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INTRODUCTION

During the last decade a number of Soviet sclentiscs
have investigated so-called non-linear mechanics, and
among the most actlve are certainly to be found KryleIlr
and Bogoliuboff. An extensive bibliography of their
contributions to the subject wlll be found at the end.
A cursory reference to it will quickly disclose the
fact that in one way or another their work is but
poorly accessible to the American sclentific and tech-
nical public. The present monograph 1s essentially a
very condensed English version of their most extensive
paper (No. 32 of the Bibliography, in Russian) except
for the last chapter which is practically a small ex-
tract of their most mathematical production on the sub-
ject (No. 16 of the Bibliography, in Russian).

Kryloff and Bogoliuboff consider primarily equa-

tions of the form

2
g—’-( +w2x = Ef(t: X, g: t)
at?2 at

where € 1s a small positlve quantity and f is a pewcr
series in &, whose coefficients are polynomials in

X, %%, sin t, cos t. As a matter of fact, generally f
contains neither € nor t. Similar equations are weil
known in astronomy and have been the object of systew-
atic investigation by Linstedt, Gyldén, Liapounoff

and, above all by Poincare. 1In a general sense, one
may say that the same methods are applied by Kryloff and
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Boegeliutsif. However, the applicntions which they have
in view are quite different, being chiefly in Engineer-
ing, Tecrnnologsy, or Physics, notenly electricrl ecipr-
cuit checry. e solutlons are cpproximated vy the firgt
n terms of' certuain asymptotic representations; <he first
twe terms usually suffice and yvield what the authors
czll the "refined first approximation" which they dis-
cuss at length.

The method of linearization described in Chapters
V and VI, frequently enables one to by-pass the differ-
ential equation «nd proceed directly from the physical
problem to the upproximzte sclutions. Thet the general
information obtained from the approximations gives im-
portent indlcations regarding the behaviour of the sol-
ution itself, is shown in the monograph, (No. 16 of the
Bibliography) of which the extract given in Chapter Ix
will ylelda few indications.

Messrs. Kryloff and Bogoliuboff deserve much credit
for the bcld way in which they have carried out their
work and for the numerous applications which they have
outlined. It is believed that the present monograph

will provide & fair picture of what they have accom-
plished.

S. Lefschetz
Princeton, N. J.
November 20, 1942,
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I. SOME NON-LINEAR OSCILLATORY SYSTEMS.

1. In the present section we will discuss a few
non-linear oscillatory systems and derive the corres-
ponding differential equations. These equetions will
gerve later as 1llustrations for the methods of approxi-
mation introduced in the sequel.

2. We begin with some conservative (non-dissipa-
tive) systems.

(2.1) Oscillating shaft. Consider a shaft com-
posed (1ideally) of two revolving masses joined by a
non-linear elastic connection. et 8,, 8, be the
moments of inertla of the revolving masses, and 9,, 8,
their angles of rotation. Let further M = c(e,-6,) be
the angular momentum of the elastic connection repre-
gented as a function of the angle of rotation 6 = 61-62.
The equations of motlon for each of the two masses are

d%e,

Jl dt2 + 0(61-62) = o0,
d®e,

J2—d:—2- - 0(91‘92) = 0.

Hence the equation governing the oscillations 1is

J1+J2

c(e) = o.

2
da“e
(2.2) -2t

at® 3, 3,
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In this relation the function c(6) is usually
given graphically and may have the most diverse form.
(2.3) Electrical circuilt without resistance.
Consider an electrical oscillating circuit (Fig. 1) con-
taining an iron core. Let § denote the magnetic flux,
1 the line current, C the capacity. We then have

{
(2.4) %% + & f1at = o,

The relation between § and 1 1is shown in Fig. 2. With
sufficlent accuracy and within certain limits, one may
represent this relation analytically, for instance as:

(2.5) 1 = A + B}’

We have then for § the differential equation

(2.6) 9% , AB+BE® _
dt? c

3. In the examples of oscillating systems that we
have examined so far, we have not taken into considera-
tion friction which causes dissipation of the oscil-

lations of the system.
Generally speaking the laws of mecnanical friction

have been but 1ittle investigated. In practice, one
chiefly assumes one of the following three:

a) The force of friction is proportional to the
velocity (oscillations in the atmosphere).

b) The force of friction is proportional to the
square of the velocity (for oscilletions in a liquid),.

c) Coulomb's law: The force of friction is con-
stant in magnitude but depends upon the velocity and
its direction 1s opposite the velocity (for example in
slipping of surfaces upon one another).

(3.1) Pendulum freely oscillating in the. atmos-
bhere. It we assume that friction 1s proportional to
the velocity, the equation of oscillations will.be
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2
(3.2) g—g +2%8 L Bsine=o
dt dt 1

where A is 2 proportionality coefficilent, called fric-
tlcn coefficient.

(3.3) Electricel circuit with resistance. We
suppose that the circult contains an iron core, an
ohmic resistance and a capacity (Fig. 3). Let & be
the flux, 1 the current, R the ohmic resistance, C the
cavacitv. We will have this time

¢ »

and hence assuming that (2.5) holds:

2 3
(3.4) 4% , p(as3Bp2) 92 4 ARSBEZ _
at? dt c

4. Up to the present, we have considered cscill-
lating systems with or without dissipation (friction).
Since in practice dissipation is always present in
szme form in oscillating systems, the oscillations
will fail to die down only if the system contains some
source of energy which mey compensate for the loss of
energy due to dissipation. This condition may be ful-
filled in two ways. First, the force acting upon the
oscillating body (due to its connection with the
source of energy), may possess a definite periodicity.
The simplest example of oscillatlons of this type, saild
to be forced, is found in the vibrations of linear
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systems subjected to a harmonic disturbance:

2
(.1) 12 4 A2 | kx = F sinat
at? " at

where m 1s the mass, x the displacement, A the dissi-
patlon coefficient, k the spring constant, F the ampli-
tude of the exterior force, « the frequency of the
disturbance.

Second, the source of energy itself may have no
specific periodicity but its action upon the oscllla-
ting body zppears to introduce into the system a nega-
tive dissipation which may compenszte for the normal
positive dissipation caused by the dissipative forces.
Osclllations of this last type, called auto-oscilla-
tions, are quite wide-spread and have great importance
in Physics and Technology.

To obtain some idea of the manner in which auto-
oscillations arise, we will examine a system with one
degree of freedom.

If the oscillations are of rather small amplitude
Wwe may write down the customary linear equation:

(k.2) md—x+,\g§+loc =o0.

dt?

As 1s well known the general solution will be

-6t
X = ae cos(wt+4)

where a, ¢ are arbitrary constants,

- (IAn)

n
g

I
gIx

fe:ce n A>0 then the amplitude of the small oscil-
1: lons ae™®" w111 di1e down according to an exponential
W+ If on the contrary Ao then the small oscillations



1.

will expand and the amplitudes will increase expon-
entially.

Since for physical reasons the amplitudes cannot
increase indefinitely, we must suppose that from a

certain moment the dissipation coefficient changes its

sign and becomes positive. This fact may bte reflected

in the differential equation of the oscillations, for

instance by replacing the constant coefficient A by
a varilable one:

2
A=A + B (%)

where A>o, B>o.

We thus obtaln a differential equation
due to Rayleigh:

2 2
(5.3) m%f—ec-+(-A+B(%x€))%+kx=o.

This equation shows in particular that the dissi-
pation is negative for small absolute values of‘%% and
positive when its absolute values are large.

Thus, small oscillations will expand and large
osclllations will die down.

The importance of (4.3) for self-oscillatory
systems was already brought out by Rayleigh in his
paper: On maintained vibrations (Phil. Mag. S. 5,
vol. 15, 1883).

Another important equation as regards self-oscil-
latory systems, repeatedly investigated by van der Pol
and going by his name, 1s

2
(h.4) g—% —e(1-x2) & 4 x < o,

dt dt

It may be deduced from (4.3) by making the change of
variables:
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\/"—»t gﬁ%—.x

and setting — = ¢.
Vkm

5. We will now consider some self-oscillatory
systems.
5.1) Electronic generator.

(5.
for the various designations of currents (writlen *

with subscripts), vecltages (written V, E with sup-

We refer to Fig, &

scripts), etc.

lllll!—
Fig. 4
Neglecting the grid current, we have cleurly:
L8 g ;
= = =Ri,=E_-V_,
dt C e R a a
(5.2) M diL
e Vg rla=1p+ic+ 1y

From (5.2) we find:

d®1, L 41
(5.3) 2L + - L + 1, =1_.
dt R dt L "a

As we know, however, from the theory of electronic
lamps, the anode current is a definite function of the
so called directing potential u = + DV

g a
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o

(5.4) 1, =f(u) = £V, + DV,),

where D 1s a constant factor, the conductance of the
lamp.

< 0~

Fig. 5
In practice D is small relatively to unity. A typical
curve representing the relation (5.4), the so-called
characteristic of the lamp is shown in Fig. 5.
Substituting from (5.4) into (5.3) and in view of
(5.2) we find
2
e A TN 1; = £(DE,+(M-LD) Y
dt

(5.5) IC

Consider now the following quantities:
di

= (M-1D)=t
E, = DE,, V= (M-ID)gg= .

Since the directing pogintial is
L

DE, + (M-ILD)—4¢ = Ej + V,
V will clearly be the variable part of this potential
induced by the vibrations of the current in the oscll-
lating circuit, and Ej the constant part induced by a
source of constant current (for instance a battery).
In view of this, let us apply to both sides of (5.5)
the operation

o101 -
We then obtaln for the unknown V a relationship of

the form

2
(5.6) L8Y +v 4+ Lo (e + v - o.
dt R dt
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If we choose Eo such that it is the elsciss: of the in-
flexion of the characteristic in Fig. 5, ond neglect
terms of order >3 in the Maclaurin expansion of
f(EO + V), then witn suitable chcice of a time unit
(dimensionless time), (5.0) may bpe reduced to van der
Pol's eguation (4.4). Similar considerztions lead to o
Rayleich differential equation for iL'

(5.7 It 1s hardly necessary to observe thet if
a harmonic disturbznce is superimposed upon any one of
the preceding systems, there 1s octained an equation
for forced oscillations. Thus we may have in relation
to a van der Pol system an equation

2
(5.8) X e (1-x2)& 4, x = F sin «t,
2
dt a+

and likewise for the other systems.

II. ELEMENTARY THEORY OF THE FIRST APPROXIMATION

6. All the exzmples discussed in the preceding
chapter lead to equations of the form

2
(6.1) d—% + F(x, % t) = o,
dt dt

We propose to investigate more particularly the so
called quasi-harmonic case, where there are oscillations
near the sinusoidal:

X =a sin (Vt+¢),

that 13 to Ssay when we may write
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dx
(6.2) F(x,55,t) = 9%xser(x, 8, ¢),

where € is ¢ parameter characterizing the smallness of
the deviation of F from v°x. Until further notice we
assume F, znd hence also f, Iree from the explicit
virinble t. The basic differential equation will thus
be
(6.3) d—232(- + ¥ox +Ef(x,g) = 0,-

dt dt
and this is the equation which we shall investigate.
If we endeavor to solve this equation by the usual
methods of approximaztion, notably by the method of
Pcisson, we encounter & clessical difficulty which
taifled the astronomers of the eighteenth century,
namely the presence of so-called secular terms, or
terms of the form tx: trigonometric function. In the
same spirit as the astrconomers did in their day, we
shr11l endecvor to find methods of approximation which
vield results free tfrom secular terms.

In the present chapter we shall describe a very
intuitive method enabling us -to construct an approxi-
mate solution which willl be free from secular terms.

7. We first observe that for € = 0, (6.3) has the
solution

(7.1) a sin (Vt+4),

I

X
(7.2) %% aY cos (9t+¢),

where the amplitude 2 and the phase ¢ are constant. For
convenience the term "frequency" will designate ¥
rather than the customary 2 1.

Consider a, ¢ , as new unknown functions of the
time which are to be determined so that (7.1) becomes a
gsolution of (6.3). We must have first

dx d
(1.3) & = a% sin (¥t+¢) + a%% Cos (Vt+¢) + ay cos(vt+é).
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Hence if we wish to preserve (7.2), or we may say if we
impose (7.2), then

(7.4) g% sin (Vt+4) + a%% cos (vt+¢) = o.

From these relations we deduce:

2 )
(1.5) ¢ g da  iog Vt+d) - vad® gin (Vt+d)
at- dt dt

-v2a sin (Vt+d),
and so finally from (6.3):
(7.6) ,)g% cos (Vt+d) - Vag% gin (Vt+4¢)

= -¢f(a sin (Vt+4),a’vcos (Vt+d)).

By combining with (7.4) there comes

da _ _ $f(a sin (Vt+b), avcos (VE+d)) cos (Vt+p),

(7.7) It =

(7.8) % = ae—vf(a sin (Vt+b), av cos (Yt+d)) sin (Vt+4).

8. Thus instead of the single differential equa-
tion of the second order (6.3) in the unknown X, we
have two difterential equations of the first order in
the two unknowns a, ¢. Notice now that the right hand
sides of (7.7), (7.8) admit with respect to t the
period T = %;} Moreover g%, gf are proportional to
the small perameter €, so that a, ¢ will be slowly
varying functions of the time during the period T, and
as a first approximastion we may, therefore, consider
them as constant. On the strength of this observation
we will indicate at once a simple intultive method for
constructing an approximate solution of (7.7), (7.8).
For this purpose conslder the expressions

I,
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f(a sin &,V cos &) cos 6,f(a sin b,av cos ¢) sin o,
cnd let us expaend them in Fourier series. "We find

f(o sin ¢, a¥Y cos &) cosd = Ko(&)+§(1(11(3)
nyo

cos n¢ +L,(2) sinnd),
(8.1)
f(a sin b,ayY cos ¢) sin ¢ Po(a)+1§-o(Pn(a)
cos nd:>+Qn(a) sin né.

