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PREFACE

My main reason for writing this book was to make available to English-
speaking students the results of Chapter III, the so-called multiplicity
theory. The only exposition of that theory that has been easily available
in America is the one given by Stone, who discussed self-adjoint opera-
tors on a separable Hilbert space. The theory as I present it deals with
arbitrary spectral measures and includes, consequently, the multiplicity
theory of (bounded or unbounded) normal operators on a not necessarily
separable Hilbert space, and includes, as another useful special case, the
multiplicity theory of unitary representations of locally compact abelian
groups. In view of the fact that a weakly closed, self-adjoint, commuta-
tive operator algebra has a lot of projections in it, the structure theory
for Boolean algebras of projections, as developed in Chapter 111, applies
to such operator algebras also.

I have been fortunate in being able to make use of several simplifica-
tions of Hilbert space theory, some of which were published only in
the last five years. As examples of such recent contributions I mention
Iiberlein’s proof of the spectral theorem and the detailed treatment of
the multiplicity theory by Plessner and Rohlin. The work of the latter
authors, in turn, is obviously very strongly influenced by the pioneering
research of Wecken. The approach to multiplicity theory which I present
has some claim to novelty, but in its fundamental ideas it is essentially
a permutation of what I learned from Wecken and from Nakano.

The first two chapters of the book are not new at all and they are
there only to prepare the way for Chapter III. The last clause is not,
however, to be taken literally—one can draw a shorter and straighter
line between the axioms of Hilbert space and the theory of multiplicity
than the one I have drawn. Such material as does not directly contribute
to Chapter IIT has the purpose of nailing down the edges, so to speak—
of supporting the strictly necessary material by illuminating and illus-
trating it. Despite the presence of “irrelevant” theorems, large parts
of the theory of Hilbert space are still conspicuous by their absence:
I do not define unbounded operators, for instance, and I do not even
mention any of the several valuable applications of the theory to in-
teresting special cases.
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There are three technical details that the reader should know. (1)
Since some of the notation which is used throughout the book is es-
tablished in §0, both the expert and the beginner are advised to glance
at that initial section. (2) There are a few statements, printed formally
as theorems, which are not supported by even onc word of proof. They
exist for purposes of reference and they are not proved, because I con-
sidered them trivial. (3) The reference system is simple and standard.
An expression such as w., where » and v are ordinal numbers, refers
to Theorem v in §u.

In conclusion I want to express my warmest thanks to Arlen Brown,
M. Gerstenhaber, M. M. Gutterman, and E. A. Michael for their aid in
preparing this book. They read the manuscript, made many valuable
suggestions, and would not back down when I objected to their criticism.
I am also grateful to my colleagues Irving Kaplansky and I. L. Segal
for several stimulating conversations about multiplicity theory.

P. R. H.
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§0. Prerequisites and Notation

The principal prerequisite for an intelligent reading of this little book
is a thorough knowledge of what is usually called the theory of functions
of a real variable. We use that phrase, as it is always used, to denote a
hodge-podge of the theories of sets, cardinal numbers, topological (and
particularly metric) spaces, measure, and integration. References for
results used but not developed in the text (as well as occasional references
to the sources of our material and to detailed presentations of subjects
we shall barely have time to mention) are to be found at the end of the
book.

We devote the remainder of this section to a detajleq description of
our terminological and notational conventions and to the statement of
a representation theorem for linear functionals which we need in a form
slightly different from the one in which it is usually given

The word family is used throughout (as a gencralizatioﬁ of sequence)
to denote an indexed set, so that, for instance, g f )
numbers is a real-valued function on a certain indey
tive (such as finite or countable), when applied to g
preted so as to modify the index set which serves g4 the domain of that
i?,?lflg,;ﬁlli,_{a’} is a family of objects, each object, a; is called a term of

The symbol 6 is the Kronecker delta: its valye g
j = korj s k. The symbol N, denotes the carding]
of all integers. The letter x (almost always used wi
reserved for characteristic functions, so that, fq, i
subset of a space X and if ¢ is a point of X, then w(t)
as ¢ does or does not belong to 1.

The word polynomial without an adjective megp« . . .
complex coefficients; the modification in the p‘;,l::l:é Df)ly nomial w‘!;hl
indicates a polynomial with real coefficients. The com 17 eal pqunmmaf
a complex number « is denoted by a*. The least up p‘ ex conjugate o
greatest lower bound of a set M of real numbers g,q Per bound and the
such as sup {a:a e M} and inf {a:a e} l'eSDGCti\rele noted by symbols

The empty set is denoted by 0. The symbg] (.. y

“the set where...”, so that, for instance, {q: . -} is used for
lacer > 0} is the set of all

amily {a;} of real
set {7}. Any adjec-
amily, is to be inter-

1 or 0 according as
number of the set
th a subscript) is
hstance, if M is a
= 1 or 0 according

8
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positive real numbers. The symbols U, N, —, and C are used for union,
intersection, relative complement, and not necessarily proper set in-
clusion respectively. The symbol e is used to indicate the belonging of
an element to a set; the negation of a belonging assertion is indicated
by a similar use of ¢. The Cartesian product of two sets M and N is
denoted by M X N.

The convergence of a sequence {x.} of points in a metric space to a
point x is denoted by z, — 2. The closure of a subset M of a metric (or,
more generally, of a topological) space is denoted by .

