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PREFACE TO THE FIRST EDITION

THE purpose of this book is to give a short practical introduction
to some applications of elliptic functions; it is confined to the
Jacobian functions; the Weierstrassian function is not even
mentioned. In the first few chapters, only an elementary know-
ledge of differentiation and integration is required from the
reader; in the later stages he will find it helpful to be familiar
with the elements of the theory of functions of a complex variable.

Articles are numbered consecutively, each chapter beginning
with §1. References are made in the form ‘‘ III, §7 ’’, the Roman
numeral indicating the chapter, but the Roman numeral is
omitted when reference is made to an article in the current
chapter. Equations and figures are numbered and referred to in
the same way as articles.

It is a pleasure to record my thanks to former colleagues Dr.
S. Verblunsky and the late Mr. W. Hunter, who read part of the
manuscript, and to Dr. C. A. Stewart, who read it all. Thanks

are also due to Mr. H. Tilsley for drawing the figures.
F. B.
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CHAPTER 1
JACOBIAN ELLIPTIC FUNCTIONS
§ 1. Introduction. The method by which the properties of the

elliptic functions will be introduced in this book will first be
illustrated by showing how the method could be applied to the

circular functions. Put

z dt
U = T 72 ¢ (i)
/0 V(1 — )
1 at
i‘ﬂ: '—sz . . . . . . (ll)
/0\/( 22)

and suppose # to be real, — 1< ¥ 1, and 4/(1 — #2) > 0.
Equation (i) defines # as an odd function of » which, since the
integrand on the R.H.S. is positive, increases steadily from 0 to 4=
as ¥ increases from 0 to 1. Inversely,* the same equation defines
x as an odd function of « which steadily increases from 0 to 1 as
u increases from 0 to 3w ; let this function be denoted by sin «,

so that in place of (i) we can put

v =sinx, x=sinu . . . . (i)
The function cos # can then be defined by the equation
cosu =4/(1 —sin?%) . . . . (iv)

the square root being positive as long as u is confined to the
interval — 4w < # < 3w, so that cos # is an even function.

Since # = 0 when ¥ = 0, and ¥ = 4n when » = 1, we note, in
particular, that sin 0 = 0, cos 0 = 1, sin 4= = 1, cos 47 = 0 all
follow from these definitions. It is not necessary here that the
value of = should be known ; for our present purpose, 3r is simply
a number defined by (ii), from which its value could be calculated

if need be.
From (iv) follows at once the well-known identity

sin?u + cos?u =1 . . . W)
From (i) follows du/dx = 1/4/(1 — %?), and hence
d(sinu) dx _ oy a2 o) .
T_d_u_'\/(l x?) = 4/(1 — sin?u) = cosu . (vi)
and further, by differentiating (v), d(cos u#)/du = — sin u.

* Hardy, A Course of Pure Mathematics, § 110.
7



8 INTRODUCTION TO ELLIPTIC FUNCTIONS

By repeated differentiation and substitution in Maclaurin’s
series, we could now find the expansions of sin # and cos % in
ascending powers of u.

‘We could next prove the addition formule

sin (¥ + v) =sinucosv + cosusiny . . . (vii)
cos (4 + v) =cosucosv —sinusinv . . . (viii)

assuming %, v, and » + v to lie between — 3w and +4wn. Thus,
putting z = sin % cos v + cos « sin v, and differentiating partially,
we should see that @z/éu = 9z/dv, from which would follow
z = F(u 4+ v) and hence

F(u + v) = sin % cos v + cos % sin v

where F(u 4 v) denotes some function of # + v. Putting v = 0
gives F(u) =sinu, and hence F(u + v) = sin (¥ + v), thus
proving (vii). Then (viii) follows from (vii) and (iv).

So far, u has been restricted to the interval — in g # < ¥,
and it remains to define sin « for all other real values of «. One
way of doing this is provided by the addition formula (vii), which
may be assumed to hold good for all values of # and v. Thus, if
we put ¥ = u; and v = = in (vii), we obtain

sin (4, + 37n) = cos u,
which, by now putting # = u, 4+ ir, may be written

sin 4 = cos (¥ — =),
which may be assumed to define sin % when inu n. The
interval within which sin « is defined will thus be extended, and
in the same kind of way can be further extended to include all
real values of «. ) )

The above method will now be applied to introduce the

Jacobian elliptic functions.
§ 2. The Jacobian elhptlc functions snu, cnu, dnu. Put

dt
dt
K = / \/1_12\/1_;;2;2) (2)

and at first suppose thatrandk arereal, 0 <% <1, — 1< r 1,
and that the square roots /(1 — #2), 4/(1 — k%?Z) are positive.
Equation (1) defines % as an odd function of x which, since the
integrand on the R.H.S. is positive, increases steadily from 0 to K
as x increases from 0 to 1. Inversely, the same equation defines
#» as an odd function of » which increases steadily from 0 to 1
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as u increases from 0 to K; this function is denoted by sn u, so
that in place of (1) we can put
u=snlxy, x=snu . . . . (3)
The functions cn #, dn % can then be defined by the equations
cnu =4/(1 —sn?u), dnu =4/(1 — k%nwu) . (4)
the square roots being positive so long as « is confined to the
interval — K < u < K, so that cn # and dn « are even functions
of u.

The function sn « ‘‘ is a sort of sine-function, and cn %, dn « are
sorts of cosine-functions ”’ (Cayley), but whereas the circular
functions sin w, cos u are simply periodic, the functions sn %, cn 1,
dn u are doubly periodic, as will be seen later. They are also
called elliptic functions, owing originally to the connection of such
functions with the rectification of the ellipse, and they are usually
referred to as Jacobian elliptic functions because they were much
used by Jacobi in his researches on doubly-periodic functions.

§ 3. The modulus. Besides being functions of %, the functions
sn %, cn %, dn « depend upon the parameter 4, which is called the
modulus. When it is desirable to put the modulus in evidence,

the functions are denoted by sn («, k), cn («, &), dn (x, k).
Since # = 0 when ¥ = 0, and # = K when » = 1, we have

sn0 =0, cn0=1 dn0 =1 N ()

snK=1 cnK=0, dnK =F . . (6)
where

B =/ —k), or k24 E2=1. . . ()

and &’ is called the complementary modulus.
§ 4. Identities. From (4) easily follow the identities

sn?#¥ 4+cn2u=1 . . . . . (8)
dn®u 4+ R*sn?u =1 . . . . . (9)
kentu + k2 =dn®u . . . . (10)
cn?u + k%sn?u =dn®u . . . . (11)
§ 5. Derivatives. The derivatives of sn %, cn %, dn « are given
b
Y d(snu)/du = cnudnu . . (12)
d(cn u)/du = — snu dn u . . (13)
d(dn u)/du = — k*snucnu . . (14)

Proof. From (1),
dujdx = (1 —#)H(1 — k2t . . . . (15)

and hence
dzxjdu = (1 — 23)3(1 — R2a?)t
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from which and (4) follows (12), since x = sn 2. Then (13) and (14)
follow by differentiating (4), or (8) and (9).

§ 6. Expansions in ascending powers of u. The first few terms
of the expansions of sn %, cn %, dn # in ascending powers of u« are
given by

snu =u — (L + A3ud/3! + (1 + 14k* + kYub/5! + ... (16)
cnu =1 —u2! 4+ (1 4+ 4-*)utj4! — . . . N ¢ )
dnu =1— R%u?/2] + k%4 + R®)udfd! — . .. . . . (18)

These terms can be obtained by finding thc values of the
successive derivatives of sn #, cn#, dn # when % = 0, and sub-
stituting in Maclaurin’s series (or otherwise—see Examples
I (a), 3).

Convergence of these expansions. 1t may be stated here that, if
k* < 1, the infinite power-series, of which the first few terms have
just been given, have a radius of convergence equal to K’, where

P L
K —/0 VT =By = k) (19)

so that K’ is the same function of the complementary modulus
k' as K is of k. This radius of convergence follows from a general
theorem in the theory of functions, to the effect that the circle
of convergence of the Maclaurin expansion of an analytic function
passes through the singularity nearest to the origin, which in
the present case is # = ¢K’, as will be shown when the definitions
of snu, cnu, dn © have been cxtended to complex values of g
(see IV, § 8).

§ 7. Degenerate Cases. The elliptic functions reduce to circular
functions when £ = 0, and to hyperbolic functions when k& = 1,
‘Thus, when we put £ = 0 we find, from (1), (2), (4), (7) and (19),

k=0, =1 K=1in, K=o . . (20)
sny =siny, cnu =cosu, dnu = | (21)
and when £ = 1 we find
k=1 k=0 K=o, K =|g (22)
snu ==tanhu, cnwu =dnu =sechu . (23)

EXAMPLES 1 (a)
A =1 —Fk?sn?2usn®v, show that
A =cn?®y 4+ sn?udn?v =dn?u 4 A2sn®ucn?y
=cn?v 4+ sn?2ydn?u = dn?v 4 k2sn2ycn2u
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2. Show that:
. d
(i) an log (dnu — kcnu) =ksnu

2
(ii) :‘ sni = — (1 4+ k%) snwu 4+ 2k*snd«

(iii) (—;l (snucnudnu) =1 — 2(1 4 k*) sn®y + 3k%snéu
a (cn 1 dn 1_:) _

(iv) du sn u ~ sn? 'u + k¥ sntu
d sn 1 1
v) du (t_:_n_u dn u) =cnry Tdntn T
(vi) d sn? 2t — sn? a) —snu cn®a n dn? _t_z)
d1 cnudnu ) cn?y | dn?u
(vii) 1 sn ) _ dnu
du\l +cnu/ 1+ cnu
(viii) d dn 2 _ _fk_gn_ ®
due\T —ksnu) 1 —ksnu
. d fcnudnu 2 ma R
(ix) du(l—snu)—k e+ T enu

sn 1 cn v k’
™) Zi (dn 1 — k’) =+ g =k

11

3. Show that the functions sn #, cn #z, dnx satisfy the differential

equations
d2yldx? = — (1 + RY)y + 2&%°
dyldx® = — (1 — 2k%)y — 2R%?
dyldx? = (2 — k%)y — 2°

respectively. Deduce the first few terms of the Maclaurin expansions

of the functions.
[In the first equation, substitute y = x 4 ag*® + a25 + . .
4. If y = sn? x, show that d?y/dx® = 2 — 4(1 + A%y + 6k%"

5. Show that
_sin {uq/(1 + R?)} .
snu = (A9 + au
cn i = cos i -+ Pud
dn u = cos kt + yu®
where q, B, y all tend to zero when 1« —- 0.

6. If 0 <u < K, show that

1
i - ] >dnu >cnu
cn 1t > snu>

., etc.]
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§ 8. The addition formule. The addition formule for the
elliptic functions sn %, cn %, dn w.are [compare § 1, (vii), (viii)]

sn-(u 4+ v) = (snucnvdnv + snovcnudnwu)/
(1 — A2sn®usn®v) (24)

cn (u +v) = (cnucnv — snusnvdnwudnv)
(1 — k2sn?usn?v) (25)

dn (# +v) =(dnudnv — k*snusnvcnucnv)/
(1 — A2sn®usn®v) (26)

Brief proofs are given below. For other proofs see, e.g.,
Whittaker and Watson, Modern Analysis, § 22-2.

Proof of (24). For brevity, put s, =snu, s, =snv, ¢, =cnu
¢g=cnv,d =dnu, d, =dnv, and A =1 — g2%,%5,2. Also put
2= (5160dy 4 spcd))/A . . . . . (27)
Then, by partial differentiation with respect to % by the quotient rule,
we get
A39z/ou = Ale,d cydy — 5,52(d% + R2c\2)} + 2k25,c,d,5,3(s5,Cods + S26,d))
= €,4,62d2(A + 2R%5,25,%) — 5,5,{A(d,? + k2c,?) — 2k%s,%,2d,?%}
= ,d,6,d,(1 + k%5,%5,%) — 5:5,{d,2(A — k2s,2¢,?)
+ k2,*(A — s,%d,%)
= ¢,d,62d,(1 + k25,25,%) — 5,5,(d,2d,2 + k2c,%c,?)

We thus see that 9z/du is symmetrical in % and v, and since z itself is
symmetrical it follows that 9z/v will be the same as 9z/dx. Hence, 2z
satisfies the partial differential equation 9z/dx = 0z/0v. Consequently,
z = f(u + v), where f(x + v) denotes some function of % + v and,

by (27),
Sl + v) = (516245 + s06,d))[A
Putting v = 0 gives f(x) = sn«, and hence f(x 4 v) = sn (1 + v).
This proves (24).
Proof of (25). By (24) we have

cn? (¢ + v) =1 — sn? (u + v)
= {(1 — A%5,%5,%)% — (s,c,d, + 526,4,)2 /(1 — k?s,%s,%)8
In the numerator on the R.H.S. we now put
(1 — R25,%5,%)% = (,? + 5,%d,2)(c,2 + 5,%,%)
then the numerator reduces to (c,c, — 5,5,d,d,)?, and on taking the
square roots of both sides, and removing the ambiguity of sign by
putting v = 0, we deduce (25).
Proof of (26). By (24) we have
dn? (¥ + v) =1 — k%sn? (u 4 v)
={(1 = B%%30)7 — R¥(s,c0dy + s,6,d)) /(1 — K35,752%)*
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In the numerator on the R.H.S. we now put
(1 — B35,0)7 = (&2 + K5,%,%) (ds* + Rs,%,?)
and after a little reduction we obtain (26).

§ 9. Extension of the definitions of snu, cn u, dn y to all real
values of u. The addition formule may now be used to extend
the definitions of the elliptic functions to values of « beyond the
range — KL u< K. We shall take it for granted, and the
reader may verify, that the functions continue to satisfy the
same identities as when the range was restricted.

Putting v = K in (24) and using (6), we obtain

snucannK+sannudnu_cnudnu

sn (v + K) = 1 — k2sn2usnz K ~ T dnZu
and hence, and similarly from (25) and (26),
sn (¥ + K) = cnu/dn 2 . . (28)
cn (v + K) = — k’snu/dnu . (29
dn (» + K) = &’/dn . . (30)
By putting = K, we see that
sn2K =0, cn2K=—1, dn2K=1 . . (31)

Similarly, by putting v = 2K in (24), (25), and (26), and using
(31), we have

sn (# + 2K) = — snu .. . (32)
cn (¥ + 2K) = —cnu . . . (33)
dn (¥ + 2K) =dnu . . (34)
From (32) and (33), by replacing » by u + 2K,
sn (v + 4K) =snu, cn(u+4K)=cnu . . (35)

From (35) we see that sn # and cn u are periodic functions of «,
with period 4K, and from (34) that dn « is periodic with period
2K.

1
Snw
N NS

F1G. 1.-—Graphs of sn « and cn « (K = 2, & = 0-8 approx.)

§ 10. Graphs. The graphs of the three functions can now be
sketched for all real values of . They are indicated in Fig. 1
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and Fig. 2 for # = 0-8 and positive values of «; for negative
values of u, it is to be remembered that sn % is an odd function
and that cn # and dn « are even functions. Note that the graphs

k k
o' K 2K 3K 4K
F1G. 2.—Graph of dn .
of sn # and cn « have not the same shape, i.e., one is not merely a
displacement of the other (see Examples I (b), 6). For other
values of &, the graphs in Jahnke and Emde, Funktionentafeln,

should be consulted.

EXAMPLES I (b)

l. If s=snu,c=cnu,d=dnwu, S=sn2 C=cn2u D=dn 2«4,
show that:
2scd

_ 1 — 257 4 p3s¢ 1 — 2R3 4 R3s¢

S=1_fw O T —ms > PETy e
53=L__£ cs=D_+C d2=k’3+k’C+D=D+C
14D 1+ D 14+ D 1+4+C°

[Cf. sin 24 = 2 sin % cos %, sin? « = $(1 — cos 2u), etc.]
2. Show that:

K__ 1 K___ vk _ K _ b
Sn’g—m, an—\/(l+k,), dnz—'\/k.

3. Show that, if A = 1 — &2%5,%5,3, s, =snwu, s, = snv, etc., then:

sn (4 + v) + sn (¥ — v) = 25,C,d,[/A

sn (¥ + v) — sn (¥ — v) = 2s,¢,d,/A

cn (v + v) + cn(u — v) = 2¢,6,/A

cn (¥ 4+ v) —cn (v — v) = — 25,5,d,d,/A
dn (¥ + v) + dn (v — v) = 2d,d,/A

dn (v 4+ v) —dn (v — v) = — 2k%s;5,¢,¢,/A

4. Show that:

sn (¥ 4 v)sn (¥ — v) = (5,2 — 5,2)/A
cn (# + v)cn (v — v) = (1 — 5,2 — 5,2 + k3s5,35,2) /A
dn (v + v) dn (1 — v) = (1 — A3s;2 — k35,3 + kis 3,9) /A

5. IfC,, C; = cn (4 & v), and Dy, D, = dn (» 4 v), prove that

6. —-C _1D,—D,
snztsHv-ml—k’m
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and hence that
2(CyD, + C,D,)
1 — A3%sn? 2y — 1Vs 2
SV = G F €D + D)
_GCDs + CyD, _GD, + C,D,
cnucny = D, ¥ D, ' dnudnv—__c_1W
By putting « = e + B, v = a — B, deduce that:
cn 28 — 2
sn(a+ B)sn (s — ) = g e
cn 2a dn 28 + dn 2a cn 28

cn(a+ﬁ)cn(a—ﬁ)= dn2a+dn2ﬂ
_cn2adn 28 4 dn 2acn 28
da (a + f) dn (a — f) = cn 2¢ + cn 28
8. Show that: (i) the graph of sn « has no point of inflexion, except
u =0, + 2K, . . .; (ii) the graph of cn « has no point of inflexion if
k < 1/4/2, except # = + K, 4+ 3K, . . .; but has a point of inflexion

where sn« = 1/k4/2 if & > 1/4/2; (iii) the graph of dn « has a point
of inflexion where sn % = cn« = 1/4/2.



CHAPTER 1I
ELLIPTIC INTEGRALS
§ 1. An integral of the type
JR(x, /X)dx . . . . . (1)

where X is a cubic or a quartic in », and R denotes a rational
function, is called an elliptic integral, the name being due originally
to the fact that the problem of rectifying an ellipse depends upon
an integral of this kind.

§ 2. Legendre’s standard forms. Any elliptic integral can,
by suitable linear transformations and reduction formulz, be
expressed as the sum of a finite number of elementary integrals
and integrals of the three types:

dx
Vi—aAy =k -~ - oo (@)
(1 — R2x?)dx _[+/(1 — B2)dx
/'\/(1 —_ xz)'\/’(l — kzxz)— \/(1 — xz) . (3)
dx
[erma S @

which are called elliptic integrals of the first, second, and third
kinds, respectively. If the coefficients in X are real, the reduction
to these standard types can be effected so that % is real and
0 < k < 1 (see Chapter IX).

If we put ¥ = sin ¢ and take the lower limit of integration to
be zero, these integrals take the forms

4 d

Flb¢) = | 7= I(fzsinz %) - ()
0

E(k ¢) =/¢ V(1 — k2sin? $)dp . . (6)
0

$ dé
e n ) = [ s gy =g - 0
0

If, further, we put sn # = » = sin ¢, they take the forms:
Flk,¢) = . )

E(k,¢)=E(u)=["dnzudu Coe . (9)

0
16
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H(k,n,qS):/ul— . . . . (10

1 +nsn®u
0

§ 3. Complete elliptic integrals. The definite integrals K, E,
defined by :

i i
K = Fk im) =/ VI — kEsimtg) =
0

1 dx
fo vi—aAva—wn -
E = E(k, 3n) = /‘" V(1 — k2 sin® $)dg —
0

1/(1 — k2?)
V== %
or E(K) = / dn? « du

0

are called complete elliptic integrals of the first and second kinds,
respectively.

§ 4. Examples. The reduction of (1) to dependence on the
standard forms will be deferred. In the present chapter we shall
consider a few integrals that can be readily expressed in terms of
the standard elliptic integrals of the first and second kinds. If
numerical values are required, they can be obtained from tables
(see § 9).

We begin with examples of integrals in which the integrands are
elliptic functions. Only those integrals of which the integrated
forms involve « or E(u) are, strictly speaking, elliptic; thus, the
first of the following examples is an elementary integral, as we
see from its expression in terms of ¢.

Ex. 1. /snudu: % d% (x = snu)
V(1 — 2/ (1 — k%%
= %dl (I = xz)

VI =)/ — &%)
= kllog {v/(1 — k%) — kv/(1 — )}
= k1log (dn % — kcn «)

Ex. 2. /Sn’udu — /l — dn2?u du =% = E(u)
k2 k2
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Ex. 3. By differentiation we find

d(scd)/du =1 — 2(1 + k3)s? 4 3kist
where s = sn %, etc. Hence, by the last example,
3k [sn‘ udu = (2 +-Nu — 2(1 4 k3)E(x) + kiscd.
Ex. 4. By differentiation,
i(ff _as—prr 1 gt k2
du d) T TRWT _F( "7")

and hence, by integration, after multiplication by 43,

’2 du _ k3sc
f dorw — B -

The reader may find it worth while to construct a table of the
integrals of such differentials as snudw, cnudu, dnudu;
(1/sn u)du, (1/cn u)du, (1/dn w)du ; sn® u du, cn? « du, dn® u dy;
(1/sn? w)du, (1/cn? u)du, (1/dn? u)du ; sn®wu du, cn® % du, dn® u du ;
cn? # dn? u du, sn® % cn? % du, sn? « dn® u du ; etc.

EXAMPLES II (a)
1. Verify the following results:

@ /cnudnudu=snu (i) [snucnudu = — (dn u)/k?

(it [cnudnudu=logsnu (iv) /——s““d" = Liogdn®

cnudnu R'3 cn u

(v) Jenudu = ktsin™ (ksnu) (vi) / dn # du = sin™? (sn u)

s du sn % sn $u
(vi) [—=1°gdnu+cnu=1°gcn1}udn§u
)/cnudu_ glin:n o sngz;(;iéu
(i) f_ =£_logdnu;ll-lz’sn1¢
(x) I _ %, tan™ %‘

(xi) /sn“ xdx = zsntx — kllog {4/(1 — k2x%) — ky/(1 — 23)}

(xii) 3k% /cn’ udn®u du = (1 + R)E(u) — (1 — k%)u + k¥scd
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dw cnudnu
(xiii) /sTn’—u =u — E(u) — ~nu
. dn? 2 sn ¢ dn
(xiv) v om du = u — E(u) + o
, du s(d? + kic?)
(R . did — p'3yp — 9 bl S LA
(xv) & /cn’ dni k3 — (1 + RY)E(u) + -
1 du J— 2 —_— 2 — 2 C_é —_— C_d
(xvi) 3/sn‘u = (2 + ) — 201 + BE@) — 201 + B — 5
.. du cnudnu
’3 _ = ’ —_— _——
(xvii) & /l T oo k% E(u) 1+ snu
dn 2« du Risnucnu
pa | S uav _ o, _ REsSnuclw
(xviii) /dn 1 + R’ ¥ E@) + dnu« + A’
£ du
(xix) /0 TFeaan - K- ETE
K
cnuduw 14k —F
(xx)/;l-—ksnu— 174
2. If s=snu, ¢c =cnwu, d =dn u, show that
dg’—‘(s"'*l cd) = (m + 1)s™ — (m + 2)(1 + AY)sm+3 4 (m + 3)kimHE
Deduce that, if # is an even integer, positive or negative, then the
integral of sn” « du is expressible in terms of « and E(). [If#7is odd,

the integral is an elementary integral.]
3. If V =1 + #nsn?wu, show that

a ( scd
dy \Ym+1
where A, B, C, D are constants. Deduce that, if m is a positive
integer, then the integral

du
(1 + nsn?u)™

is expressible in terms of », E(u) and II(x), where

n(u)=/__ﬂ_ A ()

1 4+ nsndu

4 B c D
)=%+-Im+1—,m—-,+m

4. Prove that any integral of the type
/ R{x, /(1 — #9), /(1 — k%*)}d%,

where R denotes a rational function, can be expressed in terms of
elementary integrals and the three elliptic integrals u, E(x), II(#).
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Proof. An integral of the given type can be expressed in the form
/a’ + b€ + c'n + d'éy .
a + b§ + cn + déy
where £ = /(1 — #?), 7 = 4/(1 — k%s*f,and g, a’, . . . are polynomials
in . Now multiply numerator and denominator of the integrand by
a — b§{ — cn + dfyn; then the integral takes the form
ﬁ4+Bf+Cn+Dﬁd
A + Déq
where A, A’, ... are polynomials in x. If we now multiply

numerator and denominator of the integrand by A4 — D¢y, then the
integral can be expressed as the sum of four integrals in the form

/Rldx + /R,fdx + [R,qu + /Rgfﬂd%

where R,, R,, R;, R, are rational functions of ». The first three of
these are elementary integrals. The fourth can be written in the form

/’ P+ 2Q’ dx
P+ 20 &
where P, P’, Q, Q' are polynomials in 22, and when we now multiply

numerator and denominator of the integrand by P — xQ, the integral
can be expressed as the sum of two integrals of the form

R(x%)dx + S(x?)d(x?)
V(1 — 224/ (1 — A223) V(1 — 2%)4/(1 — k2%?)
where R(x?) and S(¥?) are rational functions of #2. The second of these

is an elementary integral. To simplify the first, we begin by putting
R(x?) into partial fractions, thus,

R(x?) = Zax? + T

b

(1 4+ nx?)?

where a, b, n are constants, p and ¢ are positive integers, and only the
most general typical terms are indicated. Hence, putting ¥ = sn (u, %),
we find

R(x*)dx
/\/(1 v (1 — k) = Za/nzrud1t+2b/——(l T+ saia)e

and it follows from examples 2 and 3 that the original integral is
expressible in terms of x, E(u), II(u).

