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INTRODUCTION 

During the last decade a nwnber of Soviet sclentiscs 
have investigated so-called non-linear mechanics, m,.J 

among the most active are certainly to be found Krylc<"­
and Bogoliuboff. An extensive bibliography of their 
contributions to the subject will be found at the end. 
A cursory reference to it will quickly disclose the 
fact that in one way or another their work is bt:-!:. 

poorly accessible to the American scientific and tech­
nical public. The present monograph is essentially a 
very condensed English version of their most extensive 
paper (No. 32 of the Bibliography, in Russian) except 
for the last chapter which is practically a small ex­
tract of their most mathematical production on the su:_,_ 

ject (No. 16 of the Bibliography, in Russian). 
Kryloff and Bogoliuboff consider primarily equ2.-

tions of the form 

dx 
tf(t, x, , t) 

dt 

where t is a small positive quantity and f is a powe:r 
series in t, whose coefficients are polynomials in 

dx x, dt' sin t, cos t. As a matter of fact, generally :f 

contains neither t nor t. Similar equations are well 
known in astronomy and have been the object of system­
atic investigation by Linstedt, Gylden, Liapounoff 
and, above all by Poincare. In a general sense, or:e 

may say that the same methods are applied by Kryloff and 
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Bogoli;lt' )f f. However, the appJ icrctions which they :r.:we 
in view are q~:i ~.e different, being chiefly in Engineer-
ing, T":)Cr1 .. "1olc'I!Y, or Physics, not[.:-.ly electriC'f·1 r.ir-
c~:i t chec..rrJ. ~·:1e solutions ::.re .:,.pproximG.ted b:; t:1e first 
n terms of' certain asymptotic representations; -:-.!1e first 
two terms us~_.~_,_lly suffice and yield what the a.t;thors 
call the "refined first approximation" which they dis­
cuss at length. 

The method of linearization described in Chapters 
V and VI, freqt~ently enables one to by-pass the differ­
ential equ::J.tion ~·end proceed directly from the physical 
problem to the [ipproximate solutions. That the general 
info!'Irultion obtained f!':"Jm the approximations gives 1m­
portent indications regarding -::he behaviour of the sol­
ution itself, is shown in the monograph, (No. 16 of the 
Bibliography) of which the extruct given in Chapter IX 
will yield a few indications. 

Messrs. Kryloff and Bogoliuboff deserve much credit 
for the bold way in which they have carried out their 
work and for the numerous applications which they have 
outlined. It is believed that the present monograph 
will provide a fair picture of what they have accom­
plished. 

S. Lefschetz 
Princeton, N. J. 
November 20, 1942. 
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I. SOME NON-LINEAR OSCILlATORY SYSTEMS. 

1 • In the present section we will discuss a few 
non-linear oscillatory systems and derive the corres­
ponding differential equations. These equations will 
serve later as illustrations for the methods of approxi­
mation introduced in the sequel. 

2. We begin with some conservative (non-dissipa­
tive) systems. 

(2.1) Oscillating shaft. Consider a shaft corn­
posed (ideally) of two revolving masses joined by a 
non-linear elastic connection. Let e , e be the , 2 
moments of inertia of the revolving masses, and e 1 , e2 
their angles of rotation. Let further M = c(e 1-e2 ) be 
the angular momentum of the elastic connection repre­
sented as a function of the angle of rotation e = e1-e2 • 

The equations of motion for each of the two masses are 

d2e 
J --1 + c(e 1-e2 ) o, 

1 dt2 

d2e 
J ___g2 - c(e 1-e2 ) = o. 

2 dt 

Hence the equation governing the oscillations is 

(2.2) 

Fig. 1 Fig. 2 
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In this relation the function c(e) is usually 
given graphically and may have the most diverse form. 

(2.3) Electrical circuit without resistance. 
Consider an electrical oscillating circuit (Fig. 1) con­
taining an iron core. Let ~ denote the magnetic flux, 
i the line current, C the capacity. We then have 

~ it 
(2.4) dt + c fidt = o. 

The relation between ~ and i is shown in Fig. 2. With 
sufficient accuracy and within certain limits, one may 
represent this relation analytically, for instance as: 

(2.5) i =A~ + ~3 

We have then for ~ the differential equation 

( 2. 6) 

3. In the examples of oscillating systems that we 
have examined so far, we have not taken into considera­
tion friction which causes dissipation of the oscil­
lations of the system. 

Generally speaking the laws of mecnanical frictio~ 
have been but little investigated. In practice, one 
chiefly assumes one of the following three: 

a) The force of friction is proportional to the 
velocity (oscillations in the atmosphere). 

b) The force of friction is proportional to the 
square of the velocity (for oscillations in a liquid), 

c) Coulomb's law: The force of friction is con­
stant in magnitude but depends upon the velocity and 
its direction is opposite the velocity (for example 1n 
slipping of surfaces upon one another). 

( 3. 1 ) Pendulum freely oscillating in tl;le. atmos­
phere. H we assume that friction is proportional to 
the velocity, the equation of oscillations will·be 
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( 3. 2) 0 

wr.ere A is ~ proportionulity coefficient, called fric­
tio~ coefficient. 

( 3. 3) ElectricG.l ci!"cuit with resistance. We 
St;ppose -;:.r..a.t the circuit contains an iron core, an 
ohmic resistance and a c:'l.pacity (Fig. 3). Let cp be 
the flux, i the current, R the ohmic resistance, C the 
caoc,.citv. Wfl will have this time 

tp 

rl 
'1/WVWVv •'}c N 

Fig. 3 

t 
Q! + Ri + b s idt = 0 
dt 

and hence ::.ssuming that ( 2. 5) holds: 

( 3. 4) o. 

4. Up to the present, we have considered oscil­
lating systems with or without dissipation (friction). 
Since in practice dissipation is always present in 
s~me form in oscillating systems, the oscillations 
will fail to die down only if the system contains some 
source of energy which may compensate for the loss of 
energy due to dissipation. This condition may be ful­
filled in two ways. First, the force acting upon the 
oscillating body (due to its connection with the 
source of energy), may possess a definite periodicity. 
The simplest example of oscillations of this type, said 
to be forced, is found in the vibrations of linear 
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systems subjected to a harmonic disturbance: 

d 2x dx nr---= + A- + kx = F sin at 
dt 2 dt 

( 4. 1 ) 

where m is the mass, x the displacement, A the dissi­
pation coefficient, k the sprin~ constant, F the ampli­
tude of the exterior force, ~tne frequency of the 
disturbance. 

Second, the source of energy itself may have no 
specific periodicity but its action upon the oscilla­
ting body appears to introduce into the system a nega­
tive dissipation which may compensate for the normal 
positive dissipation caused by the dissipative forces. 
Oscillations of this last type, called auto-oscilla­
tions, are quite wide-spread and have great importance 
in Physics and Technology. 

To obtain some idea of the manner in which auto­
oscillations arise, we will examine a system with one 
degree of freedom. 

If the oscillations are of rather small amplitude 
we may write down the customary linear equation: 

( 4. 2) 

As is well known the general solution will be 
-6t 

x = ae cos(cut++) 

where a, ~ are arbitrary constants, 

2 
k =-m 

2 
(~) w 

Hence if A)o, then the amplitude of the small oscil-
lati -6t 

ons ae will die down according to an exponential 
law. If on the contrary t\(0 then the small oscillations 
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will expand and the amplitudes will increase expon­
entially. 

Since for physical reasons the amplitudes cannot 
increase indefinitely, we must suppose that from a 
certain moment the dissipation coefficient changes its 
sign and becomes positive. This fact may be reflected 
in the differential equation of the oscill~tions, for 
instance. by replacing the constant coefficient A by 
a variable one: 

dx2 
A =-A + B (dt) 

where A)o, B}o. We thus obtain a differential equation 
due to Rayleigh: 

( 4. 3) d 2x dx 2 dx 
m dt2 + (-A + B(at) ) dt + kx o. 

This equation shows in particular that the dissi­
pation is negative for small absolute values of ~ and 
positive when its absolute values are large. 

Thus, small oscillations will expand and large 
oscillations will die down. 

The importance of (4.3) for self-oscillatory 
systems was already brought out by Rayleigh in his 
paper: On maintained vibrations (Phil. Mag. s. 5, 
vol. 1 5, 1 883). 

Another important equation as regards self-oscil­
latory systems, repeatedly investigated by van der Pol 
and going by his name, is 

(4.4) 

It may be deduced from (4.3) by making the change of 
variables: 



6 INTRODUCTION TO NON-LINEAR MECHANICS 

t\1[--+t, 

and setting~ = t . 

5. We will now consider some self-oscill~tory 
systems. 

( 5. 1 ) Electronic generator. We refer to Fig. 1: 

for the various designations of currents (writler! ~ 

with subscripts), voltuges (writtenV, Ev.•i':.h St:b­
scripts), etc. 

~ ... 

~ { 

" 
c R 

L. 
·~ 

Fig. 4 

Neglecting the grid Cl!rrent, we have cJ e·_:.rly: 

(5.2) 

From (5.2) we find: 

2 

(5-3) LC d iL + ~ diL 
dt2 R dt + iL = ia. 

As we know, however, from the theory of electronic 

lamps, the anode current is a definite function of the 
so called directing potential u = v + DV 

g a 
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( 5. 4) i. = f(u) = f(Vg + DV ), c. a 

where D is a const~nt factor, the conductance of the 
lamp. 

Fig. 5 
In practice D is small relatively to unity. A typical 
curve representing the relation (~.4), the so-called 
characteristic of the lamp is shown in Fig. 5. 

Substituting from (5.4) into (5.3) and in view of 

(5.2) we find 

(5.5) 
L diL 

+ - - + 
R dt 

Consider now the following quantities: 
diL 

E = DE V = (M-LD)dt o a' 

Since ~he directing potential is 
diL 

DEa + (M-LD) dt = E0 + V, 

v will clearly be the variable part of this potential 
induced by the vibrations of the current in the oscil­
lating circuit, and E0 the constant part induced by a 
source of constant current (for instance a battery). 
In view of this, let us apply to both sides of (5.5) 

the operation 

(M-LD) ~t · 

7 

We then obtain for the unknown V a relationship of 

the form 

d2V L dV LC- + V + 1-- (M-LD)f 1 (E + V)l- = o. 
dt2 R 0 dt 
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If we choose E such th.s.t it is -::he P..l:-sciss=~ of the in-o 
flexion of the c:1ar:v·teristic in Fig. 5, ::-nd neglect 
terms of order )3 in the Mac!P.urin exp.:msion of 

f(E0 + V), then wit!: sl::!.tal'.le r.hcice of a time unit 
(dimensionless time), ( 5. G) rnE~Y be reduced to \'an der 
Pol's equation ( 4.4), !Jimil.:-~r consider[ctions lead to D. 

Raylei[".h differential equation for iL. 

(~.?) It is .h2.rdly necessury to observe thut if 
a harmonic distur'b::..nce is superimposed upon !JI".Y one of 
the preceding systems, there is oi~tained an eq1:ation 
for forced oscillations. Thus we mn.y have in relation 
to a van der Pol system an equation 

d 2x 2 dx (5.8) --l(l-x)-+x Fsinat, 
dt 2 dt 

and likewise for the other systems. 

II. ~ARY THEORY OF THE FIRST APPROXIMATION 

6. All the ex.smples discussed in the preceding 
chapter lead to equations of the form 

d 2x dx (6.1) - + F(x,-,t) = o. 
dt 2 dt 

We propose to investigate more particularly the so 

called quasi-harmonic case, where there are oscillations 
near the sinusoidal: 

x = a sin (H+,), 

that is to say when we may write 
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( 6. 2) 
dx .)2 dx F(x,dt't) = y X+lf(x,dt't), 

where t is ::... par8.!Tleter ch~·~r::..cterizing the stn::!.llness of' 
the deviation of F from l' 2x. Until f'urther notice we 
asst~e F, &nd hence also f, free from the explicit 
v::...ri~ble t. The basic differential equation will thus 
be 

( u. 3) 
.12 dx 
T x + tf(x,-) = o,· 

dt 

and this is the equation which we shall investigate. 
If we endeavor to solve this equation by the usual 
mcl;!JOds of approxim::ction, notably by the method of 
Poisson, we encounter a classical difficulty which 
caffled the astronomers of the eighteentl1 century, 
narnel;; the presence of so-called secular terms, or 
terms of the form txE~ trigonometric function. In the 
swne spirit ns the astronomers did in their day, we 
she 11 ende~.vor to find methods of approximation which 
yield results free from secular terms. 

In the present chapter we shall describe a very 
intuitive method enabling us·to construct an approxi­
mate solution which will be free from secular terms. 

7. We first observe that for l = o, (6.3) has the 
solution 

( 7. 1 ) 

(7.2) 

X 

dx 
dt 

a sin (vt+.,), 

where the amplitude a and the phase + are constant. For 
convenience the term "frequency" will designate y 
rather than the customary 2Tnl. 

Consider a, ~ , as new unknown functions of' the 
time which are to be determined so that (7.1) becomes a 
solution of (6.3). We must have first 

(7.3) ~=~~sin (')It++) +a~ cos ("t++) +a~ cos("llt++>· 
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Hence if we wish to preserve ( 7. 2), or we may say if we 
impose (7.2), then 

(7.4) ~~sin (vt+~) + a~: cos (vt+41) o. 

From these relations we deduce: 

( 7. 5) 

and so 

(7.6) 

d2x = pa. cos (v t+t) -va.9! sin (vt+f) 
dt 2 dt dt 

- v2a sin (vt+f), 

finally from (6.3): 

~~f cos (H+f) - 'Ya~ sin (vt+f) 

- E.f(a sin (vt+~),a~cos (vt+f)). 

By combining with (7.4) there comes 

(7.7) ~ =- ~f(a sin (vt+4>), a')lcos (vt+~)) cos (vt+p), 

(7.8) ~t =;..,rca sin (vt+~), av cos (Yt+4>)) sin (-.'t+~). 

