MATHEMATICAL
FOUNDATIONS OF
INFORMATION THEORY

001.539

K528 M

8. 55
S8



DOVER BOOKS ON INTERMEDIATE
AND ADVANCED MATHEMATICS

AN INTRODUCTION TO THE GEOMETRY OF N DIMENSIONS, D. N, Y,
Sommerville. (60494-2) $1.50

AN INTRODUCTION TO THE THEORY OF CANONICAL MATRICES, H. W.
Turnbull and A. C. Aitken. (60177-3) $1.55

ELEMENTS oF NUMBER THEORY, 1. M. Vinogradov. (60259-1) $2.00

THEORY OF FUNCTIONALS; AND OF INTEGRAL AND INTEGRO-DIFFEREN-
T1AL EQUATIONS, Vito Volterra. (60502-7) $1.75

THE SCHWARZ-CHRISTOFFEL TRANSFORMATION AND ITS APPLICATIONS

—_A SiMpLE ExposITION, Miles Walker. (61149-3) $1.25

ALGEBRAIC CURVES, Robert J. Walker. (60336-9) $2.50

SELECTED PAPERS ON NOISE AND STOCHASTIC PROCESSES, edited by
Nelson Wax. (60262-1) $3.00

PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICs,
Arthur G. Webster. (60263-X) $2.75

LECTURES ON MATRICES, J. H. M. Wedderburn. (61199-X) $1.65

THEORY OF ELASTICITY AND PLASTICITY, H. M. Westergaard. (61278-3)
$1.75

THe THEORY OF GROUPS AND QUANTUM MECHANICS, Hermann
Weyl. (60269-9) $2.75

CaLcuLus OF OBSERVATIONS, E. T. Whittaker and G. Robinson.
(61763-7) $2.75

THE FOURIER INTEGRAL AND CERTAIN OF ITs AppPLICATIONS, Norbert
Wiener. (60272-9) $2.00

PRACTICAL ANALYSIS: GRAPHICAL AND NUMERICAL METHODS,
Frederick A. Willers. (60273-7) $2.75

VECTOR ANALYSIS WITH AN INTRODUCTION TO TENSOR ANALYSIS,
Albert P. Wills. (60454-3) $2.00

ADVANCED CaLcuLus, Edwin B. Wilson. (60504-3) $3.00

AN INTRODUCTION TO PROJECTIVE GEOMETRY, Roy M. Winger.
(60949-9) $2.00

HIGHER GEOMETRY: AN INTRODUCTION TO ADVANCED METHODS IN
ANALYTIC GEOMETRY, Frederick S. Woods. (60737-2) $2.00

(continued on back flap)



LA 20 V) :
01‘ iy !;

os(‘\"""‘ HOUSE & """\ DAY A ENTERED
Lopor el

%, T’ CATALUGLUED

A .
* s s'!ﬂ\o"b






Mathematical Foundations of

INFORMATION THEORY

A. I. Khinchin

TRANSLATED BY
R. A. SILVERMAN
Institute of Mathematical Sciences
New York University
AND
M. D. FRIEDMAN
Lincoln Laboratory
Massachusetts Institute of Technology

Dover Publications, Inc., New York



= e
ZRUTE OF A0y

o= 2
S e v 31BN,
rx : \ e
(2 o TR E 00155
~ \\\~_ ._/_*/.‘/ ‘ A<; o v
# smu\ :#//( ‘..‘ ' e
~ Gy

Copyright © 1957 by Dover Publications, Inc.
All rights reserved under Pan American and Inter-
national Copyright Conventions.

Published in Canada by General Publishing Com-
pany, Ltd., 30 Lesmill Road, Don Mills, Toronto,
Ontario.

Published in the United Kingdom by Constable
and Company, Ltd., 10 Orange Street, London wcC 2.

This Dover edition, first published in 1957, is a
new translation of two Papers by A 1. Khinchin which
appeared originally in Russian jn Uspekhi Matema-
ticheskikh Nauk, vol. VII, no. 3, 1953, Pp- 3-20 and
vol. XI, no. 1, 1956, pp. 17-75.

@Lihru ry TS, Shimla
001.533 K 528 M

A

00039351
Standard Book Number: 186-6043-4-9
Library of Congress Catalog Cara Number: 57-13025

Manufactured in the United States of America
Dover l’ublicalions, Inc.
180 Varick Street
New York, N. Y. 10014



. CONTENTS

The Entropy Concept in Probability Theory

# 1. Entropy of Finite Schemes ..... AP 2
% 2. The Uniqueness Theorem ......................... 9
# 3. Entropy of Markov chains ........................ 13
# 4. Fundamental Theorems ........................... 16
# 5. Application to Coding Theory ..............c...... 23

On the Fundamental Theorems of
Information Theory

INTRODUCTION ... e 30

CHAPTER 1. Elementary Inequalities ....................coouun.. 34

4 1. Two generalizations of Shannon’s inequality ............ 34

4 2. Three inequalities of Feinstein ....................... ... 39

CHAPTER II. Ergodic Sources ..............ccviiiuiunennnnno... 44

4 3. Concept of a source. Stationarity. Entropy............. 44

# 4. Ergodic Sources ..... e 49

# 6. The E property. McMillan’s theorem. ............. . .. 54

# 6. The martingale concept. Doob’s theorem. ........ .. .. .. 58

# 7. Auxiliary propositions ....... ... .. ... o L 64

# 8. Proof of McMillan’s theorem. ............. ... .. .. . . 70

CHAPTER III. Channels and the sources driving them ... ... . .. 75
% 9. Concept of channel. Noise. Stationarity. Anticipation

and MeMOrY.........oouiuniuinnai e 75

#10. Connection of the channel to the source ... ... .. . .. . . 8

#11. The ergodic case ..................... ... ... .. .. ... 85

CHAPTER IV. Feinstein’s Fundamental Lemma....... . .. .. . . 90

#12. Formulation of the problem ... ... ... ... .. . . 90

#13. Proof of the lemma .......... ... ... ... 93

CHAPTER V. Shannon’s Theorems ................. ... .. . 102

#14. Coding.................................._ 7 102

#15. The first Shannon theorem .............. .. . . 104

$16. The second Shannon theorem .......... .. . . . . 109

CONCLUSION ... 111






The Entropy Concept in Probability Theory






The Entropy Concept in Probability Theory

(Uspekhi Matematicheskikh Nauk, vol. VIII, no. 3, 1953, pp. 3-20)

In his article “On the Drawing of Maps” P.L. Chebyshev
beautifully expresses the nature of the relation between scien-
tific theory and practice (discussing the case of mathematics):
“The bringing together of theory and practice leads to the
most favorable results; not only does practice benefit, but the
sciences themselves develop under the influence of practice, which
reveals new subjects for investigation and new aspects of
familiar subjects.” A striking example of the phenomenon
described by Chebyshev is afforded by the concept of entropy
in probability theory, a concept which has evolved in recent
years from the needs of practice. This concept first arose in
attempting to create a theoretical model for the transmission
of information of various kinds. In the beginning the concept
was introduced in intimate association with transmission ap-
paratus of one kind or another; its general theoretical signi-
ficance and properties, and the general nature of its application
to practice were only gradually realized. As of the present, a
unified exposition of the theory of entropy can be found only
in specialized articles and monographs dealing with the trans-
mission of information. Although the study of entropy has
actually evolved into an important and interesting chapter of
the general theory of probability, a presentation of it in this
general theoretical setting has so far been lacking.
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This article represents a first attempt at such a presentation.
In writing it, I relied mainiy on Shannon’s paper “The Mathe-
matical Theory of Communication”.* However, Shannon’s
treatment is not always sufficiently complete and mathemati-
cally correct, so that besides having to free the theory from
practical details, in many instances I have amplified and changed
both the statement of definitions and the statement and proofs
of theorems. There is no doubt that in the years to come the
study of entropy will become a permanent part of probability
theory; the work I have done seems to me to be a necessary

stage in the development of this study.

21. Entropy of Finite Schemes

In probability theory a complete system of events A, A,
-+, A, means a set of events such that one and only one of
them must occur at each trial (e.g., the appearance of 1, 2, 3,
4,5, or 6 points in throwing a die). In the case n=2 we have
a simple alternative or pair of mutually exclusive events (e.g.,
the appearance of heads or tails in tossing a coin). If we are
given the events A4, 4,,--., A, of a complete system, together
with their probabilities p,, p,,---, p, (p,>0, 3 p,=1), then we
say that we have a finite scheme

A=(A Azeee A (1)
Dy Do D’

In the case of a “true” die, designating the appearance of ¢
points by A, (1£14£6), we have the finite scheme

(A, A, A, A, A, AG>
1/6 1/6 1/6 1/6 1/6 1/6/ -

* C. E. Shannon, Bell Syatem Technical Journal, 27. 379-423; 623-656 (1948).
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Every finite scheme describes a state of wuncertainty. We
have an experiment, the outcome of which must be one of the
events A,, A.,---,A,, and we know only the probabilities of
these possible outcomes. It seems obvious that the amount of
uncertainty is different in different schemes. Thus, in the two
simple alternatives

(Al A2> ( A, A )
0.5 0.5/ 0.99 0.01/>
the first obviously represents much more uncertainty than the
second; in the second case, the result of the experiment is

“glmost surely” A,, while in the first case we naturally refrain
from making any predictions. The scheme

(o3 02)
0.3 0.7
represents an amount of uncertainty intermediate between the

preceding two, etc.
For many applications it seems desirable to introduce a

quantity which in a reasonable way measures the amount of
uncertainty associated with a given finite scheme. We shall

see that the quantity
H(plv Doyt pn): - Lzulpk Ig Y

can serve as a very suitable measure of the uncertainty of the
finite scheme (1); the logarithms are taken to an arbitrary but
fixed base, and we always take p,lg p,=0 if p,=0. We shall
call the quantity H(p,, p.,---, »,) the entropy of the finite
scheme (1), pursuing a physical analogy which there is no need
to go into here. We now convince ourselves that this function
actually has a number of properties which we might expect
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of a reasonable measure of uncertainty of a finite scheme.

First of all, we see immediately that H(p,, p.,---, »,)=0, if
and only if one of the numbers p, p.,---, p, is one and all the
others are zero. But this is just the case where the result of
the experiment can be predicted beforehand with complete
certainty, so that there is no uncertainty as to its outcome.
In all other cases the entropy is positive.

Furthermore, for fixed » it is obvious that the scheme with
the most uncertainty is the one with equally likely outcomes,
ie., p,=1/n (k=1,2,---,7n), and in fact the entropy assumes its
largest value for just these values of the variables p,. The
easiest way to see this is to use an inequality which is valid
for any continuous convex function ¢(x)

( k—' ay ) (/}(at)

where a,, a.,--+,a, are any positive numbers Setting a,=p,

and @(x)=xlg x, and bearing in mind that :D‘—l we find
1,113 __1
o)yl e n=—LHp p )

whence

H(py, Do 1 D) 1gn=H<l, 1... 1), QED.
n n n -

Suppose now we have two finite schemes

Az(‘4l A‘L"'°An>’ B (B B B:n
pl p‘l' °t pn ql q~_' qm
and let these two schemes be (mutually) independent, i.e., the
probability =,, of the joint occurrence of the events A, and
B, is p.q,. Then, the set of events A,B, (14£k<£mn, 1£1£m)
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with probabilities 7, represents another finite scheme, which
we call the product of the schemes 4 and B and designate by
AB. Let H(A), H(B), and H(AB) be the corresponding entro-

pies of the schemes A, B, and AB. Then
H(AB)=H(A)+H(B), (2)

for, in fact
—H(AB)=>3 7y lg my =23 pua. (g pitlg )=
=X rlgnSat+>alga3ip=—H(A)—H(B).
We now turn to the case where the schemes A4 and B are

(mutually) dependent. We denote by g¢,, the probability that
the event B, of the scheme B occurs, given that the event A,

of the scheme A occurred, so that
T = PiQy (1 LkLn, 1L lL 'm')-
Then

—H(AB)=232: P (g P +1g Q)=
=,2 Dy lg Dy 2 9.+ S‘L_x pkfl]q“ lg Qi -

Here Y)g.,=1 for any k, and the sum —Zlq,,, lg ¢,, can be
!

regarded as the conditional entropy H,(B) of the scheme B,

calculated on the assumption that the event A, of the scheme
A occurred. We obtain

H(AB)=H(4)+ p,H(B).

The conditional entropy H,(B) is obviously a random variable

in the scheme A; its value is completely determined by the
knowledge of which event A, of the scheme A actually occurred.
Therefore, the last term of the right side is the mathematical
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expectation of the quantity H(B) in the scheme A, which we
shall designate by H,(B). Thus in the most general case, we
have

H(AB)=H(A)+ H,(B). (3)

It is self-evident that the relation (8) reduces to (2) in the
special case where the schemes A and B are independent.

It is also interesting to note that in all cases H,(B) <L H(B).
It is reasonable to interpret this inequality as saying that, on
the average, knowledge of the outcome of the scheme A can
only decrease the uncertainty of the scheme B. To prove this,
we observe that any continuous convex function J(%) obeys
the inequality*

%} A f(@)> f(? 242,

if 2,20 and >1A,=1. Therefore, setting f(x)=21g %,

k

4= Py Tu=qx» we find for arbitrary I that
g‘. Pl 18 G > (LZ P g G pg.)=a.18 9
k

since obviously Ekkaklz(IL' Summing over I, we obtain on the

left side the quantity
Zk} 2 E, a0 lg q,= —; p.H(B)=—H(B),
and consequently we find
—H(B)>3>jq.lg¢=—H(B), QE.D.

If we carry out an experiment the possible outcomes of which
are described by the given scheme A, then in doing so we
obtain some information (i.e., we find out which of the events

* See, for example, Hardy, Littlewood, and Pdlya, Inmequalitics, Cambridge University
Press, 1934.
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A, actually occurs), and the uncertainty of the scheme is
completely eliminated. Thus, we can say that the information
given us by carrying out some experiment consists in removing
the uncertainty which existed before the experiment. The
larger this uncertainty, the larger we consider to be the amount
of information obtained by removing it. Since we agreed to
measure the uncertainty of a finite scheme A4 by its entropy
H(A), it is natural to express the amount of information given
by removing this uncertainty by an increasing function of the
quantity H(A). The choice of this function means the choice
of some unit for the quantity of information and is therefore
fundamentally a matter of indifference. However, the proper-
ties of entropy which we demonstrated above show that it is
especially convenient to take this quantity of information pro-
portional to the entropy. Indeed, consider two finite schemes
A and B and their product AB. Realization of the scheme AB
is obviously equivalent to realization of both of the schemes A4
and B. Therefore, if the two schemes A and B are independent,
it is natural to require the information given by the realization
of the scheme AB to be the sum of the two amounts of in-
formation given by the realization of the schemes A and B;
since in this case

H(AB)=H(A)+ H(B),

this requirement will actually be met, if we consider the amount
of information given by the realization of a finite scheme to
be proportional to the entropy of the scheme. Of course, the
constant of proportionality can be taken as unity, since this
choice corresponds merely to a choice of units. Thus, in all

that follows, we can consider the amount of information given
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by the realization of a finite scheme to be equal to the entropy
of the scheme. This stipulation makes the concept of entropy
especially significant for information theory.

In view of this stipulation, let us consider the case of two
dependent schemes A and B and the corresponding relation (3).
The amount of information given by the realization of the
scheme AB is equal to H(AB). However, as explained above,
in the general case, this cannot be equal to H(A)+ H(B).
Indeed, consider the extreme case where knowledge of the
outcome of the scheme A also determines with certainty the
outcome of the scheme B, so that each event A, of the scheme
A can occur only in conjunction with a specific event B, of
the scheme B. Then, after realization of the scheme A, the
scheme B completely loses its uncertainty, and we have H,(B)=0;
moreover, in this case realization of the scheme B obviously
gives no further information, and we have H(AB)=H(A), so
that relation (3) is indeed satisfied. In all cases, the quantity
H,(B) introduced above is the amount of information given by
the scheme B, given that the event A, occurred in the scheme
A; therefore the quantity H,(B)=Y p,H.(B) is the mathe-
matical expectation of the amount kof additional information
given by realization of the scheme B after realization of
scheme A and reception of the corresponding information.
Therefore, the relation (8) has the following very reasonable
interpretation: The amount of information given by the reali-
zation of the two finite schemes A and B, equals the amount of
information given by the realization of scheme A, plus the
mathematical expectation of the amount of additional tnforma-
tion given by the realization of scheme B after the realization

of the scheme A. In just the same way we can give an
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entirely reasonable interpretation of the general inequality
H (B) .- H(B) proved above: The amount of information given
by the realization of a scheme B can only decrease if another
scheme A is realized beforehand.

£2. The Uniqueness Theorem

Among the properties of entropy which we have proved,
we can consider the following two as basic:

1. For given n and for i,"pk:l, the function H(p,, ps,- -+, 0.)

ko

takes its largest value for p,= 1 (k=1,2,---,n).
n

2. H(AB)=H(A)+ H (B).
We add to these two properties a third, which obviously must
be satisfied by any reasonable definition of entropy. Since the
schemes
(Al A, - A,,) and (A, A, --- A, A,,‘,>
Py P2t D N N P U
are obviously not substantively different, we must have
3. H®, D P 0)=H(p, ps---, p,). (Adding the impos-
sible event or any number of impossible events to a scheme
does not change its entropy.) We now prove the following
important proposition:
Theorem 1.
Let H(p,, ps- -+, D) be a function defined for any integer
n and for all values p,, .- -+, 0, such that p. >0 (k=1.2,---,n),
klz'lpk:l. If for any m this function is continuous with respect

to all its arguments, and if it has the properties 1, 2, and 3,
then

H(,, psye ey p)= —lrLz‘lpk» Ig p,,
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where 2 is a positive constant.

This theorem shows that the expression for the entropy of
a finite scheme which we have chosen is the only one possible
if we want it to have certain general properties which seem
necessary in view of the actual meaning of the concept of
entropy (as a measure of uncertainty or as an amount of

information).

Proof.

For brevity we set

H(_l_, 1. l):L(n);

.n n n

we shall show that L(n)=21gn, where 2 is a positive constant.

By 8 and 1, we have

Ly=H(, 2. L O)éH(nil, nil,. . n-lu )=Lint),

so that L(n) is a non-decreasing function of n. Let m and »
be positive integers. Consider m mutually independent finite
schemes S, S,,---, S, each of which contains r equally likely
events, so that

H(SQ:H(% %,. .., %):L(r) (1 £k Zm).

By Property 2 (generalized to the case of m schemes) we have,
in view of the independence of the schemes S,

H(S,S, - -8,)= ﬁ H(S,)=mL().

But the product scheme S,S.---S, obviously consists of »"
equally likely events, so that its entropy is L(r"). Therefore
we have



The Entropy Concept in Probability Theory 11

L(r™y=mL(r), (4)
and similarly, for any other pair of positive integers » and s
L(s"y=nL(s). (5)

Now let the numbers 7, s, and n be given arbitrarily, but
let the number m be determined by the inequalities

,rmésné,rmvl’ ( 6 )
whence

mlgrLnlgs<(m+1)lgr,
(7)

m lgs my 1
n g » n n

It follows from (6) by the monotonicity of the function L(n)
that

L(r™) £ L(s") £ L(r™ "),
and, consequently, by (4) and (5)
mL(r) £ nL(s) £ (m~+1)L(r),
so that

m L) m_ 1
néL—('r')—é_71—+n' (8)

Finally, it follows from (7) and (8) that

Lis) _lgs

o1
L(r) lgr

- n

Since the left side of this inequality is independent of m, and
since n can be chosen arbitrarily large in the right side

L(s) _ L)
lgs lgr’
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which, in view of the arbitrariness of » and s, means that
Lin)=1gn,
where 2 is a constant. By the monotonicity of the function
L{n), we have 20, and our assertion is proved.
This assertion represents the special case p,=1/n (1 Lk .=n)
of the theorem to be proved. We now consider the more
general case, where the p, (k=12,---,7) are any rational

numbers. Let

pk=ﬂ (k=12,---,n),
g9

where all the g, are positive integers and i:gkzg, Let the
Aol

finite scheme A consist of 7 events with probabilities p,, p., - - -, Pu-
Our problem consists in defining the entropy of this scheme.
To this end, we consider a second scheme B, which is dependent
on A and is defined as follows: The scheme B contains ¢
events By, B, -+, B,, which we devide into n groups, contain-
ing g, g+ +*» 9. €vents, respectively. If the event A, occurred
in scheme A, then in scheme B all the ¢, events of the k'th
group have the same probability 1/¢g,, and all the events of
the other groups have probability zero (are impossible). Thus,
given any outcome A, of the scheme A, the scheme B reduces
to a system of g, equally likely events, so that the conditional

entropy
H(B)=H(1/9:,1/9:s- -+, 1/9.)=L{g,)=21g g,,,
which means that
H(B)=XpH(B)=22p g 0,=2> plgp+2lgg. (9 )

We return now to the product scheme AB, consisting of the
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events A,B, (l<LkZLn, 1£Ll.<2g). Such an event is possible
only if B, belongs to the k’th group. Thus, the number of
possible events A4,B, for a given k is g,, and the total number
of possible events in the scheme ABisﬁ]gk= g. The probability
of each possible event A,B, is obviouslky"pk/gk=1/g, i.e., is the

same for all the events. Thus, the scheme AB consists of g
equally likely events, and therefore

H(AB)=L(g)=21g g.
Using property (2) and relation (9), we find

2lgg =H(A)+2ki“l p.lgp.+2lgg,

whence

H(A)=H(p, o+ D)= =22 2. 18 P (10)

Finally, relation (10) which we have proved for rational
Py Par- -+, D,, must be valid for any values of its arguments
because of the postulated continuity of the function H(p,, p.,
.++, ). Thus the proof of Theorem 1 is complete.

%23. Entropy of Markov chains

Suppose we have a simple stationary Markov chain with
a finite number of states A4,, A,,---, A, and with the transition
probability matrix p,, (¢,k=12,---,n). We denote by P, the
probability of the state 4, (1 .£k .<n), so that in particular

S Pp.=P (=12, n) (11)

If the system is in state A,, then its transitions to the dif-
ferent states A, (k=1,2,---,7n) form a finite scheme

<A1 A, .- A,.>
D Pia =0 Dy
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the entropy of which
H;= '“{_.: P lg Dk

depends on ¢ and can be regarded as a measure of the amount
of information obtained when the Markov chain thoves one step
ahead, starting from the initial state A,. The average of this
quantity over all initial states, i.e., the quantity
Hzizl} P.H,= —i'z'l.k’z"EP,p“. lg ..,

is therefore to be regarded as a measure of the average amount
of information obtained when the given Markov chain moves
one step ahead. This quantity H, which we shall call the
entropy of the chain in question obviously characterizes the
chain as a whole; it is clear that it is uniquely determined by
giving the state probabilities P, and the transition probabilities
Dis (léién' 1Lk Zn).