The coefficients Pn(a) « « « « , are calculated in the
usual way. It will be sufficient to give the explicit
expressions:

o1t
Ko(a) = 151—1'5 f(a sin ¢, a¥ cos ¢) cos odd,
8
(8.2) 1 S b 9
Po(a) = 7n ) f(a sin 6, av¥y cos ¢) sin 6dod.

Taking advantage of (€.1) we can represent (7.7),
(7.8) in the following expanded forms:

%% = - %—Ko(a) - %rIDZO(Kn(a)cos n(vt )+L,(a)
sin n(vt+d)),
(8-3) a¢ _ EP (a) ¢ (P_(a) cos n(¥t

sin n(¥t+d)).

Let us integrate these espressions in the interval
t, t + T, within which we consider a, ¢, as constant and
equal to the values a(t), o(t).
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We thus obtain:
SbaT)oalt) oS¢ (a(t)),

reLn)
“+T)-b(t € o+
QL_if%__L_l $op ().

Tt

ce T znd the increments &(U4T)-w(t), d(t+T-4(t)
re su:ll, we replace in (8.4) the left sides vy
ot mnc thug errive at the equaticons of the first

GlC,
e -

s a'—ir
cpproximetion:
( a €
gt = - vk (2)
I r:)
@ _ Ep .,
at = v fola).

the exzct relations (8.3) we
of the first approximation are

equations vy averaging the right

to the time. This process
obvious way will be described

If we compare with
~ind that the equations
nr-ained from the exact
1uné 3ides with respect
duly generallzed in the

..s the nwveraging principle.
It need not be said that the preceding reasoning

cammot pretend to any sort of mathematical rigor.
For this re.son we shall examine in the next chapters
tre questicns of the mathematical foundations of the
sverezging principle and likewise the question of

forming the higher approximations.
9. Returning to (8.5), 1f we have a solution in

a and ¢ and substitute it in (7.1), we obtain an
approximate expression for x. If we choose in place of
¢ the unknown ¢ =vt+é, then (8.5) ylelds

(9.1) R =ve TP (a).

Substituting in (8.5) and (9.1), in place of Ko’
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o1t
(9.2) g% = é%; g T( siné ,ov¥ cos &) cos édb,
o
(9.3) = vzt l re sin 4, v cos b) sinbas.
“o

Thus the first spproximation to the soiution of (i.3)
will ve of the form

(9.4) X = a sin y,

where the amplitude & znd the full phase ¢ are to ve
determined from (9.2), (9.3).

10. Suppose that F in (6.1) does not contain g%,
in which cuse f will likewise be free from it. Thus
we will have

(10.1) f(x;%%) = f(x),

and hence instead of (9.2), (9.3):

o1
(10.2) g% = - 5%7 g f(a sin b) cos bdéb,
o1
(10:3) @~ (a) = d+5550 (a sin b) sinbab.
)
If we set
X
§(x) =5 fix)ax
o
then
or
fﬂk(a sin ¢) cos édé = %S giiﬂa%ig_il = o,
)
and hence
da

a—f=0.
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Thus the emplitude of the oscillations 1s now constant

a=a and so instead of (10.3 ) we have

O’
Yy = w(a)t+e,

where the phase € 1s constant and equal to the initial
value of ¢.
An approximzte solution of (6.3) 1s then

(10.4) x = a sin (w(a)t+e).

We may say that here the nonlinear character of
the equation has no other effect in the first approxi-
mation than to make the frequency depend upon the
amplitude.

If we square both sides of (10.3) and retain only
terms in € we obtain

1T

(10.5)  w?(a) = ¥2+5 | f(a sin ) sin éds.

ar

o

Since F(x) = V2x4&f(x) we have finally:

ofr
(10.6) w?(a) =ﬁ1§é F(a sin ¢) siné d¢.

Formula (10.6) has the considerable advantage that
the function F enters into it directly and not merely
through 1ts nonlinear part as 1t does in (10.5).

1. We will now examine a certain number of
€Xamples,

(11.1) Example 1. Consider the equation of the
Pendulum reduced for small oscillations (say not exceed-
Ing 30°) to the form

(11.2) d_‘?x+ x- x—3)=0.
a2 1 6

We have at once from (10.6):
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21t 3 3
w?(a) = -1-35 (a sin ¢ - %M—) sin ¢dé¢,
o
and so approximately

2
(11.3) wz(a)=§(1— %._)'

As the amplitude increases the frequency decreases and
hence the period increases also. This is likewise
shown by the approximate formula

1.4 V_

(11-4) - 20 2n‘f_ (=) = or (1+—6)
_6

To take a concrete example for a = 300 we find

T=1.01k x 21!\[-;-.

(11.5) Example 2. Consider the differential
equation (2.2) for the oscillations of a shaft. Here:

J+J 1
(11.6) wz(a) TTI'_EES c(a sin ¢) sin  d¢.

To take a concrete case, suppose that M = c(9) is
represented by the graph of Fig. 6, or more explicitly

that
4 Y
/I "

Fig. 6
h+ke, €>0
h+ke, €<o0.

c(e) =

We find here
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o
Sdasm¢)smﬁd¢=hh+um
o

and so by (11.6):

+
2,y _ _1 "2
(11.7) w(e) =3 3, k(1+2).

In oraer that this formula be applicable it will be
clearly necessary thaot EE be small. This quantity
measures in a sense the deviation of M from linearity.

(11.8) Example 3. Take the case of the electr1c312
circult of (2.3) and reloted equation (2.5). Assuming Bb
Small, we find by (10.6):

(11.9) wi(a) = g(1+é%&—)

from which follows approximately:

2
(11.10) w (a) =\[§;1+2%%—),

2. We will now examine some czses where F con-

tains dt.

(12.1) Example 4. Consider the equation of
van der Pol (4.4) where the purameter € 1s assumed

small, Comparing with the basic equation (6.3) we
have here:

V=1, rx, &) = -(1-x2)&,

As a consequence we find

f(a sin ¢, av cos $) = -a(1-a® sin® $) cos 4

2 3
= a(%—- -1) cos & - %— cos 34,
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and therefore

-1 2" s a a®
Sy g f(a sin &, aY cos ¢) cos $dd = S0-5),
1 2"
2——),5 f(a sin b, =¥ ccs é) sinddd = o.
o

Thus referring to (9.2), (9.3), (9.4), we have in the
first cpproxim:tion

(12.12) x=asiny
2
da _¢t.,,_a
(12.2) It = 2(1 E_)
ay _
(2.3) 3% =1,

From (12.3) we ootain ¢y =t + 6, where 6 = § .
Finally the first approximation is a harmonic
oscillation

(12.4) x = a sin (t+e)
with constant frequency whose amplitude varies in

accordance with (12.2). By an elementary integration
we obtain

L2 &t
2 aje
1+%a§(ett—1)
and hence finally .
a_e ztt
(o)
(12.5) as=

1+%a§(e6t—1)
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Substituting from (12.5) in (12.4) we obtain the ex-
plicit approximate expression for x:

Fet
e
(12.6) X = 0 sin (t+e).

\/ 1 +]1Iag(e€t~1 )

A trivial solution 1s x = 0 which corresponds to
the static regime (without oscillations) It is not
difficult to show, however, that this regime is not
stable. Indeed however small the initial amplitude ag
may be, it will grow monotonely tending to 2 as & limit
Thus the least disturbance will throw the system into
an oscillatlon with growing amplitude.

From (12.5) we see also that if a, =2, then
a = 2 for all t>o. This corresponds to the stationary
régime

(12.7) X = 2 sin (t+9).

This "dynamical" régime 1s strongly stable, for what-
ever ao(¥o), whether large or amall, a(t)—2 when
t— +w. Thus an arbitrary oscillation will tend to

the stationary oscillation (12.7).
The systems of the van der Pol type differ essenti-

ally from those of the conservative type with equations:

2
-d—’zﬁ + V2% +E£(x) =
dat

Indeed in the conservative systems as we have seen
there may occur steady oscillations of arbitrary ampli-
tude whereas in the van der Pol system steady amplitudes
are possible only for special values. Physically this
is evident from the following considerations: since a
conservative gystem neither dissipates nor creates
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energy, osclllations once started have no reason to die
down or to grow and so thelr amplitudes remain fixed.
On the contrary in a "self-exciting" system there is
creation as well as dissipation of energy and so the
amplitude may increase if the source of energy prcvides
more energy that there is dissipated or conversely.
There will thus arise a fixed amplitude only if the two
processes compensate.

13, (13.1) Example 5. As our next example we
will take Rayleigh's equation (4.3). Here the function

£ of (6+3) will be
) = 3 -AB(ED) {dt’

(13.3) x = a sin (Yt+e),

(13.2) £(

%Iﬁ“

Hence we have

as our first approximation, with

vy =4%;, 8 = const.,

and
(13.4) g—% = m,S f(a*’ cos $) cosb dé.
However we find from (13.%)

f(ay cos &) = -av’(A-i-BQaev’e) cos ¢+]1;B(av))3 cos 3¢

and so from (13.L):

(13.5) & _ 8 (afBa??).
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It follows from (13.5) that the triviel solution

a = 0 will be unstuble, since A0, and so we have here
2 self-excited oscillation.

The stationary amplitude
satisfies

A - $Ba®y? = o,

which yields

(13.6) a=$%.

Whatever the initlal amplitude =

o (#0) we have
from (13.5):

a(t)— 1\/sA
t—4+o VY 3B °

Thus whatever the initial conditions the oscilla-
tion tends to & stecdy oscillation represented by

_ 1/t
x=gV38 sin (Vt+e).
If we desire to learn something not merely about

the steady oscillations but about the imtermediary
1
regime, we must Integrate (13.5), which yields

a(t)

2 _.
x/ +2%%—a (e -
4. (14.1) Example 6. As our next example we
take an electrical circuit with constant capacity C

and self-induction L, and containing a non-linear
element N whose voltage-current characteristic 1is

(14.2) e = F(1).
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The differentiel equation for i is

a1

4
v

a2
(14.3) 1c $5 + cP1 (1)
at

This equation 1is reduced to the form (€.3) by setting:

In order to have a clear picture of the degree of
smzllness of the nonlinear element, it is convenient to

introduce the dimensionless time 7 = £ which brings
the equetion- to the form /L

This shows that the application of our results will
require that the dimensionless quantity‘U%?F'(i) remain

small relatively to unity.
We find here thot the first approximation assumes

the form
1 = a sin (Yt+b), & = censt.,

where the amplitude a satisfies the equation

aR(a
(1h.4) %%= - _2{_1
with
2Tt
(14.5) R(a) =.,%S F'(a sin t) cos®tat.
(e]

We see at once from (1k4.4) that 1f R(a) is always
positive, a(t)—o0 so that the oscillations die down.
In this case steady oscillations with an amplitude other

p ,5\ V-

-V N

- [ A
~/ a

.%\\ Df’.t«t‘ .....

kiv
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than zero are ruled out. Referring to (14.5) this will

certainly occur whenever F'(i)>0 for all 1.

Thus if the characteristic e = F(1) of the non-
linear element does not have a falling pzrt (where
F'(1)<0) then the system is dissipzative:

oscilletions
once started die down.

If on the contrary there is a
falling part in the characteristic then R(a) will oe
positive, at least for small values of a. In this case
small amplitudes wili increase and small oscillations
expand, so that the position of equilibrium is unstable
and physically impossible, and we are dealing with
self-excitation.

Consider the special case where

e=PF(i)=A + Bl + C12 + D12 + E1"* + F1°.

We find then

R(a) = B + D12 + gF1".

We must assume that the coefficient F)o, for otherwise
beginning with a certain aa', R(a) will be negative and

oscillations of amplitude ao>a’ will expand to infinity,
which 1s ruled out physically.

Consider the equation

B + 2Da® + ZFa’ = o,

whose solutions are




We will examine the three cases
(I) B>o, Dbo: (II) Byo, IXo: (III) B<o.

In Case I, both roots are im:ginary, R(z) 1s a2lwoys
positive, hence the system is dissipative. In Cuse II,

if
2
B %5

then the system is likewise dissipative. In the
contrary case there may exist steady oscillations of
amplitude a,. However, the system is not self-exciting,
and oscillations whose initial amplitudes are less than
a, die down. In Case III, the sys?em ie self-exciting
and there is a unique stationary regime for the oscilla-
tions with amplitude a)az.

15. We return to (6.3) and its approximate solu-

tion x = a sin¢ where a, Y, are given by

(15.1) 22 - §(a),
(15.2) & _ e,
where
21
d(a) = - 5%7 g f(a sin ¢, av cos ¢) cos ¢ do,
o1t
w(a) = v+ oo al 1 ) sin ¢ dé.
o

If we square w.and refer to (6.2) we obtain
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(17.3) w?(a) = F(r sin &, av ces t)sin ¢ dd,
&g

2né likewise

(15.L) B(e) = znvg F(o sin ¢, aY cos ¢)cos & db.

Thus 1y meens of (15.1), (15.2) the functions w, §
cre determined directly in terms of the function F of(&3).
1$. We will now discuss (15.1) which determines
the variation c¢f the anplitude in function of the time.

Ocscrve thet there m:st exist no a*»0 such that

3(2)>o for ade*,

For if such on &* existed then taking an initial ampli-
tude a_>a*, we would obtain in view of (15.1) a(t)—+
t —o which is physically ruled out.

