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Preface

The topology associated with a singular point of a complex curve has
fascinated a number of geometers, ever since K. BRAUNER™® showed in
1928 that each such singular point can be described in terms of an asso-
ciated knotted curve in the 3-sphere. Recently E. BRIESKORN has brought
new interest to the subject by discovering similar examples in higher dimen-
sions, thus relating algebraic geometry to higher dimensional knot theory
and the study of exotic spheres.

This manuscript will study singular points of complex hypersurfaces
by introducing a fibration which is associated with each singular point.

As prerequisites the reader should have some knowledge of basic al-
gebra and topology, as presented for example in LANG, Algebra or VAN
DER WAERDEN, Modern Algebra, and in SPANIER, Algebraic Topology .

I want to thank E. Brieskorn, W. Casselman, H. Hironaka, and J. Nash
for helpful discussions; and E. Turner for preparing notes on an earlier
version of this material. Also I want to thank the National Science Foun-
dation for support. Work on this manuscript was carried out at Princeton
University, the Institute for Advanced Study, The University of California

at Los Angeles, and the University of Nevada.

See the Bibliography. Proper names in capital letters will always indicate

a reference to the Bibliography.
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§1. INTRODUCTION

Let f(zl, 2o q) be a non-constant polynomial in n + 1 complex

variables, and let V be the algebraic set consisting of all (n+ 1)-tuples

zZ = (zl,...,zn+1)

of complex numbers with f(z) = 0. (Such a set is called a complex hyper-
surface.) We want to study the topology of V in the neighborhood of some
point z0.

We will use the following construction, due to BRAUNER. Intersect
the hypersurface V with a small sphere S, centered at the given point z°.
Then the topology of V within the disk bounded by S, is closely related
to the topology of the set

K=vns, .
(Compare §2.10 and §2.11.)

As an example, if z° is a regular point of f (that is if some partial
derivative <9f/6zj does not vanish at z0) then V is a smooth manifold of
real dimension 2n near z9. The intersection K is then a smooth (2n-1)-
dimensional manifold, diffeomorphic to the (2n — 1)-sphere, and K is em-
bedded in an unknotted manner in the (2n+ 1)-sphere S.. (See §2.12.)

By way of contrast, consider the polynomial
f(z,,2,) = zP+ z2q

in two variables, with a critical point (3f/dz; = 9f/dz, = 0) at the origin.

Assume that the integers p, q are relatively prime and > 2.

3



4 SINGULAR POINTS OF COMPLEX HYPERSURFACES

ASSERTION ( Brauner). The intersection of V = f_l(O) with a sphere
SE centered at the origin is a knotted circle of the type known as a ‘“‘torus

know of type (p,q)"” in the 3-sphere S_.

[Proof: 1t is easily verified that the intersection K lies in the torus
consisting of all (z,, z,) with |z,| = £ |2,] = n where £ and 5 are
positive constants. In fact, K consists of all pairs (§eqi0, T,epi6+ni/q)
as the parameter 9 ranges from 0 to 27: Thus K sweeps around the torus

q times in one coordinate direction and p times in the other.]

For example the torus knot of type (2, 3) is illustrated in Figure 1.

Figure 1. The torus knot of type (2, 3).

(By using more complicated polynomials one can of course arrive at much
more complicated knots. Compare §10.11.)
BRIESKORN has studied higher dimensional analogues of these torys

knots. For example let V(3, 2, 2, ---» 2) be the locus of zeros of the poly-
nomial

3 2 .. 2
f(zl,...,zn+1)= Zyt 2yt Z0
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For all odd values of n this hypersurface intersects S, in a smooth mani-
fold K which is homeomorphic to the sphere S =1 In some cases (for
example when n = 3) K is diffeomorphic to the standard (2n — 1)-sphere,
while in other cases (for example n = 5) K is an ‘“‘exotic’’ sphere. But in
all cases K is embedded in a knotted manner in the (2n + 1)-sphere S, -

These Brieskorn spheres will be studied in more detail in §9.

The object of this paper is to introduce a fibration which is useful in
describing the topology of such intersections

K = VNS, CS,

Here are some of the main results, which will be proved in Sections 4

through 7.

FIBRATION THEOREM. If z° is any point of the complex hypersur-

face V _ f_l(O) and if S is a sufficiently small sphere centered at z°,
€

then the mapping
$(2) - @[]
from S_ — K to the unit circle is the projection map of a smooth fiber
bundle*. Each fiber
Fp = ¢—1(ei0) cs.-K
is a smooth parallelizable 2n-dimensional manifold.
. 0 0.

If the polynomial f has no critical points near Z-, except for 27 itself,
then we can give a much more precise description.

THEOREM. If 20 is an isolated critical point of f, then each fiber Fg

n -

has the homotopy type of a bouquet gy ..- V S" of n-spheres, the number
of spheres in this bougquet (i.e., the middle Betti number of Fg), being
strictly positive. Each fiber can be considered as the interior of a smooth

compact manifold-with-boundary,

Closure (Fg) = FpUK.

¥ The term *‘fiber bundle” will be used as a synonym for “locally trivial fiber

space.”’
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where the common boundary K is an (n— 2)-connected manifold.

Thus all of the fibers F@ fit around their common boundary K in the
manner illustrated in Figure 2. The smooth manifold K is connected if
n > 2, and simply connected if n > 3.

Here is a more detailed outline of what follows. Section 2 describes
elementary properties of real algebraic sets, following WHITNEY. A fun-
damental lemma concerning the existence of real analytic curves on real
algebraic sets is proved in §3. All of the subsequent proofs rely on this
lemma. The basic fibration theorem is proved in §4. Further details on

the topology of K and FG are obtained in §5.

Figure 2.

Next we introduce the additional hypothesis that the origin is an iso-
lated critical point of f. Then a much more precise description of the fiber
is possible (§6), and a precise formula for the middle Betti number of the
fiber is given (87). The topology of the intersection K is then described

in terms of a certajn polynomial A(t) with integer coefficients which gen-

eralizes the Alexander polynomial of a knot. (§8.)
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The Brieskorn examples of singular varieties which are topologically
manifolds are described in §9, and the classical theory of singular points
of complex curves is described in §10. The last section proves a general-
ization of the fibration theorem to certain systems of real polynomials. As
an example, a polynomial description of the Hopf fibrations is given.

Two appendices conclude the presentation.






§2. ELEMENTARY FACTS ABOUT REAL
OR COMPLEX ALGEBRAIC SETS

Let ® be any infinite field, and let ®™ be the coordinate space con-
sisting of all m-tuples x = (x;,...,x_) of elements of ®. (We are princi-
pally interested in the case where ® is the field R of real numbers or the

field C of complex numbers.)

DEFINITION. A subset V C®™ is called an algebraic set® if V is
the locus of common zeros of some collection of polynomial functions on
oM,

The ring of all polynomial functions from ®™ to ® will be denoted by

the conventional symbol ®[x,, ""xm]’ Let
I(V) C @[xl, ...,xm]

be the ideal consisting of those polynomials which vanish throughout V.
The Hilbert “‘basis’’ theorem asserts that every ideal is spanned (as
o) [xl, . xm]-module) by some finite collection of polynomials. It follows
that every algebraic set V can be defined by some finite collection of
polynomial equations.
An important consequence of the Hilbert basis theorem is the following:
2.1 Descending chain condition. Any nested sequence V1 D V2 p) V3
D --- of algebraic sets must terminate or stabilize (Vi =V 1=V = )

after a finite number of steps.

It is customary in algebraic geometry to allow as ‘‘points’’ of V also
m-tuples of elements belonging to some fixed algebraically closed exten-
sion field of ®; but I do not want to allow this..

9
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Note that the union V U V"’ of any two algebraic sets V and V’in ¢™

is again an algebraic set.
A non-vacuous algebraic set V is called a variety or an irreducible

algebraic set if it cannot be expressed as the union of two proper algebraic
subsets. Note that V is irreducible if and only if 1(V) is a prime ideal.
If V is irreducible, then the field of quotients f/g with f and g in the
integral domain

@ [xy, ..., x )/ T(V)
is called the field of rational functions on V. Its transcendence degree

over @ is called the algebraic dimension of V over ®.
If W is a proper subvariety of V, note that the dimension of W is less

than the dimension of V. (See for example LANG, Algebraic Geomelry,

p- 29.)
Now let V C ®™ be any non-vacuous algebraic set. Choose finitely

many polynomials f;,..., £ which span the ideal 1(V) and, for each x ¢ V,

consider the k x m matrix (8fi/8xj) evaluated at x. Let p be the largest
rank which this matrix attains at any point of V.
DEFINITION. A point X ¢ V is called non-singular or simple if the
matrix (afi/axj) attains its maximal rank p at x; and singular* if
rank (9f;(x)/9%;) < p .
Note that this definition does not depend on the choice of {f, ..., fk"

(For if we add an extra polynomial fy , =g f, +-+ g f, the resulting
new row in our matrix will be a linear combination of the old rows.)

LEMMA 2.2. The set (V) of all singular points of V forms a proper

algebraic subset (possibly vacuous) of V.

This definition is certainly the correct one whenever V js a variety, or a union

of varieties all of which have the same dimension. [In other cases it does not

correspond too well to intuitive expectations. For example if V is the union of a

point and a line, then only the point is non-singular.
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For a point x of V belongs to (V) if and only if every p x p minor
determinant of (c?fi/ﬁxj) vanishes at X. Thus 2 (V) is determined by
polynomial equations.

Now let us specialize to the case of a real or complex algebraic set.

THEOREM 2.3 (Whitney). If ® is the field of real (or complex) num-
bers, then the set V—2(V) of non-singular points of V forms a smooth,
non-vacuous manifold. In fact this manifold is real (or complex) analytic,

and has dimension m—p over Q.

The reader is referred to WHITNEY, Elementary Structure of Real Al-
gebraic Varieties, for the elegant proof of 2.3.

In the case of an irreducible V, Whitney shows that the dimension of
the analytic manifold V—2(V) over ® is precisely equal to the algebraic
dimension of V over ®.

Here is another basic result.

THEOREM 2.4 (Whitney). For any pair VD W of algebraic sets in a
real or complex coordinate space, the difference V—W has at most a fi-
nite number of topological components.

For example, V itself has only finitely many components; and the

smooth manifold V-3 (V) has only finitely many components.

A proof of 2.4, only slightly different from WHITNE Y’S proof, will be
given in Appendix A.
Here are three examples. (Compare Figure 3.) Each example will be
a curve in the real plane having the origin as unique singular point.
EXAMPLE A. The variety consisting of all (x, y) in R? with
y2 —xz(l—xz) =0
illustrates the most well behaved and easily understood type of singular

point, a ‘‘double point’’ at which two real analytic branches with distinct
tangents (namely y = x/1—x2 and y = —xy/ 1—x2) cross each other.*

This can also be seen from the parametric representation x = sin 6, 2y = sin 20

(which shows that the curve is a ‘‘Lissajous figure’’).
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(Figure 3-A. For a definition of the term ‘‘branch’’ see §3.3.)

EXAMPLE B. The cubic curve

v2 —x%(x—1) = 0

of Figure 3-B has an isolated point at the origin; yet this curve is also

irreducible.

(REMARK. Over the field of complex numbers, examples of this type
cannot occur. In fact a theorem of RITT implies that the manifold of sim-
ple points of a complex variety V is everywhere dense in V. Compare
VAN DER WAERDEN Zur algebraische Geometrie Ill, or Algebraische Geo-
metrie, p. 134.)

Figure 3-B. The curve
y =% xvx—1
Figure 3-A. The curve
y = t le—x2.

Figure 3-C. The curve

x2 = y(1+y1+y )

EXAMPLE C. The equation y3 - x100 can be solved for y as a 33.

times differentiable function of x, yet this equation defines a variety v ¢ R2

which has a singular point at the origin. The equation y3 + 2x2y— x4 - 0,

which is illustrated in Figure 3-C, can actually be solved for y as a real
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analytic function®of x, but this equation also defines a variety having a sin-

gular point at the origin.

If we allow x and y to vary over the complex numbers, then the phenom-
enon becomes easier to understand. In fact, the complex curve y> = x100
is ““knotted’’ near the origin (compare §1), and the complex curve y2 + 2x2y

= x* has three distinct non-singular branches passing through the origin.

REMARK. A complex variety can never be a smooth manifold throughout

a neighborhood of a singular point.

Proof: Suppose that the complex variety V were a differentiable mani-
fold of class C! throughout a neighborhood U of the origin in C™. The
tangent space of this smooth manifold U NV at any simple point is clear-
ly a vector space over the complex numbers. Since the simple points are
dense (see the Remark above), it follows by continuity that the (real) tan-
gent space T, C C™ of U NV at an arbitrary point z is actually a com-
plex vector space. (Thatis, T, = iT,.) Now replacing U by a smaller
neighborhood U’, and renumbering the coordinates if necessary, the implicit
function theorem shows that U’ NV can be considered as the graph of a
Cl-smooth mapping F from an open subset of the (z,, ...,z ) coordinate

space into the (z . zm) coordinate space. The derivative of F at

each point is coml;;elx linear, hence the Cauchy-Riemann equations are sat-
isfied, and F is complex analytic. This proves that U’NV is a complex
manifold. Next let h(z) be any complex analytic function, defined in a
neighborhood of 0, which vanishes on V, and let f,,..., f,, be polynomials
which span the prime ideal 1(V)C Clz,, ..., zm]- The local analytic Null-
stellensatz (see for example, GUNNING and RossI, p. 90) asserts that
some power hS can be expressed as a linear combination alf1 4o 4 akfk
where a,,...,a, are germs of analytic functions. Passing to the larger
ring C[[z]] consisting of all formal power series at the origin, it follows

a fortiori that hS belongs to the corresponding ideal C[[z]]I(V). But this

Proof: Solve for x2 as a function x2=¢h(y) =y + y\/T+y, and note that b1
is defined and analytic throughout the interval [0, °°).
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ideal can be expressed as an intersection of prime ideals (see LEFSCHETZ,
Algebraic Geometry, p. 91). Therefore h itself must belong to the ideal
C[z]]1(V); which is spanned by f,,...,f, in C[[z]]. Taking derivatives,
this implies that the covector dh(() can be expressed as a complex linear
combination of the covectors df1(0), ..., dfy (0). Now it follows easily that

the matrix (afi /8zj) has rank m—n at 0; which proves that the origin

cannot be a singular point of V.

The reader should have no difficulty in checking that Examples A, B

and C do have the properties ascribed to them, making use of the following.

LEMMA 2.5. Let V be the real or complex algebraic set defined by a
single polynomial equation f(x) = O; with f irreducible. In the real case
make the additional hypothesis that V contains a regular point™ of f.

Then every polynomial which vanishes on V is a multiple of f.

Hence V is irreducible, and the singular set 3(V) is precisely the

intersection of V with the set of critical points of f.

Proof: In the complex case this follows immediately from the Hilbert
Nullstellensatz. In the real case, express V C R™ as a union V,u--uvy
of varieties. Since a neighborhood of the regular point in V is an (m—1)-
dimensional manifold, a topological argument shows that at least one of
the Vj must have dimension m— 1. Hence, according to Whitney, the quo-
tient domain R[x;,...,% ]/I(Vj) has transcendence degree m~1 over R.
But the quotient of R[Xl, ey xm] by the principal prime ideal (f) clearly

also has transcendence degree m—1 over R. Since
(f) C I(Vj) )
a standard argument shows that (f) = I(Vj). (See for example LANG, In-

troduction to Algebraic Geometry, p. 29.)
Therefore the set of zeros of f coincides with the variety Vj' This

proves that V = Vj’ and hence that I(V) is equal to the principal ideal (f).

¥ This hypothesis is needed to avoid examples such as x2+ y2+ 22 = 0.
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(REMARK. The analogous statement is true over any locally compact
field, but not over an arbitrary field. For example the irreducible polynomi-
3

al x? — y — y~ over the field of rational numbers has no critical points in

the rational plane, and has just one rational zero.)
Now let us draw further consequences from Whitney’s two theorems.

COROLLARY 2.6. Any real or complex algebraic set V can be expres-

sed as a finite disjoint union
V=MUMU-U Mp )
where each Mj is a smooth manifold with only finitely many components.

Similarly any difference V—W of varieties can be expressed as such a

finite union.

Proof: Let M, = V—X(V) be the set of simple points of V, let M, =
2(V) - S(2(V)) be the set of simple points of 2(V), and so on. This con-

struction must stop after finitely many stages, since the sequence
V D Z(V) D Z(Z(V)) D .-

must terminate by 2.1. Clearly V is the disjoint union of the manifolds M;.
Similarly V—W can be expressed as the disjoint union M; U M, U ---
U M!; where each
M{ = M; —(WNM))

is a smooth manifold with finitely many components by 2.4.

The following lemma is frequently useful. As usual let @ denote the
real or complex numbers.

Let M, = V — 3(V) be the manifold of simple points of an algebraic

set V C ®™ and let g be a polynomial function on ®™,

LEMMA 2.7. The set of critical points* of the restricted function glM1
from M, to ® is equal to the intersection of M, with the algebraic set W

consisting of all points x ¢ V at which the matrix

A critical point of a smooth mapping between smooth manifolds is a point of the

first manifold at which the induced linear mapping between tangent spaces fails to
be surjective.
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O, /0%, - Of/ox_
c?fk/axl 0fk/8xm
has rank < p; where f,,...,f} denote polynomials spanning 1(V).

Proof: Near any point of M,; we can choose a (real or complex) ana-
lytic system of local coordinates Ugsenny u, for d™M go that M1 corre-
sponds to the locus U, == p = 0. Then Up+1, - U can be taken as
local coordinates on M,. Note that é‘fi/c?uj, evaluated at a point of M, ,

f./0u.)
. i
is column equivalent to the matrix (éfi/axg) and therefore has rank b, it j
follows that the first p columns of (6fi/3uj) must be linearly independent.

is zero for j > p + 1 (since f; vanishes on M;). Since the matrix )

Now the enlarged matrix

[ dg/du, dg/du, 7]
of,/du, 6f1/<9um
| ci!fk/é?u1 S dfk/aumJ

will have the same rank p if and only if
38/‘9“,”1 = =g/ =0

or in other words if and only if the given point is 3 Critical point

of g|M,.
Since this new matrix is column equivalent to the matrix given in 2 7 thils
completes the proof.
il .
COROLLARY 2.8. 4 polynomial function g opn My = V=-3(V) can

have at most a finite number of critical values.

(A critical value g(x) ¢ ¢ is the image under g of a critical point.)

Proof: The set of critical points of g| M, can be expressed as a dif-

ference W— 3(V) of algebraic sets, and hence can be expressed as a finite

union of smooth manifolds,
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where each Mi' has only finitely many components.

Each point x ¢ M{" is a critical point of the smooth function g|M,, so
a fortiori it is a critical point of the restricted function g|M,. Since all
points of Mi' are critical, it follows that g is constant on each component

of M;". Therefore the image g(M;") is a finite set. But the union
g(MI,) u--u g(Mp)

is precisely the set of all critical values of g|M,. This completes the

proof.

. 0 .
Again let V be any real or complex algebraic set. Let x be either a
simple point of V or an isolated point of the singular set (V).

