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PREFACE 

When, thirty years ago, I became acquainted with the then recently 
invented methods of experimental research, I accepted the ideas 
rather uncritically, save for two: the idea of non-random experi­
mental material, and the now famous lady tea-taster introduced by 
R.A. Fisher in The Design of Experiments. Regarding the latter 
example, I could see its power as a means of explaining the prin­
ciple of significance tests, and I have sometimes used it for this 
purpose in my teaching. But I could not and still cannot see why 
anyone would be interested in knowing that a certain lady is, or 
is not, able to discriminate between two kinds of tea. It was clear 
that tea-room proprietors would probably be interested in knowing 
whether their guests were usually able to tell the difference, but 
then the task would be to plan and carry out experiments with sam­
ples of tea-room guests as the experimental material. 

Having been trained as a biologist and involved in biological 
research, I could easily see the tremendous progress signified by 
these methods. But what reliance should be placed on the idea of 
non-random experimental material? Soon also doubt crept in con­
cerning the models underlying the methodology. 

So for thirty years I have, on and off, returned to these prob­
lems. Years ago I found solutions which appeared to be satisfac­
tory, although it would have been premature to publish anything 
about them at the time. First it was necessary to carry out certain 
investigations in order to justify the different methods. Until quite 
recently I had no means of doing this, but having now completed 
the necessary work, I find the results so encouraging that I am 
convinced of the soundness of the· ideas which have guided this 
research. 

It has been a great effort for me to write this treatise, particu­
larly as I had to explain the underlying ideas in a language foreign 
to me. Another difficulty has been: how to deal at all adequately 
with the literature concerning the subject? The number of relevant 
monographs and articles in scientific journals is now very great, 
and I found that to cite the monographs and articles known to me 
would make my treatise almost unreadable. I have therefore cut 
down on citations and references to an extent that might be re­
garded as unjustifiable. 
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In closing, I wish to convey my thanks to a number of friends 
with whom I have had profitable talks about the problems. To 
Professor Alan Stuart, who has read my manuscript, I am most in­
depted for helpful comments. Thanks are also due to my wife for 
the assistance she has given me in writing the text in English. 

The Agricultural College of Norway 
October, 1969 
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l Preliminaries 

About forty years ago, important research work on the 
principles of experimentation was begun at Rothamsted 
Experimental Station in England. The first general account of 
the results of this research was given by R.A. Fisher in his book 
The Design of Experiments, which originally appeared in 1935. 
Ten years previously, the same author's Statistical Methods for 
Research Workers had been published; in this book the new 
statistical tool of analysis, called the analysis of variance, was 
made known to research workers. A large number of papers and 
books, dealing with experimental design and statistical analysis, 
have since been inspired by these two important treatises. 

It is well known that the results of the Rothamsted research 
work were not adequately recognized and valued by authorities 
on statistical methods at the time. Today, the principles of the 
Rothamsted school seem to be accepted unreservedly by almost 
all statisticians. On the other hand, these ideas are not accepted 
throughout by all research workers, and it is a fact that 
experimental research is very often carried out according to 
other rules. Often the principle of randomization, perhaps the 
most important and a lasting contribution made by the Rothamsted 
school, is ignored. The consequence is that many reports on 
experimental results are published, describing effects that are 
partly due to erroneous design. 

The work of the Rothamsted school on design and statistical 
methods of analysis is certainly most important, but it is 
difficult to accept the principles in full. Briefly, criticism can 
be raised against the following elements : (1) the conception of 
experimental material as something fixed ; (2) the purpose for 
which an experiment is carried out; and (3) the models upon 
which the theory rests. 

(1) A research worker deals with questions. In planning and 
carrying out an experiment, he wishes to obtain data from which 
answers to these questions can be given. Then, by the use of 
induction, he discovers a rule, or merely presents statements 
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which provide the answers to these problems. But, surely, a rule 
or statement is always something that refers to a population. In 
experimental research this population is an abstraction. Therefore, 
the research worker cannot look upon his experimental material as 
fixed, because, if he does so, the population cannot be an 
abstraction. 

In statistical theory we are taught that a generalization is 
justified only if some units or replications are - or can be regarded 
as - a random sample. However, if the population is an abstraction 
no random sample can be drawn from it, since the act of drawing 
a sample requires that the population be an existing one. 
Therefore the only possibility left to the research worker is to 
regard the sample as random, i.e. as being a random represen­
tation of the population about which inferences are drawn. This 
is, in fact, the population with which investigators in other fields 
of research most often have to be satisfied. But neither in 
experimental nor in other research does this mean that the 
scientist has to be content with any sample. To acquire satis­
factory samples is most important in every research program. 

Throughout this treatise we shall regard experimental material 
as random in the sense that it consists of a number of replications 
which can be considered as a random sample. We do not see that 
any serious objections can be raised against this point of view, 
even if there might be difficulties to overcome in some cases, 
e.g. in field plot experimentation. On the other hand, it is evident 
that research workers who regard their experimental material as 
non-random are certain to encounter serious difficulties in their 
interpretation of the results of the experiment. 

(2) Turning next to the second point, it seems evident that 
the most common view among statisticians who accept the 
Rothamsted principles is that the testing of null hypotheses is 
the principal purpose for which an experiment is carried out. In 
The Design of Experiments (6th edn, p. 16) Fisher writes : 
"Every experiment may be said to exist only in order to give the 
facts a chance of disproving the null hypothesis." Even if this 
point of view is often regarded as extreme, it is, in the main, 
followed by most writers of papers and text-books dealing with 
experimental design and statistical analysis. But such extreme 
and unrealistic views are not shared by all writers. In some 



treatises, problems concerning the estimation of treatment effects 
and differences between such effects are considered as no less 
important than those of testing null hypotheses. It may also be 
demonstrated that Fisher's point of view is not shared by some 
independent research workers. 

The function of an experiment, as we have seen, is the 
production of data that can be used in order to find the answers 
to particular questions. What these questions are, is the concern 
of the research worker. In a discussion of the methodology of 
experimental research, it must be emphasized that the questions 
should be asked in advance of the designing and carrying out of 
the experiment, and in order to answer them it is necessary to test 
statistical hypotheses and/or to estimate treatment effects and 
the differences between such effects. 

For the testing of statistical hypotheses and the estimation 
of treatment effects, a number of apparently satisfactory methods 
have been invented. But, on the whole, it can hardly be main­
tained that the situation is satisfactory in the sense of fully 
meeting the requirements of research workers. 

Heterogeneity of experimental material now seems to be 
commonly accepted; it has been known and discussed at 
considerable length by several writers, and was in fact discovered 
before the work on experimental design was begun at Rothamsted. 
It is, of course, the combined effect of a number of factors which 
are not under control of the research worker. These factors affect 
the experimental units in the same way as do the experimental 
factors, and therefore interactions between the two groups of 
factors must be assumed to exist. It can be noted as a rather 
-:urious circumstance that writers who are much concerned with 
the possible interactions between experimental factors tend to 
disregard the interactions between experimental factors and 
heterogeneity factors. But to proceed as if such interactions did 
not exist would be to assume a too simple and unrealistic model 
of nature. 

(3) The model describing the null hypothesis can be written 
in any way, provided it is capable of being tested. But if it is 
unrealistic, the implications of the rejection of the null hypothesis 
may become very involved. The usual models of null hypotheses 
presume additivity of treatment effects and effects of heterogeneity 
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factors. Such models may allow of strict mathematical treatment, 
but they are lacking in realism. In dealing with the estimation of 
treatment effects and the differences between such effects, it is 
even more important that the model should be realistic. Therefore, 
models that do not account for interactions between treatments 
and heterogeneity factors should never be accepted. 



2 Treatments, questions and randomization 

To apply a certain treatment to an experimental unit means, 
of course, that it is being applied according to a fixed procedure. 
Therefore, it is impossible to repeat a treatment if, by this, 
perfect repetition is understood. A treatment can only be repeated 
in the sense that a particular description of the treatment is 
fulfilled. Therefore, even if it were possible to find a number of 
experimental units that are exactly alike, the same treatment 
applied to these units would not produce exactly the same effect. 
However, no two units of experimental material are exactly alike; 
all kinds of experimental material are more or less heterogeneous. 
There is always, therefore, some variation in the effect of the 
same treatment among a number of experimental units. The most 
important factor causing this variation is usually heterogeneity 
of the material, but the failure of the treatment to be exactly 
repeated plays some part. There are also errors of observation. 

Suppose now that the units of the experimental material are 
divided into two samples, and that the same treatment is applied 
to the units in both samples. Then, in order that the distributions 
of the observed random variable should be identical in the 
populations represented by the two samples, it is necessary that 
the division be carried out by some technique of randomization. 
If such a technique has not been used, and a treatment T1 is 
applied to the units in the first sample and another treatment T2 

is applied to those in the second sample, we have no guarantee 
that a comparison of the effects of the two treatments will turn 
out to be unbiassed. Division of the material in a non-random 
way will therefore very often lead to false conclusions with 
regard to the relative effects of the two treatments. In spite of 
the fact that this consequence has been known for the last thirty 
years, research workers still try to get round it by claiming that 
other ways of dividing the material lead to more precise com­
parisons, and forgetting the bias. In the final section of this 
treatise we will return to a particular aspect of the principle of 
randomization. Until then, we shall assume that the principle 
has been consistently applied. 

5 



The purpose for which an experiment is planned and carried 
out is the concern of the research worker. But if our intention is 
to specify the method of statistical treatment of the experimental 
data, a general classification of the questions can be framed. 
The following three groupings should be satisfactory for all 
situations:-

(1) The treatments are qualities, and the principal question 
concerns the ranking of them on the outcome of the experiment. 

(2) The treatments are qualities and/or quantities, and the 
question concerns the differences of the effects as between 
treatments chosen in advance. 

(3) The treatments are quantities, and the question concerns 
the rule, if any, describing the way in which the effect depends 
on these quantities. 

In answering such questions, it is obviously important that 
the experimental material should be such that the answers can be 
applied to a population of reasonable size. It is evident that the 
material can be chosen in such a way that small differences, 
unimportant in themselves, may turn out to be statistically 
significant. Moreover, there is probably always some difference 
between the effects of two treatments, so that the null hypothesis 
can be rejected only by choosing experimental material having 
sufficiently small heterogeneity. 

The research worker should therefore always ask himself 
what he is going to do with the results of the experiment. It is 
important to know whether the results are intended to be used for 
some practical purpose,* or whether the intention is to supplement 
the investigator's insight and knowledge in some field. Experimen­
tal material which serves the latter purpose might be unsatisfac­
tory for the first. There is also the possibility of describing the 
population to which the inferences are intended to be applied, 
even if the description turns out to be vague. Such a description 

* This may merely mean that the experiment is part of a research 
program having a practical purpose. In Section 17 we return to more 
general problems concerning experiments of this kind. 



would refer both to the experimental material and to the external 
circumstances under which the experiment has been carried out. 
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In treatises on methodology today there is usually a demand 
for efficiency. But, obviously, the choice of a design that is 
more efficient than another almost always implies a reduction in 
size of the relevant population and a reduction of the generality 
of the inferences. The consequence is that the interpretation of 
the result obtained with a more efficient design will not usually 
be the same as that obtained with a less efficient design. 
Therefore, the common and general recommendation that the most 
efficient design should be used is open to objection. 



3 Complete randomization 

Suppose that an experimental material consists of 2n units 
or replications and that the experimenter divides it, in a random 
way, into two samples, each sample consisting of n units. Then, 
if one of the samples is used for treatment T1 and the other for 
treatment T2 , and the treatments are allocated to the samples in 
a random way, the research worker can be confident that the 
difference between the effects of the two treatments (the 
"contrast") can be estimated without bias. Therefore, the most 
important requirement of estimation is fulfilled. Also, confidence 
limits of the contrasts can be computed. 

The generalization to k > 2 treatments is simple and 
straightforward: the experimental material consisting of nk units 
is divided randomly into k samples, and the k treatments are 
randomly allocated to the samples. In this case also a contrast 
between treatments can be estimated without bias. 

It is hardly possible to deal with any experimental situation 
without the aid of a model that gives a general description of the 
possible outcomes of the experiment. In the present case, with 
k treatments 1j (j = 1, 2, ... , k) and n experimental units for 
each treatment, the model is : 

(3.1) ( i = 1, 2, ... , n) 

In this model, the Xji * are the observations, 11- is a general mean, 
and a; are effects of the treatments. Without loss of generality 
we can let ~ ai = 0 because, if ~ ai 'f 0, the ai contain a 
common element that can be included in J.L. 

The e 's are ordinary random variables. Without loss of 
generality it can be assumed that E (eii) = 0, and we may also 
assume that the form of the distribution of e is the same for all 
treatments. But it cannot be assumed that the k distributions 
are identical. Such an assumption would imply that all effects of 

* Here and in the following sections we shall use the same letter to 
denote a random variable and the observation of it. This simplification 
can hardly lead to confusion. 
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the treatments are included in ai, and this would be too simple 
a view to take of the rather complicated mechanism that usually 
regulates the effect of a treatment. 

The differences between the k distributions of e may be 
differences in skewness and differences in kurtosis. But the 
differences that are most important for the analysis of the 
experimental data are differences in the variance of e among the 
treatments. This means that the research worker, in his analysis 
of the data, has to deal with k variances, vari (e). If the 
necessary caution is exercised during the planning and admini­
stration of the experiment, the e 's can be regarded as being 
stochastically independent both within and between the treatments, 
and var 1 (e) can therefore be estimated in the usual way. 

It will be found that the mean of xii for treatment Tj is equal 
to 

(3.2) xi = J.L + a i + ~ . 

Since E (e ii) = 0, it will be seen that E (xi) = J.L + ai, showing 
that xi is an unbiassed estimator of the effect of Tj . Therefore, 
the means yield an unbiassed ranking of the treatments. 

A contrast is by definition a linear function of ai or a linear 
function of a sub-set of these parameters (cf. page 20). The 
difference (ap - aq) is an example. It will be seen that 

(3.3) 

and hence that the difference between the means is an unbiassed 
estimator of the contrast. It will also be found that the variance 
of the difference is equal to 

var(X"p - xq) = [varp (e) + varq(e)]/n. 

Therefore, unless vari (e) is a constant, the precision of the 
estimator of a contrast is not the same for all contrasts. Thus, 
the common practice of using the same error mean square for the 
computation of the confidence limits of all contrasts is not to be 
recommended. The research worker can never know that vari (e) 
is the same for all treatments. On the contrary, it is very 
unlikely that this variance is ever a constant. 

If the distribution of e is normal and 
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approximately correct confidence limits of the contrast (ap- aq) 
are: 

(3.4) 

where ta. is the tabulated significance point of "Student's" t, the 
number of degrees of freedom being 2 (n - 1). That the limits 
are approximately correct means, of course, that the probability 
of the interval covering the contrast is approximately equal to 
(1 - a). 

Usually, however, the research worker wants to estimate 
more than one contrast. If two contrasts are (ap - aq) and 
(ar - a8 ), where p 'f q 'f r 'f s, no difficulty is involved. But 
the worker may want to deal with, e.g., the contrasts (ap - aq) 
and (ap - ar) simultaneously. In this case the two estimators 
(xp - Xq) and (xp - Xr) are correlated. The same is the case 
with (Vp + Vq) and (Vp + Vr ). Nevertheless, the probability 
of the intervals 

(xp - Xq) + ta. y I(Vp + Vq )In I and (xp - Xr) + ta y I(Vp + vr )In I 
simultaneously covering the contrasts (ap - aq) and (ap - ar) 
is approximately equal to (1 - a)2 • As will be shown in Sections 
6 and 7, this implies that, if we compute the confidence limits of 
the two contrasts in the way described, the confidence probability 
of each of the two intervals is but slightly different from (1 _ a). 

It will also be shown that this result can be generalized to 
cover k treatments and (k - 1) contrasts, or that there is ample 
ground for such a generalization. It is very important, however, 
that a separate error mean square should be used for each 
contrast. 

In the methodology as it is usually presented, much emphasis 
is placed on the so-called "orthogonal functions" of the treatment 
means. For instance, 

are regarded as being orthogonal, i.e. non-correlated. It is easy 
to show, however, that the two functions are orthogonal only if 
var1 (e) is the same for j = 1, 2 and 3. In practice it would 
therefore be rather rash to regard them as being orthogonal. But, 
in defence of the use of such functions, it must be pointed out 
that it is reasonable to assume that the correlation between them 
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is weaker than the correlation between other functions, and that 
they may be preferred for that very reason. The difficulty is that 
they very seldom correspond to the actual questions being asked 
by the research worker. 



4 Randomized blocks 

In a randomized block experiment a replication is a group of 
experimental units, and the number of units per replication is 
usually chosen to be equal to the number of treatments. For 
instance, in a feeding experiment in which a pig is an experimental 
unit, a litter can be used as a replication. In a field experiment, 
the experimental area is divided into a number of smaller areas 
of equal size, the "blocks" or •replications", and each of these 
into a number of "plots" (the units). In these cases randomization 
means complete randomization within each replication. 

Here also the replications must be regarded as a random 
sample. Thus the population is the one which the sample of 
replications represents - in the sense of a rand?m sample - and 
it is an abstraction. In our first example this idea is easily 
conceived, as the sample of litters might actually have been 
drawn at random from an existing population of litters, which in 
turn can be regarded as a random representation of an abstract 
population. 

In our second example the idea might be more difficult to 
accept. However, suppose a research worker is planning a local 
field-plot experiment, and that the total cultivated area of a farm 
is placed at his disposal. He can then divide the whole area into 
a number of blocks of the size he wishes to use, and from this 
existing population of blocks he can draw at random a sample of 
blocks. Having drawn this sample, he might find that the blocks 
belonging to it are scattered over the whole area of the farm. He 
may then decide that this sample is too troublesome to use in 
practice, and for that reason choose another sample having the 
practical advantage that the blocks are adjacent. It is evident 
that this latter sample will usually represent, in the sense of a 
random sample, an abstract population less general than the one 
represented by the randomly drawn sample. Nevertheless, the 
chosen sample of blocks can be regarded as a random represen­
tation of some abstract population. Usually this population is 
rather narrow, and therefore the inferences (if any) that are drawn 
from the experimental data can be applied in a small range only. 

12 
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This idea is not a new one. Somewhat hesitantly, it has been 
put forward by several authors. However, it is a fact - and in 
our opinion a regrettable one - that this way of thinking has not 
been found worthy to be followed up. 

In this case there are always two components of heterogeneity 
of the experimental material: heterogeneity among the units 
within the replications, and heterogeneity among the replications. 
Therefore, we must deal with "intra-block" and "inter-block" 
heterogeneity factors. They are not necessarily different factors 
per se. In a field experiment they are usually the same factors. 
Nevertheless, it is necessary to distinguish between them 
because of the interactions between the treatments and these 
factors. 

