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PREFACE 

My main reason for writing this book was to make available to English­
speaking students the results of Chapter III, the so-called multiplicity 
theory. The only exposition of that theory that has been easily available 
in America is the one given by Stone, who discussed self-adjoint opera­
tors on a separable Hilbert space. The theory aH I present it deals with 
arbitrary spectral measures and includes, consequently, the multiplicity 
theory of (bounded or unbounded) normal operators on a not necessarily 
separable Hilbert space, and includes, as another useful special case, the 
multiplicity theory of unitary representations of locally compact abelian 
groups. In view of the fact that a weakly closed, self-adjoint, commuta­
tive operator algebra has a lot of projections in it, the structure theory 
for Boolean algebras of projections, as developed in Chapter III, applies 
to such operator algebras also. 

I have been fortunate in being able to make use of several simplifica­
tions of Hilbert space theory, some of which were published only in 
the last five years. As examples of such recent contributions I mention 
Eberlein's proof of the spectral theorem and the detailed treatment of 
the multiplicity theory by Flessner and Roblin. The work of the latter 
authors, in turn, is obviously very strongly influenced by the pioneering 
research of Wecken. The approach to multiplicity theory which I pre;-;ent 
has some claim to novelty, but in its fundamental ideas it is essentially 
a permutation of what I learned from vVecken and from Nakano. 

The first two chapters of the book are not new at all and they are 
there only to prepare the way for Chapter III. The last clause is not, 
however, to be taken literally--one can draw a shorter and straighter 
line between the axioms of Hilbert space and the theory of multiplicity 
than the one I have drawn. Such material as does not directly contribute 
to Chapter III has the purpose of nailing down the edges, so to speak­
of supporting the strictly necessary material by illuminating and illus­
trating it. Despite the presence of "irrelevant" theorems, large parts 
of the theory of Hilbert space are still conspicuous by their absence: 
I do not define unbounded operators, for instance, and I do not even 
mention any of the several valuable applications of the theory to in­
teresting special cases. 

3 



4 PREFACE 

There are three technical details that the reader should know. ( 1) 
Since some of the notation which is used throughout the hook i~ e~­

tablished in §0, both the expert and the beginner arc adYised to glance 
at that initial section. (2) There are a few statements, printed formally 
as theorems, which are not supported by even one word of proof. They 
exist for purposes of reference and they are not proved, because I con­
sidered them trivial. (3) The reference system is simple and standard. 
An expression such as u.v, where u and v are ordinal numbers, refers 
to Theorem v in §u. 

In conclusion I want to express my warmest thanks to Arlen Brown, 
M. Gerstenhaber, M. M. Gutterman, and E. A. Michael for their aiel in 
preparing this book. They read the manuscript, made many valuable 
suggestions, and would not back down when I objected to their criticism. 
I am also grateful to my colleagues Irving Kaplansky and I. E. Segal 
for several stimulating conversations about multiplicity theory. 

P.R. H. 
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§0. Prerequisites and Notation 

The principal prerequisite for an intelligent reading of this little book 
is a thorough knowledge of what is usually called the theory of functions 
of a real variable. We use that phrase, as it is always used, to denote a 
hodge-podge of the theories of sets, cardinal numbers, topological (and 
particularly metric) spaces, measure, and integration. References for 
results used but not developed in the text (as well as occasional references 
to the sources of our material and to detailed presentations of subjects 
we shall barely have time to mention) are to be found at the end of the 
book. 

We devote the remainder of this section to a detailed description of 
our terminological and notational conventions and to the statement of 
a representation theorem for linear functionals which we need in a form 
slightly different from the one in which it is usually given. 

The word family is used throughout (as a generalization of sequence) 
to denote an indexed set, so that, for instance, a family I ai I of real 
numbers is a real-valued function on a certain index set ljj. Any adjec­
tive (such as finite or countable), when applied to a family, is to be inter­
preted so as to modify the index set which serves as the domain of that 
family. If {ail is a family of objects, each object ai is called a term of 
the family. 

The symbol Ojk is the Kronecker delta: its value is 1 or 0 according as 
j = k or j ~ k. The symbol ~o denotes the cardinal number of the set 
of all integers. The letter x (almost always used with a subscript) is 
reserved for characteristic functions, so that, for instance, if 111 is a 
subset of a space X and if tis a point of X, then x.u(t) = 1 or 0 according 
as t does or does not belong to M. 

The word polynomial without an adjective means a polynomial with 
complex coefficients; the modification in the phrase real polynomial 
indicates a polynomial with real coefficients. The cumplex conjugate of 
a complex number a is denoted by a*. The least upper bound and the 
greatest lower bound of a set M of real numbers are denoted by symbols 
such as sup {a:a E Ml and inf {a:a E llfl respectively. 

The empty set is denoted by 0. The symbol 1 ... :. ··I is used for 
"the set where ... ", so that, for instance, {a: a > 0 I is the set of all 

X 



§0. PHEHEQUISITES AND NOTATION 9 

positive real numbers. The symbols U, n, -,and care used for union, 
intersection, relative complement, and not necessarily proper set in­
clusion respectively. The symbol e is used to indicate the belonging of 
an element to a set; the negation of a belonging assertion is indicated 
by a similar use of E'. The Cartesian product. of two sets !II and N is 
denoted by M X N. 

The convergence of a sequence {x,.j of points in a metric space to a 
point xis denoted by x,.---+ x. The closure of a subset M of a metric (or, 
more generally, of a topological) space is denoted by M. 

By a measure (without adjectives) we shall always mean a non-negative 
and countably additive set function p. defined on a Boolean u-algebra 
S of subsets of a set X. Almost all the measures we shall encounter will 
be finite measures, i.e. such that p.(X) < co. A complex measure is a 
complex-ntlued, countably additive set function. Since the real and 
imaginary parts of a complex measure are countably additive, and since, 
therefore, each of these parts is the difference of two measures, it makes 
sense to integrate with respect to a complex measure; the process is to 
be carried out. by expressing the given complex measure as a linear com­
bination of measures, as just indicated, and then forming the correspond­
ing linear combination of ordinary integrals. 

If (X, S, p.) is a measure space, if M is a measurable subset of X 
(i.e. if M C X and M E S), and if a (complex-valued) function f is 
integrable with respect to p. on M, then the value of the integral is de­
noted by I M f(t) dp.(t) or I"' f dp.; if M = X, the subscript is omitted. 

If p. is a measure and if a is a positive number, the set of all complex­
valued measurable functions f such that If Ia is integrable with respect 
to p. is denoted by ~a(p.). (The only values of a which will interest us 
are 1 and 2.) If two functions in ~a(P.) differ only on a set of measure 
zero, they are regarded as identical. 

A useful prepositional distinction is made by saying that a measure 
P. is defined on S and in X. This usage may be extended slightly. If X 
is a set, if S is a Boolean u-algebra of subsets of X, and if M is a set in 
S, we shall speak of a measure p. defined in M, meaning that p. is defined 
on S and p.(X - M) = 0. 

The representation theorem that we mentioned earlier may be stated 
as follows. Suppose that L is a complex-valued function whose domain 
is the set of all real polynomials (in one variable) and which is such that 
L(ap + (3q) = aL(p) + {3L(q) whenever a and {3 are real numbers and 
p and q are real polynomials-suppose, in other words, that L is a linear 
functional of polynomials. Let X be the real line and let A be a compact 
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!:lubset of X; for any complex-valued, bounded funet ion f on A write 
N ..._(f) = sup { I f(A.) I: A. E A j. If the linear functional L i~ /Jollndrd in 
the sense that there exists a positive real number a sueh that I L(p) i ~ 
aN.\(p) for all real polynomials p, then there <>xist.; a uniquP C'omplPx 
measure p. defined on the class of all Bord suhsPts of X and in .\and :->uC'h 
that L(p) = f.\ pdp. for all real polynomials p. The C'ompkx nwasurt' p. 
has, moreover, the property that I p.(M) i ~ a for C\"<.>ry BorPI suhsPl .H 
of X. 

If that were all, it would be bad enough-but wP need (~ven mon·. 
The more that we need is the extension of the theorem to t wu dinwn­
sions. The statement of the more general result is very easy tu desni he: 
it is obtained from the statement above by changing the parent h('t i<·al 
phrase "in one variable" to "in two variables," and interpreting the 
symbol X as the Cartesian product of two real lines (or, cqui vall'n tly, 
as the complex plane). 



CHAPTER I 

THE GEOMETRY OF HILBERT SPACE 

§I. Linear Functionals 

Throughout this book we shall work with vector spaces over the field 
of complex numben;, or, as they may be more briefly described, complex 
vector spaces. The simplest and yet by far the most important example 
of a complex vector space is the set lS: of all complex numbers, with the 
vector operations of addition and scalar multiplication interpreted as 
the ordinary arithmetic operation~ of addition and multiplication of 
complex numbers. 

\Ve recall an elementary definition. A linear transformation from a 
complex vector space ~ to a complex vector space .Q' is a mapping A 
from S) into .Q' ;;uch that A (ax + {3y) = aAx + {3Ay identically for all 
complex numbers a and (3 and all vectors x andy in _p. Just as the special 
vector space li plays a distinguished role among all complex vector 
spaces, similarly linear tran::;formations whose range space .Q' coincides 
with G: (Hueh linear transformations are called linear functionals) playa dis­
tinguished role among all linear transformations. Explicitly: a linear 
functional on a complex vector space .\) is a complex-valued function 
~ on ,\) such that (and now we proceed, for the sake of variety, to state 
the definition of linearity in terms slightly different from the ones used 
above) 

(i) ~ is additive (i.e. Hx + y) = Hx) + €(y) for every pair of vectors 
x and y in .s)), and 

(ii) ~ is homogeneous (i.e. Hax) = aHx) for every complex number 
a and for every vector x in ~). 

It is sometimes convenient to consider, along with linear functionals, 
the closely related conjugate linear functionals whose definition differs 
from the one just given in that the equation €(ax) = aHx) is replaced 
by Hax) = a*Hx). There is a simple and obvious relation between the 
two concepts: a necessary and sufficient condition that a complex-valued 
function ~ on a complex vector space be a linear functional is that e 
be a conjugate linear functional. 

11 



12 I. THE GEOMETRY OF ffiLBERT SP.\CE 

§2. Bilinear Functionals 

For the theory that we shall develop, the concept of a bilinear func­
tional is even more important than that of a linear functional. A bilinear 
functional on a complex vector space ~) is a complex-valued function 
'P on the Cartesian product of .P with itself such that if ~u(x) = 7]z(y) = 

<p(x, y), then, for every x andy in S), ~11 is a lin<'ar functional and l7:r. is a 
conjugate linear functional. 

This definition of a bilinear functional is difTerent from tlw one com­
monly used in the theory of vector spaces over an arbitrary field; the 
usual definition requires that, for every x and !J in ,'), both 7J:r. and ~~~ shall 
be linear functionals. An example of a bilinear functional in this "usual" 
sense may be manufactured by starting with two arbitrary linear 
functionals ~and TJ and writing <p(x, y) = Hx)1J(y); an obviously related 
example of a bilinear functional in the sense in which we defined that 
concept is obtained by writing <p(x, y) = Hx)1J*(y). The objects that we 
defined are sometimes called Hermitian bilinear functionals. Further 
examples of either usual or Hermitian bilinear functionals may be con­
structed by forming finite linear combinations of examples of the product 
type described above. After this brief comment on the peculiarity of our 
terminology (adopted for reasons of simplicity), we shall eonsistently 
stick to the definition that was formally given in the preceding para­
graph. 

It is easy to verify that if 'P is a bilinear functional and if the function 
1/1 is defined by 1/l(x, y) = tp*(y, x), then 1/1 is a bilinear functional. A bi­
linear functional 'P is symmetric if 'P = 1/1, or, explicitly, if tp(X, y) = 
tp*(y, x) for every pair of vectors x and y. A bilinear functional 'P is posi­
tive if <p(x, x) ~ 0 for every vector x; we shall say that <pis strictly positive 
if <p(x, x) > 0 whenever x ~ 0. 

§3. Quadratic Forms 

The quadratic form q, induced by a bilinear functional <p on a complex 
vector space is the function defined for each vector x by q,(x) = <p(x, x). 
l!sing this language and notation, we may paraphrase one of the defini­
t~ons _in the last paragraph of the preceding section as iollows: 'P is posi­
tiVe If and only if q, is positive in the ordinary sense of taking only 
positive values. 

A routine computation yields the following useful result. 

THEOREM 1. If q, 1"s the quadratic form induced by a bilinear functional 
'P on a complex vector space ~. then 
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tp(x, y) = .P(Hx + y) ) - .P(Hx - y)) 

+ i<P(Hx + iy)) - i<P(!(x - iy)) 

for every pair of vectors .r and .Y in .\). 

The process of calculating the values of the bilinear functional <P from 
the values of the quadratie form .P, in accordance with the identity in 
Theorem 1, is known as polarization. As an immediate corollary of this 
process we obtain (and \H' state in Theorem 2) the fact that a bilinear 
functional is uniquely determined by its quadratic form. 

THEOREM 2. If !teo bihncar funchonals cp and if; are such that .P = ~. 
then <P = if;. 

Theorem 2 in turn may be applied to yield a simple characterization 
of symmetric bilinear functionals. 

THEOREl\I ~- A lrilin('(l.r functional <P is symmetric if and only if $ 
is real. 

Proof. If <P i:s symmetrie, then $(x) = tp(x, x) = tp*(x, x) = .P*(x) 
for all x. If, conversely, $ is real, then the bilinear functional if;, defined 
by if;(x, y) = tp*(y, x), and the bilinear functional <Pare such that $ = ~; 
it follows from Theorem 2 that <P = if;. 

§4. Inner Product and Norm 

An inner product in a complex vector space ,\) is a strictly positive, 
symmetric, bilinear functional on~- An inner product space is a complex 
vector space ~ and an inner product in~- The vector space~ of all 
complex numbers becomes an inner product space if the inner product 
of a and {3 is defined to be a{3*; in what follows we shall always interpret 
the symbol CS:, not merely as a vector space, but as an inner product space 
with this particular inner product. 

It is convenient and, as it turns out, not confusing to use the same 
notation for inner product in all inner product spaces; the value of the 
inner product at an ordered pair of vectors x and y will be denoted by 
(x, y). The quadratic form induced by the inner product also has a uni­
versal symbol: its value at a vector x will be denoted by II x W. The 
positive square root II x II of II x W is called the norm of the vector x. 
Note that the norm of a vector a in the inner product space ~ coincides 
with the absolute value of the complex number a. 

Throughout this book, unless in some special context we explicitly in­
dicate otherurise, the symbol 4) urill denote a fu;ed inner product space; all 
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apparently homeless vectors will be presumed to belong to S) and the 
definitions of all concepts and the proofs of all theorems will pertain 
to~. 

THEOREM 1. A necessary and sufficient condition that x = 0 is 
that (x, y) = 0 for all y. 

Proof. If (x, y) = 0 for ally, then, in particular, (x, x) = 0 and conse­
quently, since the inner product is strictly positive, x = 0. If, con­
versely, x = 0, then (x, y) = (Ox, y) = O(x, y) = 0. (Note that the 
proof of the converse is nothing more than the proof of the fact that if 
~ is any linear functional, then HO) = 0. It follows, of course, that if 
cp is any bilinear functional, then cp(O, y) = cp(x, 0) = 0 for all x and y.) 

THEOREM 2. (The parallelogram law.) For any vectors :r and y, 

II X+ y w + II X - y w = 211 X w + 211 y w 
Proof. Compute. 

The reader should realize the relation between Theorem 2 and 
the assertion that the sum of the squares of the two diagonals of a 
parallelogram is equal to the sum of the squares of its four sides. 

The most important relation between vectors of an inner product 
space is orthogonality; we shall say that x is orthogonal to y, in symbols 
x ..L y, if (x, y) = 0. In terms of this concept Theorem 1 says that the 
only vector orthogonal to every vector is 0. For orthogonal vectors the 
statement of the parallelogram law may be considerably sharpened. 

ThEOREM 3. (The Pythagorean theorem.) If x ..L y, then 

II X+ y w = II X 11 2 + II y w. 
The reader should realize the relation between Theorem 3 and the 

assertion that the square of the hypotenuse of a right triangle is the 
sum of the squares of its two perpendicular sides. 

A family {x;l of vectors is an orthogonal family if x; ..L Xk whenever 
j ¢ k. We shall have no qualms about using the obvious inductive 
generalization of the Pythagorean theorem, i.e. the assertion that if 
lx;l is a finite orthogonal family, then II '1:-;x; W = '1:.; II x; W. 

§5. The Inequalities of Bessel and Schwarz 

A vector x is normalized, or is a unit vector, if II x I i = l; the process 
of replacing a non-zero vector x by the unit vector x/11 x II is called 
'MTmalization. A family {x;l of vectors is an orthonormal family if it 
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is an orthogonal family and each vector Xi is normalized, or, more ex­
plicitly, if (xi, Xk) = o;k for all j and k. 

THEORE:\1 1. (Bessel's inequality.) lf (x;J is a finite orthonormal family 
of vectors, then 

for every vector x. 

Proof. 

0 ~ II x - ~;(x, x;)x; W = II x 11 2 - ~i(x, xi)(x;, x) - ~;(x, x;)*(x, x;) 

+ ~i~k(x, x;)(x, :~.·k)*(x;, xk) = I! x W - ~i I (.r, x;) 12. 

(The expressions (x, x;) will occur frequently in our work; they are 
called the Fourier coefficients of the vector x with respect to the ortho­
normal family lxiJ .) 

It is sometimes useful to realize that the strict positiveness of the 
inner product is not needed to prove the Bessel inequality. In the 
presence of strict positiveness, however, the statement of Bessel's in­
equality can be improved by adding to it the assertion that equality 
holds if and only if x is a linear combination of the x/s. The proof of 
this addition is an almost immediate consequence of the observation 
that in the proof of Bessel's inequality there is only one place at which 
an inequality sign occurs. 

THEOREM 2. (Schwarz's inequality.) I (x, y) I ~ II x 11·11 y !I . 
Proof. If y = 0, the result is obvious. If y :;C 0, write y0 = y/11 y II ; 

since II y 0 II = 1, i.e. since the family consisting of the one term Yo is 
an orthononormal family, it follows from Bessel's inequality that 

I (x, Yo) I ~ II X II · 
Schwarz's inequality, just as Bessel's inequality, would be true even 

if the inner product were not strictly positive (but merely positive). Our 
proof of Schwarz's inequality is not delicate enough to yield this im­
provement: we made use of strict positiwncss through the possibility 
of normalizing any non-zero vector. In the presence of strict positive­
ness, howe\·er, the statement of Schwarz'::; inequality can be improved 
by adding to it the ussertion that equality holds if and only if x and y 
are linearly dependent; the proof of this addition is, in one direction, 
trivial and, in the other direction, a consequence of the corresponding 
facts about Be::;sel's inequality. 

The Schwarz inequality has an interesting generalization. If {x;l is a 
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non-empty, finite family of vectors, and if 'Yik = (x;, xk), then the 
determinant of the matrix ["/ikl is non-negative; it vanishes if and only 
if the x/s are linearly dependent. 

§6. Hilbert Space 

ThEOREM 1. The norm in an inner product space is 

strictly positive (i.e. II x II > 0 whenever x ¢ 0), 

positively homogeneous (i.e. II ax II = I a 1·11 x II), and 

subadditive (i.e. II x + y II ~ II x II + II Y II). 
Proof. The strict positiveness of the norm is merely a restatement of 

the strict positiveness of the inner product. The positive homogeneity of 
the norm is a consequence of the identity 

II ax 11 2 = (ax, ax)= aa*(x, x) =I a 12 ·11 x 11 2 • 

The subadditivity of the norm follows, using Schwarz's inequality, 
from the relations 

II x + Y 11 2 = (x + y, x + y) ~ II x 11 2 + l(x, y)l + l(y, x)l + II Y II 2 

~ II X II 2 + 2 II X 11·11 y II + II y II 2 = (II X II + II y 11)2
• 

THEOREM 2. If the distance from a vector x to a vector y is defined to be 
II x - y II , then, with respect to this distance function, ,~ is a metric space. 

Proof. • The fact that the distance function is stn'ctly positive (i.e. that 
II x - y II ~ 0, with equality holding if and only if x = y) follows from 
the strict positiveness of the norm. The fact that the distance function 
is symmetric (i.e. that II x - y II = II y - x II for every pair of vectors 
x and y) follows from the positive homogeneity of the norm and the 
identity (x - y) = ( -l)(y - x). The validity of the triangle inequality 
(i.e. the relation II x - y II ~ II :c - z II + II z - !J II for every triple of 
vectors x, y, and z) follows from the subadditivity of the norm and the 
identity x - y = (x - z) + (z - y). 

In view of Theorem 2 we shall feel free to U~>e, for inner product 
spaces, all such topological concepts as convergence, continuity, separa­
bility, dense set, closed set, and the closure of a set, and all such metric 
concepts .ts uniform continuity, Cauchy sequences, and completeness. 
We shall, in particular, need to make use of the continuity of the four 
operations (scalar multiplication, addition, and the formation of inne1· 
products and norms) which are intrinsic to inner product spaces. 
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THEOREM 3. If <I>a(:r) = ax, <I>+(x, y) = x + y, <I>v(x) = (x, y), and 
<l>(x) = II x II whenever a is a complc:r mtmbcr and :c and y are vectors, 
then all the functions <I> a , <I>+, <1>11 , and <I> arc umJormly contimwus func­
tions of all their arguments. 

Proof. The four assertions are ronsequences, respectively, of the 
following four incqualiti('s. 

II ax1 - ax~ II ~ I a 1·11 Xt - x2ll . 

ll(xt + !It) - (;1:~ + !J~)II ~ II Xt - :r~ II + II Yt - Y2ll · 

l(xt, y) - (:r2, Y)l ~ II Xt - :r2ll·ll Y II . 
I II Xt II - II X2 II I ~ II Xt - X2 II . 

A Hilbert space is an inner product space which, as a metric space, is 
complete. It is worth noting that the special inner product space t£ 
(cf. §§ 1 and '1) is in fact a Hilbert space. We extend the convention 
established in §4 by requiring that, from now on, the inner prod11ct space 
.S) under consideration shall in fact be a Hilbert space. 

A normcd vector space is a vector space with a strictly positive, 
positively homogeneous, and subadditive norm; a Banach space is a 
normed vector space which, as a metric space, is complete. A small 
fraction of our results will be valid for Banach spaces as well as for the 
special Banach spaees (i.e. Hilbert spaces) that we are studying; when­
ever it is possible and convenient to do so, we shall arrange our proofs 
so that they make sense in any Banach space. The precise extent to 
which Hilbert space& differ from general Banach spaces has received 
quite a bit of attention; it may be expressed by saying that the norm 
in a Hilbert space is essentially quadratic in character, in the sense, for 
instance, that the parallelogram law is valid. 

The completeness of Hilbert space is, to be sure, an essential part 
of its structure, but it is unessential in the sense that an inner product 
space can always be completed to be a Hilbert space. More precisely it 
is true that the linear operations and the inner product may be uniquely 
extended to the ordinary metric completion of an inner product space 
so that the completion becomes a Hilbert space. 

§7. Infinite ~ums 

A family {xi l of vectors will be ealled sum mabie with smn x, in symbols 
2: 1x 1 = x, if for I'Very positive number E there Pxisb; a finite set .To of 
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indices such that II x - "k;ux; II < c whenever J is a finite set of in­
dices containing Jo. It is clear from this definition that a finite family 
of vectors is always summable and that its sum, in the present sense, 
coincides with the elementary concept of vector sum. As another ex­
ample we mention the fact (whose proof is a not particularly difficult 
exercise) that a sequence I an J of \'ectors in the Hilbert space <I is 
summable with sum a if and only if the ordinary numerical series 
"k~~1an is absolutely convergent to the value a. \Vc emphasize the fact 
(and we shall make use of it below) that our definition makes sense, in 
particular, in the space <I and hence that such relations as :::,;a; = a arC' 
meaningful (though not necessarily true) for not necessarily countable 
families Ia;) of complex numbers. 

It follows from the last remark that the theorem which we have been 
calling Bessel's inequality makes sense for not necessarily finite (nor 
even necessarily countable) orthonormal families. It not only makes 
sense-it is true. The proof requires nothing more than the obsNVa­
tion that, by the definition of sums, it is sufficient to consider finite 
families. We propose, accordin11;ly, to change our custom and, in the 
sequel, when we refer to Bessel's inequality, to have in mind the gc>ner­
alization just now discussed. More formally: Bessel's inequality is to be 
interpreted as the theorem obtained from 5.1 by deleting the word 
"finite." One amusing consequence of the Bessel inequality in this form 
is the proposition that if lxnl is an orthonormal sequence, then (x, Xn) ~ 
0 for every vector x, i.e. that the Fourier coefficients of x tend to 0. 

THEORE~l 1. If "k;x; = x, then"k;ax; = ax for cvcrycomple.'C number a. 

TI-IEOHE:I1 2. If lx;) and lz,;J arc two families of vectors, indexed by 
thc.o;ameset {jj, and ~f "k;x; = x and "k;Y; = y, then"k 1(x; + y 1) = x + Y· 

THEORE:Il 3. If "k 1:1: 1 = x, then '1:-;(x;, y) = (x, y) and "k 1(y, x;) = 

(y, x) for every vector y. 

The proofs of all three theorems arc quite elementary; they arc, in 
fact, consequences of the following three relations (valid for any finite 
set J of indices) respectively: 

II ax - '1:-; u ax; II = I a 1·11 x - '1:-; ax; II , 
ll(x + y) - 'J;;a(X; + Y;)ll ~II X- "k;aX; II+ II Y- "J:.;,JYi II' 
ICx, u) - 'J;;u (x;, y)\ = !(x - "J;;.,:r;, u)l ~ II :r - ~;., :v, ll·ll.11 I! 
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§8. Conditions for Summability 

THEOREM 1. A family I xi l of vectors is swnmable if and only if for 
every positive number c there e.1;ists a finite set Jo of indices such 
that II T.iaXi II < E: whenever J is a finite set of i1idices disjoint from Jo. 
If !xi\ is summable, then the set of those indices j for which xi ~ 0 is 
countable. 

Proof. If !xi\ is summable with sum x, then for every positive 

number E: there exists a finite set .lo such that II x - "1;;uX; II < ~when­
ever J -:::JJo . It follows that if J n Jo = 0, then 

II T.iuXi II = II T.i•JUJ 0 Xi - '2;i•J 0 Xi II ~ II X - "1;;,; UJo X; !I 
+II X- T.i•JoXi II < l"· 

If, conversely, the condition is satisfied, then for every positive integer 11 

there exists a finite set J" such that II "i:,i" :r iII < ~whenever J n J n = 0. 
n 

By replacing J" by ./1 u · · · u J", n = 1, 2, · · · , we see that there is 
no loss of generality in assuming (and we do therefore assume) that the 
sequence I J" \ of finite sets is increasing. (From these considerations we 
can already deduce the second assertion of the theorem. If, indeed, an 
indexj does not belong to the countable spt ./1 u J~ u · · · , then II x; li < 
~ for every positive integer n and consequently x; = 0.) To complete 
n 
the proof of summability, note that if 11 < m, then 

since (J m - J n) n J" = 0. It follows from the completeness of Hilbert 
space that there exists a vector :r such that II "1:. ;o .. xi - :r ! I __. 0. If J is 
any finite set of indices containing J", then 

II X - T,i<J;ri II ~ II X - T,i•JnXi II + II T,i<J-J,.Xi II 
and therefore {x;} is summable with sum x. 

The second part of Theorem 1 asserts that our concept of summation 
is more of a notational convenience than a great generalization of the 
more elementary concept of infinite series. 

THEOREM 2. An orthogonal family !x;\ of vectors is summable if and 
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only if the family til X; II 2 } of positive numbers is summable; this condi­
tion may also be expressed by writing '1:t; II x; 11 2 < oo. If x = '1:t;x;, 

then II x 11 2 = l:; II x; 11 2• 

Proof. If {x;} is summable, then for every positive number c there 
exists a finite set Jo such that II l:;,JX; II < c whenever J n Jo = 0, and 
consequently 

"Z;;,J II X; 11 2 = II l:;aX; 11 2 < £ 2 

whenever J n Jo = 0. If, conversely, ];; II x; 11 2 < oo, then for every 
positive number c there exists a finite set Jo such that l:;a II x; II 2 < £ 2 

(and consequently II l:;,JXf II <c) whenever J n J 0 = 0; summability 
follows from Theorem I. The second assertion of the theorem is a con­
sequence of the relations 

(x, x) = (l:;x;, x) = l:;(x;, x) = l:;(x;, l:kxk) 

= l:;l:k(x;, xk) = l:;(x;, x;). 

(The last step in this chain of equations depends on the obvious fact 
that if all but one of the terms of a family of vectors, or, in particular, 
of complex numbers, are zero, then that family is summable and its 
sum is the exceptional term.) 

Nate that the second part of Theorem 2 is the obvious generalization 
of the Pythagorean theorem to not necessarily finite sums; just as in 
the case of Bessel's inequality we shall in the sequel use the phrase 
Pythagorean theorem to refer to the generalized version. 

§9. Examples of Hilbert Spaces 

A typical and general example of a Hilbert space is the space ~2(!-') of 
all complex-valued, measurable, and square-integrable functions on a 
measure space X with measure 1-' (with the usual understanding that 
two functions which differ on a set of measure zero only are to be identi­
fied). The linear operations in this space (as in every function space) are 
the usual pointwise operations and the inner product is defined by 
(!,g) = ff(t)g*(t) dl-'(t). 

An important special case of the example in the preceding paragraph 
is the one in which every subset of X is measurable and has as measure 
the number of its points. By an obvious change of notation (from f(t) 
to~;) the typical element of this Hilbert space becomes a family {~;} of 
complex numbers with the property that l:; I ~;I 2 < oo; scalar multi-
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plication, addition, and inner product are defined by 

IU + lrul = ~~; + '1;1. 

and 

UU, I 11;1) = ~;~;'1;, 

respectively. (It is understood, of courRe, that the index set {j\ is the 
:-;arne for all vectors.) 

An important generalization of the example in the preceding para­
graph is obtained as follows. Let {,P;l be a family of Hilbert spaces and 
denote by ~;,r;>; the set of all families {x;\ of vectors such that x; ~: S); 
for all j and such that ~;II x; 11 2 < oo. If scalar multiplication, addi­
tion, and inner product are defined in ~;,P; by 

{x;l + {y;} = {x; + y;\, 
and 

( {x;\, {Y;l) = ~;(x;, Y;), 

respectively, then ~;f); becomes a Hilbert space. (The proof of this 
fact is a straightforward imitation of the proof that applies to the case 
in which ~; = G: for all j.) The space ~;f); is called the external direct 
sum or simply the direct sum of the family { S);} of Hilbert spaces. 

Further examples of Hilbert spaces are: (i) the set of all those func­
tions, defined and analytic in the interior of the unit circle in the complex 
plane, the square of whose absolute value is integrable with respect to 
planar Lebesgue measure, and (ii) the set of all functions almost periodic 
with exponent 2 in the sense of Besicovitch. 

§10. Subspaces 

A linear manifold is a non-empty subset 9.n of 5) such that if x andy 
are in 9R, then ax + {3y ~: 9.n for every pair of complex numbers a and {3. 
A subspace is a closed linear manifold. The easiest examples of sub­
spaces are the set D containing 0 only and the entire space ,p. Note that 
a subspace of a Hilbert space is a Hilbert space and that therefore we 
may (and frequently shall) apply to subspaces any proposition we 
please, as long as it is true of all Hilbert spaces. 

If p. is Lebesgue measure in the real line, then the following subsets of 
the Hilbert space ~2(p.) are all linear manifolds: 

(i) the set of all those functions f in 22(J.L) for which f(t) = f(- t) for 
(almost) every t; 

\ 
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(ii) the set of all those functions in ~2 (J.t) which vanish at (almost) 
every point of a certain measurable set; 

(iii) the set of all (essentially) bounded functions in ~2(1-') · 
The first two of these sets arc subs paces; the last one demonstrates tbe 
fact that there exist linear manifolds which arc not closed. For another 
example of a linear manifold which is not a subspace consider the 
Hilbert space of all families IEil of complex numbers such thiJ.t 
~i I Ei 12 < ~ (cf. §9) and the subset of all those families which IHJ.ve 
only a finite number of non-zero terms. 

It is easy to sec that the intersection of any family of subspaces is ~ 
subspace. It follows that it makes sense to define the subspace spannc 
?Y an ar?itrary subset 9R of~ (th_e ~pan of 9R, in ~ymbols ~ 9Jl) as tl:~ 
mtersectwn of all subspaces ('Ontamm~?; 9J1, or, cqtuvalcntly, as the lea 
subspace containing ~m. 

THEOREM 1. If 9J? is a non-empty subset of Sj and if 91 -is the set of 0~ 
finite linear c:!!mlJinations of clement.s of W, l/w~ ~.n is a li11car manifol 
and V Wl = 91 (=the closure of ~l). 

Proof. It is clear that 91 is a linear manifold and hence that 9} is o­
subspace!.... since m c 91, the minimal property of v 9R implies _thiJ.t 
V IDl C 91. On the other hand the fact that v 9)1 is a linear mamfold 
implies that 91 c v 9Jl. Since V 9R is closed, it follows that 91 c: V 9Jl· 

If Wl and 91 are subspaces, we shall use the symbol 9.Jl v 91 for the sub­
space V (9R u 91); more generally, if {9J1il is any family of subspaces 
then. ~i9J1i will denote the subspace v (UiiDW. It follows from thcst 
dcfimtwns that m v 91 is the least subspace containing both 9)1 and 9 , 
and, more generally, that V i9Jt is the least subspace containing c,·cr)' 
term of the family {9J1il· 

The essential results of this section can be described rather simplY 
in the language of lattice theory. The possibility of a latticP.-theoretic 
formulation is based on the trite observation that the set of all sub­
spaces of ~ is a partially ordered set with respect to inclusion. The fact 
that for any family {9Ril of subspaces there exists a greatest subspace 
cniiD1j) contained in them all and there exists a least subspace < v /JJU 
containing them all may be expressed by saying that this partiallY 
ordered set is a complete lattice. While this lattice has many interesting 
properties, it is not in general so accomodating as to be distributive, 
nor even modular. It turns out, in fact, that the lattice of all subspaces 
of a Hilbert space is modular only in the familiar finite-dimensional 
cases, and that it is distributive only for the extremely trivial spaces 
whose dimension is 0 or 1. 
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§11. Vectors in and out of Subspaccs 

A Vector x is orthogonal to a subset 9Jl of $), in symbols x ..L 9Jl, if 
x ~ Y for ally in 9JL The purpose of this section is to obtain two results 
whrch our geometric intuition makes ob,·ious and desirable. The first 
result is that the minimum of the distances from any fixed vector to the 
vectors of any fixed subspace is always attained; the second result is, 
essentially, that if a subspace is a proper subset. of$), then there exists 
a non-zero vector orthogonal to the subspace . 