B. Thus instead of the single differential equa­
tion of the second order (6.3) in the unknown x, we 
have two difi'erential equations of the first order in 
the two unknowns a, + . Notice now that the right hand 
sides of (7.7), (7.8) admit with respect to t the 
period T = ~- Moreover ~~ g~ are proportional to 
the small perameter t, so that a, ~will be slowly 
varying functions of the time during the period T, and 
as a first approximation we may, therefore, consider 
them as constant. On the strength of this observation, 
we will indicate at once a simple intuitive method for 
constructing an approximate solution of (7.7), (7.8). 
For this purpose consider the expressions 
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f(a sin <!J,::.v cos dl) cos 6,f(a sin 6,av cos dl) sin dl, 

:..;nd let 1:s expE.nd them in Fourier series. '"Je find 

( 8. 1 ) 

f(~ sin dJ, o.Y cos <b) cos:!:>= K0 (.::.)+_;-(~(a) rVo 

f(a sin dl,av cos <b) sin dJ = P0 (a)+~ (Pn(a) 
n/o 

cos ndl+Qn(a) sin ncb. 

The coefficients Pn(a) .•.. , are calculated in the 
usual way. It will be sufficient to give the explicit 
expressions: 

211 r{a) = _!_ S f(a sin· dJ, at> cos <b ) cos <bdd>' 

( 8. 2) 
2~ 9rr 

P0 (a) = _!_ S f(a sin cb, av cos <b ) sin <bd<b. 
2fT" 0 

Taking advantage of (8.1) we can represent (7.7), 
(7.8) in the following expanded forms: 

ddta =- ~K (a)- ~~(~(a)cos n(vt-ld>)+ln.(a) 
0 n)o 

sin n(vt+ <!>)), 

~t = faP0 (a)+.f-~~(Pn(a) cos n(vt+<I>)+Qn(a) 

sin n(vt+<b)). 

Let us integrate these espressiona in the interval 
t, t + T, within which we consider a, <1>, as constant and 
equal to the values a(t), <b(t). 



2:NTRODUCTION TO NON-LINEAR MECHANIC.-:. 

We t!::...s ohtain: 

·: ::.:.) 1.::J .. !!.+T )-.:::.( t) _ E. T -- vKo(~(t)), 

.p_l_~:+T)-4>(t) = Lp (·-.(~)) 
'l' y[;. 0 ~ " • 

::>.~.~-.r:1.: T :.::.r'd t:1e increments ~;:.( t.+T )-:~( t), ,j, ( 'c+T-t ( t.) 
·.:-rc .s·:::,'J.::!., we replace in (8.1!) t:1e left sides ·r·y 

zit:• ~t, :;.~c t!11<s a.!•rive at tl-1e eqt:.:..tions of the first 
·.:prroxi::1ation: 

( ::. ~) 

If we compo.re with the ex~ct relations (8.3) we 

fine 'chr'.t the equations of the first approximation are 

0~-::.,i,-;.ed fr·)m the exact equations -~·y averaging the r•ight 

l:Lonc s-:.des with respect to the time. This process 

d;Jly generalized in the obvious way will be described 

:_s the .rae!•aging principle. 
It need not be said that the preceding reasoning 

::-.J.n11•Jt pretend to any sort of mathe!Tl[-1tical rigor. 
FrJr this :re~ .. son we shall exr~mine in the next chapters 
U:e quest.icns of the mathematical foundations of the 
~.;ver.::.ging principle .:md likewise the question of 
forming the higher approximations. 

9. ReturrJing to (8.5), if we have a solution in 
a and~ and substitute it in (7.1 ), we obtain an 
approximate expression for x. If we choose in place of 
q the unk"!l.own ljl = vt+ ~, then (8.5) yields 

( 9. 1 ) 

Substituting in (8.5) and (9.1 ), in place of K0 , 
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P0 their expressions 

2ft" 
d.:.:. t 5 (9.2) dt = ;rr~ f( 

0 

from ( 2. 2) we ott: .in explicitl:: 

sin~,::...~ cos~) cos 4lct41, 

2-rt" 

( 9. 3) Y+~:-ys f(<'. s:!.n ~' :..v c'"~s 41) si::14ldc!>. 
.:: ~ 0 

Thus the first ~~pproximc.tion to tl1e solutior.l of ( L.. 3) 

will oe of tile form 

(9.4) x = a sin ljJ, 

where the Ewllplitude o. Gild the full phase ljJ are to be 
determined from (9.2), (9.3). 

.d.x lo. Suppose that Fin (o.1) does not conta1n dt' 
in which c:..;.se f will lL'-<:ewise be free from it. Th'.:s 
we will have 

( 1 0. 1 ) .d.x 
f(x,dt) = f(x), 

and hence instead of (9.2), (9.3): 

(10.2) da ~ 2rr 
dt =- 2~~ ~ f(a sin~) cos ~d~, 

(10.3) dljJ ~ 2Tr 
dt =w(a) = ~+ 2rra"l'~ f(a sin 4>) sin4>d~. 

If we set 
X 

~ (x) = S f(x)dx 
0 

then 

S"Tt"f(a sin '' cos ~d~ = ~Srrdi(ad~in ~) o, 
0 

and hence 

da 
dt = o. 
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Thus the amplitude of the oscillations is now constant 
a= a 0 , and so instead of (10.3) we have 

ljJ = w(a)t+e, 

where the phase e is constant and equal to the initial 
value of ljJ. 

An approximate solution of (6.3) is then 

(10.4) x =a sin (w(a)t+e). 

We may say that here the nonlinear character of 
the equation has no other effect in the first approxi­
mation than to make the frequency depend upon the 
amplitude. 

If we square both sides of (10.3) and retain only 
terms in t we obtain 

(10.5) 
21T 

w 2 ( a ) = v 2 + ~rr 5 f ( a sin ~ ) sin ~ d ~ • 
0 

Since F(x) = Y2x+tf(x) we have finally: 

(10.6) 
1 21r 

c..v 2(a) =rraJ F(a sin~) sin~ d4>. 
0 

Formula (10.6) has the considerable advantage that 
the function F enters into it directly and not merely 
through its nonlinear part as it does in (10.5 ). 

11. We will now examine a certain number of 
examples. 

(11.1) Example 1. Consider the equation of the 
Pendulum reduced for small oscillations (say not exceed­
ing 30°) to the form 

(11.2) o. 

We have at once from (10.6 ): 
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2 1 2ft" 3 i 3 cjl 
w (a) =f rra t (a sincjl- a ~ n ) sin cj»dcj», 

and so approximately 

( 1 1 • 3 ) 2 _& a 2 
w(a)=T'1-~). 

As the amplitude increases the frequency decreases and 
hence the period increases also. This is likewise 
shown by the approximate formula 

(11.4) 

To take a concrete example for we find 

T = 1.014 X 

(11 .5) Example 2. Consider the differential 
equation (2.2) for the oscillations of a shaft. Here: 

21t 
J1+J2 1 ( 

(11.6) w 2 (a) = ~1TaJ c(a sin~) sinfdcjl. 
1 2 0 

To take a concrete case, suppose that M = c(e) is 
represented by the graph of F.ig. 6, or more explicitly 
that 

We find here 

Fig. 6 

__ ~h+ke, 
c(e) 

h+ke, 

e)o 

e(o. 
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21r 

~ c(a sin~) sinf d~ = 41: + nka 
0 

and so by (11.6): 

( 11. 7) 

In oraer that this formula be applicable it will be 
clearly necessary that ~ be small. This quantity 
measures in a sense the deviation of M from linearity. 

(11 .8) Example 3. Take the case of the electrical 
2 

circuit of (2.3) andrel~ted equation (2.5). Assuming B~ 
small, we find by (10.6): 

( 11 • 9) 

from which follows approximately: 

( 11 • 1 0) \fA. ~ 
£.c..) (a) =v c\ 1+-----m\). 

1 2. 
dx tains dt. 

We will now examine some cc.ses where F con-

( 1 2. 1 ) Example 4. Consider the equation of 
van der Pol (4.4) where the p~rameter t is assumed 
small. Comparing with the basic equation (6.3) we 
have here: 

As a consequence we find 

2dx 
-(1-x )dt" 

f(a sin ~, av cos +> = -a( 1-a2 sin2 9) cos~ 
2 a3 

= a ( ~ - 1 ) cos ~ - 4 cos 3 ., , 
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and therefore 

-1 21L 
2 rrv S f(a sin 4>, aY cos 4>) cos 4> d4 

0 

1 2Tt 
2rr)IS f(a sin~. :::.v ccs 4>) sin~dQ = o. 

0 

Thus referring to ( 9. 2 ) , ( 9. 3 ) , (9. 4 ) , we have in the 
first a.pproxim.::.tion 

(12.1a) 

(12.2) 

(12.3) 

x = a. sin ljJ 

9.!1! = 1 • dt 

From ( 1 2 • 3 ) we obtain 1!J = t + e, where e = ljJ 0 • 

Finally the first approximation is a harmonic 

oscillation 

(12.4) x = a sin (t+e) 

with constant frequency whose amplitude varies in 
accordance with (12.2). By an elementary integration 

we obtain 

and hence finally 

(12.5) 

..,2eH 
"'"o 

1 
a e ~f.t 

a = ~===o======~ 
\} 1~a~(ett_1) 
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Substituting from (12.5) ~ (12.4) we obta~ the ex­
plicit approximate expressio~ for x: 

(12.6) X 

1 
a e"2"f.t 

0 
s~ (t+e). 

A trivial solution is x = 0 which corresponds to 
the static regime (without oscillations). It is not 
difficult to show, however, that this r~gime is not 
stable. Indeed however small the initial amplitude a 

0 
may be, it will grow monotonely tend~ to 2 as a limit. 
Thus the least disturbance will throw the system into 
an oscillation with grow~ amplitude. 

From ( 1 2 • 5 ) we 
a = 2 for all t)o. 

I 
regime 

see also that if a 0 = 2, then 
This corresponds to the stationary 

(12.7) x = 2 s~ (t+e). 

I 
This "dynamical" regime is strongly stable, for what-
ever a ( fo), whether large or amall, a( t) -+ 2 when 

0 
t--+ +co • Thus an arbitrary oscillation will tend to 
the stationary oscillation (12.7). 

The systems of the van der Pol type differ essenti­
ally from those of the conservative type with equations: 

2 
d X + y 2X + f. f (X ) = 0. 

dt 2 

Indeed in the conservative systems as we have seen 
there may occur steady oscillations of arbitrary ampli­
tude whereas ~ the van der Pol system steady amplitudes 
are possible only for special values. Physically this 
is evident from the following considerations: since a 
conservative system neither dissipates nor creates 
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energy, oscillations once started have no reason to die 
down or to grow and so their amplitudes remain fixed. 
On the contrary in a "self-exciting" system there is 
creation as well as dissipation of energy and so the 
amplitude may increasR if the source of energy provides 
more energy that there is dissipated or conversely. 
There will thus arise a fixed amplitude only if the two 
processes compensate. 

13. (13.1) Example 5. As our 
will take Rayleigh's equation (4.3). 
f of (6,3) will be 

(13.2) 

Hence we have 

x = a sin (Vt+e), 

as our first approximation, with 

next example we 
Here the f\lllction 

y =~, e =canst., 

and 

(13.4) 
21'1 

da -1 s ( ·' .I. dt = 2mmv f av cos ~> cos9 dt. 
0 

However we find from (13.~) 

and so from (13.4): 

(13.5) da a __2 2.12 
dt = 2m(A4Ba Y ) • 
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It follows iro:n ( 13.5) the.~ the trivial solution 
a = o will be ;.:nst~tble, since A)o, a..'1.d so we have here 
a self-excited oscillation. TI1e stationary amplitude 
satisfies 

which yields 

(13.6) • 1\f4A 
o..!. = ii"V3B· 

~~atever the initial amplitude ~0 (jo) we have 
from ( 1 3. 5 ) : 

a(t)--+ 1\f4A 
t--.+"" vV 3B · 

Thus whatever the initial conditions the oscilla­
tion tends to a ste~dy oscillation represented by 

1\ f4A .I 
X= vV3B sin (vt+e). 

If we desire to learn something not merely about 
the steady oscillations but about the imtermediary 

I 

regime, we must integrate (13.5), which yields 

a( t) 

...A._t 
a e2m 

0 

1~. (14.1) Example 6. As our next example we 
take an electrical circuit with constant capacity c 
and self-induction L, and containing a non-linear 
element N whose voltage-current characteristic is 

( 1 4. 2) e = F(i). 
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The dif'f'erentie.l equation f'or i is 

d 2i di 
LC--= + CF•(i) ~ + i 

dt 2 dt 
(14.3) o. 

This equation is reduced to the form (6.3) by setting: 

,)2 1 di ~ di 
Y =LC'€.f(i,dt)= L dt" 

In order to have a clear picture of the degree of 
sm::..llness of the nonlinear ele1:1ent, it is Gonvenient to 
introduce the dimensionless time T = _!_ which brings 
the equetion to the form ~ 

This shows that the application of our results will 
require that the dimensionless quantity vr F I ( i) rei'!W.in 
small relatively to unity. 

We f'ind here th:::.t the f'irst approximation assumes 
the form 

i =a sin (vt+~), ~=canst., 

where the amplitude a satisfies the equation 

(14.4) 

with 

(14.5) 

21t' 

R(a) =JS F'(a sin t) cos 2t:dt. 
0 

We see at once from (14.4) that if R(a) is always 
positive, a(t)~o so that the oscillations die down. 
In this case steady oscillations with an amplitude other 
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than zero are ruled out. Referring to (14.5) this will 
certainly occur whenever F 1 (i))o for all i. 