Suppose that the number of treatments is k, the number of 
replications is n, and let j = 1, 2, ... , k, 1 = 1, 2, ... , n. Then 
the general model for the experimental data is 

(4.1) 

In this model J.1- and ai are parameters, and z, u, and e are 
random variables. Without loss of generality we can let 
~ ai = 0 and E (e) = 0 for each j and i. However, since e is 
an effect of the intra-block heterogeneity factors, and therefore 
also covers the interactions between the treatments and these 
factors, the distribution of e must be taken to be different for 
the different treatments, implying, for example, that var(e) is 
not the same for all treatments. 

The variables z and u are both effects of the inter-block 
heterogeneity factors: z being the effect common to all treatments, 
and u the interactions between the treatments and the hetero­
geneity factors. Without loss of generality we can let E (z) = 0 
and E (u) = 0 for each ; . But in other characteristics (e.g. the 
variance) the distribution of u must be assumed to be dependent 
on the treatments. It is important to notice that z and u cannot 
be taken to be independent variables, and that the u 's cannot be 
regarded as being independent among themselves, although, of 
course, some of the u 's might be mutually independent. In saying 
that correlations are present, we do not mean that such is the 
case for all comparisons and under all circumstances. It is 
evident, however, that the research worker can never know that 
such correlations do not exist; he must therefore use such 
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statistical treatment of the experimental data as allows for these 
correlations. 

It will be found that the mean of x for treatment T; is equal 
to 

(4.2) 

and- since E(z) = E(u) = E(e) = 0- that E(x;) = f.J- +a;. 
This shows that the mean is an unbiassed estimator of the effect 
(p. + a;), and hence that the means yield an unbiassed ranking 
of the treatments. 

For i = p and j = q it will be found that 

xp - xq = (ap - aq) + (up - uq) + (ep - eq) 

and hence that E(xp - 'Xq) = a'P - aq, i.e. the difference 
between the means is an unbiassed estimator of the contrast. On 
account of the interactions, the variance of the difference cannot 
be taken to be the same for all contrasts, and an individual 
estimate of the variance must therefore be used for each contrast. 
If for each replication_ we use the difference di = xpi- xg;., 

it will be found that d = x - x , and the variance is estimated 'P q 
by V In, where 

v = 

Owing to the robustness of "Student's" t, the research worker can 
be confident that the probability of the interval 

(4.3) d + ta ..j(VIn) 

covering the contrast (ap - aq) is approximately equal to 1 - a· 
The method of computing the confidence limits can be used 

for any contrast. But in this case also, the research worker 
usually wants to estimate more than one contrast. On account of 
the interactions between the treatments and the inter-block 
heterogeneity factors, the estimators of the different contrasts 
are correlated, having different variances. Nevertheless, the 
confidence probability of each of the intervals, the limits of which 
are computed as described, is but slightly different from (1 - a). 
We return to this statement in Section 7, to which the reader is 
referred. 

It is evident that if the number (n) of replications is small, 
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the precision of the estimator of a contrast is usually very low. 
It is true, of course, that even if n is very small, interesting 
inferences might be drawn. But usually these inferences are such 
as are obtained through the rejection of the null hypothesis. If 
the research worker is interested in the estimation of contrasts, 
and the number of replications is very small, he cannot expect to 
find the estimators precise enough to serve any reasonable 
purpose. 

Of course, this is also the case when there has been complete 
randomization. However, if the number of experimental units for 
each tr~atment is the same as if a randomized block design had 
been used, the number of degrees of freedom is greater for the 
first than for the latter plan, i.e. 2 (n - 1) for the first and 
(n - 1) for the latter. For small n this difference makes an 
important difference in the value of ta. This difference may, 
however, be more than counterbalanced if the inter-block 
heterogeneity is materially greater than the intra-block hetero­
geneity. Therefore, the precision of randomized blocks, as 
compared with complete randomization, depends both on the value 
of n and on the difference between the inter- and intra-block 
heterogeneity. Thus, if n is small, the arrangement of the 
experimental units into blocks must remove a very large part of 
the heterogeneity in order that the difference in the value of t a 

can be expected to be neutralized. 
Having carried out a randomized block experiment, the 

research worker may find that some observations are missing, or 
that they deviate so widely from the rest of the observations that 
it is reasonable to doubt whether they are correctly recorded. 
Such results may happen through failure to record, or through 
gross errors of various kinds. 

In order to restore the orthogonality of the observations, 
techniques known as "missing plot" techniques have been 
invented, which presume additivity cf the effects of the treatments 
and the heterogeneity factors. Since we do not regard such a 
model as a realistic one, and the experimenter cannot know 
whether it is realistic, we do not recommend these techniques. 
It is obvious that if the research worker is engaged in the 
estimation of contrasts, the use of such techniques is unnecessary. 
If one or more observations are missing for two treatments TP 
and Tq, and he wishes to estimate the contrast (ap - aq), he 
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should be content with the observations that he has obtained and 
accepted. 

If the experimenter is interested in carrying out an analysis 
of variance and an F-test, it might do no harm to replace a few 
observations by means of a missing plot technique. But even then 
the use of such a technique is not essential as there are always 
some parts of the observations which are orthogonal. For these 
parts an analysis of variance can be carried out and, if necessary, 
the observations for the other treatments can be linked to the 
orthogonal parts by means of linear functions. Even if the number 
of degrees of freedom for the error mean square is reduced by one 
unit for each restored observation, it seems evident that the use 
of a missing plot technique to any large extent might falsify the 
result of the analysis. 

The situation might be much more difficult to deal with if an 
observation seems to be faultily recorded. In some instances an 
observation may differ so greatly from what would be expected 
that there can be no doubt that a gross error in recording has 
been made; it would then be reasonable to treat the observation 
as a missing datum. However, there are cases in which the 
worker may be in doubt concerning the reliability of the record, 
and it may then be difficult to say what should be done. The most 
unsatisfactory procedure in such a case would be to use a missing 
plot technique. An apparently faulty observation may be due to 
interaction between the treatment and the heterogeneity factors, 
and the use of a technique which is worked out under the 
assumption of additivity might therefore lead to false conclusions. 



5 The role of mathematics 

If by "statistics" is meant "method of research", statistics 
is not merely applied mathematics. However, mathematics has 
played, and continues to play, an important role in the develop­
ment of statistics and research method - and this must neces­
sarily be so. But research workers should always remember that 
a mathematical deduction needs some premises. It should also 
be remembered that such premises as it has been necessary to 
use are rarely in keeping with the actual experimental situation. 

This usually implies that the result obtained by mathematical 
deduction, if it holds any interest whatever, is merely part of the 
development of a research method. In one way or another the 
result has to be tested in order to find out whether its use is 
limited to cases satisfying the premises, or whether it can safely 
be applied in a wider field. In general, the premises that are 
used are too limited in scope to justify classification of the 
result of a mathematical deduction as a method of research. 

For instance, consider the distribution of the statistic t 
developed by W.S. Gosset ("Student") [17], for which a rigorous 
proof was given by R.A. Fisher [15]. An important premise for 
the mathematical deduction was that the observed random variable 
is normally distributed. There are several grounds for doubting 
the realism of this premise. It is hardly possible that any random 
variable exists which is exactly so distributed. Certainly, a large 
number of actual random variables are found, the distributions of 
which closely resemble the normal form, but there are also actual 
distributions that deviate considerably from this model. In 
consequence, the distribution of t, as developed by Gosset, had 
to be tested. On the whole, the results of these tests are 
satisfactory, and the t-distribution is therefore now commonly 
accepted as a tool of research in a very wide field. 

In the development of a statistical method there are usually 
two elements: mathematical deduction from chosen premises, and 
the testing of the result of the deduction in order to see whether 
or not the premises are important. Statistics, as it is presented 
today, consists of a mass of techniques that are never tested 

17 
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satisfactorily, if at all. This may be due to the fact that most 
people find mathematical deductions more interesting and 
entertaining than the very tedious work involved in the testing of 
techniques. However, with the development of electronic computers 
the testing of techniques has been greatly simplified, so that 
research workers can now look forward to interesting and useful 
developments. 

In the present treatise some new techniques are suggested. 
We have tried to test them as elaborately as possible, but we have 
not had the use of computer facilities to the extent we would have 
wished. Therefore, results from further tests would be very 
welcome. 



6 Simultaneous statistical inferences 

Suppose that m independent experiments have been carried 
out by one or a number of research workers, for the specific 
purpose of producing data from which a certain parameter can be 
estimated. Moreover, suppose that the confidence limits of the 
parameter are computed for each of the m cases, and it is stated 
for each case that the value of the parameter is covered by the 
confidence interval. Then the probability of r correct statements 
is given by the binomial 

(6.1) Pr = (;1) (1 - a)' am-r 

where (1 - a) is the chosen confidence probability. Therefore, 
the expected number of correct statements is m (1 - a). It is also 
worth noticing that the probability of all the statements being 
true is Pm = (1 - a)"', and the probability of at least one false 
statement is 1 - (1 - a) 111• Consequently, in a very large number 
(m) of cases, the probability of all statements being true 
approaches zero, and the probability of at least one false statement 
approaches unity. 

These results are consistent with the conclusion that, if the 
number of cases is large enough, at least two confidence intervals 
will be found that do not overlap, and hence that at least two 
statements refute each other. It is fairly easy to see that the 
results can be extended to cases in which different parameters 
are being estimated. 

Now suppose that the research worker wants to estimate two 
parameters, e, and 82 • Then, in order to obtain two confidence 
intervals that are consistent with (6.1), he should carry out two 
independent experiments, one for the purpose of estimating e, 
and one for the purpose of estimating 82 • However, this would be 
too expensive. Therefore he has to be content with one experiment, 
the consequence being that the data which are used for the 
estimation of the parameters are not stochastically independent. 
This fact raises the question of how confidence limits of the 
contrasts ought to be computed. Several methods have been 
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suggested. We refer to the summary given by Federer [10], to 
Mood and Graybill [26], to Miller [25], and to the literature cited 
in these treatises. 

A solution has been sought in what is termed the experiment­
wise confidence coefficient, which is the probability of the confid­
ence intervals of all possible contrasts simultaneously. Mood and 
Graybill [26, p. 268] write: "If in 95 per cent of the experiments 
each of the t (t - 1) confidence intervals covers its respective 
difference (J..Li - J..Li ), we shall say that the experimentwise 
confidence coefficient is · 95." These attempts to find a solution 
to an intricate problem give rise to the following questions and 
objections. 

There must be an upper limit to the number of contrasts, less 
than the total number of possible contrasts, that can be immedjately 
estimated. It is easy to see that this limit is (k - 1), where k 

is the number of treatments. 
As we have seen, a contrast is by definition a linear function 

of the parameters ej = J..L + aj (j = 1, 2, ... , k), i.e. 

cp = I Ajp ej = I Ajp a j 

for which L Ajp = 0. If a set of (k - 1) contrasts is chosen in 
such a way that none of the contrasts can be derived from the 
others, all other contrasts are linear functions of sub-sets or of 
the whole set of the chosen contrasts. This implies that the 
estimates of CP for p ~ k can be derived from the estimates of 
CP for p < k. The confidence limits of CP for p ~ k cannot be 
derived from the confidence limits of CP for p < k, but the central 
values of the confidence intervals can be regarded as derived 
estimates. Therefore our argument also holds for the confidence 
intervals. This conclusion is consistent with the well-known fact 
that the treatment mean square in the analysis of variance can be 
divided into (k - 1) components. 

The use of the experimentwise confidence technique implies 
that the limits of the confidence intervals are computed in such a 
way that the probability of all intervals covering the contrasts is 
equal to (1- a), e.g. 0·95. This means that the confidence 
probability of the intervals simultaneously covering the contrasts 
is chosen independently of the number of contrasts. It also implies 
that the confidence probability of the interval of any one individual 
contrast depends on the number of contrasts. For these reasons 
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the principle can hardly be accepted. 
The research worker is primarily concerned with the 

confidence probability of each individual interval, and this 
probability ought to be chosen by himself. But at the same time 
he must also consider the confidence probability of all intervals 
simultaneously. If the m ~ k - 1 contrasts are estimated by 
means of data from m independent experiments, the scientist can 
choose the confidence probability (1 - a) for the individual 
intervals, and he will know that the probability of r = 0, 1, 2, ... , m 
intervals covering the contrasts is given by (6.1). There is no 
doubt, however, that (6.1) also applies in cases in which the data 
are obtained in a single experiment. Consider, for example, a 
randomized block experiment for the comparison of three treat­
ments (T,, T2 , and T3 ). Then, if the two contrasts are (a, - a 2 ) 

and (a 2 - a 3 ), the differences (x,i - Xzi) and (x2 i - x3i) should 
be used (cf. Section 4). It may happen that the two differences 
are observations of two independent random variables, and if it 
is known in advance that this is so, the differences can be used 
as if (xli - Xzi) and (x2 i - x3i) were data obtained in two 
independent experiments. 

If the confidence limits are correlated among the contrasts, 
as will usually be the case if the data come from the same 
experiment, (6. 1) cannot be expected to apply exactly. But 
fortunately, in the cases dealt with in Sections 3 and 4, the effect 
of the correlations among the contrasts is small and has no 
practical significance. 

~(os~ 

1 MAR i:l .! \ 



7 The estimation of contrasts 

It will now be assumed that in planning the experiment, the 
research worker has decided on the contrasts he wants to estimate. 
If the number of these contrasts is k - 1, the experiment must be 
carried out with k treatments, as in the preceding section. 

The usual methods for computation of the confidence limits 
of a contrast rest on the assumption that the effects of the 
treatments and the heterogeneity factors are additive. The 
confidence limits of the contrast are therefore computed by means 
of the error mean square for the whole experiment. As the 
assumption of additivity is unrealistic, this method is lacking 
justification and, if it is used, the research worker cannot know 
the probability of the confidence interval. He should therefore 
adopt the methods described in Sections 3 and 4. Then, choosing 
the value of a in advance (e.g. a= O·OS) and using these 
methods, he can be reasonably certain that he is working on a 
confidence level that is very close to (1 - a). 

However, in practice the research worker usually wishes to 
estimate more than one contrast. In fact, if k treatments have 
been included in the experiment and the principal purpose is to 
estimate contrasts, the reason for including k treatments must be 
that he has decided upon k - 1 contrasts. Then the problem is 
to decide which method should be used so that the probability of 
the k - 1 confidence intervals simultaneously covering the 
contrasts be equal to (1 - a)k- 1 (cf. Section 6). It will now be 
shown that, in spite of the correlations, and to the extent to 
which our data can be relied upon, the methods given by 
(3.4) and ( 4.3) approximately satisfy this requirement. 

Suppose that the experiment is a randomized block experiment 
with k = 3 treatments and n replications. Let the two contrasts 
be C 1 = a 1 - a 2 and C2 = a 2 - a 3 • The unbiassed estimators 
of these contrasts are d1 = x1 - x2 and ~ = x2 - x3, d1 and 
d2 being as defined in Section 4. Let V1 and V2 be the two 
relevant mean squares (cf. Section 4), a 12 and a22 the corresponding 
population variances, r the sample correlation coefficient, and p 
the population correlation coefficient between d 1 and d2 • Then, 
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assuming that d, and d2 are both normally distributed, it will be 
found that the joint distribution is 

(7.1) f(t, t2, v,, v2, r) 

_ Q(V: V )1/2(n-zl( 1 - 2 )112(n-4) { -M } 
- , z r exp 2 (1 - p 2) , 

where Q is a known constant, 

d,- C, and t t, = 2 

y(V, In) 

The probability that It, I and lt2 l are simultaneously less than 
ltal, where ta is the significance point of "Student's" t for n- 1 
degrees of freedom, is then equal to the integral : 

A = J ... Jf.dt, dt 2 dV, dV2 dr. 

The integration intervals are: - ta ~ t ~ + ta, 0 ~ V ~ oo, and 
-1~r~+l. 

For given values of a, and a21 A depends on p and n. It 
can be shown that for any n, A is a minimum for p = 0, the 
minimum being equal to (1 - a)2 • In order to find to what extent 
A depends on p and n, numerical integrations have been carried 
out for a= 0·05, a, = a 2 = 1 and some chosen values of n and 
p. The results forA 112 are shown in Table 7.1. It will be seen 
that the values are but slightly larger than 1 - a = 0 · 95, 
indicating that the effect of n and p on the confidence prob­
ability is too small to be of practical importance. 

Table 7.1 yA 
p 

n 
0"3 o·6 o·9 

4 0"950 0"953 0"959 

8 0"951 0"955 -
15 0"951 0"955 -
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Turning next to an experiment assumed to be carried out 
according to the principle of complete randomization, we shall 
consider the contrasts C, = a,- a 2 and C2 = a 2 - a3 • The 
estimators are x1 - .X2 and x2 - X3 , which are both unbiassed. 
Let 

x; - x 2 - C' and t I = --.-'----=--:---'7 
v'I(V, + V2 )In I 

where the V's are the usual mean squares. Then, assuming that 
the observed random variable is normally distributed, the joint 
distribution f (t 11 t2 , V,, V2 , V3 ) can be derived. Let 

A = J ... J f. dt, dt 2 dV, dV2 dV3 , 

the integration intervals being - ta. ~ t ~ ta. and 0 ~ V ~ oo, 
where ta. is the significance point of "Student's" t for 2(n- 1) 
degrees of freedom. Numerical computations of this integral have 
been carried out for a, = a 2 = a 3 = 1, a.= O·OS, and for three 
chosen values of n. The results for A 112 are shown in Table 7. 2. 
It will be seen that in this case also the values are but slightly 
larger than 1 - a. = 0 · 95. 

Table 7.2 

n 2(n - 1) A t/z 

3 4 0"953 

5 8 0"953 

10 18 0"954 

The implication of these results (Table 7.1 and 7.2) is that 
having chosen the value of a. and computed the confidence limits 
of the two contrasts in the way described, i.e. by (4.3) and (3.4), 
the research worker can be satisfied that the probability of the 
two confidence intervals simultaneously covering the contrasts 
is approximately equal to (1 - a.)2 • This means that, in spite of 
the correlation, the confidence probability of each of the two 
intervals is approximately equal to 1 - a.. 

It is obvious that the scope of these results is rather limited. 
It has been assumed that the random variable is normally 
distributed, and that there are no interactions between the treat­
ments and the heterogeneity factors. Furthermore, no more than 
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k = 3 treatments have been included. In order to widen the scope, 
such computations might have been extended to cases covering 
larger numbers of treatments and non-normal random variables. 
The computations should also have been carried out for different 
values of a. Lack of facilities, however, have prevented an 
e"Xtension in these directions. As a substitute, we have carried 
out tests by means of artificial examples. 

