B th " , h h y e sequence a,., · · ·, an , w ere m L. n, we mean t e 

set (cylinder) of those xEA for which ~.=a; (mL.iL.n). Let 

Am _1 be the sequence air · · ·, am _1 ; then 

and the characteristic requirement (6.2),.defining the martingale, 

can be written as 

j ~m(x) d,u(x)=am-1,u(A,._ 1). 
Jlm-J 

The fundamental theorem of Doob [7], which we need, is that 

every bounded martingale converges with probability 1 (almost 

everywhere in A 1 ). We need two auxiliary propositions in 

order to prove it. 

Lemma 6.1. 

Let ~u ~~. · · ·, ~"'' · · · be a bounded martingale, and let A 1 be 
one of the sequences air a~,· · · , a J• where m > j. Then 

(6.3) j ~"' d,u(x)= j ~1d,u(x)=a1,u(A1). 
Aj Aj 

(In other words, the conditional mathematical expectation of ~"' 

is a1, for given au· · ·, a1). 

Proof. 

For m=j+l, (6.3) follows from the definition of a mar­

tingale. Consequently, let m > j+l. Then 

f em d,u(x)=~ f fm d,u(x) 
AJ .-IJCs 

where the summation is over all sequences C, of the form a1 .~r 

• • ·, a"'_ 1· For any sequence C., the intersection A 1C, is some 
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sequence ap• • ·, am-I• SO that, by the martingale definition 

J ~m dJ.L(X)=am-IJ.L(A1C,)= J ~m-l dJ.L(X). 
AjC, AjC& 

(since ~m-t=a,._ 1 for any xEA1C.). Summing this equality over 

all the sequences C,, we find (for m > j+l) 

J ~m dJ.L(X)= J .;m-1 dJ.L(X). 
Aj Aj 

Clearly, the successive application of this recurrence relation 

leads to (6.3) and Lemma 6.1 is proved. 

Lemma 6.2. 

Let n>m>O, let N be a set of sequences a11 • ··,a"', and let 

A be the set of all sequences am,· · ·, an for which 

min a/Lk, 
m,:{.j,{.n 

where k is any given real number. Then, for r > n 

J ~r(x) dJ.L(X) L k J.L(AN). 
AN 

Proof. 

We denote by A 1 (mLjLn) the set of all sequences am, 
... , an for which 

am > k, · · ·, a1 _1 > k, a1 L lc. 

Clearly • the sets A 1 (m L j L n) are non-overlapping and have 
the set A h . . · A · as t e1r umon. It IS also clear that each 1 IS a 
certain s t f . t . e o sequences a1, • • ·, a1 (1. e., whether x E A 1 or no 
Is completely determined by the values of the quantities .;:t(x) 

=a1,. • ·, ~J{x)=a1). We have 
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(6.4) J ~r dp.(x)="j;mj ~r dp.(x). 
,t.V A jN 

But each A 1N is, evidently, a certain set of sequences C,'P of 

the type all . .. ' a J• A jN = "':8 c.Cjl' so that by Lemma 6.1 for 
• 

J ~rdp.(X)=~J ~rdp.(X)=~f ~jdf-l.(X)=f ~jdf-l.(X). 
,1 j-'" C~jl C~J) Aj"V 

J ~r dp.(x) L k p.(A 1N) 
AJ-'" 

and, therefore, by (6.4) 

J·~r dp.(x)Lk p.(AN), Q.E.D . 
...t.Y 

Remark. 

It is clear that 

can be proved in a completely analogous way if A is the set 

of all sequences am, . .. 'an for which 

max a1 ::::::,..k. 
m,Cj~rJ 

Doob's Theorem. 

Every bounded martingale (6.1) converges with probability 

1 (i.e., almost everywhe1·e in A 1 ). 

Proof. 

Suppose the theorem is incorrect. Then, real numbers k 1 

and k 2 can be found such that 

lim inf ~n < k 1 < k2 <lim sup ~n 
n-.oo n->-oo 
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on a set A of positive probability. We put JL(A)=17::>0. Clearly, 

we can select a positive integer n 1 so large that 

max ~1 "::::,.k~ 
!.,:j,.::n 1 

on a set A 1 for which 

JL(AA 1) ::> 7J( 1- ! ) . 
Furthermore, if n~ is large enough, we have 

min e1 Lk1 
n1o<:J.::n2 

on a set A 2 for which 

Jl(AA2) > ,,,( 1- : 2 ) ; 

again, if n 3 is large enough 

on a set A8 for which 

max ~1 ~k2 
n2.:Jo<:n 3 

J.t(AA8)>7J(1- :a). 
etc. We continue this alternating process indefinitely. We put 

A 1A 2 ···Ak=Mk (k=1,2,···). 

For any k ~ 1, we have 

P.(Mk) ~ p.(AMk)=JL(A)-p.(AMk)=7J- f.L{± (A- AA 1)} 
t-l 

k k 

~7J- ::8 p.(A- AA;)=7J- ::8 [p.(A)- p.(AA 1)] 
t = 1 i = 1 
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It is clear that in this expression 111"~,_ 1 is some set of sequences 

a 1 , a~,· · ·, a,.._,. _1 and A~, is the set of sequences a . . . a 
, "!!r -1' ' rz~r 

for which 

m~n/ ajLk 1 • 
11 :::r-t·-~J=-~"~r 

Thus, we see that if we put m=n~r-~r n=n~" N=M~r-Jr A= A~" 

k = k 1 in Lemma 6.2, then all the premises of this lemma are 

fulfilled, Therefore, if m > n~" Lemma 6.2 gives 

.! ~m dJ-t(X) L k 1 J-l(M~,). 
Jf-:.r 

In a completely analogous way (see the remark after the 

proof of Lemma 6.2), we have 

f !?, dJ-l(X)::::::,. k~J-l(llf~,_ 1 ). 
J/':.J"-1 

Therefore, putting M~,-~-M~,=Q" we find 

J ~"' dJ-l(x)= J ~m dJ-l(x)-J fm dJ-l(X)::::::,. k~J-l(M~,-- 1)-k1 J-l(l11~,) 
Qr J/:!r-1 .1f:::r 

= (k~-lc 1 )J-l(M~,-~) +k1 [ J-l(M~, _1)- 1-l(M~,)J > 

> (k. -lei).!]_+ lciJ-l(Q,). 
- 2 

"" Since the sets Q, are non-overlapping, the series ::8 J-l(Q,.) 
n=l 

converges, and J-l(Q,)->-0 as ?"-?> =. But since the left side of the 

last inequality does not exceed CJ-l(Q,) because l;:.,(x)I<C, then 

both the left side and the second term of the right side of 

this inequality are infinitesimally small as r->- =, whereas the 

first term of the right side is a positive constant. Thus we 

arrive at a contradiction which proves Doob's theorem. 
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# 7. Auxiliary propositions 

We have already remarked repeatedly (## 3,5) that everY 
quantity which can be uniquely determined by the sequence 

x" · · ·, xt + n _, of letters from the alphabet A can be regarded 

as a function of the elementary event 

of the space AI or, equivalently, as a random variable on this 

space. In particular, in #5 we defined such a function, viz. 

fn(x)= -(1/n) lg J.L(C), where C is the sequence Xo, X1, · · · • x,_J• 

Now we must become acquainted with some other functions 

of the same kind. Let us agree to denote the random sequence 
x_n,· • ·, x_, by C,., and the sequence x_n,· • ·, x_ 11 Xo with one 
extra letter by Cn+x0• Each of these sequences is an event 
(cylinder) of the space AI, and every quantity which is uniquely 

determined by the letters x_,., .. ·, x_ 1 , x0 is a random variable 

on this space or, equivalently, a function of the elementary 
event x. In particular, the ratio 

p (x)= J.L(Cn+Xo) 
n J.L(C,.) 

is such a quantity, and can obviously be regarded as the condi­
tional probability of the appearance of the letter X0 after the 

appearance of the sequence C,.=x-n, ... , x_'" In addition, let 
us put Po(X)=J.L(Xo). 

Let a be any fixed letter of the alphabet A, and put 

( ) - J.L(C,.+a) 
P,. x, a - p.(C,.) 

This quantity (the probability of the appearance of the letter 
a after the sequence C,.) differs from p,.(x) in that in p,.(x) 
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the letter Xo depends (just as do the letters x_,., ... , x_ 1) on x, 
whereas the letter a which replaces it in P,.(x, a) is fixed and 

independent of x. 

Lemma 7.1. 

The sequence Pn(x, a) (n=0,1, · · ·) is a martingale. 

Proof. 

For brevity, let us put p,.(x, a)=e'n. Consider any fixed 

sequence of n-1 letters a_~o· · ·,a_cn-1> and denote by Bn-l the 

cylinder x_ 1=a_ 1,· • ·, X-cn-l>=a-cn-1> of the space A 1 • Further­
more, let r~ denote the cylinder x_" =/3, where f3 is any letter 

of the alphabet A. Since 2::::: r~=A1, then 
~ 

J e',. dp.(x)= ~ J e:,. dp.(x), 
Dn-1 11n-1r~ 

but, for xeB,_ 1 r~, we have 

e: = p.(Bn_ 1 T~+a). 
" p.(Bn_ 1 T~) 

Therefore 

J e',. dp.(x)= ~ p.(B,._~r~+a)= p.(B,._ 1 +a). 
8 n-l 

But according to the definition of the random variable 

e' 1 = p.(Cn-1 +a) , 
n- p.(C,._I) 

its value [e',._ 1]nn-l at Cn-l =Bn-1 (i.e., when the random cylinder 

C,._ 1 coincides with the cylinder B,.-1 which we chose) equals: 

J p.(Bn-1 +a) 
[ e'n-1 Dn-1 (B ) 

}l n-1 

Therefore 

(7.1) f e,. dp.(X)= [en-1Jn,._ 1p.(Bn-t)• 
Dn-1 
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Now, let K 11 _ 1 be the set of all x for which ~~' · · ·, ~~~-~ take 

any given system of values~;=""; (1,-<i.~n-1). Since the 

numbers r., (1 Li~n-1) are uniquely determined by the 

selection of the cylinder B,._ u the set K,.. 1 is the union of 

several cylinders B,._ 1, where, of course, [~;],1 ,._ 1 = [~J~•n-t =7T; 

(1LiLn-1) for all the cylinders B 11 _ 1 in K,._ .. Thus it 

follows from (7.1) that 

f ~~~ dp.(x)= ~ ~~~~ dp.(x)= ~ r.,._ 1p.(B,._ 1)=r.,._ 1p.(Kn-t)· 
K 8 n-lch·n-l /ln-tCKn-1 

n-1 D 71 _ 1 

But this means that the sequence ~ .. = p,.(x, a) (n ~ 0) is a 

martingale, which proves Lemma 7.1. 

Lemma 7.2. 

The sequence p11(X) (n = 0,1, · · ·) converges almost everywhere. 

Proof. 

It is clear that for every fixed x eAT, the quantity p,.(x) 

coincides with one of the Pn(x, a), where a runs through all 

the letters of the alphabet A, and where a is the same for all 

n (but different for the different x). Consequently, for anY n, 
m and for any xe AT. 

I P,.(x)-p,.(x) I L~l P,.(x, a)-p,,(x, a) I· 
" 

But the martingale p,.(x, a), being obviously bounded, converges 

almost everywhere, by Doob's theorem (#6), no matter what 

the letter a is, and, therefore, the right side of the last in­

equality approaches zero when nand m increase without limit; 
clearly this proves Lemma 7.2. 

The definition which we gave of the function Pn(x) assumes 

that ~-t(C,.)>O; the x for which p.(C11)=0 are obviously a set of 
prob bT a 1 Ity 0, and we exclude them from consideration from 
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the outset by keeping only the x for which p.(Cn)>O for any 

n ~ 0. Thus, the sequence Pn(x) is defined almost everywhere 
in A 1 • But then the sequence of functions 

g,.(x)= -lg Pn(x) (n=O,l, ... ) 

will be defined almost everywhere, where the value g .. (x)= + oo 

[for p,.(x)=O] .is not excluded for these functions. 

Lemma 7.3. 

Let E ... k (n ~ 0, k ~ 0) denote the set of all x for which 

k L. g,.(x)<k+l; 

then 

(7.2) J g,.(x) dp.(x) L a(k+l)2-k, 
J.:n,k 

where a is the number of letters in the alphabet A. 

Proof. 

We define the cylinders B .. as in the proof of Lemma 7.1, 

and let Za denote the cylinder Xo=a, where a is any letter of 

the alphabet A. For xeB .. Za, we have: 

g (x)= -lg p.(B .. +a) = -lg p.(B .. Za) 
" p.(B .. ) p.(B .. ) ' 

so that the value of g .. (x) is uniquely determined by assigning 
the cylinder B .. and the letter a. It is clear that 

B .. E .. ,k=~* B,.Z4 , 
a 

where the ~· denotes summation over those letters a for which 
a 

k L. g,.(x) < k + 1 for x e B .. Z. Therefore 

(7.3) J g .. (x) dp.(x)=~1 g .. (x) dp.(x). 
Bnl:.~n,k RnZcs 
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But in any of the integrals of the right side we have 

k+l >g (x)=- lg p.(BnZa) ~ k, 
n p.(Bn) -

so that 

and (7.3) gives 

f Yn(x) dp.(x) L ~* (k+l) p.(B"Z,.) ~ a(k+1)2-~· p.(B,.). 
a 

Finally, summation over all possible cylinders B,. gives 

J g 11(X) dp.(x) L a(k+1)2- 1' 

and Lemma 7.3 is proved. As we shall see immediately, the 

fact that this estimate is uniform with respect to n is im­

portant. In particular, the next proposition (uniform sum­

mability of the functions Yn(x)) is an immediate consequence 
of Lemma 7 .3. 

Lemma 7 .4. 

Given L>O, let A 1 be the set o" xe A 1 fior which Yn(x)/L. 
Then · "·. 'J 

' Ytven any c:>O, an L 0 =L0(c:) can be found such that 

J Yn(x) dp.(x)<s, 
11 n L 

for L"-. L ' 
= r, and for any n~l. 

.Another · - h 
b Important consequence of Lemma 7.3 is that t e 

a solute . . 
u "f continUity of integrals of the functions g 11 (X) is also 
lll orm . 

With respect to n. Thus we have 
Lernro.a 7 .s. 

Given any ~>o 
and '" , a o > 0 can be found such that if E e F.1 

J.I..(E)<"O, then 
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J Un(x) dJ.l(X)<s, (n= 1,2, ... ). 
E 

Proof. 

By Lemma 7.4, an L=L(s) can be found such that 

J Un(x) dJ.l(X)<s, 
'1n,L 

Put o= ~ and let J.l(E)<o. Then 
L 

(n=l,2, ... ). 

J Un(x) dJ.l(x)= j Un(x) dJ.l(x)+ J Un(X) dJ.l(X) 
E EAn,L EAn,L 

L J gn(x) dJ.l(x)+LJ.l(E)<2s, 
An,L 

and Lemma 7.5 is proved. A consequence is that almost every­

where on AI we have Un(x)< +co for any n ::::::,.1. 

Now let us put 

lim g,.(x)=g(x). 
n-.oo 

This limit exists almost everywhere, because of Lemma 7.2, if 

we permit the value + co for g(x). 

Lemma 7.6. 

The function g(x) is summable over AI. (In particular, 

this means that it can take the value +co only on a set of prob­

ability 0.) 

Proof. 

For any L>O and any positive function f(x), we put 

fL(x)=min [L,f(x)]. 

Then obviously it follows from g,.(x)-+ g(x) that gf.(x)-+ gL(x) 
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(n-co). But since the functions g;.(x) (n = 1,2,. · . ) are uniformly 

bounded, we find, using the known properties of the Lebesgue 

integral and Lemma 7.3, that 

J gL(x) dJ.L(x) = ~i:r;, J g~(x) dJ.L L ~i.:!! sup J g nCx) dJ.L(x) 
AI AI AI 

=~~~sup "t;of Yn(x) dp.(x)< a~ (k+1)2-~:. 
Rn,k 

Since the right side is independent of L, Lemma 7.6 is 
proved. 

Lemma 7.7. 

J I Yn(x)-g(x) I dJ.L(X)-7-0 (n-co). 
AI 

Proof. 

Let e > 0 be arbitrary. Let us denote by E,. the set of 
XEAI for which IYn(x)-g(x)l>e. Then 

£I Yn(X)-g(x) ldJ.L(X)= J IYn(x)-g(x) I dJ.L(x)+ J I g,.(x)- g(x) I dp.(x) 

En E 11 

L. J Yn(x) dJ.L(x)+ J g(x) dJ.L(x)+s. 

Since Yn(x)- g(x) almost everywhere, J.L(E")- 0 (n- ca); con­

sequently, the first integral on the right side is infinitesimally 
small as n- b L 
• Cl.) Y emma 7 .5, and the same is true of the second 
mtegral b Le 

Y mma 7.6. This proves Lemma 7.7. 

#8. Proof f M 
0 cMillan's theorem 

McMilla • h . n s t eo rem states (see # 5) that as n-co the func-
tiOn f, (x) co 
of th" . nverges in probability to the number H, the entropy 

e given source. Here 
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f .. (x) = - _! lg p( C), 
n 

where C is the random sequence (cylinder) x0 , x1, • • ·, x,. _1 (which 

is, of course, uniquely determined by giving X=···, x_ 1, x 0 , x1, • • • ). 

In order to use the results of #7, we must first of all relate 

the functions f .. (x) to the functions g,.(x), which we studied in 

#7. This relation is established by the following proposition. 