§ 5. Variation of the complete elliptic integrals when k varies.
From (11) and (12), when 2 = 0 and # = 1 we have
k=0 K=1}r, E=}n ... (19)
k=1, K=4w E=1 . . . . (15

Now, if we differentiate (11) and (12) with respect to &, and
then put ¥ = sn «, we get
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kx*dx K sn? u
/ 1 — 231 — A% i_k/ dnu - - (10)

/(1_,; ._""22 k/ snuduy . (17)

It follows that dK/dk > 0 and dE/dk < 0 when 0 <k <1,
and hence that K increases steadily from in to + oo, while E
decreases steadily from ir to 1, when % increases from 0 to 1.

The integrals in (16) and (17) can be evaluated. Making use
of Examples 4 and 2 in § 4, we find

dK _E —k*”K dE _ K-—E (18)
dk ~ T RR? ' dk k e

§ 6. Approximations to K and K’ when % is small. When # is

small we have

_ [ dg N 2 cin d
K= [ =gy = [0 Besintg
0 0
and hence
K=3r(l4+ 32+ ...) ... (19
It will be proved that an approximation to K’ is given by
K’ = log,(4/k) + « Coe e (20

where o« — 0 when 2 — 0.
Proof. Write K’ in the form
}fr ’ ’
K'=/ ksm¢+ksm¢¢ + B
0

V(1 — ksin® ¢)

where

in . 3 im ’ o3
— 1 — %'sin¢ _ k’sin ¢ d¢
‘4—fL (T?TVEE3>d# B / (k2 + &2 cos? ¢)}

0
The integrand of A is a continuous function of 2’ and ¢ (0< #'< L,
0< ¢< i"') and hence the integral A4 itself is a continuous  function
of &’ (0K A< 1), and so we can put
i ] —sing
A=/ @+ww>¢+%
0

where a, — 0 when 4’ —> 1 or £ —> 0. Putting ¢ = 47 — ¢, we then
find

im
4 =/ tan 3y dy + oy =log2 + a
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Also we find

B =log

k ;: 1 = ]og%— + a,
where a, —> 0 when 2 — 0. Hence
K=A+ B =10g2 4+ a, + log (2/k) 4 a, = log (4/k) + a
where a = a; + a,—> 0 when 2 — 0.
Cor. 1. It follows from (19) and (20) that, if % is small,

K .2 4

= ;log.; e e . e .. (2D
Cor. 2. From (21), if & is small.

R = 167K1K . (22)

Note. By solving in series the differential equation satisfied
by K and K’ (see Examples II (b), 8), it can be shown that, when
k is small, a better approximation to K’ than (20) is given by

, . 43 k? k2
K= (s 7) (1+%) - % (23)
and then from (19) and (23) we have
K .2 4 R®
%= (loa.5 =) . (24)

Putting %2 =1/5, we have log,(4/k) =log,20=3, and
322 = 0-01. Consequently, when %k = 1/6 the error in the
approximation (21) is about 1 in 300. We infer that for most
practical purposes, (21) may be used as an approximation to
K’/|K when k& < 1/5 == sin 12°, and that (22) may be used as an
approximation to k2 when K’/K > 2.

§ 7. The addition formula for the integral E(u) is

E(u +v) = E(u) + E(v) — k*snusnvsn (¥ 4 v) . (25)
In particular, putting v = K, we find, by I, (28),

E(u + K) = E(u) + E — k*snucnu/dn u . (26)
When # = K, this gives E(2K) = 2E. Then (25) gives
E(u+ 2K) =E(u) +2E . . . . (27

Proof of (26). From the last two identities in Examples I (b), (3),
we have, by multiplication,

4k*snxcnrdnxrsnycnydny
(1 — A%sn? x sn?y)?
and hence, by integration with respect to y,

2snxcnxdnx
E(x"'y) +E(x_y) =C—sn2x(l _klsn’xsn’y)

dn? (¥ +y) —dn?(x —y) = —
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where C may depend on x, but not on y. Putting y — x, we get

- 2snxcnxdnxy

(D) — — ve o e c—— e S————

E@y) =C sn® x(1 — A%sndx)
and by subtraction

. <o..  2k*snrxcnxdnx sn®xy — sn?y
—y) — E(2%) = ST TR
E@+9) + Ex —y) — £ = 1 —k*snix "1 —A%sn2zxsn?y
and hence, by Examples I (b), (1) and (4),
E(x+9y) + E(x —y) — E(2x) = k?sn2xsn (¥ + y)sn (¥ — )

from which follows (25) when we put u =x + 3y, v =x — .

§ 8. Jacobi’s elliptic integral of the second kind (Jacobi’s Zeta-
function) is denoted by Z(«) and is defined by

u -~
E X L

Z(u) = [ dn®*u — =) du = E(u) — -u . (28)
0 ( K) K

Its properties arc simpler than those of E(x) in some respects;
for instance, Z(u) is simply periodic, with period 2K, as will be
seen below.
From (25) and (28) it follows that the addition formula for
Z(u) is the same as that for E(u), viz.,
Zu +v) = Z(u) + Z(w) — k*snusnvsn (v 4 v) . (29)
In particular,
Z(u 4 K) = Z(u) — k*snucnu/dnu (30)
Zu+2K)=2Z@w) . . . . . . . . (31)
¥rom (31) we see that Z(«) is periodic, with period 2X.
¥rom the definition (28), we have

Z(0) =0, Z(K)=0, Z(—u)=—2Zu) . (32
dZ(u) . ., E  a*Z(u) _ 2o
e = dn?u — T dwe = 2k*snucnwdnu (33)

and it follows that, between 2 = 0 and u = K, the graph of
Z(u) has a maximum point where dn®*sx = E/K (see on, Examples

TN
K W~k

Fi1G. 1.—Graph of Z(u) for # = 0-8 approx.

O, = t>

1I (b), 4) and no point of inflexion. The graph is indicated in Fig.
1 for £ = 0-8. For other values of %, see the figures in Jahnke
and Emde, Funktionentafeln.
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§ 9. Tables. Tables of values of the functions sn %, cn %, dn «,
Z(u), and of the complete elliptic integrals K, K’, E, E’ have been
calculated by Milne-Thomson. The tables of sn %, cn %, dn « are
five-figure tables, those of K, K’, E, E’ are seven-figure tables,
and they were published together under the title Die Elliptischen
Funktionen von Jacobi, by J. Springer, Berlin, 1931. The tables
of Z(u) are seven-figure tables, under the title * The Zeta-function
of Jacobi ", reprinted from the Proceedings of the Royal Society of
Edinburgh, 1932. Milne-Thomson’s tables have also recently
(1950) been published in New York by Dover Publications, Inc.

Tables of values of the integrals

w=Ft ¢) = [* -9 ___

E(u) = E(k, ¢) = fﬁ V(1 — k2 sin? ¢)dg
0

and of the complete integrals K, E were originally compiled by
Legendre; they are included in many books of tables: e.g., in
Dale, Five-figure Mathematical Tables (Arnold), as functions of 0
and ¢, where £ =sin 6; or in Jahnke and Emde’s Funktionen-
lafeln, as functions of « and ¢, where & = sin a.

§ 10. Given u and %, to calculate snu, cnu, dnu, E(u) from
Legendre’s tables. In the table of values of F(%, ¢) we find the
column headed sin! k.. In this column, in the body of the table,
we find », = F(k, ¢). Opposite this value of «, in the left-hand
column, we then read the value of ¢. Then we have

sn (#, k) =sin g, cn (u, k) = cos ¢,

dn (4, ) = 4/(1 — k?sin? @), E(u, k) = E(k, ¢),
the values of sn (u, k) and cn (%, k) being read from the tables of
sines and cosines, that of dn (, ) being calculated from the

values of % and sin ¢, and that of E(u, k) being read from the
table of values of E(k, ¢).

EXAMPLES 1II (b)

1. From (11) and (12), by expanding the integrands in ascending
powers of k?sin? ¢, show that

k=3{t+aw+ (79w + .} =FFra 6w
T 1 .
=-§{l—§-2k3— ;—i BO— .. } =ZF(} — 4 1; &)

[Here F denotes the hypergeometric function.]
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2. Show that

3. Verify Legendre’s formula
KE' + K'E — KK’ = i«
[First show that the derivative of the L.H.s. with respect to %
vanishes.] Deduce that, when k = 1/4/2, then
E = }K + }=/K
4. From (18) show that E/K > %3, and deduce that the equation
dn? 4 = E/K has a root between 0 and K (see § 8).

6. If u« is small, show that

E(w) =« — k2 . . ., Z(u) = KEEu — k% L

6. Show that the average values of sn %, cn %, dn %, between u = 0
and » = K, are respectively
1 log 14+4& sintk @
kK k7 RK ' 2K
Examine the limits of these average values when % —- 0 and when
k—1,
7. By using the addition formule, show that
E(3K) = 3E + 3(1 — %), Z@3K) =31 —#&)
8. Show that y = K and y = K’ are solutions of the equation

d ) _
2 (kk 2 dk) = ky |
By solving this equation in series by Frobenius’s method, and using

the known behaviour of K’ when & is small (§ 6), prove that
,_ 2K, 4 12 1 1’-3‘(_1__ L)c }
K== logg ‘2{2‘21—.‘2’*""22.4* rzta gt



CHAPTER III
APPLICATIONS. ARGUMENT REAL
§ 1. Perimeter of ellipse. The co-ordinates of any point on the
ellipse
2+ y2pr=1 . . . . . (1)
may be written ¥ = asin?¢, y = b cos ¢, where ¢ is the complement

of the eccentric angle. Hence, if s is the perimeter of the ellipse,
and if b2 = a%(1 — e2), then

s = 4]*" 4/(a? cos? ¢ + b%sin? f)dt = 4a /‘" /(1 — e* sin? t)dt
0 0

and therefore
s = 4aFE(e) P 9

where ¢ is the eccentricity. For example, taking the values of
the complete elliptic integral E, = E(e), from tables, we find,
approximately,

e =0, E = in, s = 2na = 6-28a,
e = %, E = 1-467, s = 5-87a,

e = 34/3, E = 1-211, s = 4-84a,
e=1, E =1, s = 4a.

§ 2. Parametric equations of the ellipse in terms of snu, cn u.
One way of writing the co-ordinates of any point on the ellipse (1)
in parametric form is

x=asnu, y=bcnu . . . . (3)

where the modulus # may have any value. In particular, we may
put & = e = the eccentricity, ¢’ = &’ = V(1 — e?).
Then we find, in the usual notation of the ellipse (Fig. 1),

k=e, k'=8,, b=ae" l=ae/2, x=asnu‘ y:bcnu.

CG = ae?snu, Cg = ae® cn ufe’, gG = ae*dn u/fe’.

PG = ae’dn u, Pg = adnufe.

CK = ae’/dn u, CD = adn u, p = adn3 uje’.
y=SP =a(l —esnu), v =5'P = a(l 4 esnu).

p=SZ =0b(l —esnu)/dnu, p' =S'Z'=0b(l+esnu)/dnu.
cos GSP = (e — snu)/(1 — esnu),
sin GSP = e’ cn #/(1 — e sn u),
cos SPG = e’/dn u, sin SPG = e cn #/dn u,
cos PGS = ¢’sn u/dn u, sin PGS = cn u/dn «.
26
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Further, if s is the length of the arc from B to P, we have

2 = /u 4/(cn®« dn? % + k’2sn®u dn® u) du
0

= /“ dn u 4/(cn® u + k"2 sn® u)du = [“dnz udu = E(u) (4)
0 0

Ex. Deduce geometrical properties of the ellipse by eliminating
u# between pairs of the above equations.

FiG. 1.
If © + v = K we have, from II (25),

§ 3. Fagnano’s Theorem.
E() + E(v) — E = k*snusnv '
This result has the following geometrical meaning (F%gnanc‘)s
Theorem), as may be readily verified from the formule in § 2:
If P(x,y), P'(x',y’) are two points on the,elhpse (tl}z whose
eccentric angles ¢, ¢’ are such that tan ¢ tan ¢ —_—, b/a, then
arc BP + arc BP’ — arc BA = e*xx’la . : ‘(5) '
When P and P’ coincide, the point F in. which they cgéngxciﬁ ax;
called Fagnano’s point. For this point * it may be verifie
arc BF — accAF =a— 0. (6)
§ 4. The pendulum. Suppose 2 light rod of length lt, lfusprelgdiccl)
from one end and having a ‘‘ bob ” attach_ed to lthe o :z iim'e ¢
be moving freely under gravity in a vertical plane. ,

tween the rod and
let v be the speed of the bob and 0 the angle bea;"gee o Then

the downward vertical. At =0, let v ="%o
the equation of energy is
boe® — %)
* For other properties of Fagn 18
Applications of Elliptic Functions, P-

= gl(1 — cos )] N )]
ano’s point, see, e.g., Greenhill,
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which may be written

v?=u,2 — 4glsin®40 . . . . (8)
or, when we put v = /d0/d! and w? = g//, and divide by 2,
aeNz o L (ve? .
(%) = o (4?— sin® 360) - (9)

There are now three cases to be considered :

1°. vo? < dgl.  The rod oscillates.

Put k% = vy%/4gl < 1. Let « be the angular amplitude of the
oscillations, so that v = 0 when 6 = «. Then, putting v = 0,
6 = « in (8), we have

k? = v2/4gl =sin?3e . . . . (10)

Since @6/dt changes sign when 6§ = 4+ «, we have, from (9),
wdt = 4 3}d0/+/(k? — sin230) . . . (11)

To reduce this to the standard form, make the substitution
sin 46 = ksin¢ = sin fasing . . . (12)

and let ¢ oscillate between + 4n while 0 oscillates between + o;
then, after a little reduction, we find

wdt = + dp/+/(1 — k?sin® @) (13)
from which follows sin ¢ = sn (wf, ) and hence
sin 40 = % sn wt cos 40 = dn w!?
db/dt = 2k cn wt 6 = 2sin! (ksn w?). (14)

These equations represent a periodic motion, of which the com-
plete period T is given by wT = 4K, or
T =4K+/(lg) . . . . . . (18)
the modulus of K being %, =sin4a. When « =0, 2 =0,
K = }n and so (15) gives the usual formula for the period of small
oscillations. For other values of «, taking values of K from the
tables, we find approximately, putting T, = 2n4/(//g) :

a k K T|T, = 2K|m
30° | sin 15° = (v/3 — 1)/(2+/2) 1-598 1-02
60° | sin 30° = 3} 1-686 1-07
90° | sin 45° = 1/4/2 1-854 1-18
120° | sin 60° = 4+/3 2-156 1-37
150° | sin 75° = (v/3 + 1)/(24/2) 2-768 1-76
180° | sin 90° =1 © ®
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2°. vo2 > 4gl. The rod wmakes complete rvevolutions, and d6/dt
always has the same sign, which we take to be positive. Note
that 6 is not periodic.
Put k% = 4gl/vy> < 1. Then, from (9),
wdtlk = 3d6/4/(1 — & sin? }6) . (16)
Since 8 = 0 when ¢ = 0, it follows that
sin 30 = sn (w?/k) cos 36 = cn (w?/k)
dd 2w wt . 20t
c?t_:—k_dn? 6=2sm1(sn;%) (17)
This represents a periodic motion, of which the period T is

given by T /k = 2K, or

T = 2kK|w = 2kKA/(llg) . . . (18)
3°. v,2 = 4gl. Putting 2 =1 in (14) and using I (23), we find
sin 40 = tanh w?, cos30 =sechw?, db/dt =2wsechw?. (19)

The rod never quite reaches the upward vertical position.
§ 5. Rectification of the curve y/b = sn (x/a, k) in a special case.
The curve
y/b =sn (xfa, k) . . . . . (20)
is rectifiable in terms of elliptic integrals in the special case in
which % is determined by the equation
bla = tan ¢y = 2k[/R* . . . . (2])
where tan ¢, is the gradient at x = 0. (This special case has a

bearing on § 6 below.)
For we then find, putting ¥ = au, y = bsnu,

(ds/du)? = (dx[du)® + (dy[du)* = a*® + b*cn®u dn® u
and hence, after substituting for b from (21),
k2ds/du = a(2 dn®u — k")
from which, by integration, ifs=0atx =0,
k'%sla = 2E(u) — R%u
which may be written
k'2(s + %) = 2aE(xfa) . . . . (22)
§ 6. The skipping rope. The ends of a uniform flexible rope,
of length 2! and mass  per unit length, are fixed to two points
at a distance 2¢ apart, and the rope revolves in relative equi-

}ibrium, with constant angular velocity o, about the line joining
its ends; to find the shape of the rope, gravity being ignored.
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It will be shown that the shape of the rope is a curve of the
type discussed in § 5.

Let A, B be the ends of the rope, 4 the origin, 4 B the axis of x
(Fig. 2). Let P be any point of the rope, ¢ the angle which the

FiG. 2.

tangent at P makes with 4B, and T the tension at P. Let
s = arc AP, and consider the motion of an element of rope at P
of length ds and mass mds. Since the components of T are
T cos ¢ and T sin ¢ parallel and perpendicular to A B, respec-
tively, therefore the equations of motion of the element are

d(Tcosy) =0, d(Tsinyg) = — mds.ye® . (23)
From the first of these two equations follows
Tcosy =constant =H . . . (24)

where H is the component along 4B of the reaction at 4, and
hence the second equation can be written

ay\ _ ,,d% ds
(H tan ¢) — (H dx) =T — oy %
from which follows
d
pE = — v+ . (@0)
where p = dy/dx and # is given by
me?/H = 4/h? .o . (26)

By integrating (25), with y = b, p = 0 at the middle of the
rope, we now find

Ba/(1 + %) = h* + 2(6° — »?)
which, after squaring, gives
Bipt = 4(5* — YA (B + b2 — y2)

and hence
= (@) - EEEN )1 )
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Taking square roots, and putting
b=, 1lla = 24/(h* + b3)[h2, k =b[+/(h? + b%) . (27)
we now find, after separating the variables,
dn
V(1 = 1)V/(1 — k?)
and hence, since y = 0 when x¥ = 0,
1 = y[b = sn (%/a, k) (28)
This is of the same form as (20), since b/a = 2k/k’?, as may be
verified. The length s of the arc, measured from 4, is given by
(22). Putting x =¢, ¢/a = K, s =, we find
(! + ¢)/2c = E|Kk* e oo .. (29
an equation which determines % in terms of the ratic //c. Then a
can be found from c¢/a = K, equations (27) give b and %, and
equation (26) gives H. Further, if F is the component of the
reaction at A4, perpendicular to the line 4 B, then F is given by
F/H = tan ¢, = 2k[k".
§ 7. Area of the surface of an ellipsoid. If p is the perpendicular
from the centre of the ellipsoid

x%la® + y2[b® 4 z%[c? =1 S : 10)]
on the tangent plane at the point (¥, y, z), and if cos «, cos §,

cos y denote the direction cosines of the normal at this point, it is
known from geometry that

cos a = px/a?, cosP = py[b?, cosy = pz[c* . (3])

1)

X
a

1 x?. 2 22
Foatpta (32)

It follows that the points at which the normals make a constant
angle y with the axis of z lie on the cone

2

%2 2 22 z
Gri+h)eomr=a - (33

and hence also, by eliminating z between (30) and (33), that they
lie on the elliptic cylinder
cos?y | sin®y\2? cos?y | sin® 'y) y* sin?y
(G + )5+ (G + T )R="%0 - @9
Let 4 be the area of the cross-section of this cylinder, and S

the area of the surface of the ellipsoid intercepted by the cylinder
where z > 0. Then

dS =dAsecy . . .. (39)
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Now from (34) we find
na%h? sin’y
4/ (c? cos?y 4 a? sin®y)4/(c? cos® y 4 b? sin?y)
_ nab sin?y
T 4/(1 — e,% cos?y)4/(1 — e,2 costy)

A=

(36)

where
e,z = (a® — c?)[a?, e;* = (b* — )[bP, e > er® if a* > b2 > o2
and hence if we put ’
t =e,cosy, k= e’fe,? . (37)
then
nab e,? —t?

4 =57 YU = v — 75

If we put further

t=sn(u, k), e, =sn(6 k) . . (38)
we have
_SLO __ mab sn?6 — sn®u
SeCY T snw “sn?0 cnudnu

and after differentiation and simplification
(dn2 0 , cn? 6) d
dnfu T cntu)

sn 6
——bdA secy = —

Now, when y varies from 0 to }r, then ¢ varies from ¢, to 0,
and » from 6 to 0; hence, by (36), if S now denotes the whole area
of the surface of the ellipsoid,

sn6S 6,dn26 , cn20
= / ( ) du

wab 2 dnfu ' cn?u

(39)
0
After integrating and simplifying, we find that the result can
be put in the form

2
S = 2nc? 4+ \—/azL—cz {(a® — c®)E(6) 4 c%0} . (40)

EXAMPLES III

1. If s is the length of the arc of the curve y/b = sin (x/a), measured
from »# = 0, show that
= v/(a* + b)E(%, ¢),
where ¢ = z/a, k* = b?/(a® + b?).
2. Show that the length s of the arc of the trochoid
#x=al +csinf, y =a —ccosb,
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measured from the vertex § = 0, is given by
s = 2(a + ¢)E(u)
where
sin 46 = snu, k% = 4ac/(a + c)%.
3. Show that the length s of the arc of the limagon
r=a 4 ccos b
is given by the same formula as that in Example 2.
4. Show that the length s of the arc of the epitrochoid
x = (a4 b)cos b 4 ccos (a + d)b/a
y = (@ + b) sin 8 + ¢ sin (@ + b)6/a
measured from the vertex § = 0, is given by
bs = 2(a + b)(a + c¢)E(u)
where
sin (b0/2a) = sn u, k% = 4dac/(a + c)2.
5. Show that one way of expressing parametrically the co-ordinates
of a point on the hyperbola x%/a? — y2[b% =1 is
x =adnufcnu, y = bk'snufcn wu.

FiaG. 3.

Put e =1/e <1, ¢ = 4/(1 — €?). Then, taking 2 = ¢, show that
in the usual notation (Fig. 3), measuring s from « = 0,

1 ae’ ae’? dn u sn %
k=e=:>,b=—,l=—,2r=a—, y =be —,
e € € cnu cnu

esla = ¢*u — E(u) + snudnufcnu;

CG = adn u/(e* cn u), Cg = asn /(e cn u), G = af(*cn u);
PG = ae'3(e? cn u), Pg = ajcn u,
CK =acnu, p = ae’3/(e? cnd u).

* =SP =a(dnu — ecn u)/(ecn u),

" =S'P =a (dnu + ecn u)/(ecn u),

P =SZ =bdnu —ecnu)e’, p’=5Z" =b{dnu + ecnu)fe.
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ednu —cnu . _ €?snu
cos GSP = g ——anw sin GSP = dnu — ecn 2’
cos SPG = cn u, sin SPG = sn u,
cos PGS = dn u. sin PGS = esn u,

6. The axes of two circular cylinders, of radii a and b (2 > b), intersect
at right angles. Show that their common volume is
ga{(a® + V)E — (a® — B3)K}, (k = bja).
7. Show that the volume common to the two elliptic cylinders
23 23 yz 22
ata=l ptm=L (<0,
is (8ab/3c){(c’* + )E — (¢ — K}, (k = c[c").

8. A heavy bead is projected from the lowest point of a smooth
circular wire, fixed in a vertical plane, so that it describes one-third of
the circumference before coming to rest. Prove that during the first
half of the time it describes one-quarter of the circumference.

9. Show that the length of a pendulum which beats seconds when
swinging through an angle 2q is given by ! = g/(4K?), (k = sin }aq).

10. A pendulum swinging through an angle 2a makes N beats a day.
If a is increased by da, show that the pendulum will lose N sin a da beats
a day, approximately.

A pendulum beats seconds when swinging through an angle of 6°. If
the angle of swing is increased to 8°, show that the pendulum will lose
10 beats a day approximately. .

11. Show that the gravitational potential of a uniform circular disc,
of radius @ and mass o per unit area, at a point on the disc at a distance
¢ from the centre is 40aE (c/a).

12. Let (R, 8, ¢) be the usual spherical polar co-ordinates on a sphere
of radius R, and let p = R sin 6. If dsis the element of arc of any curve
drawn on the sphere, show that

(ds)? = (pdg)? + (Rdp)?*/(R* — p?)-

Hence show that, for the curve (Seiffert’s spherical spiral) defined by
the equation R¢$ = ks, if s is measured from the pole of the sphere,
then p = Rsn (s/R), z = Rcn (s/R), and dn (s/R) is the cosine of
the angle at which the curve cuts the meridian. (0 < % < 1.)