Three examples of randomized block experiments were 
constructed by means of Wold's table of normal deviates - see 
Wold [37]. The rows in this table were then regardt!d as represen­
tatives of the replications. If h stands for the column number, 
the examples were constructed according to the model 

X;i = /J. + f3; z,i + zhi• 

where the z 's are the normal deviates, i = 1, 2, ... , n = 5, 
h = 2, 3, ... , (k + 1), and i = h - 1. In Examples 1 and 2, {3; was 
chosen equal to unity for all j. In Example 3 the chosen values 
of f3; were: 

(-10), (-5), (10), (20), (25), and (30) 

for treatments T, , T2 , ... , 7;; . 
It will be seen that in the first two examples additivity is 

assumed, while in the third example interactions between the 
treatments and the inter-block heterogeneity factors are included. 
Confidence limits of the contrasts a; - a;+ 1 = 0 were computed 
by (4.3), using the observed differences dfi = x;i - Xfj+ 1Ji . 

Let r stand for the number of confidence intervals that do not 
cover the contrast. Then, if the correlations between the d's 
among the contrasts do not affect the confidence probability, the 
probability of (k - 1 - r) intervals covering the contrast will be 
the binomial (cf. Section 6) 

f(r) = e ; 1) a! (1- a)k-1 -r I 

and the expected number of such intervals will be Nf(r), where 
N is the number of samples. In Table 7.3 the observed number 
(n.) and the expected number of such samples are compared for 
each of the three examples. 

Let 1- a' be the probability of the confidence interval of a 
single contrast regarded alone. Then, if the above-mentioned 



26 

Table 7.3 n = 5 blocks, k treatments, a.= 0 ·OS 

Example No. 

r 1 (k = 4) 2 (k = 10) 3 (k = 6) 

nr Nf(r) Tlr Nf(r) nr Nf(r) 

0 159 159"47 61 63"02 76 77"38 
1 25 25"18 29 29"84 22 20"36 
2 2 1"35 10 7"14 2 2"26 

N 186 100 100 

n0 /N o·8ss 0"610 0"760 

o·9sk-• 0"857 0"630 0"774 

(noiN)IIIk-11 0"949 0"947 0"947 

1-r/(k-1) 0"949 0"946 0"947 

correlations do not affect the confidence level, the confidence 
probability of all intervals simultaneously covering the contrasts 
is equal to (1- a.')k-•, the estimator of which is 11 0 /N. Thus the 
estimator of 1 - a.' would be (n0 /Nr t(k-• ~ The latter estimator 
is not unbiassed, but if the number (N) of samples is large, it 
will give a fairly satisfactory approximation. 

On the other hand, if the correlations do not affect the 
distribution of r (cf. Table 7.3), then 1- rt(k- 1), where r is the 
arithmetic mean of r, is also an unbiassed estimator of 1- a.'. 
However, the correlations do, in fact, change the distribution of 
r to some extent, and therefore not even the latter estimator of 
1 - 0: is quite satisfactory. Accordingly we have used both 
estimators in our examples. It will be seen from Table 7.3 that 
for the three cases considered, the values of both estimators are 
very close to the chosen value of 1- a., i.e. 0·95. That this is 
so in other cases as well is shown by the following examples. 

In Examples 4 and 5 the experiments were carried out 
according to the principle of complete randomization, and in both 
examples the additive model was used. For Example 4 (11 = 5, 
k = 3), the observations were taken from Wold's table of normal 
deviates in the same way as in the first two examples, but now 
the values in a column were regarded as observations in a 
one-way classification. The estimated contrasts were (a, - a 2 ) 
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and (a2 - a 3 ). In our fifth example (n = 5, k = 5) the observations 
were taken in exactly the same way from the table presented by 
Quenouille [33], column 8, which are sampled from the two-sided 
exponential distribution. The estimated contrasts were (a 1 - a 2 ), 

(a2 - a:;,). (a3 - a4), and (a4 - a 5). In both examples the 
confidence limits of the contrasts were computed by (3.4), using 
separate mean squares for the different contrasts. The results 
are recorded in Table 7.5, page 29. 

This part of our investigation was carried out several years 
ago, when we had no access to an electronic computer. We were 
therefore compelled to use existing tables of random values, and 
small numbers (N) of samples. In our last six examples, however, 
most of the work has been carried out on an electronic computer. 

In the last six examples the samples were drawn from the 
distribution 

f(z) = Rza (10- z)b 0~ z ~ 10. 

In Examples 6 and 9 : a = b = 2, E(z) = 5 

In Examples 7 and 10: a= 2, b = 4, E(z) = 3·75 

In Examples 8 and 11: a= 0, b = 2, E(z) = 2·5. 

In Examples 6, 7 and 8 the experiments were carried out according 
to the principle of complete randomization, and the model was 

{ ,'.· == 1, 2, ... , 10}· xii = J1. + f3i [zii- E(z)] 
1, 2, ... , 10 

The values of f3i were, for j = 1, 2, ... , 10, 

(4), (1·5), (1), (3), (3·75), (2•75), (3•5), (2•5), (3•25), (2). 

In Examples 9, 10 and 11 the experiments were carried out 
according to the randomized block design, and the model was 

xii = J1. + f3h [z 1i - E(z )] + Yh [zh• - E(z )], 

i = 1, 2, ... , 10 = n, h = 2, 3, ... , 11 = k + 1, j = h - 1. The values 
of f3h were, for j = 1, 2, ... , 10, 

( 4), (1· 5), (1), (3), (3. 8), (2. 8), (3. 5), (2. 5), (3. 2), (2) 

and yh = -! (3h. 
In all six examples the estimated contrasts were 

cl = al- a2, c2 = a2- a3, ... , Cg = ag- aiO . 
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For each of the six examples, N = 300 experiments were sampled. 
The percentage number of experiments for which the contrast 

(= 0) is covered by the confidence interval is shown in Table 7.4. 

Table 7.4 Percentage number of confidence intervals which 
cover the contrast. a= 0·05 

Example 
j 

6 7 8 9 10 11 

1 93 95 92 94 94 94 

2 94 95 94 96 93 94 

3 92 96 93 93 95 94 
4 96 94 93 97 96 96 

5 95 94 94 96 96 96 

6 96 93 93 92 96 97 
7 94 95 94 94 96 94 
8 93 94 94 95 93 94 
9 94 93 93 96 93 95 

The confidence limits were computed by (3.4) and (4.3) and 
a = 0 • 05. It will be seen that for all contrasts and examples the 
percentage number is very close to 95. Since in these examples 
the departure of the distributions from the normal is considerable, 
and the variances are changed to a large extent among the treat­
ments, these results are further verifications of the robustness of 
"Student's" t distribution. 

Among the k - 1 = 9 estimators in Examples 6, 7 and 8, 
independent sets can be selected. For instance, there are two 
sets of four estimators. The results for these are given in 
Table 7.5 under the notation: Examples 6, 7 and 8 and k = 5. 

Let n0 stand for the number of samples, or experiments, for 
which the contrast is covered by the confidence interval. In 
Table 7.5 are shown for Examples 4 to 11 the values of n 0 /N, 
(1- a)k- 1 = 0· 95k- \ (n 0 /N) 111k- 1l and 1- r/(k- 1). It will be 
seen that the values of both (nc !Nf1 ( k- 1 land 1 - r/ (k- 1) are very 
close to 1 - a = 0 · 95 for all examples. 

Comment on these results is unnecessary. It might be well to 
remember, however, that in practice there hardly exists a case 
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Table 7.5 a.= 0·05 

Example Design k " N n 0 /N o-gsk-1 (no/N)II'k-1) 1-rl{k-1) 
No. 

4 Complete rondomizadon 3 5 100 0'920 0'903 0'959 0'955 
5 " 5 5 40 0'875 0'815 0'967 0'963 
6 " 10 10 300 0'617 0'630 0'948 0'942 
7 " 10 10 300 0'600 0'630 0'945 0'943 

8 " 10 10 300 0'573 0'630 0'940 0'937 
6 " 5 10 600 0'815 0'815 0'950 0'944 
7 " 5 10 600 0'803 0'815 0'946 0'944 
8 " 5 10 600 0'783 0'815 0'941 0'935 

9 Randomized blocks 10 10 300 0'680 0'630 0'958 0'947 

10 " 10 10 300 0'663 0'630 0'955 0'947 

11 " 10 10 300 0'687 0'630 0'959 0'949 

which perfectly satisfies the assumptions underlying the use of 
"Student's" t for the computation of confidence limits of a 
parameter. Therefore, if the research worker computes the 
confidence limits of a contrast, using the tabulated value of 
that corresponds to, e.g. a.= O·OS, he should remember that the 
confidence probability of the resulting interval is hardly ever 
exactly equal to 1 - a = 0 · 95. It is necessary for him to know, 
however, that the confidence probability is close to the chosen 
1- a. 

The results obtained in our investigation indicate strongly 
that if the confidence limits of the contra!it are computed by 
(3.4), or (4.3), the confidence probability of each contrast is 
simultaneously approximately equal to 1- a. Non-normality, 
unequal variances, correlations between the estimators of the 
contrasts, and correlations between the estimators of the 
variances do not materially affect the confidence probability. Of 
course, a pertinent question is whether or not the examples 
included here cover so much ground that a general conclusion is 
justified. This is a question that may be raised in all situations 
of this kind. A general answer can hardly be given. However, the 
larger the number of examples is, the more confidence can be 
placed in the results. We have tried to cover as much ground as 
possible, but it is evident that results from new investigations 
are welcome. 



8 The analysis of variance and the F-test 

Consider an experiment according to the principle of complete 
randomization with k treatments (1j , i = 1, 2, ... , k) and n 
experimental units for each treatment. The general model for the 
observed random variable is given by (3.1). For this case 
R.A. Fisher [12] introduced the two mean squares 

Vr = _n_ "(x·- x)2 

k-1L.. 1 

VR = k(n ~ 1) L L (xj; - xjt 

and the statistic z = t log F, where F = Vr IVR. 
It can be shown that if eii are stochastically independent 

values of a random variable e, the expectations of the two mean 
squares are 

E(Vr) = .! "var·(e) + _n_ "a~ 
kL.. 1 k-1L.. 1 

and 

where vari (e) is the variance of e for treatment Ti. Therefore, 
V T » V R indicates tliat I af > 0, i.e. that the effect is not the 
same for all treatments. However, the question is how large 
F = Vr!VR must be in order to be taken as meaning, on some 
chosen level of significance, that I af > 0. The answer to this 
question, given by Fisher, was his deduction of the distribution 
of F (or z), and the premise was 

where eii is assumed to be N = nk stochastically independent 
values of a normally distributed random variable. Regarding this 
as the null hypothesis (H0 ), it can be tested by means of the 
tabulated significance points of F. 

In practice it is usually taken for granted that rejection of 
H0 implies that I aj > 0, but obviously this is not the only 
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alternative. The null hypothesis also covers the statements that 
e is normally distributed and that var (e) is the same for all 
treatments. Therefore, statisticians have been concerned with 
the effect on the distribution of F of changing these two parts of 
the null hypothesis. The results of the different investigations 
are that the test seems to be too sensitive. This is chiefly due 
to differences in var (e) among the treatments and to lack of 
balance in the design, rather than to the form of the distribution 
of e. We confine ourselves to referring to Horsnell [21], the 
summaries given by Cochran and Cox [6] and Scheffe [34], and to 
the literature cited in these publications. 

If proper randomization has been used, differences in var (e) 
among the treatments are due to interactions between the treat­
ments and the heterogeneity factors. The research worker can 
hardly know to what extent the distribution of F is affected by 
such interactions in the actual case under consideration. He has 
to place reliance on the results of the different investigations, 
which indicate that the effect is not important. This is substan­
tiated by the results of some new investigations to which we 
shall return. Even so, the F-test should be used with some 
reserve in the present case also. 

Turning next to the randomized block experiment, we shall 
assume that there are k treatments (Jj , ; = 1, 2, ... , k), n blocks 
or replications (i = 1, 2, ... , n) and m experimental units 
Qz = 1, 2, ... , m) for each treatment and block. In this case the 
analysis of variance results in the following relevant mean 
squares: 

Vr = nm "(x x)2 k-1L.. i-

m L L<- - - ->2 X··-X·-X·+X 
(k - 1)(n - 1) 1' 1 • 

The assumption underlying the F-test for this c8se is the 
simplified model (cf. model (4.1)): 

xiih = J.l- + zi + eiih 

in which the eiih are assumed to be N = nkm stochastically 
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independent values of a normally distributed random variable. It 
is also assumed that var (e) is the same for all treatments. Then 
it can be shown that FT = VT/VTR and FTR = VTR/VR are both 
distributed in the standard F form. 

As a side issue it must be pointed out that the two mean 
square ratios are not independent. Therefore the two ratios should 
not be used simultaneously until the effect of the correlation 
between them is ascertained. In practice, however, m is usually 
chosen equal to unity, so that the problem of the effect of the 
correlation is not important. 

From the general model ( 4 .1) the expectations of the three 
mean squares can be developed easily. Letting m = 1, and 
writing, for short, var (u) and var (e) for the means of the k 
values of var; (u) and var; (e), the formulae are 

E(VT) = var(e) + var(u)- 2 L L covar{up, uq) + _n_ l:af 
k(k- 1) k- 1 

where p # q, and 

E(VTR) = E(VT) - _n_ l:af. 
k- 1 

Therefore, in this case also VT » VTR indicates that ~ aJ > O, 
i.e. that the effect is not the same for all treatments. However, 
if by the null hypothesis is meant a; = 0 (or ~ aj = 0), the 
model to be tested is 

Therefore, even if the e;i are independent values of a normally 
distributed random variable, the F-test is merely an approximation. 
That this is so has been recognized by several statisticians, but 
at present there is insufficient information on the degree of 
approximation. 

Lacking the necessary facilities, we have not been able to 
offer a large number of examples showing the effect of the 
interactions. The results obtained by using the examples from 
Section 7 might, however, throw some light upon the reliability of 
the test. 

In Example 3, k = 6 and n = 5, so that the numbers of degrees 
of freedom are k- 1 = 5 and (k- 1) (n- 1) = 20 for VT and VTR· 
According to the standard F-distribution we should, therefore, 
expect in 100 experiments to find five F-values less than 
1/4·56 = 0·22 and the same number larger than 2·71. The 
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numbers of F-values actually found in the different classes are 

F ~ 0·22 16 

0·22 ~ F ~ 2·71 68 

F ~ 2·71 16 

100 

This result indicates that the null hypothesis a; = 0 might be 
falsely rejected about three times as often as is prescribed by 
the theory underlying the tabulated points of significance. Since 
interaction between treatments and replications would be expected 
to affect the F-distribution in this direction, the trend shown by 
the result is not surprising. The interaction effects are not 
exaggerated to such an extent that the experimental situation 
totally lacks realism. The unrealistic part of these experiments 
is that intra-block interactions are not included. It is likely that 
the effect of the latter interactions is to bring the distribution of 
F into better agreement with the standard distribution of the 
normal theory. The results from some small experiments carried 
out with normal deviates seem to substantiate this belief. 

We have also used Examples 6 and 9, described in Section 7. 
In both cases the observations were drawn from a symmetrical 
Beta distribution. In Example 6 the experiments were constructed 
according to the principle of complete randomization with n = 10 
replications and k = 10 treatments. In Example 9 we used the 
randomized block design with n = 10 replications and k = 10 
treatments. The results are shown in Table 8.1, where N is the 

Table 8.1 

Example No. a. N r r/N 

6 0"1 375 43 o·us 

o·os 375 20 0"053 

0"01 375 4 o·ou 

9 0"1 300 49 0"163 

o·o5 300 31 0"103 

0"01 300 11 0"037 

number of experiments and r the frequency of F ~Fa. It will be 
seen that in Example 6 the relative frequencies (r /N) are 
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approximately equal to those expected according to the standard 
F-distribution. However, in Example 9 the frequencies are larger, 
e.g. the estimated probability of F exceeding the 5 per cent level 
of significance is equal to 0 ·1. 

These results are consistent with the results found with 
normal deviates. Together, the results show that if the randomized 
block design is used, the effect of interactions between the treat­
ments and the inter-block heterogeneity factors is an inflation of 
the sensitivity of the F-test. This does not seem to be so for 
experiments carried out according to the principle of complete 
randomization. 

In cases in which the experiment has been carried out 
according to the randomized block design, the F-test as a test of 
the null hypothesis ai = 0 should be regarded with considerable 
reserve. But, of course, the research worker can use the F-test 
if he chooses a lower level of significance than that which he 
would have used if he had regarded the test as being fully reliable, 
e.g. the 2•5 per cent instead of the 5 per cent level of significance. 

To be in doubt with regard to the reliability of the F-test does 
not, however, imply any lack of confidence in the usefulness of 
the analysis of variance. A research worker may very well be 
interested in the results of such an analysis, even if he does not 
resort to the F-test. 



9 The F-test in cases in which a number of mean square ratios 
are computed by the same residual mean square 

In some cases the research worker wishes to test a number 
of null hypotheses by means of the F-test and is compelled to 
use the same residual (or error) mean square for all F-ratios. It 
is evident that in such cases the mean square ratios are not 
stochastically independent. This implies that the ratios cannot 
be gauged against the tabulated points of significance of the 
standard F-distribution. 

Suppose that v 1 V1 /a2, v2 V2 /a2 and v0 V0 /a 2 are stochasti­
cally independent X 2 with v1 , v2 and v0 degrees of freedom, and 
let F, = V1 /V0 and F2 = V2 /V0 • Then, it can be shown that the 
regression of F 2 on F, is linear and that the coefficient of 
correlation for v0 > 1 is 

J{ v,v2 } 

P = (v0 + v1 - 2) (v0 + v2 - 2) . 

It will be seen that if v0 is large compared with v1 and v2 , the 
correlation is trivial and cannot invalidate the F-test. 

However, the effect of the correlation is better measured by 
means of the conditional probability P(F2 ~ Fa IF, ~Fa), where 
the Fa are the tabulated significance points corresponding to 
the respective numbers of degrees of freedom: v2 and v0 for F2 , 

and v, and v0 for F, . Under the stated assumption, this 
probability can be computed. In Table 9.1 the values of P are 
shown for a= 0 ·OS, v1 = v2 = 1 and some values of v 0 • 

Table 9.1 

Vo p 

2 0"380 

4 0"217 

10 0"111 

60 0"059 

200 0"053 
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It will be seen that if v0 > 60, the correlation between the two 
ratios does not matter, but this is not so for smaller values of 
v0 • Furthermore, the effect of the correlation can be shown to be 
greater for larger values of v, and v2 • 

The usual way of dealing with this problem seems to be to 
ignore it. This attitude is surprising, since simultaneous tests 
of null hypotheses in such circumstances occur regularly in both 
experimental and non-experimental research work; it is also 
unnecessary, because several solutions of the problem have 
already been put forward. 

One of the solutions has been sought in the development and 
tabulation of the distribution of the largest ratio. Investigations 
along this line, by Hartley [19], Finney [11] and Nair [27], have 
resulted in the generalization due to Hartley [20].* If there are 
m null hypotheses, Hartley has suggested the use of Fa/m (vi, v0 ), 

i = 1, 2, ... , m, as approximative significance points. In our view 
the use of this technique implies that we take a too critical 
attitude, and it might in some cases result in inacceptable 
inferences ; cf. the next section. 