All the concepts which are defined for moving one step ahead
can be easily and naturally generalized to tphe case of moving
ahead an arbitrary number of steps , f tpe system is in
state 4. the‘n it is easy to calculate the probability that in
the next 7 trials we shall find it in the states A4, ,4,,---, A,
in turn, where ki, ko -, k, are arbitrary numbersl fTOI;l 1to nr
Thus, the subseql.lent.fate of a system initially in the state A
in the next 7 trials is desecribed by a finite scheme (with n”
events), with a definite entropy which we designate by H.’
and regard as a measure of the amount of information obtained
in moving ahead 7 steps in the chain, starting from the initial
state 4, The quantity

= i" ])il.l[(r)
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is to be regarded as the average amount of information given
by moving ahead r steps in the given Markov chain. We shall
call it the r-step entropy of the chain in question. The one-
step entropy defined above can obviously be written as H‘".

If the notion of the quantity H‘" as the average amount of
information obtained in moving ahead 7 steps in a given Markov
chain is to be reasonable, then it is natural to require that
for arbitrary positive integers » and s we have

H(r'x)_:H(r)+H(.\')'

or, equivalently, H'"=rH® for any positive integer r. It is
easily seen that this is actually the case. In the first place, the
relation H”=y»H'" is trivially true for r=1. Suppose now
that it is true for some > 1; we shall show that in this case
H " V=@+1)H".

Let the system be in the state A,; the finite scheme which
describes the fate of the system in the next r+1 trials, can
then be regarded as the product of two dependent schemes:

A) the scheme corresponding to the immediately following
trial with the entropy H:" and

B) the scheme describing the fate of the system in the
next 7 trials; the entropy of this scheme is H{"”, if the out-
come of scheme A was the event A,. According to the general
relation

H(AB)=H(A)+ H(B),

we have
HI 7‘+I):Hi‘l,+2p‘ka,r,’
A1

and consequently, in view of (11)
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Crel) — iPiHi(“”= iP.‘Hi(“'*‘ i‘HE”iP'p“'z
fy i=1 k-1 =1
=H”)+ki::PkHA{'”:H“)_I_H(”:(T—[-l)H(“' QED

In a large number of cases, the application of the concept
of the entropy of Markov chains in information theory is based
on two fundamental theorems, which we shall prove in the

next section.

$4. Fundamental Theorems

Suppose now that the Markov chain we are studying obeys
the law of large numbers, i.e. that in a sufficiently long
sequence of s consecutive trials the relative frequency my of
occurrence of the state A, will differ from P, by an arbitrsari]y
small amount, with a probability arbitrarily close to unity. In

other words, for arbitrarily small e>0 and §>0, and for suf-

ficiently large s

P{‘%—P,-l>8}<s*’. (12)

For brevity, we shall call such a chain ergodic.
Each possible result of the series of s consecutive trials of
the given Markov chain can be written as a ‘“sequence”’

Ay Ay A, ()

where k,, ko, -, k, are numbers from 1 to n. The probability

of realizing the sequence (C) does not depend on the part of
the chain where the series of trials begins (because of the

*) A.A. Markov showed that for this to be the case it i sufficient to nssume that the
chain in question is ** transitive ", i.e., that a transition ju possible from any Atate to any
other state in a sufficiently large number of ateps. For the chains with which information
theory is concerned, this hypothesis is apparently alwayy fulfilled.
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stationarity), and is obviously equal to

p(C)= PA-,pA~,kgpA-._.A-3 © 0 Dig kgt

Let 7 and | be two arbitrary numbers from 1 to =, and let m,,
be the number of pairs of the form k.k,., (1 L7 <s) in which
k.,=1, k,.,=l. Then, clearly the probability of the sequence
(C) can be written in the form

p(O=P, [ TL (. as)

Theorem 2.

Given >0 and >0, no matter how small, for sufficiently
large n all sequences of the form (C) can be divided into two
groups with the following properties: 1) the probability p(C) of
any sequence of the first group satisfies the inequality

]g._:!"__
pC) g

S

< 7y (14)

and 2) the sum of the probabilities of all sequences of the second

group 1is less than e.
In other words, all sequences with the exception of a very

low probability group have probabilities lying between a=*"*™
and a-*%-7, where a is the base of the system of logarithms

used. Here H is the one-step entropy of the given chain.

Proof.
We shall agree to assign the sequence (C) to the first group

if it has the following two properties:

1. it is a possible outcome, i.e. p(C)>0, and
2. for any ¢, l (1L1£Ln, 1£Ll£Ln) the inequality
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| my,—sP;p; | <sd (15)

obtains. All the other sequences are assigned to the second
group. We shall show that this division satisfies both require-
ments of theorem 2, if §>0 is sufficiently small and if s is

sufficiently large.
1) Suppose the sequence (C) belongs to the first group. It

follows from (15) that
m;,=sP;p;,+s86,, I0u|<1v 1LiLn, 1Ll 2.

We now substitute these expressions for the numbers m,, in
(13), where in doing so we must bear in mind that the require.-
ment that the given sequence be a possible outcome implieg
that m,, =0 when p,=0. Thus in the product (13) we must
restrict ourselves to factors such that p,>0, which we sha]]
denote by an asterisk on the product signs. We find
»(C) =P,‘l I:[ I;[* (p,) "ei e +88ie,
e g™ BT IR Py lg s8I 0 lg pu=
= _lg Pk,+3H—3822* 0” ]g Dus

whence

1
lg ——
$0)

S

1 1 1
H<—1g— * g —
s g PA.1+8‘YT"21: lg o

il

This means that for sufficiently large s

1

PC) g
S

<7,

where >0 is as small as we please if § is sufficiently small.
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Thus, the first requirement of Theorem 2 is satisfied.

2) Turning now to the calculation of the sum of the
probabilities of all the sequences of the second group, we note
first of all that the impossible sequences in this group are not
included in this calculation, since their probabilities are zero.
Thus, we only have to calculate the sum of the probabilities of
those sequences for which the inequality (15) does not hold for
at least one pair of indices %, [; to do this it suffices to calculate
the quantity

513 P (| ma—sPpu| 28]

First we fix the indices < and . By (12) we have for sufficiently

large s

P{lm,—SP,|<—g—S}>l—6.

If the inequality { } is satisfied, and if s is sufficiently large,
then m, is as large as we please, and therefore by Bernouilli’s
theorem
p{ ln_‘_‘—p“‘<£}>1-—e.
m, 2

Therefore the probability of satisfying both of the inequalities

jm—sP, <2, (16)
) )
lmu—m.-pu|<"2_mi éEs (17

exceeds (1—e)*>1—2¢. But it follows from (16) that

s . &
| pym;—sPpu | <y ‘2‘s<-§S;
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and this together with (17) gives
| m,—sP;p, | <8s. (18)
Thus for any % and [, we have for sufficiently large s
P{|m,—sPp,|<8s}>1—2¢,

which means that
P{|m,—sPp,|>8s} <2e.

From this it follows that
ﬁ é P{|m,—sPp,|>8s} <2n’e.
i=1i=1

Since the right side of this inequality is together with & arbj.
trarily small, the sum of the probabilities of all the sequenceg
of the second group can be made as small as we please for
sufficiently large s, i.e, the second requirement of Theorem
2 is also satisfied. Thus Theorem 2 is proved.

We now note that the number of all s-term sequences of the
form (C) equals »°, and we arrange these sequences in order
of decreasing probability p(C). We select sequences from this
series in the order in which we have arranged them unti] the
sum of the probabilities of the sequences selected just exceeds
a preassigned positive number 2 (0<i1<1). We denote by N,(2)
the number of sequences so selected. Theorem 2 permits us
to make the following important estimate of the number N,(2).

Theorem 3. limM=H.

$>00 S

In particular, the indicated limit does not depend on the
number 2, if only 0<2<1 and 2 remains constant as s in-
creases.
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Proof.

We agree to call 2 sequence (C) standard if its probability
P(C) satisfies the inequality (14) where 5 is a fixed, arbitrarily
small positive number. By Theorem 2, the sum of the proba-
bilities of all non-standard sequences is arbitrarily small for
sufficiently large s. The inequality (14) is equivalent to the
inequality

a = <p(C) <, (19)

which therefore are characteristic of standard sequences (a
denotes the base of the system of logarithms used).

The following sequences are among the selected sequences
(with sum of probabilities >2):

1) all non-standard sequences with probabilities »(C)>
a "= the sum of the probabilities of such seqences does not
exceed the sum of the probabilities of all non-standard se-
quences, which latter is for sufficiently large s less than any
€>0, however small.

2) a certain number M,(2) of standard sequences, the sum
of the probabilities of which must be greater than i—c (since
the sum of the probabilities of the selected sequences exceeds 2).

The non-standard sequences with probabilities p(C)La */"*™
€an not be among the selected sequences, since according to
Theorem 2 the sum of the probabilities of the standard se-
quences by themselves exceeds 2. Thus, for all the selected
sequences p(C)>q-*"**, and therefore the sum of the proba-
bilities of the selected sequences is greater than N,()a =™,
On the other hand, this sum is obviously less than 2+¢, where
q is the probability of the last sequence selected; thus
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which means (since 2<1) that for sufficiently large s
Ns()‘)a—s(llwq)<1’
whence

g N _ 7
s . (20)

On the other hand, the M,(2) standard sequences which we
have selected have probabilities p(C)<a~**-7 while their sum
is larger than 2—e. It follows that

M,a """ >2—e,

so that a fortiori
N,Qa """ >2—e¢,

whence

Jg N > Hy 4~ Ig 1) @1)
S

Combining the inequalities (20) and (21) obviously proves
Theorem 3, since the number 7 can be made arbitrarily small
for sufficiently large s.

The great value of Theorem 3 for a variety of applications
depends on the following considerations. Whereas the number
of sequences of type (C) is m'=a’*", the number N,(2) of
selected sequences is approximately a*”, as Theorem 3 shows.
If we recall that lgmn is the maximum value of the entropy
H and that, consequently, we always have H<lg n (except for
a trivial case) and if we choose the number 2 very close to
unity, then Theorem 3 shows that a negligibly small fraction
of all the sequences (C) has a sum of probabilities arbitrarily
close to unity (for sufficiently large s). Moreover, we see that
the entropy of the given Markov chain plays a decisive role in
determining how small this fraction is.
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£5 Application to Coding Theory

In order to give at least one example which illustrates the
practical applications of the entropy concept, we now consider
one of the simplest problems of coding theory. Suppose that
the text which is to be coded consists of a sequence of symbols
(letters) belonging to a finite set (alphabet), and denote by m
the number of different symbols (so that the number of different
Sequences of length s is m’). We shall regard this text as a
simple Markov chain of the type considered in the two preced-
ing sections and assume that its statistical structure is known,
in particular its entropy H. (We know that the maximum
value of K ig lg m.) We restrict ourselves to a consideration
of the simplest case where the text at hand is coded into the
same alphabet, i.e., each sequence from the text is coded into
a Sequence of letters from the same alphabet. (Actually, of
course, it is only important that the coded text has the same
number of symbols as the uncoded text, since no role is played
by the designation of the symbols.) It goes without saying
that the rules of coding must guarantee that the original text
can be uniquely reconstructed from the coded text, which re-
QUITes in particylar that different sequences of the uncoded
teXt must be ¢ogeq differently.

It is Immediately clear that by using as short a coding
as possible for the most commonly encountered sequences, and
conversely, py leaving the longer coding for the more rarely
encountered Sequences, we have the possibility of making the
coded text shorter than the original, which obviously might
constitute a praqtica) and economic advantage. In order to
analyze this Possibility, we must first of all choose quantities
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which can measure in a natural way this kind of compression
by coding. It is apparent at once that both the possible amount
of compression and the choice of an optimum code to achjeve
it depend entirely on the statistical structure of the given
text.

Each s-term sequence (C) of symbols from the input text
has a definite probability »(C), and the sequence of coded text
into which it is transformed by the coding has a definite length
a(C). The ratio o(C)/s can be regarded a5 a “compression coef-
ficient” for the given s-term sequence. The mathematical
expectation of this ratio

. A\;‘ p(C)a(C)

S

s

(where the summation is over all sequences of length s) is the
“average compression’’ for sequences of length s: finally, the
quantity

'“:@ My

which we shall call the compression coefficiont (of a given text
for a given code) can clearly serve to measure in a natural
way the compression of the given uncodeq text by the given
means of coding. In addition, we note that in all cases actually
encountered the quantity u, approaches a definjte limit a5 g—>eo.

We are interested in the smallest value of the compression
coefficient that can be achieved by coding when the text has
a given statistical structure. Naturally, at the Same time we
are interested in how to construct the corresponding “optimum”’
code. A complete answer to these questions is contained in
the following remarkably simple theorem:
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Theorem 4.

If the entropy of the given text is H, then the greatest
lower bound of the compression coefficient u for all possible
codes is H/lgm, where m is the number of different symbols
of the teat.

Thus, to find the greatest lower bound of the possible shorten-
ing of a text by coding, there is no need to know in detail
the statistical structure of the text; it is sufficient to consider
only its entropy and the number of symbols it uses. Since lg m
is the maximum value of H for the given number of symbols,
the quantity H/lg m is sometimes called the ‘““relative entropy”
of the given text.

Proof. I
We must show that 1) for any code ,ué_-l—g—‘%- and 2) for

arbitrarily small >0, there exists a code for which »#< g"‘ﬂ:’ .

1) Choose an arbitrary code and let H'=H—25, where >0
is arbitrarily small. We agree to call an s-term sequence of
the given text a special sequence, if o(C)<H's/lg m. Since the
number of different k-term sequences of the coded text is m%,
the number of all special s-term sequences of the text is no
greater than

H’s

m+mi4... 4 [lf:].émlum{l-l-—%-l--’,—ig-l-"'}:

m—1

where a is the base of the system of logarithms used. We
shall denote the sum of the probabilities of all the special
sequences by A, and show that 2,—>0 as s—>co.

In fact, let ¢>0 be an arbitrarily small constant; then, by
Theorem 3, to obtain a sum of probabilities equal to ¢ we
must take
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N (e)> @™ -P ="'+

of the most probable sequences. But, as we have seen, for
sufficiently large s, the number of all special sequences does

not exceed

m a’”'<a“”’“”.
m—1

Therefore, the sum 2, of these probabilities is less than ¢ if s
is sufficiently large, i.e., 3,0 as s—>¢°, as was to be shown.

Since for every non-special sequence (C)

H's
a(C);TE;n—,
_H's
1

the mathematical expectation of (C) exceeds (1—2,) zm

’

and therefore

’

N (1—2) 2,
o> )lgm

but since 2,—0 as s—>co

—_— H’ H—2
= N = 7
y7é llfn s 1 ] .

Finally, since » is arbitrarily small, we have

H

S ’
» Igm

which proves the first assertion of Theorem 4.
2) Let >0 be arbitrarily small; to prove the second
assertion of Theorem 4, we determine directly a code for which

H+y o
#<m. Let §>0 be arbitrarily small. The number of dif-

ferent sequences of lenth —s(—llg{.i"f) equals
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m %:a“”‘"’.
In addition, let ¢>0 be arbitrarily small: by Theorem 3, the
number N, (1—¢) of most probable s-term sequences the sum
of which has probability greater than or equal to 1—¢ is less
than a*/:5  if s is sufficiently large. Therefore, all these

“high-probability’’ s-term sequences can be coded using se-
s(H+39)
lg m
the latter to do so. As regards the remaining “low-probability "’

quences of length , since, as we see, there are enough of

s-term sequences (with total probability less than ¢), we simply
code each of them into itself. In order to guarantee uniqueness
of decoding, it is sufficient (for example) to put one of the

previously unused sequences of length %"’7‘5)— (but always the

same one!) in front of each such s-term sequence of the coded
text. For a code chosen in this way, the length o(C) of a
s(H+3) s(H+8)
lgm g m
where the first eventuality occurs with a probability less than
or equal to unity and the second with a probability less than
or equal to e. Therefore, the mathematical expectation of o(C)

coded s-term sequence will be either or s+

’

does not exceed

SCH8) | of 4 XHHE T [H+8 &) +e J<3H+n
g m lg m Ig lg m

if ¢ and 8 are chosen sufficiently small.

Suppose now we have a large text (C) of length S=ks,
where k is very large. This text can be broken up into k
sequences C,, C,,- -+, C; of length s; correspondingly, the coded
text of length o(C) falls into k sequences with corresponding
lengths a(C,), #(C.),- - -a(C,), so that
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a(C)=a(C))+a(Co)+ - - - +a(C),).

Therefore, the mathematical expectation of &(C) is % times the
mathematical expectation of the quantity +(C,), and so by the
foregoing, does not exceed

(H-I—n) sH+tn

lg m Igm
It follows that
H+7
=g m
and consequently that
4&,
“lgm

which proves the second assertion of Theorem 4.

(Translated by R. A. Silverman)
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(Uspekhi Matematicheskikh Nauk, vol. XI, no. 1, 1956, pp. 17-75)

INTRODUCTION

Information theory is one of the youngest branches of
applied probability theory; it is not yet ten years old. The
date of its birth can, with certainty, be considered to be the
appearance in 1947-1948 of the by now classical work of Claude
Shannon [1]. Rarely does it happen in mathematics that a
new discipline achieves the character of a mature and developed
scientific theory in the first investigation devoted to it. Such
in its time was the case with the theory of integral equations,

after the fundamental work of Fredholm; so it was with in-

formation theory after the work of Shannon.

From the very beginning, infor mation theory presents mathe-

matics with a whole new set of problems, including some very

difficult ones. It is quite natural that Shannon and his firg,
disciples, whose basic goal was to obtain practical resu.lts, Were
not able to pay enough attention to these mathematica] difg.

culties at the beginning. Consequently, at many pom.ts of thejy
investigations they were compelled either t'o .be sa’.clsﬁed With
reasoning of an inconclusive nature or to limit artlﬂcially the
set of objects studied (sources: channels, codes, etc.) jp order
to simplify the proofs- Thus, the whole mass of literature of
the first years of information theory, of necessity, bears the
imprint of mathematical incompleteness which, in Particular,
makes it extremely difficult for mathematicians to become
acquainted with this new subject. The recently published
general textbook on information theory by S. Goldmanp "2 can
serve as a typical example of the style prevalent ip this lite-

rature.
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Investigations, with the aim of setting information theory on
a solid mathematical basis have begun to appear only in recent
years and, at the present time, are few in number. First of
all, we must mention the work of McMillan [3] in which the
fundamental concepts of the theory of discrete sources (source,
channel, code, etc.) were first given precise mathematical defini-
tions. The most important result of this work must be con-
sidered to be the proof of the remarkable theorem that any
discrete ergodic source has the property which Shannon attri-
buted to sources of Markov type and which underlies almost
all the asymptotic calculations of information theory.* This
circumstance permits the whole theory of discrete information
to be constructed without being limited, as was Shannon, to
Markov type sources. In the rest of his paper McMillan tries
to put Shannon’s fundamental theorem on channels with noise
on a rigorous basis. In doing so, it becomes apparent that the
sketchy proof given by Shannon contains gaps which remain
even in the case of Markov sources. The elimination of these
gaps is begun in McMillan’s paper, but is not completed.

Next, it is necessary to mention the work of Feinstein [4].
Like McMillan, Feinstein considers the Shannon theorem on
channels with noise to be the pinnacle of the general theory
of discrete information and he undertakes to give a mathema-
tically rigorous proof of this theorem. Accepting completely
McMillan’s mathematical apparatus, he avoids following Shan-
non’s original path and constructs a proof, using the completely
new and apparently very fruitful idea of a ‘ distinguishable
set of sequences”, the principal features of which will be ex-
plained below. However, Feinstein carries out the proof in

* Sections 56-8 of this paper are devoted to this theorem.
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all details only for the simplest and least practical case, where
the successive signals of the source are mutually independent
and the channel memory is zero. In the more general case, he
indicates only sketchily how the reader is to carry out the
necessary reasoning independently. Unfortunately, there remains
a whole series of significant difficulties.

As is well known, Shannon formulated his theorem on channels
with noise in two different ways. One was in terms of ga
quantity called equivocation, and the other was in terms of the
probability of error. McMillan’s analysis leads to the conclusion
that these two formulations are not equivalent, and that the
second gives a more exact result than the first. Feinstein’s
more detailed investigation showed that although the first
formulation is implied by the second, a rigorous derivation of
this implication is not only non-trivial but fraught with con-
siderable additional difficulties. Since both formulations ay¢
equally important in actual content, it is preferable to spea),
about two Shannon theorems rather than combine them undey

the same heading. .
In this paper I attempt to give a complete, detailed proqe of

both of these Shannon theorems, assuming any ergodic Source
and any stationary channel with a finite memory, At the
present time, apparently, these are the broadest hYDotheSes
under which the Shannon theorems can be regarded ag valid,
On the whole, I follow the path indicated in the works of
McMillan and Feinstein, deviating from them only in the com-
paratively few cases when I see a gap in their explanation, or
when another explanation seems to me more complete and con-
vincing (and sometimes, more simple).

The first chapter of the paper, which is of purely auxiliary



On the Fundamental Theorems of Information Theory 33

character, requires special explanation. It is devoted to the
derivation of a whole set of unrelated inequalities, each of
which is a theorem of elementary probability theory (i.e., per-
tains only to finite spaces). The reader acquainted with my
paper [5] will be able to begin this paper with the second
chapter, returning to the first chapter only when references
to its results appear in the text. All the following chapters
are constructed according to a specific plan, and can not be
skipped or read in different order.

The reader will see that the path to the Shannon theorems
is long and thorny, but apparently science, at this time, knows
no shorter path if we do not want artificial restrictions on the
material studied and if we are to avoid making statements

which we can not prove.



CHAPTER 1.

Elementary Inequalities

21. Two generalizations of Shannon’s inequality
Let A be a finite probability space composed of elementary
events A; with probabilities
P(4) (1 LiLn, p(A)>0; 33 p(4)=1).
The quantity*

H(A)=—3p(4) Ig p(4))

is called the entropy of the space A. The significance of this
quantity as a measure of uncertainty or as the amount of
information contained in the space A was illustrated by us in
detail in [56]. Important properties of the entropy are enumer-
ated there.

Let us now consider, along with A, another finite space B,
with the elementary events B, and the distribution »(B;) (1 L
k<Lm, P(Bk)>0;‘:2‘p(3k)=1). The events A, and B, of the spaces
A and B can be dependent. The events A,B, with the probabi-
lities p(A,B,) can be regarded as elementary events of a new

finite space which we shall designate by AB (or BA), and which

we shall call the product of the spaces A and B. The entropy
of this space is

H(AB)=—3} 31 p(4B,) Ig p(A.B.).

If it is known that the event A, occurred, then the events B,

* In this paper all logarithmsa are to the base 2.
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of the space B have the new probabilities

Py (BI=ZEL) =12, m)

instead of the previous p(B,). Correspondingly, the previous
entropy of the space B

H(B)=— 3 »(B,) Ig p(B,)
is replaced by the new quantity
H,(B)=—31p.(B) g . (B,

which, naturally, we shall regard as the conditional entropy of
the space B under the assumption that the event A, occurred
in the space A. A specific value of H, (B) corresponds to each
of the events A; of the space 4, so that H, (B) can be regarded
as a random variable defined on the space A. The mathematical

expectation of this random variable
H,/(B)= 1; p(Ai)I{Ai(B)

is the conditional entropy of the space B averaged over the
space A. It indicates how much information is contained on
the average in the space B, if it is known which of the events
of the space A actually occurred. In my paper [5], it is shown
that

(1.1) H(AB)=H(A)+ H,(B),

a relation which is very natural from the standpoint of the real
meaning of the quantities in it; in the special case where the
spaces A and B are (mutually) independent, we have H, (B)
= H(B), and therefore
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H(AB)=H(A)+ H(B).