. THEOHEM 1. If ~m is a subspace, if x is a vector, and if o = 

mf{ II Y - x II : !J E 9Jl}, then there c.-dsts a vector Yo in 9Jl such 
that II Yo - X II = o. 

Proof. Let (Ynl be a sequence of ,-ectors in 9)1 such that II Yn- x II~ 
0· It follows from the parallelogram law that 

:1 Yn - Ym li 2 = 211 Yn - .T 11 2 + 2 II Ym - X 11 2 

- 4 II HY n + Y m) - X II 2 

for every nand m. Since HYn + y,) E ~lR. it follows that 

II HYn + 1/m) - ;t; II 2 ~ 02 

and hence that 

II Y n - Y m II 2 ~ 2 II Y n - X II 2 + 2 II Y m - X II 2 
- 4o2 

• 

As n .- oo and m - oo, the right side of t.he last written relation tends 
to 2o2 + 2o2 - 4o2 = 0, so that (Ynl is a Cauchy sequence. If Yn ~Yo' 
then Yo E W1 and, by the continuity of the norm, 

II Yo - X II = limn II Yn - X II = 0. 

THEOREM 2. If W1 and 91 arc subspaccs such that 9)1 C 91 and 9)1 ~ 91, 
then there exists a non-zero vector z in 91 such that z ..L 9)1. 

Proof. Let x be any vector in 91 which is not in 9)1 and write o = 
inf (II y - x II: y E Wl). By Theorem 1 there exists a vector y0 in 9J1 such 
that II Yo - X II = o; write z = Yo - X. The fact that z ~ 0 follows 
from the fact that X E1 m. Since Yo + ay E 9)1 for every vector y in 9)1 

and every complex number a, it follows that 

II z + ay II = II (yo + ay) - X II ~ o 
and hence that 

o ~ II z + ay II 2 - II z II 2 = a*(z, y) + a(y, z) + I a 1 2 ·11 y 11 2
-
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If, in particular, a = {3(z, y) for any rml numlwr {3, then 

o ~ 2/3 I (y, z) I ~ + ri I (y, z) I 2 • II u II z. 

The validity of this inequality for small negatin' ,·alues of {3 implies 
the vanishing of the coefficient of tlw linear term. \Ve eonclude that 
z J... y and hence, since y is an arbitrary vPetor in ffil, that z J... ffil. 

~12. Ortho~onal Cornplcrnen l!' 

The orthogonal complement of a subsl't 9.n of .£), in symbols 9Jl ~., is the 
set of all vectors x such that x J... 9.n. If 9.)1 and '£!~ arc subspaccs such 
that 9R C 91, the orthogonal complement of 9)( in 91, in symbols 91 - ffi(, 
is the set. 91 n 9.n .L. 

THEOREM 1. If 9.)1 is a s1t1Jset of .£), then 9JtL is a subspace 
and 9R n m.L c D. 

Proof. If x E 9)1 and if y 1 and y2 are in ffitL, then, for every pair of 
complex numbers a 1 and a2 , 

(x, a!!./ I +- a2y2) = ai (x, !/1) + a: (x, !./2) = 0, 

so that 9)1-'- is a linear manifold. The fact that Wl.L is closed follows 
from the continuity of the inner product. To see that 9J( n Wl.L C D, 
observe that if X E 9)1 n ffi1.L, then X J... X. 

ThEOREM 2. If 9)1 is a subset of 5), then 9.)1 c m.L _L. 

Proof. If X E 9)1 andy E m.L, then X J... y, so that X J... m.L and there­
fore X E 9)1.L.L. 

THEOREM 3. If 9)1 and 91 are subsets of .\) such that 9.n C 91, then 
m.L => 91.L. 

Tn . .L CYYl.L .L .L 
EOREM 4. If 9)1 ts a subset of 5), then 9R = :JJL • 

Proof. Applying Theorem 2 to 9R.L in place of 9)1, we obtain Wl.L C 
9R...l.....L...L. Applying, on the other hand, Theorem 3 to the relation 9Jl C 
CYYl.L ...1.. b . h . l . CYYl.L ...1.. ...1.. ...1.. :~JL , we o tam t e reverse me us10n :~JL :::> 9Jl . 

The preceding results are easy and in a sense automatic. As another 
such almost automatic result we mention the fact, whose proof is an 
easy exercise in the use of orthogonal complementation, that if {9.n;} is a 
family of subspaces, then (V ;9R;).L = n ;Wl~ . The only non-trivial 
assertion along these lines (Theorem 5) is a consequence of the geo­
metric discussion of the preceding section. 

THEoREM 5. If ffi1 is a 81.1bspace, then ffi1 = IDl...L...L. 
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Proof. According to Theorem 2, 9.H C im_L_L. If 9.)1 were a proper 
subset of im_L_L, then, by 11.2, im_L_j_ would have a non-zero vector in 
common with 9.J1_L; since this would contradict the relation 
im_L n im_L _L = D, the proof is complete. 

It is worth remarking that, applying the identity ( v jwu_L = n jmj 
to the family I9JI~I in place of 19J1;1, we obtain, in view of Theorem 5, 
the identity ( n j9)(j)_L = v jim~ . 

To obtain the deepest and most useful fact about orthogonal com­
plementation (Theorem 7), we need an auxiliary concept and an auxil­
iary result which arc of considerable interest in themselves. The concept 
is that of the vecwr sum of two subspaces 9Jl and 91, in symbols 9)1 + 91; 
it is defined to be the set of all vectors of the form x + y with x E ffil 
and y E 91. It is easy to see that 9Jl + 91 C 9)1 v 91 and that 9)~ + 91 is 
a linear manifold; the result is that in at least one important case 
9.)1 + 91 is actually a subspace. The hypothesis sufficient to guarantee 
this is that 9Jl and m are orthogonal, in symbols 9Jl ...1.. 91: this means, 
naturally, that x ...1.. 91 for every x in 9J1. 

THEOREM 6. If 9Jl and 91 are orthogonal subspaces, then 9Jl + 91 is 
closed. 

Proof. Suppose that {z,.j is a sequence of vectors in 9Jl + 91, so that, 
for each n, Zn = x,. + Yn with x,. E 9)( and Yn E 91, and suppose that the 
sequence {zn I converges to a vector z in~- By the Pythagorean theorem, 
llzn- Zmll 2 = llx,.- x ... ll 2 + lly,.- Ymll 2 foreverynandm,and 
therefore both sequences I Xn I and I y,. I are Cauchy sequences. If Xn---+ x 
and Yn---+ y, then x E ffil andy E 9l; it follows from the continuity of addi­
tion that Zn ---+ x + y and hence that z E 9)1 + 91. 

THEOREM 7. 
9Jl + 9J1_L = S). 

(The projection theorem.) If 9Jl is a subspace, then 

Proof. If 9Jl + im_L = 9~, then, by Theorem 6, 91 is a subspace. 
Since 9Jl c 91 and ffil_L c 91, it follows that 91-L c im..L and 91-L c 9)1-L-L _L , 
and therefore that 91 = D. vVe conclude, as desired, that 91 = 91-L _L = 
D_L = S). 

§13. Vector Sums 

The concept of vector sums, introduced in the preceding section, 
deserves further study and generalization. The first step, namely tlw 
pertinent definition, is easy: we define the vector sum. of an arbitrary 
family {9J1; I of subspaces, in symbols ~.i 9Jl i , to be the set of all vector:-5 
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of the form "Z;x; with x; E 'im; for all j. It is easy to see, just as in the 
finite case, that "Z;'im; is a linear manifold. As the following theorems 
show, the very close connection between \·ector sums and spans also 
persists in the general c-ase. 

'THEOHE:\1: 1. If l'im;\ is a family of subspaces and 9R = ~i9Jli, thell 
v ;We; = 95l. 

Proof. Since U ;'im; c 9JL and sincP. 9n is a subspace, it follows that 
V ;IDe; C IDe. Consider, on the other hand, the set of all those vectors 
of the form ~;X; for which x; E IDe; for all j ancl for whic·h .ri = 0 for 
all but a finite number of values of j. Since, by the definition of infinite 
sums, this set of vectors is dense in 9)(, and since Vi 9Jl i is closer!, it 
follows that 9)( C V;9Jl; and therefore that 9Jc C V;9)1;. 

\Ve call attention to the faet that Theorem I is a non-trivial state~ 
ment even in the finite case: it asserts that if 9)( 1 and 9)1~ arc subspaccs 
and IDe = ID(l + m~ , then 9)(1 v I)) I~ = 9)1. w c ha vc S('('ll I hat if 9)11 and 
IDc2 arc orthogonal, then 'im is closed and therefore 9Jl 1 v 9)(~ = ~l.ll; it is 
natural to ask whether or not the bar (the closure opPration) is e\·er 
really necessary. In §15 we shall show that it is, i.e. that the vector 
sum of two subspaces can fail to he a subspace. 

\Ve turn now to that part of tlw theory of vector sum:-; which behaves 
itself-in which, that is, the pathology we mentioned in the preceding; 
paragraph cannot occur. A family !IJJl;} of subs paces i:-:; an orthogonal 
family if 9Jl; j_ SJ)lk whenever j ;;e /.:. (A vector sum of an orthogonal 
family of subspaccs is frequently called an orthogonal sum, an internal 
direct sum, or simply a direct sum.) 

Tm:om·::'II 2. If !IJJl; 1 is an orthogonal family of subspaces, thefl· 
V J9J1; = ~i9)(i; the representation or an element of ~;9Jli in the fonTl 
~ i xi , with xi E IJ)(i for all j, is unique. 

Proof. To prove the first part of the the<irem, it is sufiicient to sho\'1 
that V;'JJli C ~il))li. If x E V;9Jii, then, by the projection theorcrn, 
for each valuP of j there exists a vector :ci in IJ)~i and there exists a vector 
!li in 9Jt~ such that x = xi + ?Ji. If xi ;;e 0 for some j, then 
(.t, x;/\! .ri II) = II x; II and it follows thCI'efore, from Bessel's inequality, 
that ~iII x; II~ < oo. Applying 8.2, we sec that there exists a vector Zo 

:mch that x0 = ~ixi ; we shall show that Xu = x. If y E 9Rio for some jo ' 
then (x - x0 , y) = (xiu, y) + (Yiu, y) - (~ixi, y) = 0 (by 7.3), i.e . 
.t - Xo j_ iJJiiu for all ju . It follows that x - x 0 j_ ~ ;"JRi and therefore, 
by Theorem 1, that x - x0 j_ V il))(i. Since, however, x - Xo E V iWli ' 

we conclude that indeed x - x0 = 0. To prove the sPcond part of the 
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theorem, it is sufficient to show that if J;;x; = 0, with x; E 9R; for all j, 
then x; = 0 for all j, and this follmYs from the (general) Pythagorean 
theorem. 

~l·L Bases 

A basis of a subspace 9)~ i~ a maximal orthonormal family of vectors 
in W1. 

Although it follows immediately from Zorn's lemmtt that every sub­
space possesses a basis, it is sometimes possible to replace this trans­
finite argument by a construeti,·c method; one sueh method is the 
Gram-Schmidt orthogonalizalion process. The process is an inducti\·e one 
which, at its k-th :-;tagl', rl'plaees tlw k-th term of a linearly independent 
sequence I x .. j of \'ectors by a \'ed or Yk in such a way that (i) Yk is a 
linear combination of x 1 , · · · , :-ck, (ii) the sequence {y .. ] is orthonormal, 
and (iii) V {!/n} = V {.r .. ]. The procC'ss can be stn.rtC'd off by writing 
Y1 = X1/ll :r1 ll ; after y 1 , · · · , Yk h:we been construetNI, !/k+l is obtained 
hy normalizing the \'ector Xk+l - -::;;f ... l(.l:k+l, Yi)!Ji. 

If p. is L<>lwsgue measure in the unit interval, and if 

0 ~ i ~ 1, II = 0, 1, 2, ' ' . , 

then the Gram-Schmidt orthogonalization process may be applied to 
the sequence If,.} in the Hilbert space ~2 (p.). The process yields a basis 
of ~2(p.) consisting of polynomials. Another basis of ~2 (p.) is the sequence 
{gn}, where 

0 ~ t ~ 1, n = 0, ±1, ±2 · · · · 

In the Hilbert space of all families { ~i j of complex numbers such that 
~,. I ~; I 2 < oo, the vectors { t}kl l defined by ~)kl = oik constitute a basis. 

THEOHE!\1 1. A necessary and suffccient condition that an orthonormal 
family I xi j of z•eclors in a subspac.r 9)~ satisfy all the following conditions 
is that it satisfy any one of them. 

(i) The family I xi} is a basis of 931. 
(ii) If x E 9J1 and if x ..L Xi for all j, then x = 0. 
(iii) If, for each j, 9)1i is the subspace spanned by the set consisting of 

the single vector xi , then Vi 9Jl i = WL 
(iv) If x E 931, then x = ~J(.r, XJ).l'i. (Fourier e.rpansion.) 
(v) If x andy are in 9)1, then (x, y) = ~;(x, xJ(xi, y). (Parset•al's 

identity.) 
(vi) If x E ID1, then II x II 2 = ~i l(x, XJ)I 2• 
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Proof. We shall prove that each of the conditions (i), (ii), (iii), (iv), 
and (v) implies the one following it and that (vi) implies (i). 

~i)_ If x E 9.)1, if x .1. x; for all j, and if x ~ 0, then x/11 x II may ~e 
adJ~med to the family { x;l, in contradict ion to the assumed maXl­
mahty of that family. 

(ii) If V ;9.n; ~ 9'.H, then, by 11.2, 9.)l contains a non-zero vpctor x such 
that X J.. X j fOI· all j. 

(iii) Since l9.n;} is an orthogonal family of subspaccs, 13.2 implies 
that V ;9.n; = ~;Wl; and hence, if (iii) is true, en•ry vector x in IDl has 
the form ~;a.;x; with suitable complex numbers a.;. It follows that 
(x, ~1:) = ~;a.;(x;, xk) = a.~: for every index /c. 

(IV) Ifx = ~;a.;x;andy = ~-{3·x· with a.·= (x x;) and(3; = (y,x;) 
for all . h 1 1 1 ' 1 * 

J, t en (x, y) = (~;a.;x;, ~kf3~:x~:) = ~;a.;{3; · . 
(v) If (v). is true for all X and y in 9.)1, then it is true, in particular, 

when x = y. . 

(vi) If the family {x;} is not maximal, say, for instance, if it remams 
orthonormal after the adjunction of a vector x then that vector x does 
not satisfy the relation (vi). ' 

§15. A Non-closed Vector Sum 

Familiarity with bases and Fourier expansions enables us to give 110 

example of two subspaces 9.)1 and m such that 9.)1 + m ~ 9.n v m. 
To motivate the construction we recall first of all that if 9.n ..L 9l, 

then 9.)1 + 91 = 9.n v 91, i.e. tha~ equality holds if Wl and 91 arc ortl~og­
onal. Equality can be made not to hold by getting as far as possible 
from orthogonality. Intuitively speaking we may say that the subspaces 
we sh 11 · 1 we a construct make an angle of zero degrees; more preCise Y 
~hall construct m and m so that IDl n m = 0 and, for suitable normal­
IZed Vectors X and z in 9.)1 and ffi respectively the inner product (:z:, z) co . ' , 

mes arbitrarily near to 1. t 
Let {x,.J and IYm} be two infinite orthonormal sequences such tha 

xth" .l Ym for all n and m and \\-rite z,. = a.,.x,. + (3,. Yn for every n, wh~re 
e co ffi · ' · · d'tJOn 

th e Cients a.,. and (3,. will be determmed presently. The first con 1 • 
at · h' h IS We Wish to put on a.,. and (3,. is that the sequence { z,.} , w JC 

autom t' 1 · 1 = II a Ica ly orthogonal shall be orthonormal as well, J.e. that . 
z II 2 2 ' • SJSt th" = I a.,. I + I (3,. I 2• For the sake of simplicity we shall Ill 

( at a.,. and (3,. shall be strictly positive real numbers. Since in that case 
x,.' z,.) = a.,. for every n it follows that the subspaces IDl = V {xnl 

and m _ I l . ' . t t' d · the - V z,. will certamly have the proper Y men wne Ill 
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preceding paragraph if an---+ 1, or equivalently f3n---+ 0, as n---+ 00 ·For a 
technieal reason (which will become apparent soon) we choose to en:ure 
the validity of the relation {3,. -> 0 by :;electing the f3n's so that ~nf3"",. < 
00 • This is all the mnchirwry we ncPd; we remark tlw.t the sequences 

{cos~} and {sin t1}. for example, have all the properties we demand of 

lan} and {{3,.) respectively. . 
To prove that 9)~ + 9~ ¥- 9)l v ')~, we have to exhibit a vector Y m 

9.n v ~n such that y docs not belong to W~ + ~- Since ~,.{3~ < 00 , it 
follows that the sequence {(3,.y,.) is summable; we assert that if Y = 
"1:..,.(3.,.y"' , then the vector y has the desired properties. The fact that 
a,. ~ 0 implies, indeed, that y,. E 9Jl + 9l for every m and hence that 
lJ Em V 91. If it, Were true, however, that y E 9.)1 + 91, Say lJ = X + z 

with x E Wl and z E 'IJl, then we should have 

{3.,. = (y, y,.) = (x + z, y,.) = (z, y,.) = ("1:-,.(z, z,.)z,., y,.) 

= (z, z,.)(z,., y,.) = (z, z,.)(3,. 

for every m. Since {3,. ¥- 0, it would then follow that (z, z,.) = 1 for 
every m, but since (z, z,.) is the m-th Fourier coefficient of z with re­
spect to I z,. l , this is preposterous. 

§16. Dimension 

THEom~M 1. Any two bases of a subspace 9.)1 have the same power. 

Proof. Let {x;) and {yk} be two base:; of IDl, of powers u and v re­
spectively. Since x; = ~k(x;, l/k)l/k for each j, the set K; of those indices 
k for which (x;, l/k) ¥- 0 is countable. Since l/k E ~.m = v lx;), no l/k can 
be orthogonal to all x;, i.e. every index k is contained in U;K; · It 
follows that v ~ ~0 -u and, by symmetry, u ~ ~o·v. If both uand v are 
infinite, the proof is complete; if either u or v is finite, the theorem 
reduces to a known result in the theory of finite-dimensional vector 
spaces. 

Theorem 1 allows us to define the dimension of a subspace W? as the 
common power of all bases of ml. In the remainder of this section we 
propose to show (Theorem 3) that in a sense the dimension of the 
Hilbert space ,P completely determines the structure of SJ. 

An isomorphism from a Hilbert space ,P onto a Hilbert space Sf is a 
one-to-one linear transformation U from ,Ponto&' such that (Ux, Uy) = 
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(x, y) for every pair of vectors x andy in~; an isometry from a Hilbert 
space ~ to a Hilbert space St is a linear transformation U from .S) into 
.\1: such that\\ Ux \\ = \\ x 1\ for every vector x in 5). Observe that an 
isometr~r deserves its name, i.e. that, in virtue of the equation 
\\ Ux - Uy \\ = II U(x - y)\1 = \\ x - y II , an isometry preserves 
not only norms (distances from 0) but all distanees. Observe also that 
an isomorphism is necessarily an isometry. Since an isometry from .f> 
to Sl' need not map ,P onto .It, it is easy to construct isometrics which 
are not isomorphisms; our next result shows that the into-onto dis­
tinction is the only one between isomorphisms and isometrics. 

THEOREM 2. A linear transformation U from a Hilbert space S) to a 
Hilbert space .It is an isomorphism if and only if it is an 1:somctry, mapping 
S) onto.~. 

Proof. W c have already seen that an isomorphism is an isometry· 
~~' conversely, U is an isometry, and if Ux = Uy, then 0 = 
;1 U(x- y))/ = II X- !J i/, and it follows therefore that U is one-to-o~e. 
The fact that U preserves inner produets follows from the assumptiOn 
that if cp(x, y) = (Ux, Uy) and 1/l(x, y) = (x, y), then the bilinear func­
tionals cp and 1/1 induce the same quadratic form. 

Two Hilbert spaces arc called isomorphic if there exists an isomorphism 
between them. It follows from the definition of an isomorphism and 
from our observations concerning isomorphisms and isometrics that 
an isomorphism preserves all the structure that went into the definition 
of Hilbert spaces and that, consequently, isomorphic- Hilbert spaces are 
geometrically indistinguishable and may legitimately be viewed as 
identical. 

THEOREM 3. Two Hilbert spaces are isomorphic if and only if they 
have the same dimension. 

Proof. In view of the intrinsic definition of dimension, the "only if" 
part is obvious. Suppose, conversely, that .p and Sl' are Hilbert spaces of 
the same dimension and let { x;} and { y;} be bases of .p and Sf respec­
tively, indexed by the same set {j). If x = "Z:.;a;x; is any vector in S) 
and if Ux is defined to be "Z:.;a;y;, then U is clearly a linear transforma­
~ion from .p onto .IT; since II Ux 11 2 = "Z:.; 1 a; 1 2 = 11 x II 2 , U is an 
Isometry. The proof is completed by an application of Theorem 2. 

According to Theorem 3 any property that some Hilbert spaces do 
and others do not possess can be characterized simply by counting. 
Thus, for instance, a necessary and sufficient condition that .p be 
sepat·able is that the dimension of .S) be not greater than ~0 • Indeed, 
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since the distance between any two terms of an orthonormal family is 
y'2, it follows that if~ is separable, then no orthonormal family can be 
uncountable. If, on the other hand, a countable, maximal orthonormal 
family \xil exists, then the set of all finite linear combinations, with 
coefficients whose real and imaginary parts are both rational, is a 
countable dense set in 5). 

§ 17. Bounded ness 

A linear transformation A from a Hilbert spaceS) to a Hilbert space 
M' is bounded if there exists a positive real number a such that II Ax II ~ 
a II x II for all x in S); the nonn of A, in symbols II A II , is the infunum 
of all such values of a. 

THEOREM 1. A linear lransfonnalion A from a Hilbert space S) to a 
Hilbert space sr is bounded if and only if t"t maps the unit sphere (i.e. the 
set {x: II x II = 1}) onto a bounded subset of .5r; if a= sup {II Ax II: II x II= 
11, then II A II = a. 

Proof. If A is bounded and II x II = 1, then II Ax II ~ II A 11·11 x II = 
11 A II and therefore a ~ II A II . If, conversely, a < co, then, for every 
non-zero vector x, 

II Ax II = II A(ll x II· (x/11 x II)) II = II A(x/11 x 11)11·11 x II ~ a II x II, 
so that A is bounded and II A II ~ a. 

THEOREM 2. A linear transformation A from a Hilbert space 4) to a 
Hilbert space sr is bounded if and only if it is continuous. 

Proof. If A is bounded, then its continuity follows from the relation 
11 Ax - Ay II ~ II A 11·11 x - Y II , valid for all vectors x and y in 5). 
If A is not bounded, then, for every positive integer n, there exists a 

vector x, inS) such that II x, II = 1 and II Ax, II ~ n. Since~ x,--+ 0, 
n 

whereas ll A (~ x,) II ~ 1, it follows that A is not continuous at 0. 

The definition of boundedness and Theorems 1 and 2 apply in par­
ticular to linear transformations from a Hilbert space S) to the special 
one-dimensional Hilbert space ~. i.e. to linear functionals. In this 
special case there is available to us a powerful and Plegant result which 
completely characterizes all bounded linear functionals. 

THEORI<~M 3. (The Riesz representation theorem for bounded linear 



32 l. THE GEO~\ETRY OF HILBERT SPACE 

Junctionals.\ :\ lincur .ftotctionul ~ on ~) i~ botmdnl i_i and ontu if there 
f.l"'lS\8 (l 1'fC!Or !I 81l\h that ~~X) = t.r, !1) .for all .r: ~Hell l1 !I, i_i it c.r.ists, is 
umque. 

Proof. If Hx) = (x, y) for all x, then I H.c)i ~ il .r 11·11 !J II, so that 
~ is bounded and, in fact, II~ II ~ il y II . (IL is easy, but for our plll'­
poses unnecessary, to pron~ that 11 ~II = II !J II.) The> uniqucnt>ss of Y 
follows from 4.1. 

If, conversely, ~ is a boundetl linear fun!'! ional and if 9Jl = 

[x:Hx) = Ol, then W1 is a suhspac·e. If 9Jl = S), tlwn H:r) is in~leed 
identically equal to (x, y) with y = 0. If 9)1 ~ ,\), then 9X- conta~ns a 
non-zero vector z; we.shall prove that a suitable multiple az of z Is an 
admissible y. No matter what the value of a is, it i:-:; clear that if Y = 
az, then Hx) = 0 = (x, y) whenever x e 9Jl. If, on the other hand, ; = 
{3z for some complex number {3, then (.1::, y) = ({3z, az) = a*/311 z II·, so 
that a necessary and sufficient condition for the validity of the identity 
Hf3z) = (f3z, y) is that a = ~*(z)/11 z II 2 • With this choice of a it is then 
true t~at Hx) = (x, y), with y = az, if either x e 9R or x is a multiple 
of z. Smce for an arbitrary vector x in ,\), x - {3z E 9R if {3 = Hx)/Hz) 
(note that Hz) ¢ 0), it follows that Hx) = Hx - {3z) + Hf3z) = 
(x - {3z, y) + (f3z, y) = (x, y). 

§18. Bounded Bilinear Functionals 

Since a linear functional is a linear transformation, any meaningful 
statement that applies to all linear transformations applies, in particu­
lar, to linear functionals. Since bilinear functionals and quadratic forms 
are not linear transformations, their theory is not a special case but 
~ere~y an analog of the theory of linear transformations. The analogy 
IS qmte ~lose. We shall, for instance, say that a bilinear functional 'Pis 
bounded If t~ere exists a positive real number a such that I q>(x, y)l ~ 
a II x 11·11 Y II for every pair of vectors x and y in ,P, and we define the 
norm of '/>, in symbols II 'P II , as the infimum of all such values of a. 
We_ ~hall also say that a quadratic form tp is bounded if there exists a 
positive :e~l number a such that 1 r/>(x)l ~ a II x II 2 for all x in .p; the 
norm of '/>, m symbols II tp II , is the infimum of all such values of a. The 
first result of the preceding section may be stated (and proved) in 
almost exactly the same way for bilinear functionals and quadratic 
forms as for linear transformations. 

THEOREM 1. If 'Pis a bilinear junctional on .\? and if 

a= sup II q>(x, y)l:ll x II= II Y II= 11, 
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then a necessary and sufficient condition thai <P be bounded is that a < -x> ; 

if <Pis bounded, then\\ <P \\ = a. If q, is a quadratic form on ~and i.f 

a= sup !I.P(x)J:II x II= I}, 

then a necessary and su;Uicient condit£on that .P !Jr. bounded is that a < oo ; 

1J .p is bounded, then II .P II = a. 

The interesting and useful results along these lines concern the rela­
tions between the norm of a bilinear functional a.nd the norm of its 
induced quadratic form. 

THBOREl\l 2. The quadratic form .P induced by a b1linear functional <P 

is bounded 1j and only if <P is bounded; if <P and .Pare bounded, then 

II.P II ~ II <P II ~ 2II.P 11-
Proof. If <Pis bounded, then I.P(.l:)l = I <P(X, x)l ~ II <P 11·11 x 11·11 x II 

for all x; it follows that .P is bounded and that II.P II ~ II <P II . If, con­
versely, .P is bounded, then, by polarization, 

I tp(X, y)l ~ t II.P II· <II ;J; + y 11 2 + II X - y II 2 

+ II X + iy II 2 + II X - iy II 2) 

and hence, by the parallelogram law, 

I tp(x, y)l ~ II.P II· Cll x 11 2 + II Y II 2) 

for every pair of vectors x and y. It follows that I tp(x, y)l ~ 2II.P II 
whenever II :r II = II Y II = 1, and consequently (by Theorem 1) <P is 
bounded and II <P II ~ 2II.P II . 

It is not difficult to construct examples (in finite-dimensional spaces) 
to show that the inequalities in Theorem 2 are in general best possible. 
They allow, however, a considerable improvement in the symmetric 

case. 
THEOREM 3. If <P is a bounded, symmetric, bilinear fnnctional, then 

II<PII = II.PII. 
Proof. We need only prove that II <P II ~ II .P II . Since the symmetry 

of <P implies that .P is real, polarization shows that the real part of <P 

is given by the equation 

fficp(x, y) = .P(Hx + y)) - .P(Hx - y)). 

It follows that 

I ffitp(X, y)l ~ lii.P II· (II X + y II 2 + II X - y II 2) 

= ! II.P II· (II X 11 2 + II y 11 2), 
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and therefore that lm<P(x, !1) i ~ II (p i 1 whcncn'r :1 ;~: \ 1 = l :, !I I i = 1. For 
an arbitrary, but temporarily fixed, pair of \'P<"\or,; .rand 11 with\\ x \\ = 
·. '!J · · = \. \p\ !l he a comp\Px Humbl.'r of ah,;u\ute Y:1hw \ ,;uch that 
6-;:\:x:, 1J I = \ 'T'(:r:, 11Y1 . T\w itwqnn.\il y jn,;\ dPriYP(\. w\wn app\ied to 
Bx and'!}, implies that 

'1 .,c(.r, !1)1 = tp(O.r, y) \ :l~tp( O.r, y) \ ~ \I ~ \ ·~ • 

and therefore the proof may be <'ompletPrl by an applil'ation o{ 
Theorem I. 



CHAPTER II 

THE ALGF.BRA OF OPERATORS 

§19. Operators 

An operator is a bounded linear transformation from ,'i) into .p. 
THEOREM I. lf ..1 and B arc operators and if, for every vector x and 

for c1•rry complex number a, (aA)x = a(Ax), (A + B)x = Ax + Bx. 
and (.·1B)x = A(B.r), then aA, A + B, and AB arc operators such that 
II a .·1 II = I a I · II A II, II A + B II ~ II .-1 II + [I B II, and II A B II ~ 
II A !I· II Ell-

Proof. It is olwious that aA, A + B, and ABare linear transforma­
tions from ,') into S). The fact that they are boundl'd, and that their 
norms behave as asserted, follows from the relations 

II a(.·tx) II = i a I · il ..t.r !I, II Ax+ B:r II ~ II A.1: II+ II Bx II 
~ (II A II + II B II ) . II X II, 

and 

II A ( Bx) II ~ II A II · II Bx II ~ II A II · II B II · II x 11. 
A painless verification shows that the set of all operators on ,'i) is a 

complex ,·eetor space with respect to the scalar multiplication and 
addition defined in Theorem 1, and that the multiplication there de­
scribed is associative and bilinear-in other words that with respect 
to t hesc ope rat ions the :->et of all operators on S) is an algl'bra. This algebra 
eontains a unit, called the identity operator and denoted by the symbol 
1; it is defined by writing 1x = x for all x. No confusion will arise from 
using the same symbol for an operator as for a number, nor even from 
generalizing thi::-> notation and, for any complex number a, using the 
symbol a to denote abo the operator al. Observe that we are thereby 
committed to using the symbol 0 for the operator such that Ox = 0 for 
all x. 

As in every algebra, we shall use the symbol An to denote the product 
of n factors all equal to A, n = 1, 2, · · · ; A 0 is defined to be 1. More 
generally if p is any (complex) polynomial, p(X) = "1:-/'=0aiXi, we shall 
use the symbol p(A) for the operator "1:- /:.Oai A i. 

35 
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To these algebraic remarks we adjoin a result concerning a useful 
aspect of the most important topological property (i.e. continuity) 
that an operator possesses. 

THEORE:>.t 2. If 11 is an oprrnlor, .r is a t•rclor, ami \1~, \ is a family 
of rectors such that. ::=: ,:r. = Y <\"'''· '::., ,'\x 1 = :\.r. 

Yroqf YVI /1//f (JOs/t/vc number l' wP may find a linitP set ./ o of 
indices such that 1.\ x - ~;.Jx 1 \'1 < [ whenP\'Pr J is a finite set of indices 
containing J o • It follows that II 1b: - ::; itJ ;l.r, i II ~ II A I k whenever 
J :J Jo , and this implies that ~ i .'l:r i = .-I .r. 

§20. Example~ of Operators 

~\nee t•tms\derations concerning operators will oecupy us during most 
of the remainder of this book, it might be a good idea to look at a few 
of them. 

(i) One of the most classical examples is obtained as follows. Let X 
be a measure space with measure J.l., and lPt h he a eomplex-valued 
measurable function on the Cartesian product of X with itsPlf, square­
integrable with respect to the product measure in that Cartesian product 
space. Iff E ~2(JJ.), and if Af = g, where (J(s) = J h(s, l)f(t) rlJJ.(f), then 
,1 is an operator on ~2(JJ.). 

(ii) Another operator on the space ~2 (JJ.) is obtained by :;electing a 
fixed, essentially bounded, measurable function h on X and writing 
Af = g, where g(t) = h(t)f(t). Operators of this type are of sufficiently 
general interest and importance to deserve a name; we shall refer to the 
operator A as the multiplication operator, or simply the multiplication, 
defined by h. 

If X is the interior of the unit circle in the complex plane, if h('A) = 'A 
for every X in X, if J.l. is Lebesgue measure, and if instead of ~2(JJ.) we 
consider the subspace of analytic functions described in §9(i), we obtain 
an interesting and significantly different variant of this example. 

(iii) For another example, let T be a one-to-one measure-preserving 
transformation of X onto itself and write Af = g, where g(s) = J(Ts). 
To obtain an easily manageable special case,. let X be the real line, let 
J.l. be Lebesgue measure, and define T by Ts = s + 1. A useful generaliza­
tion of this special case is obtained by replacing the real line by any 
locally compact topological group, replacing J.l. by its left Haar measure, 
and defining T to he, say, left multiplication by a fixed element. 

(i\·) Consider the Hilbert space of all sequences {~nl of complex 
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numbers (n = l, 2, · · · ) such that ~" I ~ .. I~ < x, and write A\~" I = 
{ 71 .. I, where 7Jn = ~ .. +1 for all 11. Formally the same definition of A yiPlds 
a significantly different opPrator if we consider instead the Hilbert. 
space of all families {~"I of C'omplex numbPrs, n = 0, ± 1, ± 2, · · · · 
1nsfp:ul qf wr\t\n~; 'ln = \; ... ~,, ,,-(: mi.~;,ht h~v-;e ·wri.ll~n "" = ~ m<><.,m;m' 

where a,.m = On+l,m ; different examples of operators are obtained bT 
yarying the matrix [a,.'"]. \V c shall not enter into a discussion of what 
conditions a matrix must satisfy in order to define an operator, but, 
by way of a hint that will at least yield a sufficient condition, we remark 
that the operators defined by matrices are special cases of operators 
defined by integral kernels; cf. example (i). 