By a measure (without adjectives) weshall always mean a non-negative
and countably additive set function p defined on a Boolean o-algebra
S of subsets of a set X. Almost all the measures we shall encounter will
be finite measures, i.c. such that p(X) < . A complex measure is a
complex-valued, countably additive set function. Since the real and
imaginary parts of a complex measure are countably additive, and since,
therefore, each of these parts is the difference of two measures, it makes
sensc to integrate with respect to a complex measure; the process is to
be carried out by expressing the given complex measure as a linear com-
bination of measures, as just indicated, and then forming the correspond-
ing linear combination of ordinary integrals.

If (X, S, p) is a measure space, if M is a measurable subset of X
(ie. if M C X and M €8), and if a (complex-valued) function f is
integrable with respect to u on M, then the value of the integral is de-
noted by [ f(t) du(t) or [ fdu; if M = X, the subscript is omitted.

If p is & measure and if « is a positive number, the set of all complex-
valued measurable functions f such that | f|® is integrable with respect
Lo u is denoted by R4.(u). (The only values of o which will interest us
are 1 and 2.) If two functions in f,(u) differ only on a set of measure
zero, they are regarded as identical.

A useful prepositional distinction is made by saying that a measure
p is defined on S and in X. This usage may be extended slightly. If X
is a set, if S is a Boolcan e-algebra of subsets of X, and if M is a set in
S, we shall speak of a measure u defined 7n M, meaning that p is defined
on S and u(X — M) = 0.

The representation theorem that we mentioned earlier may be stated
as follows. Suppose that L is a complex-valued function whose domain
is the set of all real polynomials (in one variable) and which is such that
L(ap + Bq) = aL(p) + BL(g) whenever « and 8 are real numbers and
p and g are real polynomials—suppose, in other words, that L is a linear
functional of polynomials. Let X be the real line and let A be a compact
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subset of X; for any complex-valued, bounded function f on A write
Ni(f) = sup {|f(\)|:X e A}. If the linear functional L is bounded in
the sense that there exists a positive real number « such that | L(p) | =
alN,(p) for all real polynomials p, then there exists a unique complex
measure p defined on the class of all Borel subsets of X and /n A and such
that L(p) = [ 4 p du for all real polynomials p. The complex measure
has, moreover, the property that | u(df) | £ « for every Borel subset .1/
of X.

If that were all, it would be bad enough—but we need even more.
The more that we need is the extension of the theorem to two dimen-
sions. The statement of the more general result is very easy to describe:
it is obtained from the statement above by changing the parenthetical
phrase “in one variable” to “in two variables,” and interpreting the
symbol X as the Cartesian product of two real lines (or, equivalently,
as the complex plane).




CHAPTER I
THE GEOMETRY OF HILBERT SPACE

§1. Linear Functionals

Throughout this book we shall work with vector spaces over the field
of complex numbers, or, as they may be more briefly described, complex
vector spaces. The simplest and yet by far the most important example
of a complex vector space is the set G of all complex numbers, with the
vector operations of addition and scalar multiplication interpreted as
the ordinary arithmetic operations of addition and multiplication of
complex numbers. -

We recall an elementary definition. A linear transformation from a
complex vector space $ to a complex vector space & is a mapping A
from © into £ such that A(ax + By) = adx + BAy identically for all
complex numbers a and 8 and all vectors x and ¥ in $. Just as the special
vector space € plays a distinguished role among all complex vector
spaces, similarly linear transformations whose range space & coincides
with G (such linear transformations are called linear functionals) play a dis-
tinguished role among all linear transformations. Explicitly: a linear
functional on a complex vector space $ is a complex-valued function
£ on O such that (and now we proceed, for the sake of variety, to state
the definition of linearity in terms slightly different from the ones used
above)

(i) &1is additive (i.e. &(x 4+ y) = £(x) + £(y) for every pair of vectors
z and y in §), and

(i) ¢ is homogencous (i.e. £(ax) = ak(x) for every complex number
« and for every vector z in 9). .

It is sometimes convenient to consider, along with linear functionals,
the closely related conjugate linear functionals whose definition differs
from the one just given in that the equation #(ax) = af(x) is replaced
by £(ax) = a*£(zx). There is a simple and obvious relation between the
two concepts: a necessary and sufficient condition that a complex-valued
function £ on a complex vector space be a linear functional is that £*
be a conjugate linear functional.

11



12 I. THE GEOMETRY OF HILBERT SPACE

§2. Bilinear Functionals

For the theory that we shall develop, the concept of a bilinear func-
tional is even more important than that of a linear functional. A bilinear
Junctional on a complex vector space H is a complex-valued function
¢ on the Cartesian product of $ with itself such that if £,(x) = 7.(y) =

¢(x, y), then, for every x and ¥ in 9, £, is a linear functional and 7. is a
conjugate linear functional.

This definition of a bilinear functional is different from the one com-
monly used in the theory of vector spaces over an arbitrary ficld; the
usual definition requires that, for every x and y in 9, both 7, and £, shall
be linear functionals. An example of a bilinear functional in this “usual”’
sense may be manufactured by starting with two arbitrary linear
functionals £ and 7 and writing o(z, y) = £(x)n(y); an obviously related
example of a bilinear functional in the sense in which we defined that
concept is obtained by writing ¢(z, y) = £(x)7*(y). The objects that we
defined are sometimes called Hermitian bilinear functionals. Further
examples of either usual or Hermitian bilinear functionals may be con-
structed by forming finite linear combinations of examples of the product
type described above. After this brief comment on the peculiarity of our
terminology (adopted for reasons of simplicity), we shall consistently
stick to the definition that was formally given in the preceding para-
graph.