Shannon’s fundamental inequality (also introduced in my paper)
is especially important for the purposes of this section. It states
that for any finite spaces A and B
(1.2) H,(B) £ H(B),
the real meaning of which is that, on the average, the amount
of uncertainty in the space B can either decrease or remain
the same, if it is known which event occurred in some other
space A. (The uncertainty of a situation can not be increased
as a result of obtaining any additional information.) It follows
from (1.1) and (1.2) that
(1.3) H(AB) < H(A)+ H(B),
an inequality which is easily generalized to the case of the
product of any number of spaces; thus

H(ABC) £ H(A)+ H(B)+ H(C),

ete. The inequality (1.2) can be generalized in various direc-
tions; we now prove two such generalizations, which will be
needed subsequently.

Let 4 and B be any two finite spaces. We keep all the nota-
tion introduced above. In expanded form, (1.2) becomes

;Z'I p(A,-)kZl pzli(Bk) lg pfll.(Bk) > Li:l p(Bk) Ig p(B")’

For later use, it is important to show that this inequality re-
mains valid when we sum both sides not over all, but only over
certain values of the subscript k& (but, of course, over the same
values in both sides of the inequality). In other words, this
inequality does not depend on whether or not the events B,

form a * complete system ”.
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Lemma 1.1.

(14)  33P(4) 357 2B g 2. (B) 253 p(B) Ig p(BY),

where S * denotes summation over certain values of the subscript
k

k (not necessarily all, but the same values in both sides of the

inequality).

Remark.

In the special case where the summation is carried out over
all k (1 £k «£m), the left and right sides of (1.4) become —H,(B)
and — H(B), respectively, so that (1.4) agrees with (1.2). There-
fore, (1.2) is a special case of Lemma 1.1, and hence is proved

when it is.

Proof.
The function f(z)==lg z is convex for x>0; consequently,

for ,>0, 2,20, ix,:l, the following inequality holds (see
(5], [6))
(15) :ﬁﬂi.ff @) f ( > /L-%)-

Putting 2,=p(A4,), z,=p,(B:), we find

S pA) S 2, (B) Ig 2 (BY= 5 {35 p(A) 2., (B]}

> 5 {33 9(4) . (B | =3 FTP(B)) = X" p(B) Ig p(B.), QED.

Now we generalize the inequality (1.2) in another direction.

Lemma 1.2.

For any three finite spaces A, B, C
H,,(C) £ Hy(C).
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Remark.

In the special case where the space B consists of one event
with probability 1, the space AB coincides with 4, and H,(C)
=H(C). For this special case, the statement of Lemma 1.2
becomes

H,(C) < H(C),

and is equivalent to the inequality (1.2), which is therefore a
special case of Lemma 1.1.
Proof.

Let a given event B, occur in the space B; then all the
events A,C, in the product space AC have the probabilities
05 (AC)=q(AC); in just the same way the space A becomes
the space A’ with the probabilities p,(4,)=g¢(A,) and the space
C becomes C’ with the probabilities p, (C,)=q¢(C,). Hence, accord-
ing to inequality (1.2)

(1.6) H,.(C"y £ H(C".
But

(L7 H(C)=-214(C)1g e(C)=—3]p,(C) Ig Py (C)=H, (C).
On the other hand
H,(C)=—31q(4) g: 2.(C) g q,,(C),

where

q(A.C) _ puk(A.'C[)

q.li(Cl)= a(4) pllk(Ai) =plfk.4,;(cl);

consequently

(1.8) H,(C"= =2 pu(A4) 2 Puea (C) Ig P1a (C)
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= 2‘ pp(A)) Hy 1 (C).
Substituting (1.7) and (1.8) into (1.6), we find

S 2, (4)H,. (C) £ Hy,(C).

Multiplying both sides of this inequality by p(B,) and then
summing over all k, we obtain

g p(Bk)ka(Ai)HBL.Ai(C) L 2 p(Bk)H,,k(C),

or

2 P(ABIYH, ;5,(C) £ Hy(C),

or, finally
H,,(C)£HyC), Q.E.D.

#2. Three Inequalities of Feinstein [4]

We again consider two finite spaces A and B and their
product AB. Let Z be some set of events A,B, of the space
AB, and let U, be some set of events A; of the space A; let
§,>0, §,>0, and

p(Z)>1-6;; p(Up)>1-38,.

Let us denote by /', (1 £t £n) the set of events B, of the space
B for which A,B, does not belong to the set Z. Finally, let U,
be the set of events A,e U, for which p, (/') £a. Then we
have

Lemma 2.1.

p(U)>1—8,— 2L,
44
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Proof.
Let U. be the set of events A, for which p‘,,t(l‘,.)>a, so that
2.1) y=U;— U, U..
If A,eU., then
P(AL)=p(A)p. (") >ap(A)),

which means that

o[ 5 Ar)= 3 PAL)>a S p(A)=ap(U)).

A;EU, A,€U (€U,
On the other hand, since all the events 4./', are incompatible
with the event Z, the probability of which exceeds 1—35,, then
p( 3 AL)£1-pZ)<s,

A;€U,

and we find that ap(U.,)<$8;, or p(U,)<§,/a. It follows, a for-
tiori, that

(U U< &
[44

hence, by (2.1)
P(U1)=p(Uo)_p(UoU2)>1_82—51/“. Q.E.D.

For a given subscript k (1 £k <m), we now designate by 1,
the value of the subscript ¢ (1 £L7<£n), for which the prob-
ability p(A;B,) assumes its greatest value (in the space AB);
if there is more than one such i value, we take any one as The
Thus A, is the event of the space A which is most probable
for a given event B, of the space B. Obviously, the sum

P= ;} 21 p(4,B,)

[E2)

k
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is the probability (in the space AB) of the appearance of a pair
of events A,B, such that A, is not the event of the space 4
which is most probable for a given event B, of the space B.
Clearly, it is possible to write
P=p(i7#1,).

Lemma 2.2.

If for a given € (0<e<l1), a set 4, of events B, can be as-
sociated with each A, (1. L1 ZLn) such that

1) p(4:d4)=0  (@5J)
2) Pu(d)>1—e  (1ZLiLn)
then PZe.
Proof.
Obviously, we have
(2.2) P=1— i p(4,B); 1—P= 5‘3 p(4, B.).

Let us denote by .1, the set of events B, (if such exist) which
are not in any of the sets 4, (1. £Li<£n); then, clearly, the
range of summation in the last sum can be expanded into the
parts 4, 4,,---,d,, and therefore

n

1-P=3 3} p(4,B)+ 3 (A, B)<S S p(A,B.).
PCEY B i=1 By€ay;

i=1 k€30

According to the definition of the subscript ¢,, the right side
of this inequality can only be decreased if we replace the sub-
script 7, in each term of the sum by any other subseript from
1 to n. Thus, in particular

1-Px 3% 53 p(AB) =3 p(4.4)= 3] p(4)P,(4)

i=1B €2,

>(1—s)$p(,4‘.)=1—e, Q.E.D.
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As before, let n denote the number of elementary event A, of
the space A.
Lemma 2.3.

For n>1

H,(A)£Plg(m—1)—Plg P—(1—P)lg (1—P),

Proof.
As above, for brevity, we write f(x) for zlgx. We havye

Hy(4)=— 3 p(B) S F [Po(A)]=H, + H,

where
H= _Z p(Bk)f[puk(Aik)]»

= —Z p(Bk)z—'l:‘f[pnk(Ai)]‘

utting ;A _—p(B) xk—'p[) .(Aik) in the inequalit} (1‘5)1 We ﬁnd
‘k k) k

23) H=—Saf@)£—S (‘TJ‘ ‘kx‘): i <§ PBI p"“(A‘k))

=—f1—P)=—(1—P)lg(1_
_ f@p(BkA,.k))_ f1~P)=—(1-P)lg(1—p,

A similar application of the inequality (1.5) yields becayge of
(2.2)

24) —S p(B)f[1-Ps(A)]=—F ($ ?’(Bk)fl'pﬂk(“lfk)])

= —f(l-‘z_ p(BkA,-k)>=—f(P)—_-—P lg P.

Furthermore , since

1— pﬂk(A"'k) =; p”k(Ai)!
1 lk
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then for any fixed k 1Lk £m)

ST1— plfk(Aik)J =X Pr(A)1g > Py, (A)
LEE Y LS P

ZT pllk(Ai) '
=(n—=1)f “'L;nT)-g-lg (n—1) ,Z_.‘ P, (A).

We again use (1.5) to estimate the first term on the right

side by putting this time 2, =

o m=pa(A) L Zi L, i),

This gives

‘g: pnk(Ai) 1
s ——) =51 rip, (40,

n—1 7=, n—1
and, therefore
S[1—p,(A4,)] <L ;“Af (P, (A)]+]1g (n—1) ;}kpn,,(A.-)-
Multiplying all the terms of this inequality by »(B,) and sum-
ming over k from ¢ to m, we find by (2.2) that
(2.5) 2 pBIf[1—puA)] <3 :D(Bk)i;.i: Slps (4]

+Plg(n—1)=—H,+Plg (n—1).
Finally, combining (2.3), (2.4), and (2.5) term by term, we find
H ~«—-(1—P)lg(l1—P)—PlgP—H,+Plg(n—1),
from which

H,(A)=H,+H, £Plg(n—1)—Plg P—(1—-P)lg(1—P),
Q.E.D.



CHAPTER II

Ergodic Sources

£#3. Concept of source. Stationarity. Entropy

In statistical communication theory, the output of every
information source is regarded as a random process. The statis-
tical structure of this process constitutes the mathematical
definition of the given source. In this paper, we shall deal
exclusively with discrete sources (processes with discrete time);
the output of such a source is a sequence of random quantities
(or events). Consequently, we must understand the definition
of a source to be the complete probabilistic characterization of
such a sequence.

Underlying the definition of every source is the set 4 of
symbols used by it, which we call its alphabet, and which we
always assume to be finite. The separate symbols of this alpha-
bet, are called its letters. Let us consider a sequence of letters,
infinite on both sides.

(3.1) T=(x 1, Ty, Ty Ty, T, - ),

which represents a possible “life history ” of the given source.
We shall regard it as an elementary event in a certain (infinite)
probability space, a space the specification of which character-
izes the sequence (3.1) as a random process. The set of all
sequences (3.1) (i.e., the set of all elementary events of the
given space) will be denoted by A’. Any subset of the set A’
represents an event of our space, and conversely. Thus, for
example, the event “the source emits the letter « at time t
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and the letter B at time uw” is the set of all sequences x of
the form (3.1) for which

T =a, x,=f.

Generally, if t,t,---,t, are any integers and a,, a.,- - -, a, are
any letters of the alphabet A, then the event “the source
emits the letter «, at time t; (1 Li1£Ln)” is the set of all x
for which

%, =a; 1 LrLn).

Subsequently, we shall call such a set of elementary events
2 a cylinder set, or briefly a cylinder. As is well known, it is
sufficient to know the probability u(Z) of all eylinders Z to
define the sequence (3.1) as a random process. Let us consider
the set of all cylinders of the given alphabet A and its Borel
extension F,, i.e., the intersection of all the Borel fields which
contain all the cylinders of the alphabet A. Then, giving the
probabilities u(Z) of all cylinders Z uniquely determines the
probability u(S) of any set Se¢ F, of elementary events z. Thus
a complete description of the source as a random process is
achieved by specifying 1) an alphabet A, and 2) a probability
measure u(S) defined for all Se F,. In particular, we always
have u(A")=1. Since the alphabet A and the probability measure
p completely characterize the statistical nature of the source,
we can denote the source by the symbol [4, u].

In his basic work [1], Shannon considered only sources with
the character of stationary Markov chains; the characterization
of such sources is achieved by more elementary means. The gen-
eral concept of source just given is due to McMillan [3].

Consider any given sequence % of the type (38.1) of letters
from the alphabet A, and denote by T« the sequence
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/7
Te=(---, 2., 2,2, 2 ),

where x, =2, (— <k<+ ) (so that the operator T denotes
the “shift” by one time unit). If S is any set of elements z,
then the set TS is the set of all Tz for which ze¢S. (In other
words, the relations xzeS and Txe TS are equivalent.) It is easy
to see that if SeF, we have TSeF,; it is also obvious that
the operator T maps the set A’ into itself

TA'=A',

If
w(TS)=pu(S)

for any set Se F,, then the source is called stationary. Evidently,
by the stationarity of a source is meant the time invariance of
the probabi]ity regime of its output. All the sources considered
below will be assumed to be stationary.

From the information theory viewpoint, the most important
characteristic of every source is the rate at which it emits
information, i.e., the average amount of information given by
one emitted symbol. We now show how to arrive at an exaect
definition of this quantity. Consider a sequence of n successive
symbols emitted by a given source; let this sequence be g,
@y Teonote If the source alphabet A contains a letters, then
the number of such different n-term sequence is obviously a”.
Every such sequence C is a cylinder in the space A’ (i.e., the
set of all ze A’ for which the x,---,2,, , assume the fixed
values characterizing the given sequence), and therefore has a
definite probability u(C). Thus, the set of all possible n-term
sequences of the type described represents a finite probability
space consisting of a" elementary events C with probabilities
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#(C). In chapter I we agreed to measure the amount of in-

formation contained in such a space by its entropy
H,= -—%‘. w(C) 1g u(C).

If the given source is stationary (as we shall always assume),
then the probabilities u(C), and therefore the entropy H, of an
n-term sequence do not depend on the *initial moment” ¢, and
are uniquely determined by the nature of the source and by
the number n. Thus we can say that the sequence of » symbols
emitted by the source gives a well defined amount of informa-
tion H,, which depends only on 7 and on the nature of the
source, so that, on the average, the amount of information per
symbol emitted by the source is H,/n. Consequently, it is

natural to agree to call the quantity

H=lim 2

nr*c N
the source enmtropy, i.e., the average amount of information
conveyed by one emitted symbol (if, of course, the limit exists).
Clearly, the entropy H as thus defined, depends only on the
nature of the source (i.e., on the alphabet A and on the pro-
bability distribution ). The fact that the entropy really ex-
ists for every stationary source is the first fundamental theorem
of the general theory of discrete sources. We turn to its proof.*
The space A,,, of sequences of length n+4m (where n and
m are positive integers) can be regarded as the product of the
space A, of sequences of length n and the space A, of se-

quences of length m (see #1). Hence, according to %1

* As far as 1 know, the first proof was given by McMillan (3]. However, McMillan had
in mind a broader aim, so that his proof is considerably more formidable than the one given
below.
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H(A,,,)=H(A)+H, (A H, (A,) £H(A,)
from which
H(An)_éH(An+m)—éH(An)+H(Am).
In our new notation, this can be written as
H,£H, . .£H+H,
In particular, the first of these inequalities yields (for m=1)
(3.2) H,£H,,,,

and the second is easily extended to any number of terms and,
in particular, gives for any integral k

3.3) H, ZkH,

Setting n=1 in (8.3), we find that for any k> 1.
H.ZkH,

which shows that

a=lim inf Z2 < + co.

n-»co n

Now let e>0 be given arbitrarily, and let the subscript ¢ be
chosen such that

_{Il <a-e.
q

For any n>gq, we determine an integer £>1 such that
(k—1)g<mn Lkq.
Then, because of (3.2)
H,<£H,

kqe

Consequently, by (3.3)
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oy _Ho o k_H _ &
n (k—1)q k—1 q k—1
and therefore, for sufficiently large n (and hence for appro-

priately large k)

(a+-e),

a—e<ﬂ <k

7 T—1 (a+e)<a—+2e.

But since ¢ is arbitrarily small

lim s =a, Q.E.D.

nsc0 N

$#4. Ergodic Sources

The set S of elements xe A’ is called invariant if TS=S,
i.e., if the ‘shift operator ” T carries the set into itself. The
set A’ is always invariant. For any ze A’, the set of elements
-+., T 'a, x, Tx, T*x,- - - is always an invariant set. The source
[A, 1] is called ergodic if the probability u(S) of every invariant
set Se F', is either 0 or 1. The ergodic property is very im-
portant in the study of the statistical structure of the source.
This results from the following considerations. Each (numeri-
cally valued) function f(x) of the elementary event xze A’ can
be regarded as a random variable defined on the space A’,and
conversely. If the abstract Lebesgue integral

(4.1) J17@ | dut@)< + e,
AI
then this random variable has the mathematical expectation

M@= [ F@ duw).

The well-known “ergodic theorem” of Birkhoff states that
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for any stationary source [ A, ] and for every summable func-
tion f(x) (i.e., satisfying the requirement (4.1)) the limit

nm_l—"z':f( Tz)=h(x)

naro0 N k=

exists almost everywhere (i.e., with probability 1) where the
function h(x) is invariant, ie., A(Tx)=h(z) for all = for which
h(z) exists. If the source [4, 1] is ergodic, then almost every-
where (with probability 1)

h(x)=M f () ;

thus, in the case of an ergodic source, the ratio

= £(T)

n
approaches the mathematical expectation of f(z) as n—>co, for
almost all =.

Now let g4(x) be the characteristic function of the set Se F,
(ie., g5(z)=1 (zcS) and g5(@)=0 (x¢S)). Obviously, g(x) is
summable and Mgs(#)=p(S). The sum :Zj.:gs(T"f”) is the number
of terms of the series z, Tx,---, T"~'% which belong to the set
S. Let us denote this number by ¢ s(x). Then the Birkhoff
theorem states that in the case of an ergodic source, we have
for almost all z

lim L= s(@)
no0 n

=u(S).
Thus, in this case, the proportion of the terms in the sequence
z, Tz, T, - . .

which are elements of the set is just the probability of the set
S, for almost all such sequences.
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Let us agree to say that the source [4, ] 7eflects the set
Se F,, if almost everywhere (with probability 1)

1
i m_\‘ k
nl):v n k g (T 1,) #(S)

We have just seen that an ergodic source reflects any set Se F',.
It is easy to convince oneself that the converse holds: If the
stationary source [A4, u] reflects any set Se F/,, then the source
is ergodic. Indeed, if the [A, x] source were not ergodie, then
there would exist an invariant set Se F, for which 0< u(S)<1.
Because of the invariance of S, we would have TxeS, T*x€S,

.. for any xS and, therefore gy (7T"z)=1 (k=0,1,2,---). Con-
sequently

}‘12?% 9s(Trx)=15= u(S)

for any z€S. Since u(S)>0, then the set S is not reflected
by the source [4, u], Q. E.D.

A somewhat stronger theorem will be needed below: In
order for a given stationary source to be ergodic, it is sufficient
for it to reflect all cylinders of the space A’. To see this, it
is enough to show that the sets SeF,, which are reflected by
a given source, generate a Borel field, for, if this field contains
all cylinders of the space A’, it contains the whole field F',, by
the very definition of the latter. But this means that the
given source reflects any set SeF, and, as we have just seen,
this is sufficient for the source to be ergodic.

Let us denote by G the class of all sets Se¢F, which are
reflected by the given source; in our special case, G contains
all cylinders of the space A’. If the sets S, S,,--., S, are non-

overlapping, then obviously
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g.\'lb~~~+.8‘k(x)=g$'1(x)+ tte +g.ﬂ'k(x))

whence it follows at once that S;eG, -, S, eG implies S,+ - -
+S,¢G. Furthermore, if S:CS;, then

Gs, - s...(x) = gs,(x) —gs,_.(x),

whence it is easy to see that S,—S.eG follows from S,eG and
S.€G. In order to convince ourselves that G is a Borel field,
it remains only to show that the rule which we established
above for a finite sum of sets S;+:--+S, remains valid for an
infinite sum i‘Sk of non-overlapping sets. For this purpose
we need the ;:‘c;llowing auxiliary proposition.

Lemma 4.1.

For any €>0, no matter how small, there exists a §>0 such
that if the set UeF, has probability less than 8, themn wu(S.)<g,
where S, is the set of wvalues of x for which h,(x)>¢
Proof.

For ze¢ S,

hm——Zg (T z)=h,(x) >e.

n->oo

Hence, if » is sufficiently large, we have
n-1
k=0 2

for all points & of a set S/ with probability
WSH2 2 (s,

From (4.2) we fing by integrating over x

4.3) = f g,(T*x>d#(m)>.—#(S>> 1 M50

E
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But, on the other hand, because of the stationarity of the given
source

f guo(T*w) dpu(x) = f 9o(T*2) du(Tx) £ w(U) (0 LEk<n),

and (4.3) gives

=T (S Lnu(U).
If we put 3.—:%—, then the inequality

u(S)<e
follows from wp(U)<$8, which proves the lemma.
Now, let S;eG (:=1,2,--.), ilSi:S and let the sets S; be

non-overlapping so that the series

3 1(S) = u(S)

i=1

converges. We put ;} S;=Uy, so that

pUy)=>0  (N—> o).
Since S=S,+:+-+Sy+ Uy, then
95(@) =g, @)+ - - - + 95, (@) + 9, (2).
and therefore
h@)=hs (x)+ -« - +hs (2)+hy (2).
But we have & (x)=u(S;) (1 £Li.£L N) with probability 1. There-

fore, with probability 1, we have

ho(@)=p 33 8,)+ by (@):
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But by lemma 4.1, for sufficiently large N and with probability
arbitrarily close to unity, we have

hl"\-(x) < g,

where ¢=>0 is arbitrarily small. Since hy(x) is independent of
N and ¢, then with probability 1

hs(@)=u(S),

and therefore SeG. Thus, G is a Borel field, a fact which, as
we have seen, completes the proof that every source which re-
flects all the cylinders of the space 4’ is ergodic.

#5. The E property. McMillan’s theorem.

If the alphabet A of 2 given source contains a letters, then
the number of different ““7n-term sequences”’

xnxlvlv"’,a/

-
t+n-1

Which can be emitted by the source is a". As already stated
in 23, these sequences C can be regarded as the elementary
events of a finite probability space. The probabilities u(C) of
these elementary events are determined by specifying the source
itself, since every sequence C is a cylinder of the space A’ and
has the definite probability w(C) (which in the case of a sta-
tionary source is independent of ¢). Thus, the different sequences
C can algo be regarded as compound events (cylinders) of the
infinite space A’. Aslong asn remains constant, the first point
of View is preferable, since it is considerably simpler than the
Second, Byt if n varies in our considerations, then the first point
of view becomes inconvenient, since it forces us to consider a
Separate gpace for every value of = ; in such cases it is usually
More advantageous to use the second point of view, since it
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allows us to consider all the events as occurring in one and the
same space A’.

