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PREFACE 

:"viy main 1·ea:::;on for writing this book was to make available to English­
speaking students the results of Chapter III, the so-called multiplicity 
theory. The only exposition of that theory that has been easily available 
in America is the one given by Stone, who discussed self-adjoint opera­
tors on a sepamble Hilbert space. The theory as I present it deals with 
arbitrary spectral measures and includes, consequently, the multiplicity 
theory of (bounded or unbounded) normal operators on a not nec,essal'ily 
separable Hilbert space, and includes, as another useful special case, the 
multiplicity theory of unitary representations of locally compact abelian 
groups. In view of the fact that a weakly closed, self-adjoint, commuta­
tive operator algebra has a lot of projections in it, the stmcture theory 
for Boolean algebras of projections, as developed in Chapter III, applies 
to such operator algebras also. 

I have been fortunate in being able to make use of several simplifica­
tions of Hilbert space theory, some of which were published only in 
the last five years. As examples of such recent contributions I mention 
Eberlein's proof of the spectral theorem and the detailed treatment of 
the multiplicity theory by Plessner and Rohlin. The work of the latter 
authors, in turn, is obviously very strongly influenced by the pioneering 
research of Wecken. The approach to multiplicity theory which I present 
has some claim to novelty, but in its fundamental ideas it is essentially 
a permutation of what I learned from Wecken and from Nakano. 

The fhst two chapters of the book are not new at all and they are 
there only to prepare the way for Chapter III. The last clause is not, 
however, to be taken literally-one can draw a shortet· and straighter 
line between the axioms of Hilbert space and the theory of multiplicity 
than the one I have dmwn. Such material as does not directly contribute 
to Chapter III has the purpose of nailing down the edges, so to speak­
of supporting the strictly necessary material by illuminating and illus­
trating it. Despite the presence of "irrelevant" theorems, large parts 
of the theory of Hilbert space are still conspicuous by their absence: 
I do not define unbounded operators, for instance, and I do not even 
mention any of the several valuable applications of the theory to in­
teresting specinl cases. 
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4 PREFACE 

There are three technical details that the reader should know. ( 1) 
Since some of the notation which is used throughout the hook is es­
tablished in §0, both the expert and the beginner nrc ach·i:,;cd to glance 
at that initial section. (2) There are a few statements, printed formally 
as theorems, which are not supported by eYen one "·ord of proof. The:r 
exist for purposes of reference and they are not prayed, because I con­
sidered them trivial. (3) The reference system is simple and standard. 
An expression such as u.v, where u and v are ordinal numbers, refers 
to Theorem v in §u. 

In conclusion I want to express my warmest thanks to Arlen Brmvn, 
M. Gerstenhaber, IVI. :'vi. Gutterman, and E. A. Michael for their aid in 
preparing this book. They read the manuscript, made many valuable 
suggestions, and would not back down when I objected to their criticism. 
I am also grateful to my colleagues Irving Kaplansky and I. E. Segal 
for several stimulating conversations about multiplicity theory. 

P.R. H. 
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§0. Prerequisites and Notation 

The principal prerequisite for an intelligent reading of this little book 
is a thorough knowledge of what is usually called the theory of functions 
of a real variable. We use that phrase, as it is ahvays used, to denote a 
hodge-podge of the theories of sets, cardinal numbers, topological (and 
particularly metric) spaces, measure, and integration. References for 
results used but not developed in the text (as well as occasional references 
to the sources of our material and to detailed presentations of subjects 
we shall barely have time to mention) are to he found at the end of the 
book. 

We devote the remainder of this section to a detailed description of 
our terminological and notational conventions and to the statement of 
a representation theorem for linear functionals which we need in a form 
slightly different from the one in which it is usually given. 

The word family is used throughout (as a genei"alization of sequence) 
to denote an indexed set, so ~hat, for inst~n~e, a family lail of real 
numbers is a real-valued functwn on a cert~m mdex set lj}. Any adjec­
tive (such as finite or countable), when apphed to a family is to be inter­
preted so as to modify the index set which serves as the ciomain of that 
family. If 1 ail is a family of objects, each object ai is called a term of 
the family. 

The symbol o;k is the Kronecker delta: its value is 1 or 0 according as 
j = k or j ~ k. The symbol ~o denotes the cardinal number of the set 
of all integers. The le~te_r x (ah~wst always used with a subscript) is 
reserved for charactenstlc functwns, so that, for instan "f Jlf is a 

r d ·r . . t f v th ce, 1 
subset of a space X an 1 tIS a pom 0 """"' · en x.,,(t) = 1 or 0 according 
as t does or does not belong to llf. 

The word polynomial without an adjective means a p 1 · 1 with 
d"fi . . h o ynomm 

complex coefficients_; th~ mo I catwn. m t e Phrase 1"cal polynomial 
indicates a polynomial with real coefficwnts. The com 1 . t f 

. * P ex conJuga e o 
a complex number a IS denoted by a · The least upper bound and the 
greatest lower bound of a set_llf of real numbers are denoted b s mbols 
such as sup Ia: a~ M} and mf Ia: a~ ilf} respectively. y y 

The empty set IS denoted by 0. 1 he symbol r • . • • • d f 1• 
• t • • • ·} IS use o "the set where ... "' so that, for mstance, I a: a > 0 I . I f 11 

Is t 1e set o a 
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positi,·e real numbers. The symbols U, n, -,and care used for union, 
intersection, relative complement, and not necessarily proper set in­
clusion respectively. The symbol E is used to indicate the belonging of 
an element to a set; the negation of a belonging assertion is indicated 
by a similar use of E'. The Cartesian product of two sets 1lf and N is 
denoted by M X N. 

The convergence of a sequence {xn} of points in a metric space to a 
point xis denoted by Xn ~ x. The closure of a subset M of a metric (or, 
more genemlly, of a topological) space is denoted by P.I. 

By a measure (without adjectives) we shall always mean a non-negatiYe 
and countably additive set function p. defined on a Boolean u-algebra 
S of subsets of a set X. Almost all the measures we shall encounter will 
be finite measures, i.e. such that p.(X) < oo. A complex measure is a 
complex-,·alued, countably additive set function. Since the real and 
imaginary parts of a complex measure are countably additive, and since, 
therefore, each of these parts is the difference of two measures, it makes 
sense to integrate with respect to a complex measure; the process is to 
be <'arried out by expressing the given complex measure as a linear com­
bination of measures, as just indicated, and then forming the correspond­
ing linear combination of ordinary integrals. 

If (X, S, p.) is a measure space, if M is a measurable subset of X 
(i.e. if M C X and Jll E S), and if a (complex-valued) function f is 
integrable with respect top. on 111, then the value of the integral is de­
noted by JMf(t) dp.(t) or JMfdp.; if M = X, the subscript is omitted. 

If p. is a measure and if a is a positive number, the set of all complex­
valued measurable functions f such that l.f Ia is integrable with respect 
to p. is denoted by ~a(p.). (The only values of a which will interest us 
arc 1 and 2.) If two functions in ~a(P.) differ only on a set of measure 
zero, they are regarded as identical. 

A useful prepositional distinction is made by saying that a measure 
p. is defined on S and in X. This usage may be extended slightly. If X 
is a set, if S is a Boolean u-algebra of subsets of X, and if M is a set in 
S, we shall speak of a measure p. defined in M, meaning that p. is defined 
on S and p.(X - M) = 0. 

The representation theorem that we mentioned earlier may be stated 
as follows. Suppose that L is a complex-valued function whose domain 
is the set of all real polynomials (in one variable) and which is such that 
L(ap + {3q) = aL(p) + {3L(q) whenever a and {3 are real numbers and 
p and q are real polynomials-suppose, in other words, that L is a linear 
functional of polynomials. Let X be the real line and let A be a compact 



10 §0. PREREQUISITES AND NOT:\TIO:'\ 

subset of X; for any complex-valued, bounded function f on A write 
N.\ (f) = sup { If(>.) I:>. E A j. If the linear functional L is bounded in 
the sense that there exists a positive real number a such that I L(p) I ~ 
aN.\ (p) for all real polynomials p, then there ex ish a unique romp lex 
measure JJ. defined on the class of all Borel ::;ubsets of X and in .\ and suc·h 
that L(p) =fA p dJJ. for all real polynomials p. The eomplex measure J.l 
has, moreover, the property that I J.l(M) I ~ a for ever.\' Bon•l suhsPI .1/ 
of X. 

If that were all, it would be bad enough-but we need c\·en more. 
The more that we need is the extension of the theorem to two dimen­
sions. The statement of the more general result is very easy to describe: 
it is obtained from the statement above by changing the parentlwtieal 
phrase "in one variable" to "in two variables," and interpreting the 
symbol X as the Cartesian product of two real lines (or, equi\•alcntly, 
as the complex plane). 



CHAPTER I 

THE GEOMETRY OF HILBERT SPACE 

§1. Linear Funetionals 

Throughout this book we shall work with vector spaces over the field 
of eomplex numbers, or, as they may be more briefly described, complex 
vector :';paces. The simplest and yet by far the most important example 
of a complex vector space is the set G: of all complex numbers, with the 
vector operations of addition and scalar multiplication interpreted as 
the ordinary arithmetic operations of addition and multiplication of 
complex numbers. 

\:V e recall an elementary definition. A linear transformation from a 
complex vector space ~ to a complex vector space St is a mapping .4. 
from .'i) into.~ such that A.(ax + [jy) = aA.x + (jAy identically for all 
complex numbers a and (3 and all vectors x andy in~- Just as the special 
vector space G: plays a distinguished role among all complex vector 
spaces, :-;imilm·ly linear transformations whose range space 5! coincides 
with G: (such linear transformations are called linear functionals) play a dis­
tinguished role among all linear transformations. Explicitly: a linear 
functional on a complex vector space ~ is a complex-valued function 
~ on .~ such that (and now we proceed, for the sake of variety, to state 
the definition of linearity in terms slightly different from the ones used 
above) 

(i) ~ is additive (i.e. ~(x + y) = t(x) + ~(y) for every pair of vectors 
x and y in ~), and 

(ii) t is homogeneous (i.e. t(ax) = at(x) for every complex number 
a and for every vector x in ~). 

It is sometimes convenient to consider, along with linear functionals, 
the closely related conjugate linear functionals whose definition differs 
from the one just given in that the equation t(ax) = at{x) is replaced 
by Hax) = a*Hx). There is a .simple and obvious relation between the 
two concepts: a necessary and sufficient condition that a complex-valued 
function t on a complex vector space be a linear functional is that t* 
be a conjugate linear functional. 

11 



12 I. THE GEOMETRY OF ffiLDERT SPACE 

§2. Bilinear Functionals 

For the theory that we shall develop, the concept of u bilinear func­
tional is even more important than that of a linear functional. A bilinear 
functional on a complex vector space .'1) is a complex-valued function 
cp on the Cartesian product of~ with itself such that if ~11 (x) = 7JzCY)_ = 
cp(x, y), then, for every x and y in ,\), ~71 is a linear functional and 71x 1s a 
conjugate linear functional. 

This definition of a bilinear functional is different from the one com­
monly used in the theory of vector spaces over an arbitrary field; tlw 
usual definition requires that, for every x and y in .'1), both 7Jx and ~11 shall 
be linear functionals. An example of a bilinPar functional in this "usual" 
sense may be manufactured by starting with t\\·o arbitrary linear 
functionals ~and 7J and writing cp(x, y) = Hx)"ll(y); an obviously related 
example of a bilinear functional in the sense in which we defined that 
concept is obtained by writing cp(x, y) = Hx) 17*(y). The objects that we 
defined are sometimes called Ilei·mitian bilinear functionals. Further 
examples of either usual or Hermitian bilinear functionals may be con­
structed by forming finite linear combinations of examples of the product 
type described above. After this brief comment on the peculiarity of our 
terminology (adopted for reasons of simplicity), "·e shall consistently 
stick to the definition that was formally given in the preceding para­
graph. 

It is easy to verify that if cp is a bilinear functional and if the function 
if! is defined by if!(x, y) = cp*(y, x), then if! is a bilinear functional. A bi­
linear functional cp i_s symmetric if cp = 1/1, or, explicitly, if cp(x, y) = 

cp*(y, x) for every pmr of vectors x and y. A bilinear functional cp is posi­
tive if cp(x, x) ~ 0 for every vector x; we shall say that cp is strictly positive 
if cp(x, x) > 0 whenever x ~ 0. 

§3. Quadratic Forms 

The quadratic form q; i~duced by a bilinear functional cp 011 a complex 
vector space is the functwn de_fined for each vector x by q;(x) = cp(x, x). 
Using this language and notatwn, we may paraphrase one of the defini­
tions in the last paragraph of the preceding section as follows: cp is posi­
tive if and only if q; is positive in the ordinary sense of taking only 
positi,·e values. 

A routine computation yields the following useful result. 

THEOREM 1. If$ is the quadratic .form h~du.ccd by a bilinear functional 
cp on a complc:r vector space 5), then 
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c,o(:~:, y) = MHx + y)) - r.O(Hx - y)) 

+ ir.O(Hx + iy)) - ir,O(!(x - iy)) 

.for every pair of vectors ;r awl y in ~-

13 

The procp:-::-; of calculating the values of the bilinear functional cp from 
the values of the quadratic form r,O, in accordance with the identity in 
Theorem 1, i:-; known as polarization. As an immediate corollary of this 
process we obtain (and WP state in Theorem 2) the fact that a bilinear 
funet.ional i:-; uniquely detennined by its quadratic form. 

Tm-:oHK\1 :2. If two bilinear .functionals cp mull/1 arc such that r,O = J;, 
then cp = 1/J. 

Theorem 2 in turn may be applied to yield a simple characterization 
of symmetric bilinear functionals. 

THBOHE;'II ~- .·l l!iHncar functional cp 1:s symm.ctric if and only ~f r,O 
is real. 

Proof. If cp is symmetrie, then r,O(.t:) = cp(x, x) = cp*(x, x) = r,O*(x) 
for all x. If, conversely, r,O is real, then the bilinear functional 1/1, defined 
by 1/l(x, y) = cp*(y, x), and the bilinear functional cp are such that r,O = if;; 
it follows from Theorem 2 that cp = 1/J. 

§4. Inner Product and Norm 

An inner product in a complex vector space ~ is a, strictly positive, 
symmetric, bilinear functional on S). An inner product space is a complex 
vector space .p and an inner product in~- The vector space(£ of all 
complex numbers becomes an inner product space if the inner product 
of a and {3 is defined to be a/3*; in what follows we shall always interpret 
the symbol <£, not merely as a vector space, but as an inner product space 
with this particular inner product. 

It is convenient and, as it turns out, not confusing to use the same 
notation for inner product in all inner product spaces; the value of the 
inner product at an ordered pair of vectors x and y will be denoted by 
(x, y). The quadratic form induced by the inner product also has a uni­
versal symbol: its value at a vector x will be denoted by II x W. The 
posith·e square root II x II of II x W is called the norm of the vector x. 
Note that the norm of a vector a in the inner product space <£ coincides 
with the absolute value of the complex number a. 

Throughout this book, unless in some special context we explicitly in­
dicate otherwise, the symbol .p will denote a .fi:r.ed inner product space; all 
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apparently homeless vectors will be presumed to belong to S) and the 
definitions of all concepts and the proofs of all theorems will pertain 
to{). 

THEOREM 1. A necessary and su.fficient condition that :r = 0 is 
that (x, y) = 0 for all y. 

Proof. If (x, y) = 0 for ally, then, in particular, (x, x) = 0 and conse­
quently, since the inner product is strictly positive, x = 0. If, con­
versely, x = 0, then (x, y) = (Ox, y) = O(x, y) = 0. (Note that the 
proof of the converse is nothing more than the proof of the fact that if 
~ is any linear functional, then HO) = 0. It follows, of course, that if 
cp is any bilinear functional, then cp(O, y) = cp(x, 0) = 0 for all x and y.) 

THEOREM 2. (The parallelogram law.) For any vectors x and .11, 

II X + y w + II X - y w = 211 X w + 211 y w. 
Proof. Compute. 

The reader should realize the relation between Theorem 2 and 
the assertion that the sum of the squares of the two diagonals of a 
parallelogram is equal to the sum of the squares of its fom sides. 

The most important relation between vectors of an inner product 
space is orthogonality; we shall say that xis orthogonal toy, in symbols 
x ..L y, if (x, y) = 0. In terms of this concept Theorem 1 says that. the 
only vector orthogonal to every vector is 0. For orthogonal vectors the 
statement of the parallelogram law may be considerably sharpened. 

THEOREM 3. (The Pythagorean theorem.) If x ..L y, then 

llx+yW= llxW+IIYW. 
The reader should realize the relation between Theorem 3 and the 

assertion that the square of the hypotenuse of a right triangle is the 
sum of t~e squares of its two perpendicular sides. 

A family lx;j of vectors is an orthogonal family if X; ..L Xk whenever 
j ~ k .. W~ shall have no qualms about using the obvious inductive 
generahzat10n of the Pythagorean theorem, i.e. the assertion that if 
lx;l is a finite orthogonal family, then II T.;x; W = "1:.; II x; W. 

§5. The Inequalities of Bessel and Schwarz 

A vector x is normalized or is a unit vector, if II x I i = 1 ; the process 
of repl~cing a non-zero v~ctor x by the unit vector x/11 :r II is called 
normaltzation. A family {x;} of vectors is an orthonormal family if it 
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is an orthogonal family and each vector X; is normalized, or, more ex­
plicitly, if (x;, Xk) = o;k for all j and k. 

THEORE:\1 1. (Bessel's inequality.) If {x;} is a finite orthonormal family 
of vectors, then 

for every vector x. 

Proof. 

0 ~ II x - 2":;(x, x;):r; W = II x W- 2":;(x, x;)(x;, x) - 2":;(x, x;)*(x, X;) 

+ ~;2":k(x, x;)(x, xk)*(x;, xk) = II x W - 2":; I (x, x;) 12• 

(The expressions (x, x;) will occur frequently in our work; they are 
<'alled the Fourier coefficients of the vector x with respect to the ortho­
normal family {x;J .) 

It is sometimes useful to realize that the strict positiveness of the 
inner product is not needed to prove the Bessel inequality. In the 
presence of strict positiveness, however, the statement of Bessel's in­
equality can be improved by adding to it the assertion that equality 
holds if and only if x is a linear combination of the x/s. The proof of 
this addition is an almost immediate consequence of the observation 
that in the proof of Bessel's inequality there is only one place at which 
an inequality sign occurs. 

Tm:onE:II 2. (Schwarz's inequality.) I (:t~, y) 12 ~ II x 11·11 y II . 
Proof. If y = 0, the result is obvious. If Y ~ 0, write Yo = y/ll y II ; 

since II y0 II = 1, i.e. since the family consisting of the one term y0 is 
an orthononormal family, it follows from Bessel's inequality that 
I (x, Yo) I ~ II X II · 

Schwarz's inequality, just as Bessel's inequality, would be true even 
if the inner product were not strictly positive (but merely positive). Our 
proof of Schwarz's inequality is not delicate enough to yield this im­
provement: we made use of strict positiveness through the possibility 
of normalizing any non-zero vector. In the presence of strict positive­
ness, however, the statement of Schwarz's inequality can be improved 
by adding to it the assertion that equality holds if and only if x and y 
arc linearly dependent; the proof of this addition is, in one direction, 
trivial and, in the other direction, a consequence of the corresponding 
facts about Bessel's inequality. 

The Schwarz inequality has an interesting generalization. If {x;} is a 
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non-empty, finite family of vectors, and if 'Yik = (x;, Xk), then the 
determinant of the matrix ['Y;k] is non-negative; it vanishes if and only 
if the x;'s are linearly dependent. 

§6. Hilbert Space 

THEOREM 1. The norm in an inner product space is 

.~trictly positive (i.e. II x II > 0 whenever x ¢ 0), 

]JOsitively homogeneous (i.e. II ax II = I a 1·11 x II), and 

subadditive (i.e. II x + y II ~ II x II + II Y II). 
Proof. The strict positiveness of the norm is merely a restatement of 

the strict positiveness of the inner product. The positive homogeneity of 
the norm is a consequence of the identity 

II ax 11 2 = (ax, ax)= aa*(x, x) =I a 12 ·11 x 11 2-

The subadditivity of the norm follows, using Schwarz's inequality, 
from the relations 

II x + Y 11 2 = (x + y, x + y) ~ II xI! 2 + l(x, Y)l + l(y, a:)l + II Y II 2 

~ II X 11 2 + 211 X 11·11 y II + II y II 2 = <II X II + II y 11)2 • 

THEOREM 2. If the distance from a vector x to a vector y is defined to be 
II x - y II , then, with respect to this distance function,.~ i.~ a metric space. 

Proof. The fact that the distance function is strictly positive (i.e. that 
II x - y II ~ 0, with equality holding if and only if x = y) follows from 
the strict positiveness of the norm. The fact that the distance function 
is symmetric (i.e. that II x - Y II = II y - x II for every pair of vectors 
x and y) follows from the positive homogeneity of the norm and the 
identity (x - y) = ( -1)(y - x). The validity of the triangle inequaUty 
(i.e. the relation II x- Y II ~ II x - z II+ II z - y II for every triple of 
vectors x, !J, and z) follows from the subadditivity of the norm and the 
identity x - y = (x - z) + (z - y). 

In view of Theorem 2 we shall feel free to use, for inner product 
spaces, all such topological concepts as convergence, continuity, separa­
bility, dense set, closed set, and the closure of a set, and all such metric 
concepts as uniform continuity, Cauchy sequences, and completeness. 
We shall, in particular, need to make use of the continuity of the four 
operations (scalar multiplication, addition, and the formation of inner 
products and norms) which are intrinsic to inner pt"Odnct spaces. 
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THEOREM 3. If <I>a(x) = ax, <l>+(x, y) = x + y, <1>11 (x) (x, y), and 
<l>(x) = II x II whenever a is a complex number and x and y m·e vectors, 
then all the functions <I>a, <1>+, <1>11 , and <I> are uniformly contimums func­
tions of all their arguments. 

Proof. The four assertions are consequences, respectively, of the 
following four inequalities. 

II ax1 - ax2 II ~ I a 1·11 X1 - :~:2 II . 

\l(xl + l/I) - (x2 + !/2)11 ~ II X1 - :r2ll + II Y1 - Y2ll . 

l(xl, y)- (:~:2, y)l ~II X1- x2ll·ll Y 11. 

I II X! II - II X2 II I ~ II X! - X2 II . 
A Hilbert space is an inner product space which, as a metric space, is 

complete. It is worth noting that the special inner product space ([ 
(cf. §§1 and 4) is in fact a Hilbert space. We extend the convention 
established in §4 by requiring that, from now on, the inner product space 
$) under consideration shall in fact be a Hilbert space. 

A normed vector space is a vector space with a strictly positive, 
positively homogeneous, and subadditive norm; a Banach space is a 
normed vector space which, as a metric space, is complete. A small 
fraction of our results will be valid for Banach spaces as well as for the 
special Banach spaces (i.e. Hilbert spaces) that we are studying; when­
ever it is possible and convenient to do so, we shall arrange our proofs 
so that they make sense in any Banach space. The precise extent to 
which Hilbert spaces differ from general Banach spaces has received 
quite a bit of attention; it may be expressed by saying that the norm 
in a Hilbert space is essentially quadratic in character, in the sense, for 
instance, that the parallelogram law is valid. 

The completeness of Hilbert space is, to be sure, an essential p.art 
of its structure, but it is unessential in the sense that an inner product 
space can always be completed to be a Hilbert space. More precisely it 
is true that the linear operations and the inner product may be uniquely 
extended to the ordinary metric completion of an inner product space 
so that the completion becomes a Hilbert space. 

§7. lnfini te Sums 

A family { x; J of vectors will be called smnmable with smn x, in symbols 
"1:,;xi = x, if for every positive number E: there exists a finite set J 0 of 
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indices such that II x - ~;aX; II < c whenever J is a finite set of in­
dices containing Jo . It is clear from this definition that a finite family 
of vectors is always summable and that its sum, in the present sense, 
coincides with the elementary concept of vector sum. As another ex­
ample we mention the fact (whose proof is a not particularly difficult 
exercise) that a sequence I an J of vectors in the Hilbert space <s: is 
summable with sum a if and only if the ordinary numerical series 
~'::=1an is absolutely convergent to the value a. We emphasize the fact 
(and we shall make use of it below) that our definition makes sense, in 
particular, in the space <s: and hence that such relations as ~;a; = a arc 
meaningful (though not necessarily true) for not necessarily countable 
families {a;} of complex numbers. 

It follows from the last remark that the theorem which we have been 
calling Bessel's inequality makes sense for not necessarily finite (nor 
even necessarily countable) orthonormal families. It not only makes 
sense-it is true. The proof requires nothing more than the observa­
tion that, by the definition of sums, it is sufficient to consider finite 
families. We propose, accordingly, to change our custom and, in the 
sequel, when we refer to Bessel's inequality, to have in mind the gener­
alization just now discussed. More formally: Bessel's inequality is to be 
interpreted as the theorem obtained from 5.1 by deleting the word 
"finite." One amusing consequence of the Bessel inequality in this form 
is the proposition that if {xn} is an orthonormal sequence, then (x, Xn) ~ 
0 for every vector x, i.e. that the Fourier coefficients of x tend to 0. _ 

THEOREM 1. If ~;x; = x, then~;ax; = ax for every complex number a. 

TrrEOREl\I 2. If {x;'l and l!!il are two famil~es of vectors, indexed by 
thesamesel Ul, and 1j ~;x; = x and ~;Y; = y, then~;(x; + Y;) = x + y. 

THEOREM 3. If ~;X; = X, then ~;(X;, y) = (x, y) and ~;(y, X;) = 
(y, x) for every vector y. 

The proofs of all three theorems are quite elementary; they are, in 
fact, consequences of the following three relations (valid for any finite 
set J of indices) respectively: 

II ax- ~i•JaX; II= I a 1·11 X- ~i•JXi II, 
ll(x + y)- ~;a(X; + Y;)ll ~II x- ~;.JXi II+ II Y- 'l:.;,JYi II' 
l(x, y) - ~i•J (x;, YJI = /(x - ~;.,x;, y)l ~ II x - '5:.;,,x, II· !I !!I! · 
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§8. Conditions for Summability 

THEORE:\1 1. 11 family lx;} of vectors is swnmable if and only if for 
every positive number £: there exists a finite set Jo of indices such 
that II :£; i ax; II < £: whenever J is a finite set of indices disjoint from J o . 

lf I x; J is swnmable, then the set of those indices .i for wl11"ch x; ~ 0 is 
countable. 

Proof. If lx;} is summable with sum x, then for every positive 

number r there exists a finite set Jo such that II x- "2:,;.JX; II < ~when­

ever J -:::>J0 • It follows that if J n Jo = 0, then 

II "};i<JXj II = II "};i<JUJoXi - "};i<JoXi II ~ II X - "};i<J UJo X; II 
+II X- "2:,;u 0 X; II < l"· 

If, conversely, the condition is satisfied, then for every positive integer n 

there exists a finite set J n such that II "};i•J ~t; II < ~whenever J n J n = 0. 
n 

By replacing J,. by J 1 u · · · u J n, n = 1, 2, · · · , we see that there is 
no loss of generality in assuming (and we do therefore assume) that the 
sequence I J n J of finite sets is increasing. (From these considerations we 
can already deduce the second assertion of the theorem. If, indeed, an 
indexj does not belong to the countable set J1 u J2 u · · · , then II x; II < 
~ for every positive integer n and consequently x; = 0.) To complete 
n 
the proof of summability, note that if n < m, then 

since (J m - J ,.) n J,. = 0. It follows from the completeness of Hilbert 
space that there exists a vector x such that II "2,;u .. x; - x !I~ 0. If J is 
any finite set of indices containing J,. , then 

II X - "2:,;.JXi II ~ II X - "2:,;a .. x; II + II ~i<J-J.,X; II 
and therefore {x;} is summable with sum x. 

The second part of Theorem 1 asserts that our concept of summation 
is more of a notational convenience than a great generalization of the 
more elementary concept of infinite series. 

THEOREM 2. An orthogonal family {x;} of vectors is summable if and 
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only if the family {II xi II 2 } of positive numbers is summable; this condi­
tion may also be expressed by writing '!;;II x; 11 2 < oo. If x = 'l:;;x;, 

then II x II 2 = '!;;II x; 11 2• 

Proof. If {x;} is summable, then for every positive number t: there 
exists a finite set Jn such that II !;;aX; II <£"whenever .J n .lo = 0, and 
consequently 

"2:-;,J II X; 11 2 = II !;;aX; 11 2 < / 
whenever J n ./0 = 0. If, conversely, 2:.; II x; 11 2 < co, then for every 
positive number E: there exists a finite set .lo such that "2:-;a II x; 11 2 < / 
(and consequently II !;;ax; II < €) whenever J n ./0 = 0; summability 
follows from Theorem 1. The second assertion of the theorem is a con­
sequence of the relations 

(x, x) = (!;;x;, x) = ~;(x;, x) = !;;(x;, 'l:;k:rk) 

= "2:-;'l:;k(X;, Xk) = "2:-;(X;, X;). 

(The last step in this chain of equations depends on the obvious fact 
that if all but one of the terms of a family of vectors, or, in particular, 
of complex numbers, are zero, then that family is summable and its 
sum is the exceptional te_rm.) 

Note that the second part of Theorem 2 is the obvious generalization 
of the Pythagorean theorem to not necessarily finite sums; just as in 
the case of Bessel's inequality we shall in the sequel use the phrase 
Pythagorean theorem to refer to the generalized version. 

§9. Examples of Hilbert Spaces 

A typical and general example of a Hilbert space is the space ~2 (J.L) of 
all complex-valued, measurable, and square-integrable functions on a 
measure space X with measure J.L (with the usual understanding that 
two functions which differ on a set of measure zero only are to be identi­
fied). The linear operations in this space (as in every function space) are 
the usual pointwise operations and the inner product is defined by 
(f, g) = ff(t)g*(t) dJ.L(t). 

An important special case of the example in the preceding paragraph 
is the one in which every subset of X is measurable and has as measure 
the number of its points. By an obvious change of notation (from f(t) 
to U the typical element of this Hilbert space becomes a family {~;} of 
complex numbers with the property that '!;;I~; j 2 < oo; scalar multi-
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plication, addition, and inner product are defined by 

and 

(l~;l, 177;1) = :t;j~j7]:, 

respectively. (It is understood, of course, that the index set lj} is the 
:';amc for all vectors.) 