13. A particle of unit mass oscillates on the axis of » so that its
position at time ¢ is given by (i) # = a sn wt, (ii) ¥ = asn? wf. Show
that the force f which causes the oscillation is given by :

(i) »=asnwt, f=— (1 + k)xr — 2k%x%/a?},

(i) x =asn?w?, f=2w*a — 2(1 + k%)x + 3k%x%[a}.

14. Application to spherical trigonometry. Let T be a spherical
triangle having three acute sides. The polar triangle T’ has threé
obtuse angles. Every spherical triangle, or one of its colunar triangles,*
belongs to type T or T".

* Greenhill, Elliptic Functions, p. 133.
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Prove that a spherical triangle with three acute sides has at least two
acute angles, and that in such a triangle we may put

sin afsin A = sinb/sin B = sin¢/sinC = k < 1.
Show also that, if 4 and B are acute, and if we put (modulus %)
sin A = sn u, sin B =snuv
then
sinp =ksnusnv

where p is the perpendicular arc from C on 4 B, and

cosa =dnwu, cos b =dnv, cos c¢c=dn (x4 v),

cos A =cnu, cos B=cnwv, cosC = —cn (« -+ v).

15. Euler’s equations of motion * for a rigid body moving with 6ne
point fixed, under no external forces, are

% — (B - O, BY _(c—app, C%=(4— By
Verify that these equations are satisfied by
p=oacnX, g=—BsnM, r=gydnd
where a, B, y, A are given by
Aa® BB _ Ck%* _ afy _ Qs
B—-—C A-C A-B A

the modulus %, and Q, being arbitrary.
Verify also that p, ¢, » satisfy the two equations
Ap? + Bg? 4+ C»? = const.
and A2p? 4+ B2 4 C%3 = const.
Show further that Euler’s equations have a solution of the form
p=adnput, g =>bsnut, »r =ccn ut

* See, e.g., Lamb, Higher Mechanics, § 52.



CHAPTER 1V
ARGUMENT COMPLEX

§ 1. Introduction. As in the first chapter, we begin with an
introductory article. We suppose that sin % has been defined as
in I, § 1, and that the function sinh v has been defined in a similar
way by means of the integral

v dt . . .
v =[ m = sinh'y, y =sinhv. . (i)
0
where — o0 <y< oo, —ow <v<ow. Now consider the
integral
iy at .
w =[ VI =7 .. (i)
0

the integration being carried out along the imaginary axis from
t =0 to?=1y. Putting ¢ =1y, d¢ = idn, we get, by (i),

__idn .
w = = ¢ sinh™! c e iii
/ v y (iii)

Thus w is a pure imaginary; so we may put w = tv; then (ii) and
(iii) give

= ("% __ 4 _ sinht —sinhv . (iv)

If by comparison with I, § 1, we suppose that the first of these
can be written 7v = sin! (¢y) and hence sin iv = iy, thus defining
sin v, we arrive at the well-known formula

siniv =4sinhv . . . . . . (V)
§ 2. In order to obtain the corresponding formula for sn (7v, R),

we consider the integral
J dt

iy
v= [ Jr=mya =
0
the integration being carried out along the imaginary axis from
t =0tot¢t =1y Puttingt =in, dt = idn, we get

_ idn
W= /p Y EErv e R

36

(1)
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Thus w is a pure imaginary; $o we may put w = iv; then (1) and
(2) give, respectively,
. iy dt
w _/ VO =B = FE - 3
0

= [Y dn
”‘fo VOIFmyaTTemg o @

We may suppose (3) to define sn iv, writing, by comparison with
I, (1),
w =snl(iy), sniv=1dy . . . . (5)

If in (4) we now put n = tan ¢, y = tan ¢, we find

s dy
v =/ V(T = A7Zsint ) - - (0
0

and hence
sin¢g = sn (v, k'), cos¢ = cn (v, ')
Yy = tan ¢ = sin ¢/cos ¢ = sn (v, &')/cn (v, &)
so that (5) gives
sn (w, k) =isn (v, R)fen (v, k) . . . (7)

Note that as y varies from — o to + o, the angle ¢ varies
from — in to + 4w and v varies from — K’ to + K.

§ 3. The elliptic functions. Argument purely imaginary. We
have just seen that sn (tv, k) is given by formula (7).. ’.Fhe
functions cn (iv, #) and dn (iv, k) can be expressed by similar
formulee. The three formule are

sn (v, k) = isn (v, &’)/cn (v, &) . (8)
cn (v, k) = 1lfen (v, k) . . . . (9
dn (v, k) =dn (v, #)/cn (v, ) . . . (10)

They express elliptic functions in which the argument v is a pure
imaginary in terms of functions in which the‘ argument v is real.
Together they are usually known as Jacobi’s imaginary trans-
Jormation. Formule (9) and (10) are obtained by substituting
from (8) in

cn (iv, k) = /{1 — sn? (i, k)}
and dn (iv, k) = 4/{1 — k% sn? (iv, &)}

remembering that cn 0 = + 1 and dn 0 = + 1.
Although at the end of § 2 it was pointed out that

— K v K,
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we may assume now that v can have any real value, since
sn (v, &), cn (v, #’), dn (v, ') have previously been defined for all
real values of v (see I, § 9).

§ 4. Argument complex. In order to define sn (x + iv),
cn (u + #v), and dn (¥ 4 v), we shall assume that the addition
formulaz continue to hold good when the arguments are complex.
Accordingly, replacing v by iv in I, (24), etc., and using (8), (9),
(10), we find the following formule, in which the real and

imaginary parts of sn (« 4 7v), . . . are separated. For brevity,
we put s =sn (%, k), s, =sn (v, k), ... Note that the com-
plementary modulus %’ goes with the suffix 1:
sn (u + ) = (sd, + dcds,c,)/(1 — d%s,%) . . (11)
cn (u + ) = (ccq — isds,d,)/(1 — d%s5,%) . . (12)

dn (¥ + ) = (dc,d, — k3scs,)/(1 — d?s,?) . (13)
We deduce the following particular cases:
Putting » = K in (11), etc., we find

sn (K +1w)=1/dn (v,2) . . . . (14)
cn (K + iv) = — ik’ sn (v, k%)/dn (v, k) (15)
dn (K + iv) = k’cn (v, k)/dn (v, ') . (16)
Putting v = K’ in (11), etc., we find
sn (# + 1K’) = 1/(k sn u) N ¢ )
cn (u + iK’) = —idnuf(ksnu) . . (18)
dn(# 4+ +K’) = —icnufsnu . . . . (19)
Replacing # by » 4 ¢K’ in (17), etc., we find
sn(u+ 26K) =snu . . . . . (20)
cn(u + 20K) = —cnu . . . . (21)
dn (4 + 2%K) = —dnu . . . . (22

Replacing # by # + K in (17), etc., we find
sn'(u + K+ iK’) =dnwu/(kcnu) . . . (23)

cn (w + K + iK’) = — ik’J(kenu) . . . (24)

dn (v + K 4 ¢K’) = itk’snufcn u .. . (25)
Replacing # by » + 2K in (20), etc., we find

sn (¥ + 2K + 21K') = —snu . . . (26)

cn (v + 2K + 26K) =cnu . . . .27

dn (x + 2K + 2¢K’) = —dnu . . . (28)
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After replacing % by « 4+ K and v by v 4+ K’ in (11), etc., and
a little reduction, we find

sn (u + iv + K + 1K’) = k) cdd, + ik%ss,c,)/(1 — s2d,2) (29)
cn (u + v + K + iK') = k7k'(sds dy — dccy) /(1 — s%d,%) (30)
dn (¢ + v + K + iK') = — k'(ds, — isce,d,)/(1 — s2d,?) (31)

These formula, being consequences of the addition formule,
hold good for real or complex values of « or v.

§ 5. Doubly periodic functions. A single-valued function
f(w) is said to have a period Q if, for all values of w,

flw + Q) = f(w)

A period Q is said to be a primitive period if no submultiple of
Q is a period.

If a single-valued function has two periods Q, Q’, the ratio of
which is not real, the function is said to be doubly periodic.

A pair of primitive periods of a doubly periodic function is not
unique (e.g., 4K, 2iK, is one pair of primitive periods of the
function sn w; another pair is 4K, 4K + 2:K’).

If Q, Q' is a pair of primitive periods for the function f(w),
then every point of the form w + mQ + m’Q’, where m, m’ are
any two integers, is said to be congruent to w and to every other
point of the same form. At all congruent points f(w) has the same
value.

A parallelogram with its vertices at four points of the form w,
w+Q, w4+ Q) w+ Q4 Q is called a period-parallelogram.
The whole w-plane can be divided into a network of period-
parallelograms by means of two systems of parallel lines. It is
sufficient to study the properties of a doubly periodic function
inside one of its period-parallelograms, because every point
outside is congruent to some inside point.

§ 6. Periods of sn w, cn w, dn w. From (20), (22) and (27) and
from I (34) and (35) it follows that pairs of periods for these
functions are, respectively,

snw: 4K, 21K’ . . (32)
cnw: 4K,2K + 21K’ (33)
dnw: 2K, 4K’ O - 3

§ 7. Behaviour of sn w, cn w, dn w near special points. Using
tf}e Maclaurin expansions of the functions sn #, cn %, dn 1 along
with formule (17) to (25) and I, (28) to (34), we find that the
behaviour of these functions near the points w = 0, w = 2K,
w=+K, w=K4 iK', w=1K, w=2K+ iK', w=—1K’
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can be represented in the forms given in the table below, in which

P,Q R ..

. denote power-series in u?:

w sn w cnw dn w
u u 4 Pud 1+ Qu? 1 4+ Ru?
2K 4+ u — u — Pus — 1 —Qu? 1 4+ Ru?
K+ u 1+ Pu? — kR 4 Q3 k" 4+ R,u3

— K4+ u —1— Pu? R'u — Q,us kR’ 4+ Rju?
K+ iK' 4+ u kTl 4+ Pl — tR'R7L 4+ Q,ud| tR'u 4+ R,ul
K — iK' 4+ u Rl 4+ Pud tR’R — Q,ul — 1Rt — Ry
iK' + u Elul + Pau — Rl 4+ Q] — u + Rgau
2K + iK' 4+ u | —k uwl — Py | ikt — Qqu — il + Rau
— iK' 4+ u R lul 4 Pgu R lul —Qau | el — Rgu

§8. Zeros and poles of snw, cnw, dnw. Each of the
functions sn w, cn w, dn w has two simple zeros and two simple
poles in a period-parallelogram. Thus, the entries in the above
table show that the functions have simple zeros and poles at the
points given in the next table. The functions have no other zeros
or poles, except at congruent points (see the corollaries in § 9).
Note that sn w = 0 at the point w = 0, that cnw = 0 at the
point w = K, that dn w = 0 at the point w = K + ¢K’, and that
all become infinite at the point w = iK’. These four points are
the comers in order of a rectangle.

Periods Simple zeros at Simple poles at
sn w 4K, 2iK’ 0, 2K iK', 2K + iK'’
cn w 4K, 2K + 2¢K’ | K, — K iK', 2K + iK'’
dn w 2K, 41K’ K + iK', K — iK' | iK’, — iK'’

§ 9. Expressions for [snw|, |[cnw|, |dn w|, where w = u + v.

From (11), and by replacing v by — v on both sides of (11), we
have

sn (4 + ) = x + 1y,
and therefore

sn(u — ) =x — 1y

sn (u + %) sn (¥ — ) = 2 4 2
where

x = sd,[(1 — d®,?), y = cdsy /(1 — d%s,?).

Now, if # and v are real and 0 < k < 1, then » and y are real
and |x + iy|?2 = (¥ 4+ 1¥)(¥ — 1y). Hence, in this case,

|[snw|? = |sn (« + v)|* =sn (4 + iv) sn (w — iv) =snwsniv (35)



ARGUMENT COMPLEX 41
and similarly
[cnw|* =cnwen®, |[dnw|*=dnwdnm . (36)
It will now be proved that, under the same conditions,

e L — €%, 1 —CC,

|sn (e + w)[? = 1- -—“dzsl‘-’ = m (37)
e 1 —s%®* D4+ CD

len(x + w)|2 = =%z = D, f DCll (38)
N2 41" — R%® D 4 CD,

Idn (u + ?»U)I =1= d3512 =7 F CCI (39)

where s =sn («, k), s; =sn(v,k), C =cn (2u,k),
C,=cn(2v, k). ...
Proof. From Examples I (b) (4), we have
sn (1 + iv) sn (« — iv) = (sn? % — sn?4y)/(1 — A?sn? u sn2 iv)
which reduces to the first form given in (37), with the help of (8).
Again, from Examples I (b) (5), we have
sn (« + 7v) sn (v — 7v) = (cn 2¢v — cn 2u)/(dn 2/v 4+ dn 2u)
which reduces to the second form in (37).
The proofs of (38) and (39) are similar.
Cor. 1. The only zeros of sn w, cn w, dn w are given by
snw =0, w=2mK + 2mK’ P ¢ 1))
cnw =0, w=(2m+ 1)K+ 2K’ . . . . (4])
dnw =0 w=(2m+ 1)K+ (2n + 1)iK’* . . (42)
where m, » denote any integers.

Proof. From (37), since # and v are real, |[sn (¥ + 7v)| can va.nis}l
only at points where ¢? = 1, ¢,* = 1, that is, where ¥ = 2mK, v = 2nK’,

which proves (40). The proofs of (41), (42) are similar.
Cor. 2. The only zeros of the derivatives of sn w, cn w, dn w are
given respectively by

cnwdnw =0, w=2m+ 1)K + uiK’ ... (43)
snwdnw =0, w=mK+[2n+ }{1 — (—)"}]iK’ (44)
snwcnw =0, w=mK+4 2niK’ .. . . . (4b)

where m, n denote any integers. This follows from Cor. 1.

Cor. 3. The only poles of the functions sn w, cn w, dn w are given by
w = 2mK + (2n + 1)iK’ .. . . (46)
where m, # denote any integers.
Proof. From (37) etc., |snw|, |cnw|, |[dnw| can only become
infinite, for real values of « and v, at points where @2 = 1, 5,2 = 1, i.e,,
where « = 2mK, v = (2n + 1)K".
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Cor. 4. The only periods of sn w, cn w, dn w are of the forms given
by

for snw: 4mK -+ 2niK’ .o (47)
for cnw: 2(2m + 1)K + 2niK’ . (48)
fordnw: 2mK + 4mK’ .. . (49)
Proof of (47). Let Q be a period of sn w. Then
sn (w + Q) =snw .. . (50)

is an identity in w. Hence, by the addition theorem,
scody + Socd = s(1 — k2s2s4?)

or k253253 + (cody — 1)s = — sqcd
wheres =snw, s, =snQ, . .. Squaring both sides and rearranging
in descending powers of s2, we get

kesots® + Rsg*(2cedo — 3)s* + {(codo — 1)% + (1 + A2)so%s® — 50> =0
This being an identity in s, the coefficients of all the powers of s must
vanish, and therefore s, = 0, ¢, dy — 1 = 0; that is,

snQ2 =0, cnQdnQ =1

From the first of these equations and (40) follows Q = 2!K + 2niK’,
where ! and #» are integers, and then from the second ! must be even, so
that Q must be of the form 4mK + 2niK’.

The proofs of (48), (49) can be constructed similarly.

EXAMPLES IV
1. Replace % by « 4 ¢v in (23) and deduce (29).
2. Prove that
1 1 _
sn? (iv, k) T one (v, ) —
3. Obtain the following values of sn }:K’, etc.:
sn 32K’ = i[y/k, cn 3K = /(1 + kR)/vEk, dn iK' = /(1 + &)
4. Obtain the following values of sn $(K + iK’), etc.:
sn (K + iK') = {v/(1 + &) + iv/(1 — B)}/v/(2k)
en }(K +iK) = (L — ) VA[v/(2h)
dn (K + 1K’) = v/ (RR){v/(1 + &) — i/ (1 — R)}//(2k)
5. Prove that, if # and v are real,
(i) |sn (2 + #iK’)| = 1/4/k = const.
(ii) |dn (3K + iv)| = 4/k’ = const.
(iii) |sm (4K + iv)/cn (3K + iv)| = 1/4/k’ = const.
(iv) |dn (v + 3iK’)jcn (v + 3iK’)| = +/k = const.
6. Prove that, if w = 1 4 ¢v, s = sn (%, k), s, =sn (v, ), . . . then
(i) Isnw + 1] = (1 £ sd,))/v/ (1 — d3s,?)
(i) |ksnw 4 1| = {d; £ ks)[v/ (1 — d?s,?)
(iif) |enw 4 1] = (1 £ c¢,)/+/ (1 — d3s,?)

1
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(iv) |kcnw £ ik’| = (dd, F kk'ss))[+/(1 — d%,?)
(v) |dnw &+ 1| = (dy + de))[v/(1 — d%,?)
(vi) |dnw £ &'| = (dd, &+ k'c))[v/(1 — d%;,?)
7. Deduce from Example 5 that, if z =sn w dn w/cn w, then |z| =1
when w lies on the rectangle © = + 3K, v = 4 3K'.
8. By taking the integral

: »CIl 1 n i
eriv/gCR U AR 2 L
sn

round a rectangle with vertices at + K, + K + 2{K’, suitably indented,
prove that

R _opcnudnu nK’
muy K=" = " % du = mi tanh 5
/ ¢ sn i m 2K

-K



CHAPTER V
CONFORMAL REPRESENTATION

§ 1. We shall assume that, if f(w) is an analytic function of w,
with a finite non-zero derivative f'(w) at every point of a region D
bounded by a simple closed curve C in the w-plane, then the
relation z = f(w) ‘‘ represents *’ or ‘* maps '’ D conformally upon
a corresponding region A bounded by a closed curve I' in the
z-plane.

The region A may overlap itself, but will not do so if D is small
enough. A region D which has the property that the corre-
sponding region A consists of the entire z-plane, without over-
lapping, is called a fundamental region of the w-plane for the
function f(w).

§ 2. Conformal representation by the equation z = snw. Let
z2=x+4+1y, w =u + iw. It will be shown that the rectangle

—K<u<K —K<v<K’ (1)

is a fundamental region for the function sn w.
For, by IV, (11), we have

% + 1y = (sd; + icdsyc,)/(1 — d%s,?) . (2)
and hence
x = sd /(1 — d%,?), y =cds,c,/(1 — d%,%) . (3)

It follows that, if w lies within the rectangle (1), then x has the
same sign as %, and y the same sign as v, so that the point (x, )
will lie in the same quadrant as the point (%, v), and to the four
points (4 %, 4 v) will correspond the four points (+ », 4+ y). It
will therefore suffice to consider the rectangle 0 < u < K,
I<v< K.

§ 3. Suppose, then, that the point w describes the closed
contour indicated in Fig. 1, which approximates to a rectangle
OABC, the corners A, B, C being avoided by means of small
quadrants of circles. These corners are avoided because at 4 and
B the derivative dz/dw, = cn w dn w, vanishes, while at C the
function z, = sn w, has a simple pole (IV, § 8). At every point
within the region bounded by this contour, sn w is analytic and
has a non-zero derivative, by IV, § 9, Cor. 2.

When w describes the contour, starting at O, the consequent
variations in %, v, ¥, ¥ are shown in the table:

44
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% v x y
OtoAd . Oto K 0 0tol 0
Ato B . K 0 to K’ 1to 1/k 0
BtoC . . Kto0 K’ 1/k to + = 0
CtoO . .I 0 K to0 0 + i to0

We can deduce the behaviour of z when w is in the neighbour-
hood of any of the points A, B, C in Fig. 1 from the table in IV,
§ 7. Thus,

(i) Near 4, put w =K 4+ w,, 2z =1 + 2.
where a, is a constant, the first term in the series P, of IV, § 7

C ----------
\\\\
c 8
o \, .
\\
Y \\\‘
A, \
v ¥ K z \
\
\
1 Yee ‘|
0] K A 0] A B c
Fic. 1. Fic. 2.
consequently, z describes a small semicircle round z = 1 while

w describes the small quadrant round w = K, in the same sense.
(i) Near B, put w =K + 1K + w, 2z = fe'l + z,. .Thlepn
z, = a,w,?, where a, is a constant, the ﬁrs.t term in the series 12
of IV, §7; consequently, z again describes a small semicirc’e
when w describes the small quadrant round B, in the same sense.
(iii) Near C, put w = 1K’ + ws. Then z = klw;?; 001_1;'3-
quently, z describes an infinite circular quadrant when w describes
the infinitesimal quadrant round C, in the reverse sense. |
It should be kept in mind that the representation 18 conformat
at every point on the closed contour, as the points 4, B_, C dp nof
lie upon it. For this reason, when, for example, the dpeghon Od
motion in the w-plane turns 90° to the left at the beginning an

L] 2
Then z; = a,w,?

’

.
’
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end of the small quadrantal arc at 4, B, or C, the same change
takes place in the direction of motion in the z-plane at the
corresponding points.

The contour described in the z-plane is indicated in Fig. 2. In
Figs. 1 and 2 corresponding points are marked with the same
letter. We see that the rectangle 0 < « < K, 0 < v < K’
is mapped upon the whole of the positive quadrant x > 0, y > 0.
The representation is conformal at every pair of corresponding
points except w = K, z2=1 and w = K + ¢K’, z = 1/k.

The representation at the pair of points w = 1K', 2 = o is
defined to be conformal in the sense that, if we put z = 1/, then
{ = kws,, so that the representation would be conformal at the pair
of points w = iK', { = 0.

It follows, by §2, that the rectangle — K < u < K,
— K’ < v < K’ is mapped upon the entire z-plane.

§ 4. The curves that correspond to the lines u = const., v =
const. The, lines v = 4+ 4K’, — K < u < K, transform into
the upper and lower halves of the circle |z| = 1/4/k, by Examples
IV, 5, (i). The curves which are the transforms of the other
lines of the systems u = const., v = const., may be discussed as
follows :

Let A, A’, B, B’ be the points z =1, z=—1, z = 1/&,
z = — 1/k on the real axis of the z-plane, and let Z be any other

F1G. 3.

point (Fig. 3). Put » = A4Z, v = A'Z, R = BZ, R’ = B’Z.
Then, by Examples IV, 6, (i), (ii), we have
r=AZ=|snw — 1| = (1 — sd;)/4/(1 — @,%) . (4)
v =A'Z =|snw+ 1| = (1 + sd;)/v/(1 — d?s,?) (5)
R =BZ = |snw— 1/k| = (d, — ks)/ky/(1 — d?s,?) (6)
R =B'Z =[snw+ 1/k) = (d; + ks)[kv/(1 — d%s;3) (7)
and hence
r'+r_r'—r_R’+R__R’—R_ 2 8
1 = sd, T @k - s (i —asy - @
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Since s = sn (%, ) andd, = dn (v, £’), the equations of the curves
that correspond to the lines # = const., v = const., can be
expressed in various ways, e.g., the curves u = const. can be
expressed in either of the forms

R'— R = (v + #)sn (u, k) . . (9
v —yv = (R 4+ R)ksn (v, k) . . (10)
and the curves v = const. in either of the forms
v —v = (R — R)dn (v, ) . . . (11)
R 4+ R = (v 4+ »)ktdn (v, #') ... (12)

These curves are bicircular quartics,* with foci at 4, 4/, B, B".
Typical curves are indicated in Fig. 4.

When & — 0 the curves degenerate into the con_focal ellipses
and hyperbolas belonging to the relation z = sin . When
k — 1 they degenerate into the two systems of coaxial circles
belonging to the relation z = tanh w.

Ex. Express the equations of the curves % = const. (i) in terms of
v, " and %, (ii) in terms of R, R’ and u.

§ 5. Conformal representation by z =sn?w. The equation
z — sn? w can be replaced by the two equations z = z,% 2z; = Sn @.

; : n Elementary
* Salmon, Higher Plane Curves (1879), p. 126; Basset, An E
Treatise on Cubic and Quartic Curves (1901), p. 133; Hilton, Plane
Algebraic Curves, p. 304.
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Hence, in order to obtain the representation of the w-plane on
the z-plane by means of z = sn?w, we can first represent the
w-plane upon an intermediate z,-plane by means of z; = sn w,
making use of §§ 2, 3, and then represent the z;-plane on the
z-plane by means of z = z,2. We thus see that the rectangle
OABC will be mapped on the upper half of the z-plane (Figs. 5
and 6).