A different solution was suggested by the present author [30]. 
For the simultaneous testing of m null hypotheses 
(Hoi, i = 1, 2, ... , m) it was suggested that all Hoi should be 
rejected only if all Fi ~ ci, where 

(9.1) [ 
(vi - 2) (m - 1) ] 

ci = Fa. (vi, v0 /m) 1 + v02 • 

It was shown that the probability (under the null hypotheses) of 
all Fi exceeding ci is approximately equal to am. In the case in 
which the F-raties are stochastically independent, this is the 
probaoility of all Fi exceeding Fa. (vi, v0 ) simultaneously. 
Therefore, since the same technique is used for all F-raties, 
rejection of Hoi if Fi ~ ci means rejection of any one null 
hypothesis on the a level of significance. 

Most often some of the F-raties are smaller than ci. For such 
cases it was suggested that we should proceed sequentially : 

Step 1: Remove the F-ratio with the smallest value of F /c. Then 
compute the ci with m replaced by m - 1. If then, all the 

* See also M.G. Kendall and A. Stuart [23], Vol. 3, pp. 40-43. 
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F;. (number m - 1) are larger than the new C;., the 
corresponding H0 ;. are rejected. Hat least one F; < ci, 
proceed to the second step. 

Step 2: Remove the F-ratio (among the remaining m - 1 ratios) 
having the smallest value of F /c. Then compute the 
new c;. (number m - 2) with m replaced by m - 2, and 
proceed as under step 1. 

It is evident that if at least one of the F-ratios is larger than the 
corresponding Fa (v;., v0 ), this step-wise procedure will eventually 
cease with at least one F-ratio judged significant. 

It might be necessary to emphasize that to remove an F-ratio 
does not imply that the corresponding null hypothesis is accepted. 
It merely means that it is placed among those null hypotheses 
that are not rejected on the chosen level of significance by the 
experimental facts. This distinction is obviously very important. 

Of course, it is not essential to begin with all the F-ratios. 
At the outset, only those ratios that are ~Fa (v;., v0 ) should be 
included. Those ratios which are < Fa (vi, v0 ) can be judged 
not significant at once and removed. 

The assumptions underlying this method of testing are (1) 
that v;. V;. /a 2 are independent x2 , and (2) that a 2 is a constant 
variance. None of these assumptions are realized in actual 
experiments. Therefore, c;. by (9.1) is merely an approximation. 
When using this method, the research worker should not forget 
that the test is usually too sensitive. 

Most often when using this technique of testing null hypotheses, 
the research worker is faced with the problem of how to interpolate 
in the F-table. If v, is the number of degrees of freedom for the 
numerator of the mean square ratio, and v2 that of the denominator, 
such interpolation is rather difficult for small values of v2 • For 
this reason we have computed the points of significance for 
v, = 1, 2, 3, and 4 and v2 = 1·1 to 4 · 9. The values are given 
in the tables presented in the Appendix. 



10 The regression method 

It will now be assumed that the treatments are quantities 
x 1i (j = 1, 2, ... , k), and that the purpose of the experiment is to 
produce data from which a response function can be estimated. 
The first question that presents itself is: response to what? 
Since an exact repetition of a treatment is never possible, this is 
an appropriate question. In this case the treatments (x1i) are 
modified controlled observations as defined by Berkson [4]*, so 
we can write x 1 i = hi + vi and assume that the vi are random 
errors for which E(vj) = 0. There are, therefore, two response 
functions. If x0 i are the means of the observed response variable, 
the two functions are 

E(x0 ) = f(x 1i) and E(x0) = g(hi) 

No satisfactory method of estimating the latter function seems to 
have been found, except, perhaps, when the function is linear. 
We therefore consider the first function only. This is the response 
function the research worker will be interested in if his purpose is 
to use it as a guide in some practical activity. 

Since the formula of f(x1) is hardly ever known, the worker 
has to assume that it can be approximated by the Taylor 
expansion, and the practical problem is the common one of 

estimating the coefficient ((3 0 , (3, (3 2 , ••• ) in the equation 

(10.1) 

It can be assumed that E(e) = 0 for each j and that e is 
stochastically independent of x 1, x 12 , • • • But we cannot assume 
that var(e) is the same for all j. 

It has been shown that curvature of the regression function can 
in some cases be removed by means of suitable transforms of 
the independent variable, such as, e.g., the logarithm and the 
square root. Most often, however, such transforms as have been 
invented do not remove the curvature completely, and the 

• See also Kendall and Stuart [23), Vol. 2, pp 408-409. 
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research worker is therefore left with model (10.1), even if a 
transform has been used. 

It is well known that if e is stochastically independent of 
X1, the method of least squares yields unbiassed estimators of 
the regression coefficients (f3r). The difficulty is that the 
research worker must decide in advance which terms f3r x /j 
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ought to be included initially. The advent of electronic computers 
has simplified matters, and it is now possible to include a 
considerable number of terms at not too great a cost. Of course, 
in the function as finally estimated, the maximum number of terms 
is k (the constant term included), and the terms need not neces­
sarily be a sub-set of the set r = 1,,2, ... , (k- 1). However, in 
practice the research worker has to compromise in order to avoid 
being involved in very heavy and expensive computations. Unless 
his experience from earlier investigations indicates that different 
terms ought to be used, it is, perhaps, sound practice to include 
initially the terms for r = 1, 2, 3 and 4. Working on these lines, 
he will be able to decide whether all these terms should be 
included in the final estimated response function, and whether it 
is advisable to bring in additional terms. 

The advice to use initially the terms for r = 1, 2, 3 and 4 
certainly lacks any logical justification; it is merely the author's 
inference from a rather limited field of experience. However, if 
the investigator, for one reason or another, wishes to start with a 
different set of terms, the technique is in principle exactly the 
same as with the choice of r = 1, 2, 3 and 4. 

In order to simplify the formulae we shall introduce the 
deviations from the mean, Yr = x /j - mean (x ;j). Furthermore, we 
shall use orthogonal functions of these deviations. There are a 
number of sets of such functions. One of the sets is 

u1 y2 

u2 Y1 - b12y2 

u3 y4- b42.1 y2 - b41.2 y1 

u4 Y3- b34.12Y4- b32.14 Y2 - b31.24 Y1, 

where the coefficients b are least-squares regression coefficients. 
However, this is only one of the possible such sets of functions, 
the total number of sets being 4! = 24. 

Suppose now that this particular set of such functions (u) has 
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been chosen. Then it is possible to show that the reductions 
(mean squares) due to the different u's are as presented in 
Table 10.1, where the R's are correlation coefficients (simple 
or multiple), and T = n I(:X 0 ; - :X at. 

U1 

u2 

ua 

u4 
Residual 

Total 

Table 10.1 

Reduction 

2 
Ra.2 T 

[Ra~12- R;) T 
[Ra~124- Ra~ 12) T 

[Ra~1234- Ra~124) T 

[1 - Ra~ 12a4) T 

T 

Degrees of 
freedom 

1 

1 

1 

1 

k-5 

k-1 

Mean square 

In model (10.1) x1 , x 12, •.• can be transformed to u 1, u2 , ••• , 

and the result is 

(10.2) 

Assuming (1) that e is a random variable, independent of 
u 1 , u 2 , ••• , (2) that var(e) is the same for all j, and (3) that e is 
normally distributed, it can be shown that V,. /var(e) 
(r = 1, 2, 3, ... ) is a X 2 if Ar = 0. Therefore, if the assumptions 
are fulfilled, the null hypotheses Ar = 0 can be tested by the 
mean square ratios F1 = v1 /VR ' F2 = v2 /VR , ... 'where VR is 
the residual (or error) mean square in the analysis of variance. 
If the experiment has been carried out according to the principle 
of complete randomization, 

and if randomized blocks have been used, 

VR = VTR = 1 LL(Xoji- Xoi- Xo; + :Xa) 2 • 
(k- 1)(n- 1) 

In both cases n is the number of replications. 
It will be seen that this is a case in which a number of null 
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hypotheses are being tested simultaneously by mean square ratio.;;, 
which are correlated because a common VR is used. The problem 
has been treated in Section 9, to which the reader is referred. 

In dealing with the problem of choosing a test method, it was 
stated that the use of the largest ratio might result in inaccept­
able inferences. Suppose now, for the sake of argument, that F 1 

is the largest ratio and that it is greater than Fa (1, vR), vR 
being the number of degrees of freedom of VR. Suppose, further­
more, that F 1 < Fa!m (1, vR), where m = 5 in the present case. 
Then, if the technique based on the largest ratio is used, and if 
all ratios are declared not significant if the largest is less than 
Fa;m (1, vR), none of the reductions in Table 10.1 should be 
regarded as significant. But such an inference is hardly accept­
able because, since F1 > Fa (1, vR), the research worker would 
reasonably regard the reduction due to u1 as being significant 
and include u1 in the regression function. 

Suppose now that the method described in Section 9 is used, 
and that it is found that V5 /VR is significant on the chosen level 
of significance. This is a result that should be taken as indi­
cating that probably at least one of the terms "-rur 
(r = 5, 6, ... , k - 1) ought to be included in the response 
function. However, it does not imply that we shall succeed if we 
try to do so. In the author's experience, such an outcome of the 
testing will happen very rarely. The reason is, of course, that 
response functions are usually not so complicated that a linear 
function of x 1 , ••• , x 14 does not, when estimated, give a 
sufficiently accurate description of them. 

The residual reduction [1 - R:_ 1234] T = (k- 5) V5 , giving 
rise to the mean square V 5 , can be divided into (k - 5) 
reductions which are due to the variables u 5 , U6 , ••• , uk_ 1 • 

If such a division is carried out, it maY. be found that the greater 
part of the reduction (k - 5) V 5 is due to only one of these vari­
ables. However, such a result must be accepted as a possibility 
in advance, the consequence being that (k- 5) V5 should be used 
with one degree of freedom, leading to the mean square ratio 
(k - 5) V5 / VR and a more efficient test. It is evident, however, 
that in this case also a significant result merely indicates that a 
more satisfactory description of the response function might be 
obtained. 
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In our description of the statistical procedure we have 
assumed that the set u 1 , ••• , u4 has been chosen. But we have 
pointed out that there are 4! = 24 such sets. Furthermore, in 
order to compute the reductions in Table 10.1, the sample values 
of the coefficients of correlation must be known. Now, among 
4 variables, taking account of their order, there are 4 sets 
consisting of one variable, 12 sets consisting of two variables, 
24 sets consisting of three variables and 24 sets consisting of 
four variables. This makes a total of 64 sets. It is reasonable to 
suppose that for any electronic computer a program can be worked 
out for the selection of all these sets and at the same time for 
the computation of the corresponding coefficients of correlation. 
It is then a simple matter, at each step, to select among the 
variables (u) that are not included, the one that yields the 
largest reduction. 

Testing null hypotheses concerning the reductions due to 
the different u-variables, the four F-ratios must be gauged against 
Fa.(1, vR/5) (cf. Section 9). Then, if the set of u-variables is 
chosen in advance, the null hypotheses will be rejected simul­
taneously on a level of significance that is approximately equal 
to a. It is not obvious, however, that this is so if the set of 
variables is chosen in the way described above. In order to 
estimate the effect on the level of sig;nificance of the selection 
of the u-variables, we have carried out experiments according to 
the following plan: x 0 , x 1 and e are independent standardized 
normal variables, and 

x2 = {3x, + e. 

The chosen values of {3 were {3 = t in Example 1 and {3 = % in 
Example 2. Thus the coefficient of correlation is p 12 = 0·32 
in Example 1 and P 12 = 0·6 in Example 2. 

Suppose now that the area covering both F-ratios ~ 0 is 
divided into three parts : A being the part for which both 
F-ratios are ~ Fa. (1, vR), C being the part for which both 
F;ratios are ~ Fa. (1, vR/2), and B being the rest of the area. 
Then, if the two u-variables are chosen in advance, the approxi­
mate probabilities of the two F-ratios falling inside A, Band C 
are given respectively by the binomial terms (1 - a)2 , 2a(1 - a) 
and a 2 .* 
* Cf. ref. [30]. 



Choosing a = O·OS, the values of these terms {P) are as 
shown in Table 10.2. 

Table 10.2 a = 0·05 

Example 1 Example 2 
Area p 

n NP n NP 

A 0·9025 948 945·82 926 925·06 
B 0·0950 97 99·56 98 97·38 

c 0·0025 3 2·62 1 2·56 

Total 1·0000 1048 1048·00 1025 1025·00 
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The number of experiments that were constructed and 
analysed was N = 1048 in Example 1 and N = 1025 in Example 2. 
In Table 10.2, 11 stands for the number of experiments for which 
the two F-ratios were found in the different areas (A, Band C). 
If it is assumed that the particular way in which the u-variables 
are selected does not affect the level of significance, NP will 
be the expected number of experiments. It will be seen that for 
both examples the values of n are consistent with those ex­
pected (N P). 

In these examples the variables x 1 and x 2 , and hence the 
u-variables, are random variables, while in the experimental case 
they are values chosen by the research worker. Our investigation 
was planned in this way because we were concerned with the 
problem as it is presented in multiple regression. It seems 
evident, however, that the results can be applied in the situation 
with which we are dealing in the present section. 

Having chosen the set of u-variables and having decided 
which of the variables ought to be included in the estimated 
response function, it will be necessary to estimate the regression 
coefficients in model (10.2). It is then also necessary to compute 
the regression coefficients for the different regressions among 
the variables x 1 , ••• , x 1

4 which are included in the formulae for 
the u-variables. These computations are carried out by standard 
techniques described in a number of textbooks and we do not, 
therefore, go into the matter here. The last step consists of 
transforming the u-variables in the response function to 
x-variables. 
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The technique described in the foregoing can hardly be 
recommended to research workers who lack facilities to use an 
electronic computer; for such workers this technique would be too 
time-consuming. An alternative approach would be to choose 
initially a particular set of u-variables, for instance: 

u, y, 

u2 Y2 - b2, y, 

Ua Ya- ba2.1 Y2 - ba, 2 y, 

With such a set, the u-variables can be included one at a time, 
and for each new u-variable the residual reduction in Table 10.1 
can be computed. In this way the investigator can decide at each 
step whether it seems worth while to continue adding new terms. 
Thus the work can be reduced to a minimum, so that computations 
can easily be carried out by means of a desk calculator. Using 
this technique, the research worker will lack the opportunity of 
trying different combinations of the y-variables, and the final 
estimated response function cannot be claimed to be the "best" 
in the sense that it includes the minimum number of terms; even 
so, the estimated function may be quite acceptable as a descrip­
tion of the response function - it might even turn out to be the 
"best" one. 

The assumptions underlying the F-tests used above are 
(1) that e in the models is a normally distributed random variable, 
and (2) that var(e) is the same for all treatments, i.e. the same 
for all chosen values of x'" Neither of these assumptions can be 
regarded as being realistic. We have discussed this point in 
Section 8 and shall not repeat the arguments here. We shall 
confine ourselves to pointing out that the research worker ought 
to remember that the level of significance is not the one he has 
chosen, e.g. a = 0·05, but usually an inflated one. 

In a case in which the treatments are quantities, the worker 
may need to estimate the response function and, at the same time, 
he may wish to estimate particular contrasts. A contrast can, of 
course, be estimated by means of the estimated response function. 
But in our opinion, the methods described in Section 7 are better 
suited for this purpose. 

The research worker may also require to estimate particular 
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X 1 -values as, for instance, the value for which the response is 
a maximum, or the value for which the increase of response is a 
maximum. So far as we can see, unbiassed estimates of these 
values of x 1 can never be obtained, but, even so, useful 
approximations can be found. It is evident, however, that in order 
to estimate such values of x 1 it is necessary that the range of 
the selected values should cover them. This means that the 
worker must be in possession of advance information with regard 
to these values and must use such information in the planning of 
the experiment. 

An important question is that concerning the choice of values 
of x 1• For the computations it will be advantageous to choose 
equally spaced values, or equally spaced values of transforms 
such as the logarithm and the square root. This will enable the 
research worker to use the orthogonal polynomials introduced by 
Fisher [14]. * These polynomials are proportional to our 
u-variables, and the use of the polynomials will therefore 
effectively simplify the computations. This is important, 
especially if the computations have to be carried out by desk 
calculator. It must be remembered, however, that the use of these 
polynomials entails the use of a particular set of u-variables, 
implying that the worker must abandon the idea of trying out 
different sets of these variables. 

Except for the method of testing, the procedure described 
above is, in the main, identical with the modem stepwise 
regression programs now often used. As to these PFOgrams, we 
confine ourselves to referring to Draper and Smith [8], Kendall 
and Stuart [23], Vol. 2, and to Beale, Kendall and Mann [3]. 

* Tables of these polynomials will be found in Fisher and Yates [16] 
and in Pearson and Hartley [31]. 



11 The problem of gaps and the grouping of treatments 

In planning an experiment it is not always possible for the 
research worker to decide on the particular contrasts that he 
wishes to estimate. In such cases a commonly used and accept­
able procedure is to range the treatments according to the value 
of the treatment means (xi) and to compute the differences (or 
gaps) between two neighbouring means. Let r be the rank 
(r = 1, 2, ... , k, where k is the number of treatments). Then 
u - x - x (r = 1, 2, ••• , k - 1) are the gaps * r - r+ 1 r . • 

It is evident that the expectation of a gap is positive, i.e. 
that E(ur) > 0, and that it is usually dependent on r. If the 
distribution of xi is recta~gu~ar, _i.e. if f(xi) = 11 A (O ~ xi ~ A), 
it can be shown that the dtstnbutton of Ur is 

f(u.) = k A -k (A- u.)k- 1 

and that E(u.) = A/k+i, i.e. that it is the same for all gaps. 
In other cases, e.g. the normal, the distribution of Ur depends on 
rand k, and the expectation is a function of rand k. Since the 
research worker cannot know this function, he is unable to utilize 
the differences u.- E(u.). However, in practice the gaps might 
be used, even if E(u.) remains unknown. 

Suppose that an analysis of variance has been carried out and 
that p = v T/VR (cf. Section 8) is significant at some chosen 
level of significance, e.g. the 5 per cent level. Then a strongly 
marked gap in the series u. can reasonably be taken to be an 
indication of a grouping of the treatments. There might also be 
indications of more than two groups. 

In most cases, however, a more detailed analysis is needed. 
The mean range can then be used to advantage. The mean range 
E(Wk) of the normal distribution has been tabulated by Pearson 
and Hartley [31] for sample sizes ranging from 2 to 1000. Using 
this mean range, the conditional expected range of the means 
(x;), i.e. conditioned by V R regarded as a non-random quantity, 
is vk = E (Wk h/(V R In). In this formula, n is the number of 

* Cf. Tukey [35] 
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replications, e.g. the number of blocks in a randomized block 
experiment. Then if .Xmin and Xmax are the smallest and the 
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largest treatment means, we can use (.~min + vk) and CXmax- vk) 
as borders between groups of treatments. The treatments, the means 
of which are included between xmin and (X.,in + vk ), are regarded 
as one group. In the same way the treatments, the means of 
which are included between (Xmax - Vk) and Xmax> are regarded 
as another group. 