Thus if the characteristic e = F(i) of the non­
linear element does not have a falling p::.rt (where 
F• (i )(o) then the system is dissipative: oscill.r:.tions 
once started die down. If on the contrary there is a 
falling part in the characteristic then R(a) will be 
positive, at least for small values of a. In this case 
small amplitudes will increase and small oscillations 
expand, so that the position of equilibrium is ·nnstable 
and physically impossible, and we are dealing with 
self-excitation. 

Consider the special case where 

2 3 4 ·5 e = F(i) = A + Bi + Ci + Di + Ei + Fi • 

We find then 

We must assume that the coefficient F)o, for otherwise 
beginning with a certain a2a 1 , R(a) will be negative and 
oscillations of amplitude ; 0 )a 1 will expand to infinity, 
which is ruled out physically. 

Consider the equation 

whose solutions are 

a2 - - .2. ~ -
1 - 5 F 

.:2. ~ +' r--. 
5 F V 
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We will ex.::unine the three cases 

(I) B)o, D)o: (II) B)o, D(o: (III) B(o. 

In Case I, both roots are itn.':!.ginary, R(::) is :1lw~ys 
positive, hence the system is dissipative. In C<:.se II, 
ii.., 

then the system is likewise dissipative. In the 
contrary case there may exist steady oscillations of 
amplitude a 2 • However, the system is not self-exciting, 
and oscillations whose initial amplitudes are less than 
a 1 die down. In Case III, the system i:o self-exciting 

I 

and there is a unique stationary regime for the oscilla-
tions with amplitude a)a2 • 

15. We return to (6.3) and its approximate soll:­
tion x = a sinljJ where a, ljJ, are given by 

(15.2·) 

where 

~t = i{)(a), 

~ = £.)(a) • 

21T" 

~(a) 2;~ S f(a sin~. a~ cos ~) cos ~ d~, 
0 

21T 

w(a) = v + 2~1] aS f( 
0 

) sin ~ d~. 

If we square w.and refer to (6.2) we obtain 
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21't 

(i~.)) w 2 (r.) =rr1j F(:-:. Si!1 o, :l'l C<_,s ~.)sind> dl!., 
"c 

~.nd likewise 

"''IT 
(15.L) ~(:::.) =- ~"S F(n sin¢, e.v cos ¢-)cos 6 d¢. 

0 

Ti:c:s ·. ·Y tr.e ... r.s 01- ( 1 5. 1 ) , ( 1 5. 2) the functions w, i 
c.re determined directly 1n terms of the flmction F of(6.1). 

1 S. We will now discuss ( 1 5. 1 ) which determines 
t:1e ·;ariation of t.:;e a::tplituce in function of the time. 
O';:.scrve that there 1m:st exist no a.*)O such that 

~(a))o for a)a*, 

For if s-uch :::.n a* existed then taking an initial ampli­
tude a ):::.* we would obtetin in view of ( 15.1) a( t >-+CD 0 , 

t _,CD which is physically rt:led out. 
Referring to (15.1) we see that if the initial 

::!.molitude a is not sta~ionarv, i. e., does not satisfy - 0 u 

m(a) = o, then with incre~sing t the amplitude a (t) 
will steadily tend to a stationa~j determination. 

The tendency of every oscillation to approach a 
steady oscillation points to the speci~l role of steady 
oscillations for all high-frequency oscillatory processes. 

I 
Indeed in such systems the intermediary regime tends 

I 
very rapidly to a stationary regime and hence every 
oscillation may be viewed as practically stationary. 

A noteworthy special case may be mentioned here 
where there are no intermediary r~girnes, and every 
oscillation is stationary. It will take place for ex­
ample whenever the function F does not contain ~ (con­
servative system). Then (6.1) may be written in the 
form 
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( 1 6. 1 ) o, 

and so direct integr~~.tion is possi"cle. Indeed if we 
introduce the potenti.::~l 

X 

U(x) = S F(x )dx, 
0 

then (16.1) yields immediately 

(16.2) ~(~) 2 + u(x) = F = const. 

Practically, however, this conservative case never 
occurs and there is always dissipation, hence loss of 
energy, or for that matter there may be self-oscillation 
and production of energy within the system. 

17. We will now consider the stability of the 
stationary oscillations. Let a 1 be any root of ~(a) = o. 
Then for a very near a 1 we will have a = a 1 + 6a and so 
from ( 1 5. 1 ) : 

dc!a l: dt = ~I (a, )6 a. 

This shows that a 1 is stable, that is to say, 
corresponds to a stab~e stationary oscillation if 

(17.1) !li 1 (a 1 )(o, 

while if 

j) 1 (a1 ))o, 

then the corresponding stationary oscillation will be 
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unst~ble. In particular the stati~ regime (a=O) will be 
unst~ble whenever 

(17.2) ~'(o))o, 

and so this last inequality is the condition for self­
excitation. 

As we have already seen self-excitation is not nec­
essary for the existence of self-oscillations in the 
system, that is for the existence of stable stationary 
oscillations. For that purpose there must merely exist 
an a 1 such that (17.1) holds. 

An interesting case of frequent occurrence is 
where the system depends -upon a parruneter ~· An example 
is a series circuit with an impressed harmonic voltage of 
amplitude I" • Unde-r the circumstances generally ~(a) 
will be a fQ~Ction ~(a,~). A typical s1tuation is the 
graph ~(a,p) = o of Fig. 7. The dotted arcs represent 
the unstable stationary amplitudes, the heavy arcs the 
stable ones. Through the variation of 1~ there may thus 

I 
~crise "cyclic" regimes as indicated by the arrows. 

a 

0 

Fig. 7 
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1 :. . Having discussed at length ( 15.1) and the arnpli­
t·_·ces we will consider equ~tion (15.2) for the frequency. 
Correspr.nding to 3. given frequency and hence to e. given 

period, tl~e Lrequency is ~~ = w(a), and generally 
freq\. e:1c:; :·.red period depend upon the amplitude. There 

: re, 1 :c-wever, imp·:>rtont cases in practice when the 
cscill:_tiorcs do not depend upon the amplitude ( isochro­

::1•)';s s~·stem). An exa..'Tiple is when we have identically 

21T 

~ f(~ sin~' a~ cos ~) sin~ d~ o. 
0 

Ti.1is will occur notably 1f the initial equation is of 

one of two forms 

(18.1) 

( 18.2) 

Notice that (18.2) can be reduced to the form (18.1) by 
dx 

the change of variable dt = Y· 
Referring to {15) the solution of (18.1) will be in 

the first approximation 

(18.3) x = a sin (wt +cb ) , 

where cb is constant and 

(18.4) 

(18.5) 

~~ = - ~t\(a), 

21t" 

t\(a) = ~~ f(a sin T) COS 2T dT, 
0 
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As an example equ~tion (5.6) will have a solution 
descr:!.bed in the following relations 

V =a sin (t + ¢) 

\~ dr• L 
2\lu; dt = - R ~· + (M-DL)F(a), 

1 ~ tT 

F(a) = 1F5 f(E0 +·:-!. sin T) sin T dT. 
0 

III. REFTNEMZN'J' OF THE FIRST APPROXIMATION 

19. Ir. the present chapter we shall discuss a 
method for replacing the first approximation by one 
~vhich will be somewhat more accurate, although, of 
course, essentially more complicated. 

Let us examine again the exact equation (8.3) in 
a, ' • The process leading to the first approximation 
consisted essentially in replacing the right hand sides 
by their constant terms. One may think of these terms 
as corresponding to slow smooth variation and obtained 
by neglecting the rapidly changing terms represented by 
the trigonometric functions. In order to account to 
some extent for these more rapid changes, we will 
utilize the basic concept of the method of successive 
approxirrations. 

Replace then first (8.3) by 
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g~ = - ~)Kc· ( 2) + L(~ (:=:)cos 
I 

::1(vt+dl) + ~1 (~c)s:!.n r:(vt·+! \)~ 

( 1 9. 1 ) 

(19.2) 

In these relations a, cb are the solutions of tl:e 

"smoothed out" equa.tions (8.5), that is to say of the 
first approximations a, <!>, in the sense t)1::!t we have 
adopted so far. 

Since a, d>, do not vary very rapidly, we will 
integrate the right hand sides of ( 19.2) as if t:1e a, 

d> in the sums were constant. We thus obtain 

t """~sin n(vt+<!>) - In cos n(vt+<!>) 
a= a - ITL n .J 

(19.3) 

The new refined first approximation will be given 

by 

X =a sin (Vt+~). 

After some simple calculations, this leads to 

) 
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') 

n'· - 1 

where a, <!>, ::.re determined as :- e~-c re, .:;.nd where f n, gn, 

are the Fourier coefficient in t:ie expansion 

(19.5) 

f (a sin T, :: Y cos T ) = 

f 0 (a) + _L"c:- (a) cos nT + gn(a) sin :IT). 
n 

We prove wi thoet dif fict11 ty 

This enables us to put the relations for a, <!> in the 

form 

~~ = - 2e.v f 1 (a ) 

(19.6) 
~ = w(a) -Y 

where 

(19.7) UJ(a) = V + 2~a g 1 (a) 

or equivalently, to within quantities of the magnitude 
of t:. 2 , 

(19.8) .12 e. 
r +a,-g,(a). 
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~o. Since o,Jr resul t.s }-:ave '"::'ee:1 0'ttn.ir..ed by rr.etl~C'd:J 

w:1ic'~ :w.'.'C :r-.o prete!J.sion to rig0r, it is :1ecessary ;:.o 
ex: .m:!.ne cire·:·tl~i tl;e degree t'J w::ic11 theJ· s~~t.is!"y 01:r 
"":.;[,sic eq•!~.tion ( _. 3). We find ir:unediately 

( 20. 1 ) 

+ f';; ~;in n ( v t +cb ) i + 0 ( t 2 ) , 

where 0(€. 2 ) denotes;:.. quantity of the order of t 2 • B:· 

( 19. L): 

(20.2) 

Hence, finally 

(20.3) d 2 x + .12x dx 
Y + t f(x,-) 

dt 2 dt 

~n order words the approximate solution (19.4) satisfies 
the initial equation (6.3) to within a quantity of the 

2 order oft • More explicitly if f(x, x') possesses 
partial derivations of order two or more and if in 
addition the amplitudes are bounded, then 

where K is a constant which depends neither on t nor on t. 
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Under these conditions then (19.4) satisfies (G.}) to 
within quantities of the magnitude of t 2 end t~is 
uniforml-y in t for r~ll non-negative t. 

21. The question of the order of magnitude of 
the errors may also be treated in a different way. 
Namely we first make a change of variables in (6o3) and 
introduce new unknowns a,~. through the relations 

t ~f cos n~+~sin n~ 
x = a sin~ + ,,2 I -f0 (a)+L n 2 I 

Y n)1 n -1 
( 21 . 1 ) 

~ = aw(a) cos Ill + ~ l-f 1 (a) sinljJ 

+ L) !!..i_ (~cos nljJ - fnsin n~) I o 

n 1 n2_ 1 

After some simple computations it may be shown 
that these new variables satisfy the system 

(:>1o2) da E · 2 dt =- 2Y f 1 (a) + E X(a,ljJ,E) 

~ = w( a) + E 2Y( a, IJl, E ) , 

where X, Y are periodic functions of ~ (with period 
2rr), and regular with respect to E in the neighborhood 
of E = Oo Notice that (19o6) may be deduced from (21o2) 
by rejecting tl">"' terms 1n E 2 

0 

If we compare the refined approximation (19o4) with 
the earlier first approximation, we find that the latter 
merely represents the first harmonic in the Fourier 
series (19o4)o The other harmonics will be of the 
order of magnitude of E o 
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If we examine the stationary oscillations we find 
from (19.4) that they will be periodic with period 
~(~)• where a is the corresponding stationary amplitude. 
The corresponding frequency is: 

w (a) = v + 2~..., g 1 (a) • 

Since the relation between the frequency"and the 
amplitudes is through the medium of a term proportional 
to l, we may, if we continue to disregard terms in 
t 2, replace in w(a) the term in l by any other which 
differs from it only by some term in t 2 ; for instance, 
to within terms in t 2 we may write 

w(a) v + t ( 
2 :Jx g1 xma.x)' ,.. max 

or also 

22. We will now apply the preceeding results to 
some examples. 

(22.1) Example 1. Consider the differential 
equation for a conservative system: 

(22.2) 

where f(x) is an odd function. We then verify that in 
(19.5) only the~ terms remain. As a consequence the 
approximate solution (19.4) assumes the form 
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(22.)} X 

(22.4) 

(22.5} 

-t ~~(a) sin n(wt+e) 
c.. sin (wt+e) + L 

¥2 n)1 n 2-1 

( 
w = V+ 2 11a g 1 (a), 

w2 ~2+~g1(a), 

where a, e are arbitrary constants. 
As a special case suppose that we are dealing with 

o. 

Since f(x) = x 3 , we find 

and hence the refined first approximation will be 

ta3 
x = a sin (wt+e) - ~ sin (3wt+e), 

where 

(22.6) Example 2. Let the basic equation be the 
approximate equation (11.1) for the pendulum without 
friction. To reduce this relation to the form (22.2) 
we set 

(22.7) 
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u.nd ( 22.;), ( 22. J,) yield here 

x = n 

(22.8) 

w =\If (1 - ~:). 

The comparison with the classical series for "-he 
same quantities shows that we are just obtaining the 
first terms of their series. 

(22.9) Example ;. As our next example, we will 
take equation (2.2) for the oscillating shaft. We 
choose c(e) as in (11.5), and find as our basic solution 

(22.10) 

x = a sin (wt+e) + 4h 2_ sin n(wt+e) 
nk nodd n(n2-1) 

.I 2h 
v( 1 +-rrka). 