§21. Inverses 

An operator A is invertible if there exists an operator B such that 
AB = BA = I. The reader should be as competent as the author at 
constructing examples of operators which are and of operators which 
arc not invertible simply by examining the examples given in the pre­
ceding section. 

TIIEOREl\I 1. If A, B, and C are operators such that AB = CA = 1, 
then 13 = C, and consequently A is invertible. 

Proof. B = 1 · B = (CA)B = C(AB) = C · 1 = C. 

It follows from Theorem 1 that if an operator A is invertible, then 
there exists only one operator B such that BA = AB = 1; we shall 
write B = A -I and call A -I the inverse of A. Standard elementary con­
siderations prove that if A and B are invertible operators and if n is 
a positive integer, then the operators A-\ AB, and An are invertible, 
and their inverses are given by the equations (A -I)-1 = A, (AB)-1 = 
B-1A-\ and (A ")-1 = (A-1)". In view of the last relation we may con­
sistently define A", for invertible operators A and negative integers n, 
by A" = (A-1)-". 

It is useful to have at hand some geometric conditions for invertibility; 
such conditions can be given in terms of the range of an operator. Recall 
that the range of an operator A is the set of all vectors of the form Ax; 
the range of an operator is always a linear manifold, but it is not neces­
sarily a subspace. 

THEOREM 2. If A is an operator and a is a positive real number such 
that II Ax II ~ a II x II for every vector x, then the range of A is closed. 

Proof. If Yn = Ax", n = 1, 2, · · · , and if Yn ~ y, then, since we 
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have II Yn - Ym II = II Axn - Axm II ~ a II Xn - ;r"' II for all n and m, 
it follows that lxn} is a Cauchy sequence and hence that there exists 
a vector x such that Xn - x. The continuit~r of A implies that 11 = Ax 
and hence that y is in the range of A. 

THEORE:\1 3. An operator A is im·rrtiblc if and only 1j its mnge is 
dense in S) and there exists a posith·e rral 7lum/Jrr a such that II Ax II ~ 
a II x II for every vector x. 

Proof. If A is invertible and if y E.\), write x = A-1y; since Ax = y, 
it follows that the range of A is not only dense in .\) hut, in fact, co­
incides with S). It follows also that, for c\·ery vector :r, 

llxll = IIA-1Axll ~ IIA-1 II·IIA:rli. 
i.e. that the condition of the theorem is satisfied with a = I/11:1-1 11. 
Suppose now that the range of A is dense and that II A.r II ~ a II x II for 
all x. According to Theorem 2 we may conclude that the range of A is 
in fact equal to.\). If Ax1 = A.T2, i.e. Ax1 - .1b:2 = 0, then 

0 =II Ax1 - Ax2IJ ~ ail X1 - X2 II. 

and therefore x1 = x2 . This implies that not only is it true that every 
vector y in .S) has the form Ax for some x in S), but in fact there is ex­
actly one such x, and a single-valued transformation B of S) into itself 
is defined by writing By = x. Since B is easily verified to be linear, and 
since II Y II = II Ax II ~ a 11.1: II = a II By II. it follows that. B is an 
operator (and we even obtain the inequality II B II ~ 1/a). The rela­
tions ABy = Ax = yand BAx = By = x show that A B = l3i1 = 1, 
and hence that A is invertible (and we even obtain the result B = A - 1). 

§22. Adjoin ls 

If A is a (not necessarily bounded) linear trunsformation from ~) 
into 4), and if IP(X, y) = (Ax, y) for every pair of vectors x and y, then 
IP is a bilinear functional. The elementury properties of the inner product 
imply that if A1 and A2 are two linear transformations from ,') into s;) 
such that (A1x, y) = (A2x, y) for all x andy, then .-1 1 = .'h. These facts 
together with 3.2 show that if only (A 1 x, x) = (A 2 x, x) fur all x, then 
already A1 = A2. We begin the proper business of this section by show­
ing that the eonnection between linear transformations and bilinear 
functionals goes quite a bit deeper than these superficial remarks. 

THEOREM 1. If A is an operator and if IP(x, y) = (Ax, y) for all x 
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and y, then <P is a bounded bilinear fzmctional and II <P II II :1 11. If, con­
versely, <Pis a bounded bilinear functional, then there exists a unique opera­
tor :t such that <P(.r, y) = (.-lx, y) for all x andy. 

Proof. If :t is an operator and if <P(X, y) = (Ax, y), then I <P(x, y) I ~ 
II .tl II · \l.r II · II !J II for all x and y and consequently II <P II ~ II A 11-
If, com·NsPly, <P is a bounded bilinear functional and if TJ:r:(y) = <P(.r, y) 
for all x and y, tlwn, for C'ach fixed x, TJ:r:* is a bounded linear functional. 
It follows from the Riesz representation theorem (17.3) that there exists 
a unique vector Ax such that <P(x, y) = (Ax, y) for ally. The linearity 
of the transformation ..1 thereby defined is easily verified; its uniqueness 
follows from our remarks at the beginning of this section. Since 

11-·lx W = (Ax, Ax) = <P(x, Ax)~ II <P II· II x II· II Ax II, 
it follows that II Ax II ~ II <P II · II x II for all x. But this implies that 
A is bounded and II A II ~ II <P \I, so that the proof is complete. 

Observe that it follows from the first part of Theorem 1, together 
with 18.1, that II .·1 II = sup II (A:r, y) I: II x 1\ = II !J II = 1} for any 
operator A. 

TIIEOHI·:l\1 2. If A is an operator, then there exists a uniq11e operator 
..t*, called the adjoint vf A, such that (A:r, y) = (x, A*y) for all x allll 
y; A* is such that \\A* II = l\.:1 \\. 

Proof. Write <P(x, y) = (A:r, y) andl/;(x, y) = <P*(y, x) for all x and 
y. Since, by Theorem 1, <P is a bounded bilinear functional, and since 
this implies that 1/; is a bounded bilinear functional with III/I 1\ = \\ <P II = 

1\ A \\, it follows from the com·C'rse part of Theorem 1 that there exists 
an ope,·ator A* such that 1/;(x, y) = (.:1 *.r, y) for all x and !J and that 
A* is su<'h that 11-·1 * \\ = III/I II = \I A \\. Since the uniqueness of .I* 
is clear, the proof is completed by the oln·ious computation: (A.r, y) = 

<P(x, y) = 1/!*(y, :r) = (A *y, :r)* = (.r, A *y). 

The behavior of adjoints can be unc!C'rstood by l'Onstrueting the ad­
joints of the various operators describC'd in §20. \Yp call sppcial attention 
to the example of a multiplication restrieted to the analytic functions: 
its adjoint is not what at first it might appear to be. 

THEOHEl\1 3. If A and B arc operators and a is a complex number. 
then 

(i) A**= A, 
(ii) (a:l )* = a* A*, 
(iii) (A + R)* = A*+ B*, 
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and 
(iv) (AB)* = B*A*; 
(v) if A is invertible, then A* is invertible and (A *)-1 

Proof. Each of the five assertions is implied by the corresponding 
one of the following five identities. 

(i) (A *x, y) = (y, A *x)* = (Ay, x)* = (x, Ay). 
(ii) (aAx, y) = a(Ax, y) = a(x, A *y) = (x, a* .t1 *y). 
(iii) ((A + B)x, y) = (1ix, y) + (Bx, y) = (x, A *y) + (x, B*y) 

(x, A *y + B*y) = (x, (A* + B*)y). 
(iv) (ABx, y) = (Bx, A *y) = (x, B* A *y). 
(v) (A-1)*A* = (AA- 1)* and A*(A-1)* = (A- 1A)*. 

THEOREM 4. If A is an operator, then II A* A II = II A W. 
Proof. It follows from Theorem 2 that II A* A II ~ II A* II · II A II 

IIAW.OntheotherhandiiAxW = (Ax,Ax) = (A*Ax,x) ~ IIA*A II· 
II x W for every vector x and therefore II A W ~ II A* A II-

§23. lnvariancc 

A subspace ID1 is invariant under an operator A if AID1 C ID1, i.e. if 
AxE ID1 whenever x E ID1; a subspace ID1 reduces an operator A if both 
ID1 and 9)1..1.. are invariant under A. 

THEOREM 1. If each of a family IID?i\ of subspaces is invariant under 
an operator A [or reduces A], then V iiDli and niiDli are both invariant 
under A [or reduce A]. 

THEOREM 2. .:1 necessary and sufficient condition that a subspace 9.)1 

be invariant under an operator A i.s that IDl..l.. IJe invariant under A*. 
Proof. By symmetry it is suffic·icnt to prove that the eondition is 

necessary. If IDl is invariant under A, and if x E IDl and y E ID1..~.., then 
(x, A *y) = (A:t·, y) = 0, so that . t *y E IDl..~.., and consequently 9.R.L is 
invariant under A*. 

"Ve record for later reference an immediate corollary of Theorem 2. 
TnJ~OREM 3. A necessary and sufficir•nt condition that a subspace 9.)1 

reduce an operator A is that it be invariant under both A and A*. 

The difference between invariance and reduction is somewhat subtle 
and it is worth while to take a close look at an example. Consider a 
Hilbert space which has an infinite sequence l:r,.} as u. unsis, n = I, 
2, ···,and define u.n operntor ..t by A(~ .. a,.:r,.) = ~ .. a,J:,.+t; cf. §20 
(iv). There are many non-trivial subspaces invariant under il; con-
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crete examples may be obtained by selecting a fixed positive integer m 
and forming the subspace V {xn+m: n = 1, 2, · · · }. \Ve assert, however, 
that the only subspaces which reduce A are D and 5), or, in other words, 
that if a subspace ~m reduces A and contains a non-zero vector x, then 
9)~ = .~). To prove this it is com·enient to employ Theorem 3 and it is 
necessary, therefore, to discover A*; an immediate computation shows 
that A* is defined by A *(2:,.a,.;r,.) = 2:,.an+lXn. If knanXn is the Fourier 
expansion of the given non-zero vector x and if m is the lowest positive 
integer such that am ~ 0, then X = ::::,.a,.Xn = ::::: .. an+m-!Xn+m-1. Since 
the as:sumption that 9)~ reduces A, together with Theorem 3, shows that 
y = ::::,.an+naXn+m = A"'(A*)'";ce9.H,itfollowsthata,.Xrn =X- ye9J?, 
and hcm·c that .r, e 9JI. Another application of the same reasoning 
shows that x" = A "-1(A *)'"-1:rm e 9Jl for all n and it follows indeed 
that W? = ,P. 

§2,1. Hern'litian Operators 

An operator A is Hermitian if A = A*. 

TIIEOREM 1. A necessary and s11jf!Cient condition that an operator A 
be Hermitian is that the bilinear functional r.p, defined for every pair of 
vectors x andy by ,o(x, y) = (Ax, y), be symmetric. 

Proof. A necessary and sufficient condition that ,o(x, y) = ,o*(y, x) 
for all x and y is that (Ax, y) = (y, A *x)* = (A *x, y) for all x and y. 

As an immediate consequence of Theorem 1 and what we already 
know about bilinear functionaJs (cf. 3.3, 18.3, and 22.1) we obtain the 
following characterization of Hermitian operators and their norms. 

TnEOHEM 2. An operator A is Hermitian if and only if (Ax, x) is real for 
everyvectorx;ifAisHermitian,theniiA II= sup {I (Ax,x) l=llxll = 1}. 

Most of the algebraic properties of the set of Hermitian operators 
follow quite trivially from the definition. It is, for instance, clear that 
a real scalar multiple of a Hermitian operator and the sum of two Hermi­
tian operators are Hermitian, and that the inverse of an invertible Her­
mitian operator is also Hermitian. To describe the situation concerning 
products of Hermitian operators, it is convenient now to introduce a 
concept and a symbol which we shall have frequent occasion to use. 
We shall say that an operator A commutes with an operator B, and we 
shall write A+-+ B, if AB = BA. 

THEOREM 3. The product of two Hermitian operators A and B is 
Hermitian if and only if A +-+ B. 
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Proof. Since (AB)* = BA, the Pquations (AB)* = AB and BA = AB 
are obviously equivalent. 

From Theorem 3 and the discussion that precPded it we conclude that 
if A is a Hermitian operator and p is a real polynomial, then p(A) is 
Hermitian. 

The evidence we have collected tends to show (d. in particular 
Theorem 1) that if we think of an operator as a generalized complex 
number, then we should think of a Hermitian operator as a generalized 
real number. Such an attitude is quite fmitJul. It suggests, for instance, 
that "·e may define a concept of positiveness for Hermitian operators; 
we shall, indeed, say that a Hermitian operator A is positive, in symbols 
A ~ 0, if (Ax, x) ~ 0 for every vector x. It is obvious that a positive 
multiple of a positive operator and the sum of two positive operators 
are positive. We may continue further along the lines suggested by these 
considerations and define a partial order in the set of Hermitian opera­
tors by writing A ~ B whenever B - A is positive. This ordering is 
proper (i.e. if A ~ B and R ~ A, then A = B) and transitive (i.e. if 
A ~ Band B ~ C, then A ;::=; ('). We shall have opportunity to refer 
to some of these facts later. 

§25. Normal and Unitary Operators 

If A is any operator, then there exist two uniquely determined Her­
mitian operators B and C such that A = B + iC: in this respect also 
Hermitian operators imitate the behavior of real numbers. The existence 
of what might be called the real and the imaginary parts of A is proved 

by explicitly exhibiting them through the equations B = ~(A + A*) 

and C = ~(A - A*); uniqueness follows from the observation that 

if A = B + iC, then A* = B* - iC*. 
The fact that in general the real and the imaginary parts of an operator 

fail to commute is what makes operator theory significantly harder than 
the corresponding theory of complex numbers and motivates the defini­
tion of a normal operator as one for which this pathology does not occur. 
More explicitly, an operator A is called normal if A ~A*; if A = B + iC, 
with B and C Hermitian, then it is easy to see that a necessary and 
sufficient condition for the normality of A is the relation B ~ C. 

THEOREM 1. A necessary and sujfLCient condition that an operator A 
be rwrmal is that II Ax II = II A *x II for every vector x. 
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Proof. Since II Ax W = (A.x, Ax) = (A*Ax, x) and, similarly, 
II A *x W = (A *x, .1 *x) = (-·1A *x, x), the identity of the left sides of 
these relations is equivalent to the identity of their right sides and the 
latter is equivalent to normality. 

One source of the importance of the concept of normality is that many 
facts ahout Hermitian operators do not depend on the identity Ax = A. *x 
hut only on the identity II Ax II = II A *x II, and, in virtue of Theorem 
1, all such facts are valid for normal operators. 

There is a special class of normal operators of considerable interest, 
namely the operators U which satisfy the equations U U* = U* U = 1 ; 
such operators are called unitary. In the same sense in which Hermitian 
operators are generalized real numbers, unitary operators are generalized 
complex numbers of absolute value 1. Obsen·e that a unitary operator 
is invertible and that in fact unitary operators may he characterized 
as those invertible operators U for which U-1 = U*. 

The main reason for the interest of unitary operators is that they are 
exactly the automorphism::; of S). By an automorphism of S) we mean, 
of course, an isomorphism from ,\) onto S). Observe that. since an iso­
morphism is an isometry, it follows that an automorphism is in par­
ticular an operator. 

THEOREM 2. A necessary and sufficient condition that an operator r· 
be an automorphism of,\) is that it be unitary. 

Proof. Observe that since (U.r, Uy) = (C'*L';~:, y), the equation 
[J'*U = 1 impliPs and is impliPd by the identity (C:c, ['y) = (x, y). 
Since a unitary opPrator is invC'rtible and, consequently, is a one-to-one 
transformation from ,\) onto .5), we infer from this obsern1tion that a 
unitary operator is an automorphism. Since (cf. 21.3) an automorphism 
is also an invertible operator, we infer from the same observation that 
if u is an automorphism tlwn u-t = [T* and hence that u is unitar:-' 

~26. l)rojections 

The projection on a subspa<"e 9Jl is the transformation J> defined, for 
('\'Pry vector z of the form X + ?J, with X € 9Jl andy € wr'-, by Pz = x. 

THEOHEM 1. The projection P on a subspace 9Jl is an idempotent 
(P2 = J>) and H ennitia n (P* = P) operator; 1j 9)1 ;;e D, then ll P II = 1. 

Proof. It follows from 13.2 and the projection theorem (whose 
name is hereby justified) that P is a single-valued transformation from 
S) into .5); the faC't that P is linear is dear. If z = .T + y. with .l' E ~1.ll 
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and y E 9R.L, then 

II Pz 11 2 = II x 11 2 ~ II x 11 2 + II Y 11 2 = II z 11 2• 

:;o that P is bounded and II P II ~ 1. Since P 2z = Px = x = Pz, it 
follows that P is idempotent. If Wl contains a non-zero vector x, then 
the fact that Px = x implies that II P II = l. If, finally, z; = x; + Y;, 
with X; E 9)( and Yi E 9Jl-'--, j = 1, 2, then 

(Pz1, z2) = (x1 , z2) = (x1 , x2) = (z1 , x2) = (z1 , Pz2), 

so that P is Hermitian. 

THEOREM 2. If P is the projection on a subspace 9Jl and 1j W£1 = 

(x:Px = xl and 9R2 is the range of P, then 9R1 = 9Jl2 = 9JL 
Proof. It follows immediately from the definitions of Wl1 , 9Jl2 , and 

P that W£1 C 9R2 C 9R. If, on the other hand, x E 9)(, then Px = x, so 
that 9R C 9R1 and consequently all these inclusion relations reduce to 
equalities. 

THEOREM 3. If P is the projection on a subspace 9.H and if x is a 
vector such that II Px II = II x II , then Px = x (and therefore x E 9R). 

Proof. Since x = Px + (x - Px) and since Px E 9R and 
x - Px E 9R.L, it follows that II x 11 2 = II Px 11 2 + II x - Px 11 2 ; the 
fact that II Px II = II x II implies therefore that II x - Px II = 0. 

THEOREM 4. If P is an idempotent /{ ermitian operator and if 9R is 
the subspace {x:Px = xl, then Pis the projection on 9)(. 

Proof. Since P is idempotent, it follows that P(Pz) = Pz for all z; 
since P is Hermitian, it follows, for every vector x in 9)(, that 
(x, z - Pz) = (x, z) - (Px, z) = 0 for all z. In other words, Pz E 9JC 
and z - Pz E 9J(.L for all z; the theorem follows from the definition of 
projections and the identity z = Pz + (z - Pz). 

We conclude this section with the elementary but exceedingly useful 
comment that if P is a projection, then (Px, x) = II Px II 2 for every 
vector x. The proof of the comment is the follo,ving self-explanatory 
chain of identities: 

(Px, x) = (PPx, x) = (Px, P*x) = (Px, Px) = II Px 11 2 • 

§27. Projections and Subs paces 

In view of the results of the preceding section, there is a natural one­
to-one correspondence between subspaces and idempotent Hermitian 
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operators. It is in principle possible, therefore, to express all the geo­
metric propertiPs of subspaccs in terms of the algebraic properties of 
their projections. We propose in the following sections to show in de­
tail how that may be done; we begin in the present section by describ­
ing the algebraic formulations of in variance, reduction, orthogonal 
complementation, and orthogonality. 

TIIEOHE:-.r 1. A wbspacc ~m with projection P is invariant under an 
operator .·1 1j and only~( AP = PAP. 

Proof. If AP = PAP and if x e Wl, then Ax = APx = PAPx e Wl. 
If, conversely, 9)~ is invariant under A, then APx e 9)1 and therefore 
A Px = P A Px for every vector x. 

THEORE:\1 2. A subspace \.1)1 with projection P reduces an operator A 
if and only if P ~A. 

Proof. If AP = PA, then, multiplying this relation by P on the 
right and on the left, we see that both AP and PA are equal to PAP. 
By the formation of adjoints we obtain the result that both A *P and 
P A* are equal to P A* P. Since, in view of Theorem 1, the simultaneous 
validity of the relations AP =PAP and A*P = PA*P is equivalent to 
the assertion that im is invariant under both A and A*, the desired 
result follows from 23.3. 

THEOREM 3. If P is the projection on a subspace Wl, then 1 - P is 
the projection on Wt'- and 9)1-'- = I x: Px = 0}. 

Proof. A trivial verification shows that 1 - P is idempotent and 
Hermitian and hence that 1 - P is the projection on some subspace 91. 
By 26.2, 1H = lx: (1 - P)x = x} = lx:Px = 0}; the fact that, there­
fore, 9( = M-'- follows from the definition of projections. 

THEOREM 4. If 9)1 and 9? are subspaces with projections P and Q 
respectively, then a necessary and sufficient condition for the validity of 
all the following relations is the validity of any one of them. 

(i) 

(iia) 

(iib) 

(iiia) 

(iii b) 

9)1 .L ln. 
PQ = 0. 

QP = 0. 
Pln =D. 

QM =D. 

Proof. If W1 .L 9?, then 9( c 9)1-'-. Since Qx e 91 for all x, it follows 
(by Theorem 3) that PQx = 0 for all x. If PQ = 0 and if x e 9?, then 
Qx = x and therefore Px = PQx = 0, so that P9( = D. If, finally, 
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Pm = D, then (again by Theorem 3) 91 c Wr'- and therefore We _L 'in. 
These arguments prove the equivalence of (i), (iia), and (iiia); the 
equivalence of these relations to (iib) and (iiib) follows by symmetry. 
Alternatively we may derive (iia) and (iib) from each other by the 
consideration of adjoints, and, after observing that (iiia) and (iiib) 
may be expressed in the form 91 c wr.L and we c 91...L respectively, 
derive them from each other by orthogonal complementation. 

Justified by Theorem 4 we shall find 1t convenient to say that two 
projections P and Q are orthogonal, in symbols P j_ Q, if PQ = 0. 

§28. Sums of Projections 

In order to discuss the theory of sums of projections in the necessary 
generality, we have to make a brief digression to describe the concept 
of not necessarily finite sums of operators. A family (A;) of operators 
will be called summable, and the operator A will be called its sum, in 
symbols ~;A; = A, if ~;A;x = Ax for every vector x. The fact that a 
scalar factor may be distributed through the terms of a sum, as well as 
the fact that two sums may be added term by term, follows from the 
corresponding theorems (7.1 and 7.2) from the theory of summable 
families of vectors. The fact that, more generally, operator multiplica­
tion is distributive with respect to not necessarily finite summation 
needs a little bit of proof. 

ThEOREM 1. If and A and B are operators and if I A; l is a family 
of operators such that ~;A; = A, then ~;A;B = AB and ~;BA; = BA. 

Proof. The first assertion is easy: since ~;A;y = Ay for every 
vector y, we may replace y by Bx. The second assertion is easier: from 
the validity of the relation ~;A;x = Ax for every vector x we conclude, 
from 19.2, that ~;BA;x = BAx for all x. 

THEOREM 2. If P is an operator and if (P;) is a family of projec­
tions such that ~; P; = P, then a necessary and suffLCient condition that 
P be a projection is that P; j_ Pk whenever j -:;t! k, or, in di,fferent lan­
guage, that I P; l be an orthogonal family of projections. If this condition 
is satisfied and if, for each j, the range of P; is the subspace W?; , then 
the range W1 of P is V ;W?;. 

Proof. If the family IP;) is orthogonal, then 

P 2 = (~;P;)(~kPk) = ~;~kP;Pk = T-;P; = P 
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and 

(Px, y) ("1:-iPix, y) = "1:-i(Pix, y) 

= ~i(x, Piy) = (x, "J:.iPiy) = (x, Py) 

for every pair of \"ectors x and y. In other words the orthogonality of 
the family I Pi l implies that P is idempotent and Hermitian, and hence 
that P is a projection. 

If, conversely, P is a projeetion and if x e 9R~; for some value of k, 
then 

II x II 2 ~ II P.r II~ = (Px, x) = "J:.i(P jX, x) 

= "1:-i II Pix II~ ~ II Pkx II~ = II x 11 2• 

It follows that every term in this chain of equations is equal to every 
other term. From the equality of "J:. i II P jX II 2 and II Pkx II 2 we conclude 
that Pix = 0 whenevPr j ~ k, and hence that P i\.mk = D whenever j ~ k; 
the orthogonality of the family I Pi l follows from 27 .4. From tlw 
equality of II x II and II Px II we conclude, by 2G.3, that x e ~m and 
hence that 9Rk c ~m for all k; it follows trivially that V i9Ri c \))1. 
Since, finally, P jX e j,mi for every vector x and every value of j, it fol­
lows that P.r = ~iPix e ~i9)l 1 = V 19)}i forall.1·, or, sinC'e 9)( is the range 
of P, that Wl c v i9Ri. 

'Ve call attention to the fact that although the proof of Theorem 2 
for finite families can be made shorter than the one "·e presented, its 
assertion is non-trivial even in that case. 

§29. Products and Differences of Projections 

The useful fact about products of projections lies near the surface. 

TnBORE!II 1. A necessary and sufficient condition that the prod11ct 
P = P1 P2 of two projections P1 and P 2 be a projection is that P1 <(-t P 2• 

If this condition is satisfied and if the ranges of P, P1 , and P 2 are 9R, 
9Rt , and 9)?2 respectively, then 9R = ml n 9R2 . 

Proof. According to 24.3, P is Hermitian if and only if P 1 - P2 ; 
it is clear that if P1 <(-t P2, then P is idempotent. We may already con­
clude that P is a projection if and only if P1 <(-t P2 ; it remains, assum­
ing that this is the case, to settle the relations among the ranges. Since 
the range of a product of two operators is obviously contained in the 
range of the first factor, the commutativity of P 1 and P 2 implies that 
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9R c 9R1 and 9R c 9R2 and therefore that 9R c 9.)ll n 'iJR2. If, on the 
other hand, X E ml n 9)12, then PJX = P2x = X and therefore Px = x, 
so that ml n m2 c m. 

Before discussing the facts about differences of projections, we find 
it convenient to describe the algebraic formulation of the geometric 
concept of one subspace containing another. 

THEOREM 2. If 9R and 91 are subspaces with projections P and Q 
respectively, then a necessary and suffteient condition for the validity of 
all the following relations is tl~e validity of any one of them. 

(i) 

(ii) 

(iii) 

(iva) 

(ivb) 

p ~ Q. 

II Px II ~ II Qx II for every vector x. 

m c9?. 

QP = P. 

PQ = P. 

Proof. If P ~ Q, then II Px 11 2 = (Px, x) ~ (Qx, x) = II Qx 11 2 for 
every vector x. If II Px II ~ II Qx II for a11 x, and if we consider an arbi­
trary vector X in m, then II X II = II Px II ~ II Qx II ~ II X II 
(since II Q II ~ I). Since this implies that II Qx II = II x II , it fo11ows 
from 2G.3 that Qx = X, i.e. that X E 91, and hence that 9)1 C 91. If iJ.n C 91, 
then Px e 9l and therefore QPx = Px for every vector x. If QP = P, 
then, forming the adjoint of both sides of this relation, we see that 
PQ = P. If PQ = P, then 

(Px, x) = II Px II 2 = II PQx 11 2 ~ II Qx 11 2 = (Qx, x) 

for a11 x. 

THEOHEM 3. A necessary and sufficient condition that the difference 
P = Pt - P2 of two projections P 1 and P 2 be a projection is that P 2 ~ P1 . 
If lh?"s condition is satisfied and if the ranges of P, P 1 , and P2 are 9)1, 

Wl1 , and Wl2 respectively, then 'iJ]l = 9)11 - 9)?2 • 

Proof. If P is a projection, then 

(P1x, x) - (P2x, x) = (Px, x) = II Px 11 2 ~ 0 

for every vector .c. If, conversely, P 2 ~ P 1 , then P 1 P 2 = P 2 P1 P2 
and therefore 
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Since P is obviously Hermitian, we may already conclude that P is a 
projection if and only if P2 ~ P 1 ; it remains, assuming that this is 
the case, to settle the relations among the ranges. Since P2 ~ P1 im­
plies that P 1 ~ 1 - P 2 , since P 1 - P 2 = P 1(1 - P2), and since the 
range of 1 - P2 is ~m~, it follows from Theorem 1 that 

im = ~m) n ~m~ = iml - im2 . 

§30. lnfinta and Suprema of Projections 

Not only is there a natural one-to-one correspondence between sub­
spaces and projections, but this correspondence even preserves the 
reiations of order: if ~m and 91 are subspaces with projections P and Q 
respectively, then a necessary and sufficient condition that P ~ Q is 
that We C 91. It follows ( cf. § 10) that the set of all projections is a 
partially ordered set with the property that for any family I P il of 
projections there exists a greatest projection (to be denoted by AiP i) 
smaller than each of them and there exists a smallest projection (to be 
denoted by Vi Pi) greater than each of them. (For the infimum and 
supremum of two projections P and Q we shall use the symbols P A Q 
and P v Q respectively.) In other words the partially ordered set of 
all projections is a complete lattice, an isomorphic copy of the complete 
lattice of all subspaces. In view of these facts there is a systematic 
geometric procedure for finding the infimum and the supremum of a 
family I P il of projections: if, for each j, the range of Pi is Wei, then 
AiPi is the projection with range nimci and ViPi is the projection 
with range V iffi?i. 

It is in general difficult, though not impossible, to describe the in­
fimum and the supremum of a family of projections in algebraic terms. 
In the presence, however, of suitable orthogonality, or, more generally, 
commutativity assumptions, the job becomes easy. 

THEOREM I. If ! Pi I is an orthogonal family of projections, then 
ViPi = "J:.iPi. 

Pmo.f. If \H~ knew that the family I Pi I were summable, the result 
would be an immediate consequence of 28.2. Instead of proving sum­
mability, howewr, we find it just as easy to proceed directly. If, for 
each j, the range of P 1 is Wei and if the range of Vi Pi is 9)(, then im = 
V i~JRi = 'L/!J)Ii ; ef. 13.2. For an arbitrary vector z write z = x + y, 
with x E 9}1 and y E 'i.Ut"L, and write x = 'Lixi with xi E imi for all j. Since 
Pkxi = oik;rk for all j and k, it follows that Pkz = LjPkxi = Xk and 
hence that Pz = x = 'Lixi = "J:.iP1 z. 
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THEOREM 2. If P 1 and P 2 are two commutalit•e projections, then 
P1 A P2 = P1P2 and P1 v P2 = P1 + P2 - P1P2. 

Proof. The assertion concerning P 1 A P2 is merely a paraphrase of 
29.1. To prove the assertion eoncerning P = P1 + P~ - J>, P2 we 
introduce the usual notation and denote the ranges of P, P, , and P2 
hy rol, rol1 , and rol2 respectively. Since P = P1 + (I - I\)P~ , it for­
lows that P is a projection and that, in fact, 9Jl = 9)1, v (9Jr;- n 9.ll2). 
Since, similarly, P = P 1(1 - P 2) + P 2 , and sine<', therefore, 9)l = 
(rol1 n rol~) v rol2 , it follows that 9)1, C 9Jl C 9)1, v 9)12 and 9)12 C 
ro1 c rol1 v rol2 . These relations imply that 9)1 = 9Jl, v m12 and henc·e 
that, indeed, P = P1 v P2 . 

Our last result along these lines shows that in the presence of com­
mutativity even the sorely missed distributive law is willing to put 
in an appearance. 

THEOREM 3. If P is a projection and if I P 1 I is a family of projec­
tions such that P ~Pi for allj, then P A (V 1P1) = V1 (P A Pi). 

Proof. Since P A Pi ~ P and P A Pi ~ V 1 P1 for all j, it follows 
that P A Pi~ P A (ViP1) for all j and hence that Vi(P A Pi)~ 
p A (Vi Pi). This inequality is a lattice-theoretic triviality; to prove 
that under our assumptions it becomes an equality lWIUires some more 
work. We shall complete our labors hy showing that. wh<'nevcr a vector 
x belongs to the range of P A ( VJ)1) and is at the same time orthog­
onal to the range of V 1 (P A Pi), then that vector x must be 0. In 
other words we must show that if x = Px = (Vi P1)x, and if 
( V i(P A P i))x = 0, then x = 0. The last-written nssumption implies 
(and here is where we use commutativity) that PJ"):r. = 0 for all j. 
Since Px = x, it follows that P1x = 0, i.e. that x is orthogonal to the 
range of P;, for all j. Consequently x is orthogonal to the range of 
V; Pi ; the only \vay to reconcile this with the fact that x belongs to 
that range is to conclude that x = 0. 

§31. The Spectrum of an Opera tor 

The spectrum of an operator A, in symbols A(A), is the set of all 
those complex numbers X for which A - X is not invertible. 

The first motivation for considering spectra comes from the finite­
dimensional case. If .P is finite-dimensional, then a necessary and 
sufficient condition that an operator be not invertible is the vanishing 
of its determinant-a concept which makes no sense in the general, 
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not necessarily finite-dimensional, case. Since the determinant of A - A 
is a polynomial in A, whose zeros are exactly the proper values of A, 
it follows that in the finite-dimensional case the spectrum of an oper­
ator is exactly the set of its proper values. 

We recall that the concept of proper value need not be defined in 
terms of determinants; according to the geometric definition, a com­
plex number A is a proper Yalue of an operator A if there exists a non­
zero vector x such that Ax = Ax. Equivalently: A is a proper value of 
A if there exists a unit vector x such that II Ax - ·Ax II = 0. This last 
formulation of the definition admits a reasonable generalization. 'Ve 
shall say that a complex number A is an approximate proper value of an 
operator A if for every positive number £ there exists a unit vector x 
such that II Ax - Ax II < E"; it is easy to verify that an equivalent 
requirement is that for every positive number £ there exist a non-zero 
vector x such that II Ax - Ax II < £ II x II . The approximate point 
spectrum of an operator A, in symbols II{A), is the set of approximate 
proper values of A. 

'IiiEOREM 1. If A is an operator, then II(A) c A(A). 

Proof. If A E' A(A), then A - A is invertible and consequently we 
have 

II x II = II(A - A)-1(A - A)x II ~ I!(A - X)-1 11·11 Ax - Xx II 
for every vector x. This implies that II Ax - Xx II ~ t: II x II , with 
£ = 1/II(A - A)-1 II, for every vector x, and hence that A E' II(A). 

THEOHEM 2. If A 1:s a normal operator, then II(A) = A(A). 

P1·oof. In view of Theorem 1 it is sufficient to prove that A(A) c 
ll(A). If A E' II(A), then there exists a positive real number t: such that 
II Ay - Xy II ~ £II y II for every vector y. Since A - X is just as normal 
as A, and since (A - A)* = A* - X*, it follows {cf. 25.1) 
that II A *y - X*y II ~ £ II y II for ally. In order to prove that X e' A(A), 
i.e. that A - A is invertible, it is sufficient, in view of 21.3, to prove 
that the range of A - X is dense, or, equivalently, that the orthogonal 
complement of the range is D. Clearly, however, if a vector y is orthog­
onal to the range of A - X, then 0 = ((A - X)x, y) = (x, (A* - X*)y) 
for all x, and hence A *y - X*y = 0. Since II A *y - X*y II ~ £II Y II , 
it follows that y = 0 and the proof is complete. 