There are three possible outcomes of this preliminary group­
ing of the treatments: 

(a) (x min + Vk) < (xmax - Vk ), and no mean is found between the 
two borders. 

(b) A number, at least one, of treatment means is found in the 
interval between the two borders. 

(c) The two intervals are overlapping. 

When trying to divide the treatments into groups, it is 
necessary to know the purpose for which the grouping is required. 
In basic research work it may be important to find the borders 
between all groups, and then it may be necessary to proceed with 
the two or three intervals found on the first step of the analysis. 
Most often, however, the purpose is to select among the k treat­
ments those which, in a certain sense, are superior. In such 
cases the worker need not bother with more than one of the 
preliminary groups. Suppose that a treatment having a large value 
of E(xi) is regarded as being superior, and that the interval 
bordered by (x max - Vk) and xmax covers m treatments. Then, 

at the second step an analysis of variance should be carried out 
for this group alone. If the randomized block design has been 
used, this means the computation of a new treatment mean square 
V T and a new residual mean square V R , the numbers of degrees 
of freedom being now (m - 1) and (m - 1) (n - 1). Then if the new 
ratio F = VT /VR is found to be non-significant, the worker has to 
be content with the group found at the first step. If, however, the 
mean square ratio is significant at some chosen level of 
significance, a new group border can be computed by xmax - vm, 
where Vm = E(IVm) ,j(VR/n). This process can, of course, be 
repeated at a third step, fourth step, etc., and will be terminated 
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as soon as a non-significant mean square ratio is found. 
It is perhaps necessary to point out that the use of the mean 

range in this way must not be regarded as a test of significance. 
To use the mean range for computing the conditional range merely 
implies recognising the consequence of the null hypothesis 
having been rejected by the use of the mean square ratio. 

A weak point in the suggested technique is that it is based 
upon the use of the mean range of the normal distribution. 
Because of the inflated sensitivity of the F-test (cf. Section 8) 
it will increase our confidence in the technique to know that this 
mean range is usually larger than it is in cases based on more 
realistic distributions. A summary of the present state of know­
ledge regarding the distribution of the range and the mean range 
has been given by Kendall and Stuart, to whose treatise [23] the 
reader is referred. New information could have been obtained 
from the examples used in Section 7 if lack of funds had not 
prevented utilization of the observations to this end. The treat­
ment means obtained in Example 6 were, however, used for the 
purpose; in this example the observations were drawn from a 
symmetrical d1stribution. Since the standard deviation is known -
for the treatment means it is equal to 0·5976 /3i - the mean range 
can be estimated in samples of experiments. The results are 
shown in Table 11.1, where k is the size of the sample and N 
the number of samples. For the sake of comparison the values of 
E(Wk) for the normal distribution are included. 

The mean range can also be computed economically for 
selected mathematically simple distributions. For the rect-

angular distribution it is equal to~~: g y'l2 (cf. page 46), where 

k is the size of the sample. For the exponential f(x) = e-x 
(x ~ 0) it can be shown that 

Some values of E( Wk) for the exponential and the rectangular 
distribution are shown in Table 11.1. 

It is obvious that such results do not justify the drawing .0 f 
definite conclusions. But it will be seen that, for moderate values 
of k, the results appear to indicate that the mean range of the 
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normal distribution is as large as that of the distributions which 
are being compared. 

Table 11.1 

Example 6 E(Wk) 
k 

N wk Normal f(x) = e-= Rectangular 

5 150 2·353 2·326 2·083 2·309 

10 148 3·081 3·078 2·829 2·834 

20 72 3·570 3·735 3·548 3·134 

375 10 5·833 5·896 6·503 3·446 

Federer [10], p. 122, presents the results of a randomized 
block experiment for the comparison of k = 7 varieties in n = 5 
blocks. We have chosen this example because prior information 
concerning the grouping of the varieties was available. The 
experiment was carried out with two units for each variety per 
block, and we have used the total for the two units. 

In this case the mean square ratio F = VTITR = 3·4 which 
is significant, and the variety means are 

Variety x; 
416 6·34 

405 10·08 

109 10·22 

407 11·09 

593 11·42 

130 11·83 

406 13·32 

From the data given by Federer we have (VR/n)11~ 1·179, and 
since E(W7 ) = 2·70436 for the normal distribution, we find 
v7 = 3·19 and that 

X min + v7 = 6•34 + 3•19 = 9•53 1 

xmaz - V7 = 13·32 - 3·19 = 10·13. 

The seven varieties are therefore divided into three groups: 



so 

group A variety 416 

group B variety 405 

group C the rest of the varieties. 

Then, dealing with group C only, it is found that V T = 6·49 (with 
4 degrees of freedom) and VR = 6·23 (with 16 degrees of freedom), 
implying that no division of the group should be attempted. Hence, 
the grouping at the first step is the final one. 

Federer, using the prior information, concluded that there are 
significant differences (1) between group (130, 406, 593) versus 
group (405, 407, 416), and (2) among (405, 407, 416). It will be 
seen that these results are consistent with our findings. His 
second conclusion is consistent with our finding that 405, 407 
and 416 belong to different groups. His first conclusion is 
consistent with our finding that 130, 406 and 593 belong to group 
C, while 405 belongs to group Band 416 to group A. 



12 The statistical treatment of fractions 

Most often the random variable that is the subject of a 
statistical analysis is directly observed, e.g. the yield in an 
agricultural field plot experiment; but it is not always so. For 
instance, in some cases the research worker observes the number 
(m) of units of a certain kind within each experimental unit, and 
at the same time he observes the number (x) of these units having 
a certain characteristic (A, say). In an agricultural field plot 
experiment, m may be the number of roots within plots and x the 
numbet of diseased roots. In such cases the research worker has 
to deal with y = x/m or, in percentage, 100 y. 

It must be assumed in general that both m and the probability 
P(A) = p depend on the heterogeneity factors, and hence that 
they must be regarded as random variables. For the same reason 
it would be unrealistic to assume that they are independent. In 
this case, therefore, we are faced with a situation in which we 
have to deal with three correlated random variables (x, m, and p), 
but only two of them (x and m) can be observed. 

The distribution of the three random variables is thus 

(12.1) f(x, m, p) = cp(m, p) (~) p"' (1 - p)m-:z:, 

where cp(m, p) is the joint distribution of m and p, and the 
binomial part is the conditional distribution of x. 

The formulae for E (y) and var (y) can be derived easily; 
compare reference [29]. However, they do not show how the 
observations of y = x!m should be treated statistically, and 
they will not be given here. 

The model is evidently the same as it is for any other random 
variable. If the randomized block design has been used, the 
model is 

(12.4) 

(i = 1, 2, ... , k, i = 1, 2, ... , n), where k is the number of 
treatments and n the number of replications. In this model, 
(j..L + a;) can evidently be replaced by Poi. Using this substi­
tution, it will be seen that 
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(12.5) Yj = Poj + z + uj + ej • 

Referring to Section 4 regarding the properties of z, u and e, it 
will also be found that E(y) =Poi and that E(YP - Yq) = 

Pop - Poq· A contrast in this case is, of course, a linear function 
of all, or a sub-set of, the Poi . It will be seen that the same 
function of yi is an unbiassed estimator. 

The difficulties met with in the statistical analysis originate 
mainly in the interaction between the treatments and heterogeneity 
factors, causing differences in var(y) and correlations between 
contrast estimators among the treatments. Difficulties also 
spring partly from excessive skewness of the distribution of y. 
We cannot see, however, that the statistical treatment of the 
observations of xl m calls for methods different from those used 
for observations of other random variables. Our conclusion is, 
therefore, that the methods described in Section 7 to 11 are 
applicable in these cases also. 

In the literature certain transformations are recommended; cf. 
Bartlett [2]. In the present case, examples are logy, yy and the 
inverse sine function, arc sin yy. 

It is evident that skewness of the distribution will be 
reduced by means of the logarithmic or the square root transform­
ation, but the effect may be small and not worthwhile. 

The purpose of some transformations, e.g. the inverse sine 
function, is to stabilize the variance. Assuming an additive 
model and that p = P(A) is a constant, it can be shown that 
var(y) is approximately independent of p. But if the model is 
non-additive, the effect may be very small. 

Some years ago the present author [29] recommended the use 
of covariance analysis, using w = 1/m as the independent random 
variable in the regression function. No doubt the effect of the use 
of such regression is to reduce the differences in variance among 
the treatments. We have found, however, that the effect is not 
sufficient to counterbalance reduction of the generality of the 
population to which the conclusions are being applied. Problems 
arising as a consequence of the use of covariance technique will 
be dealt with in Section 15, to which the reader is referred. 



13 Non-random experimental material 

In the preceding sections, the replications have been regarded 
as a sample representing an abstract population. We now go on to 
show in more detail the difference between a non-random and a 
random sample of replications, and what this difference implies. 

As an example we shall use an experiment carried out 
according to the randomized block design. Let the replications 
(blocks) be numbered i = 1, 2, ••• , n, and the treatments numbered 
j = 1, 2, ••. , k. Also, let the experimental units within any repli­
cation be numbered r = 1, 2, ••• , k. Then the value (and the 
observation) of the random variable under consideration can be 
symbolized by x(j)ri , which stands for the value of the random 
variable which would have been observed for the rth unit in 
replication i if the treatment T1 had been applied to this unit as 
a result of randomization. If the experimental material is regarded 
as non-random, we have to consider the number of possible 
allocations of the k treatments to the units. This number is 
K=(k!)n. 

The null hypothesis under consideration is now one stating 
that x(jlri is the same for all j. This means that the result for 
unit r in replication i is the same, irrespective of the treatment 
actually placed on the unit by randomization. Even if this null 
hypothesis is true, some variation of the observations will occur, 
because of the heterogeneity of the experimental material. As we 
understand it, this is the null hypothesis considered by 
Fisher [13]. A modification is suggested by Neyman [28]. 

Suppose that N = nk values of a variable are randomly 
arranged in all K ways. Then for any arrangement we have the 
usual two relevant mean squares: V T with k - 1 degrees of 
freedom, and V R with (k - 1) (n - 1) degrees of freedom. Hence, 
for each arrangement there is a mean square ratio F = V T/ V R. 
The distribution of these K values of F is thus the distribution 
of F in the population that consists of the K random arrange­
ments. Since no two samples of experimental units are exactly 
alike, the distribution of F will change from one experiment to 
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another. In any actual case the research worker knows the 
observations of the random variable under consideration for the 
actual arrangement. However, the distribution of F remains 
unknown to him. 

For some cases in which Fisher's null hypothesis can be 
regarded as being satisfied, the distribution of F has been 
obtained by rearrangements of the values of the observed random 
variable. The distributions obtained in this way have been com­
pared with the F-distribution derived under the normal theory. 
Usually a satisfactory compatibility has been found. We refer to 
papers by Eden and Yates [9], Welch [36], Pitman [32], Hack [18], 
Baker and Collier [1], and to other contributions cited in these 
papers. Some of these papers deal with experiments according to 
the principle of complete randomization. 

The results obtained through such investigations are supposed 
to establish the necessary foundation for the use of the F-test of 
normal theory in the analysis of experimental data. 

The model which is assumed to give a satisfactory description 
of the observed random variable (x) is 

Xji = f-L + bi + a i + e ji, 

where f-L, a i and bi are regarded as parameters, while e is 
regarded as a random variable. It will be seen that no interaction 
between the treatments and the inter-block heterogeneity factors 
is included. On the other hand, interaction between the treat­
ments and the intra-block heterogeneity factors is sometimes 
recognized and included in the term e. Usually e is regarded as 
a random variable that belongs to the population consisting of the 
K arrangements. It is sometimes also regarded as a normal 
random variable. 

This population of the K arrangements is certainly a simple 
construction, and the majority of statisticians - and possibly also 
of research workers - regard it as being fully adequate. For 
reasons explained in Section 1, we do not consider it as such. 
We also find that some writers who accept it seem to feel some 
uneasiness with regard to the interpretation of the experimental 
results associated with it. Some writers recommend generalizing 
to a broader population. For instance, Kempthorne [22], p. 152, 
writes : "We shall regard the inferences that we make as being 
inferences about the experimental units actually used, the 
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extrapolation of these to a broader population being a matter of 
judgment in the present state of knowledge." This is important, 
and it shows the inadequacy of the commonly accepted idea of a 
population. We think nobody will insist that the population of the 
K arrangements is the one the research worker is actually 
interested in. We have therefore come to the conclusion that this 
population is inadequate and that if research methodology is 
founded upon this construction, the worker can make inferences 
about the treatment effects only by means of support from evidence 
obtained outside the experiment. This is certainly most unsatis­
factory, and it seems to us that the only way of avoiding the 
difficulty is to regard the actual replications as a random sample 
of replications representing the population. This population is 
always an abstraction, and is the one the sample represents, when 
regarded as a random sample. This is the answer in other fields 
of empirical research work, and it also applies when we are 
dealing with experimental research. 

It also appears that most statisticians accept the assumption 
that the effect of treatments and that of replications are additive; 
some writers even think that if the assumption is not satisfied, 
then randomized block designs cannot be used. However, we can­
not accept this assumption because it would imply that the 
research worker has advance information about the effects of the 
treatments. To allow for interactions merely means that an un­
prejudiced point of view is taken; it does not mean assuming that 
interactions always exist. Our standpoint is that the research 
worker can never know in advance - and hardly by analysis of 
the experimental data - whether interactions exist; and, therefore, 
that he must treat his data as though interactions are present. 



14 Factorial experiments and the split-plot design 

For a number of reasons, investigations concerning the 
combined effect of two or more factors are important. When 
research is started in some new field, it is natural to begin with 
single-factor experiments and, by means of the data obtained from 
these, to learn something about the effects of several factors 
taken alone. But the effect of a factor may depend upon other 
factors, and therefore it will become necessary to carry out 
experiments with combinations. 

Suppose that rs combinations of two factors PP 
(p = 1, 2, ... , r) and Qq (q = 1, 2, ... , s) are included in the 
experiment. Then the experiment can be regarded as concerned 
with the treatments T; (j = 1, 2, ... , k = rs), and the analysis can 
be carried out as if only one factor were involved. Of course, in 
these cases some particular contrasts are intended to be estimated 
by means of linear functions of the treatment means. 

The simplest method of analysis consists in dividing the 
total treatment effect into a main effect (or sole effect) of each 
factor, and an interaction. The models that cover such divisions 
are obtained by the substitution for a; in model (3.1) and model 
(4.1) of 

a; = b P + c q + dP q • 

For the term u;i in model (4.1) we must substitute 

U;i = upi + vqi + wpqi• 

The model for an experiment carried out according to the principle 
of complete randomization is thus 

(14.1) Xpqi = J-L + bp + Cq + dpq + epqi • 

For randomized blocks with one experimental unit for each 
treatment per block, the model is 

(14.2) 

In both models epqi stands for the effect of the heterogeneity 
factors (for randomized blocks: the intra-block heterogeneity 
factors) and the interactions between these factors and the 
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experimental factors. In model (14.2) upi, vqi , and wpqi stand 
for the interactions between the experimental factors and the 
inter-block heterogeneity factors. Without loss of generality we 
can let I. bP = 0, I. Cq = 0, Lp dpq = Lqdpq = 0, and E(z) = 0. 
Referring to the discussion in Section 4, we confine ourselves to 
the following statements: (1) z i stands for n independent values 
of a random variable z; (2) upi stands for n independent values 
of each of r random variables, one for each PP; (3) Vqi stands 
for n independent values of each of s random variables, one for 
each Q q; and ( 4) w pq i stands for n independent values of each 
of rs random variables, one for each PQ combination. Since 
z, u, v and w are effects of inter-block heterogeneity factors, 
they cannot be assumed to be stochastically independent. 
Neither can it be assumed that var(u), var(v), var(w), and var(e) 
are constant among the treatments. 

If the experiment has been carried out for testing purposes, 
there are three null hypotheses to be considered, i.e. b = 0, 
c = 0 and d = 0. In the case of randomized blocks, six mean 
squares and three F-ratios are available for testing. Using for 
the mean squares the symbols v,, vq, VpQ, VPR, VQR and 
VpQR (R symbolizing replication), we have, for example, 

ns "<- ....,.)2 --L. X -X 
r- 1 P 

v PR = (n- 1) ~r- 1) I I (Xpi -xi- xP + x/, 

the numbers of degrees of freedom being (r- 1) and (n- 1) (r- 1), 
and F p = V p IV p R . This ratio is the only one, if any, that can 
be used for the testing of b = 0. W.riting b = 0, it will be seen 
from model (14.2) that 

xp - x = (ap - u) + (wp - w) + (ep - e) 

and 
xpi- xi- xp + x = (upi- iii- iiP + ii) + 

+ (wpi- wi- wp+ w) + Cepi- ei- ep+ e). 

It will be seen that the two differences both depend on u, wand e, 
and it can be shown that if b = 0, E(Vp) = E(VpR). It can also 
be shown that if c = 0, E(VQ) = E(VQR), and if d = 0 that 
E(VpQ) = E(VpQR). Therefore, if the research worker wishes 



to test the three null hypotheses, using the F-test, an analysis of 
variance must be carried out according to the key shown in 
Table 14.1. 

Table 14.1 

Source of Number of degrees Mean square F 
variation of freedom 

Replication n-1 
p T- 1 Vp 

PR (n- 1) (r- 1) VFR j Vp/VPR 

Q s-1 VQ 
VQI\'QR 

QR (n-1)(s-1) VQR 

PQ (r- 1) (s- 1) VpQ ll VpQIVpQR PQR (n - 1) (r - 1) (s - 1) VpQR 

As in experiments with one factor, large values of the mean 
square ratios are an indication of significant departures from the 
null hypotheses. However, in this case also it should always be 
remembered that the probability on the null hypotheses of 
F ~ Fa is larger than a, implying that the interactions tend to 
inflate the level of significance. 

In cases in which complete randomization lras been used, 
we have the same mean squares for P, Q and PQ and only one 
residual (or error) mean square with rs(n - 1) degrees of freedom. 
Using this mean square, the research worker must choose a 
method of testing that is adapted for such correlated F-ratios; 
cf. Section 9. 

The finding of significant main effects and significant inter­
actions will certainly be of interest; and in cases in which the 
experiment has been planned for some practical purpose such 
knowledge might also be useful. It is evident, however, that such 
a finding does not imply that the analysis is completed. Usually 
the investigator wishes to know more about the details. 