An important generalization of the example in the preceding para­
graph is obtained as follows. Let l.s);} be a family of Hilbert spaces and 
denote by :t;;S); the set of all families lx;} of vectors such that x; E S); 
for all j and such that :t;; II xi II ~ < oo. If scalar multiplication, add i­
t ion, and inner product arc defined in :t;; ,pi by 

lx;} + IY;} = lx; + Y;}, 
and 

(1:~:;}, IY;}) = ~;(:!:;, Y;), 

respccti\·ely, then :t;;S)i becomes a Hilbert space. (The proof of this 
fact is a straightforward imitation of the proof that applies to the case 
in which S); = G: for all.i.) The space '1;;.\}i is called the c.?;ternal d£rect 
sum or simply the direct sum of the family (.\) i) of Hilbert spaces. 

Further examples of Hilbert spaces are: (i) the set of all those func­
tions, defined and analytic in the interior of the unit circle in the complex 
plane, the square of whose absolute Yalue is integrable with respect to 
planar Lebesgue measure, and (ii) the set of all functions almost periodic 
with exponent 2 in the sense of Besicovitch. 

§10. Subspaccs 

A linem· manifold is a non-empty subset 9J1 of ,p such that if x and y 
are in 9)1, then ax + {3y E 9)( for every pair of complex numbers a and {3. 
A subspace is a closed linear manifold. The Pasim;t examples of sub­
spaces arc the set D containing 0 only and the entire space .p. Note that 
a subspace of a Hilbert space is a Hilbert space and that therefore we 
may (and frequently shall) apply to subspaces any proposition we 
please, as long as it is true of all Hilbert spaces. 

If J.L is Lebesgue measure in the real line, then the following subsets of 
the Hilbert space ~z(JJ.) are all linear manifolds: 

(i) the set of all those functions f in ~z(JJ.) for which f(t) = f(- t) for 
(almost) every t; 
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(ii) the set of all those functions in ~2(J.t) which vanish at (almost) 
every point of a certain measurable set; 

(iii) the set of all (essentially) bounded functions in ~2(J.t). 
The first two of these sets are subspaces; the last one demonstrates the 
fact that there exist linear manifolds which are not closed. For another 
example of a linear manifold which is not a subspace consider the 
Hilbert space of all families I U of complex numbers such that 
~i I ~;I 2 < oo (cf. §9) and the subset of all those families which have 
only a finite number of non-zero terms. 

It is easy to see that the intersection of any family of subspaces is a 
subspace. It follows that it makes sense to define the subspace spanned 
by an arbitrary subset m of ,p (the span of m, in symbols v 9Jl) as the 
intersection of all subspaces containing 9J1, or, equivalently, as the least 
subspace containing m. 

THEon EM 1. If 9R is a non-empty subset of ,P and if 91 is the set of all 
finite linear combinations of elements of 9)(, then 91 is a linear mamfold 
and v m = 91 (=the closure of 91). 

Proof. It is clear that 91 is a linear manifold and hence that 91 is a 
subspace; since 9)( c 91, the minimal property of v m implies that 
V 9R c 91. On the other hand the fact that V 9J1 is a linear manifold 
implies that 91 C V 9Jt Since V W is closed, it follows that 91 C V 9Jt 

If W and 91 are subspaces, we shall use the symbol 9)1 v 91 for the sub­
space V (W u 91); more generally, if !WJ} is any family of subspaces 
then V19J1 1 will denote the subspace V (U;9J1J). It follows from these 
definitions that 9R v 91 is the least subspace containing both 9)1 and 91, 
and, more generally, that V;W 1 is the least subspace containing e\·ery 
term of the family IWil. 

The essential results of this section can be described rather simply 
in the language of lattice theory. The possibility of a lattice-theoretic 
formulation is based on the trite observation that the set of all sub­
spaces of ,P is a partially ordered set with respect to inclusion. The fact 
that for any family I9J1il of subspaces there exists a greatest subspace 
(n 19JU contained in them all and there exists a least subspace ( V 19Jci) 
containing them all may be expressed by saying that this partially 
ordered set is a complete lattice. While this lattice has many interesting 
properties, it is not in general so accomodating as to be distributive, 
nor even modular. It turns out, in fact, that the lattice of all subspaces 
of a Hilbert space is modular only in the familiar finite-dimensional 
cases, and that it is distributive only for the extremely trivial spaces 
whose dimension is 0 or 1. 
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§ll. Vectors in and out of Subspaces 

A vector x is orthogonal to a subset ffi1 of ,p, in symbols x ..L ffi~, if 
x ..L y for ally in IDt The purpose of this section is to obtain two results 
which our geometric intuition makes obYious and desirable. The first 
result is that the minimum of the distances from any fixed vector to the 
vectors of any fixed subspace is always attained; the second result is, 
essentially, that if a subspace is a proper subset of 5), then th('re exists 
a non-zero vector orthogonal to the subspace. 

THEOHEM 1. If ffi1 is a subspace, if x is a vector, and if o = 
inf{ II y - x II : y E ID~ I, then there exists a vector Yo in 9Jl such 
that II Yo - x II = o. 

Proof. Let {y,} be a sequence of vectors in ID~ such that II !Jn- x II~ 
o. It follows from the parallelogram law that 

il Yn - Ym 11 2 = 2ll11n - ;r 11 2 + 211 y,.. - X 11 2 

- 411 HYn + !Jm) - X Jl 2 

for every n and m. Since HYn + Ym) E 9)~, it follows that 

II !(Yn + 1/m) - X 11 2 ~ 02 

and hence that 

II Yn - 1/m 11 2 ~ 211 Yn - X 11 2 + 2 II Ym - X 11 2 - 4o2 • 

As n ~ oo and m ~ oo, the right side of the last written relation tends 
io 2o2 + 2o2 - 4o2 = 0, so that {y,} is a Cauchy sequ('nce. If Yn ~ Yn, 
then y0 E ffi1 and, by the continuity of the norm, 

II Yo - x II = lim, II y, - x II = o. 

THEOREM 2. If ffi1 and m are subspaces such that ffi1 c m and ID1 >= 91, 
then there exists a. non-zero llector z in m such that z ..L 9)1. 

Proof. Let x be any vector in 91 which is not in 9)~ and write o = 

inf {II y - x II: y E 9)~ }. By Theorem 1 there exists a vector y0 in IDl such 
that II Yo - X II = o; write z = Yo - x. The fact that z >= 0 follows 
from the fact that X E' rot Since Yo + ay E ffil for every vector !I in 9)1 
and every complex number a, it follows that 

II z + ay II = II (yo + ay) - X II ~ o 
and hence that 

0 ~ II z + ay 112 - II z 112 = a*(z, y) + a(y, z) + I a 12·11 y 112· 
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If, in particular, a = {3(z, y) for any real number {3, then 

0 ~ 2f3l(y, z)l 2 + f32 J(y, z)l 2 ·11 Y II~. 

The validity of this inequality for small negative values of {3 implies 
the vanishing of the coefficient of the linear term. ·we conclude that 
z ..L y and hence, since y is an arbitrary vector in ~m. that z ..L ID1. 

§12. Orthogonal Complements 

The orthogonal complement of a subset ID1 of .p, in symbols IDl_j-, is the 
set of all vectors x such that x ..L IDt If ID1 and 91 arc subspaces such 
that ID1 c 91, the orthogonal complement of ID1 in ~n. in symbols 91 - 9R, 
is the set m n ID1_L. 

THEOREM 1. If ID1 is a subset of ~. then IDt'- is a subspace 
and ID1 n m-'- c D. 

Proof. If X E ID1 and if Yl and Y2 are in m_j-, then, for every pair of 
complex numbers a1 and a2 , 

(x, a1Y1 +- a2Y2) = ai (x, .Ill) + a: (x, y2) = 0, 

so that ID1..L is a linear manifold. The fact that m-'- is closed follows 
from the continuity of the innet· product. To see that ID1 n ID1-'- c D, 
observe that if X E ffi1 n ffi1_L, then X j_ X. 

THEOREM 2. If ID1 is a subset of~. then ID1 c ID1-'-_L. 
Proof. If X E ID1 andy E m-l..., then X ..L y, so that X ..L IDrJ... and there­

fore X E w-'--'-. 

THEOREM 3. If ffi1 and 91 are subsets of ,V such that ffi1 C 91, then 
m-'- ~ m-'-. 

THEOREM 4. If ID1 is a subset of .P, then m..L = m-'--'--'-. 

Pro'![ App~ying Theorem 2 to ID1-l... in place of ID1, we obtain IDl..J... c 
m-'--'- . Apply~ng, on the ot~er hand, Theorem 3 to the relation ID1 c 
m-'--'-, we obtam the reverse mclusion m-l... ~ m-'--'--'-. 

The preceding results are easy and in a sense automatic. As another 
such almost automatic result we mention the fact whose proof is an 
easy exercise in the use of orthogonal complementati~n, that if {IDl;l is a 
family of subspaces, t~en (V iffi1;)-l... = n ·ID1~. The only non-trivial 

t . along these hnes (The · ' 1 f th asser 1011 . orem 5) 1s a consequence o e geo-
metric discusswn of the preceding section. 

THEOREM 5. If 9R is a subspace, then IDl = M-'--'-. 
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Proof. According to Theorem 2, ID1 C ID1..L ..L. If ID~ were a proper 
subset of ID~...LJ-, then, by 11.2, ID1..L..L would have a non-zero vector in 
common with ID~..L; since this would contradict the relation 
IDl...L n m~..L..L = D, the proof is complete. 

It iS WOrth remarking that, applying the identity ( V jmu-L = n ;9Jl~ 
t.o the family lilJ~~l in place of I9Jl;}, we obtain, in view of TheoremS, 
the identity ( n ;9J1;)...L = v ;9J1~. 

To obtain the deepest and most useful fact about orthogonal com­
plementation (Theorem 7), we need an auxiliary concept and an auxil­
iary result which are of considerable interest in themselves. The concept 
is that of the vector sum of two subspaces 9.)1 and 91, in symbols 9)~ + 91; 
it is defined to be the set of all vectors of the form x + y with x E 9)1 

and y E 9t It is easy to see that ID~ + 91 C ID1 v 91 and that ID1 + 91 is 
a linear manifold; the result is that in at least one important case 
ID1 + 91 is actually a subspace. The hypothesis sufficient to guarantee 
this is that ID~ and 91 are orthogonal, in symbols ID1 ..L 91: this means, 
naturally, that x ..L 91 for every x in ID1. 

THEOREM G. If ID1 and 91 arc orthogonal subspaces, then ID1 + 91 is 

closed. 

Proof. Suppose that !z,.} is a sequence of vectors in ID1 + 91, so that, 
for each n, z,. = x,. + y,. with x,. E 9Jl and y,. E 91, and suppose that the 
sequence !z,. I converges to a vector z in~. By the Pythagorean theorem, 
II z,. - z.,. 11 2 = II Xn - Xm 11 2 + II y,. - y, .. 11 2 for every nand m, and 
therefore both sequences !x,.J and IYnl are Cauchy sequences. If x,.---+ x 
and Yn---+ y, then x E ID1 andy E 91; it follows from the continuity of addi­
tion that z,. ---+ x + y and hence that z E ID1 + 91. 

TnEORE!\1 7. (The projection theorem.) If 9)~ is a subspace, then 
ID~ + ID1J.. = .p. 

Proof. If 9)~ + 9J~..L = 91, then, by Theorem 6, 91 is a subspace. 
Since ID~ c 91 and ID1...L c 91, it follows that 91J.. c m...L and 91J.. c ID1...L ...L, 
and therefore that 91...L = D. We conclude, as desired, that 91 = 91..L...L = 
c--....L -
"-' = .~~. 

§13. Vector Sums 

The concept of vector sums, introduced in the preceding section, 
deserves further study and generalization. The first step, namely the 
pertinent definition, is easy: we define the vector sum. of an arbitrary 
family IID1;} of subspaces, in symbols ~.iiD1i, to be the set of all vectm:s 
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of the form "2;x; with x; E Wl; for all j. It is easy to see, just as in the 
finite case, that "2;Wl; is a linear manifold. As the following theorems 
show, the very close connection between vector sums and spans also 
persists in the general case. 

THEOREM 1. If {WC;} is a family of subspaces and m = ~;Wl;, then 
V;Wl; = Wl. 

Proof. Since U ;Wl; c W1, and since Wl is a subspace, it follows that 
V ;Wl; c Wi. Consider, on the other hand, the set of all those vectors 
of the f01m "2;x; for which x; E Wl; for all j and for which x; = 0 for 
all but a finite number of values of j. Since, by the definition of infinite 
sums, this set of vectors is dense in m, and since v ;We; is closed, it 
follows that W1 c V ;We; and therefore that 9)l c V ;Wl; . 

We call attention to the fact that Theorem 1 is a non-trivial state­
ment even in the finite case: it asserts that if ml and m2 arc subspaces 
and W1 = W11 + W12, then i011 v W12 = m_. We have seen that if W11 and 
9.)12 are orthogonal, then Wl is closed and therefore W11 v W12 = Wl; it is 
natural to ask whether or not the bar (the closure operation) is ever 
really necessary. In §15 we shall show that it is, i.e. that the vector 
sum of two subspaces can fail to be a subspace. 

We tum now to that part of the theory of vector sums which behaves 
itself-in which, that is, the pathology we mentioned in the preceding 
paragraph cannot occur. A family {Wl;} of subspaces is an orthogonal 
family if Wl; ...L WCk whenever j ~ k. (A vector sum of an orthogonal 
family of subspaces is frequently called an orthogonal sum, an internal 
direct sum, or simply a direct sum.) 

THEOREM 2. If {Wl;} is an orthogonal family of subspaces, then 
v ;i01; = "2;Wl; ; the representation or an element of "2;W1; in the form 
~;X;, with x; E 9Jl;for allj, is unique. 

Proof. To prove the first part of the theorem, it is sufficient to show 
that V iW1i C "2;W1; · If x E V ;Wl. then by the projection theorem, 

I f . h J ' ' for each v;a ue o J t ere exists a vector x; in WC; and there exists a vector 
Yi in mr; such that X = X; + Yi. If Xj ~ 0 for some j, then 
(x, x;/11 ;r; II) ::= II X; II and it follows therefore, from Bessel's inequality, 
that ~;II x; II - < co· Applying 8.2, we see that there exists a vector xo 
such that Xo = ~;X; ; we shall show that x 0 = x. If y E 9Jl;0 for some io, 
then (x - Xo' JJ) = (x;o, y) + (Yiu, y) - (~;X;, y) = 0 (by 7.3), i.e. 
x - Xo ...L W1;o fot· all io. It follows that x - x0 ...L "2;9J1; and therefore, 
by Theorem 1, that x - Xo ...L V ;Wl;. Since, however, x - Xo E V ;Wl;, 
we conclude that indeed x - :~.·0 = 0. To prove the second part of the 
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theorem, it is sufficient to show that if '1::;x; = 0, with x; E ffil; for all j, 
then x; = 0 for all j, and this follows from the (general) Pythagorean 
theorem. 

§14. Bases 

A basis of a subspace ffi1 i~ a maximal orthonormal family of vectors 
in ffic. 

Although it follows immediately from Zorn's lemma that every sub­
space possesses a basis, it is sometimes possible to replace this trans­
finite argument by a constructive method; one such method is the 
Gram-Schmidt orthogonalization process. The process is an inductive one 
which, at its k-th stage, replac-es the k-th term of a linearly independent 
sequence I x,.} of vectors by a vector Yk in such a way that (i) Yk is a 
linear combination of x1 , • · · , Xk , (ii) the sequence I Yn) is orthonormal, 
and (iii) V IYn) = V {:r,.). The process can be started off by m·iting 
Y1 = xJ/11 :~.·1 II ; after y1 , · · · , Yk have been constructed, Yk+l is obtained 
by normalizing the vector Xk+l - '1::/' .. t(Xk+l , Y.;)y;. 

If J1. is Lebesgue measure in the unit interval, and if 

.fn(t) = t\ 0 ~ t ~ 1, n = 0, 1, 2, · · · , 

then the Gram-Schmidt orthogonalization process may be applied to 
the sequence lfn) in the Hilbert space ~2(J1.). The process yields a basis 
of ~2(J1.) consisting of polynomials. Another basis of ~2(J1.) is the sequence 
{gnl, where 

(t) _ 2rinl 
gn - e , 0 ~ t ~ 1, n = 0, ±1, ±2 · · · . 

In the Hilbert space of all families {~;) of complex numbers such that 
'1::; I ~; I 2 < oo, the vectors I ~y>) defined by ~y> = o;k constitute a basis. 

THEOREM 1. A necessary and sufficient condition that an orthonormal 
family { x;) of vectors h1 a subspace ffi1 satisfy all the following conditions 
is that it satisfy any one of them. 

(i) The family {x;) is a basis of 9)1. 

(ii) If x E ffil and~( x .L x; for all j, then x = 0. 
(iii) If, for each j, ffi1; is the subspace spanned by the set consisting of 

the single vector X;, then V ;ffi1; = ffi1. 
(iv) If X Em, then X = '1::;(:r, X;)X;. (Fourier expansion.) 
(v) If x andy are in W1, then (x, y) = ~;(x, x;)(x;, y). (Parscval's 

identity.) 
(vi) If x E ml, then II x 11 2 = ~; j(x, x;)l 2• 
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Proof. We shall prove that each of the conditions (i), (ii), (iii), (iv), 
and (v) implies the one following it and that (vi) implies (i). 

(i) If x E 9R, if x ..L xi for all j, and if x ,= 0, then x/11 x II muy b.e 
adjoined to the family {xi I, in contradiction to the assumed maxi­
mality of that family. 

(ii) If V i9)li >= 9Jl, then, by 11.2, Wl contains a non-zero vector x such 
that x ..L Xj for all j. 

(iii) Since { 9Jlil is an orthogonal family of subspaces, 13.2 implies 
that Vi 9)li = ~i9Jli and hence, if (iii) is true, e\'ery vector x in 9Jl has 
the form ~iaixi with suitable complex numbers ai. It follows that 
(x, Xk) = ~iai(xi, xk) = ak for every index k. 

(iv) Ifx= ~jCXjXjandy= ~j{3jXj,Withaj= (X,Xj)and{3j= (y,Xj) 
for all j, then (x, y) = (~iaixi, l;kf3kxk) = l;iaif3T. 

(v) If (v) is true for all X and y in ffil, then it is true, in particulur, 
when x = Y· 

(vi) If the family {xil is not maximal, say, for instance, if it remains 
orthonormal after the adjunction of a vector x, then that vector x does 
not satisfy the relation (vi). 

§15. A Non-closed Vector Sum 

Familiarity with bases and Fourier expansions enables us to give an 
example of two subspaces m and 91 such that m + 9l r!' 9)l v 91. 

To motivate the construction, we recall first of all that if 9)l ..L 91, 
then Wl + SJl = Wl v 91, i.e. that equality holds if Wl and 91 are orthog­
onal. Equality ~an be ~a.de not to hold by getting as far as possible 
from orthogonality. IntUitively speaking we may say that the subspaces 
we shall construct make an angle of zero degrees; more precisely we 
shall construct Wl an~ 91 so that m n 91 == D and, for suitable normal­
ized vectors x .and z, m 9)1 and 91 respectively, the inner product (:r, z) 
comes arbitranly near to 1. 

Let {x,.} and IYml be two i~finite orthonormal sequences such that 
Xn ..L Ym f?r all n and m, a~d wnte Zn = a,.x,. + (3,. Yn for every n, where 
the coeffic1~nts a,. and (3,. Will be dete11nined presently. The first condition 
that we WISh to put on a,. and f3n is that the sequence {z,.}' which is 
automatically m~thogonal, ~hall be orthonormal as well, i.e. that 1 = 
II z,. II 2 = I ex,. I + I {3,. 1. · For the sake of simplicity we shall insist 
that a,. and (3,. shall be stnc~ly positive real numbers. Since in that case 
( X z ) = a,. for every n, It follows that th b 9)l y {x } 

"d' ~· = V I z,.} will certainly have th e su spaces . -d " 
an :.rL e property mentwne in the 
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preceding paragraph if a,.- 1, or equivalently {3,.- 0, as n- oo. For a 
technieal reason (which will become apparent soon) we choose to ensure 
the validity of the relation {3,.- 0 by selecting the (3,.'s so that ~ .. {3~ < 
oo. This is all the machinery we need; we remark that the sequences 

{cos ~} and {sin ~}. for example, haYe all the properties we demand of 

I a,. l and I {J,. l respe'cti vely. 
To prO\·e t.hat 9)~ + 9( ~ 9)~ v 'iH, we have to exhibit a vector y in 

9)~ v 91 such that y does not belong to 9)~ + 91. Since T,m(J;. < oo, it 
follows that the sequence li3mYml is summable; we assert that if y = 
~ ... {J,.y,., tlwn the ,·ector y has the desired properties. The fact that 
am ~ 0 implies, indeed, that y,. e 9)~ + 91 for every m and hence that 
y E 9)( v 9t If it were true, ho\\'e\·er, that y E 9)( + 91, say y = x + z 
with x E 9Jl and z e ")(, then we should have 

{J,. = (y, Ym) = (x + z, y,.) = (z, y,.) = (~,.(z, z,.)z,., y,.) 

= (z, Zm)(zm, Ym) = (z, z,.){Jm 

for CYery m. Since /3,. ~ 0, it \\·ould then follow that (z, z,.) = 1 for 
every m, but since (z, z,.) is the m-th Fourier coefficient of z with re­
spect to I z,. I, this is preposterous. 

§16. Dimension 

T'IIEOHEM 1. Any two bases of a subspace 9)( have the same power. 

Proof. Let I x; l and I yk) be two base::; of 9)l, of powers u and v re­
:-;pectively. Since x; = T,k(X;, Yk)Yk for each j, the set K; of those indices 
lc for which (:r;, yk) ~ 0 is countable. Since Yk e Wl = V lxi), no Yk can 
be orthogonal to all x;, i.e. every index lc is contained in Ui](i. It 
follows that v ~ ~o ·u and, by symmetry, u ~ ~0 • v. If both u and v are 
infinite, the proof is complete; if either 1t or v is finite, the theorem 
reduces to a known result in the theory of finite-dimensional vector 
spaces. 

Theorem 1 allows us to define the dimension of a subspace 9)( as the 
common power of all bases of 9)(. In the remainder of this section we 
propose to show (Theorem 3) that in a sense the dimension of the 
Hilbert space $) completely determines the structure of $). 

An isomorphism from a Hilbert space ~ onto a Hilbert space .sr is a 
one-to-one linear transformation U from$) onto .It such that (Ux, Uy) = 
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(x, y) for every pair of vectors x andy in ,P; an isometry from a Hilbert 
space ,P to a Hilbert space ,It' is a linear transformation U from .P into 
.~ such that II Ux II = II x 11 for every vector x in ,P. Observe that an 
isometry deserves its name, i.e. that, in virtue of the equation 
II Ux - Uy II = II U(x - y)ll = II x - y II, an isometry preserves 
not only norms (distances from O) but all distances. Observe also that 
an isomorphism is necessarily an isometry. Since an isometry from .\) 
to jt need not map .S) onto U, it is easy to construct isometric:-; which 
are not isomorphisms; our next result shows that the into-onto dis­
tinction is the only one between isomorphisms and isometrics. 

THEOREM 2. A linear transformation U from a Hilbert space .\) to a 
Hilbert space .ft is an isomorphism if and only if it is an isometry, mapping 
~onto jt, 

Proof. We have already seen that an isomorphism is an isometry. 
If, conversely, U is an isometry, and if Ux = Uy, then 0 = 
II U(x- Y)ll = II x- y II, and it follows therefore that U is one-to-one. 
The fact that U preserves inner products follows from the assumption 
that if cp(.:t·, y) = (Ux, Uy) and ift(x, y) = (x, y), then the bilinear func­
tionals cp and 1/t induce the same quadratic form. 

Two Hilbert spaces are called isomorphic if there exists an isomorphism 
between them. It follows from the definition of an isomorphism and 
from our observations concerning isomorphisms and isometrics that 
an isomorphism preserves all the structure that went into the definition 
of Hilbert spaces and that, consequently, isomorphic Hilbert spaces at·e 
geometrically indistinguishable and may legitimately be viewed as 
identical. 

THEOREM 3. Two Hilbert spaces are isomorphic if and only if they 
have the same dimension. 

Proof. In view of the intrinsic definition of dimension the "only if" 
part is obvi_ous. Suppose, conversely, that~ and jt are Hiibert spaces of 
t~lC sa~e dimension and let {xi J and { y i} be bases of .p and £r respec­
t I vel!, md~xed _by the same set {j}. If x = 'l:,iaixi is any vector in .P 
and If Ux Is defined to be ~·a ·y. then U is clearly a linear transforma-
. f· (; J J " 2 

!"1011 Iom "-=' onto ~; since II Ux 11 2 = 'I,i I ai I = II x 11 2, U is an 
Isometry. The proof is completed by an application of Theorem 2. 

According to Th th t · d eorem 3 any property a some flilbm·t spaces o 
~1!1d others. do not possess can be characterized simply by counting. 
I hus for mstance d ffi · t l' · " b ' . ' n necessary an su Cien cone 1t10n that .£) e 
sepamhle 18 that the dimension of ~ be not greater than No . Indeed, 
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since the distance between any two terms of an orthonormal family is 
v2, it follows that if~ is separable, then no orthonormal family can be 
uncountable. If, on the other hand, a countable, maximal orthonormal 
family {xi} exists, then the set of all finite linear combinations, with 
coefficients whose real and imaginary parts are both rational, is a 
countable dense set in ~. 

§17. Boundedncss 

A linear transformation A from a Hilbert space ,P ton. Hilbert spn.ce 
.ff is bounded if there exists n. positive real number a such that II Ax II ~ 
a II x II for all x in 5;>; the norm of A, in symbols II A II , is the infimum 
of n.ll such values of a. 

THEOREM 1. A linear transformation A from a Hilbert space 5;> to a 
Hilbert space 5r is bounded if and only if it maps the unit sphere (i.e. the 
.'3et { x: II x II = 1}) onto a bounded subset of 5r; if a = sup { II Ax II : II x II = 
1 }, then II A II = a. 

Proof. If A is bounded and II x II = 1, then II Ax II ~ II A 11·11 x II = 
II A II and therefore a ~ II A II . If, conversely, a < co, then, for every 
non-zero vector x, 

II Ax II= II A(ll x ll·(x/11 x 11))11 =II A(x/11 x 11>11·11 x II ~a II x II, 
so that A is bounded and II A II ~ a. 

THEOREM 2. A linear transformation A from a Hilbert space .\) w a 
Hilbert space sr is bounded if and only if it is continuous. 

Proof. If A is bounded, then its continuity follows from the relation 
II Ax- Ay II~ II A 1!·11 x - y II, valid for all vectors x andy in~­
If A is not bounded, then, for every positive integer n, there exists a 

vector Xn in~ such that II Xn II = 1 and II A:rn II ~ n. Since! Xn --? 0, - n 

whereas li A(~ xn) II ~ 1, it follows that A is not continuous at 0. 

The definition of boundedness and Theorems 1 and 2 apply in par­
ticular to linear transfmmations from a Hilbert space ~ to the special 
one-dimensional Hilbert space Q:, i.e. to linear functionals. In this 
special case there is available to us a powerful and elegant result which 
completely characterizes all bounded linear functionals. 

11-IKOREM 3. (The Riesz representation theorem for bounded linear 
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functionals.) A. linear functional ~ on 5) is bounded if and only if there 
exists a vector y Sllch that Hx) = (:r, y) for all x; such a y, if it r.rists, is 
unique. 

Proof. If Hx) = (x, y) for all x, then I ~(x)l ;£ II :r ll·li !J II , so that 
~ is bounded and, in fact, II~ II ;£ II y II. (It is easy, but for our pm­
poses unnecessary, to prove that II~ II = IIY II.) The uniqueness of y 
follows from 4.1. 

If, conver:;ely, ~ is a bounded linear functional and if ).m = 
(x:H.r) = Ol, then me is a subspace. If me = ,P, then Hx) i:; indeed 
identically equal to (x, y) with y = 0. If me r= :p, then me-"- contains a 
non-zero vector z; we shall prove that a suitable multiple az of z i:; an 
admissible y. No matter what the value of a is, it is clear that if y = 
az, then K-c) = 0 = (x, y) whenever X E me. If, on the other hand, X = 
{3z for some complex number {3, then (x, y) = ({3z, az) = a*f311 z IJ 2, so 
that a necessary and sufficient condition for the validity of the identity 
Hf3z) = ({3z, y) is that a = ~*(z)/11 z Jl 2• With this choice of a it is then 
true that ~(X) = (X, y), WithY = az, if either X E me Or X is a multiple 
of z. Since for an arbitrary vector X in ,P, X - {3z E me if {3 = Hx)/Hz) 
(note that Hz) r= 0), it follows that Hx) = ~(x - {3z) + Hf3z) = 
(x - {3z, y) + ({3z, y) = (x, y). 

§18. Bounded Bilinear Funetionals 

Since a linear functional is a linear transformation, any meaningful 
statement that applies to all linear transformations applies, in particu­
lar, to linear functionals. Since bilinear functionals and quadratic forms 
are not linear transformations, their theory is not a special case but 
merely an analog of the theory of linear transformations. The analogy 
is quite close. We shall, for instance, say that a bilinear functional cp is 
bounded if there exists a positive real number a such that I cp(x, y)l ;£ 
a II x 11·11 y II for every pair of vectors x and y in .p, and we d:Jfine the 
norm of cp, in symbols II cp II , as the infimum of all such values of a. 
We shall also say that a quadmtic form $ is bounded if there exists a 
positive real number a such that I ,P(x)l ~ a Jl x 11 2 for all x in ,\); the 
norm of $, in symbols II .P II , is the infimum of all such values of a. The 
first result of the preceding section may be stated (and proved) in 
almost exactly the same way for bilinear functionals and quadratic 
forms as for linear transformations. 

THEOREM 1. If cp is a bilinear functional on .p and if 

'a= sup II cp(x, Y)l:ll x II= II Y II= II, 
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then a necessary and suffteient condition that <P be bounded is that a < 00 ; 

if <Pis bounded, then II <P II = a. If (pis a quadratic form on ,p and ~f 

a= sup {I .P(x)l:ll x II= 11, 

then a necessary and Sli;Uicient condition that (p be bounded is that a < 00 ; 

if (p is bounded, then II (p II = a. 

The interesting and useful results along these lines concern the rela­
tions between the norm of a bilinear functional and the norm of its 
induced quadratic form. 

TnEOHEi\I 2. The q11adratic form (p induced by a btlinear fllnctional <P 
is bounded if and only 1j <P is bounded; 1j <P and (p arc bounded, then 

II .P II ~ II <P II ~ 211 rp II. 