According to Theorems 1 and 2, the spectrum, at least for normal 
operators, is a more or less natural object. A study of some examples, 
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notably of the multiplication operators dc::wril,cd in ~~O(ii), ~hcds con­
siderably more light on the suhjed. By way of illu~tration \\'(' nwntion, 
without proof, that the spectrum of the multipli<·ation <lJWrator dPfined 
by a hounded measurable function h is t lw c·~~l'n t ial ranv,e of h. n~· 

the essential range of a complcx-\·ahied nwa~urahl<' fwl<'t ion h on a 
measure space with measure J..L we nwan the :·wt of a II t hosP <·om plex 
numbers X which have the property that J..L(h- 1(.1/ )) ~ 0 wllC'ne\·f'r M 
is an open set containing >-.. This f'OJH'ept is a :-;li!-!:ht nwasmc-tlH'oretic. 
variant of the usual coneept of the ran11;c of a fun<"! ion and is not to be 
confused with the range of the multiplimt ion opl'rat or defin!'d hy the 
function; the former is a set. of complex number~ and the Ia it Pr is a 
set of vectors. 

§32. Compactness of Spectra 

We begin with an auxiliary result on invertibility. 

THEom:M 1. If an operator A is such that II 1 - A II < I, then A is 
invertible. 

Proof. If we write Ill - A II = 1 - a, so that 0 < a ;:2; 1, then 

II Ax II = II x - (x - Ax)ll ~ II x II - 11(1 - A)x II 
~ II X II - (1 - a)ll X II = a II X II 

for every vector x. It follows from 21.3 that it is sufficient, in order to 
prove the invertibility of A, to show that the range 9)( of A is dense 
in ,P. We shall establish the density of 9)( by pro\·ing that if y is an 
arbitrary vector, and if 0 = inf Ill y - X II: X € mn' then 0 = 0. If 
o > 0, then there exists a vector x in 9)l such that (I - a) II y - x II < o. 
Since 9)( contains both x and A(y- x), and therefore also x + A (y - x), 
it follows that 

0 ~ II (y - X) - A (y - X) II ~ Ill - A 11·11 y - X II 
(1 - a)ll Y - X II < o, 

and we have reached the desired contradiction. 

THEOREM 2. If A is an operator, then A(A) is a compact subset of 
the complex plane; if X e A(A), then I>.. I ~ II A II . 

Proof. If >..o e' A(A), so that A - Xo is invertible, then 

Ill - (A - Xo)-1(A - X)ll = II(A - Xo)-1((A - Xo) - (A - X))ll 

~ II(A - Xo)-1 11·1 X - Xo I 
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and consequently Ill - (A - Xo)-1(A - X)ll < 1 whenever I X Xo I 
is sufficiently small. It follows from Theorem 1 that (A - X0)-1(A - X) 
is invertible and therefore that A - X is invertible whenever I X - Xo I 
is sufficiently small. This implies that the complement of A(A) is an 
open subset of the complex plane; it remains only to prove the second 
assertion of the theorem. If I X I > II A II, then II A/X II < 1 and there­
fore, again by Theorem 1, 1 - (A/X) is invertible. It follows that 
X E' A(A) and hence, contrapositively, that if X E A(A), then 
IXI~IIAII. 

Even in the absence of normality, the approximate point spectrum 
tries hard to act like the spectrum; as a sample of such behavior we 
mention that Theorem 2 remains true if A is replaced by II. The proof 
is easy. If Xo E1 II(A), then there exists a positive number E such that 
II (A - Xo) x II ~ E for all unit vectors x. Consequently if x is a unit 
vector and if I X Xo I < E/2 , then 

II Ax - Xx II ~ II Ax - Xox II -I Xo - X I ~ ~, 

so that X E' II(A). This means that the complement of II(A) is open; 
the rest of our assertion is an immediate consequence of 31.1. 

§33. Transform.s of Spectra 

It is interesting to observe what happens to the spectrum of an 
operator when it is subjected to various elementary transformations. 
If, for instance, A and B are operators, and if B is invertible, it is easy 
to sec that A(r1) = A(B-1AB). (In view of the identity B-1(A - X)B = 
B-'AB - X, the invertibility of the right term is equivalent to the in­
vertibility of A - X.) In this section we examine the behavior of the 
spectrum with respect to the formation of polynomials, inverses, and 
adjoints. 

THEOimr>.r 1. If A is an operator and p is a polynomial, then 

A(p(A)) = p(A(A)) = {p(X):X E A(A)}. 

Proof. For any complex number X0 there exists a polynomial q 
such that p(X) - p()...0) = (X - X0)q(X) identically in X. It follows that 
p(A) - p(Xo) = (A - X0)q(A); we assert that if X0 e A(A), then B 
(A - Xo)q(A) is not invertible. (If it were, then we should have 

(A - Xo)·q(A)R- 1 = BB-1 = 1 = B-1B 

= B-1 • (A - X0)q(A) = B- 1q(A) ·(A - Xo), 
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i.e. A Ao would also be invertible.) Since this means that p(A) - p(Xo) 
is not invertible, we have proved that p(Xo) E A(p(A.)) and hence 
that p(A(A)) C A(p(A)). Suppose on the other hand that Xo E A(p(A)), 
and let X1 , · · · , Xn be the (not necessarily distinct) roots of the equa­
tion p(X) = Xo. It follows that p(A) - ·Xo = a(A - X1) · · · (.-1 - Xn) 
for a suitable non-zero complex number a, and hence that A - A; must 
fail to be invertible for at least one value of j, 1 ~ j ~ n. For such a 
value of j we have X; E A(A.) and p(A;) = Xo, so that Ao E p(A(A)) anrl 
therefore A(p(A)) C p(A(A)). 

THEOREM 2. If an operator A. is invertible, thm A(A - 1) = (A(A))-1 = 

{x-1:A E A(A)}. 

Proof. Observe that since saying that A. is invertible is the same as 
saying that 0 is not in A(A), the symbol (A(A))-1 makes sense. The 
identity A-1 - A-1 = (X - A.)A-1A-1 shows that if A E1 A(A.), so that 
A. - A is invertible, then A. - 1 - X -I is invertible, so that. X - 1 E1 A(A. - 1). 

In other words A(A-1) C (A(A))-1 and our theorem is half pro\·ed. 
The reverse inequality follows by the elegant trick of applying what 
we have already proved to A. - 1 instead of .-1. 

THEOREM 3. If A £s an operator, then .\(A*) = (A(A ))* = 
{>..*:X E A(A)}. 

Proof. If X E' A(A), so that A - X is invertible, then A* - >..* is 
invertible, and therefore>..* E' A(A*). Since this proves that A(A*) C 
(A(A))*, the proof may be completed just as in Theorem 2; to obtain 
the reverse inequality it is sufficient to apply the inequality already 
proved to A* instead of A. 

§34. The Spectrum of a Hermitian Operator 

If 33.3 is applied to a Hermitian operator, it yields the result that 
the spectrum of a Hermitian operator is symmetric: \\'ith r<'spPc-t to t.hc 
real axis. Actually the situation is mueh simplPr. 

THEOREM 1. If A is a HPrmifinn. oprrafor, thrn .\(.-\) i.~ " ::nthsrt nf 
the real axis. 

Proof. If X is not real, then, for every non-zero \'PC't.or .r, 

0 <I X- X* 1·11 x 11 2 = I((A- X).'!:, x)- ((A - >..*)x, x)l 

= I((A - X)x, x) - (x, (A. - X)x)l ~ 211 Ax - X-1- '!·I! x !I ; 
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the desired result follows from the fact (cf. 31.2) that for Hermitian 
operators the approximate point spectrum and the spectrum are the 
same. 

Our next result is one of the most powerful tools for the study of 
Hermitian operators; it asserts that the norm of such an operator can 
be calculated from its spectrum. 

THEOREM 2. If A is a Hermitian operator, then II A II = a = 
sup{\:.\ \:A. E A(A)j. 

Proof. The fact that a ~ II A II, docs not depend on the Hermitian 
character of A; it follows from 32.2. We shall prove that equality 
prevails by showing that II A 1\ 2 E II(A 2); in view of 31.1 and 33.1 we 
shall then be able to conclude that ± II 11 II E A(A) for a suitable choice 
of the ambiguous sign. The proof of the promised relation is based on 
the identity 

1\ A 2x- A2X 1\ 2 =II A 2x 11 2 - 2A.2 \I Ax \1 2 + A4 \l x \\ 2, 

valid (since A is Hermitian) for all real numbers :.\ and all vectors x. 
If {xnl is a sequence of unit vectors such that II Axn II~ II A II, and 
if :.\ = II A II , then it follows from our identity that 

1\ A 2Xn - A2Xn 11 2 ~ (\1 A \\·1\ Axn 11)2 
- 2:.\2 \l Axn \\ 2 + :.\4 

= :.\4 - A2 \\Axn\l 2 ~0 

and hence that we do indeed have II A \\ 2 E II(A 2). 

One of the useful conclusions we can draw from Theorem 2 is that the 
spectrum of a Hermitian operator is not empty. This is not a trivial 
conclusion. We shall obtain the corresponding fact for normal operators 
only after the application of a lot more relatively deep analysis. We 
hereby report that the spectrum of an arbitrary operator is also not 
empty; since we shall have no occasion to make use of this fact, we 
shall not enter into its proof. 

To state our last resu'lt, an easy corollary of Theorem 2, we introduce 
some new notation. If A is an operator and if f is a complex-valued 
function on the spectrum of A, we shall write 

NA(J) = sup {\f(A.)j:A. E A(A)j. 

THEOREM 3. If A is a Hermitian operator and p is a real polynomial, 
then II p(A)\\ = NA(p). 
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Proof. Applying first Theorem 2 (to p(A) im;tead of A) and then 
33.1, we obtain 

II p(A)II = sup II A I: A E A(p(A)) l 
=sup II A I:A E p(A(A))l 

=sup II p(A)I:A t: A(A)j. 

§35. Spectral Heuristics 

\Ve are now in a position to make a deep analysis of the .-;tructurc of 
Hermitian and, more generally, normal operators. In ordc•r, however, 
to motivate and illustrate not only the method of proof but e\·cn the 
statement of the facts, it is advisable that we make a brief digrc::;sion 
and examine an analogous but more elementary theory. 

Consider the statement that a real-valued, bounded, measmable 
function f on a finite measure space X can be uniformly approximated 
by simple functions. :More precisely: to any positive number t: there 
corresponds a finite, disjoint family of measurable sets, or, equivalently, 
a finite, disjoint family lxil of measurable characteristic functions, and 
a finite family I Ail of real numbers, such that I f(l) - ~iAiXi(l)l < t: 

for alit in X. 
How does the usual proof of this theorem go? If the bounds off are 

a and (3, so that a ~ f(l) ~ (3 for all tin X, we may subdi,·ide the interval 
[a, (3] into a finite, disjoint family I M i I of interntb of i<·ngth le::;s than 
t:, and, for each j, we may select a number Aj in JJ i . In the subset 
f- 1(M i) of X the values off are all within t: of A1 , and then•fore we obtain 
the desired result by setting Xi c•qual to the charaetPrist i<· function of 
J-\M i). (Note that since the value at a point l of the eharaeteristic 
function of f-1(llf J is equal to the value of the charaetcristic function 
of AI; at f(t), we have Xi(l) = XM/f(l)) for all l.) If, for any Borel set 
1M in the real line, we write E(M) for the characteristic: function of 
the subset f-\M) of X, om result may be expressed by writing 

I J- ~,A;I~(!l! ,)I < t:. 

The expression ~ 1 >-. 1 E(M;) looks suspiciously like the sort of sum 
that occurs in various approaches to integration. The function E is a 
set function, a measure in some sense, which associates a eNtain char­
acteristic function on the space X with each Borel ::;et in the real line. 
Since, for each j, >-. 1 is a point in the element Jlf; of a certain partition 
of the interval [a, (3], the integral that appears to be lurking in the 
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background has the form f X dE(X). It is not a difficult task to con­
struct a theory of integration in which symbols such as f X dE(X) make 
sense, although of course our heuristic hints do not constitute such a 
construction. 

Proceeding formally, we may summarize our comments as follows. 
The approximability of a real-Yalued, bounded, measurable function 
f by simple functions can be expressed by writing f = f X dE(>..), where 
E is the somewhat peculiar, function-Yalued, "measure" whose Yalue 
at a Borel set Jlf in the real line is the characteristic function of ] 1(M). 
The measure E has some unusual properties and reflects in some in­
teresting ways the structure of the function f. Among its properties we 
mention its idempotence ((E(ilf)) 2 = E(M) for every Borel set M) and, 
more generally, its multiplicativity (E(M n N) = E(M)E(N) for every 
pair of Borel sets ill and N). The \YaY in which E reflects the properties 
off is illustrated by the assertion that, if M is a Borel set, a necessary 
and sufficient condition for the vanishing of E(M) is that M be dis­
joint from the range of f. 

The analogs of bounded, real-Yalued, measurable functions in Hilbert 
space theory arc bounded, Hermitian, linear transformations, i.e. 
Hermitian operators. Since a function is the characteristic function of a 
set if and only if it is idempotent, it is clear on algebraic grounds that 
the analogs of characteristic functions arc projections. The approxi­
mability of functions by simple functions corresponds in the analogy 
to the approximability of Hermitian operators by real, finite linear 
combinations of projections. The purpose of such an operatorial ap­
proximation theorem is, just as in the analogous functional situation, 
to provide a tool for deriving and understanding the deep structural 
properties of complicated objects in terms of simple objects. For a 
Hermitian operator, just as for a real function, we shall be able to con­
struct a "measure" E with the multiplicative property mentioned in 
the preceding paragraph and to recapture the operator by means of an 
integral. The measure E will reflect the properties of the given operator 
in many ways; in analogy with our remarks concerning the range of a 
function, for instance, it will be easy to characterize the spectrum of 
the operator in terms of E. 

The theory for complex-valued, bounded, measurable functions is no 
harder than for real functions. The proper analog of a complex func­
tion turns out to he not any old operator but a normal operator; it will 
be technically eonvc>nient to derive the complex (normal) generaliza­
tion from the real (Hermitian) special ease. 
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It is customary to motivate the theory we intend to develop not by 
such analytic considerations as we have indicated, but by reference to 
the algebraic facts concerning operators on finite-dimensional spaces. 
It is a good idea to keep both in mind, and, specifically, the reader is 
advised to think through the relation between our past and future 
comments on the one hand and the familiar reduction of a Hermitian 
matrix to diagonal form on the other hand. 

§36. Spectral Measures 

If X is a set with a specified Boolean a--algebra S of subsets, a spectral 
measure in X is a function E whose domain is S and whose values arc 
idempotent, Hermitian operators (projections) on $), such that 
E(X) = 1 and such that E(Un M n) = '1;n E(M n) whenever I M,. I is a 
disjoint sequence of sets in S. A set X with a specified Boolean a--algebra 
S of subsets is usually called a mrasurable space and is deriotecl by 
(X, S); the sets belonging to S arc called the measurable subsets of X. 
A typical example of a spectral mPasurc is obtained by letting X be not 
only a measurable space but a measure space with measure J.l., consider­
ing the Hilbert space ~2(J.l.) in the role of .'i), and writing E(Jl)f = x..11f 
whenever AI E S and f E ~2(J.l.) (where x..~1 denotes, of course, the char­
acteristic function of the set ;1!). The standard techniques of elem<mtary 
measure theory show that if E is a spe(·tral measurP, then E(O) = 0 
and E is finitely additive (i.e. E(U i .~! i) = 'f:. J~'(M i) \YhPne\·cr I .1! i I is a 
finite disjoint family of measurable sets). 

THEOREM 1. If E is a finitely additive, projection-val'urd set function 
on the class S of all measurable s1t/Jsets of a measurable spacr (in particu­
lar if E is a spectral measure), then I~ is monotone and subtractive, i.r. 1j 
M and N are inS and M C N, then E(J!) ~ E(N) and E(N - M) = 
E(N) - E(M). 

Proof. Since E(N) = E(.M) + E(S - J/), the fact that E is sub­
tractive is trivial; monotony follows from 29.3. 

THEOREM 2. If E is a finitely additiL·c, projrction-mlucd set function 
on the class S of all measurable subsets of a measurable space (in particu­
lar if E is a spectral measw·c), then E is modular and mullijJlicative, i.e. 
if M and N are in S, then 

E(M u N) + E(M n N) = E(M) + 8(N) 
ruul 

E(M n N) = E(M)E(N). 
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Proof. If we add E(.1.ll n N) to both sides of the equation 

E(M u N) = E(M - N) + E(M n N) + E(N - M), 

we obtain 

E(M u N) + E(M n N) = (E(JI - N) + E(M n N)) 
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+ (E(N - Jl) + E(M n N)) = E(M) + E(N). 

This already proves modularity. Since, by Theorem 1, E(M n N) ~ 
E(.ll) ~ J~(M u N), it follows that E(J[) E(M n N) = E(M n N) and 
E(M) E(,U u J\') = J~'(JJ). If, therefore, we multiply both sides of the 
modular equation by E(Jl), we obtain E(JI) + E(M n N) = E(M) + 
E(M) E(N), and this pro\·es that E is multiplicatiw. 

"\Ve remark that the multiplicative property of E implies in particu­
la.r that H(.U) <---t E(N) "·henc\'Cr J[ and N are in S. 

THEOREM 3. A projection-valued fwzclion E on the class S of meas­
urable subsets of a meas11rable space X is a spectral measure if and only if 

(i) E(X) = 1, 

and 

(1'i) for each pm:r of z·ectors x and y, the complc.r-valllcd set function JJ. 

defined for every M in S by J.t(ilf) = (E(M)x, y) is cowztably additive. 

Proof. If E is a SJWC'tral mcasure, thcn (i) holds by definition and 
(ii) follo\\·s from the fact (7 .3) that an inner product one factor of 
which i:-: an infinite sum may lw formed term by term. Suppose, con­
versely, that (i) and (ii) hold. If M and Narc disjoint measurable sets, 
then the iclcntily 

(H(JI u 1\' ).r, !/) = (J~'(.ll).t:, y) + (J<.,'(N).r, y) = ((E(JI) + E(N))x, y) 

provcs that ];'(J/ u .Y) = E(.ll) + E(.V), i.e. that E is finitely additive 
(and therdorc multipli<"at i\·e). If, similarly, I ,1[, j is a disjoint sequence 
of mcasmahlc scts with U,. ;l/, = .1/, it is tcmpting to argue that 

(E(M).t:, y) = ~ .. (J~'(J!,.).r, y) = ((~ .. E(M ,))x, y) 

for all ;randy, and hen<"c that E(J/) = '1:.,E(M,). The only thing wrong 
\\·ith thi:s argument is that ~,.E(;l!,.) nef'd not make sense; we shall 
finish the proof by showing that it docs. The multiplicativity of E 
implies that I H(il/,.) l is an orthogonal sequence of projections and 
hence that I E(M ,.)x l is an orthogonal sequence of vectors for every x. 
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Since 

2;n II E(llfn)X 11 2 = '1:-n(E(Mn)X, x) = (E(M)x, x) = II E(J!)x 11 2, 

it follows that the. sequence { E(ilf n)x J is summable. If '1:-n E(J! n)X = Ax, 
then it is clear that A is a linear transformation of .~ into itself; the 
chain of equations used to prove the existence of A implic>s also that A 
is bounded (and, in fact, that II A II ~ 1). 

§37. Spec lral In tcgrals 

Throughout this section we shall work with an arbitrary but fixed 
measurable space (X, S); the expression "spectral measure" will always 
refer to a spectral measure in X. It will be convenient to usc also the 
symbol 5.8 for the class of all complcx-Yalucd, bounded, measurable 
functions on X, and to write N(J) = sup llf(A.)I:A. e X) whenever 
f E 5,8. 

THEOREM 1. If E is a spectral measure and iff e 5.8, then there e;"tisls 
a unique operator A such that (Ax, y) = I f(A.) d(E(A.)x, y) for every pair 
of vectors x andy; the dependence of A on f and E will be denoted by writing 
A = I fdE =I f(A.) dE(>..). 

Proof. The boundedness of f implies that the integral ~(x, y) = 

I f(A.) d(E(A.)x, y) may be formed for every pair of vectors x and y; an 
obvious computation shows that ~ is a bilinear functional. Since 
I ~(x, x)l ~ I I f(A.)I d II E(A.)x II 2 ~ N(J) ·II x II 2, it follows, by 18.2, 
that ~ is bounded and hence, by 22. I, that there docs indeed exist a 
unique operator satisfying the conditions required of A. 

TIIEORE:\1 2. If E is a spectral measure, iff and g are in m, and if a 
is a complex number, then 

I (af) dE= ai fdE, I (J + g) dE = If dE + I g dE' 
and 

I!* dE = (f f dE)*. 

Proof. The proofs of all three assertions arc similar and almost 
automatic. To prove, for instance, the last one, we write A. = If dE 
and B = J f* dB, and we observe that the relations 

(x, By) = (By, x)* = (f f*(A.) d(E(A.)y, x))* 

= J f('A) d(x, E('A)y) = J f('A) d(E('A)x, y) (Ax, y) 

are valid for every pair of vectors x and y. 
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THEOREM 3. If E is a spectral measure and 1j f and g are in SB, then 
Cf J dE)(J g dE) = f fg dE. 

Proof. We write A = f f dE and B = f g dE. If the (complex) meas­
ure J.l. in X is defined for eYery set M in S by J.J.(JJ) = (E(M)B.r, y), 
where x and y are any fixed \"cetors, then 

J.L(M) = (1/:t:, l~'(M)y) = f g(X) d(E(X)x, E(il!)y) = f g(X)d(E(M)E(X)x, y) 

= f g(X) d(E(M n X)x, y) = f .11 g(X) d(E(X)x, y) 

for every Jll in S. It follows that 

(A Rx, y) (A *y, B.r)* = (f f*(X) d(E(X)y, B.r))* 

(f .f*(X) d(y, E(X)B.r))* = f f(X) d(E(X)Bx, y) 

= ff(X)dJ.L(X) = ff(X)g(X)d(E(X)x,y) 

and hence that. A B = f fg dE. 

It follmvs from the preceding results that if E is a spectral measure, 
then f dE(X) = E(X) = I, and, more generally, f x.u("A) dE(X) = 
f M dE(X) = E(M) for every M in S (Theorem 1); iff and g are in~' 
then f f dE ~ f g dE (Theorem 3); and iff E ~' then f f dE is normal 
(Theorem 2 and the commutativity result just mentioned). To state 
our last result concerning the algebraic behavior of spectral integrals, 
we introduce a convenient notation: if E is a spectral measure and B 
is an operator, we shall write E ~ B for the assertion that E(M) ~ B 
for all J}[ in S. We remark, for example, that iff E SB, then E ~ f f dE. 

THEOHEM 4. If E is a spectral measure, if B is an operator such that 
E ~ B, and iff E SB, then f fdE +-)B. 

Proof. If f f dE = A, then 

(A Rx, y) = f f(X) d(E(X)Rx, y) = f f(X) d(BE(X)x, y) 

= f f(X) d(E(X)x, R*y) = (A:r, R*y) = (BAx, y) 

for every pair of vectors x and y. 

§38. Regular Spectral Measures 

Throughout this section we shall assume that X is a locally compact 
Hausdorff space and that S is the a--algebra of all Borel sets in X; except 
for this specialization, we continue to follow the conventions of the 
preceding section. 
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A spectral measure E is regular if E(llfo) = V E(Jlf) for every Bore I 
set Jlf0 , where the supremum is extended ow•r all <'ompac~t sets _lf 
contained in Jf0 . The spectrum of a spectral nwasurP E, in symbol~ 
A(E), is the complement in X of the union of all those open sets ill for 
which E(Jf) = 0. A spectral measure is compact if its spectrum i!'; 
compac-t. VIC' observe, concerning tllC'.se d<'finitions, that thc•y c-annot 
even he formulated, let alone <'X<'mplified, if X is not a topologiea.( 
space. On the other hand as soon as X is a t opologic·al space t h<:>sc­
definitions make sense; we restrict attention to the case of locally 
compact Hausdorff spaces mainly because that is the limit of the gener·­
ality we need for any of our applications. 

THEOREM 1. If E is a regular spectral measure and A = A(J!-'), thcn 
A is a closed set such that E(X - A) = 0 (and therefore E(A) = 1). 

Proof. Since X - A is, by definition, a union of open sets, A is 
closed. To prove that E(X - A) = 0, it is, in view of regularity, suffi_ 
cient to prove that E(jvf) = 0 whenever 1lf is a compact subset of 
X - .\. The definition of the spectrum of E implies that every point 
of X - .\, and therefore in particular every point of Jf, is contained 
in an open set on which the value of E \·ani.shes. Since Jf is compact 
lvl may be covered by a finite number of such open sets, and it follow~ 
indeed that E(M) = 0. 

It is frequent.ly convenient to consider spectral integrals such as 
f f('h) dE('h) even if the complex-valued measurable function f is not 
bounded; the theory of such integrals remains simple as long as we 
assume that f is, so to speak, bounded with respect to the regular spec­
tral measure E. :More precisely what is needed is that .f he hounded on 
the spectmm A of E. If that is the case we define f .f dE to mean f.\ f dE = 
f x"f dE; in view of Theorem I this definition will lead to a eonsistcn t 
theory. Another way of accomplishing the same purpose is to replace 
the space X by the subset A and the spectral measure 8 in X by the 
spectral measure in A obtained hy restricting the domain of definition 
of E to Borel subsets of A only. In connection with this circle of ideas 
it is natural to write N E(J) = Hup II f('h) I: 'A e A (E) J whenever B is a 
spectral measure and f is a complex-valued measurable function bounded 
on A(E). 

THEOREM 2. If E is a compact and regular spectral measure with 
spectrum A and 1j f is a complex-valued continuous function on X, then 
II f fdl~' II = NE(f). 

Proof. We write f fdE = .4., and we assume first that f is real. 
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~inc<' it follmn; from the pn'<'Pding :o:<·<·t ion that A is Hermitian, we 
h :1 \'{' 

II A II :-;up l I (:Lr, a:) I: II x II = lj. 

Since, however, 

1(...1:1:, a:)i ~ fA 1/(A)I d II R(A):r i~ ~ ~ N F.UHI x II~ 

for C\"Cl".)" ,·eetor x, it follows that I i .-\ II ~ N B(f). 
If N 8 (f) ~ 0, kl t' he a posit in' number such that E < N t:Cf). \\"c 

may and do assuml', "·ithout an~· loss of generality, that N~;(.f) = 

sup If( A): A E A j. If J/ = ! A :.f(A) > N f.{() - d, then "ll is an open 
set and JJ n A ~ 0; it follo\1·:-; that R(Jf) ~ 0. If xis a non-zero vector 
in the range of R(Jl/), then H(.\ - J/).r = E(X)a: - E(M)x = 0 and 
therefore 

I(Ax, x)l = If .f(A) d(E(A).T. a:)! I f .u .f(A) d II E'(A)x 11 2 1 
~ (NB(f) - t:)·ll X 11 2• 

It follows that II A II ~ N 8 (!) - t: for every positive number t: and 
hence that II A II ~ NE(J). 

Iff is complex, then, by 22.4, 

II A 11 2 = II A*A II= IICJ f* dE)(J fdE)II 

Since f*f = If I 2 is real, we have 

II f f*fdE II-

II A II~= sup !!f(A)I 2 :A E A) = Ns(l/1 2) = (Ns(f)( 

§39. H.eal and Cmnplex Spectral Measures 

A spectral measure defined on the class of all Borel sets of the com­
plex plane is called a complex spectral measure. Our first result is that 
the results of the preceding section are applicable to complex spectral 
measures. 

THEOREM 1. Every complex spectral measw·e is regular. 

Proof. The proof of this theorem may be carried out by imitating 
the proof of the corresponding fact for ordinary numerical measures. 
The main tool of that proof is the separability of the complex plane. 
As a compromise between reproducing here all the details of a standard 
technique on the one hand and saying that the proof is left as an exer­
cise for the reader on the other hand, we shall reduce the theorem as 
stated to the numerical case. Suppose then that E is a complex spectral 



()4 II. THE ALGEBRA OF OPERATORS 

measure and that Mo is a Borel set in the complex plane. If 1lf is a eom­
pact ;;ubset. of Mo, then E(Mo) ~ E(M) and consequc>ntl~· 

E(lllo) ~ V E(M). 

\Ve must show that if a vector x in the range of E(ilfo) is orthogonal to 
the range of E(M) for every compact subset Jl! of Jfo, then :~: = 0. 
If, however, Jl(M) = (E(M)x, x) for every Borel set M, then, by the 
regularity of numerical measures, Jl(Mo) = sup Jl(.lf), where, again, 
the supremum is extended over all compact ;;ubscts of 1lf o . Since, h~' 
hypothesis, Jl(M) = 0 for each such compact set, it follows that 

Jl(Mo) = 0 

and hence that x = E(Mo)x = 0. 

Our next result is the reason and justification for using the word "spec­
trum" in connection with spectral measures. 

THEOREM 2. If E is a compact, complex spectral measure and if 
A = I 'A dE('A), then A(E) = A(A). 

Proof. If 'Ao E' A(E), then there is an open set M such that 'Ao E 11/ 
and E(M) = 0. If 111' is the complement of M and o is the distance 
between 'Ao and 111', then 

II Ax - 'Aox W = ((A - 'Ao)*(A - 'Ao)x, x) 

= I ('A - 'Ao)*('A - 'Ao)d(E('A)x, x) 

for every vector x. Since E(111) = 0, it follows that 

II Ax- 'Aox W = IM· I A - 'Ao l2 d(E('A)x, x) ~ o2 II x W 
for all x and hence that 

'Ao E' II(A) = A(A). 

If, conversely, 'A0 E A(E), then we have E(111) ~ 0 for every open set 
111 containing 'Ao. Hence if o is any positive number and 

111 = I A: I A - Ao I < o j , 
then the range of E(111) contains some unit vector x. Since, arguing as 
before, II Ax - 'Aox W = I M I 'A - 'A0 l2d(E('A)x, x) ~ o2, it follows that 
Ao E A(A). 

A spectral measure defined on the class of all Borel sets of the real 
line is called a real spectral measure. It follows from Theorem 1 (cf. 38.1) 
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that a complex spectral measure whose spectrum is contained in the 
real axis may be viewed as a real spectral measure; conversely, of course, 
every real :;peetral measure may be viewed as a complex spectral meas­
ure whose spectrum is contained in the real axis. Consequently any 
result valid for all complex spectral measures is valid for all real spectral 
rneasures as well. 

§'to. Cmnplcx Spectral Integrals 

THEOREM 1. If E\ and E 2 are compact, complex spectral measures 
such that f X.dE1("h) = f X.dE2 (X.), then E 1 = E2. 

Proof. Let {3(">-.) and -y(X.) be the real and imaginary part respectively 
of the complex number X.. If for an arbitrary but fixed vector x we write 
p.1(M) = (E1(.1.U)x, x) and ,,l2(111) = (E2(1\I)x, x), then, since J.1.1 and J.lz 
are real (and in fact non-negative), it follows that f {3df.L1 = f f3dJ.Lz and 
f 'Y df.L1 f -y dJ.L 2 . By polarization we obtain the result that 

f {3dE1 = f {3dE2 
and 

f -ydE1 = f -ydEz. 

The additive and multiplicative properties of spectral integrals imply 
that if p is any real polynomial in two variables, then 

f p({3(X.), -y(X.))d(E1(X.)x, y) = f p({3(X),-y(X.))d(Ez(X.)x, y) 

for every pair of vectors x and y. It follows that 

(E1(M)x, y) = (Ez(M)x, y) 

for every Borel set ]}[ and all x and y, and consequently E1 = Ez. 

Theorem 1 says that a compact, complex spectral measure is uniquely 
determined by one of the simplest spectral integrals that can be formed, 
i.e. the integral of the function f defined for every complex number 
">-. by f(X.) = X.. Since it is true (cf. our heuristic promise in §35 and its 
fulfillment in §44) that every normal operator has the form f X.dE(X.) 
for a suitable compact, complex spectral measure E, Theorem 1 is the 
assertion that the representation of a normal operator by such an integral 
is umque. 

THEOREM 2. If E is a compact, complex spectral measure and if B is 
an operator such that both f X.dE(X.) and f X.*dE(X.) commute with B, then 
E~B. 
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Proof. We use the notation established in the proof of Theorem 1. 

Since {3(>..) = ~ (>.. + >..*)and -y('A) = 2~. (>.. - >..*),our assumptions imply 
2 t 

that if p is any real polynomial in two variables and if 

A. = f p(f3(>..), -y(>..)) dE(>..), 

then B ~ A. It follows that 

fp(f3('A), -y(>..))d(E(X)x, B*y) (Ax, R*y) = (ARx, y) 

= f p({3('A), -y(>..))d(E(X)Rx, y) 

for every pair of vectors x andy. Since we may infer that 

(BE(M)x, y) = (E(M)x, B*y) = (E(M)Bx, y) 

holds identically in the Borel set M and the vectors x and y, the proof 
is complete. 

Theorems 1 and 2 are of course true for real spectral measures in 
particular; the proofs for this special case arc slightly c>asicr than the 
ones we presented. 'Ve observe also that even the statement of Theorem 
2 becomes simpler if the spectral measure E is real, since in that ease the 
vanishing of Eon the complement of the real axis implies that 

f XdE(X) = f >.*dE(>..). 

In other words if E is a compact, real spectral measure and if B is an 
operator such that f XdE(X) ~ B, then E +--4 B. It is a remarkable and 
useful fact that this strengthened version of Theorem 2 is true for com­
plex spectral measures also but it will take us all the work of the follow­
ing two sections to prove that. 

We end this section by reminding the reader of the existence of 37.4. 
That theorem shows that whenever we have accumulated enough as­
sumptions to justify the conclusion of Theorem 2, then we may also 
conc~ude_ that f !dE~ B for every complex-valued, measurable function 
f whwh IS bounded on the entire complex planP, or at any rate on the 
spectrum of the spectral measure E. 

