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CHAPTER I
INTRODUCTION
§1. Introduction

The relations between topology and group theory have always been
cordial at the very least, and this book is meant to take advantage of that
fact. This work is intended to give some indication of the present state
of knowledge concerning the fundamental group of the complement of an arbi-
trary polygonal knot in the three sphere. The relation of such a group to
"group theory" on the one hand, and to the problems of three-dimensional

manifolds on the other is an interesting one.

The homology groups of a knot group vanish in dimensions bigger
then two, so that in a sense a knot group is close to being free. But,
what is more to the point, the knot group arises in a natural way from a
geometrical situation, and this situation permits the application of a
good many geometric techniques. These techniques lead to algebraic results,
and suggest algebraic techniques. So that, just as, classically, an ab-
stract group theory arose from geometric considerations, one may hope that
more sophisticated geometric attitudes will enrich group theory. Now re-
cent results concerning three-dimensional manifolds have considerably ad-
vanced our knowledge , and the work of Wallace [67], and Lickorish [34],
as well as the older work of Alexander [(1], have placed knot theory in a
more central location with respect to the theory of three-dimensional mani-
folds. I hope to present the reader some of the knot theory having to do
particularly with the group of a knot. It will be seen that the geometry
of the situation can rarely be ignored, and the interplay between algebra

and geometry should be apparent.



2 I. INTRODUCTION

Of fundamental importance to this presentation is the concept of
a covering space. In order to present this idea coherently, I find it con-
venient to develop a theory of covering spaces of three-dimensional mani -
folds from a purely combinatorial point of view. This theory arises from
an algorithm for computing a presentation of the fundamental group of the
complement of a (possibly empty) one-dimensional subcomplex of a triangu-
lated three-dimensional manifold. While a more general approach would have
been possible, there seemed to be no need here to consider dimensions bigger
than three.

One might adopt the view that a knot group is simply a peculiar

special case of a group having a presentation of the following sort

€ -ej
(Xy, -5 Xpi xi; xj XiJ = xj+1) J=1,2, ..., n, €3 =

This is shown for example in [54]. One may also derive the existence of
such a presentation from results in Chapter III. This point of viev may
occasionally prove fruitful, but I have not been able to utilize it often
enough in this book to make such a position worthwhile. It shoulg not,
however, be ignored as a possible entrée into the subject.

Material which has not appeared elsewhere includes al] of

Chapters VIII and III, and practically all unreferenced theorems,

Proofs are not given for all the theorems presented. Proofs are
given when the methods of proof are interesting, or when the proors have
not appeared elsewhere. Occasionally a proof has been omitted because T do

not understand it well enough to present it.

The reader familiar with knot theory will find at least the
following omitted: Trotter’s work on the cohomology of knot groups [63]’
the fascinating results of Crowell [8), Murasugi [39], and Kinoshita (31)
on alternating knots, an exposition of a good deal of Crowell’s recent in-
vestigations into the structure of the commutator module [9], Seifertsg
computations concerning the Alexander matrix [57], the relations between
knots and braids, a discussion of the Stallings Fibrations [59], apg final-

ly links.
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CHAPTER II
NOTATION AND CONVENTIONS
§1. Introduction

While most of the material in this chapter is a formality,
there are some mildly unusual uses of familiar terminology. The careful

reader is recommended to read §3 of this chapter before reading
Chapter III.

§2. Group Theory

G will commonly denote a knot group and G' its commutator
subgroup. However, [H, H] and H' will be used interchangeably to

denote the commutator subgroup of H.

Frequently reference will be made to a free product with
amalgamation. We denote such a construction A 5 B, and depend upon the
surrounding context to supply the information about the amalgamating maps
C—A, C—B. The formal construction of A 6 B may be found for ex-

ample in [33]). There one also may find the main properties that will be
used here.

Where confusion might arise we adopt the usual notation
(Xqy ooy x5 vy, ..., r) and |xy, ..., x 5 r;, ..., vl to distin-

guish the presentation of a group from the symbol denoting the group
itself,

The deficiency of a presentation is the number of generators

minus the number of relations.
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The cyclic group of order n 1s denoted Zn.
The infinite cyclic group 1s denoted 2.

When a situation 1 = F—=G £ 2— 0 arises, (the extension,

G, of the non-abelian group F, with identity 1, by the infinite

cyclic group) we will frequently refer to a generator

t of Z and be-
have as if t € G.

This may be done as long as care is exercised. The
above sequence splits, so there exists a monomorphi sm,

n from Z into
G such that o¢n = identity.

Thus by t € G we mean n(t) € G.
other hand n is not unique, for o(t) = n(t) - f

determines a map (since 2 1is free)

On the

, forany f e F, also
such that ¢p = identity.

In the same spirit, we may refer to the action of Z on F.

By this we mean the cyclic group of automorphisms of F generated by

conjugation of elements of F by n(t) i.e.,

= n(t) £q(t)~'. Here
is not unique, this automorphism is only determined

modulo an inner automorphism of F.
abelian.)

again, since g

(However, in many cases F will be

-1
Occasionally we denote Vv = av by aV,

§3. Geometric Conventions

This book is concerned only with the fundamentgy group of the

complement of tame (polygonal) kncts in the 3-sphere. ye will, especially
t
in Chapter III, refer to combinatorial 3-manifolds.” By [3g), any 3-

manifold has a combinatorial structure and a small enough neighbourhoog
of a vertex in the interior of such a menifold is isomorphic ¢q the cone

over some triangulated 2-sphere.

Furthermore, in a combinatorial 3-manifold the stap neighbour
hood ; yelieally o
of an interior 1-simplex contalns & C/*llcallj Ordered sequence of

3-simplices, a3 heloy

I
B
suchytiaglgged n-manifold is meant a compact separable Hausdorff space,
(ERY, “an n‘ery point has a neighbourhood homeomorphic to Euclidean n-space
such that evmanifold with boundary is a compact separable Hausdorff space,
N ery point has a neighbourhood whose closure is homeomorphic to
the closgeq b g
all 2 n
?1 X; <1 in ET .
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1

!Q“ 2

Fig. II-1

By the coboundary operator, &, we understand the functicn
from the set of i-simplices to subsets of the set of i+1-simplices,
which associates to each i-simplex the set of i+1-simplices whose boundary

contains the given i—simplex.f

Combining the notions of the last two paragraphs, we will, in
Chapter III, define the ordered coboundary of a 1-simplex, given a small

loop about that 1-simplex.

By a simplex we of course always mean a closed simplex. By an

open simplex we mean a closed simplex minus its faces.

By a knot we mean a circle, imbedded as a 1-dimensional sub-
complex in a 3-manifold which, unless otherwise stated, is meant to be the

3-sphere, s3.

Two knots, Kk, k', are ejuivalent if there exists a homeomor-
phism of s3 throwing k onto k'. This divides all knots into equiva-

lence classes, and we refer to a class as a knot type.

We will sometimes consider a knot to have an orientation asso-

T This is the carrier of the usual mod 2 coboundary.
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ciated with it.

This situetion will however be explicitly framed when it
arises.

By a knot group ve mean the fundamental group of the ccmplement
of a knot.
When a knot group is discussed it will be assumed, unless

otherwise indicated, that it is not the group of a trivial knot, that is,
the knot group is not infinite cyclic.



CHAPTER III

COMBINATORIAL COVERING SPACE THEORY FOR 3-MANIFOLDS

§1. Introduction

A classical method for constructing any three-dimensicnal
manifold consists in matching up 2-simplices in the boundary cf a tri-
angulated 3-cell. The proof of this fact depends on the constructicn of
a "maximal cave" in the manifold.’ The complement of this maximal cave
(wvhich must contain all the open 3-simplices) is the image of the bcundary
of the 3-cell under the identification mapping. Without referring direc:-
ly to the construction of a three-dimensional manifold by this means, this
chapter utilizes the complement of a maximal cave in a 3-manifcld to cem-
pute the fundamental group of the manifold with a 1-dimensional subcomplex
removed, and to construct (in a geometric vay) covering spaces of this

space.

§2. Computation of =, from a Maximal Cave

A well-known algorithm [58] for computing the fundamental group
of a connected simplicial complex consists roughly in

1. constructing a maximal tree in the 1-skeleton;

2. generating a free group on the missing edges;

3. writing down one relation for each 2-simplex.
This process may be dualized if the simplicial complex is a manifoid. 1In

Particular let us suppose we are given a triangulated, connected 3-manifgld

~y

It also depends upon the fact that a 3-manifold can be triangulated.

9
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M. We shall compute “1(M) by this dual process.

ing a maximal cave in M.

We begin by construct-
We select the interior of a 3-simplex, and break
down the interior of the wall (l.e., the open 2-simplex) between that 3-

simplex and an adjoining 3-simplex. We continue breaking down walls as

long as we break into a 3-simplex we have not seen before. It is clear

that we must eventually see all the 3-simplices, for our manifold is con-
nected, and so the set of unseen 3-simplices alvays intersects the set of

3- simplices we have seen in some non-empty set of 2-simplices. Further-

more, it is clear by induction that our cave is simply connected, since

each nevw 3-simplex is adjoined along an open 2-simplex wall.

Now, if we adjoin, one at a time,

the interiors of the remaining
2-simplices, we obtain a space N

which is nothing more than the complement

of the 1-skeleton of M. Clearly n1(N)

is free, and in fact contains the
dual 1-skeleton of M as a deformation retract.

(Formally one may deform
the union of each open 3-simplex with its Open 2-faces onto a k-ad Y

in such a way that each open face is deformed into a point.)
the fundamental group of this space free, but there ig
corresponding to each 2-face.

Not only is

one free generator

These generatopg W11l later be described in
more detail. Now we thicken slightly each open |

-simplex, and adjoin theseé
thickened simplices to N one at a time

Application of the van Kampen
-simplex, ope relat
little loop around the 1-simplex,

theorem [66]) gives, for each 3

ion corresponding to &

These wily al
80 be dis e
detail. But before doing this we cussed in mor

MUSt adjoin

& small ne ach
vertex to complete our computatiop. ighborhood of e

A g
intersects the union of the opep ) mall Neighborhood of each vertex
~Simplices. »
-3 ]
in a space homeomorphic to a 3 ’ implices ang 1-simplices

This latter space being
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maximal cave to the 2-simplex in question, intersecting its interior once,
and then running back to the base point along another path. The homotopy
class of this loop is independent of the choice of path to and from the
2-simplex since the maximal cave is simply connected and a choice of order-
ing of the two 3-simplices in the coboundary of the 2-simplex fixes the
direction of passage through the 2-simplex. So, by fixing an ordering of
the coboundary of each 2-simplex in K, a particular set of generators is
fixed. Now consider a 1-simplex. To each such there is a coboundary, and
the set of 2-simplices in the coboundary of that 1-simplex is cyclically
ordered by the order in which a small neat loop about the 1-simplex inter-
sects the 2-simplices having that 1-simplex on their boundary. We call any
such cyclically ordered coboundary a non-abelian coboundary. Since the
maximal cave M - K 1s simply connected, the relation arising from the

1-simplex may be taken to be the word in the generators corresponding to

Xy X2 X3 Xg =1

Fig. III-1
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a non-abelian coboundary of the 1-simplex. (Those ?-simplices lying in the
maximal cave correspond to the identity.) Since any two words arising “rom

a cyclic ordering differ by a conjugation (i.e., wa = a”!

(aw)a ) and
possibly inversion, it does not matter which cyclic word we select as a

relation. Figure III-1 illustrates the principle described above.

§3. The Splitting Complex

Ve may now immediately generalize the above describe:i Lrocedure

in two directions.

1) By leaving out any set of closed '-simplices, and
not adjoining relations corresponding to these
1-simplices, we obtain the fundamental group or

the complement of this set of 1-simplices.

2) Any closed 2-complex whose complement is connected
and simply connected, may serve to give generators
and relations from its 2-simplices and 1-simplices

respectively. This is because the only properties

of the maximal cave used were its connectedness,

simple connectedness, and ownership of alj the 3-

simplices of M.

In view of this we make the following definition:

DEFINITION 3.3.1. Let L denote a closed
1-dimensional subcomplex of a connected 3-
manifold M. A 2-dimensional subcomplex K
of M 1is called a splitting complex* for
(M, L) if

a) M - K is connected;

b) M - K is simply connected;
c) KDL.

We summarize our Preceding discussion by means of the following
theorem.

In case L is empty K has also been called a spine of M. [72]
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THEOREM 3.3.1. If K is a splitting complex
for (M, L) then T, (M-L) =~ |x,, ..., X5
r, -» rpl where the x; are in 1-1 corre-

spondence with the 2-simplices of K and one
ordering of the coboundary of each, and the
r; are in 1-1 correspondence with the 1-
simplices of K - L. Furthermore, r; isa
word in the X; vwhich represents a non-

abelian coboundary of the 1-simplex correspond-
ing to that r;.

The removal of a 1-dimensional subcomplex from M certainly

does not affect the construction of a maximal cave (which is a union of

simplices of dimension 2 ang 3) so that we may state:

THEOREM 3.3.2.
LT M

Given a 1-dimensional subcomplex
» there exists a splitting complex for (M, L).

§4. A Splitting Complex for & Knot

As an application of this algorithm it is appropriate to show
how 1t may be used to compute a presentation for the fundamental group of

the complement of a knot k in S3. We do this by constructing a splitting
complex for (S3, k).

Projecting a knot k in general position on a 2-sphere s? C s3
produces a "checker board" on the sphere. That is, we may color one set
of regions into which S8° is divided black, and the complementary set
white, in such a vay that any two regions with a common boundary are
colored differently. Without loss of generality we may assume k 1lies on
s? except in the neighborhood of double points. At each double point we
assume€ one arc lies on one side of the Sz, and the other arc on the other
side. Consider one such double point. Denote by a, b the end points of
one arc ab, and by c, d the endpoints of the other cd. Assume a, b,
¢, d, € N where N is a nice neighborhood of the double point. Suppose
2, ¢ lie on the boundary of the same black region in N. Then b, 4 also lie
on the boundary of a black region in N. We join a, ¢ and b, d respec-
tively by simple arcs ac, bd 1lying in these black regions. Then ac, cd

’

db, ba span in S3 a ribbon with a half twist Joining up two black regions.
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If we substitute this ribbon for its projection on 82 and make the same
construction at every double point, then all the black regions may be
hooked up by ribbons, and a surface spanned in the knot. This is one of
two checkerboard surfaces. The other is constructed in the same manner
using the white regions. These two surfaces may be constructed so that
their intersection is the knot plus one simple arc joining each pair of

double points. The diagram below describes the union of these two surfaces

in the neighborhood of a double point.

e N e

Union

e N S °

Fig. III-2

Now remove a disc from the union of these two surfaces. The
resulting complex is easily seen to be a splitting complex for (53, k).
Application of the algorithm described previously, and a little thought
reveals that each region gives rise to a generator, and each double point
to a relation. This presentation is the classical Dehn presentation.

A
sample relation is shown below.
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Each X 1in this picture
corresponds to a 2-simplex

and ordering of coboundary
top to bottom.

-1 -1
Xg Xy Xy Xy = 1
Fig. III-3

As splitting complex we might also have chosen the join of a

point with the knot. In which case we would obtain the classical Wirtinger
presentation.

Calculation of the Euler characteristic of the decomposition of

a sphere effected by the projection of a knot on the sphere implies that

the deficiency of the presentation we have obtained is +1.

§5. Construction of Coverings from a Splitting Complex.

We now utilize the splitting complex to construct coverings of

~

Recall the classical definition of a covering space X of X.

1. There is a continuous map p, of X onto X.

2. Given a point S € X, there exists a neighborhood, U, of

S, and a neighborhood U_ of each point o in p"(S),

such that

a) plU, is a homeomorphism onto U.

b) The U  are disjoint.

We may summarize (2) by saying each point in X has a neigh-
borhood which is evenly covered.

Expressed in more general terms X 1is a locally trivial fiber

bundle over X, with discrete fiber.
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K, a splitting complex of (M, L) will be used to construct
combinatorial coverings of (M-L). A combinatorlel covering is a covering
in which all the spaces and mappings are simplicial.

In order to construct a covering of M - L we need first to

split M open along K. This process is analogous to the familiar process

of cutting a 2-manifold along a set of simple curves to obtain a disc.

We proceed as follows:
Let M' denote a union of disjoint (closed) 3-simplices in

1-1 correspondence with the closed 3-simplices of M. We make M split
along K, by matching two 3-simplices of M' along a (closed) face if
the corresponding 3-simplices of M are incident along the corresponding
face, and if that face 1s not in K. This process leads to a complex [\71,
and & natural mep @: M— M which matches up & pair of (closed) 2-simpli-
ces of M corresponding to a 2-simplex in K. (There are pairs of sim-
plices matched because M 1s a manifold, and each 2-simplex is incident
to precisely two 3-simplices.)