To examine the curves that correspond to the straight lines
u = const., v = const., let O, 4, B be the points z =0, z =1,
z = 1/k* and Z any other point in the z-plane, and put » = 0Z,
v =AZ, v = BZ. Then from IV, (37), (38), (39), we have

v =|snfw| = (1 —CC,)/(D,+DCy) . . . . (13)
v’ = [sn?w — 1| = [cn?w| = (D + CD,)/(D, + DC,) . (14)
# = |sn?w — 1/k?| = |[dn?w/k?| = (D + CD,)/k*(1 + CC,) (16)

From (13) and (14) follow »* — Dy = C and D,» 4 C,»’ = 1,
showing that the curves that correspond to the lines # = const.
are the Cartesian ovals

v — Dyr=C . (16)
one of which, # = }K, reduces to the circle
vy =%k, or |z—1/R =Fk[k . | (17)

and that the curves that correspond to the lines v = const. are
the Cartesian ovals

Dy +Cyw =1 .. (18)
one of which, v = }K’, reduces to the circle
r=1/k, or |z =1/k . . . (19

§ 6. Conformal representationsbyz = cn w, z = cn®* w, z = dn w,
z = dn*w. These may be derived independently, or they may
be deduced from the case of z = sn? w as follows:

1°. z=cn?w. Putz=1— 2z, 2z, =sn?>w. See Fig. 8.
There are two circles :
|z + k2/k2| = R'|R* (v = 3K) . (20)
lz—1] =1/k (v =3K") - . (21)

2°. z=cnw. Putz=4/2y, 2z, =cn®*w. See Fig. 7.
3°% z =dn?w. Putz=1— k%, z; =sn’w. See Fig. 10.

There are two circles :
|z| =% (v = }K) <. (22)
lz—1 =k (@=4%K) . . . (23
4°, z =dnw. Putz =4/7, z; =dn?w. See Fig. 9.
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There is one circle :
§7. Cont el =vE (w=1K). . . | (g4
. Conformal representation of a period-

z = snw. Returning to z = sn », cons’}de:') dtg:r:g;izgga? by
of the period-parallelogram — K <« < 3K, — K- Ntation
Let this be divided by the line % = K into two rectan 1< v < K,
R’in which — A <u < K and K < u« < 3K, reSpectigefl’s R and

The two points w = K — w; and w = K 4 g_ Jje Oy. )
and the other in R’, being the images of each oth:er in t}r:e In R
w = K. Since sn (K + w;) =sn (K — w,), the funct; € point
has the same value at each of these two points. Cong on sn g
as the rectangle R is mapped on the entire z-plane €quently,
same must be true of the rectangle R, so that the (§ 3), the
period-parallelogram covers the z-plane twice, Map of the

Cor. Forany given value of z, say z,, the inverse function
has two values in a period-parallelogram. When this ; W, =sn-1g,
above, one value lies in R, the other in R’. The one tha,ts lfieﬁped as
called the principal value of sn7! z,; let it be denoted by w 1€s in R ig
one that lies in 2’ will be 2K — w,, the image of w, in the o Then the
Any other value of sn™* z, will be congruent to either w, 0?3’}’? W= K.
— w,.

Ex. 1. Solve the equation sn w = sn a.

There are the two non-congruent roots w = a, w = 2
general solution consists of these two roots together with aJ; Iha. The
€ VaIUes

of w congruent to either of them.
Ex. 2. Show that » = sn }K is a root of the equation

B2y — 2823 4+ 2v — 1 =0

and find the other three roots.
If ¥ = $K, then 2u = K — u and so

sn 21 = sn (K — u) oL )

the general solution of which, by the first example, is given 1, - (i)
2u = K — 1« + 4mK + 2niK’ | y )

2u— K+t K +owixe 1 )

©o- (i)

Now (i) may be written
2scd[(1 — k%s%) = c/d

and hence
st — 2R 4 25 — ]) —

where s =snu, ¢ = cnu. The values of u given by (...' ‘ (iv)
equation ¢ = 0. Those given by (ii) satisfy 1) satisfy the

k254 — 2k%3 4 25 — 1 =0
which is the same as the given equation if s is re

:placed by x. B

. ut

from (ii) we find
u=3K, u= HK £ 2K'), u=3K + $iK’
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and values congruent to these. Hence the four roots of the given
equation are given by

¥ =sn K, x =sn}(K 4 2iK’), x =sn (3K + %iK’).
The first and last are real, the other two a conjugate pair.

EXAMPLES V

1. Show that the functions cn w, dn w take every value once in the
rectangle - K <u < K, — K' <v < K’.

2. Show that sn® w is doubly-periodic, with periods 2K, 2iK’; that
sn2? w has a double zero at w = 0, a double pole at w = iK”’, and that its
derivative vanishesat w = 0, w = K, and w = K + iK’.

Show that the relation z = sn® w maps a period-parallelogram on the
entire z-plane twice over, and hence that sn? w takes every value twice
in a period-parallelogram.

3. Show that, when 2 — 0, the curves u = const., v = const. of the
transformation z = sn? w degenerate into the confocal conics with foci
at z = 0, z = 1, belonging to the transformation z = sin? w.

4. Discuss the curves u = const., v = const. in the transformations
z=cnw, z=dnw, z=cn®w, z=dn*w.

5. Show that the four roots of the equation

R2(1 — 2%) = R2x3(2 — %)
are cn K, cn $iK’, cn ($K £ %iK’), of which the first two are real.
6. If ¢ = cn 4K, show that Z(}K) = A%?%/3R".
7. If s =sn4K, c¢=cn}K, d=dnikK,
S=sngK, C=cniK, D = dn %K,
show that
25 —1 L, _(1—950+5s) ,_ #s
B = —s B ="—ap—s d=1—%
S2=cdd =52 —3s), C=1—sD=(—3)s

8. Show that sn 3K increases steadily from % to 1 as k increases
from 0 to 1.

9. If f(x) = k%x* - 2k%3 + 22 — 1, (0 < & < 1), verify that the
equation f(¥) = 0 has one real root between 0 and 1, and one between
—1/k and — 1. Also show that the curve y = f(¥) has points of
inflexion at x = 0 and » = 1.



CHAPTER VI
CONFORMAL REPRESENTATION (cont.)

§ 1. In the last chapter was considered the representation of
the w-plane on the z-plane by means of the transformation
z = snw. It is more useful, however, in many applications to
consider the inverse transformation

£ dt
v= [ ya=mva—mm - 0 O
0

as representing the upper half of the z-plane upon a rectangle in
the w-plane. As such, it is an example of the Schwarz—
Christoffel transformation, the chief properties of which will
now be recalled.*

§ 2. It is first necessary to define (z — a)* and (@ — 2)® 5o that
they will be single-valued functions of position in the upper half
of the z-plane, 2 and « being any real numbers. We therefore put

z—a=velo, wherer = |z —al,0 <O ., (2)
and define (z — a)* and. (& — =" WHPRLIVELY Dy
(¢ — a)* =r%iad . . (3)
and
(@ — 2)* = (z — a)%e—fam = yae-fer =6 . (4)

Note that, as a consequence, when the point z moving along
the real axis, passes from right to left of the point a, avoiding
the point itself, e.g., by way of a small semicircle drawn in the
upper half-plane, as in Fig. 1, then

(z — a)* changes into (@ — z)%fem . . . (p)

and that, when the point z passes the point a from left to right,
then

(@ — 2)* changes into (z — a)% i (@)
§3. Nowleta, b, ...« B, ... beanyreal numbers, and let
(¢ — a)% (2 — b)B, . . . be defined, as above, so as to be single-

valued in the upper half of the z-plane. Then the function f(z)
defined by

fle) =(z—a)2(z =08 ... (z=Dr . . (1)
* For a fuller account, see, e.g., Copson, Functions of a Complex

Variable, p. 193.
62
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will be single-valued and analytic at all points of the upper half
plane, except the points @, b, . . . I. Suppose
—R<a<b< ... <l<R . . . (8

and let semicircles of small radius p be drawn with the points
a, b, . . . as centres, separating these points from the upper
half-plane, and a semicircle of large radius R, centre z = 0,
separating the point z = o from the upper half-plane (the large
semicircle is not shown completed in Fig. 2). Let these semi-
circles be joined by the intervening portions of the real axis, to
form a simple closed contour C enclosing a simply connected
region S.

-1

s c
[]
,;L\ — e 2 R
Fic. 1. Fic. 2.
The Schwarz-Christoffel transformation may be expressed by
N at

w—f(a—z)a(b—t)s...(z—:)a ®)

£o

where z; is a fixed lower limit. Then w is a function of the upper
limit z such that
dw = (a — 2)eb —z)B .. .0l —2)rdz . (10)

Since the integrand in (9) is single-valued and analytic in the
simply-connected region S, the same will be true of w, by a funda-
mental theorem in the theory of functions of a complex variable.*
Consequently, when z describes any closed curve in S, then w will
describe a corresponding closed curve in the w-plane.

§ 4. Suppose, for convenience, that z, = - R, and let the
point z describe the contour C in the positive sense, beginning and
ending at the point z = z, = — R. Put

c=a+B+ ...+ 1A .. . (1D
and consider the case in which « <1, <1, ... 2A<1, and
6 > 1. This is the simplest case because the integral in (9) will
then converge at the points a, b, . . . when p—- 0, and at o
when R —> o, and so the closed curve described by » will lie
entirely in the finite part of the w-plane.

Moreover, this curve will be a rectilinear polygon in the limit
when p— 0 and R—> . For w will start at w =0 when
z = z,, by (9), and dw will be real and positive as long as z < a,

* E.g., Copson, § 4.4.
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by (10), so that while z moves from z, towards the first small
semicircle, w will describe a piece of the real axis in the w-plane.

‘When =z leaves the real axis, passes round the semicircle at a,
and joins the real axis again, the factor (a — z)-2 in dw will change
into (z — a)-celem, by (6), and for this reason am(dw) will increase
by ar; at the same time am(dz) will gain = as z joins the semi-
circle, will lose ©= as z moves round it, and will gain another =
as z leaves it; consequently, the net gain in am(dw) will be
art + 3w — ®© + iw = an.

While z moves from a to b, we shall then have

dw = (z — a)-aelam . (b — 2)~B . . . (Il — 2)-2dz

and therefore am(dw) = arw = constant, so that w will describe
another piece of a straight line, inclined at ar to the first piece.
Similarly, while z moves from b to ¢, we shall have

dw = (z — a)-cglam | (z — b)-Beibr . . . (Il — 2)-2dz

and hence am(dw) = (« + B)m = constant, so that w will again
describe a piece of a straight line, inclined at Br to the second
piece, and so on.

On the last part of the real axis of z, between / and R, we shall
have am(dw) = (a +B+ ... + A)nw = or. Finally, when =z
leaves the real axis, describes the large semicircle and joins the
real axis again, thus passing from right to left of the points
a, b, .. .1, the factors (z — a)-veiam, (2 — b)=Beifn, . . . will
all return to their starting values, and for this reason am(dw) will
lose on; while am(dz) will gain 4n + n 4+ 4=, and for this reason
am(dw) will gain 2r; thus verifying, as is otherwise obvious, that
the net increment in am(dw) after the completion of the circuit
will be 2.

Rule. As a practical rule, we note that, as z passes the points
a, b, .. .1l o, the direction of motion of the point w turns
through angles am, fx, . . . Am, (2 — o)x to the left.

Here it is to be understood that, for example, a turn through
an angle ax to the left means a turn through an angle |an| to the
right if « < 0. Further, we note that, if ¢ = 2, the directions of
motion of the point w just before and just after z has described
the large semicircle will be the same.

§ 5. Representation of a half-plane upon a given polygon. A
polygon which encloses a simply connected area will be called
here an ordinary polygon. When z describes its real axis, the
polygon described by w may or may not be an ordinary polygon ;
for example, two or more of its sides may intersect, in which case
it will not be ordinary.
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If the polygon described by w is ordinary, the upper half of
the z-plane will be conformally represented upon the polygon by
the transformation (9). The exterior angles of the polygon will

be am, B, . . . (2 — o)w, and since each must be less than two
right angles, the conditions |x| < 1, || <1, ... must be
satisfied.

Conversely, if any ordinary polygon is given, as in Fig. 3, it
can be proved that the upper half z-plane can be represented upon
it by a transformation of the same kind as (9). The steps
required in the proof would be as follows:

Let the given polygon be situated anywhere in the w-plane.
Let a similar polygon be drawn having one vertex O at the origin,
and one side OA4 along the real axis, and so that a point starting
from O and moving along 04
would begin to describe the poly-
gon in the positive sense. Let
the exterior angles of the polygon
be om, Bw, . . . Arm in order, so
thata + B+ ... +Ar=2.

Now the relation (9) will trans-
form the real axis of the z-plane
into a polygon with exterior
angles aw, Bx, . . . Ar, whatever
be the values of @, b, . . . [, in Fic. 3.
this order. It must therefore be
shown that these values can be chosen so that the polygon thus
obtained is similar to the given one.

To show this, we first notice that three of the valuesa, b, . . . !
can be chosen arbitrarily (e.g., we can take three of them to be
0, 1, o if these are likely to be convenient). For we can make a
bilinear transformation of the form 2z, + pz 4 gz, + 7 =0,
which, by a suitable choice of p, ¢, », will transform the real
z-axis into the real z;-axis and any three points on the former
into three arbitrary points on the latter, without any reference
to the polygon in the w-plane.

If » is the number of sides of the polygon, we then have n — 3
of the letters a, b, . . . ! left over, and these can be chosen so
as to make the ratios of # — 2 of the sides of the polygon obtained
from (9) agree with those of the given polygon. All the angles
being given, the two polygons will then be similar. If we then
replace (9) by

N Mat
w‘f,(a—wb—tw.i.(1_,)A+N . a2)
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where M and N are complex constants, then M can be chosen to
make the size and orientation of the polygon determined by (12)
agree with the given polygon; and N can be chosen so that the
translation which it represents will carry the one polygon into
coincidence with the other.

§ 6. The following details may be noted:

It will often be convenient to use the same letter for the
variable of integration and for the upper limit in such an integral
as the one that appears in (12).

Any change in the lower limit 2, is equivalent merely to a change
in the constant N.

Whether we write, e.g., (z — a)* or (@ — 2)* to begin with is
immaterial if the constant M is still to be chosen.

Since the representation is conformal at every point on the
contour C, it follows that, corresponding to every right angle
which occurs on C, there will be a right angle, in the same sense,
on the contour described by w.

§ 7. Representation of a half-plane upon a rectangle. Examples.
Examples will be given of the representation of the upper half of
the z-plane upon a rectangle in the w-plane. After what has been
said, the figures will explain themselves in the first four examples.
Corresponding points in the z- and w-planes are indicated by the
same letter.

Ex. 1.
2 dz

= . (a_ 3)} (b —_ Z)*(C '—Z)i(d _ z)y ("‘ 0 <z < a) (13)

w

Here a = 4, 8 = }, y = &, 8 = 1, so that the direction of motion of
the point w turns through a right ansle to the left as z passes from left

C B

%> A 8 C D 1 DT T5>aA
FiG. 4.

to right of each of the points @, b,¢,d. Sinceo =a+ B+ y 4 8 =2,
there is no change in the direction of motion of w when z passes from the
segment DI to the segment I4 by way of the large semicircle, which is
not shown completed in Fig. 4. The lower limit z, is taken to the left
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of the point z = a. The point O in the w-plane corresponds to 2z, in
the z-plane.
Ex. 2.
‘ dz
w= j; (@ — 2)b(b — 2)b(c — 2)¥
[
In this case, wehave o = a + B + y = §, so that 2 — o = § and the

direction of motion of the point w turns through a right angle to the left
when z passes from the segment CI to the segment /4 ; see Fig. 6.

C B
///’ Z \\} { w ]
| % A B C i 5 A

(—w <z <a) . (14

Fia. 6.
Ex. 3.
: dz
= = -1 = . 156
w /0(1 — AT = F snlz, z=snw (15)
See Fig. 6. Compare V, Figs. 1, 2.
| s
2 L K
cC B K | A B C §
N A/ ) 0 K A
FiG. 6.
Ex. 4
£ dz ¢ (16)
= = -1 ) = SNn* w
v /0{4z(1 — a0 — g VAR A=

If we introduce an intermediate variable ¢, this transformation can be
written (see Fig. 7)

: af — sn-! 17
;=\/2, w=j;(l_§3)i(1_k2;2)i—qn C B ( )
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c B
z ¢ w K
O A B C A B C
o 1y . A/ 2 ) K A
FiG. 7.

Ex. 5. Given a, b, ¢, d (a < b < ¢ < d), to find the sides of the
rectangle in the w-plane into which the upper half ¢-plane is transformed
by

_ dt

B /u(t a6 —9ic — i@ — ot - (18)

We first make a bilinear transformation of the ¢-plane into a z-plane,
such that pairs of corresponding points are ¢t =a, z =0; ¢ = b,
z=1;t=d, z =0 ; and we let z = 1/k® correspond to ¢ = ¢.

The
transformation can be written
_d=bt—a 1 _d-bc—a
f=b—ad—t B b—ad—c" - (19)
(See Fig. 8.) From it follows
d—ab—1 ” d—ac —
1—e=foo—y 1-ke=52"0"" . (20)

“b—a(@—y° 21

and hence, after a little reduction,

w = 2 /‘ dz
T {c—a@ — ot ), @0 — (1 — Rt (22)
If we put m = }{(c — a)(d — b)}?, then
mw = snlqy/z . (23)

or

z =sn?’mw = sn?w,, w, = mw (24)

The sides of the rectangle in the w,-plane are K, K’, and hence the
sides of the rectangle in the w-plane are K/m, K’[m; where

b—ad—c¢ AB.CD
k= G —p:—a= BD.A4C ° - (29)

Here A, B, C, D may refer to either the ¢-plane or the z-plane, since
cross-ratio is unaltered by bilinear transformation.
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Fic. 8.

Ex. 6. Given a rectangle in the w-plane, to transform it into a
half-plane.

Let the lengths of the sides of the given rectangle be /, I/, Let it
be placed with one corner at w = 0 and one side of length / along the
real axis (Fig. 9).

(o] (9]
FiG. 9.
Let % be such that K’/K = l’/l. Then % can be found from tables
(see § 8 below) or by calculation (see, e.g., Copson, p. 412), and hence
K and K’ can be found. If we put further
m= K|l = K'[l',) and w, =mw . . (26)
then
z dz 27)
mw=w1=/(;{4z(l—z)(l-—k25}7! . . .
or z = sn?mw, will transform the rectangle in the w-plane into the
upper half of the z.plane. This can be transformed into other half
planes by means of bilinear transformations.
§ 8. Given the ratio K’/K, to find k from the tables. In the
theory of elliptic functions, it is usual to put ¢ = e-"K'|K,
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In Milne-Thomson’s tables, the number ¢ is tabulated against
m, where m = k% Hence, if K’/K is given, g can be calculated
and m, or k2, taken from the tables.

In the tables of Jahnke and Emde (e.g., 4th edition, p. 49,
Dover Publications) values of log,, ¢ are tabulated against
values of «, where & =sina. If K’/K is given, log,,¢ can be

calculated from the formula log,,q = — =(log,ye). K'/K ==
— 1-3644K’/K, and then «, and hence %, found from the tables.

If & is small (¢ < 0-2 or K’/K > 2) the approximation of II, § 6
will be good enough for many practical purposes.

In the tables at the end of Anwendung der ‘Elliptischen
Funhktionen in Physik und Technik, by F. Oberhettinger and W.
Magnus (Springer, Berlin, 1949), values of K’/K are tabulated
against A% A separate table is given for small values of &.

In certain cases the values of K’/K and % can both be expressed
in simple finite forms (see IX, § 7). These values often serve as
useful guides in problems involving numerical applications.

§ 9. Curved boundaries. For articles on the extension of the
Schwarz-Christoffel transformation to the representation of a
half-plane upon a curvilinear polygon, the reader is referred to:
(i) W. M. Page, Proc. London Math. Soc., 11, 1912-13, p. 313;
(ii) J. G. Leathem, Phil. Trans., A, 215, 1915, p. 439.

EXAMPLES VI

1. Show that the transformation
¢
z =/{z(1 — 1)(4 =2¢))tat
0

represents the upper half ¢-plane upon a square in the z-planc; and that
the length of a side of the square is K(1/4/2) = 1-854.

2. Show that the lengths of the sides of the rectangle in the w-plane
upon which the upper half ¢-planc is represented by the transformation

t
w= [ - 9@ -0 - oy a
0

are K[4/6 and K’[4/6, (k = }), or 0-6882 and 0-8804 approx.
3. Show that the transformation

t
z=a/t‘!(1 — i)t dt
0
represents the upper half ¢-plane upon a right-angled isosceles triangle

in the z-plane. By putting ¢ = 2, « = v%, 1 — v® = w?, show that the
length of the hypotenuse of the triangle is 4aK(1/4/2).
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4. Show that the transformation

[ dt .
- Ota(l e (1 — k%)’ O<e<l,0<i<])

represents the upper half /-plane on a parallelogram, one of the angles
of which is an.
5. Show that the transformation

t
z=/t‘§(l —tad
0

represents the upper half ¢-plane upon an equilateral triangle OA4 B,
such that .

1 ©
0A = f 31 —ta, AB =/ RIS e X1
0 1

Verify that 04 = AB.
6. Show that the transformation

t
7= /r’(l — (1 — R ha, (Rt < 1)
0

represents the upper half ¢-plane on a trapezium, the internal angles of

which are 60°, 90°, 90°, 120°.
7. If0 <a<1,0 <B <1 a<b <c, show that the transformation

_/‘ at
z= L= a)l-a(b — §)1-B(c — t)a+B

represents the upper half {-plane upon a triangle of angles am, B, ym
in the z-plane, where y =1 —a — 8.
Show that the same is true of the transformation

[ dt
‘=) = — e (a<?)

8. Show that the transformation

¢
z;/ot_a(l-di’tz—)ﬁ'(o<a<l' 0<B<l, l<a+28<2)
represents the upper half ¢-plane upon a convex quadrilateral in the
z-plane, with external angles am, B, (2 — a — 2f)m, B

9. Show that the transformation ¢ = snw, z = (1 + ##)/(1 — i¢) will
represent the rectangle — K <u < K, 0 <v < K’ upon the unit
circle |z| = 1.

10. Show that the transformation z = sn w dn w/cn w will represent
the rectangle — }K < u < 3K, — }K’' <v < }K’ on the unit circle
IZI =1,



CHAPTER VII
APPLICATIONS

§ 1. The conformal representation of one plane upon another by
an equation of the form w = f(z), where z and w denote complex
variables, has found many applications to two-dimensional
problems in electric and magnetic fields, in hydrodynamics and
aerodynamics, to problems of torsion and flexure in the theory
of elasticity, etc. Elliptic functions arise naturally in these
applications when the equation w = f(z) takes the form of a
Schwarz-Christoffel transformation in which the integral is
elliptic. We shall first recall how the study of such problems
leads to equations of the type w = f(z).

§ 2. Flow of electricity. When electricity is flowing through
an isotropic solid, the current demsity vector at any point P is a
vector in the direction of flow at P, i.e., normal to the equi-
potential surface, and of magnitude C given by

C=—ocop/v . . . . . (1)

where o denotes the specific conductivity (l/c = the specific
resistance), ¢ is the potential at P, and 8/dv indicates differentiation
in the direction of the normal to the equipotential. The current
density vector has the property that its component in any given
direction is equal to the current per unit area flowing through an
element dS of surface normal to the given direction. This com-
ponent is equal to — od$/on where 9/on indicates differentiation
in the given direction.

§ 3. Steady flow in plane metal sheets. In two dimensions the
components of the current density vector parallel to co-ordinate
axes Ox, Oy are

C,=—ocoplox, C,= —ocodloy . . . (2
When the flow is steady we find, by considering that the net flow

of electricity into a rectangular element at (¥, y) per unit time per
unit thickness is then zero, that C,, C, must satisfy the equé.tion

9C,/ox 4+ oCyloy =0 . . . . (3)
from which it follows that a function ¢ exists such that
C, = —odyfdy, C, = cdy/ox N )]

From (2) and (4) we see that ¢ and ¢ satisfy the Cauchy-
Riemann equations

op|ox = 8y[dy, 662995/33’ =—0y/ox . . (b)
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and hence that we can put

X =¢ + iy = F(x + iy) = F(2) .. ()
where F(z) denotes an analytic function of z. The function ¢ is
called the conjugate of ¢. The curves ¢ = const. are the equi-
potential curves. The curves ¢ = const., orthogonal to the
curves ¢ = const., are the lines of flow or stream lines.

The complex variable y is called the complex potential. The
flow in the z-plane can be regarded as a transformation of uniform
flow parallel to the real axis in the x-plane, by means of the
equation y = F(z) or z = F-(x). Since

o dzox dz (7)
therefore
— odyjdz = — o(éd|ox + 1¢y/ox) = C, —iC, . (8)
and consequently — ody/dz can be interpreted as the current
density vector reflected in the axis of x; it follows in particular

that
oldy/dz| = /(C2+ G =C (9)
the resultant current density.

If 9/on, 8/ds denote differentiations in any two directions at
right angles, ds making a positive right angle with dn, we see from
(5), by supposing the co-ordinate axes taken in these directions
that

opon = dy|os, oplds = — dy[on . (10)

§ 4. The equivalent resistance of a region of the z-plane bounded

by lines of flow and equipotentials. Let 4BCD be a region of the

C
D % C
@
D
B 4 L
# 7
A Y B
A
Fic. 1.

z-plane bounded by lines of flow 4B, CD and equipotentials 4D,
BC. It may be regarded as the conformal representation of a
rectangle A BCD in the y-plane (Fig. 1) on the z-plane.
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Let 9/dv denote differentiation in the direction of the outward
normal to BC, and let ds be an element of arc of BC measured so
that s increases from B to C. Then the current per unit thickness
flowing info the region A BCD across BC will be

c 2 ¢ 9
[ oShas = [Togtds = ol —
B

B
by (1) and (10), and hence the equivalent resistance will be
oMy — b/ (Y2 — ) . . . . (11)

This is the same as the resistance of the rectangle A BCD in the
x-plane provided the specific resistance ¢! is the same. Con-
sequently, when the flow in the z-plane is regarded as a conformal
transformation of a uniform flow in the y-plane, the resistance of
any part of the plane bounded by two equipotentials and two
lines of flow will be conserved. The fraction

($2 — $2)/($z — :). or AB/BC in the y-plane . (12)
may be called the geometric resistance.