Then, the method of analysis will be different for the 
different types of treatments. For instance, if the categories of 
both factors are quantitative, e.g. quantitative levels of ferti­
lizers, a careful problem analysis prior to and included in the 
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design of the experiment will often indicate the treatment 
contrasts that should be estimated. The statistical problem will 
thus be reduced to the estimation (including computation of con­
fidence limits) of these contrasts, the technique of which has 
been described in Section 7. Problem analysis may also show 
that it is unnecessary to include all rs combinations of the 
categories of the factors. This will enable a reduction in the cost 
of the experiment - a reduction that may be used to increase 
precision by increasing the number of replications. 

An alternative technique in such cases is regression analysis. 
Suppose that the levels of the P factor are x,,, x,2, ••• , x,., 
and those of the Q factor are X 21 , X 22 , ••• , X 25 , or 
x,p (p = 1, 2, ... , r) for the P factor and x2 q (q = 1, 2, ... , s) 
for the Q factor. Then a regression analysis can be carried out, 
using for independent variables x,P, X2q, x,~, x/q, ••• , (x,P X2q ), 
(x,~ x 2 q ), •••• The maximum number of independent variables is, 
of course, equal to rs- 1. If, for instance, r = s = 2, the 
independent variables that should be used are x 'P• X2 q and 
(x,Px2q). The regression technique is described in Section 10, 
to which the reader is referred. 

As is well known, however, in some cases problem analysis 
pointing out the contrast to be estimated is very difficult. For 
instance, in agricultural experiments with varieties such an 
analysis might often be impossible. In such cases the statistical 
problem is reduced to the problem of ranking the treatments 
(P, say) according to the mean value of the observed random 
variable, and possibly to the grouping of the treatments; 
cf. Section 11. In a factorial experiment this can be carried out 
for each category of the other factor (Q). Then, if the interaction 
between the two factors is trivial, the ranking of PP will be 
expected to be the same for the different categories of Q. It is 
reasonable to expect, however, that the categories of P belonging 
to the group of superior treatments are different for the different 
categories of Q. For instance, if Pp are varieties of wheat, Q q 

different levels of nitrogen fertilizer, and the observed random 
variable is stiffness of the straw, such results may well be found, 
and would be very important and useful. 

We do not, however, propose to recommend the use of a 
definite methodology for the analysis of data obtained in factorial 
experiments. From one case to another, there is too great a 
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diversity of questions requiring an answer. The important things 
are that a careful problem analysis should be made in advance, 
and that the experiment should be planned and carried out in such 
a way that answers can be expected to the questions which the 
analysis has indicated. If such a working rule is adopted, the 
methods outlined in Sections 7-11 will serve the purpose. 

It is a well-known disadvantage of factorial experiments that 
an increasing number of factots - even if the number of categories 
for each factor is small - may lead to a large and sometimes 
prohibitive number of treatments. Various attempts have been 
made to overcome the difficulties that ensue from such large 
numbers of treatments. In a later section we shall return to the 
problem; for the present we confine ourselves to the plan known 

as the split-plot design. 
The necessity for the use of this design arises in two ways. 

It may arise because the number of possible experimental units 
belonging to the same replication is less than the number of 
treatment combinations - for instance, if a replication consists 
of animals (e.g. pigs) belonging to the same litter. It may also 
arise because some treatments need larger experimental units 
than others. Federer [10] has listed a number of cases in which 
the split-plot plan should be used. 

In an agricultural field-plot experiment with two factors 
P and Qq (p = 1, 2, • • •, r, q = 1, 2, · ·., s) the replications 
(blocks) are each divided into s (say) main plots, and each main 
plot is divided into r sub-plots. The main plots are treated with 
Q , randomly allocated. The sub-plots are treated with P also q p, 

randomly allocated. 
The model for this case is a simple extension of (14.2), the 

extension being the inclusion of a term e~. (i = 1 2 n) 'II '1. ' , ••• , • 

Now e pqi stands for the effect of the heterogeneity factors 
within main plots and the interaction between these factors and 
PP. In the same way e~i stands for the effect of the hetero­
geneity factors between main plots and the interaction between 
these factors and Qq. As in (14.2), u, v and w are the inter­
actions between the experimental factors and the inter-block 
heterogeneity factors. 



It will now be found that 

xpq f..L + bp + cq + dpq + z + up + vq + wpq + e~ + epq; 

Xp f..L + bp + z +up+ v + wp + e' + ep; 

xq f..L + cq + z + u + Vq + wq + eq + eq. 

It will be seen that the difference between two Xq, being an 
unbiassed estimator of the corresponding contrast, depends on 
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v, w, e' and e, while the difference between two Xp is dependent 
on u, wand e. It is commonly thought that a contrast among 
P-alternatives is estimated with higher precision than a contrast 
among Q-alternatives. This would certainly be true if the 
additive model were adequate. However, if we use a non-additive 
and realistic model, including all kinds of interactions, nothing 
can in general be known about the relative precisions of the two 
estimators. But if the method described in Section 7 is adopted, 
confidence limits of contrasts among Q categories and among P 
categories, as well as contrasts among PQ categories, can 
easily be computed. 



lS Methods intended to yield estimators of increased precision 

It is only natural that both research workers and statisticians 
should have been concerned with the development of experimental 
designs which are intended to yield increased precision of the 
estimators. Among these designs, those based on confounding 
and on the use of concomitant random variables are perhaps the 
most frequently adopted in practice. In exceptional situations, 
identical twins and the like are used as replications in experi­
ments based on the randomized block principle. If the replications 
are regarded as a sample representing an abstract population, it 
is easy to see, however, that most designs invented for the 
purpose of increasing the precision meet this requirement at the 
expense of the generality of the inferences. Therefore it is 
important that the research worker should always bear in mind the 
purpose for which the experiment is planned. 

It is a well-known fact that whatever the outcome of an 
experiment may be - whether a rule or merely a statement - this 
cannot have universal validity. Fo: instance, such a statement 
is always restricted by the limited heterogeneity of the experi­
mental material. With regard to the precision of an estimator, this 
implies that the extent of heterogeneity is directly related to the 
generality of the population. In basic research, the data produced 
by an experiment may be satisfactory as evidence for some rule 
or statement, even if the heterogeneity of the experimental 
material is small. However, if the investigator is seeking a rule 
that can be used as a guide in practical situations, it is necessary 
that it be inferred from data obtained in an experiment which is so 
planned and carried out that the heterogeneity of the material is 
dependent on all those factors which are not controlled in practice. 
If the rule is an inference based on data from an experiment on 
material of less heterogeneity, its practical significance may be 
lost because of the effects of these factors, and in such circum­
stances the likelihood of the project achieving its desired end 
may be very small. 

For instance, this would be the case if identical twin calves 
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were used as experimental units in a randomized block experi­
ment for comparison of the effects of two feeding categories, the 
purpose being to learn which of the two should be used in practice 
for the feeding of calves. The use of identical twins as units 
implies that the research worker controls genetic factors which 
may be important sources of heterogeneity. However, the results 
of such an experiment may be important, provided the limitations 
on the validity of the results are not forgotten or ignored. Other 
examples of this sort are discussed by Linder [24], p. 13, and 
Cox [7], p. 25. 

The use of confounding implies that each replication is 
divided into a number of main units (usually called blocks), and 
each main unit is divided into a number of sub-units. Some of 
the treatment effects are then confounded with the effects of 
heterogeneity among the main units. Thus the split-plot design 
belongs to this class. The effect of the use of confounding is 
that the contrasts corresponding to the differences between con­
founded effects must be estimated by means of differences 
between main units. The other contrasts can be estimated by 
means of differences between sub-units. However, all contrasts 
can be estimated by means of observations obtained in each 
single replication, and the inferences thus possess such validity 
or generality as the sample of replications permits. Often, but 
not always, contrasts corresponding to unconfounded effects 
are estimated with higher precision than the other contrasts. 

The inference is different if observations of a concomitant 
random variable are used for the purpose of reducing the hetero­
geneity of the experimental material. Suppose, for instance, that 
an experiment for the comparison of the effects of k = 2 feeding 
categories to calves is carried out, and that the design is 
complete randomization. Let the principal random variable (xo) 
be increase of weight during the feeding period. In this case it 
might be possible to reduce the heterogeneity to some extent by 
means of observations of the weight (x,) of the animals at the 
start of the experiment. Then, assuming that the use of the 
observations of x, reduces the heterogeneity, it is evident that 
the validity of the inference with regard to the relative effects 
of the treatments is also reduced as compared with the validity 
of the result obtained without the use of observations of x,. 



Suppose that e in (3.1) is replaced by /3; (x 1;i - X1) + e';i , 
where x1 is the concomitant random variable, the distribution of 
which is completely independent of the treatments. Thus the 
model is 

Xo;i = J-L +a;+ f3;(X 1;i -X';) + eji 

(j = 1, 2, ••• , k, i = 1, 2, ••• , n). It follows that 

xo; = J-L +a;+ f:3; (x1; - i"1) + ej. 

It will be seen that it is not assumed that the regression 
coefficient of e on x 1 is the same for all treatments. In our 
opinion such an assumption would be unrealistic. 

The so-called adjusted treatment means are 

x'o; = xo; - b; (x1; - x1). 

It will be found that E(x Oi) = J-L + a;, so that an unbiassed 
ranking of the treatments will be obtained by using the 
adjusted means. Therefore, the difference d; 11 = x Op - x 011 is 
an unbiassed estimator of the contrast (aP - a11 ). 

Writing Ai = I. (x,;i - xti)2 and B; = I.(xo;i - Xo;) 2
, it will 

be found that the mean square of d ~ 11 is equal to* 

2 Bp.(1 - r:) + Bq (1 - r:) { 2 (i"1p- x1) 2 (x1q - x 1) 2} 
S dl = - + + I 

2(n- 2) n Ap Aq 

where r P and r q are the coefficients of correlation between x0 

and x 1 for the treatments TP and Tq. Hence, approximately 
correct confidence limits for the contrast (ap - aq) are 
d ~q + ta sd, the number of degrees of freedom being 2 (n - 2). 

In the formula for sd' (x1P- x1) 2 , (x1q- x1) 2 , AP and Aq 

must each be regarded as fixed, non-random quantities; this 
indicates the reason for the loss of validity of the inference. 

"' If the number (n) of replications is different for the different treat­
ments, the formula is 
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Therefore, if d' is used instead of d = x op - x0 q as the 
estimator of the contrast, and sd' is used for the computation of 
the confidence limits, no inference can be applied to the whole 
population represented by the experimental units. We now have 
to deal with a sub-population characterized by x1P, x1q, x11 AP 
and Aq. This loss of validity of the inferences should not be 
ignored. 

Among designs that are intended .to increase precision we 
may also include the Latin square design. In field-plot experi­
mentation it has been tempting to try to obtain partial control 
over heterogeneity not merely in one direction, as in randomized 
blocks, but in two orthogonal directions, and this led to the 
invention of the Latin square design. If the number of treatments 
is k, the field is divided into e units (plots) lying in k rows 
and k columns. The treatments are then allocated to these units 
in a random manner, but in such a way that each treatment occurs 
once in each row and once in each column. 

The theory of this design and the associated statistical 
analysis deal with a population that consists of all possible e 
squares; it does not seem possible to regard this design in any 
other way. Thus, if we are concerned with an abstract population 
represented by a sample of replications, the Latin square design 
does not comply with our conditions, unless the whole square is 
regarded as a replication. In the latter case the experiment must 
be carried out by means of a sample of such squares. Such an 
experiment would be very expensive and would not necessarily 
yield significantly more precise estimators than a randomized 
block experiment. Therefore, concerned as we are with designs 
intended to produce data from which inferences about an abstract 
population can be drawn, we conclude that the Latin square 
design is not to be recommended. 



16 Experiments with large numbers of treatments 

In some experimental situations the number of treatments is 
very large, as, for instance, in field-plot experiments where the 
treatments are varieties. In such cases the number of experi­
mental units necessary for a complete replication in a randomized 
block layout might become so great that the advantage of the 
randomized block design over complete randomization would be 
illusory. Other examples are factorial experiments with large 
numbers of factors and/or large numbers of categories of the 
individual factors. However, a large number of treatments some­
times means merely that the number is large in comparison with 
the number of easily accessible experimental units. 

In order to counterbalance the loss of precision caused by 
large complete replications, a number of designs known as 
incomplete blocks and lattices have been invented. Much work 
and time is spent and much ingenuity shown in the construction 
of these designs. Most modern textbooks on experimental design 
give detailed descriptions of the different types. 

It is hardly possible to give a general account of these 
designs. The main idea is, however, that a replication is divided 
into a number of main units (usually called "blocks") in the same 
way as in the split-plot design. If we compare this plan with the 
latter design, the difference is that the treatments are allocated 
to the experimental units in such a way that in certain circum­
stances it is reasonable to assume that the different contrasts 
are estimated with the same precision. The consequence is that 
the grouping of the treatments is changed from one replication to 
another. 

It is usually thought that these arrangements of the treatments 
lead both to equal precision of the estimators of the different 
contrasts and to increased precision as compared with randomized 
block experiments without grouping of the treatments. However, 
certain disadvantages have also been recognized. Federer [10] 
writes_: "Missing data or unequal error variances considerably 
complicate the analysis; if either situation is likely to occur it 
is suggested that the experimenter improve the experimental ' 
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technique and (or) use a randomized complete block design." In 
OUr view 1 research workers should always regard missing data as 
liable to occur, and equal error variances are practically never 
realized. We therefore find it difficult to recommend the use of 
these designs. Besides, we also think that the designs are 
impracticable because of their inflexibility. 

There are, of course, practical advantages in grouping the 
treatments if their number is very large. For instance, in a field­
plot experiment such activities as planting and sowing take 
considerable time, and the same applies to operations during 
harvesting. It would therefore be advantageous if the area of 
land that represents a replication were divided into main plots, 
so· that the experimenter can deal with these one at a time. The 
split-plot plan will meet this requirement. 

Suppose that the treatments are divided into a number (s) of 
groups and that the replications are divided into the same number 
of main units. Then, the s groups of treatments can be allocated 
to the main units in a random way, and the treatments belonging 
to a group can be allocated randomly to the experimental units 
within the main unit. Statisticians are familiar with this use of 
the split-plot design; of. Cochran and Cox [6]. The reason why 
balanced incomplete block designs are preferred and recommended 
seems to be, first and foremost, that such designs are thought to 
yield comparisons of equal precision. Research workers who do 
not believe in equal precision of estimators of contrasts will 
hardly find any advantage in the incomplete block designs over 
the split-plot plan. On the other hand, it is easy to point out 
several advantages of the latter. 

The most important advantages of split-plot designs are the 
following. (1) It is unnecessary for the groups to be of the same 
size, i.e. to cover the same number of treatments; on the contrary, 
it is important that the treatments be divided, if possible, into 
"natural" groups. (2) There is no rule connecting the number of 
treatments, the number of groups, and the number of replications. 
(3) Missing data and interactions between the treatments and the 
heterogeneity factors do not complicate the statistical analysis 
any more than if randomized blocks without any grouping of the 
treatments had been used. 

Interactions between the treatments and the heterogeneity 
factors make it impossible to form any prior judgement of the 
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relative precision of the different contrast estimators. It is 
likely, however, that the precision is higher for contrasts among 
treatments belonging to the same group than it is among treat­
ments that belong to different groups. To some extent the effect 
of heterogeneity among the main units can be reduced if a check 
treatment is included in all treatment groups. Then if rq is the 
number of treatments in group q, the main unit used for this group 
must cover at least r q + 1 experimental units. The check treat­
ment must be regarded as belonging to the group and, along with 
the other treatments, must be allocated to the experimental units 
in a random way. If, for practical reasons, the experimenter deals 
with the main units one at a time, a time-factor is introduced. In 
such a case it is particularly important to include a check treat­
ment, so that bias caused by the time-factor can be removed. 

Let the observations of some random variable (e.g. yield) 
be Xpqi, where p = 1, 2, ••• , rq, q = 1, 2, ••• , s, and 
i = 1, 2, •.• , n, n being the number of replications (blocks). The 
model describing xpqi is now a simplification of the model for a 
two-factor experiment according to the split-plot design, and can 
be written 

(16.1) 

In this model e' stands for the effect of heterogeneity among 
main units and e for the effect of heterogeneity among the 
experimental units within main units; but, of course, e' and e 
also cover the interaction between treatments and heterogeneity 
factors. The terms v and w stand for the interactions between 
groups and replications, and between treatments within groups 
and replications, respectively. Since the replications are regarded 
as a random sample, representing an abstract population, all 
terms in the model except fJ- and a must be regarded as random 
variables. The term apq can be written apq = aq + (apq- aq), 

and we can without loss of generality let :£aq = 0. 
It will be found in this case also that the treatment mean 

Xpq is an unbiassed estimator of the effect (J.L + apq), and hence 
that the treatment means yield an unbiassed ranking of the treat­
ments. Consequently, a linear function of treatment means is an 
unbiassed estimator of the corresponding contrast. Here, also, 
interactions between treatments and the heterogeneity factors 
imply that correlations exist between xpqi among the treatments 
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and that var(x) is different for the different treatments. However, 
the method described in Section 7 can be used for the computation 
of the confidence limits of the contrasts. The method described 
in Section 11 can be used for the grouping of the treatments, e.g. 
for the isolation of a group of superior treatments. It is likely, 
but not obvious, that the confidence intervals of some of the 
contrasts can be shortened by means of the observations for the 
check treatment. 

If a check treatment T0 (say) has been included, Xpqi can 
be replaced in all the procedures by Ypqi = Xpqi - Xoqi , where 
Xoqi are the observations for the To . In practice the research 
worker will hardly use more than one, or perhaps two experi­
mental units per main unit and replication for the check treat­
ment. If two units have been used, Xoqi stands for the mean 
value of two observations. 

The preceding discussion concerns cases in which the 
number of treatments is large, but where there is no shortage of 
experimental units per replication. There are cases, however, 
where there may be such a shortage; for example, this may be so 
if the research worker wishes to use litters as replications in a 
pig-feeding experiment; in this case the number of treatments 
that can be included is much restricted. 

In such cases a number of samples of experimental units can 
be used as the main units in an experiment according to the 
split-plot design. Then, a replication would consist of a sample 
of such main units. In our example, the research worker can use 
litters to represent the main units, and a replication would then 
consist of a number of litters. Thus, if the total number of 
litters for the whole experiment is sampled from the same stock, 
the heterogeneity among the main units is equal to that among 
the replications, and the split-plot plan ought to be combined 
with complete randomization. If the investigator wishes to use 
the split-plot plan and the randomized block design, the replica­
tions should be sampled in a different way. For instance, he 
can use a sample of stocks to represent the sample of replications. 
There are other reasons for such selection of the replications 
which we consider in the next section. 