: 0
COROLLARY 2.9. Every sufficiently small sphere S centered at X

. *
intersects V in a smooth manifold (possibly vacuous).

Proof: In the real case this follows by applying 2.8 to the polynomial
function
2
) =[x =x%*
2
If €2 is smaller than any positive critical value of r|(V—=2(V)) then €

will be a regular value, hence its inverse image

12NV -3y = S, N V-2V

will be a smooth manifold K. But if € is small enough then S, will not
meet 3(V), hence K will equal S, nv.

The corresponding statement in the complex case follows immediately,
since every complex variety in C™ can be thought of as a real variety in
R2M,

Let D, denote the closed disk consisting of all x with ‘,|x—x0{| < 2.

Again let x© be either a simple point or an isolated singular point of V.

* The proof will actually show that the intersection is transverse: that is every
vector based at a point of V M1S_ can be expressed as the sum of a vector tangent
€

to V and a vector tangent to Se'
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THEOREM 2.10. For small = the intersection of V with D, is
homeomorphic to the cone over K = V ns,. In fact the pair (DE , VN DE)

i's homeomorphic to the pair consisting of the cone over S_ and the cone

over K.

Here, by the cone over K, denoted Cone (K), we mean the union of all

line segments
tk+(1-tx%  o0<t<l1,

joining points k ¢ K to the base point x0. The set Cone (SE ), defined
similarly, is of course precisely equal to D, .

Thus if we can identify the manifold K, and the way in which K is
embedded in S, then we will have completely determined the topology of
V, and the embedding of V in its coordinate space, throughout a neighbor-

hood of x°. As an example, if K is a topological sphere, then V must be

a topological manifold near x0.

We will give the proof in some detail since similar methods will be
important later, in Sections 4, 5, and 11.

Proof of 2.10. Again it is only necessary to consider the real case.
Again let € be small enough so that the disk DE contains no singular
points of V, and no critical points of r|(V— 3(V)), other than x° itself.

We will construct a smooth vector field v(x) on the punctured disk
D, - x% with two properties: The vector v(x) will point ‘‘away’’ from x°
for all x; that is the euclidean inner product

<v(x), x—=x%>
will be strictly positive. And the vector v(x) will be tangent to the mani-
fold M; = V-3(V) whenever x belongs to M.

First let us construct such a vector field locally. Given any point x©
of D_ - x® we will construct a vector field v%(x) throughout a neighborhood
U? of x% so that these two properties are satisfied.

If x% does not belong to V then we can simply set

v&(x) = x = x°
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for all x in some neighborhood U% C RM— V.
If x% belongs to V, and hence belongs to M, choose a system of lo-

cal coordinates u u_ throughout a neighborhood of x¢ so that M,

Y
corresponds to the locus Uy == up = 0. Since x% is not a critical
where r(x) = ||x -x?||2

point of the function r|M , it follows that at least

1'
one of the partial derivatives

dr/du oo, O1/Qupy

p+1’
must be non-zero at x% (Compare the proof of 2.7.) If for example dr/duy
is non-zero at x%, then let U2 be a small connected neighborhood through-

out which 6r/c)uh # 0, and let v¥x) be the vector

+ (g% /duy, ..., dx /duy)
tangent to the uh-coordinate curve through x; choosing the plus sign or
the minus sign according as dr/duy is positive or negative. This vector

va(x) is certainly tangent to M., whenever x ¢ Ml, since the entire up-

1!
coordinate curve is contained in M;. Furthermore

(0]

2<vix),x — x>

py 2(x; —x O)v.2

i’V

S, (9r/9x;)( + Ix;/duy)

is equal to + Jr/duy > O for all x e U%
Now choose a smooth partition of unity™ {A%} on D, —x%, with

Support (A% C U% Then the vector field

vix) = 3 A%x)v(x)

That is choose smooth real-valued functions A% on D¢ — X0 so that
A%(x) >0, = _A%x) =1,
and so that each point of D¢ — X0 has a neighborhood within which only finitely

many of the A are non-zero. See for example DE RHAM, Varietes differentiables
or LANG, Differentiable manifolds.
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on DE —x0 clearly has the required properties.

Normalize by setting

w(x) = v(x)/ <2(x-x%, v(x)>
and consider the differential equation

dx/dt = wi(x) .
That is, look for smooth curves x = p(t), defined say for a <t < 3, which

satisfy
dp(t)/dt = wip(t)).

Given any solution p(t), note that the derivative of the composition r(p(t))
is given by

dr/dt = 3, (31/dx;)w;(x)

= <2x-x%,wx)> = 1

where x = p(t)). So the function r(p(t)) must be equal to t + constant.

Thus, subtracting a constant from the parameter t if necessary, we may

assume that
(p(t) = [Ip(t) -x%2 = ¢ .

This solution p(t) can certainly be extended throughout the interval
0<t< £2.

[Proof: We may assume that the vector field w(x) has been constructed
over an open set slightly larger than D, - x°, so that the boundary points
of D, will not cause any trouble. By Zorn’s lemma the given solution p(t)
can be extended® over some maximal open interval ¢"< t < 8. Suppose
for example that 87 < g2. Then we will extend the solution p(t) over a
slightly larger interval, thus contradicting the definition of 3. Since the
points p(t) with a’< t < B’ all belong to the compact set D, there exists
at least one limit point x * of {p(t)} as t - B’; andclearly f(x”) = B #£ 0

This use of Zorn’s lemma could easily be eliminated.
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so that x“¢ D, — x®. We will use the local existence, uniqueness and

smoothness theorem™ for the differential equation dx/dt = w(x) near x".
This theorem asserts that for each x °* in some neighborhood U of x” and
each t*" in some arbitrarily small open interval I containing B’ there ex-

ists a unique solution

x=q(t), thl

satisfying the initial condition q(t*’) = x**; and furthermore, that q(t) is

’

v,

a smooth function of x”’, t’* and t. To apply this theorem, choose t e
(a’,8) N1 and let x"* equal p(t’*). Using the local uniqueness theorem
we can verify that p(t) = q(t) for all t in the common domain of definition
(a’,8°) NI. So the solutions p and q can be pieced together to yield a
solution which is defined for all t in the larger interval (a,87) U 1. This
contradiction proves that 3" > € 2. and a similar argument shows that
a’ = 0.]

Note also that the solution p(t), 0 < t < €2 is uniquely determined

by the initial value
p(ED € S,
For each a ¢ S, let
p(t) = P(a,t), 0<t<€e?,
be the unique solution which satisfies the initial condition
p(e?) = P, €%) = a.
Clearly this function P maps the product S_x (0, 2] diffeomorphical-

ly onto the punctured disk D, — x°. Furthermore, since the vector field

w(x) is tangent to M, for all x ¢ M, it follows that every solution curve
which touches M, must be contained in M;. Hence P maps the product
K x (0, £2] diffeomorphically onto V N(D, — x%).

Finally, note that P(a, t) tends uniformly to x0 as t » 0. Therefore

the correspondence

*
See for example GRAVES, Real Variables, or LANG, Differentiable Manifolds.
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ta + (1-)x° = P(a, t €2) ,
defined for 0 < t < 1, extends uniquely to a homeomorphism from Cone (SE)
to D, . Furthermore, this homeomorphism carries Cone (K) onto V N D, .
This completes the proof of Theorem 2.10.

REMARK 2.11. It seems likely that Theorem 2.10 remains true even

when x©

is not an isolated singular point of V. Certainly it is known that
every algebraic set can be triangulated, and hence that a suitably chosen
neighborhood of any point is homeomorphic to the cone over something.
See for example LOJASIEWICZ, Triangulation of Semi-analytic Sets.

The rest of §2 will study the rather dull case of a non-singular point

of V, just to make sure that nothing unexpected happens.

LEMMA 2.12. If x0 is a simple point of V, then the intersection K =

V NS, is an unknotted sphere in S, , for all sufficiently small €.

Proof: Clearly the smooth function r(x) = ||x—x0||2 restricted to M, =
V—Z2(V) has a non-degenerate critical point at x°. Hence, by a lemma of
MARSTON MORSE, there exists a system of local coordinates u
0 so that

10 U
for M1 near X

r(X) = u12 + e 4 uk2

(See for example MILNOR, Morse Theory, §2.2.) It follows immediately
that K = V NS, is diffeomorphic to the sphere consisting of all (uy, .oy
with ul2 oot uk2 = g2

But Morse’s argument can be applied also the the pair of manifolds

M, C R™. That is: there exist local coordinates u
0

m
1o U for R near

X~ so that

2
r(x) = ul +oee 4 un_lz

’

and so that V corresponds to the locus Uy = e =uy =0 The proof of

this sharpened form of Morse’s lemma is a straightforward generalization,

and will be left to the reader.
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Thus the pair (S_, K) is diffeomorphic to the pair consisting of a sphere
and a great sub-sphere in the u-coordinate space. This proves 2.12.

Now consider the special case of a simple point z° of a complex hy-

persurface
v = f1(0) c c"*!
(Compare §1.) We want to study the set
F, = 7M1 = 7R NS,
where ¢: S, — K- S! is defined by ¢(z) = f(z)/|f(z)].

LEMMA 2.13. If the center z° of SE is a regular point of f, then this
“fiber”’ Fy is diffeomorphic to R2M.

Proof: Applying Morse’s argument to the pair of manifolds V C ~1(R)
near z0 we obtain local coordinates Ugs Uy g for f_l(R) so that

2 2

02 .
lz-277 = ug +-+uyp 1 5

and so that V corresponds to the locus u; = 0. Then
-1 —1
e~ (1) = TR NS,

will correspond to the open hemisphere

2, 42, 2 _ g2,
£ Uy >0, ut Ut ket Uy, g = BT

which is clearly diffeomorphic to R?". This completes the proof.

Once we have proved the Fibration Theorem in 84, it will follow that

the mapping

¢: S, —K- S
is the projection map of a trivial fiber bundle. In fact a theorem of T. E.
Stewart implies that every smooth orientable bundle over s with fiber dif-
feomorphic to euclidean space is trivial. See STEWART, Corollary 1; or

note that any smooth bundle over s! is characterized by a certain diffeo-

morphism of the fiber (§8.4), and note that every diffeomorphism of euclidean
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space is smoothly isotopic either to the identity or to a reflection (STEW-

ART, Theorem 1, or MILNOR, Topology from the Differentiable Viewpoint,
p. 34.)

This completes the discussion in the case of a regular point.



§3. THE CURVE SELECTION LEMMA

The object of this section will be to prove the following.
Let VCR™ be a real algebraic set, and let U C R™ be an open set

defined by finitely many polynomial inequalities:

U = {x ¢ RM| g,(x) > 0,...,g£,(x) > 0} .

LEMMA 3.1. If U NV contains points arbitrarily close to the origin

(that is if 0 ¢ Closure (U NV)) then there exists a real analytic curve
p: [0, €) » R™
with p(0) = 0 and with p(t) ¢ UNV for t > 0.

[Compare BRUHAT and CARTAN as well as WALLACE, Algebraic
Approximation, §18.3.]

Proof: First suppose that the dimension of V is > 2. Then we will
construct a proper algebraic subset V, C V so that 0 ¢ Closure (U nv,).
This procedure can then be iterated inductively until we find an algebraic
subset Vq of dimension < 1 with 0 ¢ Closure (U ﬂVq).

We may assume that V is irreducible. For if V is the union of two
proper algebraic subsets, then one of these subsets will serve as V-

Also we may assume that the open set U does not contain any points
of the singular set 2(V), within some neighborhood D7l of 0. For other-
wise we could choose V, to be Z(V).

It will be convenient to use the language of differentials. By defini-

tion the differential df (x) of a polynomial f at x is the element of the

25
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dual vector space
m
Homp(R™, R)

which corresponds to the row vector
(0f/ 9%, ..., Of/9x )

evaluated at x.
Let f,, ""fk span the ideal I(V). Recall that the singular set 3 (V)

is the set of all x ¢ V for which
rank {df (x), ..., df 0O} < p ;
where the dimension of the variety V is m—p.
We will make use of two auxiliary functions:
ix) = [x]|2,  g&x) = g;(x) gz(x)---gg(x) .
Let V' be the set of all x ¢ V with

rankfdfl(x), ces dfk(x),dr(x), dg(x)} < p + L.

We will prove:

LEMMA 3.2. The intersection U NV’ also contains points arbitrarily
close to 0.

Proof: By hypothesis there exist arbitrarily small spheres SE centered
at 0 which contain points of U NV. Choose any such sphere S, and con-

sider the compact set consisting of all x ¢ V NS, with

g, 2 0,...,g,x) > 0 .

The continuous function g must be maximized at some point x’ of this
compact set; and clearly x”" ¢ U.

We will show that x“ ¢ V',

Note first that S, intersects U NV in a smooth manifold of dimension

m—p—1; and that

rank{dfl-(x), ...,dfk(x),dr(x)} =p+1
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at every point X of U NV NS . This follows immediately from the proofs
of 2.9,and 2.7, and the fact that U NS, contains no singular points of V,
providing that € is small.

Now, proceeding as in §2.7, we see that the critical points of g|U N
V NS, are just those points of UNV NS, which lie in V. But g|UN
V NS, attains its maximum at x". So x” is certainly a critical point; and
therefore belongs to V.

This completes the proof of 3.2.

Thus, if V’ is a proper subset of V, then it satisfies our requirements.
There remains the question of what to do in case V=V,

Ve can also carry out the above construction using the function
(x4, ...,xm) > x;e(xy, ...,xm)

in place of g. Let Vi’ be the set of all x ¢ V with
rank {df (x), <.y dfp (%), drlx), d(x;@) )} < p+ 1.

Then a similar argument shows that 0 ¢ Closure(U NV;").

Thus we have found a suitable algebraic subset V, C'V except in the

case
m
ASSERTION: This case can only occur when the dimension m—p of V

is equal to 1.

Proof: We can certainly choose a point X "¢ U NV so that
rank{dfl(x ) R dfk(x'), dr(x ) =p+ 1.

(Compare the proof of 3.2.) If V=V’ then x"¢ V” and hence the differen-

tial dg(x ") must belong to the p + 1 dimensional vector space spanned by
dE,(x), ..., dfy (x ), dr(x )]

Similarly, if V = Vi’ then d(xig)(x ‘) must belong to this vector space.
Using the identity
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d(x;8) = (dx;)g + x;(dg)
and the fact that g(x”) £ 0 (since x’¢ U) it follows that dxi(x ) also
belongs to this p + 1 dimensional vector space. But the differentials
dxy, ..., dxm form a basis for the entire m-dimensional vector space of
differentials at x *. So the subspace spanned by df (x"), ..., dfk(x ), and
dr(x ) must be the whole space; and its dimension p + 1 must be equal
to m. This proves that the dimension m—p of V is equal to 1.

Now we can make use of the classical local description of 1-dimension-
al varieties:

LEMMA 3.3. Let x° be a non-isolated point of a real (or complex)
1-dimensional variety V. Then a suitably chosen neighborhood of x0 in
V is the union of finitely many ‘‘branches’’ which intersect only at x©,
Each branch is homeomorphic to an open interval of real numbers (or to an

open disk of complex numbers) under a homeomorphism x = p(t) which is

given by a power series

p(t) = x®+at+ayt?ragt’ o,

convergent for |t| < €.
NOTE. Let k be the smallest index so that V is not contained in g
coordinate hyperplane x| = constant. Then the parametrization P can al-

ways be chosen so that x; = p(t) is a polynomial function of the form,

py(t) = constant + tH,

with® 4 > 1. Furthermore p can always be chosen so that the collection
{ila; # 0} of exponents has greatest common divisor equal to 1. The
power series p is then uniquely determined up to the sign of the parameter

t (or up to multiplication of t by roots of unity in the complex case).

Closely related is the Puiseux fractional power series expansion

x = p(+ (x —xM1/H)
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Proof: For a complex curve in C? this is proved, for example, in VAN
DER WAERDEN, Algebraische Geometrie, §14. The case of a complex
curve in C™, with m > 2, can be handled in exactly the same way.

The case of a real 1-dimensional variety V C R™ can then be treated
as follows. Let Ve be the smallest complex algebraic set in C™ which
contains V. It is easily verified that Ve is irreducible, of complex di-
mension 1, and that the set R™ NV of real points in V(. is equal to V.

Now for each branch of Ve we can form the complex parametrization
x = p(t) = x?+(0,...,0,tH, 2 ak+1.it1"“' S, amit‘) .
i i

We must then ask: for which values of the complex parameter t will the
vector p(t) be real? Clearly the k-th component t/ is real if and only if
t can be expressed as the product of a 2y -th root of unity & and a real
number s. But, for each choice of &, substituting t = &s in the power ser-
ies p, we obtain a new complex power series x0 + E(Uifi)si in the real
variable s. If the coefficients Oifi are all real, then clearly p(¢s) ¢ R™.
But if some coefficient vector Oifi is not real, then p(&s) ¢ R™ for all
small non-zero values of s. Therefore each branch of V(- intersects R™
in at most a finite number of branches (actually in at most one branch) of
the real variety V. This proves Lemma 3.3.

[REMARK. Presumably 3.3 remains true over any locally compact field;
although the present proof does not apply.]

Now we are ready to finish the proof of the curve selection Lemma 3.1.
Suppose that V contains points x arbitrarily close to 0 with x ¢ U, that
is with

£, >0,...,g,() > 0 ;

and suppose that V has dimension 1. Then one of the finitely many branches

branches of V through 0 must contain points of U arbitrarily close to 0.
Let

x = p(t), It < €
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be a real analytic parametrization of this branch. For each g; note that
the real analytic function gi(p(t )) must be either > 0 for all t in some
interval 0 <t < €7, or < 0 forall t with 0 <t< €". So the half-branch
p (0, €°) is either contained in U or disjoint from U, for £ sufficiently
small. Similarly the half-branch p(— €, 0) is contained in U or disjoint
from U.

But we have assumed that p(—€, €) contains points of U arbitrarily
close to 0, so at least one of these two half-branches must be contained

in U. This completes the proof of 3.1.

To conclude §3 let me give a typical application of Lemma 3.1 which
will be useful in §11.

COROLLARY 3.4. If £ > 0 and g > 0 are non-negative polynomial
functions on R™ which vanish at x9, then for x belonging to some neigh-

borhood D, of x0, the two differentials df(x) and dg(x) cannot point in

exactly opposite directions unless at least one of them vanishes.

Proof: Let U be the open set consisting of all x for which the inner

product
S, (£ (x)/dx;)(Jg (x)/Ix;)

1
is negative, and let V be the algebraic set consisting of all x for which
rank {df (x),dg(x)} < 1.

Thus U NV is the set of all x for which df(x) and dg(x) point in exactly
opposite directions.
If U NV contained points arbitrarily close to xO, then there would exist

an entire real analytic curve
x = p(t), 0<t< €,
which consisted entirely of such points, except for x0 = p (0).