In the present case as it happens, it is not 
difficult to obtain the exact solution, and it is fow1d 
to be 

( 22. 1 1 ) X 

(22.12) 1 + 4h 
.ka 

In this case then the approximate solution may be 
obtained by replacing in the denominators 



;6 INTRODUCTION TO NON-LINEAE MECHANICS 

the rreqcency w by its approximation v. Moreover we 
see thc.t ( 22. 11 ) yields the accurate expression or the 
rirst two terms or the exact solution considered as a 
power series in~~· 

23. We will now consider the approximate solution 
(19.4) as applied to a dissipative oscillatory system 

( 23. 1 ) 

We have here 

(23.2) 

The ref' ore 

dx 
f'(x >dt • 

(23.3) r(a Sin T, a~ COST)= r (a Sin T) a~ COS T. 

Introduce the runction 

X 

(23.4) F(x) = Sf'(x)dx, 
0 

and rorm the Fourier series: 

(23.5) F(a cos ~) = ~F~(a) cos n~ 

By dif'rerentiating both sides of' (23.5) we obtain in 
combination with (23.4): 

ar(a cos ~) sin~= 2nF~(a) sin n~. 

If' we set ~ =T + f!, (23.3) yields: 

f'(a sin T, a" cosT)= -~,2"nF~ sin n(~t+~~) • 



III. REFINEMENT OF THE FIRST APPROXIMATION 37 

Hence (19.4) yields the approximate solution 

(23.6) x =a sin (~t+~) - ~~ -%-F~(a)sin n(!lt+~+¥), 
n -1 

where ~ is an ar'"oitrary phase constant. Here a satisfies 

da E * at=-2F1(a). 

In particular the stationary amplitudes are the roots of 

* F 1 (a) = o. 

If instead of ~ we introduce another constant phase 
e = ~ - ~· then (23.6) takes the form 

(23-7) x =a cos (wt+e) - ~~F~(a)sin n(wt+e) 

wherew= v. 
Let us apply the argument to van der Pol's equation 

(4.4). We have then 

2 x3 f(x) = x - 1, F(x) = ~- x, 

and hence 

F(a cos ~) 
a3cos 3~ 2 a 3 

3 - a cos ~ = a(~ - 1 )cos ~ + T2 

cos 3~. 

so that 

* a2 * a3 
F1 (a) = a(4- 1 ), F3(a) "'i2· 

(23.8) 
* for n =F 1, 3. Fn(a) = 0 
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Thus (23.7) becomes here 

(23.9) 
3 

x = a cos (t+e) - ta sin 3(t+e) 32 

where e is a11 arbitrary constant and a satisfies 

For the stationary oscillations u = 2, and hence 

(23.10) x = 2 cos (t+e) - \ sin 3(t+e). 

21,. Returning to ( 23.1 ) we notice that in the 
approximation uuder consideration, the frequency is v, 
that is to say the first term in the expansion of the 
frequency in powers of~. The seccnd term, the term 
in ~. is o in this case. We will now show how to calcu­
late for stationary oscillations the term .in c2 by 
means of (23.7). 

We first observe that since a stationary o;:~ci~lt­
tion is periodic with a certain period T, we may expand 
the exact solution x in a Fourier series: 

( 24.1 ) x = a cos (w t+e )+.2::"" ~cos n(wt+e )+Bnsin n(wt+e), 
n)1 

where a is the amplitude, e the phase of the first 
harmonic and w = ~n. On the other hand (23.1) yields: 

T d2 
~ ( ~X + V2x2 + f. f(X )Xdx )dt 0, 
0 dt dt 

Since x is periodic we have identically 
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T 2 T 
~(dx) dt, ~f(x)xdx 0. 
0 dt 0 

Hence 

(2il.2) 
T 2 

~(~) dt 
0 

Substituting (24,1) into (24.2) we obtain 

w2 (a2 + ~ n2(~ + B2 ) = v2 (a2 + ~ (~ + B~), 
n)1 n ~1 

and hence 

(~) 
2 ~2 + ~ (A2 + B2) 

~ ·n n 

By comparison of (23.7) with (24,1) we see that approxi­
mately 

~-. = 

We have, therefore, the following express! .:m 

frequency of the stationary oscillations: 
l2 ~ * 2 

1 + 22L <+ Fl_(a)) 
"V a n)1 n -1 • 2 

for the 

(24.4) ( ~) 
t 2 ~ 2 n * 2 ' 

+ 22 L.n (-2- Fn(a)) v a n)1 n -1 

It is not difficult to see that (24.4) will hold in 
any case to within terms of order t.3, Neglecting 
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therefore in (24.4) terms in c4 we obtain the simpler 
expression 

or finally: 

(24.6) 

Let us 
(4.4). The 
and so from 

Hence 

2 
(~) 

apply this formula to van der ?ol's equation 
stationary oscillations correspond to a = 2 

( 2 3.8) there follows: 

F3*(a) = a 3 _ 2. F*( ) 
12- 3• n a 

(2 
W· = 1 - lb 0 

o, n;f3. 

IV. QQNSTRUCTro 
N QF THE HIGHER APPROXIMATIONS 

25. In the Prec di 
to improve the first e ng chapter we indicated a way 
sideration th h approximation by taking into con-

e igher ha 
the basic equation 6 ~onics, and we have shown that 
in t 2 • Moreover fo~ •3 ) was satisfied to within terms 
gave a method~ equations of the form (23.1) we 

J. or camp ting 
frequencies to With u approximately the stationary 
methods for form:tng 1n te~s in f. 3• We shall now cons:tder 

to stationary oscill:~Proximate solutions corresponding 
ions Which satisfy (6.3) to within 
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terms in any given power of c. Once and for all we 
will assume that the functions entering in (6.3) have 
all the required derivatives and that the amplitudes 
under considerntion are bounded. 

Whenever we ~tate that an expression satisfies the 
differential equation to within tei"'Js of c m, we will 
always understand thereby that the error is of order 
Em uniformly in t for all non-negative t. 

26. Consider first the conse1·ve.tive system 

( 26. 1 ) d2x 2 - 2 + Y x + tf(x) = o. 
dt 

In this case clearly an "arbitrary" oscillation will be 
stationary. Referring to (22.~) the refined first 
approximation will be 

(26.2) X 

~ ~sin n(wt+e) +~cos n(wt+e) 
+ 2 

1 n - 1 

where a, e are arbitrary constanb, and ~, ~ are the 
Fourier coefficients in the expansion 

(26.3) f(a sin T) = I(~sin nT + ~cos nT). 

Moreover here 

(26.4) 
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We will modify (26.2) so as to express it in terms 
of the coefficients of the Fourier expansion 

(26.5) f(a cos T) = ~fn(a) cos nT. 

For this purpose replace in (26.3)T(VT+ ~· thus 
obtaining 

f(a cos T) =L(Sn sin n( T + ~) +~cos n( T + ~)). 

The identification with (26.5) yields 

(26.6) IZ = fn sin nrr h f o n~ 
"-''l 2' -"11. = n c s 2 · 

Substituting these expressions in (26.2) we find: 

E l L fncos n (wt+e - ~)~ x = a sin (wt+e) + _,2 -f0 + n)1 ......:.::'---2:=-------=-
" n - 1 

and hence replacing e by the new arbitrary ~ = e - ~. 
we have: 

t t ~fncos n(wt+~) ( 26. 7) x = a cos (wt+~) + - 2 -f0 + n ,---==---::2,....--------1-
v n - 1 

This expression is more convenient than (26.2) in that 
it contains only cosine terms. 

In view of (26.6), formula (26.4) becomes here 

(26.8) W 2 = .12 r,(a) 
Y +E--a- • 
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27. The expressions ( 26.7), (26. 8) suggest the 
following method for obtaining approximations of any 
order. Represent the solution of (26.1) in the form 
x = z(T), where T = wt + cb, with d> an arbitrary con­
stant and z(T) a periodic function ofT with period 
2rr. Notice that x = z(T) will satisfy (26.1) if, and 
only if Z(T) satisfies the equation 

( 27.1 ) o. 

We will endeavor to obtain a solution of (27.1) 
such that we have expansions 

('27.2) 
w2 = Ql. +a.f. 

0 1 
+ • • • 

where the coefficients are to be determined by substi­
tuting in ( 27. 1 ) and annulling the powers of e.. Fur­
thermore this is to be done in such a way that the zn 
are periodic in T with period 2rr. 

We thus obtain the following recursive relations: 

(27-3) 

. . . . . . . . . . . . . . . . 
2 

d zn+1 2 
a. --2 + ~ zn+ 1 . = F< zo • ••• I zn) 

0 dr 

where F(z01 z1 •••• 1 zn> is a polynomial 1n 
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z 1 ' . • . zn. 
Suppose that z0 , z1 , •••• , zk satisfy the 

first k + 1 relations of the system. Then clearly 

(27.4) k x = z0 + E. z 1 + • . • + E. zk 

wheroe 

(27.5) 2 k 
W = ~ + t a., + o • • + E_ ~ 1 

will satisfy our initial equation (26.1) to within 
terms of order t k+ 1 • Thus x may be considered as 
the required approximation to this order. 

The successive determinations of the coefficients 
zn, CLn contain arbitrary elements which we will utilize 
to remove the secular terms in the solution. Take 
first, 

(27.6) 2 z0 = a cos T, ~0 = v , 

as the solution of the first equation (27.3). The 
second equation yields then 

d 2 z 
(27.7) ~2(~ + z1 ) = -f(a cosT)+ o.1a cosT. 

dT 

Hence in view of (26.5) we have: 

To avoid secular terms there must be no terms in cos T 

at the right and so we must have 

(27.9) 
f 1 (a) o:, =--a-
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From this follows for the solution of (27.8): 

( 27., 0) 

In the same w~y &nd by an evident induction one may 
obtain every zn and avoid step by step the presence of 
secular terms; the details may be left to the reader. 

28. · As an application take the equation 

( 28. 1 ) 

We find here 

(28.2) 

(28.3) ZO = a COS T 1 01.1 = 1. 

In view of (28.3) the first relation (28.2) becomes 

2 3 a 3 
(a1a - 4 a ) cos T - ~ cos 3T. 

Therefore 

(28.4) 

From this follows by the regular application of the 
method: 
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4 .. 3a .., -;>1 
128' "-2 = -,-:.)~:.i.: :; .· ·~:- 3 ~T 

.. 
["•"'"' 

+ ~ COS 5T 1 

and fil"'..ally to within terms in t 5 

ta3 (1 -t~) J.. (28.6) x = a cos (wt+4>) + ~ 32 cos 3(wt+~) 

2 a5 
+ t 1(5'24 cos 5(wt+4>), 

where a, 4> are arbitrary constants and w is given by 

The same method may be applied in an obvious way to 

(28.8) d2x 2 2 + v x + tf(x) + t f 1 (x) + •.• 
dt2 o. 

29. Consider again the system (26.1) with f(x) a 
power series in x: 

( 29. 1 ) 

Here there is no small parameter t. However if-we 
merely wish to consider small oscillations then clearly 
f(x) will be small with respect to v 2 and furthermore it 
consists of a series of terms of increasing orders of 
small magnitude. This justifies to a certain extent 
the following procedure. Replace (26.1) by 

(29.2) + • • • = 0 
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where we wiJ.l consider p ·,s :., sm:..:.ll p:•.r:~!"!JC~.e:-. '1':·:: s 

equ::;.tion is now solved ~,s i'efcre :_,s ~: power st:,r:!.es i;·_ 

p , after w:-:idl the pcmr;.meter p is m~~de eq~;:,l tc. :.'"'.:!. ~::-;, 

tht:s yieldi:1g :_a ::.ppreximr.!.te sol::tion. 
We will now cor.sider ~-n~logm:s :nethods i 'Jr :·. 

gener~~l non-conservr:.tive system ( u. 3). We first :n.odify 
our relations (19.4), (19.5), (19.6) for the refined 

first approximation by setting vt+d> = ~+~ and thc:s 

obtaining: 

(29.3) X 

(29.4) da l G (") Q£ ( ) dt = 2!1 1 c.o. ' dt = w a ' 

(29.5) 
t 

w(a) = !> + 2 .,~a F 1 (a), 

where Fn• Gn are the Fourier coefficients in the 

expansion: 

For the stationary oscillations we have 

(29-7) G1 (a) = o, 

(29.8) ljl = w(a)t+d>, 

where d> is an arbitrary constant. Thus (29.3) n~y be 

written more explicitly as 
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(29.9) x =~cos (w(~)t + ~) + :2 1-F0 (~) 

F cos n(w(a)t + ~) + Gn sin n(w(a)t + ~) 
n I • 

n 2 - 1 

For conservative systems as we have seen G1 (a) is 
identic:::.lly o end hence the :::.pproximate solution (29.9) 
contains the two arbitrary constants a, cl>. We will now 
consider a c~se where G 1 (~) is not identically o in any 
interv~l of the variable a. Assume th~t G1 (a) has only 
simple roots, so th~t if for a cert~in a: G1 (a) = o, 
then the corresponding G'(a)#o. Referring to (29.7), 
(29.9) we see_that to every ~oat of G1 (a) there corres­
ponds a certain stationary regime, and that for this 

I 

regime the expression (29.7) depends upon the single 
arbitrary constant cl>. 

30. We will now take up the higher approximations 
for non-conservative systems and in the m~in use the ... 
same methods as for conserv~tive systems. Write down 
the solution of (6.3) corresponding to stationary oscil­
lations in the form 

(30.1) x = z(wt + c1>) 

where cl> is an arbitrary constant, w the frequency, and 
Z(T) a periodic function with the period 2~. 