§41. Description of the Spectral Subspaces 

THEOREM 1. lf A is a normal operator and if \J = \j(A) is the set of 
all_ vectors x such that II A nx 11 ~ 11 x 11 for every positive integer n, then 
if zs a subspace. lf B is an operator such that A +--4 B, then \J is invariant 
under B. 
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Proof. Let 9Jl be the set of all those vectors x for which the sequence 
{II A "x Ill is bounded. If x and y are in 9.)1 and if a and {3 are complex 
numbers, then the relation 

II A "(ax + f3y) II ~ I a 1·11 A "x II + I f31·11 ,.1 "y II , 
valid for every positive integer 11, shows that ax + {3y e 9)1. If x e 9)~, 
then the relation II A "Rr II = II BA "x II ~ II B 11·11 A "x II , valid for 
every positive integer n, shows that Bx e 9)1. In other words 9)1 is a 
linear manifold and 9)~ is invariant. under B; it is clear that ~ C 9Jt It 
is not at all obvious that 9)1 is a subspace (i.e. that 9)1 is closed) and, 
although the fact that ~ is closed is easy to sec, it is not at all obvious 
that~ is a linear manifold nor that~ has the desired invariance property. 
All these difficulties can be cleared up in one fell swoop by showing that 
~ = 9)1; that is what we propose to do. It. is sufficient to prove that if 
a vector x is such that II A "'x II > a II :r II for some positive integer m 
and for some number a, a > 1, then the sequence {II A "x Ill is not 
bounded. But this is easy: an inductive repetition of the argument used 
to prove the chain of relations 

a 2 11 x W <II A"'x 11 2 = (A'"x, A"'x) = ((A"')*A"'x, x) 

~ II (A"')* 11 "'x 11·11 X II = I I A 2"'X II· I I X I I 
shows that II A 2""'x II > a 2" II x II for every positive integer n. (The 
normality of .11 was used, via 25.1, in the step II (A "')*A "'x II = I I A 2"'x II .) 

Suppose now that E is a compact, complex spectral measure and that 
A is the normal operator f "AdE("A). For each complex number "A and 
each positive real number c we shall write ~("A, <) for the subspace 

~ (~(A - "A)) associated with the normal operator ~ (A - "A) in the 

manner described by Theorem 1. l\Iore explicitly ~("A, E) is the set 
(subspace) of all vectors x such that II (A - "A)"x II ~ c" II x II for every 
positive integer n; roughly speaking a vector x in ~("A, c) may be de­
scribed as an approximate proper vector with proper value "A and degree 
of approximation c. (lTse of this language is not to be confused, how­
ever, with the technical term defined in §31.) For every set M of com­
plex numbers and for every positive real number <, we shall write 
~(M, c) = y Xd/~("A, E), and ~(M) = n,~(.M, c). As the final piece of 
new notation we introduce &(M) for the range of E(M) \Vhenever M 
is a Borel subset of the complex plane. In the next section we shall show 
that if M is compact, then ~(M) = &(M). 

The point of our procedure is this. We are trying to prove that when-
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ever A commutes with an operator B, then E ~ B. For this purpose 
we need a direct, geometric characterization of G:(M) in terms of A, 
and that is exactly what the equation !J(M) = G:(M) (whene\·er it is 
valid) gives us. Consideration of the subspaces !J(M) is quite natural 
when they are viewed from the proper value point of ,·iP\\" mPnt ionPd 
in the preceding paragraph. 

We conclude this section by borrowing the already announced result. 
of the next section and, on the basis of that loan, proving the main 
commutativity theorem. 

ThEOREM 2. If E is a compact, complex spectral mcas11rr and 1j B 
is an operator such that f XdE(X) ~ B, then E ~ B. 

Proof. Using the notation established above, we begin by observing 
that, according to Theorem 1, !J(X, t:) is invariant under B for all X 
and t. Since the span and the intersection of invariant subspaees arc 
themselves invariant, it follows that the subspace ~(M) is invariant 
under B for every set M of complex numbers. If llf is compact, then 
(by §42) we may conclude that <t(M) is invariant under B. The regu­
larity of E shows then that <t(M) is invariant under B for every Borel 
set M. Since if M is a Borel set, then so is its complement ill', and since 
G:(M') = (G:(M)Yl..., it follows that G:(M) reduces B for Pvcry Borel SC't 
M, and this is a paraphrase of what we have promi::;Pd to JWOYC'. 

§42. Characterization of the Spectral Subspaces 

We continue to use the symbols E, A, &, and 0;, in the sense in which 
they were defined in the preceding section. 

THEOREM I. If M is a Borel subset of the complex plane, then 

<t(M) c O;(M). 

Proof. Let t be a fixed positive number and let I M; l be a disjoint, 
countable family of non-empty Borel sets of diameter less than t such 
that U;M; = M. For each index j, let X; be a complex number in llf;. 
If x E &(M) and if xi = F:(M i)x, tlwn 

\\(A - >-.;)"x; W = f \(X - X;)" \2 d(E(X)x;, x;) 

for all j and n. Since E(M~)x; = 0 (where M~ is the complement of 
M;), it follows that 

II (A - X;)"x; W = f Mf I (X - X;)n 12 d(E(X)x;, :1:;) ~ in 1\ X; W 
for all j and n, and hence that x; E !J(X;, t:) for all j. Since 
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~(X;, c) c ~(M, c) 

and since x = E(M)x = :£;E(Jlf;)x = :£;x;, it follows that x E ~(M, c). 
The arbitrariness of c implies that x E ~(Jf) and hence that 

CJi(M) c ~(M). 

TII~-:our~:-.r :2. If Jlf i.<: a rampart subsrt of the comp[P;t: plane, then 
iHM) c G'(M). 

Proof. Let. M' be the complement of Jll, and let N be any compact 
~ubset of Jf'. If o is the distance between the two compact sets 11I and N, 
then o > 0 and eonscquent.ly we may fmd a number c such that 

0 < c < 0. 

If Xo EM and if x E ~(Xo, c), then II (A - Xo)"x II ~ c" II x II for every 
n; if on the other hand x E (!(N), then 

II (A - Xo)"x w = fN I (X- Xo)" l2d(E(X)x, x) ~ 02 " II X w. 
It follows that no vector other than 0 can belong to both ~(Xo, c) and 
CJi(N), i.e. that l\'(X0 , c)n CS.(N) = D. We propose to show that much 
more is true; "·c shall, in fact, prove that ~(Xo, c) j_ CJi(N). Since 
E(N) ~A, it follows from 41.1 that ~(X0 , c) is invariant under E(N). 
Since a projection is a Hermitian operator, we may conclude that 
\J(Xo, c) reduces E(N), or, equivalently, that the projection F(Xo, c) 
with range ~(Xo , c) commutes with E(N). We know therefore that the 
product F(Xo , c) E(N) is the projection with range ~(Xo , c) n CB.(N), and 
hence that F(X0 , c)E(N) = 0. This, however, is what we promised: 
J(Xo , c) is indeed orthogonal to CS.(N). The arbitrariness of Xo in Jf 
implies that \J(ili, c) ..L CJi(N) and hence that ~(M) j_ CB.(N). To sum 
up: if N is a compact subset of M', then i\;(M) j_ C!!(N). The regularity 
of E implies that ~(M) j_ CB.(lll') = (G'(M)).L, and hence that 

\J(M) c CS.(111), 

as asserted. 

§43. The Spectral Theorem. for Hennitian Operators 

It is high time to prove that in the course of the last several sections 
we have not been operating in a vacuum. The following theorem settles 
all such doubts for Hermitian operators. 

THEOREM I. If A is a Hermitian operator, then the1·c exists a (neces-
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sarily real and necessarily unique) compact, complex spectral measHrc E, 
called the spectral measure of A, such that .:1 = fA dE(A). 

Proof. Let x and y he any two fixed Yectors and write 

f-(p) = (p(A)x, y) 

for every real polynomial p. It follows from 3·1.3 that 

IL(p)l ~ NA(p)·ll:rii·!!?JII 
and hence that, with rcspP<'l to the norm N.1 , [, i>; a houndPd linear 
functional of its argument. There exists l'onsequPntly a unique complex 
measure JL in the compact set .\(A) such that (p(A).r, y) = f p('A) dJL('A) 
for every real polynomial p and such that I JL(Jl) I ~ II x 11·11 Y II for 
every Borel set M. \Ve shall find it convenir>nt to indil'ate thP dPpendence 
of JL on x and y by writin~ JL.11 (.-r, y) instPacl of JL(!l/). 

Using the uniqueness of JL, ,,.e may prorPPd hy st rai~ht forward com­
putations to prove that JL.11 is a symnwtri<', hilinr>ar functional for each 
Borel set .M. The proof of the faC'I that JL.11 is additin~ in its first argu­
ment runs, for instance, as follows: 

J p('A) dJLx(xl + x~, y) = (p(A )(.r1 + :r2), y) = (p(.·\ ).rl , y) + (p(A )x2, y) 

= J p('A) dJLxCr1 , y) + J p('A) dJLx(x2, y). 

Since, in virtue of the relation I JL.•t(x, y) I ~ II x 11·11 y II , Yalid for all 
J.lf, x, andy, the bilinear functionals JL.•t are hounded, it foJlm,·s that for 
each Jl{ there exists a unique Hf'rmitian opPrator E(.l!) such that 
JLM(x, y) = (E(l\J)x, y) for all x and !J. Considc•rat ion of the polynomials 
Po and P1, defined by p0 (X.) = l and p1(X.) = A, implies that 

J d(E('A)x, y) = (I~'(X):r, u) = (.r, y) 
and 

J 'Ad(E('A):r, y) = (:l.r, y) 

for all x and y. In Yicw of 36.3, all that rf'mains in orcll"r to complete 
the proof of the theorem is to establish that the function J'J is projection­
valued; we shall do this by proving that E is multiplicatiYc. 

For any fixed pair of \'cctors x and y and for any real polynomial q, 
we introduce the auxiliary complex rncasun~ v defined for c\'ery Borel 
set M by v(!lf) = J.llq('A) rl(8('A).r, !J). rr jJ i:-; all_\" !'Pal polynomial, then 

fp('A)dv('A) = fp('A)q(A)d(E(A.):c, y) = (p(.I)IJ(.I).r, y) 

= (p(A)x, q(.\ )!f) = f p('A) d(l~'('A):r, q(A.)y) 
and therefore 
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v(M) = f q(~)x_11 (~) d(E(~).r, y) = (E(JI)x, q(A)y) 

= (q(A)E(Jf).r, y) = f q(~) d(E(~)E(M)x, y) 

for every Borel set .lf. Since q is arbitrary, it follows that 

(E(M n N).r, y) = f.un.\· d(E(~).r, y) 

= f ,,. X.11 (~) d(E(~)x, y) = (E(l'l)E(M).r, y) 

for every Borl'l sl't X, and hen<'<' that E(J/ n N) = E(JI)E(N). The 
proof of the :;pcctral thl'orem for Hermitian operators is thereby com­
plete. 

Although our proof of this thl'orem appears at a rather late stage of 
the developml'n t of thl' t hl'ory, t lw proof does not, as a matter of fact, 
usc much of that theory. In addition to the yery elements of Hilbert 
space geometry, and tlw external analytic crutch of measure theory, 
the proof relies on the connection between bilinear functionals and 
operators and on the connection between the norm and the spectrum 
of a Hermitian operator. \Ve recall that the first of these connections is 
based on the represl'ntation of linear functionals by vectors, and that 
the second one (which is the one that really exploits the Hermitian 
character of A) invoh·e:; the elementary properties of the concepts of 
spectrum and approximate point spectrum. Almost none of the in­
formation that we have aecumulated about spectral measures was 
needed, and only superficial (but. apparently unavoidable) use was made 
of the fact that A is Hermitian; we did not even need to know the 
slightly tricky relation II A II= sup II (Ax, x) I:IJ x II= 1). The proof 
applies, of course, to the special case in which S) is finite-dimensional. 
In view of the lot of apparently formidable machinery that we have 
used, this last comment might appear silly-the spectral theorem for 
the finite-dimensional ease is, after all, quite near the surface. A closer 
examination of the facts shows however that, since the measure-theoretic 
apparatus becomes almost vacuous in the finite case, our procedure 
yields a rather reasonable proof even there. The rl'ader who is not quite 
clear as to exactly whieh COIH'Ppts arc needed exactly where would do 
well to retrace our steps and examine the extent to which they become 
simplified in the presence of finite dimensionality. 

§44. The Spectral Theorem for Normal Operators 

THEOREM 1. If A is a normal operator, then there exists a (necessarily 
unique) compact, complex spectral measure E, called the spectral measure 
of A, such that A = f ~dE(~). 
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Proof. If A 1 and A2 are the real and imaginary parts of A respec­
tively, i.e. if A 1 and A2 are Hermitian operators such that 

A = A,+ iA2, 

then by the theorem of the preceding section, there exist two real, 
com~act spectral measures E, and E2 such that 

A, = fA dE,(A) 

and 
A2 = fA dE2(A). 

It will be convenient to regard the complex plane as the Cartesian 
product of the real and the imaginary axes. In accordance with this 
view, we shall use the tmm rectangle to stand for the Cartesian product 
1\[ 1 x Jl1 2 of a Borel subset 1lf 1 of the real axis and a Borel subset M 2 

of the imaginary axis. Since the fact that A is normal implies that all 
operators in sight (and in particular E,(M,) and E2(llf2)) commute 
with each other, it follows that E,(Jlf,) E2(M2) is a projection. There­
mainder of our discussion will be devoted to sketching the proof of the 
fact that there exists a (necessarily compact) complex spectral measure 
E such that if M = M, X M2 is a rectangle, thenE(M) = E 1(M1) E 2(M2). 

\Ve leave it to the reader to verify that a spectral measure E with this 
property also has the property that fA dE(A) = A 1 + iA 2 = A; the 
verification depends on the fact that if a function on a product space 
is independent of one of its two possible arguments, then its integral can 
be evaluated by an integration on the other one of the two factor spaces. 

For any fixed vector x let P. be the function of rectangles defined by 
P,(M1 X M 2) = (E,(M,)E2CM2)x, x). The properties of the spectral meas­
ures E 1 and E2 imply that [1. is non-negative, finitely additive, and con­
tinuous from below in the sense that its value on the union of an in­
creasing sequence of rectangles is the limit of its values on the terms 
of the sequence. It follows that [1. can be extended to a measure on the 
class of all Borel sets in the complex plane. It is convenient to indicate 
the dependence of the extended P. on x by denoting its value on any 
Borel set M by [l.M(x). 

For every Borel set M and for every pair of vectors x and y we write 

J.LM(x, y) = [l.M(!(x + y)) - P.M(!(x - y)) + i[l.M(!(x + iy)) 

- iP,M(t(x - iy)). 

\Ve assert that J.I.M is, for Padt fixP<l Bun·\ sC't I"vl, a :symnwlrie bilinear 
functional. This as~Nlion is prowd by noting that (i) it is \rue if !11 



§44. 'l'IIB SPBCTRAL THEOREM FOR NORMAL OPERATORS 73 

is a reetangle, and (ii) the class of all sets for which it is tme is closed 
under the formation of complements and countable unions. Since 

I JlM(x, :~:) I = I J1M(x) I ~ II x W 
whene\·cr M is a rectangle, it follows that, for each Borel set II!, the 
bilinear functional Jl.ll is bounded (and has, in fact, a norm not exceeding 
1). \Vc arc almost at the end: by now we know that to every Borel set 
III there corresponds a bounded Hermitian operator E(M) and that 
the function H has all the required properties except possibly multi­
plicativity. 

The last point is ::;ettlcd as follows. Fix x and y and, for each pair of 
Borel sets 1lf and N, eonsider the two expressions (E(IIf n N)x, y) and 
(E(M)J.;(N)x, y). If N is a rectangle, then the class of all sets 111 for 
which these two expressions are equal is such that (cf. the preceding 
paragraph) (i) it contains all rectangles and (ii) it is a Boolean u-algebra. 
Consequently this class contains all Borel sets. The same argument 
may now he applied tu pro\·e that, for each fixed Borel set III, the class 
of admissible N's is also equal to the class of all Borel sets, and thus the 
proof grinds to a stop. 



CHAPTER III 

THE ANALYSIS OF SPECTRAL MEASURES 

§45. The Problem of Unitary Equivalence 

:Now where are we? The main purpose of the study of operator theory 
is to discover, formulate, and prove the proper generalization~, valid 
for all Hilbert spaces, of the powerful results known in the finite-dimen­
sional case. In so far as these results concern normal operators they arc 
all easy consequences of the possibility of reducing normal matrices to 
diagonal form. The diagonalization theorem yields, in particular, the 
ultimate desideratum, namely a complete description of the geometric 
behaviour of all normal matrices. Speaking slightly more explicitly we 
may say that the diagonalization theorem gives us a method which 
enables us to construct all possible normal operators on a finite-dimen­
sional Hilbert space. The con~truction is ba~ed on such elementary and 
completely manageable material as the concept of a finite scl of complex 
numbers. Although the general ~pcctral theorem for normal operator~ 
is frequently asserted to be the infinite-dimen~ionalanalog of diagonaliza­
tion, it is nowhere near as powerful a~ its purely algebraic special ca~e. 
The spectral theorem does not, for instance, tell u~ how to construct 
all possible normal operators. All that the spectral theorem docs ac­
complish in this direction is to reduce the problem to the construction 
of all possible spectral measures, and thereby, probably, to lea vc the 
prospective constructor more bewildered than he was at the begin­
ning. 

These remarks are offered by way of introduction to the circle of 
ideas usually called the problem of unitary equivalence. Two operators 
A and B are equivalent if there is an automorphism U of the underlying 
Hilbert space 5) which carries A onto B, or, in more detail, if there exists 
a unitary operator U such that u-1A U = B. The problem of unitary 
equivalence is to find necessary and sufficient conditions on A and B 
for the existence of such a U. Since equivalent operators are geometri­
cally indistinguishable, any "description" of an operator A will at the 
same time be a description of all operators belonging to the same equiva-

74 
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lence class as A. In other words: since, geometrically speaking, A is 
only det.erminl:'d to within unitary equivalence, a more delicate descrip­
tion of A neither should nor does exist. 

If A is a normal operator with spectral measure E, the problem of 
finding all operators equi\·alent to A is settled, in a certain repulsive 
sense, by the equation u-1A U = f X d(U-1E(X)U). (The symbol U in 
this equation denotes, of course, a unitary operator; the interpretation 
and proof of the equation are achieved by the format.ion of the usual 
inner products and should be ob\"ious to the reader who has followed 
the development of spectral theory so far.) If, in other words, we say 
that two spectral measures E and F, with the same domain, are equit•a­
lent whenever there exists a unitary operator U such that 

U-1E(M)U = F(M) 

for all M in the common domain of definition of E and F, then a neces­
sary and sufficient condition for the equivalence of two normal operators 
is the equivalence of their respective spectral measures. 

The main reason for feeling dissatisfied with the above answer to the 
equivalence problem is that it leaves things pretty much where they 
were: in order to decide whether or not two given operators are equiva­
lent we must still ask, separately for each unitary operator, whether or 
not it is willing to perform the miracle required of it. What is really 
wanted is a complete set of invariants for the unitary equivalence of 
normal operators. In qualitative terms this means that we wish to 
associate with each normal operator A. a certain "object" uA so that 
the following conditions are satisfied. (i) If A and B are equivalent 
normal operators, then uA = u 8 . (ii) If A and B are normal operators 
such that uA = un , then A and B are equivalent. (iii) To every object 
u there corresponds at least one normal operator A such that uA = u. 
(iv) The objects u are easily manageable mathematical concepts, which 
may be described in simple and, as far as possible, constructive terms, 
and whose definition is, preferably, independent of operator theory. 
It is worth while to note in passing that the spectrum A(A) of a (not 
even necessarily normal) operator A satisfies conditions (i), (iii), and 
(iv). We may therefore say that the points of A(A) constitute a set of 
unitary invariants of A, but not a complete set of such invariants. 

The first three of the above conditions describe nothing more than a 
one-to-one mapping from the set. of all equivalence classes of normal 
operators onto the set of all objects. The reader who reads on to finish 
this book will, at the end, be in a position to judge whether or not our 
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solution satisfie::; the last condition. In order to motivate both the result 
we shall obtain and the method we shall use to get it, we begin, in th<' 
next section, by taking a doser look at the situation in finite-dimensional 
spaces. 

§46. Multiplicity Functions in Finite-dimensional Spaces 

The set of all proper values of a normal operator A on a finite-dimen­
sional Hilbert space ~. together with their associated multiplicities, 
form a complete set of unitary invariants of A. These invariants may 
be described as follows. To the normal operator A there corresponds a 
function u = uA ; the domain of u is the complex plane and the values 
of u are finite cardinal numbers. (The value u(X) of the function u at 
the complex number X is to be interpreted as the multiplicity with 
which X occurs as a proper value of A ; if X is not a proper value of A 
at all, we write u(X) = 0.) Not every function with the indicated do­
main and range arises in this manner from Home nmmal operator A. 
In order that a function u do come from some A it is, in fact, necessary 
and sufficient that the sum of all the values of u be the dimension of 
the Hilbert space ~ (and hence, in particular, it is necessary that u 
vanish at all but a finite number of points). Anyone familiar with the 
diagonalization theory of normal matrices can verify at a glance that 
the function uA satisfies all the conditions stated and discussed in the 
preceding section. 

To prepare the way for understanding the generalized version of 
multiplicity functions such as uA, we proceed to describe them in 
different terms. Since infinite-dimensional spectral measures associate 
projections with Borel sets of complex numbers, and not with individual 
comple~ nu_mbers, it ought not to be surprising that we ~et a nearer 
approximatiOn to the final version of multiplicity theory If we regard 
the domain of a multiplicity function as the class of all Borel sets in 
~he c~mplex. pla?e, and not as the complex plane itself. The transition 
m pomt of v_Ie~v IS easy: for any non-empty Borel set M we define uA (~f) 
to be the m1mmum value of uA(X) for all X in M; for M = 0 we wnte 
UA(M) = 0. 

Not every function u whose domain is the class of all Borel sets in 
the complex plane and whose values are finite cardinal numbers is the 
m~ltiplicity functi?n of some normal operator A on a finite-dimensional 
Hilbert space. It IS easy to verify that if u does come from some A, 
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then 

u(M) ~ u(N) 

whenever !If and N are Borel sets such that 0 ,e M C N, and 

u(Un M n) = min" {1t(llf n)} 

whenever [11/ n} is a disjoint sequence of Borel sets. Even these condi­
tions arc only necessary; they arc not. yet sufficient to ensure the exist­
ence of an A such that u = uA . It. is easily possible to adjoin to these 
conditions a finiteness requirement such that together with it they 
become necessary and sufficient. Since, however, the conditions already 
stated are the only ones that persist in the general (not necessarily 
finite-dimensional) ease, we shall not. bother to formulate the extra one 
that applies only provincially. 

Unfortunately we arc still far from the definition of the kind of multi­
plicity function that really arises in infinite-dimensional cases. The 
difficulty is that the concept of a set (Borel set or not) is not quite the 
relevant one. The argument of our general multiplicity function will 
not be a set but a finite measure. Speaking very roughly a finite measure 
P. in the complex plane may be considered as a set. 'Vhat we have in 
mind is "the set on which p. is concentrated" or "the complement of 
the largest set on which ,.,. vanishes." Such phrases are nonsense of 
course. It is, however, true that a measure p. for which there exists a 
finite set on whose complement p. vanishes is in an obvious sense a 
generalization of a finite set. Enough of the sense in which this is true 
carries over to the infinite case that a successful theory can be built on 
it. We must, however, postpone further discussion of these matters 
until after the presentation of the pertinent properties of measures. 

§47. Measures 

Let (X, S) be a measumble space; the only measures that we shall 
consider from now on are finite measures whose clomain of definition is 
S. We recall that a measure 11 is absolutely continuous with respect to a 
measure p., in symbols v « p., if 11(11f) = 0 for every set M such that 
p.(llf) = 0. We shall have occasion to use the Radon-Nikodym theorem; 
it asserts that if p. and 11 are measures such that v « p., then there exists 
a non-negative function! in ~1 (p.) such that v(M) = f:,jdp. for every set 
M in S. A measure p. is equivalent to a measure v, in symbols p. = :v, 
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if J.l. « v and v « J.l.i it is obvious that the terminology is justified, or, 
in other words, that the relation = is an equivaiPnee. 

If J.l. is a measure and ]1/ e S, ''"e shall write J.l..u for the measure defined 
for every N in S by J.I.M(N) = JJ.(Jlf n N). 

THEOREM 1. If J.l. is a measure and if "11 and N are in S, then a neces­
sary and sufficient condition that JJ..u « J.l.s is that JJ.(Jlf - N) = 0. 

Proof. If J.J.(ilf- N) = 0 and if Jl/o is a set inS such that J.l..v(llfo) = 0, 

then 

J.L.u(Mo) = J.L(M n Mo) = J.L((llf n N) n Mo) + J.L((Jlf- N) n Mo) = 0. 

If, conversely, J.l..u << J.I.N, then, since we have J.l.s(.l/ - N) = 0, it fol­
lows that J.L(M - N) = J.L.u(M - N) = 0. 

THEOREM 2. If J.l. and v arc meawrcs such that v « J.l., then there exists 
a set N in S such that v = J.I.N . 

Proof. By the Radon-Nikodym theorem there exists a non-negative 
function f in \! 1(J.L) such that v(M) = f.u f(l) dJ.L(l) whenever M e S. 
If N = jt:f(t) > 0), then f.u-.vfdJ.I. = 0 and ther<'fore 

v(M) = f.un.vf dJ.I. 

whenever ]If e S. It follows that v(il/) = 0 if and only if J.L(N n M) = 0, 
i.e. that v = J.I.N . 

The objects of principal interest for us will be not mC'asures but. 
equivalence classes of measures. In order, however, to minimize complica­
tions, we shall adopt a point of view ::;imilar tu that frequently adopted 
in number theory. (It is easier to discuss integers and congruence than 
to discuss equivalenee classe::; of integC'rl:i and equality.) \Ve :;hall ac­
cordingly formulate definitions and announeP theorems about measures, 
intending all the while that our statements should be interpreted so as 
to apply to equivalent(' ehtSS<'I:i of mC'asures. An alternative' point of 
view is to think of a measure as the class of all sets on whieh it vanishes. 
The intuilin•ly most helpful attitude' is to think of a measure as being 
the same as "tlw" set on whieh it is cone('!ltratC'cl; rf. TheorC'ms I and 
2 and the remarks at I he C'ncl of the prt>c·pd ing SPet ion. In order to 
minimize the possibility of confusion W<' shall, howcvC'r, continue to 
distinguish by our notation helwPPn Pquality in fa!'t (J.L = v) and equality 
by convention (J.L = v). 

A typical statement whic·b must be interpreted in terms of equivaknec 
is that with respect to ordering by aLsolute eontinuily the set of all 
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measures is a partially ordered set. In technical language (which we shall 
in fact not employ) our rC'sult will be that the partially ordered set. of 
all measures is a Boolean er-ring with the property that every principal 
ideal satisfies the countable chain condition. 

§48. Boolean Opcralions on Measures 

\Vc eontinuc to usc tl1C' notations and conventions of the pn'ccding 
section and, in partieular, the u:,;e of the word "measure" to mean 
"finite measure." If J.lt and J.l~ arc measures, then there exists a measure 
p. such that J.lt << J.L, J.L 2 << J.L, and sueh that Jl << v whenever the measure 
v is such that J.lt << v and J1. 2 << v. In other words, the supremum 

of any two clements J.lt and J1. 2 of the partially ordered set of all measures 
is another clemcn t of that set ; the proof of this assert ion is aehieved 
simply by writing Jl = J.lt + J.L 2 • With a wry small modification the 
same technique may be used to show the existPnce of the supremum 
Vi Jli of any countable family of measures. There is, indeed, no loss of 
generality in assuming that ~ i J.li(X) < oc -if this were not already 
true, we could make it true by, for instance, replacing Jli by a suitable, 
small positive multiple of Jli . (The replacement yields a measure equim­
lent to Jli .) It follows that the sPt function Jl defined for each M in S 
by J.L(M) = "J:,iJ.Li(M) is a measure; it is clPar that J.L = ViJ.Li. In view 
of Theorem 1 bdow, it is not evPn nPcPssary to verify the last assertion; 
all that is needed from our disc·ussion is the fact that every countable 
family (J..L 1l of mea:-mres is houndPd. (To say that a family IJ.Lil of meas­
ures is bounded means that thNc exists a mPasure Jl such that Jli « Jl 

for all values of j.) 

THEOREM 1. Every bounded family IJ.Lil of measures has a supremum 
and, in fact, I J..Li l has a cow? table Sltbfamily I J.Lk.l such that Vi Jli = V" Jlk,. • 

Proof. Let J.L be a mPasurP such that Jli « Jl for every j, and, for 
each j, let N i be a set in S sueh that Jli = J.I.N, . Form all finite unions of 
the N /s, cvaluatp Jl on each sueh union, and let a be the supremum of 
the numbers so obtained. If l.lf,.} is a sequence of such finite unions 
with the property that J.L(.1/ ,.) ~a, and if ilJ = U,. Jlln, then J1._,1 = Vi Jli. 

Indeed if J..L(Ni- M) > 0 for ::;ome j, then J.L(NJ u M,.) >a for somP 
n and, since thi::; <'<mtradiet::; the definition of a, we have J.lJ « J..L.u. If, 
on the other hand, v i;.; a measure :-;ud1 that Jli « v for every j, then 
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P.N; « 11 for every j. It follows that JJ..u. « v for every n and hence that 

Jl.M << V. 

It follo\VS from Theorem 1 that every non-Pmpty family IP.il of 
measures has an infimum, lli!li ; the infimum i~> obtained by forming 
the supremum of the family of all measures bounded by every P.i . 

Consequently the partially ordered set of all measures is not only a 
lattice, but even a u-lattice, and a boundedly complete lattice. An 
application of 47.2, similar to the one made in the proof of Theorem 1, 
shows that this lattice is distributive. The main point of 47.2 is ex­
actly its applicability to such situations; by means of it most of the 
algebraic fads concerning measures may be reduced to the correspond­
ing algebraic facts concerning sets. 

It is convenient to say that two measures JJ. and v arc orthogonal, in 
symbols p. .l v, if p. A " = 0; a family IJJ.il of mPa~>mcs is an orthogonal 
family if P.i .l ilk whenever j ,e k. Another example of the sort of appli­
cation of 47.2 that was mentioned in the preceding paragraph occurs 
in the proof of the assertion that a hounded orthogonal family of non­
zero measures is necessarily countable. 

Our next ami last result about the algebra of measures asserts that 
the set of all measures is not only a distrihut i\·c lattice hut is in fact 
quite anxious to look and act like a BoolPan algebra. There is in general 
no "unit" measme, i.e. the set of all measures is not in general bounded, 
and it is therefore not only false but even meaningles~> to say that every 
measure has a complement. It cloPs, l1owe\·er, make sense to speak of 
relative complements, or differences, and that is what Theorem 2 does. 

THEOREM 2. If JJ. and v are mrasurcs, thf'n lhrre exists a measure p.0 

such that P.o j_ v and P.o v " = p. v v. 

Proof. If 11 « p., then v = P.N for some N in S, and P.x-N does every­
thing expected of P.o. In the general case (i.e. when v is not necessarily 
bounded by p.) this special result may be appli<'d to p. v 11 and v in place 
of p. and 11 respectively. 

§49. Multiplicity Functions 

We are now in a position to describe the objects which will occur as 
complete sets of unitary invariants for spectral measures. A multiplicity 
function is a function u whose values arc (not necessarily finite) cardinal 
numbers, whose domain is the set of all finite men.Rmes in u measurable 
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space (X, S), and which satisfies the following three conditions: (i) if 
Jl is the measure \\"hich is identically zero, then u(JJ.) = 0; (ii) if JJ. and 
v are measures sueh that 0 ~ v « Jl, then u(JJ.) ~ u(v); and (iii) if a 
measure Jl is the supremum of a countable orthogonal family {JJ.;l of non­
zero mcasurPs, then u(JJ.) = min !u(JJ.J j. \Yc obscn·e that since a bounded 
orthogonal family of non-zC'ro finite measures is necessarily countable, 
the third conclit ion is only Yac·uous\y strengthened hy removing from 
it the word "countable." 

It is not hard to give examples of multiplicity functions. Given the 
measurable space (X, S), let {JJ.;l be an arbitrary orthogonal family of 
finite, non-zero measures on S and, for each j, let u; be a cardinal num­
ber. If a non-zero measure Jl is covered by the family {JJ.;l in the sense 
that JJ. = V ;(JJ. " JJ.;), \\"c define u(JJ.) to be the smallest one of those 
cardinal numbers u; for which Jl" JJ.; :;:e 0; for all other measures JJ. we 
define u(JJ.) to he 0. "re leave to the reader the verification that the u so 
defined is indeed a multiplicity function, and \\"e turn to the more im­
portant task of prO\·ing that every multiplicity function may be ob­
tained in this manner. 

To moti\·ate our proeedure \\"e take one more look at the example of 
the preceding paragraph. If j and k are indices such that u; < 1lk, 

then u(JJ.; v JJ.k) = u(JJ.;) = u; . It is really possible, in other words, 
that the' second condition in the definition of multiplicity functions is 
not vacuously satisfied, i.e. that Jl and v arc measures such that 0 ~ v « Jl 

and H(JJ.) < u(v). It is natural to say that if for u. given measure JJ. this 
never happens, if, that is, u(JJ.) = u(1•) whenever 0 :;:e 11 « Jl, then Jl 

has wujonn multiplicity. In the example of the preceding paragraph 
this concept is illustrated by each term of the defining family; it is true, 
in other \\"ords, that Jli has uniform multiplicity (equal to uj} for each 
value of j. 

THEOHI~l\I 1. If u is a multiplicity function and if Jl is a non-zero 
finite measure on S, then there exists a non-zero meas11re JJ.o such that JJ.o << Jl 

and such that Jlo has 1miform nmltiplicity. 

Proof. Write ii = V I v: v « JJ., u(11) > u(JJ.) J, and (48.2) let JJ.o be a 
measure such that JJ.o ..l ii and JJ.o v v = Jl· Since (48.1) ii may also be 
exprcsse(i as the supremum of a countable family of measures v for 
which 11(11) > 1l(JJ.), and since a standard use of 48.2 shows that this 
countable family may be assumed to be orthogonal, it follows that 
u(ii) > u(JJ.). Since Jl = JJ.o vii, it follows that JJ.o ~ 0 and hence that 
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u(Jlo) u(Jl). To prove that J.lo has uniform multiplicity, suppose that 
0 r5- v « Jlo • Since the assumption u(v) > u(J.Io) = tt(Jl) leads to the 
contradiction v « ii, the proof is complete. 

THEOREM 2. If u is a multiplicity ftmction and if Jl is a non-zero 
finite measure on S, then there exists a (necessarily countable) orthogonal 
family !J.L;l of non-zero measures such that each Jli has 11m:jorm nwltiplic­

ity and such that Jl = V iJ.Ii • 

Proof. In virtue of Theorem l there do exist orthogonal families of 
non-zero measures each term of which is hounded by Jl and has uniform 
multiplicity; let !J.I;) be a maximal family with these properties. If 
v ;J.I; = v and if v ¢ Jl, then, by 48.2, there exists a non-zero measure 
bounded by J.L and orthogonal to v. An application of Theorem 1 to that 
measure shows that its existence contradicts the maximality of the 
family !J.I;l and it follows that V;J.I; = Jl· 

THEOREM 3. If u is a multiplicity function, then there exists an orthogo­
nal family I Jl; J of non-zero finite measures on S sttch that each Jl; has uni­
form multiplicity and such that Jl = V; (Jl A Jl;) whenever J.L is a finite 
measure on S. 