Having split M along X, we may now construct a covering of
M - L. The data required for the construction of such a covering is an
assignment of a permutation (possibly of infinite degree) to each 2-s implex
of K, and ordered pair of 3-simplices of M incident along that
2-gimplex. This assignment must satisfy the condition that the product of
the permutations corresponding to a non-abelian coboundary of a ) _simplex
in K - L shall be the identity permutation. (Of course if ve assign a
permutation =« to a 2-simplex, and an ordering of its CObOu.ndarny, then we
-1 to that 2-simplex along with the opposite ordering of its

assign =
coboundary.) Having suggested informally what we wish, let ug proceed

formally.
We now have at our disposal M split along K, which ve de-

noted by ICI, and a mep ¢: M—M,
If o denotes an interior 2-simplex in M then we derine
§(ay = (B,7) und -5(a) = (7, B) where B and y are the distinet 3-simplices

in M having @ as a face. Thus with each 2-simplex @, ve associate some
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ordering of the coboundary of a. (This of course is equivalent to orien--
ing each interior 2-simplex in M.)

The previously discussed ordered (or non-abelian) coboundary or
a 1-simplex, T, we denote also by &(t). §(t) is to be any representative
coboundary.

Now suppose we are given a set A (possibly infinite) and 2
function, P, from the set of all pairs (o, §(o)), where @ is a 2-simplex
of K, to the group of all permutations of A. We extend P to pairs
(a, -5(2)) by the condition P(a, -§(a)) = [P(a, 5a)])~'.

Ir &(v) = (o, ..., @) for a 1-simplex T in K-L, and & small
loop about T passes through @; from the 3-simplex Boj_, to the 3-simplex
Bpy, then the informally stated requirement mentioned earlier is now pre-

cisely stated as

P(a,, (B, By)) Play, (B3, B,)) ... P(a, (By 1, By)) =1

If this condition is satisfied for one representative coboundary it clearly
is satisfied for any coboundary. We now proceed to construct a candidate
for a covering space. Let MA denote the disjoint union of copies of M
indexed by the elements of A. We shall occasionally refer to these copies
as sheets. Denote by g the map ¢ defined on the copy ﬁa' Now each
copy, ﬁa of ﬁ has two 2-simplices corresponding to each 2-simplex in K.
We identify in the natural way a (closed) 2-simplex, o, of &a with a
(closed) 2-simplex, o, of ﬁb when and only when

1. ¢a(oa), ¢b(ob) are the same 2-simplex, ¢ in K.

2. 8(0) =((9ga(8(0y)), @y (8(0)))

3. P(o, (ma(é(oa)), Qb(s(ﬂb))) maps a to b .

This construction leads to a rule telling you which copy of ﬁ
you walk into when you are in a copy of M and you cross a 2-simplex corre-
sponding to a 2-simplex of K. This means we may associate to a path in M,
and a sheet ﬂa, a path in our identification space, by walking along a copy-
ing path which starts in ﬁa and enters a different sheet when our assignment
8ays to (recalling the process of analytic continuation).

Now remove from this identification space all 1-simplices which

are mapped onto L by the various L
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Having performed all the identifications and removals we were
supposed to, we denote by M the resulting space, and by ¢ the mapping
from M to M - L induced by the mappings Pq- In what follows we may
consider the open 3-simplices of &a to be contained in M.

THEOREM 3.5.1. (ﬁ, ¢) 1is a covering space of
M.
PROOF. Obviously, ¢ 1is continuous and maps M onto M.
1. If S 1is a point in the interior of a 3-simplex of
M - L, then the interior of that 3-simplex is evenly covered by a copy of

that 3-simplex in each copy of ﬁ.

2., If S 1s a point in the interior of a 2-simplex, E

>

then the (open) coboundary of that (open) 2-simplex is a neighborhood of

S that is evenly covered. For if E 1is not in K then each copy of ﬁ

owns a copy of 8E, while if E 1s in K either two distinct copies of

& are incident along a 2-simplex E' mapped by ¢ into E, or a single
copy of M owns a copy of &E, depending upon the action of the permuta-

tion assigned to E, on the index of the copy of M.

3. If S 1s a point in the interior of a 1-simplex T
2
not contained in L, then the set of all (open) 3-simplices in M - 1,

having T on their boundary is a neighborhood of S which is evenly

covered. This may be shown as follows, if we run around T along a sSmall

oriented loop L beginning in a 3-simplex r, and not intersecting any

1-simplices, we pass successively through 3-simplices, T, Toy «vu, rn’ r
.

If we select an index « € A then we may denote by o,, a,, o, @

the successive images of @; induced by the permutations corresponding to
the 2-simplices in &(T) 1lying in K, and the ordering of the coboundary
of these 2-simplices induced by our little oriented loop. By our condition

on permutation assignments X < a. Now for each selection of an index

B, € A, fixing I there is induced in this way a unique sequence B,y Bo,

. By Furthermore, if o, # B,, o # Bj- It follows from this that

the interior of U;_, Iy is evenly covered by the interior of the disjoint

B, = B,

B.
1 n i
sets of the form T, Ur,” U Ur,", where T,% is the unique

n
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3-simplex in ﬁ lying over T,.
Bi i

4. Suppose now that s is a vertex in M - L. As M - L
is a manifold, the star of s 1is a triangulated 3-ball.
3-ball B (containing s)

Select a smaller

whose boundary is a triangulated 2-sphere which
we denoted by H, the triangulation being induced by the 2-skeletcn of M.

Name the 3-simplices having s as a vertex Ay, A
a

5y s Ay. Select a
3-simplex Al‘ in M, 1lying over &
1

1

The interior of eny other 3-simplex, A,, in the star of s

may be reached by a path on H starting in A, and intersecting only

2-gimplices in H. Such a path determines a sequence of indices, @, o, ,
2

. a,ﬂ, as 1t passes from one 3-simplex to another through 2-simplices.

These indices are the sequence of images of

ay determined by our permu-

a

tation assignment. Now having selected A11
ay

determination of AL z over A

over A,, we claim that the

is independent of the path chosen from

A, to A,. This is true because two paths «, and B from A, to A

determine a loop L = ap”'

r
and any loop L on H not intersecting the

o-skeleton of H may be deformed in the complement of the O-skeleton of

H, into a product of loops encircling each vertex of H once, and each
of these loops induces the identity permutation on A. This shows that the
selection of an index @, and a 3-simplex A, determines uniquely a
neighborhood of a preimage of s. By our construction, any identification
of vertices arises from an identification of some pair of 2-simplices
having these vertices on their boundary, so that the neighborhoods deter-
mined by distinct «, and fixed A, are disjoint and the interior of the
star of s 1is evenly covered by a set of neighborhoods which may be in-

dexed by the elements of A.

This completes the proof of the theorem.

At this point a splitting camplex for (M, L) has been utilized
for two ends; first to obtain a presentation of =,(M-L), and secondly to
obtain certain coverings of M - L. We will unify these two uses by means

of the following theorem, which we must prove to show the utility of this

combinatoriagl theory.
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THEOREM 3.5.2. [Fundamental thecrem of Covering
Space Theory; (for combinatorial 3-manifolds
with a 1-dimensional subcomplex removed). ]

To every subgroup, S C "1((M’L); 0) there
corresponds a combinatorial covering space

(ﬁ, ¢), constructed from any splitting complex
and such that 0*(n,(ﬁ, 8)) = 8; conversely,

to each connected combinatorial covering, (MM, ¢)
there corresponds a subgroup S C n,(M-L) such

* ~.
that o (n,(M)) - s.
PROOF. A combinatorial covering is a classical covering by

Theorem 3.5.1 so the second part of the theorem is true.
let K be a splitting complex for (M, L).

Suppose S C n,((M-L), 0) is given. Assume o 1lies in the

interior of a 3-simplex. Let A denote the set of left cosets of S.

Now according to Theorem 3.3.1 to each 2-simplex E of K and ordered
pair of 3-simplices in &(E) there corresponds a generator of ﬂ1(M-L) .
On the other hand, to each generator of =,(M-L) there corresponds a

rermutation of the cosets Sg of S, determined by right multiplication

of a coset by that generator. These two correspondences give rise to an
assignment of permutations of A to the 2-simplices of K and the ordered
coboundary of each. The permutation induced by a small closed loop about
a 1-simplex in M - L is the identity because the product of the corres-
ponding generators is the identity of =,(M-L) and hence leaves the cosets
Sg of S fixed.

Thus by Theorem 3.5.1 we may construct a covering from the
bermutation assignment we have made. Denote by (F’l’, ®) this covering.

Let us use the same notation as before for the copies of M split along

K, thatis, M, aeA.

Take as base point in M the unique point O lying over O
and located in ﬁ[s (the copy of M split along K with index the coset
~ ~ *
of S which is § itself). We need to prove n, (M, O) 1s mapped by ¢

onto 8.
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Any closed curve, &, based at O is mapped by ¢ into a

closed curve c¢ based at O, and furthermore, the permutation induced by
this latter curve (&s in the construction preceeding the proof of Theorem
3.5.1, a curve In M induces a permutation of A) must leave the coset

S fixed since we find ourselves back in ﬂs when starting there and
tracing the curve € over c¢. But if the permutation induced by c¢ leaves
s fixed, then of course ¢ represents an element of S. Thus,

o* (,(F, ®) c s.

Conversely if ¢ 1is a curve representing an element of 8,

then the permutation it induces must of course leave the cosets of S

rixed, so that ¢ may be lifted to a closed curve ¢ based at 0. Thus,
o*(ﬂl(ﬁ, 6)) D s.

This completes the proof of the theorem.

Before making an amusing application of this means of construct-

ing coverings we make the following observation which may be easily veri-
fied by the reader.

If K is a 2-complex in a 3-manifold M, and M - K
is connected, then an assignment of a permutation to
each 2-simplex of K and ordering of its coboundary,
satisfying the condition that the product of permuta-
tions corresponding to the non-abelian coboundary of
a 1-simplex in K - L is the identity, may be used

to construct a covering of M - L. In other words,

if we weaken the conditions for a splitting complex

so that M - K 1is not required to be simply connected
and K is not required to contain L, we still may
construct coverings of M - L from usable permutation
assignments.

The reason M - K was required to be simply connected was SO
that all subgroups of nl(M-L) could be used to construct coverings, if

however we are willing to accept something less than that, then M - K

needn’t be simply connected.

Now, suppose a 2-manifold, T, is imbedded semi-linearly in a

3-manifold M in such a way that M - T is connected. Then assigning the

.....
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permutation (12) to each 2-simplex of T will permit the construction of
a 2-sheeted covering of M since (12)”' = (12), and each coboundary of a

1-simplex in T contains precisely two 2-simplices. Thus we have proved

THEOREM 5.5.3. If 2 2-manifold can be semi-
linearly imbedded in a 3-manifold, M, with-
out separating M, then M has a connected
two-sheeted covering.

COROLLARY 5.5.4. Any 2-manifold semi-linearly
imbedded in L(2n+1, q) (lens space) separates.
PROOF . n1(L(2n+1, Q)) =~ Z,,,7 V¥hich has no subgroups of index

2 so L(2n+1, q) has no connected two-sheeted cover.

2’

As a final application of splitting complexes, an irregular
covering of a knot is described by means of the picture below; there are
three sheets and the permutations assigned to a 2-simplex and its ordered
coboundary "top to bottom" are as indicated. These assignments determine

all the other assignments to 2-simplices and their ordered coboundaries.

Fig. III-4
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Before passing on to some applications of the ideas in this
chapter, we may define

A.

The Monodromy Group of a covering corresponding to a sub-
group S C n, 1s the group of permutations of the cosets Sg of S in

L effected by right multiplication by elements of L it is also the
representation of =x, as a group of permutations of the sheets determined
by mapping an element g of =, onto the permutation of the sheets deter-
mined by walking in M along a closed curve representing g. The equiva-
lence of these two definitions follows from the proof of Theorem 5.5.1.

B. The Group of Covering Translations of a covering is the

group of permutations of the left cosets of S in its normalizer, N(S),
induced by left multiplication by elements of N(S)
of S in N(S8).

of these left cosets

It is also the group of those permutations of the sheets
&a which define a homeomorphism of M.

Reiterating, the group of covering translations is on the one

hand the normalizer of S modulo S, and on the other the group of all

permutations of the sheets which define homeomorphisms of M. This follows
from the fact that a permutation of the sheets of M defining a homeomor-

phism of M is completely determined when the image of ﬁs is known; for

if &S is mapped onto ﬁSg then MSh is mapped onto &Sgg wvhere h 1is

a generator of “1(M)' This implies MSw is mapped onto MSgw for any

w € m,, SO that the permutation defining the hcmeomorphism is induced by

left multiplication of the left cosets of S, by elements g, which when
multiplying any left coset of S on the left, give another left coset;

but these g’s are just the members of the normalizer of S. Since multi-

plication of § by an element g leaves the coset S fixed when and

only when g € S, the equivalence of the two definitions of the group of

covering translations follows.






CHAPTER IV
THE COMMUTATOR SUBGROUP AND THE ALEXANDER MATRIX
§1. Introduction

In this chapter we shall first study the covering of the comple-
ment of & knot corresponding to the commutator subgroup of its group. This

will lead in a natural way to the Alexander matrix.

Alexander’s duality theorem implies that a knot group, G,
modulo its commutator subgroup is infinite cyclic. As remarked in Chapter
III, the presentation for G we have obtained has deficiency +1. This
state of affairs simplifies the study of the Alexander Matrix of G. We
shall discuss this matrix, as well as its elementary divisors, and it will
be seen that the matrix determines G modulo its second commutator sub-
group. The determinant of this matrix is the Alexander Polynomial and it
will also be examined. We begin however, by proving a theorem which re-
veals the structure of the commutator subgroup of a knot group. ILater in
the chapter, Crowell’s work on the abelianized commutator subgroup will be
described.

§2. An Orientable Surface Spanned by a Knot

Iet M denote the closure of the complement of a regular neigh-
borhcod’ of & knot k ¢ 83. Then M is a manifold with boundary, and by
Alexander Duality there exists an isomorphism ¢ from H1(M) onto Z.

' In the sense of [68].

25
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The torus oM may be projected by a map Vv onto one of its factors s!

in such a way that the following diagram is commutative.

H1(3ﬁ) inclusion H1(ﬁ) o

*

v P

H(8") ~ 2

By elementary obstruction theory v may be extended to M.

There is no loss of generality in assuming v is simplicial, so that by
2

a well known principle [73] the preimage of an interiop point p, of a
b
1 : :
T-simplex of S', 1is a (possibly disconnected) 2-manifold whose boundary

is contained in dM. Since p locally disconnects §'

it follows that
the 2-manifold preimage of p 1s orientable.

Discarding all components
in the preimage of p but the one having a boundary, denote the one

selected by the symbol N. Surely ON has only one component since
W"(p) n 3(M) is a simple closed curve. Since this curve is simple and
homclogous to 0 1in M, it must be homologous to k in the closure of
s3_ f (69]. It follows that N may be stretched through 3o M to k.
But more accurately, there exists a non-singular annulus A contained in
the closure of s3- M such that OA =k U dN. Thus AUN is a 2.mapi.
fold with boundary K.

More constructive and instructive means of finding an Opientable

surface spanned by k may be found in [57) and [18].

§3. The Infinite Cyclic Covering of a Knot

Let S denote an orientable surface contained in s3 such that
3S - k. Suppose that the genus of 5 1is g, ard that any other surface
spanning k has genus greater than or equal to g. g is called the genus
of k. Obviously g is @ xnot type invariant.

o1 As S is orientable we may orient each 2-simplex in S and
assign an ordering to the pair of 3-simplices in each coboundary of a
2-simplex in S, 80 that the induced orientation of the coboundary of

these simplices agrees with some pre-assigned orientation of . Ir o
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is a 2-simplex, denote this ordering §(o). Now, assign the permutation of
the integers (n— n+1) to each pair (o, &(og)), then this assignment

defines, via the construction in Chapter III, a covering M or s3- k.

Any element o € n1(S3- k) having linking number [58] 0 with
k belongs to the subgroup of this covering, for it will have intersection
number [58) 0 with S, and this implies that the permutation of the in-
tegers (sheets) induced by « 1s trivial. Conversely, if o belongs to
the subgroup of this covering, it follows that o must have linking number
o with k. Thus we have constructed the covering of S3- k corresponding

to the commutator subgroup of nl(S3-k).

~

Particularizing the description in Chapter III, we obtain M
by taking a countable number of disjoint copies of X = (S3 split along S),
indexed by the integers, and pasting copy X; to copy Xi+1 along the
"pight hand" copy of S, i3, in X; and the "left hand" copy ;,,5,, ©of
S in copy Xi+]. The common copy of k in each X; is then removed.

Copies of S3 split along S
Xi+1

132 151 |1418

i+172

We shall use the notation of the above picture in the next
section.