For every x ¢ U note that f(x) > 0 and g(x) > 0. For if the non-

negative function f were to vanish at x then the differential df (x) would
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have to vanish also, hence x could not belong to U. Therefore

fE®)) >0 fort>0;

and since f op is real analytic this implies that df (p (t))/dt > 0 also for

small positive values of t. Similarly dg(p (t))/dt is positive for small
positive t. But

df/dt = 3, (3f/9x)dp;/dt, dg/dt = 3 (dg/dx;)dp;/dt,

where the row vector (9f/9x,, ...,af/'axm) is a negative multiple of
(de/9x,, ..., 0g/9x ), for all t>0. Hence df/dt and dg/dt must have op-
posite sign.

This contradiction shows that the original premise must be false: x°

cannot be a limit point of U NV.






§4. THE FIBRATION THEOREM

Define the gradient of an analytic function f(zl, e zm) of m complex

variables to be the m-tuple

grad f = (9f/9z,, ..., 0f/dz )

whose j-th component is the complex conjugate of 0f/<92j, This definition
is chosen so that the chain rule for the derivative of f along a path z =

p(t) takes the form
df (p(t))/dt = <dp/dt, grad £>,

using the hermitian inner product
<a,b> = X O-bj

In other words the directional derivative of f along a vector v at the point
Z is equal to the inner product <v, gradf(z)>.

Now let K denote the intersection of the set of zeros of f with the
sphere S_, consisting of all z in C™ with lz]| = €. Map the complement

S, — K to the unit circle s! by the correspondence
é(2) = £@/|f@)] .

LEMMA 4.1. The critical points of this mapping ¢: S, — K - S are
precisely those points Z ¢ S, — K for which the vector i grad logf(z) is a

real multiple of the vector z.

33
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(The logarithm of f is of course a many-valued function, but locally

the logarithm can be defined as a single-valued function; and its gradient

’

grad logf (z) = (grad f(z))/T (),
is well defined everywhere. Similar remarks apply to the function 4(z)
considered next.)
Proof of 4.1. Setting f(z)/|f(z)| = ei0 (@)

can be described as the real part of —i logf(z). (To see this, multiply

note that the angle 6(z)

the equation
i@ = log (f/|f]) = log f — log |f|
by —i and take the real part of both sides.) Differentiating the equatjon
6 = R(—ilogf)
along a curve z = p(t) we obtain
do(p(t))/dt = R(d(—i logf)/dt)

= R<dp/dt, grad (—i log f)>

= R<dp/dt, i grad log f> .
In other words the directional derivative of the function 6(z) in the djrec-

tion v = dp/dt is equal to
R<v, igrad log f(z)> .

Now note that the hermitian vector space C™ can also be thought of
as a euclidean vector space (of dimension 2m) over the real numbers, de-
fining the euclidean inner product of two vectors a and b to be the real

part

R<a,b> = R<b,a> .
Note for example that a vector v is tangent to the sphere S, at z if and
only if the real inner product R <v,z> is zero.

Now if the vector i grad(log f(z)) happens to be a real multiple of z,

(in other words if this vector is normal to SE) then for every vector v tan-
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gent to S at z the directional derivative
R<v, igrad log f(z)>

of 0 in the direction v will certainly be zero. Hence z is a critical point
of the mapping ¢.

On the other hand, if the vectors i grad log f(z) and z are linearly in-
dependent over the real field, then there exists a vector v in our euclidean

vector space so that

R<v,z> = 0

R<v, igrad log f(z)> = 1.
Thus v is tangent to S, and the directional derivative of @ along v is
+1 « 0; hence z is not a critical point of ¢. This proves 4.1.
Assume now that f is a polynomial which vanishes at the origin.
We want to prove that the associated mapping
¢: S, —K - s
has no critical points at all, for € sufficiently small. In view of 4.1, we

must prove the following. Let V denote the hypersurface f"l(O) c cm,

LEMMA 4.2. For every Z ¢ C™ — V which is sufficiently close to the

origin, the two vectors z and igrqd log f(z) are linearly independent over
R.

In fact we will prove a slightly sharper statement:

LEMMA 4.3. Given any polynomial f which vanishes at the origin,
there exists a number €, >0 so that, for all Z ¢ C™—V with |z| < €
the two vectors z and gl’ad log f(z) are either linearly independent over

the complex number or else
grad log f(z) = Az

. *
where A is a non-zero complex number whose argument™ has absolute value

less than say n/4.

By the argument of A £ 0 will be meant the unique number 0 ¢ (—ﬂ,ﬂ] such that

MIA = eil]
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In other words A lies in the open quadrant of the complex plane which

is centered about the positive real axis. It follows that
RN > 0;

so that A cannot be pure imaginary. Hence Lemma 4.2 will follow from
4.3.

The proof of 4.3 will depend on the curve selection lemma of §3 and

on the following.

LEMMA 4.4. Let p: [0, €) > C™ be a real analytic path with p(0) =
0 such that, for each t >0, the number f(p (t)) is non-zero and the vector
grad log f(p (t)) is a complex multiple A(t)p (t). Then the argument of the

complex number A\(t) tends to zeroas t » O.

In other words A(t) is non-zero for small positive values of t and
lim, | o AY/IA®)] = 1.

Proof: Consider the Taylor expansions
p(t) = at%+ alta+l + 02ta+2 4o,

f(p(t)) = bt + bltB“ + b2t18+2 + e,

’

grad f(p (t)) cty + clt)’+1 + czty+2 b o

where the leading coefficients a, b, ¢ are non-zero. (The identity df/dt
= <dp/dt, grad f> shows that grad f(p(t)) cannot be identically zero.)
The leading exponents a, 3, y are integers with a> 1, 8>1, and y > 0,

These series are all convergent say for |t| < g,

For each t > 0 we have
grad log f(p (1) = AP (),
hence
grad £ (1) = AP O ),
or in other words

(CtY + ) = At)(@bta+B ...y
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Comparing corresponding components of these two vector valued functions,
we see that A(t) is a quotient of real analytic functions, and therefore has

a Laurent expansion of the form

M) = At~ OBl kgt kpt? + o)
Furthermore the leading coefficients must satisfy the equation
Substituting this equation in the power series expansion of the identity

df/dt = <dp/dt, grad >

we obtain

(BbtB-14 ) = <aqat® !+ -, Ag@bt? + cee>

allal|® Rgbt ™Y 4 e
Comparing the leading coefficients it follows that
9=
B = alall”A
which proves that Ao is a positive real number. Therefore

lim argument At) =0,
t-0

which completes the proof of 4.4.

. m
Proof of Lemma 4.3. First suppose that there were points z ¢ C"—V
arbitrarily close to the origin with

grad log f(z) = AzZ 40,

and with |argument A| strictly greater than 7/4. In other words, assume

that A lies in the open half-plane

R +i)r) <0
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or the open half-plane
R1-iAr) <o0.

We want to express these conditions by polynomial equalities and inequali-
ties, so as to apply the curve selection lemma of §3.
Let W be the set of all z in C™ for which the vectors grad f(z) and

z are linearly dependent. Thus z ¢ W if and only if the equations
z; (0f/9z)) = z (af/azj)

are satisfied. Setting z; = X+ iyj, and taking the real and imaginary

parts, we obtain a collection of real polynomial equations in the real vari-
ables x. and y,. This proves that WC C™ is a real algebraic set.

Note that a point z ¢ C"—V belongs to W if and only if
(grad @)/ F (@) = Az
for some complex number A. Multiplying by f(z) and taking the inner prod-
uct with f (z)z, this yields

<grad £2), F@z> = A|F(2)z]|? .

In other words the number A, multiplied by a positive real number, is equal

to

A(z) = <grad f(z), f (z)z>

Hence

argument A = argument A’ .

Clearly \” is a (complex valued) polynomial function of the real variables

xj and yj.

Now let U (respectively U_) denote the open set consisting of all

z satisfying the real polynomial inequality

*) R+ D)HA’@) < 0
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(respectively
R@-i)A(z) < 0 ).

We have assumed that there exist points z arbitrarily close to the ori-

gin with z ¢ WN (U, U U_). Hence, by 3.1, there must exist a real analy-
tic path

p: [0,€)~ cm
with p(0) - 0 and with either

p(t) e WNU,
for all t >0, or

p(t) e WNU_
for all t > 0. In either case, for each t > 0 we get

grad log f(P(t)) = A(t)p(t)
with
|argument A(t)| > #/4;
which contradicts Lemma 4.4.
This contradiction does not quite complete the proof of 4.3. There re-

mains the possibility that W —(V NW) contains points z arbitrarily close
to the origin with either A’(z) = 0 or

|argument A(z)| = =/4

But in this case we can go through essentially the same argument, substi-

tuting the polynomial equality
R+ DA @NR@@ -DA(@) = 0,
together with the polynomial inequality
lE@)? > o,

for the inequality (*). Again we would obtain a path p (t) which would
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contradict Lemma 4.4. This contradiction completes the proof of Lemmas
4.3 and 4.2.

Now, combining 4.1 and 4.2 we have proved:
COROLLARY 4.5. If € < € then the map
$: S, — K~ s!
has no critical points at all.
It follows that, for each eie € Sl, the inverse image
Fy = ¢~ '!% 5, - K

is a smooth (2m — 2)-dimensional manifold.

In order to prove that ¢ is actually the projection map of a locally
trivial fibration we will need to make sharper use of 4.3 in order to care-
fully control the behavior of ¢(z) as z tends to the set K where & is

not defined.

LEMMA 4.6. If € < g, then there exists a smooth tangential vector
field v(z) on SE — K so that, for each z ¢ SE — K, the complex inner

product
<v(z), i grad log f(z)>
Is non-zero, and has argument less than n/4 in absolute value.

Proof: As in the proof of 2.10, it suffices to construct such a vector

field locally, in the neighborhood of some given point z%

Case 1. If the vectors z% and grad log f (z%) are linearly independent

over C, then the linear equations

<v,z% = 0,

<v, igrad log f(z%)> = 1

have a simultaneous solution v. The first equation guarantees that
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R<v, 29> - 0, so that v is tangent to S, at z%

Case 2. If grad log f(z%) is equal to a multiple Az% then set v =

iz% Clearly

R<iz% 2% = 0;
and by 4.3 the number
<iz9% igrad log f(z%)> = x|z

has argument less than #/4 in absolute value.
In either case one can choose a local tangential vector field v%*(z)

which takes the constructed value v at z% The condition

larg<v%(z), i grad log f(2)>| < 7/4

will then certainly hold throughout a neighborhood of z% Using a parti-
tion of unity, we obtain a global vector field v (z) having the same proper-

ty. This proves 4.6.

Next normalize by setting

w(z) = v(z)/R<v(z), igrud log f(z)> .

Thus we obtain a smooth tangential vector field w on S_ — K which sat-

isfies two conditions: The real part of the inner product

<w(z), i grad log f(2)>

is identically equal to 1; and the corresponding imaginary part satisfies

IR <w(z), grad log f(z)>] < 1.

Consider the trajectories of the differential equation dz/dt = w(z).

LEMMA 4.7. Given any 2°¢ S, — K there exists a unique smooth path

p: R"SE—K
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which satisfies the differential equation

dp/dt = wip(t))

with initial condition p(0) = z°.

Proof: Certainly such a solution z = p(t) exists locally, and can be
extended over some maximal open interval of real numbers. The only prob-
lem, which arises since SE — K is non-compact, is to insure that p(t) can-
not tend towards K as t tends toward some finite limit ty: (Compare the
proof of 2.10.) That is we must guarantee that f(p (t)) cax:mot tend to zero,

or

R log f((t) » ~eo,

as t » to. But the derivative

R <dp/dt, grad log f>

dR log f/dt

R<w(p(t)), grad log f>

has absolute value less than 1. Hence [f(p(t))| is boupded away from

zero as t tends to any finite limit. This proves 4.7.

Setting ¢(z) = eie(Z), as in the proof of 4.1, note that
dé(p(1))/dt = R<dp/dt, i grad log f >
is identically equal to 1. Hence
O(p(t)) = t+ constant .

In other words the path p(t) projects under ¢ to a path which winds
around the unit circle in the positive direction with unit velocity.

Clearly the point p(t) is a smooth function both of t and of the initial

value

20 = p(0) .
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Let us express this dependence by setting

p(t) = hi % .

Then each |'1t is a diffeomorphism mapping S, — K to itself, and mapping
each fiber FO = b_l(eie) onto the fiber F0+t' We now have no difficulty

in proving the Fibration Theorem:

THEOREM 4.8. For € < € the space S, — K is a smooth fiber
bundle over S}, with projection mapping ¢(z) = f(z): |f(z)|.

Proof. Given ew ¢ S! let U be a small neighborhood of eie. Then

the correspondence

(it+0) 7)., hy(2) .

for {t| < constant, and z ¢ Fg, maps the product U x Fg diffeomorphicél-
ly onto ¢~ 1(U). This proves 4.8.
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We continue to study the locally trivial fibration
¢: S, —K - s

associated with a complex polynomial f(z,, ..., Zm) which vanishes at

the origin. Setting m = n+ 1 > 1 it follows from §4 that each fiber
Fp = ¢~ '(e!?)
is a smooth manifold of (real) dimension 2n. This section will apply

Morse theory to study the topology of F@ and of K. The two principal

results will be:

THEOREM 5.1. Each fiber Fy is parallelizable, and has the homo-

topy type of a finite CW-complex of dimension n.
THEOREM 5.2. The space K=VnNs is (n— 2)-connected.

Thus for n > 2 the space K is connected, and for n > 3 it is simply

connected. (For n = 1 a similar argument shows only that K is non-

vacuous.)
The section concludes with an alternative description of the fibers:

Each Fy is diffeomorphic to an open subset of a non-singular complex

hypersurface, consisting of all z with ||z} < € and f(z) = constant.

The proof of 5.1 will depend on a study of the Morse theory associated
with the smooth real-valued function |f| on Fg. The proof of 5.2 will de-

pend on a parallel study of the smooth function |f| on the entire total

45
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space S, — K. In each case we will show that the Morse index™ of If] at
any critical point is > n.

As a first step it is necessary to identify the critical points. It will
be convenient to work rather with the smooth functions ag: Fy » R and

a: SE — K - R, defined by

ag(z) = a(z) = logif(z)| .

Clearly the critical points of a are the same asthoseof |f| on S - K,

and similarly the critical points of aj are the same as those of |f| re-
stricted to Fp .

LEMMA 5.3. The critical points of the smooth real-valued function
ae(z) - log|f(z)| on Fy are those points Z ¢ Fy for which the vector
grad log f(z) is a complex multiple of z.

Proof: Proceeding as in the proof of 4.1 note that the directional de-
rivative of the function

log|f(z)] = R log f(z)
in any direction v is equal to the real inner product
R<v, grad log f(z)> .

Thus z will be a critical point of this function, restricted to FO' if and
only if the vector grad log f(z) is normal to Fy at z. (Here “‘normal’’
means ‘‘orthogonal to all tangent vectors,’’ using the real inner product.)
But, comparing the proof of 4.1, we see that the space of normal vec-
tors to the submanifold Fy C C™, of real codimension 2, is spanned by
the two independent vectors z and i grad log f(z). Thus z is a critical
point of ag if and only if there is a real linear relation between the vec-

tors grad log f(z), z and i grad log f(z). Clearly this proves 5.3.

* See for example MILNOR, Morse Theory, §2.
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REMARK 5.4. Note that the tangent space of Fy at a critical point Z
of ag is actually a complex vector space, consisting of all v with <v,z>
= 0. Forif i grad log f(z) is a complex multiple of z, then a vector v
is real orthogonal to both z and i grad log f(z) if and only if it is complex

orthogonal to z.

Next we must study the Hessian of the smooth function ag at a criti-
cal point, in order to compute the Morse index. We will use the following
interpretation of the Hessian. Given a tangent vector v at the critical
point z choose a smooth path

p: R - Fe

with velocity vector dp/dt = v at p(0) = z. Then the second deriva-

tive
dg = d’ap(p(t))/dt?

at t=0 can be expressed as a quadratic function of v, and this quadratic

function is the Hessian.

LEMMA 5.5 The second derivative of ag(p(t)) at t=0 is given by an

expression of the form
. — 2
dg = 3 Rbyviv) —e[vI?

where (bjk) is a matrix of complex numbers and c is a positive real num-
ber.

Proof: Note first that our path p(t) lies within the manifold FO on
which f/|f| = 9 is constant. Differentiating the identity

ag(p(t)) = log|f(p(t)] = log f(p(t)) - i6

we obtain

ag = d log f/dt = S (9 log f/&zj)(dpj/dt) .
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Differentiating again:
dg = 3, (0 log £/0z;)(d?p;/dt?)
+ > (32 log £/9z; 9z, )(dp;/dt)(dp, /dt) .

Setting t = 0, setting
grad log f(z) = Az

(by 5.3), and introducing the abbreviation
Dy, = 97 log £/9z;0z ,
this can be written as
dg = <p,AZ> + 2 Djkvjvk s

where the left side a‘ie is clearly real. Now multiply both sides by A and
take the real part:

dgR ) = IA2R<p,z> + 3, R(/\Djkvjvk) .
Substituting the identity
Repz> = -v|? |
which is obtained by twice differentiating the equation

<p(t),p(t)> = constant ,

into this, we obtain
dgRN) = 3, RADy v vi) - Av]? .

Dividing by R(A), which is positive by 4.3, this completes the proof of
Lemma S.5.

Now we can easily estimate the index.
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LEMMA 5.6. The Morse index of ag: Fg » R at a critical point is
> n. Hence the Morse index of a: Se — K - R at any critical point is

also > n.

Proof: The Morse Index I of the quadratic function

HV) = ROZ byviv) - clvil?,

where v ranges over the tangent space of Fg at z, is defined as the maxi-
mum dimension of a linear subspace on which H is negative definite.

If H(v) > O for any non-zero vector v, note that H(iv) < 0; for the
first term in our expression for H(v) changes sign and the second term re-
mains negative. Note that iv is also a tangent vector to FG' by Remark
5.4.

Now split the tangent space at z as a real direct sum T, ® T; where
the Hessian H is negative definite on T, and positive semi-definite on T,.
Clearly the dimension of T0 is equal to the Morse index I.

But H is also negative definite on iT; . Therefore
I> dim(iTy) = dim T, = 2n—-1.

In other words I > n, which proves the first part of 5.6.

The corresponding statement for a: S, — K » R follows immediately.
Every critical point of a is also a critical point of the appropriate ag, and
the index of a at z is clearly greater than or equal to the index of ag at

z. This proves 5.6.

Next we must verify that the critical points all lie within a compact sub-

set of Fy (or of S, — K.

LEMMA 5.7. There exists a constant 1g > 0 so that the critical points
of ag all lie within the compact subset [f(z)| > ng of Fy. Similarly,

there exists n > 0 so that the critical points z of a all satisfy |f(z)| >

n.
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This is proved using either 2.8 or 3.1. For example if there were criti-
cal points z of ag = log|f| on Fy with |f(z)| arbitrarily close to zero,
then these critical points would have a limit point 29 on the compact set

SE . Using the Curve Selection Lemma, there would exist a smooth path
p: (0, €9) - Fg
consisting completely of critical points, with
p(t)--z0 as t» 0.

Clearly the function ag is constant along this path, hence |f| is constant,

and cannot tend to |f(zo)| = 0. This contradiction proves 5.7.