Proof. If <Pis bounded, then I (p(~:)l = I <P(x, x)l ~ II <P 11·11 x 11·11 x II 
for all x; it follows that (p is bounded and that II (p II ~ II <P II . If, con­
versely, (p is bounded, then, by polarization, 

I <P(X, y)l ~ t II (p II· <II X + y II 2 + II X - y II 2 

+ II X + iy II 2 + II X - iy II 2) 

and hence, by the parallelogram law, 

I <P(X, y)l ~ II (p II· <II X 11 2 + II y II 2) 

for every pair of vectors ::r and y. It follows that I <P(x, y)l ~ 2 II (p II 
whenever II :r II = II Y II = 1, and consequently (by Theorem 1) <P is 
bounded and II <P II ~ 211 (p II . 

It is not difficult to construct examples (in finite-dimensional spaces) 
to show that the inequalities in Theorem 2 are in general best possible. 
They allow, however, a considerable improvement in the symmetric 
case. 

THIWREM 3. If <P is a bounded, symmetric, bilinear functional, then 
II<PII = II.PII. 

Proof. We need only prove that II <P II ~ II (p II . Since the symmetry 
of <P implies that (p is real, polarization shows that tlw rPal part of <P 
is given by the equation 

m<P(X, y) = (p(t(x + y)) - (p(t(x - y)). 

It follows that 

I ffi<P(X, y)l ~ t II (p II· (II X + y II 2 + II X - y II 2) 

= ! II.P II· (II X II 2 + II y 11 2), 
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and therefore that 19~rp(x, y)l ~ II .P II whenever II x II = II y II = 1. For 
an arbitrary, but temporarily fixed, pair of vectors :randy with II x II = 

II y II = 1, let 0 be a complex number of ::tbt;olute Yalue 1 such that 
Orp(x, y) = I rp(x, y)l . The inequality just derivc>d, \\'hen applied to 
Ox andy, implies that 

I q;(x, y)l = rp(O.?;, y) = I 9~rp(0.1·, v)l ~ II .P II , 
and therefore the proof may be completed by an applieation of 
Theorem 1. 



CHAPTER II 

THE ALGEBRA OF OPERATORS 

§19. Operators 

An operator is a bounded linear transformation from .~ into ,P. 

TnEORE:\l 1. If A and B arc operators and if, for every vector ;r and 
for every complex number a, (aA)x = a(Ax), (A + B)x = .·Lr + Bx, 
and (AB)x = A(Bx), then a.·l, A + B, and AB arc operators such that 

\I a A II = \ a \ · II A \I, II A + B II ~ II :1 \\ + II B II, and 1\ A B \! ~ 
IIAII·I\B\1. 

Proof. It is obvious that aA., .-1 + B, and AB are linear transforma­
tions from S) into ,\). The fact that they are bounded, and that their 
norms heha n· as a:-;sprterl, follows from the rein tions 

II a(,Lr) II = I a I · II ..t.r II, II A:r + Bx II ~ II A:~: II + II Bx II 
~ (II A II + II B II ) . II X 1\, 

and 

\1 A (Bx) II ~ II A II · II Bx II ~ II A II · II B \I · II x \I. 
A painle:;s verification shows that the set of all operators on ,P is a 

complex vector space with respect to the scalar multiplication and 
addition defined in Theorem 1, and that the multiplication there de­
scribed is as:-;ociative and bilinear-in other words that with respect 
to these operations the set of all operators on S) is an algebra. This algebra 
c~ontains a unit., eallcd the identity operator and denoted by the symbol 
1; it is defined by writing 1x = x for all x. No confusion will arise from 
using the same symbol for an operator as for a number, nor even from 
generalizing this notation and, for any complex number a, using the 
l'lymbol a to denote also the operator al. Observe that we are thereby 
committed to using the symbol 0 for the operator such that Ox = 0 for 
all x. 

As in every algebra, we shall use the symbol An to denote the product 
of n factors nil equal to A, n = 1, 2, · · · ; A 0 is defined to be 1. More 
generally if p is any (complex) polynomial, p(A.) = -::;;:Oai>..;, we shall 
use the symbol p(A) for the operator ~;:.Oa;A i_ 

35 
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To these algebraic remarks we adjoin a result concerning a useful 
aspect of the most important topolog_ical property (i.e. continuity) 
that an operator possesses. 

THEOREM 2. If A is an operator, x is a vector, and {x;l is a family 
of vectors such that ~;x; = x, then ~;Ax; = Ax. 

P?"Oof. For any positive number E: we may find a finite set Jo of 
indices such that II x - ~ ;,JX; II < E: whenever J is a finite set of indices 
containing Jo. It follows that II Ax - ~;.JAx; II ~ llri lie whenever 
J ::> Jo, and this implies that ~;Ax; = Ax. 

§20. Examples of Operators 

Since considerations concerning operators will occupy us during most 
of the remainder of this book, it might be a good idea to look at a few 
of them. 

(i) One of the most classical examples is obtained as follows. Let X 
be a measure space with measure p., and let h be a eomplex-valued 
measurable function on the Cartesian product of X with itself, square­
integrable with respect to the product measure in that Cartesian produet 
space. Iff E ~2(p.), and if Af = f/, where g(s) = f h(s, t).f(t) dp.(l), then 
A is an operator on ~2(p.). 

(ii) Another operator on the space ~2(p.) is obtained by selecting a 
fixed, essentially bounded, measurable function h on X and writing 
rif = g, where g(l) = h(t)f(t). Operators of this type are of sufficiently 
general interest and importance to deserve a name; we shall refer to the 
operator A as the multiplication operator, m· simply the multiplication, 
defined by h. 

If X is the interior of the unit circle in the complex plane, if h(X) = X 
for eYcry X in X, if p. is Lebesgue measure, and if instead of ~2 (p.) we 
consider the subspace of analytic functions described in §9(i), we obtain 
an interesting and significantly ditTercnt variant of this example. 

(iii) For another example, let T be a one-to-one measure-preserving 
transformation of X onto itself and write Af = g, where g(s) = .f(Ts). 
To obtain an easily manageable special case, let X be the real line, let 
p. be Lebesgue measure, and define T by Ts = s + I. A useful generaliza­
tion of this special case is obtained by replacing the real line by any 
locally compact topological group, replacing p. by its left Haar measure, 
and defining T to lw, say, left multiplication by a fixed clement. 

(iv) Consider the Hilbert space of all sequences {~n I of complex 
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numbers (n = 1, 2, · · · ) such that }";,. I ~ .. 12 < cc, and write A I~~~ I = 
l11n I, where 77,. = ~ .. +t for all 11. Formally the same definition of A yields 
a significantly different ope rat or if we consider instead the Hill)Prt. 
space of all families I ~ .. 1 of eomplex numbers, n = 0, ± 1, ± 2, · · · . 
Instead of writing 71n = ~n+I, we might haYe written 71,. = }";manm~m, 
where a,.m = o,.+1 ,,, ; different examples of operators are obtained by 
nll"ying the matrix [a,. 111). 'Ve shall not enter into a discussion of what 
conditions a matrix must satisfy in order to define an operator, but, 
by way of a hint that will at least yield a sufficient condition, we remark 
that the operators defined by matrices are special cases of operators 
defined by integral kernels; cf. example (i). 

§21. Inverses 

An operator A is invertible if there exists an operator B such that 
AB = BA = 1. The reader should be as competent as the author at 
constructing examples of operators which are and of operators which 
are not invertible simply by examining the examples given in the pre­
ceding section. 

THEOREM 1. If A, B, and Care operators S1tch that AB = CA = 1, 
then B = C, and consequently A is invertible. 

Proof. B = 1 · B = (CA)B = C(AB) = C · 1 = C. 

It follows from Theorem 1 that if an operator A is invertible, then 
there exists only one operator B such that BA = AB = 1; we shall 
write B = A-1 and call A-1 the inverse of A. Standard elementary con­
siderations prove that if A and B are invertible operators and if n is 
a positive integer, then the operators A-\ AB, and A" are invertible, 
and their inverses are given by the equations (A -I)-1 = A, (AB)-1 = 
n-1A-\ and (A")-1 = (A-1)". In view of the last relation we may con­
sistently define A", for invertible operators A and negative integers n, 
by A" = (A-1)-". 

It is useful to have at hand some geometric conditions for invertibility; 
such conditions can be given in terms of the range of an operator. Recall 
that the range of an operator A is the set of all vectors of the form Ax; 
the range of an operator is always a linear manifold, but it is not neces­
sarily a subspace. 

THEOREM 2. If A is an operator and a is a positive 1·eal number such 
that II Ax II ~ a II x II for every vector x, then the range of A is closed. 

Proof. If y,. = Ax,., n = 1, 2, · · · , and if y,. - y, then, since we 
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have II Yn - Ym II = II Axn - Axm II ~ a II Xn - :~:,.II for all nand m, 
it follows that {xn} is a Cauchy sequence and hence that there exists 
a vector x such that Xn ~ x. The continuity of A implies that y = Ax 
and hence that y is in the range of A . 

THEOREM 3. An operator A is invertible if and only if its mngc is 
dense in ,p and there exists a posiliue real numbrr a such that II Ax II ~ 
a II x II for every vector x. 

Proof. If A is invertible and if y E .~, \\Tile x = A _,!J; since Ax = y, 
it follows that the range of A is not only dense in .') but, in fact, co­
incides with .p. It follows also that, for every vector x, 

II x II = II A_, Ax II ~ II A_, II · II Ax II, 
i.e. that the condition of the theorem is satisfied with a = 1/11 A-1 11. 
Suppose now that the range of A is dense and that II 1lx II ~ a II x II for 
all x. According to Theorem 2 we may conclude that the range of A is 
in fact equal to ,P. If Ax, = Ax2, i.e. Ax, - Ax2 = 0, then 

0 =II Ax, - Ax2ll ~ a II x, - X2 II, 
and therefore x, = x2 . This implies that not only is it true that every 
vector yin ,P has the form Ax for some x in ,P, but in fact there is ex­
actly one such x, and a single-valued transformation B of 5) into itself 
is defined by writing By = x. Since B is easily verified to be linear, and 
since II Y II = II Ax II ~ a II x II = a II By II, it follows that B is an 
operator (and we even obtain the inequality II B II ~ 1/a). The rela­
tions ABy = Ax = yand BAx = By = x show that AB = BA = 1, 
and hence that A is invertible (and we even obtain the result B = A-1). 

§22. Adjoints 

If A is a (not necessarily bounded) linear transformation from ~ 
into ~. and if tp(x, y) = (Ax, y) for every pair of vectors x and y, then 
tp is a bilinear functional. The elementary properties of the inner product 
imply that if A, and A2 are two linear transformations from .p into ~ 
such that (A,x, y) = (A2x, y) for all x andy, then A1 = A2. These facts 
together with 3.2 show that if only (A,x, x) = (A2x, x) for all x, then 
already A, = A2. We begin the proper business of this section by show­
ing that the connection between linear transformations and bilinear 
functionals goes quite a bit deeper than these superficial remarks. 

THEOREM 1. If A is an operator and if tp(x, y) = (Ax, y) for aU x 
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and y, then cp is a. bounded bilinear functional and II cp II II A. 11. If, con­
versely, cp is a bounded bilinear functional, then there exists a unique opera­
lor .:1 such lhat cp(x, y) = (Ax, y) for all x andy. 

Proof. If A is an operator and if cp(x, y) = (Ax, y), then I cp(x, y) I ;;:; 
II A II · II:~: II · II y II for all x and y and consequently II cp II ;;:; II A II· 
If, comwsely, cp is a bounded bilinear functional and if 1/::(Y) = cp(x, y) 
for all x and y, then, for each fixed x, T/x * is a bounded linear functional. 
It follows from the Riesz representation theorem (17.3) that there exists 
a unique vector Ax such that cp(x, y) = (Ax, y) for all y. The linearity 
of the transformation ,\ thereby defined is easily verified; its uniqueness 
follows from our remarks at the beginning of this section. Since 

II Ax W = (Ax, Ax) = cp(x, Ax) ;;:; II cp II · II x II · II Ax II, 
it follow::> that II Ax II ;;:; II cp II · II x II for all x. But this implies that 
.:t is bounded and II A II ;;:; II cp II, so that the proof is complete. 

ObscrYe that it follows from the first part of Theorem 1, together 
with 18.1, that II A II =sup II (1Lr, y) I: II x II = II y II = 1} for any 
operator A. 

Tm·:onE:\1 2. If .I is an operator, then there exists a. llm·q1le operator 
.·1*, called the adjoint of A, sllch that (Ax, y) = (x, A*y) for all x and 
!Ji A* is Sllch that II A* II = II A. II· 

Proof. Write c,o(x, y) = (A:~:, y) and if;(x, y) = cp*(y, x) for all x and 
?J. Since, by Theorem 1, cp is a bounded bilinear functional, and since 
this implies that if; is a bounded bilinear functional with II if; II = II cp II = 
II A II, it follows from the conYersc part of Theorem 1 that there exists 
an operator A* such that if;(:r, y) = (A *:r, y) for all x and y and that 
.:1* is such that II A* II = II if; II = II A 11. Since the uniqueness of A* 
is clear, the proof is completed by the obvious computation: (Ax, y) = 
cp(x, y) = if;*(y, :r) = (11 *y, x)* = (x, A *y). 

The behavior of adjoints can be understood by eonstructing the ad­
joints of the various operators described in §20. We call special attention 
to the example of a multiplication restricted to the analytic functions: 
its adjoint is not what at first it might appear to be. 

Tm~om:l\r 3. If A and B are operators and a is a complex number, 
then 

(i) .4** = .A' 
(ii) (aA)* = a*A*, 
(iii) (11 +B)* =A*+ B*, 
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and 
(iv) (AB)* = B*~*; . . . _1 
(v) if A is inverttble, then A* ts mverttble and (A*) = (A - 1)*. 

Proof. Each of the five assertions is implied by the corresponding 
one of the following five identities. 

(i) (A *x, y) = (y, .4 *x)* = (Ay, x)* = (x, Ay). 
(ii) (aAx, y) = a(Ax, y) = a(x, A*y) = (x, a*A*y). 
(iii) ((A + B)x, y) = (Ax, y) + (Bx, y) = (x, A *y) + (x, B*y) 

(x, A*y + B*y) = (x, (A* + B*)y). 
(iv)(ABx,y) = (Bx,A*y) = (x,B*A*y). 
(v) (A-1)*A* = (Ail-')* and A*(A-1)* (A-1A)*. 

THEOREM 4. If A is an operator, then II A*A II = II A W. 
Proof. It follows from Theore.,m 2 that II A*A II~ 1111* II· II A II= 

11 A W-On the other hand II Ax II"= (Ax, Ax)= (1l*Ax, x) ~II A*A II · 
11 x 11 2 for every vector x and therefore II A W ~ II A*A 11. 

§23. Invariancc 

A subspace ml is invariant under an operator .'1 if A9)1 c 9.H, i.e. if 
Ax E 9)1 whenever X E m j a subspace m reduces an operator A if both 
m1 and ml-'- are invariant under A. 

THEOREM 1. If each of a family lil.Jl;l of subspaces is invariant under 
an operator 1l [or reduces A], then V ;ml; and n;ml; are both invariant 
tmder A [or reduce A]. 

THEOREM 2. A necessary and suffiCient condition that a subspace 9Jl 
be invariant muter an operator A is that 9)1_~_ be invariant under A*. 

Proof. By symmetry it is sufficient to prove that the condition is 
necessary. If [)1 is invariant under A, and if x E 9.)1 and y E 9R-'-, then 
(.J:, A *y) = (A:r, y) = 0, so that A *y E [)1_~_, and consequently W1_~_ is 
invariant under A*. 

We record for later reference an immediate corollary of Theorem 2. 

THEOREM 3. 11 necessary and sttfflCie-nt condition that a subspace m1 
redttce an operator A is that it be invariant under both A and A*. 

The difference between invariance and reduction is somewhat subtle 
and it is worth while to take. a close look at an example. Consider n 
Hilbert space which has an infinite sequence {x,. I as a basis, n = I, 
2, · · · , and define an operator .1 by A(~,. a. x,.) = ~~~a,. ;1:,+1 ; cf. §20 
(iv). There are many non-trivial subspaces invariant under A; con-
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crete examples may be obtained by selecting a fixed positive integer m 
and forming the subspace V {x,.+,.:n = 1, 2, · · · j. ·we assert, however, 
that the only subspaces which reduce A are D and S), or, in other words, 
that if a subspace Wl reduces A and contains a non-zero vector x, then 
Wl = S). To prove this it is convenient to employ Theorem 3 and it is 
necessary, therefore, to discover A*; an immediate computation shows 
that A* is defined by A *(~na,.x,.) = ~nan+1Xn. If ~nanXn is the Fourier 
expansion of the given non-zero vector x and if m is the lowest positive 
integer such that am ~ 0, then X = ~ .. a,.Xn = l:nan+rn-lXn+rn-1. Since 
the assumption that Wl reduces A, together with Theorem 3, shows that 
y = ~ .. a,.+,.Xn+rn = A"'(A. *)"'x E 9Jl, it follows that a,. X,. = x - y E Wl, 
and hence that x .. E Wt Another application of the same reasoning 
shows that x,. = A n-1(A *)"'-1x,. E Wl for all n and it follows indeed 
that Wl = S). 

§24. Hermitian Operators 

An operator A is Hermitian if A = A.*. 

THEOREM 1. A necessary and sufficient condition that an operator A 
be Hermitian is that the bilinear functional I{J, defined for every pai1· of 
vectors x andy by <P(x, y) = (Ax, y), be symmetric. 

Proof. A necessary and sufficient condition that <P(x, y) = <P*(y, x) 
for all x and y is that (Ax, y) = (y, A *x)* = (A *x, y) for all x and y. 

As an immediate consequence of Theorem 1 and what we already 
know about bilinear functionals (cf. 3.3, 18.3, and 22.1) we obtain the 
following characterization of Hermitian operators and their norms. 

THEOREM 2. An operator A is Hermitian if and only if (Ax, x) is real for 
every vector x; if A is Hermitian, then II A II = sup II (Ax, x) I: II x II = 11. 

Most of the algebraic properties of the set of Hermitian operators 
follow quite trivially from the definition. It is, for instance, clear that 
a real scalar multiple of a Hermitian operator and the sum of two Hermi­
tian operators are Hermitian, and that the inverse of an invertible Her­
mitian operator is also Hermitian. To describe the situation concerning 
products of Hermitian operators, it is convenient now to introduce a 
concept and a symbol which we shall have frequent occasion to use. 
We shall say that an operator A commutes with an operator B, and we 
shall write A~ B, if AB = BA. 

THEOREM 3. The product of two Hermitian operators A and B is 
Hermitian if and only if A ~B. 
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Proof. Since (AB)* = HA, the equations (AB)* = AB and BA = AU 
are obviously equivalent. 

From Theorem 3 and the discussion that preceded it we conclude that 
if A is a Hermitian operator and p is a real polynomial, then p(A) is 
Hermitian. 

The evidence we have collected tends to show (cf. in particular 
Theorem 1) that if we think of an operator as a generalized complex 
number, then \Ye should think of a Hermitian operator as a generalized 
real number. Such an attitude is quite fruitful. It suggests, for instance, 
that we may define a concept of positiveness for Hermitian operators; 
we shall, indeed, say that a Hermitian operator A is positive, in symbols 
A ~ 0, if (Ax, x) ~ 0 for every vector :r. It is obvious that a positive 
multiple of a positive operator and the sum of two positive operators 
are positive. \Ve may continue further along the lines suggested by these 
considerations and define a partial order in the set of Hermitian opera­
tors by writing A ~ B whenever B - A is positive. This ordering is 
proper (i.e. if A ~ B and B ~ A, then A = B) and transitive (i.e. if 
A ~ Band B ~ C, then A ~ C). We shall have opportunity to refer 
to some of these facts later. 

§25. Normal and Unitary Operators 

If A is any operator, then there exist two uniquely determined Her­
mitian operators B and C such that A = B + iC: in this respect also 
Hermitian operators imitate the behavior of real numbers. The existence 
of what might be called the real and the imaginary parts of A is proved 

by explicitly exhibiting them through the equations B = ~(A + A*) 
2 

and C = ~(A - A*); uniqueness follows from the observation that 

if A = B + iC, then A* = B* - iC*. 
The fact that in general the real and the imaginary parts of an operator 

fail to commute is what makes operator theory significantly harder than 
the corresponding theory of complex numbers and motivates the defini­
tion of a normal operator as one for which this pathology does not occur. 
More explicitly, an operator A is called normal if A ~A*; if A = B + iC, 
with B and C Hermitian, .then it is easy to see that a necessary and 
sufficient condition for the normality of A is the relation B ~ C. 

THEOREM 1. . A necessary and suffiCient condition that an operator A 
be normal is that II Ax II = II A *x II for every VfX,tqr, x. 



§26. PROJECTIONS 43 

Proof. Since II Ax W = (Ax, Ax) = (il*.tlx, x) and, similarly, 
11.:-l*x W = (A*x, A*x) = (.4.A*x, x), the identity of the left sides of 
these relations is equivalent to the identity of their right sides and the 
latter is equivalent to normality. 

One source of the importance of the concept of normality is that many 
facts ahout Hermitian operators do not depend on the identity Ax = .4. *x 
hut only on the identity II Ax II = ll:l*;t; II, and, in Yirtuc of Theorem 
1, all such facts are valid for normal operators. 

There is a special class of normal operators of considerable interest, 
namely the operators U which satisfy the equations UU* = U*U = 1; 
such operators arc called unitary. In the same sense in whieh Hermitian 
operators arc generalized real numbers, unitary operators are generalized 
eomplcx numbers of absolute value 1. Obset"\"c that a unitary operator 
is invertible and that in fact unitary operators may be characterized 
as those im·ertiblc operators U for which u-1 = U*. 

The main reason for the int<>rest of unitary operators is that they are 
exactly the :mtomOI'phisms of S). By an automorphism of ,P we mean, 
of cour:sc, an isomOI'phism from S) onto S). Observe that since an iso­
morphism is an isomctt·y, it follows that an automorphism is in par­
ticular an operator. 

TnEORE:\1 2. A necessary and sujjicicnl condition that an operator [; 
be an automorphism of.\) is that it be unitary. 

PToof. Obsm·ve that since (Ct:, Uy) = (L'*[;"x, y), the equation 
U*U = 1 implies and is implied by the identity (Ux, ["y) = (x, y). 
Since a unitary operator is invertible unci, consequently, is a one-to-one 
transformation from ,P onto .'i), we infer from this observation that a 
unitary operator is an automorphism. Since (cf. 21.3) an automorphism 
is also an invertible operator, we infer from the same observation that 
if u is an automorphism then u-l = [T* and hence that u is unitary 

§26. Projections 

The proJection on n subspace 9.R is the transformation P defined, for 
every vector z of the fmm x + y, with x e ffil and y e ~Dr\ by Pz = x. 

THEOREM 1. The projection P on a subspace 9.R is an idempotent 
(P2 = P) and Hermitian (P* = P) operator; if 9.R ~ D, then II P II = 1. 

Proof. It follows from 13.2 and the projection theorem (whose 
name is hereby justified) that Pis a single-valued transformation from 
.V into .p; the fact that P is linear is clear. If z = x + y, with x e ~m 
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and y E lJR..L, then 

II Pz 11 2 = II x II 2 ~ II x 11 2 + II Y 11 2 = II z 11 2
, 

so that P is bounded and II P II ~ 1. Since P 2z = Px = x = Pz, it 
follows that P is idempotent. If 9R contains a non-zero vector x, then 
the fact that Px = x implies that II P II = I. If, finally, z; = x; + Y;, 
with x; E 9.>1 andY; E lJR..L, j = 1, 2, then 

(Pz1 , z2) = (x1 , z2) = (x1 , x2) = (z1 , x2) = (z1 , Pz2), 

so that Pis Hermitian. 

THEOREM 2. If P is the projection on a subspace 9)1 and 1j Wl1 

I x: Px = xI and 9.>12 is the range of P, then 9.>11 = 9.>12 = Wt 
Proof. It follows immediately from the definitions of Wl1, 9Jl2 , and 

P that llR1 C llR2 C lJR. If, on the other hand, x E Wl, then Px = x, so 
that 9R C 9.>11 and consequently all these inclusion relations reduce to 
equalities. 

THEOREM 3. If P is the projection on a subspace 9R and if x is a 
vector such that II Px II = II x II , then Px = x (and therefore x E lJR). 

Proof. Since x = Px + (x - Px) and since Px E 9R and 
x - Px E lJR..L, it follows that II x 11 2 = II Px 11 2 + II x - Px 11 2 ; the 
fact that II Px II = II x II implies therefore that II x - Px II = 0. 

THEOREM 4. If P is an idempotent li ermitian operator and if Wl is 
the subspace lx:Px = x}, then Pis the projection on ll.n. 

Proof. Since P is idempotent, it follows that P(Pz) = Pz for all z; 
since P is Hermitian, it follows, for every vector x in 9Jl, that 
(x, z - Pz) = (x, z) - (Px, z) = 0 for all z. In other words, Pz E 9.R 
and z - Pz E 9.n..L for all z; the theorem follows from the definition of 
projections and the identity z = Pz + (z - Pz). 

We conclude this section with the elementary but exceedingly useful 
comment that if P is a projection, then (Px, x) = II Px 11 2 for every 
vector x. The proof of the comment is the following self-explanatory 
chain of identities: 

(Px, x) = (PPx, x) = (Px, P*x) = (Px, Px) = II Px 11 2• 

§27. Projections and Subs paces 

In view of the results of the preceding section, there is a natural one­
to-one correspondence between subspaces and idempotent Hermitian 
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operators. It is in principle possible, therefore, to express all the geo­
metric properties of subspaces in terms of the algebraic properties of 
their projections. We propose in the following sections to show in de­
tail how that may be done; we begin in the present section by describ­
ing the algebraic formulations of invariance, reduction, orthogonal 
complementation, and orthogonality. 

THEOREi\l 1. A subspace ~R with projection P is {nvariant under an 
operator .4 if and only ~f ilP = PAP. 

Proof. If AP = PAP and if x E W1, then Ax = APx = P ilPx E ~Jt 

If, conversely, 9Jl is invariant under A, then APx E 9)1 and therefor<' 
APx = PAP.-r: for every vector x. 

Tm;onEM 2. A subspace Wl with projection P reduces an operator A 
if and only if P ~A. 

Proof. If AP = PA, then, multiplying this relation by P on the 
right and on the left, we see that both AP and P A are equal to PAP. 
By the formation of adjoints we obtain the result that both A *P and 
P il * are equal to P A* P. Since, in view of Theorem 1, the simultaneous 
validity of the relations AP =PAP and A*P = PA*P is equivalent to 
the assertion that W1 is invariant under both A and A*, the desired 
result follows from 23.3. 

THEOREM 3. lf P is the projection on a subspace W1, then 1 - P is 
the projection on Wl.J._ and m.J._ = I X: Px = 0 j. 

Proof. A trivial verification shows that 1 - P is idempotent and 
Hermitian and hence that 1 - P is the projection on some subspace 91. 
By 2G.2, 9l = {x: (1 - P)x = xj = {x:Px = Ol; the fact that, there­
fore, 91 = Wl.J._ follows from the definition of projections. 

TuEoREl\I 4. If Wl and 91 are subspaces with projections P and Q 
respectively, then a necessary and sufficient condition for the validity of 
all the following relations is the validity of any one of them. 

(i) m ..L 91. 
(iia) PQ = 0. 
(iib) QP = 0. 
(iiia) P91 =D. 
(iiib) Qilll= D. 

Proof. If m ..L 91, then 9l c m.J._. Since Qx E 91 for all x, it follows 
(by Theorem 3) that PQx = 0 for all x. If PQ = 0 and if x E 9l, then 
Qx = x and therefore Px = PQx = 0, so that JXJ1 = D. If, finally, 
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Pm = 0, then (again by Theorem 3) 9"1 C rol..L and therefot'e IDl ..L 9l. 
These arguments prove the equivalence of (i), (iia), and (iiia); the 
equivalence of these relations to (iib) and (iiib) follows by symmetry. 
Alternatively we may derive (iia) and (iib) from each other by the 
consideration of adjoints, and, after observing that (iiia) and (iiih) 
may be expressed in the form m c rol..L and IDl c m..L respectin~ly, 
derive them from each other by orthogonal complementation. 

Justified by Theorem 4 we shall find it convenient to say that two 
projections P and Q are orthogonal, in symbols P ..L Q, if PQ = 0. 

§28. Sums of Projections 

In order to discuss the theory of sums of projections in the necessary 
generality, we have to make a brief digression to describe the concept 
of not necessarily finite sums of operators. A family {.t1;} of operators 
will be called summable, and the operator A will be called its sum, in 
symbols ~;A; = A, if ~;A;x = Ax for every vector x. The fact that a 
scalar factor may be distributed through the terms of a sum, as well as 
the fact that two sums may be added term by term, follows from the 
corresponding theorems (7.1 and 7.2) from the theory of summable 
families of vectors. The fact that, more generally, operator multiplica­
tion is distributive with respect to not necessarily finite summation 
needs a little bit of proof. 

THEOREM 1. If and A and B are operators and if {A;} is a family 
of operators such that ~;A; = A, then ~;A;B = AB and ~;BA; = BA. 

Proof. The first assertion is easy: since ~;A;y = Ay for every 
vector y, we may replace y by Bx. The second assertion is easier: from 
the validity of the relation ~;A;x = Ax for every vector x we conclude, 
from 19.2, that ~;BA;x = BAx for all x. 

THEOREM 2. If P i.s an operator and if {P ;} is a family of projec­
tions such that ~; P; = P, then a necessary and sujfLCient condition that 
P be a projection is that P; ..L Pk whenever j '¢ k, or, in d~fferent lan­
guage, that { P;} be an orthogonal family of projections. If this condition 
is satisfied and if, for each j, the range of P; is the subspace 9R;, then 
the range IDl of P is V ;ID1;. 

Proof. If the family {P;} is orthogonal, then 

P2 = (~;P;)(~kPk) = ~i~kP;Pk = };;P; = P 
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and 
(Px, y) = ('2;P;x, y) = '2;(P;x, y) 

= '2;(x, P;y) = (x, '2;Pi!J) = (x, Py) 

for every pair of vectors x and y. In other words the orthogonality of 
the family { P; I implies that P is idempotent and Hermitian, and hence 
that P is a projection. 