Proof. Select a maximal orthogonal family of non-zero finite measures 
on S and apply Theorem 2 to each term of that family. We may collect 
the resulting family of families into one family (J.L;) which will then be 
a maximal orthogonal family of non-zero measures and which will, in 
addition, have the property that each J.l; has uniform multiplicity. It 
remains merely to prove that if (J.L;) is a maximal orthogonal family of 
non-zero finite measures on S, then Jl = V; (J.L A J.l;) for every finite 
measure Jl on S. The argument for this purpose proceeds just as in the 
proof of Theorem 2. If, for a given J.l, V;(J.I A J.L;) = v, and if J.L ¢ v, 

then, by 48.2, there exists a measure J.lo such that 0 ~ Jlo « J.L and J.lo ..L v. 

Since it follows that J.lo A Jli = Jlo A (J.I A J.l;) « Jlo A v = 0, i.e. that 
J.Lo j_ Jli for all j, this contradicts the maximality of the family (J.I;) and 
pro Yes therefore the relation J.L = V; (J.I " Jl;). 

It is clear that Theorem 3 implies what we promised to show, i.e. 
that every multiplicity function may be obtained in the way in which 
we obtained our first example. We cannot, of course, assert that the fam­
ily (J.L;l described in Theorem 3 is uniquely determined by the multiplic­
ity function u; several applications of Zorn's lemma have cut us off 
from being able to claim any naturality for the objects whose existence 
we proved. 
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§50. The Canonical Exam.plc of a Spectral Measure 

Suppose that (X, S) is a measurable space, {JLil is an orthogonal fam­
ily of non-zero finite measures on S, and, for each value of j, ui is a 
cardinal number. For each value of j we consider the Hilbert space ob­
tained by forming the direct sum of ui copies of 532CJLi) and we (tem­
porarily) denote by ,\) the direct sum (over the index j) of the Hilbert 
spaces so obtained. A typical element of .\) is a doubly indexed family 
!Jik J of functions on X such that fik e 532(JLi) for each j and k; for a fixed 
value of j the index lc has 1lj possible values. By the canonical spectral 
measure associated with the families IJLil and I uiJ we mean the spectral 
measure E defined for each M in S by E(1lf) l!id = lx.,tfikl. 

One of our results will be that upon the application of a suitable 
isomorphism every spectral measure may be put into this canonical 
form. Applying that result to compact, complex spectral measures we 
conclude that every normal operator is isomorphic to a direct sum of 
multiplications by bounded measurable functions on finite measure 
spaces, or, equivalently, that it is isomorphic to a multiplication by a 
bounded measurable function on a direct sum of finite measure spaces. 
('Ve have not given and we need not and will not give the detailed 
definition of the latter concept.) Another way of expressing this result 
is to say that a suitable (in general highly infinite) measure JL may be 
introduced into the spectrum of any nonnal operator A so that A be­
comes isomorphic to the multiplication operator which sends each 
function f in 532(JL) on the function g defined by g(X) = Xf(X). Since all 
these statements will be immediate consequences of our study of spectral 
measures, we shall devote our attention to spectral measures exclusively. 

In terms of spectral measures it is easy to describe our intentions. 
\Ve shall associate a multiplicity function u with every spectral measure 
E in such a way that if IJ..Lil is any orthogonal family with the properties 
described in 49.3, then E is isomorphic to the canonical spectral measure 
associated with I J.Li J and lu.(J.Li) J. (Observe that this implies in particular 
that, despite the non-uniqueness of IJ.Lil, the canonical spectral measure 
is determined by u uniquely to within unitary equivalence.) It will fol­
low that two spectral measures are equivalent if and only if they have 
the same multiplicity function, and consequently the proof of this 
result will indeed fulfill all our promises. 

Let us now return to the canonical example described above. If .~ 
is any one of the doubly indexed family of Hilbert spaces used to form 
.p, then ~ may be viewed as a subspace of .p. Since the subspace ~ is 
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invariant under E(M), for every set M in S, the projection P with 
range ,5r commutes with the spectral measure E. (If E is the spectral 
measure of a normal operator A, the last assertion may be reformulated 
by saying either that the subspace .5t reduces A or that the projection 
p commutes with A.) These comments indicate that the projections P 
which commute with a spectral measure E are the building blocks out 
of which E is constructed and that the analysis of spectral measures 
ought, therefore, to analyze all such projections. In the next two sections 
we indicate the details of such an analysis in the finite-dimensional case; 
after that we shall finally be ready to enter with understanding into the 
technical details of the general case. 

§51. Finite-dimensional Spectral Measures 

Let E be the spectral measure of a normal operator A on a finite­
dimensional Hilbert space ,P. Let p,ij be the family of all distinct proper 
values of A; for each j, let E i be the value of E on the set containing 
Xi alone, and let ui be the dimension of the range of E i (i.e. the multi­
plicity of the proper value Xi). It is in many respects helpful to consider 
a structure analogous to the one formed by the X's, E's, and u's. The 
analogs of the X's are to be points spaced at, say, unit distances apart 
on a horizontal line segment. The role of E i is to be played by a finite 
set, corresponding to the base point Xi and thought of as arranged in a 
vertical column standing over Xi ; it will be convenient to space the 
points of such a column so that each of them is at a unit distance from 
its nearest neighbors. The fact, finally, that ui is the dimension number 
corresponding to E i is to be indicated by letting the set corresponding 
to Ei have cardinal number ui. The entire set-theoretic configuration 
thereby described is exemplified by the diagram below. If P is a pro­
jection which commutes withE, then the range of Pis a subspace which 

• 
• 

• • • 
• • • 

• • • • • • • 
• • • • • • • • • • 
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reduces A. The operator A when restricted to the range of f has its 
proper value's among the X/s and is such that the proper space cor­
responding to each Xi is a subspace of the range of Ei. The set-theoretic 
analog of a projection such as P is, therefore, a set obtained by select­
ing a (not necessarily proper and not necessarily non-empty) subset 
from each column and forming the union of the selected sets; in other 
words the analog of P is an arbitrary subset of the union of all columns. 
A distinguished role is played by the subsets which consist of entire 
columns; they are the analogs of the values of the spectral measure. 

In accordance with our indications in and since §46, we shall think 
of multiplicity as defined not for proper values only but also for sets 
of proper values, or, equivalently, for arbitrary values of the spectral 
measure. If, for instance, the spectral measure E is such that its asso­
ciated column configuration is exactly the one indicated by our diagram, 
then the multiplicity of the value of B on the entire complex plane is 
I, and the multiplicity of E(l X1 , As , X9 , X10 j) is 2. 

Once the diagram corresponding to a spectral measure has been con­
structed, it is trivial to read off from it the answer to every multiplicity 
question. The multiplicity associated with any set of 'A's is the largest 
number of rows each of which cuts across the entire set under considera­
tion. If the spectral measure is such that every column is of height 1 
(if, in other words, every proper value is simple), then the answer to 
every multiplicity question is 1 or 0. Since the answer to the most general 
multiplicity question can be formulated in terms of rows, in terms, that 
is, of what may well he called simple spectral measures, it behoo\·es us 
to try to understand the concept of simplicity and the manner in which 
a general spectral measure is made up of simple pieces. 

§52. Simple Finite-dimensional Spectral Measures 

The finite-dimensional case and the general case described in §50 
make contact with each other through the following comment. Sup­
pose that the finite-dimensional spectral measure E discussed in the 
preceding section is simple, i.e. that each ui is equal to 1. Consider in 
this case the measurable space X whose points are the proper values 
of the operator A and all of whose subsets are measurable; let J.L be the 
measure in X whose value on any subset of X is the num.ber of points 
in that subset. It is easy to verify that, under these circumstances, the 
canonical spectral measure associated with J.L (i.e. the one whose value 
on a set JI.I is multiplication by the characteristic function of M) is 
isomorphic to E. In other words: the building blocks which served to 
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construct, our general canonical examples are natural generalizations of 
the simple pieces that occur in all finite-dimensional spectral measures. 

The simple pieces may also be characterized intrinsically, without the 
use of an auxiliary measure space. Every vector x in our finite-dimen­
sional Hilbert ~pace S) may be written as a sum, x = T.ixi, where, for 
each j, xi belongs to the range of E i . If we apply all possible values of 
E to x and then form the projection on the subspace spanned by the 
vectors so obtained, we end up with a projection P such that R ~ P. 
(A projection such as P is called cyclic. The terminology is suggested by 
that of cyclic groups and the circumstance that the range of P is spanned 
by the set of all vectors of the form A "x, n = 1, 2, · · · . The reader is 
advised to supply the proof of this last a:;;sertion.) If E is simple, we 
can exhibit 1 as a cyclic projection by making sure that x has a non­
zero component in the range of each E i ; it is true, conversely, that if 
E is not simple, then l is not cyclic. 

Although both the characterizations of simplicity described in the 
two preceding paragraphs have their uses in the infinite-dimensional 
case, the most revealing and applicable characterization is the one that 
follows. With each projection P that commutes with E', i.e. with each 
subspace that reduces A, we associate the least value of the spectral 
measure E which contains P. This construction has a perfect analog in 
our column diagram: with each set therein we associate the union of 
all the columns that have a non-empty intersection with the set. The 
rows, the objects which enable us t? count multiplicities quickly, have 
an interesting relation to the associated column set. A necessary and 
sufficient condition that a set be a row (in the sense that it contain not 
more than one point from each column) is that every one of its subsets 
may be obtained as the intersection of the given set with a suitable set 
of columns. Equivalently: a necessary and sufficient condition that 
the entire diagram consist of but one row is that every one of its sub­
sets be a column. The geometric fact suggested by this characterization 
is true. A necessary and sufficient condition that a finite-dimensional 
spectral measure be simple is that every projection P which commutes 
with it be one of its values. Another way of formulating the same result 
is this: a necessary and sufficient condition that a finite-dimensional 
spectral measure be simple is that its values form a maximal abelian 
set of projections. 

If the reader will keep in mind the comments in this section and the 
preceding one, and if he will systematically compare each definition, 
each theorem, and each proof with the corresponding concept, asser-
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tion, and construction associated with our column diagram, he should 
have no difficulty in following the remaining technical details. Some 
of the di!:itinctions that we shall be forced to recognize do not, to be 
sure, show up in our diagram. If, however, the diagram is generalized 
so as to admit infinitely many (and possibly even uncountably many) 
rows and columns, then it becomes an almost perfect schematization of 
our work. If the countable !:iUbsets of the base space, together with their 
complements, are the ones that arc declared measurable, then even the 
phenomena of non-measurability can be exemplified by generalized 
column diagrams. 

§53. The Conunutator of a Set of Projections 

From now on we shall again reserve the symbol,\) for an arbitrary but 
fixed Hilbert space and the word "projection" will refer to projections 
whose domain is S). 

\Ve recall that the symbol.:----. denotes commutativity. \Ve now extend 
its domain of applieahility by writing P ~ Q whenever Pis an operator, 
Q is a set of operators, and P ~ Q for all Q in Q. Since we are particu­
larly intercstcd in projections, we introduce the notation A for the 
set of all projPetions, and, if Pis any subset of A, the notation P' for the 
set of all those clcnwn ts J> of A for which P ~ P. The purpose of this 
section is to study the elementary properties of sets such as P'. 

TnEOHEM I. If P C A, then P C P". 

Tm:orm11t :2. If P c Q c A, then Q' C P'. 

TnEorn::-.r 3. If P C A, then P' = P"'. 
Proof. Substituting P" for Q in Theorem 2, we obtain P"' C P'. If, 

on the other hand, we apply Theorem 1 to P' in place of P, we obtain 
the reverse inequality P' c P"'. 

THEOREM 4. A set P of p1"0jections is commutative (i.e. P C P') if 
and only 1j P" is commutative (i.e. P" C P'). 

Proof. If P C P', then an application of Theorem 2 shows that 
P" C P'. If, on the other hand, P" C P"' = P', then, by Theorem 1, 
P c P'. 

THEOREM 5. If P C A, then 0 E P', 1 E P', and if {P;I is a family 
of projections in P', then V i Pi E P' and A; Pi E P'. 

Proof. If P and Q are projections, then P ~ Q is equivalent to the 
assertion that the range of Q is invariant under P. The conclusion fol-
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lows from the fact that the span and the intersection of any family of 
subspaces invariant under P are themselves invariant under P. 

In view of Theorem 5, the commutator P' of any set P of projections 
is a complete sublattice of the lattice A of all projections. Since P' con­
tains 1 - P along with P, the lattice P' even possesses a natural com­
plementation operation. It follows that if P' happens also to be com­
mutative, so that the lattice-theoretic distributive laws arc valid in 
P' (cf. 30.3), then P' is a complete Boolean algebra. 

§54. Pairs of Commutators 

Throughout the remainder of this book (X, S) will be a fixed meas­
urable space and E a fixed spectral measure on S. We shall denote the 
range of E (i.e. the set of all projections of the form E(M) for some 11[ 
inS) byE; we shall write P = E', and F = P'. Since E is commutative, 
it follows (53.4) that F = E" is also commutative and hence that F 
is a complete Boolean algebra. The essential relations among E, F, 
and Pare the inequalities E c F c P and the equations E" = P' = F 
and F' = P. 

The consideration of F is not one of the things that our heuristic 
considerations prepared us for; in the finite-dimensional cases F turns 
out to be the same as E. In the general case F may be viewed as a kind 
of completion of E. The set E need not be a complete Boolean algebra­
F is. The projections which commute with all the elements of P = E' 
need not belong toE-they do belong to F. Since our development will 
yield an almost complete insight into the structure of the projections 
in F, we can only gain information, and not lose any, by incorporating 
F into our study. 

In all our constructions the space X will play a relatively minor, 
auxiliary role; what is important is the pair of sets F and P. We propose, 
in other words, to present a structure theory for pairs F and P, where 
F and Pare sets of projections, F is commutative, F' = P and P' = F. 
Since, however, our proofs will make use of X, E, and E, the material 
out of which our particular F and P were manufactured, it might seem 
that our promises are greater than our deeds. For the sake of the reader 
who is interested in the additional generality we record here our assur­
ance that we are not really sacrificing any of it. The point is that the 
standard theory of representations of Boolean algebras implies that if 
F is any complete Boolean algebra of projections (i.e. a complete Boolean 
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subalgebra of A), then there exists a measurable space (X, S) and a. 
spectral measure E on S such that the range of E is exactly F. 

In Yie,,· of the last assertion, the presence in our theory of X, E, and 
E might actually be said to be a gain in generality rather than a loss, 
since the apparently more general theory involving F and P alone is 
always associated with an X and an E such that E = F. Although the 
shallowness of this comment is probably obvious, it does help to clarify 
matters slightly. The various levels of the constructs we will employ 
are clearer if they are kept separate and if, therefore, it is not assumed 
that E = F. 

The reader who is not interested in, or did not understand, the pre­
ceding two paragraphs, is advised to forget them. Our previews of com­
ing attractions are hereby over, and we are now going to settle down to 
an uninterrupted showing of the main feature; the cast of characters is, 
as announced at the beginning of this section, X, E, E, F, and P. 

§55. Columns 

If P c: P, the column generated by P, in symbols C(P), is the small­
est element ofF which contains P: C(P) = A{F:P ~ F c: Fj. 

The beginning of the theory of columns is quite easy. It is clear, for 
instance, that P ~ C(P) for every P in P and that C(P) vanishes if 
and only if P vanishes. It is also clear that the formation of columns is 
a monotone operation (i.e. that if P and Q are in P and P ~ Q, then 
C(P) ~ C(Q)), and that the column generated by a projection in F 
is itself (i.e. that if FE F, then C(F) = F). On a slightly higher level 
we encounter the additive and multiplicative properties of the function C. 

THEOREM 1. If { P; I is a family of projections in P and if 

P = Y;P;, 
then 

C(P) = Y;C(P;). 

Proof. Since P; ~ P ~ C(P), it follows that C(P ;) ~ C(P) for all 
j and hence V; C(P ;) ~ C(P). Since, on the other hand, P; ~ C(P,) 
for all j, we have also P = Vi Pi ~ V; C(P ;) and consequently 

C(P) ~ Y; C(P;). 

(Recall that V; C(P ;) c: F.) 
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There is no intuitive geometric reason for expecting C to _be multi­
plicative as well as additive, and indeed it is not; th~ followmg result 
exhibits the one little shred of multiplicative behaviOur that C does 
possess. 

THEORE:\1 2. If PEP and FE F, then C(FP) = FC(P). 
Proof. Since FP ~ F and FP ~ P, it follows that 

C(FP) ~ C(F) = F 
and 

C(FP) ~ C(P), 

and consequently that C(FP) ~ FC(P). Since, on the other hand, 

P = (1 - F)P + FP ~ (1 - F) + FP, 
it follows that 

('(P) ~ (1 -F) + C(FP), 
and hence that 

FC(P) ~ FC(FP) ~ C(FP). 

Because of its later applicability we record here for reference an im­
mediate eorollary of Theorem 2. 

THEOHE:\I 3. If P E P, F E F, and 0 ;:e F ~ C(P), then FP ;:C 0. 
Proof. C(FP) = FC(P) = F. 

§56. H.ows 

A row is a projection R in P such thaL if R ~ P E P, then P = C(P)R. 
We note that if P and R arc projections in P sueh that P ~ R, then, 
since P ~ C(P), the inequality P ~ C(P)R is always Yalid. The state­
ment that R is a row means that the inequalitv rf'duees to an equality 
for all admissible P. · · 

THEOREJ\I I. If R is a 1·ow and if R ~ S E P, then .S is a row. 

Proof. If S ~ PEP, then R ~ p and therefore P = C(P)R; it 
follows that P = PS = C(P)R. S = C(P)S. 

THEOREM 2. If R is a row and if p and Q arc projections in P such 
that P ~ R and Q ~ R, then P ~ Q and C(PQ) = C'(P) C(Q). If 

then 
C(P) ~ C(Q), 

p ~ Q. 
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Proof. Since P = C(P)R and Q = C(Q)R, the commutativity of 
P and Q and the last assertion of the theorem are obvious. To prove 
that under these special circumstances C is multiplicative, we note that 
since C(P) ~ C(R) and C(Q) ~ C(R), it follows that 

C(P) C(Q) C(R) = C(P) C(Q). 

The desired conclusion follows from an application of 55.2 to the rela­
tion PQ = C(P) C(Q) R. 

Everything we are goin).!; to do from here on in will aim at showing 
how rows are always put together to form columns. At the present 
stage, ho\\·e\·er, our discussion is somewhat hampered by the fact that 
we have no particular rC'ason to believe that such things as rows even 
exist. \Ve find it necessary, therefore, to begin a somewhat lengthy 
detour whose purpose is to dig out the rows that we need from the 
Hilbert space and the spectral measure that are at the basis of our theory. 

§57. Cycles 

For any vector :r in ,'), the cyclic projection or more concisely the 
cycle generated by :r, in symbols Z(.r), is the projection on the subspace 
of .~ spanned by the set of all \"Cetors of the form E(Jll)x, M e S. Our 
first duty is to show that the concept of cycle is not entirely foreign to 
the subject we arc studying. 

'1)-morm;o.r 1. If x e.~, then Z(x) e P. 
Proof. If M and N are in S, then E(M) E(N)x = E(.M n N)x, so 

that the range of Z(:r) is invariant undet E(J!). It follows that the 
range of Z(x) reduces B(M), and hence that E(M)~ Z(x). Since llJ is 
arbitrary, this means that. Z(:r) e E' = P. 

\Ve can now procC'C'd \Yith good conscience to derive the properties 
of cycles and tlwir relations to rows and columns. 

Tm.;om~M 2. If P e P, x e S), and P ~ Z(x), then ]J = Z(Px). 

Proof. The range of Z(Px) is, by definition, the span of the set of 
all vectors of the form E(M)Px = P E(!1J)x, J1l e S. It follows that the 
range of Z(Px) is the image under P of the span of the set of all vectors 
of the form E'(M)x, M e S, and hence that Z(Px) = P Z(x) = P. 

'!)monEM 3. IfF e F and x e 5), then F Z(x) = Z(Fx). 

Proof. If P = FZ(x), then, by Theorem 2, 

FZ(x) = P = Z(Px) = Z(FZ(x)x) Z(Fx). 
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THEOREM 4. If P e P m1d x e ,p, then Px = 0 and Px = x are 
equivalent to /: (:r.) ..l P and /: (x) ~ P respectively. 

Proof. If M e S and Px = 0, t.l1en P E(M)."C = E(M)Px = 0. It 
follows that l'y = 0 whenevrr !J brlongs to thr range of Z(x) and hence 
that !' Z(:r.) = 0. Applying this rrsult to I - I' in place of P, we see 
that Z(x) ~ P whenever x belongs to the range of P. These remarks 
prove a half of both the asserted equivalences; the remaining halves 
are trivial. 

It is time to obsen·e that if x = 0, then Z(x) = ,0, and that the more 
significant converse of this implication is also valid. (Hecall that the 
range of Z(x) contains E(X)x = x.) If we introduce the convenient 
abbreviation C(x) for C(Z(x)), then we can announce a similar state­
about C(x): a necessary and sufficient condition that C(x) = 0 is that 
x = 0. This last assertion has a slight generalization which we shall 
find useful. 

THEOREM 5. IfF e F, x e ,p, and 0 ~ F ~ C(x), then Fx ~ 0. 

Proof. If Fx = 0, then, by Theorem 4, FZ(x) = 0 and therefore 
F = F·C(x) = C(F·Z(x)) = 0. 

§58. Separable Projections 

A projection F in F is separable if every orthogonal family IF; l of 
non-zero projections in F, such that F; ~ F for all j, is necessarily count­
able. The main purpose of this section is to show that the columns 
C(x), introduced at the end of the preceding section, are intrinsically 
characterized by the property of separability. We observe that ifF and 
G are projections in F such that F :::; G and G is separable, then F is 
separable. -

THEOREM I. If IF; l is a countable orthogonal family of separable 
projections in F, and if F = vi F i , then F is separable. 

Proof. If IGd is an orthogonal family of non-zero projections in F 
such that Gk ~ F for all k, then 1 F;Gk) is, for each value of j, an or­
thogonal family of projections in F such that F; Gk ~ Fi for all k. It 
follows that, for each j, P;Gk = 0 except for a countable set of values 
of k. Since Gk = FGk = V;F;Gk for all k, it follows that IGkl is count­
able. 

THEOREM 2. If x e ,P, then C(x) is separable. 
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Proof. If IF i I is an orthogonal family of non-zero projections in F 
such that F; ;;;:; C(x) for all j, then T,;F; ;;;:; C(x) and consequently 
"2:,; II F;x W ;;;:; II x W. The countability of IF;} follows from 57.5. 

THEOREM 3. If P and Q are in P, 1j P ;;;:; C(Q), and if C(Q) is sep­
arable, then there rxists a vector x in the range of P such that C(P) = C(x). 
Hence, in particular, 1j F ~: F and F is separable, then F = C(x) for 
some vector x. 

Proof. Let lxil be a maximal family of non-zero vectors in the 
range of P such that C(xi)C(xk) = 0 whenever j ;.5 k. Since C(x;) ;;;:; C(Q) 
for all j, and since C(Q) is separable, the family {xil is countable and 
there is therefore no loss of generality in assuming that "2:,; II X; W < co. 

If we write x = T,;x;, then x is in the range of P; we shall complete 
the proof by showing that C(P) = C(x). If C(P) - C(x) ;.5 0, then, 
by 55.3, the range of (C(P) - C(x))P contains a non-zero vector y. 
It follows that y belongs to the range of P and hence to the range of 
C(P). Since y also belongs to the range of C(P) - C(x), it follows that 
C(x)y = 0. Using 57.4, we see that C(x)Z(y) = 0 and hence, by 55.2, 
that C(x) C(y) = 0. If we knew that C(x;) ;;;:; C(x) for all j, then we 
could conclude that the existence of y contradicts the maximality of 
the family {xil, and the proof would be complete. It is therefore suffi­
cient to prove that Z(x;) ;;;:; Z(x) for all j. 

Since C(x;)xk = o;kxk, it follows that C(x;)x = x; and hence (since 
C(x;) ~:F) that Z(x)xi = Z(x) C(xi)x = C(x;)Z(x)x = C(xi)x = Xi for 
all j. Consequently Z(x)E(M)xi = E(M)Z(x)xi = E(M)x; whenever 
M ~: S, and therefore Z(x)Z(x;) = Z(xi) or Z(x;) ;;;:; Z(x) for all j. 

§59. Characterizations of Rows 

Since on several occasions we shall run into pairs of projections P 
and Q in P such that C(P) C(Q) = 0, it is convenient to introduce a 
technical term for the phenomenon; under these circumstances we shall 
say that P and Q are very orthogonal. 

THEOREM 1. A necessary and sufficient condition that a projection 
R in P be a row is that if R ~ P E P, R ~ Q E P, and P and Q are or­
thogonal, then P and Q are veT1J orthogonal. 

Proof. If R is a row, if P = C(P)R, Q = C(Q)R, and if PQ = 0, 
then C(P) C(Q) R = 0. Applying 55.2, we conclude that 

C(P) C(Q) C(R) = 0, 
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and hence by the monotony of the formation of columns, C(P) C(Q) = 0. 
This prov~s the necessity of the condition; to prove sufficiency we sup­
pose that R ~ PEP and we write Q = C(P)R - P. It is clear that 
R ~ Q E p and that FQ = 0; it follows from the hypothesis that 
C(P) C(Q) = 0. Since, hmYe,·er, the relation Q ~ C(P) implies that. 
C(Q) ~ C(P), we may conclude that C(Q) = 0 and hence that Q = 0. 
In other words P = C(P)R, and therefore, since P is arbitrary, R is a 

row. 
\Ve turn next to one of the results whose object is to tie together the 

various concepts we have introduced. \Ve shall be able to make usc of 
the result immediately to obtain (in Theorem 3 below) a significant: 
strengthening of Theorem 1. 

THEOREM 2. l f P E P, then there exists an orthogonal family I Z (x ;) I 
of cycles wch that P = V ;Z(x;). 

Proof. Let lx;l be a maximal family of non-zero vcet.ors in the 
range of P such that Z(xJZ(xd = 0 whenever j ,e. k. If 

P - V ;Z(xJ ,e. 0, 

then the range of P contains a non-zero vector:~: such that Z(x;)x = 0 
for all j. It follows from 57.4 that Z(xJZ(x) = 0 for all j. Since this 
contradicts the assumed maximality of the family lx;l, we must have 
P- V;Z(xJ = 0. 

In view of our subsequent results on orthogonal sums of cycles, the 
reader is warned to make an effort. to keep straight the conclusion of 
Theorem 2. The essential point is that the family I Z(:!:j) l is not asserted 
to be very orthogonal. 

THEOREM 3. A necessary and sufficient co11dition that a projection 
R in P be a row is that if Z(x) and Z(y) arc orthogonal cycles such that 
R ~ Z(x) and R ~ Z(y), then Z(x) and Z(y) are very orthogonal. 

Proof. The necessity of the condition follows from Theorem 1. 
To prove sufficiency, we suppose that R ~ P E P, R ~ Q E P, and P 
and Q are orthogonal; in view of Theorem 1, the desideratum is to 
prove that P and Q are very orthogonal. According to Theorem 2, there 
exist orthogonal families IZ(x;) I and IZ(!/k) I of cycles such that P 
V;Z(x;) and Q = VkZ(yk). Since PQ = 0, it follows that 

Z(x;)Z(yk) = 0 

for all j and k and therefore, by the hypothesis of the theorem, 

C(x;) C(yk) = 0 
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for all j and k. Since the additivity of the function C implies that 

C(P) = V iC(xi) 

and 

C(Q) = Vk C(yk), 

we may conclude that C(P) C(Q) = 0. 

~60. Cycles and Rows 

95 

Our theorPms get deeper all the time. In this section we prove two 
key propositions, the first of which asserts that cycles do indeed have 
the measure-! heoretic characterization that our heuristic comments 
hinted at. (The second. one can speak for itself.) 

TIIJ,:OIU:!\1 I. If x E S) and 1j J.1. is the measure on S drfined for every 
Jl in S by J.J.(M) = (H(JI);r, x), then there exists an isomorphism U from 
~2 (J.J.) onto the range of Z(x) such thai U 1E(M) Uf = x.11 -f whenrver 
f E ~2(J.J.) and J[ E S. 

Proof. We write L'x.~~ = E(/lf)x for every .~.1! in S. If the definition 
of U is extended from characteristic functions to simple functions by 
the requirement of linearity, then, in view of the definition of Z(x), 
U becomes a linC'ar transformation from a dense subset of ~2 (J.J.) onto a 
dense subset of the ranp;e of Z(x). The additivity of E guarantees the 
uniqueness of the dPfinition of U. Rince the relations II X.u W = J.J.(M) = 

(E(M)x, x) = II E(J!)x 11 2 = II Ux.11 W shows that U is norm-preserving, 
U may be Pxtcm!C'd to an isomorphism. If J1fo and !If are in S, then 

U(x.11 • • X.11 ) = U(x.11 , 0 .11 ) = E(Mo n M).r 

= E(Mo) E(M)x = E(Mo) Ux.11 • 

This means that U(x.~~. ·f) = E(Mo)Uf whenever f = xM ; approxima­
tion by simple functions proves the validity of the relation for all fin 
~2(J.J.). 

THEORI~I\1 2. Every cycle is a row. 

Proof. We are to prove that if x E.\) and if Z(x) ~ PEP, then 
P = C(P) Z(x). It is convenient to use the result and the notation of 
Theorem 1. If Q = U- 1PU, then Q is a projection with domain ~2(J.J.). 
If M E S, then, for every f in 532(J.J.), 

Q(x.~~·f) = u 1PU(xM·.f) = U 1PE(M)Uf = U 1E(M)PUf 

= u 1E(M) U· u 1PUf = xu·Qf. 
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Consider in particular the function h identically Pqual to I and write 
x = Qh. Since x·x-" = x-"·x = x-"·Qh = Q(x."·h) = Qx", i.P. since 
Q and multiplication by x have the same effect on every x_,, , it follows 
that x ·f = Qf for all f in ~2(.u). The fact that Q is idempotent implies 
that our notation is justified, i.e. that x = x_,,, for some J1[0 in S. 

If now y is any vector in the range of Z (x), so that y = C ~{ for some 
f in ~2(J.L), thPn Py = PUf = UQf = U(x.,,,-f) = E(Mn)['"f = E(Mo)y. 
The arbitrariness of ?I implies that; P = P Z(:r) = E(Mo) Z(x). H follows 
that 

C(J>) = B(Mo) C(x) ~ J~'(Mo). 

Since 

P ~ C(P) Z(x) ~ E(Mo) Z(x) P, 

the proof is complete. 

§61. The Existence of Rows 

Our detour is almost over. The last result that we obtained shows 
that rows exist and even (in view of 59.2) that they exist in abundance. 
The main purpose of this section is to prove, on the basis of a couple of 
preliminary results, that there exist rows of arbitrarily prescribed 
lengths. 

THEOREM 1. If IZ;J is a very orthogonal family of cycles and if 
R = ViZ i , then R is a row. 

Proof. Suppose that Z(x) and Z(y) are orthogonal cycles such that 
R ~ Z(x) and R ~ Z(y); in virtue of 59.3 it is sufficient to prove that 
Z(x) and Z(y) are very orthogonal. If we write 

x; = C(y) C(Z;)x, 

then 57.3 implies that Z(x;) = Z(x) C(y) C(Z;) for all j; if, similarly, 

Yi = C(x)C(Z;)y, 

then Z(yJ 

and 

C(x) Z(y) C(Z ;) for all j. Since 

Z(x;) ~ Z(x) 

Z(y;) ~ Z(y) 

for all j, it follows from the orthogonality we have assumed, that 

Z(xJZ(y;) = 0 
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for all j. On the other hand we have 

C(xi) = C(x) C(y) C(Zi) = C(y;) 

for all j. Since xi belongs to the range of C(Z i), it is orthogonal to the 
range of Zk whenever k ~ j and, consequently, x; belongs to the range 
of Z i ; similarly, of course, y i belongs to the range of Z; . Since Z; is a 
row (cf. 60.2), it follows from 56.2 that Z(xi) = Z(yi) for all j. The 
only way to reconcile our apparently contradictory results is to conclude 
that all Z(x;) and Z(y;) and therefore all C(x) C(y) C(Z;) vanish. Since 
C(x) C(y) = C'(x) C(y) C(R) = V ;C(x) C(y) C(Z ;) = 0, we have proved 
what we had to prove. 

THEORE!Ir 2. If (R;} is a very orthogonal family of rows and if 

R = V;R;, 
then R is a row. 

Proof. Using 59.2, we may express each R; as an orthogonal sum of 
cycles. The fact that each R; is a row implies that any two distinct ones 
of its summands are very orthogonal. The fact that {R;} is a very 
orthogonal family implies that if j ~ k, then any summand of Ri is 
very orthogonal to any summand of Rk . If, in other words, we unite 
into one family all the cycles used to obtain all R;, we obtain a repre­
sentation of R as a very orthogonal sum of cycles, and Theorem 2 be­
comes an immediate corollary of Theorem 1. 

THEOREM 3. If P E P, then there exists a row R such that R ~ P and 
C(R) = C(P). 

Proof. Let IRil be a maximal very orthogonal family of non-zero 
rows such that Ri ~ P for all j. If it is not true that P ~ V ;C(R;), then 
(since P +-? V iC(R;)) there exists a non-zero vector x in the range of 
P such that C(R;)x = 0 for all j. Since Z(x) is a row, Z(x) ~ P, and 
since, by 57.4 and 55.2, C(Ri) C(x) = 0 for all j, the existence of x 
contradicts the maximality of the family (R;}. We are therefore forced 
to accept the inequality P ~ V iC(R;) and, as a consequence, the in­
equality C(P) ~ V ;C(R;) = C(V ;R;). Since the reverse of the last­
written inequality is obvious and since, by Theorem 2, V ;R; is a row, 
the proof is complete. 

§62. Orthogonal Systems 

If FE F, an orthogonal system of type F is an orthogonal family {R;} 
of non-zero rows such that C(R;) = F for all j. The purpose of this 
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section is to show how to construct Yarious orthogonal systems and 
i10,'" to put togetlwr the ones we have constmctcd to obtain bigger ones. 

TnEOJUc:\I ]. If u is a cardinal number, if [Fil is an orthogonal family 
of non-zero projrclions in F, and if, for each j, !Hid is an orthogonal 
s.ystrm of type Fi and of power u, thrn IV 1R1d 1·s an orthogonal system of 

type y JFi and of powa u. 
Proof. If, for each index k, Rk = V )?ik, then it follows from 61.2 

that 1 Rk 1 is an orthogonal family of non-zero rows. The proof is com­
pktccl by the observation that C(Rk) = V iC(Rid = V 1Fi for all k. 