Cor. If one rectangle be represented conformally upon another
the corners corresponding in order in the same sense, then the th')
rectangles will be similar.

§ 5. Equation (6) may be written in the form
Yy —ip =i1F(2) = Fy(2) . . . (13)

consequently ¢ is the real part of an analytic function F (2)
and — ¢ is then the conjugate of y. It follows that from z;ny
given field of current we can infer the existence of a second
possible field such that the equipotentials of the second field are
the stream lines of the first, and the stream lines of the second
are the equipotentials of the first.

We note that, in Fig. 1, if the curves ¢ = const. are taken ag
the equipotentials, then the geometric resistance is BC/A B, the
reciprocal of that in (12). ’

§ 6. Hydrodynamics. Steady irrotational flow of liquid in two
dimensions. Let u, v be the components of velocity of the liquid
at any point (7, ¥). The flow is said to be irrotational when the
condition

ovjox =omfoy . . . . . (14)
is satisfied at every point in the liquid. Mathematically, this is

the necessary and sufficient condition that a function ¢, the
velocity potential, should exist such that

u = — op/ox, v = — ap/oy . . (18)
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When, in addition, the flow is steady, the components 1, v
satisfy the equation
oufox + dvfoy = 0 .. . . (1)
called the equation of continuity, from which it follows that there
exists a function ¢, the stream function, such that

= —04[dy, v=20¢lox . . . . (17)

From (15) and (17) it follows that ¢ and ¢ satisfy equations (5),
so that we can again put
x=¢+ip=Fx+iy)=F@z . . (18
where F(z) is an analytic function. The flow in the z-plane can be
regarded as a conformal transformation of uniform flow parallel
to the real axis in the y-plane. The variable y may be called the
complex velocity potential, and since
— dyldz = — 9yox = — 0p[ox — i dpjox =u —dv . (19)
it follows that — dy/dz is the velocity vector reflected in the real
axis. The resultant velocity ¢ is given by
g =4/ +v?) = |dy/dz| . . . (20)
§ 7. Examples. Below will be given a few examples of applica-
tions which involve elliptic functions.

Ex. 1. As we have seen, the transformation

z dz
z=1sny, Or y =snlz=
X O X /:, (I = 211 — 29t

represents the rectangle 0 < ¢ < K, 0 < ¢ < K’conformally upon the
positive quadrant of the z-plane (see VI, §7, Ex. 3 and V, §2). It
follows that if electric current flows into an infinite quadrantal plane
plate (Fig. 2), passing into the plate across an electrode which occupies
an interval 4 B of one infinite edge, and passing out across an electrode
which extends over the whole of the other infinite edge OC, then the
geometric resistance will be K/K’, where K is formed from the modulus
k given by O4 =1, OB = 1/k; thatis,
geometric resistance = K/K’, where &k = 04 /OB 21

In particular, if OB = /2, then & = 1/4/2, K = K’, the rectangle in
the x-plane is a square, and the geometric resistance is unity. In
other words, if the infinite quadrantal plate were of unit thickness,
its equivalent resistance would then be equal to the specific resistance.

Ex. 2. If we take £ = 1/4/2 in Ex. 1 and put z; = f(2), then the
infinite quadrant in the z-plane (Fig. 2), where now OB = 4/2, will be
transformed into a region of the z,-plane. This new region, being
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another transformation of the square O4 BC in the x-plane (Fig. 3), will
also be such that its geometric resistance is unity. E.g., if z;, = 22 we
obtain the upper half of the z-planc (Fig. 4) with one electrode

B

pA c 8
X K
_\ e <
A B

Cc

A

o] cC O K A
FiG. 2. Fic. 3.
extending over the real axis from z; = 1 to z; = 2, and the other from
z,= — o to z;, = 0; the geometric resistance of this half-plane is

then unity.

Ex. 3. To the last case (Fig. 4) apply a bilinear transformation which
transforms the upper half z,-plane into the upper half of a z,-plane,
with the real axes corresponding. If the points O, 4, B, C are thereby

2,
1,
[ P12
C [e] A B8 [

FiG. 4. Fi1G. 5.

transformed into O’, A’, B’, C’, then the geometric resistance of the
upper half z,-plane with 4B’ and C’O’ as electrodes (Fig. 5) will again
be unity. But the points O, 4, B, C in the z,-plane form a harmonic
range. Consequently, the points O, 4’, B’, C’ in the z,-plane form a
harmonic range, since cross-ratios are unaltered by bilinear trans.
formation. Thus, when the points O’, A’, B’, C’ form a harmonic
range, the geometric resistance of the infinite half plane is unity.

§ 8. An example due to H. F. Moulton. The following example

occurs in a paper by Moulton *:
Given a rectangle O4 BC and any four points P, Q, R, S on the

* H. F. Moulton, Current Flow in Rectangular Conductors, P.L.M.S,,
Series 2, Vol. III, p. 104; Jeans, Electricity and Magnetism, § 391.
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perimeter: to find the geometric resistance when PQ and RS are
electrodes (Fig. 6).

It is necessary to find a transformation y = F(z) which will
transform the given rectangle O4 BC in the z-plane into a rectangle

(o] S
R
2 2 t
P
a 0o £ vy W § oo
o Q l A P O Q A R B S C
Fi1G. 6. F1G. 7.

PQRS in the y-plane, with the corners P, Q, R, S corresponding
to the extremities of the electrodes in the z-plane. Use is made
of intermediate half planes. Let! = OA4, !’ = AB and let

K’|K = I’|l = ratio of sides of the given rectangle.

Then, as in VI, § 7, Ex. 6, 2 can be found and the rectangle O4 BC
will be represented on a half ¢-plane (Fig. 7) by
t = sn? (mz, k), (m = K[l = K'[l')
Let z =2, at P, z4 at Q, 23 at R, 2z, at S, and in the ¢-plane
let t=o at P, B at Q, y at R, & at S, so that « = sn®?maz,,
B =sn®mz,, y = sn? mz;, & = sn®maz,.

N 0 1 l/X 00
C P O Q A R B
FiG. 8. FiG. 9.

As in VI, § 7, Ex. 5, we now transform the half ¢{-plane into a
rectangle PQRS in the x-plane (Fig. 9) by way of an intermediate
half u-plane (Fig. 8), putting

_8—Bt—«a _B—a d3—v
U= —os—v ¥=s—py—« - P
% = sn® (x, A) L. . e(23)

The geometric resistance is then equal to L’/L, where L, L’ are
complete elliptic integrals of the first kind with moduli 2, A".
A few examples are worked out below. Moulton gave the
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numerical results shown in Fig. 10 for a square in the four cases

depicted. Each electrode extends over a length equal to one-
fifth of a side of the square.

1745 2-408 2:589 3027
Fic. 10.

Ex. 1. If the extremities 'P, Q, R, S of the electrodes are given by

zy =%il', z,=2x, 2z3=1+ 4, zg==x + il’', then the geometric
resistance is unity (Fig. 11).

Here, since m = K|l = K’[lI’, we have a =sn?}iK’' = — 1/&,
B = sn? mx, y = sn? (K + 3iK’) = 1/k, $ = sn? (mx + tK’) =
1/(k% sn? mx), and therefore, by (22), we find A* = }. Consequently,
L’ = L and the geometric resistance is unity.

Cc S B 0 C

R v
(0] Q L A A z: B
Fic. 11. Fic. 12.

-
=
O
N—s

Ex. 2. Find the geometric resistance when 2z, =0, z, = 4/,
=14l 2, =} + il'.

This case has been applied to the problem of finding the resistance
of an overlapping joint * (see Fig. 12).
We have now

a=0,

B =sn? 3K =1/(1 + ),
y = sn? (K + iK’) = 1/R2,

8 = sn? (3K + iK’) = 1/(1 — k'),

and by (22) we find A2 = }(1 — *’), which gives A when % is known.
To find %, we have K’/K = I’[l and hence, by VI, § 8, we can find % for
a given value of I‘/l. When A has been calculated the geometric

resistance is L’/L. A few approximate values are given in the
following table:

* R. M. Wilmotte, J.I.E.E., Vol. 64, 1926, p. 1089.
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1’/1..0}5 1 2 3\4|oo

L)L . 1 108 | 147 | 244 | 3-44 ’ 4-44 l o

Ex. 3. Letz; =0, 23=ux, 23 =x+ I, z, =4}. Then
a=0, B=snimy, y=sn?(mx+ iK’) =1/(A*sn*mx), 8§ = .

By (22), with § = o, we find A? = B/y = k3¥snémx, A =k sn? max.
This becomes Moulton’s second example (see Fig. 10) when we put

l=0U, K=K =1-854l, kR =%k%=1}, myx =3}K = 0-3708.
From Legendre’s tables (see II, § 10), we then find
sn (0-3708, sin 45°) = sin 21° 1’ = 0-3585,
from which follows
A = (1/4/2)(0-3686)* = sin 5° 13’
and hence the geometric resistance L’/L is found to be 2-408.
§ 9. Source and sink at points on the perimeter of a rectangle.
Consider the two transformations
t = sn? (w, &) e e e e (29)
x=—log{t—p)/t—q} . . . (26)
The first of these converts the rectangle O4 BC in the w-plane,
with its corners at 0 K, K + ¢K’, and :K’, into the upper half

t-plane (Fig. 13). The second, if p and ¢ are real, converts the
upper half ¢-plane into an infinite strip of the x-plane, of width =.

t-plane
c 5 O P A Q B c
0 i ; S
Q Y&
w-plane + T
o P A 9 8 ¢ xplane o T °

Fic. 13.

Expressed in terms of the steady irrotational flow of liquid in
two dimensions, the second transformation converts a uniform
stream in the x-plane, of width = and unit velocity, into the flow
in the upper half /-plane due to a source and sink of equal
strengths at two points P and Q on the real f-axis. The first
transformation then converts this flow into the flow inside a
rectangle of sides K, K’, caused by a source and sink at points on
the perimeter corresponding to P and Q.
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§ 10. It should be noted that any constant may be added to y,
because the flow depends only upon the derivative of y; so that
(25) can be replaced by y = — log {¢(t — p)/(t — ¢)}, where ¢ is
a constant.

To obtain the case in which the sink is at infinity, we may
suppose that ¢ and ¢ both tend to infinity in such a way that c/q
tends to a finite limit ¢;. We shall then have, for a source at a
finite point ¢ and a sink of equal strength at infinity,

= — log {c,(t — p)} or, equally well, y = — log (¢ — 2),

remembering that any constant can be added to .

§ 11. When the rectangle O4 BC has sides of lengths ! and !’
and lies in the z-plane with its corners at 0, I, 1 + ¢, and ¢/, it is
only necessary: (i) to put K/K’=1I/l’ and find & from this
equation to ensure that the rectangle in the w-plane will be
similar to that in the z-plane; (ii) having found 4 and thence X
and K’, to change the scale by putting z/w = I/K = I'//K’. Let
p be the common value of these fractions; then, if there is a
source at the point z = z, and an equal sink at z = z;, the
complex velocity potential y will be given by

z =pw, t=-sn?(w, k), ;(=—10gi:1q> (26)
if p and q are finite, where
p =sn?(zfp, k) g =s0%(2/p, k) . . (27)
If z, = il’, so that the sink is at infinity in the ¢-plane, the last
of equations (26) must be replaced by x = — log (¢ — p).

§ 12. Examples. The first of the two examples that follow refers
to the rectangle 04 BC of sides /, /. The modulus % is given by

K|K' =i (28)
while
w = zfp, where p = /K =l'/K’. . . (29)
Ex. 1. Source at z=1a (0 < 2 <), and a sink of equal strength
at z=a 4 i/’
Let u = afp. Then u + iK’ = (a + il')/p, and yx is given by
t—p — sn?w —snfu
¢~ ~ “Csnvw —sn? (u 1 iKY

Now sn (1« + iK’) = 1/(ksn «), and hence, after adding a constant
and using Examples I (b), (4), we have

x = — log

sn?w — sndy

X=— logm = —log {sn (w + ) sn (w — u)} (30)
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‘We notice three particular cases:

(i) Source at O and an equal sink at C. Putting « = 0, we have
x= —logsn?w = —2logsnw . . . (3]1)

(ii) Source at 4 and an equal sink at B.

By putting © = K, and since sn (w + K) = cn w/dn w, we have,
ignoring an additive constant,

x = — log (cn? w/dn®w) = — 21log (cn w/dn w) . (32)
(iii) Sources at O and 4, sinks at B and C, all of the same strength.
By superposing the flows given by (31) and (32), we see that
x=—2log(snwecnw/dnw) . . . . (33)

Ex. 2. Let G be the midpoint of 04, and H the midpoint of BC
so that OG = CH = 4l (Fig. 14). Consider the flow in the rectangle

C H B
(o] (] A
Fic. 14.

OGHC due to a source at O and an equal sink at C. By (31), x will be
given by

x = —2logsn (L, A) . . (34)
where A is determined by the equation
L= . . . . . . (3)

L and L’ being the complete elliptic integrals of the first kind to moduli
A and A’; while, by (29),
{ = z/o, where ¢ = }/L =U|L" . . (36)

§ 13. Application to Landen’s transformation. Consider (33)
and (34). It is evident from physical considerations * that in
these two cases the flow in the rectangle OGHC is the same
(Fig. 14), and hence that the corresponding expressions for y can
only differ by a constant. Therefore, we can put

Msn (g A =snwenwf/dnw . . . (37)

where M is a constant. Putting { = z/c = pw/c and equating
coefficients of first powers of w, we get Mp/c = 1 and hence

1/M =plc =2L/K =L/K’* . . . (38)
* Cf. Greenhill, Elliptic Functions, p. 305.
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Also, at G, z = 34/, { = L, w = }K. Substituting in (37), we
get, by Examples I (b), 2,

M =sn}KcniK/dn}K =1/Q1 + &) . . (39)
Further, at H, z = 3 + i/, { = L + iL’, w = }K + iK’, and
hence, after substituting in (37), we find
A= (1—2%)/Q+ k) . (40)
Equation (37) now becomes
sn{(l + &)w, (1 — #)/(1 + &)} = (1 + #’) sn wcn w/dn w.

This is the first of the following three formule, known as the
formula of Landen’s transformation :

sn{(1 4+ kw, (1 — &)/(1 + &)}

=(+4+A)snwcnw/dnw . (41)
en {(1 + kY)w,” (1 — B)/(1 + &)

={1—(1+ #)sn2w}/dnw . (42)
dn{(1 + &)w, (1 — &)/(1 + &)}

={1—(1—k)sn2w}/dnw . (43)

Equation (40), called the modular equation of the transforma-
tion, may be written in any one of the forms

1 —k L, 2K 2/A L, _l—=2%
et s TRy LA o T s S
By (38) and (39), the corresponding complete elliptic integrals
are connected by the equations

K/K'=2L/L" . . . . . (46)

§ 14. Gauss’s transformation. The following three formule are
called the formule of Gauss's transformation or Landen’s second
transformation :

sn{(1 4 R)w, 24/k/(1 + &)}
= (1 4+ ) snw/(1 + ksn?w) (47)

cn {(1 + k)w, 24/k/(1 + k)}
nwdnw/(l + ksn®w) . (48)

dn {(1 + B)w, 24/k/(1 + A)}
= (1 — ksn?w)/(1 + ksn?w) . (49)
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The corresponding modular equation can be expressed in any
one of the forms

__2_\/_k_ ,_l—k 1_ 4 2 ,
YTy Y —1+Te’k=1+;~k'=1}|./);'

The corresponding complete elliptic integrals are connected by
the equations

(50)

K K 1
T= = iT% (61)
K'|K =er/T' . .. . . . (62

The elliptic functions on the L.H.s. of Gauss’s transformation
are expressed in terms of those with a smaller modulus on the
R.H.s. In Landen’s transformation the reverse was the case.

Gauss’s transformation can be obtained from Landen’s trans-
formation by replacing w by iw (see also Examples VII, 9).

§ 15. If we replace K by K(k) and put L = K(3) in (45) and
I’ = K(y) in (51), we obtain

2K\)/(1 + k) = K(k) = K(y)/(1 + &) . (63)

where A = (1 — &)/(1 + k) <k <y = 24/k/(1 + k); and the
line of equalities (63) may evidently be continued at either
end, the moduli of the complete elliptic integrals increasing from
left to right.

§ 16. Transformation in general. What is called the general
theory of the transformation of elliptic functions is concerned
with the problem: Given an elliptic differential in which » is 1.:he
variable, to transform it into another elliptic differential in which
y is the variable, by means of an algebraic relation between » and ¥.
When the algebraic relation is of the form y = U(#)/V(#), where
U(x) and V(x) are polynomials, one of degree », the other of
degree » or n — 1, then the transformation is said to be of order #.
For example, from (42) and (43) we have

cn (w/M,2) 1 — (14 Rk)sn?w
dn (w/M,2) 1 — (1 —%)snw

that is,

™

(

1 —

_ 1 k)x
Y =1=

— R)x

"~

fo—

where

Y =an (w1, %)

@i _ (g )
x =sn (w, k), M =1/(1 4+ &), A

=1 — &)/ + &)
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and hence
d_z” = dy ’ dw = o dx 2 o
M {1 =91 — 2y {1 — #°)(1 — RRA)}
Consequently, the algebraic relation (54) leads to
ay (1 4 &)dx

= 5 a0 i ()\ =_1_— kl)
{T=A0 —3HR ~ {1 — )1 — B T &
a transformation of the second order.

The theory of transformation can be discussed algebraically for

small values of », but the general problem requires more advanced
methods.*

EXAMPLES VII

1. Check the numerical results given in Fig. 10 for Moulton’s first,
third, and fourth examples.

2. Show that

im d
. \/T?%im = $1K(3)
3. Show that
K(tan? $a) = cos? }a K(sin q)
4. Show that
K@) = %5K@®) = % K(v/15/4)
5. Show that
i in

dé _ 1 di
, V- wz-Drsw g~ V2] VI —2(v2 - st

6. Write out the formule of Landen’s transformation for & = 4/3/2.

7. By putting L =K', L’=K in (46), and correspondingly
A==Fk, X =kF% in (44), show that k= /2 —1 = tan }» when
K|K' = 1/+/2.

8. By using (46) and (44), show that

(i) & = (v/2 — 1)? = tan? {= when K/K’ = 2,
() & = {(2 — 1)/(¥/2 + 1))* when K/K’ = 4,
(i) # ={v/2 + 1 — v/(2v/2 + 2)}? when K/K’ = 2+/2.
9. Obtain the formule of Gauss’s transformation by considerations

similar to those of § 13, dividing the rectangle 04 BC into two halves
by joining the mid points of the sides OC, 4 B.

* See, e.g., the books by Cayley and Greenhill, and especially Fricke,
Die Elliptischen Funktionen, Vol. IT.
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10. Cubic transformation. Let OABC be the rectangle in the
z-plane with its corners at z =0, z =1, z =] 4 i/, z =i)’. Let
A’, A’ be the two points z = 4/, z = §I, and B’, B’ the two points
2 =3l + ', = = 3l + il’, respectively.

‘Write down the complex potential for the flow inside the rectangle
OABC due to a unit source at O, a unit sink at C, a double source 'at
A, and a double sink at B’". Also write down the complex potentlal
for the flow inside the rectangle OA4’B’C due to a unit source at O and

C B B B C B

T
i

Bl
A ) A
FiG. 15.

]>§.._-----__---._.-._.--.-

o A

a unit sink at C, the side 4’B’ being now part of the rigid boundary
(Fig. 15). By considering that these two flows are identical in the
rectangle OA’B’C, show that
s(2 —s) — a?
y=Faz— (2s — 1)x®

where
x = sn (w, &), y = sn (w/M, })
s = sn 3K, 1M = 3L/K= L'|K’
2s — 1 e (L—931 +5)
B = s@—sy B =" —s)
(2s —1)° o _ (L—=9(1 +59)°
'\2=s(;—s)" A= s(2 — )3

Deduce the modular equation of the third order 4/ (k2) + VEX) =1

(i) If K/K’ = +/3, show that L’//L = /3, and hence that £ = A
Deduce that 2 = sin 75°, s = 4/3 — 1. ,

(ii) If K/K’ = 3, show that L = L’, and hence that A = A" = 1/v/2
and that 2% = (2 sin 15°)4.

(i) If K/K’ = 4/6, prove that 2’ = (v/3 — v/2)(2 — V/3)-



CHAPTER VIII
CONFORMAL REPRESENTATION (cont.)

§ 1. Elliptic integrals of the second kind. The elliptic integrals
of the second kind, E(w) and Z (w), were introduced in the second
chapter with real values of w. In particular, we saw that Z(w) is
an odd function and periodic with period 2K. We return to these
integrals to consider, first, their values when w is complex, a.nd
secondly, a few examples of conformal representation in which
they appear. By definition and IV (10), we have

E(iv, k) =/wdn2u du = i/v 21:11;—((::;1:,; dt (u = 1t)
0 0

and hence, by carrying out the integration (ExamplesII (a), 1, xiv),

E(iv, k) =iy — E(v) + snvdnojecnv} (mod k') . (1)

Again, since Z(w) = E(w) — (E/K)w
we have Z(iv, k) = E(iv, k) — (E/K)iv
and Z(, k') = E(v, k) — (E’|K")v

and by multiplying the second of these by ¢ and adding, we get
Z(iv, k) +iZ(v, k") = E(iv, k) + i E(v, k) — iv(EK’ + E'K)|KK’
and hence, by (1) and Legendre’s formula (Examples II (b), 3),

Z(iv, ) = — ’i{Z(v) sn ”di’} (mod #). (2)

T
+ 9KK'~ ~cnv

~ By putting v for « in II, (26), we can now express E(iv + K)
In a similar way.

By putting v 4+ K" for v in (1), we find E(iv + iK*), and thence
E(u + iK’) by putting u for iv. s

By putting u + K for u, we then find also E(x + K + iK’),
and hence E(iv 4 K + 1K’) by putting v for u. )

In this way are found the entries relating to the function E(#)
in Tables II and III at the end of this book; and in a similar way
can be found the entries relating to Z(#). To obtain some of th'e
entries in the forms given, it will be necessary to use Legendge S
formula (p. 25), and some may be more readily obtained by using
the addition formule of I1, 8§ 7, 8.

76
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_§ 2. Conformal representation by elliptic integrals of the second
kind. Consider the transformation

ot (@ — t)at
= | @O =0 — rap
0

_ /u{ (@ — u?) du (¢ =u?). (3
0

z

(1 — u?)(1 — R
=[x(a—sn'-‘7_)dx (u=sny) . (4)
0

The figures in the ¢, %, and y planes are shown in Fig. 1. TT}C
figure in the z plane depends upon the value of . The change in

C
c B
t "
X K
0o 1 W o 1 Yk
C O A B C O A B C (e} K A
FiG. 1.

shape of this figure as a varies from — « to + « is indicated
in Fig. 2. In the various cases shown there, except those in
which @ = 0, 2 = 1, and a = 1/k2, the direction of motion of the
point z turns through an angle #x to the left as the point ¢, moving
from left to right along its own real axis, passes each of the points

=0,¢=1,¢ = 1/k% As the point ¢ passes ¢ = a, the direction
of motion of the point z turns through an angle = to the right, i.e.,
the direction of motion of the point z is completely reversed: this
is in accordance with the rule at the end of VI, § 4, when « = —1.
When @ = 0, a = 1, or a = 1/k2, the direction of motion of the
point z turns through an angle 4= to the right at the corresponding
point ¢ =0, ¢ =1, or ¢t = 1/k%

Further, in the notation of VI, § 4, we have here ¢ = } (except
when a = ). Consequently, when ¢ is large,

7= H/Hdt = 2H1

approximately, where H is a constant. It follows that, when
the point ¢ describes the infinite semicircle in the ¢ plane, the
point z describes an infinite quadrant of a circle (the quadrant is
not drawn in the diagrams of Fig. 2).
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§ 3. Particular cases of the above transformation are, after
multiplication by a constant factor k2,

a=0, z=—k=/"sn2xdz=5(x)—x. . (5)
0
a=1, z=k2[1cnzxd7_=E(x)—k’27_. (6)
0
a =1k, z =f"dn=xd-/ = E(). )
0

Equation (8) was applied by Bickley to the electric field outside
a charged rectangular conductor.*

T =

to_

Cd P‘O (o]
o
(g}
o
o 0
H)
(9]
o
(o) 9]
>
(9]

o<a< a-1 1<a<yy?
[
U_ C
0 0 A 0 <.| 0 o 5
a-¥' a>yk a-+00
Fi1G. 2.