Referring to (15.1) we see that if the initial
cmplitude a, is not stationary, 1. e., does not satisfy
d(a) = 0, then with increzsing t the amplitude a (t)
will steadily tend to a stationa»y determination.

The tendency of every oscillation to approach a
steady oscillation points to the speclul role of steady
oscillations for all high-frequency oscillatory DProcesses.
Indeed in such systems the intermediary regime tends
very rapidly to a stationary regime and hence every
oscillation may be viewed as practically stationary.

A noteworthy special case may be mentioned here
where there are no intermediary regimes, and every
oscillation is stationary. It will take place for ex-
ample whenever the function F does not contain gﬁ (con-

servative system). Then (6.1) may be written in the
form
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2

(16.1) d’e‘+F(x)=o,
[

[o))

and so direct integr:tion is possicle. Indeed if we
introduce the potenticl

X
U(x) =5 F(x)ax,

O

then (16.1) yields immediately
(16.2) %(%%)2 + U(x) = ¥ = const.

Practically, however, this conservative case never
occurs and there is always dissipaticn, hence loss of
energy, or for that matter there may be self-oscillation
and production of energy within the system.

17. We will now consider the stability of the
stationary oscillations. Let a, be any root of d(a) = 0.

we will have a = a, + éa and 8O

Then for a very near a 1

from (15.1):

1

dda _ 1
‘dt - @ (a1 )63--

This shows that a, is stable, that is to say,
corresponds to a stable stationary oscillation 1if

(17.1) $'(a;)<o,
while if
§'(a, 0,

then the corresponding stationary oscillation will be
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unstable. In particular the static regime (a=0) will be
unstzble whenever

(17.2) d(0)>o,

znd so this last inequality is the condition for self-
excitation.

As we have ezlready seen self-excitation is not nec-
essary for the exlistence of self-oscillations in the
system, that 1s for the existence of stable stationary
oscillations. For that purpose there must merely exist
an &, such that (17.1) holds.

An interesting case of frequent occurrence 1is
where the system depends -upon a parameter p. An example
is a series circuit with an impressed harmonic voltage of
amplitude p . Under the circumstances generally &(a)
will be a function &(2, ). A typlcal situation is the
graph d(a,u) = 0 of Fig. 7. The dotted arcs represent
the unstable stationary amplitudes, the heavy arcs the
stable cnes. Thrcugh the variation of p there may thus
«rise "cyclic" régimes 28 indicated by the arrows.

1

Fig. 7
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12. Having discussed at length (15.1) and the ampli-
t-cdes we will consider equztion (15.2) for the frequency.
Corresprnding to a glven frequency and hence to a given
pericé, the frequency is %% = w(a), and generally
freqiency :rd period depend upcn the amplitude. There
«.re, lwewever, important cases in practice when the
cscill:.ticns de not depend upon the amplitude (isochro-

no:8 system). An excmple 1s when we have identically
21

S f(e sin ¢, ay¥ cos ¢) sin & dd = o.
o

This will occur notably if the initial equation is of
one of two forms

2
(18.1) X, wx 4 er(x)E = o,
at
’x 2 dx
(18.2) — + WX + EF(Ef) = 0.
dat

Notice that (18.2) can be reduced to the form (18.1) by
the change of varilable %% =Y.

Referring to (15) the solution of (18.1) will be in
the first approximation

(18.3) X = a sin (Wt+d),

where ¢ 1s constant and

(18.4) g _ - 2xa),
o

(18.5) Aa) =.,;(S f(a sin 7) cos% dr.
o
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As &n example equction (5.5) will have a solution
described in the following relations

V =a sin (t + ¢)

-~
—
[e¥]
fany

~

da .
2VIC §% = -§ « + (M-DL)F(a),

2w
F(a) = %S f(E,+2 sin 1) sinrt dr,
o)

III. REFI i 0 XTMAT ION

19. Ir the present chapter we shall discuss a
method for replacing the first approximation by one
which will be somewhat more accurate, although, of
course, essentially more complicated.

Let us examine again the exact equation (8.3) in
2, ¢ . The prccess leading to the first approximation
consisted essentially in replacing the right hand sides
bty their constant terms. One may think of these terms
as corresponding to slow smooth variation and obtained
by neglecting the rapidly changing terms represented by
the trigonometric functions. In order to account to
some extent for these more rapid changes, we will
utilize the basic concept of the method of successive
approximations.

Replace then first (8.3) by
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% = - S—;KC(Q) +Z(Kn(:f;)cos a(vt+d) + L‘l(::)s:-in nivt+! s)é’
(15.1) }
s )
g—t = \%{PO(:_‘.) +Z(Pn(zz)cc-s n(vi+¢) + Q. (a)sin n(‘?t+?)f§

or which is the seme by

g_z = g—t - %Z(Kncos n(Vt+d) + L, sin n (Vt+d)
(19.2) _
9 _ 2, 5> (P cos nE+d) + Q sin n(Vtsd).

In these relations a, ¢ are the solutions of the
"smoothed out" equations (8.5), that is to say of the
first approximations a, ¢, in the sense that we have
adopted so far.

Since a, ¢, do not vary very rapidly, we will
integrate the right hand sides of (19.2) as if the a,
¢ 1in the sums were constant. We thus obtain

= %.ZKH sin n(Vt+b) - L cos n(Vt+t)

= g -
nv

(19.3)
_ R € EPn sin n(Vt+d) - Q, cos n(vt+d)
+ &
%
nv

The new refined first approximation will be given
by

x =a sin (Vt+d).

After some simple calculations, this leads to
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> =a gin (Yt+d) + 55 - fo(c)
(19'3‘) <<-' - ’ ya . 1O \
+ : ;n(a) cns n(vYi+td) + gn(a) 3in :\V;+¢;)
»—L\,1 (
b)) 5
ne -1 J

where a, ¢, cre determined as vre’cre, cnd where f, g,

are the Fcurier coefficient in tlie expunsicn
f(a sin 7, =¥ cos 1) =

(19.5)
f (a) + :g:(fn(a) cos nT + g,(a) sin nT).

We prove without difficulty

3
K =—f‘|) PO=§g1.

This enables us to put the relations for a, ¢ in the

form

g_% =T 2% f,(a)
(19.6)

b _ w(a) -v
where
(19.7) wl(a) = V4 5%5 g,(a)

or equivalently, to within quantities of the magnitude
of 62,

(19.8) wila) = p2 4 % g,(a).



IITI. REFINEMENT OF THE FTi:T APPROXIMATION ae

2C. Since our results have Teen ottainred by methods
¢ have rio pretension to rignr, it is necessary to
exrmineg direcrtly the degree to which they satisly our
tagic equirtion (..3). We find immediately

B,

ry

oA

[o))
v

(20.1) + V2x = -¢ ;fo +2§3}1cos n(vt+d)

[ol
or

+ o.8in n(Vt+d)t + 0(£2),

2

where O(E£?) denotes « quantity of the order of €°. B
(19.¢):

(20.2) er(x,3%) = ef(a sin (Vt+d),
avy cos (Vt+b)) + 0(e?).

Hence, finally

(20.3) d°x

+ V2% 2 f(x, %Xy - 0e?).
at? "at ()

in order words the approximate solution (19.4) satisfles
the inltilal equation (6.3) to within a quantity of the
order of €2, More explicitly if f(x, x') possesses
partial derivations of order two or more and if in
addition the amplitudes are bounded, then

2
19X 4 v2x 4 e£0x, SEICKER, odteo,
dt dt

where K 1s a constant which depends neither on &€ nor on t.
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Under these conditions then (19.4) satisfies (¢.3) to
within quantities of the magnitude of €2 and this
uniformly in t for 2ll non-negative t.

217. The questicn of the order of magnitude of
the errors may also be treated in a different way.
Namely we first make a change of variables in (6.3) and
introduce new unknowns a, Yy, through the relations

~ . € :gjfncos nw+gnsin ny
X =a sin¢y + ;51 -fo(a)+n>1 =, ]

(21.1)

égt‘=aw(a) cos ¥ + 2% [-f,(a) sin¥

. ;§:.r19
npl _2_

n--1

(g,cos ny - fsin ny)i .

After some simple computations it may be shown
that these new variables satisfy the system

(21.2) g% = - 57 f,(a) + EEX(a:W,t)
g% = w(a) + EQY(a:w:E),

where X, Y are periodic functions of ¢ (with period
2m), and regular with respect to € in the neighborhood
of € = 0. Notice that (19.6) may be deduced from (21.2)
by rejecting the terms in €°.

If we compare the refined approximation (19.4) with
the earlier first approximation, we find that the latter
merely represents the first harmonic in the Fourler
series (19.4). The other harmonics will be of the
order of magnitude of €.
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If we examine the stationary oscillations we find
from (19.4) that they will be periodic with period
15%57, where a 1s the corresponding stationary amplitude.

The corresponding frequency is:
w(a) = V+ 555 g (a)
2av ©1 °

Since the relation between the frequency and the
amplitudes 1s through the medium of a term proportional
to €, we may, if we continue to disregard terms in
€2 replace in w(a) the term in € by any other which
differs from it only by some term in &2; for instance,
to within terms in €2 we may write

€
W) = V4 g & (X )
or also

2 2 [
w(a) =V 4 —— X
xm.-,x g1 ( ma.x)'

22. We will now apply the pPreceeding results to
some examples.

(22.1) Example 1. Consider the differential
equation for a conservative system:

2
d°x + v2

X +E8f(x) =0
at? ’

(22.2)

where f(x) 1s an odd function. We then verify that in
(19.5) only the g, terms remain. As a consequence the
approximate solution (19.%) assumes the form
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in nwt
(22.3) x = & sin (wt+6) + < Zgn(a) sin n(wt+e)

ve n>1 n2_1
(22.4) w = V+2—f;§g1(a),
(22.5) w? =v2% 4 % g,(a),

where a, © are arbitrary constants,
As a speclal case suppose that we are dealing with

dgx
at?

+ V2% 4 Ex0 = 0.
Since f(x) = x3, we find
f(a sin 7) = Eaesinr - ]}a%in 37,
and hence the refined first approximation will be

€a3

X = a gin (wt+e) - 35 sin (3wt+e),
where
w= Vv + g ta“.
(22.6) Example 2. Let the basic equation be the

approximate equation (11.1) for the pendulum without

friction. To reduce this relation to the form (22.2)
we set

(22.7) £ =02, &3 —er(x)
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and (22.3), (22.4) yvield here

b)
X = a sin WwWt+e) + T%E sin 3(wt+8),

_\J—_(1 - 93

The comparison with the classical series for the
same quantities shows that we are just obtaining the
first terms of their seriles.

(22.9) Example 3. As our next example, we will
take equation (2.2) for the oscillating shaft. We
choose c(6) as in (11.5), and find as our basic solution

(22.8)

X = a sin (wt+e) + _E sin ngwt+e)
Noag n(n -1)

AP *F 2 2h , _ zh
w ~V—J;T k(' + 1) = VO + ).

In the present case as 1t happens, it is not
difficult to obtain the exact solution, and it 1s found

to be
Lh S sin nwt+6)
B
Ttk Noad 2

nB%)naﬂ

(22.10)

(22.11) x = a sin Wt+8) +

5n
(22.12) w =V 1+ 3.

In this case then the approximate solution may be
obtained by replacing in the denominators

nB%fn2-1]
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the frequency w by its approximation Y. Moreover we
see that (22.11) yields the accurate expression of the
first two terms of the exact solution considered as a
power series 1n E;.

23. We willunow consider the approximate solution
(19.4) as applied to a dissipative oscillatory system

2
(23.1) LX L 92 4 er(x) & = o,
dt dt

We have here
(23.2) £, 8 = r(x)& .
Therefore
(23.3) f(a sin 7, av cos ) = f (a sin 7) a® cos .
Introduce the function
x
(23.4) F(x) = §£(x)ax,
o
and form the Fourier series:

(23.5) F(a cos ¢) = ZZFﬁ(a) cos né

By differentiating both sides of (23.5) we obtain in
combination with (23.4):

af(a cos ¢) sin ¢ =‘§;nF;(a) sin né.

If we set ¢ =1'+-§E, (23.3) yields:

f(a sin v, a¥ cos T) = -9:EnF; sin n(9t+b+%ﬂ) .
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Hence (19.4) yields the approximate solution

(23.6) x = a sin (Vt+d) - %ﬁ;;-%%—%;ﬁa)sin n(Vt+¢+%3),
n<-1

where ¢ 1s an aroltrary phase constant. Here a satisfies

¥*
g%= '%F1(a)'

In particular the stationary amplitudes are the roots of
Fi(a) = o.

If instead of ¢ we introduce another constant phase
=06 - g, then (23.6) takes the form
(23.7) X = 8 cos (wt+e) - S—%F;(a)sin n(wt+6)

wherew=¥.
Let us apply the argument to van der Pol's equatilon
(4.4). We have then

3
f(x) =x2 - 1, F(x) =)3(—- X,
and hence
3ang) 2 3
F(a cos ¢) = §_E%§J§ - acos ¢ = a(%— - 1)cos & + %5
cos 3¢,
so that
2 3
Fy(a) = a(f- - 1), Fyla) = &5,
(23.8)

o forn+#1, 3,

[l

%
Fn(a)
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Thus (23.7) becomes here

3
(23.9) X = a cos (tie) - 3% sin 3(t+e)

m

where ® is an arbitrary constant and = satisfies

2
Ea a
=<0 -2

QaICL
ctp

For the stationary oscillations & = 2, and hence
(23.10) X = 2 cos (t+e) - % sin 3(t+8).