It is easy to verify that if ¢ is a bilinear functional and if the function
¥ is defined by ¥(z, ¥) = ¢*(y, %), then ¢ is a bilinear functional. A bi-
linear functional ¢ is symmetric if o = y or, explicitly, if o(z, y) =
(p*(yl,fx)( for )e\:r(y)' ipair of vecto:s z and y. A bilinear fun (,t’l onal ¢ is posi-
tive if o(x, ) = 0 for every vector a; we g o g o
. <p(:v,¢a:)’ 2 b Whenever 3 £ 0 hall say that ¢ is strictly positive

§3. Quadratic Forms

The quadratic form  induced by a bilinear function
vector space is the function defined for cqe}, \rect(;l' T
Using this language and notation, we mq .
tions in the last paragraph of the precedj
tive if and only if ¢ is positive in the
positive values.

A routine computation yields the following useful result. ]

TueoreM 1. If & @8 the quadratic form, ;
¢ on a complex vector space D, then

al ¢ on a complex
by () = elx, 2).
¥ paraphrase one of the defini-
ng section as follows: ¢ is posi-
ordinary sense of taking only

nduced by a bilinear functional
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o, 9) = 6G+y)) — G —v))
+ G+ @) — pGeE — W)
Jor cvery pair of vectors x and y in 9.
The process of calculating the values of the bilinear functional ¢ from
the values of the quadratic form &, in accordance with the identity in
Theorem 1, is known as polarization. As an immediate corollary of this

process we obtain (and we state in Theorem 2) the fact that a bilinear
functional is uniquely determined by its quadratic form.

Tureonresm 2. If two bilinear functionals ¢ and ¢ are such that & = y,
then ¢ = .

Theorem 2 in turn may be applied to yield a simple characterization
of symmetric bilinear functionals.

TrEOREM 3. . bilinear functional ¢ ts symmetric if and only if &
28 real.

Proof. 1If ¢ is symmetric, then $(x) = o(z, ) = o*(x, ) = $*(x)
for all . If, conversely, ¢ is real, then the bilinear functional ¢, defined
by ¥(z, y) = ¢*(y, «), and the bilincar functional ¢ are such that ¢ = ¥;
it follows from Theorem 2 that ¢ = ¥.

§4. Inner Product and Norm

An inner product in a complex vector space O is a strictly positive,
symmetric, bilinear functional on $. An inner product space is a complex
vector space O and an inner product in . The vector space € of all
complex numbers becomes an inner product space if the inner product
of a and B is defined to be of*; in what follows we shall always interpret
the symbol @, not merely as a vector space, but as an inner product space
with this particular inner product.

It is convenient and, as it turns out, not confusing to use the same
notation for inner product in all inner product spaces; the value of the
inner product at an ordered pair of vectors x and y will be denoted by
(z, ). The quadratic form induced by the inner product also has a uni-
versal symbol: its value at a vector z will be denoted by || z ||>. The
positive square root || z || of ||« ||* is called the norm of the vector z.
Note that the norm of a vector « in the inner product space € coincides
with the absolute value of the complex number a.

Throughout this book, unless in some special context we explicitly in-
dicate otherwise, the symbol © will denote a fixed inner product space; all
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apparently homeless vectors will be presumed to belong to $ and tl'le
definitions of all concepts and the proofs of all theorems will pertain

to 9.

THEOREM 1. A necessary and sufficient condition that x = 0 is
that (z, y) = 0 for all y.

Proof. If (z,y) = 0 forally, then, in particular, (v, z) = 0 and conse-
quently, since the inner product is strictly positive, z = 0. If, con-
versely, x = 0, then (z, y) = (0z, y) = O(z, y) = 0. (Note that the
proof of the converse is nothing more than the proof of the fact that if
£ is any linear functional, then £(0) = 0. It follows, of course, that if
¢ is any bilinear functional, then (0, ¥) = ¢(z, 0) = 0 for all z and y.)

THEOREM 2. (The parallelogram law.) For any veclors x and y,

lz+ I+ 11z -yl =2zl + 2y
Proof. Compute.

The reader should realize the relation between Theorem 2 and
the assertion that the sum of the squares of the two diagonals of a
parallelogram is equal to the sum of the squares of its four sides.

The most important relation between vectors of an inner product
space is orthogonality; we shall say that z is orthogonal to y, in symbols
z L y,if @, 9) = 0. In terms of this concept Theorem 1 says that the
only vector orthogonal to every vector is 0. For orthogonal vectors the
statement of the parallelogram law may be considerably sharpened.

THEOREM 3. (The Pythagorean theorem.) If x L y, then
lz+ gyl ==+ Ilyl*

The reader should realize the relation between Theorem 3 and the

assertion that the square of the hypotenuse of a right triangle is the
sum of the squares of jts two perpendicular sides.
. A family {z;} of vectors is an orthogonal family if x; | x; whenever
J # k. We shall have no qualms about using the obvious inductive
generalization of the Pythagorean theorem, i.e. the assertion that if
{;} is a finite orthogonal family, then || Z;z; 1" = Z; | z; |I"

§5. The Inequalities of Bessel and Schwarz

A vector z is 7,
of replacing a p
normalization, A

ormalized, or is a unit vector, if || z || = 1; the. process
On-zero vector z by the unit vector z/||x || is called
family {z,] of vectors is an orthonormal family if it
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is an orthogonal family and each vector z; is normalized, or, more ex-
plicitly, if (x;, xx) = &, for all j and &.