If, conversely, P is a projection and if x E ~mk for some value of k, 
then 

II x 11 2 ~ II Px 11 2 = (Px, x) = '2;(P;x, x) 

= '2;IIP;xll 2 ~ 11Pkxll 2 = llxll 2-

It follows that every term in this chain of equations is equal to every 
other term. From the equality of '2; II P; x II 2 and II P k x II 2 we conclude 
that P ;x = 0 whenever j ~ k, and hence that P ;9Rk = D wheneverj ~ k; 
the orthogonality of the family {P;\ follows from 27.4. From the 
equality of II x II and II Px II we conclude, by 2G.3, that x E 9Jl and 
hence that 9Rk c ~m for all k; it follows trivially that v ;9Jl; c mt 
Since, finally, P ;:t: E 9J~; for every vector x and every value of j, it fol­
lows that Px = '2iP ;x E ~;ilJli = V i9J~; for all x, or, since 9)~ is the range 
of P, that IDl C V ;9J~;. 

We call attention to the fact that although the proof of Theorem 2 
for finite families can be made shorter than the one we presented, its 
assertion is non-trivial even in that case. 

§29. Products and Differences of Projections 

The useful fact about products of projections lies near the surface. 

THEOREM 1. 11 necessary and sufficient condition that the prod11ct 
P = P1P2 of two projections P1 and P2 be a projection is that P1 ~ P2. 
If this condition is satisfied and ~f the ranges of P, P1 , and P2 are 9R, 
ilJ~1 , and ilJl2 respectively, then 9R = 9Rt n ID12. 

Proof. According to 24.3, P is Hermitian if and only if P1 ~ P2 ; 
it is clear that if P1 ~ P2, then Pis idempotent. We may already con­
clude that Pis a projection if and only if P 1 ~ P2 ; it remains, assum­
ing that this is the case, to settle the relations among the ranges. Since 
the range of a product of two operators is obviously contained in the 
range of the first factor, the commutativity of P 1 and P2 implies that 
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IDl C ID'l1 and IDl C ID'l2 and therefore that IDl C IDl1 n IDl2 • If, on the 
other hand, x e ID'l1 n 9.)12 , then P 1x = P2x = x and therefore Px = x, 
so that IDll n 9.)12 c m. 

Before discussing the facts about differences of projections, we find 
it convenient to describe the algebraic formulation of the geometric 
concept of one subspace containing another. 

THEOREM 2. If ID1 and 91 are subspaces with projections P and Q 
respectively, then a necessary and sufftcient condition for the validity of 
all the following relations is the validity of any one of them. 

(i) p ~ Q. 

(ii) II Px II ~ II Qx II for every vector x. 

(iii) ID1 c 91. 

(iva) QP = P. 

(ivb) PQ = P. 

Proof. If P ~ Q, then II Px 11 2 = (Px, x) ~ (Qx, x) = II Qx 11 2 for 
every vector x. If II Px 11 ~ 11 Qx II for all x, and if we consider an :ubi­
tr~ry vector X in m, then II X II = II Px II ~ II Qx II ~ II X II 
(smce II Q II ~ 1). Since this implies that II Qx II = II x II , it follows 
from 2G.3 that Qx = x, i.e. that x e 91, and hence that IDl c 91. If IDl C 91, 
then Px Em and therefore QPx = Px for every vector X. If QP = P, 
then, forming the adjoint of both sides of this relation, we see that 
PQ = P · If PQ = P, then 

(Px, x) = II Px 11 2 = II PQx 11 2 ~ II Qx 11 2 = (Qx, x) 
for all x. 

p ~1-II~ORI~M 3. A necessary and sufftcient condition that the difference 
I - _P1 - P_2_ of two projections P 1 and P2 be a projection is that P 2 ~ P1 . 
~ thzs condztwn is satisfied and if the ranges of P, PI' and p2 are m, 

1 • and ID12 respectively, then ID1 = ID11 - ID12 · 
Proof. If P is a projection, then 

(P1x; x) - (P2x, x) = (Px, x) = II Px 11 2 ;:;; 0 
for ever 

Y vector x. If, conversely, P2 ~ P1, then P1P2 = P2P1 P2 
and therefore 

(l\ - P2)2 = p! - PI p2 - p2p! + p2 = p! - p2 . 
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Since P is obviously Hermitian, we may already conclude that P is a 
projection if and only if P 2 ~ P 1 ; it remains, assuming that this is 
the case, to settle the relations among the ranges. Since Pz ~ P1 im­
plies that P1 ~ 1 - P2 , since P1 - P2 = P1(1 - P2), and since the 
range of 1 - P 2 is \.lJl~, it follows from Theorem 1 that 

\.lJl = ffic1 n We~ = ffic1 - ffih . 

§30. Infima and Suprema of Projections 

Not only is there a natural one-to-one correspondence between sub­
spaces and projections, but this correspondence even preserves the 
relations of order: if 9)( and 91 are subspaces with projections P and Q 
respectively, then a necessary and sufficient condition that P ~ Q is 
that 9)( C 91. It follows (cf. §10) that the set of all projeetions is a 
partially ordered set with the property that for any family I Pi l of 
projections there exists a greatest projection (to be denoted by 1\ ;P ;) 
smaller than each of them and there exists a smallest projection (to be 
denoted by V; P J greater than each of them. (For the infimum and 
supremum of two projections P and Q we shall use the symbols P A Q 
and P v Q respectively.) In other words the partially ordered set of 
all projeetions is a eomplete lattice, an isomorphic copy of the complete ' 
lattice of nil subspaces. In view of these facts there is a systematic 
geometric procedure for finding the infimum and the supremum of a 
family I Pi l of projections: if, for eaeh j, the range of Pi is 9)( i , then 
A;P; is the projection with range n/Oc; and ViPi is the projection 
with range V /iJ)(;. 

It is in general difficult, though not impossible, to describe the in­
fimum and the supremum of a family of projections in algebraic terms. 
In the presence, however, of suitable orthogonality, or, more generally, 
commutativity assumptions, the job becomes easy. 

TnEoiU~i\I 1. lf I Pi l is an orthogonal family of projections, then 
V;Pi = "'2;;P;. 

Proof. If "·e knew that the family I P;) were summable, the result 
would be an immediate consequence of 28.2. Instead of praYing sum­
mability, however, we find it just as easy to proceed directly. If, for 
each j, the range of P1 is 9Jc; and if the range of V; P; is 9)(, then 9)( = 

V/iJ)c; = "'2;;9J1;; cf. 13.2. For an arbitrary vector z write z = x + y, 
with .r E 9)( andy E me-'-, and write x = "'2;;x; with x; EWe; for all j. Since 
Pkx; = Djk·ck for all j and k, it follows that Pkz = "'2;;Pkx; = Xk and 
hence that Pz = x = "'2;;x; = "'2;;P1 z. 
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THEOREI\1 2. If P1 and P2 are two commutative projections, then 
P1 A P2 = P1P2 and P1 v P2 = P1 + P2 - P1P2. 

Proof. The assertion concerning P1 A P2 is merely a paraphrase of 
29.1. To prove the assertion concerning P = P1 + P2 - P1 P2 we 
introduce the usual notation and denote the ranges of P, P1, and P2 
by rol, rol1 , and rol2 respectively. Since P = P1 + (1 - P1)P2 , it fol­
lows that p is a projection and that, in fact, rol = 9.)11 v cmr:- n ~m2). 
Since, similarly, P = P1(l - P2) + P2 , and since, therefore, 9J1 = 
(rol1 n rol~) v 9.)12 , it follows that rol1 C rol C ID11 v 9.»2 and 9)12 C 
rol C rol1 v 9.)12 . These relations imply that rol = £0?1 v £012 and hence 
that, indeed, P = P1 v P2 . 

Our last result along these lines shows that in the presence of com­
mutativity even the sorely missed distributive law is willing to put 
in an appearance. 

THEOREM 3. If P is a projection and if IP;I is a family of projec­
tions such that P +-t P;for allj, then P A (V;P;) = V;(P A P;). 

Proof. Since PAP; ~ P and P A P; ~ V;P; for all j, it follows 
that PAP;~ P A (V;P;) for all j and hence that V;(P A P;) ~ 
P A ( V; P;). This inequality is a lattice-theoretic tJ·iviulity; to prove 
that under our assumptions it becomes an equality requires some more 
work. "\Ve shall complete our labors by showing that whenever a vector 
x belongs to the range of P A (Vi P;) and is at the same timp orthog­
onal to the range of Vi(P A Pi), then that vector x must be 0. In 
other words we must show that if x = Px = ( ViP;)x, and if 
( V ;(P A P;))x = 0, then x = 0. The last-written assumption implies 
(and here is where we use commutativity) that Pi Px = 0 for all j. 
Since Px = x, it follows that Pix = 0, i.e. that x is orthogonal to the 
range of P;, for all j. Consequently x is orthogonal to the range of 
Vi P; ; the only way to reconcile this with the fact that x belongs to 
that range is to conclude that x = 0. 

§31. The Spectrum of an Operator 

The spectrum of an operator A, in symbols A(A), is the set of all 
those complex numbers X for which A - X is not invertible. 

The first motivation for considering spectra comes from the finite­
dimensional case. If .P is finite-dimensional, then a necessm-y and 
sufficient condition that an operator be not invertible is the vanishing 
of its determinant-a concept which makes no sense in the general, 
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not necessarily finite-dimensional, case. Since the determinant of A - A 
is a polynomial in A, "·hose zeros are exactly the proper values of A, 
it follows that in the finite-dimensional case the spectmm of an oper­
ator is exactly the set of its proper values. 

\Ve recall that the concept of proper value need not be defined in 
terms of determinants; according to the geometric definition, a com­
plex number A is a proper ,·alue of an operator A if there exists a non­
zero vector x such that Ax = AX. Equivalently: A is a proper value of 
A if there f'xists a unit vector x such that II Ax - AX II = 0. Tills last 
formulation of the definition admits a reasonable generalization. \Ve 
shall say that a complex number A is an approximate proper value of an 
operator A if for every positi,·e number r there exists a unit vector x 
such that II Ax - AX II < r; it is easy to verify that an equi\·alent 
requirement is that for f'very positi,·e number r there exist a non-zero 
vector x such that II Ax - A:t II < r II x II . The approximate point 
sprclrmn of an operator A, in symbols Il(A), is the set of approximate 
proper values of A. 

THEOREM 1. If A is an operator, then IT(A) C A(A). 
Proof. If A E1 A(A), then A - A is invertible and consequently we 

have 

II x II = IICA - A)-1(A - A)x II ~ IICA - A)-1 11·11 Ax - AX II 
for every vector x. This implies that II Ax - A:l: II ~ r II x II , with 
r = 1/II(A - A)-1 II, for every vector x, and hence that A E' IT(A). 

THEOHE!\1 2. If A is a normal operator, then ll(A) = A(A). 
Proof. In view of Theorem 1 it is sufficient to prove that A(A) C 

ll(A). If A E1 I1(1l), then there exists a positive real number r such that 
II Ay - AY II ~ r II Y II for every vector y. Since A - A is just as normal 
as A, and since (A - A)* = A* - A*, it follows (cf. ·25.1) 
that II A *y - A*y II ~ r II y II for ally. In order to prove that A E' A(A), 
i.e. that A - A is invertible, it is sufficient, in view of 21.3, to prove 
that the range of A - A is dense, or, equivalently, that the orthogonal 
complement of the range is D. Clearly, however, if a vector y is orthog­
onal to the range of A - A, then 0 = ((A - A)x, y) = (x, (A* - A*)y) 
for all x, and hence A *y - A*y = 0. Since II A *y - A*y II ~ r II y II , 
it follows that y = 0 and the proof is complete. 

According to Theorems 1 and 2, the spectmm, at least for normal 
operators, is a more or less natural object. A study of some examples, 
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notably of the multiplication operators described in §20(ii), sheds con­
siderably more light on the subject. By way of illustration we mention, 
without proof, that the spectrum of the multiplication operator defined 
by a bounded measmable function h is the essential range of h. By 
the essential range of a complex-ntlued measmable funetion h on a 
measure space with measure J.L we mean the set of all those complex 
numbers >. which have the property that f.L(h- 1(J/)) ~ 0 whene\·er .~.11 
is an open set containing X. This concept is a slight measure-I lH'o1·etie 
variant of the usual concept of the range of a function and is not to bl' 
confused with the range of the multiplication operator defined by th<' 
function; the former is a set of complex numbers and 1 he latter is a 
set of vectors. 

§32. Compactness of Spectra 

We begin with an auxiliary result on invertibility. 

TJIEORE~I I. l.f an operator A is such that Ill - A II < 1, thrn A is 
invertible. 

Proof. If we write Ill - A II= 1 - a, so that 0 < a ~ 1, then 

II Ax II = II x - (x - Ax)ll ;;; II x II - 11(1 - A)x II 
;;; II X II - (1 - a:)ll X II = a: II X II 

for every vector x. It follows from 21.3 that it is sufficient, in order to 
prove the invertibility of A, to show that the range 9)( of A is dense 
in 5). We shall establish the density of fie by proving that if y is an 
arbitrary vector, and if o = inf Ill y - x II: x e 9)( I, then o = 0. If 
0 > 0, then there exists a vector X in me such that (1 - a:) II y - X II < o. 
Since fie contains both x and A(y- x), and therefore also x +A (y- x), 
it follows that 

0 ~ II (y - X) - A (y - X) II ~ III - A 11·11 y - X II 
(1 - a:)ll y - X II < o, 

and we have reached the desired contradiction. 

THEOREM 2. If A is an operator, then A(A) is a compact subset of 
the complex plane; if>. E A(A), then I>. I ~ II A II . 

Proof. If Xo e' A(A), so that A - Ao is invertible, then 

Ill - (A - Ao)-1(A - >.)II = li(A - Xo)-1((A - >.0) - (A - >.))II 
~ II(A- Ao)-1 11·1 A- Ao I 
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and consequently Ill - (A - A.o)-1(A - A.)ll < 1 whenever I A - Ao I 
is sufficiently small. It follows from Theorem 1 that (A - A.0)-1(A - A.) 
is invertible and therefore that A - A. is invertible whenever I A. - Ao I 
is sufficiently small. This implies that the complement of A(A) is an 
open subset of the complex plane; it remains only to prove the second 
assertion of the theorem. If I A. I > II .t1 II , then II A/X II < 1 and there­
fore, again by Theorem 1, 1 - (A/A.) is invertible. It follows that 
A. e' A(A) and hence, contrapositively, that if A e A(A), then 

I A I~ II A 11-

Even in the absence of normality, the approximate point spectmm 
tries hard to act like the spectrum; as a sample of such behaYior we 
mention that Theorem 2 remains tme if A is replaced by IT. The proof 
is easy. If A.0 e' IT(A), then there exists a positive number c such that 
II .t1 - A.ox II ~ c for all unit vectors x. Consequently if x is a unit 
vector and if I A A.o I < t:/2 , then 

II Ax - Xx II ~ II Ax - Ao X II -I Ao - A I ~ ~ , 
:-;o that A. e' IT(A ). This means that the complement of IT(A) is open; 
the rest of our assertion il'l an immediate consequence of 31.1. 

§33. Transforms of Spectra 

It is interesting to observe what happens to the spectmm of an 
operator when it is subjected to various elementary transformations. 
If, for instance, A and B arc operators, and if B is invertible, it is easy 
to sec that .\(A) = .\(B-1AB). (In view of the identity B-\A - A.)B = 
u-- 1AB - A., the invcrtibility of the right term is equivalent to the in­
,·ertihility of .l - A..) In this Rection we examine the behavior of the 
,.;pectnnn with respect to the formation of polynomials, inverses, and 
adjoints. 

TnEOREl\l I. If A is an operator and p is a polynomial, then 

A(p(A)) = p(A(A)) = {p(A.):A E A(A)}. 

Proof. For any complex number X0 there exists a polynomial q 
such that p(A.) - p(Xo) = (X - Xu)q(X) identically in X. It follows that 
p(A) - p(A.o) = (A - Xo)q(A); we assert that if Xo e A(A), then B 
(A - Xo)q(A) is not invertible. (If it were, then we should have 

(A - Xo) · q(A )B-1 = BB-1 = 1 = B-1B 

= B-1 • (A - Xo)q(A) = B-1q(A) ·(A - Xo), 
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i.e. A "-o woulq also be invertible.) Since this means that p(A) - p(Xo) 
is not invertible; we have proved that p(Xo) E A(p(A)) and hence 
that p(A(A)) C A(p(A)). Suppose on the other hand that Xo E A(p(A)), 
and let X1 , • · · , Xn be the (not necessarily distinct) roots of the equa­
tion p(X) = X0 • It follows that p(A) - Xo = a(A - X1) • • • (11 - Xn) 
for a suitable non-zero complex number a, and hence that A - X; must 
fail to be invertible for at least one value of j, 1 ~ j ~ n. For such a 
value of j we have X; E A(A) and p(X;) = Xo, so that Xo E p(A(A)) and 
therefore A(p(A)) C p(A(A)). 

THEOREM 2. If an operator A is invertible, then A(A - 1) = (A(A))-1 = 
{>.-1 :>. E A(A)J. 

Proof. Observe that since saying that A is invertible is the same as 
saying that 0 is not in A(A), the symbol (A(A))-1 makes sense. The 
identity A-1 - X -I = (X - A)X -lA -I shows that if X E1 A(A), so that 
A - X is invertible, then A-1 - X -I is invertible, so that X -I E' A(A - 1). 

In other words A(A-1) C (A(A))-1 and our theorem is half pro\'ed. 
The reverse inequality follows by the elegant trick of applying what 
we have already proved to 1l-1 instead of .-1. 

THEOREM 3. If A is an operator, then .\(A*) = (A(A))* = 
{>.*:>. E A(A)}. 

Proof. If X E' A(A), so that A - X is invertible, then ..-1 * - X* is 
invertible, and therefore X* E1 A(A *). Since this proves that A(A *) c 
(A(A))*, the proof may be completed just as in Theorem 2; to obtain 
the reverse inequality it is sufficient to apply the inequality already 
proved to A* instead of A. 

§34. The Spectrum of a Hermitian Operator 

If 33.3 is applied to a Hermitian operator, it yields the result that 
the spectrum of a Hermitian operator is symmetric with respect to the 
real axis. Actually the situation is mueh simpler. 

THEOREM 1. If A is a Hermitian oprralor, thrn A(A) i.s a subsrt of 
the real axis. 

Proof. If X is not real, then, for every non-zero vector x, 

0 < I X - X* 1·11 x 11 2 = I((A - X)x, x) - ((A - X*)x, x)l 
= J((A- X)x, x)- (x, (A - X)x)l ~ 211 Ax- Xx 11·11 :r II; 



§34. THE SPECTRUM OF A HERl\IITIAN OPERATOR 55 

the desired result follows from the fact. (cf. 31.2) that for Hermitian 
operators the approximate point spectrum and the spectrum are the 
same. 

Our next result is one of the most pO\verful tools for the study of 
Hermitian operators; it asserts that the norm of such an operator can 
be calculated from its spectrum. 

THEOREM 2. If A is a Hermitian opetalor, then II A II = a = 
sup II A I:A E A(A)}. 

Proof. The fact that a ~ II A II , does not depend on the Hermitian 
character of A; it follows from 32.2. We shall prove that equality 
prevails by showing that II A II ~ E II (A~); in view of 31.1 and 33.1 we 
shall then be able to conclude that ± II A II E A(A) for a suitable choice 
of the ambiguous sign. The proof of the promised relation is based on 
the identity 

II A2x - A2x 112 = II A2x 112 - 2A211 Ax 112 + A411 x 112, 
valid (since A is Hermitian) for all real numbers A and all vectors x. 
If {x,.} is a sequence of unit vectors such that II Axn II-+ II A II , and 
if A = II A II , then it follows from our identity that 

II A 2Xn - A2Xn 11 2 ~ (II A 11·11 Axn 11)2 - 2A2 II Axn 11 2 + A4 

= }.. 4 - }.. 2 II Axn II 2 -+ 0 

and hence that we do indeed have II A 11 2 E ll(A2). 

One of the useful conclusions we can draw from Theorem 2 is that the 
spectrum of a Hermitian operator is not empty. This is not a trivial 
conclusion. We shall obtain the corresponding fact for normal operators 
only after the application of a lot more relatively deep analysis. We 
hereby report that the spectrum of an arbitrary operator is also not 
empty; since we shall have no occasion to make use of this fact, we 
shall not enter into its proof. 

To state our last result, an easy corollary of Theorem 2, we introduce 
some new notation. If A is an operator and if f is a complex-valued 
function on the spectrum of A, we shall write 

NAU) =sup {lf(A)I:A E A(A)}. 

THEOREM 3. If A is a Hermitian operator and p is a real polynomial, 
then II p(A)II = NA(p). 
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Proof. Applying first Theorem 2 (to p(A) instead of A) and then 
33.1, we obtain 

II p(A)II = sup {I A I:A E A(p(A))} 

=sup {I A I:A E p(A(A))} 

=sup II p(A)I:A E A(A)}. 

§35. Spectral Heuristics 

We are now in a position to make a deep analysis of the structure of 
Hermitian and, more generally, normal operators. In order, however, 
to motivate and illustrate not only the method of proof but even the 
statement of the facts, it is advisable that we make a brief digt·ession 
and examine an analogous but more elementary theory. 

Consider the statement that a real-valued, bounded, measurable 
function f on a finite measure space X can be uniformly approximated 
by simple functions. More precisely: to any positive number E: there 
corresponds a finite, disjoint family of measurable sets, or, equivalently, 
a finite, disjoint family lx;} of measurable characteristic functions, and 
a finite family IX;} of real numbers, such that I f(t) - ~;A;x;(t)l < t: 

for all tin X. 
How does the usual proof of this theorem go? If the bounds of f are 

a and {3, so that a ~ f(t) ~ {3 for all t in X, we may subdivide the interval 
[a, {3] into a finite, disjoint family IM ;} of intervals of length less than 
e, and, for each j, we may select a number A; in llf; . In the subset 
r 1(M ;) of X the values off are all within E: of Aj , and therefore We obtain 
the desired result by setting Xi equal to the characteristic function of 
r 1(M 1). (Note that since the value at a point t of the characteristic 
function of r 1(M ;) is equal to the value of the characteristic function 
of M; at f(t), we have x;(t) = XM;Cf(t)) for all t.) If, for any Borel set 
M in the real line, we write E(M) for the characteristic function of 
the subset r 1(M) of X, our result may be expressed by writing 

If- ~;X;E(M;)I < [;. 
The expression ~;X;E(M;) looks suspiciously like the sort of sum 

that occurs in various approaches to integration. The function E is a 
set function, a measure in some sense, which associates a certain char­
acteristic function on the space X with each Borel set in the real line. 
Since, for each j, >.1 is a point in the element M; of a certain partition 
of the interval [a, {3], the integral that appears to be lurking in the 
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background has the form J X dE(>.). It is not a difficult task to con­
struct a theory of integration in which symbols such as J X dE(>.) make 
sense, although of course our heuristic hints do not constitute such a 
construction. 

Proceeding formally, we may summarize our comments as follows. 
The approximability of a real-valued, bounded, measurable function 
f by simple functions can be expressed by writing f = J X dE(>.), where 
E is the somewhat peculiar, function-valued, "measure" whose Yalue 
at a Borel set M in the real line is the characteristic function of T 1(M). 
The measure E has some unusual properties and reflects in some in­
teresting ways the structure of the function f. Among its properties we 
mention its idempotence ((E(M))2 = E(llf) for every Borel set .. ilf) and, 
more generally, its multiplicativity (E(M n N) = E(M)E(N) for every 
pair of Borel sets Ill and N). The way in which E reflects the properties 
off is illustrated by the assertion that, if M is a Borel set, a necessary 
and sufficient condition for the vanishing of E(M) is that M be dis­
joint from the range of f. 

The analogs of bounded, real-valued, measurable functions in Hilbert 
space theory are bounded, Hermitian, linear transformations, i.e. 
Hermitian operators. Since a function is the characteristic function of a 
set if and only if it is idempotent, it is clear on algebraic grounds that 
the analogs of characteristic functions are projections. The approxi­
mability of functions by simple functions corresponds in the analogy 
to the approximability of Hermitian operators by real, finite linear 
combinations of projections. The purpose of such an operatorinl ap­
proximation theorem is, just as in the analogous functional situation, 
to provide a tool for deriving and understanding the deep structural 
properties of complicated objects in terms of simple objects. For a 
Hermitian operator, just as for a real function, we shall be able to con­
struct a "measure" E with the multiplicative property mentioned in 
the preceding paragraph and to recapture the operator by means of an 
integral. The measure E will reflect the properties of the given operator 
in many ways; in analogy with our remarks concerning the range of a 
function, for instance, it will be easy to characterize the spectrum of 
the operator in terms of E. 

The theory for complex-valued, bounded, measurable functions is no 
harder than for real functions. The proper analog of a complex func­
tion turns out to be not any old operator but a normal operator; it will 
be technically convenient to derive the complex (normal) generaliza­
tion from the real (Hermitian) special case. 
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It is customary to motivate the theory we intend to develop not by 
such analytic considerations as we have indicated, but by reference to 
the algebraic facts concerning operators on finite-dimensional spaces. 
It is a good idea to keep both in mind, and, spePifically, the reader is 
advised to think through the relation between our past and future 
comments on the one hand and the familiar reduction of a 1-lpr·mitian 
matrix to diagonal form on the other hand. 

§36. Spectral Measures 

If X is a set with a specified Boolean a--algebra S of subsets, a spectral 
measure in X is a function E whose domain is S and whose values are 
idempotent, Hermitian operators (projections) on .p, such that 
E(X) = 1 and such that E( Un ill n) = T,n E(M n) whenever I M n I is a 
disjoint sequence of sets in S. A set X with a specified Boolean a--algebra 
S of subsets is usually called a measurable space and is denoted by 
(X, S); the sets belonging to S are called the measurable subsets of X. 
A typical example of a spectral measure is obtained by letting X be not. 
only a mensurable space but a measure space with measure~. eonsider­
ing the Hilber·t space ~2(J.I) in the role of .'), and writing E(Jl)f = x.lf.f 
whenever III e S and .f e ~2(J.I) (where x_,1 denotes, of course, the char­
acteristic function of the set Jl). The standard techniques of elementary 
measure theory show that if E is a spectral measure, then E(O) = 0 
and E is finitely additive (i.e. E(Ui1lfi) = };iE(Mi) whenever IJ!il is a 
finite disjoint family of measurable sets). 

THEOREM 1. If E is a finitely add£tive, projection-valued set funcHon 
on the class S of all measurable subsets of a measurable space (in particu­
lar if E is a spectral measure), then E is monotone and subtractive, i.e. 1j 
Jl.f and N are inS and M C N, then E(i\f) ~ E(N) and E(N - kl) = 
E(N)- E(M). 

Proof. Since E(N) = E(M) + E(N - Jl), the fact that E is sub­
tractive is trivial; monotony follows from 29.3. 

THEOREM 2. If E is a finitely adcl?'tive, projection-valued set function 
on the class S of all measurable subsets of a measurable space (in particu­
lar if E is a spectral measure), then E is modular a.nd multiplicative, i.e. 
if 11! and N are in S, then 

E(M u N) + i':(M n N) = E(M) + E(N) 
and 

E(M n N) = E(M)E(N). 
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Proof. If we add E(M n N) to both sides of the equation 

E(M u N) = E(M - N) + E(llf n N) + E(N - Jl!), 

we obtain 

E(Jl u N) + E(Jf n N) = (E(Jl - N) + E(M n N)) 
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+ (E(N - JJ) + E(M n N)) = E(Jll) + E(N). 

This already proves modularity. Since, by Theorem 1, E(Jl n N) ~ 
E("lf) ~ E(Jl! u N), it follows t.hat E(M) E(Jll n N) = E(il! n N) and 
E(M) E(Jl u N) = E(M). If, therefore, we multiply both sides of the 
modular equation by E(M), we obtain E(M) + E(M n N) = E(ilf) + 
E(ill) E(N), and this proyes that E is multiplicative. 

\Ve remark that the multiplicative property of E implies in particu­
lar that E(Jl) +-? E(N) whenever Jl and N are in S. 

THEOREM 3. A projection-valued function E on the class S of meas­
urable subsets of a measurable space X is a spectral measure if and only if 

(i) E(X) = 1, 

and 

(ii) fol' each pair of vectors x and y, the complex-valued set function p. 
defined .for every 111 in S by p.(M) = (E(ll!)x, y) is countably additive. 

Proof. If E is a spectral measure, then (i) holds by definition and 
(ii) follows from the fact (7.3) that an inner product one factor of 
which is an infinite sum may he formed term by term. Suppose, con­
versely, that (i) and (ii) hold. If llf and N arc disjoint measurable sets, 
then the identity 

(E(ill u N):t:, y) = (E(M)x, y) + (E(N)x, y) = ((E(M) + E(N))x, y) 

proves that E(M u N) = E(M) + E(N), i.e. that E is finitely additive 
(nnd therefore multiplicative). If, similarly, IM .. } is a disjoint sequence 
of measurable sets with U .. M,. = Jll, it is tempting to argue that 

(E(M)x, y) = ~ .. (E(M,.)x, y) = ((~ .. E(llf .. ))x, y) 

for all x and y, and hence that E(M) = ~ .. E(M .. ). The only thing wrong 
with this argument is that ~ .. E(M,.) need not make sense; we shall 
finish the proof by showing that it does. The multiplicativity of E 
implies that IE(M .. ) } is an orthogonal sequence of projections and 
hence that IE(M .. )x} is an orthogonal sequence of vectors for every x. 
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Since 

~ .. II E(M.,)x 11 2 = ~n(E(Mn)x, x) = (E(M)x, x) = II E(.1.lf)x II 2, 

it follows that the sequence { E(M n)X J is summable. If ~n E(M n)x = Ax, 
then it is clear that A is a linear transformation of .P into itself; the 
chain of equations used to prove the existence of A implies also that A 
is bounded (and, in fact, that II A II ~ 1). 

§37. Spectral In tcgrals 

Throughout this section we shall work with an arbitrary but fixed 
measurable space (X, S); the expression "spectral measure" 'vill always 
refer to a spectral measure in X. It will be convenient to usc also the 
symbol 52; for the class of all COmplCX-\'alued, bounded, measurable 
functions on X, and to write N(f) = sup {lf(X)I:X e XJ whenever 
f em. 

TI-IEORE:Il 1. If E is a spectral measure and iff E m, then there exists 
a unique operator A such that (Ax, y) = I f(X) d(E(X)x, y) for every pair 
of vectors x and y; the dependence of A on f a:nd E will be denoted by writing 
A = I fdE = I f(X) dE(X). 