We first observe that Z(T) must satisfy the 
differential equation 

(30.2) 

We now endeavor to obtain z(T) and was power series in 
t: 
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J z(-r) = z0 (-r) + tz 1 (T) + 

1 w = wo + t w, + • • • • J 

where zn is a periodic function with the period 2~ 
Proceeding as before by substitution in (30.2) we obtain 
:::. recursive system 

d2z 
o~2z __ o_ 

+ 0 
dT2 0 

(30.4 2 
v2z 

dz0 d2z 
2 d z, -f( zowo 2w0w1 

0 

wod? 
+ 1 dT -

dT 2 

where at the right in the nth equation there are only 
and their derivatives as well 
The first equation is 

terms in zo• J zn-1 
as in wo• . . . . • wn-1 • 
solved as 

(30.5) z0 = a cos T, w0 v, 

where a is as yet an indeterminate constant. Substi­
tuting in the second relation (30.4) there comes: 

+ 2 V"1 a COS T • 

To avoid secular terms we must have 

G1 (a) 
F1 (a) 

=---
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which determine a and w 1 • This solves (;o.6) as 

(;o.B) z, = a, COS T 1 I-F0 (a) + 1)2 

+L Fn cos nT + Gn sin nT 

n)l n2 -

where a 1 is an indeterminate constant. Notice in 
particular that in contrast to conservative systems, 
z1 is not fully determined at the first step. For the 
amplitude a 1 of the first harmonic will be determined 
by the condition that z2 be free from secular terms. 

As a consequence of G{(a)~o and the other assump­
tion made regarding G1 (a) the process ~Y be continued 
indefinitely. 

;1. It is to be observed that in the method just 
exposed an and wn+l are determined at the same step. 
In other words, w 1 is determined at the same time n+ 
as the function zn(T). For this reason the joint 
determinations should be for 

(31.1) 
W= N+l v + • • • . • . + t wN+l 

that is to say with x up to the order tN and w to the 
order tN+l. For instance if N = o then 

x = a cos (wt + ~). 

W= G1 (a) 0 

which is ou~ first approximation, obtained previously b~ 
the averaging principle. For N ... 1 we have 
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( 31 • 2) 
+ IFn(a) cos n(wt+d>) + Gn(a) sin n(wt+d>) I 

n)1 n 2 - 1 

By and large, the results are the same as before 
as far as the first step of approximation goes, except 
that they are now obtained systematically and not by 
some special device. 

32. We will now consider the same questions not 
merely for stationary oscillations but also for the. 
general case, that is to say, for oscillations which 
need not be stationary. 

The form of the refined first approximation sug­
gests looking for a solution of (6.3) of the form 

( 32. 1 ) x = :z(ljl, a), 

where :z(~,a) is a periodic function of ljl with period 
21t, and where 

(32.2) da M dt = A(a), dt = w(a). 

By differentiating and substituting in (6.3) we obtain 

It is clear that if we find :z, A, w, satisfying (32.3) 
to within any particular order of magnitude in t then 
(32.1 ), provided that (32.2) holds, will satisfy (6.3) 
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to within the same order. To find the required expres­
sionsof z, A, w, we will set 

z ( ojl, [:.) 

(32.4) A(.:.•.) 

w < [!. > = ~ + t:. n, < ~ > + • • • • • 

where we assume zn ( 1jl,.::!.) periodic in ojl with the period 
2n. These expressions .::!.re substituted in (32.3) and 
yield the system: 

~22 
0 

d'!J2 + zo = 0 

. . . . . . . . . . . . . 
The first is solved ~s 

(32.6) z0 = a cos +. 

Ve could equally start with any other solution, for 
instance z0 = a sin '!J, but this would h.ot introduce any 
essential change anywhere. Substituting then in the 
second equation of (32.5) we obtain: 

J2z 
( 32.7) ( d ojl ~ + z 1 ) v2 = 2 v(fl, a cos + + A1 sin ~ ) 

- L<Fn cos n+ + Gn sin nljl). 
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To avoid secular terms, we must have 

(}2.8) 

and the resulting equation for z1 is solved as: 

The process continues in the obvious way. We thus 
obtain in succession 

. ' 

up to any index n. For instance if we have re~ched the 
value n = N, then we obtain a solution to within the 
order tN+r of the form 

where a, ljl, sat·isfy 

da t 2 dt = 27G1(a) + t A2 (a) + • 

(32.11) 
~ = v+ 2~aF 1 (a) + t~(a) + 

Thus for N ~ 1 we obtain precisely the formulas for the 
refined first approximation. 

33. Referring pow to the first equation (32.11) we 
see that the stationary amplitudes are given to within 
order tN+ 1 by the solutions of the equation: 

(33 .1 ) o. 
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Let a 0 be a root of G1 (a). Under our assumptions 
it is not a double root, and so (33.1) may be solved 
in the form 

In the first approximation we will have 

a, -2~A2 (a0 ) 

G](a0 ) 

I 

The stationary regime under consideration will be stable 
if 

and unstable otherwise. Since clearly the left hand 
side is 

the question of stability for t small enough will depend 
upon the sign of G{(a0 ), that is to say we obtain the 
same criterion as for the first approximation. 

Observe also that the equations for the Nth 
approximation like those of the first, show that the 
amplitude a will increase or decrease monotonely ap­
proaching from above or from below the nearest stationary 
amplitude according to the sign of ~ for t = o. 

In general, one must emphasize the fact that, 
except for certain singular cases, the relations for the 
first approximation provide the same qualitative indi­
cations for the starting of self-oscillations as the 
higher approximations. Generally speaking, the higher 



V. LINEARIZATION 55 

approxim~tions provide quantitative rather than new 
qualitative information. In view of this and of the 
difficulty of computing the higher approximation, it is 
usually quite sufficient to obtain the first approxim­
ation. 

V. LINEARIZATION 

;4. In the present chapter, we will first of all 
endeavor to obtain suitable interpretations for the 
equ.:1tions of the first approximation. We begin by 
writing the basic differential equation in the form 

(;4.1) 
d 2x dx m- + kx + t:.f(x,-) 
dt 2 dt 

o, 

where m, k, are positive. This system has two well 
known interpretations, the one mechanical, the other 

electrical. 
We have obtained as the first approximation a 

solution 

(34. 2) X a cos 4J, 

where a, ~ satisfy 

(34.;) 

2ft 

da - _t_ r f(a cos ¢>, -av sin ¢>) sin ¢> d¢> dE - 2trtlm J 
0 

.9£ dt = w(a) 
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2Tt 
oJ 2 + _E_ 5 f( a. cos 4>, -a.,1 sin I!>) nma. 0 

cos 4> deb. 

It is to be kept in mind also that the first approxim­
c.tion (34.2) represents the fund~entel harmonic in the 
expression of the refined first a.pproxim~tion (see for 
inst~nce formula (29.3»which satisfy (34.1) to within 
order t 2• 

Let us introduce the functions of the amplitude 
k(::!.), A(a) defined by 

21T 
(34.5) A= n;~ 5 f(a. cos cb, -a~ sin cb) sin cb d4> 

0 

t 211" 
(34.6) k = k +~aS f(a cos 4>, -a~ sincb) cos cb deb. 

0 

In terms of these quantities theequations (34.3) for the 
first approximation take the form 

(34.7) 

da 1\ 
dt = - iii a, 

As a consequence, we obtain by a direct if lengthy 
computation: 

We may then say that the first approximation (34.2) 
under consideration satisfies to within the order t 2 
the linFar equation 
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(34.8) o. 

In short in the first C!pproxima.tion the oscill<:;.tions 
of the non-linear system under consideration ~·.re equiv­
alent to those of a linP.ar system with a dissipation 
coefficient II and ~ spring const[;nt k. The :-·.pproxim:..­
tion is to the order t 2 , that is to s~y neglebting 
qu.:.:.ntities of the s~.me order as when we formed t!1e 
first f~pproximetion. For this re.o.son we will call X 
the eqeivalent dissip~.tion coefficient, and k the equiv­
~lent spring const~nt. The line~r system (34.8) will 
also be said to be equiv~~lent to the .:1ssigned system. 
From the comparison of (34.8) with the given eqwJ.tion 
(34.1) we see th~t the former ~rises from the non-linecr 
system by repl~.cing the non-linear term or restoring 
force of the mechwical analogy 

by the linear term 

(34.10) 

where k 1 k - k. 

dx 
F = t f(x, dt) 

-dx 
F 1 = k 1 X + II dt , 

II Let us remark also that 6 = 2m is the dissipation-
decrement in the equivalent linear circuit, and w=~ 
the proper period of its oscillations, to'within the 

order of t 2 • 
35. We may conclude then that the equations (34.7) 

of the first approximation may be derived as follows: 
Linearize the system by substituting for the restoring 
F of (34.9) the restoring force F1 of (34.10) where A, 
k 1 are defined by: 
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21f 

( 3=.. 1 ) A = - t ) i(<l cc s t' -:·.v s:i.n d:) S:i.ll ct d<t m·v ,. 

2tr 

(3~.2) 
,_ !':.... ) : (.:t C'.~S .+ \ -.·~v sin If;) cos 0 d¢. ,_, 

TT ·' 
- I 1 

~. 

TJ-:e eq;•.:-:.ti"':",s ::;r 6, w l3 der:cnded ":·y 1:;. linear 
sys':e:n are 

d·· .1.!k - w dt = -6 :1• dt -

a:"ld they ... re p::-ecisely t!1ose 0f the first r.pproximo.tion. 

The fcm.r.] process j·.:st described will be referred 
to .:..s :l:e principle of line;;..riz<~tion. 

3t·. '!{nat is the physical significance of linec.r­

in.tion? To c.nswer the question we will have to h&ve re­
cm·rse tv -·n electricLl system. 

We first rccc.ll cert:;dn concepts familiar in 
electric~l engineerir~. Let 

( 36. 1 ) e(t) = E cos wt, i(t) = I cos (wt - ~) 

'.:•e u harmonic voltage and harmonic c~trrent in a given 
c ircvit. The angle e<- is the phase-lag of i ( t ) , and 

cos at. is the power-factor of the system. The complex 
representatives of e, i are 

Denoting temporarily by x the conjugate of any quantity 
x, if T = ~n is the period of the oscillations, then 

T 

~Se( t ' r ( t )dt 
6 

p -J·p a r 
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P~.' ~:.:: !~.c:.:. power :Jf t::e system, ( ::-:e .s· :!"eC: -.,., ,, . 
r.:ifL-ct.ivc r:c·wer) is 'c:owr. :,s t::c :.-cctive pr;wer .... :;c Fr. 
:.s :::e !"e.:.c:ive p·.~wer. 'ft.: r.lsc) :::.•:e 

T 
p ;f t e(:.)i(t)ct 

( 3- • :. ) T 
1 r T T J e(:)i(: - 4 ). 

:'· 

T~ese J· s~ ex}1ressions l!l:...:.- ser•!e tc- defir.e P __ , .?r fr:·!" 

:.n:: pe:rir:dic e, i. 

Now (3< •• 1) rep::-oesents t:1e motion of c. p~·.rticle 
sd·~ected ~c the for:·c -kx-lf. Jl.sst:Il11ng the motion 
i1 . rr:-~.-,r.ic :,nd o!' peri0d T, the me:Lll power consumed cr 

:.c-::i"Je pcwer wil~ :-:>e 

T 

( 3• • 5) P8 = + ~ (kx+lf(x, x'Jx'dt 

By an obvious c,nc:.logy we m::;.y introdt:ce here ulso ::;. 

reactive power 

T 

T ~ (kx+lF(x, x'))x'(t- t)dt. 
0 

If we impose upon the linear system (34.8) the condition 

that its active and reactive powers be Pa, Pr·' to within 
terms in c2 , we obt~in precisely the values given by 

(35-1 ),(35-2). 
37. Another physical interpretation may also be 

obtained quite directly as follows. Substitute the 

harmonic oscillation x = a cos (vt+e) in the relations 

(34.9), (34.10). For this harmonic oscillation the 
equivalent linear force F 1 will be likewise harmonic 

with frequency v. Let cb 1 , I 1 denote the phase and 
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F1 = I 1 cos (Vt+dl 1 ). 

The :--.G:-:- ::.~~~ar force will '.:le periodic but with various 
h~I"!llo:-:ics whose freq·:encies will be multiples of v. 
Let :;,e fl:!ldA;·:en~::d. ;,armonic be I cos (Vt+cb). If we 
eq•.J·.,_:e t!1e :"-!"npl itude :illd phase of F 1 ~nd of this funda­
mental h:::.rmcn:!.c: 

r 1 = I, cb 1 = dl 

then we o~tilin relations which yield again (35.1 ), 
(35.2). In point of fact in exp~ded form the lineilr 
force will be 

while the fundamental harmonic of the non-linear force 
is 

21t' 

!~ ~ f(.a cos T, -aj} sin T) cosT dT I cos (Vt+e) 
0 

2fT 

+ !~ ~ f(a cos T, -av sin T) sinT dT! sin (vt+e). 
0 

If we equate the two it is but a step to (35.1 ), (35.2). 
The process just described for obtaining k, A will be 
referred to as the principle of harmonic balance. There 
is no difficulty in showing that it is in fact equivalent 
to the first procedure for deriving (35.1 ),(35.2). 

It is important to observe that there is no reason 
whatever to derive the differential equation for the 
oscillations before linearizing the system. Indeed, in 
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m.:>.ny c.:!.ses (especially for more or less complic;:..ted 
oscillatory systems) it m::.y ~ctu:=.lly be more ccnveniem; 
to dispense with the formation of the differenti::..J. 
equ::..tion, or to form it only afterw.::rds 3.11.d to line;::.rize 
the system directly from the d~ta. The b~sic fact is 
th.::t we are de.s.ling with systems which do not differ 
too much from harmonic systems. 