Equations (5) and (7) give equivalent representations, as we
see from the fourth and twelfth diagrams in Fig. 2. Considering
(7) in more detail, we see for example that in this case

at A, X = K , z=FE
at B, y = K + iK', z2=E+ iK' — E)
and hence that, in the twelfth diagram,
AB[OA = (K'—E)E . . . . (8

The ratio 4 B/OA being given in the z-plane, (8) is an equation
that determines the value of & in order that (7) may represent
the rectangle in the y-plane upon a region similar to that in the
z-plane,

* W. G. Bickley, Proc. London Math. Soc., 1934, 37 (2), 82.
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1t may be noticed that to the line y = 1K + v corresponds 2
curve along which |dy/dz| is constant; for, at any point on this
curve,

|dx/dz| = |dz/dy|™* = |dn® (3K -} w)|1 = 1/&’
by Examples IV, 5 (ii).

§ 4. The parallel plate condenser in two dimensions. The sixth
and tenth diagrams in Fig. 2 are effectively the same from our
present point of view. Either of them can be applied to the
problem of the parallel plate condenser in two dimensions,* by
two reflexions, one in the real axis, the other in the imaginary
axis. If we replace (4) by the equivalent equation

z2=2(x) + ax R )
where « is a constant and Z denotes the Jacobian Zeta function,
then the sixth diagram is given by

«=0 z=2() (10)
and the tenth by

k1Y
“=sRE" =20+ 55k - (1)

Considering (10) further, we see that on the sixth diagram OD
represents the length of half of one of the plates of the condenser,
and that 4B represents half the distance between the plates.
Now, at D, Z(x) has a maximum value Z,, say, which can be
interpolated from Milne-Thomson’s tables of the Zeta function
when % is known. At 4, y =K, Z(y) =0; while at B
x = K + iK', Z(x) = — wi/2K. Consequently,

AB/OD = n/(2KZ,) ... . (12

The ratio AB/OD being given, this is an equation which
determines k. It can be solved by approximate methods.

§ 5. Jacobi’s elliptic integral of the third kind. By II, (5) and
(7), in Legendre’s notation,

é d
I1(%, n, ¢) =[ (I + = sin? ¢)(1 — A% sinZ $)t

0
é 7 sin? ¢ d¢
= F($. k) — [ (T F #sin? g)(1 — A% sin 2g)1
0

— v msnu du
- 1 + nsn®u

0

* A. E. H. Love, Proc. London Math. Soc., 1924, 22 (2), 337; F.
Bowman, ibid., 1935, 39 (2), 205.
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where sn(u, k) =sin¢. In the Jacobian notation, it is usual to
Put # = — k2sn?q, and then to denote the standard i_ntegral of
the third kind by II(%, a) and to define it by the equation

2 2
II(«, a) =/“k snacnadnasn?u

.. (13
1 — k%2sn?asn®wu du (13)

0
§ 6. Interchange of argument and parameter. The function
1I(u, a) satisfies the relation
M(u,a) — (e, u) =uZ@ —aZu . . (14)
called the formula of interchange of avgument and parameter.
Proof. By 11, (29), and since Z(x) is odd, we have
Z(u 4+ v) = Z(u) + Z(v) — k*snusnvsn (1 + )
Z(u —v) = Z(u) — Z(v) + A*snusnvsn (v — v)
By subtraction,
Z(4+v) — Z(n — v) = 2Z(v) — k?snusnv{sn (x + v) + sn (1« — v)}
= 2Z(v) — 2k*sn?usnvcnvdnuv/(l —k*sn?usn®v
= 2Z(v) — 2(8/0u)II (1, v)
By differentiation with respect to v,
dn? (u 4 ) + dn? (1 — v) — 2dn2v = — 2(32/0udv)II(x, v)
By interchanging u and v, subtracting, and dividing by 2,
(0%/oudv){II(w, v) — (v, ¥)} = dn?v — dn?u
By integration with respect to u,
(0/ov){II(u, v) — (v, )} = udn?v — E(u) + V
where V js independent of . Putting # = 0, we see that V = 0, since

{I(O. ¥) =0 and II(v,0) = 0. By a further integration, with respect
0 v,

II(u, v) — (v, ¥) = uE(v) — vE(u) + U

independent of v. Putting v = 0 shows that U = 0.
ence, replacing v by a, we have

H(u, a) . n(a' u) = uE(a) -_ aE(u)
Which is equivalent to (14).

where U is
H

§ 7. Conformal representation by the Jacobian elliptic integral

of the third kind. Letv = 1/(k%sn? @), and put

vk2snacnadnasn?u
Z=H(u,a)=/ 1 — k%*sn’asn?u du . (19)
0
_cnadna (¥ sn’udu (16)
~ sna [v—snzu

0
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Putting 1 = sn? %, we have also

cnadna ¢ tdt -
sna / & — D@1 — (1 — k)t (17)
0

Suppose first that 0 <a < K, so that sna is real and
v > 1/k2 > 1. Then equation (16) represents a rectangle in the
u-plane upon a region of the z-plane, and (17) gives the representa-
tion on an intermediate half ¢-plane. The figures in the %, ¢, and
z planes are shown in Fig. 3.

Let the point ¢ move along its real axis from left to right,
starting at ¢ = 0. Between ¢ =0 and ¢ =1, dz is real and
Positive, and so the corresponding point z describes a piece of its
real axis. At the point 4, and again at B, the direction of
motion of the point z turns through an angle }n to the left.
Between B and N, the point zis moving in the negative direction

C_N B

e

u K

of the real axis (dz is real and negative). As{—-v the point z
behaves in a way which has not appeared in any previous
example, for the integral in (17) tends to infinity, and the point 2
tends to an infinite distance along the line BN in the z-plane.

At the point ¢ = v = 1/(k?sn%a), we have (4t)t = 2/(ksna);
(1 — )t = (¢t — 1)¥edmi = — (¢t — 1)} = — idna/(ksna), by V],
(6); (1 — k2t)t = (k% — 1)}edmi = —4(k% — 1)t = — icnafsna,
by VI, (6). Consequently, at this point the residue of the inte-
grand in (17), including the constant factor cn a dn a/sn a before
the integral sign, is

cnadna 1/(k2 sn? a) -3
sna ' — (2/ksna)(— tdna/ksna)(— icna/dna)

By a fundamental result in contour integration, the value of
the integral (17), taken in the positive sense round the circum-
ference of a small circle surrounding the point ¢ = v, is therefore
2ni X 4 = mi; and when the point ¢ describes the small semi-
circle round the point ¢ = v in the negative sense, the value Qf
the integral will be — 3ni. Corresponding to this small semi-
circle in the /-plane, the point z will therefore move through a
distance 4= in the negative direction of the imaginary axis.
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Beyond ¢t = v, we have v < ¢ < «, and

dz — R @ dna ¢ dt
sna T (F— v)(@h{— i — D)~ ik — 1)}
which shows that dz is real and positive, so that the direction of
motion of the point z has been completely reversed.
Thus, corresponding to the factor v — ¢ in the denominator of
the integrand, the point z goes to infinity along a certain straight
line. Then, at right angles to its direction of motion, it *‘ jumps *’

a distance #n to the left, reverses its direction of motion, and
returns along a parallel line.

‘When ¢ is large, the integral behaves like

H[t-%dt = — 2Ht¥

where H is a constant; from which it follows that while ¢ describes
an infinite semicircle in the positive sense, the point z describes
an infinitesimal quadrant in the negative sense. Finally, while ¢
completes its circuit by moving from — o to 0, the point 2
completes the figure in the z-plane as shown.
§ 8. The shape of the figure in the z-plane. We first notice the
three formul=
II(K, a) = KZ(a) (18)
II(K + iK', a) = KZ(a) + 1{K'Z(a) + ma/[(2K)}. (19)
(K’ a) = — idr — K'Z(a) — na/(2K)} . (20)
The first of these follows by putting » = K in (14), since

cn K =0 and Z(K) =0. The second follows by putting
u = K + 1K’ in (14), since dn (K + {K’) = 0 and

Z(K +1K') = — ni/(2K).
Since v = K at A, we have therefore in the z plane
OA = KZ(a) (21)
and since v = K + 1K’ at B,
AB =K'Z(a) + wa/(2K) . . . . (22)
Also, from the conformal representation, we have
CO 4+ AB = in

and therefore

CO =4n — AB = {n — K'Z(a) — na/(2K) . (23)
from which also follows (20), since ¥ = {K’ at C.
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When a and % are given, equations (21), (22), (23) determine
the lengths of CO, OA, AB such that CO 4+ AB = im.

In practice, however, the figure in the z-plane would usually
be given, with CO + A B # 3w, and it would be necessary to find
the values of 2 and a by some method of approximation. We
could, for instance, proceed as follows:

In the z-plane let « = 04, B = AB, y =CO + AB, and put
r = afy, " = B/y. Then, by (21), (22), (23),

v = KZ(a)/(3r) Coe (29
v' ={K'Z(a) + ima/K}/(3m) . . . (25)
which can be replaced by
w =2KZ@) . . . . . . . . (26)
a=Kr—Kvy . . . . . . . (27

Given r and »’, we can now plot a as a function of k4 from (27).
Then we can plot » as a function of k4 from (26). By interpolation
we can then find the value of % for the given value of 7, and
calculate the corresponding value of a. With these values of &
and a, the transformation z = II(«, a) will lead to a figure similar
to the given one in the z-plane, but with CO + AB = }x. Its
dimensions must therefore be changed in the ratio y/(3x). The
final transformation will thus be z = (2y/n)I1(«, a).

§ 9. Parameter imaginary. If a is replaced by ia in (15), (16)

(17), we get
“ k2 sn ja cn ta dn ia sn? u

¢ = I(u, ia) = 0 1 — A*sn%Zasn®u du (28)

_ i dn (a, k') /" sn? u du 29
" sn (a, k') cn (a, &) o vt snfu (29)

___idn(a, k) /‘ t dt
~ sn (a, k') cn (a, &) o (v 1+ {41 — 2)(1 — A%}
where ¢ =sn?u, v = cn? (a, k’)/{k*sn? (a, k’)}, and we suppose
now that 0 < a < K’. The figures in the «, ¢, and z planes are
shown in Fig. 4. It may be verified, as in § 7, that the residue

(30)

C B B A

1w . I

y 0o 1 ¥ oo . A7

(o) O A B Cc C N
FiG. 4.
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of the integral (30) at £ = — v is — %, and hence that the ‘‘ jump ”’
in the z-plane at z = « is }w. The values of z at the points 4,
B, C are given respectively by

(K, ia) = KZ(ia) . . . . . . . (31)
(K + iK’, ia) = KZ(ia) + i{K'Z(ia) + nai/(2K)} (32)
(K’ ia) = — 3mi + i{K’Z(ia) + wai/(2K)}  (33)

where Z(ia) is a pure imaginary, given by (2). From these
formul= the lengths of 04, AB, BC can be found when required.
§ 10. Two examples of the application of conformal representa-
tion by the elliptic integral of the
third kind will be mentioned here.
1. In the Journal of the Institution
of Electrical Enginders, 1926, 64,
1115, F. W. Carter discussed the
magnetic field of the dynamo-electric
machine. (See also J. D. Cockcroft,

B______,-- A J.I.E.E., 1928, 66, 385.) In par-
""" o ticular, in the case of a number of
e o equal teeth separated by equal slots,

with all the teeth at the same poten-
tial (Fig. 5), he showed how to calcu-
late the reluctance of the magnetic
field per half tooth. [The reluctance
FiG. 5. of a magnetic field corresponds to

the equivalent resistance of a field

?f electric current of the same shape; in fact, the definition of
" geometric resistance ” in VII, §4, would apply also to

geometric reluctance.”’)

B copper
‘ -~ ’:' 4
C ' I
iron
FiG. 6.

II. Inthe A.S.E.A. Journal, 1929, 6 (6), H. Lundkvist discussed
the relation between the temperature read by a thermocouple
between the conductors and the true copper temperature, in a
slot containing two conductors. Mathematically stated, the
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problem would be as follows, with reference to Fig. 6: Given the
temperature difference between B and C, measured by a thermo-
couple, to find the temperature difference between 4 and C.

EXAMPLES VIII
1. Show that
E(v + 2¢K’) = E(u) + 2i(K’ — E’)
Z(w 4+ 2i1K’) = Z(u) — ni|K
E(x + 2K + 2iK’) = E(v) + 2E + 2i(K’ — E’)
Z(u + 2K + 2iK') = Z(u) — wi|K
2. Prove that

. k2
Bk ) = 50+ 2 oo — By + 100
R
Z(u + iv) = Z(u) + ”—‘id - i{Z(v, K)o+ g — lsxcxilg;}
< - S

where s = sn («, k), s, = sn (v, '), etc.
3. In the case a = 1 in Fig. 2, show that

OA|AB = (E — kK)|(E’ — RK’)

If k* = %, show that the geometric resistance is unity when 04 and
BC are regarded as electrodes.

4. In the case ¢ = 1/k? in Fig. 2, discussed in § 3, show that the
co-ordinates ¥ and y of any point on the curve that corresponds to
x = 3K + iv are given in terms of the parameter v by

. l—k' k’s? ‘scd
sy = E+ LSRR Eem + 1)

where s = sn (v, k'), ¢ = cn (v, k'), d = dn (v, *’).

5. The transformation z = II(%, a), with 0 <a < K, was con-
sidered in § 7; and z = II(x, ta), with 0 < a < K’, in § 9. Show that
no essentially new diagram is obtained in the z-plane when K or K + 1K’
or 1K’ is added to a in the first case, or to ia in the second case.

6. Consider the variation in shape of the representation of the upper
half ¢ plane upon the z plane by the transformation

¢t
_ pn—t dt
z‘/o"—tw(l—n(l—w)}i' - B8

when u varies from — o to -+ o while v is fixed, in the four cases:
BHo<v<l (ii)l <v<1/R? (ili) 1/ < v <o, (iv) —o0 <v<O.
In each case consider the limiting sequence of shapes when 2 —- 0 and
when 2 — 1.
(If ¢t = sn?u, the transformation (34) is of the form z = Ax + BII(x, a),
where A, B are constants.]



CHAPTER 1IX
REDUCTION TO THE STANDARD FORM
§ 1. In the second chapter the reduction of the integral

fdx/\/X B ¢ O

where X denotes a quartic in #, to Legendre’s standard form, was
deferred. Methods of effecting this reduction will now be
considered.

We suppose the coefficients in X to be all real. Then, by the
theory of equations, the roots of the equation X = 0 will be (i) all
real, (ii) two real and the other two a pair of conjugate complex
numbers, or (iii) two pairs of conjugate complex numbers. The

quartic X can therefore be expressed as the product of two
quadratics with real coefficients: thus,

X =X X, = (ax® + 2bx + ¢)(a’s% + 2b'x + ¢’) . (2)
where a, b, ¢, a’, b’, ¢’ are real.

The case in which X is a cubic can be included by supposing
one root to be infinite.

§ 2. Cayley’s method of reduction. In the integral (1) make the
substitution

e MEE o O —

Tr1 =y -
then

Xy ={a(M + p)? + 26(M + )¢ + 1) + ot + DA/ + 1) (4)
Xa =@M+ 2+ 2+ u)t+ 1) + o+ D+ 1) (5)
We can now choose A and y so that the coefficients of the first

powers of ¢ in the numerators of X, and X, will vanish. This
requires

a\g + b+ p) +c=0 . . (8)
az +0A+p)+cer=0 . . (7
and hence
A _ A4 1 (8)
be’ —b’c  ca’—c'a  ab —a’'b :

and so X and p must be the roots of the quadratic equation
(ab’ — a'b)8% — (ca’ — c’a)p 4 bc’ — b'c =0 (9)

Except in one case, this equation will have real roots. To
prove this, it will be sufficient to show that (A — )2 > 0; for
86
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then A — p will be real, and since A + p is real from (8), it will
follow that A, p will both be real. Now let

X,=a(x —a)(x —B), Xy;=a'(x—y)(x—38) . (10)
then we can replace (8) by
A A+ 1

aB(y + 8) — yd(x + B) 2(¢B—y8)=a+[3_..y_3(11)
and hence we find
A= c=YNe=—3B—yE—8 g,

1 @t p—y—0°

from which it may at once be verified that (A — u)2 > 0 when
«, B are a conjugate pair, or when «, § and y, § are both conjugate
pairs, or when «, B, ¥, 8 are all real except in the one case in which
the pairs of real roots a, § and y, 8 interlace, i.e., one of each pair
lies between the other pair. In this exceptional case, the four
roots may be divided into two other pairs which do not interlace,
and will then lead to real values of A and p.

‘We may therefore suppose that real values of A and p have
been found such that the substitution (3) will result in equations
of the form

= (p2 + @)/t +1)% X, =7+ ¢)/¢+ 1)

and hence
dx _  dx  _ (A — pdt / (b2 + )t (p't* + q')}
VX T VXX 17 ¢+ 1)2

Then, accordmg to the signs of the real coefficients p, ¢, p’, ¢’, it
will remain to reduce to the standard form differentials of the

following six types, in which, of course, a and b no longer have the
same meanings as in (2):

du, = {(a® — ) (b* — )ytar (P <a?<by). . I
du, = {(2 — a®)(1* — b)ytdt (@ <d*<?). . Il
dug = {(t* — a?)(b* — )ytdt (a® <2 <b?) . . III
dug = {(az — ?)(b* + A)ytar (2 <a?) . . . IV
dug = {(¢2 — a®)(®® + )ytdt (a2 <t?) . . . V
dug = {(a* + £?)(b% + t?)ytdt (a2 <d?) . . . VI

§ 3. Consider these six types in turn:
[. Put? = ay, dt = ady; then we find
duy = b1{(1 — ?)(1 — KiyR)yidy (R = a*fbr < 1)
which is of the standard Legendre form.



88 INTRODUCTION TO ELLIPTIC FUNCTIONS

II. Put ¢t = 1/y, dt = — dy/y?, « = 1/a, B = 1/b; then

du, = — af{(e® — y?)(B* — y3)yHay
which belongs to type I.

III. Put b2 — 2 = 92, — tdt = ydy; then we find

duy = — {(b* — y?)(b* — a* — )}t dy
which belongs to type I.

IV. Put a? — #2 = 92, — tdt = ydy; then we find

duy = — {(a* — y?)(b% + a* — )y} dy
which belongs to type I.
V. Putt =1}y, dt = — dy[y?, « = 1/a, B = 1/b; then
dug = — of{(e® — ¥?)(B* + »*)ytdy

which belongs to type IV, just considered.
VI. Put b2 4 2 = 92, tdt = ydy; then
dug = {(y? — b* + a¥)(y* — B¥))Hdy
which belongs to type 1I, considered above.

§ 4. Modification of Cayley’'s method. If, in (2), the roots of the

equation X, = ax? 4 2bx + ¢ = 0 are not real, then ac — % > 0
and we can put

X, = a{(x + bja)? + k%, R* = (ac — b¥)jaz . (13)

and if we now put x 4+ b/a = hy, dx =k dy, the differential
dx[+/X will take the form

dx dx dy

VX = VX.X) ~ @ ¥ Dy ¥ 28y rop (1Y)
where 4, B, C will be real. If we now put

M+1 o (4 1)de
=5 W= = - (16)
then dx/4/X will reduce to the form
dx Mdt
vX=@rneEesgp - - (16

where M, P, ) are real constants, provided that A is chosen to
satisfy the quadratic equation

B —(4—-Cx—B =0 (17)
which plainly has real roots. The differential dx/{/X will
consequently depend upon one of the last three types of § 2.

Similarly, if the roots of the equation X; = 0 are real, we can
begin by putting X in the form

X = X,X, = a(y* — 1)(4y* + 2By + C) (18)
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and if the roots of X, = 0 are also real, then X will be of the form
X=X X, =ad(y*— 1)y =)y —yd) . (19)

where y,, y, are real. If we now puty = (X + 1)/(¢ + &), it will

be found that X has the form

X = (comnst.)(#? — 1)(#2 — <?)/(¢+2)* . . (20)

provided that A satisfies a certain quadratic equation the roots of

which will be real if 5,2 and y,2 are both greater than or both less

than unity, i.e., provided that the pairs — 1, 4+ 1 and y,, y5 do not

interlace. The differential dx/4/X will in this way reduce to one

of the first three types of § 2.
§ 5. Other methods. Cayley’s method may not be the most

appropriate in any particular case. For example, as we see
from VI, § 7, Ex. 5, the integral
w — t dt
_/ (¢ — a)t(db — t)t(c — t)¥(d — ¢)}
a
in which the roots of the quartic are all real, is at once converted,
by means of the bilinear substitution

,_d—bt—a 1 _d—bc—a
b—ad—¢ Rk b—ad—c
into ;
2 d—bit—a

—_ -1
YT =@ o™ (b—ad—t)

In other cases a trigonometric substitution may be convenient
(see § 6, Ex. 4 below).

§ 6. Examples.
Ex. 1. Evaluate

2
I = dx
/; {(2x — 2°)(323 + 4)}t

Using Cayley’s method, we put
=N+ p/t+1), dr= (A — pat(t+ 1)?
2% — 2% = (2(M 4+ p)(t + 1) — (M + )3/t + 1)°
323 + 4 = (3(M + p)? + 4(t + I/t + 1)
and choose A, u to satisfy the equations
A4+pu—2Ap=0, 3p+4=0

Thesegive A =%, p= —20r A= — 2, u = §. We take
r=(—2+§/¢+ 1), dr=(—§/t+1)?
t = — (3xr — 2)/(3x + 6)

then ¢ decreases from } to — % while » increases from 0 to 2 (Fig. 1).
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Hence we find

[ — 6 f" dt
B o (T =901 + 3t

_ ¥ du _
_ ve[ T =

- ‘/2f {1 - v’)(l — 101 (1 — 12 = v3)

= (1/v/2)K(}) = (1/4/2)(1-6858) = 1-192
We might equally well have taken A = §, p = — 2; but then the
variation of ¢ would have needed a little more attention, because ¢

would increase from 3 to 4+ «© and then from — «© to — 3, while
% increased from O to 2.

Q 2 x -4 0 3 t

Y

Ex. 2. Given that

dx
w= | (67 —4x — 1i(122* — 4z — 1)}

express x as an elliptic function of .
Putting » = 1/y, we find

_[" — dy
“T), B4y — iz — 4y — i

24+ 1/z — iz
=f @ —mie—a Y T2=2

(1 + 21)/3z —3d B
= 30—yt a(1 — fesp (2 =3

where 2 = 9/16. Hence
1
dt _ 14 2x
4y — =sntl —sp1 - T =%
— 3¢ — k212)¢
(1+2:=)/3=t(l AL — ko) %

and therefore

14 2% cn 4u
37 =sn (K — 4u) = I du
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and
dn 42

= 3cndn — 2dn 4u (k=1
Ex. 3. Evaluate the integrals
L7 =
Lh=) Veme ' =/o V/(sin 6)a6
Putting sin § = » = »?, we find
I. = 1 dx _ 1 2 dy
1T, A =R T W=+
and hence, with 1 — y2 = 23,
1 .
v/2dz
= = 2 =
L= @—ma—gam V2K G=1VD

Similarly, after the same substitutions, we find

I, = v2 11 =24

o (T=— (1 —
and putting z = sn u,

K
I, = vz/ (1 — sn®u)du = /2(2E — K) (b = 1/+/2)
0

Ex. 4. If T =1 4 2i®cos 2a + #¢, show that

z_‘ﬁ__ ® at sn! ——2% 2%
L VI~ \/T—* T+#

where0<x<l 0<a<§"
That the two integrals are equal follows by making the substitution
= 1/t in either of them.
Let w denote the first integral. Putting ¢ = tan §, followed by
y = sin 20, we find, after a little algebra,

(k =sina) . (21)

u _/ d0 /’ 3 dy
(1 — sin? a sin? 20)¢ {(1T —y?)(1 — Ay}

between the appropriate limits of integration; (21) follows.
In particular by putting » = 1, we deduce that

-]
at +/__§K+§K=K (k = sin a) (22)
0 \/T
and if ¥ > 1 we have
* dt © dt © _ K — psot 2x 23)

vzl R VT T+
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We note the following two cases of (22):

1o — V31
fvu A =K (k=sin1e =Y221) 9

a e V341
v(l_,,\/3+t.)=x (k=sm75 = Yo )(25)

Second method. Without using a trigonometric substitution, we
should reach the same result by putting

L+t =y =1fv =2y

EX. 5. X =acubic. If X isa cubic, it will have at least one real
linear factor. If this be % — a, then X will be of the form
= (¥ — a)(ax? + 2bx + ¢)
To integrate dx/+/X in thxs case, it may be convenient to apply Cayley’s

method, or to begin by putting » — a = ¥*.
Consider the three integrals

L @ dx I _/0 dx
I‘=_[(1__7)i' I==/ (?‘—’17 3 _m(l—xa)i
0 1

Toevaluate I, put ¥ — 1 = 32, x = 1 + y?, dx = 2ydy; then we findq

"" * dt
2 dy .31 e
fa= s Ot 3 NETENOVERSIL
where y = 3*:. Hence, by (24),
I, =2.31K (k=sinl6°) . . . . (26)

It is less easy to evaluate I, and I,. The ratios they bear to I, can
be found by means of a contour mtegral thus:
Integrate dz/(1 — 2% round a contour consisting of: (i) the real

FIG 2.

axis from — o to 0, (ii) a loop in the negative sense round the branch
point z = w = ei™ and back to z = 0, (iii) the real axis from 0 to + o,
indented at z = 1, (iv) the infinite semicircle in the upper half z-plane
(see Fig. 2).