2. Returning to (23.1) we notice that in the
aporoximation uuder consideration, the frequency is v,
that is to say the first term in the expansion of the
frequency in powers of €. The second term, the term
in €, 1s 0 in this case. We will now show how to calcu-
late for stationary oscillations the term in €2 by
means of (23.7).

We first observe that since a stationary oscille-
tion is pericdic with a certain period T, we may expand
the exact solution x in a Fourier series:

(24.1) X = a cos «»t+e)+§§;Ancos n(wt+6)+B sin n(wt+e),

where a is the amplitude, o the phase of the first

harmonic and w = 2, on the other hand (25.1) yields:

T d®x 2
[ (3x + v3x2 4 er(x)x)at = o.
3 dt dt

Since x 1s periodic we have identically



T 2 T
§ S Sxat S(—) at, Sf(x)xd\ - o.
C t O
C (o]
Hence
T 2 T
(20.2) S(E) dt = ‘)Qngdt.
(e] (@]

Substituting (24.1) into (24.2) we obtain

(2?4 > n®(AZ + BY) = v3(a® + Z (A2 + BY),
npyl

n>1

and hence

2 2 2
2 T+ ( + B )
(24.3) @) ; o * P

() =

2 2,52 2
a“ + n“( + B%)
;%;1 An n

By comparison of (23.7) with (24.1) we see that approxi-
mately

€N

=0, B = —%— Fr(a).
An noyml-ry) 8

Wwe have, therefore, the following expression for the
frequency of the stationary oscillations:

2 . 2
R ) . F.(a))

) g » v%a® 11 n°-1
(2&.’4 (3) 2 .
: Z 2(“— F(a N
2a? 1

It 1s not difficult to see that (2u4.4) will hold in
any case to within terms of order €3, Neglecting
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therefore in (24.4) terms in Eh we obtain the simpler
expression
* 2
2 2 E 2 F_(a)
[ n n
(2k.5) ¥ =1 -5 —( )
v v 1 n-1 a
or finally:
* 2
(24.6) w=v._ & n? (Fn(a)) .
2V n2-1 &

Let us apply this formule to van der Pol's equation

(4.4), The Stationary oscillations correspond to a = 2
and so from (23.8) there follows:
F*(&) _ a3 2 *
>0 T 72 =35 Fhla) = o, ng3.
Hence
(24.7) . €2
W- = 1 - R .
Iv.
QQNSIBHCTIQH.QE_IEE_HIQHEB_ABEBQKIMATIQNS
25,

In the preceg
to improve the gy

Sideration the hi

Ing chapter we indicated a way
rst 8Pproximation by taking into con-
the basic equatioih?: harmonics, and we have shown that
In €. Moreoyerp for *3) Was satisfied to within terms
gave a methog for ¢q €Quations of the form (23.1) we.
frequencies to withizputing approximately the stationary
methods fop forming o terms 1n €3, we shall now conslder
to stationary 0se11] PProximate solutions corresponding

ationg which satisfy (6.3) to within
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terms In any given power of €. Once and for all we
willl assume that the functions entering in (6.3) have
all the required derivatives and that the amplitudes
under consideration are bounded.

Whenever we gtate that an expression satisfies the
differential equation to within terms of Em, we will
always understand thereby that the error is of order
em uniformly in t for all non-negative t.

26. Consider first the conservative system

2
(26.1) d—’e‘ + V2x + E£(x) = o.
dat

In this case clearly an "arbitrary" oscillation will be
stationary. Referring to (22.3) the refined first
approximation will be

€
(26.2) X = a sin (wt+8) + V3 ho(a)

gnsin n(wt+e) + hncos n(wt+9)

+
n>l n2-1

where a, & are arbitrary constants, and hn’ g, are the
Fourier coefficients in the expansion

(26.3) f(a sin 1) = :Ekhnsin nt + g cos nr).

Moreover here

(26.4) w? = v2 + £g (a).
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We will modify (26.2) so as to express it in terms
of the coefficlents of the Fourier expansion

(26.5) f(a cos 1) =Z;t"n(a) cos nr.

For this purpose replace in (26.3)rhyr+ g, thus
obtaining

f(a cos 1) =Z(gn sinn(7r + %) + h cos n(~ +§)).
The identification with (26.5) yields

(26.6) g, =T, singr, h =1f, cos%T—t.

Substituting these expressions in (26.2) we find:

n>1 2

Z f cos n (wt+e - %)
X = a sin (wt+e)+\)—;f +
n

2

and hence replacing by the new arbitrary ¢ = 6 - %
we have:

€ gfncos n(wt+d )]
(26.7) x = a cos (wt+d) +E§'fo+n1 2 - 1 K

This expression i1s more convenient than (26.2) in thdt
it contalns only cosine terms.

In view of (26.6), formula (26.4) becomes here

£,(a)
a L]

(26.8) w? =92 ¢



Iv. co I THE

27. The expressions (26.7), (26.8) suggest the
following method for obtaining approximations of any
order., Represent the solution of (26.1) in the form
x = z(tr), where vt =wt + ¢, with ¢ an arbitrary con-
stant and z(t) & periodic function of v with period
2., Notice that x = z(r) will satisfy (26.1) 1f, and
only if z(r) satisfies the equation

(27.1) w? 47z | 2, +E€f(z) = 0.

We will endeavor to obtain a solution of (27.1)
such that we have expansions

z(T)

Zo('r) +Ez1(r) + e e e

(27.2)
2

we = 06 +°LE1 + e e e e e

where the coefficients are to be determined by substi-
tuting in (27.1) and annulling the powers of €. Fur-
thermore this is to be done In such a way that the z,

are periodic in 7 with perlod 2m.
We thus obtain the following recursive relations:

a%z

o . 42, _
ao d12 +, % Z4 o,
2 2
da“z d°z
1 2 [e]
oL = —f 4 - O
(27.3) g2 oz (z5) 1 52
2
d°z
n+1 2
0 4r° FVTZ = M2y, e, 2y)
dezo dezn
L S -y
ar® ac2

where F(zo, Z. 4 e e ey zn) is a polynomisl in

1
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Suppose that Zor Zys v e e 0 5 2y satisfy the
first k + 1 relations of the system. Then clearly

_ k
(27.4) X =2z, + &21 + .0 + & 2
where
(27.5) w? = o 4ea 4+ +f_k
. L 1 e o

will satisfy our initial equation (26.1) to within
terms of order E.k+1. Thus x may be considered as
the required approximation to this order.

The successive determinations of the coefficients
Z,s &, contain arbitrary elements which we will utilize

to remove the secular terms in the solution. Take
first,

7 2
{(27.6) zZy=acos T, * = Ve,
as the solution of the first equation (27.3). The
second equation yields then
2

(27.7) v3(

; +2,) =-f(a cos 1) + «a cos 7.
T

Hence in view of (26.5) we have:

dez

2 1
(27.8) Vv( +z,) = -f (a) -/ _f_cos nr+(x.a-f. )cos .
dTQ 1 fo) nen 1 1
To avold secular terms there must be no terms in cos r
at the right and so we must have

~ f,(a)

(27.9) o = ——— .
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From this follows for the solution of (27.8):

H

f_cos nrt
2, = -2 . L n

»2 v 5 21

(27.10)

In the same way and by an evident induction one mey
obtain every 7. and avold step by step the presence of
secular terms; the details may be left to the reader.

28. - As an application take the equation

2
(28.1) X . x +ex’ = o.
dr
We find here
2 2
d°z d“z
1 3 o)
(28.2) sz, =-22 - &
dr2 1 0 1 dT2 ’
o
(28.3) z, =acos T, & = 1.

In view of (28.3) the first relation (28.2) becomes

a2z .3
d121 + 2z, = (o2 - % a’) cos T - T cos 3t.
Therefore
3
(28.4) x =

2 = &2
1 %a » 2y = 33 cos 37.

From thils follows by the regular application of the
method:
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! [
P -1 c

> = e 03 % o s 5
1287 ‘2 T Vorw ©3 2T 4 3555 €08 o7,

and firally to within terms in g2

b)
(28.6) x = a cos (wt+d) + g%— (1 -¢

n

;) cos 3(wt+d)

W

23.5 (td))
+ € Wcossw+,

where a, ¢ are arbitrary constants and w is given by
(28.7) w? =1 4 tea? « 72% £2a4,
The same method may be applied in an obvious way to

2
(28.8) g—% + Vox 4 ef(x) + 62f1(x) 4« . .= 0.
dt

29. Consider again the system (26.1) with f(x) a
power series in x:

(29.1) £(x) =bx® 4 bx7 4 . L

Here there 1is no small parameter €. However if .we
merely wish to consider small oscillations then clearly
f(x) will be small with respect to v? and furthermore it
consists of a series of terms of increasing orders of
small magnitude. This justifies to a certain extent

the following procedure. Replace (26.1) by

2
(29.2) g;% + 0%x 4 szx2 + peb3x3 + 00 =0
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where we will consider p s = smull percmeter. This
equction 1s now solved ns teficre .3 & power series irn
-

b ey dene
CoumLRy,

P after which the purameter p 1s mude equul
thus yilelding (n approximete sclution.

We will now consider cnulogous methods ior o
genercl non-conservative system (o.3). We [irst modiry
our relations (19.4), (19.5), (19.0) for the refined
first opproximation by setting vt+d = %+¢ and thus

obtaining:

F_cos ny+G_sin ny

< n n .

(29.3) x = o cos p+=|-F (a)+;§: i
ver Tot T n®-1

(29.4) da _ L5 6,(a), § = wla),
(29.5) w(a) = ¥+ 552 F (a),

where Fn’ Gn are the Fourier coefficients in the

expansion:

(29.6) f(a cos 7, -a¥ sin 1) = zszn(a)cos nr+Gn(a)sin nr).

For the stationary oscillations we have
(29.7) G,ta) = o,

(29.8) b= w(a)t+d,

where ¢ 1s an arbitrary constant. Thus (29.3) may be
written more explicitly as
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(29.9) X =2a cos (w(a)t + o) + f?”Fo(C)

F_ cos nw(a)t + 9) + G_ sin nw(a)t + o)
+ :E:j n n |

ny1 n® -

For conservztive systems as we have seen G, (a) is
identicclly 0 and hence the upproximate solution (29.9)
contains the two arbitrary constunts a, ¢. We will now
consider a2 case where G1(a) is not identically o0 in any
intervel of the variazble a. Assume that G1(a) has only
simple roots, so that if for a certain a: G1(a) = 0,
then the corresponding G'(a)#0. Referring to (29.7),
(29.9) we see that to every root of G,(a) there corres-
ponds a certain stationary regime, und that for this
regime the expression (29.7) depends upon the single
arbitrary constant é.

30. We will now take up the higher approximations
for non-conservative systems and in the m2in use the
same methods as for cohservative systems. Write down

the solution of (6.3) corresponding to stationary oscil-
lations in the form

(30.1) X = z(wt + ¢)

where ¢ 1s an arbitrary constant, w the frequency, and
z(r) a periodic function with the period 2m.

We first observe that z(r) must satisfy the
differential equation

2
(30.2) w2 2, 2 4 er(z, 0= o,
dr dr

We now endeavor to obtain z(r) and w as power series in
E:
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z(r) = z (7) + Bz, (2) + . . . .
(30.3)
w=wo+Ew1+....,

where z,, 1s a periodic function with the period 2Tt
Proceeding as before by substitution in (30.2) we obtein
& recursive system

2
dz
I — +v2z_=o0
O 32 o) .
dz d°z
(30.1 a2z 2 o o
2 1 + Yz, = (2w — - 2w w,
wg a2 1 oo dr 01 4.2

where at the right in the nth equation there are only
terms in Zos o+ e e s Zpg and their derivatives as well
as in Wy o o 0 0 Wi g The first equation 1is

golved as

(30.5) z =acos T, w=V,

where a is as yet an indeterminate constant. Substi-
tuting in the second relation (30.4) there comes:

2
d°z

(30.6) 92(——51 + 21) = - E (Fncos nrt + Gn sin nT)
dr

+ 29u1a cos T.

To avoid secular terms we must have

F.(a)
(30.7) G,(a) = 0, w, = vl
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which determine a and w, . This solves (30.6) as

1
(30.8) z, =a, cos T + 72 l—Fo(a)
. E Fn cos Nt + Gn sin nrt
P
ny1 n® -1

where 2, 1is an indeterminate constant. Notice in
particular that in contrast to conservative systems,
z, 1s not fully determined at the first step. For the
amplitude a, of the first harmonic will be determined
by the condition that Z, be free from secular terms.

As a consequence of G{(a)%o and the other assump-
tion made regarding G1(a) the process muy be continued
indefinitely.

31. It 1s to be observed that in the method just
exposed a, and W, are determined at the same step.
In other words,wn+1 is determined at the same time
as the function zn(r). For this reason the joint
determinations should be for

X =z (wt+d) + . . . 4 ENZN@ut+¢):
(31.1)

that 1s to say with x up to the order &N and w to the
order ¢e¥*'. For instance 1f N = o then

X = a cos (wt + ¢),

w= V+ 55F (a), G,(a) = 0

which 1is our first approximation, obtained previously by
the averaging principle. For N = 1 we have
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X = (asta,) cos (wtad) + S51-F (a)
(31.2)

F _(a) cos n(et+d) + G (2) sin n(wt+d)
+ ZE: n n |

1 n® - 1

w =y + %;F1(a) + Eewe.

By and large, the results are the same as before
as far as the first step of approximation goes, except
that they are now obtained systematically and not by
some speclal device.