Lemma 8.1. 

For all xeA1 and n~l 

Proof. 
Since we shall now deal with sequences X 0 • • ·, x, •• for 

various values of r and s, we must introduce a more extensive 

notation. We denote the probability of such a sequence by 

f.l~ x,, . .. , x,. •• ] so that, for example 

Similarly, the function p,.(x), which we introduced m #7, can 

be written as 

,Jx ··· x] p,.(x)= ,.., __ ,., , o • 
p[x_,.,. · ·, x_ 1J 

From this it is clear that for k ~ 0 

and, m particular 

p 1.(Tkx)= !LiXo,· · ·, xk] 
IL~ Xo,'' '• Xk-lj 
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This equality holds for k :::::,.1. Since p 0(x) = .u[ X 0 ] by definition, 
then 

so that 

Til pk(T·~x)=,u[Xo]. JL[Xo, XI] ... JL[Xo,·. ·, x,._J] =JL[Xo,·. ·, Xn-1]. 
k=O JL[X0 ] JL[Xo 1 • • •, Xn-~J 

Taking the logarithm of this equality yields 

and Lemma 8.1 is proved. 

McMillan's Theorem. 

For any stationary source the sequence f .. (x) converges in 

the V-mean (and therefore also in probability) to some invariant 

function h(x). In the case of an ergodic source, h(x) coincides 

almost everywhere in N with the ent1·opy H of the source. 

'Remark. 

f,.(x) is said to approach h(x) in the £!-mean if 

it is well-known that this implies that /,.(x) converges to h(x) in 

probability. As already noted, the function h(x) is called in­
variant if h(Tx)=h(x) (xe A 1 ). 

Proof. 

One of the familiar forms of the ergodic theorem ([8], P. 

31, Satz 10; [9], equation (2.42)) states that for any function 
g(x) which is summable over A 1 , the quantity 

1 71-1 

- ~ g(T-~x) 
n ~<=o 
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approaches an invariant function h(x) in the L 1-mean as n-co. 

In particular, this holds for our function g(x) because of Lemma 
7.6. But by Lemma 8.1 we have 

J lfn(x)-h(x) I df.L(X)= J/! ~ g~:(Tkx)-h(x)/ df.L(X) 
.tl AI 

where in transforming the first term we use the stationarity 

of the source. (dJ.L(X) is replaced by dJ.L(Tkx), and then Tkx is 

introduced as a new variable of integration.) 

Consider each of the two terms on the right side separately. 

In the first term, the summands with increasing index approach 

zero by Lemma 7.7. Therefore, their average value, i.e., the 

whole first term on the right side, approaches zero as n-co. 

The same is true for the second term by the very definition 

of the function h(x). Thus we find 

J I fn(x)- h(x) I dJ.L(x)-0 (n-co), 
AI 

which proves the first part of McMillan's theorem. 

In the case of an ergodic source, the ergodic theorem cited 

above states that the function h(x) is almost everywhere a 

constant h. Thus, to prove the second part of McMillan's 

theorem, we must show that h=H. But from 

J lfn(x)-h I dJ.L(x)-o (n-co), 
AI 
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it follows that 

~~i~ J fn(x) dfL(X)= J h dfL(X)=h. 
AI AI 

The integral on the left side is the mathematical expectation 

of fn(x) which, as we saw in ~5, approaches Has n-cr.>. This 

means that h=H, which completes the proof of McMillan's 

theorem. 

In particular, therefore, we have proved that every ergodic 

source has theE property: For arbitrarily small s>O and o/'0, 

and sufficiently large n, all the a" n-term sequences of the 

source output are divided 'into two groups, a high probability 

group, such that I (1/n) lg fL(C)+HI<s for each of its sequences, 

and a low probability group, such that the sum of the probabili­

ties of its sequences is less than o. 



CHAPTER III. 

Channels and the sources driving them 

#9. Concept of channel. Noise. Stationarity. Anticipation 
and memory 

From a physical point of view, by a source is meant an 

apparatus which emits signals. The medium over which the 

signal is transmitted, is called a channel. The concept of 

channel, as well as the concept of source, plays a fundamental 
role in information theory. Just as in Chapter II we started 

the theory of sources by giving their precise mathematical 

characterization, we must now do the same thing for channels. 

We saw that the elements which can be used to characterize 

a source mathematically are its alphabet A, the probability 
space A 1 with elementary events x, and the probability measure 

p.(S) defined on the sets Se F .. l" What mathematical elements 
can be used to characterize a given channel? 

First of all, we must have a list of the signals which the 

channel in question can transmit. We shall always assume 

that this list is finite, and we shall call it the input alphabet 

(or the alphabet at the input) of the channel. The signals in 
this aiphabet are called its letters. In general, the signals that 

emerge from a channel have an entirely different nature from 

the transmitted signals. Therefore, in addition to the input 

alphabet, we must know the output alphabet (or alphabet at 

the output) of the given channel, i.e., the list of signals (letters) 

which the channel can emit. We shall also always assume that 

the output alphabet is finite. 
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If every transmitted signal a (a letter of the input alphabet 

A) gives at the output a unique letter b=b(a) of the output 

alphabet B, the channel is called a noiseless channel. In general, 

the presence of interference (noise) causes di.fferent letters 

be B to be obtained at the output in different cases when the 

same letter a e A is transmitted. Since it is natural to regard 

the interference (noise) as a random phenomenon, and it governs 

which letter be B appears at the channel output when a given 

signal a e A is transmitted, then we can speak of the probability 

of obtaining the letter be B at the channel output, given that 

the letter a e A was transmitted. In many cases, this probability 

depends not only on a but also on the sequence of signals 

transmitted earlier, and this dependence must often be taken 

into account. Therefore, at the outset it is expedient to give 

the most general form to the phenomenon described. As in 

Chapter II, we shall consider the set A 1 of all sequences 

X=···,X-I,Xo,XI,··· (X;EA; -co<i<+co). 

To every such sequence of transmitted signals corresponds a 

sequence 

of received (output) signals. The probability that Yn will be a 

given letter be B must be regarded, in the general case, as 

depending on the whole set of signals X; sent, i.e., as a function 

of x e A 1 • We can denote this probability by !J.,(y,.=b). We 

can also say that !J.r(Yn=b) is the conditional probability (for a 

given sequence x e A 1 of transmitted signals) that the sequence 

Y e B 1 of received signals will belong to the cylinder y,. =b. It 

is clear that in order to characterize the channel completely 

we must know such conditional probabilities not only for the 
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simplest cylinders of the type y,.=b, but also for sets SCBI 

of more complex structure. It is natural to require that such 

probabilities )).r(S) be assigned for all cylinders S cBI; in this 

way, )).r(S) will be automatically defined for all sets S in the 

Borel field F 8 generated by the set of these cylinders. 

Thus, we shall consider a channel to be specified if we know 

the following three elements: 1) the input alphabet A, 2) the 

output alphabet B, 3) the probability ))r(S) that the y received 

when a given x is transmitted belongs to the set S E F 8 • (This 

probability must be given for any xeAI and any SeF8 .) We 

shall denote the channel specified by these elements by [A, ))r• B]. 

Evidently, )).r(S) must be understood to be a one-parameter 

(with parameter x) family of probability measures defined on 

the space of elementary events BI. We shall call the channel 

[A,))x,B] stationary if, for all xeAI and SeF8 

where T is the same shift operator with which we were con­

cerned in the preceding chapter. 

In the majority of applications, the probability )).x(Yn =b) that 

Yn coincides with a given letter bE B does not depend on a!i 

the letters x = · . ·, x _ tr X0 , x 1, • • • of the transmitted message, but 

only on those with indices rather close to n. First of all, we 

shall always assume that the distribution of yll is independent 

of the transmitted signals that are transmitted after x,., i.e., 

is independent of xk for k>n; this means that !).r(y,.=b) has 

the same value for all transmitted messages x for which the 

signals · · ·, X 11 _ 1, X 11 are identical. In this case, we speak of a 

channel without anticipation. As regards the signals x,._ 1, x,._~, · · · 

preceding x,, in the majority of cases only a limited number 
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of them (e.g., xn-to Xn_ 2,· • ·, Xn-m) can influence the distribution 

of Yn· This means that the probability lJz(Yn=b) is the same 

for all x with identical xn-m•" · ·, xn-to xn. In this case, we 

speak of a channel with a finite memory. The smallest number 

m for which the above holds, is called the memory of the 

channel; in particular, the distribution of Yn for a channel 

without memory (m=O) depends only on x". 

# 10. Connection of the channel to the source 

Suppose we have a channel [A, lJ.r, B] and a source [A, p.] 

for which the alphabet A coincides with the input alphabet of 

the channel. Then, clearly, the channel [A, lJ.r, BJ can be used 

directly to transmit the output of the source [A, ,u]. Each 

symbol x" emitted by the source is one of the letters of the 

alphabet A, and therefore can act as an input to the channel 

[A, v.r, BJ. Then at the channel output we obtain a letter Yn 

of the alphabet B. When the letters from some message 

from the given source are fed into the channel one at a time, 

we obtain at the output the corresponding sequence 

y= · · ·, Y-to Yo, Yt•" · · 

of letters from the alphabet B. In the general case, the dis­

tribution law of every letter y,. of this sequence depends on 

the entire sequence x, and is determined by the probability 

measure v..,.. For a channel without anticipation, this distribu­

tion law depends only on the symbols ... , xn_ 1 , x"; if, in addi­

tion, the channel has finite memory m, then the distribution 

of Yn depends only on Xn-m•" • ·, Xn. 
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This whole situation is described by saying that the source 

[A, ,u] feeds (drives) the channel [A, v.r, B]. From the proba­

bilistic point of view, such a connection of the channel and 

the source is a phenomenon in which chance intervenes in two 

ways: 1) the choice of the message x e A 1 is random (this 

randomness is governed by the distribution ,u, and 2) for a 

given x e A 1 , the y e B 1 which is received at the channel output 

is random, because of the presence of noise. (This randomness 

is governed by the distribution v.r.) 

Consider now the probability space in which the elementary 

events are all possible pairs (x, y), x e A 1 , y e B 1 • Let C be the 

set of all pairs (a, b), where a e A, be B. We can regard C as 

a new alphabet; then, it is natural to denote by C1 the set of 

pairs (x, y) of which we just spoke. Thus the specification of 

(x, y) e C1 is equivalent to the specification of x e A 1 , y e B 1 • 

We must now introduce probabilities into the space C1• Let 

Me A 1 , Nc B 1 , i.e., let M be some set of elements x and N 

some set of elements y; indeed, let Me FA (so that ,u(M) has 

a definite value) and let Ne Fn. Then it is clear that the 

direct product S=MX N of the sets M and N is a set of pairs 

(x, y), so that Sc C1• The probability w(S) of this set of the 

space C1 should naturally be understood to be the probability 

of the joint event x EM, yeN. But the distribution in the 

space of elementary events x e A 1 is determined by the J.L law, 

and, for a given x, the distribution in the space of elementary 

events y e B 1 is determined by the v :r Ia w. Therefore 

(10.1) w(S) = w(MX N) = f v :r(N) d,u(x). 

In particular, every cylinder ZCC1 is obviously the direct product 

of a cylinder zl c A1 and a cylinder z~ c B1. Therefore, Eq. 



80 KHINCHIN 

(10.1) tells us the probability of any such cylinder Z. It follows 

by the general property of Borel sets that the probability w(S) 

is uniquely defined for any set S E Fe. 

Thus we see that connecting the channel [A, vr, BJ to the 

source [A, fL] driving it uniquely determines a new source 

[ C, w]. The alphabet of this source is the direct product A X B; 

the set C1 of elementary events (x, y) is the direct product 

A 1 x B 1 , and the probability measure w(S) is given by (10.1) in 

the way described above. In what follows, we shall call this 

new source [ C, w] the compound source constructed by connect­

ing the channel [A, v ... , B] to the source [A, fL]· Since we shall 

deal only with stationary sources and channels, the following 

almost obvious theorem will be of importance to us. 

Theorem. 

If the source [A, fL] and the channel [A, vr, B] are station­

ary, then the source [ C, w] is also stationary. 

Proof. 

Suppose SCC1 and S=Xx Y, Xe FAr Ye F 8 • Then, first 

of all, it is obvious that TS= TXx TY. Therefore, Eq. (10.1) 
gives 

w(TS)= f vr(TY) dJJ.(x), 
reT X 

or, after substituting a new variable of integration 

w(TS)= J vr,(TY) dJJ.(Tz). 
TzETX 

Since the source [A, JJ.] is stationary, dJJ.(Tz)=dfL(Z), and since 

the channel [A, v ... , B] is stationary, vr,(TY)=v,( Y); therefore 

w( TS) = f v,( Y) dJJ.(z) = w(S). 
ze.r 



On the Fundamental Theorems of Information Theory 81 

We have established this equality for all S=Xx Y, in parti­

cular, for all cylinders S c CI; therefore it is also valid for all 
S e Fe. This proves the theorem. 

Let us put M=AI in Eq. (10.1), while leaving NeFB arbitrary. 

The quantity ru(Mx N) is then the probability of the joint 

event x e A I, y e N, and since the first of these two events is 

sure, ru(Mx N) is simply the probability ?'J(N) of obtaining a 

sequence y belonging to the set Ne FB at the channel output. 

Thus we see that the distribution ?'J(N) plays the same role for 

the space BI as ,.,.(M) does for the space AI. For M=AI, 

equation (10.1) becomes 

(10.2) ?'J(N)=ru(AIXN)= j' :;z(N) d,_,.(x). 
AI 

Thus we can speak of the source [B, ?'J] at the channel output. 
This source, with the sequence 

y= · · ·, Y-t• Yo, Y~r· · · 

of letters from the alphabet B as its output, is uniquely deter­

mined (by using (10.2)) by the data of our problem, i.e., by the 

source A and the channel [A, :;z, B]. (Of course, the source 

[ C, ru] considered above is uniquely determined by the same 

data.) If the source [A,,.,.] and the channel [A, :;z, B] are 

stationary, then, as we proved, the source [ C, 00 ] is also sta­

tionary; but then 

?'J(TN)=ru(AIX TN)=ru(TAIX TN)=ru(AIXN)=?'J(N), 

and therefore the source [B, ?'J] is also stationary. 
We proved in #3 that every stationary source has a definite 

entropy. Therefore, if the source [A,,_,.] and the channel 

[A, :;z, B] are stationary, each of the three sources [A,,.,.], [B, 77] 
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and [ C, w] has a definite entropy. Let us agree to denote these 

three entropies by H(X), H( Y), and H(X, Y), respectively. 

We defined the entropy H(X) as follows. Let H .. (X) be the 

entropy of the finite space the elementary events of which are 

all the n-term sequences X0,· • ·, x .. _1 (cylinders) emitted by the 

source [A, JL], with corresponding probabilities determined by 

the distribution J.l.; then 

H(X)= lim _!_H .. (X). 
n->oo n 

In complete analogy 

H( Y)= lim _!_H .. ( Y), 
n-HIO n 

H(X, Y) = lim_!_ H .. (X, Y), 
n-too n 

where correspondingly H .. ( Y) and H .. (X, Y) denote the entropies 

of the finite spaces of sequences y 0 ,· • ·, Yn-1. from the source 

[B, 77] and X0 , y 0 ,· • ·, X71 _ 11 Yn-l from the source [C, w]. 

But giving the "pair sequence" Xo, Yo· • •• ' x,._ II y n- I is obvi­

ously equivalent to giving the pair of sequences x0 , • • ·, x .. -I and 

Yo,···, Yn-1• so that the space of sequences x 0 , y 0 ,· • ·, Xn-11 Yn-1 

is the product of the spaces of sequences x0, • •• , x .. _1 and Yo• • • • 

Yn-1· Therefore, as we saw in #1 

H .. (X, Y) = H .. (X) + H .. x( Y) =H .. ( Y) + H .. r(X), 

where H .. x( Y) denotes the average conditional entropy of the 

space of sequences y 0 , • • ·, Yn-l for a given sequence x0 , • • ·, Xn-1> 

and H,.y(X) has an analogous meaning. It follows that 

H .. x( Y) = H .. (X, Y)-H .. (X), 

H .. y(X) = H .. (X, Y)-H .. ( Y). 
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Dividing all the terms of these equalities by n, and passing 

to the limit as n-+=, we find 

(10.3) { 
lim _!_ Hnx( Y) = H(X, Y)- H(X) 
n-+c:o n , 

lim _!_HnY(X)=H(X, Y)-H(Y). 
n--f!CO n 

This means, first of all, that the limits on the left always exist. 

Let us denote them by H.r( Y) and Hr(X), respectively. Consider 

the conditional entropy per symbol of the output of the source 

[B, 7J J for a given output x of the source [A, JL]; then H.r( Y) 

can be interpreted as the average of this entropy-over x. Hy(X) 

has a similar meaning with the roles of the sources [A, JL] and 

[B, 7J] interchanged. 

In practice, this latter quantity is of the greatest interest. 