The group of covering translations of M is infinite cyclic

since the commutator subgroup is normal. The group of covering translations

may be generated by the permutation of the sheets sending X; to X; .-

. n
Denote the covering translation sending X; to Xiop bY t-

§4. A Property of the Surface of Minimal Genus

(s3 split along S) = X has on its boundary two copies of S,

which we denote S, S,, noting that S, Us, =3, S, nS, =k
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The torus oM may be projected by a map v onto one of its factors S'

in such a way that the following diagram is commutative.

H] ( Bﬁ) inclusion H1 (ﬂ) o

v,,\ .

Hi(s") =~z

By elementary obstruction theory v may be extended to M.

There is no loss of generality in assuming vy is simplicial, so that by
b
a vell known principle (73] the preimage of an interior point p, of a
1 . ’
1-simplex of S, 1is a (possibly disconnected) 2-manifold whose boundary
is contained in 3M. Since p locally disconnects s

it follows that
the 2-manifold preimage of p 1is orientable

Discarding all components
in the preimage of p but the one having a boundary, denote the one
selected by the symbol N. ’

Sur
. - 1y N has only one component since
v~ (p) N 3(M) is a simple closed curve,

homologous to 0 in ﬁ’
S3- M (69]).

hr 3_m to k.
But more accurately, there existg & non- ough S-°- M

singular in
the closure of 3 annulus A contained

- M such that 3a
=k U an. . -
fold with boundary k. Thus A N is a 2-ment

3S = k. Suppose that the genus of g Surface containeg in s3 such the
is ;

spanning k has genus greater tha, o o ?’ 8Nd that any other surface

uval to g.

g is called the gen4®
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is a 2-simplex, denote this ordering &(o¢). Now, assign the permutation of
the integers (n— n+1) to each pair (o, 8(c)), then this assignment

defines, via the construction in Chapter III, a covering M of 83— k.

Any element a € n1(S3— k) having linking number [58] 0 with
k belongs to the subgroup of this covering, for it will have intersection
number [58] o0 with S, and this implies that the permutation of the in-
tegers (sheets) induced by o is trivial. Conversely, if o belongs to
the subgroup of this covering, it follows that @ must have linking number
0 with k. Thus we have constructed the covering of S3- k corresponding

to the commutator subgroup of n1(s3—k).

Particularizing the description in Chapter III, we obtain ﬁ
by taking a countable number of disjoint copies of X = (83 split along S),
indexed by the integers, and pasting copy X; to copy X; , along the
"right hand" copy of 8§, 48, in X; and the "left hand" copy ;,,S,, of

S 1in copy Xi+ The common copy of k in each Xi is then removed.

1
Copies of 3 split along S
X Xy X501

i+1s2

i-

1-13

152 i3

We shall use the notation of the above picture in the next

section.

The group of covering translations of M is infinite cyclic
since the commutator subgroup is normal. The group of covering translations
may be generated by the permutation of the sheets sending X; to Xi,,q-

n
Denote the covering translation sending X; to X; , by t.

§4. A Property of the Surface of Minimal Genus

(s3 split along S) = X has on its boundary two copies of 8,

which we denote §. §

' noting that S, US, = 3, 8, n S, = k.

22
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LEMMA 4.4.1. The inclusion map h: 5, — X
induces a monomorphism h?: nl(S1)- n, (3X) .
PROOF. Since k 1s knotted, Si is of genus greater than
zero, hence no power of k considered as an element of ™, (8;) is null
homotopic. Since 3X = S, US,, and s, n S, = k, a simple application

of the van Kampen Theorem gives

M) = (S) ()

Thus, =,(S,) is imbedded monomorphically in =,(3X) by a map induced

by the inclusion h.

IEMMA 4.4.2. The inclusion map v: 5, —~X
induces a monomorphism v#: "1(31) -»n1(x).

PROOF. Suppose the lemma is false, and that o 1is a closeg
curve on S,, such that a =0 in X, «#0 on Sl,f According to
Iemma 4.4.1. a 20 on dX. Since S, 1is polyhedral, o may be assumeq
polygonal so that X and @ satisfy the hypothesis of the Loop Theorem
([50], Theorem 15.1 and Theorem 1), thus we may assume that a ig simple .
According to Dehn’s Lemma [51], o bounds a non-singular polyhedral disc
in X. If we cut S, along o, and sew discs to both sides of the cut ye
obtain a new surface S; which is bounded by k. If the curve a gepa-
rates S,, then because « #0 on S,, the new surface S! has loyer
genus than S,, which contradicts the assumption that the genus of S,
is minimal. If @ does not separate S,, then compare the Euler Charac-
teristic of S, X(S1), with that of S;. Since the cut adds one vertex,
one edge, and two faces, X(8]) - X(S1) = 2, hence 3] bhas lower genus
than 8,, so we again arrive at a contradiction. The existence of tpe

curve «a thus leads to a contradiction, so the lemma 1is proved.

REMARK. ILemmas 1 and 2 obviously remain valid
if Sy is substituted for S1. ILemma 2 also
remains valid if k 1is removed from X.

' = genotes homotopic to."
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Roughly speaking, what this lemma means is that non-contractible
curves on a surface S, of minimal genus spanning k are non-contractible

in S3- S if they are pushed off the surface (to either side).

§5. The Structure of the Commutator Subgroup of a Knot Group.

For the rest of this chapter G will denote n1(S3- k).

THEOREM 4.5.1. If [G, G] is finitely gen-
erated, it is free of rank 2g, where g is
the genus of k.

If [G, G] 1is not finitely generated,
then either it is:

A) a non-trivial free product with amal-
gamation on a free group of rank 2g, and
may be written in the form

* A x AxAxAsx A -
F?g F?g F?g F2g F?g Fzg

where F?g is free of rank 2g, and the
amalgamations are all proper and identical,
or

B) locally free, and a direct limit of
free groups of rank 2g.

REMARK. I do not know if case B) can c»ccur'.'r

PROOF. By virtue of Lemma 4.2, the last remark in §4 and the

identification of 8, and ; ,8,, the following diagram is valid for

every 1,

)

— — X.
u1(Xi) "1(181) (X,
£ £,

i i+t

where the ifj are monomorphisms.

t R. Crowell has informed me that E. Brown and he have proved that
case B) cannot occur.
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By a simple application of the van Kampen Theorem, the funda-
mental group of Xi U Xi,, 13 the direct limit of the above system. This
direct limit is a free product with amalgamated subgroup, "1(X1) *» n (X

i+
Let my(557)
Y. =x Ux, U---x , UXx, no
Y =x,Ux,U--x , Ux,, n>
-] (=]
Yy = U X Yy = U x5 .
*® 1=1 i - =-1 1

Using the fact that each factor in a free product with amalgam-
ation is contained as a subgroup in the free product with amalgamation
[33] and proceeding inductively it is clear that fram the above diagram
one obtains,

0 ) = G )

X * X * X,)
() vy ,)>K1(S) 7y (X5))

. (K
wis Pty M

(2) = (Y

(Xy) = (Y

-n+1) ’(1"(('8) 1‘1 (X_n)

() pg) M) e Mg

“1(Ym) - 3&£L> (Yn’ ®

), where e denotes the inclusion
n>o

n

isomorphism of = (Y,) in 7 (¥,,,) (133, p. 32), and

y o im (Y_,» o_p), where o__ denotes the inclusion

Y
"‘I( - 1'12_0

isomorphism of w«,(Y_,, ) 1in  (Y_) ([33], p. 32).

-n+



§5. THE STRUCTURE OF THE COMMUTATOR SUBGROUP OF A KNOT GROUP 31

It follows then that =« (Y)) C »,(Y), and =, (Y_,) C n (Y__).
This fact and the diagram above imply that

(X)) = 0 (Y_ UY) = n (Y ) » =, (Y)
w, (8)

Note that if k is of genus g, then =,(5) 1is free of rank 2g.

Suppose one of the maps, ofy: nl(OS1)-* n1(x0) is not onto,

say for i=1. Then no jfi will be onto, so that
n (Y) § n(Y_, Uy ; (Y, Uy

and

7, (X) = nl=,l1 n(y_ Uy

so that «,(X) is not finitely generated. But if Ofi: nI(OSi)- n1(Xo)

is onto for i =1, 2, then all in are onto so that

14

. (8) (X)) = "O(Yl) ~ "1(Yn) =, (Y) = n, (Y_, U Y.)

=x(Y_ UY) =~ (Y UY) ~ = (X)
and n (X) is free of rank 2g. Hence if (G, G] = n,(X) 4is finitely

generated, .f, and ,f, are onto and =,(X) is free of rank 2g. This

proves the [irst assertion of Theorem bbb,
If neither of the mappings ,f; is onto, then n,(X) =
(Y ) = 7, (Y)) 1is a proper free product with amalgamation and may
w .

b

be written as Lim > “1(Yn u Y_n), where each “1(Yn U Y_n) is a proper
n>o
free product with amalgamation of (¥ ) and «,(Y_,) ona free group

of rank 2g isomorphic to =,(S), so by virtue of equations 1 and 2, A)

is proven. Suppose one of the maps, ,f;, is onto, say ofs, and the
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other, 0f1, is not, then

(Y, Uy ) ; oy, Uy o )

7 (8) = m (Yy) = =, (¥,) =~ n (Y) = n,(Y¥)

Since Y_ is homeomorphic to Y_, U Yw,f n,(Y) =~ n (Y ] Y ), and hence
each of the groups in the direct system,

n (Y,) ; (Y, UY_,) ; (Y, Uy )

is free of rank 2g. Of course = (X) = ii: 3 n (Y, U Y_n) Since the
mappings in this direct system are all inclusions, it follows that any
finitely generated subgroup H C n,(X) 1lies in some =, (Y U Y_ ) and so
H 1is a subgroup of a free group and hence free [(47]; in other words,

7, (X) = (G, G] is locally free, and B) is proven. This completes the

proof of the theorem.*

This theorem has many implications which will be
found scattered throughout the remainder of the book. We state one corol-
lary here which will be used in this chapter.

COROLLARY L4.5.1. The center of [G, G] is

trivial.

PROOF. If [G, G] is finitely generated, it is free of rank

> 1 according to Theorem L.5.1, hence the corollary follows.

If [G, G] is not finitely generated, it is either a free
product with amalgamation on a centerless group and hence centerless

according to [33] p. 32, or else locally free and non-abelian and hence

centerless.
Q.E.D.

* The homeocmorphism may be taken to be the covering translation t?

restricted to ¥_ UY_.
*

The proof given above is identical to that given in [44).
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Whether or not G' 1is finitely generated we may still look

upon G' as in the picture below

A generator, t, of the group G/G' of covering translations
acts upon G' by mapping Ai upon Ai+1 by the natural isomorphism in-

duced by the action of t on Xi.

Thus G may be described by giving the structure of G' as
indicated in Theorem 4.5.1, since the automorphism of G' induced by con-
jugation by t coincides with the action of t on G' induced by a

covering translation.

It is appropriate to mention here two results of Crowell [9]
and Rapaport (53], and a result of Murasugi [40]. First, a theorem which
will be proved in §9 of this chapter:

THEOREM 4.5.2. (Rapaport-Crowell) If G!'
is finitely generated, then IAG(0)| = 1.

Here AG(t) is the Alexander polynomial, an invariant to be
described in §7.

Secondly, a partial converse to Theorem 4.k4.1,

THEOREM 4.5.3. (Rapaport-Crowell) If G'
is free it is finitely generated.

Finally a theorem giving sufficient conditions for G' to be
finitely generated.

THEOREM u4.5.4. (Murasugi) If k is
alternating and |a(0)] = 1, then G'
is finitely generated.
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§6. The Alexander Matrix (Tentative Description)

In a paper [2] published in 1933, J. W. Alexander constructed
over a certain ring, a matrix whose determinant, he proved, was up to a
unit an invariant of the knot type of k. Since that paper, the matrix
he constructed has been constructed by several other people by several

different methods [20], (57], [1].

We shall give an interpretation of the Alexander matrix in this

section, but the proof will be postponed.

Recalling Chapter II, G/G' = |t: | acts on G'/G", since
1=+G'/G" -G /6"~ G/G' =0 is exact and G/G' is free, thus G'/G" is
a module over G/G'. It is clear that the structure of G/G" is tied up
with the module structure of G'/G". We now assume:

A) The Alexander Matrix of k is a presentation (9] of G/G"
® G'/G" considered as a module over the integral group ring of G/G' =
|t: |, where G/G' acts by multiplication on G/G' and by conjugation
on G'/G".

It will also be convenient to assume the following easily proved
fact.

B) Suppose G, H are knot groups, then G'/G" and H'/H" are
isomorphic as modules over the integral group ring of G/G' and H/H'
respectively if and only if G/G" and H/H" are isomorphic.

We remark finally that the Alexander Matrix of a knot group G,

may be computed from a finite presentation of G [20].

§7. The Alexander Polynomials

If A is an n columned Alexander Matrix for a knot group G,
then the ideal, a, generated by the minors of rank n-d is an invariant

of .7 a generator of the smallest principal ideal containing a is

It is proved in Zassenhaus, Theory of Groups
ideals are invariants of a module which the matpi
and ve have assumed that the Alexander Matr
which is an invariant of the knot group.
of this section academic.

that given a matrix, these
X may be assumed to present,
ix, in fact, presents a module
Accepting these facts makes most
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called the dq%P Alexander Polynomial of G; it is determined only up to a
unit, of course. The invariance of these polynomials is not obvious, nor
is it trivial to prove. One proof depends upon the Tietze Theorem on
equivalence of presentations of iscmorphic groups [20]. To understand this
proof one should appreciate the manner in which the Alexander Matrix may be
constructed from a finite presentation of a group. We do not wish to de-
velop the free calculus here, so that we must refer the reader to [20] and
[19] for a full account of the construction of the Alexander Matrix. The

proof goes roughly as follows:

1. Denote by G, H two knot groups, by JZ the group ring of
the infinite cyclic group generated by t.

2. Suppose G and H are isomorphic.

3. There must exist a finite sequence of Tietze transformations

[61) from a finite presentation of G to a finite presentation of H.

L. Tietze transformation I adjoins a new relation which is a
consequence of the old relations. The effect on the Alexander Matrix of
such an operation is to adjoin a new row which is a linear combination of
0ld rows with coefficients units in JZ. This operation and its inverse
leave invariant the ideal generated by the minors of rank n-d.

5. Tietze transformation II adjoins a new generator and a new

relation setting this generator equal to some word in the o0ld generators.

The effect on the Alexander Matrix is to adjoin a new row, and a nev column

of zeros, except for the entry common to the new row and column, which will

be a 1. Obviously, the ideal generated by the minors of rank n-d of

such a matrix is unaffected by such an operation, or its inverse.

6. Numbers 3, b4, and 5, imply that the Alexander Polynomials

of G are an invariant of G.
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We shall subsequently indicate heuristically, how the Alexander

" as a module over G/G'. If as

Matrix is a presentation [9] of G'/
agreed earlier we assume this last statement, an alternative proof of the
invariance of the Alexander Polynomials may be given along the following

lines. We use the same notation as the previously outlined proof.

1. G'/G" =M and H'/H' = N must be isomorphic as modules
over the group ring of G/G' =~ H/H' which we denote JZ.

2., If A and B are presentation matrices (Alexander Matrices)

of M and N respectively, then the matrix, C, below presents M or N.

A, B have at least as many rows as
columns. (Rows of zeros must
be added if necessary.)

I is the identity matrix of the
appropriate size.

0 is a matrix of zeroces of the
appropriate size.

H O W »
O W H O

P describes the generators of the
presentation of N in terms of
the generators of M.

Q describes the generators of &

presentation of M in terms of
the generators of N.

0 B
3. Each rovw in the matrix , is a linear combination of
I Q

the rows of , and conversely.
P I

L. Number 3 implies that the ideal generated by the minors of
C of rank n - d 1is equal to the ideal generated by the minors of rank

O B A O
n-d of or
I
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r s u \Y
ideal generated 0 B ideal generated A 0]
So that by minors of rank = by minors of rank
r+s -4 of I Q u+v-d of
ideal generated ideal generated
and by minors of rank A = by minors of rank B,
u-d of s -d of

and this implies the desired result.*

If A denotes a square metrix presenting G'/G", then ve

contend :

PROPOSITION 4.7.1. Det A annihilates
every element of G'/G".

PROOF. With the same notation as before, we may consider the
matrix A as defining an endomorphism of a free module F, and M as

F/ im A [9]. Denote by ¢ the natural map from F to M.

If xe€F, then xA is in the kernel of ¢. Recalling that
A(adj A) = (adj A)A = (det A)I, we see that x(det A)I = xA(adj A) =
x(adj A)A = yA, so that x(det A)I is in the kernel of ¢, which implies
that det A annihilates every element of M.

In a moment a much more general theorem of Crowell will be

proved.

We shall postpone until §9 scme theorems about the first Alex-
ander Polynomial. In the next section we return again to consideration of
the Alexander Matrix. At this point we present some of the high points of
Crowell’s investigations [9], [10], into the module structure of G'/G".