32. We will now consider the same questions not
merely for stationary oscillatlons but also for the
general case, that 1s to say, for oscillations which
need not be stationary.

The form of the refined first approximation sug-
gests looking for a solution of (6.3) of the form

(32.1) x = z(p, a),

where z(¢y,a) is a periodic function of ¢ with period
2w, and where

(32.2) 42 _ A(a), X - uia).

By differentiating and substituting in (6.3) we obtain

2 2 2
9% 2, , 0%z zwA+3—§A2+3—239A
2 ayda da Ay 2a

(32.3)
+ 92 8y 37 Ef(z,-g—iw+ 3z ) .

It 1s clear that if we find z, A, w, satisfying (32.3)
to within any particular order of magnitude in &€ then
(32.1), provided that (32.2) holds, will satisfy (6.3)
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to within the same order. To find the required expres-
sionsof z, A, w, we will set

z(y, z)

2 (p, 2) +8z (b, &) + . . .

(32.4) A(z) = €A (&) + t2A2(u) ..

w(a) % +Ef71(;) + 0 e e .

where we assume Zn(¢;ﬂ) periodic in ¢ with the period
2m, These expressions cre substituted in (32.3) and
yield the system:

22,
o
N +2z,=0
32y dz 32,
1 2 _ _ __ Oy _ [e]
(32.5) (a“ + 2, )0° = f(zo’ab) N, 52
322
o
“2YA; 3.
The first 1s solved as
(32.6) Z_ = a cos {.

o

Ye could equally start with any other solution, for
instance Z, = a sin ¢, but this would not introduce any
essential change anywhere. Substituting then in the
second equation of (32.5) we obtain:

92z
(32.7) (M; +2,)0% = 20(Na cos ¢ + A, sin )

-:Z}Fn cos ny + G, sin ny),.
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To avold secular terms, we must have
(32.8) 2¥la, = F (a), 20A; = G (a)

and the resulting equation for z, 1s solved as:

1

] Fn(a) cos ny + Gn(a) sin ny .
(32.9) z, = ;EI-Fo(a)+n>1 NI

The process continues in the obvious way. We thus
obtain in succession

z Z,, e e ey Zni A1, e e ey An;f71 . . e ’(1n
up to any index n. For instance if we have rezched the
value n = N, then we obtain a solution to within the
order EN+1 of the form

(32.10) x = a cosp + €z (,2) + . . . +e zy(¢,2),

where a, ¢, satisfy

£, (a) + €2A () + . L L+ eNay(a),
(32.11)

I

ale &g

Ve £ F (a) +edl(a) + . . .+ e (a).
/a1

Thus for N = 1 we obtain precisely the formulas for the
refined first approximation.

33. Referring now to the first equation (32.11) we
see that the stationary amplitudes are given to within
order eN+1 by the solutions of the equation:

(33.1) Le(a) + ... 4 ENAN(a) = o.
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let a, be a root of G1(a). Under our assumptions
it 1s not a double root, and so (33.1) may be solved
in the form

a= a, + a1t + e e e e

In the first approximation we will have

—2¢A2(a0)

G{(ao)

a1=

The stationary régime under consideration will be stable
if

2501(a) + e2A1(a) + . . . + eNAf(aXo,

and unstable otherwise. Since clearly the left hand
side is

2901 (a,) + o(e?)

the question of stability for ¢ small enough will depend
upon the sign of Gj(a,), that 1s to say we obtain the
same criterlon as for the first approximation.

Observe also that the equations for the Nth
approximation like those of the first, show that the
amplitude a will increase or decrease monotonely ap-
proaching from above or from below the nearest stationary
amplitude according to the sign of %% for t = 0.

In general, one must emphasize the fact that,
except for certain singular cases, the relations for the
first approximation provide the same qualitative indi-
cations for the starting of self-oscillations as the
higher approximations. Generally speaking, the higher
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approximztions provide quantitative rather than new
qualitative information. In view of this and of the
difficulty of computing the higher approximation, it is
usually quite sufficient to obtain the first approxim-
ation.

V. LINEARIZATICN

34, In the present chapter, we will first of all
endeavor to obtain sultable interpretations for the
equations of the first approximation. We begin by
writing the basic differential equation in the form

a°x dx
(34.1) m-—5 + kx + €f(x,=7) = 0,
dt dt

where m, k, are positive. This system has two well
known interpretations, the one mechanical, the other

electrical.
We have obtained as the first approximation a

solution

(3k.2) X = a cos §,

where a, | satisfy
on

da _ _€ | f(a cos ¢, -av sin ¢) sin ¢ db
(34.3) dt T 2rem £
dd =w(a)
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v = K w2(e)

(34.4) X, =2, Lg f(a cos ¢,-2Ysin b)

cos ¢ déb.

It 1s to be kept in mind also that the first approxim-
ction (3L4.2) represents the fundament2l harmonic in the
expression of the refined first approxim.tion (see for
Instance formula (29.3) which satisfy (34.1) to within
order €2,

Let us introduce the functions of the amplitude
k(z), A(a) defined by

(34.5) A = ;5% g f(a cos ¢, -a¥ sin ¢) sin ¢ do

— an
(34.6) k =k + éﬁ § f(a cos &, -av sind) cos & db.
(o]

In terms of these quantities the equations (34.3) for the
first approximation take the form

da_ _ A,

at = " m &
(34.7)

a _, _\[k

dt"w‘\lﬁ'

As a consequence, we obtain by a direct 1if lengthy
computation:

m=—2+ A= 4+ kx=0(?) .
We may then say that the first approximation (34.2)

under consideration satisfies to within the order £2
the linfar equation
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[o7)
n

>

0,

(34.8) m=—= +A = 4+ kx = 0.

In short in the first approximaticn the oscillutions

of the non-linear system under considerstion cre equiv-
alent to those of a linear system with a dissipatién
ccefficlent A and a spring constent k. The cpproxim:c.-
tion is to the order &2, that 1s to say negletting
quentities of the scme order as when we formed the

first epproximation. For this recson we will czll A
the equivalent dissipction coefficient, and k the equiv-
alent spring constant. The linear system (34.8) wiil
also be sald to be equivelent to the assigned system.
From the comparison of (34.8) with the given equation
(34.1) we see that the former wrises from the non-linecr
system by replucing the non-linear term or restoring
force of the mechanical analogy

d
(34.9) F=ef(x, )
by the linear term
- dx
(34.10) Fp=kX +A &

where k, =k - k. _

Let us remark also that & = A- is the dissipation-
decrement 1n the equivalent linear circuit, and w = o
the proper perlod of its oscillations, to’within the

order of g2,

35, We may conclude then that the equations (3L.7)
of the first approximatlon may be derived as follows:
Linearize the system by substituting for the restoring
F of (34.9) the restoring force F, of (34.10) where A,

k, are defined by:



[}
<

(3=.1) A = - EV S I(a ccs t, -v¥V sin ¢) sin & db
o

£ - ..

(35.2) &, = = S {fa cos ¢), -2V 3in ¢) cos & Go.

Tre eqvaticnsg fur 4, w 13 derended *y ¢ linear
system are

o ay _
et = ¢ =

and they .re precisely those of the first spproximation.
The fcrmel process just described will be referred
to as the principle of lineawrization.
3. Wnat is the physical significance of linear-
izztion? To znswer the question we will have to nave re-
corrse to .n electriczl system.

We first recazll certain concepts familiar in
electriczl engineering. Let

(36.1) e(t) = E cos wt, 1(t) = I cos (wt - «)

e 2 harmonic voltage and hermonic current in a given
circvit. The angle o« 1is the phase-lag of i(t), and
cos ais the power-factor of the system.
representatives of e, 1 are

The complex

(50.2) B(t) = Bed*Y, T(t) = red@t-) 5 7,

Denoting temporarlily by X the conjugate of any quantity
X, if T = %? 1s the period of the oscillations, then

T
(36.3) %§‘e'(t)‘?(t)dt = P,-jP,
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wrore P, Llre merr power of the system, (me srec or

‘o

zifectlive rewer) is Ynown s thie nctive nower, .06

.8 tihe re:crtive puower. ke o130 luwve 8
T
P o=z ; e(t)i(t)ct
(5. .%) T
P.=n & e()i(x - D).

Thesa 1'.st expressicns Ly serve tc define Pu, Pr for
.nv peri~dic e, 1.

Now (34.1) represents the motlon of = porticle
suljected ic the forre -kx-tf. Assuming the motien
i -rmor.ic wnd of period T, the mean power consumed cor

ctive power will one

(3.5) P, = % (kx+ti(x, »'")x'dt

[N =al ]

By an obvious .nzlogy we may introduce here also a

reactive power

T

(36.6) P = % S (kx+eF(x, x"))x'(t - %)dt.

(o]

If we impose upon the linear system (3L.8) the condition
that 1ts active and reactive powers be Pa’ Pr’ to within
terms in 62, we obtoin precisely the values given by
(35.1),(35.2).

7. Another physical interpretetion may also be
obtained quite directly as follows. Substitute the
harmonic oscillation x = a cos (Vt+8) 1in the relations
(34.9), (34.10). For this harmonic oscillation the
equivalent linear force F, will be likewlse harmonic
with frequency V. Let ¢1’ I, denote the phase and
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crplitude of F1 sn that

F. =1

1 cos (0t+®1).

1
The non-linear force will be periodic but with verious
hermornics whose freg.encies will be multiples of V.

et ine funcdarentzl harmonic be I cos (Vt+d). If we
Qu:te the amplitude znd phase of F1 2nd of this fundaz-

e tl
ental hormenic:

@

=

I,=I,6 =0

then we o»tain relations which yield again (35.1),

(35.2). In point of fact in expunded form the linecr
force will be

k,a cos (Vt+6) - VAa sin (Vt+e)

while the fundamental harmonic of the non-linear force
is

2T

Iz S f(a cos 7, -aV sin 7) cosrdr| cos (Vt+8)
o

2

+ ,% S f(a cos 7, -av sin 7) sint drf sin (Vt+6).
o

If we equate the two 1t is but a step to (35.1), (35.2).
The process just described for obtaining k, A will be
referred to as the principle of harmonic balance. There
is no difficulty in showing that it i1s in fact equivalent
to the first procedure for deriving (35.1),(35.2).

It is important to observe that there is no reason
whatever to derive the differential equation for the
oscillations before linearizing the system. Indeed, in
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meny ceses (especlally for more or less compliccted
oscillatory systems) it m2y cctuzlly be more convenient
to dispense with the formztion of the differenti:l
equ=tion, or to form it only afterwards and to lirnecrize
the system directly from the dzta. The basic fact is

that we are dealing with systems which do not differ
too much from harmonic systems.

38. We will now consider a few examples.

(38.1) Example 1. Suppose that we have a particle
subjected to & non-linear spring whose effect is de-
scribed by F = f(x). Then for 2 harmonic oscillation
x = a cos (Vt+6) the fundamental harmonic in F will be

2t

l% S f(z cos v) cost drl cos (Vt+e).
o

Therefore by the principle of hermonic bzlance we may

replace the non-linear spring by = linear spring whose
spring constant 1is

21T

k(2) = 12 § £(a cos &) cos & db .
o

(38.2) Exemple 2. Consider & circuit with an
iron core and let §, 1 be the flux and current with

(38.3) d = r(1)

as the relation between them. If the current is har-
monic:

(38.4) 1 =2a cos (Vt+8),

then the fundamental harmonic of the flux will be
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2m

i% S f(a cos ¢) cos ¢ db} cos (Vt+e).
o

Therefore, by the principle of hermonic balance we mey
replace (38.3) by the equivalent linear relztion
b= L,1 where

2t
1
L, =rz S f(a cos ¢) cos ¢ db.

By anzlogy with linear circults, we will czll Le the
equivalent coefficient of self-inductlon.

(3€.5) Exemple 3. Suppose that we have zn elec-
trical series circuit with the same inductor as in the
preceding exzmple and in addition & linear inductor
with self-induction coefficient L and a capaclity C.

By linearization we obtain an equivalent system with
coefficient of self-induction I + L, and cepzcity C.
Therefore the frequency is approximutely

L
—=)

1 1
=l -1 (- )
\/(L+Le)C Vic oL

(38.6) Example 4. Consider an electrical circuit
with a non-linear element N and characteristic relation
€ = -F(1). If the current is again given by (38.4)
then the fundamental harmonic of the voltage will be

21T

(38.7) | - = S F(a cos ¢) cos ¢ db| cos (Vt+e),
o

and so the non-linear element N may be replaced by a
linear element with characteristic relation
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21

(38.8) e =-Rj1, R, = = | F(a cos &) cos ¢ ab.
o

This assumes, of course, that the circuit is such that
the oscill.tions ure neurly harmonic.

Ir Re is positive then the circuit acts as zn
ohmic resistunce unc :bsors mezn power to the amount
of

If on the contrary Re is negcotive then the circuit
generates power to the sume amount in zbsolute vzlue.
The system 1is then sald to have the characteristic of
& generator.

VI. APPLICATION OF SYMBOLIC METHODS TO LINEARIZATION

39. Let us introduce the linear operator Jj whose
domain are the sines and cosines, and which 1is defined
by

j 8in wt = cos wt, J cos wt = - sin wt
so that in particular

(39.1) jo=-1.