The contributions to the integral from the indentation and from the
infinite semicircle vanish in the limit.

On the path from 0 to w, we have z= wr, dz= wdr,
(1 — 2% = (1 —#®)f. On the return path from  to 0, after the
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circuit of the branch point, both (1 — 23)% and dz have changed sign.
Hence, the contribution from the whole laop is twice that from 0 to w.

From z = 0 to z = 1, after the change of sign round z = w, we have
(1 — 2% = — (1 — »%)4; and beyond the indentation (1 — z%)f =
t(¥*> — 1)¥. Consequently, since there are no residues, the sum

/° dx +f1 2udr (' ax _/“ idx
el — 23t o (1 — 3t o(1 — 29 1 (x> — 1)¢
is equal to zero. That is,

Is+ (— 14 i3I, — I, —il, =0

By equating real and imaginary parts, we have
Iy =21, I,=1,v3 . . (27)

and hence, using (26),
11=23—*K, Iz=2.3—i‘K' 13=4-3—*K . (28)

where & = sin 16°.
Further, we have
(I, + L)1, = (I, + 21)/(1,4/3) = v/3 . . (29)

Now, putting 1 — x = 23, we find
kel

1
dx 2dz
I I, = —_ . = - -
v 5 /_,,(l—x“)"' o (3 — 322+ 29t
©
=2.3—&/ at
o (I —8v3 1 )

and consequently, by (25),
I,+1I,=2.3%K (k =sin75° = 2. 3¢tK’'(k = sin 15°)
and hence, by (29) and (26), the surprising result
K'|K = +/3, (R=sinl5°) . . . . (30)
which also follows easily from the cubic transformation (Examples
VvII, 10. See also Examples IX, 14).
Ex. 6. Evaluate the integrals

1 dx 1 dx
I=/ (x — 2)¥ j=/ (1 — 9
0 0

putting # = 1/y in I, we find, from Ex. 5,
I=["—% __ 9 3iKsinls) 31)
[ oo -
1

Putting 2 = zin J we find

1 dz : [
J = /‘ S = 3I = 3#K(sin 15°) (32)
0

Note. In general, the integral /dx/\/X, when X is a sextic, is not
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expressible in terms of elliptic integrals: it is said to be hyperelliptic;
but in special cases, as in J, the integral is elliptic (see also X, § 1).

Ex. 7. Find the area between the curve x3 4 3% = a%/4/2 and its
asymptote (Fig. 3).

7 Y

Fi1c. 3.

Transform the equation of the curve to a new pair of rectangular
axes O¢, On making 45° with the old pair, by putting

r=(¢—7v2 y=E+7/v2
We get £3 + 3¢9z = a3. Hence the area 4 required is given by

4 =2[“nd§=2j“ (“33—553)%5
0 0
2 [1(1 —8)dt ,, _
5[4 -
0
Putting 1 — ¢2 =

= }(3 + 1 — 4¢°) in the numerator, we find, using

_ay3a_at @, T
A= TI e 2 [ — ]
0

’

0
=a2. 3V 3tk = 3tKa? (R =sin 159

§ 7. The ratio K/K" for special values of 2. In (30) we saw that
K’|K =4/ 3 when k =sin 15°. This is a particular case of a
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general theorem, due to Abel, that % is a root of an algebraic
equation with integral coefficients whenever K/K’ is of the form
(@ + by/n)/(c + d+/n), where a, b, ¢, d, n are integers. The proof
of the theorem is beyond the scope of this book. A few simple
cases are set out below. It is sufficient to suppose KIK >1
because the reciprocal of K/K" is obtained by replacing % by k/' ’

K/K =1, k = 1/4/2 = sin 45° S ¢ £ )]
=4/2, R =4/2—1=tan224° . . . . (34)
=4/3, k=sin75°= (V3 +1)/(2v2), 2kk’ =} (35)
=2, kR’ = (4/2 — 1)? = tan? 224° - . . (36)
=22, F=(/2+1—-+/2v2+2r . . @37
= 3, 2kk’ = (2sin 16°)% = (2 — 4/8)2 .| . (38)
=24/8, k' = (V3 — v/2)%(v/2 — 1)? = tan274° (39)
= 4, k= (/2 —1)2 /(W2 + 1)? ... (40)

Of these, (33) is self-evident and (35) follows from (80). The
proof of (38) requires a transformation of the third order (see
Examples VII, 10). The rest follow with the aid of VII, (44),
(46).
§ 8. Greenhill advocated the construction of tables of elliptic
functions in which the ratio K/K’ would have a succession of
values corresponding to such values of 2. He calculated twelve
tables for the British Association (B.A4. Reports, 1911, 1912, 1913)
for the following values of K/K’: 1, 4/2, 4/3, 2, 3/4/2, 24/2, 3,

24/3, 4, 34/2, 5, 34/3.

EXAMPLES IX

1. If v = z——ﬂ———-——, show that
(6 — ba? + x4t
0

x = 4/2sn (uy/3) (k2 = %)
2. If u = f’(l 4 13 — 218t dt, show that
0

xy/3dn (©4/3) = sn (14/3) (k% = %)

w _ rl dt
3..If7§ ——/ (m, show that

z

# = (1 —sn2u)/(1 + sn2u) (k2 =1%)
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4. Show that
dx 2 K (1= L)
N R (*=75
dx
. = , show th
e [ (1677 — 27 — )I3x* — 22 — ¥ “nov that

#x=dnu/(2cnu —dnu) (k=3
6. If 0 < » < a, show that

7. Show that ’
/ \/(z’ —4z) — (7)
8. Show that
/ox{‘(l —1)(2 tﬁ nE — o sn~! (5-2:%,)} (k=3

9. Show that

dx 1
/ (#* — 2% + 2)I(3 +  — 229)} i}K(\m)

10. Show that / (1 + t4ta = (\}2)
(ii) [ 1+ 2+ @t = K@)

(iid) f‘” (1—e+yta= K(‘/T?')

11. Show that, if 0 < a < =,
dx

(i) / (?_ 1)(x® + 2z cosa + 1)t = (2 sec $a) K (sin 1a)
1

. 1 dx _
(i) / (T =21 + 2x cosa F )1 (2 sec $a)tK(cos }aq)

i) [° dx
(1 + 2x2 cosh 28 + x4t
0
12. Show that

z dt L 2/(x —1) o .
VEEOyEE D T e (= sin 22

= sech g K(tanh g)
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13. By putting 2% =4,y = 1 /t, show that

/(a + bx® 4 cxt 4 dxd)-idx = — ‘}/(at’ + bt® + ct + d)-i dt
14. Sketch the curve 3x%y = 4 — 43, Show that

27x%(1 — p3) = (23 — 1)(x® 4 8)2
and deduce that

1
f (1—ywwy=v%/”a=—n*¢x
—w 1
15. Show that the length of one loop of the lemniscate # = a%sin 26 is
a 2ady 1
Vi = V2K (75)
0

If s denotes the length of the arc measured from the pole to the
point (v, 8), where 0 < § < }m, show that

v =acn (K — sy/2/a) (k = %2)
16. Show that the length of one loop of the curve #® = a®sin 34 is

1 2adt - S °
m =2a.3 K(sm 15 )
0
17. Show that the length of the arc of the hyperbola
¥ =c¢(t' + tcosa), y =ctsina

measured from the point ¢ = 1, is given by

s =c[‘(l — 2t%cos a + 4t dt
1

Put « = ¢ 4 ¢! and evaluate the integral.

18. Prove that the radius of curvature p of the curve sinhy = C0S ¥
is given by p = 4/2sec . If s is the length of the arc of“the culiv'e'
measured from the point where x» = 0, show that the natura
equation of the curve is

_ [P 2dp
S'/ V=4
Ve

which reduces to pcns = /2, (¢ = 1/4/2). o,

19. Show that fhe el]ipse\/x’/tf2 + y%/b% = 1 can roll without shpp_'ll)ni
on the underside of the curve y/a = dn (#/b) so that its centre descri ef
the axis of x, provided that the modulus % is equal to the eccentricity 0
the ellipse. _

Deduce that, if & = +/(a? — b?%]/a, the length of the curve y/a@ =
dn (x/b) from x =0 to » = Kb is aE. Verify this result withou
reference to the rolling ellipse.
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20. Show that the length s of the arc of the curve 3a’y = x3, from the
origin to the point (z, y), where 0 < x < aq, is given by
%2 LI 2ax 1
— (2 2 Zon-l __“© - T
s (9 "'y) T3 ("— \/2)
What is the length when » > a? Show that s — ¥ —> $Ka when
X —>= 0.
21. Show that the length s of the curve 4a3y = 9, from the origin
to the point (r, y), provided that 0 < » < a/+/(4/3 — 1), is given by
x? LI 2.3t x(a? 4+ x2)}
= —_— 2 _ -1 = si 5°
s (16+y) +8sn V3t @ T (k = sin 75°)
Also show that, when » —>- oo,
s —y— 3%a[}K — $sn1(3t(y/3 — 1)}]

22. Two pendulums have the same period of oscillation. One, of
length ¢, swings through an arc of 60° (¢ = 30°); the other, of length //,
swings through an arc of 300° (e = 150°). Show that I = 3/’.

23. A particle oscillates on the axis of y about the origin under the
action of a force equal to n2y® per unit mass. Ifat¢ =0,

(i) ¥ = a, dy/dt = 0, show that y = acn ant;"
(ii) y = 0, dy/dt = v, show that y = (v/2/n)® cn (K — vt/2);

where in each case & = 1/4/2. .
24. Find the general solution of the differential equation

3
Z—t—?-!- w"'(y +%—2) = 0.

25. (i) If K/K’ = 2/+/3, show that

b = tan? 373° = (v/3 — v/2)%(v/2 + 1)?
(ii) If K/K’ = 2+/3, show that
b = tan? 73° = (v/3 — v2)}(v/2 — 1)

26. Show that A and p, in § 2, are the double points of the involution
determined by the pairs of roots (a, B), (y, 8) of the equations X, = 0,

X, =0. .
2Indica.te the positions of @, B; ¥, 8; A, p on an Argand diagram in

the three cases referred to in § 1, thus illustrating geometrically that

A and p are real except in the one case in which the pairs of roots are

both real and interlace.




CHAPTER X
A DEGENERATE HYPERELLIPTIC INTEGRAL
§ 1. An integral of the type

/{u(l — W) (1 + k) (1 + 2 (1 — sr)}t du . (1)

in which the expression under the square root sign is a particula}r
kind of quintic, can be shown to be dependent upon elliptic
integrals.* If we regard the quintic as a sextic with roots 0, © ;
1, 1/kX; — 1l/k, — 1/x; then this sextic is characterised by the
property that the roots belong in pairs to the same involution
(ZZ' =1 /x)\).

§ 2. Consider 1 the succession of transformations

_ dt 2
= /0 21 — )il — )t @)
I du = 3
= [ mr—aa =y €= @

0
- / " dy/+/(sn x) (u=sny) - 4)
0

By these transformations, a trapezium in the z-plane (Flgl-1 1)
with angles }r, #n, §w, 3r is represented first on the UPPel'l e
t-plane (Fig. 2), then on the positive quadrant of the u-plal
(Fig. 3), and finally upon a rectangle in the x-plane (Fig. 4). be

§ 3. The integral (3) is of the same type as (1). It cal;
expressed as the sum of two elliptic integrals with complement ary
moduli. Following Cayley, Elliptic Functions, p. 360, we pu

ao L+VE o 1=k k=(*—*’)”. (5)

Vet Y TyET e AF W
NA4AT=1, MS}SAT . - (6)
. __ \/2 — '=_\_/_(&kl— . (7)
PPN =Tarw MY TV e

* Cayley, Elliptic Functions, p. 360; also, Greenhill, 4pplications of
Elliptic Functions, pp. 160 et seq. .

TPF. Bowman, Proc. London Math. Soc., 1935, 89, (2), 211; and
1936, 41, 271.
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‘We also put

V== FvI-— o= zrz O

where Z = 4/(1 — A%?), Z’ = v/(1 — A"%?). Then we find
(1 4+ 2%)(1 + &) ={1 + (A + A9)%ge }{1 + RN+ A 2§2}

(Z+ 27* Z+ 2
Now
(Z 4+ Z)4+ (1 + R)(A+ N)HZ + Z°) + k(X + 29)%C*
Z(Z 42+ 2Z 4 ZP (a2 — Ay
— (Z + Z)* + 2(Z + Z) + (2* — 2772
=(Z+ZVHZ+Z)V+ 202+ (2 — 2y
=2(Z + 2)%2*+ Z* + ©?)
— 4(Z + 2)®
and hence
A4+u)(1+ke)=4/(Z+2) . . . (9
Similarly,
(1 —u)(l — ku) =41 —)/(Z + Z)2 (10)
Again, by differentiation of (8),

—LQ — , 1 t )\gc )_\zg

s — Ot x){Z yztzroe ( + Z)}

from which, after putting A2(2 = 1 — 22, a202 = 1 — Z’2, we get
du _ 2(x + A)dg

Vi~ Z ¥ 2122 (1)
Substituting from (9), (10), (11) in (3), we find
(Z + Z9ag
T / =t 27
1 { ac
- V(2 + ﬁ)/ {(l — )1 — At +
0
ag
(1 —e)t(1 — wcz)i}' (12)

or, if m = 4/(2 4+ 2&k),
mz =snl (¢ A +sot (@A) . . . . (13)
§ 4. To express { in terms of #, we have, from (9) and (8),
(1 + w)(1 + ku)2 = 483/(Z + Z°)2 = du/(A + N)*
and therefore, by (7),
(1 + w)(1 + ~u)C® = 2(1 + A)u . (14
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From (3), (4), (13), (14), we now have

r_dy _ du _
fox/(snx) / (u(l — u?)(1 = k22
0

sn’1 (C; )‘) + sn! (C: )")
V(2 + 27)

(16)
where

gz — 2(1 + k)u ,

(I + %)(1 + ku)

§ 5. The region of the {-plane that corresponds to the quadrant

w=sny . (16)

(-plane

FicG. 5.

in the u-plane is shown in Fig. 5. The following two details may
be noted:

Firstly, from (16), when » = 1/4/k we find 1 — 322 = 0, and
therefore { = 4 1/A. Taking { = + 1/, and putting

C—1a=h u—1/k=¢
we find approximately
h = Ae?, where A = — 3(2 + 2R)Y(1 4 y/p)0 . (17)
so that when the point % describes an indentation round the
point # = 1/4/k in the form of a small semicircle, then the point
€ describes a small circle in the same sense about the point
=1/

Secondly, if we put §, = {2, it may be verified that, to the
imaginary axis OC in the wu-plane, corresponds the circle
[€; — 1| =1 in the ¢,-plane (the {,-plane is not depicted). The
curve shown in Fig. 5 is one half of a lemniscate, the transform
of this circle by ¢, = ¢2.

§6. Now put w =sn1({ 1), @ =sn!( x); then (13)
becomes

mz=w+ w . .. . (18)
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The boundary curves in the w and w’-planes are indicated in
Figs. 6, 7, in which L, L’ denote complete elliptic integrals of the
first kind with moduli A, A\’ respectively.

C B
]
!
o <H L
L
L
O L A O AB C
w-plane w-plane
Fi1G. 6. Fi1G. 7.

§ 7. From the dimensions of the trapezium in the z-plane we
can now find A and 2. In Fig. 1, let a =04, b = CB; then
AB =a — b; and at B we have

t—a+ila—b), w=1L+2%L, w =L,

and therefore, by (18),
m(a 4 ia — b)) = L+ 2¢L"+ L’ . (19)

By equating real and imaginary parts, we find
ma =L + L', mb =L — L’

and hence

: a L+ L’ £=a+b . (0
p-L—L" L a-—1b

It follows that, if a/b is known, we can at once find .L/L’, f_ronx:
which A can be found by means of tables. Then & will lbe'g“tl:‘lie
by (5), and K/K", the ratio of the sides of the rectangie in
x-plane, can be found if required (see VI, § 8). e of two

§ 8. An application. Consider a condenser conmstm%l o
long parallel prisms, one inside the other, such tha’gdt e2<; s
section is bounded by two concentric squares of sides 2a, 2
(@ > b), similarly situated, as in Fig. 1. The crosg-seictlon
divisible into eight trapeziums, of which O4 BC is typical.
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In the application of conformal representation to the electro-
static field between the surfaces of a condenser, the capacity of
the condenser is conserved from one plane to another (cf. VII,
§ 4). Consequently, in the present example, the capacity of the
prismatic condenser per unit length will be eight times that of a
parallel plate condenser the plates of which are represented by
0OA, CB in the x-plane, Fig. 4; that is, the

1 K 2K

R = - - - (@1
§ 9. Numerical example. Suppose a = 2b. Then from (20)

we have L/L’ = 3. We could now use tables to find A, but it

happens that the calculation is made easy by the use of the

singular modulus that corresponds to L/L’ = 3. From IX, (38),
in this case,

200 = (28in 15°)% = (2 — 4/3)2 = 7 — 44/3

and hence, by (5), k% =4, &2 =}. Milne-Thomson’s tables
now give

capacity = 8 X

K = 21665156, K’ — 1-6857504
and with 1/x = 0-3183098862 we find the
capacity = 0-814403 . . . . (22)
This example has been used to illustrate the method of
relaxation.*
§ 10. Approximation for squares nearly equal in size. Let
h =a —b = AB in Fig. 1. If k is small compared with q, or b,
then L is large compared with L’, by (20); therefore A is large
compared with A’. It follows from (5) that % is large compared
with %’, and therefore K is large compared with K’. Hence, by
II, (22), the relations
22 = 16e-7LIL', R'2 = 16emK/K', . . (23)
will be approximately true. Now 4/k = (1 — A2t =1 _ 172
and therefore, by (6),

N = B3R = b

log ()\'/4) == log (k"2/32)
and hence, by (23),

and so

K. L 1,
=3 " Ro%82 . . . (24)
Now, by II, §6, the approximation (23) will be good for
practical purposes if L/L’> 2 and K/K’> 2. By (24), both

* E.g., H. and B. S. Jeffreys, Methods of Mathematical Physics, 1950,
p. 310.
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these conditions will be covered if L/L’ > 5, or, by (20), b > %a,
in which case we may put

£=é(a—+b)—%log,2. . . (26)
and one-eighth of the capacity of the condenser of § 8 will be
given approximately by
1 K 1 $(a + b 1
_'——=—"%—(h—)—4—7r210g‘2. . . (26)

that is, the capacity of a parallel plate condenser of length
%(a + b), corrected by the subtraction of the term +(log, 2)/(4%?).
§ 11. From (4) follows dz/dy = 1/4/(snx). Now, by Examples
IV, 5, (i), we have [sny| = 1/4/k when y =¢ + }K’. Con-
sequently, along the curve in the z-plane defined by x = ¢ + 3 K’,
we have
|dx/dz| = |sn x|t =kt =const. . . (27)
This is a curve along which, in the application to the condenser
problem of § 8, the electric intensity is constant. The curve is
dotted in Fig. 1, and its transforms in the other planes are also
dotted. Its Cartesian equation can be found as follows:
By reference to Figs. 6, 7 we see that, along GH, we can put
w=mX+4+iL, w =L +imY . . (28)
where X and Y are real. Now ¢ = sn (w, A) = sn (w’, }’), and
therefore
sn (mX 4 4L’ A) =sn (L" 4+ imY, )\')
that is,
1 _cn(@mY, \) 1
Asn (mX, ) dn (imY,N)  dn (mY,})

from which follows
dn? X, A) + dn? (mY, ) =1 .. (29
To find the geometrical meaning of X and Y, we have
z=x+1y = (w+ w)m =X+ L'/m + i{(Y + L’/m) (30)
and if (%o, ¥o) are the co-ordinates of the midpoint of OC, we have,
from § 7,

X =Yy, =2%a—b =Lm . . . (31)

and from (30) and (31) follow ¥ =%, + X, ¥ =¥ + Y, which
shows that (X, Y) are co-ordinates referred to the rmdpomt.of
OC as origin. Hence, (29) is the equation of the curve GH, with

the midpoint of OC as origin (Fig. 1).
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EXAMPLES X
1. By putting 2 = 1 in (15), verify that

z
/ (l—dﬁr = tan™ 4/x + tanh™! /x
0

2. By putting # = 0 in (15), show that
z
dx _ L 2x \% _ P)
Jo 7oy = v (55) = v
Also, find the integral by putting » = y? and verify that
K —snly/(1 —z) =so1(22/(1 + )} (k= 1/4/2)
3. By putting # = } in (15), show that

K
/ {sn (x, Y ¥dx = +/3sin 75°K (sin 15°)
0

4. Show that, when (a + b)/(a — b) = 4/3, the capacity of the
condenser of § 8 is 2K/(#K’), with & = 1.

5. Show that, if y = xea and & = ¢29, then
dx etagdy
V#y/(1 — 22%cosh 2a + %) VvV (I — 1)V (1 — &7)
6. By means of the substitution'» + 2! = y, show that
(Ax% + Bad)dx J,,(B—A)+;,(B+A)} dy
{£ (T = 26w + 295 { v+ " (y—2} [{E(F—2— 2}
7. Integrate (A4 + Bx)dx[{x(1 — ¥?)(1 — k3x?)}{ by means of Ex. 6,
after putting ¢ = x¢/k.
8. Use Example 6 to integrate (dn x)¥dy and (dn x)ddy.
9. Use Example 6 to integrate dx/(1 + x8)}.

10. Use Example 9 to find the length of the curve 5a%y = z from
the origin to the point (x, ¥).

11. Use Example 8 to integrate dx/{(x* — a%)(b¢ — x4)}}.

12. Let s denote the length of the Cassinian oval

4 — 2a2r2 cos 260 + at = b4
measured from the point where » = 4/(a? + b2%), § = 0, to the point
(. 8). Show that
ds _ 2b%r2
T ar {(a® + b9 — rYE{r¢ — (b2 — a?)3t

Find: (i) the whole length of the curve when a < b, (ii) the length

of one of the ovals when a > b.
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13. By putting ™! — ¥ = y, show that

11 + 2?)dx _/ dy

o VE+ %) J VO + b2+ 2)

14, Let X =14 2%, X, =2k — k222, X, = k’2 4 2ks?, where
0 <k<1land #3=1—4% Also, let y = 2(X,/X,)}, and let % be
the modulus of the functions sn™ y, sn™ (y/k). Verify that

ad . _ 2k — %% 4 —13" 2(1 + kx3)
Y T xxxgr &N R T (xxox,
according as 2 < or > k. Hence evaluate the integral

A 4 Bx?
/{(l + x4)(2k — R'2x3) (R + 2kx’)}i

If 2 =tana (0 < @ < }n), show that
(sm 4a)i d
2\/2 dx

-1 1_2
(tan a.sn™ty 4 sn fana

= (1 + 241 — 222 cot 4a — x4}
Consider, in particular,* a = §=, showing that in this case

1 —_
[} - mpien K220

15. Prove that the length of one half of one loop of the curve
74 = atsin 40 is

a X K(v/2 —1)/4/2 = 1-16362a
[K(+/2 — 1) = 1-645608, from Greenhill’s tables.]
16. In the notation of § 3, if U = (1 — u?)(1 — k%u?) and
y=(1 =1 — x)f, y = (1 — )1 — 22
show that
2utdu (A 4 X)3 (}l’ 1) ar

7

VU T =X
2ubdu _ (A + "')’{i (1 _ l) 14 2x " 1+ 2A'2}d§
vU —QA=AP18\y Y y y
Hence integrate (sn y)tdy and (sn x)3dy.
17. Consider the representation of the upper half ¢-plane on the
z-plane by the transformations

Moe [(B2 oo [ .o [ B2
B 0\/1—‘ 0‘\/T' - 0'\/T

where T = 4¢(1 — t)(1 — k%). Show how to work out the integrals.

* See Greenhill, Elliptic Functions, p. 164, where minor corrections
are necessary.



108 INTRODUCTION TO ELLIPTIC FUNCTIONS

18. Discuss the representation of the upper half ¢-plane on the
z-plane by the transformation

. / ‘u—t dt
- oV —tAYT
where T = 4¢(1 —¢)(1 — £%). Show how the shape of the bounda.';);
in the z-plane varies while y increases from — @ to + «, and v remai
constant, in the four cases:
() —0 <v<0, (i) 0<v<l, (i)l <p<lft?
(iv) 1/R2 < v < 0.