The proofs we give are Crowell’s.

We begin by fixing notation. Jt denotes the integral group
ring of G'/G". A denotes the Jt module G'/G". o denotes the largest
ideal in Jt which annihilates A. 4; denotes the 1®® Alexander Poly-
nomial.

Toa proof of this theorem may be found in [12].
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When we say that the Alexander Matrix M,
presents A,

with entries 853
we mean that A 1is the factor module of the free Jt module

generated by the columns, by the submodule spanned by the rows. More pre-

cisely we assume without loss of generality that M 1is square, and denote

by X, the free Jt module generated by Xy, <y Xp, and by XO the

free Jt module generated by r,,

---, Py, then the mapping d: X, —X

0 1

defined by

n
dry = JZ &; 4%
=1

is a monomorphism and e: X, — X,/dX; =~ A.

We denote by ¢, the ideal generated by the minors of M of

order n - £. As we remarked earlier, these ideals are an invariant of G,

and hence of A.

The following lemma will be used to prove G'/G" 1is torsion

free.

IEMMA 4.7.1. (Crowell) If nra = 0 for
some prime =« € Jt and ae€ A a # o,
then ¢, C (x).

PROOF.

[}
o

for some aj. Since na

=1

n n n
n ( z aJXJ) =d ( z Biri) = z nchX‘j R
J=1 i=1 J

and

n n n
d ( z air‘i) N E ( z 31"13) X5
i=1 J=1 i=1
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by the definition of d. Thus

n
(o)X = ( Z 31"13) Xy
1=

so that
n
(1) "aj = Z Siaij
iz1
Now consider ¢: Jt— Jt/(n). For each j, o(ray) = o,

since o(n) = 0, and so by (1) we have

"
-

n
(2) 0 = zg @(ﬂi)w(aij) for each j , +.-., D
i=1

Looking upon (2) as a matrix equation

OseeO
~—

(etpy) -+ ate)) (o) = (

we conclude that either ¢(Bi) =0 1=1, ..., n or det (¢(M)) = 0.

The first alternative implies that

for j =1, ..., n, but in this case

lies in dX, so that a = 0 contrary to assumption. We are forced to the
conclusion that det (9(M)) = 0; then o¢(det M) = 0 so that det (M) =

©, C (n), and the lemma is proved.

We apply this lemma directly to prove
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THEOREM 4.7.1. (Crowell) A 1is torsion
free.

PROOF. Suppose pa = 0 for p aprime in Z C 2t and a # O,
a € A. Then by Lemma 4.7.1 and the easily verifiable fact that p is a
prime in Zt we conclude (p) D 9, = (A1). But as we shall soon see
4,(1) = 1 so that (p) cannot contain (a,).

We complete our discussion of the current state of this parti-
cular aspect of Crowell’s work by giving an interpretation of his proof
of the following illuminating theorem.

THEOREM 4.7.2. (Crowell) o = (a,/a,).

PROOF. If Jt happened to be a principal ideal domain, then the
theorem would follow from the standard diagonalization procedure which
yields the structure theorem for finitely generated modules over a princi-
pal domain. Unfortunately Jt does not happen to be a principal ideal
domain, but we may consider the entries of M to lie in Qt, which is &
principal ideal domain. In order to carry over the desired result from Qt

to 2t we need to know:

1. If (Aa)Zt 1s the smallest principal ideal in
Zt which contains the ideal ®,, then (AQ)Qt
is the smallest (principal) ideal in Qt which

contains Py

2., The annihilator of A as a Qt module is the
"same" as the annihilator of A as a 2t
module.

This last condition should be taken with a few grains of salt,
for as we shall see, the formalism used in this proof is somewhat different

from the language of number 2 above.

Let us first deal with number 1. We recall that a polynomial in
At is primitive if its coefficients are relatively prime. Denote by G
the smallest ideal in Qt which contains P We wish to prove G = (AQ{Qt-
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Obviously, we may assume (Ae)Zt # 0. Clearly it suffices to prove that
any ideal in Qt containing o¢,, also contains (Ae)Qt. To this end let
(c) denote an ideal in Qt which contains 9,, and select a primitive gen-
erator c € 2t. If 2 € 95, then a = 9¢ for some 7 € Q. If 7 ¢ Zt
then since a € 2t same integer s > 1 givides the product of ¢ and a
primitive polynomial, but by Gauss’ Lemma [4] the product of two primitive
polynomials is primitive so that » must lie in 2t. This means o, is

contained in the 32t ideal (c), . In gt is the smallest prin-

s (83) gy
cipal ideal containing ¢,, so that (Ae)Zt C (e)y, Dut this implies
(85)qy € ()gg =(c), S0 that (a,)o. is contained in any idesl containing
L and the proof of number 1 is complete.

In order to consider the entrieg aij as elements of Qt rather
than 2t, it is convenient to tensor Qt with X, and X, and so obtain
a matrix which presents Qt &, A as a module over Qt. This last module
has as annihilator, by virtue of the structure theorem for finitely gener-
ated modules over & principal ideal domain, and the just proven 1), the

ideal generated by AI/AQ'

We now need to make some sort of correspondence between the
annihilator of A as a Zt module and A as a Qt module. This is most

conveniently done by means of the following maps:
A =7t ®Zt A by a = ®Zt a

so that
Q ® A~Q ®Z (Zt ®Zt A)

Q 8, (2t 8y A) =(Q &; 2t) ®;, A =Qt ®;, A

so that the map
g: Q®; A—Qt 8, A defined by g(q ®; &) = q 8 a

is an isomorphism. Defining

f: A=Q@y A by f(a) =1 ®; a
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and
h: A—Qt &, A by h(a) =1 By 2

we obtain the following consistent diagram:

A L Q e, A
h = g

Qt @z A

Since A 1is torsion free by Theorem 4.7.1, f and h are mono-

morphisms ([6], p. 130).

Now let us prove (a,/8,) = 9. If ae€ A, then a,/a, - h(8)
= 0 since a,/s, ennihilates Qt ®;, A. On the other hand 8, /o, - h(a)
= 8,/8,(1 @ a) = 1 & 8,/852 = h(a,/a,8) so that a,/a,a = 0 since h
is a monomorphism. Thus 4,/8, € 9. If @€ ¢ then a(B ®.a) =
d
(P ®xa) =0 for BeQt, a€h, so ae (A1/A2)Qt since we have prove
(A1/A2)Qt is the annihilator of the Qt module Qt ®,, A. Thus we may
write « = ya,/a, for some 7y € Qt. Since a4, is primitive, a,/a, 18
primitive and we may apply Gauss’ Lemma again to assert 7y 1is in fact in

Zt. Thus o is in (4,/8,)y, and the proof is complete.

§8. The Alexander Matrix

We shall sketch in this section another description of the

Alexander Matrix which we have found useful, and understandable.

We shall begin in a somewhat more general way than necessary by

setting for ourselves the following problem.

We are given a finite number of generators Xx;, and relations
Ty for a group G. We suppose in fact that G 1is the fundamental group
of a 3-manifold M, with a 1-dimensional subcomplex L removed, and our
presentation has been obtained by means of a splitting complex for (M, L).

We are given a homomorphism, ¢, from G onto an abelian group H, with
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kernel K. The problem is to find a presentation for the group K/K',
considered as a module over the group ring, JH, of G/K = H. We attack

the problem as follows.

1. Construct the covering K corresponding to K, and dualize
its triangulation. Denote by S the splitting complex used, and by X,
M split along S.

2. Note that K/K' = H,(ﬁ, Z); while K/K' looked upon as a
group with operators in H, and H1(K, Z) operated on by the group H of
covering translations, are isomorphic as groups with operators since K is
a regular covering, and H is abelian. This means K/K' and H1(E, Z)
are isomorphic JH modules. We shall write hx to denote the operatcr
h € H acting on a chain, cycle, or boundary in K, or h € H acting on

an element x ¢ Hl(ﬁ, 2).

3. A basis for the 2-chains of K may be taken to be the 2-
cells in K lying over those 2-cells in M which are dual to the 1-simpli-

ces in S-L.

4., A JH basis for some of the 1-chains of K may be taken to
be the 1-chains lying over 1-chains in M which correspond to the genera-

tors X;. Ve take as basepoint in ﬁ, a point in the sheet corresponding

to the identity in H, and lying over the basepoint of M. A set of 1-

chains ;1 in 1-1 correspondence with the generators of G may then be

selected.

5. A JH basis for the module of bounding 1-cycles in K may

be obtained in the following manner. Each Ty corresponds to a 2-cell cj

in M-L, we select the 2-cell 63 in X 1lying over cy, with basepoint

in the sheet of K corresponding to the identity in H. The boundary of
€y 1is read by lifting the boundary of ¢y to %. This is done as follows:

~ 1 ~
= T, = = then oC.;
suppose ry = xi1’ then BcJ = xil. If Ty x11 j

3 - x;

-1y, 2 )X, . If ryo=x X))
[¢(xi1)] Xy - If ry = Xy Xy , [m(x11) i, J 1,71y’

685 =X - olxg x;’] X, . In general if ry = vXg,

3y = Aslo(w)] x; if
1 1 12 1o
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-0 3¢, = A -.[@(wx£1)] x; where A is what ng would be if

The following picture may make this lifting process clcar.

P (Xy)

B(X)) Xa

B(X)) PiXp) plxz) (K3)

P (X)) p(Xp)
X,
(X)) PXp) Pp(X3) = e IDENTITY IN H
X3!
X X2
Fig. IV-1
Thus
n
arj = z 835 %5 a;j € JH.
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6. Construct a matrix, B, each row corresponding to a rela-

tion, each column corresponding to a chain x th

th

s and the entry in the 1

row and J column being aij’ The row space of this matrix is the sub-
module of boundaries in the module of 1-chains. (This matrix is the Jaco-

bian of G evaluated at o [11].)

7. Consider now the specific situation of a knot group G.
(With a small amount of fiddling) the presentation we obtained in ChapterIII
may be brought into the following form:

-1

(t, Xy, Xp, «vop X3 th = VJ) J=1,2, ..., n
where Yy, vy are words in the xy, and the x; lie in G'. It follows
ther that the smallest normal subgroup containing the X, 1s G'.

8. We let K =G', so that H= 2. It is easy to see that the
;1 are generators for the JH-module of 1-cycles in K. Furthermore,
since the 1-chains of K generate a free JH-module, the JH-module of

1-cycles in K is free, and the %i are a free basis.

9. It follows from numbers 6 and 2 that the matrix B, with
the column corresponding to t removed, is a presentatlion of the JH-

module G'/G".

10. The Alexander Matrix is B.

At this point we must recognize a mild contradiction which has
occurred. B 1is an Alexander Matrix for G but it is really B with the
column corresponding to t removed which represents the JZ-module G'/G".
We also note that the column corresponding to t has nothing but zeros in
it, so that the "Alexander Polynomial" is the same whether or not this
column is included. Furthermore, with this column included, B presents

the JH-module JZ @ G'/G" as previously assumed.
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This interpretation of the Alexander Matrix is not meant as a
definition. The definitions made in the literature which suggest this way
of looking at the Alexander Matrix are to be found in Fox [19], Lyndon [35]
and Trotter [63].

§9. The Alexander Polynomial

In this section we shall indicate some uses to which the Alex-

ander Polynomial may be put in the investigation of a knot group.

We will make a slight change of notation now; if G 1is a knot
group, we denote by AG(t) the first Alexander Polynomial of G.

THEOREM 4.9.1. AG(t) = 1 if and only if
G'/G" 1is trivial.

PROOF. By Proposition 4.7.1, the interpretation we have given
to the Alexander Matrix, and its squareness, AG(t) annihilates every
element of G'/G". If 1 annihilates every element of G'/G" then
G'/G" is trivial. If G'/G" is trivial it is presented as a module over

JZ by a matrix with determinant equal to 1. This proves the theorem.

THEOREM 4.9.2. If- G has a center then
every root of AG(t) is a root of unity.

PROOF. We require a theorem whose proof we postpone untill
Chapter V, (Theorem 5.4.3). The theorem states that if G has a center,
Z(G), then G' 1is free of rinite rank. Assuming this, the proof proceeds

as follows.

For knot groups whose commutator subgroups are free, the Alex-
ander Matrix (as in numbers 9 and 10 in §8 of this chapter) is simply
M - tI where M 1s a unimodular integer matrix which describes the auto-

morphism of G'/G" induced by a generator t of G/G' and I is the
jdentity matrix. Since Z(G) n G' = 1 by Corollary 4.5.1, it follows

that if Z(G) # 1, some power say r, of t leaves each element G'/

r
rixed, so that M is I, hence every characteristic root of M is an
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r®® root of unity. But |M - tI| is just the Alexander Polynomial, and

so the theorem is proved.

THEOREM 4.5.2. (Rapaport) If ag(0) # 1
then G' 1is not finitely generated.

The following proof is not that given in [53], but we present it

in this manner since it will prove useful for some later considerations.

PROOF. If G' is finitely generated, then G' 1is by Theorem
L.5.1 free, so that G'/G" 1is a free abelian group. Since t induces an
automorphism of this free abelian group, the action of t on G'/G" may
be described in the standard way by a square, integral, unimodular matrix,
M. It follows that an Alexander Matrix giving a presentation of G'/G" as
a module over JZ may be taken to be M - tI. But det (M-tI) = a5(t) so

that 4aG(0) = 1 since M is invertible.
A -1
THEOREM .9.4. (Seifert) ag(t) = t7 ag(t™ ).

PROOF. This is a deep property of the Alexander Polynomial of a

xnot group, and has been proven in several quite different ways. (Seifert

[57), Blanchfield [5), Fox [62] and Milnor [37].) The reader is referred
to any of these for proof. The last two proof’s mentioned are particularly

interesting.

THEOREM 4.9.5. (Seifert) ag(1) = 1.

PROOF. The Alexander Matrix presents the JZ-module JZ & G'/G".

We contend that if t is mapped onto 1 then G'/G" becomes & trivial

J module. This is true because GY/G" is destroyed by mapping the genera-

tor t to 1 in the presentation for G, (t, X;, Xz, ---» *n’

tw;t”l = vy))  J-, ..., n, and G/G" itself, is described by present-

ing G'/G" as a module over G/G" = Z. If G'/G" did not become a trivial
J-module when t was mapped to 1, G/G" would not become a trivial group

when t was mapped to 1.
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Since G'/G" is a trivial J-module when t is mapped to 1,
it follows that its presentation matrix must represent the trivial module

if t is mapped to 1, so that indeed AG(1) = 1.

THEOREM 4.9.6. (Seifert) If

n
o(t) =z aiti
i=0
satisfies a) op(1) = 1 and
b) o(t) = th(t™)

then there exists a knot group G such
that ag(t) = o(t).

PROOF. The proof may be found in Seifert’s paper [57]). It in-

volves a study of the Alexander Matrix as it is constructed from an orient-

able surface spanning a knot.

We shall illustrate other useful properties of the Alexander

Polynomial in other chapters.



CHAPTER V
SUBGROUPS

§1. Introduction

In this chapter a number of results will be proved or cited,
which indicate scme properties of subgroups of knot groups. In view of the
preceding chapter, the subgroups to consider first would seem to be those
which arise as the kernel of the natural map of a knot group onto a cyclic
group of finite order. These subgroups have importance in another context
as well. According to P. A. Smith, the fixed point set of a periodic map
of 83 on itself is a sphere, (possibly -1 dimensional). It is natural to
ask whether such a mapping can admit & knotted curve as its fixed point set.
This problem is as yet unresolved (in dimension 3). If such a mapping
exists, then the orbit space is a simply connected 3-manifold containing a
knot, the 3-sphere minus the original knot thus is a finite cyclic covering
of the orbit space minus the new knot. This leads to the algebraic question:

Can one knot group be isomorphic to the subgroup Kn of another knot g:r‘oup?ir

§2. Kernels of Maps to Zn
The structure Theorem 4.5.1 of Chapter IV suggests a similar
theorem for finite cyclic coverings. We shall prove such a theorem.

First let us see how the covering corresponding to the kernel Kh

of the map from a knot group G onto Zn may be constructed.

T Giffen [26) has answered this question in the affirmative.

b9
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Irf X denotes the covering corresponding to G', then i/wn =
(the orbit space under the action of the nt"h power of a generator of the

group of covering translations of i) = (the covering corresponding to Kn)

Clearly, in may be obtained from n copies of s3 split
along an orientable surface S of minimal genus spanning k, and matched

together along their boundaries as in the figure below.

X
0S2 0 S
n-1S1 01
152
Xn-1
n-1S2 Xy
n-251
[ ]
. 151
. 2S2
3S2
S
25 Xo

The Notation is that of Chapter IV

Fig. V-1

Application of Lemmas b4.4.1 and 4.4.2, and the van Kampen

Theorem to the situation just described yields the following theorem.