LEMMA 5.8. There exists a smooth mapping
sg: Fpg - R,
so that all critical points of sg are non-degenerate, with Morse indey >,
and so that
se(z) = |f(z)|
whenever |f(z)| is sufficiently close to zero. Similarly there exists a

smooth mapping s from S, — K to the positive reals with all critical points

non-degenerate, of index > n, and with
s(z) = |f(2)]

whenever |f(z)| is sufficiently close to zero.

Proof: According to MORSE, Theorem 8.7, p. 178, we can choose sg
(or s) so as to coincide with |f| except on a compact neighborhood of the
critical set, so as to have only non-degenerate critical points, and so that
the first and second derivatives of Sg on any compact coordinate patch
uniformly approximate those of |f|. Since the critical points of |f| all have

index > n, it follows, if the approximation is sufficiently close, that the
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critical points of sg also have index > n. (See for example MILNOR,
Morse Theory, §22.4.) This completes the proof of 5.8.

Note that the critical points of sg are isolated, and all lie within a
compact set. Hence there are only finitely many critical points.

We are now ready to prove Theorems 5.1 and 5.2.

Proof of 5.1. 1In order to apply Morse theory in its usual form we need
a non-degenerate mapping g: Fg » R with the property that the set of z
with g(z) < ¢ is compact, for every constant c. (In other words g

should be proper and bounded from below.) Clearly the function

g(2) = - logsy(2)
satisfies these conditions.

The index 1 of sg or of log sg at a critical point is > n. Hence
the index of —log sy is 2n—1 < n. Now according to the main theorem
of Morse theory (see MILNOR, Morse Theory, §3.5) the manifold Fp has
the homotopy type of a CW-complex of dimension < n, made up of one cell

for each critical point of g. This proves half of 5.1.

In particular, if n > 1, it follows that the homology group Hzn(Fe; 22)

is zero. So the 2n-dimensional manifold Fg cannot have any compact com-
ponent.

To complete the proof of 5.1 it is only necessary to verify that Fg is
parallelizable. But Fy is embedded in the sphere S_, and hence in the
coordinate space Cc"*1, with trivial normal bundle. Since Fg has no com-
pact component, it follows that Fy is parallelizable. (See KERVAIRE and
MILNOR, §3.4.) This completes the proof.

REMARK. A similar argument shows that the total space S, — K has

the homotopy type of a finite complex of dimension n + 1.

Proof of 5.2. Let N’I(K) denote the neighborhood of K consisting of
all z ¢ S, with |[f(z)] < n. It follows from 5.7 that NU(K) is a
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smooth manifold with boundary, for 7 sufficiently small. Using the smooth
non-degenerate real.valued function s on S, — Interior NTI(K) we see
that the entire sphere S, has the homotopy type of a complex built up
from NTI(K) by adjoining finitely many cells of dimension > n, one I-cell
for each critical point of s of index I. (Compare Morse Theory, §3. In
fact, according to SMALE one has the more precise description that the
smooth manifold SE can be built up from N'I(K) by adjoining finitely

many ‘‘handles,’’ each handle having index > n.)

Clearly the adjunction of a cell of dimension > n cannot alter the

homotopy groups in dimension < n—2. Therefore
m(N(K) = m(s,) = 0

for i < n-2.
To complete the proof we must make use of the fact that K is an abso-
lute neighborhood retract. In fact K is a real algebraic set and hence, ac-
cording to LOJASIEWICZ, can actually be triangulated.
Therefore K is a retract of the neighborhood N’I(K) providing that n
is sufficiently small.® It follows that 7;(K) is also trivial for i <n-2

’

which completes the proof of 5.2.

To conclude §5 we give an alternative description of the fibers. First

two lemmas. Let D, denote the closed disk bounded by SE,

LEMMA 5.9. There exists a smooth vector field v on D — V so that
€

the inner product

<v(z), grad log f(z)>

is real and positive, for all z in D, — V, and so that the inner product

<v(z),z> has positive real part.

The proof is similar to that of 4.6, and will be left to the reader.

* See for example HU.
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Now consider the solutions of the differential equation
dp/dt = v(p(t))
on D, — V. The condition that
<dp/dt, grad log f(p(t))>

is real and positive tells us that the argument of f(p(t)) is constant, and

that |f(p(t))| is strictly monotone as a function of t. The condition
2R <dp/dt, p(t)> = d|p(t)|?/dt > 0

guarantees that ||p(t)| is a strictly monotone function of t.
Thus starting at any interior point z of D, — V and following the tra-
jectory through z we travel ‘‘away’’ from the origin, in a direction of in-

creasing |f|, until we reach a point z“ on SE — K, which must satisfy
£z = f@/E@)] .

Using this correspondence z — z” we clearly prove the following.
Let c be a small complex constant, and let c/|c| = ele. (Compare

Figure 4.)

LEMMA 5.10. The intersection of the hyperplane f~(c) with the
open €E-disk is diffeomorphic to the portion of the fiber Fg defined by the

inequality |f(z)| > |c| .

But if |c| is sufficiently small, then it follows from 5.7 that this por-
tion of Fy is diffeomorphic to all of Fg. (Compare Morse Theory, §3.1.)

Thus we have proved:

THEOREM 5.11. If the complex number c # 0 is sufficiently close to
zero, then the complex hypersurface f~1(c) intersects the open €disk in

a smooth manifold which is diffeomorphic to the fiber FB'
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|

Figure 4.

REMARK. If we combine 5.11 with ANDREOTTI and FRANKEL’S
analysis of the Morse theory of the smooth real-valued function ||z||2 on

f~1(c), then it is possible to obtain an alternate proof of Theorem 5.1.
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Now make the additional hypothesis that the polynomial f(zl, . zn+1)
has no critical points in some neighborhood of the origin, except possibly
for the origin itself. Thus the origin is either an isolated singular point,
or a non-singular point, of the hypersurface V = f ~1(0). (Compare §2.5.)
Assume also that n > 1.

According to §2.9 the intersection K = V N S, is a smooth (2n—1) -
dimensional manifold, providing that £ is sufficiently small. This state-

ment can be sharpened as follows.

LEMMA 6.1. For € sufficiently small, the closure of each fiber Fg
in S, is a smooth 2n -dimensional manifold with boundary, the interior of

this manifold being F@ and the boundary being precisely K.

Proof: First note that the mapping f| S, to C hasno critical points
on K, for € sufficiently small. (In other words, the number zero is a regu-
lar value of f|S .) This can be derived from the proof of 2.9, or can be
proved as follows, using the Curve Selection Lemma. The critical points
of f| S, are clearly those points z in S, at which the (non-zero) vector

grad f(z) is a complex multiple of z. Given a non-smooth path
p: [0,e7) » c"*!
consisting exclusively of such points, with

p(O) = 0 and f(p(t)) =0 ’
we would have

<dp/dt, grad £> = df(p(t))/dt = O

55
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hence
2R<dp/dt, p(t)> = d|pt)|?/dt = 0

and therefore p(t) = 0, which contradicts the hypothesis.

0

Now let z” be any point of K. Choose (real) local coordinates Uy,

Uy, .1 for S, in a neighborhood U of z0 so that
f(z) = u, (2)+ iu,(z)

for all z ¢ U. Note that a point of U belongs to the fiber Fy = qS_l(l) if
and only if

uy > 0, u, = 0.
Hence the closure fo intersects U in the set

u; >0, u, = 0.

2

Clearly this is a smooth 2n-dimensional manifold, with F, " U as interior
and with K NU as boundary.

This discussion for other fibers FB is similar. This completes the
proof.

COROLLARY 6.2. The compact manifold-with-boundary 17“0 1s embed-

ded in SE in such a way as to have the same homotopy type as its comple-

ment SE — 17“6.

For the complement is a locally trivial fiber space over the contractible
manifold S!— (eie ). Hence S - f@ has any other fiber Fy-, as deforma-
tion retract. But Fg- is diffeomorphic to Fg, and so has the same homo-

topy type as 1?‘9 .

COROLLARY 6.3. The fiber Fg has the homology of a point in dimen-

sions less than n.

(Compare FARY, p. 31.)
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This follows from the Alexander duality theorem which says that the
reduced™ homology group Hi(Se - 1;9) is isomorphic to the reduced coho-
2n—
H

mology group i(I?e), which is zero for 2n—i > n by 5.1.

The statement can be sharpened as follows:
LEMMA 6.4. Tnhe fiber Fg is actually (n — 1)-connected.

Proof: In view of 6.3 we need only verify that Fg is simply connected,

provided that n > 2.

For n > 3 this can be proved using Lemma 5.8. Using the smooth
function sy on ﬁ@ note that FO can be constructed, starting with a
neighborhood K x [0, 5] of its boundary by adjoining handles of index > n,
there being one handle corresponding to each critical point of sg - (Com-
pare the proof of 5.2.) Since the adjunction of such handles cannot change

the homotopy groups in dimensions < n—2, it follows that
ﬂi(FG) = ﬂi(K x [0, 7)]) =

for i < n—2, making use of Theorem 5.2.

Here is a better argument, which works also in the case n = 2. Using
the Morse function —sg on F‘e, note that I_T‘o can be built up by starting
with a disk Dg" and successively adjoining handles of index < n. All of
these handles can be attached within the containing space S_. But the
complement S, — Dgn is certainly simply connected, and the adjunction
of handles of index < dim(S,)—3 = 2n—2 cannot change the fundamental
group of the complementary set. So it follows inductively that the comple-
ment S — FO is also simply connected, provided that n < 2n—2. To-

gether with 6.2, this completes the proof.

THEOREM 6.5. Each fiber has the homotopy type of a bouquet sty

S"v .- v S" of spheres.

* The reduced group H X is defxned to be the kernel of the natural homomorphism

H; X » H, (pomt) Sxmxlarly H X is the cokernel of H (pomt) - H'X .
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Proof: The homology group™ Hn(FO) must be free abelian, since any
torsion elements would give rise to cohomology classes in dimension n + 1,
contradicting 5.1. Hence nn(Fe) ~ Hn(FG) is free abelian, using the
Hurewicz theorem and assuming n > 2; so we can choose finitely many
maps (S", base point) —> (Fy, base point)

representing a basis. These combine to yield a map
s"v - vst - Fy

which induces an isomorphism of homology groups and hence, by White-
head’s theorem, is a homotopy equivalence. This completes the proof for

the case n > 2, The proof for n =1 will be left to the reader.

<y

We will see in §7 that the number of spheres in this bouquet is never

zero, unless the origin is a regular point of f.

For n # 2 a still sharper statement is possible

THEOREM 6.6. For n # 2 the manifold 1?‘6 1s diffeomorphic to a
handlebody, obtained from the disk DM by simultaneously attaching a

number of handles of index precisely equal to n.

Proof: This follows from SMALE, ‘‘On the structure of 5-manifolds,’’
§1.2, together with our 5.2 and 6.4.

For a thorough discussion of such handlebodies, the reader is referred

to WALL.

It may be conjectured that Theorem 6.6 remains true when n = 2

All homology groups are to have integer coefficients, unless otherwise
specified.
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An isolated critical point 20 of a complex polynomial f(zl, . zm) is
called non-degenerate if the Hessian matrix (82f/'azjc?zk) at z9 is non-

singular. Otherwise 2% isa degenerate critical point.

We will introduce a positive integer ; which measures the amount of
degeneracy at the critical point z%. This integer u will be described as
the multiplicity of 20 as solution to the collection of polynomial equa-

tions

c?f/az1 = - o= af/azm =0.
Consider first a somewhat more general situation. Let
g, @) .., B (2)

be arbitrary analytic functions of m complex variables, and let z° be an

isolated solution to the collection of equations
g,(@) = =g @) =0.
Briefly we will say that 2% is an isolated “zero’’ of the mapping g: C™ -

c™.

Definition. The multiplicity p of the isolated zero z0 is the degree

of the mapping
z ~ g(z)/|g(2)]

from a small sphere S, centered at z° to the unit sphere of C™,

59



60 SINGULAR POINTS OF COMPLEX HYPERSURFACES

Presumably this definition agrees with the various definitions used by
algebraic geometers. (See for example VAN DER WAERDEN, Alge-
braische Geometrie, §38, or HODGE and PEDOE, p. 120-129.) But the

topological definition is more convenient for our purpose.
The following result helps to justify this definition.

THEOREM 7.1 (Lefschetz). The multiplicity p is always a positive

integer.

The proof of 7.1, and further discussion of yu, will be given in Appen-
dix B. (See also LEFSCHETZ, Topology, p. 382.)

Now let us return to the situation of §6. Let the origin be an isolated
critical point, and a zero, of the polynomial f(zl,.

-»25 .1). Thus the equa-
tions

3f/z, = = = 8(/dz_, = 0

have an isolated solution z = 0. Let p be the multiplicity of this solu-
tion. As in the preceding sections, we consider the associated fibration

having the 2n-manifold
F, = {zes, [f(z) > O}
as a typical fiber. The main result of this section will be:

THEOREM 7.2. The middle Betti number of the fiber Fy 1s equal to
the multiplicity p. Hence the middle homology group H Fy is free abelian
of rank p.

(REMARK. Brieskorn has recently given a simple proof of Theorem 7.2

which is quite different from the one presented here.)
Since p > 0 by 7.1, this implies:

COROLLARY 7.3. If the origin is an isolated critical point of f, then

the fibers Fg are not contractible, and the manifold K = V ﬁSE Is not an

unknotted sphere in S -
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(This contrasts with §2.13 and §2.12 which showed that Fy is contract-
ible, and that K C S, is an unknotted sphere, whenever the origin is a reg-
ular point of f.)

For if K were a topologically unknotted sphere in S, then S, — K

would have the homotopy type of a circle. The homotopy exact sequence
to "n+1(sl) > 7a(F) » 7y (S = K) - -

of the fibration would then lead to a contradiction (even when n = 1).

In order to prove 7.2 we will need a device for computing the degree of

a smooth map

v: Sk - Sk
of a sphere into itself in terms of the fixed points of v. Let M be a com-
pact region with smooth boundary on the sphere Sk C Rk+1, and for each
boundary point x of M let n(x) denote the inward normal vector, the unique
unit vector which is tangent to sk and normal to oM at x, and points into
M.

LEMMA 7.4. If (1) every fixed point of the mapping v : Sk - Sk lies in
the interior of M, if (2) no point x of M is mapped into its antipode —x by
v, and if (3) the euclidean inner product <v(x),n(x)> is positive for every
X € OM, then the euler number x (M) is related to the degree d of v by the
equality

(M) = 1+ (=Dkd.

Proof: After perturbing v slightly we may assume that the fixed points
of v are all isolated. According to the Lefschetz fixed point theorem one

can assign an index ¢(x) to each fixed point so that the sum of the indices

is equal to the Lefschetz number
N j k k
(1)) Trace (vy: Hi(S) = HiS*) = 1+ (-1)d .

(Compare ALEXANDROFF and HOPF.)
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Consider the one-parameter family of mappings

Vir Moo Sk
defined by

vilx) = (1=t x + tv ())/I(1-)x + tv ()] .

This formula makes sense since v(x) # -x for x ¢ M. Clearly v is the
identity and v, maps M into itself, by a mapping homotopic to the identity,

for small values of t. So the Lefschetz number of

Ve M o-ou
must be equal to the euler number x (M), say for 0 <t < €.
But the fixed points of v, are precisely the same as the fixed points
of v: sk Sk, for t > 0. Since the Lefschetz index of the fixed point X
of v, is an integer which varies continuously with t, it follows that the

Lefschetz number x (M) of v, must be equal to the Lefschetz number
1+ (—l)kd of v. This proves Lemma 7.4.

Proof of Theorem 7.2. Let M be the region consisting of all points

z ¢ S, which satisfy the inequality

Rf(z) > 0.
In other words, M is the union of the fibers FG as 0 ranges over the inter-
val [-7/2, n/2], together with the common boundary K. Clearly
M = F—ﬂ/2 UKU Fﬂ/2
is a smooth manifold. (Compare the proof of 6.1.)
Note that M has the homotopy type of Fg- In fact the interior of M is

fibered over an open semi-circle with Fg as fiber.

Consider the smooth function

v(z) = € grad f(z)/|grad f(z)|

from the sphere S, to itself. We will show that v satisfies the three
hypotheses of Lemma 7.4.
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Hypothesis (1). Clearly z is a fixed point of v = € grad f |lgrad f[ if
and only if grad f(z) is a positive real multiple of z. But if
grad f(z) = cz, c >0,
tnen f(z) # 0 (compare the proof of 6.1), and
grad log f(z) = cz/f(z)

where the coefficient c/f(z) must have positive real part by §4.3. Hence

Rf(z) > 0, and z is an interior point of M.
Hypothesis (2) is verified by a similar argument.

Hypothesis (3). Given any boundary point z of M we can choose a
smooth path p(t) crossing into M with velocity vector dp/dt = n(z) at
p(0) = z. Clearly the derivative of ?\f(p(t )) is positive, at t = 0, by the
definition of M. So the identity

d Rf/dt = R<dp/dt, grad f>

shows that the euclidean inner product R<n(z),v(z)> is positive.

Hence 7.4 applies, and we have the formula

¢Y) X(Fg) = x(M) = 1 - degree (v) ,
since the dimension 2n + 1 of S, is odd.
But the degree of the mapping v is equal to (_1)n+1 times the multi-

plicity p of the origin as solution to the set of polynomial equations
0f/dz; == Of dz ., =0 .
For p was defined as the degree of the mapping

z v g(z)/|g(2)]

on S_ where g (z) is the complex conjugate of grad f(z). And the conju-

gation map

(gl: te gn+1) I (Eln LA ] En+l)

clearly carries S, into itself with degree (-1
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Substituting this fact into the formula (1) we obtain

X(Fg) = 1+ (—l)nu .

But by definition the euler number x(Fy) is equal to
3, (=1 rank Hy(Fg) = 1+ (=1)" rank H,(Fp) -
Therefore

p = rank Hn(FG)

which completes the proof.
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Again assume that the origin is an isolated critical point of the poly-
nomial f(zl, . zn+1), with n > 1. How can we decide whether or not the
compact (2n — 1)-dimensional manifold K = f"l(O) NS, is a topological

sphere?

LEMMA 8.1. If n # 2 then K is homeomorphic to the sphere g2n-1
if and only if K has the homology of a sphere.

For if n > 3 then K is simply connected by §5.2, and has dimension
> 5, so we can apply the generalized Poincaré hypothesis, as verified by
SMALE and STALLINGS. Since the statement is trivially true for n = 1,

this completes the proof.

REMARK. For n = 2 the corresponding statement is definitely false.
In fact MUMFORD has shown that the fundamental group 7,(K) can never
be trivial in this case. (See also HIRZEBRUCH, The Topology of Normal

Singularities.) As an example, consider the polynomial

f(zl,zz,za) = 212 + 223 + 235

of the type considered by Brieskorn. Hirzebruch points out that the corre-
sponding 3-manifold K is a homology sphere; but that 7,(K) is the per-
fect group with 120 elements, isomorphic to SL (2, Zs). (Compare §9.8.)
This Poincaré manifold K is familiar to knot theorists as the p -fold

branched covering of the 3-sphere, branched along a torus knot of type

(q, r), where p, q, r is any permutation of 2, 3, 5.