TueorewM 1. (Bessel’s inequality.) If {x;} is a finite orthonormal family
of vectors, then

Zil @) S =l

for every vector x.
Proof.

0= ||z — 2 2)ri P = |z |I” = 2i(x, %) (x5, %) — Zi(z, z,)*(x, ;)
+ 23k, x) @, a)* (=5, ) = ||z | — 25| (@, 25)

(The expressions (x, z;) will occur frequently in our work; they are
called the Fourier coefficients of the vector r with respect to the ortho-
normal family {z;}.)

It is sometimes useful to realize that the strict positiveness of the
inner product is not needed to prove the Bessel inequality. In the
presence of strict positiveness, however, the statement of Bessel’s in-
equality can be improved by adding to it the assertion that equality
holds if and only if = is a linear combination of the z;’s. The proof of
this addition is an almost immediate consequence of the observation
that in the proof of Bessel’s inequality there is only one place at which
an inequality sign occurs.

TuioreM 2. (Schwarz’s snequality.) | (x, y) |* = ||z |-l v || .
Proof. If y = 0, the result is obvious. If y 0, write yo = y/||y || ;
since || o || = 1, i.e. since the family consisting of the one term y, is

an orthononormal family, it follows from Bessel’s inequality that
| )l s Hlx ]

Schwarz’s inequality, just as Bessel’s inequality, would be true even
if the inner product were not strictly positive (but merely positive). Our
proof of Schwarz’s inequality is not delicate enough to yield this im-
provement: we made use of strict positiveness through the possibility
of normalizing any non-zero vector. In the presence of strict positive-
ness, however, the statement of Schwarz’s inequality can be improved
by adding to it the assertion that equality holds if and only if z and y
are linearly dependent; the proof of this addition is, in one direction,
trivial and, in the other direction, a consequence of the corresponding
facts about Bessel’s inequality.

The Schwarz inequality has an interesting generalization. If {z;} is a
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non-empty, finite family of vectors, and if v;z = (z;, &), then the
determinant of the matrix [y;:] is non-negative; it vanishes if and only
if the z,’s are linearly dependent.

§6. Hilbert Space
TrEOREM 1. The norm in an inner product space 1s

strictly positive (i.e. || z || > 0 whenever x #= 0),
positively homogeneous (i.e. || az || = | a ||| x ||), and
subadditive (i.e. ||z + y || < ||z || + || v |-

Proof. The strict positiveness of the norm is merely a restatement of
the strict positiveness of the inner product. The positive homogencity of
the norm is a consequence of the identity

laz|l® = (a2, a2) = aa*(, ) = |a|* ||z "

The subadditivity of the norm follows, using Schwarz’s incquality,
from the relations

le+yll*=G+y2+0) SHal*+ (@) + |03 + ||yl
sllall® + 20l gl +llyll® = Az ll+ 1y D>

TuroreMm 2. If the distance from a vector  to a veclor y 1sdefined to be
[| @ — y ||, then, with respect to this distance function, O is a melric space.

Proof. The fact that the distance function is strictly posttive (i.e. that
llz — y || = 0, with equality holding if and only if + = y) follows from
the strict positiveness of the norm. The fact that the distance function
is symmetric (i.e. that ||z — y || = ||y — z || for every pair of vectors
x and y) follows from the positive homogeneity of the norm and the
identity (x — ¥) = (—=1)(y¥ — z). The validity of the friangle inequality
(i.e. the relation ||z — y || = ||z — 2 || 4 ||z — y || for every triple of
vectors z, y, and z) follows from the subadditivity of the norm and the
identityz —y = (. — 2) + (z — y).

In view of Theorem 2 we shall feel free to use, for inner product
spaces, all such topological concepts as convergence, continuity, separa-
bility, dense set, closed set, and the closure of a set, and all such metric
concepts as uniform continuity, Cauchy sequences, and completeness.
We shall, in particular, need to make use of the continuity of the four
operations (scalar multiplication, addition, and the formation of inner
products and norms) which are intrinsic to inner product spaces.
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TueorEM 3. If ®o(r) = oz, ®"(z,y) = z + y, 8,(z) = (=, ¥), and
®(z) = || z || whenever & is a complexr number and x and y are vectors,
then all the functions &, , ®*, &, , and & are uniformly continuwous func-
tions of all their arguments.

Proof. The four assertions are consequences, respectively, of the
following four inequalities.

oz — aza || S [el-|[ar — 22l

@+ p) — @+ y)l Sl — 22l + {ln — vl -
[, ) — @, | = o — |-yl

ol =zl £ |z — 2]

A Hilbert space is an inner product space which, as a metric space, is
complete. It is worth noting that the special inner product space §
(cf. §§1 and 4) is in fact a Hilbert space. We extend the convention
established in §4 by requiring that, from now on, the inner product space
O under consideration shall in fact be a Hilbert space.

A normed vector space is a vector space with a strictly positive,
positively homogeneous, and subadditive norm; a Banach space is a
normed vector space which, as a metric space, is complete. A small
fraction of our results will be valid for Banach spaces as well as for the
special Banach spaces (i.e. Hilbert spaces) that we are studying; when-
ever it is possible and convenient to do so, we shall arrange our proofs
so that they make sense in any Banach space. The precise extent to
which Hilbert spaces differ from general Banach spaces has received
quite a bit of attention; it may be expressed by saying that the norm
in a Hilbert space is essentially quadratic in character, in the sense, for
instance, that the parallelogram law is valid.