Let us recall that, on the one hand, we regarded the entropy 

of any finite space as a measure of the uncertainty contained 

in the space, and, on the other hand, as a measure of the 

amount of information given by "removing" this uncertainty, 

i.e., by answering the question of which event of the given 

space actually occurred. Thus Hn(X) is a measure of the un­

certainty in the sequence Xo, • • • • xn-1· The quantity Hnr(X) is 

a measure of the average amount of uncertainty in the same 

sequence x0 , • • ·, X 11 _ 11 given that this sequence entered the 

channel and that the sequence Yo,· · ·, Yn-1 was obtained at the 

output. Thus Hn~"(X) indicates how much uncertainty still 

remains in the sequence x0,· • ·, Xn-1 after it has been transmitted 

through the channel. Of course, we always have HnY(X)=O 

for a noiseless channel, for then knowledge of the received 

sequence y 0 ,· • ·, Yn-l tells us with certainty the transmitted 
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sequence X 0,· • ·, x .. _1• In the general case, H .. ,.(X)>O and re­

presents the "residual entropy" of the sequence X0,· • ·, x .. _1, 

which it retains after passing through the channel. After 

dividing H .. (X) and H .. y(X) by n and passing to the limit as 

n-=, we obtain H(X), the average uncertainty per signal of 

the source [A, JL], and H,.(X), the average uncertainty per 

signal of the source after the message has passed through the 
channel. 

On the other hand, H .. (x) is the amount of information con­

tained in the sequence x0 ,· • • , x .. _1 , and H .. ,.(X) is the amount 

of information it retains after being transmitted through the 

channel. The difference H,,(X)-H .. y(X) is thus a measure of 

the average amount of information given by a sequence 

Xn, • • ·, x,. _1 transmitted through the channel. After dividing by 

n and passing to the limit, we find that the difference H(X) 

- H1.(X) is the amount of information obtained on the average 

when a signal of the source [A, JL] is transmitted through the 

channel. This quantity 

R(X, Y)=H(X)-H,.(X) 

1s therefore the most important characteristic of the quality of 

transmission. It is natural to call it the rate of transmission 

of information from the given source [A, JL] through the 
channel [A, JJ.., B]. We have by (10.3) 

H,.(X)=H(X, Y)-H(Y), 
which means that 

R(X, Y) = H(X) + H( Y)-H(X, Y). 

Thus the rate of transmission R(X, Y) is uniquely determined by 

giving the entropy of the three sources [A, JL], [B, 17 ], and [C, ID]. 
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# 11. The ergodic case 

Retaining the terminology and notation of the preceding 

sections, we now assume that the source [A, ,u] is ergodic and 

that the channel [A, v_,., B] has finite memory m. We shall now 

show that in this case the compound source [C, w] and the 

source [ B, 1J J at the channel output are also ergodic. 

Let Z be any cylinder of the space C1 , obtained by fixing 

any sequence of pairs (xo, Yo),···, (x1 _u y 1 _ 1) or, equivalently, 

the pair of sequences 

The sequences u and v (equivalently, the cylinder Z) will be 

regarded as constant throughout the proof. Now consider any 

fixed m-term sequence z=x_,,· · ·, x_ 1 , and denote by w the 

sequence x_,. · · ·X_ 1X 0 • • ·X1 _ 1 of constant length m+j=t. Since 

the .source [A, ,u] is ergodic, we have almost everywhere in A 1 

(11.1) 

Furthermore, by Birkhoff's theorem, the limit 

(11.2) lim l_ S g ,.( Tr+ ux) ='fr r,<(x) 
s~cost=O 

exists almost everywhere in A 1 for 0 L r / t -1, and for any 

sequence z. Let us denote by Me A 1 the set of x for which 

(11.1) obtains and for which the limits (11.2) exist for any r 

(0 .L 1' L t -1) and z. Obviously ,u(M) = 1. 

The sum on the left side of (11.2) 

(11.3) 
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1s clearly the number of values of l (0 L l L s-1) for which 

Tr+ 1'x E w, i.e., for which the sequence of length t 

coincides with the sequence w. (We note that the sequences c1 

fill the sequence Xr-m•" • ·, xr-mut-t without gaps and without 

overlapping, as l runs through the values 0,1,· · ·, s-1.) Let 

this number be denoted by 

p=p(s,r,z,x), 

where, by (11.2), for any x EM 

(11.4) 

as s- co, and let lt, z~ .. .. , lp, in order of increasing size, denote 

the values of l (0 L l L s-1) for which c1 coincides with w. 
Furthermore, let ry1 (0 L l L s-1) denote the (random) sequence 

Yr+ll'"" "• Yr+ll+j-l 

of length j. 

The sequences ry," (1 L k L P) are of special interest to us. 

Let A" denote the event consisting of the sequence ry1" coincid­

ing with the sequence v (which enters into the definition of 

the cylinder Z); obviously A" is the event (cylinder) Tr+ 1~c'v of 

the space B 1 • Its probability for a given xis 1Jr(A~c)=1Jr(Tr+ 1~c'v). 

But our channel is without anticipation and has finite memory 

m. Therefore the event A" determined by the sequence ry 
1/c 

depends statistically only on 

i.e., on the sequence c," to which x belongs. But, by the 

definition of the number l" we have, for k = 1 2 . . . p , , , 
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Thus we arrive at the conclusion that the probability v./T'+ 1k'v) 

has the same value for all x e T' + 1k'w. Since our channel is 

stationary, this probability is the same as the probability v.r(v) 

of the cylinder v for any x e w. This latter probability, which 

it is convenient to denote by v,"(v), is independent of either k 

orr. 

It follows that v.r(Ak)=v"'(v) for all k (1 L. k L. p). Moreover, 

it is an immediate consequence of the fact that the channel 

memory is -m that the events AA. are independent. We have 

p->- co as s- co (if xeM), so that the events A 1,· ··,AI' form 

a classical Bernouilli scheme. All these events are defined in 

the space B 1 • If q denotes the number of values of k (1 L./c L. p) 

for which Ak occurs (for a given xeM), then, ass-co (which, 

for x eM, implies P- co), we have by the strong law of large 

numbers 

(11.5) !L-~-· ... (v) 
p 

with probability 1. This means that if x eM and if N denotes 

the set of values of y e B for which (11.5) holds as s- co, then 

v_,(N)=l. The set N depends on r, z, and x, i.e., N=N(r,z,x), 

but 1· and z can assume only a finite number of different values. 

If we put 

[[ N(r,z,x)=N.": 
r,: 

then obviously for x e M 

Vz(Nz*)=1, 

and (11.5) holds for any r and z, if x eM, yeN.:. But since 

by (11.4) 

1!....- 't. .(x) (s- co) 8 r, .. 
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for any x e M, then, for x eM, y e Nr*, we obtain 

(11.6) 

for any r and z. 

By the definition of the number q, we have immediately 

Summing this expression over r from 0 to t -1, we find, for 

x e M, y e N,*, using (11.6) 

But by the definition of the function "ir r,.(x) and by the ergodi­

city of the source [A, p.], we have, for x eM 

t-1 1 U-1 

~"irr,.(x)=lim- 2::; Yw(T"x)=tp.(w), 
r=O I+"" 8 k=O 

so that 

(11.7) 
u-1 
~ Yw(T"x) Yv(T"y)=stp.(w) vw(v)+o(s) 
k=O 

for xeM, yeN:. 

Now we sum (11.7) over all possible sequences z. In doing 

so, we recall that w is a sequence of the type x_m,· · ·, x_h 
Xo,· · ·, x1_1, where x_m,· · ·, x_1 is now the variable sequence z, 
and X0 , • •• , x1 _ 1 is the fixed sequence u. Therefore 2::; w==u 

• 
and ~ oo(w,v)=oo(u,v)=oo(Z). Since p.(w)vw(v)=oo(u,v) by the 

• 
very definition of the distribution oo, the right side of (11.7) 
becomes 

stru(u,v)+o(s)=stru(Z)+o(s) 
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after summation over z. The sum of the terms in the left 

side of (11.7) can be written 

Since 2: w=u, the inner sum equals Ou(Tkx); therefore, sum-
• 

ming the left side of (11. 7) over z gives 

and we obtain for x eM, yeN: 

(11.8) 

If Q is the set of pairs (x,y) for which xeM, yeNr*• then by 

definition of the distribution "'• and because 1Jz(Nz*)=1, we have 

oo(Q)= f IJ"'(Nz*) dJ.L(x)=J.L(M)=l. 
M 

Thus (11.8) obtains almost e~rywhere in cr. This means that 

the source [C, oo] reflects the cylinder Z. Since this cylinder 

is arbitrary, then by the theorem of #4, we have proved that 

the source [ C, "'J is ergodic. 
It follows at once that the source [B;7J] is ergodic. Indeed, 

if NeFn is an invariant set in Br, then ArxN is obviously an 

invariant set in cr. Since the source [ C, "'] has already been 

proved to be ergodic, then 7J(N)=oo(Ar x N) equals 0 or 1; but 

this means that the source [B, 7J] is ergodic. 



CHAPTER IV. 

Feinstein's Fundamental Lemma 

~ 12. Formulation of the problem 

The authors of most investigations on the foundations of 
· f · · t" f the m ormatiOn theory agree in considering the culmma IOn ° 
theory of discrete information to be Shannon's theorems on the 

· "t blY optimum use that can be made of noisy channels by SUI a 

coding the transmitted text. The proofs of these theorems 

are given only sketchily in Shannon's works, the analysis being 

limited to sources of the Markov chain type. In his work, 

McMillan considerably refined in mathematical respects the 

fundamental concepts of Shannon's theory. (It is just these 

refined concepts that we used in the preceding sections.) More­

over, he outlined a method of proving Shannon's theorems for 

any ergodic source; more exactly, he tried to carry over to 

this case a proof the idea of which had been given by Shannon. 

In this connection, a number of gaps were discovered, which 

evidently can not be filled even in the special case of the 

Markov sources considered by Shannon. 

In l953, Feinstein [4] proposed a fundamentally new way of 
substa t· t· h I n la mg Shannon's theorems, which makes the w 0 e 
theory considerably more transparent. Feinstein's idea consists 

in deriving from the channel itself as much as can possibly be 

used to prove Shannon's theorems, before coding and even before 
connecting th h · · · d e c anne] to any particular source. Th1s lS one 
by proving a proposition which it is natural to call the funda­

mental lemma of the whole theory, and which is formulated 
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without any mention of either sources or codes. The proof of 

this proposition is our next problem. It should be noted that 

Feinstein carries out the proof only for channels without 

memory (m=O) and only alludes to possible generalizations. It 

is, of course, very important to know to how broad a class of 

channels the fundamental lemma applies. We also note that 

both the statement and the proof of the lemma as given by 

Feinstein contain a number of inaccuracies which, however, can 
be corrected easily. 

Consider a stationary channel [A, JJ.r, B], without anticipation 

and with finite memory m. If this channel is fed by a station­

ary source [A, p.], we obtain a definite rate of transmission 

R(X, Y)=H(X)-Hy(X), 

which (see #10) can be regarded as the amount of information 

obtained on the average when one letter is transmitted. Of 

course, this rate depends on the source A, driving the channel. 

However, the least upper bound of R(X, Y) for all possible 

ergodic sources [A, p.] is a quantity which depends only on the 

channel [A, JJ .r• B] itself. We shall denote this quantity by C, 

and we shall call it the (ergodic) capacity of the channel. 

As before, we denote the elements of the sets A 1 and B 1 by 

x=···,X_ 1,X0 ,X1··· and Y=···Y-1,Yo,Y1,···, 

respectively. Let n be any fixed positive integer. Let us 

agree to denote by u the sequence (cylinder x_m,· · ·, x_1, 
x0 , ••• , Xn_ 1 of length n+m, where all the X; take on definite 

values (letters of the alphabet A). Obviously, the number of 

different sequences u is a"'+", where a is the number of 

letters in the alphabet A. Similarly, let us denote by v the 

sequence (cylinder) y 0 ,···,Yn-1 of length n, where all theY; 
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are letters of the alphabet B. Obviously, the number of dif­

ferent sequences v is bn, where b is the number of letters in 

the alphabet B. Since the memory of the channel is m, then 

the probability !J.r(v) of receiving yev at the channel output 

when a given x is transmitted is the same for all x belonging 

to the same sequence u. Thus, this probability depends only 

on the sequences u and v selected, and it is natural to denote 

it by !J"(v). Similarly, if V is the union of several sequences 

v, we shall denote by !J,.( V) the probability of the event y e V 

when any x e u is transmitted. 

Now, let ;. be any constant ( O<l< ~ ). Let us agree to call 

a group { u; j (1 L i L N) of u-sequences distinguishable if there 

exists a group { V;) (1 L i L N) of sets Vt C B 1 where each V, 
(1 L i L N) is a set of several seq1,1ences v, such that 1) V; and 

Vk have no sequences in common for i=j=lc, and 2) !Ju;(V,)>l-,t 

(1 L i L N). Clearly, this definition of a distinguishable group 

depends on the parameter l. We can now formulate Feinstein's 

fundamental lemma as follows. 

Lemma. 
If a given channel is stationary, without anticipation, and 

with finite memory m, then, for sufficiently small ). > 0 and 

sufficiently large n, there exists a distinguishable group ( u 1 1 
(1 L i L N) of u-sequences with 

members, where C is the (ergodic) capacity of the channel. 

The importance of a proposition of this kind in evaluating 
the optimum transmission of information is clear almost izn_ 

mediately. If ). is small, since JJ,.;(Vt)>l-)., when a sequence 

u, is transmitted, then at the channel output we obtain with 
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overwhelming probability a sequence v in the group V;; since 

the groups vi have no v in common, then, knowing v, we 

uniquely determine the group V; which contains it, which 

means that we guess with an overwhelming probability the 

transmitted sequence U.;. Of course all this is under the condi­

tion that the group { u; l is distinguishable. Thus, if only 

sequences of a certain distinguishable group are used to send 

signals, then, despite the noise, the signals sent can be guessed 

with overwhelming probability. The question of whether any 

text suitable for transmission can be "encoded" into the 

sequences u; depends, of course, on how many such sequences 

there are in the first place. The fundamental lemma shows 

at once that the number of such sequences is very great for 

sufficiently large n. After this lemma has been proved, we 

shall consider the question of how to use the estimate of N 

that it affords to compute an index of optimum transmission 

of given material through a given channel. In fact, this is 

the way we shall approach the basic Shannon theorems. 

# 13. Proof of the lemma 

We shall divide the proof into a number of separate steps 

in the interest of a better presentation. 

1. The source [A, ,u]. By definition of the number C, we 

can find an ergodic source [A, ,u] for the channel [A, vx, B] 

such that when this source drives the channel, we have a rate 

of transmission (see the end of #10) 

R(X, Y)=H(X)-Hy(X)>C- ~. 

Here H(X) denotes the entropy of the source [A, ,u] and H,.(X) 

the average conditional entropy of the same source, given the 
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signal received at the channel output. The source [A, p.], 

being ergodic, has the E property according to McMillan's 

theorem (see #5). This means the following. Let w denote an 

arbitrary sequence x0 , •• • , x"_ 1 of letters from the alphabet A 

(w is therefore some cylinder in A 1). Moreover, let WoCA1 

denote the set (union) of all cylinders w for which 

(13.1) 

then, for arbitrarily small A>O we have for sufficiently large n 

p.(W0)>1-).. 

2. The source [C, ro]. Connecting the source [A, p.] to the 

channel [A, lJ.r, B] gives us according to the definitions of #10 

the compound source [C,ro], with the alphabet C=AXB and 

entropy H(X, Y). By the theorems of #11, this source is 

ergodic, and therefore, by McMillan's theorem (#5) has the E 
property. This means the following. Each pair (w, v) of n-term 

sequences [wCA 1 , vCB1 ] is some cylinder in the space cr, 
with a definite probability ro(w, v) in this space. Let Z denote 

the set of all cylinders (w, v) for which 

(13.2) llg roc:, v) + H(X, Y) j L ~ ; 

then, for arbitrarily small ).>0 and 8>0, we have, for suffi­
ciently large n 

ro(Z)>1-o. 

3. The source [B, 17]. This source, which we described in 
#10, is determined by the relation 

1J(M)=J l.iz(M)dp.(x)=ro(A1 XM) (MeF0 ). 

AI 
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We proved that it is ergodic at the end of # 11. According to 

McMillan's theorem it has the E property. This means the 

following. The probability of the set of n-term sequences 

vc B 1 for which 

(13.3) 

is as close to 1 as desired for sufficiently large n. (H( Y) denotes 

the entropy of the source [B, 17].) 

4. The set A"' and its probability. Let us denote by X the 

set of pairs of sequences (w, v) for which the inequalities (13.2) 

and (13.3) are satisfied. By the foregoing, we have 

if n is large enough. Now, for any sequence w, let A.,.C B 1 

denote the set of all sequences v for which (w, v) EX, i.e., for 

which the inequalities (13.2) and (13.3) are satisfied. Further­

more, let Hr1 C A 1 denote the set of all sequences w C Wo for 

which 

(13.4) 
w(w, A,.) = ro(w, A.,.) > 1 _ i 

p.(w) w(w, B 1 ) 2 

We now estimate the probability of the set W1 by using Lemma 

2.1. The roles of the spaces A, B, AB are played by the sets 

of all sequences w, v, (w, 'V), respectively. For z we take the 

set X, for Uo the set W 0 • Then clearly __!_;.~ plays the role of 
2' 

o1 and). that of o~. The set of sequences v for which (w,v)$X, 

i.e., l'w=B1 -A.,., takes the place of the set 1;0 • Finally, the 

set of w C Wo for which the conditional probability 
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P (T )=1-P (A )=1- w(w, Aw) La 
10 10 10 w p.( w ) -

plays the role of the set U1• Putting a= ~, we can take our 

set WI as the set U1 of Lemma 2.1. We see at once that all 

the premises of Lemma 2.1 have been fulfilled. Using it, we 
conclude that 

(13.5) 

Now let the sequence w belong to the set W1 and the 

sequence v to the set Aw, so that by the definition of the set 

Aw we have (w, v) c X. Since W1 c W0 , then, by the definition 

of the sets X and W0 , all three inequalities (13.1). (13.2), (13.3) 

are fulfilled for the pairs (w, v). In particular, we have 

lg p.( w) + H(X) L ~ · 
n -4' 

lg w(w,v) +H(X Y) ~ -~ 
n ' - 4' 

whence 

lg ((w,v) +n[H(X, Y)-H(X)-H(Y)]~ _!_n~. 
p. w)7J(V) 4 

Since (see # 10) 

H(X)+H(Y)-H(X, Y)=R(X, Y), 

we find 

lg w(w,v) :::::,.n[R(X, Y)-~~J. 
p.(w)T](v) 4 

and therefore 

w( w, v) ::::::,. 2n(R<x, n- fA) (v). 
p.(w) - 7J 
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Since we have R(X, Y)>C-~ by the choice of the 
4 

[A, .u], then 

w(W, V) > 2 ncC->.> 7](V). 
,u(w) 
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source 

This inequality holds for any we W1, v e Aw. Keeping the 

sequence we W1 fixed, and summing over all veAw, we find 

w(W, Aw) > 2 ncc->.> (A ) 
,u(w) 7J w , 

but the left side of this inequality does not exceed unity, since 

w(w, Aw) Lw(w, B 1)=,u(w). Therefore we find that for any 

sequence we w] 
(13.6) 7J(Aw)<2-ncc->->. 