38 .. We will now consider a few examples. 
(38.1) Exampl& 1. Suppose that we have a particle 

subjected to a non-linear spring whose effect is de­
scribed by F = f(x). Then for a harmonic oscillation 
x = a cos (Jt+e) the fundamental harmonic in F will be 

211" 

I~ S f(a cos T) cosT dTI cos (vt+e). 
0 

Therefore by the principle of harmonic balance we may 
replace the non-linear spring by a linear spring whose 
spring constant is 

2rt 

k(a) = --1 ) f(a cos ~) cos ~ d~ • na 0 

(38.2) Example 2. Consider a circuit with an 
iron core and let ~~ i be the flux and current with 

~ = f(i) 

as the relation between them. If the current is har­
monic: 

(38.4) i = a cos (vt+e), 

then the fundamental harmonic of the flux will be 
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21t 

jl l f(a cos~) cos~ d~t cos (~t+e). TT 
0 

Therefore, by the principle of h&rmonic balance we m.:::.y 
replace (38.3) by the equivalent linear rel~tion 
~ = Lei where 

21t 

Le =~a~ f(a cos~) cos~ d~. 
0 

By analogy with linear circuits, we will call Le the 
equivalent coefficient of self-induction. 

(38.5) Exemple 3. Suppose that we have~ elec­
trical series circuit with the same inductor as in the 
preceding exc::.mple and in addition ~ linear inductor 
with self-induction coefficient L and a capacity C. 
By linearization we obtain an equivalent system with 
coefficient of self-induction L + L and cap~city C. 

e 
Therefore the frequency is approximately 

w= 

(38.6) Example 4. Consider an electrical circuit 
with a non-linear element N and characteristic relation 
e = -F(i). If the current .is again given by (38.4) 
then the fundamental harmonic of the voltage will be 

21l" 

(38.7) I -~a S F(a cos ~) cos ~ d~ I cos (vt+e), 
0 

and so the non-linear element N may be replaced by a 
linear element with characteri~tic relation 
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(;8.S) e 
2TT 

~ F(a cos ~) cos ~ dm. 
0 

This asswnes, of course, th.:...t the circuit is such th.::tt 
the oscilL,tions :..:re ne.:..rly harmonic. 

If Re is positive then the circuit acts as ~ 
ohmic res is t.:..nce .:...r:c ~.bsor~~s me:::.n power to the a.motL"'lt 
of 

R ~2 
e'" 

2 

If on the contrary Re is neg~tive then the circuit 
generates power to the s~e amount in ~bsolute value. 
The system is then said to have the char.::tcteristic of 
e. generator. 

VI. APPLICATION OF SYMBOLIC METHODS TO LINEARIZATION 

39. Let us introduce the linear operator j whose 
domain are the sines and cosines, and which is defined 
by 

j sin wt = cos wt, j cos wt - sin wt 

so that in particular 

·2 J = -1 0 

It is a consequence of (39.1) that.j has the char.:l.cter­
istic values +i (i =~)and related char.::tcteristic 
functions eiwt, e-iwt. Moreover if ~(z) is a function 
of the complex variable z and ~(i) = A+iB, A and B real, 
then ~(j) = A+jB. Furthermore if A+iB =rei~ then 
!)1( j) = rej~. We also have 
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( 39.2) <} ( j) • a cos (w t+dl) = ra . cos (wt+dl+a.) 

(39.3) a cos (wt+dl) = ej~ . a cos wt 

whose effect is obvious. If f(t) is harmonic and of 
period ~ then 

~tt) = wjf(t) 

or in operator form 

(39.4) d . • 1 d at = WJ 1 J = iij at • 

4o. Consider now a linear conductor to whose 
terminals is applied a harmonic (sinusoidal) voltage of 
frequency w. Kirchoff's law will yield a linear differ­
ential equation with constant coefficients for the 
current i(t). In view of (39.4) if there is a harmonic 
solution then it will satisfy a relation 

( 40. 1 ) Z(jw)i = -e. 

The operator Z(jw) is known as the impedance of the 
conductor. Notice that we h~ve for the complex current 
and voltage 1, e: 

z( jw)i' = -e. 

It is often convenient to introduce also the inverse 
operator 

(40.2) A(jw) = zdw) 

known as the admittance of the conductor. More generally 
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let .L be a network with two terminals and let e, i have 
the same meaning. Kirchoff's laws yield then the 
similar relations and soL has an impedance and an 
admittance. 

As a simple example if an inductor L,a capacity 
C,and a resistance Rare connected in series,the 
impedance is 

(40.~) Z = Ljw + R + 1 
CJW 

while H they are in parallel the admittance is 

(40.4) A= 1 1 + Cjw. Ljw + R 

The concepts of admittance and impedance which 
proved so important in the theory of alternating cur­
rents have been extended in recent years to other 
branches of physics notably to mechanical and acoustical 

systems. 
Consider for instance the motion of a particle 

governed by the equation 

(40.5) 
d 2x dx m dt + A at + kx = f( t), 

or with the velocity v 
dx dt as unknown. by an equation 

(40.6) 

t 

m dv + Av + k S vdt = f ( t). dt 

consider on the other hand an electrical circuit gov­
erned by the relation 

t 

( 40.7) L ~~ + Ri + ~ ~ idt = e 
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where L, R, C, e, have the usual interpretation. In 
view of the complete formal identity between the two 
differential equations (40.6), (40.7) one may, with 
Pierre Curie (see his "'forks", p. 164, 1891 ) establish 
the following ~nalogies: 

Mechanical Oscillations 

Displacement x 
Velocity v 
Force f 
Mass m 
Friction Coefficient A 
Spring Constant k 

Electrical Oscillations 

Electrical Charge q 
Current i 
Voltage e 
Self-induction L 
Resistance R 
Inverse of the Capacity C 

This is in the m~in the electrical-mechanical analogy 
utilized in modern ~caustics. 

In connection with mechanic~l systems, one has 
frequent occasion to consider rotating systems. The 
basic differenti~l equation for the po3sible oscillations 
of such a system with one degree of freedom will be of 
the form 

(40.8) J d2e + n de rce 
dt2 dt 

M. 

It will be seen that it is obtained from (40.5) if 
x is replaced by the angular variable e, the velocity by 
the angular velocity, the force f by the torque M, the 
mass by the moment of inertia J, the friction coeffi­
cient A by the friction moment referred to the unit of 
velocity n, and finally the spring constant by the 
coefficient of hardness c. We thus have the following 
analogy between rotating mechanical systems and 
electrical systems: 
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Rotating Oscillations 

Angular Displ::.:.cement e 
Angular Velocity ~~ 
Torque M 
Moment of Inertia J 

Brake-torque n 
Hardness c 

Elec~I'ical Oscillations 

Electric~l Charge q 
Cur!·ent i 
Volt:...ge e 
Self-induction L 
Resist;.;nce R 
Inverse Capacity ~ 

Consider now the h~rmonic oscill~tions of these various 
systems. 

For the 8lectrical system (40.7) we have 

(40.9) e = Zi, Z = Ljw + R + cjw 

On the other h~d by the oper~tio~l method applied to 
( 40.0) we obtc..in 

(40.10) f = zv, z k 
mjw + 11 + jw 

By analogy we introduce the mechanical impedance z and 
in association with it the mechanical admittance y = ~· 

41. Consider a linear electrical network without 
impressed voltages 1 If we examine the possible exist­
ence of harmonic self-oscillations of a given frequency 
w, Kirchoff 1 s laws yield a linear homogeneous algebraic 
system of equations with a determinant A(jw) rational 
in jw. A necessary condition will then be 

(41.1) A(jw) = 0. 

The roots of (41.1) will specify the acceptable fre­

quencies. 
X41 .2) Example 1. The net L consists of a single 
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closed circuit with characters L, R, C. Then (41 .1) 
becomes 

(41 .3) 1 
Z(jw) = Ljw + R + jwC = O, 

which is equivalent to 

(41.4) R = o, w = - 1-
\fiE 

Thus harmonic self-oscillation is only possible when 
the resistance R = o, and then w h~s the v~lue indi­
cated. These are, of course, well known facts. 

( 41 • 5) Example 2. Let the net ~ have two term­
inals and let there be impressed a harmonic voltage 

e = E cos (wt+a.) 

at the terminals. The corresponding complex voltage is 

~d so the complex current i is defined by 

If we have Z( jw) 

(41 .6) 

and hence 

Z( jw)l' = e. 

IZ(jw)J ej0 then we find 

-.+ Eej (wt+a.-~) 
f ==----

IZ(jw)l 

( 41 • 7) lEI i = I cos (wt+o.-~), I= IZ(jw)l • 
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One recognizes here the well known relations of alter­
nating current theory. 

( 41.8} Example 3. 2: consists of two circuits with 
characters (L, R, C), (L1, R, C } and coefficient of 

_,..1 1 
mutual induction M. If T, 1 1 are the(cornplex} currents 
then Kirchoff's laws Yield 

(41.9} 
(Ljw + cjuJi - Mjuif1 = o, 

(L 'w 1 )-i M'..,.. 1J + C1jw 1 - JWf = 0, 

and so 

(41.10) A(jw) o. 

Setting 

(41.11) 

the roots w~, w~ of ( 41.1 O) (considered as a quad1•atic 
in tff) are given by 

w ~~ -~-2_+_~_~ __ +_~ __ ' "_· 2---~_1--::::-) 2_+_4_q_2_~_2_~f 
w 2 2(1 - q2 ) 

1 

(41.12) 

2" provided that q f 1 • The admissable frequencies will 
be w1 , w2 if they are real. 

42. By combining the preceding developments with 
linearization, their range of application may profitably 
be extended to nets with non-linear elements, as we 
shall now show. 

Returning to the first example the system may under­
go an oscillation of the form 
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( 42. 1 ) i = Ae-dt cos (wt+ID), 

where 

(42.2) d = :L' w = ~ v1 - R:~ . 
Assuming now R small ~d considering ~L ~s of the 

first order of smallness we will h~ve as ~ first approx-
1 

im2.tion w = r:;-;::;- and thus nearly harmonic oscill.:...tions 
\1LC 

of frequency w. To neutralize dissipation let us in-
sert in the circuit a non-linear element N with char­
acteristic e = -F( i), such that the "instantaneous" 
resistance F'(i) is of the order of Rand not ~lways 
positive in the range under consider~tion. Referring 
to (38.8) we replace N by an equivalent linear element 
with cha.racterirotic e = -Rei, where 

2TT 
(42.3) Re =~a~ F(a cos ~)cos$ d~ 

2tr a 

= # ~ F'(a cos ~)sin2 ~ d$ 
0 

where a is the amplitude of i. Clearly Re is of the 
SRme order as F'(i) and hence of the same order as R. 
The equivalent linear system is a circuit with char­
acteristics (L, R+Re, C) and so this time as in (41 .2): 

(42.4) 1 
Lw- wC = o, R + Re o. 

A stationary oscillation i = a cos (wt+e) will be de­
termined in the first approximation by 
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Its occurrence is cle.::.rly impossible •mless Re(a) is 
not "'-lw.::~ys positive 1 i. e. 1 unless F(;!..) he:.s "falling" 
po.rts. 

Conslder more generally a. line~cr ::1.et L with im­
pedc.nce Z( jw) s~1ort-circuited on the Sd.llle non-linear 
element N ;.:.s .=:.buiTe. This t:!.me line[:.riz: .. tion yields 

o. 

Hence if Z( jw) = X( w) + ~Y( w) we will h~•ve for n sta­
tlon~ry oscill~ticn i ~ ccs (wt+e): 

(42.7) 

(42.8) 

Y( w) = 0 

R (a) = -X(w). e 

The first relation determines w~ und then the second 
the ._mplitude L:. 

If' the ch~r~cteristic of' the non-linea.r element N 
were of' the form i = f'(e) we would proceed simil~rly 

with impedance repla.ced by ~dmittance 1 and resistance 

by conductance. 
43. The operator method duly generalized may be 

applied to non-stationary oscillations. Generally 
speaking in a linear system a non-stationary oscillation 
is of' the exponential-harmonic type: 

x = Ae- 6t cos (wt+~). 

It satisfies the relation 

~it)= (-6+jw)f'(t). 

Hence all our arguments may be extended to exponential-



72 INTRODUCTION TO NON-LINEAR MECHANICS 

harmonic oscillations provided th~t jw is repl~ced 
everywhere by the oper~tor p = -6+jw. For example if 
a network has for characteristic equ~tion (41 .1) then 
its non-stationary (understood exponential-harmonic) 
oscillations are governed by 

(43.3) ~(p) = o. 

Thus for the same network~as before with non-linear 
element N we will have 

(43.4) Z(p) + Re(a) = o, p = -d+jw. 

Having determined by this relation 6 and w as functions 
of a, the elements of (43.1) will be given by the equa­
tions of the first approximation 

(43.5) da d~ 
dt = -6a, dt = w, ~ = wt+~. 

For in the first approximation the solution assumes the 
form (43.1) with a= Ae-dt, ~ = wt+~ and this implies 
(43.5). 

Suppose 1n particular that~consists merely of the 
series circuit (L, R, C). Then Z(p) = Lp+R+~p and 
(43.4) reads 

Hence here 

d(a) 

There will be self-excitation 1n the system if (43.1) 

does not die down when a is nea1 zero, i. e. if 6(o)(o 
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or if Re(o)(R*, R* = -R. Thus R* (here -R) is a critical 
equivalent resistance for N such that below it the system 
is self-oscillatory, above it is not. 

VII. MULTIPLY PERIODIC SYSTEMS 

44. up to the present the oscillations under con­
sideration have been taken so to speak one at a time. 
If the system is linear and several frequencies are 
admissible, say if the characteristic equation (41.1) 
has the roots w 1 , • • • , wn• then there are possible 
stationary oscillations 

( 44. 1 ) 

and so by the principle of superposition (for linear 
systems) there is a stationary solution 

It is fairly clear that this principle may not be applied 
to a linear system equivalent to a given non-linear 
system. Under certain conditions (reasonable smallness 
of suitable parameters) some progress may still be made, 
as we shall now show. For simplicity we limit the dis­
cussion to the case of two oscillations. Two distinct 
situations will arise according to the presence or 

absence of resonance. 
45. Consider then a linear systemLwith two ter-

minals across which there is connected a non-linear 
element Nwhose characteristic we write as 
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( 45. 1 ) e = -F{i) = -Ef(i) 

where f will serve to gauge the deviation from linearity. 
'/e will suppose also that f is a polynomial. In prac­
tice this is a rather mild restriction if f is contin­
uous (the usual case), since it may then be ~rbitrarily 
and uniformly approximated by a polynomial over any 
closed interval. 