As we have already noted in #3, every (numerical valued)

function of the letters =z, x,,,,--*,%,,,-, can be regarded as a
random variable on the space A’ of the given source, since the
letters @, ;.1 ** *, X,.n-1 as well as the value of the given func-
tion are uniquely determined by specifying the elementary event
of the space A’ (x=---,2_,, %, %;,-++). In particular, —(1/n)
lg 4(C) is such a random variable, where C is a random se-
quence T, ;.1 ***r T.a-1 With given n and t. (Of course, 1g u(C)

is independent of t if the given source is stationary.) Clearly,
this random variable assumes the same value for all 2 having
the identical sequence C=x, ,,,, -, 2,,.,.; (i.e., belonging to
the cylinder corresponding to this sequence). Consequently, the
mathematical expectation of this quantity can easily be found by
elementary means, i.e., by multiplying its value on each cylinder
C by the probability u(C) of the cylinder and adding all the

products. This gives

M(—L1g (€)= =3 u(C) Ig W(C).
n n c

Here, we recognize the sum —%} w(C)1g u(C) (see #3) as the

entropy of m-term sequences from the given source, which we

denoted by H,. Thus we find

M-t uC =

s

.t

Assuming the given source to be stationary, we set ¢{=0, so
that hereafter C denotes the sequence %, z,---,%,.,. The
random variable —(1/n)lg u(C) is then a function of « and =,

which we denote by f.(¢); thus
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M=

In 28 we showed that for any stationary source the ratio H,/n
approached a definite limit as n—>co, which we agreed to call
the entropy (per letter) of the given source. Thus we find for

any stationary source
Mf,(x)>H  (n—> ),

i.e., the mathematical expectation of the random variable fu(®@)
=—(1/n) lg w(C) approaches the entropy of the given source as
n—co,

The fact of primary significance for all of information theory
is that a considerably stronger statement holds under certain
simplifying assumptions about the nature of the source: Not
only does the mathematical expectation of f,(x) approach H as
a limit as n— oo, but f(%) itself comverges in probability to H
as m—c. This means that, for arbitrarily small ¢e>0 and &
>0, the probability of the inequality |f,(x)—H|>¢ is less than
8 for sufficiently large n. This can be said still more descrip-
tively as follows, by recalling the definition of f,(x). For
arbitrarily small ¢>0 and 8>0, and for sufficiently large =, all
the n-term sequences C in the output of the given source can
be separated into two groups, such that

1) For every sequence C of the first group

1680 g,
i) 4 e

2) The sum of the probabilities of all the sequences of the
second group is less than 8.

Let us agree to call the first group the *high probability

group ”; and the second group the “low probability group ”.
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The high probability group is characterized by the fact that
(1/n)1g 1(C) is close to—H for all its sequences C, so that the
probability u(C) of such a sequence is approximately 2-"*.
Hence, all the sequences of the high probability group have
approximately the same probability 2°"#, which means that the
number of sequences in this group is approximately 2"%. If we
recall that the number of all n-term sequences is g*=2"'¢< and
that H is always<lg a, them we see that, generally speaking
(more exactly, with the exception of the case H=Ig a), for
large n the high probability group contains only a negligibly
small share of all the n-term sequences from the source. On
the contrary, the overwhelming majority of such sequences fall
into the low probability group.

We shall call the source property just described the E pro-
perty. As already mentioned, it is of fundamental significance
in information theory. Therefore it is important to find the
broadest possible class of sources possessing this property. For
sources such that each letter is statistically independent of all
the preceding letters, the E property is an almost immediate
consequence of the law of large numbers, and always holds;
however, in practice, we seldom encounter such sources. As
Shannon showed (see [1], also [5], Theorem 3), all sources of
the simple ergodic Markov chain type also possess the E pro-
perty, and this proof is easily carried over to the case of
compound Markov chains of any order. Finally, in 1953, McMillan
succeeded in proving that any ergodic source possesses the E
property. This important theorem permitted for the first time
the construction of a mathematical basis for the general theory
of information with sufficiently broad assumptions on the sta-
tistical nature of the transmitted information. We shall give
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a detailed proof of McMillan’s theorem in subsequent sections.
In doing so, we shall refer to certain ‘ergodic theorems” of
a general character, which, like Birkhoff’s theorem (already
cited more than once), we must assume to be known to the
reader.

26. The martingale concept. Doob’s theorem.

In recent years, the concept of martingale, introduced by
Doob, has been useful in various problems of probability theory.
Here, we must become acquainted with this concept in a rather
limited form corresponding to our needs.

Let

(6'1) E]y E M

be a sequence of random variables defined on the space of
elementary events z¢ A’. (The sequence of functions f,(x) which
we considered in the previous section is such a sequence.) In
general, the £,, are mutually dependent, and, for m>1, we can
Speak of the conditional mathematical expectation of &, for
given values of &,---,&,_,. Let us agree to denote the con-
ditional mathematical expectation of £, for §i=a, &=a., *
Snai=a,_, by My, .o, (En).

The sequence (6.1) is called a martingale if for any m>1
and any aq,

(6-2) Mul.‘.am_l(em)zam—-1'

We call the martingale (6.1) bounded if the random variables
€. are all bounded (164 1<C for any x and m). In what follows,
We deal only with bounded martingales, so that the question
of the existence of the mathematical expectations which we
need causes no difficulty.
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By the “sequence a,,--+,a,”, where m 2£n, we mean the
set (cylinder) of those we A for which &,=a, (m < Zmn). Let
A, _, be the sequence a;, -+, @,_;; then

-1
R CA S ) fm -lem(x) du(z),

and the characteristic requirement (6.2),-defining the martingale,
can be written as

f En(2) du(@)=0a,,_1u(4,_,).

Am_y

The fundamental theorem of Doob [7], which we need, is that
every bounded martingale converges with probability 1 (almost
everywhere in A’). We need two auxiliary propositions in
order to prove it.

Lemma 6.1.
Let &, 6.,-+-,&,, -+ be a bounded martingale, and let A, be

one of the sequences a,, @z -+, a;, Where m >j. Then
(6.3) [ endu@= [ Edu@=au4,).
Aj Aj
(In other words, the conditional mathematical expectation of €.
is a,, for givem a,,---, Q;)-
Proof.

For m=3j+1, (6.3) follows from the definition of a mar-
tingale. Consequently, let m >j+1. Then
[ e du@=3 [ du@
Aj AJC’

where the summation is over all sequences C, of the form a;.,,
-+, @n_;- For any sequence C, the intersection 4,C, is some
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sequence a,,- -+, d,_;, so that, by the martingale definition
f em d."’(x)‘:am-l#(Ast):f Em—l dl"’(x)'
Aj(,'s A;C

J7s

(since &,_,=a,_, for any xeA,C,). Summing this equality over
all the sequences C,, we find (for m > j+1)

[ & du@)= [ &, duto)
/lj ,lj

Clearly, the successive application of this recurrence relation
leads to (6.3) and Lemma 6.1 is proved.

Lemma 6.2.

t
Let n>m>0, let N be a set of sequences -+ *» Gus and le
A be the set of all sequences Q-+ -, a, for which

min a; Lk,

majan

where k is any given real number. Then, for r>n

[ @) du@) £ w(AN).

AN

Proof.

We denote by A; (m£Lj<Ln) the set of all sequences Am,
taa, for Which

a,>k---a,>ka, Lk

Clearly, the sets A, (m £j £mn) are non-overlapping and have

the set 4 5 their union. It is also clear that each A, is a
certain set of sequences a,,---,a, (i.e., whether z¢ A, or not
'S completely determined by the values of the quantities &:(x)
T, e.1(5’3)=a,-). We have
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(6.4) f £, du(x)= 2 f €, du(x).
aN
But each AN is, evidently, a certaln set of sequences C” of
the type a,---,a, A.,-N=Z:.‘ C;”, so that by Lemma 6.1 for
r>n
f ¢ du@)=3 [ € w@=3 [ & duw)= [ ¢ du.
c» c A;N

Since E,:ajék on the set A, then

f £, du(@) Lk (A, N)  (m<j o),
AJ-\'

and, therefore, by (6.4)
J& du@) £k (AN), Q. E.D.

AN
Remark.
It is clear that
[ & du(@ >k w(AN)
AN
can be proved in a completely analogous way if A is the set

of all sequences a,,---,a, for which

max a; > k.

m.jan

Doob’s Theorem.

Every bounded martingale (6.1) converges with probability
1 (i.e., almost everywhere in A").
Proof.

Suppose the theorem is incorrect. Then, real numbers k,
and k, can be found such that

liminf &, <k, <k,<limsupé¢,

n-oo n-»co
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on a set A of positive probability. We put u(A)=%>0.

we can select a positive integer 7, so large that

max §;,> k.
1414n,

on a set A, for which
1
ALY >o(1-3).

Furthermore, if n, is large enough, we have

min §, Lk,
n &jdn,

on a set A, for which

W44 > (1=

again, if n, is large enough

max &, Fk.
nolfang

on a set A, for which

WA 4)>7(1-35),

ete.

A A A=M, (k=12,-..).
For any kX1, we have

Clearly,

We continue this alternating process indefinitely. We put

#(Mk)én(AMk)=#(A)—#(A1‘7»)=77—#{§J:(/1—/1/11)}

S o= S A= AA) == 3[4~ u(44))]

é’l—gﬁ:[ﬂ—’?(l—él—t)j,zn—” g% >77——77—=—’27—.

2

F
Urthermore, we have for any r>1

or=Ae, Mo, _,.



On the Fundamental Theorems of Information Theory 63

It is clear that in this expression M.,_, is some set of sequences

@y, Q-+, @y and A, is the set of sequences ¢, ,---, a

1 n
or-1 er

for which

min a,

: J
Rop_yLJng,

Zk,

Thus, we see that if we put m=n.,_,, n=n.,, N=M,,_,, A= A.,
k=k, in Lemma 6.2, then all the premises of this lemma are
fulfilled, Therefore, if m>mn,, Lemma 6.2 gives

[ Em df‘(x) é k’l,u(]l{::r)'

Map

In a completely analogous way (see the remark after the
proof of Lemma 6.2), we have

f Em d,u'(x) é kf#(jwﬂr— ])‘

Mapoy

Therefore, putting M.,_,—M.,=Q,, we find

f 5m d/"'(m):f E"l dlu(:v)_ 5"‘ d#(:v) é kf/“"(M‘.!r—l)—kl#(ﬂ[‘Zr)
Q, Moy Moy

=(ky—k)p(M, )+ k[ p(M,, _)— w(M.N)] >
> (ko —k,) 7—2} + ke, (Q)-

Since the sets @, are non-overlapping, the series ni_?,:y(Q,)
converges, and u(Q,)—0 as r—><. But since the left side of the
last inequality does not exceed Cu(Q,) because |£,(x)|<C, then
both the left side and the second term of the right side of
this inequality are infinitesimally small as r—c, whereas the
first term of the right side is a positive constant. Thus we
arrive at a contradiction which proves Doob’s theorem.
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#7. Auxiliary propositions

We have already remarked repeatedly (4%3,5) that every
quantity which can be uniquely determined by the sequence
Tty Teyn-y Of letters from the alphabet A can be regarded
as a function of the elementary event

L=+, 4, Tgy Ty, "

of the space A4’ or, equivalently, as a random variable on this
space. In particular, in 5 we defined such a function, Viz.
Sul@)=—(1/n) 1g u(C), where C is the sequence Zy Zir: "1 Tn-1°
Now we must become acquainted with some other functions
of the same kind. Let us agree to denote the random sequence
Z-m:*+ %y by C, and the sequence z_,,---,x._,, &, With oné
extra letter by C,+x, Each of these sequences is an event
(cylinder) of the space A’ , and every quantity which is uniquely
determined by the Jetters ©_,-+ %5 % is a random variable
on this space or, equivalently, a function of the elementary
event z. In particular, the ratio

w(C,+x,)

wC,)
is. such a quantity, and can obviously be regarded as the condi-
tional probability of the appearance of the letter z, after the
appearance of the sequence C,=.,,---, %, In addition, let
US put py(x)=u(a,).

Let « be any fixed letter of the alphabet A4, and put
,u(C,,'I"a)
wC)

T;HS Quantity (the probability of the appearance of the letter
@ tter the sequence C,) differs from p,(x) in that in p.(%)

Pa(%)=

Pu(x, a)=
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the letter z, depends (just as do the letters z_,,---,z_,) on z,
whereas the letter « which replaces it in P, (x, a) is fixed and
independent of .

Lemma 7.1.

The sequence p,(x, ) (r=0,1,--:) is @ martingale.

Proof.

For brevity, let us put p,(%, @)=¢§,. Consider any fixed
sequence of n—1 letters a_;,-++,@_(n-1, and denote by B,_, the
cylinder £_;=@a_;,***, _a-1,=Q_(n-1, Of the space A’. Further-
more, let ", denote the cylinder z_,=g@, where B is any letter
of the alphabet A. Since Xﬂ}Fﬂ=A’, then

[eaun=3[ &duw)

n-1 Bpalg
but, for x€ B, I, we have
g, = #(Bn—lpﬁ+a) .
:“'(Bn—lpﬂ)
Therefore
[ & du(e)= S u(Bos Tyt @) =u(B,.+a).
B

n-1

But according to the definition of the random variable

E 1=#(Cn_1+a) ,
" /-"(Cn—l)

its value [§.-11s,., at C,.;=B._, (i.e, when the random cylinder

C,., coincides with the cylinder B,_, which we chose) equals:

—_ /J'(Bu-l +(1) .
[En—l]l}"_l /-L(Bn-1)
Therefore
(7.1) [ &0 du@) =601, i Booy):

Bn-1
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Now, let K, , be the set of all & for which &, Su-1 take
any given system of values &=w, (1.<i.<n—1). Since the
numbers w, (1.£i~n—1) are uniquely determined by the
selection of the cylinder B, , the set K, , is the union of
several cylinders B, ,, where, of course, [§.]s,.,=[%] ,;,,_,=7?’.-
(1<£iLn—1) for all the cylinders B,., in K,.: Thus it
follows from (7.1) that

f 6" d#(x)=n 2 fe" d#(x)zn Z 7T7l-l,u(Bn-l):'n—n—l/"(K"'l).

e n-1CKn_y n-1CKny
n-1 n-1

is a

But this means that the sequence &,=p,(z,a) (#>0) 18
martingale, which proves Lemma 7.1.
Lemma 7.2.

The sequence p,(x) (n=0,1,- - -) converges almost everywhere.
Proof. )

It is clear that for every fixed ze¢ A’, the quantity p..(f';l
coincides with one of the ».(%, @), where « runs through au
the letters of the alphabet A, and where « is the same for a

n (but different for the different z). Consequently, for any 7
m and for any zcA’.

| P.(2) = Pu(@) | L] Pu(®, @) = Pou(®, @) [-

But the martingale p,(x, a), being obviously bounded, converges
almost everywhere, by Doob’s theorem (£6), no matter what
the letter « is, and, therefore, the right side of the last in-
equality approaches zero when 7 and m increase without limit;
clearly this proves Lemma 7.2.

The definition which we gave of the function p,(x) assumes
that u(C,)>0; the & for which #(C,)=0 are obviously a set of
probability 0, and we exclude them from consideration from
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the outset by keeping only the z for which #(C,)>0 for any
7 0. Thus, the sequence p.(%) is defined almost everywhere
in A’. But then the sequence of functions
g.(x)=—lg p.(x) (n=0,1,...)
will be defined almost everywhere, where the value g,(z)= +
[for p.(x)=0] .is not excluded for these functions.
Lemma 7.3.
Let E,, (n>0, k>0) denote the set of all x for whick
k£Lg(x)<k+1;
then
(7.2) [ 9.@) du(@) ZLatk+1)2-%,

Enk

where a 18 the number of letlers in the alphabet A.

Proof.

We define the cylinders B, as in the proof of Lemma 7.1,
and let Z, denote the cylinder Z,=a, where « is any letter of
the alphabet A. For ze€B,Z, we have:

I_L(B,,'l'a) —_ lg /“(ana)
K(B,) wBy)

so that the value of g,(z) is uniquely determined by assigning
the cylinder B, and the letter a. It is clear that

BnEn.lc =2* BnZar

gn(x) = ]g

where the 3)* denotes summation over those letters « for which

k<Zg.(x)<k+1 for xe B,Z. Therefore

(1.3) [ 0@ du@ =33 9.() duca).

DnEn,k nnzc
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Y=—lg ﬁ(———)—- =
k+1>g.(x (B,
X that #(BnZd) é 2_k/"'(Bﬂ)'
and (7.3) gives

1 2-‘. F(‘Bn)‘
[ 0.2) duta) 25 (o-+1) w(BoZ2) L alle+1)

nnEn,k
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tof xe A’ for w e

. L>0, let A, ;. be the se -
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f 9.(x) du(z)<e,
"n,L
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f g.(®) dp(¥)<e,  (n=1y2,...).

Proof.
By Lemma 7.4, an L=L(e) can be found such that

f gn(x) d/.l.(x)<€, ('n=1,2, e )-

"n,L

Put 8=§Ij and let w(E)<8. Then

f 0.(%) du(x)= f 9:@) du@)+ [ g,(2) du(a)

E"'n,L BA" L
»

2 [ 9.®) du@) + Lu( By < 2¢,
"‘n,L
and Lemma 7.5 is proved. A consequence is that almost every-
where on A’ we have g,(¥)< + < for any nX 1.
Now let us put

lim g,(2)=g().

n-+» oo

This limit exists almost everywhere, because of Lemma 7.2, if
we permit the value + o for g(x).

Lemma 7.6.

The function g(x) is summable over A’. (In particular,
this means that it can take the value + o only on a set of prob-
ability 0.)

Proof.
For any L>0 and any positive function f(z), we put

SfHx)=min [ L,f(z)].
Then obviously it follows from g,(x)—>g(x) that gi(x)—> g“(x)
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. iformly
(n—e0). But since the functions gi(x) (n=1,2,- - ) are uni

i besgue
bounded, we find, using the known properties of the Lebesg
integral and Lemma 7.8, that

f 9“(x) du(z)=lim f ga() dp £ lim sup f, ga(x) dp(x)
=lim sup 3} f 0.(2) dp(@) <a 33 (k+1)27"
k=
n-»oo }.n .

a 7.6 is
Since the right side is independent of L, Lemm
proved.

Lemma 7.7.

[ 19.@)—9(@) | du@) >0 (2> o).
Proof.

set of
Let €>0 be arbitrary. Let us denote by E, the
z€ A" for which |g,()—g(z)|>c. Then

d
S/ |19:(2)— 9(a) | d () = [ 19— g(@) | du)+ f_ | g.(z)—9(@) | dulz)

E"

£ [ 0.0) dut@)+ [ 9(2) duo) +e.

f"ﬂ
Since ¢

(@) > g(x) almost everywhere, u(E,)—0 (n "’.w)t c<;;1-
Sequently, the fipst integral on the right side is infinitesimally
small as n—c by Lemma 7 .5, and the same is true of the second
integral by Lemma 7.6. This proves Lemma 7.7.

#8. Proof of McMillan’s theorem

McMillap’g theorem states (see #5) that as n— co the fune-
tion

Sa(x) ¢onverges in probability to the number H, the entropy
of the given source. Here
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ﬂ@=—%@AQ,

where C is the random sequence (cylinder) x,, ,,- -+, x,_, (Which
is, of course, uniquely determined by givingx=---, x_,, %y, %1, * - )-
In order to use the results of £7, we must first of all relate
the functions f,(x) to the functions g,(x), which we studied in
#7. This relation is established by the following proposition.

Lemma 8.1.
For all xe A" and n>1

ﬁ@=%2m@%-

k=0

Proof.

Since we shall now deal with sequences =z,,---,2,., for
various values of r and s, we must introduce a more extensive
notation. We denote the probability of such a sequence by
ul,,- -, %] so that, for example

f"(ﬂ})Z _%lg ,ul:xo” * %y xn-l]’

Similarly, the function p,(x), which we introduced in £7, can

be written as

o eee g
p(r)= LBem 1 T]_
p'[a“—u" ° 'ix-l.]

From this it is clear that for £ >0

' r oo 2]
p"(Tkm)= I‘:’.'xk—"’ ,:Lk—l ’
/““\.xk-n!' ) xk-l]

and, in particular

P Tiay =28 Bl
M Tgy vty Tpq |
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This equality holds for k> 1. Since p,(x)=u[x,] by definition,
then

Po(T°%) = po(x) = [, ],
so that

n—1
(Trx)=pul[z, . #[%o 24] pl%or- -y Zu_y] =ulx,,: - -
L 75 I PP as Bl

Taking the logarithm of this equality yields

n-1
k=0 gk(Tkx): _IOg ,u[ﬂ:o, ct xn-l] =nfn(x)!
and Lemma 8.1 is proved.

McMillan’s Theorem.

For any stationary source the sequence f,(x) converges in
the L'-mean (and therefore also in probability) to some invariant
Sfunction h(x). In the case of an ergodic source, h(x) coincides
almost everywhere in A' with the entropy H of the source.
Remark.

f.(z) is said to approach h(z) in the Li-mean if
[ 1 5@ = k(@) | du@) >0 (n>c0);
al

it is well-known that this implies that f,(x) converges to h(z) in
probability. As already noted, the function A(z) is called in-
variant if M Tx)=h(z) (xe A").
Proof.

One of the familiar forms of the ergodic theorem ([8], p.
31, Satz 10; [9], equation (2.42)) states that for any function
g(x) which is summable over A’ , the quantity

1 n-—-1
= >3 9(T*x)
m k=0
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approaches an invariant function 2(z) in the L!-mean as n— .
In particular, this holds for our function g(x) because of Lemma
7.6. But by Lemma 8.1 we have

S 1@ —h@)duw= [ | L8 070~ btz due)

<[]+ Biodra—orn)aum + [ | L o) hw)|duw)

n-1

1% [1o@—o@) dua+ [ |2 E o7 he)|auta),
n k=o ¢ o n k=0
where in transforming the first term we use the stationarity
of the source. (du(z) is replaced by du(T*x), and then Tz is
introduced as a new variable of integration.)

Consider each of the two terms on the right side separately.
In the first term, the summands with increasing index approach
zero by Lemma 7.7. Therefore, their average value, i.e., the
whole first term on the right side, approaches zero as n— co.
The same is true for the second term by the very definition

of the function A(z). Thus we find

[ 1£.@)—h@) | du(@)>0  (n>co),

which proves the first part of McMillan’s theorem.

In the case of an ergodic source, the ergodic theorem -cited
above states that the function A(x) is almost everywhere a
constant A. Thus, to prove the second part of McMillan’s
theorem, we must show that h=H. But from

[ 155 =Rl du@~>0  (n>oo),

al
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it follows that
lim f f(@) du(z)= f h du(z)=h.
n-»oQ Il[ ,11

The integral on the left side is the mathematical expectation
of f.(x) which, as we saw in #5, approaches H as m—»co. This
means that A=H, which completes the proof of McMillan’s
theorem.

In particular, therefore, we have proved that every ergodic
source has the E property: For arbitrarily small e>0 and §>0,
and sufficiently large m, all the a" mn-term sequences of the
source output are divided into two groups, a high probability
group, such that |(1/n)lg u(C)+ H|<e for each of its sequences,
and a low probability group, such that the sum of the probabili-
ties of its sequences is less than 8.



CHAPTER III.
Channels and the sources driving them

$#9. Concept of channel. Noise. Stationarity. Anticipation

and memory

From a physical point of view, by a source is meant an
apparatus which emits signals. The medium over which the
signal is transmitted, is called a channel. The concept of
channel, as well as the concept of source, plays a fundamental
role in information theory. Just as in Chapter II we started
the theory of sources by giving their precise mathematical
characterization, we must now do the same thing for channels.
We saw that the elements which can be used to characterize
a source mathematically are its alphabet A, the probability
space A’ with elementary events x, and the probability measure
u(S) defined on the sets Se ;. What mathematical elements
can be used to characterize a given channel?