17 Experiments intended to give results for practical 
utilization 

We have seen in a previous section that if an experiment is 
carried out for the express purpose of providing a basis upon 
which advice to practitioners can be given, it should be designed 
so that none of those factors are controlled that are not under 
control in practice. To design an experiment that satisfies this 
requirement is certainly a difficult task. These factors are not 
as a rule fully known to the research worker, and the experiment 
must be planned in such a way that their effects can be regarded 
as random effects. Also, the hard fact is that inferences, if any, 
can only be applied to the population represented by the actual 
experimental material regarded as a random sample. This 
abstract population may not be broad enough to cover all cases 
that may occur in practical situations. Therefore, the experimenter, 
when consulted on a particular case, would be well advised to 
show such modesty as to recommend a treatment only if it is 
known that the case belongs to this population. If he does not 
make such a reservation, he may take the risk of extrapolating 
his experimental result outside the sphere covered by the experi­
ment. However, the investigator can usually ensure that the 
population is broad enough to cover the great majority of cases 
that actually occur. 

Another fact is that if the research worker's recommendation 
is acted upon by all practitioners and the choice of treatment 
involves economic consequences, very often some practitioners 
would be better off by using another treatment. This is so 
because all populations consist of sub-populations differing in 
one characteristic or another, and the most successful treatment 
might not be the same in all sub-populations. In practice there 
are always limits to what a research worker can know about the 
circumstances that make one particular treatment superior to 
others that might be used. Therefore, he can only recommend a 
particular treatment for cases belonging to a certain population, 
which is the one that is represented by his experimental 
replications. 
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For instance, if a research worker in the agricultural sphere 
recommends a certain variety of wheat to all farmers in a geo­
graphical area, he should know from the results of his experiment 
that the use of this variety is expected to inflate the yield for the 
whole area, as compared with the use of another variety included 
in the experiment. But possibly he also knows, or can guess, that 
the yield might be even larger if some of the farmers do not act 
upon his recommendations. 

Before he starts the detailed planning of the experiment, it 
is necessary for the research worker to make some difficult 
decisions, however vague, with regard to the generality of the 
population. This implies that he must decide what kind of 
experimental units should be used. In agricultural experimentation 
a unit must be a field suitable for growing the plant in question; 
and which fields are suitable is something that must be definitely 
known. In industrial research a unit may be an industrial plant, but 
it is not evident that all plants should be regarded as being 
suitable. Thus in practically all cases there are a number of 
difficult questions that must be dealt with in advance of the 
planning of the experiment - decisions to be taken for the purpose 
of delimiting the borders of the population about which knowledge 
is required. 

When these decisions have been made, the next step might 
seem obvious, i.e. to take from the accepted cases one or more 
random samples to be used as the experimental material. But it 
may not be so simple as that. The research worker may encounter 
many obstacles; for instance, it may happen that a field selected 
for an agricultural experiment is already intended to be used for 
some other purpose. 

Consulting the literature dealing with experimental design, it 
will be found that most scientific work and discussion have 
centred on experiments that can be characterized as local. In 
agricultural field-plot experimentation, a "local" experiment is 
one that is carr~ed out in a chosen field in one season; in 
experimentation on feeding pigs, it is one carried out with 
pigs chosen from a single stock and at a chosen farm; or it can 
be an experiment carried out on a single industrial plant. 

It is evident that for an experimental result to be used as a 
basis for recommendations for practical work, a local experiment 
does not suffice. The reason is, of course, that most often the 



72 

population in which such results can be applied is too restricted. 
In any case this is true if interactions exist between the treat­
ments and the environmental factors which are not controlled in 
actual practice. 

Among research workers in the agricultural sphere it now 
seems generally recognized that both geographic heterogeneity 
factors and factors the effects of which vary from season to 
season make themselves felt, and also that there are· interactions 
between these heterogeneity factors and the treatments. If it were 
not so, the results from local experiments would be sufficient. 
Research workers in this field must therefore plan and carry out 
experiments in such a way that the replications cover a geo­
graphical area and a number of seasons. In principle the situation 
is hardly different in other fields of research, even if the inter­
actions between treatments and heterogeneity factors may be of 
varying importance in the different cases. 

In the literature concerning such experimental situations, an 
experiment is usually regarded as consisting of a number of 
repeated local experiments. In our opinion it should not be 
considered in this sense, but as a single experiment on its own, 
planned and carried out for its own specific purpose. 

Keeping to our agricultural example, extension both geo­
graphically and in time can be achieved in two different ways. 
A sample of localities must be chosen, and within each locality 
a site for the replication. Then the research worker can use the 
same sample of localities for all seasons, only changing the site 
for the replication from season to season. He can also choose a 
new sample of localities for each season included in the experi­
ment. The latter plan is perhaps preferable, since one may expect 
that the heterogeneity factors would be better covered in an 
experiment planned in this way than if the same sample of 
localities were used for all seasons. But it is evident that the 
use of the same sample of localities at all seasons is the simpler 
of the two plans to manage in practice. Now the research worker 
may succeed in choosing localities and sites so as to have a 
sample of replications which closely resembles an ordinary 
random sample, representing the agricultural area. But both the 
concepts of a "sample of seasons" and a •population of seasons" 
are too vague. The term "season" implies no more than a kind of 
classification with regard to the variation in the effects of some 
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environmental factors. 
Whether or not a new sample of localities is taken for each 

season, the question is : will the sample give a satisfactory 
coverage for the geographical heterogeneity factors and for the 
period of time for which the inferences (or forecasts) are intended? 
It is possible to be fairly certain that there is satisfactory 
coverage for the geographical factors. But for the time factors -
i.e. climatic factors - the answer to the question of coverage 
depends on what can be said about climatic changes in coming 
years, which at present is very little. It is evident, however, that 
if relatively large climatic changes have taken place during the 
seasons covered by the experimental replications, the research 
worker can be more confident in giving advice to practitioners than 
he could be if the replications covered less climatic variation. The 
interaction between a treatment and the climatic factors may be 
insignificant, and it is obvious that the research worker should feel 
more confident in recommending a treatment showing small inter­
action with these factors than he could if the interaction were 
greater. The same is the case with regard to the interaction 
between treatments and geographic heterogeneity factors. Therefore 
both kinds of interaction should be taken into account when the 
research worker is dealing with the ranking and classification of 
the treatments. 

If a new sample of localities is taken for each season, and if 
there are n, seasons and n2 localities for each season, the sample 
consists of n = n, n2 replications. If only the site is changed from 
season to season and the numbers of seasons and localities are n, 
and n2 , the sample still consists of n = n, n2 replications. In both 
cases the population is the one which the sample of replications 
represents in the sense of a random sample. The two populations 
are not identical, but the difference cannot be important. On the 
other hand, the use of the same sample of localities at all seasons 
has an advantage over the other plan in that it makes a more 
detailed analysis possible. 

No matter which of the two plans is used, a replication does 
not usually consist of k experimental units, k being the number 
of treatments. Most often a number (m) of units is used for each 
treatment, and the design may be complete randomization, or 
perhaps randomized blocks. 

Suppose first that a new sample of localities is taken for 
each season, and that the design for each replication is complete 



74 

randomization. Then the model for the mean of the observed 
random variable for treatment Ti (j = 1, 2, ••• , k) and 
replication i (i 1, 2, ... , n) is 

(17.1) 

where the different terms stand for the same effects as in the 
model for a randomized block experiment. It will be found that 
the model for the treatment mean is 

Xj = f-L + aj + z + Uj + ei . 
Without loss of generality, we can let 2.ai = 0, E(z) = 0, 
E(u) = 0 for each j, and E(e) = 0 for each combination (j, i). 
Hence it will be found that 

E(xi) = f-L + ai and E(xp - xq) = aP - aq, 

i.e. that xi is an unbiassed estimator of the treatment effect 
(f-L + a1 ), and (:XP - xq) is an unbiassed estimator of the contrast 
(ap - aq). If the experimental units are of the same size as those 
used in a local experiment, it will usually be found that var(e), 

or ! 2. var. (e), is approximately the same as is found in a local k 1 

experiment. However, since the heterogeneity among the repli­
cations is usually much greater than it is in a local experiment 
based on the randomized block principle, it must be expected 

that var(u) = l2.vari(u) is much inflated as compared with a 

local experiment. Therefore the reliability of the F-test for the 
testing of the null hypothesis ai = 0 is questionable, the 
probability of F ~ Fa being also inflated. However, the treat­
ment mean xi is an unbiassed estimator of the treatment effect, 
implying that an unbiassed ranking of the treatments is obtained 
by means of the treatment means. 

Suppose, next, that the same sample of localities is used at 
all seasons, then the mean of the observed random variable for 
treatment Ti (j = 1,2, ... ,k), in season i (i = 1, 2, ... , n,) 
and locality h (h = 1, 2, ••• , n2), can be written xiih, and the 
model is 
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In this case also it can be shown that the treatment mean xi is 
an unbiassed estimator of the effect (J-L + a.), and that (x - x ) 

J p q 

is an unbiassed estimator of the contrast (ap - aq). 

In addition it can be shown, using either plan, that a linear 
function of the treatment means is an unbiassed estimator of the 
corresponding contrast. However, the precision of the estimator 
is different for the different contrasts. Therefore the confidence 
limits of the contrasts must be computed by means of individual 
mean squares, as described in Section 7. 

We have seen that if the problem is to group the treatments, 
and particularly if it is required to isolate a group of superior 
treatments, the research worker should also consider the inter­
actions, first and foremost the interaction between treatments and 
seasons. Now if a new sample of localities is chosen for each 
season, it is impossible to separate the treatment-locality inter­
action and the treatment-season interaction. However, if the 
same sample of localities has been used at all seasons, we may 
consider that the function 

Oji = Xji- Xj 

and the graphs of oji against i, one for each treatment, will 
probably be useful aids. Probably also 

(17.3) /..i = ~ oii2/LL8i~ 
may prove to be useful for characterization of the treatments. 
For example, if the treatments are varieties, the research worker 
would prefer for recommendation a high-yielding variety for which 
the value of Ai is small. 

With regard to the treatment-locality interaction the equiva­
lent statistic is 

(17.4) /..'. 
J 

where 

8 jh = xih - xi. 

It is evident, however, that of the two A, (17.3) is the more 
useful in practice. 

If a new sample of localities is taken for each season, the 
research worker can use (17.3), but in this case Ai is dependent 
upon the confounded treatment-locality and the treatment-season 

interactions. 
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So far we have been concerned with problems in agricultural 
field experimentation. It seems likely, however, that the diffi­
culties encountered in this sphere of research reflect to a large 
extent the problems with which research workers have to deal 
generally. It may be possible, of course, that industrial plants 
are so far advanced technically that heterogeneity among the 
plants and the effects of climatic factors are negligible; but it 
is more likely that such examples are exceptions rather than the 
rule. 

To return to another example, we discussed in Section 16 
the design of an experiment for comparing a number of alternative 
pig-feeds in a situation where the number of treatments is too 
large to be covered by a litter. It was suggested that a litter 
should be used in the same way as a main unit in a field experi­
ment based on the split-plot plan, and in this case a number of 
litters must be sampled to constitute a replication. It was further 
suggested that the replications should be sampled from different 
stocks, one replication from each stock. There is certainly 
heterogeneity among stocks, particularly heterogeneity due to 
genetic factors, as there is among localities in a field experiment 
But there might also exist heterogeneity due to differences in th • 
environmental conditions under which the pigs are living, e 
indicating that climatic factors may be important in this case als 
In fact the experimental situation is essentially the same as the o. 
one described above. The difference exists merely in the relative 
heterogeneity due to the different sources. Our conclusion is 
therefore, that such experiments should be planned and carrie'd 
out according to the same principles as those used in field 
experimentation. The experimental material (the replications) 
should be sampled in such a way that a reasonable amount of the 
heterogeneity among stocks as well as heterogeneity due to 
differences in living conditions are covered. In order to satisfy 
the latter requirement the replications must cover a number of 
years. 

If the purpose is to obtain data upon which rules for practical 
work can be based, it will probably be found that there are 
numerous factors causing heterogeneity that cannot be or are not 
controlled in practice. The experiment must therefore be planned 
so that the sample of replications covers the heterogeneity due to 
these factors. If great care is not taken to ensure that this 
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requirement is satisfied, the population represented by the sample 
of replications will cover merely a part of the actual situations 
for which the research worker's recommendations are intended. 

It is evident that an experiment of this kind and for this 
purpose should cover the largest possible number of replications. 
If we reflect on the best way of using the resources which are at 
the research worker's command, our conclusion will be that a very 
simple design should be used for the single replication. One 
experimental unit for each treatment per replication will suffice, 
but in practice a couple of units should be used in order to guard 
against failures. 

If m units (h = 1, 2, ... , m) are used for each treatment per 
replication and the design is complete randomization, the model 
for the observed random variable is 

(j = 1, 2, ... , k, i = 1, 2, ... , n). For the contrast (ap - a 11 ) 

the estimator is (:Xv - Xq ), the variance of which can be shown to 
be 

var(uv - uq) var(ev - e11 ) 
= + • 

n nm 

It will be seen that the effect of increasing m is merely to 
reduce the last term. Therefore, except in cases in which the 
interaction (u) between the treatments and the heterogeneity 
factors is very small, an increase in m will not greatly 
strengthen the precision of the estimator. On the other hand, an 
increase in the number (n) of replications will always affect the 
precision favourably. 

From the preceding discussion it will be seen that, as 
regards the method of analysis, the situation is equivalent to the 
one which is met with in randomized block experiments. The 
difference is that, most often, the interaction between the treat­
ments and the heterogeneity factors is more important than it is 
in randomized block experiments. Even so, it is thought that the 
methods described in Sections 7 to 12 are adequate for statistical 
analysis. 



18 Some supplementary matters 

(A) Every research worker who consistently uses the principle 
of randomization will sooner or later come across examples where 
the result of randomization may appear unacceptable. The reason 
for this is that most often some trend or regularity must be 
assumed to exist among the experimental units. This is so, for 
instance, in a field-plot experiment where there is frequently 
some regularity in more than one direction of the quality of the 
units. Then, if randomization leads to a result showing congruity 
between the allocation of the treatments to the experimental units 
and the regularity among the units, the research worker is 
probably tempted to take some corrective action. He might, of 
course, stick to the randomization principle and accept the 
result, knowing that such a result must take its place in a long­
run procedure. However, the worker must often come to a dec· . 

. . . . . lSton 
immedtately, and m such a case 1.t 1s. natural for htm to consider 
rejecting the result of the randomization and to re-randomize 

In principle, any tampering with t~e result of randomizat.ion 
should be excluded. But we do not th1nk that this would be 
reasonable attitude to take, and it is known that highly qu l~f. 

. . a 1 ted 
research workers do, 1n fact, reJect some arrangements of the 
treatments. 

In the literat~re ~ealing wit~ the problems of experimental 
design, the questiOn 1s usually tgnored. However, Cox [7] has 
discussed the question at some length, referring also to rel 

. . . evant 
literature. In hts treatise, methods of deahng with the question 
are discussed, e.g. methods based upon the idea of rejecting the 
more extreme arrangements of the treatments. The difficulty 
involved in this approach is that it entails using a dichotom 
grouping the results of randomization into acceptable and y' 
unacceptable arrangements. 

Since we have to recognize the fact that our statistical tools 
are merely approximations, thefproblem to consider is what effect, 
e.g. on the F-test, rejection o some of the arrangements is 
likely to have. Probably the effect of such a restriction of 
randomization will be to bring the distribution of F into better 
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harmony with the standard distribution of normal theory. In so far 
as concerns the probability of the confidence interval of a 
contrast, it is reasonable to think that the effect is small and 
will tend to inflate the confidence coefficient. But these state­
ments are no more than guesswork. A statistician who has 
ample access to an electronic computer might be able to obtain 
satisfactory evidence by using artificial examples. Here, of 
course, the examples must be constructed according to realistic 
models, and the rejection of extreme arrangements of the treat­
ments must be carried to excess. Only when the results of such 
investigations are presented will it be possible to make up one's 
mind concerning the practice of curtailing random arrangements. 

(B) In the early days of research on experimental design, the 
common attitude among statisticians was that useful information 
could hardly be obtained from small samples. The explanation of 
some of the criticisms raised against this work by Fisher and his 
collaborators may be found in this attitude. Today it is generally 
recognized that even very small samples may yield data from 
which important conclusions can be drawn. However, it is hardly 
questionable that the founders of experimental design went to the 
other extreme, partly because they laid too much stress on tests 
of significance. If one is dealing with the estimation of contrasts, 
larger samples are usually required. 

For instance, suppose that an industrialist contemplates 
replacing old mass-production machinery by new plant. Then it 
is not enough for him to know that a test of significance shows 
that, e.g. the new machinery produces at a higher rate than the 
old. In his calculations he needs some measure of this 
difference of rate, and also a value showing the lower margin for 
the difference. This means that he must utilize the outcome of 
an experiment in which the old and new machinery are the treat­
ments, and must base his calculations upon the resulting estimate 
of the contrast and the confidence limits of the contrast. Also 
it is important to him that the confidence interval of the contrast 
should not be too wide, which in fact implies that the size of the 
experiment, or the number of replications, must not be very small. 

We believe that this is quite a common situation. If the 
purpose of an experiment is changed from that of a significance 
test to the estimation of contrasts, an increase in the number of 
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replications is usually required. But, of course, in some cases 
the replacement of one treatment by another does not imply any 
difference of cost, and if it does not, it is enough to know that 
at least one of the treatments can be classified as the superior 
one. 

Suppose now that k treatments are included in an experiment 
carried out according to the randomized block design, n being 
the number of replications. In Section 7 it was explained why the 
research worker in this case should use "Student's" t with (n-1) 
degrees of freedom in his computations of the confidence limits 
of a contrast. There are two principal reasons for this point of 
view.· The first is that the presence of interactions between the 
treatments and heterogeneity factors implies that there are 
differences in precision among the contrasts. The second reason 
is that if a common error mean square is used for all contrasts 
the research worker cannot possibly know the level of confide~ce 
of the intervals. The use of a common error mean square will 
always imply that the confidence limits of the contrasts are 
biassed, and hence that they may be misleading. 

It is evident that the use of individual mean squares in 
com·puting the confidence limits of the contrasts implies that the 
number of replications cannot be too small. If this number is in 
fact too small and, consequently, the confidence intervals of the 
contrasts are very wide, it is difficult to see what object the 
experimental data can achieve. Therefore the research worker, in 
planning his experiment, should always try to estimate the number 
of replications that will be necessary so that he may expect to 
obtain a chosen minimum precision. Obviously, this is a very 
difficult task, and it is evident that the research worker has to 
utilize experience from previously conducted experiments of a 
similar kind. 

(C) The last question to be considered concerns the relative 
importance of local and non-local experiments, as described in 
Section 17. In planning an experiment, it is important to know 
whether the results are intended to be used for some practical 
purpose, or whether they are to supplement the investigator's 
knowledge in his field of research. In the first case it is evident 
that a non-local experiment is needed. In the second case, what 
is needed is either a non-local experiment or an experiment in 
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which a very large number of external factors are included as the 
experimental factors. Thus a local experiment, as described 
earlier, will not meet the requirements in either case, although 
such an experiment may furnish the necessary data for drawing 
preliminary conclusions which can be used as a guide in planning 
a non-local experiment. For instance, the data may show that 
some treatments are so inferior that they can be omitted in 
planning the non-local experiment. This is important, because a 
non-local experiment is usually very expensive, and it is there­
fore important that the number of treatments be reduced to a 
minimum. 