5. Special groups of w-sequences. We agree to call the group 

[ W; j(1 L i L N) of w-sequence special if a set B; of v-sequences 

can be associated with each sequence W; of this group such 

that 
1) the sets B; and Bk have no common sequence for i=F k; 

2) 

3) 

w(W;. B;) > 1 -~ 
p.(W;) 

?J(B;) < 2-n<c->.> 

(1LiLN); 

(1LiLN). 

First of all, let us convince ourselves that special groups 

exist. To do this, we take any sequence we W1 and put B=Aw. 

Then by (13.4) and (13.6), we have 

w(w, B)> 1 -~; 7J(B)L 2 -ncC->->. 
p.(w) 

Therefore, every sequence we W1 is a special group, which 

proves the existence of special groups. Now let us call a 
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special group of w-sequences maximal, if adding any other 

sequence to it causes it to lose the character of a special group.* 

In view of the foregoing, the existence of a maximal group is 

obvious. 

6. Estimate of the number of members of a maximal special 

group. Let M = f W; j (1 L. i L N) be a maximal special group 

of w-sequences. Now, for any sequence w, let us put 

.\" 

AIU-A,,. :::s B;=B, .. 
i = 1 

Obviously the set B"' e B 1 has no elements in common with any 

of the sets B, (1 L. i L. N). If we W 11 then by (13.6) 

TJ(Bw) L. TJ(Aw)< 2- "'c-).'. 

If the sequence we W1 did not belong to the group M and if 

we had at the same time 

w(w, B,) > 1 -). 
p.(w) ., 

then adding this sequence w to the group M would evidently 

again give a special group of w-sequences, which is impossible, 

since the group M is assumed to be maximal. Therefore, if 

we W1 and w¢M (i.e., if we W1-MW1), then 

(13.7) w(w,B.,) L- 1-). 
p.(w) - .. 

But by the definition of the set B'" 

w(W, Bw)=w(w, Aw)-w(w, Aw t. B,), 
and if we W1 -MWv it follows from (13.4) and (13.7) that 

• If the set of all w-sequences is n Hpecinl group, then we c~nHider thiH J.(roup to be 
rnnximnl nlRo. 
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w(w, A".± Bi)=w(w, Aw)-w(w, B11.) ,_, 

>( 1- ~ }.t(w)-(1-i.)!-L(w)= ~ !-L(w). 

From this we find that 

(13.8) 
( 

.\· ) ( N ) 

- wcn~.l!ll"1 w W, ti B; + w&w,w W, ti B; 

where only the estimate of the last sum requires explanation. 

The fact is that if w c MW1 c M, the sequence w is one of the 

sequences W; of the special group M. For example, if w=wk 

then 

and therefore 

w&w,w( W, ~ B;) > (1-i.) JL(MW1). 

Furthermore, using (13.5) we find that for i. L. ! , (13.8) becomes 

(13.9) 

). ). 
~21-L(W1)> 2 (1-2i.)=ry. 

But since by the definition of a special group 

,(B-)<2-n<c-l.l (1L.iL.N) 
7 ' - - ' 
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then, on the other hand 

Comparing this with the inequality (13.9) we find 

and therefore, for sufficiently large n 

N> 2nCC-2).>. 

Thus we have established an important lower bound for the 

number of terms in any maximal special group of w-sequences. 

7. Completion of the proof of the fundamental lemma. Let 

us consider an arbitrary maximal special group fw,) (1LiLN) 

of W-sequences, and let us extend each sequence w, of this 

group by adding m more letters to the left, obtaining in this 

way a new sequence u 1 of length n+m. Let us convince our­

selves that by selecting this extension in a suitable way, we 
have 

w(uoB;) >1-J. (1LiLN). 
J.L(u,) - -

Every possible extension of the sequence w 1 by m. letters to 

the left gives a cylinder (sequence) u, contained in the cylinder 

w, (-zt;Cw1), and the union of all the cylinders u 1 CW 1 is the 

cylinder w 1• Therefore for 1 L i L N 

w(W 0 B,) = :2_:; w(U 0 B,) = :2_:; w(u1, B 1) J.L(U,) 
p.(W;) u;Cw; p.(W1) U;CW; J.L(U;) J.L(W;) 

The left side of this equality exceeds 1- ...l by the definition of 

a special group. The sum of the second factors in the sum on 

the right side is obviously unity. Therefore at least one of 
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the first factors must exceed 1-A; but this means that, for at 
least one extension, we must have 

(13.10) 

as asserted. 

By the definition of the distribution oo 

But, as we saw in #12, vr(B;) assumes the same value for all 
x e u;, which we agreed to denote by I.J";(B;). Thus 

oo( U;, B;) = p.( U;)v .. ;(B;). 

and (13.10) can be written as 

"'u;(B;) > 1-A (1 L i L N). 

Selecting the extension of the sequence w; in the manner 

indicated above, we obtain a group of N sequences 1l.; of length 

n+m (of letters from the alphabet A) and a group of N sets 

B;, each of which is the union of several sequences v of length 

n (of letters from the alphabet B), where 1) the sets B, and 

Bk have no common elements for i=/=k, 2) l.J,.;(B;)>1-1.(1L.i / N), 
and 3) N> 2ncc-n>. This just means that the sequences 1t., 

(1 L i L N) form a distinguishable group. But since the number 
of terms of this group exceeds 2"'c-n> and ). > 0 can be chosen 

as small as desired, the proof of the fundamental lemma is 

complete. 



CHAPTER V. 

Shannon's Theorems 

#14. Coding 

Up to now, we have always assumed that the source feed­

ing the given channel has an alphabet which is identical with 

the input alphabet of the channel. However, in practice these 

alphabets are different in the majority of cases, and we must 

now consider the general case. 

Suppose the output of the stationary source [A0 , ,u] is to 

be transmitted by means of the stationary channel [A, JJ.r, B] 

where in general the alphabets A 0 and A are different. Then, 

before transmitting, it is necessary to transform ("encode") the 

sequence of letters from the alphabet A 0 emanating from the 

source into some sequence of letters from the alphabet A. As 

usual, we suppose that any message emanating from the source 

[A0, ,u] is in the form of a sequence 

(14.1) 

where all the e ( are letters of the alphabet A 0• We uniquely 

transform e· encode") each (J into some sequence 

(14.2) X= • • ·, X_ 11 X0, X 1,· • ·, 

where all the X; are letters of the alphabet A. The rules of this 

transformation constitute the "code" used. Thus, from the 

mathematical point of view, a code is simply any function 

x=x(O), 

where e e AL x eAr. It is clear that formally every code can 



On the Fundamental Theorems of Information Theory 103 

be regarded as a kind of channel with input alphabet A 0 and 

output alphabet A. Such channels are characterized as being 

noiseless, i.e., to a sequence H at the channel input corresponds 

a unique sequence x=x(e) at the output. We can give this channel 

the usual designation [An, Pn• A], where the form of the func­

tion· p,.(M) (k!E A 1 ) is also apparent, namely 

{1 [;t;(H) EM] 
pu(M)= 0 [x(O)$M]. 

However, not every code has practical value. If we must 

actually know (as will be necessary in the general case) the 

whole sequence H, i.e., the whole infinite message from the 

source [A0 , JL] in order to determine any letter xk of the 

encoded text, then obviously, in practice, we can never deter­

mine this letter. Consequently, the only codes of importance 

in applications are those such that it suffices to know some 

finite sequence of letters H, E A0 in order to uniquely determine 

each letter :r, E A (and also each finite sequence of such letters). 

In particular, in information theory "sequential coding", is used 

predominantly, which consists of the following: Both the se­

quences (14.1) and (14.2) are divided into finite subsequences of 

any length which are numbered from left to right, just like 

the letters of these sequences. A rule is given which uniquely 

determines the /c'th subsequence of the sequence x in terms of 

the k'th subsequence of the sequence H. 

Now let us turn to the problem of transmitting the output 

of the source [A,, ,u] by means of the channel :·A, :.-_,., B]. We 

code each message e of the source [A," JL] into some specific 

message x, composed of letters from the alphabet A. We then 

pass this x through the channel [A,:.-_.., B] and obtain some 
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message y e B 1 at its output. Obviously, the result of connecting 

the code selected to the channel [A, ).Jr, B] can be regarded as 

a new channel [ A 0 , ).0 , B J. It is very easy to determine the 

function (probability) ).0( Q) ( Q e F 0 ). Since the coding trans­

forms the message 0 e A~ into the message x(8) e A 1 , the prob­

ability ).0(Q) of obtaining y e Q for a given () is the probability 

of obtaining y e Q if the message x=x(O) enters the input of 

the channel [A, lolz, B], i.e. 

and the channel [A0, ).0 , B] can be written as [A0, l)r,o>• B]. 

The process which we are examining consists in connecting the 

source [A0 , JI.] to this new channel [A0 , ).0 , B]; this time the 

source alphabet coincides with the channel input alphabet, so 

that we have a situation with which we are familiar. In 

particular, connecting the source to the channel gives, as we 

know, the "compound" source [C, ru] where C=AXB, and 

where the probability distribution is such that for Me F"o' 

NeF8 we have 

ru(MXN)._-= f ;.o(N) dl-'(0)= f l)z(o>(N) dl-'(0) . 
. ll .If 

# 15. The first Shannon theorem 

Suppose we have an ergodic source [A 0 , JI.] and a stationary, 
non-anticipating channel [A, JJ:r, B] with finite memory m. Let 
the entropy of the source [A0, JI.] be H 0, and let the ergodic 

capacity of the channel [A, JJ:r, Bj be C. We assume that H0 <C, 

and choose a positive number ).< ! (C-H0 ). Then we select a 
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particular code which transforms the output of the source 

[A0 , p] into the alphabet A of the given channel. 

First of all, we note that the source [A0, J.L], being ergodic, 

has the E property (see #5). In particular, this means that 

for sufficiently large n, the sequences a of letters from the 

alphabet A 0 can be divided into two groups, a "high prob­

ability" group, for each sequence a of which 

or, equivalently 

lg J.L(a) +Ho> -J, 
n 

and a "low probability" group, the total probability of which 

is as small as desired. Obviously the number of sequences in 

the high probability group is less than 2"<1lo•>-'<2"<c->->. In what 

follows we shall denote these sequences by a 11 a~,· · · . We shall 

denote the set of all sequences in the low probability group 

by ao. 

Now we turn to the channel [A, :;.r, B]. By the fundamental 

lemma of Chapter IV, for sufficiently large n there exists a 

distinguishable group ( u;) (1 L i L N) of sequences u .. of length 

n+m (consisting of letters from the alphabet A), with N> 2"<c->.> 

members. Thus, since N is larger than the number of sequences 

a; in the high probability group just considered, we can associ­

ate with each sequence a; a sequence U; such that different U; 

correspond to different a;. In doing this, at least one sequence 

of the distinguishable group has not been used; we associate 

this sequence with all the sequences ao of the low probability 

group. After doing this, to each n-term sequence a of letters 

from the alphabet A 0 corresponds a specific sequence u of 
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length n+m from the alphabet A, a sequence which belongs 

to the distinguishable group [ ui;. 
We now divide the sequence 0 of letters from the alphabet 

Ao. which is to be coded, into subsequences of length n, and 

the seQuence x, into which 0 is to be encoded, into subsequences 

of length n+m. We number both sets of subsequences from 

left to right, as usual. The k'th subsequence in the message 

e will be one of the sequences a; then we select as the lc'th 

subsequence in the message x, the sequence u, of our distin­

guishable group which corresponds to this sequence n:. Doing 

this for all k (- = < k < + = ), it is clear that we uniquely 

determine x=x(O) in terms of the given e. In this way we have 

set up a specific code, which we shall retain in all that follows. 

Obviously, this code is an example of the "sequential coding" 

discussed in #14. 

Connecting the code just selected to the channel [A, v.ro B] 

we obtain, ·as we saw in ~14, a new channel [A0 , /. 0 , B]. where 

we have ). 0(Q)= vx<olQ) for Q E Fn. Making the source [Ao, JL] 

feed this new channel, we arrive, according to ~ 14, at the 

"compound" source [C, w], where C=A 0 XB and (•) (111XN) 

(where MeFAo• NeF8 ) is given by the last formula of n4. 
Let us agree to denote the different sequences of length n, 
consisting of letters from the alphabet B, by (::3 k (k = 1,2, · · · ). 

Then, by the definition of the distribution w, we have for any 

lc~l and i=O,l,· · ·, N 

w(a, X(3k)= j J.o(f3k) dJL(O)= f v.r,olf3k) dJL(O). 
ai "i 

But e e a, is equivalent to x(e) e u,*, and since v.r(f3k) assumes 

• Here 1lo is understood to be the Aequence of the dietinguiehnhle g-roup {uil into whirh 
the whole "'low probability group" a0 iR encorled. 
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the same value for all x e u;o which we agreed in #12 to desig­

nate by vut(/34.), then we have Vz<o>(/3")=11u;(/3") for all fJeat. 

Thus we find 

(15.1) 

In order to avoid any misunderstanding, we recall the mean­

ing of the event a;X/3"' the probability of which is given by 

(15.1): a; x {3" denotes the joint event that 1) the n-term se­
quence transmitted by the source [A 0, p.] coincides with a; (if 

i:>O) or belongs to the low probability group (if i=O), and 2) 

after being transmitted through the channPl [ A 0 ,_A0 , B], the n­

term sequence transmitted by the source [A0 , p.] gives an n+m­
term sequence of letters from the alphabet B, the last n letters 

of which are the sequence {3". 

Now let ik be the value of the subscript i (0 L. i L. N) for 

which the probability w(at, /3")* has its greatest value. (If there 

are several such values i, then we take any of them as i"). 

Since the conditional probability of the sequence ai for a given 

sequence {3" equals 

w(a;, {3") 

w(A5, fl") ' 

where the denominator is independent of i, then we can also 

say a;k is the sequence a; which is most probable for a given 

sequence {3 "" Let us set 

L; L; w(at, B")=P. 
" trt" 

Obviously, we can regard P as the probalJility that the sequence 

a, at the input of the channel [Ao, Ao, B] will not be the most 

probalJle one for a given sequence fl" at the output of the channel. 
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The sequences u;, into which we encoded all the sequences 

a, form a distinguishable group; this implies the existence of 

a group {B,} (1 Li Ln) (where every B, is the union of several 

sequences {3k) such that 1) ))u (B1)>1-A, and 2) B 1 and B1 have 
' no sequences in common for i=/= j. But summing (15.1) over 

all {3 k C B 0 we find 

w(a,, B;)= p.(a,)))u,(B,) >(1-A)p.(a;) (0 L 1 L N). 

Therefore the conditional probability of obtaining a sequence 

{3 kc B, at the output of the channel [A0 , A0 , B], given that we 

had a sequence a; at the input of the channel is 

Thus we see that the two complete systems of events a, 

(0 L i L N) and {3 k (k = 1,2, ... ) satisfy all the premises of Lemma 

2.2. Using this lemma, we find 

PLA. 

This important result is the first Shannon theorem, which we 

can state as follows. 

Theorem.. 

Let there be given 1) a stationary, non-anticipating channel 

[A, ~'r• B] with ergodic capacity C and finite memory m, and 

2) an ergodic source [A0 , J.L] with entropy H0 <C. Let e > 0. 

Then, for sufficiently large n, the output of the -source [A0 , p.] 

can be encoded into the alphabet A in such a way that each 

sequence a, of n letters from the alphabet A 0 is mapped into a 

sequence u, of n+m letters from the alphabet A, and such that 

if the sequence u. is transmitted through the given channel, we 

can determine the transmitted sequence a, with a probability 
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greater than l-e from the sequence received at the channel 

output. 

The definition of the sequence a, entails that we select as a, 

the sequence which is most probable, given the n letters last 

received at the channel output. The first Shannon theorem is 

often formulated less exactly by saying that for H0 <C it is 

always possible to find a code such that the transmitted se­

quence can be guessed from the received sequence with a prob­

able error which does not exceed an arbitrarily small number c:. 