Consider also the limiting shapes when % = 0 and & = 1. )

19. Take the integral fdz/(l + z8)% round the closed contc;u;ngil}?e
posed of the boundary of the infinite first quadrant and loops ir

. . . g i how
origin round the two branch points z = et™, z = ¢i™. Hence s
that (see Ex. 14)

o 1 4
[ 1+ x‘)_*dx = 24/2sin g-rr] (1 — a8) ?dx
0 0

20. Take the integral Jdz/(1 — 2%)t round the closed cc.m:;ou11-:(:(:101‘::t
posed of the boundary of the infinite upper half-plane in in oints
z2=1 and z= — 1, together with loops round the branch P
z2=-c¢lm 7 = ; — edm. Deduce that (see Ex. 14)

© 1
[ (+* — 1)Hax = /lxza — #)hdr = (v2 — 1)/ (1 —#)Hdr
1 0 0
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TABLES OF FORMULAE

TaBLE 1
242 =1, B34 d¥=1. BR¥24 k'3 =4d3 k%% 4 8 =dd
k=0, snu =sin u, cnu =cosu, dnu = 1.

k=1, snu=tanh%, cnu =dnux = sechu.
S (4 + v) = (51,8, + 5261d4) /(1 — k%s,%s,7)
cen (1 + v) = (c,63 — $152d:1d,) [(1 — k?s,%s,?)
dn (v + v) = (d1d; — k2515:616,)[(1 — k%sys,?)
S = sn 2u = 2scd/(1 — k2s9)
C =cn 2u = (1 — 252 4 k2s4) /(1 — k3s¢)
D = dn 2u = (1 — 2k3s3 + k2s4)/(1 — A%s9)
S,=I—C c’=D+C d’=D+C
1+ D’ 14 D’ 1+C

sn (u + iv) = (sd; + icds;c,)/(1 — d?s,?)
en (u + iv) = (coy — isdsydy) /(1 — d%s,?)
dn (% + iv) = (dc,d, — ik?scs,) /(1 — d3s,?)
[sn?w| = (1 — ¢%,?)/(1 — d%,?) = (1 — CC,)/(D, + DC,)
len? w] = (1 — 524,)/(1 — d%,?) = (D + CD,)/(D; + DC,)
|[dn? w| = (d,2 — &%?)/(1 — d%,?) = (D + CD,)/(1 + CC,)
Where w — ¢ + 4y, s=sn(u, k), s, =sn(v, ), C =cn (2w, k),
Ci=cn (2v, &%), etc.

lsnw 4 1] = (1 £ sdy)/v/(1 — d?s,?)
lenw 4+ 1] = (1 &£ c6y)/v/ (1 — d%s,?)
ldn w 4+ 1| = (d, & d¢,)[v/(1 — d%s,?)

Isnw 4 1/k] = (d, £ ks)/[{Rv/ (1 — d2s,2)}

len w + ik’[k| = (dd, F kE'ss))[{k/(1 — d%,%)}
|dn w + B/| = (ddf + k'c,)[v/(1 — d2s,?)

110



TABLES OF FORMULZE

TABLE 11
© + 1K’ 1w+ K 4 1K’
1 dn 2
ksn kcnu
_ 2dn « ik
ksnu kcn u
icnu 1R’ sn u
T snu cn
: ’ ’ cd| . ’ , sd
E (1) + (K _E)+T E(u1) + E + i(K —E)—?-
i cd i sd
200 —sg+ 5 200 —sg =7
n cn
dn u
k' sn
cn u ~ dn u
&
dn 2 dnu
k2sc
E(u) E(u) + E — =
2
Z(u) Z(u) — "T“

n

u + K

111
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TaBLE III

In terms which depend upon a modulus as well as upon the variable
v, the modulus is &’.

i + 1K’ iv + K 4+ 1K’
_icnv dnv
kRsnvu k
_ dn v _ik’cnv
Rsnv kR
-1 — k’'snvy
sn v
ifo —E0) + K - B =% E +ifv — E(v) + K’ — EY}
. K’ d . K’
—ifzw + A iz O
isnv _l_
cnv dnv
1 _ik’snv
cnv dnv
dnu kR’ cnv
dnv
{ —E@) + d} E+z{u-£(v)+"d“}
. k’2sc
iv v+ K
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TaBLE IV
iK' 3K + iK' K + iK’
i~ 1/v/(1 — &) 1/k
w — iRV — &) — k'R
© — i/R’ 0
. HE + 1 4 &) E + i(K’ — E')
+ i(K’ — E’)

w 1 + & — ni/K) — }milK
i V4R +iy(1—k |1
vk Vv (2k) k
V({1 + ) (1 — i) VA’ _ iVl — &)

VE v/ (2F) VE
V(L +R) VEWa + B Ve

—iy/(1 — R}
3i(K' —E + 14 k) |HE + & + ik) E + (K’ — E’
) + $i(K’' — E’) . +1—4%)

bi(—gg+1+8) | =+ b+ — g+ HA— A
sn0 =0 1/4/(1 + &%) 1
cn0 =1 VEIV(Q + &)
dn0 =1 VE Y
E(©) =0 HE +1 — &) E
Z(0) =0 31 — k) 0

1K
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ABEL, 95
Addition formula, 12, 22, 23
Approximations, 21, 104

Bicircular quartic, 47

Capacity, 103
Carter, F. W., 84
Cartesian oval, 48
Cassinian oval, 106
Cayley, 9, 86, 99
Cockcroft, 84
omplementary modulus, 9
Condenser, 79,103
Conformal representation, 44, 52, 76

by elliptic integrals of first kind, 52, 66

of second kind, 77

of third kind, 80
Cubic transformation, 75
Curyed boundaries, 60
Cylinders, intersecting, 34

Derivatives, 9
Doubly periodic functions, 39
Duplication formule, 14

Electricity, flow of, 62
Ellipse, length of, 26
Properties of, 26, 97
Ellipsoid, area of surface of, 31
Elliptic functions, 8
addition theorem, 11, 22, 23
derivatives, 9
expansions, 10, 11, 40
graphs, 13, 23
Jacobian, 8, 23
Elliptic integrals, 16, 19
first kind, 16
second kind, 16, 76
third kind, 16, 19, 79
complete, 17, 20
approximations to, 21
general, 186, 19, 86
tables of, 24, 95
Epitrochoid, 33
Equivalent resistance, 63
Eta function, 16
addition formula, 22
Euler’s equations, 35
Expansions, 10, 11, 40

Fagnano'’s theorem, 27
Fundamental region, 44
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Gauss’s transformation, 72, 74
General quartic, 86

Geometric resistance, 64

Graphs of elliptic functions, 13, 23

Heat, conduction of, 84
Hydrodynamics 64
Hyperbola 33, 97
Hyperelliptic integral, 94, 99

Identities, 9
Integrals, elliptic, 16, 86
hyperelliptic, 94, 99

Jacobi's elliptic functions, 8, 23
imaginary transformation, 37

Landen’s transformation, 71

Legendre’s standard forms, 16, 86
formula, 26

Lemniscate, 97

Limagon, 33

Lundkvist, H., 84

Maclaurin expansions, 10, 11
Modular cquation, second order, 72,
73

third order, 76
Modulus, 9

complementary, 9

special values of, 74, 75, 94, 98
Modulus (absolute value), 40, 42, 43
Moulton, H. F., 66

Oscillations 28, 34, 98

Pendulum, 27, 98
complete revolutions, 29
period of, 28

Period, 39, 40
parallelogram, 39

Poles of sn w, cn w, dn w, 40

Principal value, 50

Rescéanglc represented on half plane,

Rectification, 3a%y = 23, 98
4a%y = x4, 98
baly = x5, 106
7? = a®sin 260, 97
7 = a®sin 36, 97
r* = a®sin 40, 107
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Reduction formula, 19 Spherical trigonometry, 34
Representation of half plane on  Surface of ellipsoid, 31
rectangle, 56

of half plane on polygon, 64 Tables of elliptic functions, 24, 96
of rectangle on circle, 61 Transformation, second order, 74
Rolling ellipse, 97 cubic, 76
Landen’s, 71

Gauss's, 72, 74
in general, 73

Schwarz-Christoffel, 63 Trochoid, 32
Seiffert’s spiral, 34
Skipping rope, 29 Zeros of sn w, cn w, dn w, 40

Special values of %, 74, 75, 94, 98 Zeta function, 23
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science, discovery of laws, explanation of laws, mmecasurement & numerical laws,
applications of science. 192pp. 5% X 8. Paperbound $1.25
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Horace C. Levinson
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expository writing,” Prof. A. C. Cohen, Industry Quality Control. Enlarged
revised edition. Formerly titled The Science of Chance. Preface and two new
appendices by the author. Index. xiv 4 365pp. 5% x 8. Paperbound $2.00

Basic ELECTRONICS,

prepared by the U.S. Navy Training Publications Center
A thorough and comprehensive manual on the fundamentals of clectronics.
Written clearly. it is equally useful for self-study or course work for those with
a knowledge of the principles of basic electricity. Partial contents: Operating
Principles of the Electron Tube; Introduction to Transistors; Power Supplies
for Electronic Equipment; Tuned Circuits; Electron-Tube Amplifiers; Audio
Power Amplifiers; Oscillators; Transmitters; Transmission Lines; Antennas and
Propagation; Introduction to Computers; and related topics. Appendix. Index.
Hundreds of illustrations and diagrams. vi -+ 471pp. 614 x 914.

Paperbound $2.75

BAsic THEORY AND APPLICATION OF TRANSISTORS,

prepared by the U.S. Department of the Army
An introductory manual prepared for an army training program. One of the
finest available surveys of thcory and application of transistor design and
opcmlion. Minimal knowledge of physics and theory of electron tubes required.
Suitable for textbook use, course supplement, or home study. Chapters: Intro-
duction; fundamental theory of transistors; transistor amplifier fundamentals;
parameters, equivalent circuits, and characteristic curves; bias stabilization;
transistor analysis and comparison using characteristic curves and charts; audio
amplifiers; tuned amplifiers; wide-band amplifiers; oscillators; pulse and switch‘-
ing circuits; modulation, mixing, and demodulation; and additional semi-
conductor devices. Unabridged, corrected cdition. 240 schematic drawings,
photographs, wiring diagrams, ctc. 2 Appendices. Glossary. Index. 263pp.
614 X 9V4. Paperbound $1.25

GUIDE TO THE LITERATURE OF MATHEMATICS AND PHYSICS,
N. G. Parke 111
Over 5000 entries included under approximately 120 major subject headings of
sclected most important books, monographs, periodicals, articles in English,
plus important works in German, French, Italian, Spanish, Russian (many
recently available works). Covers every branch of physics, math, related engi-
neering. Includes author, title, edition, publisher, place, date, number of
volumes, number of pages. A jo-page introduction on the basic problems of
research and study provides useful information on the organization and use of
libraries, the psychology of learning, etc. This reference work will save you
hours of time. 2nd revised edition. Indices of authors, subjects. 464pp. 534 X 8.
Paperbound $2.75
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THE RiSE oF THE NEw PHysics (formerly THE DECLINE OF MECHANISM),
A. d’Abro
This authoritative and comprehensive 2-volume exposition is unique in scien-
tific publishing. Written for intelligent readers not familiar with higher
mathematics, it is the only thorough explanation in non-technical language of
modern mathematical-physical theory. Combining both history and exposition,
it ranges from classical Newtonian concepts up through the clectronic theories
of Dirac and Heisenberg, the statistical mechanics of Fermi, and Einstein’s
relativity theories. “A must for anyone doing serious study in the physical
sciences,” J. of Franklin Inst. g7 illustrations. ggi1pp. 2 volumes.
Vol. 1 Paperbound $2.25, Vol. 2 Paperbound $2.25,
The set $4.50

THE STRANGE STORY OF THE QUANTUM, AN ACCOUNT FOR THE GENERAL
READER OF THE GROWTH OF IDEAS UNDERLYING OUR PRESENT ATOMIC
KNOWLEDGE, B. Hoffmann
Presents lucidly and expertly, with barest amount of mathematics, the problems
and theories which led to modern quantum physics. Dr. Hoffmann begins with
the closing years of the 19th century, when certain trifling discrepancies were
noticed, and with illuminating analogies and examples takes you through the
brilliant concepts of Planck, Einstein, Pauli, de Broglie, Bohr, Schroedinger,
Heisenberg, Dirac, Sommerfeld, Feynman, etc. This edition includes a new, long
postscript carrying the story through 1958. “Of the books attempting an account
of the history and contents of our modern atomic physics which have come to
my attention, this is the best,” H. Margenau, Yale University, in American
Journal of Physics. g2 tables and line illustrations. Index. 275pp. 5% X 8.
Paperbound $1.75

GREAT IDEAS AND THEORIES OF MODERN COSMOLOGY,

Jagjit Singh )
The theories of Jeans, Eddington, Milne, Kant, Bondi, Gold, Newton, Einstein,
Gamow, Hoyle, Dirac, Kuiper, Hubble, Weizsicker and many others on such
cosmological questions as the origin of the universe, space and time, planet
formation, “continuous creation,” the birth, life, and death of the stars, the
origin of the galaxies, etc. By the author of the popular Great Ideas of Modern
Mathematics. A gifted popularizer of science, he makes the most difficult
abstractions crystal-clear even to the most non-mathematical reader. Index.
xii + 276pp. 5% x 814. Paperbound $2.00

GREAT IDEAS OF MODERN MATHEMATICS: THEIR NATURE AND USE,

Jagjit Singh
Reader with only high school math will understand main mathematical ideas
of modern physics, astronomy, genetics, psychology, evolution, etc., better than
many who use them as tools, but comprehend little of their basic structure.
Author uses his wide knowledge of non-mathematical fields in brilliant exposi-
tion of differential equations, matrices, grouptheory, logic, statistics, problems
of mathematical foundations, imaginary numbers, vectors, etc. Original publica-
tions, 2 appendices. 2 indexes. 65 illustr. 322pp. 534 x 8. Paperbound $2.00

THE MATHEMATICS OF GREAT AMATEURS, Julian L. Coolidge
Great discoveries made by poets, theologians, philosophers, artists and other
non-mathematicians: Omar Khayyam, Leonardo da Vinci, Albrecht Diirer,
John Napier, Pascal, Diderot, Bolzano, etc. Surprising accounts of what can
result from a non-professional preoccupation with the oldest of sciences. 56
figures. viii 4 211pp. 5% X 8V4. Paperbound $1.50
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COLLEGE ALGEBRA, H. B. Fine
Standard college text that gives a systematic and deductive structure to algebra;
comprehensive, connected, with emphasis on theory. Discusses the commutative,
associative, and distributive laws of number in unusual detail, and goes on
with undetermined coefficients, quadratic equations, progressions, logarithms,
permutations, probability, power series, and much more. Still most valuable
clementary-intermediate text on the science and structure of algebra. Index.
1560 problems, all with answers. x 4 631pp. 534 x 8. Paperbound $2.75

HIGHER MATHEMATICS FOR STUDENTS OF CHEMISTRY AND PHYsICS,

J. W. Mellor
Not abstract, but practical, building its problems out of familiar laboratory
material, this covers differential calculus, coordinate, analytical geometry,
functions, integral calculus, infinite series, numerical equations, differential
equations, Fourier’s theorem, probability, theory of errors, calculus of varia-
tions, determinants. “If the reader is not familiar with this book, it will repay
him to examine it,” Chem. & Engineering News. 8oo problems. 189 figures.
Bibliography. xxi 4 641pp. 5% x 8. Paperbound $2.50

TRIGONOMETRY REFRESHER FOR TECHNICAL MEN,

A. A. Klaf
A modern question and answer text on plane and spherical trigonometry. Part I
covers plane trigonometry: angles, quadrants, trigonometrical functions, graph-
ical representation, interpolation, equations, logarithms, solution of triangles,
slide rules, etc. Part II discusses applications to navigation, surveying, elasticity,
architecture, and engineering. Small angles, periodic functions, vectors, polar
coordinates, De Moivre’s theorem, fully covered. Part III is devoted to spherical
trigonometry and the solution of spherical triangles, with applications to
terrestrial and astronomical problems. Special time-savers for numerical calcula-
tion. 913 questions answered for you! 1738 problems; answers to odd numbers.
494 figures. 14 pages of functions, formulae. Index. x -+ 629pp. 5% X 8.

Paperbound $2.00

CALcULUS REFRESHER FOR TECHNICAL MEN,

A. A. Klaf
Not an ordinary textbook but a unique refresher for engineers, technicians,
and students. An examination of the most important aspects of differential and
integral calculus by means of 756 key questions. Part I covers simple differential
calculus: constants, variables, functions, increments, derivatives, logarithms,
curvature, etc. Part II treats fundamental concepts of integration: inspection,
substitution, transformation, reduction, areas and volumes, mean value, succes-
sive and partial integration, double and triple integration. Stresses practical
aspects! A 50 page section gives applications to civil and nautical engineering,
electricity, stress and strain, elasticity, industrial engineering, and similar fields.
756 questions answered. 556 problems; solutions to odd numbers. 36 pages of
constants, formulae. Index. v 4 431pp. 5% x 8. Paperbound $2.00

INTRODUCTION TO THE THEORY OF GRouUPs OF FINITE ORDER,

R. Carmichael
Examines fundamental theorems and their application. Beginning with sets,
systems, permutations, etc., it progresses in easy stages through important types
of groups: Abelian, prime power, permutation, etc. Except 1 chapter where
matrices are desirable, no higher math needed. 783 exercises, problems. Index.
Xvi 4 447Pp- 5% x 8. Paperbound $3.00
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FIVE VOLUME “THEORY OF FUNCTIONS” SET BY KONRAD KNOPP

This five-volume set, prepared by Konrad Knopp, provides a complete and
readily followed account of theory of functions. Proofs are given concisely, yet
without sacrifice of completeness or rigor. These volumes are used as texts by
such universities as M.I.T., University of Chicago, N. Y. City College, and many
others. “Excellent introduction . . . remarkably readable, concise, clear, rigor-
ous,” Journal of the American Statistical Association.

ELEMENTS oF THE THEORY OF FUNcCTIONS,

Konrad Knopp
‘This book provides the student with background for further volumes in this
SCt, or texts on a similar level. Partial contents: foundations, system of complex
numbers and the Gaussian plane of numbers, Riemann sphere of numbers,
mapping by linear functions, normal forms, the logarithm, the cyclometric
functions ang binomial series. “Not only for the young student, but also for the
student who knows all about what is in it,” Mathematical Journal. Bibliography.
Index. 140pp. 534 x 8. Paperbound $1.50

Turory oF Fuvcrions, PART I,

Konrad Knopp
With volume 11, this hook provides coverage of basic concepts and theorems.
Partial contents: numbers and points, functions of a complex variable, integral
Ot a continuous function, Cauchy’s integral theorem, Cauchy’s integral for-
mulae, series with variable terms, expansion of analytic functions in power
series, analytic continuation and complete definition of analytic functions,
¢ntire transcendental functions, Laurent cxpansion, types of singularities.
Blbliog‘raphy. Index. vii 4+ 146pp- 5% X 8. Paperbound $1.35

TuEoRY oF Funcrions, PART 1I,

Konrad Knopp
Application and further development of general theory, special topics. Single
valued functjons. Entire, Weierstrass, Meromorphic functions. Riemann sur-
aces. Algebraic functions. Analytical configuration, Riemann surface, Bibliog-
Tﬂphy, Index. x <+ 150pp. 53/8 x 8. Papcrbound 5135

PrROBLEA Book 1x THE THEORY OF FuNcTIONS, VOLUME 1.
, Konrad Knopp
Problems jn clementary theory, for use with Knopp's Theory of Functions, or
any other text, arranged according to increasing difficulty. Fundamental con-
€EPLs, sequences of numbers and infinite scries, complex variable, integral
l}}gorc.ns, development in series, conformal mapping. 182 problems. Answers.
Vil 4 agpp, 5% X 8. Paperbound $1.35

ProBLE Book i1x THE THEORY OF FUNCTIONS, VOLUME 2,

Konraq Knopp
Advanceq theory of functions, to be used either with Knopp's Theory of
r Unctions, or any other comparable text. Singularities, entire & meromorphic
functions, periodic, analytic, continuation, multiple-valued functions, Riemann
surfaces, conformal mapping. Includes a section of additional elementary prob-
ll';]":g "‘Thc (lifﬁg:lt task of sclcc(ir.lg fro:p t.he immense material of the modern
e .‘}‘ of functions the problems just w:ﬂnn the reach of the beginner is here

Wterfully accomplished,” 4m. Math. Soc. Answers. 138pp. 5% X 8.

Paperbound §; 50
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A HisToRrY OoF PHysics: IN ITs ELEMENTARY BRANCHES (THROUGH 1925),

INCLUDING THE EVOLUTION OF PHYSICAL LABORATORIES,

Florian Cajori
Revised and enlarged edition. The only first-rate brief history of physics. Still
the best entry for a student or teacher into the antecedents of modern theories
of physics. A clear, non-mathematical, handy reference work which traces in
critical fashion the developments of ideas, theories, techniques, and apparatus
from the Greeks to the 1920’s. Within each period he analyzes the basic topics
of mechanics, light, electricity and magnetism, sound, atomic theory and
structure of matter, radioactivity, etc. A chapter on modern research: Curie,
Kelvin, Planck’s quantum theory, thermodynamics, Fitzgerald and Lorentz,
special and general relativity, J. J. Thomson’s model of an atom, Bohr's dis-
coveries and later results, wave mechanics, and many other matters. Much
bibliographic detail in footnotes. Index. 16 figures. xv 4 424pp. 534 X 8.

Paperbound $2.50

OPTICKS, Sir Isaac Newton
In its discussions of light, reflection, color, refraction, the wave theory and
the corpuscular theory of light, this work is packed with scores of insights and
discoveries. In its precise and practical discussion of construction of optical
apparatus, contemporary understandings of phenomena it is truly fascinating
to modern physicists, astronomers, mathematicians. Foreword by Albert
Einstein. Preface by I. B. Cohen of Harvard University. 7 pages of portraits,
facsimile pages, letters, etc. cxvi 4 414pp. 5% X 8. Paperbound $2.25

DIALOGUES CONCERNING Two NEW SCIENCES,

Galileo Galilei
This classic of experimental science, mechanics, engineering, is as enjoyable as
it is important. A great historical document giving insights into one of the
world’s most original thinkers, it is based on 30 years’ experimentation. It offers
a lively exposition of dynamics, elasticity, sound, ballistics, strength of materials,
the scientific method. “Superior to everything else of mine,” Galileo. Trans. by
H. Crew, A. Salvio. 126 diagrams. Index xxi -4 288pp. 5% x 8.

Paperbound $1.75

TREATISE ON ELECTRICITY AND MAGNETISM,

James Clerk Maxwell .
For more than 8o years a seemingly inexhaustible source of leads for physicists,
mathematicians, engineers. Total of 1082pp. on such topics as Measurement of
Quantities, Electrostatics, Elementary Mathematical Theory of Electricityy
Electrical Work and Energy in a System of Conductors, General Theorems,
Theory of Electrical Images, Electrolysis, Conduction, Polarization, Du;lectncs,
Resistance, etc. “The greatest mathematical physicist since Newton,” Sir James
Jeans. grd edition. 107 figures, 21 plates, 1082pp. 5% x 8.

Vol. 1 Paperbound $2.50, Vol. 2 Paperbound $2.50
The set $5.00

Prices subject to change without notice.

Available at your book dealer or write for free catalogue to Dept. Adsci,
Dover Publications, Inc., 180 Varick St., N.Y., N.Y. 10014. Dover publishes more
than 150 books each year on science, elementary and advanced mathematics,
biology, music, art, literary history, social sciences and other areas.
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introduction to

ELLIPTIC
FUNCTIONS

with applications

F. Bowman

Formerly Head of the Department of Mathematics,
College of Technology, Manchester

A concise and practical introduction to elliptic integrals and functions is provided in
this brief but detailed treatment. Thoroughly elementary, it requires nothing more
from the reader than a knowledge of the basic principles of differentiation and
Integration. The author begins with the familiar trigonometric functions, shows how
to generalize these into Jacobian elliptic functions, and leads the reader step by
step from the basic properties of these functions to their most useful applications in
such fields as electricity and hydrodynamics.

_Chapters one and two are concerned with Legendre's §taqdard forms f_or elliptic
Integrals of the first and second kind znd with the derivation by inversion of the
integrals, Following pages are devoted to the expression of parametric equations

of the ellipse in terms of sn u and cn u and certain common applications in geom-
etry and physics.

A major part of the book (chapters five through eight) covers in unusual detail the
Important subject of conformal representation. The author describes both the basic
theory of such representations and their applications to two-dimensional problems
In electrostatics & magnetostatics, hydrodynamics, aerodynamics, and elasticity. In
this section the Schwarz-Christoffel transformations together with those of Gauss
and Landen are fully treated, and the reader without previous acquaintance with
these powerful ‘methods will find the author's exposition of them a thorough and

e . . . .
asily understandable introduction. @l,ihr:n’_\ IIAS, Shimla
Later chapters deal with the basic elements and | 517.35 B 684 |

of certain elliptic integrals to Legendre’s standar |

tegrals. Throughout the book, there are more than l
Ples, and the work concludes with tables of useful ‘ !
Unabridged corrected republication of 1953 edit 00037730

173 problems and examples. 56 figures, 4 tables. -
§922 Paperbound $1.50

A DOVER EDITION DESIGNED FOR YEARS OF USE!

We have ‘made every effort to make this the best book possible. Our paper is opaque,
with minimal show-through; it will not discolor or become brittle with age. Pages are
SEWN in signatures, in the method traditicnally used for the best books, and will not
?TOD out, as often happens with paperbacks held together with glue. Books open flat
Or easy reference. The binding will not crack or split. This is a permanent book.
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