There are, of course, exceptions to this appraisal of local 
experiments, as, for instance, in our example of the industrialist 
who is interested in comparing two kinds of machinery. In this 
case the outcome of an experiment may be important merely for 
the particular industrial plant in question. The experiment can 
therefore be carried out as a local experiment, even if the out­
come is intended to be used as a guide for some practical 
decision. 

There is also a third category of experiments, namely those 
carried out in a laboratory or under laboratory conditions, where 

* a number of external factors can be controlled • A fourth category 
consists of experiments - discussed in Section 15 - which are 
planned to yield high precision of the contrast estimators. In a 
comprehensive research program it may be possible to make 
advantageous use of all these categories of experimental plans. 
Thus, one of the problems for the research leader is to decide 
how, and to what extent, the different categories should be 
utilized. In view of the fact that research funds are usually very 
restricted, it is important that a balance be found in order to 
achieve a kind of optimum. In practice, to. strike such a balance 
is certainly difficult. 

In most fields of research the investigators seem inclined to 
spend too great a part of the research funds on local experiments. 
This may be due to the way in which research methodology is 

* The usual design of such experiments may not be satisfactory for 
biological research work. For such work, therefore, the design should 
be subjected to critical examination in order to make the data and 
inferences more realistic. 
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presented today. To the present author it is apparent that a 
change is necessary. In some cases- for instance in agricultural 
research as now practised by some scientists - this change is on 
its way. 
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Table I Significance points of F : a = 0 ·OS 

1 2 3 4 

1·0 161·4 199·5 215·7 224·6 
1·1 105·9 127·4 135·9 140·8 
1·2 74·7 87·6 92·6 95·6 
1·3 56·1 64·4 67·5 69·4 
1·4 44·4 50·0 52•1 53·4 
1•5 36·2 40·0 41·4 42·3 
1·6 30·4 33·0 33·9 34•5 
1• 7 26·2 28·0 28·6 29·0 
1•8 23·0 24•2 24·7 25·0 
1·9 20·5 21·3 21·6 21·8 
2·0 18·5 19·0 19·2 19·3 
2·1 16·9 17·2 17·2 17·3 
2·2 15·6 15·7 15·7 15·7 
2·3 14·5 14•4 14·4 14•3 
2·4 13·6 13•4 13·2 13·1 
2·5 12·8 12·5 12·3 12·2 
2·6 12·1 11·7 11·5 11•4 
2·7 11·5 11·1 10·9 10·7 
2·8 11·0 10·5 10·3 10·1 
2·9 10·5 10·0 9·7 9·6 
3·0 10·1 9·6 9·3 9·1 
3•1 9·7 9•2 8·9 8·7 
3·2 9·4 8•8 8·5 8·3 
3·3 9·1 8·5 8·2 8·0 
3·4 8·9 8·2 7·9 7·7 
3·5 8·7 7·9 7·6 7·4 
3·6 8·5 7·7 7·4 7•2 
3·7 8·3 7·5 7•2 7·0 
3·8 8·1 7·3 7·0 6·8 
3·9 7·9 7·1 6·8 6·6 
4·0 7·7 6·9 6·6 6·4 
4•1 7·5 6·7 6·4 6·2 
4·2 7·4 6·6 6·2 6·0 
4•3 7·3 6·5 6·1 5•9 
4•4 7·2 6·4 6·0 5·8 
4·5 7·1 6·3 5·9 5·7 
4·6 7·0 6·2 5·8 5·6 
4•7 6·9 6·1 5·7 5·5 
4•8 6·8 6·0 5·6 5·4 
4·9 6·7 5·9 5·5 5·3 
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Table 11 Significance points ofF: a= 0·025 

1 2 3 4 

1·0 648 800 864 900 
1·1 375 450 479 494 
1·2 240 280 296 304 
1•3 166 189 198 202 
1·4 121 135 141 144 
1•5 92•9 102 105 107 
1·6 74·0 79•7 81•9 83•0 
1·7 60•8 64·3 65·7 66·4 
1·8 51•2 53·3 54·1 54·6 
1•9 44•0 45•2 45•6 45•8 
2·0 38·5 39·0 39•2 39•3 
2•1 34•2 34•2 34·2 34·1 
2•2 30•7 30·4 30•2 30·1 
2·3 27•9 27·3 27•0 26·9 
2•4 25•6 24·8 24•4 24·2 
2•5 23•7 22·7 22·2 22•0 
2•6 22•0 20•9 20·4 20·1 
2·7 20·6 19•4 18•9 18·6 
2·8 19•4 18·1 17•6 17•3 
2•9 18·4 17·0 16•4 16·1 
3·0 17•4 16·0 15•4 15·1 
3•1 16•6 15·2 14•6 14•3 
3·2 15·9 14·5 13·8 13·5 
3·3 15·3 13·8 13•1 12·8 
3•4 14•7 13•2 12•5 12•2 
3·5 14•2 12·7 12·0 11•6 
3•6 13·7 12•2 11•5 11•1 
3•7 13•3 11·8 11·1 10·7 
3·8 12•9 11•4 10·7 10•3 
3•9 12•5 11·0 10·3 9•9 
4•0 12•2 10·7 10•0 9·6 
4•1 11•9 10·4 9•7 9•3 
4•2 11•6 10·1 9•4 9•0 
4•3 11•3 9•8 9·1 8•8 
4•4 11•0 9·5 8•9 8·5 
4•5 10•8 9·3 8•7 8·3 
4•6 10·6 9•1 8•5 8·1 
4•7 10•4 8·9 8•3 7·9 
4•8 10·3 8•7 8·1 7•7 
4•9 10•2 8·6 7·9 7·6 



Table III Significance points of F: a = 0 · 01 

v, 
1 2 3 4 

Vz 

1·0 4052 5000 5403 5625 
1•1 1992 2380 2534 2618 
1•2 1110 1293 1362 1401 
1·3 682 776 812 831 
1•4 452 503 523 533 
1•5 308 347 359 365 
1·6 235 252 259 262 
1•7 181 191 195 197 
1•8 144 149 151 152 
1·9 118 120 121 121 
2·0 98·5 99·0 99•2 99·3 
2•1 84•0 83·2 82•9 82·7 
2·2 72·8 71·3 70·6 70•3 
2•3 64·1 61•9 61·0 60·5 
2•4 57·0 54•5 53•4 52·9 
2•5 51•3 48·5 47•4 46·7 
2·6 46·6 43•6 42•4 41•7 
2•7 42•7 39•5 38•2 37·5 
2·8 39•4 36·2 34•8 34·1 
2·9 36·6 33·3 31·9 31·2 
3·0 34·1 30·8 29•5 28·7 
3•1 32•0 28•7 27·3 26•6 
3•2 30•2 26·9 25·5 24•7 
3•3 28·6 25•3 23•9 23•1 
3·4 27·2 23•8 22•5 21•7 
3·5 25·9 22•6 21·2 20·5 
3·6 24•8 21•5 20•1 19·4 
3·7 23·7 20•4 19·1 18·4 
3·8 22·8 19•6 18•2 17·5 
3•9 22·0 18•7 17•4 16·7 
4•0 21·2 18•0 16•7 16·0 
4•1 20·5 17·3 16•0 15•3 
4•2 19·9 16•7 15·4 14•7 
4·3 19•3 16·2 14·9 14·2 
4•4 18·8 15·7 14•4 13·7 
4'5 18•3 15•2 13·9 13•2 
4•6 17·8 14·7 13•5 12•8 
4•7 17·4 14•3 13•1 12·4 
4•8 17•0 14•0 12·7 12•0 
4•9 16·6 13•6 12·4 11·7 





BIBLIOGRAPHY 

[1] Baker, F.B. and Collier, R.O., Jr. (1966). J. Amer. Statist. Ass., 
Vol. 61, No. 315. 

[2] Bartlett, M.S. (1947). Biometrics, Vol. 3, No. 1. 

[3] Beale, E.M.L., Kendall, M.G. and Mann, D.W. (1967). Biometrika, 
Vol. 54, pp. 357-65. 

[4] Berkson, J. (1950). J. Amer. Statist. Ass., Vol. 45, No. 250. 

[s] Box, G.E.P. (1953). Biometrika, Vol. 40. 

[6] Cochran, W.G. and Cox, G.M. (1950). Experimental Designs. 
Wiley, New York. 

[7] Cox D.R. (1958). Planning of Experiments. Wiley, New York. 

[a] Draper, N.R. and Smith, H. (1966). Applied Regression Analysis. 
Wiley, New York. 

[9] Eden, T. and Yates, F. (1933). J. Agric. Sci., Vol. 23. 

[10] Federer, W.T. (1955). Experimental Designs. Macmillan, New York. 

[11] Finney, D.J. (1941). Ann. Eugen., Vol. 11, Part 2. 

[12] 

[13] 

[14] 

[15] 

[16] 

[17] 

[18] 

[19] 

Fisher, R.A. (1936). Statistical Methods for Research Workers (6th edn), 
Oliver and Boyd, Edinburgh and London. 

Fisher, R.A. (1951). The Design of Experiments (6th edn), 
Oliver and Boyd, Edinburgh and London. 

Fisher, R.A. (1921). J. Agric. Sci., Vol. 11. 

Fisher, R.A. (1923). Proc. Camb. Phil. Soc., Vol. 21. 

Fisher, R.A. and Yates, F. (1948). Statistical Tables for 
Biological, Agricultural and Medical Research. Oliver 
and Boyd, Edinburgh and London. 

Gosset, W.S. ("Student"), (1908). Biometrika, Vol. 6. 

Hack, H.R.B. (1966). Biometrika, Vol. 45. 

Hartley, H.O. (1938). Suppl. J. Roy. Statist. Soc., Vol. 5, No.1. 

[20] Hartley, H.O. (1955). Communications on Pure and Applied 
Mathematics, Vol. 8. 

[21] Horsnell, G. (1953). Biometrika, Vol. 40. 

[22] Kempthorne, 0. (1952). The Design and Analysis of Experiments. 
Wiley, New York. 

[23] Kendall, M.G. and Stuart, A. (1958-1966), The Advanced Theory 
of Statistics. Griffin, London. 

[24] Linder, A. (1953). Planen und Auswerten von Versuchen. 
Verlag Birkhiiuser, BaseVStuttgart. 

[25] Miller, R.G. Jr. (1966). Simultaneous Statistical Inference. 
McGraw-Hill, New York. 

87 



88 

[26] Mood, A.M. and Graybill, F .A. (1963). Introduction to the Theory 
of Statistics. McGraw-Hill, New York. 

[27] Nair, K.R. (1948). Biometrika, Vol. 35. 

[28] Neyman, j. (1935). J. Roy. Statist. Soc., Suppl., Vol. II, No.2. 

[29] Ottestad, P. (1953). Skandinavisk Aktuarietidskrift, 1952. 

[30] Ottestad, P. (1960). Sci. Reports from the Agric. Col/. of Norway, 
Vol. 39, No. 7. 

[31] Pearson, E.S. and Hartley, H.O. (1958). Biometrika Tables for 
Statisticians, Vol. 1. 

[32] Pitman, E.j.G. (1937). Biometrika, Vol. 29. 

(33] Quenouille, M.H. (1959). New Statistical Tables, Series No. XXVII 
(Biometrika), Vol. 46, Parts 1 and 2. 

(34] Scheffe, H. (1959). The Analysis of Variance. Wiley, New York. 

(35] Tukey, j.W. (1946). Biometrics, Vol. 5, No.2. 

(36] Welch, B.L. (1937). Biometrika. Vol. 29. 

(37] Wold, H. (1954). Tracts for Computers, Vol. XXV, Cambridge 
Univ. Press. 

-sc;os-·~ 

\1·~·1} 

7_. --~,.:..--
.~/ 

/ 





?t/:;;~'!II!II!IIIIIZ1lfli~l;;·r 
···•·: J ·~.JJIIIE11!l~ill~~~1~.6·\ 
. · . .i'l.-~c?w.~~:;ti.! :·t~i¢.q~·euc;_¢t7.t1J:rtr ~--.:: ~~-::?~ :- "1?-?'=if.. §i ':;f-.~·:' T f: ';;; ~:;:-_,;, .Ji"Ai·if..i.\:..i :· . 

·. ~~~J$~~i~~~~;W?W1P?{:!~1-!-~~~·Jr;~~~~Ht . 
· <ExerCises in· ilieoretieaUiatistics .. ': . : · · -~- . , .... :;.: --~t; ·:o:: KENDA-t t : · 

J:.x~rCIS.efiii P.~:obq6}~j)f alldjrariliics . · .. ,_ • ·:. . ·: 1.'1; -~~ jA!&rAN. : 
Characu!risticfluicno_liS.(2iid-edn) : , .-· . . . •· -. : ··~£;·· -r,.ui<Acs : . 

. Rapid slatistica(calctlliirioiis . . . . . - - . M . H. Qi JENOUTLLE 

Stmisiiccil comm1micati01i: lind detection:··. 11'/fi, :· special refei·c;nce · to 
digital data processing" oj}(}dm' and siiisiii[C .~il:nals - F. . A. ROiliNSON 

Biomathematics - ·- ' · . . · c . A. n. SMITH 

Random· processes and rile growth of firms . . J . STETNDL 
The design. and analysis o.fe.rperimenr - . M. H. QI JF.NOUTLLE 

Matlfematicalmodel building inec01iomics and ilidt/Siry C-E-1-R LTD: 

Complller simulation models . . _ -· . . JOI:IN SMITH 

Sampling methods for censuses and surreys . . F. YATES 

Statisticctlmerhod in biological assay D. J . FI!'!NEY 

The mathc•inatical theory of epidemics N . T . J. BMLF.Y 

Probability and the weighing of el'idence . . u : Gooo 
Combinatorial chance : :. · · F. N. DAVID & D. E. BARTON 

Games, gods and gamblilig: the origins -and histO!J' of probabi~ity and 
statistical ideas -. -- ~. _ · F. N. DAVID 

A1atlu:matical puzzles for ihe cOJ(~wi~:feur . . . . 
. . . - · .- . P . ' ~l. H. KENDALl:-& G. 1\1. THmiAS 

Descriptive brochui'eavailablc from the Publishers . 

~ Li h ra ry liAS, Shimla , 
5190t8S c 

lllllll lllll lllll lllllllllllllll llllll llll llllllll r 


	2022_06_09_15_09_13_001
	2022_06_09_15_09_13_002
	2022_06_09_15_09_13_003
	2022_06_09_15_09_13_004
	2022_06_09_15_09_13_005
	2022_06_09_15_09_13_006
	2022_06_09_15_09_13_007
	2022_06_09_15_09_13_008
	2022_06_09_15_09_13_009
	2022_06_09_15_09_13_010
	2022_06_09_15_09_13_011
	2022_06_09_15_09_13_012
	2022_06_09_15_09_13_013
	2022_06_09_15_09_13_014
	2022_06_09_15_09_13_015
	2022_06_09_15_09_13_016
	2022_06_09_15_09_13_017
	2022_06_09_15_09_13_018
	2022_06_09_15_09_13_019
	2022_06_09_15_09_13_020
	2022_06_09_15_09_13_021
	2022_06_09_15_09_13_022
	2022_06_09_15_09_13_023
	2022_06_09_15_09_13_024
	2022_06_09_15_09_13_025
	2022_06_09_15_09_13_026
	2022_06_09_15_09_13_027
	2022_06_09_15_09_13_028
	2022_06_09_15_09_13_029
	2022_06_09_15_09_13_030
	2022_06_09_15_09_13_031
	2022_06_09_15_09_13_032
	2022_06_09_15_09_13_033
	2022_06_09_15_09_13_034
	2022_06_09_15_09_13_035
	2022_06_09_15_09_13_036
	2022_06_09_15_09_13_037
	2022_06_09_15_09_13_038
	2022_06_09_15_09_13_039
	2022_06_09_15_09_13_040
	2022_06_09_15_09_13_041
	2022_06_09_15_09_13_042
	2022_06_09_15_09_13_043
	2022_06_09_15_09_13_044
	2022_06_09_15_09_13_045
	2022_06_09_15_09_13_046
	2022_06_09_15_09_13_047
	2022_06_09_15_09_13_048
	2022_06_09_15_09_13_049
	2022_06_09_15_09_13_050
	2022_06_09_15_09_13_051
	2022_06_09_15_09_13_052
	2022_06_09_15_09_13_053
	2022_06_09_15_09_13_054
	2022_06_09_15_09_13_055
	2022_06_09_15_09_13_056
	2022_06_09_15_09_13_057
	2022_06_09_15_09_13_058
	2022_06_09_15_09_13_059
	2022_06_09_15_09_14_001
	2022_06_09_15_09_14_002
	2022_06_09_15_09_14_003
	2022_06_09_15_09_14_004
	2022_06_09_15_09_14_005
	2022_06_09_15_09_14_006
	2022_06_09_15_09_14_007
	2022_06_09_15_09_14_008
	2022_06_09_15_09_14_009
	2022_06_09_15_09_14_010
	2022_06_09_15_09_14_011
	2022_06_09_15_09_14_012
	2022_06_09_15_09_14_013
	2022_06_09_15_09_14_014
	2022_06_09_15_09_14_015
	2022_06_09_15_09_14_016
	2022_06_09_15_09_14_017
	2022_06_09_15_09_14_018
	2022_06_09_15_09_14_019
	2022_06_09_15_09_14_020
	2022_06_09_15_09_14_021
	2022_06_09_15_09_14_022
	2022_06_09_15_09_14_023
	2022_06_09_15_09_14_024
	2022_06_09_15_09_14_025
	2022_06_09_15_09_14_026
	2022_06_09_15_09_14_027
	2022_06_09_15_09_14_028
	2022_06_09_15_09_14_029
	2022_06_09_15_09_14_030
	2022_06_09_15_09_14_031
	2022_06_09_15_09_14_032
	2022_06_09_15_09_14_033
	2022_06_09_15_09_14_034
	2022_06_09_15_09_14_035
	2022_06_09_15_09_14_036
	2022_06_09_15_09_14_037
	2022_06_09_15_09_14_038
	2022_06_09_15_09_14_039
	2022_06_09_15_09_14_040
	2022_06_09_15_09_14_041
	2022_06_09_15_09_14_042
	2022_06_09_15_09_14_043
	2022_06_09_15_09_14_044
	2022_06_09_15_09_14_045
	2022_06_09_15_09_14_046
	2022_06_09_15_09_14_047
	2022_06_09_15_09_14_048
	2022_06_09_15_09_14_049
	2022_06_09_15_09_14_050
	2022_06_09_15_09_14_051