THEOREM 5.2.1. If G' is finitely generated,
then K =~ (2 « G/ w@Hu ! - 9™(G') where

¢ 1s induced by the action of a generator of
G/G' pulled back to G and acting on G' by
conjugation (¢ is induced by a generator of
the group of covering translations, and so is
an automorphism), u is a generator of Z,
and G' 1is free.

If G' 1is a non-trivial free product with
amalgamation, then



§2. KERNELS OF MAPS TO Z, 51

[Z %« (n (X)) * . (X,) ® v * . (X))
o 7, (454) vE 1 (58) i (h48, Ton

Ko = S NENE-B))

u(n, (,8,))u”’

where "1(081) is imbedded in = (X,) by
the map ,f,;: n1(osl)- n1(X1).
(The notation is that of Theorem 4.5.1.)

A generator of Z is denoted u,
and ¢ again is induced by a generator of
the group of covering translations. Note
that o"(,f,(n,(48,)) C n (X)), and o
is 1-1.

If G' 4is a direct limit of free groups,
then K~ (2 » =, (X )/a(x (X))u"' =
o(n (X)) T

While the situation as it is described in this theorem is not
particularly simple, the first homology group of the covering corresponding
to K, i.e., K /IK), K] may be very easily described.

§3. K /(K K,
Suppose M denotes a relation matrix for G'/G" as a module

over G/G', i.e., an Alexander Matrix with a column of zeros removed. To

compute a presentation for G'/G" one must consider the relations of

G'/G" qua module in terms of the generators of G'/G" considered as a

Q
group. These generators are clearly t'x; vwhere @ = ..., -1,

m and the x; generate G'/G" considered as a module. Thus,

0, 1,

i=1, ...,

T The u in each of these three situ%gions arises from a loop representing
a generator of G/G' raised to the n“’ power. Such a loop represents, of
course, an element of Kn'

* See the first footnote, Chapter IV, §5.



52 V. SUBGROUPS

a typical relation from M, (2t3 + t-1)x1 - (t8 - 1)x, considered as a

relation in G'/G" would lead to relations of the form:

2 -2 -1
2t X, + t X, - tx2 + t Xy = o ,

3 -1 2
2t x, + t X, - tx, +x, = 0,

ethx1 + x,-tax2 + tx, = 0, etc.,

and a relation matrix for G'/G" would a priori have m - o columns, and
m - « rows. On the other hand, the same relations as those above lead, by
virtue of the collapsing under, say, wg, to the following relations in

r r+2 2
Ke/[Ke’ K,]1 (where ¢t and t are identified since t'xy = x; in the

covering corresponding to Ke)'
2x1 + X, - tx2 + tx2 =3x, =0 ,
2tx, + tx, - X5 + X, = 3tx; =0 ,

2x, + X, - tx2 + tx2 = 3x, =0

It is clear now how to pass to the general case, so that a re-
lation matrix for Kn/[Kh' K] will have a priori m + n rows and m - n
columns. This matrix will have one column for each taxi @ =0, 1, ..oy
n-1 i=1, ..., m, and one rov corresponding to each row of M, multi-
plied by t%. 1In addition, there will be a column of zeros resulting from
the presence of u as a generator of Kh (Theorem 5.2.1). A small amount

of consideration of this situation yields,

THEOREM 5.3.1. (Fox [21], Zariski, Burau)
A relation matrix for K /(K , K ] may be
obtained from M by substitution of

n
o] 1 0 0
0 0 1 [0}
.. =L
0 0 0
0 0 ces 0

for each t in M, and S times the nxn
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identity matrix for each integer S in M,
and then adjoining a column of zeros.

In the case vhere G' 1is finitely generated, Theorem 5.3.1

yields a simpler result.

THEOREM 5.3.2. A relation matrix for
Kn/[Kn, K, ] when G' is finitely generated

is MO - I,
PROOF. ¢ 1is described by M.
From this follows immediately,

COROLILARY 5.3.3. If G' is finitely generated
and all roots of the Alexander Polynomial are
v poots of unity, then the groups Kn/[Kn, K]

and K, , /IK, , K, ] are isomorphic.

PROOF. AG(t) = det (M - tI), but by the Cayley-Hamilton
Theorem 4g(M) = 0 so that M is a root of t¥-1 = 0 since 2g(t)
divides t¥ - 1.

Thus M'*' - M. Since M® - I is a relation matrix for

K /UK, K,] the corollary is proved.

Returning to the more general situation, use may be made of
Theorem 5.3.1 to determine the betti number of Kn/[Kn, Kn], and the
order of the torsion part of this abelian group.

THEOREM 5.3.3 (Fox [21], Zariski, Bureu)
The betti number of Kn/[KB, K 1 is equal
to 1 plus the number of n®H roots of unity
which are roots of AG(t). The order of the
torsion subgroup of K /(K , K ] is equal
to

n 2 s, 13
M aeh/ e
i=1 j=1

th

where ¢ is a primitive n~” root of 1,
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s
each ¢ J is a root of multiplicity ”J of

AG(t) and £ 1is the number of distinct nth

roots of AG(f).

PROOF. By virtue of Theorem 5.3.1 the first part of the theorem

should follow from a computation of the nullity of the matrix presenting
K,/lK,, XK,). This computation may be made as follows. Without altering
the nullity of M, we may find matrices P, R over the rational group

ring QZ such that P MR 1is diagonal. We then obtain a matrix

A1(t) een 0
a,(t)

where

m
I a500) = ag(t)
i=1

Now substitution of L for t in M, and sI for integers s

in M yields the presentation matrix, N, of Kn/[Kn’ Kn]' Ir pijI’
and PijI are substituted for the entries pij’ rij in P and R re-
spectively, then it is easy to see that the resulting matrices P(I), Q(I)

have the property that
4,(L) e 0
8,(L)

P(I) N Q(I) =

.

0 4 (L)

This in turn implies that the nullity of N is equal to the

sum of the mullities of the A;(L). It is possible to diagonalize L
over the complex numbers by means of the matrix w = P

and ¢ a primitive nt'h root of the unity, and wl -

a, B =1
—ap

3 ey

¢ The re-

1
n
sulting matrix is

n
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WlIW =

0 ... ¢

It follows then that W"Ai(L)W = Ai(W-ILW) hence the nullity of Ai(L)

th

is equal to the number of n roots of unity which are roots of Ai(t),

but since
n
[ a5(0) = a5t
i=1
the roots of a;(t) are roots of ag(t), and the first part of the

theorem is proved.

The order of the torsion subgroup of K, /(K , K, may be cal-
culated from w'1Ai(L)W. It is clearly

=L

n t
il 8y (8 )
1 i=1

J
t .
where ty =0 if ¢ J is a root of ag(t), and ty = J otherwise.
The second part of the theorem now follows directly.

The structure of K /[K,, K,] may be camputed for a particular
knot by means of an orientable surface spanning the knot. For a fine ac-
count of this method, first devised by Seifert [57], see [18]. One result
of the application of this technique is

THEOREM 5.3.4. (A. Plans’) For any n > 0

K 1l =22, 97, for

K2n+1 /[K2n+1 2 2n+

some r.

Other results for genus 1 knots will be found in [22].

T The proof given here is exactly that given by Fox in [21].

Aportacidn al estudio de los gruppos de homologiéd de los recubrimientos
ciclicos ramificados correspondientes a un nudo. Rev. Acad. Ci. Madrid
47 (1953), pp. 161-193.
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Having investigated all the normal subgroups whose factor groups

are abelian, let us turn now to study abelian subgroups.

§4. Abelian Subgroups

Of fundamental importance in the study of knot groups is the

following theorem.

THEOREM 5.4.1. (Papakyriakopoulos [51])
The complement of a knot is aspherical.
This theorem may also be expressed by
saying: the complement of a knot has the
homotopy type of a K(G, 1) space.

This latter statement along with the easily verified fact that
the complement of a knot contains a 2-dimensional complex as a deformation
retract implies that the homology groups of G with any coefficients van-
ish above dimension 2. We shall have occasion to apply this fact more
generally later in this chapter. For the moment we may apply it to the
study of the abelian subgroups of a knot group.

THEOREM 5.4.2. (Papakyriakopoulous [51],
Comner (7)) If ACG, and A is abel-
jan and non-trivial, then A 1is either
infinite cyclic, or the direct sum of two
infinite cyclic groups.

PROOF. By virtue of the remarks above, the covering R corre-
sponding to A is of the same homotopy type as a 2-dimensional K(A, 1)
space.

It follows then that A cannot be of finite order, as a finite
abelian group has homology in an infinite number of dimensions. Similarly,
if ADZ®2Z2®2Z, then Hh(A, Z) = Z for some n > 3, which is impossible

since 'y is of the same homotopy type as a 2-dimensional complex.

Theorem 5.4.2 reduces the possibilities for abelian subgroups of
a knot group to Z, and Z ® Z. Both these groups in fact occur, the first

being generated, of course, by any non-trivial element, and the second being
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found on a thin torus containing the (non-trivial) knot in its interior.

This section is concluded with a discussion of the center of a
knot group. Recalling Theorem L4.9.2, we begin with a theorem relating the

existence of a non-trivial center to the structure of the knot group.

THEOREM 5.4.3. If G has a non-trivial center,
then (G, G] 1is free of finite rank.

PROOF. Recall that Theorem 4.5.1 proves that [G, G] may take
one of three forms. One form satisfies the conclusion of the theorem.

The other two will be shown to be impossible.

According to Corollary L4.5.1, the center of G, Z(G) does not
intersect [G, G), consequently the abelianizing homomorphism maps Z(G)
isomorphically onto a subgroup of 2 = |t: |. Let t7 denote a generator
of this subgroup. Since 2 is a free group, G splits and every element
may be written in the form t°C, where C € [G, G]. ILet t'C denote a
generator of Z(G). Then (t¥C)X (£¥C)™' = X so that

(1) tTx t" - cxc' o,

for all X € G.

Suppose now that [G, G] has the form

(recall, each factor of a free product with amalgamation is a subgroup of

that product). Let X denote an element of A, which is not in AN A,.

Now the action of t on [G, G] is tomap each A; onto
-r r .
Aj,1r SO that t™" x t© 1lies in A_,, and since
X ¢ AN A, (Xt dA L NA L,

it follows then that (t™" X t) ¢ A_, n A, hence t™7 X t' ¢ A, but

0
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cxcl e A_ so that (1) cannot be true.

A in Theorem 4.5.1.

This dispenses with possibility
Case B 1is treated similarly as follows: if
(g, Gl = Ay C A CA, C ... and C €Ay,

then pick X € Ak, then
(FXt™) €A, (Xt {A

kep-1 bout CX ¢ e A, and since

r > 0, Equation (1) is impossible. This completes the proof of the

theorem.

As far as the structure of the center is concerned, Corollary
4.5.1 implies that the abelianizing homomorphism mapping G onto 2 1is

a monomorphism when restricted to the center of G, thus we may assert;

THEOREM 5.4.4. The center of a knot group
is cyclic.

Finally for convenience we may restate Theorem 4.9.2: If G

has a center, every root of Ag(t) is a root of unity.

§5. Homology of Subgroups

We simply wish to point out here a consequence of the fact that
the complement of a knot has the homotopy type of a 2-dimensional K(G, 1)

space, namely

THEOREM 5.5.1. The homology of a subgroup

of a knot group vanishes in dimensions
greater than 2.

PROOF. Any subgroup, A, of a knot group G, corresponds to

a 2-dimensional covering of a 2-dimensional K(G, 1), this covering has

the homotopy type of a K(A, 1), and since it is 2-dimensional, the

theorem follows.
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§6. Commutator and Central Series

Of great interest in the study of many classes of groups, the
commutator series seems to be of limited value in the study of knot groups.
The reason for this becomes apparent when one considers that the commutator
subgroup may either be free (Theorem 4.5.1) or perfect (Proposition L.7.1
and Theorem 4.9.6). This state of affairs does not however, preclude scme
interesting questions concerning this series (see Chapter XI).

The lower central series, G(i), [33) of a knot group is un-
interesting since G(i) = G(e). This follows fraom the fact that G/G(1)
= G/[G, Gl = Z. One argument (to be found in [71]) runs as follows.

6/, ¢M ) - 6 6" - o

hence

G(')/G(Q) C Z(G/G(2))

Noting that 6(2)y 6% we see that (M /6(?) is abelian and so
the above G/G(Q) is a central extension of the abelian group G(1)/G(2)
by the cyclic group G/G(1). This implies G/G(Q) is abelian so
G(Q) DG = G(l). Since G' = G(1) p) G(E) the assertion is proved.

§7. Ends

In a later chapter we shall discuss the matter of the number of

ends [25) of a knot group. For the present chapter, the following theorem

is pertinent. Suppose H 1is a subgroup of G.

THEOREM 5.7.1. If [G: Hl < » then H has

one end.

PROOF. According to [52] G has one end, by [29] H has one

end.






CHAPTER VI
REPRESENTATIONS

§1. Introduction

It is with some regret that we note the brevity of this chapter.
While the representation of a given knot group on some non-trivial group
seems to require mostly patience, there are almost no general theorems re-
garding the existence of finite representations. In this regard, we feel
that the central problem is one first asked of the author by S. Abhyankar.

We mention it below and again in the section on problems;

QUESTION. Is every knot group residually
finite? That is, given any g€ G g # 1,
does there exist a finite group F, and

a homomorphism ¢: G—F, such that

g ¢ kernel o?

A fractional answer to this question is provided in this chapter,

but the problem remains far from settled.

We begin what little we have to say with some results of Fox on

metacyclic representations [18].

§2. Metacyclic Representations

Recall that a metacyclic group, M, 1s defined by a presenta-
tion; (T, w; E X S of 1w1'1 = mk), k>1, K4 = 1(p), (k-1, pq) = 1.
It is easy to see that M' 1s cyclic, generated by o, and M/M' = Zq.

61
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Suppose we wish to represent the knot grour G
as in Chapter IV, G = (t, x

in M. Assume,

19 ceea Xpit Py, e, rn), where t maps into

a generator of G/G', and the Xy € G'. By the last paragraph it is no

loss of generality to attempt tomap t to T, and each > to some

power of . Since the Alexander Matrix describes G/G" (Chapter IV),

and we are attempting to map G into a group M, with M" = 1, our

efforts tomap G into M will utilize the Alexander Matrix of G.

Each row of the Alexander Matrix represents a linear combination

of conjugates of the Xy by various powers of t. A map of G into M

will be defined if we send t to T and Xy into such powers s; of o,

that the image of each linear combination of conjugates of the Xy by the

various powers of t described by a row of the Alexander Matrix, maps into

a trivial element of the cyclic group generated by . More precisely, if

I pij(t)xi describes the 3% row of the Alexander Matrix,’ then
p; 1(K)s Z: pys(k)s

[ «T2309% | gt Pag i

i

must equal 1 in M, for each J, if a2 homomorphism is to be defined by

S.
mapping x; to o -, and t to T. This implies Z; pyg(K)s; =0 (p)

for each j. It follows that the determinant of the Alexander Matrix

evaluated at k must be congruent to 0 modulo p. Thus we have:
THEOREM 6.2.1. (Fox) A necessary condition

that G be representable non-trivially in M
is that 25(k) =0 (p).

The proof of this theorem given above yields a technique for

finding representations of G in M. One need only solve the n congruences

n
() ) Pyy0s =0 @ , J=1,2 .., 0.
i=1

+

Recall that an entry t in th? ith column of the Alexander Matrix
corresponds to the element tx;t”' in G/G".
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Then each solution set S5 i=1,2, ..., n defines a homo-

morphism by mapping t to T and X5 to o

§3. Non-trivial Representations of Non-trivial Elements

As mentioned in the introduction to this chapter, one of the
central problems in the study of the representations of a knot group is
that of the intersection of the normal subgroups of finite index. As
might be expected, a knot group whose commutator subgroup is finitely gen-
erated proves to be a tractable object from this point of view. 1In fact,
we have the following theorem.

THEOREM 6.3.1. If G' is finitely generated,

then the intersection of all normal subgroups
of finite index in G 1is the identity.

PROOF. It is clearly equivalent to prove that given any g € G,
g # 1, there exists a homomorphism ¢, from G to a finite group F,
such that o(g) # 1.

If g¢ G' then v: G—G/G' ~Z maps g to a non-zero power,
a of a generator, t, of G/G', and then p: Z— Z, , composed with v
maps G onto a finite cyclic group, and opv(g) # 1, so that we may as-
sume g € G'. Now according to Theorem 4.5.1, G' 1is free, and according
to a well known result, [33], [30] or [45], any free group may be mapped
onto a finite group so that g 1is not in the kernel, Lb, of this mapping.
Iet us denote by Lz’ LP, ceey Lm the images of Ib under the action of
G/G' on G'. There are only a finite number of these images, since a
finitely generated group has only a finite number of normal subgroups of a
given finite index. Since the intersection of a finite number of subgroups
of finite index is again of finite index, n?=0 Ly = L is of finite index
in G'. By the construction of L, G/G' acts on G' in such a way that
L is mapped onto itself. This.implies that G may be mapped onto G/L by

a homomorphism 6, and we have the following situation
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0—=G'/L—G/L—G/G'—=0

where G!'/L 1is a finite group, and 6(g) # 1, because g d LO.