65



66 SINGULAR POINTS OF COMPLEX HYPERSURFACES

The criterion 8.1 can be sharpened as follows.
LEMMA 8.2. For n # 2 the manifold K is a topological sphere if and
only if the reduced homology group H__ K is trivial.

For if this group is trivial, then, using Poincaré duality and the fact

that K is (n—2)-connected, we easily verify that K is a homology sphere.

Now choose an orientation for the 2n-dimensional orientable manifold
Fy and note that any two n-dimensional homology classes a, 3 of Fg have

a well-defined intersection number s(a, f3).

LEMMA 8.3. The manifold K is a homology sphere if and only if the

intersection pairing
. =
S: Hn.'o@HnFo - Z
has determinant + 1.

Proof: This follows from the homology exact sequence
H Fy ¥+ H _(F), K) I L5
n n\' g - Hn_lK_’O

of the pair (?9, K), where the first group is known to be free abelian of
rank p. It follows from the Poincaré duality theorem that Hn(FG’ K) is al-

so free abelian of rank y and that the intersection pairing
s’ Hn(Fe, K) @ HnF‘G > Z
has determinant + 1. Using the identity

s(a,B) = s'(jya, B)

it follows that jy is an isomorphism if and only if s has determinant + 1.

This proves 8.3.

Here is a different approach to the group ﬁn_IK. Given any fiber
bundle

¢: E - s!
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over the circle, the natural action of a generator of ﬂl(Sl) on the homology
of the fiber is described by an automorphism

h*i H*FO - H*FO
Here h denotes the characteristic homeomorphism of the fiber Fy = &~ (D).

It is obtained, using the covering homotopy theorem, by choosing a continu-

ous one-parameter family of homeomorphisms

h

for 0 <t < 27, where ho is the identity and h = h

¢ Fo » Fy

on 1S the required char-

acteristic homeomorphism.

LEMMA 8.4. (Wang). To any such fibration there is associated an ex-
act sequence of the form

h*_l*

}-IjE—>." ’

where | denotes the identity map of Fo and h denotes the characteristic

homeomorphism.

[The proof can be outlined as follows. The covering homotopy {hti in-

duces a mapping
F, x [0,27] - E

which gives rise to an isomorphism
H;(F, x [0, 2], Fy x [0] U Fy x [27]) —— H;(E, Fy)

-1°0
and substituting this in the exact sequence of the pair (E, FO), we obtain

of relative homology groups. Identifying the left hand group with Hj F

the required WANG sequence.]
Now let us specialize to the fibration ¢: S, — K - sl of §6. Let A(t)

denote the characteristic polynomial
A(t) = det (tl*— h*)

of the linear transformation
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hy: HF, » HF,
Thus A(t) is a polynomial with integer coefficients of the form
th + alt“_1 ot

a#_lt +1.

THEOREM 8.5. For n # 2 the manifold X is a topological sphere if
and only if the integer

A(].) = det(l*— h*)
is equal to + 1.

Proof: For n > 1 this follows immediately from the Wang sequence

h, -1, H,F, H, (S, - K)—0 ,

HnFO
together with the Alexander duality isomorphism

H (S, - K) = HK

and the Poincaré duality isomorphism
n ~
H'K = H,_,K .

(Compare 8.2.) For n = 1 a similar argument applies.

REMARK 8.6. The polynomial A(t) can also be obtained in a different
way. In place of the automorphism h of Fy we can make use of the cover-
ing transformations in the infinite cyclic covering space E of the comple-
ment E = S_ - K. (Compare LEVINE.) It is easily verified that E is
homeomorphic to Fy x R, and that a suitable generator of the group of

covering transformations corresponds to the homeomorphism
(z,1) » (h(2),r=20)

of Fy x R. This shows that A(t) is a topological invariant of S, — K, at
least when K is connected. This invariant represents an n-dimensional

generalization of the Alexander polynomial of a knot (Compare §10.1.)

REMARK 8.7. If K does happen to be a topological sphere, it is inter-
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esting to ask which differentiable structure it has. Since K bounds the

(n —1) -connected parallelizable manifold F,, the diffeomorphism class of

K is completely determined by the signature of the intersection pairing
HF, ®HF, -~ Z

if n is even, or by the Kervaire invariant

c(Fy) € Z,

if n is odd. (See KERVAIRE and MILNOR, §7.5 and §8.5. The case n =
2 must again be excluded.)
When n is odd a remarkable theorem of LEVINE asserts that the Ker-

vaire invariant is given by

1 (mod 8),

1]
1+

c(Fy) = 0 if A(-1)

c(Fy = 1 if A(-1) 3 (mod 8).

1l
I+

Thus for n odd the characteristic polynomial A(t) completely determines

the differentiable structure of K, at least when K is a topological sphere.






§9. BRIESKORN VARIETIES AND WEIGHTED
HOMOGENEOUS POLYNOMIALS

Given integers a;,...,a ., > 2 consider the polynomial

a
£(zy,n2y,g) = (2070 + (29)7%2 4 4 (2, ) 0%

Clearly the origin is the only critical point of f, so the intersection of V =
£~1(0) with S, is a smooth manifold K of dimension 2n—1. Consider the

associated fibration ¢: Se— K-~ s! with fibers Fg of dimension 2n.
THEOREM 9.1. (Brieskorn-Pham). The group H, Fp is free abelian of

rank

p=(a—Dla,~1) - (a  —1 .

n+1

The characteristic roots of the linear transformation
hi: H (Fy; © » H(Fy; ©

are the products w w, *** w1 where each o; ranges over all a.~-th roots

of unity other than 1. Hence the characteristic polynomial is given by

A(t) = n(t—wla)2 ee

(‘)n+1)

An alternative expression for A(t) will be given in §9.6.
As an example, consider the generalized trefoil knot K C S, corre-

sponding to the choice of exponents

Then
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so that

A(t) t2_t+ 1 for n odd

A(t)

t2 et 1 for n even.

]

Thus for n odd we have A(1) = 1, so that K is a topological sphere of

dimension 2n—1 = 1,5,9,13, ... . If the dimension of K is 1 or 5, then

of course K is diffeomorphic to the standard sphere since there are no ex-
otic spheres in these dimensions. But if 2n—1 = 9 then the manifold K
is diffeomorphic to KERVAIRE’S exotic 9-sphere. (Compare §8.7.)

Similar examples of exotic and non-exotic spheres in the other dimen-
sions 7,11, 15, ... have been given by HIRZEBRUCH and BRIESKORN.
Every exotic sphere which embeds in codimension 2 can be obtained in this
way.

Theorem 9.1 raises several question. Is there an algorithm for comput-
ing the characteristic polynomial A(t) associated with an arbitrary isolated
critical point? Is A(t) always a product of cyclotomic polynomials ?* Can
the structural group of the fiber bundle always be reduced to a finite group
(or at least to a compact group)?

(In the classical case n = 1 the Alexander polynomial has been com-
puted by ZARISKI when the knot K is connected, and by BURAU when K

has at most two components. In these cases A(t) is always a product of
cyclotomic polynomials.)

Proof of Theorem 9.1. 1t is convenient to set m = n + 1.

Note first (using the special form of the polynomial f) that the fibra-

tion c: sE —K - S1 extends to a locally trivial fibration
G CM—v . st
where , like ¢, is defined by the formula

W(z) = £(2)/1£(2)! .

Addendum: A proof that A(t) is necessarily a product of cyclotomic polynomials

has recently been given by A. Grothendieck. Related results were described by
Grothendieck in the S.G.A. Seminar at Bures, 1968.
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It is easy to verify that ¢ is locally trivial, making use of the one-parame-
ter group of diffeomorphisms

hy: c"—v - Ccl-v
defined by

it/a it/a
/lz e/mz

ht(zl' vy zm) = (e

17 00 m) .

Note that ht carries each fiber ¢~ 1(y) diffeomorphically onto the fiber
l,//_l(eit y). We will be particularly concerned with the characteristic homeo-
morphism h,_,”.

Note also that each fiber ¥~ 1(y) is diffeomorphic to ¢~ !(y) x R under

the correspondence

r/a, er/amz

(z,r) » (e Zy, e m) s

forz e S, —K, reR. Thus the new fibration has the same fiber homotopy
type as the old one.
Let Qa denote the finite cyclic group consisting of all a-th roots of

unity, and let J denote the join

m
J=Qal*Qa2*...*QamCC

consisting of all linear combinations
(tlwl, tywy, ot )

with

and with w; ¢ Qa~' Note that ] is contained in t//_l(l).
)

LEMMA 9.2 (Pham). This join J is a deformation retract of the fiber
).

Proof: Given any point Z ¢ ¢/—1(1), first deform each coordinate z
along a path in C which is chosen so that the aj-th power of z; moves in

. aj )
a straight line to the nearest point 9{(2j 1) of the real axis. Thus the
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vector z moves to a vector 2z’ which satisfies (zj')aj ¢ R for each j. It
is clear that the function value f(z) > 0 does not change during this de-

formation; so that we remain within the fiber (,//"1(]), Next for each j
aj , j
fixed if (zj') J > 0. Thus the vector z” moves in a straight line to a vec-

tor z°7 ¢ (/,‘1(1) which satisfies (zj")aj > 0 for all j. It follows that

A\ 8] . . . .
such that (zj )3 < 0 move zj along a straight line to zero, leaving z

each coordinate zj" is of the form tj“’j for some tj > 0 and some ©; €

Q.. Finally move z°” along a straight line to the point
)

27/t ety ) €]

Since points of J remain fixed throughout the deformation, this com-

pletes the proof of 9.2.

The homology of any join A * B is naturally isomorphic to the direct

sum of tensor products:
~

A, (A*B) = 2 HAeHB,
i+j=k

providing that ﬁ*A has no torsion. (See for example MILNOR, Universal
Bundles, I1.) Since each Qaj has homology only in dimension zero, we

find inductively that

H, ] = H09a1®---®HOQa ,

the reduced homology groups of J being trivial in all other dimensions.

Now recall that the characteristic homeomorphism

h

h, : ¢~ XD - y=1(1)

is given by the formula

2mi/a, 27
hy®) = (230 2/,

Evidently, this homeomorphism carries J into itself, and hz,,l J can be
described as the join
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ral*"'*ra o N
where 1 denotes the rotation of Qa through an angle of 27, a given by

the formula

rlw) = e2mi/a ,

Consider the induced homomorphism

ra*i I:[O(Qa; C) N F[O(Qa; C)
of reduced homology groups. The eigenvalues of T 3T€ clearly the a-th
roots of unity, other than 1. [Proof: For each integer 1+ between 1 and
a—1 the homology class in ﬁO(Qa; C) which associates the coefficient
w? ¢ C to each point «w of Q, is an eigenvector of T corresponding
to the eigenvalue e—2niv/a.]

Hence the eigenvalues of the tensor product homomorphism

(h2ﬂ|_])* = ra *@ ...®ra *
1 m

are the products w,w, - w ., where each w;j ranges over all aj-th roots

of unity other than 1. This completes the proof of Theorem 9.1.

There is a much larger class of polynomials which are almost as easy
to work with as the Brieskorn polynomials. Let ap, ..., ay be positive ra-

tional numbers.

Definition 9.3. The polynomial f(z), ..., z_) is weighted homogeneous
of type (al, . ?m) if it can be expressed as a linear combination of mono-

. 1 Im ;
mials z, * - z, for which
11/(:11 oo lm/am =1.

This is equivalent to the requirement that

c/a c/a
f(e lzl,...,e rnzm) = ecf(zl,...,z

for every complex number c.
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LEMMA 9.4. If the polynomial f is weighted homogeneous then the

fiber F of §4 is diffeomorphic to the non-singular hypersurface.

F'={zeCMlf(z) - 1} .

As characteristic homeomorphism from F’ (or F ) to itself one can choose

the periodic unitary transformation

e:zrri/al 27i/ay

h(zy, .. 2g) = ( z,,...,e z)

The proof is straightforward.

Let hi: F’ - F’ denote the composition of h with itself j times. The
fixed point set of h is clearly the intersection of F’ with a linear sub-
space Lj of C™ which is defined by equations of the form zp == zik
= 0. It is not difficult to verify that this fixed point set F’ ﬂLj is itself

a non-singular hypersurface in Lj'

LEMMA 9.5. The Lefschetz number of the mapping hi. F’' 5 F’ is

equal to the euler number of the fixed point manifold of hi,
We will denote this euler (or Lefschetz) number by X; -

Proof: First note the more general principal that the Lefschetz number
of any isometry of a compact Riemannian manifold is equal to the euler
number of its fixed point manifold. (Compare KOBAYASHI.) For the Lef-
schetz number of any map f of a compact manifold into itself depends only
on the behavior of f in a neighborhood of the fixed point set. Hence, in
the special case of an isometry, we can first replace the whole manifold by
a tubular neighborhood T of the fixed point set, and then apply the Lef-
schetz formula to the restricted mapping f| T.

The proof now proceeds as follows. As compact manifold, use the inter-
section of F’ with a large disk D centered at the origin*. Using §2.8 it

can be verified that D NF’ is a deformation retract of F". Similarly the

*
This is of course a manifold with boundary. But, with a little care, the boundary
points do not cause any difficulty.
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fixed point set D NF’ ﬂLj is a deformation retract of F~ ﬂLj. The as-

sertion of Lemma 9.5 now follows easily.

Next consider the Weil zeta function
00 :

of the mapping h. (Compare MILNOR, Infinite Cyclic Coverings.) Since
the mapping h is periodic, with period say p, a straightforward computa-

tion shows that {(t) can be expressed as a product

) = 1 pu_td)"d

d|
where the exponents —ry can be computed inductively from the formula

A

Xj = zdlj drd .
(It turns out that 4 is an integer which vanishes unless d divides the
period p.)
According to WEIL the zeta function can be expressed as an alternat-

ing product of polynomials

Z() = POTIP ORI - P !

m-—1

where Pi(t) is the determinant of the linear transformation
(Iy—thy): HF > HF" .

Assume that the origin is an isolated critical point of the polynomial
f, so that the fiber F “ has homology only in dimensions 0 and m— 1.
Then clearly Po(t) = 1—t, and up to sign Pm_l(t) is just the characteris-
tic polynomial A (t) of §8. (This depends on observing that the coeffi-
cients of A(t) are symmetric, which is clear since A(t) is the characteris-

tic polynomial of a periodic linear transformation.) Thus we obltain:

THEOREM 9.6. The euler numbers x4 of the fixed point manifolds
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of the various iterates hd: F’ - F’ are related to the characteristic poly-
nomial A(t) by the formula

AW = (t-D7H I (d_p'd
P

if m is odd, or

AW = (DT (td_1)"'d
P

if m is even; where Xj = py ,drd.

d|j

Here are two examples.

EXAMPLE 9.7. The polynomial

2 4 2
z%z, + 2z, = (z°+ 223)22

is weighted homogeneous of type (8/3,4). Setting u = e2”i/8, the linear
transformation

h (z;,2,) = (uazl, uzzz)
has period 8. Note that h and h? have no non-trivial fixed points, but that

4

h* has four fixed points on F’ (the four solutions to the equations 21222 +
Z

= 1, z; = 0). Computation shows that u = 5, so the euler number | —p
of the fixed point set F’ of h® is equal to —4. Therefore

xl = 01 X2 = 0! X4 = 4; X8 = —4;

and

so that

A) = ¢-D =DM -1 = —Dt*+ D .

REMARK. The manifold K, consisting of all zeros of 21222 + 224 on

the sphere S, consists of a trefoil knot linked by a circle with linking num-
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ber equal to 2. The Alexander polynomial of this link is equal to t‘3t2 + 1.
(Compare §10.1.)

EXAMPLE 9.8. (Compare KLEIN, HIRZEBUCH, CARTAN.) Let G be
any finite subgroup of the special unitary group SU(2). Then G operates
on the coordinate space c? with no fixed points other than the origin.
Assertion: The ring consisting of all polynomials in two variables which
are invariant under the action of G is generated by three polynomials, say
P,: Py, P53, which are homogeneous of various degrees. These polynomials

are related by a single polynomial equation
f(Pl, sz p3) =0 ’

where f is weighted homogeneous. The resulting function p: c?-c3 maps
the orbit space C2/G homeomorphically onto the hypersurface V = f‘l(O)
ccl

It follows easily that the 3-dimensional manifold S3/G, with fundamen-
tal group isomorphic to G, is mapped homeomorphically onto a submanifold
of V which is diffeomorphic to the intersection K = VNS_.

As an example, if G is the binary icosahedral group (the inverse image
of the icosahedral group under the surjection SU(2) » SO(3)), then the poly-
nomials P, Py, Py are homogeneous of degrees 30, 20, and 12 respectively.
The zeros of p;, in the projective space consisting of all complex lines
through the origin in (:2, form the twelve vertices of a regular icosahedron;
the zeros of p, form the midpoints of the twenty faces of this icosahedron;
and the zeros of P, form the midpoints of the thirty edges. These three

polynomials are related by the equation
3 5
p12 +py +Py = 0.

Hence the orbit space C2/G is isomorphic to the Brieskorn variety V(2, 3, 5),
and the Poincaré manifold S3/G is diffeomorphic to the intersection K =
V(2,3,5)NS,. (Compare §8.)

(It is amusing to note that each non-trivial orbit of G in C2? can be
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considered as the set of vertices of a certain regular polytope with six
hundred faces, each face being a regular tetrahedron. Compare COXETER
Regular Polytopes, New York, 1963, Plates IV, VII.)

Similarly if G is cyclic of order k then the lens space S3/G is diffeo-
morphic to the manifold V(2,2,k) NS_; if G is the quaternion group, then
s3/G = V(2,3,3)Ns,; and if G is the binary tetrahedral group, then
s3/G =2 v(2,3,49)Ns,.

For the binary octahedral group with 48 elements, the orbit space C2/G

is isomorphic to the variety defined by the weighted homogeneous equation
212 + 223 + 22233 = 0 .

Finally, for the binary dihedral group with 4k elements, we obtain the va-
riety

22+ 2,02, + 23k+l =0 .
(In the special case k = 2 note that this variety is isomorphic to V (2, 3, 3).)
This completes the description for all of the finite subgroups of SU(2).

REMARK. Note that the weighted homogeneous polynomials which are
listed above all have type (a;,2,,a3) satisfying the inequality 1/a; + 1/a,
+1a; > 1. If 1/a; + 1/a, + /a5 < 1, then it is conjectured that the 3-
manifold K = VNS, has infinite fundamental group, and has an open 3-cell
as universal covering space. It is conjectured that this infinite group is
nilpotent only if 1/a; + 1/a, + 1/ag = 1. This occurs for the Brieskorn
varieties V(3, 3, 3), V(2,4,4) and V(2,3,6). (Compare BRIESKORN, Ra-

tionale Singularititen komplexer Fléchen, Inventions math., 4 (1968), 336-
358.)
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This section will compare the algebraic geometry associated with a
singular point of a complex curve with the corresponding knot theory.
(Compare BRAUNER, KAHLER, ZARISKI, BURAU, REEVE.) In particu-
lar it will compare the Alexander polynomial of the link K = V NS with

the characteristic polynomial A(t) of §8, and will prove an equality

26 = p+r—-1,

which relates the ‘““number of double points’’ & at the origin to the multi-
plicity p studied in §7 and the number r of branches of V passing through

the origin.