First of all, we must have a list of the signals which the
channel in question can transmit. We shall always assume
that this list is finite, and we shall call it the input alphabet
(or the alphabet at the input) of the channel. The signals in
this alphabet are called its letters. In general, the signals that
emerge from a channel have an entirely different nature from
the transmitted signals. Therefore, in addition to the input
alphabet, we must know the output alphabet (or alphabet at
the output) of the given channel, i.e., the list of signals (letters)
which the channel can emit. We shall also always assume that
the output alphabet is finite.
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If every transmitted signal a (a letter of the input alphabet
A) gives at the output a unique letter b=b(a) of the output
alphabet B, the channel is called a noiseless channel. In general,
the presence of interference (noise) causes different letters
be B to be obtained at the output in different cases when the
same letter ae A is transmitted. Since it is natural to regard
the interference (noise) as a random phenomenon, and it governs
which letter be B appears at the channel output when a given
signal ae A is transmitted, then we can speak of the probability
of obtaining the letter be B at the channel output, given that
the letter a ¢ A was transmitted. In many cases, this probability
depends not only on a but also on the sequence of signals
transmitted earlier, and this dependence must often be taken
into account. Therefore, at the outset it is expedient to give
the most general form to the phenomenon deseribed. As in
Chapter II, we shall consider the set A’ of all sequences

T=-c, &5, % Ty (T,€4; —o<i< 4 o0).

To every such sequence of transmitted signals corresponds a
sequence
y=-- Y. Yo Y - (¥;€B; — o 1< + )

of received (output) signals. The probability that y, will be a
given letter be B must be regarded, in the general case, as
depending on the whole set of signals z, sent, i.e., as a function
of ze A’. We can denote this probability by v.(y,=b). We
can also say that v,(y,=b) is the conditional probability (for a
given sequence xe A’ of transmitted signals) that the sequence
Y€ B’ of received signals will belong to the cylinder y,=b. It
is clear that in order to characterize the channel completely
We must know such conditional probabilities not only for the
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simplest cylinders of the type v,=b, but also for sets SC B’
of more complex structure. It is natural to require that such
probabilities »,(S) be assigned for all eylinders SCRB’; in this
way, v.(S) will be automatically defined for all sets S in the
Borel field F', generated by the set of these cylinders.

Thus, we shall consider a channel to be specified if we know
the following three elements: 1) the input alphabet A, 2) the
output alphabet B, 3) the probability v.(S) that the v received
when a given z is transmitted belongs to the set S¢ F,. (This
probability must be given for any xe A’ and any Se¢F;) We
shall denote the channel specified by these elements by [4, v, B].
Evidently, v.(S) must be understood to be a one-parameter
(with parameter x) family of probability measures defined on
the space of elementary events B’. We shall call the channel
[A, v, B] stationary if, for all xe A’ and Se F,

vre(TS)=v:(S),

where 7T is the same shift operator with which we were con-

cerned in the preceding chapter.

In the majority of applications, the probability v,(y,=b) that
y, coincides with a given letter be B does not depend on al
the letters x=---,%_,, 2, 2,,- - - of the transmitted message, but
only on those with indices rather close to n. First of all, we
shall always assume that the distribution of y, is independent
of the transmitted signals that are transmitted after z,, i.e.,
is independent of a, for k>n; this means that , (y,=b) has
the same value for all transmitted messages x for which the
signals ---,x,_;, x, are identical. In this case, we speak of a
channel without anticipation. Asregardsthe signals x,_,, , - *
preceding z,, in the majority of cases only a limited number
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of them (e.g., 2,_;,%,_,***, Z._») can influence the Qistribution

of y,. This means that the probability v.(y,=b) is the same

for all » with identical z,_,,---,%,_;,2,. In this case, we

speak of a channel with a finite memory. The smallest number
m for which the above holds, is called the memory of the
channel; in particular, the distribution of y, for a channel
without memory (m=0) depends only on z,.

#10. Connection of the channel to the source

Suppose we have a channel [4,y,, B] and a source [4, 1]
for which the alphabet A coincides with the input alphabet of
the channel. Then, clearly, the channel [4,v,, B] can be used
directly to transmit the output of the source [4, x]. Each
symbol z, emitted by the source is one of the letters of the
alphabet A, and therefore can act as an input to the channel
[A,v,, B]. Then at the channel output we obtain a letter ¥,
of the alphabet B. When the letters from some message

T="+--,2_,, x,, Lyye e

from the given source are fed into the channel one at a time,
we obtain at the output the corresponding sequence

Y=Y 1Y Y-

of letters from the alphabet B. In the general case, the dis-
tribution law of every letter y, of this sequence depends on
the entire sequence z, and is determined by the probability
measure v,. For a channel without anticipation, this distribu-
tion law depends only on the symbols ..., z,_,, x,; if, in addi-
tion, the channel has finite memory m, then the distribution
of y, depends only on z,_,,- -, 2,.
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This whole situation is described by saying that the source
[A, u] feeds (drives) the channel [A4,v,, B]. From the proba-
bilistic point of view, such a connection of the channel and
the source is a phenomenon in which chance intervenes in two
ways: 1) the choice of the message xze€ A’ is random (this
randomness is governed by the distribution u, and 2) for a
given ze A’, the ye B’ which is received at the channel output
is random, because of the presence of noise. (This randomness
is governed by the distribution v,.)

Consider now the probability space in which the elementary
events are all possible pairs (x,¥), xe A', ye B’. Let C be the
get of all pairs (a,b), where acA,be B. We can regard C as
a new alphabet; then, it is natural to denote by C’ the set of
pairs (z,y) of which we just spoke. Thus the specification of
(z,y)eC’ is equivalent to the specification of xe A’, ye B'.

We must now introduce probabilities into the space C’. Let
McC A, NC B/, ie., let M be some set of elements x and N
some set of elements y; indeed, let Me F, (so that w(M) has
a definite value) and let NeF, Then it is clear that the
direct product S=MX N of the sets M and N is a set of pairs
(z,v), so that SCC’. The probability w(S) of this set of the
space C’ should naturally be understood to be the probability
of the joint event xzeM,yeN. But the distribution in the
space of elementary events x€ A’ is determined by the n law,
and, for a given z, the distribution in the space of elementary
events y e B’ is determined by the v, law. Therefore

(10.1) o S)=a(Mx N)= [ v.(N) du(z).

In particular, every cylinder ZC C’ is obviously the direct product
of a cylinder Z,cC A’ and a cylinder Z,C B’. Therefore, Eq.
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(10.1) tells us the probability of any such cylinder Z. It follows
by the general property of Borel sets that the probability «(S)
is uniquely defined for any set Se F..

Thus we see that connecting the channel [A4, v, B] to the
source [A,p] driving it uniquely determines a new source
[C,w]. The alphabet of this source is the direct product A X B;
the set C’ of elementary events (z,%) is the direct product
A’X B!, and the probability measure w(S) is given by (10.1) in
the way described above. In what follows, we shall call this
new source [C,»] the compound source constructed by connect-
ing the channel [4,v,, B] to the source [A4, »]. Since we shall
deal only with stationary sources and channels, the following
almost obvious theorem will be of importance to us.
Theorem.

If the source [A, p] and the channel [ A, v,, B] are station-
ary, then the source [C, w] 1s also stationary.
Proof.
Suppose SCC’ and S=XXY, X¢F,, YeF, Then, first
of all, it is obvious that TS=TXX TY. Therefore, Eq. (10.1)
gives
oTS)= [ vATY) du(a),
IETY
or, after substituting a new variable of integration
oTS)= [ 7 (TY) du(T).

TzeTX

Since the source [A, ] is stationary, du(Tz)=du(z), and since
the channel [4,v,, B] is stationary, vrTY)=v,(Y); therefore

o(I8)= [ 5.(¥) du(z) = (S).

zZeEX
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We have established this equality for all S=X X Y, in parti-
cular, for all cylinders SC C’; therefore it is also valid for all
SeF,. This proves the theorem.

Let us put M=A" in Eq. (10.1), while leaving Ne¢ F, arbitrary.
The quantity «(MxN) is then the probability of the joint
event xe€ A’, ye N, and since the first of these two events is
sure, w(M X N) is simply the probability ,(N) of obtaining a
sequence y belonging to the set Ne F, at the channel output.
Thus we see that the distribution 7(N) plays the same role for
the space B’ as u(M) does for the space A/, For M=A",
equation (10.1) becomes

(10.2) AN =a(ATX N)= [ v.(N) du(a).

Thus we can speak of the source [B, 7] at the channel output.
This source, with the sequence

Y=--" Y_1» Yo STRR

of letters from the alphabet B as its output, is uniquely deter-
mined (by using (10.2)) by the data of our problem, i.e., by the
source A and the channel [4,v;, B]. (Of course, the source
[C,w] considered above is uniquely determined by the same
data.) If the source [A,n] and the channel [4,y,, B] are
stationary, then, as we proved, the source [C, »] is also sta-
tionary; but then

W TN)=w(A"X TN)=w(TA"X TN)=u(A’ X N)=71(N),

and therefore the source [B,7] is also stationary.

We proved in #3 that every stationary source has a definite
entropy. Therefore, if the source [A4, x] and the channel
[4, v,, B] are stationary, each of the three sources [A4, p], [B;7]
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and [C, »] has a definite entropy. Let us agree to denote these
three entropies by H(X), H(Y), and H(X, Y), respectively.
We defined the entropy H(X) as follows. Let H,(X) be the
entropy of the finite space the elementary events of which are
all the n-term sequences z,,---, x,_, (cylinders) emitted by the
source [A, n], with corresponding probabilities determined by
the distribution p; then

H(X)= lim %H,,(X).
In complete analogy
H(Y)= lim —H/(Y),
H(X, Y)= lim — H(X, Y),

where correspondingly H,(Y) and H, (X, Y) denote the entropies

of the finite spaces of sequences ¥,,---,y,., from the source
[B,7] and «,, Yo ) Tn_1) Yn; from the source [C, w]-

But giving the “pair sequence” =, Yo+, &, 1 Yn-1 1S obvi-
ously equivalent to giving the pair of sequences -, ®u-1 and
Yor***» Yn-1, SO that the space of sequences z,, ¥, ) Tn-1» Yn-1
is the product of the spaces of sequences ,,---,z, , and ¥o """

Yn-1. Therefore, as we saw in #1
HH(X’ Y) =Hn(X) +Hn,\'( Y) = Hn( Y ) +Hn}'(X)r

Where H,.(Y) denotes the average conditional entropy of the
Space of sequences ¥,,- - -, ¥,.; for a given sequence z,,- -+, Za-1,

and H,,(X) has an analogous meaning. It follows that

H,(Y)=H,(X, Y)—H,(X),
H,,(X)=H(X, Y)—H(Y).
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Dividing all the terms of these equalities by », and passing
to the limit as n—> o, we find

.1 —
lim _;Hn_‘.(Y)—H(X, Y)—H(X)’

n-»oco

(10.3)
lim %HAP<X>=H(X. Y)—H(Y).

n-oco

This means, first of all, that the limits on the left always exist.
Let us denote them by H(Y) and H,(X), respectively. Consider
the conditional entropy per symbol of the output of the source
[B, ] for a given output z of the source [4, w]; then H(Y)
can be interpreted as the average of this entropy over z. H,(X)
has a similar meaning with the roles of the sources [4, »] and
[B, ] interchanged.

In practice, this latter quantity is of the greatest interest.
Let us recall that, on the one hand, we regarded the entropy
of any finite space as a measure of the uncertainty contained
in the space, and, on the other hand, as a measure of the
amount of information given by ‘“removing” this uncertainty,
i.e., by answering the question of which event of the given
space actually occurred. Thus H.(X) is a measure of the un-

certainty in the sequence %y %.-i. The quantity H,.(X) is
a measure of the average amount of uncertainty in the same
sequence %,,---,%,., given that this sequence entered the

channel and that the sequence Yo - ‘-, ¥, , was obtained at the
output. Thus H,,(X) indicates how much uncertainty still

remains in the sequence &, * *» @-1 3fter it has been transmitted

through the channel. Of course, we always have H,,(X)=0
for a noiseless channel, for then knowledge of the received
sequence Yo, -, ¥y, , tells us with certainty the transmitted
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sequence x,---,%,_,. In the general case, H,,(X)>0 and re-
presents the ‘“residual entropy’” of the sequence x,-:-,,_,,

which it retains after passing through the channel. After
dividing H,(X) and H,,(X) by = and passing to the limit as
n—c, we obtain H(X), the average uncertainty per signal of
the source [A4, u], and H,(X), the average uncertainty per

signal of the source after the message has passed through the
channel.

On the other hand, H,(z) is the amount of information con-
tained in the sequence z,,---,z,_,, and H,,(X) is the amount
of information it retains after being transmitted through the
channel. The difference H,(X)—H,,(X) is thus a measure of
the average amount of information given by a sequence
Zy,+++, &,_; transmitted through the channel. After dividing by
n and passing to the limit, we find that the difference H(X)
—H,;(X) is the amount of information obtained on the average

when a signal of the source [4, x] is transmitted through the
channel. This quantity

R(X, Y)=H(X)— H,(X)

is therefore the most important characteristic of the quality of
transmission. It is natural to call it the rate of transmission
of information from the given source [A, x] through the

channel [4,y,, B]. We have by (10.3)

H(X)=H(X, Y)—H(Y),
which means that

R(X, Y)=H(X)+H(Y)—H(X, Y).

Thus the rate of transmission R(X, Y) is uniquely determined by
giving the entropy of the three sources [A4, r], [B,7]), and [C, w].
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$#11. The ergodic case
Retaining the terminology and notation of the preceding
sections, we now assume that the source [A4, ] is ergodic and
that the channel [ A4, v,, B] has finite memory m. We shall now
show that in this case the compound source [C, ] and the
source [ B, n] at the channel output are also ergodic.
Let Z be any cylinder of the space C’, obtained by fixing
any sequence of pairs (&, ¥,),- -+, (%;.,, ¥;.,) or, equivalently,

the pair of sequences
U=y Tjogy V=Yoo Y .

The sequences u and v (equivalently, the cylinder Z) will be
regarded as constant throughout the proof. Now consider any
fixed m-term sequence z==2_,,---,&_;, and denote by w the
sequence x_, - -&_,&,---%;_, of constant length m4j=¢. Since
the source [A4, u] is ergodic, we have almost everywhere in A’

(11.1) lim _"z‘,—; 9.(T"2) = pu(ww).

nro N k=

Furthermore, by Birkhoff’s theorem, the limit

(11.2) lim LS g (T 2y =, (%)

s§r00 8§ (=0

exists almost everywhere in A’ for 0 £Lr £t—1, and for any
sequence z. Let us denote by MC A’ the set of x for which
(11.1) obtains and for which the limits (11.2) exist for any 7
0Lr£Lt—1) and 2. Obviously u(M)=1.

The sum on the left side of (11.2)

(11.3) S g, (T )
le=(
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is clearly the number of values of | (0 £l .<s—1) for which
Tr+“gew, i.e., for which the sequence of length ¢

Cl=Trsttomr® "y xr+u,j-1

coincides with the sequence w. (We note that the sequences c,

fill the sequence Z,_ ‘)%, n.,.., Without gaps and without
overlapping, as ! runs through the values 0,1,--:,s—1.) Let
this number be denoted by

Pp=7p(s,7,2,%),
where, by (11.2), for any zeM
(11.4) p=3Y¥, .(z)+o(s)
as s—co, and let U, ls- -+, 1, in order of increasing size, denote

the values of I (0Ll <Ls—1) for which ¢, coincides with w.
Furthermore, let v, (0 Ll <Ls—1) denote the (random) sequence

Yrstor yr+ll+]-1

of length j.

The sequences v, (1Lk <L) are of special interest to us.
Let A, denote the event consisting of the sequence v, coincid-
ing with the sequence v (which enters into the definition of
the cylinder Z); obviously A, is the event (cylinder) T7*%%v of
the space B’. Its probability for a given x is v,(A4,) =y (T7* ).
But our channel is without anticipation and has finite memory
m. Therefore the event A, determined by the sequence v,
depends statistically only on

Trrtgt-mr®* "y xr+lkl+j-ly

ie., on the sequence ¢, to which z belongs.

But, by the
definition of the number I, we have, for k=1,2,..

P
0:,‘2 Tr+lktw.
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Thus we arrive at the conclusion that the probability v (77**v)
has the same value for all xe T"*'*w. Since our channel is
stationary, this probability is the same as the probability v (v)
of the cylinder v for any ae€w. This latter probability, which
it is convenient to denote by »,(v), is independent of either &
or 7.

It follows that v.(A4,)=v,(v) for all £ (1 Lk <p). Moreover,
it is an immediate consequence of the fact that the channel
memory is m that the events A, are independent. We have
p—> o as s—>o (if xeM), so that the events 4,,---, 4, form
a classical Bernouilli scheme. All these events are defined in
the space B’. If q denotes the number of values of k (1 Lk < p)
for which A, occurs (for a given xe M), then, as s—>co (which,
for ae M, implies p—c), we have by the strong law of large
numbers

9.,
(11.5) o (v)

with probability 1. This means that if ae M and if N denotes
the set of values of ye B for which (11.5) holds as s—co, then
v,(N)=1. The set N depends on 7,2, and z, i.e., N=N(1,2,%),
but » and z can assume only a finite number of different values.
If we put

I[ N(r,z,2)=N}
then obviously for xeM

v(NF)=1,

and (11.5) holds for any 7 and z, if xeM, ye NF. But since
by (11.4)

Py @) (s>o)
S
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for any xze M, then, for ze M, ye N*, we obtain

(11.6) is—ww(v) ¥,(%) (s>c0)

for any » and =.
By the definition of the number q, we have immediately
-1
9= 2, 9:T7"%) 9.(T"*"9)
Summing this expression over r from 0 to t—1, we find, for
xeM, ye N¥*, using (11.6)
8t - . t-1
5 0u(T42) 0 T*) =50,(0) 3 ¥,..(@) + ().
k=0 r=

But by the definition of the function ¥, ,(x) and by the ergodi-
city of the source [A4, x], we have, for xe M

t-1 . 1 =2

2V @) =lm =3, 0, (T"2) =t u(w),

so that

117 g‘gwwm 9 T*y)=stu(w) v, (v)+0(s)

for ze M, ye N*.

Now we sum (11.7) over all possible sequences z. In doing
S0, we recall that w is a sequence of the type z

Sttt Xy,
Zos*++, %, y, where &_n,-**,%_; iS now the variable sequence z,
and z,...,, , is the fixed sequence u. Therefore S]w=q,

and Z:} o(w,v)=w(,v)=w(Z). Since w(w),(v)=w(u,v) {)y the

very definition of the distribution o, the right side of (L7
becomes

stw(u,v)+0(s) =stw(Z)+o(s)
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after summation over z. The sum of the terms in the left
side of (11.7) can be written

50T S 0u(Ta).

Since >Tw=wu, the inner sum equals g,(7T*z); therefore, sum-
z

ming the left side of (11.7) over z gives

st-1
kzzlg..(T"x) 9.(T*y),

and we obtain for xeM, ye N*
st-1
(11.8) k};_,;gz(T”x, T*y)=stw(Z)+o(s).

If Q is the set of pairs (x,y) for which ze M, ye N¥, then by
definition of the distribution », and because v (N}*)=1, we have

Q= [ ».(N2) dp(a)= (M) =1.
N
Thus (11.8) obtains almost everywhere in C’. This means that
the source [C, »] reflects the cylinder Z. Since this cylinder
is arbitrary, then by the theorem of #4, we have proved that
the source [C, »] is ergodic.

It follows at once that the source [B;7] is ergodic. Indeed,
if Ne F, is an invariant set in B’, then A7 X N is obviously an
invariant set in C’. Since the source [C, ] has already been
proved to be ergodic, then »(N)=w(A’X N) equals 0 or 1; but
this means that the source [B, 7] is ergodic.



CHAPTER IV.

Feinstein’s Fundamental Lemma

#12. Formulation of the problem

The authors of most investigations on the foundations of
information theory agree in considering the culmination of the
theory of discrete information to be Shannon’s theorems on the
optimum use that can be made of noisy channels by suitably
coding the transmitted text. The proofs of these theorems
are given only sketchily in Shannon’s works, the analysis being
limited to sources of the Markov chain type. In his work,
McMillan considerably refined in mathematical respects the
fundamental concepts of Shannon’s theory. (It is just these
refined concepts that we used in the preceding sections.) More-
over, he outlined a method of proving Shannon’s theorems for
any ergodic source; more exactly, he tried to carry over to
this case a proof the idea of which had been given by Shannon.
In this connection, a number of gaps were discovered, which
evidently can pot be filled even in the special case of the
Markov Sources considered by Shannon.

In 1953, Feinstein [4] proposed a fundamentally new WwWay of
substantiating Shannon’s theorems, which makes the whole
jcheory considerably more transparent. Feinstein’s idea consists
In deriving from the channel itself as much as can possibly be
used to _prOVe Shannon’s theorems, before coding and even before
;(;m;ii:;g the channel to any particular source. This is done

g€ a proposition which it is natural to call the funda-
mental lemma of the whole theory, and which is formulated
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Without any mention of either sources or codes. The proof of
this proposition is our next problem. It should be noted that
Feinstein carries out the proof only for channels without
memory (m=0) and only alludes to possible generalizations. It
is, of course, very important to know to how broad a class of
channels the fundamental lemma applies. We also note that
both the statement and the proof of the lemma as given by
Feinstein contain a number of inaccuracies which, however, can
be corrected easily.

Consider a stationary channel [4, ., B], without anticipation
and with finite memory m. If this channel is feq by a station-
ary source [A4, ], we obtain a definite rate of transmission

R(X, Y)=H(X)—H,(X),

which (see #10) can be regarded as the amount of information
obtained on the average when one letter is transmitted. Of
course, this rate depends on the source A, driving the channel.
However, the least upper bound of R(X, Y) for all possible
ergodic sources [A, u] is a quantity which depends only on the
channel [A4,v,, B] itself. We shall denote this quantity by C,
and we shall call it the (ergodic) capacity of the channel.

As before, we denote the elements of the sets 47 and B’ by
T="-, T, L, &y -+ aNd Y=--y_,, ¥, ¥y, -+,
respectively. Let n be any fixed positive integer. Let us
agree to denote by wu the sequence (cylinder z_,,---,%-1
Zgy+ -+, T,y Of length n+m, where all the z, take on definite
values (letters of the alphabet A). Obviously, the number of
different sequences u is a™*",  where a is the number of
letters in the alphabet A. Similarly, let us denote by v the
sequence (cylinder) y,,---,y,., of length =, where all the ¥,
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are letters of the alphabet B. Obviously, the number of dif-
ferent sequences v is b”, where b is the number of letters in
the alphabet B. Since the memory of the channel is m, then
the probability ».(v) of receiving yev at the channel output
when a given z is transmitted is the same for all x belonging
to the same sequence . Thus, this probability depends only
on the sequences u and v selected, and it is natural to denote
it by v,(v). Similarly, if V is the union of several sequences
v, we shall denote by v.(V) the probability of the event ye V
when any zew is transmitted.