Let Z( jw) be the impedance of the network and W, c)• 

W20 its fundamental (natural) frequencies. We will then 
have 

(45.2) 

where g(j~0 ) f o, h = 1, 2. 

Assuming now t small let the non-linear system 
admit the oscill~tions represented in the first approxi­
mation by 

( 45-3) 

where ~~ ~h are arbitrary constants and where w~ 
2 

=who +t~h' to the order t 2 • Set now 

The resulting voltage 1n N is 

Consider now the double Fourier expansion with respect 
to~,. ~2 : 
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Since f is ~ polynomial the sum is finite. We have now 

(45.7) 

The voltage mP.y be considered us a sum of voltages 

~pplied to the linear network of impedance Z(jw). This 
is where we must distinguish between two possible sit~­
ations. 

46. NON RESONANT SYSTEM. Suppose first that none 
of the expressions 

( 4b. 1 ) 

except triose corresponding tom= 1, n = o, and m =O, 

n = 1 are of order at least t. This will certainly hold 
if none of the frequencies 

(46.2) 

other than those corresponding to (m, n) = (1,0),(0,1) 
are zero. Referring then to (41.5) it is seen that 
under the circumstances for (m,n) f (1,0), (0,1 ), emn 
induces in La current 

(46.3) 

-t~cos ( (mw1 +nw2 )t+m4> 1 +n4> 2 -jlmn) 
imn = ---=~------~--~----~--~~~ 

IZ(j(mw,+nw2 )1 

Z(J"(mw +nw )) = IZiejf',.,.... 
1 2 
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The ~~plitude of imn is 

(46.4) 

Under the ~ssumption mw1+nw2differs by a finite quantity 
fro:nw 10 ,w20 [•nd so Imn is of order L 

On the contr~ry for instcnce Z(jw1) is of order c 
and so I 10 , and similarly I 01 , is finite. Thus to the 
order '=. the current generated will be 

(46.5) 

This must be the same as (45.4) to within the order E. 
The identification yields first ~ 10 = ~01 = o to the 
order t, a condition already satisfied. Then we must 
ha•Je a = I a = I 01 and so 1 10' 2 

(46.6) a, 
-tA10 

IZ(jw1 )I 
a = 2 

From this follows readily that if we set 

2112tt 

( 46 • 7) Reh = -~- ~ ~ F(a1 cos c1> 1 +a2cos cb2 )cos ~deb, 
211 ~ 0 0 

(h=1,2) 

then 

(46.8) 
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Thus in the first approximation the non-ltne::!.r char3.cter·­
istic e = -Ff'(i) = -C.f'(i 1 +i 2 ) may be replaced by the 
linear characteristic ( 46.8). We may theref'cre inter­
pret the replacement of' the non-linear element N by ~1 
equivalent element with the ch~rc..cteristic just wri tte1;, 

as a line::J.rization of' the system when there is no 
resonance. 

As in the case of' a single oscillation we may 
write down here also a refined first approximation for 
i, representing it to within the order c. 2 , and it wilJ 
be, neglecting no irnn term: 

(46.9) i = 2:=irnn = a 1cos (wt+d> 1 )+a2 cos (w2 t+d> 2 ) 

-c.L ~cos (mw1 +n~+ernri) 

I Zj(mc.; +nw2 ) I 

47. RESONANT SYSTEM. Suppose now that one of the 
r frequencies (46.1) is zero, or w20 = 9w10 , where r, s 

are relatively prime and ~ is one of the fractions 
-m±1, -m,. It is clear that we may assume without re-

n n± 
striction w2)w1 , or r)s. This time we will hQve a 

finite Fourier sum: 

If we set 

(47.2) 

f(a1cos (w1t+d>) + a 2cos (w 2 t+d> 2 )) 

=·~~cos (~w1 t+em). 
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then we have 

(47.:;) 

The current im induced by em in ..2:" is 

(47.4) 

(47.5) 

The amplitude of imis 

(47.6) 

and it is finite for m = r, s, of order E otherwise. 
Thus 

i = i +i = I cos (w1t+e -P )+Ircos (w 2t+er-0r). r s s s s 

The identification with i = i 1+i2 yields here 

The linearization assumes this time the form 

where Z1, Z2 are (complex) impedances whose computation 
offers no particui.ar difficulty. 

The "refined" first approximation for i, or approx­
imation to the order t 2 is 
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(47.7) 

In addition to the harmonics w1 , w 2 it will contain 
others of the form ~w1 , which may be of smaller fre­
quency than w1 • Thus we have here so-called demulti­
plication of frequency, a property of considerable 
practical importance. 

VIII. INFLUENCE OF PERIODIC DISTURBANCES. 

48. Up to the present we have concentrated upon 
isolated systems, not subjected to any exterior dis­
turbances. As an example of a non-isolated system we 
will discuss the equation 

( 48. 1 ) 

where k, m are positive, t is small and 

(48.2) 

where the sum is finite and f 0 , f~, f~* are polynomials. 
The mechanical interpretation of (48.1) is obvious. 

As equivalent electrical system we may choose a series 
dx 1 

circuit with current i = at' inductor m, capacity k, 
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condenser charge X 1 and non-linear element N whose 
characteristic is 

(48.3) e = tf(t 1 x1 i). 

Sine~ for E. small the system is quasi-harmonic we 
shall apply the general concept of linearization. For 
E. = o we may choose 

(48.4) 

(48.5) 

(48.6) Ul =' f1f o Vm • 

For E. small but ;o we will consider the above formulas 
as approximations and substitute them in ( 48.3). 'Ne 
have then 

Since f 0 , f~~ f~* are polynomials we have finite 
Fourier sums: 

and similarly for f* f** with f* f** and ~*•-1 a*~ n I n nk I nk I ""l1J{ "''lK 
as the coefficients. Hence 

the unwritten terms containing sines and cosines of the 
angles k~:Mn, with the ranges of k and of the "n 
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~~ite. Here again we must distinguish between reson­
ance and non-resonance accordingly as kw +A =w • does o- n o 
or does not hold ~or some (k,An). 

49. NON-RESONANT SYSTEM. This is the case where 
no ~requency k~±"n is w 0 itsel~. or where (k- 1 )w0#±"n• 
whatever k, "n ~ their ranges. Then the only harmonic 
o~ ~requency w0 ~ e is 

(49.1) e 1 

In view o~ (48.6): e1 = Zel, where 

By the basic pr~ciple governing l~earization we re­
place the non-l~ear element N by an equivalent linear 

element with characteristic 

The equivalent linear system has then the impedance 
mwj +~- ze and its characteristic equation is z(p) 

- ze, or explicitly (see 43): 

mp + !£ = wl a (f 1 (a)- jg1 {a)) ,p = -6+jw. 
p 0 

There~ore: 

m(-6+wj) + _6 ~wJ = w~a<~ 1 (a)-jg 1 (a)), 

and this yields to within the order t 2 

6 = 

(49.3) 

--=.1.__ 
2mw a ~ 1 (a) 

0 

-l 
- 2mllba s,(a). 
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If we combine with the equations of the first approxima­
tion (see 43): 

~~ = -6 a, ~ = w, 

we may replace the latter by 

( 49.4) 

da t 
dt = 2mw0 f1 (a), 

.Qid = w - _f._ g (a) = w(a), t o 2mw0 a 1 

The related first approximation for xis. 

(49.5) x = a sin~. 

Introduce now the expressions 

(49.6) - -f. -f. 
A = aw f 1 (a), k~ = a g1 (a). 

0 

Since w~ = ~~ we have to within the order t 2: 

and so (49.4) may be replaced by 

(49.7) 

From (49.5), (49.6), (49.7) we deduce to withtn the 
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order ~2 the relation 

(49.8) o. 

Notice that (49.8) depends solely upon the term f 0 of f. 
Since 

1 T dX 
lim T Sf(T ,x,at) dT, 

T-+- o 

the linearization and associated first approximation 
may be obtained by applying the averaging process to f 

dx 
(av~~aging as to t, as if x, dt were independent vari-
ables), and replacing f by the resulting function f 0 • 

To stun up then: as regards the first approximF.t.­
tion and related linearization we may replace f by 
f0 (x,~). Since this last function does not contain t 
explicitly, we have a situation already considered. We 
merely recall these properties: 

(49.9) The stationary amplitudes +o are the solu­
tions of A(a) = o. If a 0 is such a solution tgen the 

di\ > corresponding oscillation is stable whenever da o, 
and unstable otherwise. This asswnes, of coursQ, that 

the derivative +o ~t a 0 • 

(49.10) Self-excitation occurs when and onlY when 

;\(o)(o. 
(50) By way of example let us apply the preceding 

results to van der Pol's equation with a forced oscilla-

tion: 

(50. 1 ) 

where as usual ~)o. To reduce (50.1) to the form (48.1) 

set 



84 

(50.2) 
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y = x + b sin o.t, b = __1L_ 
1-o-2 

Then x satisfies 

(50-:5) d 2x 2 dx dt 2 + x = f. ( 1- (x + b sin or.t) )( dt + bar. cos a.t). 

Here 
b 2 2) dx (1 -~-X Qt , 

Hence the first approximation is 

x = a sin (t+4>) 

(50.4) da f. a 2 b 2 
4> = canst., dt = 2 ( 1 - ~ - ~) 

Therefore there is self-excitation when and only when 
b2(2 and there is a stable stationary amplitude a = 
V 4-2b2• The corresponding stationary solution of' 
(50 •. 1) is 

(50.5) y=b sina.t + \}4-2b2 sin (t+4>). 

For b2)2, x = o is stable and so 

(50.6) y = b sin 01.t 

is a stable forced oscillation for (50.1 ). 
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51. RESONANT SYSTEM. To si:nplify matters we will 
suppose f of the form f(~.x.~), where f(r,u,v) is 
periodic ~ r and of period 2~. The basic equation is 
then 

(51.1) d 2x dx rn -- + kx = ~f(a.t,x,-). 
dt 2 dt 

We suppose now that 

where i is an irreducible fraction. As usual we set 

(51 .2) x = a s~ <icxt+lb) 

and replace F = ~ f by the equivalent linear force F 1 
-dx = -kex-i\ dt • By identifying the fundamental harmonics of 

~f(cxt,a sin <ia.t+lb) - a~ cos <iat+lb)) 

and 

r - ar r -kea s~ (;at+ib) - "s cos (8 cxt+lb) 

we obtain to within the order ~ 2 : 

-~ 2-rt' s 
ke = rra S f(sT- z:;ljl, as~ rr,aw0 cos rT) sin rTdT 

0 

2ft 

,\ = _=L ( f(ST- ~S 1 a Sin rT 1 aUJ0 COS rT) COS rTdT. naw0 ) 
0 

The equivalent linear system is thus 
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(51 . 3) 

Thus here to within the order t 2 

(51 .4) 
_ ~+k ke 

6 = ..lL w= e = w ( 1 + 2k), 2m' m o 

and the equations of the first approximation are (see 
43): 

(51.5) 

since ~ = w 2 
m o· 

(51.6) It is to be observed that if f(T,u,v) is a 
finite trigonometric sum of terms sin kT, cos kT, then 
unless (r,s) is in a certain very limited range the t 
term in f(t,x,~) does not influence ke, A, and as re­
gards the first approximation it may be suppressed. In 

that case we are back to a previous case where f is of 
the form f(x,~) (no periodic disturbance). Roughly 
s;~aking it means that the resonances that count occur 
within a limited range of values (r,s). 

Notice in particular that if ~ = *' then the fre­
quency will be very near w0 and hence very near ~· Thus 
the application of a disturbance of frequency « may 
induce an effect of frequency i· This is known as sub­
harmonic resonance or demultiplication, and the proptrty 
has been extensively applied especially in radio tech­
nique. 

In point of fact, not only will the frequency~ 
appear but also certain multiples which depend upon the 
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nature o~ the polynomial ~. 
(51.7) Let us apply the preceding consideration 

to (50. 1), the van der Pol equation with harmonic dis­
turbance. For s); we ~ind the same situation as in (50) 
and nothing is changed. For s = 3 we must replace the 
second relation o~ (50.3) by 

(51 .8) da t a 2 b 2 
dt = 2 ( 1 - 4 - 2 - ab) • 

Here again sel~-excitation in x arises only ~or b 2)2 
with a limiting stationary amplitude 

a = -2b + ~ 4 + 2b2 • 

The corresponding stationary solution o~ (50.1) is 
given in the ~irst (not re~ined) approximation by 

y = (-2b+~4+2~)s;tn (~+cb) + b sin act. 

Notice that when b 2 = E ? <i, (weak disturbance) then 
1-ar 

~he subharrnonic dominates the harmonic. 
For b)2 the situation is as in (50) and there is no 

subharrnonic. 

IX. COMPLEMENTS 

52. '"/e will first discuss a somewhat different. 
manner of obtaining the higher approximations from the 
procedure indicated in Chapter IV. Consider then the 

differential equation 

d 2x ~ dx + u.rx = f.f(t, x, -, t) 
dt2 dt 

(52. 1 ) 

where for t sufficiently small we have a power series 
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representation 

(52.2) 

dx in which fn is a polynomial in x, at• sin t, cos t. 
Regarding w we assume explicitly that it is a positive 
irrational number. 

Introduce now newvariables a, e defined by the 
relations 

(52.3) dx x = a sin e, at = aw cos e. 

This enables us to replace (52.1) by the system 

da 
dt = ~f(t, a sine, aw cos e, ~) cos e 

(52.4 
de E 
dt = w- u;a: f(t, a sin e, aw cos e, f.) sin e. 