Let f(z,,z,) be a square-free* polynomial in two complex variables
which vanishes at 0. The singular set =(V) of the curve V = f_l(O) con-

sists of all points in V at which
c?f/az1 = 8f/822 =0.

(See §2.5.) Since every irreducible constituent of V contains at least one
simple point which does not lie on any other irreducible constituent, it fol-
lows that 3(V) has dimension less than one, and therefore is finite. So
the origin is either a simple point or an isolated singular point, and the re-
sults of §§6, 7, 8 apply.

Let r be the number of local analytic branches of V passing through
the origin. (Compare §3.3.) Then the intersection K =V NS  is a smooth

compact 1-manifold with r components, or in other words a link, in the

¥ In other words, f should be either irreducible or the product of distinct irre-

ducible polynomials.

81
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3-sphere S, - (Compare §2.9, 2.10. A link with one component is called
a knot.)

10.1 Jfr=1 then the characteristic polynomial A(t) of §8
MA o

Alexander ponnomial of the knot K. If r > 2 then A(t)
he )
to ! Alexander polynomial Alt, ""tr) of K by the identity

LM

is r‘(l”q’

ps e Jated 1O the

+ BAWM = (=1 A, ..., 1)

(The factor + t! must be included since Al(t,,...,t) is only well-

defined up to multiplication by monomials + tlll t;r )
The proof of 10.1 will be given at the end of this section.

Example. The algebraic set

zlp + 22pcl =0

consists of p non-singular branches, any two of which intersect at the ori-
gin with intersection multiplicity q. (Each branch can be defined by a
polynomial equation of the form z; = “’zzq’ with @P = —1.) The corre-

sponding K = V f'lSE is a torus link consisting of p unknotted circles,

{8

Figure 5. The link K associated with z1 + 22
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any two of which have linking number q. (Compare Figure 5, where the

case p= 3, q= 2 is illustrated.) Computation shows that
7 —_— DY —1 DY
Altg, o tg) = (o t)I=DPT 1/t ot 1)
providing that p > 2. Hence
Alt) = (t=1)(tPI-1)P~1/(tP—1) ,

with degree p equal to (p— 1)(pq—1). This statement agrees of course
with §9.1 and §9.6.

Fibrations of the complement of a knot have been thoroughly studied

by STALLINGS and by NEUWIRTH.* They prove the following.

NEUWIRTH-STALLINGS THEOREM. For a tame knot k in the 3-sphere,
the following three conditions are equivalent:
(1) The complement S3— k is the total space of a fiber bundle over
the circle, the fiber F being a connected surface.
(2) The commutator subgroup G’ of the knot group G = 771(S3 —k) is a
free group.
(3) The commutator subgroup G’ is a finitely generated group.
Furthermore, if a knot k satisfies these conditions, then:
(4) the Alexander polynomial of k has leading coefficient + 1 and has
degree, say yu, equal to the rank of the free group G;
(S) the fiber F is an orientable surface of genus u/2 with just one
end**; and

(6) the integer u/2 is equal to the genus of the knot.

* .
Similar results in higher dimensions have been obtained by BROWDER and
LEVINE.
* ¥
In other words F can be obtained from a compact surface of genus 1’2 by
removing a single point. The proof that F has only one end depends on noting
that otherwise a suitably chosen finite cyclic covering of 83—k would also

have more than one end, which is impossible.
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(By definition, the genus of a knot k is the minimum genus of an ori-

entable surface spanning k in s3)

Applying this result to our fibration we obtain.

COROLLARY 10.2. [f only one branch of the complex curve V passes
through the origin, then K = V NS_ is a Neuwirth-Stallings knot. The com-
mutator subgroup of (S, —K) is free of rank u, and the genus of K is
equal to the genus /2 of the spanning surface 1?‘0.

(It follows immediately that this integer y coincides with the multiplici-
ty p of §7.2.)

REMARK. Not every Neuwirth-Stallings knot can be obtained in this
way. For example, the ‘‘figure eight knot’’ (4, in the ALEXANDER-
BRIGGS table) is a Neuwirth-Stallings knot, but cannot arise as the knot
V NS, of a complex singularity since its Alexander polynomial t2_3t+ 1
is not a product of cyclotomic polynomials. (Compare the discussion in
§9.)

Without attempting to prove the Neuwirth-Stallings theorem, let me out-

line the easy part of the argument, namely the proof that
(1) == Q)= 0),® .

If S3_k fibers over s! with connected fiber F, then the exact sequence
7y(81) = my(F) > my(S%= 1) & 7 (sh) - 1

shows that #,(F) can be identified with the commutator subgroup G~ of
G = "1(53_k)' Since the fundamental group of any open surface is
free, this verifies (2). According to RAPAPORT and CROWELL, the
abelianized commutator group G7G" of any knot group is torsion free of
finite rank.* Hence (2) implies (3). In fact they show that the rank of
G’/G’’ is equal to the degree of the Alexander polynomial; but that this

group is actually finitely generated only if the leading coefficient of the

Alexander polynomial is + 1. Hence (2) implies (4).

* . .
The rank of a torsion free abelian group is the maximum number of linearly inde-
pendent elements.
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Now let us look at the algebraic geometry of our singular point. To
any singular point z of a curve V C C2 there is associated an integer
8, > 0 which intuitively measures the number of double points of V con-
centrated at z. (Compare 10.9.) For a precise definition the reader is re-
ferred to SERRE, p. 68.

For our purposes this integer 32 can be characterized by two proper-

ties.

PROPERTY 10.3. The integer 52 is a local analytic invariant. That
is, if a complex analytic homeomorphism defined in an open neighborhood
of z carries V locally to some other algebraic curve V' and carries Z to
z’, then the integer SZ(V) is equal to 82 AV7). In fact the same is true if

V'’ is related to V only by a formal power series change of coordinates.

PROPERTY 10.4. If I" is an irreducible curve of degree d and genus

g in the complex projective plane, then
1d-1@-2) = g+ 9

to be summed over all singular points z of I'.

These two properties are proved by SERRE (pages 68 and 74 respec-

tively).

REMARK. The ‘‘genus’’ of a curve to an algebraic geometer means a
certain invariant of the field of rational functions which a priori looks very
different from the ‘“‘genus’’ of a topologist. But a classical theorem as-
serts that the two definitions coincide in the case of a non-singular com-

plex curve. (See for example SPRINGER or CHEVALLEY.)

THEOREM 10.5. Suppose that r branches of the curve V pass through
the origin. Then the integer & = 50(V) is related to the multiplicity y of
§7 by the equation

25: ‘U.+ [—1
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For example, when r = 1, this says that 26 = p, so that § is equal
to the genus of the knot K = v N S, ,

REMARK. The statement of 10.5 is purely algebraic, and should sure-
ly hold for curves over other fields of characteristic zero. But the proof

will be topological, and applies only to the complex case.

Proof of 10.5: Let f(z,, z,) generate the ideal of polynomials which

vanish on V. If the degree of f(z,,2,) is d, then the corresponding homo-

geneous equation
zg f(z,/zy,2,/2q) = 0
defines a curve V in the complex projective plane, the intersection of v

with the finite plane c? being equal to V.

Case 1. Suppose that the completed curve V is irreducible and has no
singular points other than the original singular point 0 ¢ V.
Then the Plicker formula 10.4 reads

o l@-nd-2=¢g+9,
where g is the genus of V and § = 30(V).
Now choose a small constant ¢ and let Vc denote the variety
{(zll zz)l f(zly 22) = C i .

It follows from Sard’s theorem or Bertini’s theorem that Ve has no singu-

lar points at all, for almost every choice of c. Clearly the completed va-

riety Vc also has no singular points, hence

@ S@-Dd-2) = g
where g denotes the genus of \_/c. Subtracting (1) from (2) we obtain
3) 5= g .

Now look at the topology of the situation. Recall that V intersects a

suitable sphere S, transversally in a smooth manifold K consisting of r
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disjoint circles. If c is sufficiently small, then clearly V. also inter-
sects S_ transversally, and the intersection K. also consists of r dis-
joint circles.

Recall from §5.11 that the intersection of Vc with the open E€-disk is
diffeomorphic with the fiber Fp. So the manifold-with-boundary Vc N D,
is connected, with first Betti number equal to z, and with euler number

X(voND,) = 1—p .
Since the two manifolds V. ND, and \_lc — intD, have union Vc and in-
tersection K, the euler number 2-2g, of Vc must be equal to
X(voND,)+ X(V - intD,) - X(K,) .
Therefore

4 2-2 = 1-p+X(V —intD,) .

Before making a similar computation for the genus g of V we must
choose a non-singular model, say I, for the singular curve V. Thus I is
a non-singular projective curve (perhaps in a higher dimensional projective
space) and there is a map I" » V which is one-one except that r distinct

points of I" map into the one singular point of V. Therefore
2-2g = X(IM) = X(V) + r=1.

Expressing V as the union of two subsets V ﬂDE and V — int DE with

intersection K, and noting that vN DE is contractible by 2.10, we have
X(V) = 1+X(V—-intD,),

and therefore

(5) 2-2g = X(V - intD,) + r

But clearly the manifold (V — int De) is diffeomorphic to (Vc— int D), if
the number c is sufficiently small. Therefore, subtracting (4) from (5) and

comparing with (3), we obtain the required formula
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25 = 2(gc_g) = p+ r—1.
This proves Case 1 of Theorem 10.5.

Case 2. Suppose that the projective curve V is reducible, or has
other singular points in addition to the origin.

Then we will modify f(z,,z,) by adding to it a homogeneous poly-
nomial

e e-1 e g e
h(z) = CpZy +C1%y z, + + Ca 2y

of degree e > d. Let V' be the curve f(z;,z,) + h(zl'zz) - 0 in C?,

and let V' be the corresponding projective curve

zgf(zl/zo,zz/zo) +h(z),2)) =0 .
We will prove two lemmas.

LEMMA 10.6. If the degree e of the correction term is sufficiently
large, then the integers 8', p’, t” associated with the singular point 0 of
V' are equal to the corresponding integers 8, u,t associated with the
singular point 0 of V.

LEMMA 10.7. If e is sufficiently large, then, for almost every choice

of the complex coefficients ¢, ¢y, ..., Cg, the projective curve V' will be

irreducible, and will have no singular points other than the origin z,
= 0.

._.22

Combining these two lemmas, we clearly obtain a proof of Theorem 10.5-
For the equation

2B =p'+r'-1

is true by Case 1 of 10.5, and the equation 2§ - p+ r—1 certainly follows-

The proofs of 10.6 and 10.7 will be based in turn on the following.
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LEMMA 10.8. Let f and g be compIex* analytic functions of m vari-
ables. If f has an isolated critical point at 0 and if g—f vanishes to
sufficiently high order at 0, then there exists a formal power series of the

form
w(z) = z+ 3, a5 2iZj + (higher terms)

so that

f(w(z)) = g(2) .

REMARK. John Mather has proven the much sharper statement that
w(z) can be chosen as a convergent power series. (Unpublished.) This
would be much more convenient for our purpose, but I will only prove the

weaker statement given above.
Proof of 10.8: Since the analytic equations
0f/dz; = =+ = of/dz, = 0

define an analytic set with an isolated point at the origin, it follows from
the local analytic version of the Nullstellensatz that some power z; i of
the j-th coordinate function z belongs to the ideal spanned by of/dz,...,
af/azm in the ring of locally convergent power series. (See GUNNING. and
Ross1.) Setting k = k; + ==+ + k_, it follows that every monomial z;'1

z';rn of degree i; + -+« + im > k belongs to this ideal.
z 1] of formal power series. Elements
m

f(z). Let I be the

Now pass to the ring Cllz,, ...,
of this ring will be denoted by symbols such as f =
maximal ideal, spanned by z,,..., 2z Clearly we have established the

following.

ASSERTION. If e > k, then every element of the ideal I can be ex-

pressed as a linear combination

The corresponding statement for real analytic functions is false, for example

2.2
when f(x],xz) = (xl2 + x2) .
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a; <9f/(9z1 +oedag af/azm

with coefficients

e—k
aj,...,a, € I .

Suppose that f = g mod I2k+1. Setting

g(z) - f(z) = 3, ajl(z) 61’/'02j
with ajl € Ik+1, we can form the Taylor expansion

f(z + al(@)

f£(z) + 3, ajl(z) 9t/ 9z,

+ % E ail(Z)ajl(z) azf/azic?zj + -

g(z) mod 12K+2,

Suppose by induction that we can find elements

a2 € Ik+2,.

j ..,as ¢ fk+s

so that
f(z+a'@) + -+ 05@) = g(2) mod 12k+s+!

Denoting the left side of this equation by f'(z), a similar argument con-
structs elements bj ¢ I+ S*1 5o that

£z +b(2) = g(z) mod 12k+2s+2
Setting

S
aS*tl(z) = b(2) + 3, (aMz+b(2)) - a*2)) |
v=1
it follows that

f(z+al(z) + - + aST1(2))

f((z+b(2)) + al(z+b(2)) + -+ + aS(z+b (2))

£(z+b(2)) = g(z) mod 12k+S+2
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Since ajs+l(z) ¢ 1" S*1 this completes the induction.

Now, passing to the limit as s - ~, we obtain the required equation
fz+al(z) + a?(2) + ) = glz) .
This completes the proof of Lemma 10.8.

Proof of Lemma 10.6. The equation 8 = & is an immediate conse-
quence of 10.8 together with 10.3. The equation r’=r also follows from
10.8, since ‘‘branches’’ of an algebraic curve can be defined in terms of
formal power series parametrizations. (See for example VAN DER WAER-

DEN Algebraische Geometrie, p. 52.)

The equality ;"= u will be proved by a rather different argument. We
will work with a function of m variables, since the proof is no more diffi-
cult. Since the real polynomial function |grad f||2 has an isolated zero at

the origin, an inequality of HORMANDER and LOJASIEWICZ implies that

this function is bounded away from zero by a power of llz||, say
ligrad f(z)] > ciz|® >0

for 0 < |zl < -. (This inequality can also be derived from the local an-

alytic Nullstellensatz.)

Now if the homogeneous polynomial h has degree > r+ 2, then

igrad h(z)| < cllzlf

for small z. Using Rouché’s Principle it follows easily that the degree ;”

of the mapping

(f+h) 9z, ..., d(f+h) 9z ) ||(df+ h). 0z, ... a(f+h) dz )|
on the sphere S_ is equal to the degree p of the mapping
(0fdz,....,0f 9z ), |[(OF Ozy, .., Of 9zl

on S, . (Compare Appendix B.) This completes the proof of Lemma 10.6.
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Proof of Lemma 10.7: If the degree e of the homogeneous correction
term is > d, then it follows immediately from Bertini’s theorem that the
modified curve V’ has no singular points other than the origin, for almost
every choice of coefficients. (Compare VAN DER WAERDEN, Algebraische
Geometrie, p. 201.)

Suppose that the modified polynomial f(z,, z,)) + h(z;,z,) is reduci-
ble, splitting as the product of two factors with degrees d, and d, adding
up to e. By Bezout’s theorem the two corresponding projective curves
must intersect, with total intersecticn multiplicity equal to d1d2'

These curves can intersect only at the origin since their union V' has
no singular points other than 0. But intersection multiplicities at 0 are
clearly invariant under a formal power series change of coordinates. SO it
follows from 10.8 that the r branches of V through 0 can be partitioned
into two subsets with intersection multiplicity equal to dld2 >e—1. For
e sufficiently large this is clearly impossible, so the polynomial f(z;: 22)
+ h(z,,z,) must be irreducible. This completes the proof of Lemma 10.7
and Theorem 10.5.

REMARK 10.9. It would be nice to have a better topological interpré=
tation of the integer 6. It can be shown that the link K = VNS, bounds
a collection of r smooth 2-cells in the disk D, having no singularities
other than & ordinary double points. Question: Is § perhaps equal to
the ‘‘Uberschneidungszahl’’ of K: the smallest number of times which K
must be allowed to cross itself during a smooth deformation so as to trans-

form K into a collection of r unlinked and unknotted circles? (Comparé€

WENDT.)

REMARK 10.10. Here is an explicit formula for & in the case r= 1.

Describe the curve V locally in terms of a parameter w by the power ser-
ies

2

]
€

I
W
€
+
>
[ 8]
3}
o
N
+
>
w
3}
+

)
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where the exponents aj are positive integers with greatest common divisor
one and with a; < a, <ag <-+, and where the coefficients )\j are non-
zero. (Compare §3.3.) Let D; denote the greatest common divisor of {ag,

al,...,aj_li so that aj = D; > D, > > Dk = 1 for large k. Then

= 25 = — -
" j>21 (8- D(D;-D;, ;) -

The proof will be omitted.

In the case r > 1 the integer § can be described as a sum

& = 8 py+ e+ Sipy + E 8j;
1<)
where B(i) > 0 denotes the integer & associated with the i-th branch, and
‘Sij > 0 denotes the intersection multiplicity between the i-th branch and
the j-th branch. (Thus & > r(r—1)/2, and hence y = 25—r+ 1> (= 1)*))

REMARK 10.11. Here is a somewhat more explicit description of the
knot K, following BURAU and KAHLER. The parametrization above can

always be chosen so that a, < a,. Then K is a ‘‘compound cable knot’’

0 1

which can be constructed, starting with an unknotted circle kg by choos-
ing a knot k, in the boundary of a tubular neighborhood of ko then choos-
ing k, in the boundary of a tubular neighborhood of k,, and so on; the
construction being iterated as many times as there are non-zero summands

in the above formula for yu = 25.

To conclude this section, here is a proof of 10.1. First recall the de-
finition of the ALEXANDER polynomial of a link (due to FOX when r > 2).
Given any group G, let X be a connected complex with fundamental

group G. Any normal subgroup N C G determines a regular covering X
with 7,(X) = N. Let X° be a base point in X and let X° be its full in-
verse image in X. Then the homology Hl()z, X%) can be thought of as a
module over the integral group ring Z[G/N] of the group of covering trans-
formations. The isomorphism class of this module depends only on G and
N.
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In particular, given a presentation of G with p generators and q re-
lations, we can choose X to be a 2-dimensional complex with a single
vertex, with a l-cell corresponding to each generator, and with a 2-cell

corresponding to each relation. The exact sequence

Hy(X, X1 » 1, (X, X% - 1 (X, X% - 0,

where the first two modules are free, then shows that the module Hl(i, )EO)
has a presentation with p generators and q relations. (Here x! denotes
the 1l-skeleton.)

If the group G/N of covering transformations is commutative, then the
(p—1i) x (p—i) minor determinants of a corresponding relation matrix span
an ideal 5iN ¢ Z[G/N] which is an invariant of the module Hl()f, X0).
(Compare ZASSENHAUS.) In particular, if G’ is the commutator subgroup
of G then the ideals 5iG’ are certainly defined.

If G is the group of a knot and N is the commutator subgroup G, then
the ‘‘order ideal’’ @é:" turns out to be zero; and 51G’ is a principal ideal.
A generator of GIG is called the Alexander polynomial of the knot.