Now, let 2 be any constant (0<z<%>, Let us agree to call

a group {u,} (1.£Li£N) of u-sequences distinguishable if there
exists a group {V:} (1Li£LN) of sets ,C B’ where each V,
(1 £i £ N) is a set of several sequences v, such that 1) V, and
V. have no sequences in common for i3k, and 2) »,(V))>1—2
(1£Li«£N). Clearly, this definition of a distinguishable group
depends on the parameter . We can now formulate Feinstein’s
fundamental lemma as follows.

Lemma.

If a given channel is stationary, without anticipation, and
with finite memory m, then, for sufficiently small 2>0 ang
sufficiently large m, there exists a distinguishable group {w,}
(1 £1ZLN) of u-sequences with

N>2me-»

members, where C is the (ergodic) capacity of the channel.

The importance of a proposition of this kind in evaluating
the optimum transmission of information is clear almost im.

mediately. If 2 is small, since v, (V,)>1—2, when a sequence
%, is transmitted, then at the channel output we obtain with
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overwhelming probability a sequence v in the group V,; since
the groups V,; have no » in common, then, knowing v, we
uniquely determine the group V; which contains it, which
means that we guess with an overwhelming probability the
transmitted sequence u,. Of course all this is under the condi-
tion that the group {u;} is distinguishable. Thus, if only
sequences of a certain distinguishable group are used to send
signals, then, despite the noise, the signals sent can be guessed
with overwhelming probability. The question of whether any
text suitable for transmission can be ‘“encoded” into the
sequences u, depends, of course, on how many such sequences
there are in the first place. The fundamental lemma shows
at once that the number of such sequences is very great for
sufficiently large n. After this lemma has been proved, we
shall consider the question of how to use the estimate of N
that it affords to compute an index of optimum transmission
of given material through a given channel. In fact, this is
the way we shall approach the basic Shannon theorems.

#13. Proof of the lemma
We shall divide the proof into a number of separate steps
in the interest of a better presentation.
1. The source [A, p]. By definition of the number C, we
can find an ergodic source [A4, x] for the channel [4,v,, B]
such that when this source drives the channel, we have a rate

of transmission (see the end of #10)

R(X, Y)=H(X)—HY(X)>C—%.

Here H(X) denotes the entropy of the source [A4, x] and H,(X)
the average conditional entropy of the same source, given the



94 KHINCHIN

signal received at the channel output. The source [4,al:
being ergodic, has the E property according to McMillan’s
theorem (see #5). This means the following. Let w denote an
arbitrary sequence o, -+, %, , of letters from the alphabet A
(w is therefore some cylinder in A’). Moreover, let w,C A’
denote the set (union) of all cylinders w for which

(13.1) lg p(w) +H(X) Ai;
n 4

then, for arbitrarily small 2>0 we have for sufficiently large »
[.L( Wo) > 1 _2.

2. The source [C, »]. Connecting the source [4, #] to the
channel [4,,, B] gives us according to the definitions of #10
the compound source [C, ], with the alphabet C=AX B and
entropy H(X, Y). By the theorems of #11, this source is
ergodic, and therefore, by McMillan’s theorem (#5) has the E
property. This means the following. Each pair (w, v) of n-term
sequences [wC A’, yC B'] is some cylinder in the space C’,
with a definite probability w(w,v) in this space. Let Z denote
the set of all cylinders (w,v) for which

(13.2) lealw) 4 pgix, v)| < 2;
n 4
then, for arbitrarily small 1>0 and §>0, we have, for suffi-
ciently large n
w(Z)>1-4.

3. The source [B,5]. This source, which we described in
#10, is determined by the relation

WM)= [ 0. (M) dp(@)=(A'X M) (MeFy).
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We proved that it is ergodic at the end of #11. According to
McMillan’s theorem it has the E property. This means the
following. The probability of the set of =n-term sequences
vC B’ for which
(13.3) g0 | gyl 22
n I~ 4

is as close to 1 as desired for sufficiently large n. (H(Y) denotes
the entropy of the source [B,7].)

4. The set A, and its probability. Let us denote by X the
set of pairs of sequences (w, v) for which the inequalities (13.2)
and (13.3) are satisfied. By the foregoing, we have

(o(X)>1—%;.2,

if n is large enough. Now, for any sequence w, let A,C B’
denote the set of all sequences v for which (w,v)eX, ie., for
which the inequalities (18.2) and (13.3) are satisfied. Further-
more, let W, A’ denote the set of all sequences wC W, for

which
(w,A,) _ o(w, A,) 2
13. oW, Ay) - O Pe) 14
(13.4) wu(w) w(w, B") 2

We now estimate the probability of the set W, by using Lemma
2.1. The roles of the spaces A, B, AB are played by the sets
of all sequences w, v, (w,v), respectively. For Z we take the

set X, for U, the set W,. Then clearly %22 plays the role of
8, and 2 that of 8,. The set of sequences v for which (w,v)€X,

ie, I'y,=B'—A,, takes the place of the set 7. Finally, the
set of wC W, for which the conditional probability
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(2 ’ Aw)
PUI)=1-Py(A)=1—20:5) 2o

i =4 ke our
plays the role of the set U,. Putting a=—, We can ta

t all
set W, as the set U, of Lemma 2.1. We see at once that a

the premises of Lemma 2.1 have been fulfilled. Using it, we
conclude that

(13.5) p(W)>1—2—2=1-—-22

Now let the sequence w belong to the set W, and the
sequence v to the set A,, so that by the definition of the. .set
A, we have (w,v)C X. Since W,C W,, then, by the definition
of the sets X and W,, all three inequalities (13.1). (13.2), (13.3)
are fulfilled for the pairs (w,v). In particular, we have

A.
n 4 n
S LR NG
n
whence
lg w(w, v)

3
+n[HX, Y)—H(X)—H(Y)]> —ZM'
#w) n(v)
Since (see $10)

H(X)+H(Y)—H(X, Y)=R(X, Y),
we find

o, Wl rx vy—34],
Iy = B 1= 4]

and therefore

w(w, v) N 2UCRE - 3N (),
ww)
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Since we have R(X, Y)>C—% by the choice of the source

[4, »], then
m(w, 'v) = omC-» 7)(’1)).
w(w)
This inequality holds for any wC W;, vC A4,. Keeping the
sequence w C W, fixed, and summing over all vC A4,, we find
o(w, 4,) n(Cc-2
—_—l w9 A),
) o
but the left side of this inequality does not exceed unity, since
ww, A,) £Lo(w, B)=p(w). Therefore we find that for any

sequence wC W,
(13.6) 7(A,)< 27 mC-2,

5. Special groups of w-sequences. We agree to call the group
(w,}(1 L1 L N) of w-sequence special if a set B, of v-sequences
can be associated with each sequence w, of this group such

that
1) the sets B, and B, have no common sequence for 77+ k;

2y @B o1y iz
/-"(wi
3) p(B)<2 ™°» 1 Li<LN).

First of all, let us convince ourselves that special groups
exist. To do this, we take any sequence wC W, and put B=A,,.
Then by (18.4) and (13.6), we have

@, B) g 3; wByL2 0N,
w(w)
Therefore, every sequence wC W, is a special group, which
proves the existence of special groups. Now let us call a
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special group of w-sequences maximal, if adding any other
sequence to it causes it to lose the character of a special group.*
In view of the foregoing, the existence of a maximal group 1S

obvious.
6. Estimate of the number of members of a maximal special

group. Let M={w;} (1 £i£LN) be a maximal special group
of w-sequences. Now, for any sequence w, let us put

Aw—AwéBizB“..
i=1
Obviously the set B, C B’ has no elements in common with any
of the sets B, (1Lt £LN). If wC W,, then by (13.6)
(Bw) L9(A,)<2-mC-»,
If the sequence wC W, did not belong to the group M and if
we had at the same time

o, B,) >1-—2,
w(w)
then adding this sequence w to the group M would evidently
again give a special group of w-sequences, which is impossible,
since the group M is assumed to be maximal. Therefore, if
wC W, and weM (ie., if wC W,—MW,), then

Mél_g,
ww)

But by the definition of the set B,

(13.7)

w(w, Bw)zw('w9 Aw)_w(wr A, 72 B,) ’

and if wC W,—MW,, it follows from (13.4) and (13.7) that

* If the set of all w-sequences is a special group, then we consider this group to be
maximal algo.
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(1.)('20, A". 2 Bi)'-:(l)('u); Aw)_w(u}7 Bw)

>(1_%)#(w)—<1—z)#<w>=;;p<w>.

From this we find that

(13.8) weW S MW, @
2 x
=, MW+ > m(w, > B,,)

2 wew Taw,

;gm W) — u(MW,)]+ (1 =) u(MW,),

where only the estimate of the last sum requires explanation.
The fact is that if wC MW, C M, the sequence w is one of the

sequences w; of the special group M. For example, if w=w,
then

N
ofw, 33 B.) > a(w,, BY>(1-1) uw),
and therefore

= w('w, 2 B,.) > (1—2) W(MW,).

weMw,

Furthermore, using (18.5) we find that for 1.<£ %, (13.8) becomes
N AN
(13.9) 77(§ B,) ;%ﬂ( W,)+( 1 —x—;;) (MW

> 2 uW)> | A—2=y.
But since by the definition of a special group

2(B)<2-%» (1£LiLN),



100 KHINCHIN

then, on the other hand

2 23 B)< N2
i=1

Comparing this with the inequality (18.9) we find
N> ,an(C—).)’

and therefore, for sufficiently large n
N> 2n(C-2}.).

Thus we have established an important lower bound for the
number of terms in any maximal special group of w-sequences.

7. Completion of the proof of the fundamental lemma. Let
us consider an arbitrary maximal special group {w,} (1£Li<£N)
of w-sequences, and let us extend each sequence w; of this
group by adding m more letters to the left, obtaining in this
Way a new sequence u; of length n+m. Let us convince our-
selves that by selecting this extension in a suitable way, wWe
have

w@uB) 1, 1zizn.
,U'(ui

Every possible extension of the sequence w,; by m letters to
the left gives a cylinder (sequence) u, contained in the cylinder
W; (u,Cw,), and the union of all the cylinders u,Cw, is the
¢ylinder 1w, Therefore for 1 £i£N

w(w,, B)) - w(u;, B;) — w(uy B)) () .
w(w)  wiewe pw) e p(u)  w(w,)

The left side of this equality exceeds 1—2 by the definition of
a Special group. The sum of the second factors in the sum on
the right sige is obviously unity. Therefore at least one of
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the first factors must exceed 1—2; but this means that, for at
least one extension, we must have
w(U;, B))

(13.10) )

>1—2,

as asserted.
By the definition of the distribution o

w(Uy, Bz‘)=f v.(B,) d,l-l-(x).

But, as we saw in %12, ».(B:) assumes the same value for all
xewu, which we agreed to denote by v (B). Thus

w(uy B)=p(u)v, (B,).
and (18.10) can be written as
u“l.(-Bi)>]-_'z (1 é@éN)

Selecting the extension of the sequence w, in the manner
indicated above, we obtain a group of N sequences u, of length
n-+m (of letters from the alphabet A) and a group of N sets
B,, each of which is the union of several sequences v of length
n (of letters from the alphabet B), where 1) the sets B; and
B, have no common elements for 1 %k, 2) u,‘i(Bi)>1_)‘(léi,_/:N),
and 3) N> 2rc-2»  This just means that the sequences .
(1 £i £ N) form a distinguishable group. But since the number
of terms of this group exceeds 2"“** and 2> 0 can be chosen
as small as desired, the proof of the fundamental lemma is
complete.



CHAPTER V.
Shannon’s Theorems

#14. Coding

Up to now, we have always assumed that the source feed-
ing the given channel has an alphabet which is identical with
the input alphabet of the channel. However, in practice these
alphabets are different in the majority of cases, and we must
now consider the general case.

Suppose the output of the stationary source [A4,, »] is to
be transmitted by means of the stationary channel [A4,v,, B]
where in general the alphabets 4, and A are different. Then,
before transmitting, it is necessary to transform (“encode’’) the
sequence of letters from the alphabet A, emanating from the
source into some sequence of letters from the alphabet A. As
usual, we suppose that any message emanating from the source
LA, «] is in the form of a sequence
(14.1) @=-+-,0_1, 60005,
where all the 6, are letters of the alphabet A,, We uniquely
transform ({'encode”) each # into some sequence
(14.2) T=v o, Ty Loy Ty ooy
where all the a, are letters of the alphabet A. The rules of this
transformation constitute the “code” used. Thus, from the

mathematical point of view, a code is simply any function
x=x(6),

where 6¢ Al xec A’ Tt is clear that formally every code can
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be regarded as a kind of channel with input alphabet 4, and
output alphabet A. Such channels are characterized as being
noiseless, i.e., to a sequence # at the channel input corresponds
a unique sequence x=x(¢)at the output. We can give this channel
the usual designation [A,, p,, A], where the form of the funec-
tion” p (M) (Me A') is also apparent, namely

1 [x(6)eM]

poM )Z{o [x(8)e M].

However, not every code has practical value. If we must
actually know (as will be necessary in the general case) the
whole sequence 6, i.e., the whole infinite message from the
source [A,, u] in order to determine any letter a, of the
encoded text, then obviously, in practice, we can never deter-
mine this letter. Consequently, the only codes of importance
in applications are those such that it suffices to know some
finite sequence of letters 6, ¢ A, in order to uniquely determine
each letter x, ¢ A (and also each finite sequence of such letters).
In particular, in information theory ‘sequential coding”, is used
predominantly, which consists of the following: Both the se-
quences (14.1) and (14.2) are divided into finite subsequences of
any length which are numbered from left to right, just like
the letters of these sequences. A rule is given which uniquely
determines the k’th subsequence of the sequence a in terms of
the k’th subsequence of the sequence 6.

Now let us turn to the problem of transmitting the output
of the source [A,, ] by means of the channel "4,.,, B]. We
code each message ¢ of the source [A,, u] into some specific
message &, composed of letters from the alphabet 4. We then
pass this a through the channel [A4,., B] and obtain some
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message y € B’ at its output. Obviously, the result of connecting
the code selected to the channel [4,v,, B] can be regarded as
a new channel [A4, %, B]. It is very easy to determine the
function (probability) 2,(Q) (Qe F;). Since the coding trans-
forms the message 6 Al into the message z(6)e€ A’, the prob-
ability 2(Q) of obtaining y<Q for a given 6 is the probability

of obtaining yeQ if the message x=x(d) enters the input of
the channel [4,.,, B], i.e.

RO(Q) =v.0(Q)

and the channel [A,, 4, B] can be written as [A, vz, Bl
The process which we are examining consists in connecting the
source [A, x] to this new channel [4,, A, B]; this time the
source alphabet coincides with the channel input alphabet, so
that we have a situation with which we are familiar. In
particular, connecting the source to the channel gives, as we
know, the “compound” source [C,o] where C=AXB, and

where the probability distribution is such that for MeF,,
Ne F'y we have

o(Mx N)= [ 3N du®)= [ ».o(N) du(®).

M

#15. The first Shannon theorem

Suppose we have an ergodic source [ A,, 1] and a stationary,
non-anticipating channel [A4, v,, B] with finite memory m. Let
the entropy of the source [A, »] be H, and let the ergodic
capacity of the channel [A4,v,, B] be C. We assume that H,<C,

and choose a positive number 2<%—(C—Ho). Then we select a
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particular code which transforms the output of the source
[A,, ©] into the alphabet A of the given channel.

First of all, we note that the source [4, ], being ergodic,
has the E property (see #5). In particular, this means that
for sufficiently large m, the sequences a of letters from the
alphabet A, can be divided into two groups, a ‘“high prob-
ability” group, for each sequence a of which

lg ,ll(('t’) +H0> _x,
n

or, equivalently

'u(a)>2-n(ll°*“,

and a “low probability” group, the total probability of which
is as small as desired. Obviously the number of sequences in
the high probability group is less than 2"*»<2%°-*». In what
follows we shall denote these sequences by aj, as,--- . We shall
denote the set of all sequences in the low probability group
by «,.

Now we turn to the channel [4,v,, B]. By the fundamental
lemma of Chapter IV, for sufficiently large n there exists a
distinguishable group {u,} (1 £Li£N) of sequences u of length
n+m (consisting of letters from the alphabet A), with N> 2m¢-»
members. Thus, since N is larger than the number of sequences
a, in the high probability group just considered, we can associ-
ate with each sequence «, a sequence %, such that different u,
correspond to different «,. In doing this, at least one sequence
of the distinguishable group has not been used; we associate
this sequence with all the sequences a, of the low probability
group. After doing this, to each n-term sequence a of letters
from the alphabet A, corresponds a specific sequence u of
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length n+4m from the alphabet A, a sequence which belongs
to the distinguishable group {u,!.

We now divide the sequence 6 of letters from the alphabet
A,, which is to be coded, into subsequences of length 7, and
the sequence z, into which 6 is to be encoded, into subsequences

of length n+4+m. We number both sets of subsequences from

left to right, as usual. The k’th subsequence in the message

6 will be one of the sequences a; then we select as the k’th
subsequence in the message z, the sequence u, of our distin-
guishable group which corresponds to this sequence a. Doing
this for all k (—e <k<+), it is clear that we uniquely
determine x=x(f) in terms of the given . In this way we have
set up a specific code, which we shall retain in all that follows.
Obviously, this code is an example of the “sequential coding”
discussed in $14.

Connecting the code just selected to the channel [A,v., B]
we obtain, as we saw in #14, a new channel [A,, 2, B]. where
we have 2(Q)=v,,,(Q) for Qe F,. Making the source [Ao u]
feed this new channel, we arrive, according to %14, at the
‘“compound” source [C,w], where C=A4;XxB and « (MXN)

(where MeF,, NeF,) is given by the last formula of #14.

Let us agree to denote the different sequences of length =,
consisting of letters from the alphabet B, by 2, (k=1,2,---).

Then, by the definition of the distribution &, we have for any
k>1 and 7=0,1,.---, N

ol xB)= [ 2B duO)= [ .08 du@).

ey

But fea; is equivalent to x(f)eu.*, and since v,(B,) assumes

* Here 1, is understood to be the sequence of the distinguishable group {1#;} into which
the whole “low probability group' g is encoded.



On the Fundamental Theorems of Information Theory 107

the same value for all xeu; which we agreed in #12 to desig-
nate by v,(8,), then we have uv.o(B)=v.(B8:) for all fea,.
Thus we find

(15.1) w(a; X By)=ula,) v (B

In order to avoid any misunderstanding, we recall the mean-
ing of the event a,Xf,, the probability of which is given by
(16.1): a,;x B, denotes the joint event that 1) the n-term se-
quence transmitted by the source [A,, u] coincides with «; (if
i>0) or belongs to the low probability group (if ¢=0), and 2)
after being transmitted through the channel [A, 4, B], the n-
term sequence transmitted by the source [4,, u] gives an n+m-
term sequence of letters from the alphabet B, the last n letters
of which are the sequence S,.

Now let 4, be the value of the subseript ¢ (0 L7 £ N) for
which the probability w(a;, 8,)* has its greatest value. (If there
are several such values 4, then we take any of them as 7,).
Since the conditional probability of the sequence «, for a given
sequence B, equals

w(ay B) s

w(Agr BL)
where the denominator is independent of ¢, then we can also
say a, is the sequence «; which is most probable for a given

sequence B,. Let us set

> > o(ay, B)=P.

LR e
Obviously, we can regard P as the probability that the sequence
a, at the input of the channel [Aqy, 2, B] will not be the most
probable one for a given sequence B3, at the output of the channel.

* w(ayBy) and w(dgXpy) have the same meaning.
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The sequences u;, into which we encoded all the sequences
a, form a distinguishable group; this implies the existence of
a group {B;,} (1 £L%1ZLn) (where every B, is the union of several

sequences 3,) such that 1) », (B,)>1—2, and 2) B, and B, have
no sequences in common for 3% J.

But summing (15.1) over
all 8, C B,, we find

w(as, B)=mav, (B)>(A—Dula;) (0 L1 LN).

Therefore the conditional probability of obtaining a sequence
B.C B, at the output of the channel [A,, 4, B], given that we
had a sequence a; at the input of the channel is

P, (B)y=2Bd S1_; (0zizN).
#(ai)
Thus we see that the two complete systems of events a;

(0 L1 £ N)and B, (k=1,2,- - -) satisfy all the premises of Lemma
2.2. Using this lemma, we find

PLa
This important result is the first Shannon theorem, which we
can state as follows.

Theorem.

Let there be given 1) a stationary, non-anticipating channel
LA, v., B] with ergodic capacity C and finite memory m, and
2) an ergodic source [A,, u] with entropy H,<C. Let £€>0.
Then, for sufficiently large m, the output of the source [A,, ]
can be encoded into the alphabet A in such a way that each
sequence c«; of n letters from the alphabet A,is mapped into a
sequence u; of n+m letters from the alphabet A, and such that
1f the sequence u, is transmitted through the given channel, we

can determine the tramsmitted sequence «, with a probability
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greater than 1—e from the sequence received at the channel
output.

The definition of the sequence «; entails that we select as «;
the sequence which is most probable, given the n letters last
received at the channel output. The first Shannon theorem is
often formulated less exactly by saying that for H,<C it is
always possible to find a code such that the transmitted se-
quence can be guessed from the received sequence with a prob-
able error which does not exceed an arbitrarily small number e.

#£16. The second Shannon theorem

We retain, in toto, the source [ 4,, »], the channel [A4, v,, B]
and the code of the preceding section, and also all the notation
introduced there. However, we now consider a new problem
pertinent to this whole process, namely, the evaluation of its
transmission rate, i.e., the amount of information given on the
average by one letter at the channel output. To this end, let
us examine first the finite probability space a3, (0 Lt <L N,
k=1,2,---), with the distribution w(a;, 8,), which was considered
in #15. We recall that «; was one of the n-term sequences of
the high probability group in the output of the given source
for 1> 1, that a, was the whole low probability group of such
sequences and that B, was an n-term sequence of letters from
the alphabet B (at the channel output). We denoted by P the

quantity
pP= ;‘ Z w(a;, By),

1%y
where 7, is the value of the subscript ¢ for which the prob-
ability o(a;, B8,) is the greatest, and we proved that P <.
It is clear that we find ourselves in a position to apply Lemma
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2.3; the spaces {a;} and {B.] play the role of the spaces {A4,}
and {B,} of this lemma, and the number N+1 plays the role
of the number n. If, as usual, we denote by Hy(«) the condi-

tional entropy of the space {a,} for a given 3., averaged over
all B,, then by Lemma 2.3 we have

H(a)<Plg N—Plg P—(1—P)lg (1—P).

Here the number N is the number of sequences in the high
probability group; as we saw in #15, it does not exceed
2™MC"P < 2" whence lg N<nC. Taking into account that P<2

and that, as is easily seen —Plg P—(1—P)lg(1—P)<1 for
any P (0<P<1), we obtain

Hy(a)<mC+1.