# 16. The second Shannon theorem 

We retain, in toto, the source [A0, p.], the channel [A, :;.r, B] 

and the code of the preceding section, and also all the notation 

introduced there. However, we now consider a new problem 

pertinent to this whole process, namely, the evaluation of its 

transmission rate, i.e., the amount of information given on the 

average by one letter at the channel output. To this end, let 

us examine first the finite probability space aJ3 k (0 L.. i L.. N, 

k = 1,2, · · · ), with the distribution (JJ(a;, (3k), which was considered 

in #15. We recall that a; was one of the n-term sequences of 

the high probability group in the output of the given source 

for i :::::::..1, that a 0 was the whole low probability group of such 

sequences and that (3k was an n-term sequence of letters from 

the alphabet B (at the channel output). We denoted by P the 

quantity 

where i~. is the value of the subscript i for which the prob­

abilitY 6J(a., (3,,) is the greatest, and we proved that P<l.. 

It is clear that we find ourselves in a position to apply Lemma 
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2.3; the spaces {a1} and {{3k} play the role of the spaces {At! 

and tBkl of this lemma, and the number N+1 plays the role 

of the number n. If, as usual, we denote by H~(a) the condi­

tional entropy of the space {a,} for a given {3k, averaged over 

all [ak, then by Lemma 2.3 we have 

H~(a)LPlg N-Plg P-(1-P) lg (1-P). 

Here the number N is the number of sequences in the high 

probability group; as we saw in #15, it does not exceed 

2n(C-).><2nc, whence lg N<nC. Taking into account that P<). 

and that, as is easily seen -P lg P-(1-P) lg (1-P)< 1 for 

any P (O<P<1), we obtain 

H~(a)<J.nC+l. 

In particular, since ). can be chosen arbitrarily small for suf­

ficiently large n, we obtain 

Hp(a)=o(n) (n-co). 

Here 

where 

f(x)=x lg x· 7J(a )= (Ar a) and p (a)= ro(ao f3k) = ro(ao f3k) 
' t-'k ro 't-'k ~k I ro(Ar, flt) 7](/3k) • 

In all the foregoing a 0 , unlike a; for i > 0, denotes not an 

individual sequence, but the whole "low probability" group of 
n-term sequences made up of letters' from the alphabet A. 

Now we divide this group into separate sequences 

a:, a~,···, a~ 

and instead of the space (a,) (OLiLN) we consider the space 
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(a;,a~) (lL.i/N, lL.jL.q) of all n-term sequences consisting 

of letters from the alphabet A 0 , with appropriate probabilities 

J.L(a;), J.L(o:~). We leave the space ((:3k) as before. Denoting by 

H~(a, a') the conditional entropy of the space (au o:~) for a given 

f3~.:, averaged over 13~.:, we find 

~.(a, a')=- ~17(/3A.){ ~ f[Prk(a;)] + ~ f[p~k(o:~)J} 
(l6·1) =~.(a)+ 2..>J(i:J~;) f[p~k(ao)J + R, 

k 

where 

(16.2) 

(In the interest of complete clarity, we note that here 

p (o:')= w(o:;, f3k) 
fik J 1](/3~.:) ' 

where 

w(o:~, f3k)= j l.o(f3k) dJ.L(e). 
I 

"i 

Since ).o(/3~.:) has the same value l.a0(/3k) for all 0 E o:~ C 0:0 , then 

is uniquely given by the data of our problem.) 

Since the second term in the right side of (16.1) is nega­

tive, then 

(16.3) Hr'(a, a')< H~(a)+R, 

and since we have already estimated Hr(o:), it remains only to 

estimate the quantity R defined by the sum (16.2). Using Lemma 

1.1, we find 
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(16.4) 

Here, by definition of the low-probability group, we have 
q 

~ p.(a'J>=J.L(a0)<).. But it is easily seen that the greatest value 
J=t 

of the sum (16.4), under the supplementary condition 

q ') :E p.(ai =E, 
J=l 

is attained for p.(a~) = : (1 L j L q) and is e [ lg q+ lg : J. 
Therefore, in our case 

R<lllg q+lg _!_ J. 
). 

But Q is the number of sequences in the low probability group 

and is less than an, the number of all n-term sequences, (a is 

the number of letters in the alphabet A0.) Therefore 

R<).n lg a+J.lg _!_<).n lg a+l. 
). 

We see that R=o(n) as n~co, and since llp(a)=o(n), as we 

proved earlier, it follows from (16.3) that 

(16.5) lip( a, a')=o(n) (n~ co). 

We now change our notation somewhat. By the space 
a( at, a~,···) we shall mean the set of all n-term sequences of 
letters from the alphabet A 0, whether from the high prob­
ability or low probability groups, so that the number of all a 1 

is an, where a is the number of letters in the alphabet A0 • As 

before, the space (3(f3u (3~, • .• ) denotes the set of all n-term 

sequences of letters from the alphabet B. The product (a, [:3) 

of these two spaces has the distribution 

ro(a1, (3k)= J ).0((3k) dp.(8)=Aa.1(/3k) p.(a1), 
"'t 
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and the distributions of the spaces a and fl are given by the 

functions J..L(a1) and 

respectively. The conditional entropy of the space a for a given 

/3", averaged over flk, which we denote by Ifr,(a) is obviously 

the quantity Ifr,(a, a') which we have just estimated. There­

fore, by (16.5) we have 

(16.6) 

The information transmission process which we are consider­

ing is the following. The output of the source [A0 , J..L] is "cut 

up" into sequences of length n, and each such sequence a 1 is 

transmitted through the channel [A0 , .10 , B], giving at the out­

put a sequence of n+m letters from the alphabet A. The last 

n letters of this sequence form the "received" sequences fl ". 

The output of our transmission process consists of a sequence 

of such sequences. Our problem is to estimate the rate of 

transmiSSIOn. To do this, we consider a sequence of length 

s=nt+r from the output of the source [A0 , JL], where tis any 

positive integer and 0 Lr < n. We denote such a sequence by 

X and the set (space) of all such sequences (for a given s) by 

{X}. Let the s-term sequence Y (of letters from the alphabet 

B) be received at the channel output, when the sequence X is 

transmitted through the channel [A0 , .10 , B], and let { Y} denote 

the set (space) of all such sequences Y. We denote by Hr(X) 

the conditional entropy of the space {X}, averaged over Y. 

Each sequence X of length s=nt+r can be decomposed into 

t consecutive sequences aw, aC2l, · · ·, aw of length n ·and a 

"residual" sequence a* of length r < n. Clearly we can regard 
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the space {X} as the product of the t + 1 spaces { a'1>] (1 L. j L t) 

and {a*}, where each of the first t spaces has the structure 

of the space which we considered above. It is obvious that in 

general the t+ 1 spaces will be mutually dependent. Because 

of the basic property of the entropy of a product space, we 

have 

I 

Hy0(X) L. 2::: Hl·0[a'1>] +H1-0(a*), 
j =I 

where Yo is any fixed sequence of Y. Thus, averaging over 

Y 0 , we find 

I 

(16.7) Hy(X) L::: ~ Hy[a'i>]+H,.(a*). 
i= I 

(") 

Just as we decomposed the sequence X into t sequences a 1 

and the residual sequence a*, we can decompose the sequence 

Y into t sequences (3'Jl (1 L. j L t) of length n and a residual 

sequence /3* of length r < n. T~en the space [ Y} will be the 

product of the t+1 spaces [(3'i>} (1LjL.t) and [/3*}. The 

sequence (3'1> (1 L j L t} is the sequence at the channel output 

corresponding to the sequence a'P at its input. Therefore the 

product space {a'11,,8'i>J (1L.jL.t) has the distribution w(.ao/3J 

considered above, and the space [f3~lj has the distribution 17(/3A.). 
Let B'1> (1 L. j L. t) denote the set of all the sequences ,em 
(1 Ll L. t) and ,8*which make up Y, with the exception of /3' 11• Then 
in order to fix a specific sequence Y, we must fix /3' 1> and B'P. 

In other words, v:e can regard the space { Y] as the product 
of the spaces {,8'J>j and B'J>. (Here j is any of the numbers 

1,2, · · · t.) Therefore, by Lemma 1.2, we find for any j (1 L. j £. t) 

(16.8) 

On the other hand, the space {a* J obviously contains ar events, 
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where a is the number of letters in the alphabet A 0• But by 

one of the fundamental properties of the entropy the entropy 

of a finite space does not exceed the logarithm of the number 

of events in the space (see [1], [5]). · Therefore, for any 

choice of the sequence Y0 

H 1•0(a*) L. r lg a<n lg a 

and, consequently, the averaged conditional entropy Hr(a*) 

satisfies 

(16.9) Hr(a*)<n lga. 

Then by (16.8) and (16.9), the inequality (16.7) gives 

H 1.(X) L. t Hp(a)+n lg a, 

from which it follows by (16.6), that for arbitrarily small A>O, 

for sufficiently large n, and for any t::::::.. 1 

Hr(X)<Atn+n lg a LAs+n lg a. 

Now we recall that in #10 we characterized the quantity 

Hr(X), the "residual entropy, of the sequence X after it has 

been transmitted through the channel, as the amount of in­

formation remaining in the sequence after transmission, i.e., 

lost during transmission. Since the amount of information 

contained in the sequence X prior to transmission is sHo, the 

amount of information transmitted is sH0 -Hr(X). But trans­

mitting each sequence a<J> (of length n) requires the passage 

of n+m symbols through the channel, and just as many symbols 

are necessary for transmitting the sequence a*. Therefore the 

total number of symbols passing through the channel during 

the transmission of the sequence X is (t+1) (n+m). Thus, 

one symbol at the channel output carries on the average an 
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amount of information 

If we select n large enough so that m <s and then t large 
n 

enough so that!!_ L_!_<s then the right side will be larger than s- t , 

H 0 -).-s lg a< H _ 2). 
Cl+c:Y o ' 

if c: sufficiently small. This very important result means that 

with the coding selected each letter received at the channel 

output brings on the average an amount of information as close 

as desired to that which one letter carries on the average at 

the source output. In other words, the transmission of infor­

mation occurs at a rate arbitrarily close to that at which the 

information is emitted by the driving source. Of course, all 

this is only under the condition that H0 <C, and for coding of 

sufficiently long sequences. In this regard, we note that if n 
must be taken too large, then the practical value of the coding 

method described is nullified, since one would have to wait too 

long to decode (decipher) the text received at the channel out­

put. Thus, from the practical point of view, it would be of 

considerable interest to investigate the relation between n and 

).. Feinstein [ 4] obtained some interesting results in this 

direction, but we shall not go into them here. From the purely 

practical point of view, we must note again that in both the 

Feinstein and the Shannon methods the construction of a code 

with the required characteristics is not given; the existence of 
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such a code is proved, but no indication is given of how to 

actually find it. 

The result which we have obtained is the second Shannon 

theorem, and can be stated as follows. 
Theorem. 

Under the conditions of the theorem of # 15, there exists a 

code such that the rate of transmission is as close to H0 as 
desired. 

Conclusion 

The proof given above, which is based on the ideas of 

Shannon, McMillan, and Feinstein, is certainly long and compli­

cated. However, it rests entirely on a single central idea which, 

when correctly understood, makes very transparent all the 

different steps of the complicated demonstration. Therefore, 

we consider it expedient to stress again, in somewhat more 

detail, the basic idea which lies behind all our considerations. 

The channel we are given is a noisy channel. This means 

that we cannot determine the sequences of symbols sent at the 

channel input from the sequences received at the channel output; 

because of noise, two different sequences at the channel input 

can give rise to the same sequence at the output. The situa­

tion is considerably improved if we know two groups B1 and 

B~ of n-term sequences at the channel output such that 1) B1 

and B~ do not contain any sequence in common, and 2) with 

overwhelming probability, the first of the two sequences which 

might be sent is mapped into one of the sequences of the group 

B1, and the second into one of the sequences of the group B~. 

In this case, by receiving a sequence of group B 1 at the channel 

output, we can almost be assured that the message was the 
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first of the two possible sequences, whereas if a sequence of 

the group B~ is received at the output, then it is almost certain 

that the second sequence was the message. Thus, under the 

circumstances which we have described, these two transmitted 

sequences are distinguishable. Groups of three, four, and more 

distinguishable sequences (as yet we do not touch upon the 

question of the existence of such groups) can be determined 

at the channel input in exactly the same way. Suppose we 

were able to find a group consisting of a large number K of 

such distinguishable n-term sequences at the channel input. If 

we could limit ourselves to sending only sequences belonging 

to this group, then from the sequence received at the channel 

output, we would be able to determine almost without error 

the sequence transmitted. 

Can we do this? Obviously, in order to do so, it is necessary 

that the number L of different n-term sequences from the 

output of the given source which it is required to transmit 

through the channel, should not exceed K; for under this 

condition (and only under this condition) will it be possible for 

us to code the whole group of L such sequences which might 
have to be transmitted into our "distinguishable" group of K 

sequences at the channel input. Thus, the inequality L<K 
serves as a criterion of the possibility of transmitting almost 

without error, and our efforts must be directed towards making 

L as small as possible and K as large as possible. The first 

goal is attained by using McMillan's theorem (Ch. II). By 

neglecting the "low probability" group (with total probability 

as small as desired) and, consequently, restricting ourselves to 

transmitting sequences from the "high probability" group. we 

greatly reduce the number of these sequences, and make it 
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approximately equal to 2" 110, where H 0 is the entropy of the 

given source. The second problem is solved using Feinstein's 

fundamental lemma (Ch. IV), which asserts the existence of 

distinguishable groups for which the number of terms is 

K>2"(('-<', where C is the (ergodic) capacity of the channel, and 

e is a positive number as small as desired. If H 0 <C, then we 

see at once that we have L< K for a suitable choice of the 

distinguishable groups, and our problem is solved. 

This is the central idea of the proof. All the rest is merely 

technique, although this technique sometimes requires great 

ingenuity in overcoming difficulties which arise. 

In all the formulations of the Shannon theorems which exist 

in the literature, these theorems are accompanied by the con­

verse proposition: if Ho > C, then coding with the required 

effect is impossible. All authors regard this statement as almost 

obvious and allot its proof only several lines. In the version of 

the proof which is given in this paper, I do not see the possibility 

of proving these converse propositions. The whole matter here 

is the definition of C, a definition which, in my opinion, is 

usually given rather carelessly. It is said that the capacity C 

of a given channel is the least upper bound of the rate of 

transmission over this channel of the output of all possible 

sources (the alphabet of which coincides with the input alphabet 

of the channel.) As far as I can see, here the words "all 

possible sources" must be replaced by the words "all possible 

ergodic sources". (Consequently, the capacity which I define is 

called "ergodic".) Without this addition, the proofs of both 

McMillan and Feinstein break down at their central point. But 

if C is understood to be the ergodic capacity of the given 

channel (as is done in this paper) then the converse propositions 
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mentioned above are not only not obvious, but apparently require 

essentially new ideas for their proof. I consider it possible 

that this difficulty can be overcome by using known limita­

tions on admissible coding systems. 
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Mathematics. A gifted popularizer of science, he makes the most difficult 
abstractions crystal·clear even to the most non-mathematical reader. Index. 
xii + 276pp. 5% x Rtf2. Paperbound S2.oo 

GREAT ID"AS OF Moo"Rl\0 MATIIE:I.IATICS: THEIR 1'\ATIIRE A!>:D UsE, 
]agjit Singh 

Reader with only high school math will understand main mathematical ideas 
of modern physics, astronomy, genetics, psychology. evolution, etc., better than 
many who usc them as tools, hut comprehend little of their basic structure. 
~~uthor u.ses his ~\'ide kno.wledge of non-mathematical fields in brilliant exposi. 
lion of d11Ter~nual equations, matrices, group theory. logic, statistics, problems 
o~ mathematical. found~tions, imaginary numbers, vectors, etc. Original publica­
lions, 2 appendices. 2 mdexes. 65 illustr. 322pp. 5% x H. Paperbound S2.oo 

, TI·IE. MATH.t:MATICS OF GREAT A~tATEURs, Julian L. Coolidge 
Great (hscover~e~ made by poets, theologians, philosophers, artists and other 
non-mathematiCians: Omar Khan-am, Leonardo cia Vinci, Albrecht Diircr 
John Napier, l'ascal, Diderot, Bofzano, etc. Surp1·ising accounts of what ca1; 
1~esult fr~~.~ a non·professional preoccupation with the oldest of sciences. r;6 
hgures. vm + 211 pp. 5% x 8\1'2. Paperbound S 1.f;o 



CATAUJ(;l'E OF DOf'F.U IHJOKS 

CoJ.J.H;E :\L<a:nRA, //. JJ. Fillt' 
Standard college text that gives a systematic and deductive structure to algebra; 
comprehensive, connected, with emphasis on theory. Discusses the commutative, 
associative, and distrihuti,·e laws of number in unusual detail. and goes on 
with undetermined coefficients, quadratic equations, progressions, logarithms. 
permutations, probability. power series, and much more. Still most valuable 
elementary-intennediate text on the science and structure of algebra. Index. 
1560 problems, all with answers. x + 631pp. 5% x 8. Paperbound S2.75 

HIGHER ;\[ATHE~IATICS FOR STUilE:-.TS OF CHF.~IISTRY AI\D PHYSICS, 

]. II'. Mellor 
Not abstract, but practical, building its problems out of familiar laboratory 
material, this covers differential calculus. coordinate, analytical geometry. 
functions, integral calculus, infinite series, numerical equations, differential 
equations, Fourier's theorem, probability, theory of errors. calculus of varia· 
tions, determinants. "If the reader is not familiar with this hook, it will repay 
him to examine it," Chl'lll. & Ellgillecrillg ,\'cu•s. Soo problems. tSg figures. 
Bibliography. xxi + 6.]1 pp. 5% x 8. Paperbound S2.5o 

TRIGo:-;o M ETR Y REFRESHER FOR TECH:>; I CAL l\11·::-., 
A. A. Kla{ 

:\modern question and answer text on plane and spherical trigonometry. Part I 
covers plane trigonometry: angles. quadrants. trigonometrical functions, graph­
ical representation, interpolation. equations. logarithms, solntion of triangles, 
slide ntles, etc. Part II discusses applications to n;n·igation. surveying. elasticity. 
architecture, and engineering. Small angles, periodic functions, vectors, polar 
coordinates, De ;\[oin·c·s theorem, fully covered. Part III is devoted to spherical 
trigonometry and the solution of spherical triangles, with applications to 
terrestrial and astronomical problems. Special time-savers for numerical calcula· 
tion. 913 questions answered for you! 1738 problems; answers to odd numbers. 
·19·1 figures. 1.) pages of functions. formulae. Index. x + 62gpp. 5% x 8. 