We oh:;erve that if [Ril is an orthogonal system of type F, then 

V .J~. :$: F· the orthogonal system IRil is called complrtr if V U. = p 
} }.,} _ 7 J J a 

It is oiH·iou:; that a eomplete orthogonal system of type F is a maximal 
orthogonal sy:;tem of type F; we shall presently sec that c\"L'ry maximal 
orthogonal system of type F is put together from compktc orthogonal 

systems of suitable types. 

Tm:onE:\1 2. If [Ril is an orthogonal system of type F and 1] P 0 is 
a non-zero projection ht F such that Fo ;2; F, then IFoHil is an orthogonal 
system of type Fa ; if I R i l is complete, thm so is IF 0 U i }. 

Proof. It is clear that [FoRil is an orthop;onal family of projections 
in p and that C(Folli) = FoF = Fo for all j. Rinee, for all j, FoRi ~ 0 
(by 55.3) and FoRi is a row (by 5G.l ), it follows that I Fu lU is indeed 
an orthogonal system of type Fo . If ViR i = F, then 

YiFoRi = Fo·ViRi =Fa. 

TIIF.OREM 3. If \ Ril 1·s an orthogonal system of type F and if p 0 i:> 
a non -zero projection in F such that Fo ;2; ViR i , then I FoRi l 1·s a com­
plete orthogonal system of type Fo . 

Proof. In view of Theorem 2 it is sufficient to prove completeness 
and this is a consequence of the relations F0 = Fo· V )li = V 1·F0 R. ' J • 

TnEOHEM 4. If IRil is a maximal orthogonal svstem of (necessarily 
non-zero) type F, then there exists a vector x in the range of F such that 

I C (x )R i J is a complete orthogonal system of type C (x). 

Proof. If P = F - V iRi, then, since P ;:;:;; F, it follows that 

C(P) ;:;:;; F. 

If C(P) = F, then, by 61.3, there exists a row R such that R ;:;:;; P and 
C(R) = F. Since this contradicts the maximality of \ Ril, it follows that 
F0 = F - C(P) ~ 0. Since the relation F 0 C(P) = 0 implies that 

FoP= 0, 
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and since this in turn implies (in view of the definition of P) that 

Fo ~ V;R;, 

it follows from Theorem 3 that {FoR;) is a complete orthogonal system 
of type Fo. The proof of Theorem 4 may be completed by selecting an 
arbitrary non-zero vector in the runge of Fo and applying Theorem 2 
to {FoR;), F 0 , and C(x) in place of IR;J, F, and Fo respectively. 

§63. The Power of a l\laximal Orthogonal System 

The theorem of the present section is the fundamental theorem of 
multiplicity theory. 

THEOREM 1. If F ~ F, then any two ma:1:imal orthogonal 8lJSlems of 
type F have the same power. 

Proof. If F = 0, there are no orthogonal sy:;tems of type F and the 
power in question is zero. Suppose then that 11 and v are non-zero cardinal 
numbers and that { R 1 J and { Sd are maximal orthogonal systems of 
type F and of power u and v respectively. By symmetry it will be 
sufficient to prove that v ~ u. 

By 62.4, there exists a non-zero vector x in the range of F such that 
I C(x)R;) is a complete orthogonal system of type C(x). Since we may 
replace F, IR1), and ISd by C(x), IC(x)R1), and IC(x).Sk) respectively 
( cf. 62.2), we may (and do) assume that I R 1 I and I Sd are orthogonal 
systems of type C(x) and of power u and v respectively, and that 

vksk ~ v ;R;; 

under these eonditions we shall prove that v ~ u. 
Since R; ~ C(R;) = C(x) for all j, it follows from 58.2 and 58.3 

that R; = Z (x ;) for a suitable vector x 1 ; similarly we may find, for 
each k, a vector Yk such that Sk = Z(yk). 

Suppose now that u is infinite. For each value of j, let K; be the set 
of those indires k for \\'hirh Z(yk)x1 ~ 0; it is clear that each K; is 
countable. If k ~' U1 1\1 , i.<'. if Z(yk)x; = 0 forallj, thenZ(yk)Z(x;) = 0 
for all j and therefore Z(yk) = Z(yk) · V ;Z(x;) = 0. Since this is false, 
it follows that every k hf'longs to U;K; and lwnec that v ~ ~0 ·u = 11. 

In case u is finite, the proof is a bit. morC' eomplicated. For each index 
j we write J.L; for thC' measurC' on S definC'd for every M in S by 

J.L;(M) = (E(M)x;, x 1). 

According to 60.1, thcrC' C'xists an isomorphism U J from f!~(J.L;) onto the 
range of Z(x;) such that Uj1E(M)U1fJ = xM·.f; whenever f 1 ~ ~2(Jl;) and 
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!If E S. Putting together the separate isomorphisms U; we obtain an 
isomorphism U from the direct sum, say .ft, of all ~2(JL;) onto the range 
of v ;Z(x;) such that u-1E(M)UI/;l = lx.u·/;l whenever l/;l E sr and 
ME S. 

We define a measure JL on S by writing JL(M) = (E(M)x, x) for every 
M in S. If JL(M) = 0 for some M, then E(M)x = 0 and therefore 
E(M) C(x) = 0. Since C(x) = C(x;), it follows that E(M) C(x;) =- 0 and 
therefore, in particular, E(M)x; = 0 for every j. These considerations 
imply that each of the measures JLi is absolutely continuous with respect 
to JL and that, therefore, there exists a family lo;l of non-negative 
functions in ~~(JL) such that p.;(M) = f M g; dJL for all .i and for every 
Min S. 

Since Yk belongs to the range of V ;Z(x;) for all k, we can find vectors 
1/;d in .fi' such that Yk = Ul/;kl· If ME S, then 

(E(M)yk,, Yk2) = (E(M)UI/;k,l. Ul/;k2l) = (UixM-!;k,l. UIJ;k2l) 

= <lxM·/ikll. lfik2l) = ~j f XM/;k.J:k2dJLj = ~j f M/ik1f:k2gidJL 

= fM~;!;k./;k2gjdJL. 

If JL(M) ¢ 0, then a repetition of the argument of the preceding para­
graph shows that a necessary and sufficient condition for the vanishing 
of (E(M)yk,, Yk 2 ) is that k1 ¢ k2 • It follows that if k1 and k2 are re­
stricted to a countable subset of the index set I k l, then there exists a 
set M in S such that JL(M) = 0 and such that if t EX - M, then a 
necessary and sufficient condition for the vanishing of 

~;/;k,(t) J:k2(t) g;(t) 

is that k1 ¢ k2. Since for a fixed tin X - M, and for each k, IJ;k(t)} is a 
vector in a u-dimensional Hilbert space in which, therefore, the power 
of an orthogonal set of non-zero vectors is not greater than u, it follows 
that indeed v ~ u, and the proof is complete. 

§64. Multiplicities 

The result of the preceding section enables us to associate a unique 
cardinal number with every projection F in F. We define the multiplic­
ity ofF, in symbols u(F), to be the power (possibly zero) of a maximal 
orthogonal system of type F. The function u, from F to cardinal num­
bers, behaves very much like the multiplicity functions we defined in 
§49. 
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THEOREM 1. If F and G are projections in F s-uch that 0 ¢ F ;;;; G, 
then u(G) ;;;; u(F); ifF = 0, then u(F) = 0. 

Proof. If {R;} is an orthogonal system of type G, then, by 62.2, 
{ F R; J is an orthogonal system of type F. This proves the first assertion; 
the second assertion is obvious. 

THEOREM 2. If { F; J is an orthogonal family of non-zero projections 
in F and ifF= V;Fi, then u(F) = min {u(F;)}. 

Proof. We write u =min {u(F;)}. Since F;;;;; F for allj, it follows 
from Theorem 1 that u(F) ;;;; 1t(FJ for all j and hence that u(F) ;;;; u. 
Since, on the other hand, u(F J ~ u for all j, it follows that, for each 
j, there exists an orthogonal system {R;d of type F; and of power u. 
Since, by 62.1, { V; Rid is an orthogonal system of type F, it follows that 
u(F) ~ u. 

We continue imitating the theory of multiplicity functions. If a pro­
jection F in F is such that 11(F) = u(F0) \vhenever F0 is a non-zero pro­
jection in F such that Fo ;;;; F, we shall say that F has uniform multi­
plicity. 

THEOREM 3. If IF;} is an orthogonal family of projections in F such 
that each F; has uniform multiplicity u, and if F = y ;F;, then F has 
uniform multiplicity 11. 

Proof. If Fo is a non-zero projection in F such that F0 ;;;; F, then 
Fo = V ;FoF;. Since the last-written equation remains valid if the sup­
remum is extended over those indices j for which F0 F; ¢ 0, it follows 
from the uniformity of the F /s and from Theorem 2, that u(Fo) = u. 

THEOREM 4. A necessary and sujflCient condition that a non-zero pro­
jection F in F have uniform multiplicity is that there exist a complete 
orthogonal system of type F. 

Proof. The sufficiency of the condition follows, using 62.2, from the 
fact that a complete orthogonal system is maximal. To prove its neces­
ity, we let {F;} be a maximal orthogonal family of non-zero projections 
in F such that F; ~ F for all j and such that for each .i there exists a 
complete orthogonal system of type F; . That such families exist, and 
that, in fact, the maximality of {F;} implies V ;F; = F, follows from 
62.4. Since the power of a complete orthogonal system of type F; is 
exactly u(F) for all j, it is legitimate to denote such a system by {R;k}, 
with the same index set {k} for all j. If Rk = V ;R;k, then, by 62.1, 
{Rd is an orthogonal system of type F; the completeness of {R.d fol­
lows from the relations V kRk = V; V" R,1c = y ;F; = F. 
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THEOREM 5. If, for each cardinal number u not exceeding the dimen­
sion of .p, F" is the supremum of all those pro}ections in F ·which have 
uniform multiplicity u, then IF.,} is an orthogonal family, V.,F .. = 1, and, 
for each u, either F" = 0 or F" has uniform multiplicity u. 

Proof. For a fixed cardinal number u, let I G i I be a maximal orthog­
onal family of projections in F such that each G i has uniform multi­
plicity u. If G = F., - V iGi ¢ 0, then there exists a projection Fin F 
such that F has uniform multiplicity u and such that FG ¢ 0. Since 
FG has uniform multiplicity u, this contradicts the maximality of the 
family {Gil· Consequently F.,= V iGi, and therefore either F., = 0 
or, by Theorem 3, F., has uniform multiplicity u. It follows that if 
F.,F. ¢ 0, then, since F .. F •. ~F., and F .. F •. ~F., the multiplicity of 
F .. F. is equal to u and to vat the same time, or, in other words, u = v. 
The fact that 1 - V .. F .. = 0 follows from G2.-1 and Theorem 4. 

The results of this section essentially ('on dude the st ruct.ure theory 
of the pair of sets F and P. Theorem;) shows us that .0 deeumposes in a 
natural and intrinsically defined mamwr into pie<'!'S of uniform multi­
plicity; Theorem 4 tells us that each su('h piP<·e is made up of ro\\'S cut­
ting all the way across. From 59.2 we know that every projc!'l ion in P and 
therefore, in particular, cac·h of tlw rows that make up one of the uniform 
pieces, is an orthogonal sum of <'ych•s; according to tiO.I, the given 
::;pectral measure behaves on each such cycle as do the multiplications 
by characteristic functions of measurable sets on a finite nwasure space. 
In the remaining sections we tic this all up with mult.iplieity functions 
::;o as to obtain the isomorphism of E with a canonical spectral m0a::;ure. 

§65. Measures from Vectors 

If x is a vector in .p, we shall write p(x) for the measure J.L defined for 
every M in S by J.L(M) = (E(M):r, x). In this section we shall study 
the relation of the function p to some of the other concepts we have 
introduced. The first and most obvious propPrty of p is that p(.r) = 0 
if and only if x = 0; for the proof \\'(' n<'!'d mPrPiy t.o n·<·all that since 
E(X) = I, it foiiO\vs that (E(X):r, x) = I! .r li~. A 1-'iightly kss obvious 
property of P is a kind of additivity: if 1 Z(:r 1) 1 is an orthogona I family of 
tyciPs, and if the family lxil of vectors is summnhlP with r-;um :r, then 

p(x) =: V iP(Xj). 

To prove this we observe that, for each value of}, E(M)xi belongs to 
the range of Z(xi) for every 11! in S; it follows that. I E(JH)xil is an 
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orthogonal family of vectors and that II E(llf)x W = '2:.; II E(.Jl)x; W for 
every AI in S. Our next result lies somewhat deeper. 

THEOREM 1. If x and y are vectors, a necessary and sufficient condi­
tion for the orthogonality of p(x) and p(y) 1·s the orthogonality of C(.1:) 
and C(y). 

Proof. We write J.I. = p(.~:) and v = p(y). If J.I. j_ v, then there exists 
a set Jl! in S such that v(JI) = J.I.(X - M) = 0. (There are many ways 
of seeing this: one \\·ay is t.o apply 47.2 first to v and v v J.I. and then to 
J.I. and v v J.I..) It follows that E(M)y = E(X - M)x = 0 and hence 
that y = E(X - M)y and x = E(M)x. Since this implies that 

C(y) ~ E(X - M) 

anrl 

C(x) ~ E(lv!), 

the orthogonality of C(x) and C(y) follows from that of E(M) and 
E(X - Jll). 

Suppose now that we know that C(;~:) and C(y) are orthogonal. Since 
C(Z(x) v Z(y)) = C(:r) v C(y) and since, by 58.1 and 58.2, C(x) v C(y) 
is separable, it follows from 58.3 that there exists a vector z in the range 
of Z(x) v Z(y) such that C(.r) v C(y) = C(z). Write J.I. = p(z) and let 
U be the isomorphism described in 60.1 from ~2 (J.I.) onto the range of 
Z(z). If x = Uf and y = Ug, then, since Z(x)Z(y) = 0, it follows that 

0 = (E(M)x, y) = (E(M)Uf, Ug) = (U(xMf), Ug) = fMfg*dJ.I. 

for every M in S. This means that f(t) g*(t) = 0 for almost every t 
(with respect to the measure J.I.) and hence that there exists a set M 
in S such that f(t) = 0 for almost every t in M and g(t) = 0 for almost 
every tin X - M. For this set M we have 

(E(M)x, x) =II E(M)UfW =II U(xMJ) W = JM l!l2 dJ.I. = 0 

and similarly (E(X - M)y, y) = f z-M I g 12 dJ.I. = 0, whence p(x) j_ p(y) 
as asserted. 

THEOREM 2. If x and y are vectors, a necessary and sufficient condi­
tion that p(x) « p(y) is that C(x) ~ C(y). 

Proof. Write x = Yo + zo with y0 in the range of C(y) and z0 or­
thogonal to the range of C(y). Since p(x) = p(y0) v p(z0), it follows that 
if p(x) « p(y), then p(zo) « p(y). Since, on the other hand, C(y) C(z0) = 0, 
it follows from Theorem 1 that P(Zo) j_ p(y). Consequently p(Zo) = 0, 
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so that z0 = 0, and therefore x = Yo . In other words x belongs to the 
range of C(y), anrl therefore C(x) ~ C(y). 

If, conversely, C(x) ~ C(y), we write p. = p(x) and 11 = p(y). If 
11 (M) = 0 for some 111 in S, then E(M)y = 0 and consequently 

E(M) C(y) = 0. 

It follows that 
E(M)C(x) = 0 

and hence that 
p.(M) = (E(llf)x, x) = II E(M)x W = 0. 

Our last result along these lines is of great technical significance; we 
call the reader's attention to the fact that, had we proved it in time, 
we could have used it to simplify slightly the proof of 63.1. 

THEOREM 3. If 11 is a finite measure on S and if x is a vector in .p 
such that 11 « p(x), then there exists a vector y in the range of Z(x) such 
that 11 = p(y); if 11 = p(x), then Z(y) = Z(x). 

Proof. If p. = p(x), then, by the Radon-Nikodym theorem, there 
exists a non-negative function gin ~1 (p.) such that 11(ll/) = JM gdJ.L for 
every llf in S. Iff is the non-negative square root of g, then f E ~2(J.L). 
If y = Uf, where U is the isomorphism dcseribcd in GO. I, then 

11(M) = I M If 12 dp. = II xMf W = II U(xMJ) W 
= II E(M)Uf w = II E(M)y w. 

If 11 = p(x), then, by Theorem 2, C(x) = C(y). Since Z(y) ~ Z(x) and 
since Z(x) is a row, it follows that Z(y) = C(y) Z(x) = C(x) Z(x) = Z(x). 

§66. Subspaces from Measures 

THEongM I. If p. is any finite measure on S, then the set {x:p(x) « J.L) 
is a subspace of S); if C(p.) is the projection on this subspace, then C(J.L) E F. 

Proof. If p(x) « J.l and p(y) « p., then the relation 

II E(M)(ax + f3y) II ~ I 01 1·11 E(!lf)x II + I f31·11 E(M)y II , 
valid for all M in S, shows that p(ax + {3y) vanishes whenever both 
p(x) and p(y) vanish and hence whenever J.l vanishes. If lxnl is a sequence 
of vectors such that p(xn) « J.l for all n and such that Xn ~ x, then the 
relation II E(M)xn II ---+ II E(M)x II shows that p(x) vanishes whenever 
all p(xn) vanish and hence whenever J.l vanishes. It follows that 

{x:p(x) « J.L) 
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is indeed a subspace and that, therefore, C(p.) may be defined. If PEP 
and if p(.1:) « p., then, since P ~ E, it follows that 

II E(M)P.r. II = II PE(J[):r II ;;; II E(M)x II 
for all Jlf, and henec that p(Px) Yanishes whenever p(x) vanishes. This 
implies that p(P:r) « p. wlwnevcr p(:r.) « p., or, in other words, that P 
lerwes im·ariant the range of C:(p.). Consequently P +-) C(p.) and there­
fore, since P is arhit rar~', C(p.) E P' = F. 

Tm·;oRE!\1 :2. If p. is a .finitr mrasurc on S, then C(p.) is srparablr; U 
p. = p(x), thrn C(J.J.) = C(.r). 

Proof. Let R be a row such that C(R) = C(p.), and let {Z(xi) I be 
an orthogonal family of cycles such that R = V iZ(xi)· Since the fact 
that R is a row implies that { C(x J I is an orthogonal family, and since 
p(xi) « J.1. for all j, it follows from 65.1 that xi = 0 except for countably 
many values of j. Since C(J.J.) = V iC(xi), it follows from 58.1 and 58.2 
that C(J.J.) is separable. If J.1. = p(x) and if p(y) « p., then, by 65.2, 
C(y) ~ C(x), and consequently y belongs to the range of C(x). In 
other words C(J.J.) ~ C(:r.); the reverse inequality is obvious from the 
definition of C(J.J.). 

TnEORElll 3. If J.1. and v are finite measures on S, then 

C(J.l. A v) = C(J.J.)C(v), 

and therefore if v « J.l., then C(v) ~ C(p.). 

Proof. If p(x) « J.1. A v, then p(x) « J.1. and therefore x belongs to 
the range of C(J.J.). This implies that C(p. A v) ;;; C(p.). Since, similarly, 
C(p. A v) ;;; C(v), it follows that C(J.l. A v) ~ C(p.) C(v). If, on the other 
hand, x belongs to the range of C(J.J.) C(v), then p(x) « J.1. and p(x) « v, 
so that p(x) « J.1. A v. Since this means that x belongs to the range of 
C(J.l. A v), it follows that C(J.J.) C(v) ~ C(JJ. A v). 

THEOREM 4. lf JJ. is a finite measure on X and xis a vecwr in ,p such 
that C(JJ.)X = 0, then JJ. ..L p(x). 

Proof. If p(x) = v, then, since v A JJ. « v, it follows from 65.3 that 
there exists a vector y in the range of Z(x) such that p(y) = v A JJ.· 
Since C(JJ.)X = 0, it follows that C(JJ.) Z(x) = 0 and hence that C(JJ.)Y = 0. 
Since, however, p(y) « JJ., we know that y belongs to the range of C(JJ.). 
It follows that y = 0 and hence that JJ. ..L v. 

THEoREM 5. If J.1. is a finite measure on S and if {JJ.i} is a (necessarily 
countable) orthogonal family of finite measures on S such that V iJ.l.i = JJ., 
then C(JJ.) = V iC(JJ.i). 
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Proof. Since Theorem 3 implies that C(J.L) ~ C(J.Li) for all j, it is 
clear that C(J.L) ~ V 1C(J.Li)· Suppose, on the other hand, that x is any 
vector in the range of C(J.L) - V iC(J.Li)· Since x belongs to the range of 
C(J.L), we have p(x) « f..L; since, at the same time, C(J.L 1)x = 0 for all j, 
it follows from Theorem 4 that p(x) .l J.Li for all j and hence that p(x) ..L f..L· 
These two properties of p(x) imply that p(x) = 0. We conclude that 
x = 0 and this completes the proof of the theorem. 

§67. The Multiplicity Function of a Spectral Measure 

If f..L is a finite, non-zero measure on S, the multiplicity of f..L, in symbols 
u(J.L), is defined to be the minimum value of the multiplicities u(C(110)) 

of the columns C(llo) determined by finite, non-zero measures llo which 
are absolutely continuous with respect to f..L; in other words 

u(J.L) =min {u(C(110)):0 ~ llo « J.L). 

If f..L = 0, we write u(f..L) = 0. We proceed quickly to show that the 
function u from measures to cardinal numbers is indeed a multiplicity 
function. 

THEOREM 1. If f..L and 11 are finite measures on S such that 0 ~ 11 « f..L, 
then u(11) ~ u(J.L). 

Proof. If 0 ~ llo « 11, then 110 « f..L and therefore u(J.L) ~ u(C(110)); 

since this inequality is valid for all admissible 11o , it follows that 

u(J.L) ~ u(11). 

THEOREM 2. If {J.Lil is a countable orthogonal family of non-zero 
measures, and if f..L = V if..Li, then u(J.L) = min { u(J.LJ ). 

Proof. If 0 ~ llo << f..L, and if 11 1 = 110 A f..Li for each j, then 11o = V 1 11 1 • 

The last-written relation remains valid, of course, if the supremum is 
extended over only the set J of those values of j for which 111 ~ 0. It fol­
lows from 66.5 that C(110 ) = V 1aC(111) and hence, from 64.2, that 

u(C(IIo)) = mini<J {u(C(11 1)) J ~ min {u(J.Li) J. 

Since llo is arbitrary, we see that u(J.L) ~ min { u(J.L1) J. If, on the other 
hand, 0 ~ 11o « J.l.i for some value of j, then v0 « p. and therefore 
u(C(IIo)) ~ u(p.), whence u(p.1) ~ u(p.) for all j. This implies that 

min { u(p.1) J ~ u(p.). 

The preceding two theorems tell us that the function u is a multi­
plicity function. We now have only one more technical detail to clear 
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up before completing the theory, and that is the relation between the 
concepts of uniform multiplicity for measures and uniform multiplicity 
for projections. 

THEOREM 3. If x is a vector such that C(x) has 1miform multiplicity 
and if J1. = p(x), then J1. has 1tnifonn multiplicity. If, conversely, JJ. is 
a non-zero measure of umjorm nwltiplicity and Xo is a vector S1lCh 
that C(JJ.) = C(x0) (cf. 66.2 and 58.3), then there rxists a vector x S1lch 
that (i) J1. = p(x), (ii) C(x) ( = C(JJ.)) has uniform multiplicity, and 
(iii) Z(x) = Z(x0). 

Proof. Suppose first that J1. = p(x) and that C(x) has uniform multi­
plicity. If 0 ~ v0 « JJ., then by 65.3 there exists a vector y0 in the range 
of Z(x) such that vo = p(yo). Since Yo ~ 0, it follows that C(vo) ~ 0. 
Since C(v0 ) ~ C(JJ.) by GG.3 and since C(JJ.) = C(x) by 66.2, it follows 
from the assumed uniformity that u(C(v0)) = u(C(JJ.)) (and that, there­
fore, u(JJ.) = u(C(JJ.))). If 0 ~ v0 « v « JJ., then, applying the result just 
proved, we obtain the relation u(C(v0)) = u(JJ.), whence it follows that 
u(v) = 1l(JJ.). This proves the first assertion of the theorem. 

To prove the second assertion, we suppose that J1. has uniform multi­
plicity dilTPrent from 0 and that x0 is a vector such that C(J.L) = C(xo). 
It follows from this equation that p(x0 ) « J.L; we propose to show that 
in fact p(xo) = J.L. For this purpose we let J.Lo be a measure (a relative 
complement of p(xo) in JJ.) such that JJ.o ..l p(x0) and J.Lo v p(x0) = J.L· If 
Yo belongs to the range of C(JJ.o), then p(x0) ..l p(y0) and it follows from 
55.1 that C(xo) C(y0 ) = 0, so that y0 is orthogonal to the r~nge of C(xo). 
The range of C(xo) is, however, the same as the range of C(JJ.), and, since 
JJ.o « JJ., Yo belongs to the range of C(JJ.). It follows that y0 = 0, and 
therefore that u(JJ.o) = 0. Since, however, the assumed uniformity implies 
that if JJ.o ~ 0, then u(JJ.o) = u(JJ.), it follows that J.Lo = 0, and we do 
indeed have J1. = p(xo). An application of 65.3 yields a vector x such 
that Z(x) = Z(xo) and p(x) = J1. and hence, by 66.2, such that 

C(x) = C(JJ.) = C(xo). 

To prove that C(x) has uniform multiplicity, suppose that F is a non­
zero projection in F such that F ~ C(x). Since such an F is necessarily 
separable, there exists a vector y such that F = C(y) and consequently, 
by 66.2, F = C(v), where v = p(y). The fact that F ~ 0 implies that 
v ~ 0. If 0 ~ vo « v, then, by a repetition of a familiar argument, it 
follows that C(vo) ~ 0 and therefore u(C(v0)) G; u(C(v)), whence 

u(v) G; u(C(v)). 
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Since, however, u(v) = u(J.t) and u(C(v)) ~ U(J.t), it follows that 

u(C(v)) = u(J.t). 

Applying this result to J.t in place of v (i.e. letting C(x) itself play the 
role of F), we see that u(C(v)) = u(C(J.t)); this completes the proof of 
the theorem. 

~68. Conclusion 

All the pieces are before us; all that remains is to put them together. 
In the preceding section we have succeeded in associating a multi­

plicity function with every spectral measure. To the multiplicity function 
u we may apply 49.3 to obtain an orthogonal family IJ.til of non-zero 
finite measures on S such that each Jli has uniform multiplicity and 
such that Jl = Vi (J.t A J.ti) whenever Jl is a finite measure on S. From 
66.3 we see that I C(J.li) I is an orthogonal family of projections in F; 
we assert that V iC(J.li) = 1. If, indeed, x is an arbitrary vector in .p 
and if Jl = p(x), then Jl = V i(J.t A J.ti)· It follows from 66.5 that 

C(J.t) = V iC(J.t A J.li) ~ V1 C(J.tj), 

and hence that the vector x belongs to the range of V iC(J.ti)· Since x is 
arbitrary, we may conclude that V iC(J.ti) = 1. 

According to 67.3, for each fixed j, C(J.ti) has uniform multiplicity, 
and therefore, by 64.4, there exists an orthogonal family IRid of rows 
such that C(J.ti) = VkR;k and such that C(R;k) = C(J.ti) for all k. The 
cardinal number of the index family lkl is of course equal to u(J.li). 
Since C(J.ti) is separable, it follows from 58.3 and 57.4 that each row 
R;k is in fact a cycle. (The proof of this fact makes use of the elementary 
lemma which asserts that if x is a vector and R is a row such that 

Z(x) ~ R 
and 

C(x) = C(R), 

then Z(x) = R.) Applying 67.3, we may find a family lx;k} of vectors 
(j is still fixed) such that R;k = Z(x;k) and such that p(xik) = Jli. By 
60.1, the range of R;k is isomorphic to \!2(J.t;) by an isomorphism which 
makes the given spectral measure E correspond to multiplications by 
the characteristic functions of measurable sets. Putting these isomor­
phisms together, first over all k, for fixed j, and then over all j, we 
obtain a representation of .P as a very large direct sum; each summand 
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is the ~2 of a finite measure on S, and the represen!atJO!J malin~ ~D)'­
respond to the gi n'n spectral measure E the canon\ra \ spert ra\ meas­
ure associated with lJ.L 1 l and lu(J.L1)}. 

These considerations pron' that. C'\"ery spectral measure i;; unitarily 
equivalent to a canonical one detPrmined by its mnltip\ieit,y function 
and hence that if two s1wetral measures have the same multiplicity 
function, they are unitarily equivalent. Suppose, conversely, that E and 
F are spectral measures with a common domain of definition and that 
U is a unitary operator such that U- 1EU = F. ·write PE(:c) for the 
measure J.L defined by J.L(M) = II E(M)x II\ and pp(x) for the measure J.L 
defined by J.L(M) = II F(M)x W. If J.l is any measure, if pp(:r) « J.L, and 
if J.L(M) = 0, then II E(M)Ux II = II u-1E(JI)U.r.ll = II F(M).r.ll = 0, 
whence Ps(Ux) « J.l· This means that if x belongs to the range of the 
projection which it is natural to denote by Cp(J.L), then Ux belongs to 
the range of Cs(J.L). Since, by symmetry, the converse is also true, we 
infer that [J 1CE(J.L)U = CP(J.L). We may therefore conclude that the 
multiplicity associated with CE(J.L) viaE is the same as the multiplicity 
associated with CF(J.L) via F, and hence that E and F have the same 
multiplicity function. This settles all our problems and fulfills all our 
promises. 
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pp. 107 and 177]. 

The lattice-theoretic concepts relevant to the study of subspaccs of a Hilbert 
space, as well as all others used in the sequel, arc exhaustively treated in (3]. 

For a discussion of several analytic applications of the Gram-Schmidt orthog­
onalization process, and, in particular, of the polynomials mentioned in §14, 
see (47]. 

The completeness of the exponential functions in ~. over a finite interval is a 
classical fact; see, for instance, [52: Vol. I, p. ll]. 

The example of a non-closed vector sum described in §15 is a slight paraphrase 
of an example given by Stone, [44: pp. 21-22]. A necessary and sufficient condition 
that the vector sum of two subspaccs (of any Banach space) be closed is 
given in [23]. A simpler example of a non-closed vector sum which, because of its 
dependence on the concept of an operator, could not b~ given in §15, can be ob­
tained as follows. Let A be an operator on a Hilbert space ,p, such that the range 
m of A is not closed. In the direct sum of ,\) with itself, let 911 be the set of all 
vectors of the form lx, Oland let 9l be the set of all vectors of the form [x, Ax] 
with x • .p. It is cas;\- to verify that both 911 and 9l are subspaces of the direct 
sum and that lx, y] • 9J? + 9l if and only if ?I. m; since m is not closed, neither 
is 9J? + 9?. 

The elegant proof (in §16) of the uniqueness of dimension in the infinite case 
is due to Lowig, [27]. The corresponding theorem for finite-dimensional spaces is 
settled, for instance, in (4: p. 179]. 

J. v. 1\ eumann, [35], discusses the structure of integral operators such as the 
ones mentioned in §20(i). The matrix point of view is treated in [51]. 

The discussion of an operator which is not reduced by any non-trivial subspace 
could easily have been much more complicated. The elegant trick in §23 was 
shown to me by W. A. Howard_ 

The definition of summability for a family of operators (§28) is as close as this 
book ever gets to mentioning the various well-known topologies for operators. 
Their importance was first emphasized by von Neumann, [34]; more recently 
the subject has been discussed by Dixmier, [9]. 

The range of the infimum of two not necessarily commutative projections is 
determined in [36: Vol. II, p. 38, or second printing, Vol. II, p. 55]. 
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The proof of the fact that the norm of a Hermitian operator A can be cnlculated 
from its spectrum is usually based on the relation 

II A II =sup II (Ax, x) 1=11 x II= 1]. 

The more elementary proof in §34 wns called to my attention by W. A. Howard. 
If a similar proof could be constructed of the corresponding theorem for normal 
operators (or of the characterization of II A II by the values of (Ax, :z:) on the 
unit sphere), the proof of the spect.rnl theorem for normal operators could be 
immensely simplified. 

The fact that every operator has a non-empty spectrum is proved in [44: p. 
149]. For a related, abstract discussion see [12]. 

The heuristic discussion in §35 is strongly influenced by the existence of gen­
eral theories which include, as special cases, the pertinent part of the theory of 
real functions as well as of spectral theory; see, for example, [45], [31], (42], and 
[21]. 

Mensurable spaces are defined and discussed in [15: p. 73, et seq.]. 
The juggling with differentials which occurs in §37 and several other places 

is justified in [15: pp. 132-134]. 
The concept of rcgulnri ty for spectral measures imitates a well-known numerical 

concept; cf., for instance, [15: Chapter X]. It should be remarked that the class 
of all Borel sets in a locally compact Hausdorff space (as defined in [15]) is not 
necessarily a a--algebra (but merely a a--ring). The phrase "Borel set" is used in 
this book in its classical meaning ns an clement of the a--algebra generated by 
the class of all open sets. An important example of regular spectral measures in 
locally compact topological groups (to which the theory in Chapter III of this 
book is applicable) occurs in [1]. 

The fact that every finite measure on the class of allllorel subsets of the com­
plex plane is regular follows from [15: Theorem E, p. 218 and Theorem G, p. 
228]. 

The proof of 40.1 makes usc of the uniqueness assertion of the representation 
theorem stated in §0. Though this constitutes only the first and weakest use of 
that theorem, it provides a good excuse for mentioning the relevant literature. 
It is customary to brenk up the theorem into two parts, one of which (the Weier­
strass approximation theorem) asserts that continuous functions can be approxi­
mated by polynomials, nnd the other of which (the Riesz representation theorem) 
asserts the cxistcncP of a suitable complex measure associated with a bounded 
linear functional of continuous functions. The one-dimensional Weierstrass 
theorem is treated in many standard texts; cf., for instance, [50: p. 152]. An ::unus­
ing interpretation of the proof in the language of probability theory is given in 
(48: p. 116]. The Weierstrass theorem for any finite number of dimensions is proved 
in [13: p. 123]. A general and modern discussion of the circle of ideas centering 
around the Weierstrass theorem appears in [-16]. A proof of the Riesz representa­
tion theorem for the general case t•nn he dug out of [15: Theorem D, p. 247 and 
Exercise 5, p. 249]. l{nkutnni, [22: p. 1012], gives n statement which is more readily 
applicable to present needs, but for real-valued linear functionals only; the com­
plex case is, however, a trivial corollary which follows simply from the considera­
tion of the real nnd imaginary parts of the given linear functional. 
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The problem discussed in §§41 and 42 may (in virtue of 40.1) be stated as fol­
lows: If Eisa. compact, complex spectral measure, if A = f>.dE("A), and if B is 
an operator such that A <--> B, then docs it or does it not follow that A • <--> B? 
Since A is normal, the question ma.r also be viewed as a special case of the prob­
lem of transitivity of commutativity: if A*<-> A and A<-+ B, can one infer that 
.4. • <-+ 8? The problem was explicitly raised more than ten years ago by von 
N<:>umann; it appeared in print in (39]. The first solution is due to Fuglcdc, (11]; 
the solution presented in §§41 and 42 appears in (16]. 