The completeness of Hilbert space is, to be sure, an essential p.art
of its structure, but it is unessential in the sense that an inner product
space can always be completed to be a Hilbert space. More precisely it
is true that the linear operations and the inner product may be uniquely
extended to the ordinary metric completion of an inner product space
so that the completion becomes a Hilbert space.

§7. Infinite Sums

A family {2} of vectors will be called summable with sum =, in symbols
Zx; = =, if for every positive number ¢ there exists a finite set J, of
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indices such that ||z — Z,,2;1| < ¢ whenever J is a finite set of in-
dices containing Jo . It is clear from this definition that a finite family
of vectors is always summable and that its sum, in the present sense,
coincides with the elementary concept of vector sum. As another ex-
ample we mention the fact (whose proof is a not particularly difficult
exercise) that a sequence {a.} of vectors in the Hilbert space C is
summable with sum « if and only if the ordinary numerical series
=%-10, is absolutely convergent to the value @. We emphasize the fact
(and we shall make use of it below) that our definition makes sense, in
particular, in the space € and hence that such relations as Z;a; = a are
meaningful (though not necessarily true) for not necessarily countable
families {«;} of complex numbers.

It follows from the last remark that the theorem which we have been
calling Bessel’s inequality makes sense for not necessarily finite (nor
even necessarily countable) orthonormal families. It not only makes
sense—it is true. The proof requires nothing more than the obscrva-
tion that, by the definition of sums, it is sufficient to consider finite
families. We propose, accordingly, to change our custom and, in the
sequel, when we refer to Bessel’s inequality, to have in mind the gener-
alization just now discussed. More formally: Bessel’s inequality is to be
interpreted as the theorem obtained from 5.1 by deleting the word
“finite.” One amusing consequence of the Bessel inequality in this form
is the proposition that if {2,} is an orthonormal sequence, then (z, ,) —
0 for every vector z, i.e. that the Fourier coefficients of = tend to 0. .

THEOREM 1. If 2;x; = z, thenZ;ax; = ax for every complex number c.

TreoreM 2. If {x;} and {3,} are two families of vectors, indexed by
the samesel {j}, and if Z;x; = z and 2;y; = y, thenZj(z; + y;) = * + v.

TueoreM 3. If Z;x; = g, then 2,(z;, y) = (z, y) and Z,(y, ©)) =
(y, x) for every vector y.

The proofs of all three theorems are quite elementary; they are, in
fact, consequences of the following three relations (valid for any finite
set J of indices) respectively:

|| ex — Siwazill = |a [-||z — Ziaxill,
|+ v) — Ziw@i +y)ll S |lz — Zjuxi|| + 1y — Ziwyill,

|(Sl', y) — Eid(xiry)l = ’('C — 2oy, .7/)' =< ”T - Zjuz, ”” Y ” .
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§8. Conditions for Summability

Tueorem 1. A family {x;} of vectors ts summable if and only if for
every posilive number € there cxists a finile set Jo of indices such
that || Tjex; || < € whenever J is a finile set of indices disjoint from J, .
If {x;} is summable, then the set of thosec indices j for which x; % 0 s
countable.

Proof. If {a;} is summable with sum =z, then for every positive
number ¢ there existsa finite set Jo such that || 2 — 2,02 || < § when-

ever J DJ,. It follows that if J n Jo, = 0, then
| Zioxs |l = || Zijourn®i — Ziewe®ill S 12 — Zjeus, 5]

+ 2z = ozl < e
If, conversely, the condition is satisfied, then for every positive integer n
there exists a finiteset J, such that || Z;, 25| < ;llwhenever Jnd,=0.

By replacing Jo, by Jiu ---uJa.,n = 1,2, --- | we see that there is
no loss of generality in assuming (and we do therefore assume) that the
sequence {J,} of finite sets is increasing. (From these considerations we
can already deduce the second assertion of the theorem. If, indeed, an
index j does not belong to the countable set J1u Jou - -+, then || z; || <

71—L for every positive integer n and consequently z; = 0.) To complete
the proof of summability, note that if n < m, then

1
” E]“mej - zjflnxj ” = “ Ejum"-’nxj “ < ;l’

since (J» — Jn) n Jn = 0. It follows from the completeness of Hilbert
space that there exists a vector x such that || Z;,,2; — 21| = 0. If J is
any finite set of indices containing J., then

|z — Ziarill Ellz — Zju.zi |l + | Zier-1,.%5
and therefore {z;} is summable with sum z.

The second part of Theorem 1 asserts that our concept of summation
is more of a notational convenience than a great generalization of the
more elementary concept of infinite series.

TrEOREM 2. An orthogonal family {x;} of vectors is summable if and
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only if the family {|| z; ||} of posilive numbers is summable; this condi-
tion may also be expressed by writing Z; || z;||° < ». If z = Z;z;,
then ||z ||* = Z; | 2| "

Proof. If {z;} is summable, then for every positive number ¢ there
exists a finite set Jo such that || Z;.2; || < ¢ whenever .J n J, = 0, and
consequently

Ziallzill® = |l Zrwzil|l® < &

whenever J n J, = 0. If, conversely, Z,||z;||* < «, then for every
positive number ¢ there exists a finite set Jo such that ;0 || 25| * < &
(and consequently || =25 || < €) whenever J n J, = 0; summability
follows from Theorem 1. The second assertion of the theorem is a con-
sequence of the relations

(z,z) = (Z;z;,z) = Zi(x;,2) = Z(x;, Zpan)
= 2;Z(x;, 2) = Zi(x;, x;).