Paperbound S2.oo 

CALCULUS REFRESHER FOR TECH:\ICAL :\IE:\, 
A. A. Klaf 

Not an ordinary textbook hut a unique refresher for engineers. technicians. 
and students. An examination of the most important aspects of dilfercntial and 
integral calculus hy means of 7.'iG key questions. Part I covers simple dilferential 
calculus: constants, variables, functions, increments, derivatives, logarithms. 
curvature, etc. Part II treats fundamental concepts of integration: inspection, 
substillltion, transformation, reduction, areas and volumes, mean value. succes­
sive and partial integration, double and triple intcg1·ation. Stresses practical 
aspects! A 50 page section gives applications to civil and nautical engineering. 
electricity, stress and strain, elasticity. industrial engineering. and similar fields. 
756 questions answered . .'i56 problems; solutions to odd numbers. 36 pages of 
constants, formulae. Index. v + ·13'PP· :;% x H. Paperbound $2.00 

INTRODUCTION TO TilE THEORY OF GROUt'S OF FI:-.ITE 0RDF.R, 

R. Carmichael 
Examines fundamental theorems and their application. Beginning with sets. 
systems, permutations, etc., it progresses in easy stages through important types 
of groups: Abelian, prime power, permutation, etc. Except 1 chapter where 
matrices arc desirable, no higher math needed. 783 exercises, problems. Index. 
xvi + ·147PP· 5% X 8. Paperbound S3.oo 



CATAUJGU£ OF DOI'/~U /WOKS 

FIVE JIOI.UM!~ "Tl-IEOR.J' OF FUNCTIONS" SET JJJ' KONRAD KNOPP 

This_ five-volume set, prepared hy Konrad Knopp. prO\·idcs a comp~cte and 
rca<llly followed account of theory of functions. Proofs arc given concisely, yet 
without sacrifice of completeness or rigor. These volumes arc used as texts by 
such universities as M.I.T., University of Chicago, N.Y. City College. and "_lany 
others. "Excellent illlroduction ... 'remarkably •·cadablc, concise, clear, ngor­
ous," ]oumal of the A meriran Statist ira! As.w~iation. 

ELEMF.:I:TS OF TJH; THEORY OF FIJ:>;CTIO:\S, 

Konrad KnofJfJ . . 
This book provides the student with background for further volumes 111 thiS 
set, or texts on a similar level. Partial contents: foundations, system of complex 
numbers and the Gaussian plane of numbers, Riemann sphere of number_s, 
map~ing by linear functions, normal forms, the logarithm. the cyclomet~c 
functions and binomial series. "Not only for the young student, but. al~o fort e 
student who knows all about what is in it," IHalht•llwlical journal. B•bhography. 
Index. qopp. 5% x 8. Paperbound $1.50 

TIIEORY OF FUNCTIO:>;S, PART I, 
Konrad KrzofJfJ 

\Vith volume II, this book provides coverage of basic concepts and th_corcms. 
Partial contents: numbers and points, functions of a complex variable, mtcgral 
of a continuous function, Cauchy's integral theorem, Cauchy's int~gral for­
mu_lae, series. with variable terms, expansion of analytic functio!ls Ill p~wcr 
scrz~s, analytzc continuation and complete definition of analytz~ funct~~n~, 
c~tz~e transcendental functions, Laurent expansion, types of smgulantzcs. 
Bibliography. Index. vii·+ q6pp . .'i% x 8. Paperbound $1.35 

TIIEORY OF Fu:-.;cTro:-.:s, PART II, 
Kom·ad KnojJjJ 

Application and further development of general theory, special topics. Single 
valued functions. Entire, \Veierstrass, Mcromorphic functions. Riemann sur­
faces. Algebraic functions. Analytical configuration, Riemann surface. Bibliog­
raphy. Index. x + 15opp. 5o/a x 8. Paperbound $1.35 

PROBLEM BOOK 1:1: Tilt: TIIEOR\' OF Fu:...cno:-o;s, VOLUME 1. 
Konrad KnopjJ 

Problems in elementary theory, for usc with Knopp's Theory• of Fmzctions, or 
any other text, arranged according to increasing difficulty. Fundamcn~al con­
cepts, sequences of numbers and infinite series, complex variable, mtcgral 
tl~~orcms, development in series, conformal mapping. 1R2 problems. Answers. 
" 111 + 126pp. 5% x 8. Paperbound $1.35 

PROBLEM BOOK IN THE THEORY OF FUNCTIO:I:S, VOLUME 2, 
Konrad Knopp 

Advan_ced theory of functions, to be used either with Knopp's Tlzeory of 
Fzmc~zons, or _any other comparable text. Singularities, entire & meromorphic 
functzons, perzodic, analytic, continuation, multiple-valued functions, Riemann 
surfac.~~· conf?rmal mapping. Includes a section of additional elementary prob­
lems. rhe difficult task of selecting from the immense material of the modern 
theory of functions the problems just within the reach of the beginner is here 
masterfully accomplished," Am. Mallz. Soc. Answers. 138pp. 5o/5 x 8. 

l'apcrbound $1.50 



CATALOCl'E OF DOVER BOOKS 

;\;t•~tERICAI. Sol.LJTto~s oF DIFFERE~TJ,\L EQUATio:-;s, 

H. I.cvv .<.:E. A. Baggol/ 
Comprehensive collection of methods for solving ordinary differential equations 
of first and higher order. All must pass 2 requirements: easy to grasp and 
practical. more rapid than school methods. Partial contents: graphical integra­
tion of differential equations. graphical methods for detailed solution. Numer­
ical solution. Simultaneous equations and equations of 2nd and higher orders. 
''Should he in the hands of all in research in applied mathematics, teaching." 
Natw·e. 21 figures. viii+ 238pp. !i% x 8. Paperbound S1.85 

Et.E~IE~TARY STATISTICS, WITll APPLICATIO:>;S I:>; l\fEDICINE AND THF. 

BIOLOGICAL SciE:>;CF.S, F. F.. Cro:o:IOII 
.\ sound introduction to statistics for anyone in the physical sciences, assum­
ing no prior acquaintance and requiring only a modest knowledge of math. 
All basic formulas carefully explained and illustrated; all neccssaq· reference 
tables included. From basic terms and concepts, the study proceeds to frequency 
distribution, linear. non-linear. and multiple correlation, skewness, kurtosis, 
etc. A large section deals with reliability and significance of statistical methods. 
Containing concrete examples from medicine and biology, this book will prove 
unusually helpful to workers in those fields who increasingly must evaluate. 
check, and interpret statistics. Formerly titled "Elcmcnta1·y Statistics with Ap­
plications in :\fcdicinc." Jut charts. !ii tables. 1.1 appendices. Index. vi + 
3iGpp. 5% x H. Paperbound S2.oo 

}NTRODIJCTIO~ TO SYMIIOLIC LOGIC, 

S. Langer 
No special knowledge of math required- probably the clearest book ever 
written on symbolic logic. suitable for the layman, general scientist, and philos­
opher. You· start with simple symbols and advance to a knowledge of the 
Boolc-Sch rocdcr and Russell- \\'h itehead systems. Forms,logical structure.classcs. 
the calculus of propositions, logic of the syllogism. etc. arc all covered. "One 
of the clearest and simplest introductions," ,uathematics Gazette. Second en­
larged. revised edition. 3liHpp. 5% x H. Paperbound S2.oo 

A SHORT ;\ccou:-;T OF THE HISTORY OF l\[ATHEMATICS, 

II'. IF. R. Ball 
;\lost readable non-technical history of mathematics treats lives, discoveries of 
every important figure from Egyp~ian, Phoenician, mathcmati~ians to late 1 g_th 
century. Discusses schools of I~mw, P_ytl_J~goras: Athc~Js, C?·ztcus, Alexandr~a. 
Byzantium, systems of numeratiOn; p_nmlltve anthmeuc; ~hddle Ages, Re~aJs­
sancc, including Arabs, Bacon, Rcgwmontanus, Tartaglia, Cardan, Stcvmus, 
Galileo, Kepler; modern mathematics of Descartes, Pascal, \Vallis, Huygens, 
Newton, Leibnitz, d'Aicmbert, Euler, Lambert, Laplace, Legendre, Gauss, 
Hermite, \Veicrstrass, scores more. Index. 25 figures. s-t6pp. 5% x 8. 

Paperbound S2.25 

}:";TRODlJCTJO:"; TO N 0:"; t.l :-;EAR D1 FFERENTIAL A:>;O J :-ITEGRAL EQUATIONS, 

Harold T. Davis 
Aspects of the problem of nonlinear equations, tra11sformations that lead to 
equations solvable by classical means, results in special cases, and useful 
generalizations. Thorough. hut easily followed by mathematically sophisticated 
reader who knows little about non-linear equations. 13i problems for student 
to solve. XV + s66pp. 5% X HY:?. Paperbound S2.00 
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AN INTRODUCTION TO TilE GEOMETRY OF :'\ DI~!E:-;SIONS, 
D. H. Y. Sommerville 

An introduction presupposing no prior knowledge of the field. the onl_y book 
in English devoted exclusively to higher dimensional geometry. Discusses 
fundamental ideas of incidence. parallelism. perpendicularity. angl_es l~etween 
linear space; enumerative geometry; analytical geometry from pn>Jecuve and 
metric points of view; polytopes; elementary ideas in analysis situs; content of 
hyper-spacial figures. Bibliography. Index. uo diagrams. Ig6pp. s:jl,; X 8. 

Paperbound S1.50 

ELE~IENTARY CoNCEPTS OF ToPOLor;Y. P. Alexa1ldro[f 
First English translation of the famous brief introduction to topolog~· f~r the 
beginner or for the mathematician not undertaking extensive swdy. fills un· 
usually useful intuitive approach deals primarily with the concepts of c_om~lex, 
cycle, and homology. and is wholly consistent with current in,·estlgauons: 
Ranges from basic concepts of set-theoretic topology to the concept of Bet_ll 
groups. "Glowing example of harmony between intuition and thought." David 
I:Jilbert. Translated by A. E. Farley. Introduction hy D. Hilbert. Index. 25 
hgures. 73pp. 5% x 8. Paperbound S1.oo 

ELEMENTS OF NoN-EUCLIDEAN GEOMETRY, 

D. M. 1'. Sommerville 
Unique in proceeding step-by-step, in the manner of traditional geometry. 
Enables the student with only a good knowledge of high school algebra and 
geometry to grasp elementary hyperbolic, elliptic, analytic non-Euclidean ge~m­
etries; space curvature and its philosophical implications; theory of ra~Ical 
axes; homothetic centres and systems of circles; parataxy and parallelism; 
a_bsolute measure; Gauss' proof of the defect area theorem; geodesic represe~lla­
tiOn; much more, all with exceptional clarity. 126 problems at chapter endmgs 
provide progressive practice and familiarity. 133 figures. Index. xvi + 274PP· 
5% x 8. Paperbound S2.oo 

INTRODUCTION TO THE THEORY OF NUMBERS, L. E. Dicflso11 
Thoroug~. comprehensive approach with adequate coverage of classi_ca_l_li~e.ra­
ture, an mtroductory volume beginners can follow. Chapters on d•v•s•b•hty, 
congruences, quadratic residues & reciprocity. Diophantine equations, etc. Full 
tr~atment of binary quadratic forms without usual restriction to integra~ coe~­
fiCI~nts. Covers infinitude of primes, least residues. Fermat's theorem. Euler s 
phi function, Legendre's symbol, Gauss's lemma, automorphs, reduced fon1_1s, 
1 ec~nt theorems of Thue & Siegel. many more. i\luch material not re<!dliy 
ava1lahle elsewhere. 239 problems. Index. I figure. viii + 1 H3PP· 5% x 8. 

Paperbound S• ·75 

MATHEMATICAL TABLES AND FORMULAS, 

comjJi/ed bv Robat D. Carmichael a!ld Edwi11 R. Smith 
Valuable colle~tion for students, etc. Contains all tables necessary in college 
a_lgebra and trigonometry, such as fi\'e·place common logarithms, logarithmic 
sn~es and tangents of small angles, logarithmic trigonometric functions, natural 
tngonometric functions, four-place antilogarithms, tables for changing from 
sexagesnnal to circular and from circular to sexagesimal measure of angles, etc. 
Also many tables and formulas not ordinarily accessible, including powers, 
r?ots, and reciprocals, exponential and hyperbolic functions, ten-place Ioga­
nthms of prime numbers, and formulas and theorems from analytical and 
elementary geometry and from calculus. Explanatory introduction. viii + 
269pp. 5% x 8\12. Paperbound S1.25 



CATAUJGl'l·: OF DOJ'l:U IWOA.'S 

:\ Sot•RcE BooK 1:-.: ;\[ATIIE~L\TJcs, 

D. E. Smith 
Great discoveries in math. from Renaissance to end of 19th cenlllrv. in English 
translation. Read announcements hv Dedekind. Gauss. Delamain, Pascal. 
Fermat, ;\;ewton .. \bel. Lobachevsky. i\olyai. Riemann. De :\loin·e. Legendre. 
Laplace. others of discoveries about imaginary numbers. numbe•· congruence. 
slide rule. equations. symbolism. cubic algebraic equations. non-Euclidean 
forms of geometry, calculus. function theory. quaternions. etc. Succinct selec­
tions from 1 :::; different treatises, articles. most unavailable elsewhere in English. 
Each article preceded by biographical introduction. Vol. I: Fields of ;\;umber. 
Algebra. Index. 3:: illus. gg!lpp. :;% x H. \'ol. II: Fields of Geometry. Probability. 
Calculus, Functions, Quaternions. Hg illus .. Jg::pp. :;Y,. x 8. 

Vol. 1 Paperbound ~::.oo. Vol. :: Paperbound $2.00. 
The set S.J.OO 

Fou:-.:llATIO:-.:s OF PHYSICS. 

R. II. l.indsrn· .:; H. J\largnwu 
Excellent bridge between semi-popular works & technical treatises .. ·\ discussion 
of methods of physical description. construction of theorv: valuable for phvsicist 
with elementary calculus who is interested in ideas that give meaning to data. 
tools of modern phvsics. Contents include snnbolism; mathematical equations; 
space & time foundations of mechanics; probability: physics & continua; electron 
theory; special & general relativity; quantum mechanics; causality. "Thorough 
and yet not o\·erdetailed. Unreservedly recommended." Saturr (London). 
Unabridged, corrected edition. List of recommended readings. g,; illustrations. 
xi + 537PP· :;% x 8. Paperbound Sg.oo 

Fu;o.;uAME;>;TAI. FoR~IllLAS OF l'tlYStcs. 

ed. bv D. H. ,\le••=l'i 
High us~ful. full, inexpensive reference and studv text. ranging from simple 
to highly sophisticated operations. :\lathematics integrated into text-each 
chapter stands as short textbook of field I"Cill"esented. \'ol. 1: Statistics, Physical 
Constants. Special Theory of Relativity. Hydrodynamics. Aerodynamics. 
Boundary Value Problems in i\lath, l'hvsics. \'iscositv. Electromagnetic Them·y. 
etc. Vol.::: Sound, Acoustics. Geometrical Optics. Electron Optics. High-Energy 
Phenomena, Magnetism, Biophysics, much more. Index. Total of Soopp. :;% x H. 