If G is the group of a link with r > 2 oriented components, then G/G’
is free abelian with generators El' ..., t. corresponding to the various com-
ponents. In this case also ég"' = 0; and the ideal 510‘ “is equal to the
fundamental ideal (t; —1,...,t,—1) multiplied by a principal ideal. Again
a generator of the principal ideal is called the Alexander polynomial.

To prove 10.1 we must study the infinite cyclic covering E of E =
S, — K which arises from the universal covering of the base space sl
This covering corresponds to a certain normal subgroup N of G =

771(8E — K). Clearly the natural homomorphism
zlG/G’] » zlG/N]

maps all of the generators ty,...,t. of G/G’ to the single generator, say t,
of G/N. Evidently the ideals

(%iN ¢ zI[G/N]



2
§10. THE CLASSICAL CASE: CURVES IN C 95

. . G’
are the images under this homomorphism of the corresponding ideals g’i .
In particular, assuming that r > 2, the ideal
glG = (tl—1,...,tr—1)A(tly'“:tr)

must map onto &IN, hence

EN - (t-DAG, ..., 1) .

Now consider the exact sequence

- P d =0 =
0—H,E—H(E, E HE HoE 0.

(Compare CROWELL, ‘“Corresponding group and module sequences.’’) It
is easily verified that HOEO is a free Z[G/N] module on one generator,
say £, and that 9H, (E, E?) is the free submodule generated by (t— 1)¢.

Hence

H,(E, E%) = H,E e Z[G/N] .

So the first elementary ideal

is clearly equal to the order ideal 50N(H1I‘3)'

But this order ideal is clearly spanned by the characteristic polynomial
A(t) of the linear transformation which carries each element a of the free
abelian group H,E = H,Fy onto ti(a). (Compare §8.6.) Thus we obtain

the required formula
(t=DAE,...,1) = AM®),

in the case r > 2.

Since the discussion for r = 1 is completely analogous, this completes

the proof.
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Let f: R™ - RX be a polynomial mapping which takes the origin to

the origin, and satisfies the following.

HYPOTHESIS 11.1. There should exist a neighborhood U of the ori-
gin in R™ so that the matrix (afi/axj) has rank k for all x in U other
than x = Q.

It follows that the equations
f,¢) == f(x) =0

define an algebraic set V which is a smooth manifold of dimension m —k
throughout U NV —{0}. Furthermore the intersection K = V nS;n_l is a
smooth manifold of dimension m—k —1, for small €. (Compare §2.9. Note
that K may be vacuous.)

Assume also that k > 2.

THEOREM 11.2. The complement of an open tubular neighborhood of
K in ST-I is the total space of a smooth fiber bundle over the sphere
Sk‘l, each fiber F being a smooth compact (m—k)-dimensional manifold

bounded by a copy of K.

Proof: Using 2.9 or 3.1 one can verify that the origin is a regular val-

ue of the mapping

flsm=1. gm-1 . RK

Hence there exists a small disk D}; consisting exclusively of regular val-

ues. It follows that the inverse image

97
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T =tx e SN X < 7t

is fibered over DTl; with typical fiber K. (Compare EHRESMANN.) Since
the base space is contractible, it follows that T is diffeomorphic to the
product K x D};. We will refer to T as a tubular neighborhood of K in

¢ .

Now consider the set E = D;n n f_l(Slfl_l ). (Compare Figure 6.)
Note that E is a smooth manifold with dE = JT. An argument similar to
that of Ehresmann shows that

. L k-1
flE: E Sy
is also the projection map of a smooth fiber bundle. A typical fiber,
-1
Fy = DI nf~Y(y),

is a compact manifold bounded by the set

IFy = s nf-ly)

which is diffeomorphic to K (since it is a fiber of the fibration T - Dk)

Figure 6.
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LEMMA 11.3. The total space E = D;" n f"l(sg‘l) of this bundle
is diffeomorphic to the complement (S;n_1 — int T) of the open tubular

neighborhood.

In other words E is diffeomorphic to the manifold E’ consisting of all
x € S?1 with if(x); >~ 5. The proof is similar to that of 5.10. One
first needs to construct a vector field v(x) on D" — V so that the euclide-
an inner products <v(x),x>~ and <v(x), grad ||f (x)||>> are both positive.

This is possible since the two vector fields

grad i|f (x)||2
and

2x = grad ||x||?

are non-zero throughout DEm — V, and cannot point in opposite directions
by §3.4.

Now pushing out along the trajectories of this vector field v, we map
E diffeomorphically onto E”. This proves Lemma 11.3.

Thus E’, the complement of an open tubular neighborhood of K in

S;n—l , can also be fibered over Slr;—l . This completes the proof of 11.2.

REMARKS. With a little more effort one can prove that the entire com-

plement S;n_l — K also fibers over Sk—l, each fiber being the interior of

a compact manifold bounded by K.
However it is not true that the obvious mapping

x = £x) ]

from S;n—l — K to SK=1 s the projection map of a fibration. [This direct

construction breaks down, for example, in the case

f(xl,xz) = (xl,xl2 + xz(xlz + Xzz)) -

Note that any polynomial mapping R™ - Rk satisfying 11.1 can be

composed with the projection RK - RK~! to obtain a new mapping
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R™ -~ RK=1! which certainly also satisfies 11.1. Conjecturc: The fiber of
the fibration associated with this new mapping is homeomorphic to the
product of the old fiber with the unit interval.

The major weakness of Theorem 11.2 is that the hypothesis is so strong

that examples are very difficult to find.

Problem. For which dimensions m > k > 2 do non-trivial examples

exist?

It is not quite clear what “‘non-trivial’’ should mean here. Certainly
the projection f(xl, e xm) = (%, ---,Xk) is a trivial example. Here is a
tentative definition: An example will be called trivial if and only if the

. . k-1
fiber F of the fibration E" » S

(This implies that K, which is isotopic to JF in S:"_l, must be an un-

is diffeomorphic to the disk D™~ k|

knotted sphere.)
There are many non-trivial examples with k = 2. In fact all of the fi-

brations of §6 occur as examples: Every complex polynomial f(zy, .. 2)

with an isolated critical point at the origin gives rise to a polynomial map-

ping R2™ ., R2 which clearly satisfies the hypothesis 11.1.

Problem. Are there other, essentially different, examples when k = 2?
For example can the figure-eight knot occur as the intersection V ns, as-
sociated with a polynomial mapping R* - R?? Are there non-trivial ex-
amples with m odd and k = 2?

If m < 2(k—1) it may be conjectured that all examples are trivial. (In

contrast we will exhibit non-trivial examples, due to Kuiper, with m
2(k—1) = 4,8,16.)

LEMMA 11.4. If m < 2k—1) then the fiber F jis necessarily contrac-
tible.

Proof: The sphere S;n“l can be obtained from the subspace E” =
Sm—-l
€

int T by adjoining a number of cells of dimension > k, one (k+1i)-
cell for each i-cell of K. Hence
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for i < k—2.
Since the fibration E’ - SK~! has a cross section SX~1 . 9E’C E’,

it follows that the sequence

is split exact. Hence the fiber F is also (k — 2)-connected.
Now suppose that m < 2(k—1). Then k > 3, hence F is simply con-

nected. As in §6.2 there is an Alexander duality isomorphism

A F = Ami2F

So if the dimension m —k of F is less than half of m— 2, it follows that
F has the homology of a point. And a simply connected space with the
homology of a point is certainly contractible.

Since the condition m—k < %(m —2) is equivalent to the hypothesis
m < 2(k—1) of Lemma 11.4, this completes the proof.

Thus if m < 2(k—1) then F is contractible, and it follows easily that
K is a homology sphere. If the dimension m—k of F is < 2, then F is
an actual cell, and the example is a ‘‘trivial’’ one. But if m—-k > 3,1
cannot prove that F is a cell; and if m—k > 4, I cannot prove that K is

simply connected.

Next I will show that K cannot be an exotic or knotted sphere provid-

ing that the codimension k is > 3, and providing that m—k > 6.

LEMMA 11.5. If the codimension k is > 3, and if K has the homology

of a sphere, then the fiber F must be contractible.

So if K is actually a homotopy sphere of dimension m—k—1 > 5, then
it follows from SMALE that F is diffeomorphic to a disk, and hence that

the example is ‘‘trivial.”’ I do not know whether this is true for m—k—1
= 2,3,4.



102 SINGULAR POINTS OF COMPLEX HYPERSURFACES

Proof: As in the proof of 11.4, the fiber F is (k —2)-connected. Since
K is a homology (m—k — 1)-sphere it follows by Alexander duality that the
space E’ is a homology (k — 1)-sphere. Using the WANG sequence

«- > H,F - Hk—lF - Hk—lE, » HyF - H_,F - -

of the fibration, it then follows easily that F has the homology of a point;
which completes the proof.

To conclude this section let me describe some examples suggested by
N. Kuiper. First I will show that the Hopf fibrations S2P~! - SP, p = 2,
4, 8, can be obtained from Theorem 11.2.  (Compare P. Baum, Illinois ].
Math. 11, p. 586.)

Let A denote either the complex numbers, the quaternions, or the Cay-

ley numbers. Define
f: AxA-> AxR
by

f(x,y) = (2x7, |y|2 - |x|?) .

LEMMA 11.6. This mapping f carries the unit sphere of A x A to the
unit sphere of A x R by a Hopf fibration.

. 2 =2 2,2
Proof: The identity GG, IE = [2xy]° + (|Y|2‘ |x|2)2 = (|x|2+|Y| )
shows that f carries the unit sphere of A x A to the unit sphere of A x R.
Now follow f by the stereographic projection

o(z,t) = z/(1+1t)

which carries the unit Ssphere of A x R with the point (0, —1) removed dif-

feomorphically onto A. Then

of(x,y) = 2x7 /(1 + |y|2=]x|2)

2xy/2|y|? = xy~!

(assuming that ‘,x[2 + |}'|2 = 1).
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Comparing this formula with the explicit definition of the Hopf fibra-
tion (compare STEENROD, p. 109), we see that f restricted to the unit
sphere is indeed a Hopf fibration.

Now I can describe the Kuiper examples. With A as above, define

f: A< A" - AxR

£, y) = (2<x,y>, [Iyi2 = IxI%) ,

using the hermitian inner product on A". In order to verify that the matrix
of (real) first derivatives has maximal rank at every point other than (0,0),
it is clearly sufficient to consider the case n = 1. But for n = 1 this state-
ment follows easily from 11.6, and the fact that f is homogeneous (of de-
gree 2) over the real numbers.

Thus f satisfies the hypothesis 11.1. Note that f maps a vector space
of real dimension either 4n, 8n, or 16n to a vector space of dimension 3, 5,
or 9 respectively. The base space of the corresponding fibration is the
sphere of dimension 2, 4, or 8 respectively.

The manifold K in this Kuiper example is the Steifel manifold of 2-
frames in A", and the fiber F is diffeomorphic to a disk bundle over the

unit sphere of A", consisting of all pairs (x,y) in A" x A" with

Ixll = 1, ly| <1, and <x,y>=10.






APPENDIX A

WHITNEY’S FINITENESS THEOREM FOR ALGEBRAIC SETS

This appendix will present a proof, only slightly different from Whit-
ney’s, of Theorem 2.4, which asserted that any difference V—W of real
or complex algebraic sets has at most a finite number of topological com-
ponents.

It is sufficient to consider the real case, since any complex algebraic

. . . 2
set in C™ can be thought of as a real algebraic set in R m,

(REMARK: If V is complex and irreducible, one can actually make the
sharper statement that V—W is connected. Compare LEFSCHETZ, Alge-
braic Geometry, p. 97.)

The proof will be based on the following. Let V be an algebraic set
in the m-dimensional coordinate space over any infinite field, and let f;,
-, f be polynomials which vanish throughout V.

. 0
LEMMA A.1. If the matrix (8fi_/"c9xj) is non-singular at a point X" of

V, then, removing x° from V, the complement v —{x°} will still be an al-

gebraic set.
In the real case it follows of course that x° iS an isolated point of V.
(But the converse is false: compare Example 2 of §2.)

Proof: We may assume that x® = 0. Since the polynomial f; vanishes

at the origin, it is easy to choose polynomials 8k so that

fJ(X) = g] 1()()Xl + et + ng(X) Xm

105



106 SINGULAR POINTS OF COMPLEX HYPERSURF ACES

Let W denote the algebraic set consisting of all points x ¢ V which satis-
e

by the polynomial equation
det (gjk(x)) =0.
Then the origin is not a point of W, since the matrix

is non-singular. But at any point X # 0 of V the linear dependence rela-

tion

0 gll(X) glm(x)
: = . X + oo : X

0 8mi1x) Emm(X)

— U = i that vV —1{0{ is
shows that det (gjk(X)) = 0. So V—10i = W, which proves

an algebraic set.

Now let us specialize to the field R of real numbers.

COROLLARY A.2. If an algebraic set V ZR™ pas topological dimen-
sion zero (for example, if V consists only of isolated points), then V 1S

a finite set.

i i hat
Proof: Let £l span the ideal I(V). It is enough to show tha

" i int x© at
every zero~-dimensional algebraic set V contains at least one poin
which the matrix (Jf./dx,) has rank m. For then the point x° can be re-
i’7% . : '
moved by A.1, yielding a proper algebraic subset V, = v {x"}. Iterating

this construction, we will obtain a chain
VID V23 V3)

of nested algebraic subsets. Since every such chain must terminate by
§2.1, this will prove that V is finite. f
— 11 points o
But if the matrix (afi/axj) had rank at most p < m—1 at all p

V. then Theorem 2.3 would imply that V contained a smooth manifold
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V—X(V) of dimension m—p > 1. Since this would contradict the hypo-
thesis that V has topological dimension zero, this completes the proof of
A.2.

LEMMA A.3. Any non-singular algebraic set V CR™ has the homo-

topy type of a finite complex.

Proof: Given any point @ ¢ R™ let

rG:V-'R

denote the squared distance function
2
rg(X) = [[x-af}* .

A lemma of ANDREOTTI and FRANKEL asserts that, for almost every

choice of a, the function r, on V has only non-degenerate critical points.

a

Let ' C V denote the set of all critical points of I According to
Lemma 2.7, I" is an algebraic set. But non-degenerate critical points are
clearly isolated, so it follows from A.2 that " is a finite set.

An elementary argument now shows that V has only finitely many com-
ponents. Every component V(i) of V must intersect the critical set IT".
For the distance from a must be minimized at some point x of the closed
set V(i), and clearly this closest point x will belong to I". Therefore V
can have only a finite number of components.

Alternatively, recall the main theorem of Morse theory which states that
the manifold V has the homotopy type of a cell complex with one cell for
each critical point of the non-degenerate, proper, non-negative function rg.
(Compare MILNOR, Horse Theory, §3.5 as well as §6.6.) Then the finite-

ness of I implies the much sharper statement that V has the homotopy

type of a finite complex. This proves A.3.

COROLLARY A.4. For any real algebraic set V, if W is an algebraic
subsel containing the singular set X(V), then V—W has the homotopy type

of a finite complex.
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Proof: Suppose that W is defined by polynomial equations f](x) = e
= fk(x) = 0. Setting

s(x) = fl(x)2 4 oree 4 fk(X)2 ,

E3
note that W can also be defined by the single polynomial equation s(x)

= 0.
Now let G be the graph of the rational function 1/s from V to R.

That is, let G be the set of all

(x,y) ¢ Vx RCRM™*1

for which s(x)y = 1.
Then clearly G is an algebraic set, and is homeomorphic to V —W.

Since an easy computation shows that G has no singular points, this

proves A.4.

THEOREM. For any pair VD W of real algebraic sets, the difference

V —W has at most a finite number of path-components.

Proof: According to §2.5 the set V can be expressed as a finite union
M, U--U Mp’ where the manifold M, is the set of non-singular points of
V) = V, the manifold M, is the set of non-singular points of V, = vy,

and so on. Therefore
V-W=(M-WU--u (Mp—W)
where each

is a manifold which has only finitely many (path-)-components by A.4.
It follows that the union V—W has only finitely many path-components.
This completes the proof of Theorem 2.4.

*
It is essential for this proof that we are working over the real numbers.
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REMARK 1. Sharper estimates of the connectivity of an algebraic set
have been given by THOM, ‘‘L’homologie des variétés algebriques réelles”’

and MILNOR, ‘‘On the Betti numbers of real varieties.”’

REMARK 2. It seems natural to conjecture that every difference V—W

actually has the homotopy type of a finite complex.






APPENDIX B
THE MULTIPLICITY OF AN ISOLATED

SOLUTION OF ANALYTIC EQUATIONS

Given analytic functions g, ..., 8m of m complex variables with an
isolated common zero at zo, we have defined the multiplicity p to be the

degree of the associated mapping

z ~ g(2)/|g(2)]

0

from the t£-sphere centered at z~ to the unit sphere. (Compare §7.) This

appendix will justify this definition by verifying several elementary prop-

erties. First the following.
LEMMA B.1. If the Jacobian (agj,/azk) is non-singular at z° then
no= 1.
Proof: Consider the Taylor expansion with remainder:
g(z) = L(z-2% +r(z),

where the linear transformation L is non-singular by hypothesis, and

where
Ir(2)/)|z -2

tends to zero as z - z%. Choose € small enough so that

Ir@I < |Lz-29]

whenever |z —zo|[ = £. Then the one-parameter family of mappings

111
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h(z) = (L(z-2% + tr(2))/|L(z-2% + tr(2)!}, 0 <t < 1,

from S, (z%) to the unit sphere demonstrates that the degree u of h1 is
equal to the degree of the mapping L/IL}| on S, @9).

Note. The fact that the degree of (L + r)/||[L + r| on S, is equal to
the degree of L/|L|| whenever [r| < |[L|| throughout S, will be used
frequently. We will refer to this fact as ‘“ Rouché’a Principle.”’

Now deform L continuously to the identity within the group GL (m, C)
consisting of all non-singular linear transformations. This is possible
since the Lie group GL (m, C) is connected. It follows easily that the

degree of the mapping L/|L] on s, (2% is + 1. This completes the proof.
Next consider a compact region D with smooth boundary in Cc™. As-
sume that g has only finitely many zeros in D, and no zeros on the bound-
ary.
LEMMA B.2. The number of zeros of g within D, each counted with

its appropriate multiplicity, is equal to the degree of the mapping

z 1 g(z)/|g(z)]

from 0D to the unit sphere.

(REMARK. For functions of one complex variable this statement is

called the “‘principle of the argument.”’ See for example HILLE, §9.2.2.)

Proof: Remove a small open disk about each zero of g from the region
D. Then the function g/||g| is defined and continuous throughout the re-
maining region D,. Since dD is homologous to the sum of the small bound-
ary spheres within D, it follows that the degree of g/||g|| on dD is equal
to the sum, X p, of the degrees on the small spheres. [Compare MILNOR,
““Topology from the differentiable viewpoint,’’ p. 28, 36.] This completes
the proof.

: 0 .
Again let z~ be an isolated zero of ¢ with multiplicity -
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0 containing no other zeros of g

LEMMA B.3. If D, is a disk about z
then, for almost all points a ¢ C™ sufficiently close to the origin, the

equation g(z) = a has precisely p solutions z within D,.
In particular this certainly implies:
COROLLARY B.4. The inequality p > 0 is always satisfied.