(The last step in this chain of equations depends on the obvious fact
that if all but one of the terms of a family of vectors, or, in particular,
of complex numbers, are zero, then that family is summable and its
sum is the exceptional term.)

Note that the second part of Theorem 2 is the obvious generalization
of the Pythagorean theorem to not necessarily finite sums; just as in
the case of Bessel’s inequality we shall in the sequel use the phrase
Pythagorean theorem to refer to the generalized version.

§9. Examples of Hilbert Spaces

A typical and general example of a Hilbert space is the space L2(u) of
all complex-valued, measurable, and square-integrable functions on a
measure space X with measure p (with the usual understanding that
two functions which differ on a set of measure zero only are to be identi-
fied). The linear operations in this space (as in every function space) are
the usual pointwise operations and the inner product is defined by
(f, 9) = [f(©) g*(t) dp(D).

An important special case of the example in the preceding paragraph
is the one in which every subset of X is measurable and has as measure
the number of its points. By an obvious change of notation (from f(¢)
to £;) the typical element of this Hilbert space becomes a family {£;} of
complex numbers with the property that Z; | ¢;|* < oo ; scalar multi-
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plication, addition, and inner product are defined by

alt;) = {at), (&) + {ni) = (& + i,

and
(&3}, (ni)) = Z&;07,

respecetively. (It is understood, of course, that the index set {j} is the
same for all vectors.)

An important generalization of the example in the preceding para-
graph is obtained as follows. Let {9} be a family of Hilbert spaces and
denote by =,;9; the set of all families {x;} of vectors such that z; ¢ §;
for all j and such that Z;|| z;||* < . If scalar multiplication, addi-
tion, and inner product are defined in =;9; by

efx;} = {az;}, {z;} + {vi} = {=; + y5},
and

({-’l’j}, {!/:}) = Ei(xi ) yi)’

respectively, then 2;9; becomes a Hilbert space. (The proof of this
fact is a straightforward imitation of the proof that applies to the case
in which §; = G for all 7.) The space Z;9; is called the external direct
sum or simply the direet sum of the family {$;} of Hilbert spaces.

Turther examples of Hilbert spaces are: (i) the set of all those func-
tions, defined and analytic in the interior of the unit circle in the complex
plane, the square of whose absolute value is integrable with respect to
planar Lebesgue measure, and (ii) the set of all functions almost periodic
with exponent 2 in the sense of Besicovitch.

§10. Subspaces

A linear manifold is a non-empty subset M of H such that if z and Y
are in M, then ax + By ¢ M for every pair of complex numbers « and 8.
A subspace is a closed linear manifold. The casiest examples of sub-
spaces are the set O containing 0 only and the entire space $. Note that
a subspace of a Hilbert space is a Hilbert space and that therefore we
may (and frequently shall) apply to subspaces any proposition we
please, as long as it is true of all Hilbert spaces.

If u is Lebesgue measure in the real line, then the following subsets of
the Hilbert space () are all linear manifolds:

(i) the set of all those functions f in L(k) for which f(t) = f(—¢) for
(almost) every ¢;

~
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(ii) the set of all those functions in L.(z) which vanish at (almost)
every point of a certain measurable set;

(iii) the set of all (essentially) bounded functions in Q(u).

The first two of these sets are subspaces; the last one demonstrates the
fact that there exist linear manifolds which are not closed. For another
example of a linear manifold which is not a subspace consider the
Hilbert space of all families {£;} of complex numbers such that
Zi|&1* < o (cf. §9) and the subset of all those families which have
only a finite number of non-zero terms.

It is easy to see that the intersection of any family of subspaces is a
subspace. It follows that it makes sense to define the subspace spanned
by an arbitrary subset 0t of § (the span of M, in symbols VM) as the
intersection of all subspaces containing M, or, equivalently, as the least
subspace containing 9%.

TuroreM 1. If M 7s a non-emply subset of O and if N s the set of all
Jinile linear combinations of elements of M, then N s a linear manifold
and VI = N (=the closure of N).

Proof. It is clear that N is a linear manifold and hence that 0 is a
subspace; since M C N, the minimal property of VM implies that
VIR C 9N. On the other hand the fact that VI is a linear manifold
implies that ® C v M. Since VIM is closed, it follows that N < v M.

If I and N are subspaces, we shall use the symbol M v N for the sub-
space V(MM u N); more generally, if {M;} is any family of subspaces
then V,;M; will denote the subspace V (U;M;). It follows from these
definitions that M v N is the least subspace containing both <M and N,
and, more generally, that V;9; is the least subspace containing every
term of the family {I;}.

The essential results of this section can be described rather simply
in the language of lattice theory. The possibility of a lattice-theoretic
formulation is based on the trite observation that the set of all sub-
spaces of  is a partially ordered set with respect to inclusion. The fact
that for any family {9;} of subspaces there exists a greatest subspace
(N;M;) contained in them all and there exists a least subspace (V ;M)
containing them all may be expressed by saying that this partially
ordered set is a complete lattice. While this lattice has many interesting
propertics, it is not in general so accomodating as to be distributive,
nor even modular. It turns out, in fact, that the lattice of all subspaces
of a Hilbert space is modular only in the familiar finite-dimensional
cases, and that it is distributive only for the extremely trivial spaces
whose dimension is 0 or 1.
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§11. Vectors in and out of Subspaces

A vector z is orthogonal to a subset M of P, in symbols z L M, if
z 1 y for all y in M. The purpose of this section is to obtain two results
which our geometric intuition makes obvious and desirable. The first
result is that the minimum of the distances from any fixed vector to the
vectors of any fixed subspace is always attained; the second result is,
essentially, that if a subspace is a proper subset of $, then there exists
a non-zero vector orthogonal to the subspace.