\"ol. 1 Paperbound S2.2:;. Vol. 2 Paperbound $2.::;,. 
The set S.J.:;o 

T!IEORETICAL P!IYSICS, 

A. S. KomjJfl11t'YCis 
One of the very few thorough studies of the subject in this price range. Pnn·ides 
advanced students with a com1nehcnsi\-c theoretical background. Especiallv 
strong on recent experimentation and developments in quantum theory. 
Contents: :\lechanics (Generalitcd Coordinates, Lagrange's Equation. Collision 
of Particles, etc.). Electrodvnamit·s (\"ector .\nalysis, :\laxwcll"s equations. 
Transmission of Signals, Th~orv of RelativitY. etc.). Quantum :\lechanics (the 
Inadequacy of Classical :\ledJa;Iics. the \\"a\"C Equation. :\lotion in a Central 
Field, Quantum Theory of Radiation, Quantum Theories of Dispersion and 
Scattering, etc.), and Statistical Physics (Equilibrium Distribution of :\Iolecules 
in an Ideal Gas. Boltzmann Statistics. Bose and Fermi Distribution. Thermo­
dynamic Quantities, etc.). Re,·ised to 1961. Translated l>y Ceorge Yankonkv. 
authorized by Kompaneyets. I3i exercises. :;li ligures. :;::!Jpp. :,Y,. x 8 \1:?-

l'apcrl>ound S2.:;o 
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:\fATIIt:~IATICAI. PHYSICS. D. H. ,\[eu::.e/ 
Thorough one-volume treatment of the mathematical techniques vital for 
cl~s~ical mechanics, electromagnetic theory. quantum theOI")'• ~nd relativity. 
\\·rJtten hy th.e ~arvard Professor of Astrophysics for junior, setuor .. and grad: 
uate courses. II gtves clear explanations of all those aspects of funcuon theory, 
vectors, matrices, dyadics, tensors, partial differential equations, etc., necessary 
fo~ _the understandin~ of the various physical theories. Electr?n theory, r~l­
auvJty, and other toptcs seldom presented appear here in constderahle detatl. 
Scores of definition, conversion factors, dimensioual constants. etc. "More 
detailed than normal for an advanced text ... excellent set of sections on 
Dyadics, Matrices, and Tensors," joumal of tlze Frn11hli11 /11slitute. Index. 193 
problems, with answers. x + 412pp. 5Ys x 8. Paperbound $2-5° 

THf: THt:ORY OF SOUND, Lord Ray/eiglz 
Most vibrating systems likely to he encountered in practice can be tackled 
successfully hy the methods set forth by the great Nobel laureate, Lord 
Rayleigh. Complete coverage of experimental, mathematical aspects of sound 
theory. Partial contents: Harmonic motions, vibrating systems in general, _lateral 
vihrati_ons of bars, curved plates or shells, applications of Laplace's ftu~cuons_ to 
acousu~al_prohlems, fluid friction, plane vortex-sheet, vibrations of sohd bo~he~, 
et_c. !h•s Is the first inexpensive edition of this great reference and smdy nork. 
Bibliography, Historical introduction by R. B. Lindsay. Total of IO.jopp. 97 
figures. 5Ys x 8. Vol. 1 Paperbound $2.50, Vol. 2 Paperbound S2-5°• 

The set S5.oo 

HYDRODYNAMICS, Horace Lamb 
Internationally famous complete coverage of standard reference work on 
dynamics of liquids & gases. Fundamental theorems, equations, method~, solu­
tion~, background, for classical hydrodynamics. Chapters include E_quauons_ of 
Motion, Integration of Equations in Special Gases, Irrotational Mouon, !\lotion 
of Liquid in 2 Dimensions, Motion of Solids through Liquid-Dynamical "!"he~ry. 
Vortex Motion, Tidal \Vaves, Surface \Vaves, Waves of Expansion, VIscosity, 
~otating Masses of Liquids. Excellently planned, arranged; clear, lucid l~re~ema­
uon. 6th enlarged, revised edition. Index. Over goo footnotes, mostly bibliogra­
phical. 119 figures. xv + 738pp. 6Vs x 9~. Paperbound S4.00 

DYNAMICAL THEORY OF GASI·:s, james jca11s 
Divided into mathematical and physical chapters for the convenience of those 
not expert in mathematics, this volume discusses the mathematical theory of 
gas in a steady state, thermodynamics, Boltzmann and Maxwell, kinetic tl!eory. 
quantum theory, exponentials, etc. 4th enlarged edition, with new matenal on 
quantum theory, quantum dynamics, etc. Indexes. 28 figures. 14.jpp. 6Vs x 9tA · 

Paperbound $2.75 

THt:RMODYNAMICS, E11rico Fermi 
Unabridged reproduction of 1937 edition. Elementary in treatment; remarkable 
for clarity, organization. Requires no knowledge of advanced math beyond 
calculus, only familiarity with fundamentals of thermometry, calorimetry. 
Partial Contents: Thermodynamic systems; First & Second laws of thermo­
dynamics; Entropy; Thermodynamic potentials: phase rule, reversible electric 
c:ll; Gaseous reactions: van't Hoff reaction box, principle of LeChatelier; 
, hermodynamics of dilute solutions: osmotic & vapor pressures, boiling & 
freezing points; Entropy constant. Index. 25 problems. 24 illustrations. x + 
t6opp. 5% x 8. Paperbound $1.75 
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CELESTIAl. OnJEC.TS FOR Co~Dto:--: TEI.F.SCOPEs 

Rev. T. TV. Tl"e/Jb . 
Classic handbook for the usc and pleasure of the amateur astronomcL Of 
inestimable aid in locating and identifying thousands of celestial objects. Vol I. 
The Solar Svstcm: discussions of the principle and operation of the telescope. 
procedures of observations and telescope-photographY. spectroscopY. etc .. (H·ccisc 
location information of sun, moon, planets, mct~ors. Vol. II·. The Stars: 
alphabetical listing of constellations, information on double stars. clusters. stars 
with unusual spectra. variables, and nebulae. etc. 1'\carly .f.ooo objects noted. 
Edited and extensively revised by ;\largarct \V. ;\laval]. director of the American 
Assn. of Variable Star Observers. New Index by :\li·s. :\layall gi,•ing the location 
of all objects mentioned in the text for Epoch :woo. 1'\cw Precession Table 
added. New appendices on the planetary satellites. constellation names and 
abbreviations, and solar system data. Total of .f6 illustrations. Total of xxxix 
+ Go6pp. 5% x H. Vol. 1 Paperbound S!!.2:i· \'ol. 2 Paperbound $2.25 

The set :::;.,.:;u 
}'I.A:-oETARY THEORY, 

E. II'. /lrolt'n all(l C. A. Slwoh 
Provides a clear presentation of basic methods for calculating planetary orbits 
for today's astronomcL Begins with a careful exposition of specialized mathe­
matical topics essential for handling perturbation theory and then goes on to 
indicate how most of the previous methods reduce ultimately to two general 
calculation methods: obtaining expressions either for the coordinates of plane­
tary positions or ~or ~he clements whic~ dctcn~tinc the pcrturl_>~d paths. :\n 
example of each Is __ given and worked 111 dctatl, Corrected cchtwn. Preface. 
Appendix. Index. xu + 3o2pp. 5% x H~. Paperbound $2.25 

STAR NAMES A;\;0 Tt!EtR MF.A;\;1;\;GS, 

Richard Hinckley A !len 
An unusual book documenting the various attributions of names to the 
individual stars over the centuries. Here is a treasure-house of information on 
a topic not normally delved into even_ by profession~] astronomers; provid~s a 
fascinating background to the stars 111 folk-lore, literary references, anCient 
writings, star catalogs and maps over the centuries. Constellation-by-constella­
tion analysis covers hundreds of stars and other astcrisms, including the 
Pleiades, Hyades, :\ndromcdan Nebula. etc. Introduction. Indices. List of 
authors and authorities. xx + 563pp. 5Vs x 8~. Paperbound $2.50 

A SHORT HISTORY OF ASTROXO~IY, A. JlCI'I)' 

Popular stan~Iard work fot: o~·~r 5o_ years, this thorough and accurate volume 
covers the sCience from pnnutivc tunes to the end of the 19th century. After 
the Greeks and the !\Iiddle Ages, individual chapters analyze Copernicus, llrahe, 
Galileo, Kepler, and Newton, and the mixed reception of their discoveries. 
Post-Newtonian achievements arc then discussed in unusual detail: Halley, 
Bradley. Lagrange, Laplace, Herschel. Bessel, etc. 2 Indexes. 10-l illustrations, 
g portraits. xxxi + -1-t<>pp. 5% x H. Paperbound S2-i5 

SoME THEORY OF SA~II·LJxc;, II'. E. Dcmiug 
The purpose of this hook is to make sampling techniques understandable to 
and useable by social scientists, industrial managers. and natural scientisLs 
who arc finding statistics increasingly part of their work. Over 200 exercises, 
plus dozens o( actual applications. 61 tables. 90 figs. xix + lio2pp. 5% x HJ,2-

l'apcrhmu1cl S3.50 



CATALOGUE OF DOVER BOOKS 

I'RI:"CII'LES OF STRATIGRAPHY, 

A. II'. <.ra/wu 
Classic of 2oth century geology, unmatched in scope and comprehensiveness. 
;..;early fioo pages cover the structure and origins of every kind of sedimenta~y, 
hydrogenic. oceanic, pyroclastic. atmoclastic, hydroclastic. marine hnlro_clas~tc, 
and bioclastic rock; metamorphism; erosion; etc. Includes also the consu_tt~t~on 
of the atmosphere; morphology of oceans, rivers, glaciers; volcanic acuvtues; 
faults and earthquakes; and fundamental principles of paleontologY (nearly ~00 
pages). :'\ew introduction by Prof. :\1. Kay, Columbia li. 1277 bibliograp~1!cal 
entries. 2fi.1 diagrams. Tables, maps, etc. Two volume set. Total of XXXII + 
ItH:;pp. :;% x H. Vol. 1 Paperbound S2.:;u, Vol. 2 Paperbound $2-5°• 

The set $5.00 

S:-;ow CRYSTALS, II'. A. Be11tley mul II'.]. HumjJhr·cys 
Over 2oo pages of Bentley's famous microphotographs of snow nakes-t_he pro· 
duct of painstaking, methodical work at his Jericho. Vermont studio. !he 
pictures, which also include plates of frost. glaze and dew on vegetation, spal~r 
webs, windowpanes; sleet; graupcl or soft hail, were chosen both for th~tr 
scientific interest and their aesthetic qualities. The wonder of nawre's diverstty 
is exhibited in the intricate, beautiful patterns of the snow nakes. Introductory 
text by \V. J. Humphreys. Selected bibliography. 2 .. 153 illustrations. !!2.1PP· 
8 x wy,;. Paperbound $3.25 

TilE BIRTH A:"D DEVELOI'~IE:"T OF TilE GEOLOGICAL Scn::"CI·:S, 

F. D. Adams 
\fost thorough history of the earth sciences ever written. Geological thought 
from earliest times to the end of the tgth century. covering over 300 early 
thinkers & systems: fossils & their explanation, vulcanists vs. neptunists, figured 
s~ones & paleontology, generation of stones, dozens of similar topics. 91 illustra­
tions, including medieval, renaissance woodcuts, etc. Index. 632 footnotes, 
mostly bibliographical. 511pp. s% x R. Paperbound $2.75 

0RGA..,.IC CHEMISTRY, F. C. IV/titmore 
The entire subject of organic chemistry for the practicing chemist and the 
~dvanced student. Storehouse of facts, theories, processes found elsewhere only 
111 specialized journals. Covers aliphatic compounds (:;oo pages on the prop· 
erties and symhetic preparation of hydrocarbons, halides, proteins, ketones, 
etc.), alicyclic compounds, aromatic compounds, heterocyclic compounds, or­
g~nophosphorus and organometallic compounds. 1\.lethods of synthetic prepara· 
tton analyzed critically throughout. Includes much of biochemical interest. 
"The scope of this volume is astonishing," Industrial all(/ E11gi11eni11g 
Clu:mislr)'· I2,oou-reference index. 2387-item bibliography. Total of x + 
I oo;;pp. 5% x H. Two volume set, paperbound S-l·:iO 

TilE I'IIASE RULE AND ITS API'LICATIOI\, 

A lexa11der· Fi11dlav 
Cc~vering chemical phenomena of 1, 2, 3· 4. and multiple component systems, 
this. "standard work on the subject" (Nature, London), has been completely 
revtsed and brought up to date by A. N. Campbell and N. 0. Smith. Brand 
new material has been added on such matters as binary, tertiary liquid 
equilibria, solid solutions in ternary systems, quinary systems of salts and 
water._ Completely revised to triangular coordinates in ternary systems, clarified 
?raphtc representation, solid models, etc. gth revised edition. Author, subject 
mdexes. 236 figures. so:; footnotes, mostly bibliographic. xii + ·19·1PP· s:;;,. X H. 

Paperbound $2.75 



CATAI.OGUI~ OF DOT'Im /lOOKS 

A CouRsE 1:-.; :\IATIIE~IATIC:,\1. A:-:AL\"sls. 
Eclouard Coursat 

Trans. by E. R. Hedl"ick, 0. Dunkel. H. G. Bergmann. Classic studv of £mula· 
mental material thoroughly u·eated. Extremely lucid exposition of ·wide range 
of subject matter fm· student with one yea1· of calculus. Vol. 1: Derivatives and 
dilferentials, definite integrals, expansions in sel"ies. applications to gcometrv. 
52 figures, 556pp. Paperbound S2.:,o. Vol. 2, Part 1: Functions of a complex 
variable, confonnal 1·epresentations, doubly periodic functions. nalllral hound· 
aries, etc. 3R figures, 26gpp. Paperbound S1.R::;. \'ol. 2, Part 2: Differential 
equations, Cauchy-Lipschitz method. nonlinear ditre1·ential equations. simul· 
taneous equations. etc. 311Hpp. Paperbound S1.H::;. \'ol. :l· Part 1: \'ariation of 
solutions, partial dill'crential equations of the second ordel'. 15 figures. 339PP· 
Paperbound S3.oo. \'ol. :1· Part 2: Integral equations, calculus of val'iations. 
13 figu1·es, 38gpp. Paperbound S3.m1 

l'I.A:'I:ETS, STARS A:o.;n GALAXIES, 
A. E. Fmmi11g 

Descriptive astronomy for beginners: the solar system: neighhol'ing galaxies: 
seasons; quasars; fly-hy results from :\Iars. Venus. :\loon; radio astronomv; etc 
all simply explained. Revised up to I!Jlili by author and Prof. D. H. :\lenzel. 
Conner Director. Harvard College Observatory. 29 photos. 1 (j ligures. 1 H!Jpp. 

5 o/!! x 8\1:!. Paperbound S 1 .::;o 

GREAT lnJ-:AS 1:-.; 1:-.:FoR~tATio:-.; ·ru..:oRY. LA:-.;c;t•.u;F A:o.;u CYIIFR:o.;FTICS. 

]agjit Si11gll 
\Vinn'Cr of Cnesco's Kalinga Prize covers language. metalanguages. analog and 
digital computers. neural sys_tems: work of :\ll'Culloch. _Pitts, ,·on :\'eumann. 
Turing. other important top1cs. :-o;o advanced mathematll's needed, yet a full 
discussion without compromise or distortion. 11H figures. ix + :13Hpp. ::;:1;,. x HJ,~. 

Paperbound S2.oo 

GEOMETRIC EXERCISES 1:-.; J'AI'FR Fot.DI:o.;G, 
T. Su11dam Rml' 

Regular polygons, cirdes and oth~r curves _c•_m he folded or pricked on papel'. 
then used to demonstrate geometnc propositions. work CHit proofs. set up well· 
known problems. Hg illustrations. photographs of anually folded sheets. xii + 
1.1Hpp. 5% x H\1:!. Paperbound S 1 .oo 

VISUAL lt.LUSIO:o.;S, TIIEIR CAl!SES, CIIARACTERISTICS AXIl :\I'I'LICATIO:'I:S, 
JH. Lucllicslt 

The visual process. the struclllre of the eye. ~eometric. perspective illusions. 
influence of angles, illusions or. depth a_nd d~st~nce, color illusions, lighting 
effects, illusions in nature, speCial uses Ill pamtmg, decoration, architecture. 
magic, camouflage. New introdu~tion hy ."'· H. lt!lcson covers modern develop· 
ments in this area. 1110 illustratwns. XXI + 252pp. 5% x 8. 

i\TO~IS ,\:o.;J) :\IOLEClTLES SJI\II'L\' EXI'LAI:'I:ED, 
JJ. C. Sau11das a11d R. E. D. Clark 

Paperbound S 1.::;o 

Introduction to chemical phenomena and their applications: cohesion. panicles. 
crystals, tailoring big molecules, chemist as an·hiten. with applications in 
1·adioactivity, color photography. synthetics. biochemistry. polymers. and man\' 
other important areas. Non technical. 9!"1 figures. x + 29!JPP· ::;% x Hlh. 

l'aperhouncl S 1.;,o 



CATALOGUE OF DOI'ER JJOOI\S 

THE PRI/IOCII'LES OF ELECTROCIIE:O.IISTR Y, 

D. A. Macinnes 
Basic equations for almost every suhfield of electrochemistry from lir~t prin· 
ciplcs, referring at all times to the soundest and most recent theot·1es and 
results; unusually useful as text or as reference. Covers coulomcters and 
Faraday's Law, electrolytic conductance, the Debye-Hueckcl method for the 
theoretical calculation of activity coefficients, concentration cells. ~tandar_d 
electrode potentials, thermodynamic ionization constants, pH. potenll~,m~tnc 
titrations, irreversible phenomena. Planck's equation, and much more. 2 md1ccs. 
Appendix. 585-itcm bibliography. 13i ligures. !J.I tables. ii + .Jjllpp. 5~~H x H¥t.. 

Paperbound S2-i5 

l\fATHEMATJcs OF MoDER/10 E:-.GJ/IOEERJ:-oG, 

E. G. Keller and R. E. Doherlv . 
Written for the Advanced Cours~ in Engineering of the General Elcctnc 
Corporation, deals with the engineering usc of determinants. tensors. the 
Hcavisidc operational calculus, dyadics, the calculus of variations, etc. ~rese.nts 
underlying principles fully, hut emphasis is on the perennial engmccnn7 
attack of set-up and solve. Indexes. Over 185 figures and tables. Hundreds 0 

exercises, problems, and worked-out examples. References. Two volume set. 
Total of xxxiii + 623pp. 5% x 8. Two volume set. paperbound S3·i0 

AERODYNAMIC THEORY: A GE:-oERAI. RE\'IEW OF PROGRESS, 

William F. Durand, editor-in-chief 
A monumental joint effort by the world's leading authorities prepared under 
a grant of the Guggenheim Fund for the Promotion of Aeronautics. Never 
equalled for breadth, depth, reliability. Contains discussions of special mathc· 
matical topics not usually taught in the engineering or technical courses. Al~o: 
an extended two-part treatise on Fluid Mechanics, discussions of aerodyn;~nu~s 
of perfect fluids, analyses of experiments with wind tunnels, applied a1rf~!l 
theory, the nonlifting system of the airplane, the air propeller, hydrodynamics 
of boats and floats, the aerodynamics of cooling. etc. Contributing experts 
include Munk, Giacomelli, Prandtl, Toussaint, Von Karman, Klempcrcr. among 
others. Unabridged republication. 6 volumes. Total of 1,012 figures, 12 plates, 
2,186pp. Bibliographies. Notes. Indices. 5% x 8~. 