Since G'/L is finite, some power, say v, of t, a generator
of G/G', leaves G'/L fixed. This enables us to map G/L onto %/ t¥
by a homomorphism 7. Clearly, n 6(g) # 1 since t" ¢ G/L for any
n>o, and 6(g) # 1. This completes the proof of the theorem.

§4. The Range of Finite Homomorphs

It is of some interest, from both a topological and algebraic
point of view, to know what finite groups are homomorphs of knot groups.
The former stems from investigations of the groups of 2-spheres in the
L-sphere, and the latter from the desire to capture the algebraic proper-

ties of the class of knot groups.

Aside from some rather nugatory statements which follow trivial-
ly from previous results (e.g., 2, ® 2, 1is not a homomorph of a knot
group since G/G' ~ 2, and Z cannot be mapped onto 2, ® Z,) the only
results seem to be the following. We denote by Sn and An, the full

symmetric and alternating groups of degree n.

THEOREM 6.4.1. For every n, 5, 1s a
homomorph of some knot group.

THEOREM 6.4.2. For every n, A is

a homomorph of some knot group.

2n+1

Both these theorems follow from the particular knots and repre-
sentations shown in Figs. VI-2 and VI-3. A permutation associated with
an overpass corresponds to mapping the element of x, as shown in Fig. VIi-1
onto that permutation in Sn' That these assignments define a homomorphism
may be verified by examining the product of permutations arising from the

relations at the crossing points.
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CHAPTER VII
AUTOMORPHISMS

§1. Introduction

It is to be expected that the automorphisms of a knot group are
intimately tied to the geometry of the knot, and in fact this is the case.
However, the geometry is not entirely captured by the group alone. We
shall define geometrically certain conjugate elements, and subgroups which

hold useful information.

The boundary of a small neighbourhood of the knot is a torus, T,
whose fundamental group is Z ® Z. If this torus is connected by an arc
in $%-k to a base point in S3-k, then there is a natural mepping from
7, (T) into G = ﬂ1(83-k). This mapping is a monomorphism if k is
knotted [13], [51]. The subgroup of G so obtained depends on the arc
Joining T to the basepoint, but different arcs define subgroups which are
conjugate in G. This conjugacy class (all conjugates are obtainable) has
been referred to as the group system [15]) of the knot group, and a member

of this class as a peripheral subgroup. Selections of an orientation of

Sa, and an orientation of k define two elements uniquely in each peri-
maps into

7, (T)

pheral subgroup. This is accomplished as follows. H,(T)
H,(S3-k) by ¢, which is induced by the natural inclusion, and
maps into H,(T) by the standard homomorphism, n, which in this case is
an isomorphism. HI(S3-k) is infinite cyclic so that the kernel of tn 1is
infinite cyclic. This kernel must in fact map isomorphically onto H,
(component of 3.t containing k) and as this latter group has a selected
generator, (k is orientated) the kernel of tn contains a generator
67
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mapping onto the homology class containing k. A simple closed curve on

T may be selected [15) representing this generator. This oriented curve,
¢, is called & longitude. The homotopy class containing £ generates &
direct summand of nl(T). A generator of the other factor of "1(T) ~ 202
may be selected SO as to be represented by a simple closed curve, m, which
is homotopic to © 1in the component of 83-T, which contains k. We shall
call m a EEEEQEEE' We select that orientation of m so that m and k

have linking number [58] +1. Fig. VII-1 may meke this paragraph clearer.

9

We now have avallable two fixed conjugacy classes of elements

Fig. VII-1

in G, the longitudes, and the meridians. Much of the discussion in this
chapter will utilize these elements.

In Chapter V the Smith Problem was mentioned briefly. (Can a
xnot be the fixed point set of a periodic homeomorphism of S3?) Here
again the existence or non-existence of automorphisms of various sorts
throws some light on this problem. Recall that if the Smith problem has an
affirmative answer, then for some n, Kh is isomorphic to a knot group H.
Since Kn is a normal subgroup of finite index in another knot group G,
there is an automorphism of H, which is periodic modulo an inner auto-
morphism of H. We can assert still more: since k 1s left fixed this
"periodic" automorphism leaves the set of longitudes fixed, and if the
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automorphism if of odd order, it leaves the set of meridians fixed. This
connection having been made, we may in good conscience inquire into the

Properties of the automorphisms of knot groups.

§2. Outer Automorphisms

One of the earliest results concerning outer automorphisms of
knot groups is due to 0. Schreier. He proved in [55) that the group of a
torus knot ((a, b ; &P - vY), (p, q) - 1) admits an outer autamorphism,
in fact he determined a set of generators and relations for the eutomorphism

8roup of these groups. His result is expressed in Theorem 7.2.1.

THEOREM 7.2.1. (Schreier) The automorphism
group of |a, b ; &P = v, (p, q) = 1 may
be presented,

(I, 3, K ; 1P - g9 - k% - (k1)% - (K12 = 1)

where I ig conjugation by a, J 1is con-
Jugation by b, and K maps a to a”'

and b to b-'.

Later Magnus, in [36], determined the group of automorphisms of
the knot L

It is not difficult to prove a theorem about the autamorphisms
of those lmot groups whose commutator subgroup is finitely generated. We

use ¢ to denote the automorphism of G' induced by a generator of G/G'.

THEOREM 7.2.2. If G' is finitely gen-
erated then the group of automorphisms G
inducing the identity automorphism of G/G'
is isomorphic to the subgroup of the group
of automorphisms of the free group G',
which commute with ¢ modulo an inner
automorphism of G'.

PROOF. Recall that G may be defined by generators t, Xy, Xp,

“**» Xpg, &nd by relations txit,'1 =o(x;) 1=1,2, ..., 2g where the

Xy freely generate G', and ¢ is an automorphism of G'. If an auto-

morphism, ¥, of G induces the identity on G/G', then t must be mapped
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into an element tc vhere c¢ € G'. Then we must have in G,

(1) tev(x;)e 't

vo(x,)

which implies

(2) w(cv(xi)c'1) = vo(xy)
so that
(3) o(c) (ov(x;))olc™) = vo(x)

and ov = vp modulo an inner automorphism. Conversely, if there exists an

automorphism ¢ of G' satisfying d(ww(xi))d" = vp(x) then d = o(c)
for some c¢, and
t— tc
X3 = ou(xy)

define an automorphism of G. This completes the proof.

It is not hard to see which automorphisms of G' extend to auto-
morphisms of G inducing the non-trivial automorphism of G/G', namely

instead of requiring
(4) d(w(xi))d'1 = ww(xi)
we require
(41) d(w'W(xi))d" = Yyo(x)
that is, ve and ¢'1W differ by an inner automorphism.
As a corollaery to Theorem 7.2.2 and the remarks following, we

shall show that the action of an automorphism on G is determined by its

action on G', so we state:

COROLLARY 7.2.1. If G' 4is finitely gen-
erated, then the only automorphism of G
that leaves each element of G' fixed is
the identity.



§2. OUTER AUTOMORPHISMS T

PROOF. If v denotes the automorphism in question and if
is trivial on G/G' then we have by formula (L4) above, since v 1is trivial
on G',

d o(x;)a™! - ¥o(x;) = o(x;) for all i =1, 2, ..., 2g

for some d € G'. But @(x;) freely generate G' and G' is free of
rank > 1 so d must equal 1. On the other hand, d = ¢(c), and tc =
v(t) so that w(t) = t. If ¢ is non-trivial on G/G', then by (u4')

d o"(xi)d'1= ¢(xi) and we have
-1 2
(5) o(D)x;0(a7") = 97 (x;)

Now consider this equation modulo G". Denoting (as in Chapter
IV) by M the matrix defining the action of 9 on G'/G", (5) taken
modulo G" implies that M° is the identity. But then every root of

2g(t) must be a square root of unity. This is impossible because G' 1is

not perfect, so by Theorem 4.9.1 ag(t) # 1, and the only other possibili-

ties for factors of a(t) , t2+1, +t+1, t-1, are not 1 when t is set

b

equal to 1 thus 4;(1) # 1. This completes the proof of the corollary.

An autohomeomorphism of S3-k induces an automorphism of n,(S3-k)

which is defined up to an inner automorphism. Such an automorphism maps

the group system onto itself. It is of interest to note that all the auto-
morphisms of a knot group whose commutator subgroup is finitely generated
which map the group systems into itself, do in fact, arise from atuchomeo-

morphisms of 33, We state this formally in the following theorem.

THEOREM 7.2.3. If G' is finitely gen-
eérated and ¢ is an automorphism of G

mapping the group system onto itself,
then there exists an autohameomorphism

of 83 which induces ¥ on G.
PROOF. 1n (46], and Chapter X, it is proved that the complements

of open tubular neighbourhoods of two knots with finitely generated commu-

tator subgroups are homeomorphic if there exists an isomorphism between their
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groups mapping one group system onto the other, furthermore, this homeomor-

phism may be chosen so as to induce the given isomorphism. Specializing

this homeomorphism proves the existence of an autohomeomorphism of 83

minus an open tubular neighbourhood of the knot. This autohomeomorphism
may be extended to all of s3 because a meridian (which generates the kernel
of the mapping from the fundamental group of the boundary of the tubular
neighbourhood into the tubular neighbourhood) is mapped into a meridian (or
its inverse) according to the part of the hypothesis relating to the group

system.
This completes the proof of the theorem.

§3. Symmetries

For a long period of time it was unknown whether every knot
could be inverted. That is: Is every knot equivalent to itself with op-

posite orientation? (Naturally, by an orientation preserving map of 83.)
Expressed algebraically this question may be weakened to the following:
Does every knot group admit an automorphism mapping a longltude onto the

inverse of a longitude, and a meridian onto the inverse of a meridian?

This long standing question was answered in the negative by

Trotter [64] who proved that the groups of certain knots admit no such

automorphism.

A similar but simpler question is whether a knot is equivalent
to its mirror image. Such a knot is called amphicheiral. A corresponding
(weaker) algebraic question is the following: Does every knot group admit
an automorphism mapping a meridian onto the inverse of a meridian, and a

longitude onto a longitude?

The answer to this question is "no." The counter example is the
trefoil knot (3,). The proof is provided in [14) and [15). In the latter
paper, Fox proves that the group of the trefoil times the trefoil’s mirror
image’ is not equivalent to the product of the trefoil with itself. The
method of proof used by Fox is to show that these two knots admit no iso-
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morphism of their groups which preserves the group system. If an automor-
phism of the group of the trefoil existed, mapping a meridian onto the in-
verse of a meridian, and a longitude onto a longitude, then this automor-
phism could be followed by an inner automorphism so that the resulting com-
position would leave a longitude fixed. This would allow an isomorphism
to be constructed between the group and the group system of the product of
the trefoil knot with its mirror image, and the product of the trefoil knot
with itself. Thus, Fox’s proof also proves that the group of the trefoil

knot admits no automorphism mapping a meridian onto the inverse of a merid-

ian and a longitude onto itself.

While the title of this section is "Symmetries," up to now we
have not required that the automorphisms which are induced by hameamorphisms
of the residual space satisfy a prime requirement of symmetries, namely,
that they be of finite order. As it is useful to speak of algebraic sym-
metries we make the following definition.

DEFINITION. An algebraic symmetry of a knot
group is an automorphism of finite order.

Trotter investigated [65) the algebraic symmetries of knot groups

whose commutator subgroups are free, and obtained the following theorem.

THEOREM 7.3.1. (Trotter [65] Lemma 3.3)
If G' 1is finitely generated and G
admits a symmetry of order q, then
all the roots of ag(t) are qth roots
of unity.

The symmetries of order 2 of a knot group seem to be to be of
independent interest, in view of the various geometrical considerations
leading to questions concerning them. In the next chapter there will be
found a construction which is conceptually at least based upon the idea of
extending the non-trivial symmetry of the inifinie cyclic group to an auto-
morphism of a knot group. The end result is not a complete theory, but

T The product of two knots is defined, for example, in [56], [18] and
Chapter VIII of this book.
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rather some algebraic theorems which are hopefully capable of being con-
nected vith geometric ideas. The connection has not yet been made, so I
hope it will be possible for someone to find out what (if any) connection
may be made with a topological point of view.



CHAPTER VIII
A GROUP OF GROUPS

§1. Introduction

While there are a number of means available for camposing one
Eroup with another, such as direct product, free product, wreath product,
none of these seems to impose more structure on a set of groups than that
of & semi-group with identity.

Similarly, topology abounds with methods for making one space
from two; these include for example, WxV, WUV, WvV, W etc.
On the other hand these operations, again, rarely lead to anything with as

much structure on it as a group. (Of course, two sparkling exceptions are

the homotopy groups and their generalizations, and the cobordism groups.
The latter in relative form, suggested the contents of this chapter.)

Partly in view of its rarity, partly for amusement, and finally,
because it may be useful, we present in this chapter a means for construct-
ing a group from a collection of groups or spaces. The collections are far
from arbitrary, as will be seen from the axioms, while the rule of composi-
tion is suggested by the group theoretic operation of free product with
amalgamation.

We shall specialize this general construction to the set of
knot groups.

In the last section we prove that a group of knot groups of

2-spheres in s* is non-trivial.

75
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§2. The Semi-Group of Knots

The physical operation of tying one knot on top of another may

be formalized in the following manner. The two knots k,, k,, may be as-

summed to lie in disjoint closed 3-cells E1’ Ee. A closed arc of each

@, @, may be assumed to lie in the interior of a disc D,, D,,

boundary of E1, E2, while the rest of each knot lies in the interior of

on the

its containing 3-cell. If s3 is given an orientation, then E,, E,, in-

2
herit orientations which induce orientations on D, and D,. Give k,, k,
orientations so that o,, o, are oriented. Now match (D,, a1) with

(D, @,) so that the orientations of D; as well as that of the o
disagreement. This process leads to an oriented knot lying in an oriented

are in

3-cell, E, when the interior of the now common arc a,, o, is removed
and E 1is imbedded with its orientation preserved, in an oriented 3-sphere.
It is not hard to see that the knot type we obtain, which we denote

k, # k,, 1s independent of the arcs, 2-discs, and 3-cells chosen. This
operation makes the set of knot types into a seml-group, and a construction
of Fox and Milnor [23] may be used to define equivalence classes which form
a group under the semi-group operation. (This construction, and the corre-

sponding definitions may be done for n-kmots in n+2-space [27], [28].)

The group of k,; # k, may be computed from the groups of k,
and k, respectively, by application of the van Kampen Theorem to E, E
D

27
7 » that of k,, then there
are elements (meridians) t,, t, in G,, G, so that

and DQ. Ir G1 is the group of k1, G

3
1, (87- (k, # ky)) =G G,

*
e
where t 1is identified with t, in G,, and t, in G,.

If we agree to select in each knot group a meridian which en-
circles the oriented knot by the left hand rule, then the semi-group of
knots is mimicked by the semi-group of knot groups, with the operation in
the latter being a free product with amalgamation which identifies the
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homotopy class of the meridian in one group with the homotopy class of the
meridian in the other.

Note: These semi-groups are not naturally isomorphic, as some
distinct knots may have the same group and distinguished meridian, (e.g.,

granny and square).

Fig. VIII-1

The semi-group of knot groups suggests a more general construc-

tion which 1s given in the next section.

§3. Some Axioms

We suppose we are given a set, A, of groups. There is a dis-

and there 1s at least one

tinguished member of A, which we denote by G,

’

monaomorphism ®g of G into each group H in A. We consider the set,
A, of all pairs (H, g;), and denote by ¥ the natural map from A to

A.
These objects must satisfy the following axioms:

Ax. 1. There exists an involution t: G—G.
Ax. 2. (G, identity) e A.

Ax. 3. Ifr (F, ) € A, then (F, (PFL) € A.
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Ax. L. Ir (F, °F) end (H, oH) are in A, then

(F * H, o) 1is in A
Q’F(G) WH( G)

We remark that as F and H are canonically subgroups of the

free product with amalgemation, the placement of G in F % H is well

defined by either P ©Or oy, and obviously imbedded in the same manner
by either.

§4. A Binary Relation

Denote the binary operation on elements in A described in

Axiom & by (F, og) o (H, op).

Define a binary relation, r, between elements in A eas

follows:
(F, op)r(H, oy), if and only if Y¥((F, op) o (H, oygt))

admits an involution which induces ¢ on the subgroup ¢F(G).

CLAIM: r is symmetric.

PROOF. Consider F

H=1L, and
‘PF(G)

‘PH( t(G))

L!