Taeorem 1. If M ds a subspace, if a is a veclor, and zf § =
inf{lly — z2||:y ¢ M}, then there exists a wvector yo in M such
that || yo — || = 6.

Proof. Let {y.} be a sequence of vectors in ¢ such that || y» — z || —
5. It follows from the parallelogram law that

Hyn —ymll® =20y —xll* + 2]l ym — =||®
— 4 3@Wn + ym) — 2| °
for every n and m. Since 3(y» + ¥m) ¢ M, it follows that
|4 + ym) — 2| " 2 &°
and hence that
lon—wmll® S 20lgn — 21" + 20l ym — || * — 48",
Asn — « and m — o, the right side of the last written relation tends
1o 26° + 25° — 48" = 0, so that {ya} is a Cauchy sequence. If Yn — Y,
then ¥, ¢ M and, by the continuity of the norm,
lgo — x || = lima||ya — 2 || = 6.

TaeoreM 2. If M and N are subspaces such that M C N and M = N,
then there exists a non-zero veclor z in N such that z 1. M.

Proof. Let x be any vector in :t which is not in 9 and write 6§ =
inf {|| y — 2 ||:y e M}. By Theorem 1 there exists a vector y, in M such
that || yo — z|| = §; write z = yo — «. The fact that z ¢ 0 follows
from the fact that z ¢ 9. Since yo + ay ¢ M for every vector y in M
and every complex number e, it follows that

|z 4+ ayll =l + ) — x|l Z 8
and hence that
0 llz+ayll® = llzll* = a*@w) +aly, 2) + lal ™|y | %
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If, in particular, & = B(z, y) for any real number B, then
0= 28|(,2)|° + 8 Iy, ) * |yl ™

The validity of this inequality for small negative values of 8 implies
the vanishing of the coefficient of the linear term. We conclude that
z 1 y and hence, since y is an arbitrary vector in 9, that z L M.

§12. Orthogonal Complements

The orthogonal complement of a subset M of $, in symbols M™, is the
set of all vectors 2 such that = L M. If M and N are subspaces such
that MM C N, the qrthogonal complement of M in9, in symbols N — M,
is the set N n .

THEOREMJ_I- If M is a subset of ©, then M- is a subspace
and MM C O.

Proof. If z € M and if y, and y, are in M™, then, for every pair of
complex numbers oy and az ,

(z, iyt + aolp) = oz;k(:v, n) + a;"(x, yo) = 0,

so that MM i§ u.‘linear mzu.lifol(l. The fact that 9" is closed follows
from the con§lnu1ty of the:nner product. To see that M n MW~ C O,
observe that if z € MM n I, then z | 4.

TueoreM 2. If I is a subset of D, then M < .

Proof. {f e Mandy e M, thenz | ¥, so that z L 9" and there-
forez e M.

'}_‘H;O;EM 3. If M and N are subsets of O such that M C N, then
9]2 .

TaeoreM 4. If M s a subset of 9D, then M = -~

Proof. Applying Theorem 2 to 90 in place of 9, we obtain M <

0] .
gv-". Applying, on the Oﬂ,’er hand, Theorem 3 to the relation I <
g, we obtain the reverse inclusjon 1 ) e

The preceding resu!ts are easy and in a sense automatic. As another
such almost automatic result we mention the fact, whose proof is an
easy exercise 1n the use of orthogona] complementation, that if {9%;} isa
family of subspaces, tk‘len (Vi) < N;9N; . The only non-trivial
assertion along these lines (Theorem ) is a ::onsequence of the geo-
metric discussion of the preceding section

THEOREM 5. If Misa S'ubspace, then m = gn_l._l_
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Proof. According to Theorem 2, M C M. If M were a proper
subset of ¥, then, by 11.2, M would have a non-zero vector in
common with 9; since this would contradict the relation
M n M = O, the proof is complete.

It is worth remarking that, applying the identity (V,M,;)" = N, M;
to the family {97} in place of {M;}, we obtain, in view of Theorem 5,
the identity (N;M;)" = v, M7 .

To obtain the deepest and most useful fact about orthogonal com-
plementation (Theorem 7), we need an auxiliary concept and an auxil-
iary result which are of considerable interest in themselves. The concept.
is that of the vector sum of two subspaces M and N, in symbols M + N;
it is defined to be the set of all vectors of the form z 4+ y with z ¢ M
and y € N. It is easy to see that M + N C M v N and that M + N is
a lincar manifold; the result is that in at least one important casec
M + N is actually a subspace. The hypothesis sufficient to guarantee
this is that 9 and N are orthogonal, in symbols N 1 N: this means,
naturally, that x 1 N for every z in M.

TueoreM 6. If M and N are orthogonal subspaces, then M + N s
closed.

Proof. Suppose that {z.} is a sequence of vectors in D + N, so that,
for each n, z, = 2, 4+ y, with 2, ¢ M and y. ¢ N, and suppose that the
sequence {z,} converges to a vector z in §. By the Pythagorean theorem,
2o — 2w ||* = || %0 — @m || * 4+ || yn — ¥m||® for every n and m, and
therefore both sequences {x,} and {y.} are Cauchy sequences. If z, — z
and y, — y, then 2 € M and y N; it follows from the continuity of addi-
tion that z, — 2 4 y and hence that z ¢ M + N.