Pmof. The boundedness of f implies that the integral rp(x, y) = 

I f(X) d(E(X)x, y) may be formed for every pair of vectors x and y· an 
obvious computation shows that rp is a bilinear functional. since 
I rp(x, x)l ~ I I f(X)I d II E(X)x 11 2 ~ N(f) ·II x 11 2, it follows, by 18.2, 
that rp is bounded and hence, by 22.1, that there does indeed exist a 
unique operator satisfying the conditions required of A. 

THEOREM 2. If E is a spectral measure, iff and g are in 58, and if a 
is a complex number, then 

and 
I (af) dE = a:I f dE, I (f + g) dE = If dE + I g dE, 

I f* dE = Cf f dE)*. 

Proof. The proofs of all three assertions are similar and almost 
automatic. To prove, for instance, the last one, we write A = f f dE 
and B = f f* dE, and we observe that the relations 

(x, By) = (By, x)* = (f j*(X) d(E(X)y, x))* 

= I f(X) d(x, E(X)y) = f f(X) d(E(X)x, y) = (Ax, y) 

are valid for every pair of vectors x and y. 
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THEOREM 3. If E is a spectral measure and iff and g are in 58, then 
(f f dE)(f g dE) = f fg dE. 

Proof. We write A = f f dE and B = f g dE. If the (complex) meas­
ure p. in X is defined for every set 111 in S by p.(M) = (E(M)Rr, y), 
where x and y are any fixed vectors, then 

p.(M) = (Bx, E(M)y) = f g(X) d(E(X)x, E(J.li)y) = f g(X)d(E(J.lf)E(X)x, y) 

= f g(X) d(E(M n X)x, y) = f .v g(X) d(E(X)x, y) 

for every 111 in S. It follows that 

(ABx, y) (A *y, Bx)* = (f f*(X) d(E(X)y, Bx))* 

(f f*(X) d(y, E(X)Bx))* = f f(X) d(E(X)Bx, y) 

= ff(X)dp.(X) = ff(X)g(X)d(E(X)x,y) 

and hence that .:lB = f fg dE. 

It follows from the preceding results that if E is a spectral measure, 
then f dE(X) = E(X) = 1, and, more generally, f xM(X) dE(X) = 
f.~~dE(X) = E(M) for every Min S (Theorem 1); iff and g arc in~. 
then f f dE ~ f g dE (Theorem 3); and iff E ~. then f f dE is normal 
(Theorem 2 and the commutativity result just mentioned). To state 
our last result concerning the algebraic behavior of spectral integrals, 
we introduce a convenient notation: if E is a spectral measure and B 
is an operator, we shall write E ~ B for the assertion that E(J/) ~ B 
for all M in S. We remark, for example, that iff E 58, then E ~ f .f dE. 

TnEOHJ~M 4. If E is a spectral mea81lre, if B is an operator such that 
E ~ B, and 1J f E 58, then f f dE ~ B. 

Proof. If f f dE = A, then 

(A R:r, y) = f .f(X) d(E(X)Ba:, y) = f f(X) d(BE(X)x, y) 

= f f(X) d(E(X):c, B*y) = (A:r, R*y) = (BAx, y) 

for every pair of vectors x and y. 

§38. Regular Spectral Measures 

Throughout this section we shall assume that X is a locally compact 
Hausdorff space and that S is the a-algebra of all Borel sets in X; Pxcept 
for this specialization, we continue to follow the conventions of the 
preceding section. 
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A spectral measure E is regular if E(Mo) = V E(lli) for every Borel 
set 1lfo, where the supremum is extended over all eompact sets :If 
contained in Jfo. The spect1·um of a spectral measure E, in symboh; 
A(E), is the complement in X of the union of all those open sets 1U for 
which E(M) = 0. A spectral measure is compact if its spectrum is 
compaet. \Vc obseiYe, concerning these definitions, that they <'annot 
even he fmmulated, let alone exemplified, if X is not a topological 
space. On the other hand as soon us X is a topological space thes<' 
definitions make sense; we restrict attention to the case of locally 
compact Hausdorff spaces mainly because that is the limit of the gener­
ality we need for any of our applications. 

THEOREM 1. If E is a regular spectral measure and A = A(E), thrn 
A is a closed set such that E(X - A) = 0 (and therefore E(A) = 1). 

Proof. Since X - A is, by definition, a union of open sets, A is 
closed. To prove that E(X - A) = 0, it is, in view of regularity, suffi­
cient to prove that E(ll1) = 0 whenever 111 is a compact subset of 
X - .\. The definition of the spectrum of E implies that every point 
of X - A, and therefore in particular every point of 1ll, is contained 
in an open set on which the value of E vanishes. Since .M is compact, 
1lf may be covered by a finite number of such open sets, and it follows 
indeed that E(M) = 0. 

It is frequent.ly convenient to consider spectral integrals such as 
f f(>..) dE(>..) even if the complex-valued measurable function f is not 
bounded; the theory of such integrals remains simple as long as we 
assume that f is, so to speak, bounded with respect to the regular spec­
tral measure E. :More precisely what is needed is that f be bounded on 
the spectrum A of E. If that is the case we define f f dB to mean f.\ f dE = 
f XAf dE; in view of Theorem I. this definition will lead to a. consistent 
theory. Another way of aecomplishing the same pmpose is to replaec 
the spae<' X by the subset A and the spectral measure H in X by the 
spectral measure in A obtained by restricting the domain of definition 
of E to Borel subsets of A only. In connection with this circle of ideas 
it is natural to write NE(f) = sup ll.f(X)I:>.. E A(E)l whenever E is a 
spectral measure and f is a complex-valued measurable function bounded 
on A(E). 

THEOREM 2. If E is a compact and regular spectral measure u:ith 
spectrum A and iff is a complex-valued continuous .function on X, then 
III f dg II = NE(.f). 

Proof. \Ve write f f dE = A, and we assume first that .f is real. 
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Since it follmn; from t lw preC'eding :<ect ion that A is Hermitian, we 
haYe 

II A II= sup 11(.-L!:, .:r)l:ll x II= 1}. 

RinC'e, hm;·cvcr, 

\(A.:r, x)l ~fA if(>-.)1 d II E(>-.):t: II~~ NEUHI x 11 2 

for every Yeclor x, it follows I hat I i .'t II ~ N E(f). 
If N E(f) ¢ 0, let t: be a positiw numbcr such that E < N E(J). We 

may and do assume, without any loss of generality, that. N E(f) = 
sup If(>-.):>-. E A}. If 1ll = 1;\:.f(>-.) > NE(f) - d, then Jf is an open 
set nnd ill n A ¢ 0; it follows that B(Jf) ¢ 0. If xis a non-zero vector 
in the range of E(Jlf), th<'n E(X - M):r = E(X)x - E(M)x = 0 and 
therefore 

\(Ax, x)l = If .f(>-.) d(B(>-.)x, x)l = I f -'f .f(>-.) d II E(>-.)x 11 2 1 
~ (Ns(f) - e)·\1 X 11 2• 

It follows that II A II ~ N E(f) - c for every positive number c and 
hence that II A II ~ NE(f). 

Iff is complex, then, by 22.4, 

II A 11 2 =II A*A II= II<I f*dE)(f fdE)II =II I f*fdE II· 
Since f*f = If \ 2 is real, we have 

II A 11 2 = sup {I f(>-.)\ 2 :A E A} = Ns(l f \ 2) = (Ns(f)f 

§39. Real and Complex Spectral Measures 

A spectral measure defined on the class of all Borel sets of the com­
plex plane is called a complex spectral measure. Our first result is that 
the results of the preceding section are applicable to complex spectral 
measures. 

THEOREM 1. Every complex spectral meas·ure is regular. 

Proof. The proof of this theorem may be carried out by imitating 
the proof of the corresponding fact for ordinary numerical measures. 
The main tool of that proof is the separability of the complex plane. 
As a compromise between reproducing here all the details of a standard 
technique on the one hand and saying that the proof is left as an exer­
cise for the reader on the other hand, we shall reduce the theorem as 
stated to the numerical case. Suppose then that Eisa complex spectral 
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A spectral measure E is regular if E(Mo) = V E(M) for every Bord 
set 1lf11 , where the supremum is extended over all compact sets .lf 
contained in J/0 • The spectrum of a spectral measure E, in symbol:-; 
A(E), is the complement in X of the union of all those open sets M for 
which E(M) = 0. A spectral measure is compact if its spectrum is 
com pad. \Ve obsen•e, concerning these dC'finitions, that t lwy <"annot 
even he formulated, let alone exemplified, if X is not a topolo~ical 
space. On the other hand as soon as X is a topologieal spaee thcsC' 
definitions make sense; we restrict attention to the case of locally 
compact Hausdorff spaces mainly because that is the limit of the gener­
ality we need for any of our applications. 

THEOREM I. If Eisa regular spectral measure and A = .\(E), thm 
A is a closed set such that E(X - A) = 0 (and therefore E(A) = I). 

Proof. Since X - A is, by definition, a union of open sets, .\ is 
closed. To prove that E(X - A) = 0, it is, in view of regularity, suffi­
cient to prove that E(M) = 0 whenever M is a compact subset of 
X - .\. The definition of the spectrum of E implies that every point. 
of X - .\, and therefore in particular every point of Jf, is contained 
in an open set on which the Yalue of E Yanishes. Since Jf is compact, 
1.li may be covered by a finite number of such open sets, and it follows 
indeed that E(M) = 0. 

It is frequent.ly convenient to consider spectral integrals such as 
f f(X) dE('A) even if the complex-valued measurable function f is not 
bounded; the theory of such integrals remains simple as long as we 
assume that f is, so to speak, bounded with respect to the regular spec­
tral measure E. More precisely what is needed is that .f he bounded on 
the spectrum A of E. If that is the case we define f .f d)<} to mean f.\/ dE = 
f xd dE; in view of Theorem L this definition will lead to a consistent 
theory. Another \Yay of accomplishing the same purpose is to rep!ncC' 
the spacC' X hy the subset A and the spectral measme H in X by the 
spectral measure in A obtained by restricting the domain of definition 
of E 1 o Borel subsets of A only. In connection with this circle of ideas 
it is natural to write NE(f) = sup lif('A)I:'A e A(E)l whenever E is u 
spectral measure and f is a complex-valued measurable function bounded 
on A(E). 

THEOHEl\1 2. If E is a compact and regular spectral measure tcith 
spectrum A and 1j f is a complex-valued continuous function on X, then 
I iff dJ,· II = Nf:Cf). 

Proof. 'Ve write f f dE = A, and we assume first that f is r<'al. 
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Since> it followR from the> preceding Re<·tion thnt A is Hermitian, we 
han' 

II A II= sup II(.·LI:, x)l:ll x II= 1}. 

Rim·<', hm~·ever, 

I(Aa:, x)l ~ fA l.f(>-)1 d II B(>.)x 11 2 ~ NF.CJHI x 11 2 

fm every yector x, it follows that II All ~ NE(f). 
If N 1:(J) ? 0, let 1.: ben positin' number such that E < N 11(J). We 

may and do assunw, without :my loss of genemlity, that. N 11(f) = 
sup If(>.):>. E A}. If 1l/ = 1>-:j(>.) > NE(J)- d, then M is an open 
set and 11! n A ? 0; it follows that B(M) ¢ 0. If xis a non-zero vector 
in the rang<' of B(Jl/), tlwn E(X - .M)a: = E(X)x - E(llf)x = 0 and 
therefore 

I(Ax, a:) I = Iff(>.) d(E(>.)x, x)l = I f .u .f(>.) d II E(>.)x 11 2 1 

~ (N F.(.f) - E) ·II X II 2• 

It follows that II A II ~ Ns(f) - E for every positive number E and 
hence that II A II ~ NE(f). 

If f is complex, then, by 22.4, 

II A 11 2 = II A *A II = II<J !* dE)(f f dE) II = II I .f*f dE II. 
Since f*f = If I 2 is real, we have 

II A 11 2 = sup {I f(>-)1 2 :>- E A} = NB(I f 12) = (NB(/))2• 

§39. Real and Contplex Spectral Measures 

A spectral measure defined on the class of all Borel sets of the com­
plex plane is called a complex spectral measure. Our first result is that 
the results of the preceding section are applicable to complex spectral 
measures. 

THEOREM 1. Every complex spectral mea8'U7"e is regula1". 
Proof. The proof of this theorem may be carried out by imitating 

the proof of the corresponding fact for ordinary numerical measures. 
The main tool of that proof is the separability of the complex plane. 
As a compromise between reproducing here all the details of a standard 
teclmique on the one hand and saying that the proof is left as an exer­
cise for the reader on the other hand, we shall reduce the theorem as 
stated to the numerical case. Suppose then that E is a complex spectral 
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measure and that 11-fo is a Borel set in the complex plane. If kf is a com­
pact subset of Mo, then E(ilfo) ~ E(M) and consequently 

E(Mo) ~ V E(.1.lf). 

\Ve must show that if a vector x in the range of E(Mo) is orthogonal to 
the range of E(M) for every compact subset 111 of J.lfo, tlien x = 0. 
If, however, J.L(M) = (E(M)x, x) for every Borel set 111, then, by thC' 
regularity of numerical measures, J.L(llfo) = sup J.L(J.lf), where, again, 
the supremum is extended over all compact subsets of J.lfo. Since, h~· 

hypothesis, J.L(M) = 0 for each such compact set, it follows that 

J.L(Mo) = 0 

and hence that x = E(llfo)x = 0. 

Our next result is the reason and justification for using the \Vord "spec­
trum" in connection with spectral measures. 

THEOREM 2. If E is a compact, complex spectral measure and if 
A = I A dE(A), then A(E) = A(A). 

Proof. If ;\o E1 A(E), then there is an open set M such that ;\0 EM 

and E(llf) = 0. If 111' is the complement of 111 and o is the distance 
between Ao and 111', then 

II Ax - ;\ox W = ((A - ;\o)*(A - Xo)x, x) 

= I (;\ - ;\a)*(;\ - Ao)d(E(;\)x, x) 

for every vector x. Since E(M) = 0, it follows that 

II Ax - AoX W = I M' I A - Ao 12 d(E(;\)x, x) ~ o2 II x W 
for all x and hence that 

Ao E1 II(A) = A(A). 

If, conversely, Ao E A(E), then we have E(ilf) ~ 0 for every open set, 
M containing Ao. Hence if o is any positive number and 

M = I A: I A - Ao I < o I, 
then the range of E(~f) contains some unit vector x. Since, arguing as 
before, II Ax - Xox II" = IM I A - Ao l2d(E(X)x, x) ~ o2, it follows that 
Ao E A(A). 

A spectral measure defined on the class of all Borel sets of the real 
line is called a real spectral measure. It follows from Theorem 1 (cf. 38.1) 
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that a complex spectral measure whose spectrum is contained in the 
real axis may be viewed as a real spectral measure; conversely, of course, 
every real spectral measure may be viewed as a complex spectral meas­
ure whose spectrum is contained in the real axis. Consequently any 
result valid for all complex spectral measures is valid for all real spectral 
measures as well. 

§,tO. Complex Spectral Integrals 

THF:ORE!\l 1. If E1 and E2 are compact, complex spectral measures 
such that f AdBI(''A.) = f AdE2(A), then E1 = E2. 

Proof. Let {3(A) and 'Y(A) be the real and imaginary part respectively 
of the complex number A. If for an arbitrary but fixed vector x we write 
p.1(M) = (E1(M)x, x) and 11-2(M) = (E2(M)x, x), then, since P.1 and 11-2 

arc real (and in fact non-negative), it follows that f {3dp.1 = f {3dp.2 and 
f 'YdP.1 = f 'YdP.2. By polarization we obtain the result that 

f {3dE1 = f {3dE2 
and 

f -ydE1 = f -ydE2. 

The additive and multiplicative properties of spectral integrals imply 
that if p is any real polynomial in t,\·o variables, then 

f p({3(A), 'Y(A))d(J!-\(A):c, y) = f p({3(>.),'Y(A))d(E2(A)x, y) 

for every pair of vectms x and y. It follows that 

(E1(.M)x, y) = (E2(M)x, y) 

for every Borel set ill and all x and y, and consequently E 1 = E2 • 

Theorem 1 ,says that a compact, complex spectral measure is uniquely 
determined by one of the simplest spectral integrals that can be formed, 
i.e. the integral of the function f defined for C\'ery complex number 
A by f(A) = A. Since it is true (cf. our heuristic promise in §35 and its 
fulfillment in §44) that every normal operator has the form f AdE(A) 
for a suitable compact, complex spectral measure E, Theorem 1 is the 
assertion that the representation of a normal operator by such an integral 
is unique. 

THEORI~l\I 2. If R is a compact, complex spectral measure and if B is 
an operator such that both f AdE(A) and f A*dE(A) commute with B, then 
E~B. 
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Proof. We use the notation established in the proof of Theorem 1. 

Since {3("A) = -2
1 (X + X*) and -y(X) = !_,(X - >..*), our assumptions imply 

2~ 

that if pis any real polynomial in two variables and if 

A. = Jp({3(X), -y(X))dE(X), 

then B ~A. It follows that 

I p({3(X), -y(X))d(E("A)x, B*y) =-(Ax, B*y) = (ABx, y) 

= I p({3(X), -y(X))d(R(X)Rr, y) 

for every pair of vectors x andy. Since we may infer that 

(BE(M)x, y) = (E(M)x, B*y) = (E(M)Bx, y) 

holds identically in the Borel set M and the vectors x and y, the proof 
is complete. 

Theorems 1 and 2 are of course tme for real spectral measures in 
particular; the proofs for this special case arc slightly easier than the 
ones we presented. We observe also that even the statement of Theorem 
2 becomes simpler if the spectral measure E is real, since in that case the 
vanishing of Eon the complement of the real axis implies that 

I XdE(X) = I >..*dE(>..). 

In other 'vords if E is a compact, real spectral measure and if B is an 
operator such that I X dE(>..)~ B, then E ~B. It is a remarkable and 
useful fact that this strengthened version of Theorem 2 is true for com­
plex spectral measures also, but it will take us all the work of the follow­
ing two sections to prove that. 

We end this section by reminding the reader of the existence of 37.4. 
That theorem shows that whenever we have accumulated enough as­
sumptions to justify the conclusion of Theorem 2, then we may also 
conclude that I fdE ~ B for every complex-valued, mcaHurable function 
f which is bounded on the entire complex plane, or at any rate on the 
spectmm of the spectral measure E. 

§41. Description of the Spectral Subspaces 

THEOREM I. If A is a normal operator and if~ = ~(A) is the set of 
all vectors x such that II A nx II ;;;:; II x II for every positive integer n, then 
~is a subspace. If B is an operator such that A ~ B, then ~is invariant 
under B. 
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Proof. Let j))l be the set of all those vectors x for which the sequence 
{II 11 "x II} is bounded. If x and y are in 9.)1 and if a: and {3 are complex 
numbers, then the relation 

ll11"(a:x+f3y)ll ~I a:I·IIA"xll + 1131·11 t1"yll. 
valid for every positive integer 11, shows that a:x + {3y E 9Jl. If x E 9Jl, 
then the relation II 11 "Ba: II = II BA "x II ~ II B 11·11 A "x II , valid for 
every positive integer n, shows that Bx e 9Jt In other words 9Jl is a 
linear manifold and 9Jl is invariant under B; it is clear that ~ c 9Jt It 
is not at all obvious that 9)1 is a subspace (i.e. that 9)1 is closed) and, 
although the fact that ~ is closed is easy to sec, it is not at all obYious 
that~ is a linear manifold nor that~ has the desired invariance property. 
All these difficulties can be cleared up in one fell swoop by showing that 
~ = 9J1; that is what we propose to do. It is sufficient to prove that if 
a vector x is such that II 11"'x II > a: II x II for some positive integer m 
and for some number a:, a: > I, then the sequence {II A. "x II} is not 
bounded. But this is easy: an inductive repetition of the argument used 
to prove the chain of relations 

a:2 ll x W < II 11"'x W = (11"'x, A "'x) = ((A"')*A"'x, x) 

~II (A'")*A"'x 11·11 x II = II A 2"'x 11·11 x II 
shows that II A2"'"~ II > a:2" II x II for every positive integer n. (The 
normality of A was used, via 25.1, in the step II (A"')* A "'x II = II A 2"'x II .) 

Suppose now that Eisa compact, complex spectral measure and that 
A is the normal operator f XdE(X). For each complex number X and 
each positive real number t: we shall write ~(X, l") for the subspace 

~ ( ~ (.t1 - X)) associated with the normal operator ~ (A - X) in the 

manner described by Theorem 1. More explicitly ~(X, c) is the set 
(subspace) of all vectors X such that II (A - xrx II ~ en II X II for every 
positive integer n; roughly speaking a vector x in ~(X, c) may be de­
scribed as an approximate proper vector with proper value X and degree 
of approximation l". (Use of this language is not to be confused, how­
ever, with the technical term defined in §31.) For every set M of com­
plex numbers and for every positive real number c, we shall write 
~(Jlf, t:) = V >.<.~r~(X, c), and ~(M) = nc~(.M, t:). As the final piece of 
new notation we introduce G:(M) for the range of E(M) 'vhenever ill 
is a Borel sub::;et of the complex plane. in the next section we shall show 
that if M is eompact, then ~(M) = G:(M). 

The point of our procedure is this. We are trying to prove that when-
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ever A commutes with an operator B, then E (-t B. For this purpose 
we need a direct, geometric characterization of G:(M) in terms of A , 
and that is exactly what the equation ~(jvf) = G:(M) (whenever it is 
valid) gives us. Consideration of the subspaces ~(M) is quite natural 
when they are viewed from the proper value point of view mentioned 
in the preceding paragraph. 

We conclude this section by borrowing the already announced result 
of the next section and, on the basis of that loan, proving the main 
commutativity theorem. 

THEOREM 2. If E is a compact, complex spectral measure and if R 
is an operator such that f X dE (X) (-t B, then E (-t B. 

Proof. Using the notation established above, we begin by observing 
that, according to Theorem 1, ~(X, c) is invariant under R for all X 
and c. Since the span and the intersection of invariant subspaces are 
themselves invariant, it follows that the subspace ~(M) is invariant 
under B for every set M of complex numbers. l.f ill is compact, then 
(by §42) we may conclude that (j\M_) is i~variant under B. The regu­
larity of E shows then that (j(M) IS mvanant under B for every Borel 
set 1vf. Since if JYI is a Borel set, then so is its complement M', and since 
&(M') = (&(M))""\ it follows that G:(M) reduces B for every Borel set 
ill, and this is a paraphrase of what we have promised to prove. 

§42. Characterization of the Spectral Subspaces 

We continue to use the symbols E, A, 6:, and~' in the Rense in which 
they were defined in the preceding section. 

THEOREM 1. If M is a Borel subset of the complex plane, then 

(j(llf) c ~(ill). 

Proof. Let c be a fixed positive number and let [U1) be a disjoint, 
countable family of non-empty Borel sets of diameter less than c such 
that U;M; = M. For each index j, let X; be a complex number in M 1 . 

If x E &(M) and if x; = E(M ;)x, then 

II (A - X;fx; W = f I (X - X;)n 12 d(E(X)x;, x;) 

for all j and n. Since E(M~)x; =. 0 (where 11( is the complement of 
M;), it follows that 

II (A - X;)nx; W = J Mf I (X - X;)n 12 d(E(X)xj, ;~;J) ~ in II X; W 
for all j and n, and hence that x; f ~(X;, c) for all j. Since 
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~(>..;,c) C ~(.ill, c) 

and since x = E(M)x = 'E,iE(Mi)x = ~ixi, it follows that x E ~(M, c). 
The arbitrariness of c implies that x E ~(M) and hence that 

~(M) c ~(M). 

TIIEom;:\1 2. lf ill is a compact s11bset of the comple:r plane, then 
6(M) c ~(ill). 

Proof. Let J/' be the complement of M, and let N be any compact 
subset of M'. If o is the distance between the two compact sets ill and N, 
then o > 0 and consequently we may find a number c such that 

0 < c < 0. 

If >..o E 111 and if x E ~(>..o, c), then II (A - Xo)"x II ~ c" II x II for every 
n; if on the other hand x E CS:.(N), then 

It follows that. no vector other than 0 can belong to both ~(Xo, c) and 
fS.(N), i.e. that ~(Xo, c)n fS.(N) = D. We propose to show that much 
more is true; "·e shall, in fact, prove that ~(>..0 , c) ..L CS:.(N). Since 
E(N) ~A, it follows from 41.1 that ~(>..0 , c) is invariant under E(N). 
Since a projection is a Hermitian operator, we may conclude that 
\J(>..o, c) reduces E(N), or, equivalently, that the projection F(>..o, c) 
with range \J(>..o, c) commutes \Yith E(N). We know therefore that the 
product F(Xo , t) E(N) is the projection with range \5(>..0 , c) n fS.(N), and 
hence that F(>..o, c) E(N) = 0. This, however, is \Yhat we promised: 
\J(>..o, c) is indeed orthogonal to C8(N). The arbitrariness of >..o in ill 
implies that \J(M, c) ..L ~(N) and hence that \J(M) ..L Ci(N). To sum 
up: if N is a compact subset of M', then \J(.M) ..L @(N). The regularity 
of E implies that \}(M) ..L @(M') = (IS:.(M))_L, and hence that 

\J(M) c CS:.(.M), 

as asserted. 

§<1-3. The Spectral Theorem. for Hermitian Operators 

It is high time to prove that in the course of the last several sections 
we have not been operating in a vacuum. The following theorem settles 
all such doubts for Hermitian operators. 

THEOREM 1. If A is a Hermitian operator, then there exists a (neccs-
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sarily real and necessarily unique) compact, complex spectral measure E, 
called the spectral measure of .11, such that .11 = f X dE(X). 

Proof. Let x and y be any two fixed vectors and write 

L(p) = (p(A)x, y) 

for every real polynomial p. It follows from 3·1.3 that 

IL(p)l ~ N,~(p)·llxii·IIYII 
and hence that, with respc<"t to the norm N,~, L IS a bounded linear 
functional of its argument. There exists consequently a unique complex 
measure IJ. in the compact set A(A) such that (p(A)x, ?J) = f p(X) df.I.(X) 
for every real polynomial p and such that IIJ.(lll) I ~ II x 11·11 y II for 
every Borel set 111. We shall find it convenient to indicate the dependence 
of f.l. on x andy by writing IJ..u(x, y) instead of IJ.(ill). 

Using the uniqueness of IJ., we may proceed by straightforward com­
putations to prove that IJ..u is a symmetric, bilinear functional for each 
Borel set M. The proof of the fact that IJ..u is additive in its first argu­
ment runs, for instance, as follows: 

f p(X) diJ.>.(Xt + X2, y) = (p(A )(x1 + x2), y) = (p(A ).1:1 , y) + (p(A)x2 , y) 

= f p(X) diJ.>.(Xi , ?J) + f 1>(X) diJ.>.(x2 , y). 

Since, in virtue of the relation IIJ..u(x, y) I ~ II x 11·11 Y II , valid for all 
!If, x, and y, the bilinear functionals IJ..u are hounded, it follows that for 
each ill there exists a unique Hermitian operator E(Jf) such that 
IJ..u(x, y) = (E(M)::r:, y) for all x and !J. Consideration of the polynomials 
po and Pt , defined by po(X) = 1 and P1(X) = X, implies that 

f d(E(X)x, y) = (H(.X):-c, y) = (:-c, y) 

and 
f Xd(E(X)x, y) = (Ax, y) 

for all x and y. In view of 36.3, all that remains in mder to complete 
the proof of the theorem is to establish that the function E is projection­
valued; we shall do this by proving that E is multiplicative. 

For any fixed pair of vectors x and y and for any real polynomial q, 
we introduce the auxiliary complex measure v defined for every Borel 
set M by v(M) = f.uq(X) d(E(X):-c, y). If TJ is any real polynomial, then 

f p(X)dv(X) = f p(X)q(~) d(E(X).-c, y) =:==' (1>(A)q(A ):r, y) 

= (p(A)x, q(A)y) = f p(X) d(E(X)x, q(A)y) 
and the ref ore 
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v(M) f q(>--)x.11 (>--) d(E(>-.).r, y) = (E(JI)x, q(A)y) 

= (q(A )E(Jl).c, y) = f q(>-.) d(E(>-.)E(M).1:, y) 

for every Bon•l set JJ. Sinee q is arbitrary, it follows that 

(1~(.1! n N).r, y) = f.ltn.vd(E(>-.).r, y) 

= f.v X.11 (A) d(E(>-.);r, y) = (E(N)E(JI).r, y) 

for every Borl'l set N, and henee that E(JI n X) = E(JI)E(N). The 
proof of tiH• :>pC'dral thC'orcm for l-IC'l"mitian operators is thereby eom­
plete. 

Although our proof of this theorem appears at a rather late stage of 
the development of the theory, the proof docs not, as a matter of fact, 
usc mueh of that theory. In addition to the very elements of Hilbert 
spaee geometry, and the external analytic crutch of measure theory, 
the proof relics on the eonnection between bilinear functionals and 
operators and on the eunneetion between the norm and the spectrum 
of a Hcrmi !ian opera tor. \V e recall that the first of these connections is 
based on the representation of linear functionals by vectors, and that 
the l:iecond one (which is the one that really exploits the Hermitian 
character of A) im·oh·el:l the elementary properties of the concepts of 
spectrum and approximate point spectrum. Almost none of the in­
formation that we have accumulated about spectral measures was 
needed, and only superficial (but apparently lllla\·oidable) use was made 
of the fact that A is Hermitian; we did not even need to know the 
slightly tricky relation II A II= sup II (A:c, :r) I:IJ x II= lj. The proof 
applies, of course, to the special case in which S) is finite-dimensional. 
In view of the lot of apparc>ntly formidable machinery that we have 
used, this last comment might appear silly-the spectral theorem for 
the finite-dimcnl:lional case is, after all, quite ncar the surface. A closer 
examination of the faets shows however that, since the measure-theoretic 
apparatus becomes almost vacuous in the finite case, our procedure 
yields a rather reasonable proof c\·cn there. The reader who is not quite 
elear as to exaetly whieh coneepts are needed exactly where would do 
well to retrace our steps and examine the extent to which they become 
simplified in the presence of finite dimensionality. 