(@)

F
op(L(G))

Suppose t(g') = 8, then substitution of t(g') for g in the
equation

(1) op(8) = oy(i(e))
yields

(2) op(t(8")) = oy(i(ig")) = og(g"
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But Equation (1) constitutes the amalgamating relations for L,
while Equation (2) expresses the amalgamating relations for L', so that
L and L' are isomorphic. This means that (F, QF) r(H, wH) implies
(H, oy) r(F, op).

CIAIM: r 1is reflexive.

PROOF. We must prove that F * F =1L
op(G) = op(L(G))

admits an involution which induces ¢ on the subgroup wF(G). So we seek

an automorphism e: L — L such that
e(‘PF(G)) = ‘PF( t(G))

let J,, J, denote isomorphisms of F onto F,, F, (Two distinct copies
of F). Then L=F * F, . We now consider F,, F,
JIQ’F(G) = JQ‘?F(L(G))
: -1

as imbedded in the natural way in L ([33]. Consider the mappings 3231 ,
and J,J;l- These mappings interchange F, and F,. Consider an element

- -1
J;(ep(®). 3,37' maps this element onto J, op(g), while J,j; maps
jo(op(8)) onto j;(op(g)). Now, if g = 1g' then g' = tg, and

‘—1 3 . s

3237 31 (ep(@) = j,(ep(8)) = jy(ep(t(g")) while

j'l‘jéll j](q)F(g)) = J1j;1 J2¢F(L(g)) = j'le(Lg) = j«]q’F(g'))

but since j on(g') = ioop(te"), 323;1 and JIJ;1 agree on F, n F, so
that we may define a 1-1 mapping of the set F, UF, onto F, UF, by
sending elements in F1 onto elements in F, by means of 323;1, and
elements in F, onto elements of F, by means of j1j;1. Furthermore,

since

(3231-1).']1%?(8) = JECPF(S) = jech.(L(g'))

(3,331 i0p(c(8) = Jop(t(@) = Jep(g")
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it follows that jgj;1 and j1j51 may be extended to define an automor-

phism,? e, of L. When ve note that e?

ldentity, and

e(J,op(8)) = ejop(t(a))

Jiep(i(@))

the claim is verified.

CLAIM: If (F, QF) I‘(H, ch)’ and
(B, 9p) r(C, 9c) then

[(F, op) o (B, wB)] r [(H, o) o (C, ¢C)]

PROOF. Iet e denote the involution of F * H which extends
G
t, and f the involution of B a C wvhich extends t. Rewrite

(F

B H c)
op(G) = op(t(G)) op(@) = ox(L(B)) ° oy(G) = op(t(G)) as

(3)

= N.

(F H B . c)
Pp(G) = oy(t(G)) " op(G) = og(L(G)) * ogz(G) = op(L(G))

By hypothesis, each parenthesized factor of (3) admits an in-
volution which induces t on op(G) = 9c(G), so that these involutions,
e and f, may be extended to an involution, h of H, and h induces

Lt on ¢F(G). This proves our claim.

Notice that [(F, op) o (F, ¢5t)) r (G, identity), since

(F, op) r(F, op). This implies that given any element of A, there exists

another element in A such that the product of these two elements admits

an involution extending .

+ -1 -1
JpJ7 and J,J; define an automorphism of F, * F, which maps the
kernel of the natural map of F1 * F2 onto L, onto itself.
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If we now define (F, ¢F) = (H, wH) when there exist elements
Xy and A such that (F, oF) rX,rX ...r Xn r (H, wH), then = is
an equivalence relation since r 1is reflexive and symmetric.

It follows easily from our last claim that the operation o is
well-defined on equivalence classes. Clearly, the equivalence class con-
taining (G, ildentity) acts as an identity. Associativity of the product
operation on equivalence classes follows from the associativity of the pro-
duct operation on elements. An inverse to each equivalence class exists
by virtue of the remark following the verification of the last claim.

Thus ve have proved

THEOREM 8.4.1. A set of groups satisfying
axioms 1-4 may be made into a group with
respect to the rule of composition o, by
means of the equivalence relation generated
by the binary relation r.

§5. Some Examples

With very little effort a version of Theorem 8.4.1 of the pre-

ceding section may be proved in the following context.

Let A be a set of disjolnt topological spaces, G a fixed
member of A, imbedded by o 1in each space F € A. ILet A Dbe the set
of pairs (F, og). ILet . be an autohomeamorphism of G, of period 2.

+
Assume’ (G, 1d) € A, and if (F, op) € A, then (F, ppt) € A. Now

define the operation o on pairs of elements of A as follows:

(F, wF) o (H, ¢H) = (r U H/¢F(g) = wH(g), ¢F)

Define T &as before, and prove without difficulty the claims necessary to

verify Theorem 8.4.1 in the above context.

t We denote the identity map by id.
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As a simple example of this group of equivalence classes of

topological spaces we may take as A the "whisker" spaces shown below

LEFT RIGHT
POINT POINT

| ¢
m LEFT HAND WHISKERS %Oé n RIGHT HAND WHISKERS

m<+n
ARCS

m,n 2 0.

Take G to be the two point space (m = n =0), ¢ to be the
interchange of these two points, and as imbeddings the maps putting these
points (in either order) at the place indicated by the arrows in the above
figure. It can be seen that two whiskers (F, ¢F), (H, °H) are equivalent
if and only if the sum of the whiskers emanating from the image of point 1
in F, and point 2 in H is equal to the sum of the whiskers emanating

from the image of point 2 in F and point 1 in H. Thus,

> >SS

IS EQUIVALENT TO |

It thus becomes apparent that the group we have constructed is isomorphic to
the integers. The isomorphism may be realized by mapping a pair (F, ¢F)
onto the integer (number of whiskers eémanating from the image of 1) minus

(number of whiskers emanating from the image of 2).

Another topological adaptation of the construction is to take for
the operation o, the cartesian product of spaces with base points, with
one subspace identified with another. More precisely, if ((x xy), ¢x)
and ((Y, o) ) are two spaces with basepoints and o

x» Py imbed a space
(G, g, in each, then define

((x, xy) cpx) o ((Y, Y5, wy) = ((Z, z,), q'»x)

where
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Z

X x Y/(0,(8), Vo) = (X5, og(8))

2o = (X5, ¥o) = (9y(8), oy(8))

oy (8) = (9,(8), ¥5) = (x4, wy(g)) = éy(s)

Proceeding as before, a set of pairs, consisting of a space with
a base point, and an imbedding of a fixed space with a basepoint, may be
made into & group using the operation described above, providing the set

gatisfies Axioms 1-4 interpreted in the topological context.

Although these examples are topological, Axiom 4 can also be
modified in a purely algebraic way. Instead of free product with amalgema-
tion, we maey use direct product with smalgamation. With this modification
and some simple condition on the groups in question, such as all are abelian,
a1l the proofs will still go through, and a group may again be constructed.

Before passing on to the consideration of knot groups, a little

discussion of the previous constructions is in order.

§6. Amalgamations

It is clear from the large number of interpretations of the
axioms, and definition of o, which still lead to a group, that there

ghould pe a more general setting for §3 and §u.

While one may operate in a more general setting algebraically,
(wherever products with amalgamation may make sense, e.g., for lattices,
or direct products with amalgamation of abelian groups) it is somewhat more
gifficult to make a general definition of o which will include the topo-
1og1cal interpretations as well. Furthermore, it is probably also possi-
ple to make the construction of "product with amalgamation" on projective
planes, algebras, modules, semi-groups, lattices etc. If one can in fact,
make the "proper" definitions then these can be used to redo §3 and §b4 in

the appropriate context.
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For the present, we are content to revise §3 and §4 as necessary

to cope with each particular set of structures, and "product with amalgama-

tion." In the Appendix Prof. Eilenberg demonstrates the proper general

setting for all these constructions.

§7. Knot Groups
Iet us take for a set,

A, the set of all knot groups, one for

each oriented knot type. As in Chapter VII, Fig. VII-1, in each knot group

certain elements (meridians) may be represented by a path « from a base-
point to a point near the knot, a little loop winding once positively about
the knot, and the path o,

Let us take for G, the integers. (The group of the trivial

knot.)

Iet us take for the elements of A, pairs consisting of a knot

group F, and all imbeddings of G in F which map a generator of G

onto a meridian. These are imbeddings because F is without elements of

finite order. [51]

It is easy to see that this set A satisfies the axioms, with

L interchanging +1 and -1.

The operation o 1s induced by the operation # on knot types-

It is easy to see that if (F, op), (F, v) are two pairs aris-

ing from a knot group F, and mappings of +1 onto two distinct meridians

, then (F, op) r (F, vp)
so that (F, op) 1S equivalent to (F, Vp). This may be proved as follows:

with the same linking number with the knot, k

[
(o

w((F, op) o (F, WF‘))

is isomorphic to

Y((F’ ¢F') o (F’ ‘PFL)) L

by a mapping, say . A meridian m' is conjugate (as are all meridians)
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to o(m) where m is a meridian in L, since both L and L' arise
from the knot type k # k. L, of course, admits an involution, e, which
induces t. If m' =W p(m)u™', then ¢ — (m(e(o-](ﬂw))))w—1 defines an
involution on L' which induces a non-trivial involution on the infinice
cyclic group generated by w(p(m))W'l Thus, any meridian in L' may be
mapped onto its inverse by an involution of L'. It follows then that

(F, op) 1s equivalent to (F, vp).

While this is heartening it is far from satisfactory. Unrortu-
nately, the group of knot groups may be trivial, although this is highly
unlikely.

(It is not difficult to prove that the pair ((a, b: a = b3),
e: 1~ ab'l) admits no involution sending ab™' onto ba”'. While this
proves that this pair is not r-related to the integers it does not prove

that this pair is a non-trivial element in the group of knot groups.)

If we consider the set of knot groups and meridians of knotted
2-spheres in the 4 -sphere which have Alexander Polynomials [32], the situa-

tion is somewhat better.

An automorphism of a knot group mapping a meridian onto its in-

e induces the substitution t — t!

sers in a matrix presenting the abelian-
jzed commutator subgroup as a module over the integral group ring of the
xnot group made abelian. (Chapter IV.) This implies that the Alexander

Polynomial of a knot group admitting such an automorphism is symmetric.

Now suppose (F, 00) is a pair in the equivalence class of the
jdentity in the group of lknot groups of 2-spheres in the b-sphere. We must
nave (Fg, @) T (Fq, 9;) v ... v (Fy, o)) r (G, id). Since

(Fps oy T (Fp_1s ®nq), and (F,, @) r (G, id), F_ and

F * F =
n n-1 n
0, (G) = oy (L(G)

must admit involutions inducing . By the argument above, the Alexander
Polynomials of Fp, and L, are symmetric. Since the polynomial of L,

is the product of the polynomials of Fn-l and Fn, and since the product
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cf a non-symmetric polynomial and a symmetric polynomial cannot be symmetric,
it follows that the polynomial of Fn_1 must be symmetric. Moving up the
line by the same argument, we may conclude that the polynomial of Fo_o 1s

symmetric. Proceeding in this fashion, we may conclude;

THEOREM 8.7.1. If (F, op) 1s equivalent to
(G, id), then the Alexander Polynomial of F
is symmetric.

From this the following two corollaries are immediate.

COROLIARY 8.7.1. If (F, ¢F) is equivalent
to (H, o) then ap(t) AH(t'1) is symmetric.

COROLLARY 8.7.2. The group of knot groups of
2-spheres in the h-sphere which have Alexander
Polynomials is non-trivial.

PROOF. There exists s? ¢ Sh with a non-symmetric polynomial
[32].



CHAPTER IX
THE CHARACTERIZATION PROBLEM

§1. Introduction

Probably the most elusive aspect of the study of knot groups is
just the capture of those algebraic properties which characterize these

groups- This chapter contains essentially all that has been published on

this question. These results fall naturally into three categories, neces-

sary and sufficient conditions, sufficient conditions, and necessary con-

ditions, that a group be a knot group. The organization of this chapter

follows this trichotomy.

§2. Necessary and Sufficient Conditions

The following disturbing, but not entirely discouraging result

¢ John stallings [60] gives one pause.

o
THEOREM 9.2.1. (Stallings) There exists no
algorithm for deciding whether or not an ar-
bitrary finitely presented group is the group
of a knot.

This theorem indicates the difficulty of the problem of charac-

terizing the xnot groups. It limits the kind of characterization one may

hope for. It should not have the effect of discouraging attempts to pro-

vide methods or theorems useful in answering the basic question: What is a

xnot group?
87
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The following theorem of Artin [3] provides an interesting ex-
ample of a result which is available in spite of Theorem 9.2.1. The proof
of Artin’s theorem depends on the ideas of a "Braid," and while they are
appealing it would take us a bit far afield to reproduce enough of them to

prove this theorem.

THEOREM 9.2.2. (Artin) A group is a knot

group if and only if it has a presentation
of the following form:

(t t

. -1 -1
10 oy eees tps T84Ty = ty10Thta T =)

1= 1, 2, ce., n-1

where T; are words in the ty satisfying

n n
I omyegr - (11 ty) t,
i=1 i=2

in the free group generated by t1, te: ey tn'

The frequency with which we have dealt with knot groups whose
commutator subgroup is free makes it desirable to have a characterization

of these groups. Unfortunately, half the theorem we present here depends

on the (as yet) unresolved status of the Poincaré conjecture.?

let us suppose from now on that G 1is a group which extends the

free group F2n by the infinite cyclic group Z. We denote by t, an

element of G which maps onto a generator of Z, and by 0 is meant the

trivial group.

THEOREM 9.2.3. If
(1) F,, = (G, G],

(2) G/(¢) =0,

n

(3) [t, I ta, bil] = 1 in g,
i=1

Toa simply connected closed 3-manifold is homeomorphic to the 3-sphere.
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where ay, by, i=1,2, ..., n generate

F,,» then, if the Poincaré conjecture is

true, there exists a tame knot k in S3,
such that n,(s3- k) =~ G. Conversely,
n,(s3- 1) satisfies (1), (2), end (3),
if (G, G) is finitely generated.

PROOF. We shall construct over the circle, a fiber space whose
fundamental group is G. The total space will be the complement of an open
tubular neighbourhood of a knot in a simply connected 3-manifold.

let S denote an orientable 2-manifold of genus n, with

boundary a single curve {.

Now G 1is completely described when the automorphism of an
induced by t is described. Denote this automorphism by ¢. We shall
consider ¢ as acting on n,(S); then condition (3) implies that o
leaves a class of loops containing £, with some orientation, fixed. By
doubling S along £, and applying Nielsen’s Theorem in [48) we see that

¢ 1s induced by some autohomeomorphism ¢ of s,*

Now by matching the two ends of I x S according to ¢, one
obtains a 3-manifold M (with boundary T a torus) whose fundamental
group is G. Furthermore, by hypothesis, adjoining the relation t = 1 to
G destroys G campletely. Thus, by matching the boundary of a solid
torus D° x 8' with T so as to kill t in G, one may obtain a simply
connected manifold, such that M is the complement of a tubular neighbour-
hood of & knot, (an interior point of D°) x S', and half the theorem is
proved.

The necessity of condition (2) follows immediately from the fact

that s3 is simply connected and does not depend upon the structure of
(G, Gl.

Nielsen’s Theorem states that any automorphism of the fundamental group
gf a closed orientable 2-manifold is induced by an autohomeomorphism of the
-manifold.
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The conditions (1) and (3) are implied by the finite generation
of (G, G] and follow from Theorem k4.5.1. One need only note that when

(G, G] 1is finitely generated, F,, = n,(8) (for S an orientable surface

of minimal genus
ment of =, (8)

isfies (3).

spanning k) is imbedded in G as [G, G],

corresponding to the class of 35 (base point

and the ele-

on 0S) sat-

It should be noted that condition (3) is satisfied if conjuga-

tion by t maps

where W € Fen;

n n
-1

I lay, by] onto w 11 la;, byl w

i=1 i=1

for in this case, we may take for t (which was picked

as a preimage of a generator of G/G') the element wt which obviously

commutes with H?=1 lay, b;J.

§3. Sufficient Conditions

The following theorem [74] is of some interest.

THEOREM 9.3.1. (H. Zieschang) Suppose G =~
Fn * FA , Where Fj, FJ are free of rank
Fon-1

j. Suppose F, . CF, 1s generated by a,,

., 8, and F, CF) 1s generated by

by, «+es bon where a; = b, in G. Suppose
that there exists a, € F , b, € FL  such

that
n

[ fbpy_q, bpyl =1 in P! .

i=1
Suppose G/(a]b;1] = 0. Then if the Poincaré
conjecture is true in dimension 3, G 1is a
knot group.
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§4. Necessary Conditions

1. Ve have seen earlier (Chapter V) that a knot group G is
"without" homology with simple coefficients in dimensions greater than one.
This is quite a stringent condition, however it is most certainly true for
a more general class of groups, as is almost any other particular property

of knot groups.

2. Papakyriakopoulous showed [52] that a knot group which is

not cyclic has 1 end. For a discussion of ends see [25] or [29].