Proof of B.3. According to the theorem of SARD, almost every point

a of C™ is a regular value of the differentiable mapping

g: C™ - ™.
(Compare DE RHAM, p. 10.) In other words for all a not belonging to
some set of Lebesgue measure zero, the matrix (c')gj/c?zk) is non-singular
at every point z in the inverse image g_l(o).

Given any such regular value a, note that the solutions z of the sys-
tem of analytic equations g(z)-a = 0 are all isolated, with multiplicity
+1. (Lemma B.1.)

Choose any regular value a of g which is close enough to the origin

so that
lall < llg(@)|

for all z ¢ dD,. Then according to Lemma B.2 the number of solutions
of the equation g(z) - a = 0 within D, is equal to the degree of the map
(g-a)/|lg-all on ID,. (Each solution must be counted with a certain
multiplicity, but we have just seen that these multiplicities are all + 1.)

By Rouché’s Principle the degree of this mapping (g-a)/||g-al| is
equal to the degree p of g/|g||. This completes the proof of B.3.

REMARK. It is perhaps worth interpreting these lemmas in the special
case gj(z) = c?f/azj of §7. Lemma B.1 says that in the case of a non-
degenerate critical point of f, where the Hessian matrix (¢92f/8zj c?zk) is
non-singular, the integer p is + 1. Lemma B.3 says that if we perturb f,

by subtracting almost any ‘‘small’’ linear polynomial ajZy + v apz
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from it, then the isolated critical point 20 will split up into a cluster of

p nearby critica! points, all non-degenerate.

Now we are ready to prove Theorem 7.1.

THEOREM. The multiplicity p of an isolated solution of m polyno-

mial equations in m variables is always a positive integer.

Proof: Given a disk D, about 20 containing no other zeros of g,

choose a number n which is small enough so that

Inl < lg@)|/ e

for all z ¢ 8DE, and which is distinct from all eigenvalues of the matrix

(agj(zo)/c?zk). Then the perturbed function
g’(z) = g(2)-n(z-20)

has a zero of multiplicity +1 at z9, since the matrix

is non-singular at z0. Therefore, assuming that g” has only finitely many
zeros within De , the algebraic number X 4" of zeros of g’ within DE is
certainly > 1. (All summands being > 0 by B.4.) This sum is equal to

the degree of g’/||g’|| on 9D, which is equal to the degree 1 of g/||g||
on dD, by Rouché’s Principle. Hence p > 1.

There remains, theoretically atleast, the possibility that g * has infi-
nitely many zeros within D, (Compare Problem 1 below.) But in that case
we could subtract a small constant vector a from g’, where a is a regular
value of g’. (Compare B.3.) Then the zeros of g’—q are isolated, and
hence there are only finitely many zeros of g’—qa within D, . To guarantee
that g'—a has at least one zero, we use the Inverse Function Theorem to
choose a neighborhood U of 2% in D, so that g’ maps U diffeomorphically
onto an open neighborhood of the origin. Choosing a within g’(U) the

equation g’(z) —a = 0 certainly has a solution z within U CD,. This com-
pletes the proof that p > 1.
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To conclude this discussion here are three problems for the reader.
The first two can be established using the methods above, but the third

is more difficult.

Problem 1. If g has no zeros on dD, show that it has only finitely

many zeros within D.

<.

Problem 2. 1If the matrix (agj 'dz)) is singular at 20, show that p > 2

Problem 3. The ring Cl{z-2°]] of formal power series in the variables
z; — zj0 can be considered as a module over the subring Cllg,, ..., g ll-
This module is free of rank . Hence, if 1 denotes the ideal spanned by
By -oer B IN Cllz -z°]], then the quotient ring C[[z-2z°1)/1 has dimen-
sion ;o over C. (I am told that these statements can be proved by showing
first that the map g: C™ -+ C™ induces a proper and flat map from a small
neighborhood U of the origin to a small neighborhood V of the origin; and
then that the direct image under g of the sheaf @U of germs of holomor

phic functions on U is locally free over the corresponding sheaf OV )






BIBLIOGRAPHY
J. W. Alexander and G. B. Briggs, On types of knotted curves, Annals of
Math., 28 (1927), 562-586.

J. W. Alexander, Topological invariants of knots and links, Trans. Amer.
Math. Scc., 30 (1928), 275-306.

P. Alexandroff and H. Hopf, Topologie, Springer, 1935.

A. Andreotti and T. Frankel, The Lefschetz theorem on hyperplane sec-
tions, Annals of Math., 69 (1959), 713-717.

K. Brauner, Zur Geometrie der Funktionen zweier komplexen Verdnder-

lichen 111, 1V, Abh. Math. Sem. Hamburg, 6 (1928), 8-54.

E. Brieskorn Examples of singular normal complex spaces which are topo-

logical manifolds, Proc. Nat. Acad. Sci. U.S.A., 55 (1966), 1395-1397.

, Beispiele zur Differentialtopologie von Singularitédten, Inven-
tiones Math., 2 (1966), 1-14.

W. Browder and J. Levine, Fibering manifolds over a circle, Comment. Math.
Helv., 40 (1965-66), 153-160.

F. Bruhat and H. Cartan, Sur la structure des sous-ensembles analytiques
réels, C. R. Acad. Sci. Paris, 244 (1957), 988-990.

W. Burau, Kennzeichnung der Schlauchknoten, Abh. Math. Sem. Hamburg, 9
(1932), 125-133.

, Kennzeichnung der Schlauchverkettungen, Abh. Math. Sem. Ham-
burg, 10 (1934), 285-397.

117



118 SINGULAR POINTS OF COMPLEX HYPERSURFACES

H. Cartan, Quotient d’un espace analytique par un groupe d’automorphis-

mes, Algebraic Geometry and Topology (Lefschetz symposium volume),
Princeton Univ. Press 1957, 90-102.

C. Chevalley, Introduction to the theory of algebraic functions of one vari~

able, Amer. Math. Soc. Surveys #6, 1951.

R. H. Crowell, Corresponding group and module sequences, Nagoya Math.
J., 19 (1961), 27-40.

, The group G'/G’’ of a knot group G, Duke Math. J., 30 (1963),
349-354.

and R. H. Fox, Introduction to Knot Theory, Ginn, 1963.

P. Du Val, On isolated singularities of surfaces which do not affect the

conditions of adjunction, Proc. Cambridge Phil. Soc., 30 (1934), 453-
459.

C. Ehresmann, Sur les espaces fibrés differentiables, Compt. Rend. Acad.
Sci. Paris, 224 (1947), 1611-1612.

I. Fary, Cohomologie des variétés algébriques, Annals of Math., 65 (1957),
21-73.

R. H. Fox, Free differential calculus, II. The isomorphism problem, Annals
of Math., 59 (1954), 196-210.

L. M. Graves, The Theory of Functions of Real Variables, McGraw-Hill,
1956.

R. Gunning and H. Rossi, Analytic Functions of Several Complex Variables,
Prentice-Hall, 1965.

G.-H. Halphen, Etude sur les points singuliers des courbes algébriques
planes, Oeuvres, Tome 4, 1-93.

E. Hille, Analytic Function Theory, vol. 1, Ginn, 1959.

F. Hirzebruch, The topology of normal singularities of an algebraic sur-

face (d’aprés Mumford), Séminaire Bourbaki, 15 année, 1962/63, No.
250.



BIBLIOGRAPHY 119

b . 108
F. Hirzebruch, Singularities and exotic spheres, Séminaire Bourbaki, 19
année, 1966/67, No. 314.

, O(n)-Mannigfaltigkeiten, exotische Spharen, kuriose Involutionen,

(preliminary draft), March 1966.

, and K. H. Mayer, O(n)-Mannigfaltigkeiten, exotische Sphéren und
Singularititen, Springer Lecture Notes In Mathematics, 57 (1968),
132 pages.
W. V. D. Hodge and D. Pedoe, Methods of Algebraic Geometry, vol. 2,
Cambridge U. Press, 1952.
L. Hérmander, On the division of distributions by polynomials, Ark. Mat. 3,
(1958), 555 -568.

S. T. Hu, Theory of Retracts, Wayne State Univ. Press, 1965.
W. E. Jenner, Rudiments of Algebraic Geometry, Oxford U. Press, 1963.

K. Kihler, Uber die Verzweigung einer algebraischen Funktion zweier
Verédnderlichen in der Umgebung einen singulédren Stelle, Math. Zeit.,

30 (1929), 188-204.

M. Kervaire, A manifold which does not admit any differentiable structure,

Commentarii Math. Helv., 34 (1960), 257-270.

and J. Milnor, Groups of homotopy spheres I, Annals of Math., 77
(1963), 504-537.

F. Klein, Lectures on the icosahedron and the solution of equations of the

fifth degree, Dover 1956.

S. Kobayashi, Fixed points of isometries, Nagoya Math. J., 13 (1958), 63-
68.

S. Lang, Introduction to Algebraic Geometry, Interscience, 1958.
,» Introduction to Differentiable Manifolds, Interscience, 1962.
» Algebra, Addison-Wesley, 1965.

S. Lefschetz, Algebraic Geometry, Princeton Univ. Press, 1953.



120 SINGULAR POINTS OF COMPLEX HYPERSURFACES

S. Lefschetz, Topology (2nd ed.), Chelsea, 1956.

J. Levine, Polynomial invariants of knots of codimension two, Annals of
Math., 84 (1966), 537-554.

S. Lojasiewicz, Sur le probléme de la division, Rozprawy Mat., 22 (1961),
57 pp., or Studia Math., 18 (1959), 87-136.

, Triangulation of semi-analytic sets, Annali Scu. Norm. Sup. Pisa,

Sc. Fis. Mat. Ser. 3, v. 18, fasc. 4 (1964), 449-474.

J. Milnor, Construction of universal bundles II, Annals of Math., 63 (1956),
430-436.

, Morse Theory, Annals Study #51, Princeton Univ. Press, 1963.

, On the Betti numbers of real varieties, Proc. Amer. Math. Soc.,

15 (1964), 275-280.

, Topology from the Differentiable Viewpoint, Univ. Virginia
Press, 1965.

, Infinite cyclic coverings, to appear.

M. Morse, The calculus of variations in the large, Amer. Math. Soc. Collog.
Publ. 18, (1934).

D. Mumford, The topology of normal singularities of an algebraic surface
and a criterion for simplicity, Publ. math. No 9 I'Inst. des hautes étu-
des sci., Paris 1961.

L. Neuwirth, The algebraic determination of the genus of knots, Amer. J-
Math., 82 (1962), 791-798.

- , On Stallings fibrations, Proc. Amer. Math. Soc., 14 (1963), 380-
381.

F. Pham, Formules de Picard-Lefschetz généralisées et ramification des

intégrales, Bull. Soc. Math. France, 93 (1965), 333-367.

E. S. Rapaport, On the commutator subgroup of a knot group, Annals of
Math., 71 (1960), 157-162.



BIBLIOGRAPHY 121

J. E. Reeve, A summary of results in the topological classification of
plane algebroid singularities, Rendiconti Sem. Mat. Torino, 14 (1954-
55), 159-187.

G. de Rham, Varietes Différentiables, Hermann, 1955.

J. F. Ritt, Differential equations from the algebraic standpoint, Amer. Math.
Soc. Collog. Publ., 14, New York, 1932. (See p. 91.)

A. Sard, The measure of the critical values of differentiable maps, Bull.
Amer. Math. Soc., 48 (1942), 883-897.

J. P. Serre, Groupes algébriques et corps de classes, Hermann, Paris, 1959.

S. Smale, Generalized Poincaré’s conjecture in dimensions greater than four,
Annals of Math., 74 (1961), 391-406.

, On the structure of 5-manifolds, Annals of Math., 75 (1962), 38-46.
E. Spanier, Algebraic Topology, McGraw-Hill, 1966.
G. Springer, Introduction to Riemann Surfaces, Addison-Wesley, 1957.

J. Stallings, Polyhedral homotopy spheres, Bull. Amer. Math. Soc.,66 (1960),
485-488.

, The piecewise linear structure of euclidean space, Proc. Cambr.

Phil. Soc., 58 (1962), 481-488.

, On fibering certain 3-manifolds, Topology of 3-manifolds and
Related Topics, (M. K. Fort Jr., ed.) Prentice-Hall, 1962, 95-100.

N. Steenrod, The Topology of Fibre Bundles, Princeton Univ. Press, 1951.

T. E. Stewart, On groups of diffeomorphisms, Proc. Amer. Math. Soc., 11
(1960), 559-563.

R. Thom, Sur ’homologie des variétés algébriques réeles,, Differential and
Combinatorial Topology (Morse symposium, S. Cairns ed.), Princeton
Univ. Press, 1965, 255-265.

B. L. vander Waerden, Zur algebraische Geometric III; Uber irreduzible

algebraische Mannigfaltigkeiten, Math. Annalen, 108 (1933), 694-698.



122 SINGULAR POINTS OF COMPLEX HYPERSURFACES

B. L. van der Waerden, Einfiihrung in die algebraische Geometrie, Springer,

1939 (also Dover 1945).

» Modern Algebra, Ungar, 1950.

C. T. C. Wall, Classification of (n— 1)-connected 2n-manifolds, Annals of
Math., 75 (1962), 163-198.

A. H. Wallace, Homology Theory of Algebraic Varieties, Pergamon Press,
1958.

, Algebraic approximation of cu:ves, Canad. |. Math., 10 (1958),
242-278.

H. C. Wang, The homology groups of the fibre bundles over a sphere, Duke
Math. J., 16 (1949), 33-38.

A. Weil, Numbers of solutions of equations in finite fields, Bull. Amer.

Math. Soc., 55 (1949), 497-508.

H. Wendt, Die gordische Auflésung von Knoten, Math. Zeitschr., 42 (1937),
680-696.

O. Zariski, On the topology of algebroid singularities, Amer. J. Math., 54
(1932), 453-465.

H. Zassenhaus, The Theory of Groups, Chelsea, 1958,

/ ; S 53 947 . \'_
R0






	2022_06_10_16_13_12_001
	2022_06_10_16_13_12_002
	2022_06_10_16_13_12_003
	2022_06_10_16_13_12_004
	2022_06_10_16_13_12_005
	2022_06_10_16_13_12_006
	2022_06_10_16_13_12_007
	2022_06_10_16_13_12_008
	2022_06_10_16_13_12_009
	2022_06_10_16_13_12_010
	2022_06_10_16_13_12_011
	2022_06_10_16_13_12_012
	2022_06_10_16_13_12_013
	2022_06_10_16_13_12_014
	2022_06_10_16_13_12_015
	2022_06_10_16_13_12_016
	2022_06_10_16_13_12_017
	2022_06_10_16_13_12_018
	2022_06_10_16_13_12_019
	2022_06_10_16_13_12_020
	2022_06_10_16_13_12_021
	2022_06_10_16_13_12_022
	2022_06_10_16_13_12_023
	2022_06_10_16_13_12_024
	2022_06_10_16_13_12_025
	2022_06_10_16_13_12_026
	2022_06_10_16_13_12_027
	2022_06_10_16_13_12_028
	2022_06_10_16_13_12_029
	2022_06_10_16_13_12_030
	2022_06_10_16_13_12_031
	2022_06_10_16_13_12_032
	2022_06_10_16_13_12_033
	2022_06_10_16_13_12_034
	2022_06_10_16_13_12_035
	2022_06_10_16_13_12_036
	2022_06_10_16_13_12_037
	2022_06_10_16_13_12_038
	2022_06_10_16_13_12_039
	2022_06_10_16_13_12_040
	2022_06_10_16_13_12_041
	2022_06_10_16_13_12_042
	2022_06_10_16_13_12_043
	2022_06_10_16_13_12_044
	2022_06_10_16_13_12_045
	2022_06_10_16_13_12_046
	2022_06_10_16_13_12_047
	2022_06_10_16_13_12_048
	2022_06_10_16_13_12_049
	2022_06_10_16_13_12_050
	2022_06_10_16_13_12_051
	2022_06_10_16_13_12_052
	2022_06_10_16_13_12_053
	2022_06_10_16_13_12_054
	2022_06_10_16_13_12_055
	2022_06_10_16_13_12_056
	2022_06_10_16_13_12_057
	2022_06_10_16_13_12_058
	2022_06_10_16_13_12_059
	2022_06_10_16_13_12_060
	2022_06_10_16_13_12_061
	2022_06_10_16_13_12_062
	2022_06_10_16_13_12_063
	2022_06_10_16_13_12_064
	2022_06_10_16_13_12_065
	2022_06_10_16_13_12_066
	2022_06_10_16_13_12_067
	2022_06_10_16_13_12_068
	2022_06_10_16_13_12_069
	2022_06_10_16_13_12_070
	2022_06_10_16_13_12_071
	2022_06_10_16_13_12_072
	2022_06_10_16_13_12_073
	2022_06_10_16_13_12_074
	2022_06_10_16_13_12_075
	2022_06_10_16_13_12_076
	2022_06_10_16_13_12_077
	2022_06_10_16_13_12_078
	2022_06_10_16_13_12_079
	2022_06_10_16_13_12_080
	2022_06_10_16_13_12_081
	2022_06_10_16_13_12_082
	2022_06_10_16_13_12_083
	2022_06_10_16_13_12_084
	2022_06_10_16_13_12_085
	2022_06_10_16_13_12_086
	2022_06_10_16_13_12_087
	2022_06_10_16_13_12_088
	2022_06_10_16_13_12_089
	2022_06_10_16_13_12_090
	2022_06_10_16_13_12_091
	2022_06_10_16_13_12_092
	2022_06_10_16_13_12_093
	2022_06_10_16_13_12_094
	2022_06_10_16_13_12_095
	2022_06_10_16_13_12_096
	2022_06_10_16_13_12_097
	2022_06_10_16_13_12_098
	2022_06_10_16_13_12_099
	2022_06_10_16_13_12_100
	2022_06_10_16_13_12_101
	2022_06_10_16_13_12_102
	2022_06_10_16_13_12_103
	2022_06_10_16_13_12_104
	2022_06_10_16_13_12_105
	2022_06_10_16_13_12_106
	2022_06_10_16_13_13_001
	2022_06_10_16_13_13_002
	2022_06_10_16_13_13_003
	2022_06_10_16_13_13_004
	2022_06_10_16_13_13_005
	2022_06_10_16_13_13_006
	2022_06_10_16_13_13_007
	2022_06_10_16_13_13_008
	2022_06_10_16_13_13_009
	2022_06_10_16_13_13_010
	2022_06_10_16_13_13_011
	2022_06_10_16_13_13_012
	2022_06_10_16_13_13_013
	2022_06_10_16_13_13_014
	2022_06_10_16_13_13_015
	2022_06_10_16_13_13_016
	2022_06_10_16_13_13_017
	2022_06_10_16_13_13_018
	2022_06_10_16_13_13_019
	2022_06_10_16_13_13_020
	2022_06_10_16_13_13_021
	2022_06_10_16_13_13_022
	2022_06_10_16_13_13_023
	2022_06_10_16_13_13_024
	2022_06_10_16_13_13_025
	2022_06_10_16_13_13_026
	2022_06_10_16_13_13_027
	2022_06_10_16_13_13_028
	2022_06_10_16_13_13_029
	2022_06_10_16_13_13_030