The neat and powerful characterization of spectral subspaccs (41.1) was proved 
for Hermitian operators in (24]. 

The neat arrangement of the ideas in the proof of the spectral theorem for 
Hermitian operators, ns given in §43, is due to Eberlein, [10]. 

The crucial measure-theoretic extension theorem needed for tlw proof of the 
spectral theorem for normal operators in §44 rna.'· be found in [36: Vol. I, p. 1-tG, 
or second printing, Vol. I, p. 167]. 

The Radon-Nikodym theorem is standard measure-theoretic equipment; cf., 
for instance, [15: p. 128]. A very neat proof based almost exclusively on geometric 
facts about Hilbert space occurs in [38: p. 127]. 

The concept of a multiplicity function appears explicitly in [·!1]. The first 
successful attempt to construct a theory of multiplicities for non-separable 
Hilbert spaces was made by Wecken, [49]. The theory for separable Hilbert spaces 
is presented by Stone, [44: Chapter VII], who also gives references to the classical 
literature and, in particular, to Hellinger's original solution of the problem of 
unitary equivalence. 

The "prime" operation described in §53 is inspired by [34: pp. 388-389]. 
The representation theorem for Boolean algebras which is mentioned in §54 

can be found in [25]. It is worth noting that the conditions that the relevant 
representation theorem requires o.f the Boolean algebra F nrc much weaker than 
the ones that come free with the F in the text; all that is necessary is that F 
be a a-algebra. Another proof of the representation theorem, closer in spirit to 
Stone's topological approach, is outlined in [15: Exercise 15c, p. 171]. 

The term "separable" as used in §SS is due to Nakano, [::!3]. The work of Na­
kano, as represented by this paper and an earlier one, [32], is one of the main 
sources on which the exposition in Chapter III is based. 
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LECTURES ON THE 
CALCULUS OF VARIATIONS 

By 0. BOLlA 

A standard text by a major contributor to the 
theory. Suitable for individual study by anyone 
with a ~rood back~rround in the Calculus and the 
ekmcnts of Real Variables. The present, second 
edition differs from the first primarily by the in­
clusion within the text itself of various addenda 
to the fi1·st edition, as well as some notational im­
provements. 
-2nd lcorr.l ed. 1961. 280 pp. 53fex8. (145) Cloth $3.25 
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VORLESUNGEN UEBER 
VARIA TIONSRECHNUNG 

By 0. BOLlA 

A standard text and reference work, by one of the 
major contributors to the theory. 
-1963. Corr. ropr. of lsi ed. ix+715 pp. 5%x8. (160] $8.00 

THEORIE DER KONVEXEN KbRPER 
By T. BONNESEN and W. FENCHEL 
"Remarkable monograph." 

-J. D. Tamarkin, Bulletin of the A. 111. S. 
-1934. 171 pp. 5'hx8'h· Orig. publ. at $7.50 (54) $3.95 

THE CALCULUS OF FINITE DIFFERENCES 
By G. BODLE 

A standard work on the subject of finite differ­
ences and difference equations by one of the semi­
nal minds in the field of finite mathematics. 

Numerous exercises with answers. 
-Fourth edition. 1958. xii + 336 pp. 5x8. [121] Cloth $3.95 

[148] Paper $1.39 

A TREATISE ON 
DIFFERENTIAL EQUATIONS 

By G. BOOLE 
Including the St!pplementary Volume. 
-Fifth edition. 1959. xxiv + 735 pp. S1j4x8. [128] $6.00 

CAJOR1, "History of Slide Rule," see Ball 

VORLESUNGEN UBER REELLE FUNKTIONEN 
By C. CARATHEODORY 

This great classic is at once a book for the begin­
ner, a reference work for the advanced scholar and 
a source of inspiration for the research worker. 
-In prep. 2nd ed. 53fex8. 728 pp. (38] Prob. $9.50 
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THEORY OF FUNCTIONS 
By C. CARATHEODORY 

Translated by F. STEINHARDT. The recent, and 
already famous textbook, Funktionentheorie. 

Partial Contents: Part One. Chap. I. Algebra of 
Complex Numbers. II. Geometry of Complex Num­
bers. III. Euclidean, Spherical, and Non-Euclid­
ean Geometry. Part Two. Theorems from Point Set 
Theory and Topology. Chap. I. Sequences and Con­
tinuous Complex Functions. II. Curves an.d 
Regions. 111. Line Integrals. Part Three. Analytic 
Functions. Chap. I. Foundations. II. The Maxi­
mum-modulus principle. III. Poisson Integral and 
Harmonic Functions. IV. Meromorphic Functions. 
Part Four. Generation of Analvtic Functions by 
Limiting Processes. Chap. I. Uniform Convergence. 
II. Normal Families of Meromorphic Functions. 
III. Power Series. IV. Partial Fraction Decompo­
sition and the Calculus of Residues. Part Five. 
Special Functions. Chap. I. The Expon<'ntial Func­
tion and the Trigonometric Functions. II. Logarith­
mic Function. III. Bernoulli Numbers and the 
Gamma Function. 

Vol. II.: Part Six. Foundations of Geometric 
Function Theory. Chap. I. Bounded Functions. II. 
Conformal Mapping. III. The Mapping of the 
Boundary. Part Seven. The Triangle Function and 
Picard's Theorem. Chap. I. Functions of Several 
C?mplex Variables. II. Conformal Mapping of 
Circular-Arc Triangles. III. The Schwarz Triangle 
Functions and the Modular Function. IV. Essential 
Singularities and Picard's Theorems. 

"A book by a master ... Caratheodory himself 
regarded [it} as his finest achievement ... written 
from a catholic point of view."-Bulletin of A.M.S. 
-Vol. I. Second edition. 1958. 310 pp. 6x9. [97 J $4.95 
-Vol. II. Second edition. 1960. 220 pp. 6x9. [I 06] $4.95 

ALGEBRAIC THEORY OF 
MEASURE AND INTEGRATION 

By C. CARATHEODORY 

Translated from the German by FRED E. J. 
t-INTON. By generalizing the concept of point func-

1_?n to that of a function over a Boolean ring 
( soma'_' function), Prof. Caratheodory gives an 
algebraic treatment of measure and integration. 

meCONTENTS: CHAP. I. Somas (Axiomatic 
II tgod, somas as e!Pments of a Boolean ring, ... ) . 
·d )et It Somas. III. Place Functions (Function­Ms · F. Computation with Place Functions. V. 
~l;lSU re unctions. VI. The Integral. VII. A ppli­

C~ Ion of. Integration to Limit Processes. VIII. 
M mputat10n of Measure Functions IX Regular 

easure F t" · · Fun~t· unc Ions. X. Isotypic Regular Measure 
Soma Ions. XI. Content Functions. APPF:NDIX: 
• 5 as Elements of Partially Orde1·ed Sets. 
-l963. 378 PP. 6x9. 

[161 J $7.50 

ELECTRIC CIRCUIT THEORY and the 
OPERATIONAL CALCULUS 

By 1. R. CARSON 

-2nd ed. 206 pp. 5 lj4 x8. 
[92] Cloth $3.95 

[ I I 4] Paper $1.7 5 



CHELSEA SCIENTIFIC BOOKS 

COLLECTED PAPERS (OEUVRES) 
By P. L. CHEBYSHEV 

One of Russia's greatest mathematicians, Cheby­
shev (Tchebycheff) did work of the highest im­
portance in the Theory of Probability, Number 
Theory, and other subjects. The present work con­
tains his post-doctoral papers (sixty in number) 
and miscellaneous writings. The language is 
French, in which most of his work was originally 
published; those papers originally published in 
Russian are here presented in French translation. 
-1962. Repr. of 1st ed. 1,480 pp. 5%x8V4 . 

[157] Two Vol. set. $27.50 

TEXTBOOK OF ALGEBRA 
By G. CHRYSTAl 
In addition to the standard topics, Chrystal's 
.4/gebra contains many topics not often found in 
an Algebra book: inequalities, the elements of sub 
stitution theory, and so forth. Especially extensivt. 
is Chrystal's treatment of infinite series, infinite 
products, and (finite and infinite) continued frac· 
tions. 

The range of entries in the newly added Subject 
Index is very wide. To mention a few out of many 
hundreds: Horner's method, multinomial theorem, 
binary scale, Demoivre's theorem, mortality table, 
arithmetico-geometric series, Pellian equation, 
Bernoulli numbers, irrationality of e, Guderman­
nian, Euler numbers, continuant, Stirling's theo­
rem, Riemann surface. 

OVER 2,400 EXERCISES (with solutions). 
-7th cd. 1964. 2 vols. xxiv+584 pp.; xxiv+626 pp. 5%x8. 

[84] Cloth Each vol. $3.95 
[181] Paper Eachvol. $2.35 

HISTORY OF THE THEORY OF NUMBERS 
By l. E. DICKSON 

"A monumental work ... Dickson always has in 
mind the needs of the investigator ... The author 
has [often] expressed in a nut-shell the main re­
sults of a long and involved paper in a much 
clearer way tha11 the 1criter of the article did him­
sci[. The ability to reduce complicated mathemati­
cal arguments to simple and elementary terms is 
highly developed in Dickson."-Bulleti11 of A.M. S. 
-Vol. I !Divisibility and Primalityl xii + 486 pp. Vol. II 
C Diophantonc Analysos l xxv + 803 pp. Vol. Ill I Quadratoc and 
Higher Fo•msl v + 313 pp. [86] Three vol. set $19.95 

STUDIES IN THE THEORY OF NUMBERS 
By L. E. DICKSON 

A systematic exposition, starting from first prin· 
ciples, of the arithmdic of C]Uadratic forms, chiefly 
(but not entirely) ternary forms, including numer· 
ous original investigations and correct proofs of a 
number of classical t·esults that have been stated 
or proved erroneously in the litl'ratUl·e. 
-1930-62 ""+230 pp. 53fsx8 [151] $3.95 
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AUTOMORPHIC FUNCTIONS 
By L. R. FORD 

"Comprehensive ... remarkably clear and ex­
plicit."-Bulletin of the A. II!. S. 
-2nd cd. !Cor. rcpr.l x + 333 pp. 53fsx8. [85] $6.00 

THE CALCULUS OF EXTENSION 
By H. G. FORDER 
-1941-60. xvi+490 pp. 5%x8. [ 135] $4.95 

RUSSIAN MATHEMATICAL BIBliOGRAPHY 
By G. E. FORSYTHE 

A bibliography of Russian Mathematics Books for 
the quarter century 1920-55. Added subject index. 
-1956. 106 pp. 5x8. [ 111] $3.95 

CURVE TRACING 
By P. FROST 

This much-quoted and charming treatise gives a 
very readable treatment of a topic that can only 
be touched upon briefly in courses on Analytic 
Geometry. Teachers will find it invaluable as sup­
plementary reading for their more interested 
students and for reference. The Calculus is not 
used. 

Seventeen plates, containing over 200 figures, 
illustrate the discussion in the text. 
-5th !unaltered) ed. 1960. 210 pp. + 17 fold-out plates. 
53fex8. [140] $~.95 

THE THEORY OF MATRICES 
By F. R. GANTMACHER 

This treatise, by one of Russia's leading mathe­
maticians gives, in easily accessible form, a co­
herent account of matrix theory with a view to 
applications in mathematics, theoretical physics, 
statistics, electrical engineering, etc. The indi­
vidual chapters have been kept as far as possible 
independent of each other, so that the reader ac­
quainted with the contents of Chapter I can pro­
ceed immediately to the chapters that especially 
interest him. Much of the material has been avail­
able until now only in the periodical literature. 

Partial Content .•. VoL. ONE. I. Matrices and 
Matrix Operations. II. The Algorithm of Gauss 
and Applications. III. Linear Operators in an 
n-Dimensional Vector Space. IV. Characteristic 
Polynomial and Minimal Polynomial of a Matrix 
(Generalized Bezout Theorem, Method of Faddeev 
for Simultaneous Computation of Coefficients of 
Characteristic Polynomial and Adjoint Matrix, 
... ) . V. Functions of Matrices (Various Forms 
of the Definition, Components, Application to In­
tegr::t!on of Sys~em of Linear Differential Eqns, 
Stab11Ity of Motwn, ... ) . VI. Equivalent Trans­
formations of Polynomial Matrices· Analytic The­
ory of Elementary Divisors. VII. 'The Structure 
of a Linear Operator in an n-Dimensional Space 
(Minimal Polynomial, Congruence, Factor Space, 
Jordan Form, Krylov's Method of Transforming 
S~cular Eqn, : .. ) . VIII. Matrix Equations ( Ma­
tnx Polynomial Eqns, Roots and Logarithm of 
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Matrices, ... ) . IX. Linear Operators in a Unitary 
Space. X. Quadratic and Hermitian Forms. 

VoL. Two. XI. Complex Symmetric, Skew-sym­
metric, and Orthogonal Matrices. XII. Singular 
Pencils of Matrices. XIII. Matrices with Non­
Negative Elements (Gen'l and Spectral Properties, 
Reducible M's, Primitive and Imprimiti\·e JII's, 
Stochastic M's, Totally Non-Negative M's, ... ) . 
XIV. Applications of the Theory of Matrices to 
the Investigation of Systems of Linear Differential 
Equations. XV. The Problem of Routh-Hurwitz 
and Related Questions (Hauth's Algorithm, 
Lyapunov's Theorem, Infinite Hankel/If's, Supple­
ments to Routh-Hurwitz Theorem Stabilitv 
Crit~rion o~ L~en~rd and Chipart, Hu'rwitz Pol):_ 
nommls, StJCltjes Theorem, Domain of Stability, 
Markov Parameterg, Problem of Moments, Markov 
and Chebyshev Theorems, Gener·nlizecl Routh­
Hurwitz Problem, ... ) . BIBLIOGRAPHY. 
-Vol. I. 1960. x + 374 pp. 6x9. [ 1311 $6.00 
-Vol. 11. 1950. X+ 277 pp. 6x9. [133] $6.00 

LECTURES ON 
ANALYTICAL MECHANICS 

By F. R. GANTMACHER 

Translated from the Russian by PROF. B. D. 
SECKLER, with additions and revisions by Prof. 
Gantmacher. 

Partial Contents: CHAP. I. Differential Equa­
tions of Motion of a System of Particles. II. Equa­
tions of Motion in a Potential Field. III. Varia­
tional Principles and Integral-Invariants. IV. 
Canonical Transformations and the Hamilton­
Jacobi Equation. V. Stable Equilibrium and 
Stability of Motion of a System (Lagrange's 
Theorem on stable equilibrium, Tests for unstable 
E., Theorems of Lyapunov and Chetayev, Asymp­
totically stable E., Stability of linear systems, 
Stability on basis of linear approximation, ... ) . 
VI. Small Oscillations. VII. Systems with Cyclic 
Coordinates. BIBLIOGRAPHY. 
-Approx. 300 pp. 6x9. [ 175] In prep. 

ARITHMETISCHE UNTERSUCHUNGEN 
By C. F. GAUSS 

The German translation of his Disquisitiones 
Arithmeticae. 
-Rcpr.of lstGcrmoncd.x+585pp.5o/sx8. [191] Prob.$9.50 

COMMUTATIVE NORMED RINGS 
By I. M. GELFAND, D. A. RAtKOV, and G. E. SH/LOV 

Translated from the Russian. 

Pm·tia/ Contents: CHAPS. I AND II. General 
Theory of Commutative Normed Rings. III. Ring 
of Absolutely Integr·able Functions and their Dis­
crct<> Analogu<>s. IV. Harmonic Analysis on Com­
mutative Locally Compact Groups. V. Ring of 
Functions of Rounded Variation on a Line. VI. 
Regular Rings. VII. Rings with Uniform Con­
vcrg<>nce. VIII. Normed Rings with an Involution 
and their Representations. IX. Decomposition of 
Norm<>d Ring into Dir·ect Sum of Ideals. IIIS­
TORICO-DIBLIOGR.-\PIIIC.-\L NOTES. BIBLIOGRAPHY. 
-1964. 305 pp. 5x9. [170] $6.50 
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THEORY OF PROBABILITY 
By B. V. GNEDENKO 

This textbook, by Russia's leading probabilist, is 
suitable for senior undergraduate and first-year 
graduate courses. It covers, in highly readable 
form, a wide range of topics and, by carefully 
selected exercises and examples, keeps the reader 
throughout in close touch with problems in science 
and engineering. 

The translation has been made by PROF. B. D. 
SECKLER from a revised and amplified version of 
the second Russian edition. 

Within a few months after publication it has 
been adopted as a text at a number of leading 
universities and colleges and seems destined to be 
a leading textbook at American and British uni­
versities. 

"extremely well written ... suitable for indi­
vidual study ... Gnedenko's book is a milestone in 
the writing on probability theory."-Science. 

Partial Gem tents: I. The Concept of Probability 
(Different approaches to the definition. Field of 
events. Geometrical Probability. Statistical defini­
tion. Axiomatic construction ... ) . II. Sequences 
of Independent Trials. III. Markov Chains. IV. 
Random Variables and Distribution Functions 
(Continuous and discrete distributions. Multi­
dimensional d. functions. Functions of random 
variables. Stieltjes integral). V. Numerical Char­
acteristics of Random Variables (Mathematical 
expectation. Variance ... Moments). VI. Law of 
Large Numbers (Mass phenomena. Tchebychev's 
form of law. Strong law of large numbers ... ). 
VII. Characteristic Functions (Properties. Inver­
sion formula and uniqueness theorem. Reily's 
theorems. Limit theorems. Char. functs. for multi­
dimensional random variables ... ) . VIII. Classical 
Limit Theorem (Liapunov's theorem. Local limit 
th.eor':m). IX. Theory of Infinitely Divisible Dis­
tributiOn Laws. X. Theory of Stochastic Processes 
(Generalized Markov equation. Continuous S. 
processes. Purely discontinuous S. processes. Kol­
mogorov-Feller equations. Homogeneous S. proc­
esses with independent increments. Stationary S. 
process. Stochastic integral. Spectral theorem of 
S. processes. Birkhoff-Khinchine ergodic theorem). 
~I. Elements of Statistics (Some problems. Varia­
tiO.nal se;ies and empirical distribution functions. 
G_l~venko s theorem and Kolmogorov's compati­
bih~y criterion. Two-sample problem. Critical 
regiOn. Comparison of two statistical hypotheses 
···Confidence limits). TABLES. BIBLJOGR,\PIIY. AN­
SWERS TO THE EXERCISES. 
-2nd ed. 1963. iv+471 pp. 6x9. [1321 $8.75 

THE ALGEBRA OF INVARIANTS 
By J. H. GRACE and A. YOUNG 

An introductory account. 

Partial Contents: I. Introduction. II. The Fun­
damental Theorem. III. Transvectants. V. Elemen­
tary Complete Systems. VI. Gordan's Theorem. 
VII. ~he Quintic. VIII. Simultaneous Svstems. 
IX. Hilbert's Theorem. XI. Apolarity. XII. Ter­
nary Forms. XV. Types of Covariants. XVI. Gen­
eral Theorems on Quantics. APPENDICES. 
-1903-65. Repr. of lsi ed. vii+384 pp. 5x8. [1801 $4.95 
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LES INTEGRALES DE STIElTJES et levrs Appli­
cations aux Problemes de Ia Physique Mathe­
matique 

By N. GUNTHER 
The present work is a reprint of Vol. ~ of the 
publications of the V. A. Steklov. I~stltute of 
Mathcm~\tks, in Moscow. The text 1s m French. 
-1932-49. 498 pp. 5%x8. [63) $6.50 

LE~ONS SUR LA_ PROPAGATION DES 
ONDES ET LES EQUATIONS DE 
L'HYDRODYNAMIQUE 

By J. HADAMARD 

"[Hadamard's] unusual analytic proficiency en­
ables him to connect in a wonderful manner the 
physical problem of propagation of waves and the 
mathematical problem of Cauchy concerning the 
characteristics of partial differential equations of 
the second order."-Bulletin of the A. 111. S. 
-viii+ 375 pp. 5V2xBV2- [581 $4.95 

REELLE FUNKTIONEN. Punktfunktionen 
By H. HAHN 
.-26 pp. 5 V2x8 V:z. Orig. pub. at $12.80. 

ALGEBRAIC LOGIC 
By P. R. HALMOS 

[52] $4.95 

"Algebraic Logic is a modern approach to some 
of the problems of mathematical logic, and the 
theory of polyadic Boolean algebras, with which 
this volume is mostly concerned, is intended to be 
an efficient way of treating algebraic logic in a 
unified manner. 

"[The material] is accessible to a general 
mathematical audience; no vast knowledge of alge­
bra or logic is required ... Except for a slight 
Boolean foundation, the volume is essentially self­
contained."-From the Preface. 
-1962 271 pp. 6x9 

LECTURES ON ERGODIC THEORY 
By P. R. HALMOS 

[154] $3.95 

CONTENTS: Introduction. Recurrence. Mean 
Convergence. Pointwise Convergence. Ergodicity. 
Mixing. Measure Algebras. Discrete Spectrum. 
Automorphisms of Compact Groups. Generalized 
Proper Values. Weak Topology. Weak Approxima­
tion. Uniform Topology. Uniform Approximation. 
Category. Invariant Measures. Generalized Er­
godic Theorems. Unsolved Problems. 

"Written in the pleasant, relaxed, and clear style 
usually associated with the author. The material 
is organized very well and painlessly presented. A 
usually associated with the author." 
-1960. <Repr. of 1956 ed.l viii+ 101 pp. 5V4x8. [142] $2.95 
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INTRODUCTION TO HilBERT SPACE AND 
THE THEORY OF SPECTRAl MUl TIPUCITY 

By P. R. HALMOS 

Prof. Halmos' recent book gives a clear, readable 
introductory treatment of Hilbert Space. The 
multiplicity theory of continuous spectra is 
treated, for the first time in English, in full 
generality. 
-1957. 2nd ed. (c. repr. of 1st ~d.J. 120 pp. 6x9. [821 $3.25 

RAMANUJAN: 
Twelve lectures on His Life and Works 

By G. H. HARDY 

The book is somewhat more than an account of the 
mathematical work and personality of Ramanujan; 
it is one of the very few full-length books of "shop 
talk" by an important mathematician. 
-viii+ 236 pp. 6x9. [ 136] $3.95 

GRUNDZUGE DER MENGENLEHRE 
By F. HAUSDORFF 

Some of the topics in the Grundziige omitted from 
later editions: 

Symmetric Sets-Principle of Duality-most of 
the "Algebra" of Sets-most of the "Ordered 
Sets"-Partially Ordered Sets-Arbitrary Sets 
of Complexes-Normal Types-Initial and 
Final Ordering-Complexes of Real Numbers­
General Topolo){ical Spaces-Euclidean Spaces 
-the Special Methods Applicable in the Euclid­
ean plane-Jordan's separation Theorem-The 
Theory of Content and Measure-The Theory 
of the Lebesgue Integral. 

-First edition. viii+476 pp. [61 1 $6.00 

SET THEORY 
By F. HAUSDORFF 

Now for the first time available in English, 
Hausdorff's classic tExt-book has been an inspira­
tion and a delight to those who have read it in the 
original German. The translation is from the 
Third (latest) German edition. 

"We wish to state without qualification that this 
is an indispensable book for all those interested in 
the theory of sets and the allied branches of real 
variable theory."-Bulletin of A. M.S. 
-2nd ed. 1962. 352 pp, 6x9. [ 119] $6.5'0 

VORLESUNGEN UBER DIE THEORIE DER 
AlGEBRAISCHEN ZAHLEN 

By E. HECKE 

"An elegant and comprehensive account of the 
modern theory of algebraic numbers." 

-Bulletin of the A.M. S. 
-1923. 264 pp. 5'hx81jz. [46] $3.95 
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FOUNDATIONS OF THE THEORY OF 
PROBABILITY 

By A . . KOLMOGOROV 

Translation edited by N. MORRISON. With a bibli­
ography and notes by A. T. BHARUCHA-RElD. 

Almost indispensable for anyone who wishes a 
thorough understanding of modern statistics, this 
basic tract develops probability theory on a postu­
lational basis. 
-2nd cd. 1956. viii + 84 pp. 6x9. (23] $2.95 

EINFUHRUNG IN DIE THEORIE DER 
KONTINUIERLICHEN GRUPPEN 

By G. KOWALEWSKI 
-406 pp. 5V4 xsv •. Orig. publ. at $10.20. (70] $4.95 

DETERMINANTENTHEORIE 
EINSCHLIESSLICH DER FREDHOLMSCHEN 
DETERMINANTEN 

By G. KOWALEWSKI 

"A classic in its field."-Bulletin of the A. 111. S. 
-Third edition. 1942. 328 pp. 5V2 xS. [39] $4.95 

GROUP THEORY 
By A. KUROSH 

Translated from the second Russian edition and 
with added notes by PROFESSOR K. A. HIRSCH. 

Partial Contents: PART ONE: The Elements of 
Group Theory. Chap. I. Definition. II. Subgroups 
(Systems, Cyclic Groups, Ascending Sequences of 
Groups). III. Normal Subgroups. lV. Endomor­
phisms and Automorphisms. Groups with Opera­
tors. V. Series of Subgroups. Direct Products. 
Defining Relations, etc. PART TWO: Abelian Groups. 
VI. Foundations of the Theory of Abelian Groups 
(Finite Abelian Groups, Rings of Endomorphisms, 
Abelian Groups with Operators). VII. Primary 
and Mixed Abelian Groups. VIII. Torsion-Free 
Abelian Groups. Editor's Notes. Bibliography. 

Vol. II. PART THREE: Group-Theoretical Con­
structions. IX. Free Products and Free Groups 
(Free Products with Amalgamated Subgroup, 
Fully Invariant Subgroups). X. Finitely Genera­
ted Groups. XI. Direct Products. Lattices (Modu­
lar, Complete Modular, etc.). XII. Extensions of 
Groups (of Abelian Groups, of Non-commutative 
Groups, Cohomology Groups). PART FoUR: Solv­
able and Nilpotent Groups. XIII. Finiteness Con­
ditions, Sylow Subgroups, etc. XIV. Solvable 
Groups (Solvable and Generalized Solvable Groups, 
Local Theorems). XV. Nilpotent Groups (General­
ized, Complete, Locally Nilpotent Torsion-Free, 
etc.). Editor's Notes. Bibliography. 
-Vol. I. 2nd ed. 1959. 271 pp. 6x9. 
-Vol. II. 2nd ed. 1960. 308 pp. 6x9. 

(107] $5.50 
(109] $5.50 
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LECTURES ON 
GENERAL ALGEB~A 

By A. G. KUROSH 

Translated from the Russian by PROFESSOR K .. A. 
HIRSCH, with a special preface for this edition 
by PROFESSOR Kt.:JWSH. 

Partial Contents: CHAP. I. Relations. II. Gr!='ups 
and Rings (Groupoids, Semigroups, Groups, Rmgs, 
Fields ... , Gaussian rings, Dedekind rings). 
III. Universal Algebras. Groups with Multi­
operators (. . . Free universal algebras, Free 
products of groups). IV. Lattices (Complete lat­
tices, Modular lattice, Schmidt-Ore Theorem, ... , 
Distributive lattices). V. Operator Groups and 
Rings. Modules. Linear Algebras ( ... Free mod­
ules, Vector spaces over fields, Rings of linear 
transformations, ... , Derivations, Differential 
rings). VI. Ordered and Topological Groups and 
Rings. Rings with a Valuation. BIBLIOGRAPHY. 
-1963. 335 pp. 6x9. [1681 $6.95 

DIFFERENTIAL AND INTEGRAL CALCULUS 
By E. LANDAU 

A masterpiece of rigor and clarity. 
-2nd ed. 1960. 372 pp. 6x9. 

ELEMENT ARE ZAHLENTHEORIE 
By E. LANDAU 

[78] $6.00 

"Interest is enlisted at once and sustained by the 
accuracy, skill, and enthusiasm with which Landau 
marshals ... facts and simplifies ... details." 

-G. D. Birkhoff, Bulletin of the A.M. S. 
-1927. vii+180+iv pp. 51hx8V4 . 

ELEMENTARY NUMBER THEORY 
By E. LANDAU 

[26] $3.50 

The present work is a translation of Prof. Lan­
dau's famo~s Elementare Zahlentheorie, with 
added exercises by Prof. Paul T. Bateman. 
-1958. 256 pp. 6x9. [ 125] $4.95 

GRUNDLAGEN DER ANAL YSJS 
By E. LANDAU 

The stude_nt who wishes to study mathematical 
Germa~ ~111 find L~ndau's famous Grundlagen der 
Analysts Ideally su1ted to his needs . 

. Only a few scor~ of German words will enable 
h1m to read the ent1re book with only an occasional 
glan<:e at the Vocabulary! [A COMPLETE Gennan­
Engh_sh v_ocab_ulary, prepared with the novice 
especially m mmd, has been appended to the book.] 
-Third ed. 1960. 173 pp. 5%x8. [24) Cloth $3.50 

[141] Paper $1.95 
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MEMOIRES SUR LA THEORIE DES SYSTEMES 
DES EQUATIONS DIFFERENTIELLES 
LINEAIRES, Vols. I, II, Ill 

By J. A. LAPPO-DAN/LEVSKii 
THREE \'OLUMES IN ONE. 

"The theory of [systems of linear differential 
equations] is treated with elegance and generality 
bv the author, and his contributions constitute an 
iri1portant addition to the field of differential equa­
tions."-Applicd Mechanics Reviews. 
-3 volumes bound as one. 689 pp. SV4x8V•· [94] $10.00 

TOPOLOGY 
By S. LEFSCHETZ 
CONTENTS: I. Elementary Combinatorial 
Theory of Complexes. II. Topological Invariance 
of Homology Characters. III. Manifolds and their 
Duality Theorems. IV. Intersections of Chains 
on a Manifold. V. Product Complexes. VI. Trans­
formations of Manifolds, their Coincidences, Fixed 
Points. VII. Infinite Complexes. VIII. Applica­
tions to Analytical and Algebraic Varieties. 
-2nd cd. I Carr. repr. of lsi ed.l 410 pp. 5%x8. [116] $4.95 

ELEMENTS OF ALGEBRA 
By HOWARD LEVI 
"This book is addressed to beginning students of 
mathematics .... The level of the book, however, is 
so unusually high, mathematically as well as peda­
gogically, that it merits the attention of profes­
sional mathematicians (as well as of professional 
pedagogues) interested in the wider dissemina­
tion of their subject among cultured people ... a 
closer approximation to the right way to tearh 
mathematics to beginners than anything else now 
in existence."-Bulletin of the A. 11:1. S. 
-4th ed. 1962. 189 pp. 5%x8. [103] $3.50 

THE THEORY OF MATRICES 
By C. C. MocDUFFEE 
"No mathematical library can afford to be without 
this book."-Bulletin of the A. M. S. 
-I Ergeb. der Moth.) 2nd edition. 116 pp. 6x9. Orig. publ. 
at $5.20. [28] $2.95 

COMBINATORY ANALYSIS, Vols. I and II 
By P. A. MACMAHON 
TWO VOLUMES IN ONE. 
A broad and extensive treatise on an important 
branch of mathematics. 
-xx + 300 + xx + 340 pp. 5%x8. [137] Two vols. in one. 

$7.50 
MACMAHON, "lntrodu<tlon ..• ," see Klein 

FORMULAS AND THEOREMS FOR THE 
FUNCTIONS OF MATHEMATICAL PHYSICS 

By W. MAGNUS and F. OBERHETTINGER 
Gathered into a compact, handy and well-arranged 
reference work are thousands of results on the 
many important functions needed by the physicist, 
engineer and applied mathematician. 

Translated by J. WERMER. 
-1954. 182 pp. 6x9. [51] $3.90 
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LESSONS INTRODUCTORY TO THE 
MODERN HIGHER ALGEBRA 

By G. SALMON 
A classical account of the theory of invariants. 
-5th cd. xv+376 pp. SV4x8. (ISO] $4.95 

INTRODUCTION TO MODERN ALGEBRA 
AND MATRIX THEORY 

By 0. SCHREIER and E. SPERNER 

An English translation of the revolutionarJ: work, 
Einfii.hnmg in die Analytischc Geomctrze und 
Algebra. Chapter Headings: I. Affine Space. Linear 
Equations. (Vector Spaces). II. Euclidean Space. 
Theory of Determinants. III. The Theory of Fields. 
Fundamental Theorem of Algebra. IV. Elements 
of Group Theory. V. Matrices and Linear Trans­
formations. The treatment oi matrices is especially 
extensive. 

"Outstandiolg ... good introduction ... well 
suited for use as a text ... Self-contained and each 
topic is painstakingly developed." 

-Mathematics Teacher. 
-Second cd. 1959. viii + 378 pp [80] $6.50 

PROJECTIVE GEOMETRY OF n DIMENSIONS 
By 0. SCHREIER and E. SPERNER 

Translated from the German by CALVIN A. RoGF.RS. 

Suitable for a one-semester course on the senior 
undergraduate or first-year graduate level. The 
background required is minimal: The definition 
and simplest properties of vector spaces and the 
elements of matrix theory. 

There are exercises at the end of each chapter 
to enable the student to test his mastery of the 
material. 

CHAPTER HEADINGS: 1. n-Dimensional Projective 
Space. II. General Prujective Coordinates. III. 
Hyperplane Coordinates. The Duality Principle. 
IV. The Cross Ratio. V. Projectivities. VI. Linear 
Projectivities of P. onto Itself. VII. Correlations. 
VIII. Hypersurfaces of the Second Order. IX. 
Projective Classification of Hypersurfaces of the 
Second Order. X. Projective Properties of Hyper­
surfaces of the Second Order. XI. The Affine 
Classification of Hypersurfaces of the Second Or­
der. XII. The Metric Classification of Hyper­
surfaces of the Second Order. 
-1961. 208 pp, 6x9. 

VORLESUNGEN UEBER DIE 
ALGEBRA DER LOGIK 

By E. SCHRODER 

One of the classics of logic. 

[1261 $4.95 

--,-2rid cd. 1 Corr. rcpr. of I st cd. 1 Vol. 1 : ix + 7 23 pp. Vol. 2: 
iv+xxix+606 pp. Vol. 3: v1+6SO pp. S%x83fa. [171] 

I Spring, '651. Three vol. set. Prob. $35.00 
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