3. As was mentioned in the introduction, G may be generated
by a set of conjugates. This also follows from the presentation derived

in Chapter III.

L. A knot group, by Chapter III and a simple computation of the
Euler characteristic, has a presentation in which the number of generators
exceeds the number of relations by exactly 1. Since the group made abelian
is infinite cyclic, this is the maximum excess of generators over relations

in any presentation, hence the knot group has deficiency 1.

5. Torres and Fox [62] discovered that a knot group has s pre-
sentation which admits a duality of a certain sort. This is expressed in

the theorem below. A good proof of this theorem may be found in [12].

THEOREM 9.4.1. (Torres and Fox) A knot
group G has a presentation

(X9, X5, +©o, Xps Ppy Poy eeey, rn) and
a presentation
(y1, Yos =5 Y3 895 Spy enn, sn) satis-
fying the following equations foér all i,
J=1, ..., n
-1
¥ (x;) = ¥o(y; ')

¥o [;;% (xi-l)] Yoy[ggi (yj- 1)]
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Here ox(oy) maps the integral free group ring generated by

xi(yi) onto the integral group ring of G, and ¥ maps (in the obvious

way) the integral group ring of G onto the integral group ring of G/G'.

This theorem is extremely important, for it implies the symmetry

of the Alexander Polynomial of G, and serves to rule out as knot groups

many candidates for this honor. The proof of this theorem is quite geomet-

ric, and we do not present it here because of considerations of space.



CHAPTER X
THE STRENGTH OF THE GROUP

§1. Introduction

Having spent our time up to now on an investigation of the knot
groups themselves, it is appropriate that we camplete this study with a
chapter whose chief consideration is the extent to which the knot group de-

termines the knot or the topological type of the complement of the knot.

§2. Homotopy Type

The proof by papakyriakopoulous of the asphericity of the com-
plement of a knot [51] "solves" the problem of the homotopy classification
of the complements of Jnots. Since nn(S3- k) =0 for n> 1 and any k,
any map of the 2-skeleton of the complement of a small tubular neighbour-
hood of & ot k into the 1-skeleton of the complement of a small tubular
neighbourhood of another knot k' may be extended to 3-skeleton. It fol-
1oWs then that an isomorphism and its inverse between two knot groups may
pe realized by continuous mappings between the complementary domains of the
two knots. As these continuous maps induce isomorphisms between the homo-
topy &roups of the spaces in question, these mappings induce a homotopy
equivalence [70]. In summary, s3_ k and S3 - k' are of the same homo-

topy type if and only if "1(53' k) and “1(53' k') are isomorphic.
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§3. The Topological Type of the Ccmplement of a Knot

The topological inequivalence of the complement of the square

knot and the granny knot was proved in [14] by Dehn and again by Fox in
[15].

The groups of these two knots are however, iscmorphic. This

fact indicated the need for a stronger algebraic invariant than the group

alone. We have already seen a stronger invariant in Chapter VII where the

group system was defined.

It has long been believed that the group system determines the
topological type of the complement. This as yet has not been verified, al-
though the following theorem may be proved.

THEOREM 10.3.1. If the commutator subgroup
of a knot group is finitely generated, then
the group system determines the topological
type of the complement.

PROOF. ILet M(k) denote the closure of the complement of &
regular neighbourhood of k.

Then 1t is well known that the topological
type of M(k)

depends only on the type of k. Now suppose k,, k,, two
tame lmots in 33 ape given, and there exists an isomorphism p, mapping
7, (M(k,))  onto n,(M(ky)) end mapping the conjugacy class of =, (fi(k,))
onto that of nI(ﬁ(k2)). We may assume without loss of generality that the
base points, Xy, X,, for n (M(k,)), = (M(k,)) are located on the bound-
8ry in each case; also by a suitable automorphism of m,(M(k,)), p may be

assumed to map x, (M(k,)) C n,(M(k,)) onto =,(M(ky)) C m,(M(k,)).

Let m,, 2, denote & meridian and longitude of M(k,), 1let

M2» 22 denote a meridian and longitude of M(k,). Then
plm,) = +(m, + rle,]),
and
ple,] = 4+ [2,]
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It is easy to see that there exists a homeomorphism f from M(kl) to
M(k,) such that . p.

Let S;, S) denote surfaces of minimal genus spanning k,;, k,

respectively and chosen so that ﬂ(ki) n Si = ﬂi. According to Theorem
k.1, and our assumption of the finite generation of (n,, m,], these sur-

faces are of the same genus. M(ki) n Si will be denoted Si‘

We now wish to extend f to a homeomorphism f, from M(k1)
to M(k,): we first extend f to a homeomorphism f, from M(k,) USs,
to M(kg) Us,, such that (f,]| S1)# = pll=x,, =, ], where this last
equation has meaning by virtue of Theorem L4.5.1, where it is proven that

7,(S,) generates [n,, =, ] if (=, =, ] is finitely generated. More

1
formally, f] will be constructed so that the following diagram is commu-
tative:

pllx x.]
[y, ny l————plx,, ]

(g, 18)F
1,(8)) ————— =, (Sp)

Here 1 and Jj are isomorphisms by Lemma L.k.2.

let ¢ denote any homeomorphism of S, to S, which agrees

with £ on S, nf(k,) = £. (Such exists since S, end S, are of the

1

same genus.) Now oFf 017" o p o j defines an autcmorphism of 7, (8,)

which leaves 1, (8, N M(ke)) C ﬂ1(32) fixed, so by attaching a disc, D,

to S, along ée aend applying Nielsen’s theorem (48] to the induced auto-
morphism on S, UD, it is easily seen that there exists & homecmorphism
h: S,UD—s,UD leaving D fixed such that (h|sy)? - o 017" o p’

1

J. Now define f |S, = h™' o e. Thus (r,1sp* - 37" o p o 1. Since
1

o
h™ oe¢=1f on s, N M(k1), nlooe may be extended to a homeomorphism
£

, on M(k,) Us,, by defining f, on M(k,) to be equal to f, and
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f1 on S1 to equal n! o ¢. It is easy to see that f1 may be extended
to a homeomorphism f, from a nice small neighbourhcod N of M(k]) U S,

to a nice small neighbourhood of fi(ky) U S,. Now N - M(k,) is a
2-manifold, and clearly the component of S3- (N - M(k,)) which does not
contain k, is homeomorphic to s3- S,, but by Theorem 4.5.1, ni(s3- s,)

is free, and an easy application of the Loop Theorem [50] and the Dehn

lemma [51) shows that the component of S3- (N - M(k,)) not containing k,
is a solid torus.

The problem has now been reduced to extending fg, a homeomor-

phism defined on the boundary of a solid torus to a homeomorphism of the
solid torus, more explicitly, f

» maps N onto a homeomorphic neighbour-
hood of M(k,) US,,

and the complements of N, and its homeomorph are

solid tori, whose boundaries T,, T

1» Tp are homeomorphic by the map f,.

By a well-known principle (see for example, [42]) a homeomor-

phism H from the boundary of one solid torus R, to another, R,, may

be extended to the interior if and only if H# maps the kernel of the map
L#: n1(R1) —~n1(R1) onto the kernel of the map n#‘ "1(é2)'" “1(R2)_f
First we shov that f, maps loops (on T,) homotopic to © in
s3. N into loops (on T,) homotopic to 0 in s3- f,(N).

Suppose a 1is a loop on T1 not homotopic to 0 on T,, but
homotopic to 0 in s3onN. 1r fe(a)

is not homotopic to o0 in

s3 - £,(N), f,(%) determines a non-trivial conjugacy class of p([=,, 7;])

by Lemma 4.4.2. But by assumption, o« is homotopic to o0 in S3— N,

hence it determines the trivial conjugacy class in (=, n] and so the

trivial conjugacy class in p([x, =]). Arguing similarly with f;’ ,
allows the above principle to be applied, so that f2 may be extended to

fy, which maps M(k,) homeomorphically onto M(k,)

T This follows easily from Dehn’s Lemma.
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§4. Knot Type

The passage from the topological type of M(k), the complement
of a small tube about the knot, to the knot type itself depends solely on
the placement of a meridian in o, (M( k).

For example, if M(k) and M(k') are topologically equivalent
by a map which sends a meridian onto a meridian, then this topological
€quivalence may be extended to a map from s3> onto S3 which sends k

onto k'. (This follows immediately from the principle used in the proof
of Theorem 10.3.1.)

We state the combination of this observation and Theorem 10.3.1
as Corollary 10.4.1.

COROLLARY 10.4.1. If two knot groups are
isomorphic by a map which sends a meridian
onto a meridian, and the group system of
one onto the group system of the other,
then the knots are equivalent.

As far as orientation is concerned one can require the isomor-
phism to preserve the selection of oriented longitude and meridian if the

autohomeomorphism is to preserve orientation of s3 and the knot.

There are a few isolated results which should be mentioned in
connection with these matters.

H. Gluck has proved [24] that any knot whose complement is
homeomorphic to the complement of a torus knot is equivalent to that torus
knot. Thus, Theorem 10.3.1 and Gluck’s result prove that a torus knot is
determined by its group system.

H. Zieschang has proved [74] that if the groups of two knots

k, k' admit structures and isomorphisms of the following sort:
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(Wys eeny Wo2) * Xy, -eey Xg%)
U U
n n
(Hv cee Hppt Il (Hpj_qs Heil) (Kv e Kops i (Kog_1s K.?i])
i=1 i=1
U U
(Hp, ... Hypt) = (Ky, ..., Ky)
Wy =¥y
Xy =2y
Q: Hi—* Li
Ky — My
(¥4, s Y1) * (Zy, «ovy 293
U
n n
(Ll, ey Loyt Il (Loy_qs L21]) (M1, ceey Mo 11 (Mpy 4, Mgi])
i=1 i=1
U U
(Lps oevy Lppt) = (My, ..., Mpypt)

Then k and k' are equivalent.



CHAPTER XI

PROBLEMS

§1. Introduction

The problems included in this chapter are of a research nature.

They obviously reflect my own interests. I have tried however, to include

such questions as have bearing on aspects of knot theory other than the

group theoretic one. The reader may decide for himself those which are of

a whimsical nature.

§2. Problems

Characterize the knot groups among the finitely presented
groups with commutator quotient group 2.

Verify or disprove the following conjecture: Every knot
group G is a non-trivial free product with amalgamation,

the amalgamating subgroup being free.
(Background for this conjecture will be found in [43].)

Characterize algebraically the peripheral subgroups of a
knot group: e.g., can the peripheral subgroups be located

solely from a presentation of a knot group?

In connection with C: 1Is a peripheral subgroup & maximal
abelian subgroup?
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Is every knot group residually finite?

When is the kernel of the homomorphism from a knot group to
Z, isomorphic to a knot group? (Chapter III and [16]).)

If a knot group has a center is it the group of a torus
knot? (Chapter III and [44].) Murasugi had also asked
this question.

Suppose the fundamental group of a closed 3-manifold, M,
is a free product with amalgamation of two knot groups,
ﬂ1(s3- k,), n,(s3- ky), with the amalgamating subgroup &
peripheral subgroup of each knot group. Is this 3-manifold
M = M(k,) UM(k,) where 3M(k,) and 3M(k,) are matched
by a homeomorphism. (M(k;) denotes the complement in s3
of a small tube about ki‘)

(A related problem, Iincorrectly stated however, appeared

in [17].
Is the group of knot groups (Chapter IX) non-trivial?

Suppose G' 1is finitely generated (so that G' is free by

Theorem 4.5.1). G 1s described by an automorphism ¢ of

G' (Chapter X). Can o = v for n> 1 and v an auto-

morphism of the free group G'? Giffen proved in his thesis

that there exist knots for which ¢ = e

modulo an inner
automorphism. (This is related to the Smith conjecture

(Chapter III) as 1t applies to knots with G' finitely

generated.)
Can Case B) of Theorem 4.5.1 actually occur?t

Is the decamposition in Case A) of Theorem 4.5.1 unique in
the sense that the rank of the amalgamating subgroup is

always twice the genus?

See the first footnote to Chapter IV §5.
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Does there exist a knot group with a non-trivial symmetry
leaving a peripheral subgroup (Chapter VII) element-wise
fixed? (This is sort of an algebreic version of the Smith
problem.)

Can a knot group be ordered? (This is easy for knot groups
with G' free.)

What can be said of the Frattini subgroup of a knot group?

Is there a simple condition on an automorphism ¢ of a

g
i=1

is left fixed by ¢ ? Here ay, bi are a set of free gen-

free group F, of renk 2g which implies that = [ai,bi]
erators of F. The interest in this question of course,

stems from the hypothesis of Theorem 9.2.3.

Does tLhe commutator subgroup of every knot group have coho-
mological dimension 1 ? (This would provide an example of
a group with geometric dimension 2, category 2, and cohomo-
logy dimension 1. Perhaps in any case a perfect commutator
subgroup (see Chapter IV) of a knot group is an example of

such a group) .

Does there exist a useful algebraic theory suggested by the
Morse theory in dimension three? This might involve a gen-
eralization of Stallings’ theorem [59].

Can a knot group contain an element g # 1 such that the
equation x" = g has solutions for arbitrarily large values

of n?

Every knot group contains the group (a, b; [a, bl). This
subgroup may be obtained from the natural inclusion of the
fundamental group of a non-singular torus in the knot group.
Suppose a knot contains the group of a closed surface of
genus g. Does there exist a non-singular colsed surface

of genus g whose fundamental group is injected monamorphic
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ally into the knot group by the natural inclusion?

Suppose H 1is a group satisfying

a) H/H' = Zn ;

b) H may be finitely presented with at least as many
relations as generators.

Is H a homomorph of a knot group G ?

An arbitrary knot group G must contain

a) A free group of any rank;

b) A free abelian group of rank 2.
Must G contain any other groups?

(By Theorem 4.5.1, G contains a free group of rank 2.)

Can the word problem be solved in a knot group?
(Perhaps this follows from Theorem 4.5.1 or a positive
solution to Problem B.)

Can one decide algebraically if a knot group is cyclic?

Can one select geometrically significant representatives

from each conjugacy class in a knot group?

Can the crookedness of a knot type [49) be algebraically
determined?



APPENDIX

by
S. Eilenberg

Ilet A Dbe a category (which for the sake of simplicity will
be assumed to be small, i.e., the objects of A will be assumed to be a
set). Let G be a fixed object of A. Two morphisms ¢: G—F,
't G—F' in A are said to be isomorphic if there exists an isomor-
phism ©: F — F' guch that ¢¢ = ¢'. For any ¢: G—F we denote by
[p) the isomorphism class defined by ¢@. Let ¢ be the set of all such

isomorphism classes.

We define in ¢, the structure of a commutative monoid as

follows. Given

94t G— Fi i=1,2

consider a pushout diagram

This means that the diagram above is commutative and that given any com-
mutative diagram

there exists a unique y: F — F' such that ai' =y, 1=1, 2.
103
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The existence of such pushouts for any given P, Pp is postulated on
the category A. Then define
lo,] + [0,) = [a9,] = [a,0,]

The verification that ¢ is a commutive monoid follows trivially from

formal properties of pushouts. The zero in ¢ is the class ].

lg

Now assume that a morphism t: G — G such that (¢ = e is
given. A class [¢) € ¢ represented by ¢: G— F will be called
negligible if there exists a morphism (': F— F such that

L' =g, et =t

The existence of such a (' is clearly independent of the choice of the

representative ¢.

Iet ¥ be the subset of © consisting of the negligible

classes. One verifies easily that Y 1s a submonoid of ¢. Define the

Quotient monoid ¢/Y¥ by defining an equivalence relation

[‘DIJ ~ [QQ]

provided

[o,) + [v,) = [oy) + [¥,)

for some elements tv,], lv,] e v

The general form of Theorem 8.4.1 may nov be stated as
Theorem A. o/v is a group.

Proof. Only the existence of an inverse needs to be shown.

Given [9) € o, we have (pt] € ¢ and we assert that [y] - [¢] + [ot]

€ ¥. By definition ¢ is the diagonal in a pushout diagram

G L F

DL
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Since a'gp = apL and Lt = ¢ Ve have a'eL = a9, i.e., the diagram

G 2 F

a

F H

at

is commutative. Therefore by the definition of pushouts there exists a

unique t¢': H— H such that

t'a = at , L'la' =

Therefore t('t'a = t'a' = o and t't'a' = ('a = o', Therefore by the

definition of a pushout we have t't's 1y. Further
L'y = L'a'ep = 0p = a'pl = VL

Thus Vv 1is negligible as required.

In many cases the category A has the property that if in a
pushout diagram ¢, 1is a monomorphism then so is @,. Therefore if both
P, and ?, are monomorphisms then so is their sum X9, = A0, It
follows that those elements of ©/¥ which are represented by monomorphisms
¢: G—F form a subgroup of 9¢/¥. This latter subgroup is precisely
that described in Chapter VIII, §3, and §k.
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