It is a consequence of (39.1) that.j has the character-
istic values +1 (1 ==\F:T3 and related characteristic
functions eium, e 1%t Moreover ir 9(z) 1s a function
of the complex variable z and $(1) = A+iB, A and B real,
then §(j) = A+jB. Furthermore if A+1B = rel® then

8(j) = red®., We also have
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(39.2) &(j) . 2 cos (wt+d) = ra . cos (wt+d+x)

(39.3) a cos (wt+d) = ej¢ . a cos wt

whose effect 1s obvious. If f(t) is harmonic and of
period %? then

LD - gece)
or in operator form

d s . 1
(39”") R:w‘]"]:‘jg—.

40. Consider now a linear conductor to whose
terminals is applied a harmonic (sinusoidal) voltage of
frequency w. Kirchoff's law will yleld a linear differ-
ential equation with constant coefficients for the
current i1(t). In view of (39.4) if there is a harmonic
solution then it will satisfy a relation

(40.1) Z(jwi = -e.

The operator Z(jw) 1s known as the impedance of the

conductor. Notice that we have for the complex current
and voltage T, @:

Z2(jwT = -2.

It 1s often convenient to introduce also the inverse
operator

(40.2) A(jw) = T(%T»‘X

known as the admittance of the conductor. More generally
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let 5>~ be a network with two terminels and let e, i have
the same meaning. Kirchoff's laws yield then the
simlilar relations and sozzvhas an Impedance and an
admittance.

As z simple example if an inductor L,a capacity
C.and a resistance R are connected in series, the
impedance 1is

(40.3) 7 = Ljw+ R + =

Jw

while if they are in parallel the admittance is

(40.4) A=fj]-—w+%+0jw.

The concepts of admittance and impedance which
proved so important in the theory of alternating cur-
rents have been extended in recent years to other
branches of physics notably to mechanical and acoustical
gystems.

Consider for instance the motion of a particle
governed by the equation

2
(’40.5) m%-{- I\g%-i-k)(:f(t),
dx
or with the velocity v = Gt as unknown,by an equation
t
(40.6) m® . av o+ ke § vat = £en).

Consider on the other hand an electrical circuit gov-
erned by the relation

:
(40.7) L3 rt+f{tat=-e
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where L, R, C, e, have the usual interpretation. In
view of the complete formal identity between the two
differentizl equations (40.6), (40.7) one may, with
Plerre Curle (see his "vJorks", p. 164, 1891) establish
the following znzlogles:

Mechenical QOscillations Electrical Oscillations
Displacement x Electrical Charge q
Velocity v Current 1

Force f Voltage e

Mass m Self-induction L

Friction Coefficient A Resistance R

Spring Constant k Inverse of the Capacity C

This 1is in the mein the electrical-mechanlical analogy
vtilized in modern ccoustics.

In connection with mechanical systems, one has
frequent occasion to consider rotating systems. The
basic differentisl equation for the possible oscillations

of such a system with one degree of freedom will be of
the form

2
(4o.8) g ate n 98 ree = M.

dt? dt

Tt will be seen that it 1s obtained from (40.5) if
X 1s replaced by the angular varisble o, the velocity by
the zngular velocity, the force f by the torque M, the
mass by the moment of inertis J, the friction coeffi-
cient A by the friction moment referred to the unit of
velocity n, and finally the spring constant by the
coefficient of hardness c. We thus have the following
analogy between rotating mechanical systems and
electrical systems:
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Rotating Oscillations Electrical Oscillations
Angular Displzcement © Electriczl Charge q
Angular Velocity %% Current 1

Torque M Voltige e

Moment of Inertia J Self-incduction L
Brake-torque n Resistunce R

Hardness c Inverse Capacity %

Consider now the haormonic oscilllctions of these various
systems.
For the electrical system (40.7) we have
. 1
(40.9) e=Zi,Z=ij+R+m.
On the other hund by the operationzl method applied to
(40.5) we obtuin

(40.10) f=2v,z=mjw+,\+1.§_w_

By analogy we introduce the mechanical impedance z and
in =ssocietion with it the mechanical admittance y = %.
41. Consider a linear electrical network without
impressed voltages, If we examine the possible exist-
ence of harmonic self-osclllations of a given frequency
w, Kirchoff's laws yleld a linear homogeneous algebraic
system of equations with a determinant a(jw) rational

in jw. A necessary condition will then be
(41.1) A(jw) = 0.
The roots of (41.1) will specify the acceptable fre-

quenciles.
(41.2) Example 1. The net 2_ consists of a single
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closed circult with characters L, R, C. Then (41.1)
becomes

sy o 1
(41.3) Z(Jw)—LJw+R+m—O,

which is equivalent to

(41.14) R=o0,w = - ,

Thus harmonic self-oscillation is only possible when
the resistance R = 0, and then w has the value indi-
cated. These are, of course, well known facts.
(41.5) Example 2. Let the net S have two term-
1nals and let there be impressed & hzrmonic voltege

e = E cos (wt+a)
at the terminals. The corresponding complex voltage 1s
- Eej(urt;+c:.)
end so the complex current 1 is defined by
Z(jwT = €.

If we have z(jw) 1Z( jw)l edp then we find

(h1.6) 1’= Eej(‘”t*'“"ﬂ)
1Z(jw)l
and hence
(b1.7) 1=1cos (wtsa-p), T ='TT('%IU)T .
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One recognizes here the well known relations of e2lter-
nating current theory.

(41.8) Example 3. > consists of two circuits with
cheracters (L, R, C), (L, 1 R1, C,) and coefficient of

mutuzl induction M. If T 1 are the (complex) currents
then Kirchoff's laws yield

(Ljw +

Caw)i - def1 =0,
(41.9) _ . ,
(L jw +CTJ';)11 - Mjwl = o,
and so
(41.10) A(jw) = (Ljw + CJw)(L1J1w + ——35) + M2w2 = o.
Setting
(51.11) V= e Y o= _ _M

the roots w?, w of (41.10) (considered as a quadratic
in w2) are given by

\’2+\’121\1(V'2- V? )2+ug®v? 0?

2

1
(41.12) =

? 2(1 - q°)

provided that q2' # 1. The edmissable frequencies will
be W, , w, if they are real.

42. By combining the preceding developments with
1inearization, thelr range of application may profitably
pe extended to nets with non-linear elements, as we
shall now show.

Returning to the first example the system may under-

go an oscillation of the form
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(k2.1) 1= Ae%t cos (wt+bd),
where

R 1 R°C
(h2.2) 6= —, W= —— 1 - X

ol \IC iL

Assuming now R smzll and considering gi .8 of the

first order of smallness we will hcve as ¢ first approx-
imetion w= == and thus nearly harmonic oscillctions

of frequency w. To neutralize dissipetion let us in-
sert In the circuit a non-linezr element N with char-
acteristic e = -F(1), such that the "instantaneous"
reslistance F'(1) is of the order of R and not zlways
positive in the range under considercztion. Referring
to (38.8) we replace N by an equivzlent linear element
wlth characterirtic e = —Rei, where

21

(k2.3) R, ==#§ § F(a cos b)cos & dod

T
% F'(a cos 6)sin® ¢ dé

o &

where a 1s the amplitude of i. Clearly R, is of the
Same order as F'(1) and hence of the same order as R.
The equivalent linear system 1s a circuit with char-
acteristics (L, R+R,, C) and so this time as in (41.2):

4o, - -
(k2.4) Lw wC_O’R"'Re"O’

A stationary oscillation i = a cos (wt+6) will be de-
termined in the first approximation by

(k2.5) R.(a) = -R, w=

el
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Its occurrence is clecrly impossitle unless Re(a) is
not «lwcoys positive, 1. e., unless F(i) has "falling"
parts.

Consider more generally a lineur net> with im-
pedcnce Z( jw) short-circuited on the same non-linear
element N s &bove. This time linezriz:i.tion yields

(42.0¢) Z(iw) + R, = o.

Hence if Z(jw) = X(w) + ¥Y(w) we will have for a sta-
tlonory oscilleticn 1 = & cos (wt+8):

(k2.7) Y(w) =0

(s2.8) R (a) = -X(w).
The first relation determines w, and then the second
the .mplitude c.

1f the chiructeristic of the non-linear element N
were of the form i = f(e) we would proceed similarly
with impedance replaced by cdmittance, and resistance
by conductance.

43, The operator method duly generalized may be
applied to non-stationary oscillations. Generally
speaking in & linezr system a non-stationary oscillation
i1s of the exponential-harmonic type:

"6t cos (wt+9).

(43.1) x = Ae
It satisfies the relation

(43.2) d—fi—éﬂ= (=6 +jw)f(t).

Hence all our arguments may be extended to exponential-
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harmonic oscillatlions provided thzt jw 1s replcced
everywhere by the operator p = -6+jw. For excmple if
a network has for characteristic equation (41.1) then
its non-stationary (understood exponentizl-harmonic)
osclllations are governed by

(43.3) a(p) = o.

Thus for the same network > as before with non-linear
element N we will have

(b3.4) Z(p) + Ry(2) = 0, p = ~6+jw.
Having determined by this relation 6 and w as functions
of a, the elements of (43.1) will be given by the equa-

tions of the first approximation

(h3-5) g = -4a, %% =w, §= wt+d.

ct

For in the first approximation the solution assumes the
form (43.1) with a = Ae™%% ¢ = wt+d and this implies
(43.5).

Suppose in particular that S_consists merely of the

series cireuit (L, R, C). Then Z(p) = Lp+Rsls and
(43.4) reads

L
Ip + (R+Re) * T = 0.

Hence here

(43.6) d(a)=R+%E(a—), =V_—‘..
1C

There will be self-excitation in the system if (43.1)
does not die down when a 1s nea: zero, 1. s. if &(0)<o

=
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*

or if R (0)<R", R* = -R. Thus R" (here -R) 1s a critical
equivalent resistance for N such that below 1t the system
1s self-oscillatory, ebove it 1s not.

VII. MULTIPLY PERIODIC SYSTEMS

L4, Up to the present the oscillatlions under con-
sideration have been taken so to speak one at a time.
If the system is linear and several frequencies are
admissible, say if the characteristic equation (41.1)
has the roots w,, . . . , Wy, then there are possible
stetionary oscillations

(bb.1) '1h = &, cos 0»t+bh),

and so by the principle of superposition (for linear
systems) there is a stationary solution

(u4.2) 1 =a,cos (w t+d) + . . . + ajcos (Wyt+d ).

It is fairly clear that this principle may not be applied
to a linear system equivalent to a given non-linear
system. Under certain conditions (reasonable smallness
of suitable parameters) some progress may still be made,
as we shall now show. For simplicity we limit the dis-
cussion to the case of two oscillations. Two distinct
situations will arise according to the presence or
absence of resonance.

45. Consider then a linear systemeith two ter-
minals across which there 1s connected a non-linear
element N whose characteristic we write as
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(45.1) e =-F(1) = -ef(1)

where & will serve to gauge the deviation from linearity.
e will suppose also that f is a polynomial. In prac-
tice this 1s & rather mild restriction if f 1s contin-
uvous (the usual case), since it may then be arbitrarily
and uniformly approximated by a polynomial over any
closed interval.

Let Z(jw) be the impedance of the network and e« g,

‘Aeo its fundamental (natural) frequencies. We will then
have

(45.2) Z(jw) = @2 -u?) w2 -uP)g(jw)

where g(jwho) #0, h=1, 2,
Assuming now € smzll let the non-linear system

admit the oscillations represented in the first approxi-
mation by

(45.3) L = 208 (Wt+dy ),

2

where a,, ¢, are arbitrary constants and where wj

2
= Yo +E‘Sh: to the order 5.2, Set now

(45.4) 1 = 1,41, = a;co8 (wt+d,) + a,cos (wt+d,).

2

The resulting voltage in N is

(45:5) & = ~€£(1) = -€f(a cos (w t+d,) + 8,008 (wyt+b,)).

Consider now the double Fourler expansion with respect
to ¢1, b2:
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(45.0) f(alcos 61,a2cos ¢2) =‘§:Amncos (m®1+n¢2).
Since f 1is & polynomiel the sum is finite. We have now
(45.7) e = -EEZAmncos ((mw1+nu§)t+m®1+n¢2).

The voltage mey be considered as a sum of voltages
(45.8) em = “tAcos ((mw,+nw,)t+mbd, +nd,)

zpplied to the linear network of impedance Z(jw). This
is where we must distinguish between two possible situ-
ations.

L6, NON RESONANT SYSTEM. Suppose first that none
of the expressions

(be.1) (mi1)uh + Nw,, me + (ni1)w2

except tnose corresponding tom= 1, n= 0, and m =0,

n = 1 are of order at least t. This will certainly hold
1f none of the frequencies

(46.2) (mi1)w10 + Nwyo, Mo, o+ (n+1 )w20

other than those corresponding to (m, n) = (1,0),(0,1)
are zero. Referring then to (41.5) it 1s seen that
under the circumstances for (m,n) # (1,0), (0,1), e
induces in > a current
_&Amncos ((maﬁ+nub)t+m¢1+n¢2—pmn)
1 =

(46.3) m 1Z(j(may +nw,)|

Z(j(mw +nw,)) = (Z] eIPwm
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The emplitude of imn is

IE.Amnl

IZ(j(muﬁ+nub)l

(46.4) I, =

Under the cssumption mw1+nubdiffers by a finite quantity
from<u10,abo and so Imn is of order Et.

On the contrcry for instance Z(jw,) 1s of order ¢
end so IIO’ and similarly Io1’ is finite. Thus to the
order € the current generated will be

(4€.5) 1=1,5+ 15, = I, c08 (w t+d,-B, )

+ I,,cos 0»2t+¢2-ﬁ01).