§44. The Spectral TheorCin for Normal Opera tors 

THEOREM I. If A is a normal operator, then there exists a (necessarily 
unique) compact, comple:r; spec!ral neasure E, called the spectral measure 
of A, such that A = f }..dE(>-.). 
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Proof. If At and A 2 are the real and imaginary parts of A respec­
tively, i.e. if At and A 2 are Hermitian operators such that 

A = At+ iA2, 

then, by the theorem of the preceding section, there exist two real, 
compact spectral measures E1 and E2 such that 

At = I A dEt(X) 

and 

It will be convenient to regard the complex plane as the Cartesian 
product of the real and the imaginary axes. In accordance with this 
view, \\"e shall use the term rectangle to stand for the Cartesian product 
11[1 X 1112 of a Borel subset lift of the real axis and a Borel subset llf2 

of the imaginary axis. Since the fact that A is normal implies that all 
operators in sight (and in particular Et(Mt) and E2(ll12)) commute 
with each other, it follows that Et(llft) E2(M2) is a projection. The re­
mainder of our discussion will be devoted to sketching the proof of the 
fact that there exists a (necessarily compact) complex spectral measure 
E such that if 111 = Mt X 1l12 is a rectangle, then E(M) = Et(ll11) E 2(M2). 

We leave it to the reader to verify that a spectral measure E with this 
property also has the property that I XdE(X) = A1 + iA2 = A; the 
verification depends on the fact that if a function on a product space 
is independent of one of its two possible aq,ruments, then its integral can 
be evaluated by an integration on the other one of the two factor spaces. 

For any fixed vector x let P. be the function of rectangles defined by 
Jj.(Mt X ll12) = (Et(Mt)E2(1112)x, x). The properties of the spectral meas­
ures Et and E2 imply that P. is non-negative, finitely additive, and con­
tinuous from below in the sense that its value on the union of an in­
creasing sequence of rectangles is the limit of its values on the terms 
of the sequence. It follows that P. can be extended to a measure on the 
class of all Borel sets in the complex plane. It is convenient to indicate 
the dependence of the extended P. on x by denoting its value on any 
Borel set M by P.M(x). 

For every Borel set M and for every pair of vectors x and y we write 

P.M(x, y) = /J.M(Hx + y)) - /J.M(Hx - y)) + ijj.M(Hx + iy)) 

- i/J.M(!(x - iy)). 

\Y e assert that Jl 11 is, for each lixcd Borel scl 111, a symmetrie bilinear 
functional. This assertion is pro\'(•d by noting that (i) it is true if 111 
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is u rectangle, and (ii) the class of all sets for which it is tme is closed 
under the formation of complements and countable unions. Since 

I JLM(x, x) I = I P.M(x) I ~ II x W 
wheneYer M is u rectangle, it follows that, for each Borel set M, the 
bilinear functional JlJt is bounded (and has, in fact, a norm not exceeding 
1). We are almost at the end: by now we know that to every Borel set 
M there corresponds a bounded Hermitian operator E(M) and that 
the function E hn.s all the required properties except possibly multi­
plicativity. 

The last point is settled as follows. Fix x andy and, for each pair of 
Borel sets M and N, consider the two expressions (E(M n N)x, y) and 
(B(M)E(N).'I:, y). If N is a rectangle, then the class of all sets M for 
which these two expressions are equal is such that (cf. the preceding 
paragraph) (i) it contains all rectangles and (ii) it is a Boolean <T-algebra. 
Consequently this class contains all Borel sets. The same argument 
may now be applied to prove that, for each fixed Borel set ill, the class 
of admissible N's is also equal to the class of all Borel sets, and thus the 
proof gl'inds to a stop. 



CHAPTER III 

THE ANALYSIS OF SPECTRAL MEASURES 

§45. The Problem of Unitary Equivalence 

Now where are we? The main purpose of the study of operator theory 
is to discover, formulate, and prove the proper generalizations, valid 
for all Hilbert spaces, of the powerful results known in the finite-dimen­
sional case. In so far as these results concern normal operators they are 
all easy consequences of the possibility of reducing normal matrices to 
diagonal form. The diagonalization theorem yields, in particular, the 
ultimate desideratum, namely a complete description of the geometric 
behaviour of all normal matrices. Speaking slightly more explicitly we 
may say that the diagonalization theorem gives us a method which 
enables us to construct all possible normal operators on a finite-dimen­
sional Hilbert space. The construction is based on such elementary and 
completely manageable material as the concept of a finite set of complex 
numbers. Although the general spectral theorem for normal operators 
is frequently asserted to be the infinite-dimensional analog of diagonaliza­
tion, it is nowhere near as powerful as its purely algebraic special case. 
The spectral theorem does not, for instance, tell us how to construct 
all possible normal operators. All that the spectral theorem does ac­
complish in this direction is to reduce the problem to the construction 
of all possible spectral measures, and thereby, probably, to leave the 
prospective constructor more bewildered than he was at the begin­
ning. 

These remarks are offered by way of introduction to the circle of 
ideas usually called the problem of unitary equivalence. Two operators 
A and B are equivalent if there is an automorphism U of the underlying 
Hilbert space .P which carries A onto B, or, in more detail, if there exists 
a unitary operator U such that u-1A U = B. The problem of unitary 
equivalence is to find necessary and sufficient conditions on A and B 
for the existence of such a U. Since equivalent operators are geometri­
cally indistinguishable, any "description" of an operator A will at the 
same time be a description of all operators belonging to the same equiva-

74 
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lence class as A. In other words: since, geometrically speaking, A is 
only determined to within unitary equivalence, a more delicate descrip­
tion of A neither should nor does exist. 

If A is a normal operator with spectral measure E, the problem of 
finding all operators equivalent to A is settled, in a certain repulsive 
sense, by the equation U-1AU = f>..d(U-1E(X)U). (The symbol U in 
this equation denotes, of course, a unitary operator; the interpretation 
and proof of the equation are achieved by the formation of the usual 
inner products and should be obvious to the reader who has followed 
the development of spectral theory so far.) If, in other words, we say 
that two spectral measures E and F, with the same domain, are equiva­
lent whenever there exists a unitary operator U such that 

U-1E(M)U = F(M) 

for alllii in the common domain of definition of E and F, then a neces­
sary and sufficient condition for the equivalence of two normal operators 
is the equivalence of their respective spectral measures. 

The main reason for feeling dissatisfied with the above answer to the 
equivalence problem is that it leaves things pretty much where they 
were: in order to decide whether or not two given operators are equiva­
lent we must still ask, separately for each unitary operator, whether or 
not it is willing to perform the miracle required of it. What is really 
wanted is a complete set of invariants for the unitary equivalence of 
normal operators. In qualitative terms this means that we wish to 
associate with each normal operator A a certain "object" u.~~ so that 
the following conditions are satisfied. (i) If A and B are equivalent 
normal operators, then u.~~ = us . (ii) If A and B are normal operators 
such that u.~~ = Us , then A and B are equivalent. (iii) To every object 
u there corresponds at least one normal operator A such that u.~~ = u. 
(iv) The objects u are easily manageable mathematical concepts, which 
may be described in simple and, as far as possible, constructive terms, 
and whose definition is, preferably, independent of operator theory. 
It is worth while to note in passing that the spectrum A(A) of a (not 
even necessarily normal) operator A satisfies conditions (i), (iii), and 
(iv). We may therefore say that the points of A(A) constitute a set of 
unitary invariants of A, but not a complete set of such invariants. 

The first three of the above conditions describe nothing more than a 
one-to-one mapping from the set of all equivalence classes of normal 
operators onto the set of all objects. The reader who reads on to finish 
this book will, at the end, be in a position to judge whether or not our 
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solution satisfies the last condition. In order to motivate both the result 
we shall obtain and the method we shall usc to get it, we begin, in tlw 
next section, by taking a closer look at. the situation in finite-dimensional 
spaces. 

§46. Multiplicity Functions in Finite-dimensional Spaces 

The set of all proper values of a nonnal operator A on a finite-dimen­
sional Hilbert space ,P, together "·ith thPir associated multiplicities, 
fmm a complete set of unitary invariants of A. These invariants may 
be described as follows. To the n01mal operator A there corresponds a 
function u = u"' ; the domain of u is the complex plane and the values 
of u are finite cardinal numbers. (The value 11(X) of the function 'tt at 
the complex number X is to be interpreted as the multiplicity with 
which X occurs as a proper value of A ; if X is not a proper value of A 
at all, we write u(X) = 0.) Not every function with the indicated do­
main and range arises in this manner from some normal operator A. 
In order that a funetion 11 do come from some A it is, in fact, necessary 
and sufficient that the sum of all the values of u be the dimension of 
the Hilbert space .\) (and hence, in particular, it is necessary that u 
vanish at all but a finite number of points). Anyone familiar with the 
diagonalization theory of nmmal matrices can verify at a glance that 
the function u"' satisfies all the conditions stated and discussed in the 
preceding section. 

To prepare the way for understanding the generalized version of 
multiplicity functions such as u"' , we proceed to describe them in 
different terms. Since infinite-dimensional spectral measures associate 
projections with Borel sets of complex numbers, and not with individual 
complex numbers, it ought not to be surprising that we get a nearer 
approximation to the final version of multiplicity theory if we regard 
the domain of a multiplicity function as the class of all Borel sets in 
the complex plane, and not as the complex plane itself. The transition 
in point of view is easy: for any non-empty Borel set M we define u..~. (M) 
to be the minimum value of u..~.(A.) for all A. in M; for M = 0 we write 
U,t(M) = 0. 

Not every function u whose domain is the class of all Borel sets in 
the complex plane and whose values are finite cardinal numbers is the 
multiplicity function of some normal operator A on a finite-dimensional 
Hilbert space. It is easy to verify that if u does come from some A, 
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then 

u(M) ~ u(N) 

whenever M and N are Borel sets such that 0 ? M C N, and 

u(Un .1.1! n) = minn { u(M n) I 
whenever {.1.1/ n J is a disjoint sequence of Borel sets. Even these condi­
tions are only necessary; they are not yet sufficient to ensure the exist­
ence of an A such that u = 1l.t • It is easily possible to adjoin to these 
conditions a finiteness requirement such that together with it they 
become necessary and sufficient. Since, however, the conditions already 
stated are the only ones that persist in the general (not necessarily 
finite-dimensional) case, we shall not. bother to formulate the extra one 
that applies only provincially. 

Unfortunately we are still far from the definition of the kind of multi­
plicity function that really arises in infinite-dimensional cases. The 
difficulty is that the concept of a set (Borel set or not) is not quite the 
relevant one. The argument of our general multiplicity function will 
not be a set but a finite measure. Speaking very roughly a finite measure 
f.L in the complex plane may be considered as a set. ''That we have in 
mind is "the set on which f.L is concentrated" or "the complement of 
the largest set on "·hich f.L vanishes." Such phrases are nonsense of 
course. It is, however, true that a measure f.L for which there exists a 
finite set on whose complement f.L vanishes is in an obvious sense a 
generalization of a finite set. Enough of the sense in which this is true 
carries over to the infinite case that a successful theory can be built on 
it. vVe must, however, postpone further discussion of these matters 
until after the presentation of the pertinent properties of measures. 

§47. Measures 

Let (X, S) be a measurable space; the only measures that we shall 
consider from now on are finite measures whose domain of definition is 
S. Vt/e recall that a measure v is absolutely continuous with respect to a 
measure f.L, in symbols v « f.L, if v(M) = 0 for every set M such that 
f.L(M) = 0. We shall have occasion to use the Radon-Nikodym.theorem; 
it asserts that if f.L and v are measures such that v « f.L, then there exists 
a non-negativefunctionf in ~1 (f.L) such that v(M) = JM!df.L for every set 
M inS. A measure f.L is equivalent to a measure v, in symbols ,.,. = v, 
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if p. « 11 and 11 « p.; it is obvious that the terminology is justified, or, 
in other words, that the relation = is an equi,·alcnee. 

If p. is a measure and Jl! e S, we shall write P..u for the measure defined 
for every N in S by p..~~(N) = p.(Jl! n N). 

Tr-monEM I. If p. is a meas1tre and ~(ill and N are in S, then a neces­
sary and sufficient condition that p. .u « P.N is that p.(M - N) = 0. 

Proof. If p.(M - N) = 0 and if Mo is a set in S such that P.N(M0 ) = 0, 
then 

p..u(M0) = p.(M n Mo) = p.((M n N) n ;lfo) + p.((JJ - N) n ill0) = 0. 

If, conversely, P..11 « P.N, then, since we have P..v(JJ - N) = 0, it fol­
lows that p.(U - N) = P..u(ill - N) = 0. 

THEORE:\1 2. If p. and 11 are measuressuch that v « p., then there e:t:isls 
a set N in S s1tch that 11 = P.N. 

Proof. By the Radon-Nikodym theorem there exists a non-negative 
function f in ~l(P.) such that 11(ill) = f .11 f(t) dp.(t) whenever JlJ e S. 
If N = (t:f(l) > 0), then fM-N f dp. = 0 and therefore 

v(M) = f.unNf dp. 

whenever M e S. It follows that v(Jl!) = 0 if and only if p.(N n Jlf) = 0, 
i.e. that 11 = P.N • 

The objects of principal interest for us will be not mcasurc,.; Lut 
equivalence classes of measures. In order, however, to minimize complica­
tions, we shall adopt a point of view similar to that frequently adopted 
in number theory. (It is easier to discuss integers and eongruence than 
to discuss equivalence classes of integers and equality.) We shall ac­
cordingly formulate definitions and announce theorems about measures, 
intending all the while that our statements should Le interpreted so as 
to apply to equivalence classes of measures. An alternative point of 
view is to think of a measure as the class of all sets on which it vanishes. 
The intuitively most helpful attitude is to think of a measure as being 
the same as "the" set on which it is concentrated; ef. Theorems 1 and 
2 and the remarks at the end of the preceding section. In order to 
minimize the possibility of confusion we shall, however, continue to 
distinguish by our notation between equality in fact (p. = v) and equality 
by convention (p. = 11). 

A typical statement which must be interpreted in terms of equivalence 
is that with respect to ordering by absolute continuity the set of all 
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measures is a partially ordered set. In technical language (which we shall 
in fact not employ) our result will be that the pm:tially ordered set of 
all measures is a Boolean er-ring with the property that every principal 
ideal satisfies the countable chain condition. 

§1-ft Boolean Operations on :Measures 

'Ye C'ontinue to usc the notations and ronventions of the prereding 
~eel ion and, in particular, the usc of the word "measure" to mean 
"finite measure." If /Jt and !J2 arc measures, then there exists a measure 
/J such that /Jt << !J, 1-'2 << Jl, and such that /J << v whenever the measure 
v is such that Jlt « v and 1-'2 « v. In other words, the supremum 

of any two clements 1-'1 and !J2 of the partially ordered set of all measures 
is another element of that set; the proof of this assertion is achieved 
simply by writing /J = /Jt + 1-'2 • With a very small modification the 
same technique may be used to show the <'xistence of the supremum 
V; Jli of any countable family of measures. There is, indeed, no loss of 
generality in assuming that ~i!Ji(X) < oc-if this were not already 
true, we could make it true by, for instance, replacing /Ji by a suitable, 
small positive multiple of 1-'i • (The replacement yields a measure equiva­
lent to 1-'i .) It follows that the set function Jl defined for each M in S 
by Jl(ill) = "'l;i!Ji(M) is a measure; it is clear that p. =Villi· In view 
of Theorem 1 below, it is not eY<'n necessary to \'erify the last assertion; 
all that is needed from our disC'ussion is the fact that every countable 
family lllil of measures is bounded. (To say that a family IP-il of meas­
ures is bounded means that there exists a measure /J such that P.i << /J 

for all values of j.) 

THEOREM 1. Every bounded fam£ly (p.;} of measw·es has a supremmn 
and, in fact, II-';} has a countable subfamily (!Jk.l such that V iJli = VnJlk •. 

Proof. Let Jl be a measure such that /Ji << /J for every j, and, for 
each j, let N i be a set in S such that P.i = Jlx; . Form all finite unions of 
the N /s, evaluate Jl on each such union, and let a be the supremum of 
the numbers so obtained. If IJI,} is a sequence of such finite unions 
with the propert.y that Jl(Jf,.) - a, and if J1[ = U,. llf,. , then Jl.u = V; 1-'i. 

Indeed if Jl(N; - .M) > 0 for ~ome J, then fJ.(N; u M ,.) > a for some 
n and, since this <'ontradicts the definition of a, we have fJ.i << fJ..v . If, 
on the other hand, v is a mPasure such that fJ.i << v for every j, then 
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P.N; « 11 for every j. It follows that P..vn « 11 for every nand hence that 
P..v <<II. 

It follows from Theorem 1 that every non-empty family {p.;j of 
measures has an infimum, A;p.;; the infimum is obtained by forming 
the l';upremum of the family of all measures bounded by every P.;. 

Consequently the partially ordered set of all measures is not only a 
lattice, but even a u-lattice, and a boundedly complete lattice. An 
application of 47.2, similar to the one made in the proof of Theorem 1, 
shows that this lattice is distributive. The main point of 47.2 is ex­
actly its applicability to such situations; by means of it most of the 
algebraic facts concerning measures may be reduced to the correspond­
ing algebraic facts concerning sets. 

It is convenient to say that two measures p. and 11 are orthogonal, in 
symbols p. .L 11, if p. A 11 = 0; a family {P.;I of measures is an orthogonal 
family if p.; .L P.k whenever j "¢ k. Another example of the sort of n.ppli­
cation of 47.2 that was mentioned in the preceding paragraph occurs 
in the proof of the assertion that a bounded orthogonal family of non­
zero measures is necessarily countable. 

Our next and last result about the algebra of measures assmts that 
the set of all measures is not only a distributive lattice but is in fact 
quite anxious to look and act like a Boolean algebra. There is in geneml 
no "unit" measure, i.e. the set of all measures is not in general hounded, 
and it is therefore not only false but even meaningless to say that evet·y 
measure has a complement. It does, however, make sense to speak of 
relative complements, or differences, and that is what Theorem 2 does. 

THEOREM 2. If p. and 11 am measures, then there exists a measure p.0 

such that p.0 .l 11 and P.o v 11 = p. v 11. 

Proof. If 11 « p., then 11 = P.N for some N inS, and P.x-N does every­
thing expected of p.o . In the general case (i.e. when 11 is not necessarily 
bounded by p.) this special result may be applied to p. v 11 and 11 in place 
of p. and 11 respectively. 

§49. Multiplicity Functions 

We are now in a position to describe the objects which will occur as 
complete sets of unitary invatiants for spectral measures. A multiplicity 
function is a function -u whose values are (not necessarily finite) cardinal 
numbers, whose domain is the set of all finite measures in a measurable 
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space (X, S), and which satisfies the following three conditions: (i) if 
!l is the measure which is identically zero, then u(!l) = 0; (ii) if Jl and 
v are measures such that 0 ~ v « Jl, then u(!l) :;£ 11(v); and (iii) if a 
measure !l is the supremum of a countable orthogonal family {!l;l of non­
zero measures, then u(!l) = min {u(!l;) j. We observe that since a bounded 
orthogonal family of non-zero finite measures is necessarily countable, 
the third condition is only varuously strengthened by removing from 
it the word "countable." 

It is not hard to give examples of multiplicity functions. Given the 
measurable space (X, S), let {!l;l be an arbitrary orthogonal family of 
finite, non-zero measures on S and, for each j, let u; be a cardinal num­
ber. If a non-zero measure !l is covered by the family {ll;l in the sense 
that Jl = V ;(!l A !l;), we define u(!l) to be the smallest one of those 
cardinal numbers u; for which Jl A !li ~ 0; for all other measures !l we 
define u(Jl) to be 0. \Ve leave to the reader the verification that the u so 
defined is indeed a multiplicity function, and we tum to the more im­
portant task of proving that every multiplicity function may be ob­
tained in this manner. 

To motivate our proeedure we take one more look at the example of 
the preceding paragraph. If j and k are indices such that u; < 1lk , 

then u(!l; v Ilk) = ·u(!l;) = u;. It is really possible, in other words, 
that the second condition in the definition of multiplicity functions is 
not vacuously satisfied, i.e. that !land v are measures such that 0 ~ v « !l 
and u(!l) < u(v). It is natural to say that if for a given measure !l this 
never happens, if, that is, u(!l) = u(v) whenever 0 ~ v « Jl, then !l 
has uniform 1mdtiplicity. In the example of the preceding paragraph 
this concept is illustrated by each term of the defining family; it is true, 
in other words, that !li has uniform multiplicity (equal to u;) for each 
value of j. 

THEOim:...r 1. If u is a multiplicity function and if Jl is a non-zero 
finite measure on S, then there exists a non-zero measure !lo such that Jlo << !l 
and such that Jlo has 1tnifonn 1mlltiplicity. 

Proof. Write ii = V {v:v «!l, u(v) > u(!l)j, and (48,2) let !lobe a 
measure such that llo .1. ii and llo vii = ll· Since (48.1) ii may also be 
expressed as the supremum of a countable family of measures v for 
which u(v) > 1l(Jl), and since a standard use of 48.2 shows that this 
countable family may be assumed to be orthogonal, it follows that 
u(ii) > u(Jl). Since !l = llo v v, it follows that !lo ~ 0 and hence that 
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u(J.~o) = u(J.~). To prove that l'o has uniform multiplicity, suppose that 
0 ~ 11 « l'o. Since the assumption u(11) > u(J.~o) = u(J.~) leads to the 
contradiction 11 « ii, the proof is complete. 

THEOREM 2. If u is a multiplicity function and if 1-1 is a non-zero 
finite measure on S, then there exists a (necessarily countable) orthogonal 
family {J.~;} of non-zero measttres such that each I'; has uniform mtlltiplic­
ity and such that p. = V ; 1-1; • 

Proof. In virtue of Theorem 1 there do exist orthogonal families of 
non-zero measures each term of which is bounded by 1-1 and has uniform 
multiplicity; let {J.~;} be a maximal family with these properties. If 
V ;1-1; = 11 and if 11 ¢ p., then, by 48.2, there exists a non-zero measure 
bounded by p. and orthogonal to 11. An application of Theorem 1 to that 
measure shows that its existence contradicts the maximality of the 
family {p.;} and it follows that V ;I'; = I'· 

THEOREM 3. If u is a multiplicity function, then there exists an orthogo­
nal family {J.~;} of non-zero finite measures on S such that each I'; has uni­
form multiplicity and such that I' = V ;(I' A J.~;) whenever 1-1 is a finite 
measure on S. 

Proof. Select a maximal orthogonal family of non-zero finite measures 
on Sand apply Theorem 2 to each term of that family. We may collect 
the resulting family of families into one family {p.;} which will then be 
a maximal orthogonal family of non-zero measures and which will, in 
addition, have the property that each l'i has uniform multiplicity. It 
remains merely to prove that if { 1-1;} is a maximal orthogonal family of 
non-zero finite measures on S, then 1-1 = V; (J.~ A J.~;) for every finite 
measure I' on S. The argument for this purpose proceeds just as in the 
proof of Theorem 2. If, for a given ~-'• V; (J.~ A J.~;) = v, and if I' ¢ 11 , 
then, by 48.2, there exists a measure J.~o such that 0 ~ l'o «I' and l'o ..L 11• 
Since it follows that J.~o A l'i = l'o A (J.~ A J.~;) « J.!o A v = 0, i.e. that 
J.~o ..L l'i for all j, this contradicts the maximality of the family {J.~;} and 
proves therefore the relation 1-1 = V;(J.~ A 1';). 

It is clear that Theorem 3 implies what we promised to show, i.e. 
that eve~y multiplicity function may be obtained in the way in which 
we obtained our first example. We cannot, of course, assert that the fam­
ily {J.~;} described in Theorem 3 is uniquely determined by the multiplic­
ity function tt; several applications of Zorn's lemma have cut us off 
from being able to claim any naturality for the objects whose existence 
we proved. 
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§50. The Canonical Example of a Spectral Measure 

Suppose that (X, S) is a measurable space, {~il is an orthogonal fam­
ily of non-zero finite measures on S, and, for each value of j, tli is a 
cardinal number. For each ,·alue of j we consider the Hilbert space ob­
tained by forming the direct sum of ui copies of 22~i) and we (tem­
porarily) denote by ,~ the direct sum (over the index j) of the Hilbert 
spaces so obtained. A typical element of ,~ is a doubly indexed family 
!Jik} of functions on X such that /ik e ~2C~i) for each j and k; for a fixed 
value of j the index k has Uj possible values. By the canonical spectral 
meas11rc associated with the families {~il and { 1lj} we mean the spectral 
measure E defined for each M in S by E (.M) {f id = { x .11 /ik} . 

One of our results will be that upon the application of a suitable 
isomorphism every spectral measure may be put into this canonical 
form. Applying that result to compact, complex spectral measures we 
conclude that every nmmal operator is isomorphic to a direct sum of 
multiplications by bounded measurable functions on finite measure 
spaces, or, equivalently, that it is isomorphic to a multiplication by a 
bounded measurable function on a direct sum of finite measure spaces. 
('Ve have not gi,·en and we need not and will not give the detailed 
definition of the latter concept.) Another way of expressing this result 
is to say that a suitable (in general highly infinite) measure ~ may be 
introduced into the spectrum of any nmmal operator A so that A be­
comes isomorphic to the multiplication operator which sends each 
function f in ~2 (!-L) on the function g defined by g(X) = Af(X). Since all 
these statements will be immediate consequences of our study of spectral 
measures, \Ve shall devote our attention to spectral measures exclusively. 

In terms of spectral measures it is easy to describe our intentions. 
We shall associate a multiplicity function u with every spectral measure 
E in such a way that if 11-'i} is any orthogonal family with the properties 
described in 49.3, then E is isomorphic to the canonical spectral measure 
associated with 11-'il and I u(!-LJ }. (Observe that this implies in particular 
that, despite the non-uniqueness of 11-Li}, the canonical spectral measure 
is determined by n uniquely to within unitary equivalence.) It will fol­
low that two spectral measures are equivalent if and only if they have 
the same multiplicity function, and consequently the proof of this 
result will indeed fulfill all our promises. 

Let us now return to the canonical example described above. If .sr 
is any one of the doubly indexed family of Hilbert spaces used to form 
,P, then .sr may be viewed as a subspace of ,P. Since the subspace .5l' is 
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invariant under E(M), for every set M in S, the projection P with 
range .~ commutes with the spectra\ measure E. (H E is the spectra\ 
measure of a normal operator A, the last assertion may be reformulated 
by saying either that the subspace .5r reduces 11 or that the projection 
P commutes with A.) These comments indicate that the projections P 
which commute with a spectral measure E are the building blocks out 
of which E is constructed and that the analysis of spectral measures 
ought, therefore, to analyze all such projections. In the next two sections 
we indicate the details of such an analysis in the finite-dimensional case; 
after that we shall finally be ready to enter with understanding into the 
technical details of the general case. 

§51. Finite-dimensional Spectral Measures 

Let E be the spectral measure of a normal operator A on a finite­
dimensional Hilbert spaceS). Let {Xi! be the family of all distinct proper 
values of A; for each j, let E; be the value of E on the set containing 
).; alone, and let u; be the dimension of the range of E; (i.e. the multi­
plicity of the proper value X;). It is in many respects helpful to consider 
a structure analogous to the one formed by the X's, E's, and u's. The 
analogs of the X's are to be points spaced at, say, unit distances apart 
on a horizontal line segment. The role of Ei is to be played by a finite 
set, corresponding to the base point Aj and thought of as arranged in a 
vertical column standing over Aj ; it will be convenient to space the 
points of such a column so that each of them is at a unit distance from 
its nearest neighbors. The fact, finally, that ui is the dimension number 
corresponding to E i is to be indicated by letting the set corresponding 
to E; have cardinal number 1tj • The entire set-theoretic configuration 
thereby described is exemplified by the diagram below. If p is a pro­
jection which commutes withE, then the range of pis a subspace which 

• 
• 

• • • 
• • • • • • • • • • • • • • • • • • • • 

}.1 }.2 }.I }., }.6 }.8 }.7 >-s Ag }.10 
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reduces A. The operator A when restricted to the range of P has its 
proper values among the ~ -'s and is such that the proper space cor-, . 
responding to each )..i is a subspace of the range ot Ei. 'Ibe set-tbeorehc 
analog of a projection such as P is, therefore, a set obtained by select­
ing a (not necessarily proper and not necessarily non-empty) subset 
from each column and forming the union of the selected sets; in other 
words the analog of P is an arbitrary subset of the union of all columns. 
A distinguished role is played by the subsets which consist of entire 
columns; they are the analogs of the values of the spectral measure. 

In accordance with our indications in and since §46, we shall think 
of multiplicity as defined not for proper values only but also for sets 
of proper values, or, equivalently, for arbitrary values of the spectral 
measure. If, for instance, the spectral measure E is such that its asso­
ciated column configuration is exactly the one indicated by our diagram, 
then the multiplicity of the value of E on the entire complex plane is 
1, and the multiplicity of E((X7 , X3 , X9 , X10 1) is 2. 

Once the diagram corresponding to a spectral measure has been con­
structed, it is trivial to read off from it the answer to every multiplicity 
question. The multiplicity associated with any set of X's is the largest 
number of rows each of which cuts across the entire set under considera­
tion. If the spectral measure is such that every column is of height 1 
(if, in other words, every proper value is simple), then the ans\Yer to 
every multiplicity question is 1 or 0. Since the answer to the most general 
multiplicity question can be formulated in terms of rows, in terms, that 
is, of what may well be called simple spectral measures, it behooves us 
to try to understand the concept of simplicity and the manner in which 
a general spectral measure is made up of simple pieces. 

§52. Simple Finite-dimensional Spectral Measures 

The finite-dimensional case and the general case described in §50 
make contact with each other through the following comment. Sup­
pose that the finite-dimensional spectral measure E discussed in the 
preceding section is simple, i.e. that each ui is equal to 1. Consider in 
this case the measurable space X whose points are the proper \'alues 
of the operator A and all of whose subsets are measurable; let J.l. be the 
measure in X whose value on any subset of X is the number of points 
in that subset. It is easy to verify that, under these circumstances, the 
canonical spectral measure associated with J.l. (i.e. the one whose value 
on a set llf is multiplication by the characteristic function of Jlf) is 
isomorphic to E. In other words: the building blocks which served to 
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construct our general canonical examples are natural generalizations of 
the simple pieces that occur in all finite-dimensional spectral measures. 

The simple pieces may also be characterized intrinsically, without the 
use of an auxiliary measure space. Every vector x in our finite-dimen­
sional Hilbert space 5) may be written as a sum, x = J:.ixi, where, for 
each j, x; belongs to the range of E i . If we apply all possible values of 
B to x and then form the projection on the subspace spanned by the 
vectors so obtained, we end up with a projection P such that E ~ P. 
(A projection such as P is called cyclic. The terminology is suggested by 
that of cyclic groups and the circumstance that the range of P is spanned 
by the set of all vectors of the form A nx, n = 1, 2, · · · . The reader is 
advised to supply the proof of this last assertion.) If E is simple, we 
can exhibit 1 as a cyclic projection by making sure that x has a non­
zero component in the range of each E; ; it is tlue, conversely, that if 
E is not simple, then 1 is not cyclic. 