Under our assumptions we also have 

a sine, awcos e) cos e = F(a) 

+ ~ Lm.!a)ejme+nt 
m +n2rf:o 

where the stnna are finite. Let now 
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_ ~ ej(me+nt) 
v(a, e, t) -~~ j(mW+n) • 

89 

We verify at once the relations 

f 0 cos e - F(a) 
(52.7) 

We introduce now in place of a, e new variables a 1 , e 1 

defined by 

t:. a 1 + w u(a1 , e 1 , t) 
(52.8) t:. e = e, - wa v(a,, e,, t) 

1 
e 1 - fu w(a 1 , e 1 , t). 

By substituting the expressions (52.8) for a, e in 
( 52. 4 ) we find 

t:. du(a1 , e 1 , t) da1 "du(a1 , e 1 , t) de 1 
+w- '\a ~+ ""e dt " 1 U\.. a 1 

du(a 1 , e 1 , t) t 
+ at = w f(t,a sin e, aw cos e, )cose 

(52-9) 
de 1 t:. dw(a1 ,e1 ,t) da1 6w(a1 ,e1 ,t) de 1 
dt- w -i:}a , at+ ~e dt 

1 

dw(a 1 ,e1 ,t) 
+ dt 

t 
w - .:J f ( t , a sin e, a.w cos e , t ) 

sin e. 
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Eliminating a, e by means of (52.8) and solving for 
da.1 de 1 
dt , dt , we obtain after some simplifications: 

da1 t. 2 
dt = w F(a1 ) + t R(a1 , e1 , t, t), 

where for €. very small we have expansions: 

with~· Sn polynomials in cos e1 , sin e 1 , cost, sin t. 
In particular 

where the s·ums are finite. The same reasoning may now 
be repeated with f 0 cos e, f 0 sin e replaced by R0 1 S0 , 

etc. The final result may be described as follows. 
For each n there may be wrjtten a system of differential 
equations in an, en: 

(52. 11 ) 
n 

den 
-= 
dt 

w- ~ ~(~) + t2!J1 (an) + • 

+ tn~n-1(~) + tn+1s(n)(~,en,t,t). 



IX. COMPLEMENTS 91 

In these equations R(n), S(n) have the same properties 
as R, S. Furthermore R(o) = R, S(o) = S and if' 

then 

R;k-1) = Fk(~) +L~ej(mt\:+nt) 

s;k-1 > =·~<~> +L~ej<mt\:+nt>. 

We may also assume that i~ t is so small that terms o~ 
order o~ tn+ 1 may be neglected then we have the follow­
ing relations ~or the nth approximation: 

where 

(52.12) 
n 

dan t 2 
- = - F(~) + t F1 (~) + .•. +trrp.n-1 (~) 
dt UJ 

den -- = 
dt 

The method just described ~or obta~ the suc­

cessive approximations is very direct and lends itsel~ 
rather well to an estimation o~ the error consequent 

upon neglecting certain terms •. 
Another observation to be made is that the system 

(52.12)n may be deduced from (52.11)n_ 1 be replacing 

the latter by the constant term in ita expression as a 
double Fourier series, then rejecting terms of order 
ln+1. 
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A last remark regarding the process just described, 
is that continued indefinitely it does yield formal sol­
utions as power· series in t, b~;t uni'ortUIU:.tely as shown 
by Poincare, th~ series are generally divergent. Thus 
th~y cannot oe utilized dir•ectly to investigate the 
structural properties of the s0lutions. 

53. Passing now to an entirely dlfferent type of 
considerations we will discuss the following problem: -
What indications do the approximations provide regarding 
the exact solutions? 

Taking first (52. 1 2), dropping the index 1 : we 
have the system 

(53. 1 ) 

da E 
dt =;;; F(c.:.) 

de e. 
dt = - wa qi(a) · 

The corresponding first approximation (the earlier 
"refined" first approximation) is 

(53.2) X= a Sin 6 + ~lu(a,e,t)sin 6- V(a,e,t)COS eJ. 

If we set 

then we find readily in place of (53.2) 

(53.4) 

~f (a) ej(me+nt) 
x =a sine +EL.....!!.nm~,...------=-­

w2 - (mw-m) 2 

Suppose now that a*~O is a simple solution of 
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(~:".'5) F(a) = o. 

T:.en F' (:~* )=fo LLl1d we will suppose explicitly 

I•" {a* )(o. 

The ~ther C[:.Se v;oul.d be de~l t with by reple:.CiiJ!; e':ery-
wl1cr·~ L r:;- -t. 

It fc,::,-,w:J from (53.5) that (53.1) has the solu-
tion 

(53.7) a e = vt + "', 
t 

w:::.* g_}(a*), 

where oil is an arbitrary const:::.nt. The corresponding 
station~ry 3olution given by (53.3) is explicitly: 

(53.2) X 

Thus it is of the form 

(53.9) x = z(t, h) 

where z(e, ~) is a continuous periodic function of e, 
~ with period 2rr in each and depends upon t. In parti­
cular z(t,vt) will be quasi-periodic for all irrational 
~. 

In view of (53.6) we see that every solution of 
(12) for which the initial value a is neP-r enough to 
a* will tend with t--+ +-to one of the stationary solu­
tions of (53.7). 

Thus we may assert that every approximate solution 
dX (53.4) whose initial values x, dt are near enough to the 

initial determinations of the approximate stationary 
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solution will tend with t~ +~to one of these station­
' ary regimes. 
One may prove the following result: The property 

just formulated for approximate solutions {representa­
tion by quasi-periodic functions of the form {53.9) 
and properties of stability) belong also to the exact 
"Olution of the differential equation {52.1), at least 
whenever t is sufficiently small. 

This important property shows that the ihvestiga­
tion of any particular approximation {for instance the 
first) obtained by the methods which we have repeatedly 
discussed, has a meaning not merely for purposes of 
approximation but may serve likewise to give heuristic 
indications regarding the structural qualities of the 
exact solutions. 

The proof of this theorem has been given ~t length 
in Memoire No. 16 of the Bibliography. We will merely 
discuss here two special cases which will serve as a 
strong indication regarding the nature of the theorem. 

54. Consider first the case where w is not an 
j,nteger and (53. 5) has the solution o with 

(54. 1 ) F'{O)(o. 

We have thus fnm { 0) = o for m -:f o. Hence the corres­
ponding stationary solution (53.8) assumes the form 

~f ejnt 
x = e. L-=,=n __ 

n uJ - n2 ' 
(54.2) 

where 
21t 

(54.3) fn = fn,o(o) = ~ ~ f 0 (t, o, o)e-jnt dt. 
0 
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It is immediately evident that this solution, which is 
independent of the constant of integration, is periodic 
with period 2rr. From the physical point of view it 
corresponds to forced vibrations. 

In view of (54.1) the approximate solution (54.2) 
is stable, and to be precise: an arbitrary approxima­
tion (5.3.4} whose initial values x, ~are sufficiently 
smal~, will tend to the approximate stationary solution 
(54.2} for small enough t and with indefinitely 1ncreas-
1rlg t. 

We will now establish the same property for the 
exact solution of (52.1 ). For this purpose we observe 
first of all that for given ini~ial values x0 , x~ the 
solution of (54.2} may be represented as a power series 
in t. We will then have: 

(54.4) 

where X(t, x, x', t} is an analytical function regular 
0 0 

for sufficiently small t. It is clear that (54.4} will 
be periodic with period 2rr, if, and only if, we have: 

(54.5} X(2Tt}- x0 = 0, X 1 (21T}- X~= 0. 

From (54.5} we obtain the following relations for x0 , 

x~: 

x' 
x0 (cos 21fw-1) + w0 sin 2ftW+tX(2n,x0 ,x~,t} = o 

(54.6} 



Fort 0 c::ese r·<:l·_t.ic:ts i!U'.'C t:v~ !:l'i".l:..:.~ solution 
x 0 o, x~ = o, with :c non- t.el'O j:::.cohian 

(54.'7) 
I (cos 21Tw- 1 ) , Ui sin 2rrw 

1-w sin 2-nw, (cos 2![w- 1 ) 
i 

From this we may conclude that (54.6) has an unulytical 
solution for t sufficiently small. Substituting this 
solution in (54.4) we obtain an a~~l~~ical expression 
for the periodic solution of the differential equation 
(52.1 ). Evidently the constant term in the expansion of 
this periodic solution is equal to o. An elementary 
computation yields for the next term the expression 

(54.2). 
If we continue with the same reasoning which is 

I 

used in the well known method of Poincare - Liapounoff, 
we will readily see~hat the periodic solution under 
consideration is stable. For the .characteristic expon­
ents are in fact F'(O)±j and owing to (54.1 ), and since 
t is always assumed positive, their real part is nega­
tive. This proves stability. 

55 . The second case which we shall now treat is 
where the equation (53.5) has a non-zero root which 
satisfies (53.6) and where furthermore f does not con­
tain explicitly the variable t, that is to say where 

(55.1) 

In this case the approximate solution (53.4) assumes 
the form: 

(55.2) x "" a a1n e + jme 
e ' 
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where 
2fT" 

( ) f' ( ) 1 r ( - jme 55.3 m a = 2rr.} !'0 a sine, .:J.w cos e)e de. 
0 

Thus the approximate stationary solution is of' the f'orm 

(55.4) X 

where ~ is an arbitrary constant of' integration and 

(55.5) t:. v = w- wa* ~(a*). 

It is a ready consequence of' (53.1) th.3.t f'or indef'­
initely increasing t, every approximate solution (55.3) 
with initial values near enough to those of (55.4) 
tends to one of' the approximate solutions. 

It is also immediately clear f'rom (55.4) that in 
the case under consideration the approximate stationary 

21T solution will b~ periodic with a certain period IT• and 
physically speaking corresponds to !'rea non-dissipating 
oscillations. 

To establish analagous properties for the exact 
solutions, we observe first that since here the !'unctions 
R, S, do not contain explicitly the variable t, (52.10) 
may be written in the form 

(55.6) 

Since 

da 
de 2 t 2 • 

w - a~(a) + t wS(a,e,t) 

F(a*) o, f'' (a* )(o, 



98 INTRODUCTION TO NQN-LINEAB MECHANICS 

it follows from the theorem of Poincare - Liapounoff 
th~t (55.6) has a periodic solution 

(55.7) a = n( e 1 t ) 1 n( e 1 0) = a* 1 

Where n( e, t) iS an analytical funCtion Of t 1 regular in 
the vicinity of o, and with period 2~with respect to e. 

On the other hand we have from (52.10) 

and hence: 

t s - i 
I -1 •n*( ) I n* - a w +._ e, t de = dt, - "" 2 • 

w(w- ~ + t S) a 

By integrating we find 

canst. 

where 
2ft 

~(t) = ~JTi(e, t) e-jnede. 
0 

If we set 

(55.9) w 

then by the implicit function theorem, the solution of 
(55.8) may be put in the form: 

(55.10) e = (H + .j~) +O<vt + .j~, U, 
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where fl( e~ t) is an analytical function_. regular for 
sufficiently small t 1 and with period 2n with re~pect to 
e. 

Thus in view of' formulas (52.3) 1(52.8) 1 (55.7) 1 
(55.10)1 we may conclude that in the case under consid­
eration there is an analytical periodic solution: 

x = z(~t + .jl~ t->~ 

where~ is an arbitrary constant~ v and z(e 1 t) analyti­
cal functions regular fort sufficiently small,and in 
addition z is periodic in e with period 2~. If' z and 
V are expanded in power series and terms of' order 
higher than one neglected 1 we obtain again (55.4) 1 

(55.5). 
If' we write down the variation equation corres­

ponding to the periodic solution (55.10) 1 it is easily 
seen that one of' the characteristic exponents is 0 1 

while the first term in the expansion of' the real part 
of the other is F 1 (a*) 1 hence for t small enough the 
real part is negative. By reference to the theories of' 
Poincare - Liapounoff 1 we see then that any solution of' 
the differential equation (52.1) whose initial values 
are sufficiently near to those of the solution (55.10) 
may be represented in the form 

(55.11) X 

where z(e 1 h 1 t) is an analytical function of h near 
h = 0 1 where furthermore z(e~ o~ t) equal z(e 1 t) and 
finally p is a charac"tt~ristic exponent. As for ljJ 1 c 1 

they are constants of integration~ witb c sufficiently 
small. 

It is thus clear that for indefinitely increasing 
t 1 the general solution (55.11) tends to the periodic 
solution (55.10). 
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basee sur les proprietes spectrale~ de l'hamiltonien 
perturbateur. Ibid, t. 4, p. 81-157. (1939). 
Same in Ukrainian, p. 5-80. 

39. Sur quelques problemas de theorie ergodique de 
systemes stochastiques. (Ukrainian,. without resume) 
Ibid., t. 4, p. 243-287 (1939). 

4o. BOGOLIUBOFF. Sur quelques proprietes arithmetiques 
des presque periodes. Ibid., t. 4, p. 195-205 
(1939). Same in Ukrainian, p. 185-194. 



ERRATA 

p. 1, 1. 11, J 1, J 2 instead of e1, e2 

p. 9, 1. 15 should read: 
terms of the form tx (a trigonometric function). In the 

p. 25, equation (16.2) should read: 

(16.2). 1dx 2 
2<dt) + U(x) ... canst. 

p. 45, equation (28.2), delete the subscript 0 from the 
dT 2 

p. 51, equation (32-3), at end of equation insert o. 

p. 53. equation (32.8), G1 (a) instead of Gn(a) 

p. 56, equation (34.7), k instead of k 

p. 59· equation (36.4), at end of equation insert dt. 

p 60, L 19, k instead of k 

p. 65, equation (40.5) should read: 

(40.5) d2x dx f ( t), m-+ A dt + kx = 
dt2 

p. 75, equation (45.6) should read: 

p. 77, equation (46.9), the first w should have sub­
script 

p. 85, 1. 13 should read: 

ff(cxt, a sin(iOt.t + cl>), a~ cos(~Ot.t + cl>)) 
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