This must be the same as (45.4) to within the order €.
The identification yields first Bio = n01 = 0 to the
order £, a condition already satisfied. Then we must
have a, = 110, a, = I01 and so
€A Ao .
1= . s 8y = : ’

1Z(je, )] 1Z(jw,)l

From this follows readily that if we set

2n2n
(46.7) Reh = 2n; S g F(a,cos ¢1+aecos ba)cos bhdé,
ah (ol o]
(h=1:2)
then
(46.8) e = -(Rgy1;+Rgpl,).
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Thus in the first epproximation the non-linear chazracter-
istic e = -¢f (1) = —&f(11+12) may be replaced Ly the
linezr characteristic (46.8). We may therefore inter-
pret the replacement cf the non-linesr element N by =n
equivalent element with the chzracteristic just written
as a linearization of the system when there is no
resonance.

As in the case of & single oscillution we may
write down here also a refined first approximation for
i, representing it to within the order 62, and it will
be, neglecting no i term:

(46.9) 1 =‘§:imn = &a,cos (wt+¢1)+aecos 0u2t+¢2)

—szmncos (muu1 +nw2+emn' )

1Zj(mey +nw,)|

(46.10) O = Mo, +nd,-p .

k7. RESONANT SYSTEM. Suppose now that one of the

frequencies (46.1) 1s zero, or Wy = g“ﬁo’ where r, s
are relatively prime and g 1s one of the fractions
:%;l’ %%T‘ It is clear that we may assume without re-
striction w2>w1, or ry)s. This time we will have &

finite Fourler sum:

(b7.1) f(a,cos (w t+d) + a,cos (w2t+®2))
=-Zﬂmcos (%u)1 t+6m) .
If we set

(47.2) e, = -t A cos (E“ﬁt+em)



_78  INTRODUCTION TO NON-LINEAR MECHANTICS

then we have
(47.3) e =Zem = -ﬁzi\mcos (ga‘llt'f- o).
The current im induced by €mn in :zjis

-€ /\ncos (%"w1 t+em-r5m)

(Lb7.4) i

m 1Z(jgey )
(47.5) 2(8w ) = I21ePm,
The amplitude of 1mis
(47.6) %=#
IZ(Jguﬁ)I

and it is finite for m = r, 8, of order &€ otherwise.
Thus

1=141 = I cos (w t+6,-Pg)+I cos (w, t+6,-B,).

The 1dentification with 1 = 11+12 ylelds here
15 Igs 8y = I, 657Rg = &, 6,70, = b,
The linearization assumes this time the form
e = -(Z111+2212)
where Z,, 22 are (complex) impedances whose computation
offers no particuiar difficulty.

The "refined" first approximation for i, or approx-
imation to the order €2 1is
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(47.7) I = a,cos (w,t+d,) + a

r
»CO8 (-s—w1t+d)2)

Amcos ( t+e-nm)
T8 12(55w)l

In addition to the harmonics uﬁ,tvz it will contain
others of the form 2“&: which may be of smaller fre-
quency than w,. Thus we havé here so-called demulti-
plication of frequency, a property of considerable

practical importance.

VIII. INFLUENCE OF PERIODIC DISTURBANCES.

48. Up to the present we have concentrated upon
i1solated systems, not subjected to any exterior dis-
turbances. As an example of a non-isolated system we
will discuss the equation

a%x dx
(48.1) m EEE + kx = ef(t,x,5%),

where k, m are positive, € 1s small and

(48.2) f(t,x,%) = fo(x,%) +Z(f5(x,g’—é)cos At

+ fﬁ*(x,g%)sin Agt)s

where the sum is finite and fo, fﬁ, fﬁ* are polynomials.
The mechanical interpretation of (48.1) 1s obvious.

As equivalent electrical system we may choose a series

circuit with current 1 = Hf’ inductor m, capacity k’
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condenser charge x, and non-linear element N whose
characteristic 1s

(48.3) e =tf(t,x,1).

Since for €& small the system i1s quasi-harmonic we
shall apply the general concept of linearization. For
€ = 0 we may choose

(48.4) X=a sin] (wot+d)),

(48.5) i= g% = aw cos (W t+b),

K
(48.6) w, =\/;,

For & small but #0 we will consider the above formulas
as approximations and substitute them in (48.3). We
have then

(48.7) =€f(t, a sin (wot+d), aw cos (W t+b)).

Since fo, fﬁ, fﬁ* are polynomials we have finite
Fourier sums:

(48.8) fo(a sin ¢,aubcos V) =:Eka(a)cos k¢+gk(a)sin ky)

and similarly for £y, T3 with f* , fxx, and gt , gif
as the coefficients. Hence nk

(48.9) e =Z(fkcos klwot+d)+gysin k(w t+d))+ [o o« o o]

the wwritten terms containing sines ard cosines of the
angles kuy+A,, with the ranges of k and of the Ap
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finite. Here again we must distinguish between reson-
ance and non-resonance accordingly as k“biAn =uw,
or does not hold for some (k,An).

k9. NON-RESONANT SYSTEM. This i1s the case where
no frequency ku i, 1s w, itself, or where (k—1)ub¢tAn,
whatever k, An in their ranges. Then the only harmonic
of frequency Wy in e 1is

does

(49.1) e, = e(f,(a)cos (wot+d) + g,(a)sin Wot+d)).
In view of (48.6): &, = ze'i’, where
(49.2) Zg = ;,%(g(a)-js,(a)).

By the basic principle governing linearization we re-
place the non-linear element N by an equivalent linear
element with characteristic

The equivalent linear system has then the lmpedance
mwj + 53 - Ze and its characteristic equation is z(p)
= 2,, Or explicitly (see L43):

mp + £ = gra(f(2)-3g;(8)),p = -6+ju
[¢]

Therefore:

m(-6+wi) + Tagg = wL&(g(a)-jg,(a)),

and this ylelds to within the order €2

¢ = 2mu s f,(a)

(1&9-3) uJ=\U0 _ .QZ-TE@ 81(3),
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If we combine with the equations of the first approxima-
tion (see 43):

da ab _

at = e, g =

we may replace the latter by

da _ ¢
at = zmw. I1 (@)s
o)
(k9.4) d
= - e (@) =),
o)
Vv = w t+b.

The related first approximation for x is.
(49.5) X =g sin ¢.
Introduce now the expressions

A=zt =€
(49.6) A_awo fi(a), k& = — g,(a).

2 _k
Since wo = me we have to within the order t2:

WP = k + ke
m

’

and so (49.4) may be replaced by

da _ _ A
dat = " om &
(49.7) ¥
gt= k+ke
@ "

From (49.5), (49.6), (49.7) we deduce to withih the
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order %2 the relation

2, _
(49.8) mIX LA L (k4 ko)x = o.
dt dt ©

Notice that (49.8) depends solely upon the term fo of f.
Since

T
dax 1 ax
fotxogg) = im g §flr.xgg) dr,
o

T—+oe

the linearization and assoclated first approximation
may be obtained by applyling the averaging process to f
(averaging as to t, as if x, §F were independent vari-
ables), and replacing f by the resulting function f .

To sum up then: as regards the first approxima-
tion and related linearization we may replace f by
fo(x,%%). Since this last function does not contain t
explicitly, we have a situation already considered. We
merely recall these properties:

(49.9) The stationary amplitudes #0 are the solu-
tions of A(a) = 0. If a_ 1s such a solution then the
corresponding oscillation 1s stable whenever %§—>o,
and unstable otherwise. This assumes, of cours8, that
the derivative #0 at ag.

(49.10) Self-excitatlon occurs when and onlyY when
A (0)<o.

(50) By way of example let us apply the preceding
results to van der Pol's equation with a forced oscilla-

tion:

2
(50.1) d—%-&(1-¥2)gx+y=Esinoot,
dt dt

where as usual £>0. To reduce (50.1) to the form (48.1)
set
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E

(50.2) Yy=X+Dbsginat, b=——— .
1—&2
Then x satisfies
2
(50.3) gl_); + x=¢(1-(x + b sin er't)?)(g + ba cos at).
dt dt

Here
m=%k =1, fo(x,g—%{)= (1 -2—2--x2)-3% ’
A= (- %f - 2—2).
Hence the first approximation is
X = a sin (t+d)
(50.4) d>=const.,g—%=%(1 -?-g—% .

Therefore there is self-excitation when and only when
b3¢2 and there 1s a stable stationary amplitude a =
V 4-2b2. The corresponding stationary solution of
(50.1) 1s

(50.5) Yy =D5ssin at + \/h-zb2 sin (t+d).

For b2>2, X = 0 1s stable and so

(50.6) Yy = b sin ot

is a stable forced oscillation for (50.1).
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51. RESONANT SYSTEM. To simplify matters we will
suppose f of the form f(oct,x,g%), where f(t,u,v) 1is
periodic in v and of period 2w. The basic equation is
then

2
(51.1) md—’ec + kx = Ef(at,x,EX),
dt dt
We suppose now that
UJO = g [ P Eﬂ

where § is an irreducible fraction. As usual we set
(51.2) x = a sin (Jot+d)

and replace F = €f by the equivalent linear force F,
= —kex-xg—xf . By identifying the fundamental harmonics of

€f(xt,a sin (%atw) - % cos (-§at+d)))

and
r _zar r
-kea sin (-s-azt+cb) A== cos (sat-x-d))

S

we obtain to within the order E_2:

21T
-t - 8
ke === g f(sr rq,, a sin rT,au cos rt) sin rrdr
21
= —=% S f(sr- 2d), a sin rr,aw cos rr) cos rrdr.
LT s o)
o

The equivalent linear system 1s thus



86 INTRODUCTION TO NON-LINEAR MECHANICS

(51.3) e UT IR
at? " at

Thus here to within the order e2

k +k ke
= w0(1 + E}E):

(51.4) 6 =

and the equations of the first approximation are (see
k3):

da _ -A
at = am™
(51.5) K + k

k
@ _ e _ _e
dt ~ m - ub(l + 2k)

k_ 2
since m=Yoe

(51.6) It 1s to be observed that if f(r,u,v) is a
finite trigonometric sum of terms sin kr, cos kr, then
unless (r,s) is in a certain very 11m1ted range the t
term in f(t,x, t) does not influence k A, and as re-
gards the first approximation it may be suppressed. In
that case we are back to a previous case where f 1s of
the form f(x’dt) (no periodic disturbance). Roughly
syeaking it means that the resonances that count occur
within s limited range of values (r,s).

Notice in particular that if r = ;, then the fre-
quency will be very near Wy and hence very near-g Thus
the application of a disturbance of frequency « may
Induce an effect of frequency-— This 1s known as sub-
harmonic resonance or demultiplication, and the property
has been extensively applied especlally in radio tech-
nique.

In point of fact, not only will the frequency < s
appear but also certain multiples which depend upon the
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nature of the polynomial f.

(51.7) Let us apply the preceding consideration
to (50.1), the van der Pol equation with harmonic dis-
turbance. For s)>3 we find the same situation as in (50)
and nothing is changed. For s = 3 we must replace the
second relation of (50.3) by

2 2
da _ € _a” _b% _
(51.8) aE = 3 (1 T 2 ab).
Here agaln self-excitation 1n x arises only for b2>2
with a limiting stationary amplitude

a = -2b + \‘h + 2b2.

The corresponding stationary solution of (50.1) 1s
given in the first (not refined) approximation by

v = (-2b+ h+2b2)81n (%+b) + b sin at.

E
1-cf

+he subharmonic dominates the harmonic.
For b)2 the situation is as in (50) and there 1s no
subharmonic.

Notice that when b2 = <$, (weak disturbance) then

IX. COMPLEMENTS

52. ‘Ne will first discuss a somewhat different
manner of obtaining the higher approximations from the
procedure indicated in Chapter IV. Consider then the
differential equation

2
(52.1) a™x | WPx =Ef(t, x, 95, t)
at? dt

where for € sufficlently small we have a power serles
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representation

(52.2) f(t, x, ﬁ‘%, €) =Z&nfn(t, X, %)

in which fn is a polynomial in x, g'%(, sin t, cos t.
Regarding w we assume explicitly that it is a positive
irrational number.

Introduce now new variables a, 6 defined by the
relations

(52.3) X =a sin e, g%=aw cos 9.
This enables us to replace (52.1) by the system

-&—‘% =¢&f(t, a sin 6, aw cos 6, €) cos @

(52.4

d
d—2= w-wLaf(t, a sin 6, aw cos @, €) sin 6.

Under our assumptions we also have

fo(t, @ sin 8, awcos 6) cos o = F(a)

jme+nt

+

— Lm(a)e
m<+n“#0

(52.5
fo(t, & sin 8, a cos 6) sin 6 = §(a)

. Mmej(me+nt)
2,2
m°+n°#£0

where the sums are finite. let now
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(52.6)

ej(me+nt)

uta, € t) =/ Ly jmem)

ej(me+nt)

v(a, &, t) =/ M Itmwm)

We verify at once the relations

(52.7)

We introduce now 1in place of a, 6 new variables a

fo cos & - F(a)

f, sin e-d(a).