Six volume set, paperbound S13.50 

FUNDAI\fE!I;TALS OF HYDRO· A/IOD AEROMECIIA/IOICS, 

L. Prandtl and 0. G. Tietjens . 
The well-known standard work based upon Prandtl's lectures at G?ctun~cn. 
Wherever possible hydrodynamics theory is referred to practical consHicrall?ns 
in hydraulics, with the view of unifying theory and experience. PresentatiOn 
i~ extremely clear and though primarily physical, mathematical pr?ofs ~rc 
ngorous and usc vector analysis to a considerable extent. An Engmccnng 
Society Monograph, 1934. 186 figures. Index. xvi + 2jopp. 5% x 8. 

Paperbound $2.00 

APPLIED HYDRO· AND AEROI\.IECHANICS, 

L. Prandtl and 0. G. Tietjens 
Presents for the most part methods which will he valuable to engineers. Covers 
flow in pipes, boundary layers, airfoil theory, entry conditions, turbulent flow 
in pipes, and the boundary layer, determining drag from measurements of 
pressure and velocity, etc. Unabridged, unaltered. An Engineering Society 
l\lonograph. 1934. Index. 226 ligures, 28 photographic plates illustrating flow 
patterns. xvi + 311pp. 5% x R. Paperbound )2.00 



CATALOGUE OF DOf'ER BOO.l{S 

:\I'I'I.IED OPTICS A:o-;D OPTICAL DESIG1', 

11. E. Co11rndv 
"'ith publication of vol. 2. standard work for designers in optics is now 
complete for first time. Only work of its kind in English; only detailed work 
for practical designer and self-taught. Requires. fm· hulk of work. no math 
above trig. Step-by-step exposition, from fundamental concepts of geomcu·ical. 
physical optics, to systematic study. design. of almost all types of optical 
systems. Vol. 1: all ordina1·y ray-tracing methods; primary aberrations; neces­
sary higher aberration for design of telescopes, low-power microscopes, photo­
graphic equipment. \'ol. 2: (Completed from authm-'s notes by R. Kingslake. 
Dir. Optical Design, Eastman Kodak.) Special attention to high-power mino­
scope. anastigmatic photographic objectives. "An indispensable work,"]., Opti­
cal Soc. ofllmn·. Index. Bibliography. 193 diag1·ams. 8:;2pp. GV!i x gl,!.l. 

Two volume set, paperbound Si.oo 

;\[ECIIA:-.:ICS OF TilE GYROSCOPE, TilE l)y:o-;AMICS OF ROTATio:-;, 

R. F. Deimd, Professor of :"\[echanical Engineering at Stevens Institute of 
Technology 

Elementary general treatment of dynamics of rotation, with special application 
of gyroscopic phenomena. No knowledge of vectors needed. Velocity of a moving 
curve, acceleration to a point, general equations of motion. g)TOscopic horizon. 
free gyro, motion of discs, the damped gyro. 103 simila1· topics. Exercises. 
i5 figures. 2o8pp. 5% x 8. Paperbound $Li5 

STRE:-;GTJI OF MATERIALS, 

]. P. De11 Har-tog 
Full, clear treatment of elementary material (tension, torsion, bending. com­
pound stresses, deflection of beams, etc.), plus much advanced material on 
engineering methods of great practical value: full treatment of the l\lohr circle, 
lucid elementary discussions of the theory of the ccntc1· of shear and the 
"Myosotis" meth.od of calculating beam dcfl,ections, reinfm·ccd conc1·ete, plastic 
deformations, photoelasticity. etc. In all sections, both general principles and 
concrete applications arc given. Index. 1 Hfi figures ( 1 Go others in problem 
section). 350 problems, all with answers. List of fonnulas. viii + 323pp. 5% x 8_ 

HYDRAULIC TRA1'SIENTS, 

G. R. Rich 

Paperbound S2.oo 

The best text in hydraulics ever printed in English ... by former Chief Design 
Engineer for T.V.:\. Provides a transition from the basic difl'ercntial equations 
of hydraulic transient theory to the arithmetic intcgt·ation computation re­
quired by practicing engineers. Sections cover \\'ater Hammer, Turbine Speed 
Regulation, Stability of Governing. \Vatcr-Hammer Pressures in Pump Dis­
charge Lines, The Differential and Restricted Orifice Surge Tanks, The 
Normalized Surge Tank Charts of Calame and Gaden, Navigation Locks, 
Surges in Power Canals-Tidal Harmonics, etc. Revised and enlarged. Author's 
prefaces. Index. xiv + ,togpp. 5% x H\1:!. Pape1·bound S2.50 

Prices subject to change without 11otice . 

.-\vailab,le a_t Y?ur book dealer or write for free catalogue to Dept. Adsci, 
Dover luhhcallons, Inc., 180 Varick St., N.Y., N.Y. 100 q. Dover publishes more 
tl~an '5° hoc~ks each _year on science, elementary and advanced mathematics, 
h1ology, musiC, art, literary history, social sciences and other areas. 



CATALOGUE OF DOVER JWOJ.."S 

THE PRil';CIPLES OF ELECTROCHE~IISTR Y, 

D. A. IIJaclnnes 
Basic equations for almost every subficld of electrochemistry from fir~t prin­
ciples, referring at all times to the soundest and most ren~nt theoncs and 
results; unusually useful as text or as reference. Covers coulomctcrs and 
Faraday's Law, electrolytic conductance, the Dehye-Hucckel method for the 
theoretical calculation of activity coefficients, umccntration cells. s_tandar_d 
electrode paten tials, thcrmodynam ic ionization constants. pH. potenll~nn~u·tc 
titrations, irreversible phenomena. Planck's equation. and much more. 2 mdtccs. 
Appendix. 585-itcm bibliography. 137 figures. !II tables. ii + .JjHpp. !i:Y'i. x 8%-

l'aperbound S2.75 

:MATHEMATICS OF MoDER:-; E:-;c;t:-;Et:Rt:-;c;, 
E. G. Keller and R. E. Dohertv 

"\Vrittcn for the Advanced Cours~ in Engineering of the General Electric 
Corporation, deals with the engineering usc of determinants. tensors, the 
Hcavisidc operational calculus, dyadics, the calculus of variations. etc. ~'rcsc~lls 
underlying principles fully, hut emphasis is on the perennial cngmccnng 
attack of set-up and solve. Indexes. Over 1s5 figures and tables. Hundreds of 
exercises, pr~l_>_lcms, and worked-out examples. References. Two volume set. 
Total of XXXIII + 623pp. 5% x 8. Two volume set. paperbound 53-70 

AERODYNAMIC THEORY: :\ Gt::-;ERAI. REI"IEW OF J'KOCRI·:SS, 

William F. Durand, editor-in-chief 
A monumental joint effort by the world's leading authorities prepared under 
a grant of the Guggenheim Fund for the Promotion of Aeronautics. Never 
equ~llcd fo~ breadth, depth, reliability. Contains discussions of special mathe­
matical toptcs not usually t~ught in the engineering or technical courses. Al~o: 
an extended two-part treatise on Fluid l\!echanics, discussions of aerodynamics 
of perfect fluids, analyses of experiments with wind tunnels. applied airfoil 
theory, the nonlifting system of the airplane. the air propeller. hydrodynamics 
?f boats and flo~ts, the. aerodynamics of cooling. etc. Contributing experts 
mcludc 1\funk, Gtacomclh, Prandtl, Toussaint, Von Karman, Klcmpercr. among 
others. Unabridged republication. G volumes. Total of 1 ,ot2 figures, 12 plates, 
2,186pp. Bibliographies. Notes. Indices. !i% x 8t;2. 

Six volume set, paperbound S•3-50 

FUNDAMENTALS OF HYDRO- Al';D AEROMECIIAl';ICS, 
L. Prandtl and 0. G. Tietjer1s 

The well-known standard work based upon Prandtl's lectures at Goettingen. 
"\\'hcrcvcr possible hydrodynamics theory is referred to practical considerations 
in hydraulics, with the view of unifying theory and experience. Presentation 
is extremely clear and though primarily physical. mathematical proofs arc 
rigorous and usc vector analysis to a considerable extent. An Engineering 
Society Monograph, 1931· 186 figures. Index. xvi + 27opp. 5% x 8. 

Paperbound S2.oo 

APPLIED HYDRO- AND AEROMECHANICS 
L. Pra11dtl and 0. G. Tietjens ' 

Presents for the most part methods which will he valuable to engineers. Covers 
flow in pipes, boundary layers, airfoil theory, entry conditions, turbulent flow 
in pipes, and the boundary layer, determining drag from measurements of 
pressure and velocity, etc. Unabridged, unaltered. :\n Engineering_ Society 
Monograph. 193·1· Index. 22G hgurcs, 28 photographic plates illustrating flow 
patterns. xvi + 311 pp. 5% x H. Paperbound $2.00 



CATALOGUE OF DOVER BOOKS 

:\I'I'LIF.D OPTICS A~D OPTICAL DESIGI'\, 

A. F.. Co11rady 
\\'ith puhlicatio;1 of vol. 2, standard work for designers in optics is now 
complete for first time. Only work of its kind in English; only detailed work 
for practical designer and self-taught. Requires, for bulk of work, no ~ath 
ahovc trig. Step-by-step exposition, from fundamental concepts of geometn~al, 
physical optics, to systematic study, design, of almost all types_ of opucal 
systems. Vol. 1: all ordinary ray-tracing methods; primary aberrations; neces­
sary higher aberration for design of telescopes, low-power microscope~, photo­
graphic equipment. Vol. 2: (Completed from author's notes by R. Kmgs~akc, 
Dir. Optical Design, Eastman Kodak.) Special attention to high-power mlcr<~­
scope. anastigmatic photographic objectives. "An indispensable work," f., Opt•­
ral Soc. of A ma. Index. Bibliography. 193 diagrams. 852pp. 61/s X 91.4-

Two volume set, paperbound S7.oo 

:\[ECIIA='OICS OF TilE GYROSCOPE, THE DY~AMICS OF RoTATION, 

U. F. Dl"imel, Professor of Mechanical Engineering at Stevens Institute of 
Technology 

Elementary general treatment of dynamics of rotation, with special applicat~on 
of gyroscopic phenomena. No knowledge of vectors needed. Velocity of a mo_vmg 
curve, acceleration to a point, general equations of motion, gyroscopic hon~on, 
free gyro, motion of discs, the damped gyro, 1o3 similar topics. Exercises. 
75 figures. 2oRpp. 5% x 8. Paperbound S1.75 

STRE~GTII OF MATERIALS, 

]. P. De11 Hartog 
Full, clear treatment of elementary material (tension, torsion, bending: com­
pou_nd s~resses, deflection of beams, etc.), plus much advanced matena_l on 
cngmcenng methods of great practical value: full treatment of the Mohr Circle, 
lucid elementary discussions of the theory of the center of shear and t~e 
.. Myosotis" method of calculating beam deflections, reinforced concrete, plastic 
deformations, photoclasticity, etc. In all sections, both general principles and 
concrete applications arc given. Index. 1H6 figures (160 others in problem 
section). 350 pmblcms, all with answers. List of formulas. viii + 323PP· 5% x 8· 

Paperbound $2.00 

HYDRAULIC TRANSIENTS, 

G. R. Rich 
The best text in hydraulics ever printed in English ... by former Chief D~ign 
Engineer for T.V.A. Provides a transition from the basic differential eq~latwns 
of hydraulic transient theory to the arithmetic integration computatiOn re­
quired hy practicing engineers. Sections cover Water Hammer, Turbine Spe:d 
Regulation, Stability of Governing, \\'atcr-Hammcr Pressures in Pump Dis­
charge Lines, The Differential and Restricted Orifice Surge Tanks, The 
:'1/orma!ized Surge Tank Charts of Calame and Gaden, Navigation Lock~, 
Surges in Power Canals-Tidal Harmonics, etc. Revised and enlarged. Authors 
prefaces. Index. xiv + -1ogpp. 5% x 8V2. Paperbound S2 ·5° 

Prices subject to change without 110tice. 

Available at your book dealer or write for free catalogue to Dept. Adsci, 
Dover Publications, Inc., 180 Varick St., N.Y., N.Y. 1oo14. Dover publishes m~re 
than 150 hooks each year on science, elementary and advanced mathematics, 
biology, music, art, literary history, social sciences and other areas. 
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THE ADVANCED GEOMETRY OF PLANE CuRVES AND THEIR APPLICA-
TIONS, C. Zwikker. (61078-0) $2.00 

TRIGONOMETRICAL SERIES, Antoni Zygmund. (60290-7) $2.00 
PROBABILITY THEORY, A. R. Arthurs. (61724-6) $1.25 
SoLUTIONs OF LAPLACE's EQUATIONS, D. R. Bland. (61452-2) $1.25 
VIBRATING STRINGS, D. R. Bland. (61451-4) $1.25 
VIBRATING SYSTEMS, R. F. Chisnell. (61453-0) $1.25 
LINEAR EQUATIONS, P. M. Cohn. (61455-7) $1.25 
SOLID GEOMETRY, P. M. Cohn. (61454-9) $1.25 
PRINCIPLES OF DYNAMICS, M. B. Glauert. (61456-5) $1.25 
SEQUENCES AND SERIES, J. A. Green. (61457-3) $1.25 
SETS AND GROUPs, J. A. Green; (61458-0 $L25 
DIFFERENTIAL CALCULUS, P. J. l:Ii_lt(tfi .. (61:4S9~X) $1.25 
PARTIAL DERIVATIVEs;.i>.":J-. Hilton. (6I460-J~ .. $1.2S.·. 
ELECTRICAL ANDME~HANICAL0SCILLATIONS, D:·.S;:Jq':1es. (61461-1) 

$1.25 .. 

COMPLEX NUMBERS, W._ Lederm·ann: (6i462~X) $1.00 
·. I ' ' 

INTEGRAL CALCUL~, W. Lederma~n. (61463-8) $1.25 
MULTIPLE INTEGRALS;-W,),.edermann. ~61723-8) $1.00 
NUMERICAL APPROXIMATION, B. R. ·Morton. (61464-6) $1.25 
ELEMENTARY DIFFERENTIAL EQUATIONS AND OPERATORS, G. E. H. 

Reuter. (61465-4) $1.25 
FOURIER AND LAPLACE TRANSFORMS, Peter D. Robinson. (62083-2) 

$1.25 
FouRIER SERIES, I. N. Sneddon. (61466-2) $1.25 
DIFFERENTIAL GEOMETRY, K. L. Wardle. (61467-0) $1.25 

Paperbound unless otherwise indicated. Prices subject to change 
without notice. Available at your book dealer or write for free 
catalogues to Dept. TF 2, Dover Publications, Inc., 180 Varick 
Street, N.Y., N.Y. 10014. Please indicate field of interest. Each year 
Dover publishes more than 150 classical records and books on art, 
science, engineering, humor, literature, philosophy, languages, chess, 
puzzles, music and other areas. 



MATHEMATICAL 
FOUNDATIONS OF 

INFORMATION THEORY 
A. I. KHINCHIN 

The first comprehensive introduction to information theory, this 
book places the work begun by Shannon and continued by McMillan, 
Feinstein and Khinchin on a rigorous mathematical basis. For the 
first time, mathematicians, statisticians, physicists, cybcrncticists and 
communications engineers arc olfcrcd a lucid, comprehensive intro­
duction to this rapidly growing field. 

In his first paper, Dr. Kliinchin develops the concept o~ cn.tropy it~ 
probability theory as a measure of unccrlainty of a fimte scheme, 
and discusses a simple application to coding theory. The second 
paper investigates the restrictions previously placed on the swdy of 
sources, channels and codes and attempts "to give a complet~, 
detailed proof of both ... Shannon theorems, assuming any ergodic 
source and any stationary channel with a finite memory." 

Partial Contents: I. The Entropy Concept in Probability Theory­
Entropy of Finite Schemes. The Uniqueness Theorem. Entropy of 
Markov chains. Application to Coding Theory. II. On t~e !unda­
mental Theorems of Information Theory- Two generahzauons of 
Shannon's inequality. Three inequalities of Feinstein. Concept of a 
source. Stationarity. Entropy. Ergodic sources. The E property. ~he 
martingale concept. Noise. Anticipation and memory. Connecuon 
of the channel to the source. Feinstein's Fundamental Lemma. Cod­
ing. The first Shannon theorem. The second Shannon theorem. 

First English translation (1957). Translated by R. A. Silverman and 
M. D. Friedman. Re£erences. iii + 120pp. 5% x 8. 

60434-9 Paperboun 

A DOVER EDITION DESIGNED FOR YEARS OF USE! 

We have made every effort to make this the best book possible! Out: 
paper is opaque, with minimal show-through; it will not discolor 
or become briule with age. Pages arc sewn in signatures, in j~~ 
the method traditionall)' used for the best · · ... · ' 
out, as often happens with paperbacks @Library liAS, Shimla 
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