In particular, since 2 can be chosen arbitrarily small for suf-
ficiently large =, we obtain

Hya)=o0(n) (n—><).
Here

Hi@)=— S (80 23 f[onlad],

where

f@=2lgz; 2(B,)=w(4’, 8,) and pyla)=2%eBs) _ o(@nBy)
k) 0-’( BL) k w(Al, BL) 77(181@)

In all the foregoing a, unlike a; for :>0, denotes not an
individual sequence, but the whole “low probability” group of
n-term sequences made up of letters from the alphabet 4.
Now we divide this group into separate sequences

' ’
Qyy gy ° * *y A

and instead of the space («,) (0 L7 < N) we consider the space
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(a, @) 1LiLN, 1.£LjLq) of all n-term sequences consisting
of letters from the alphabet A, with appropriate probabilities
w(a), wa)). We leave the space (8,) as before. Denoting by
H(e, a') the conditional entropy of the space (a,, «}) for a given
3,, averaged over S8;, we find

Hye, @)= = 28| 3}/ [paa)] + 32 £ o]}

(161 —_-H.<a>+>r:>;(sk>ftpﬂk<«u)1+R.
where
(16.2) R=— W(&)?f[pm(au

(In the interest of complete clarity, we note that here

(aj)_ (D(a_,, ﬁk)

P 2B

’

where

@, 8= [ 2(8.) duO).
Since 2(83,) has the same value 2,(8;) for all 6ea;C a, then
p (C(’-)" zdo(Bk) /'L(a;)
PR\t 7](BL)
is uniquely given by the data of our problem.)
Since the second term in the right side of (16.1) is nega-
tive, then

(16.3) Ha,a')< H(a)+R,

and since we have already estimated Hy(«), it remains only to
estimate the quantity R defined by the sum (16.2). Using Lemma
1.1, we find
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(16.4) Ro— z"; plal) 1g w(a),

Here, by definition of the low-probability group, we have
ji‘{#(a;')=n(ao)<l. But it is easily seen that the greatest value
of the sum (16.4), under the supplementary condition

q
jzl .U-(a'j) =¢,

is attained for wa))=2S (1<Lj<Lg) and is e[lg 9+lg -sl] '
q
Therefore, in our case

R<2[lg q+lg _H

But ¢ is the number of sequences in the low probability group
and is less than a”, the number of all n-term sequences, (a is
the number of letters in the alphabet A,.) Therefore

R<inlga+2ilg %</m lga+1.

We see that R=o(n) as n—>co, and since Hya)=0(n), as we
proved earlier, it follows from (16.3) that

(16.5) Hya,a')=o0(n) (n—>c).

We now change our notation somewhat. By the space
ala;, as,+ - -) we shall mean the set of all n-term sequences of
letters from the alphabet A, whether from the high prob-
ability or low probability groups, so that the number of all «,
is a”, where a is the number of letters in the alphabet 4,. As
before, the space B3(B,,A.,--.) denotes the set of all n-term

sequences of letters from the alphabet B. The product (a, B)
of these two spaces has the distribution

ooy 8= [ 28,) d(0)=1oB) plar),
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and the distributions of the spaces « and B are given by the
functions u(a;) and

7(Br) =w(As, By)= 25 @) 2 (B

respectively. The conditional entropy of the space « for a given
B, averaged over B,, which we denote by Hy(a) is obviously
the quantity Hy(a, «’) which we have just estimated. There-

fore, by (16.5) we have
(16.6) H(a)=0(n) (n—>c).

The information transmission process which we are consider-
ing is the following. The output of the source [A4,, ] is “cut
up” into sequences of length n, and each such sequence a, is
transmitted through the channel [A,, 4, B], giving at the out-
put a sequence of n+m letters from the alphabet A. The last
n letters of this sequence form the ‘“received” sequences B,.
The output of our transmission process consists of a sequence
of such sequences. Our problem is to estimate the rate of
transmission. To do this, we consider a sequence of length
s=nt+r from the output of the source [A,, n], where ¢ is any
positive integer and 0 £r <n. We denote such a sequence by
X and the set (space) of all such sequences (for a given s) by
{X}. Let the s-term sequence Y (of letters from the alphabet
B) be received at the channel output, when the sequence X is
transmitted through the channel [A4,, 4, B], and let {Y} denote
the set (space) of all such sequences Y. We denote by H,(X)
the conditional entropy of the space {X}, averaged over Y.

Each sequence X of length s=nt+r can be decomposed into
t consecutive sequences a®’,a®,.--,a” of length 7 -and a
“residual” sequence a* of length r<n. Clearly we can regard
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the space { X} as the product of the t+1 spaces {a‘’} (1 LjL?)
and {a*}, where each of the first ¢ spaces has the structure

of the space which we considered above. It is obvious that in
general the t41 spaces will be mutually dependent. Because

of the basic property of the entropy of a product space, we
have

H,,O(X) Z ?_:: H},ol:arj)] +Hy°(a‘*),

where Y, is any fixed sequence of Y. Thus, averaging over
Y, we find

(16.7) HAX)égHy[a*ﬁHHy(a*).

Just as we decomposed the sequence X into t sequences a*”
and the residual sequence a*, we can decompose the sequence
Y into t sequences B (1£Lj<£t) of length n and a residual
sequence 3* of length » <n. Then the space {Y} will be the
product of the t+1 spaces {8} (1<Lj<t) and {B*}. The
sequence B (1. £LjLt) is the sequence at the channel output
corresponding to the sequence «'” at its input. Therefore the
product space {a”, B} (1 £7£t) has the distribution w(a, ;)
considered above, and the space {3} has the distribution 7(83,).
Let B (1£LjZ£t) denote the set of all the sequences B
(A £l £t)and B*which make up Y,with the exception of 3. Then
in order to fix a specific sequence Y, we must fix B8 and B,
In other words, we can regard the space {Y} as the product
of the spaces {,3‘}’} and B. (Here j is any of the numbers
1,2,---t.) Therefore, by Lemma 1.2, we find for any j (1 £j <t)

(16.8). Hy[a(”] =Hpwpp[aP] L If,,(j)[a(j’] =H,(a).

On the other hand, the space {a*} obviously contains a” events,
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where a is the number of letters in the alphabet 4,. But by
one of the fundamental properties of the entropy the entropy
of a finite space does not exceed the logarithm of the number
of events in the space (see [1], [5]). - Therefore, for any
choice of the sequence Y,

Hy(a*)<Lrlga<nlga

and, consequently, the averaged conditional entropy Hy(a*)
satisfies

(16.9) Hy(a*)<nlga.
Then by (16.8) and (16.9), the inequality (16.7) gives
Hy (X)Lt H(a)+nlga,

from which it follows by (16.6), that for arbitrarily small 2>0,
for sufficiently large n, and for any t>1

H (X)<itn+nlga Lis+nlga.

Now we recall that in #10 we characterized the quantity
H,(X), the “residual entropy” of the sequence X after it has
been transmitted through the channel, as the amount of in-
formation remaining in the sequence after transmission, i.e.,
lost during transmission. Since the amount of information
contained in the sequence X prior to transmission is sH, the
amount of information transmitted is sH,—H,(X). But trans-
mitting each sequence o« (of length %) requires the passage
of m+m symbols through the channel, and just as many symbols
are necessary for transmitting the sequence a*. Therefore the
total number of symbols passing through the channel during
the transmission of the sequence X is (t+1) (n+m). Thus,
one symbol at the channel output carries on the average an



116 KHINCHIN

amount of information

H_)_nlga
sHo—Hy(X)>sHo—zs—nlga>sHo—zs-—nlga___ ° s .
E+Dn+m)™ m\ " m 7\ (147

n(t+1)(1+;> (s+n)<1+n) (1+s)( T/

If we select n large enough so that M ~¢ and then t large
n

enough so that » é%<e, then the right side will be larger than
s

H,—2—c¢lga

b H,—2a,
(1+¢)*

if ¢ sufficiently small. This very important result means that
with the coding selected each letter received at the channel
output brings on the average an amount of information as close
as desired to that which one letter carries on the average at
the source output. In other words, the transmission of infor-
mation occurs at a rate arbitrarily close to that at which the
information is emitted by the driving source. Of course, all
this is only under the condition that H,<C, and for coding of
sufficiently long sequences. In this regard, we note that if n
must be taken too large, then the practical value of the coding
method described is nullified, since one would have to wait too
long to decode (decipher) the text received at the channel out-
put. Thus, from the practical point of view, it would be of
considerable interest to investigate the relation between n and
2. Feinstein [4] obtained some interesting results in this
direction, but we shall not go into them here. From the purely
practical point of view, we must note again that in both the
Feinstein and the Shannon methods the construction of a code

Wwith the required characteristics is not given; the existence of
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such a code is proved, but no indication is given of how to
actually find it.

The result which we have obtained is the second Shannon
theorem, and can be stated as follows.
Theorem.

Under the conditions of the theorem of $15, there exists a

code such that the rate of tramsmission is as close to H, as
desired.

Conclusion

The proof given above, which is based on the ideas of
Shannon, McMillan, and Feinstein, is certainly long and compli-
cated. However, it rests entirely on a single central idea which,
when correctly understood, makes very transparent all the
different steps of the complicated demonstration. Therefore,
we consider it expedient to stress again, in somewhat more
detail, the basic idea which lies behind all our considerations.

The channel we are given is a noisy channel. This means
that we cannot determine the sequences of symbols sent at the
channel input from the sequences received at the channel output;
because of noise, two different sequences at the channel input
can give rise to the same sequence at the output. The situa-
tion is considerably improved if we know two groups B, and
B, of m-term sequences at the channel output such that 1) B,
and B: do not contain any sequence in common, and 2) with
overwhelming probability, the first of the two sequences which
might be sent is mapped into one of the sequences of the group
B,, and the second into one of the sequences of the group B..
In this case, by receiving a sequence of group B, at the channel
output, we can almost be assured that the message was the
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first of the two possible sequences, whereas if a sequence of
the group B, is received at the output, then it is almost certain
that the second sequence was the message. Thus, under the
circumstances which we have described, these two transmitted
sequences are distinguishable. Groups of three, four, and more
distinguishable sequences (as yet we do not touch upon the
question of the existence of such groups) can be determined
at the channel input in exactly the same way. Suppose we
were able to find a group consisting of a large number K of
such distinguishable n-term sequences at the channel input. If
we could limit ourselves to sending only sequences belonging
to this group, then from the sequence received at the channel
output, we would be able to determine almost without error
the sequence transmitted.

Can we do this? Obviously, in order to do so, it is necessary
that the number L of different nm-term sequences from the
output of the given source which it is required to transmit
through the channel, should not exceed X; for under this
condition (and only under this condition) will it be possible for
us to code the whole group of L such sequences which might
have to be transmitted into our “distinguishable” group of K
sequences at the channel input. Thus, the inequality L<K
serves as a criterion of the possibility of transmitting almost
without error, and our efforts must be directed towards making
L as small as possible and K as large as possible. The first
goal is attained by using McMillan’s theorem (Ch. II). By
neglecting the “low probability” group (with total probability
as small as desired) and, consequently, restricting ourselves to
transmitting sequences from the “high probability” group. we
greatly reduce the number of these sequences, and make it
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approximately equal to 2", where H, is the entropy of the
given source. The second problem is solved using Feinstein’s
fundamental lemma (Ch. IV), which asserts the existence of
distinguishable groups for which the number of terms is
K>=2"C-2 where C is the (ergodic) capacity of the channel, and
€ is a positive number as small as desired. If H;<:C, then we
see at once that we have L<K for a suitable choice of the
distinguishable groups, and our problem is solved.

This is the central idea of the proof. All the rest is merely
technique, although this technique sometimes requires great
ingenuity in overcoming difficulties which arise.

In all the formulations of the Shannon theorems which exist
in the literature, these theorems are accompanied by the con-
verse proposition: if H,>C, then coding with the required
effect is impossible. All authors regard this statement as almost
obvious and allot its proof only several lines. In the version of
the proof which is given in this paper, I do not see the possibility
of proving these converse propositions. The whole matter here
is the definition of C, a definition which, in my opinion, is
usually given rather carelessly. It is said that the capacity C
of a given channel is the least upper bound of the rate of
transmission over this channel of the output of all possible
sources (the alphabet of which coincides with the input alphabet
of the channel.) As far as I can see, here the words “all
possible sources” must be replaced by the words “all possible
ergodic sources”. (Consequently, the capacity which I define is
called “ergodic”.) Without this addition, the proofs of both
McMillan and Feinstein break down at their central point. But
if C is understood to be the ergodic capacity of the given
channel (as is done in this paper) then the converse propositions
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mentioned above are not only not obvious, but apparently require
essentially new ideas for their proof. I consider it possible
that this difficulty can be overcome by using known limita-
tions on admissible coding systems.
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provide progressive practice and familiarity. 133 figures. Index. xvi + 274PP-
5% x 8. ) paperbound $2.00

ology for the
dy. This un-

al geometry.
algebra and

. INTRODUCTION TO THE THEORY OF NUMBERS, L. E. Dickson

lhoroug}:., comprehensive approach with adequate coverage of classical litera-
ture, an introductory volume beginners can follow. Chapters on divisibility,
congruences, quadratic residues & reciprocity. Diophantine equations, ctc. Full
quatmem of binary quadratic forms without usual restriction to integral coef-
ﬁcn.cms. C'Ovcrs infinitude of primes, lcast residues. Fermat’s theorem. Euler's
l?hl function, Legendre’s symbol, Gauss's lemma, automorphs, reduced forms,
recent theorems of Thue & Siegel, many more. Much material not readily

available clsewhere. 239 problems. Index. I figure. viii 4 183pp. 5% x 8.
Papcrbound $1.75

I\'IATlfl-’.MATICAL TABLES AND FORMULAS,

v ]m’[')lf’”f’d by Robert D. Carmichael and Edwin R. Smith

aluable collection for students, etc. Contains all tables necessary in college
a‘lgcbra and trigonometry, such as five-place common logarithms, ’logal’ilhmic
sines and tangents of small angles, logarithmic trigonometric functions, natural
trigonometric functions, four-place antilogarithms, tables for changing from
sexagesimal to circular and from circular to sexagesimal measure of angles, etc.
Also many lal.)lcs and formulas not ordinarily accessible, including powers,
:’;’3}‘;:2? l’f}:lprocals, exponential and hyperbolic functions, ten-place loga-
I ~ prime numbers, and formulas and thcorems from analytical and
i(ieg“‘cn‘:‘;)’ gegmctry and from calculus. Explanatory introduction. viii +
209pp. 534 x 814. Paperbound $Si1.25



CATALOGUE OF DOT'ER BOORKS

A SOURCE BOOK IN MATHEMATICS,
D. E. Smith
Great discoveries in math, from Renaissance to end of 1gth century, in English
translation. Read announcements by Dedcekind. Gauss, Delamain, Pascal.
Fermat, Newton, Abel, Lobachevsky, Bolvai. Riemann, De Moivre, Legendre.
Laplace, others of discoveries about imaginary numbers, number congruence.
slide rule, equations. symbolism, cubic algebraic equations. non-Euclidean
forms of gecometry, calculus, function theory. quaternions, etc. Succinct selec-
tions from 125 dilferent treatises, articles, most unavailable elsewhere in English.
Each article preceded by biographical introduction. Vol. I: Fields of Number,
Algebra. Index. g2 illus. 338pp. 5%4 X 8. Vol. II: Fields of Geometry, Probability.
Calculus, Functions, Quaternions. 83 illus. yg2pp. 534 x 8.
Vol. 1 Paperbound $2.00. Vol. 2 Paperbound $z2.00.
The sct $j.00

FOUNDATIONS OF PHYSICS,

R. B. Lindsay & H. Margenau
Excellent I)ri(lgc- between semi-popular works & technical treatises. A discussion
of methods of physical description, construction of theory; valuable for physicist
with clementary calculus who is interested in ideas that give meaning to data,
tools of modern physics. Contents include symbolism; mathematical equations;
space & time foundations of mechanics; probability; physics & continua; electron
theory; special & general relativity; quantum mechanics; causality. ““Thorough
and yet not overdetailed. Unreservedly recommended.” Nature (London).
Unabridged, corrected edition. List of recommended readings. g5 illustrations.
Xi 4 537pP- 5% X 8. Paperbound $3.00

FUNDAMENTAL FORMULAS OF PHYSICS,
ed. by D. H. Menzel
High uséful. full, inexpensive reference and study text, ranging from simple
to highly sophisticated operations. Mathematics integrated il!l(). lcxl—cf'lch
chapter stands as short textbook of licld. r.cprcscnlcd. Vol. 1: Statistics, l’hysnfﬂl
Constants, Special Theory of Relativity, Hydrodynamics. Acrodynamics.
Boundary Value Problems in Math, Physics. Viscosity. Electromagnetic Theory,
cte. Vol. 2: Sound, Acoustics, Geometrical Optics. Electron Optics. High-Energy
Phenomena, Magnetism, Biophysics, much more. Index. Total of 8oopp. 5% X 8.
Vol. 1 Paperbound Sz.25, Vol 2 Paperbound Sz.25.
The set $1.50

THEORETICAL PHYSICS,

A. S. Kompaneyels _ '
Onec of the very few thorough studics of the subject in this price range. Provides
advanced students with a comprehensive theoretical background. Especially
strong on recent experimentation and developments in quantum (h?-(?r)'.
Contents: Mcechanics (Generalized Coordinates, Lagrange's Equation, Collision
of Particles, ctc). Electrodynamics (Vector Analysis, Maxwell's cquations,
‘T'ransmission of Signals, ’l'hL"()ry of Relativity, ctc.). Quantum Mechanics (the
Inadequacy of Classical Mechanics. the Wave Equation, Motion in a Central
Field, Quantum Theory of Radiation, Quantum Theories of Dispersion and
Scattering, ctc.), and Statistical Physics (Equilibrium Distribution of Molecules
in an Ideal Gas, Boltzmann Statistics, Bose and Fermi Distribution. ‘T'hermo-
dynamic Quantitics, etc)). Revised to 1961, Translated by George Yankovsky,
authorized by K()mpuncyc(s. 137 exercises. 56 figures. 529pp. 5% X 84,

Paperbound $2.50



CATALOGUE OF DOVER BOOKS

MATHEMATICAL PHysics, D. H. Menzel
‘Thorough onc-volume treatment of the mathematical techniques vital for
classical mechanics, clectromagnetic theory, quantum theory. and relativity.
Written by the Harvard Professor of Astml‘)hvsics for junior, senior, and grad-
uate courscs,.it gives clear explanations of all those aspects of function thceory,
vectors, matrices, dyadics, tensors, partial differential equations, €tc., necessary
for the undcrstan(ling of the various physical theories. Electron theory, rc}-
ativity, and other topics seldom presented appear here in considerable detail.
Scores of definition, conversion factors, dimensional constants. etc. “More
detailed than normal for an advanced text . . . excellent sct of sections on
Dyadics, Matrices, and Tensors,” Journal of the Franklin Institute. Index. 193
problems, with answers. x + 412pp. 5% X 8. ])apcrholllld $2.50

THE THEORY OF Sounv, Lord Ravleigh
Most vibrating systems likely to be cncountered in pr
successfully by the methods set forth by the great Nobel laurcate, Lord
Rayleigh. Complete coverage of experimental, mathematical aspects of sound
theory. Partial contents: Harmonic motions, vibrating systems in g‘-‘"cml’.]alcml
vibrations of bars, curved plates or shells, applications of Laplace’s functions to
acoustical problems, fluid friction, plane vortex-sheet, vibrations of solid bodies,
ctc. This is the first inexpensive edition of this great reference and study work.
Bibliography, Historical introduction by R. B. Lindsay. Total of 1040pp. 97

figures. 534 x 8. Vol. 1 Paperbound S$2.50, Vol. 2 Paperbound $2.50,
The set $5.00

actice can be tackled

Hypbrooy~Namics, Horace Lamb
Internationally famous complete coverage of standard reference W
dynamics of liquids & gases. Fundamental theorems, equations, mecthods, solu-
tions, background, for classical hydrodynamics. Chapters include Equations of
Motion, Integration of Equations in Special Gases, Irrotational Motion, Motion
of Liquid in 2 Dimensions, Motion of Solids through Liquid-Dynamical Theory.
VOl'th( Motion, Tidal Waves, Surface Waves, Waves of Expansion, Viscosity,
R'otaung Masses of Liquids. Excellently planned, arranged; clear, lucid presenta-
tion. 6th enlarged, revised edition. Index. Over goo footnotes, mostly bibliogra-
phical. 119 figures. xv -+ 738pp. 614 x 914. pPaperbound $4.00

ork on

. l?vrum:cu. THEORY OF GASES, James Jeans
Divided into mathematical and physical chapters for the convenience of those
not expert in mathematics, this volume discusses the mathematical theory of
gas in a steady state, thermodynamics, Boltzmann and Maxwell, kinetic tl}cor)'.
quantum theory, exponentials, ctc. 4th enlarged edition, with new material on

quantum theory, quantum dynamics, ctc. Indexes. 28 figures. 444pp- 6% X 9V4-
Paperbound $2.75

THERMODYNAMICS, Enrico Fermi
Unabridged reproduction of 1937 edition. Elementary in treatment; remarkable
for clarity, organization. Requires no knowledge of advanced math beyond
calculus, only familiarity with fundamentals of thermometry, calorimetry.
Partial Contents: Thermodynamic systems; First & Second laws of thermo-
dynamics; Entropy; Thermodynamic potentials: phase rule, reversible electric
cell; Gaseous reactions: van't Hoff reaction box, principle of LeChatelier;
"“’lel‘_modynamics of dilute solutions: osmotic & vapor pressures, boiling &
freezing points; Entropy constant. Index. 25 problems. 24 illustrations. x
160pp. 534 x 8. Paperbound $1.75
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CELESTIAL OBjJECTS FOR CoMMON TELESCOPES,
Rev. T. . Webb
Classic handbook for the use and pleasure of the amateur astronomer. Of
inestimable aid in locating and identifying thousands of celestial objects. Vol 1.
The Solar System: discussions of the principle and operation of the tclescope.
proccdures of observations and telescope-photography, spectroscopy. ctc., precisc
location information of sun, moon, planets, meteors. Vol. 1I. The Stars:
alphnl)cticnl listing of constellations, information on double stars. clusters, stars
with unusual spectra, variables, and nebulae. ctc. Nearly .y.000 objects noted.
Edited and extensively revised by Margaret W. Mavall, director of the American
Assn. of Variable Star Observers. New Index by Mrs. Mayall giving the location
of all objects mentioned in the text for Epoch 2000. New Precession Table
added. New appendices on the planetary satellites, constellation names and
abbreviations, and solar system data. Total of 46 illustrations. Total of XXXix
+ GoGpp- 5% x 8. Vol. 1 Paperbound Sz2.25. Vol. 2 Paperbound $z2.25
The set $ig.50

PLANETARY THEORY,

E. W, Brown and C. A. Shook
Provides a clear presentation of basic methods for calculating planctary orbits
for today’s astronomer. Begins with a careful exposition of specialized mathe-
matical topics essential for handling perturbation theory and then goes on to
ate how most of the previous methods reduce ultimately to two general
calculation methods: obtaining expressions either for the coordinates of plane-
tary positions or f.nr 1.hc clements which determine the perturbed paths. An
example of cach lS_.gn‘cn and worked in detail, Corrected edition. Preface.
,\ppcn(li.\'. Index. xii 4 goz2pp. 5% x Si4. Paperbound $2.25

indic

STAR NAMES AND THEIR MEANINGS,

Richard Hinckley Allen
An unusual book documenting the various attributions of names to the
individual stars over the centuries. Here is a treasure-house of information on
a topic not normally delved into even by professional astronomers; provides a
fascinating background to the stars in folk-lore, literary references, ancient
writings, star catalogs and maps over the centuries. Constellation-by-constella-
tion analysis covers hundreds of stars and other asterisms, including the
Pleiades, Hyades, Andromedan Ncbula, etc. Introduction. Indices. List of
authors and authorities. XX 4 563pp. 5% X 814. Paperbound $2.50

A SHORT HISTORY OoF AsTRONOMY, 4. Berry
Popular standard work for over 5o years, this thorough and accurate volume
covers the science from primitive times to the end of the 1gth century. After
the Greeks and the Middle Ages, individual chapters analyze Copernicus, Brahe,
Galileo, Kepler, and Newton, and the mixed reception of their discoveries.
Post-Newtonian achievements are then discussed in unusual detail: Halley,
Bradley, Lagrangc, Laplace, Herschel, Bessel, etc. 2 Indexes. 104 illustrations,
g portraits. XXXi 4 1jopp. 5% x 8. Paperbound S2.75

SoME THEORY OF SamprLinG, IW. E. Deming
The purpose of this book is to make sampling techniques understandable to
and useable by social scientists, industrial managers, and natural scientists
who are finding statistics increasingly part of their work. Over 200 exercises,
plus dozens of actual applications. 61 tables. go figs. xix 4+ Gozpp. 5% X 8L5.
Paperbound $g.50
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PRINCIPLES OF STRATIGRAPHY,

A. V. Grabau .
Classic of 20th century geology, unmatched in scope and ('omprchc!lswcncssv.
Nearly 6oo pages cover the structure and origins of every kind of sedimentary,
hydrogenic. oceanic, pyroclastic. atmoclastic, hydroclastic, marine h‘\‘(lro_clas.tlc.
and bioclastic rock; metamorphism; crosion; etc. Includes also the constitution
of the atmosphere; morphology of oceans, rivers, glaciers; volcanic activitics;
faults and carthquakes; and fundamental principles of p:llconlolog}’ '(nc:u'ly 20‘:
pPages). New introduction by Prof. M. Kay, Columbia U. 1277 Iul)lmgl'aplllﬁ'
entries. 264 diagrams. Tables, maps, ctc. Two volume set. Total of xxxi1 ’+
1I85pp. 534 X 8. Vol. 1 Paperbound Sz2.50, Vol. 2 Paperbound $2.50.