10 9

defined by

(52.8)

a=a, + 5 u(a,, €,, t)

€
9, aj v(al, 2]

t) =6, -

1 w(a1, 9, t).

gm

1’

By substituting the expressions (52.8) for a, 6 in
(52.4) we find

(52.9)

da, & du(a,, €, t) da, Bu(av e,, t) de,
at to da, at * e, dt

-Bu(aw, e.l, t) 3
+ = =5 f(t,a sin e, aw cos ©, )cos®

391 € Bw(a1,e1,t) da, ’aw(al,e1,t) de,

3t T® 7T -oa;, d@ * 7 Je, dat
BW(a1,61’t) 4
f—Sp— = w- g f(t,a sin 6,aw cos o, ¢t)

sin e.
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Eliminating a, 6 by means of (52.8) and solving for
da de
dt B dt1’ we obtaln after some simplifications:

da
1 €
F=;F’(a1) + &ER(a1, 8, t, €),
(52.10)
de
a = w——l)(a ) + € S(a1, 8,, t, &),

where for € very small we have expansions:

R =ZEan(a1, 9, t), —ZE S (a;, , t),

with R, S, polynomials in cos 8,, sin o,, cos t, sin t.
In particular

R0=F(a)+ E ermj(m6+nt)

m24n 740

So _ @1(3 ) + E Nllmle‘](me +nt)

m2+n #o

where the sums are finite. The same reasoning may now
be repeated with f, cos o, f, sin e replaced by R,, S,
etc. The final result may be described as follows.

For each n there may be written a system of differential
equations in 8, 6,:

da,
“n_ _ 2
3 - Flep) + EFa) .. TR ()
¢ O+l (n)
(52.11) R (ay, 8., t, €)
de
_n_ ,-& 2
” " d(a)) + ¢t b (ay) + ..

n+1

+ €% () + €™M (a L0 Lt 00,
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In these equations R(n), S(n) have the same properties
as R, S. Furthermore R(o) = R, S(o) = S and if

RO - D esp) () =Zess(1§)

then
(k-1)
R0

F (a,) +Zl§mej(mek+nt)
U1 _g (a) 4D M o(meynt)

We may also assume that 1f € 1s so small that terms of
order of gh+1 may be neglected then we have the follow-
ing relatlions for the nth approximation:

X = )(n(a-n: en: t, &),

where
da
€ 2
E;B == Fla,) + ©F,(a ) + . . . +tnFn_1(an)
(52.12)n
o € 2
EE_ = w- ;;f §(an) + & §1(an) + . e e .

n

+ €9 (a)).

The method just described for obtaining the suc-
cessive approximations 1s very direct and lends itself
rather well to an estimation of the error consequent
upon neglecting certain terms..

Another observation to be made 1s that the system
(52.12)n may be deduced from (52.11)n_1 be replacing
the latter by the constant term in 1ts expression as a

double Fourier series, then rejecting terms of order
tn+1.
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A last remark regarding the process just describved,
is that continued indefinitely it does yield formal sol-
utions as power series in €, vut unfortuncztely as shown
ty Poincaré, the series are generally divergent. Thus
they cannot oe utilized directly to investigate the
structural properties of the sclutions.

53. Passing now to an entirely different type of
considerations we will discuss the following problem: -
What indications do the approximations provide regarding
the exact solutions?

Taking first (52.12), dropping the index 1: we
have the system

(53.1)

Q ol

8l aig
I
1
|rn
=
f:

The corresponding first approxim:tion (the earlier
"refined" first approximation) 1s

(53.2) x = a sin & + %lu(a,e,t)sin 9 - v(a,9,t)cos 8}.
If we set
(55.3) f_(t,a sin e,aw cos o) =;§:fmn(a)ej(me+nt)

then we find readily in place of (53.2)

X =asin e +E;Ej m ()

w2—(mmnF

(53.4)
(% + (m®-1)2%0).

Suppose now that a*#0 1s a simple solution of
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(=2.3) F(z) = o.
hen F'{wu*)#0 und we will suppose explicitly
(23.9) "' {a*)<o.
The other case would bte dezlt with by replacing every-
where © Yy -t,

It f¢llowas frem (53.5) that (53.1) has the solu-
tion

|m

(53.7) a=2za*, 6=Vt + ¢, V=w - —— H(a*),

€
@

where § 1s an arbitrary constaznt. The corresponding
staticnory solution given by (55.3) is explicitly:

£ (ax)edm¥
(53.8) x = a*sin (Vt+) +E:E: 2n eJ(m0+n)t.

w® - (mu»n)2

Thus it 1s of the form
(53.9) x = z(t, Vt)

where z(6, ¢) is a continuous periodic function of e,
d with period 2w in each and depends upon €. In parti-
cular z(t,Y/t) will be quasi-periodic for all irrational
V.

In view of (53.6) we see that every solution of
(12) for which the initial value a is near enough to
a* will tend with t— +eto one of the stationary solu-
tions of (53.7).

Thus we may assert that every approximate solution
(53.4) whose initial values x, %% are near enough to the
initial determinations of the approximate stationary
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solution will tend with t— + o to one of these station-
ary régimes.

One may prove the following result: The property
Jjust formulated for approximate solutions (representa-
tion by quasi-periodic functions of the form (53.9)
and properties of stabllity) belong also to the exact
molution of the differential equation (52.1), at least
whenever ¢ is sufficiently small.

This important property shows that the investiga-
tion of any particular approximation (for instance the
first) obtained by the methods which we have repeatedly
discussed, has a meaning not merely for purposes of
approximation but may serve llkewise to give heuristic
indications regarding the structural gualities of the
exact solutions.

The proof of this theorem has been given =t length
in Mémoire No. 16 of the Bibliography. We will merely
discuss here two special cases which will serve as a
strong indication regarding the nature of the theorem.

54. Consider first the case where w 1s not an
integer and (53.5) has the solution 0 with

(54.1) F'(0)<o.

We have thus f (0) = 0 for m # 0. Hence the corres-
ponding stationary solution (53.8) assumes the form

fnejnt
(54.2) x=t
nwe-n""
where
21

) .
(54.3) fp =1 (0) =7 § £,(t, 0, 0)e nt g,
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It 1s immediately evident that this solution, which is
independent of the constant of integration, 1s periodic
with period 2w From the physical point of view it
corresponds to forced vibrations.

In view of (54.1) the approximate solution (5L4.2)
is stable, and to be precise: an arbitrary approxima-
tion (53.4) whose initial values x, g% are sufficiently
small, will tend to the approximate stationary solution
(54.2) for small enough & and with indefinitely increas-
ing t.

We will now establlish the same property for the
exact solution of (52.1). For this purpose we observe
first of all that for given iniiial values Xqs xé the
solution of (54.2) may be represented as a power series
in €. We will then have:

x(t) = (xocos wt + :? sin wt) +v€X(t,x0,x6,t)
(54.4)
x'(t) = (xécos wt - X W sin wt) +-EX%(t,xo,x5,&),

where X(t, X xé, €) 1s an analytical function regular
for sufficiently smell €. It is clear that (54.4) will

be periodic with period 2w, 1f, and only if, we have:

(5k.5) x(2m) - x, = 0, x'(2m) - x! = o.

From (54.5) we obtain the following relations for x

1.
xo.

0’

x!
)
X, (cos 2mw-1) + —=sin 2rw + EX(2m,Xx ,x],€) = 0

(54.6)
X w sin 2ﬂw+x6(cos 2lw-1) + EX%(an,xo,xé,t) = 0.
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Fort = 0 tuese rel-ticns aave the trivie! solution

Xy = 0, xé = 0, with &« non-zero jzcohian

v

(cos 211w1), $ sin 2nw
(54.7) } = (cos enw~1)2+sin22nw¢o.

J

f

-w sin 21w, (cos 2Mw-1)

From this we may conclude that (54.6) has an analytical
solution for & sufficiently small. Substituting this
solution in (54.4) we obtaln an anulytical expression
for the periodic solution of the differential equation
(52.1). Evidently the constant term in the expansion of
this periodic solution is equal to 0. An elementary
computation yields for the next term the expression
(54.2).

If we continue with the same reasoning which is
used in the well known method of Poincare - Liapounoff,
we will readily see That the perlodic solution under
consideration 1s stable. For the characteristic expon-
ents are in fact F'(0)+j and owing to (54.1), and since
t 1s always assumed positive, their real part is nega-
tive. This proves stability.

55. The second case which we shall now treat ig
where the equation (53.5) has a non-zero root which
satisfies (53.6) and where furthermore f does not con-
tain explicitly the variable t, that 1s to say where

n
(55.1) (¢, x, 3, ¢€) =ZE fnlx,

In this case the approximate solution (53.4) assumes
the form:

2le

——
f (a) .
X=3Sine+ —mT—ee‘]me
m2#1 (1-m°)w

(55.2)

)
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where
27T
= 1 " - jme
(55.3) fm(a) = 2ﬂ§ fo(a sin 6, aw cos 8)e de.

Thus the approximate stationary solution is of the form

frp(a*) ejm(0t+®)

(55.4) x = a*sin (Vt+b) + € 5>
(1-m°)w
1

4

b

where ¢ is an arbitrary constant of integration and

(55.5) l)=w—L—lé—*§>(a*).

It is a ready consequence of (53.1) that for indef-
initely increasing t, every approximate solution (55.3)
with initial values near enough to those of (55.4)
tends to one of the approximate solutions.

It is also immediately clear from (55.L) that in
the case under consideration the approximate stationary
solution will be periodic with a certain period %F, and
physically speaking corresponds to free non-dissipating
oscillations.

To establish analagous properties for the exact
solutions, we observe first that since here the functions
R, S, do not contain explicitly the variable t, (52.10)
may be written in the form

2
(55.6) %= QEFE(B.) +&w}21(a,e,&)
w - 5@(&) + €“wS(a,o,t)

Since

F(a*) = 0, f'(a*)<o0,
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1t follows from the theorem of Poincare - Liapounoff
that (55.6) has a periodic solution

(55.7)  a=Tle, e), T e, 0) = ax,
wherel T(e, €) 1s an anzlytical function of €, regular in

the vicinity of 0, and with period 2mwith respect to 6.
On the other hand we have from (52.10)

98 _w-eda), ¢25,, 6, ¢)

dt —
and hence
-1 * Es'g
Jw™ +ETT (0, ¢)] de = dt, TT =—F 2. -
w(w- 3+t S)

By integrating we find

- jne
(55.8) (w 1+&Mo(e))e +E;Mn(e)-e——jﬁ =t +3,§ = const.

where
210 .
M,(e) = ;—,J]T'(e, e) e "%,
[¢]
If we set
w =3 -_—
(55.9) el = Y P

then by the implicit function theorem, the solutlon of
(55.8) may be put in the form:

(55.10) o=t +y) +Vt +y, ),
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where (6, &¢) 1s an analytical function, regular for
sufficiently small ¢, and with period em with respect to
9.

Thus in view of formulas (52.3),(52.8), (55.7),
(55.10), we may conclude that in the case under consid-
eration there is an analytical periodic solution:

x =z(Vt + ¢, €),

where ¢ i1s an arbitrary constant, V and z(e, €) analyti-
cal functions regular for € sufficiently small,and in
addition z 1s periodic in & with period 2m. If z and

V are expanded in power series and terms of order
higher than one neglected, we obtaln again (55.%4),
(55.5).

If we write down the variation equation corres-
ponding to the periodic solution (55.10), 1t 1is easily
seen that one of the characteristic exponents 1s o,
while the first term in the expansion of the real part
of the other 1s F!'(a*), hence for & small enough the
real part is negative. By reference to the theories of
Poincaré - Liapounoff, we see then that any solution of
the differential equation (52.1) whose initilal values
are sufficiently near to those of the solution (55.10)
may be represented in the form

(55.11) x = zWt + ¢, cefl, )

where z(e, h, €¢) 1s an analytical functlon of h near
h = 0, where furthermore z(e, 0, ¢) equal z(e, &) and
finally pis a characteristic exponent. As for ¢, c,
they are constants of integration, with c¢ sufficiently
small.

It 1s thus clear that for indefinitely increasing

t, the general solution (55.11) tends to the periodic
solution (55.10).
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L'effet ge la variation statistique des paramétres
sur leg propriétés ergodiques des systémes dyna-
Miques non conservatifs. Ibid., t.3, p. 172-190
(1937).  Same 1n Ukrainian, p. 154-171,

Sur les i1tépations répétées avec les paramétres
Variableg, Ibid., t. 3, P. 201-211 (1937).
Same 1y Ukrainian, p. 191-200.
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38. Sur les équations de Focker-Planck déduites dans
la théorie des perturbations & 1'aide d'une méthcde
basée sur les propriétés spectrales de 1l'hamiltonien
perturbateur. Ibid, t. 4, p. 81-157. (1939).
Same in Ukrainian, p. 5-80.

39. Sur quelques problémes de theorie ergodique de
systémes stochastiques. (Ukrainian, without résumé)

Ibid., t. 4, p. 2k3-287 (1939).

ko. BOGOLIUBOFF. Sur quelques propriétés arithmétiques
des presque périodes. Ibid., t. 4, p. 195-205
(1939). Same in Ukrainian, p. 185-194.



ERRATA

p. 1, 1. w1, J,, J2 instead of 8,, @

2
p- 9, 1. 15 should read:

terms of the form tx (a trigonometric function). In the

p. 25, equation (16.2) should read:
1,dx,°
(16.2). 5(3{) + U(x) = const.

p. 45, equation (28.2), delete the subscript o from the
2
dr

p. 51, equation (32.3), at end of equation insert = o.
p. 53, equation (32.8), G,(a) instead of Gn(a)
p. 56, equation (34.7), k 1instead of k
p. 59. equation (36.4), at end of equation insert dt.
p 60, 1. 19, k 1instead of k
p. 65, equation (40.5) should read:
a%x ax
(40.5) m EEE + A at * kx = f(t),

p. 75, equation (45.6) should read:
(k5.6) f(a, cos &, + &, cos ¢,) = S A, cos(mb, + mb,).

p. 77, equation (46.9), the first « should have sub-
script 1

p. 85, 1. 13 should read:

efxt, a sin(;—’or-t +¢d), % co'ss(g-ozt +4))
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