Although both the characterizations of simplicity described in the 
two preceding paragraphs have their uses in the infinite-dimensional 
case, the most revealing and applicable characterization is the one that 
follows. With each projection P that commutes with E, i.e. with each 
subspace that reduces A, we associate the least value of the spectral 
measure E which contains P. This construction has a perfect analog in 
our column diagram: with each set therein we associate the union of 
all the columns that have a non-empty intersection with the set. The 
rows, the objects which enable us to count multiplicities quickly, have 
an interesting relation to the associated column set. A necessary and 
sufficient condition that a set be a row (in the sense that it contain not 
more than one point from each column) is that every one of its subsets 
may be obtained as the intersection of the given set v.·ith a suitable set 
of columns. Equivalently: a necessary and sufficient condition that 
the entire diagram consist of but one row is that every one of its sub­
sets be a column. The geometric fact suggested by this characterization 
is true. A necessary and sufficient condition that a finite-dimensional 
spectral measure be simple is that every projection P which commutes 
with it be one of its values. Another way of formulating the same result 
is this: a necessary and sufficient condition that a finite-dimensional 
spectral measure be simple is that its values form a maximal abelian 
set of projections. 

If the reader will keep in mind the comments in this section and the 
preceding one, and if he will systematically compare each definition, 
each theorem, and each proof with the corresponding concept, asser-
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tion, and construction associated with our column diagram, he should 
have no difficulty in following the remaining technical details. Some 
of the distinctions that we shall be forced to recognize do not, to be 
sure, show up in our diagram. If, however, the diagram is generalized 
so as to admit infinitely many (and possibly even uncountably many) 
rows and columns, then it becomes an almost perfect schematization of 
our work. If the countable subsets of the base space, together with their 
complements, are the ones that are declared measurable, then even the 
phenomena of non-measurability can be exemplified by generalized 
column diagrams. 

§53. The Commutator of a Set of Projections 

From now on we shall again reserve the symbol .S) for an arbitrary but 
fixed Hilbert space and the word "projection" will refer to projections 
whose domain is S). 

'Ve recall that the symbol~ denotes commutativity. 'Ve now extend 
its domain of applicability by writing P ~ Q whenever Pis an operator, 
Q is a set of operators, and P ~ Q for all Q in Q. Since we are particu­
larly intcrc>sted in projections, we introduce the notation A for the 
set of all projections, and, if Pis any subset of A, the notation P' for the 
set of all those elements P of A for which P ~ P. The purpose of this 
section is to study the elementary properties of sets such as P'. 

Timon EM 1. If P c A, then P c P". 

TrmonEl\1 2. If P C Q c A, then Q' C P'. 

THEOREM 3. If P C A, lhen P' = P"'. 
Proof. Substituting P" for Q in Theorem 2, we obtain P"' C P'. If, 

on the other hand, we apply Theorem 1 to P' in place of P, we obtain 
the reverse inequality P' C P'". 

THEOREM 4. A set P of projections is commutative (i.e. P C P') if 
and only if P" is commutative (i.e. P" C P'). 

Proof. If P C P', then an application of Theorem 2 shows that 
P" C P'. If, on the other hand, P" C P"' = P', then, by Theorem 1, 
PCP'. 

THEOREM 5. If P C A, then 0 e P', 1 e P', and if {P;} is a family 
of projections in P', then Vi Pie P' and A;P; E P'. 

Proof. If P and Q are projections, then P o(--7 Q is equivalent to the 
assertion that the range of Q is invariant under P. The conclusion fol-
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lows from the fact that the span and the intersection of any family of 
subspaces invariant under Pare themselves invariant under P. 

In view of Theorem 5, the commutator P' of any set P of projections 
is a complete sublattice of the lattice A of all projections. Since P' con­
tains 1 - P along with P, the lattice P' even possesses a natural com­
plementation operation. It follows that if P' happens also to be com­
mutative, so that the lattice-theoretic distributive laws arc valid in 
P' (cf. 30.3), then P' is a complete Boolean algebra. 

§54. Pairs of Commutators 

Throughout the remainder of this book (X, S) '"ill be a fixed meas­
urable space and E a fixed spectral measure on S. ·we shall denote the 
range of E (i.e. the set of all projections of the form E(M) for some M 
inS) byE; we shall write P = E', and F = P'. Since E is commutative, 
it follows (53.4) that F = E" is also commutative and hence that F 
is a complete Boolean algebra. The essential relations among E, F, 
and P are the inequalities E C F C P and the equations E" = P' = F 
and F' = P. 

The consideration of F is not one of the things that our heuristic 
considerations prepared us for; in the finite-dimensional cases F turns 
out to be the same as E. In the general case F may be viewed as a kind 
of completion of E. The set E need not be a complete Boolean algebra­
F is. The projections which commute with all the elements of P = E' 
need not belong toE-they do belong to F. Hince our development will 
yield an almost complete insight into the structure of the projections 
in F, we can only gain information, and not lm;e any, by incorporating 
F into our study. 

In all our constructions the space X will play a relatively minor, 
auxiliary role; what is important is the pair of sets F and P. We propose, 
in other words, to present a structure theory for pairs F and P, where 
F and Pare sets of projections, F is commutative, F' = P and P' = F. 
Since, however, our proofs will make use of X, E, and E, the material 
out of which our particular F and P were manufactured, it might seem 
that our promises are greater than our deeds. For the sake of the reader 
who is interested in the additional generality we record here our assur­
ance that we are not really sacrificing any of it. The point is that the 
standard theory of representations of Boolean algebras implies that if 
F is any complete Boolean algebra of projections (i.e. a complete Boolean 
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subalgebra of A), then there exists a measurable space (X, S) and a 
spectral measure Eon S such that the range of E is exactly F. 

In Yicw of 1he last assertion, the presence in our theory of X, E, and 
E might aetually be said to be a gain in generality rather than a loss, 
since the apparently more general theory involving F and P alone is 
always assoc-iated with an X and an E such that E = F. Although the 
shallowness of this comment is probably obvious, it does help to clarify 
matters slightly. The various le\·els of the constructs we will employ 
are clearer if they are kept separate and if, therefore, it is not assumed 
that E = F. 

The reader who is not interested in, or did not understand, the pre­
ceding two paragraphs, is advised to forget them. Our previews of com­
ing attractions are hereby over, and we are now going to settle down to 
an uninterrupted showing of the main feature; the cast of characters is, 
as announced at the beginning of this section, X, E, E, F, and P. 

§55. Columns 

If P e P, the column generated by P, in symbols C(P), is the small­
est element ofF which contains P: C(P) = A {F:P ~Fe F}. 

The beginning of the theory of columns is quite easy. It is clear, for 
instance, that P ~ C(P) for every P in P and that C(P) vanishes if 
and only if P vanishes. It is also clear that the formation of columns is 
a monotone operation (i.e. that if P and Q are in P and P ~ Q, then 
C(P) ~ C(Q)), and that the column generated by a projection in F 
is itself (i.e. that if Fe F, then C(F) = F). On a slightly higher level 
we encounter the additive and multiplicative properties of the function C. 

THEOREM 1. If {Pi} is a family of projections in P and if 

P= V;P;, 
then 

C(P) = V;C(P;). 

P7·oof. Since Pi ~ P ~ C(P), it follows that C(P ;) ~ C(P) for all 
j and hence V;C(P;) ~ C(P). Since, on the other hand, P; ~ C(Pi) 
for all j, we have alsoP = V; P; ~ V; C(P;) and consequently 

C(P) ~ V; C(P ;). 

(Recall that V; C(P ;) e F.) 
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There is no intuitive geometric reason for expecting C to be multi­
plicative as well as additive, and indeed it is not; the following result 
exhibits the one little shred of multiplicative behaviour that C does 
possess. 

THEOREM 2. If PEP and FE F, then C(FP) = FC(P). 
Proof. Since FP ~ F and FP ~ P, it follows that 

C(FP) ~ C(F) = F 

and 
C(FP) ~ C(P), 

and consequently that C(FP) ~ FC(P). Since, on the other hand, 

p = (1 _ F)P + FP ~ (1 - F) + FP, 

it follows that 
C(P) ~ (1 -F) + C(FP), 

and hence that 
FC(P) ~ FC(FP) ~ C(FP). 

Because of its later applicability we record here for reference an im­
mediate corollary of Theorem 2. 

THEOREM 3. If PEP, FE F, and 0 ~ F ~ C(P), then FP ~ 0. 
Proof. C(FP) = FC(P) = F. 

§56. Rows 

A row is a projection R in P such that if ll ~ P E P, then P = C(P)R. 
We note that if P and R are projections in P such that P ~ R, then, 
since P ~ C(P), the inequality P ~ C(P)R is always valid. The state­
ment that R is a row means that the inequality reduces to an equality 
for all admissible P. 

THEOREM 1. If R is a row and if R ~ S E P, then S is a row. 
Proof. If S ~ PEP, then R ~ P and therefore P = C(P)R; it 

follows that P = PS = C(P)R·S = C(P)S. 

THEOREM 2. If R is a row and if P and Q are projections in P such 
that P ~ R and Q ~ R, then P ~ Q and C(PQ) = C(P) C(Q). If 

C(P) ~ C(Q), 
then 

p ~ Q. 
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Proof. Since P = C(P)R and Q = C(Q)R, the commutativity of 
P nnd Q and the last assertion of the theorem are obvious. To prove 
that under these special circumstances C is multiplicative, we note that 
since C(P) ~ C(R) and C(Q) ~ C(R), it follows that 

C(P) C(Q) C(R) = C(P) C(Q). 

The desired conclusion follows from an application of 55.2 to the rela­
tion PQ = C(P) C(Q) R. 

Everything we are going to do from here on in will aim at showing 
how rows are always put together to form columns. At the present 
stage, however, our discussion is somewhat hampered by the fact that 
we have no particular reason to believe that such things as rows even 
exist. 'Ve find it necessary, therefore, to begin a somewhat lengthy 
detour whose purpose is to dirr out the rows that we need from the 
Hilbert space and the spectral m~asure that are at the basis of our theory. 

§57. Cycles 

For any vector x in S), the cyclic projection or more concisely the 
cycle generated by x, in symbols Z(x), is the projection on the subspace 
of S) spanned by the set of all vectors of the form E(M)x, M e S. Our 
first duty is to show that the concept of cycle is not entirely foreign to 
the subject we are studying. 

11monE.l\I 1. If x e .p, then Z(x) e P. 
Proof. If Jlf and N are in S, then E(Jlf)E(N)x = E(l\1 n N)x, so 

that the range of Z(x) is invariant under E(ltf). It follows that the 
range of Z(x) reduces E(M), and hence that E(M)<c-'> Z(x). Since M is 
arbitrary, this means that Z(x) e E' = P. 

'Ve can now proceed with good conscience to derive the properties 
of cycles and their relations to rows and columns. 

THEOREM 2. If PeP, x e.\), and P ~ Z(x), then P = Z(Px). 

Proof. The range of Z(Px) is, by definition, the span of the set of 
all vectors of the form E(M)Px = P E(M)x, M e S. It follows that the 
range of Z(Px) is the image under P of the span of the set of all vectors 
of the form E(M)x, ll:l e S, and hence that Z(Px) = P Z(x) = P. 

THEOREM 3. IfF e F and x e ~. then F Z(x) = Z(Fx). 
Proof. If P = F Z(x), then, by Theorem 2, 

F Z(x) = P = Z(Px) = Z(FZ(x)x) = Z(Fx). 
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THEOREM 4. If P e P and x e .s), then Px = 0 and Px = x are 
equivalent to Z (x) j_ P and Z (x) ~ P respectively. 

Proof. If Jlf e S and Px = 0, then PE(M)x = E(M)Px = 0. It 
follows that Py = 0 whenever ?J belongs to the range of Z(x) and hence 
that P Z(x) = 0. Applying this result to 1 - P in place of P, we see 
that Z(x) ~ P whenever x belongs to the range of P. These remarks 
prove a half of both the asserted equivalences; the remaining halves 
are trivial. 

It is time to observe that if x = 0, then Z(x) = 0, and that the more 
significant converse of this implication is also valid. (Recall that the 
range of Z(x) contains E(X)x = x.) If we introduce the convenient 
abbreviation C(x) for C(Z(x)), then we can announce a similar state­
about C(x): a necessary and sufficient condition that C(x) = 0 is that 
x = 0. This last assertion has a slight generalization which we shall 
find useful. 

THEOREM 5. IfF e F, x e 5), and 0 ¢ F ~ C(x), then Fx ¢ 0. 
Proof. If Fx = 0, then, by Theorem 4, FZ(x) = 0 and therefore 

F = F·C(x) = C(F·Z(x)) = 0. 

§58. Separable Projections 

A projection F in F is separable if every orthogonal family IF i} of 
non-zero projections in F, such that F i ~ F for all j, is necessarily count­
able. The main purpose of this section is to show that the columns 
C(x), introduced at the end of the preceding section, arc intrinsically 
characterized by the property of separability. We observe that if F and 
G are projections in F such that F ~ G and G is separable, then F is 
separable. 

THEOREI\I 1. If IF i} is a countable orthogonal family of separable 
projections in F, and if F = V; F; , then F is separable. 

Proof. If I Gd is an orthogonal family of non-zero projections in F 
such that Gk ~ F for alllc, then IF;Gk} is, for each value of j, an or­
thogonal family of projections in F such that F; Gk ~ F; for all k. It 
follows that, for each j, F ;Gk = 0 except for a countable set of values 
of lc. Since Gk = FGk = Vi F ;Gk for all k, it follows that I Gk} is count­
able. 

THEOREM 2. If x e 5), then C(x) is separable. 
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Proof. If { F;} is an orthogonal family of non-zero projections in F 
such that F; ~ C(x) for all j, then T-;F; ~ C(x) and consequently 
2;; II F;x W ~ II x W. The countability of {F;} follows from 57.5. 

THEOREM 3. If P and Q are in P, 1j P ~ C(Q), and 1j C(Q) is sep­
arable, then thae exists a z•ector x ht the range of P such that C(P) = C(x). 
Hence, hz. particular, 1j F e F and F is separable, then F = C(;r) for 
some !Jecfor x. 

Proof. Let ! :r;} be a maximal family of non-zero vectors in the 
range of P such that C(x;)C(xk) = 0 wheneverj ¢ k. Since C(x;) ~ C(Q) 
for all j, and since C(Q) is separable, the family !x;} is countable and 
there is therefore no loss of generality in assuming that T-; II X; W < co. 
If we write x = T,;x;, then x is in the range of P; we shall complete 
the proof by showing that C(P) = C(x). If C(P) - C(x) ¢ 0, then, 
by 55.3, the range of (C(P) - C(x))P contains a non-zero Yector !J. 
It follows that y belongs to the range of P and hence to the range of 
C(P). Since !J also belongs to the range of C(P) - C(x), it follows that 
C(x)y = 0. Using 57.4, we see that C(x) Z(y) = 0 and hence, by 55.2, 
that C(:r) C(y) = 0. If we knew that C(x;) ~ C(:r) for all j, then we 
could conclude that the existence of y contradicts the maximality of 
the family { x;}, and the proof would be complete. It is therefore suffi­
cient to prove that Z(x;) ~ Z(x) for all j. 

Since C(x;)xk = o;kXk, it follows that C(x;)x = x; and hence (since 
C(x;) e F) that Z(x)x; = Z(x)C(x;)x = C(x;)Z(x)x = C(x;)x = x; for 
all j. Consequently Z(x)E(M)x; = E(M)Z(x)x; = E(J.ll)x; wheneYer 
llf e S, and therefore Z(x)Z(;r;) = Z(x;) or Z(x;) ;£ Z(x) for all j. 

§59. Characterizations of Rows 

Since on several occasions we shall run into pairs of projections P 
and Q in P such that C(P) C(Q) = 0, it is convenient to introduce a 
technical term for the phenomenon; under these circumstances we shall 
say that P and Q are ZJery orthogonal. 

THEOREM 1. A necessary and su;{ficient condition that a projection 
R in P be a row is that if R ~ P e P, R ~ Q e P, and P and Q arc or­
thogonal, then P and Q are very orthogonal. 

Proof. If R is a row, if P = C(P)R, Q = C(Q)R, and if PQ = 0, 
then C(P) C(Q) R = 0. Applying 55.2, we conclude that 

C(P) C(Q) C(R) = 0, 
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and hence, by the monotony of the formation of columns, C(P) C(Q) = 0. 
This proves the necessity of the condition; to prove sufficiency we sup­
pose that R ~ PEP and we write Q = C(P)R - P. It is clear that 
R ~ Q E P and that PQ = 0; it follows from the hypothesis that 
C(P) C(Q) = 0. Since, however, the relation Q ~ C(P) implies that 
C(Q) ~ C(P), we may conclude that C(Q) = 0 and hence that Q = 0. 
In other \\·ords P = C(P)R, and therefore, since P is arbitrary, R is a 
row. 

We turn next to one of the results whose object is to tic together the 
various concepts we have introduced. We shall be able to make use of 
the result immediately to obtain (in Theorem 3 below) a significant 
strengthening of Theorem 1. 

THEOREM 2. If PEP, then there exists an orthogonal family IZ(x;)J 
of cycles such that P = V ;Z(x;). 

Proof. Let lx;J be a maximal family of non-zero vectors in the 
range of P such that Z(x;)Z(xk) = 0 whenever j ~ k. If 

P - V ;Z(x;) ~ 0, 

then the range of P contains a non-zero vector x such that Z(x;)a; = 0 
for all j. It follows from 57.4 that Z(x;)Z(x) = 0 for all j. Since this 
contradicts the assumed maximality of the family lx;l, we must have 
P - V ;Z(x;) = 0. 

In view of our subsequent results on orthogonal sums of cycles, the 
reader is warned to make an effort to keep straight the conclusion of 
Theorem 2. The essential point is that the family IZ(x;) l is not asserted 
to be very orthogonal. 

THEORE:\I 3. 11 necessary and sufficient condition that a projection 
R in P be a row is that if Z(x) and Z(y) are orthogonal cycles such that 
R ~ Z(x) and R ~ Z(y), then Z(x) and Z(y) arc very orthogonal. 

Proof. The necessity of the condition follows from Theorem l. 
To prove sufficiency, we suppose that R ~ P E P, R ~ Q E P, and P 
and Q are orthogonal; in view of Theorem 1, the desideratum is to 
prove that P and Q arc very orthogonal. According to Theorem 2, there 
exist orthogonal families IZ(x;) l and IZ(yk) l of cycles such that P 
V ;Z(x;) and Q = YkZ(yk). Since PQ = 0, it follows that 

Z(x;)Z(yk) = 0 

for all j and k and therefore, by the hypothesis of the theorem, 

C(x;)C(yk) = 0 



§60. CYCLES AND ROWS 

for all j and k. Since the additivity of the function C implies that 

C(P) = V; C(x;) 

and 

C(Q) = VkC(yk), 

we may conclude that C(P) C(Q) = 0. 

§60. Cycles and Rows 

95 

Our theorems get deeper all the time. In this section we prove two 
key propositions, the first of which asserts that cycles do indeed have 
the measure-theoretic characterization that our heuristic comments 
hinted at. (The second one can speak for itself.) 

THEOREM 1. If x e ,~ and if J.L is the measure on S defined for every 
M in S by J.L(M) = (E(.M)x, x), then there exists an isomorphism U from 
~~(J.L) onto the mnge of Z(x) such that u 1E(M) Uf = x.v ·f whenever 
f e ~2(J.L) and Jl[ e S. 

Proof. We write Ux.M = E(M)x for every ]If in S. If the definition 
of U is extended from characteristic functions to simple functions by 
the requirement of linearity, then, in view of the definition of Z(x), 
U 'becomes a linear transformation from a dense subset of ~~(J.L) onto a 
dense subset of the range of Z(x). The additivity of E guarantees the 
uniqueness of the definition of U. Since the relations II x.M W = J.L(M) = 
(E(ilf)x, x) = II E(M)x W = II Ux.M W shows that U is norm-preserving, 
U may be extended to an isomorphism. If lifo and !If are in S, then 

E(Mo n M)x 

= E(Mo) E(M)x = E(Mo) Ux.u . 

This means that U(x..,1• ·f) = E(llfo) Uj whenever f = XM ; approxima­
tion by simple functions proves the validity of the relation for all f in 
~2(J.L). 

THEOREM 2. Every C?Jcle is a row. 

Proof. We are to prove that if x e .p and if Z(x) ~ PeP, then 
P = C(P) Z(x). It is convenient to use the result and the notation of 
Theorem 1. If Q = u-1PU, then Q is a projection with domain ~z(J.L). 
If !If e S, then, for every f in ~2(J.L), 

Q(x.u·f) = U 1PU(x.M·J) = U 1PE(M)Uf = U-1E(M)PUf 

= U 1E(M) U· u 1PUJ = x.M·Qf. 
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Consider in particular the function h identically equal to 1 and write 
x = Qh. Since x·xM = xM·x = x.lf·Qh = Q(x.~~·h) = Qx.u, i.e. since 
Q and multiplication by x have the same effect on every xM , it follows 
that x·f = Qf for all fin ~2(J.L). The fact that Q is idempotent implies 
that our notation is justified, i.e. that x = x.u. for some Mo in S. 

If now y is any vector in the range of Z(x), so that y = Uf for some 
fin ~2(J.L), then Py = PUf = UQf = U(x.~~;f) = E(ll10 ) Uf = E(Mo)y. 
The arbitrariness of y implies that P = P Z(x) = E(Mo) Z(x). It follows 
that 

C(P) = E(Mo) C(x) ~ E(Mo). 

Since 

P ~ C(P) Z(x) ~ E(Mo) Z(x) = P, 

the proof is complete. 

§61. The Existence of Rows 

Our detour is almost over. The last result that we obtained shows 
that rows exist and even (in view of 59.2) that they exist in abundance. 
The main purpose of this section is to prove, on the basis of a couple of 
preliminary results, that there exist rows of arbitrarily prescri~ed 
lengths. · 

THEOREM 1. If {Z;l is a very orthogonal family of cycles and if 
R = V; Z; , then R is a row. 

Proof. Suppose that Z(x) and Z(y) are orthogonal cycles such that 
R ~ Z(x) and R ~ Z(y); in virtue of 59.3 it is sufficient to prove that 
Z(x) and Z(y) arc very orthogonal. If we write 

x; = C(y) C'(Z;)x, 

then 57.3 implies that Z(x;) = Z(x) C(y) C(Z;) for all j; if, similarly, 

Y; = C(x) C(Z;)y, 

and 

C(x) Z(y) C(Z;) for all j. Since 

Z(x;) ~ Z(x) 

Z(y;) ~ Z(y) 

for all j, it follows from the orthogonality we have assumed, that 

Z(x;)Z(y;) = 0 
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for all j. On the other hand we have 

C(:r;) = C(x) C(y) C(Z;) = C(y;) 

for all j. Since x; belongs to the range of C(Z;), it is orthogonal to the 
range of Zk whenever k ~ j and, consequently, x; belongs to the range 
of Z; ; similarly, of course, y; belongs to the range of Z; . Since Z; is a 
row (cf. G0.2), it follows from 56.2 that Z(x;) = Z(y;) for all j. The 
only way to reconcile our apparently contradictory results is to conclude 
that all Z(x;) and Z(y;) and therefore all C(x) C(y) C(Z;) vanish. Since 
C(x) C(y) = C(:r) C(y) C(R) = V ;C(x) C(y) C(Z ;) = 0, we have proved 
what we had to prove. 

TnEom~M 2. If IIU is a very orthogonal family of rows and if 

R=V;R;, 
then R is a row. 

Proof. Using 59.2, \Ye may express each R; as an orthogonal sum of 
cycles. The fact that each R; is a row implies that any twp distinct ones 
of its summands are very orthogonal. The fact that {R;} is a very 
ortho_gonal family implies that if j ~ k, then any summand of Ri is 
very orthogonal to any summand of Rk. If, in other words, we unite 
into one family all the cycles used to obtain all Ri, we obtain a repre­
sentation of R as a very orthogonal sum of cycles, and Theorem 2 be­
comes an immediate corollary of Theorem 1. 

THEOREM 3. If P E P, then there exists a row R such that R ~ P and 
C(R) = C(P). 

Proof. Let {R;) be a maximal very orthogonal family of non-zero 
rows such that R; ~ P for all j. If it is not true that P ~ V ;C(R;), then 
(since P +-t V ;C(R;)) there exists a non-zero vector x in the range of 
P such that C(R;)x = 0 for all j. Since Z(x) is a row, Z(x) ~ P, and 
since, by 57.4 and 55.2, C(R;) C(x) = 0 for all j, the existence of x 
contradicts the maximality of the family {R;}. We are therefore forced 
to accept the inequality P ~ V ;C(R;) and, as a consequence, the in­
equality C(P) ~ V ;C(R;) = C(V ;R;). Since the reverse of the last­
written inequality is obvious and since, by Theorem 2, V; R; is a row, 
the proof is complete. 

§62. Orthogonal Systems 

If FE F, an orthogonal system of type F is an orthogonal family {R;) 
of non-zero rows such that C(R;) = F for all j. The purpose of this 
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section is to show how to construct various orthogonal systems and 
how to put together the ones we have constructed to obtain bigger· ones. 

THEOREM I. If u is a cardinal number, 1j IF; I is an orthogonal family 
of non-zero projections in F, and if, for each j, I R i'' I is an orthogonal 
system of type F; and of power u, then IV ;R;k} is an orthogonal system of 
type V ;F; and of power u. 

Proof. If, for each index lc, Rk = V ;R;k , then it follows from Gl.2 
that IRd is an orthogonal family of non-zero rows. The proof is eom­
pleted by the observation that C(Rk) = V ;C(R;k) = V ;F; for· all 1.:. 

We observe that if IR;I is an orthogonal system of type F, then 
V; R; ~ Ji'; the orthogonal system I R; I is called complete if V; Hi = F. 
It is obvious that a complete orthogonal system of type F is a maximal 
orthogonal system of type F; we shall presently see that CYcry maximal 
orthogonal system of type Ji' is put together from complete orthogonal 
systems of suitable types. 

THEOREM 2. If IR;I is an orthogonal 81Jstem of type F and if Ji'0 is 
a non-zero projection in F such that Fo ~ F, then IFoR;I is an orthogonal 
system of type Fo; if IR;I is complete, then so is IFoR;I. 

Proof. It is clear that !FoR; I is an orthogonal family of proj~ctions 
in P and that C(F0 R;) = FoF = Fo for all j. Since, for all j, FoR; ¢ 0 
(by 55.3) and FoR; is a row (by 56.1), it follows that IFoR;I is indeed 
an orthogonal system of type Fo. If V ;R; = F, then 

V ;FoR; = Fo· V ;R; = Fo. 

THEOREM 3. If IR;I is an orthogonal 81Jstem of type F and if F0 is 
a non-zero projection in F such that Fo ~ V ;R;, then IFoR;I is a com­
plete orthogonal system of type Fo. 

Proof. In view of Theorem 2 it is sufficient to prove completeness, 
and this is a consequence of the relations Fo = Fo· V ;R; = v ;FoR;. 

THEOREM 4. If {R;I is a maximal orthogonal system of (necessarily 
non-zero) type F, then there exists a vector x in the range of F such that 
{ C(x)R;I is a complete orthogonal system of type C(x). 

Proof. If P = F - V ;R;, then, since P ~ F, it follows that 

C(P) ~F. 

If C(P) = F, then, by 61.3, there exists a row R such that R ;:5;; P and 
C(R) = F. Since this contradicts the maximality of {R;}, it foll~ws that 
Fo = F - C(P) ¢ 0. Since the relation F0 C(P) = 0 implies that 

FoP= 0, 
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and since this in turn implies (in view of the definition of P) that 

Fo ~ V ;R;, 

it follmYs from Theorem 3 that {FoR;} is u complete orthogonal system 
of type F0 • The proof of Theorem 4 muy be completed by selecting an 
arbitmry non-zero vector in the range of Fo and applying Theorem 2 
to {FoR;}, Fo, and C(:r) in place of {R;J, F, and Fo respectively. 

§63. The }•ower of a l\1uxirnul Orthogonal SystCiu 

The theorem of the present section is the fundamental theorem of 
multiplicity theory. 

TnEOllEl\1 1. If F e F, then any two ma:rimal orthogonal systems of 
type P have the same power. 

Proof. If F = 0, there are no orthogonal systems of type F and the 
power in question is zero. Suppose then that 11 and v are non-zero cardinal 
numbers and that I R;} and { Sk} are maximal orthogonal systems of 
type F and of power u and v respectively. By sy-rnmetry it "·ill be 
sufficient to prove that v ~ u. 

By 62.4, there exists a non-zero vector x in the range of F such that 
{ C(x)R;} is a complete orthogonal system of type C(x). Since we may 
replace F, {R;}, and {SA-} by C(:r), { C(x)R;}, and { C(x)Sd respectively 
(cf. 62.2), "·e may (and do) assume that {R;} and { Sk} are orthogonal 
systems of type C(x) and of power u and v respectively, and that 

vksk ~ V;R;; 

under these conditions •ve shall prove that v ~ u. 
Since R; ~ C(R;) = C(x) for all j, it follows from 58.2 and 58.3 

that R; = Z(x;) for a suitable vector x; ; similarly we may find, for 
each k, a vector Yk such that Sk = Z(yk). 

Suppose now that 1l is infinite. For each value of j, let K; be the set 
of those indices k for which Z(yk)x; ;>!' 0; it is clear that each K; is 
countable. If k E' U;K;, i.e. if Z(yk)x; = 0 forallj, thenZ(yk)Z(x;) = 0 
for all j and therefore Z(yk) = Z(yk) · V ;Z(x;) = 0. Since this is false, 
it follows that every 1.; belongs to U;K; and hence that v ~ ~o·1l = u. 

In case u is finite, the proof is a bit more complicated. For each index 
j we write J.L; for the measure on S defined for every ill in S by 

J.L;(M) = (E(M)x;, x;). 

According to 60.1, there exists an isomorphism U; f1·om ~2 (J.L;) onto the 
range of Z(x;) such that Uj1E(M)U;J; = xM·!; wheneverfi e ~2(J.L;) and 
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11.! e S. Putting together the separate isomorphisms U; we obtain an 
isomorphism U from the direct sum, say .Q·, of all ~2(~;) onto the range 
of V iZ(xi) such that U 1E(M)UIJ;I = lx.11 ·/;l whenever IJ;I E 5r and 
ME s. 