The set $5.00

SNxow CRysTAaLs, V. A. Bentley and 1. J. Humphreys
Over 200 pages of Bentley's famous microphotographs of snow ﬂnkcs—t.hc prlo-
duct of painstaking, methodical work at his Jericho, Vermont sl'udm. Tlc
pictures, which also include plates of frost, glaze and dew on vegetation, SP'd‘fr
webs, windowpanes; sleet; graupel or soft hail, were chosen I)olh' [0}' thcn'
scientific interest and their aesthetic qualities. The wonder of naturc’s diver .su.)'
is exhibited in the intricate, beautiful patterns of the snow flakes. Introductory

text by W. J. Humphreys. Selected bibliography. 2,453 illustrations. 22{pp-
8 x 1014, Paperbound $3.25

THE BIRTH AND DEVELOPMENT OF THE GEOLOGICAL SCIENCES,

F. D. Adams )
Most thorough history of the carth sciences ever written. Geological thought
from earliest times to the end of the 1gth century, covering over 300 carly
thinkers & systems: fossils & their explanation, vulcanists vs. ncptumsls.‘ﬁgurcd
stones & paleontology, generation of stones, dozens of similar topics. g1 illustra-
tions, including medieval, renaissance woodcuts, ctc. Index. 632 footnotcs,
mostly bibliographical. 511pp. 5% x 8. Paperbound $2.75

ORrRGANIC CHEMISTRY, F. C. Whitmore
The entire subject of organic chemistry for the practicing chemist and the
advanced student. Storchouse of facts, theories, processes found elscwhere only
in specialized journals. Covers aliphatic compounds (500 pages on the prop-
erties and synthetic preparation of hydrocarbons, halides, proteins, ketones,
ctc.), alicyclic compounds, aromatic compounds, heterocyclic comp‘ounds, or-
ganophosphorus and organometallic compounds. Mecthods of synth'cllc prepara-
tion analyzed critically throughout. Includes much of biochemical fntcr(.:st.
“The scope of this volume is astonishing,” Industrial and Engineering
Chemistry. 12,000-reference index. 2387-item  bibliography. Total of x +
1005DPp. 534 X 8. Two volume set, paperbound $ip.50

THE Phasre RULE AND ITs APPLICATION,
Alexander Findlay
(:ovcring chemical phenomena of 1, 2, 8, 4, and multiple component systems,
this “standard work on the subject” (Nature, London), has been completely
revised and brought up to date by A. N. Campbell and N. O. Smith. Brand
new material has been added on such matters as binary, tertiary liquid
equilibria, solid solutions in ternary systems, quinary systcms of salts and
water. Completely revised to triangular coordinates in ternary systems, clarified
graphic representation, solid models, ctc. gth revised edition. Author, subject
indexes. 236 figures. 505 footnotes, mostly hil)liographic. xii 4 194PP- 5% x 8.
papcrbound S2.75
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A COURSE IN MATHEMATICAL ANALYSIS,

Edouard Goursat
Trans. by E. R. Hedrick, O. Dunkel, H. G. Bergmann. Classic study of funda-
mental material thoroughly treated. Extremely lucid exposition of wide range
of subject matter for student with onc year of calculus. Vol. 1: Derivatives and
differentials, definite integrals, expansions in series, applications to gcometry.
52 figures, 556pp. Paperbound $2.50. Vol. 2, Part 1: Functions of a complex
variable, conformal representations, doubly periodic functions, natural bound-
aries, ctc. g8 figures, 26gpp. Paperbound $1.85. Vol. 2, Part 2: Differential
cquations, Cauchy-Lipschitz method. nonlinear differential equations. simul-
tancous cquations, etc. 3o8pp. Paperbound Si1.85. Vol. g. Part 1: Variation of
solutions, partial differential cquations of the second order. 15 figures, 339pp.
Paperbound $3.00. Vol. g. Part =2: Integral cquations, calculus of variations.
13 figures, 389pp. Paperbound $3.00

PLANETS, STARS AND GALAXIES,

A. E. Fanning
Descriptive astronomy for beginners: the solar system; neighboring galaxies:
scasons; uasars: fly-by results from Mars, Venus, Moon: radio astronomy: ctce.
all simply explained. Revised up to 1966 by author and Prof. D. H. Mecnzel,
former Director, Harvard College Obscrvatory. 2q photos. 16 figures. 18gpp.
5% X 8V Paperbound Si.50

GREAT IDEAS IN INFORMATION THEORY, LANGUAGE AND CYBERNETICS.
Jagjit Singh
wWinner of Unesco's Kalinga Prize covers language. metalanguages. analog and
digital computers. neural s)‘s.lcms.' work of McCulloch. .l’itls, von Neumann,
Turing, other important topics. N(} udvfmccd m:}(hcm:lll(xx‘ needed, vet a full
discussion without compromise or distortion. 118 figures. iX 4 338pp. 5% X 814,
Paperbound $2.00
GEOMETRIC EXERCISES IN PAPER FoupinNg,
T. Sundara Row )
Regular polygons, circles and mhgr curves can be folded or pricked on paper.
then used to demonstrate geometric propositions, work out proofs, set up well-
known problems. Rg illustrations, photographs of actually folded sheets. xji +
148pp. 5% X 81/4. Paperbound $i.00

VisUAL ILLUSsIONS, TTHEIR CAUSES, CHARACTERISTICS AND APPLICATIONS,
M. Luckiesh )
The visual process. the structure of the eye, gcomctnc. perspective illusions.
influcnce of anglcs, illusions of depth :{n(l dgsla.ncc. color illusions, lighting
cffects, illusions in nature, special uses u'1 painting, decoration, architecture.
magic, camouflage. New in(r()duc.li(m by .\\ . H. Tttleson covers modern develop-
ments in this arca. 100 illustrations. XX1 4 252pp. 5% X 8.
Paperbound $1.50

ATOMS AND MOLECULES SIMPLY EXPLAINED,
B. C. Saunders and R. E. D. Clark
Introduction to chemical phenomena and their applications: cohesion, particles.
crystals, tailoring big molecules, chemist as architect. with applications in
radioactivity, color photography. synthetics, biochemistry. polymers, and many
other important areas. Non technical. g5 figures. X 4 2g9pp. 5% X 814.
Paperbound Si.50
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THE PRINCIPLES OF ELECTROCHEMISTRY,

D. A. Maclnnes ) )
Basic cquations for almost every subficld of electrochemistry from first -P”:]d-
ciples, referring at all times to the soundest and most recent theorics m‘d
results; unusually useful as text or as reference. Covers coulometers :ul
Faraday’s Law, electrolytic conductance, the Debye-Hueckel mclhod.tl'ol‘ll";
theoretical calculation of activity coefficients, concentration cells, .s.ld"(‘:l;(c
clectrode potentials, thermodynamic ionization constants, pH, polcn(u.)m;.' :
titrations, irreversible phenomena. Planck's equation, and much more. 2 mf l;cf
Appendix. 585-item bibliography. 137 figures. g4 tables, ii 4 478pp- 5% X Yo

"

»aperbound $2.75

MATHEMATICS OF MODERN ENGINEERING,

E. G. Keller and R. E. Doherty .
Written for the Advanced Course in Engincering of the General [‘:.l-f-‘f-‘ll'l'g
Corporation, deals with the engincering use of dclcrmin:snls, tensors, n][q
Heaviside operational calculus, dyadics, the calculus of V:lri:lUOl'IS. ctc. .Plcs?in‘
underlying principles fully, but emphasis is on the perennial cﬂg"‘ccl' o’é
attack of set-up and solve. Indexes. Over 185 figures and tables. Hundreds ;
exercises, problems, and worked-out examples. References. Two volm;ws 930
Total of xxxiii —+ 623pp. 534 x 8. Two volume sct, paperbound 53.7

AERODYNAMIC THEORY: A GENERAL REVIEW OF PROGRESS,
William F. Durand, editor-in-chicf o | under
A monumental joint cffort by the world’s leading authoritics pl‘cl)ﬂfcf ‘\ or
a grant of the Guggenheim Fund for the Promotion of Acronautics. CI\C-
cqualled for breadth, depth, reliability. Contains discussions .of spccm.l fllﬂ\lllc.
matical topics not usually taught in the engincering or technical courscs. ‘ s0:
an extended two-part treatise on Fluid Mechanics, discussions of :lCl'(.)d)’n‘{n;l(.:T
of perfect fluids, analyses of experiments with wind tunnels, applied air 0|
theory, the nonlifting system of the airplane, the air propclIcr..hyd.rodyn.:lnnc?
of boats and floats, the acrodynamics of cooling, etc. Contributing experts
include Munk, Giacomelli, Prandtl, Toussaint, Von Karman, Klemperer, among
others. Unabridged republication. 6 volumes. Total of 1,012 figures, 12 plates,
2,186pp. Bibliographies. Notes. Indices. 5% X 8V4.
Six volume set, paperbound $13.50

FUNDAMENTALS OF HYDRO- AND AEROMECHANICS,

L. Prandtl and O. G. Tietjens .
The well-known standard work based upon Prandtl’s lectures at Gf)cmngcn.
Wherever possible hydrodynamics theory is referred to practical considerations
in hydraulics, with the view of unifying theory and experience. Presentation
is extremely clear and though primarily physical, mathematical P"_)Ofs arc
rigorous and usc vector analysis to a considerable extent. An Engincering
Socicty Monograph, 1934. 186 figures. Index. xvi 4 270pp. 534 x 8.

Paperbound $2.00

APPLIED HYDRO- AND AEROMECHANICS,

L. Prandtl and O. G. Tietjens
Presents for the most part methods which will be valuable to engincers. Covers
flow in pipes, boundary layers, airfoil theory, entry conditions, turbulent flow
in pipes, and the boundary layer, determining drag from mcnsu'rcments. of
pressure and velocity, etc. Unabridged, unaltered. An Engincering Socicty
Monograph. 1934. Index. 226 figures, 28 photographic plates illustrating flow
patterns. Xvi 4 311pp. 5% X 8. Paperbound $2.00
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ArrLiEp Ortics AND OPTICAL DESIGN,

A. E. Conrady
With publication of vol. 2, standard work for designers in optics is now
complete for first time. Only work of its kind in English; only detailed work
for practical designer and sclf-taught. Requires, for bulk of work, no math
above trig. Step-by-step exposition, from fundamental concepts of geometrical.
physical optics, to systematic study, design, of almost all types of optical
systems. Vol. 1: all ordinary ray-tracing methods; primary aberrations; ncces-
sary higher aberration for design of telescopes, low-power microscopes, photo-
graphic equipment. Vol. 2: (Completed from author’s notes by R. Kingslake.
Dir. Optical Design, Eastman Kodak.) Special attention to high-power micro-
scope, anastigmatic photographic objectives. “An indispensable work,” J., Opti-
cal Soc. of Amer. Index. Bibliography. 193 diagrams. 852pp. 614 X 914.

Two volume sct, paperbound $7.00

MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION,

R. F. Deimel, Professor of Mechanical Engincering at Stevens Institute of

Technology
Elementary general treatment of dynamics of rotation, with special application
of gyroscopic phenomena. No knowledge of vectors needed. Velocity of a moving
curve, acceleration to a point, general equations of motion, gyroscopic horizon,
free gyro, motion of discs, the damped gyro. 103 similar topics. Exerciscs.
75 figures. 208pp. 534 x 8. Paperbound $1.75

STRENGTH OF MATERIALS,
J. P. Den Hartog
Full, clear treatment of clementary material (tension, torsion, bending, com-
pound stresses, deflection of beams, ctc.), plus much advanced material on
engineering methods of great practical value: full treatinent of the Mohr circle,
lucid clementary discussions of the theory of the center of shear and the
“Mpyosotis” method of calculating heam deflections, reinforced concrete, plastic
deformations, photoelasticity, etc. In all sections, both general principles and
concrete applications are given. Index. 186 figures (160 others in problem
section). 350 problems, all with answers. List of formulas. viii 4 323pp. 5% X 8.
Paperbound $2.00

HybrAULIC TRANSIENTS,

G. R. Rich
The best text in hydraulics ever printed in English . . . by former Chicf Design
Engincer for T.V.A. Provides a transition from the basic differential equations
of hydraulic transient theory to the arithmetic integration computation re-
quired by practicing engineers. Sections cover Water Hammer, Turbine Speed
Rcgulation, Stability of Governing, Water-Hammer Pressures in Pump Dis-
charge Lines, The Differential and Restricted Orifice Surge Tanks, The
Normalized Surge Tank Charts of Calame and Gaden, Navigation Locks,
Surges in Power Canals—Tidal Harmonics, ctc. Revised and enlarged. Author’s
prefaces. Index. xiv + 409pPp. 5% x 814. Paperbound $2.50

Prices subject to change without notice.

Available at your book dealef or write for free catalogue to Dept. Adsci,
Dover Publications, Inc., 180 Varick St., N.Y., N.Y. 10014. Dover publishes more
ll}an 150 books cach year on science, clementary and advanced mathematics,
biology, music, art, literary history, social sciences and other areas.
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THE PRINCIPLES OF ELECTROCHEMISTRY,

D. A. MaclInnes .
Basic equations for almost every subficld of clectrochemistry from ﬁrsfl prin-
ciples, referring at all times to the soundest and most recent theories and
results; unusually useful as text or as reference. Covers coulometers and
Faraday’s Law, electrolytic conductance, the Dcbye-Hueckel method for the
theoretical calculation of activity cocflicients, concentration cclls, s.wndar.d
clectrode potentials, thermodynamic ionization constants, pH. potcnm.nmjmc
titrations, irreversible phenomena. Planck’s cquation, and much more. 2 indices.
Appendix. 585-item bibliography. 137 figures. g4 tables. ii 4 178PP. 5% X 8%.

Paperbound $2.75

MATHEMATICS OF MODERN ENGINEERING,

E. G. Keller and R. E. Doherty
Written for the Advanced Course in Engincering of the General Electric
Corporation, dcals with the engincering use of determinants, tensors, the
Heaviside operational calculus, dyadics, the calculus of variations, etc. Presents
underlying principles fully, but emphasis is on the perennial engineering
attack of sct-up and solve. Indexes. Over 185 figures and tables. Hundreds of
exercises, problems, and worked-out cxampilcs. References. Two volume set.
Total of xxxiii 4 623pp. 5% x 8. Two volume sct. paperbound $3.50

AERODYNAMIC THEORY: A GENERAL REVIEW OF PROGRESS,

William F. Durand, cditor-in-chief
A monumental joint effort by the world’s lcading authoritics prepared under
a grant of the Guggenhcim Fund for the Promotion of Acronautics. Never
cqualled for breadth, depth, reliability. Contains discussions of special mathe-
matical topics not usually taught in the engincering or technical courses. Also:
an extended two-part treatise on Fluid Mechanics, discussions of acrodynamics
of perfect fluids, analyses of experiments with wind tunnels, applied airfoil
theory, the nonlifting system of the airplane, the air propeller, hydrodynamics
of boats and floats, the acrodynamics of cooling, ctc. Contributing ecxperts
include Munk, Giacomelli, Prandtl, Toussaint, Von Karman, Klemperer, among
others. Unabridged republication. 6 volumes. Total of 1,012 figures, 12 plates,
2,186pp. Bibliographies. Notes. Indices. 534 x 814.

Six volume set, p:lpCl'DOl'"d $18.50

FUNDAMENTALS OF HYDRO- AND AEROMECHANICS,

L. Prandtl and O. G. Tietjens
The well-known standard work based upon Prandtl’s lectures at Goettingen.
Wherever possible hydrodynamics theory is referred to practical considerations
in hydraulics, with the view of unifying theory and experience. Presentation
is extremely clear and though primarily physical, mathematical proofs are
rigorous and use vector analysis to a considerable extent. An Enginecering
Society Monograph, 1934. 186 figures. Index. xvi + 270pp. 5% X 8.

l’hpcrbound S2.00

ApPLIED HYDRO- AND AEROMECHANICS,

L. Prandtl and O. G. Tietjens
Presents for the most part methods which will be valuable to engincers. Covers
flow in pipes, boundary layers, airfoil theory, entry conditions, turbulent flow
in pipes, and the boundary layer, determining drag from measurements of
pressure and velocity, etc. Unabridged, unaltered. An Engineering Society
Monograph. 1934. Index. 226 figures, 28 photographic plates illustrating flow
patterns. Xvi 4 g11pp. 5% X 8. aperbound $2.00
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AprpPLIED OPTICS AND OPTICAL DESIGN,

A. E. Conrady L.
With publication of vol. 2, standard work for designers in optics 1s now
complete for first time. Only work of its kind in English; only detailed work
for practical designer and self-taught. Requires, for bulk of work, no m'ath
above trig. Step-by-step exposition, from fundamental concepts of gcometrnFal.
physical optics, to systematic study, design, of almost all types of optical
systems. Vol. 1: all ordinary ray-tracing methods; primary aberrations; neces-
sary higher aberration for design of telescopes, low-power microscopes, photo-
graphic equipment. Vol. 2: (Completed from author’s notes by R. ngg!akc,
Dir. Optical Design, Eastman Kodak.) Special attention to high-power micro-
scope, anastigmatic photographic objectives. “An indispensable work,” J., Opti-
cal Soc. of Amer. Index. Bibliography. 193 diagrams. 852pp. 614 X 9%4-

Two volume set, paperbound $7.00

MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION,

R. F. Deimel, Professor of Mechanical Engincering at Stevens Institute of
Technology o
Elementary general treatment of dynamics of rotation, with special application
of gyroscopic phenomena. No knowledge of vectors needed. Velocity of a moving
curve, acceleration to a point, general equations of motion, g)’TOSCOPiC hon?on.
f"°°~ gyro, motion of discs, the damped gyro, 10g similar topics. EXercises.
75 figures. 208pp. 534 x 8. Paperbollnd S1.75

STRENGTH OF MATERIALS,

J. P. Den Harlog
Full, clear treatment of elementary material (lension, torsion, bending, com-
pound stresses, deflection of beams, etc.), plus much advanced materla.l on
engincering methods of great practical value: full treatment of the Mohr circle,
lucid elementary discussions of the theory of the center of shear and the
“Myosotis” method of calculating beam deflections, reinforced concrete, plastic
deformations, photoelasticity, ctc. In all sections, both general principles and
concrete applications are given. Index. 186 figures (160 others in problem

section). §50 problems, all with answers. List of formulas. viii 4 323PP- 5% X 8-
paperbound $2.00

HYDRAULIC TRANSIENTS,

G. R. Rich ) .
The best text in hydraulics ever printed in English . . . by former Chief Dc§1gn
Engineer for T.V.A. Provides a transition from the basic differential equations
of hydraulic transient theory to the arithmetic integration compl-lfauon re-
quired by practicing engincers. Sections cover Water Hammer, Turbine Spet'?d
Regulation, Stability of Governing, Water-Hammer Pressurcs in Pump Dis-
charge Lines, The Differential and Restricted Orifice Surge Tanks, The
Normalized Surge Tank Charts of Calame and Gaden, Navigation Lockf.
Surges in Power Canals—Tidal Harmonics, etc. Revised and enlarged. Author’s
prefaces. Index. xiv 4 qogpp. 5% x 814. Paperbound $2.50

Prices subject to change without notice.
Available at your book dealef or write for free catalogue to Dept. Adsci,
Dover Publications, Inc., 180 Varick St., N.Y., N.Y. 10014. Dover publishes more
than 150 books cach year on science, elementary and advanced mathematics,
biology, music, art, literary history, social sciences and other areas.
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MATHEMATICAL
FOUNDATIONS OF
INFORMATION THEORY

A.l. KHINCHIN

The first comprehensive introduction to information theory, this
book places the work begun by Shannon and continued by McMillan,
Feinstein and Khinchin on a rigorous mathematical basis. For the
first time, mathematicians, statisticians, physicists, cyberneticists and
communications engincers are offered a lucid, comprehensive intro-
duction to this rapidly growing field.

In his first paper, Dr. Khinchin develops the concept of entropy in
probability theory as a measure of uncertainty of a finite ‘scheme,
and discusses a simple application to coding thcory. The second
paper investigates the restrictions previously placed on the study of
sources, channels and codes and attempts “to give a complet?,
detailed proof of both . .. Shannon theorems, assuming" any ergodic
source and any stationary channel with a finite memory.

Partial Contents: 1. The Entropy Concept in Probability Theory—
Entropy of Finite Schemes. The Uniqueness Theorem. Entropy of
Markov chains. Application to Coding Thcory. II. On t.hc .Funda-
mental Theorems of Information Theory — Two generalizations of
Shannon’s inequality. Three incqualities of Feinstein. Concept of a
source. Stationarity. Entropy. Ergodic sources. The E property. The
martingale concept. Noise. Anticipation and memory. Connection
of the channel to the source. Feinstein’s Fundamental Lemma. Cod-
ing. The first Shannon theorem. The second Shannon theorem.

First English translation (1957) . Translated by R. A. Silverman and
M. D. Friedman. References. iii 4 120pp. 534 x 8.
60434-9 Paperboun
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