We define a measure~ on S by writing ~(.M) = (E(lll)x, x) for every 
111 in S. If ~(1\f) = 0 for some M, then E(M)x = 0 and therefore 
E(M) C(x) = 0. Since C(x) = C(xi), it follows that E(M) C(x;) = 0 and 
therefore, in particular, E(M)xi = 0 for every j. These considerations 
imply that each of the measures ~i is absolutely eontinuous with respect 
to ~ and that, therefore, there exists a family {g;l of non-negative 
functions in ~~(!l) such that !li(llf) = I&r Yi dll for all j and for every 
JII inS. 

Since Yk belongs to the range of V iZ(x;) for all k, we can find vectors 
IJ;d in .R· such that Yk = UIJ;k 1. If M e S, then 

(E(M)yk1, Yk 2 ) = (E(..M)UIJ;k 1l, Ulf;k2l) = (U{x.11 ·/;k 1l, U{J;k2l) 

= Clx.v·/ikll. lfik2l) = ~i I X.vfikJJk2d~i = ~;I &r/;kJ;k2g;d!l 

= I &I ~;J;kJJk2 a;dp.. 

If p.(Jif) ¢ 0, then a repetition of the argument of the preceding para­
graph shows that a necessary and sufficient condition for the vanishing 
of (E(M)Yk 1, Yk 2) is that k1 ¢ k2 . It follows that if k1 and k2 are re­
stricted to a countable subset of the index set { k 1 , then there exists a 
set M in S such that ~(M) = 0 and such that if t eX - M, then a 
necessary and sufficient condition for the vanishing of 

~;!jkl(t) JJk2(t) g;(t) 

is that k1 ¢ k2. Since for a fixed tin X - M, and for each k, {J;k(t) I is a 
vector in a u-dimensional Hilbert space in which, therefore, the power 
of an orthogonal set of non-zero vectors is not greater than u, it follows 
that indeed v ~ u, and the proof is complete. 

§64. Multiplicities 

The result of the preceding section enables us to associate a unique 
cardinal number with every projection Fin F. We define the multiplic­
ity ofF, in symbols u(F), to be the power (possibly zero) of a maximal 
orthogonal system of type F. The function u, from F to cardinal num­
bers, behaves very much like the multiplicity functions we defined in 
§49. 
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THEOREM 1. If F and G arc projections in F such that 0 ~ F ~ G, 
then u(G) ~ u(F); ~f F = 0, then !l(F) = 0. 

Proof. If I R;) i::; an orthogonal system of type G, then, by G2.2, 
IF R;) i::; an orthogonal system of type F. This proves the first assertion; 
the second assertion is obvious. 

THEOREM 2. If IF;) is an orthogonal family of non-zero projections 
in F and 1f F = V;F;, then u(F) =min lu(F;)). 

Proof. We write !I= min ju(F';)). Since F; ~ F for allj, it follows 
from Theorem 1 that u(F') ~ u(fi';) for all j and hence that 11(F) ~ u. 
Since, on the other hand, tl(F';) ~ u for all j, it follows that, for each 
j, there exists an orthogonal system IRid of type Fi and of power u. 
Since, by G2.1, IV iRid is an orthogonal system of type F, it follows that 
u(F) ~ u. 

We continue imitating the theory of multiplicity functions. If a pro­
jection F in F is such that 11(fi') = ·u(Fa) whenever Fa is a non-zero pro­
jection in F such that Fo ~ F, we shall say that F has uniform multi­
plicity. 

1HEOREl\l 3. If IFiJ is an orthogonal family of projections in F such 
that each F; has uniform m·ult£plicity 11, and ifF = V iFi, then F has 
uniform multiplicity u. 

Proof. If Fa is a non-zero projection in F such that Fa ~ F, then 
Fa = V ;FaF;. Since the last-written equation remains valid if the sup­
remum is extended over those indices j for which Fa F; ~ 0, it follows 
from the uniformity of the F/s and from Theorem 2, that u(Fa) = 1l. 

THEOREM 4. A necessary and sufftcient condition that a non-zero pro­
jection F in F have uniform 11wltiplicity is that there exist a complete 
orthogonal system of type F. 

Proof. The sufficiency of the condition follows, using G2.2, from the 
fact that a complete orthogonal system is maximal. To prove its neces­
ity, we let IF;) be a maximal orthogonal family of non-zero projections 
in F such that F; ~ F for all j and such that for each j there exists a 
complete orthogonal system of type F; . That such families exist, and 
that, in fact, the maximality of IF;) implies V ;F; = P, follows from 
62.4. Since the power of a complete orthogonal system of type F; is 
exactly 1t(F) for allj, it is legitimate to denote such a system by IR;k}, 
with the same index set lk) for all j. If R" = v ;R;k, then, by G2.1, 
{ Rd is an orthogonal system of type F; the completeness of { Rk) fol­
lows from the relations V"R" = V ;VkR;" = V ;F1 = F. 
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THEOREM 5. If, for each cardinal number u not exceeding the dimen­
sion of ,P, F u is the supremum of all those projections in F which have 
uniform multiplicity u, then (Fu} is an orthogonal family, V,. F,. = 1, and, 
for each u, either F u = 0 or F u has uniform m1lltiplicity u. 

Proof. For a fixed cardinal number u, let {G;} be a maximal orthog­
onal family of projections in F such that each G; has uniform multi­
plicity u. If G = F u - V ;G; ~ 0, then there exists a projection F in F 
such that F has uniform multiplicity u and such that FG ~ 0. Since 
FG has uniform multiplicity u, this contradicts the maximulity of the 
family ( G; }. Consequently F u = V ;G; , and therefore either F,. = 0 
or, by Theorem 3, Fu has uniform multiplicity 11. It follows that if 
FuFv ~ 0, then, since FuFr ~ Fu and F,.F,. ~F., the multiplicity of 
FuF. is equal to u and to vat the same time, or, in other words, u = v. 
The fact that 1 - VuFu = 0 follows from G2.4 and Theorem 4. 

The results of this section essentially conclude the structure theory 
of the pair of sets F and P. Theorem 5 shows us that S) decomposes in a 
natuml and intrinsically defined manner into pieces ~f uniform multi­
plicity; Theorem 4 tells us that each such picre is made up of rows cut­
ting all the way across. From 59.2 we know that every projection in P and 
therefore, in particular, each of the rows that make up one of the uniform 
pieces, is. an orthogonal sum of cycles; according to 60.1, the given 
spectral measure behaves on each such cycle as do the multiplieations 
by characteristic functions of measurable sets on a finite measure space. 
In the remaining sections we tie this all up with multiplicity functions 
so m; to obtain the isomorphism of E with a canonieal spectral memmre. 

§65. Measures from Vectors 

If x is a vector in ~. we shall write p(x) for the measure p. defined for 
every M in S by p.(lll) = (E(ilJ)x, x). In this section we shall study 
the relation of the function p to some of the other concepts we have 
introduced. The first and most obvious property of p is that p(x) = 0 
if and only if x = 0; for the proof we need merely to recall that since 
E(X) = 1, it follows that (E(X)x, x) = II x If A :-;lightly less obvious 
property of pis a kind of additivity: if {Z(x;) I is an orthogonal family of 
<'ycles, and if the family {x;} of vectors is summable with Rum :r, then 

p(x) = V ;p(x;). 

To prove this we observe that, for each value of j, E(M)x; belongs to 
the range of Z(x;) for every llf in S; it follows that {E(M)x;l is an 
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orthogonal family of vectors and that II E(M)x W = ');iII E("ll).ti W for 
every ]If in S. Our next result lies somewhat deeper. 

THEOREM 1. If x and y are vectors, a necessary and sufficient condi­
tion for the orthogonality of p(x) and p(y) 1:s the orthogonality of C(x) 
and C(y). 

Proof. We write p. = p(x) and v = p(y). If p. j__ v, then there exists 
a set M in S such that v(ilf) = p.(X - .M) = 0. (There are many ways 
of seeing this: one way is to apply 47.2 first to v and v v p. and then to 
p. and v v p..) It follows that E(M)y = E(X - M)x = 0 and hence 
that y = B(X - M)y and x = E(J.lf)x. Since this implies that 

C(y) ~ E(X - M) 
and 

C(x) ~ E(M), 

the orthogonality of C(x) and C(y) follows from that of E(M) and 
E(X- M). 

Suppose now that we know that C(x) and C(y) are orthogonal. Since 
C(Z(x) v Z(y)) = C(x) v C(y) and since, by 58.1 and 58.2, C(x) v C(y) 
is separable, it follows from 58.3 that there exists a vector z in the range 
of Z(x) v Z(y) such that C(x) v C(y) = C(z). Write p. = p(z) and let 
U be the isomorphism described in 60.1 from 532(p.) onto the range of 
Z(z). If x = Uf and y = Ug, then, since Z(x)Z(y) = 0, it follows that 

0 = (E(M)x, y) = (E(M)Uf, Ug) = (U(xMJ), Ug) = fMfg*dp. 

for every M in S. This means that f(t) g*(t) = 0 for almost every t 
(with respect to the measure p.) and hence that there exists a set M 
in S such that f(t) = 0 for almost every t in M and g(t) = 0 for almost 
every tin X - M. For this set M we have 

(E(M)x, x) =II E(M)UfW =II U(xMJ) W = JM lfl2dp. = 0 

and similarly (E(X - M)y, y) = fx-M I g 12 dp. = 0, whence p(x) j__ p(y) 
as asserted. 

THEOREM 2. If x and y are vectors, a necessary and sufficient condi­
tion that p(x) « p(y) is that C(x) ~ C(y). 

Proof. Write x = Yo + zo with y0 in the range of C(y) and Zo or­
thogonal to the range of C(y). Since p(x) = p(y0) v p(z0), it follows that 
if p(x) « p(y), then p(Zo) « p(y). Since, on the other hand, C(y) C(zo) = 0, 
it follows from Theorem 1 that p(Zo) j__ p(y). Consequently p(Zo) = 0, 
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so that zo = 0, and therefore x = y0 • In other words :1: belongs to the 
range of C(y), and therefore C(x) ~ C(y). 

If, conversely, C(x) ~ C(y), we write J.L = p(x) and v = p(y). If 
v(M) = 0 for some M in S, then E(M)y = 0 and consequently 

E(M) C(y) = 0. 

It follows that 

E(M)C(x) = 0 
and hence that 

J.L(M) = (E(M)x, x) = II E(M)x W = 0. 

Our last result along these lines is of great technical significance; we 
call the reader's attention to the fact that, had we proved it in time, 
we could have used it to simplify slightly the proof of G3.1. 

THEOREM 3. If v is a finite measure on S and if x is a vector in .P 
such that v « p(x), then there exists a vector y in the range of Z (x) s11ch 
that v = p(y); if v = p(x), then Z(y) = Z(x). 

Proof. If J.L = p(x), then, by the Radon-Nikodym theorem, there 
exists a non-negative function g in ~t(J.L) such that v(M) = I M g dJ.L for 
every M in S. Iff is the non-negative square root of g, then f E £12(!-l). 
If y = Uf, where U is the isomorphism described in GO.l, then 

v(M) = I M If 12 dJ.L = II X.uf W = II U(xMf) W 
= II E(M)Uf w = II E(M)y w. 

If v = p(x), then, by Theorem 2, C(x) = C(y). Since Z(y) ~ Z(x) and 
since Z(x) is a row, it follows that Z(y) = C(y) Z(x) = C(x) Z(x) = Z(x). 

§66. Suhspaces from Measures 

THEOREM 1. If J.L is any finite measure on S, then the set I x: p(x) « J.L l 
is a subspace of S); if C(J.L) is the projection on this subspace, then C(J.L) E F. 

Proof. If p(x) « J.L and p(y) « J.L, then the relation 

II E(M)(ax + {3y) II ~ I a 1·11 E(M)x II + I f31·11 E(M)y II , 
valid for all M in S, shows that p(ax + {3y) vanishes whenever both 
p(x) and p(y) vanish and hence whenever J.L vanishes. If {xn} is a sequence 
of vectors such that p(xn) « J.L for all n and such that Xn ~ x, then the 
relation II E(M)xn II ~ II E(M)x II shows that p(x) vanishes whenever 
all p(Xn) vanish and hence whenever J.L vanishes. It follows that 

{x:p(x) « p} 
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is indeed a subspace and that, therefore, C(p.) may be defined. If P E P 
and if p(x) « p., then, since P ~ E, it follows that 

II E(M)Px II = II PE(M)x II ~ II E(M)x II 
for all llf, and hence that p(Px) vanishes whenever p(x) vanishes. This 
implies that p(P.'r) « p. whenever p(x) « p., or, in other words, that P 
le-aves invariant the range of C(p.). Consequently P ~ C(p.) and there­
fore-, since Pis arbitrary, C(p.) E P' = F. 

Tm.;om.;i\1 2. If p. is a .fi nile measure on S, then C(p.) is separable; 1j 
P. = p(x), then C(p.) = C(x). 

Proof. Let R be a row such that C(R) = C(p.), and let {Z(x;) I be 
an orthogonal family of cycles such that R = V ;Z(x;). Since the fact 
that R is a row implies that { C(x;) I is an orthogonal family, and since 
p(x ;) « p. for all j, it follows from 65.1 that x; = 0 except for countably 
many values of j. Since C(p.) = V ;C(x;), it follows from 58.1 and 58.2 
that C(p.) is separable. If p. = p(x) and if p(y) « p., then, by 65.2, 
C(y) ~ C(;r), and consequently y belongs to the range of C(x). In 
other words C(p.) ~ C(x); the reverse inequality is obvious from the 
definition of C(p.). 

THEOREi\1 3. If p. and v are finite measures on S, then 

C(p. A v) = C(p.)C(v), 

and therefore 1j v « p., then C(v) ~ C(p.). 
Proof. If p(x) « p. A v, then p(x) « p. and therefore x belongs to 

the range of C(p.). This implies that C(p. A v) ~ C(p.). Since, similarly, 
C(p. A v) ~ C(v), it follows that C(p. A v) ~ C(p.) C(v). If, on the other 
hand, x belongs to the range of C(p.)C(v), then p(x) «p. and p(x) « v, 
so that p(x) « p. A v. Since this means that x belongs to the range of 
C(p. A v), it follows that C(p.) C(v) ~ C(p. A v). 

THEOREM 4. If p. is a finite mea,sure on X and x is a vector in .~ such 
that C(p.)x = 0, then p. ..L p(x). 

Proof. If p(x) = v, then, since v A p. « v, it follows from 65.3 that 
there exists a vector y in the range of Z(x) such that p(y) = v A p.. 
Since C(p.)x = 0, it follows that C(p.) Z(x) = 0 and hence that C(p.)y = 0. 
Since, however, p(y) « p., we know that y belongs to the range of C(p.). 
It follows that y = 0 and hence that p. ..L v. 

'l'IrEoRI~i\1 5. If p. is a finite measure on Sand if {P.;I is a (necessarily 
countable) orthogonal family of finite measures on S such that V ;P.; = p., 
then C(p.) = V ;C(p.;). 
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Proof. Since Theorem 3 implies that C(.u) ~ C(.u;) for all j, it is 
clear that C(.u) ~ V ;C(,uJ. Suppose, on the other hand, that x is any 
vector in the range of C(.u) - V ;C(.u;). Since x belongs to the range of 
C(.u), we have p(x) « ,u; since, at the same time, C(.u;)x = 0 for all j, 
it follows from Theorem 4 that p(x) l_ .Ui for allj and hence that p(x) l_ ,u. 
These two properties of p(x) imply that p(x) = 0. We conclude that 
x = 0 and this completes the proof of the theorem. 

§67. The Multiplicity Function of a Spectral Measure 

If .u is a finite, non-zero measure on S, the multiplicity of .u, in symbols 
u(,u), is defined to be the minimum value of the multiplicities u(C(110)) 

of the columns C(110) determined by finite, non-zero measures 110 which 
are absolutely continuous with respect to .u; in other words 

u(.u) =min {u(C(Po)):O ~Po« ,u). 

If .u = 0, we write u(p.) = 0. We proceed quickly to show that the 
function u from measures to cardinal numbers is indeed a multiplicity 
function. 

THEOREM 1. If p. and v are finite measures on S such that 0 ~ 11 « p., 
then u(v) ~ u(p.). 

Proof. If 0 ~ Po « 11, then Po « p. and therefore u(p.) ~ u(C(Po)); 
since this inequality is valid for all admissible Po , it follows that 

tt(.u) ~ u(11). 

THEORE:\I 2. If {.u;l is a countable orthogonal family of non-zero 
measures, and if p. = V i/li, then u(p.) = min {u(.u;) J. 

Proof. If 0 ~ Po« .u, and if 11; = Po A P.; for each j, then 110 = V ;11;. 
The last-m·itten relation remains valid, of course, if the supremum is 
extended over only the set J of those values of j for which 11; ~ 0. It fol­
lows from 66.5 that C(Po) = V ;,JC(v;) and hence, from 64.2, that 

u(C(Po)) = min;,J {u(C(11;)) J ~ min {u(p.;) ). 

Since Po is arbitrary, we see that u(p.) ~ min { u(.u;) J. If, on the other 
hand, 0 ~ vo « P.i for some value of j, then v0 « p. and therefore 
u(C(Po)) ~ u(.u), whence 1t(p.;) ~ u(p.) for all j. This implies that 

min {u(.u;) I ~ u(p.). 

The preceding two theorems tell us that the function u is a multi­
plicity function. We now have only one more technical detail to clear 
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up before completing the theory, and that is the relation between the 
concepts of uniform multiplicity for measures and uniform multiplicity 
for projections. 

THEOREM 3. If x is a vector s·uch that C(x) has uniform multiplicity 
and 1j p. = p(x), then p. has uniform m1tltiplicity. If, conversely, p. is 
a non-zero measure of uniform multiplicity and Xo is a vector such 
that C(p.) = C(xo) (cf. 66.2 and 58.3), then there exists a vector x 811Ch 
that (i) p. = p(x), (ii) C(x) ( = C(p.)) has uniform nwlt-iplicity, and 
(iii) Z(x) = Z(xo). 

Proof. Suppose first that p. = p(x) and that C(x) has uniform multi­
plicity. If 0 ¢ llo « p., then by 65.3 there exists a vector Yo in the range 
of Z(x) such that 110 = p(y0). Since y0 ¢ 0, it follows that C(llo) ;C 0. 
Since C(llo) ~ C(p.) by 66.3 and since C(p.) = C(x) by 66.2, it follows 
from the assumed uniformity that u(C(110)) = u(C(p.)) (and that, there­
fore, u(p.) = u(C(p.))). If 0 ¢ 110 « 11 « p., then, applying the result just 
proved, we obtain the relation u(C(110)) = tt(p.), whence it follows that 
tt(11) = tt(p.). This proves the first assertion of the theorem. 

To proYe the second assertion, we suppose that p. has uniform multi­
plicity different from 0 and that xo is a vector such that C(p.) = C(xo). 
It follows from this equation that p(xo) « p.; we propose to show that 
in fact p(xo) = p.. For this purpose we let p.o be a measure (a relative 
complement of p(x0) in p.) such that p.o ..L p(xo) and P.o ~ p(xo) = p.. If 
Yo belongs to the range of C(p.o), then p(xo) ..L p(yo) and It follows ~rom 
65.1 that C(x0) C(y0) = 0 so that Yo is orthogonal to the range of C (xo). 
The range of C(xo) is, hm~·ever, the same as the range of C(p.), ai.J.d, since 
IJ.o « IJ., !Jo belongs to the range of C(p.). It follows th_at Yo_= _o, a~d 
therefore that u(p.o) = 0. Since, however, the assumed umform1ty Imphes 
that if IJ.o ;C 0, then tt(JJ.o) = u(p.), it follows tha~ P.o = 0, and we do 
indeed have p. = p(xo). An application of 65.3 yields a vector x such 
that Z(:c) = Z(xo) and p(x) = P. and hence, by 66.2, such that 

C(x) = C(p.) = C(xo)· 

To prove that C(x) has uniform multiplicity, suppose tha~ F is a n~n­
zero projection in F such that F ~ C(x). Since such an F IS neccssanly 
separable there exi"sts t lCll that F = C(y) and consequently, • . a vee or y st · . . 
by 66.2 F = C( 11) ,,.1 . _ (y) The fact that F ¢ 0 Imphes that 

' , ,, lClC 11 - p 1 • • • • 
11 ;C 0. If 0 ¢ 110 << 11, then, by a repetition of a familiar argument, It 
follows that C(110) ¢ 0 and therefore u(C(110)) ?; u(C(11)), whence 

u(11) ?; u(C(11)). 
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Since, however, u(v) = u(JL) and u(C(v)) ~ u(JL), it follows that 

u(C(v)) = tt(JL). 

Applying this result to JL in place of " (i.e. letting C(x) itself play the 
role of F), we see that 11(C(v)) = u(C(p.)); this completes the proof of 
the theorem. 

§68. Conclusion 

All the pieces are before us; all that remains is to put them together. 
In the preceding section we have succeeded in associating a multi­

plicity function with every spectral measure. To the multiplicity function 
u we may apply 49.3 to obtain an orthogonal family !J.Lil of non-zero 
finite measures on S such that each J.Li has uniform multiplicity and 
such that JL = V i(J.L A J.Li) whenever p. is a finite measure on S. From 
66.3 we see that I C(p.i) l is an orthogonal family of projections in F; 
we assert that V iC(p.i) = 1. If, indeed, x is an arbitrary vector in S) 

and if p. = p(x), then p. = V i(J.L A J.Li). It follows from 66.5 that -

C(p.) = v jC(JL A J.Li) ~ v iC(p.j), 

and hence that the vector x belongs to the range of V iC(p.j). Since x is 
arbitrary, we may conclude that V iC(p.J = 1. 

According to 67.3, for each fixed j, C(p.i) has uniform multiplicity, 
and therefore, by 64.4, there exists an orthogonal family !Rid of rows 
such that C(p.J = vkRik and such that C\Rik) = C(p.i) for all k. The 
cardinal number of the index family I k J JS of course equal to 11(p.i). 
Since C(J.Li) is separable, it follows from 58.3 and ;j7.4 that each row 
Rik is in fact a cycle. (The proof of this fact makes usc of the elementary 
lemma \Yhich asserts that if x is a vector and R is a row such that 

Z(x) ~ R 

and 

C(x) = C(R), 

then Z(x) = R.) Applying 67.3, we may find a family lxid of vectors 
(j is still fixed) such that Rik = Z(xik) and such that p(xik) = J.l.i. By 
60.1, the range of Rik is isomorphic to 'i.I2(J.LJ by an isomorphism which 
makes the given spectral measure E correspond to multiplications by 
the characteristic functions of measurable sets. Putting these isomor­
phisms together, first over all k, for fixed j, and then over all j, we 
obtain a representation of S) as a very large direct sum; each summand 
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lS the ~2 of a finite measure on S, and the representation makes cor­
respond to the gin'n spectral measme E the canonical spectral meas­
ure assoeiated with IJ.Li) and lu(.ui)J. 

Tlwse eonsiclc-ra t ions prove that every spectral measme is unitarily 
equivalent to a en nonien! one determined by its multiplicity function 
and hence that if two spectral measures have the same multiplicity 
function, they are unitarily equin1lent. Suppose, com·ersely, that E and 
F are spectral measures with a common domain of definition and that 
U is a unitary operator such that u 1EU = F. ·write P~>{t) for the 
measure J.l defined by .u(M) = II E(M)x W, and pp(x) for the measure .u 
~lefined by .u(ill) = II F(M)x Jr If J.l is any measure, if PJ•(.-r;) « J.L, and 
If J.L(ilf) = 0, then II E(M)Ux II = II r,T1E(M)U.r II = II F(M)x II = 0, 
whence PH(Ux) « ,u. This means that if x belongs to the range of the 
projection which it is natural to denote by CP(.u), then Ux belongs to 
~he range of CE(,u). Since, by symmetry, the converse is also true, we 
mfer that u 1CH(J.L) U = Cp(J.L). We may therefore conclude that the 
multiplicity associated with C E(.u) via E is the same as the multiplicity 
associated with CP(.u) via F, and hence that E and F have the same 
multiplicity function. This settles all our problems and fulfills all our 
Promises. 
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that the vector sum of two subspaccs (of any Banach space) be closed is 
given in [23]. A simpler example of a non-closed vector sum which, because of its 
dependence on the concept of an operator, could not be given in §15, can be ob­
tained as follows. Let A be an operator on a Hilbert space ,P, such that the range 
m of A is not closed. In the direct sum of .~ with itself, let IDl be the set of all 
vectors of the form [x, 0) and let 9l be the set of all vectors of the form [x, Ax) 
with x E .~. It is easy to verify that both IDl and 91 are subspaces of the direct 
sum and that fx, y} E IDl + 91 if and only if 11 Em; since m is not closed, neither 
is IDl + 91. 

The elegant proof (in §16) of the uniqueness of dimension in the infinite case 
is due to Lowig, [27]. The corresponding theorem for finite-dimensional spaces is 
settled, for instance, in [4: p. 179). 

J. v. Neumann, [35), discusses the structure of integral operators such as the 
ones mentioned in §20(i). The matrix point of view is treated in [51]. 

The discussion of an operator which is not reduced by any non-trivial subspace 
could easily have been much more complicated. The elegant trick in §23 was 
shown to me by W. A. Howard. 

The definition of summability for a family of operators (§28) is as close as this 
book ever gets to mentioning the various well-known topologies for operators. 
Their importance was first emphasized by von Neumann, [34]; more recently 
the subject has been discussed by Dixmier, [9). 

The range of the infimum of two not necessarily commutative projections is 
determined in [36: Vol. II, p. 38, or second printing, Vol. II, p. 55). 
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The proof of the fact that the norm of a Hermitian operator A can be calculated 
from its spectrum is usually based on the relation 

II A II= sup II (Ax, x) 1:11 x II= 11. 

The more elementary proof in §34 was called to my attention by W. A. Howard. 
If a similar proof could be constructed of the corresponding theorem for normal 
operators (or of the characterization of 11 A 11 by the values of (Ax, x) on the 
unit sphere), the proof of the spectral theorem for normal operators could be 
immensely simplified. 

The fact that every operator has a non-empty spectrum is proved in [44: p. 
149]. For a related, abstract discussion see [12). 

The heuristic discussion in §35 is strongly influenced by the existence of gen­
eral theories which include, as special cases, the pertinent part of the theory of 
real functions as well as of spectral theory; see, for example, [45], [31), [42], and 
[21]. 

l\Ieasurable spaces are defined and discussed in [15: p. 73, et seq.]. 
The juggling with differentials which occurs in §37 and several other places 

is justified in (15: pp. 132-134]. 
The concept of regularity for spectral measures imitates a well-known numerical 

concept; cf., for instance, [15: Chapter X]. It should be remarked that the class 
of all Borel sets in a locally compact Hausdorff space (as defined in [15)) is not 
necessarily a u-nlgebra (but merely au-ring). The phrase "Borel set" is used in 
this book in its classical meaning as an element of the u-algebra generated by 
I he class of all open sets. An important example of regular spectral measures in 
locally compact topological groups (to which the theory in Chapter III of this 
book is applicable) occurs in [1). 

The fact that every finite measure on the class of all Borel subsets of the com­
plex plane is regular follows from [15: Theorem E, p. 218 and Theorem G, p. 
228]. 

The proof of 40.1 makes use of the uniqueness assertion of the representation 
theorem stated in §0. Though this constitutes only the first and weakest use of 
that theorem, it provides a good excuse for mentioning the relevant literature. 
It is customary to break up the theorem into two parts, one of which (the Weier­
strass approximation theorem) asserts that continuous functions can be approxi­
mated by polynomials, and the other of which (the Riesz representation theorem) 
asserts the existence of a suitable complex measure associated with a bounded 
linear functional of continuous functions. The one-dimensional Weierstrass 
theorem is treated in many st.andard texts; cf., for instance, [50: p. 152]. An amus­
ing interpretation of the proof in the language of probability theory is given in 
[48: p. 116]. The Weierstrass theorem for any finite number of dimensions is proved 
in [13: p. 123]. A general and modern discussion of the circle of ideas centering 
around the Weierstrass theorem appears in [46]. A proof of the Riesz representa­
tion theorem for the general case can be dug out of [15: Theorem D, p. 247 a~d 
Exercise 5, p. 249]. Kakutani, (22: p. 1012), gives a statement which is more readily 
applicable to present needs, but for real-valued linear functionals only; the com­
plex case is, however, a trivial corollary which follows simply from the considera­
tion of the real and imaginary parts of the given linear functional. 
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The problem discussed in §§41 and .J2 may (in virtue of .JO.l) he stated as fol­
lows: If E is a compact, complex spectral measure, if A = f>..dE(>..), and if B is 
an operator such that A <-> B, then does it or dews it not follow that A • <--+ B? 
Since 11 is normal, the question may also be viewed as a special case of the prob­
lem of t.ransitivity of rommutativit.y: if A*<--+ A and A<-> B, can one infer that. 
A*<-+ B? The problem was explicit!~· raised more than ten years ago h~· von 
X eumann; it appeared in print in [30]. The first solution is due to Fuglcde, (11]; 
the solution presented in §§41 and 42 appears in (16]. 

The neat and powerful characterization of spectral subspaces (41.1) was proved 
for Hermitian operators in [24]. 

The neat arrangement of the ideas in the proof of the spectral theorem for 
Hermitian operators, as given in §.J3, is due to Eberlein, [10]. 

The crucial measure-theoretic extension theorem needed for the proof of the 
spectral theorem for normal operators in §44 may be found in [36: Vol. I, p. 1.J6, 
or second printing, Vol. I, p. 167]. 

The Radon-Nikodym theorem is standard measure-theoretic equipment; cf., 
for instance, [15: p. 128]. A very neat proof based almost exclusively on geometric 
facts about Hilbert space occurs in [38: p. 127]. 

The concept of a multiplicity function appears explicitly in [.J1]. The first 
successful attempt to construct a theory of multiplicities for non-separable 
Hilbert spaces was made by Wecken, [49]. The theory for separable Hilbert spaces 
is presented by Stone, [44: Chapter VII), who also gives references to the classical 
literature and, in particular, to Hellinger's original solution of the problem of 
unitary equivalence. 

The "prime" operation described in §53 is inspired by [34: pp. 388-389]. 
The representation theorem for Boolean algebras which is mentioned in §54 

can be found in [25]. It is worth noting that the conditions that the relevant 
representation theorem requires of the Boolean algebra F are much weaker than 
the ones that come free with the Fin the text; all that is necessary is that F 
be a u-algcbra. Another proof of the representation theorem, closer in spirit to 
Stone's topological approach, is outlined in [15: Exercise 15c, p. 171]. 

The term "separable" as used in §58 is due to Nakano, [33]. The work of Na­
kano, as represented by this paper and an earlier one, [32], is one of the main 
sources on which the exposition in Chapter III is based. 
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