Turorem 7. (The projection theorem.) If MM is a subspace, then
M+ M- = 9.

Proof. If M + M = N, then, by Theorem 6, N is a subspace.
Since M CN and M~ CN, it follows that N~ C M and N- < M-+,

and therefore that W™ = O. We conclude, as desired, that = N~ =
o = 9.

§13. Vector Sums

The concept of vector sums, introduced in the preceding section,
deserves further study and generalization. The first step, namely the
pertinent definition, is easy: we define the vector sum of an arbitrary
family {9} of subspaces, in symbols Z;I;, to be the set of all vectors
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of the form Z;z; with z; ¢ M, for all j. It is easy to see, just as in the
finite case, that Z;I; is a linear manifold. As the following theorems
show, the very close connection between vector sums and spans also
persists in the general case.

THEOREM 1. If {M;} is a family of subspaces and M = =Z;M; , then
VM = M.

Proof. Since U,m, c M, and since M is a subspace, it follows that
V;M; < M. Consider, on the other hand, the set of all those vectors
of the form Z;z; for which z; ¢ M; for all j and for which z; = 0 for
all but a finite number of values of j. Since, by the definition of infinite
sums, this set of vectors is dense in M, and since V;M; is closed, it
follows that M < V;9N; and therefore that M C V M.

We call ;?,ttention to the fact that Theorem 1 is a non-trivial state-
ment even in the finite case: it asserts that if MM, and M. are subspaces
and M = My + M., then M, v M. = M. We have seen that if P and
9, are orthogonal, then M is closed and therefore My v M = M it is
natural to ask whether or not the bay (the closure operation) is ever
really necessary. In §15 we shall show that it is, i.c. that the vector
sum of two subspaces can fail to he a subspace.

We turn now to that part of the

. : theory of vector sums which behaves
itself—in which, that is, the

pathology we mentioned in the preceding
paragraph cannot occur. A family {9%,} of subspaces is an orthogonal
fam?ly if MW; L My }\'Ilenevel' J # k. (A vector sum of an orthogonal
family of subspaces is frequently called an orthogonal sum, an internal
direct sum, or simply a direct sum.)
THEOREM 2. If (M} 45 an ortho
V;M; = Z;M; ; the representation of
Zjx;, with x; € M; for all §, 45 unique.

Proof. 'To prove the first part of the theorem, it is sufficient to show
that V; I < 2,9 If 2 ¢ v,qp, then, by the projection theorem,
for fzacll \Lalue of j there exists g, vector x; in M, and there exists a vector
y; in M such that z = Z; + y;. If z; ¢ 0 for some j, then
(z, x5/l @5 1) = 25 1] and it follows therefore, from Bessel’s inequality,
that Z;llz;||° < . Applying 8.2, we see that there exists a vector z,
such that o = Z;2; ; we sha] show that 7, = z. If y ¢ MN;, for some 7y ,
then (z — ;;;; 7? ‘= (33.1‘.,, Y) + (y,«u, v) — (Zz;, y) = 0 (by 7.3), i.e.
T 71‘ ;30 -L lz'o t;“ all jo . Tt follows that ¢ — To L Z;M; and therefore,
by eolleén 0 at & — x| V;iI; . Since, however, z — z ¢ V;IN;,
we conclude that indeed z — 5 = To prove the second part of the

gonal family of subspaces, then
an element of =;M; in the form



§14. BASES 27

theorem, it is sufficient to show that if £;x; = 0, with z; ¢ M; for all 7,
then z; = 0 for all 7, and this follows from the (general) Pythagorean
theorem.

§14. Bases

A basis of a subspace M is a maximal orthonormal family of vectors
in M.

Although it follows immediately from Zorn’s lemma that every sub-
space possesses a basis, it is sometimes possible to replace this trans-
finite argument by a constructive method; one such method is the
Gram-Schmidt orthogonalization process. The process is an inductive one
which, at its k-th stage, replaces the k-th term of a linearly independent
sequence {x,.} of vectors by a vector y; in such a way that (i) y: is a

linear combination of x, , - - - , @, (ii) the sequence {y.} is orthonormal,
and (ili) V {y.) = V {x.}]. The process can be started off by writing
Y1 = xy/|| a1 ]| ;after y1, - - -, yx have been constructed, yx 41 is obtained

.o . - Kk ;
by normalizing the vector xip — Zja(Tesr, ¥5)Y; -
If u is Lebesgue measure in the unit interval, and if

falt) = 1", 0<t=<1, n=0,1,2-

then the Gram-Schmidt orthogonalization process may be applied to
the sequence {f,} in the Hilbert space L:(u). The process yields a basis
of (1) consisting of polynomials. Another basis of (x) is the sequence
{gn}, where

g”(t) — e‘zrint’ 0=t=< 1’ n = 0’ :|:1, 42 ...

In the Hilbert space of all families {£;} of complex numbers such that
Zil£i|® < o, the vectors {£*} defined by £% = 5, constitute a basis.

THEOREM 1. A necessary and sufficient condition that an orthonormal
Jfamily {z;} of vectors in a subspace M satisfy all the following conditions
18 that it satisfy any one of them.

() The family {x;} is a basis of M.

() Ifz e Mand if x L z; for all j, then z = 0.

(iii) If, for each j, M; is the subspace spanned by the sel consisting of
the single vector x; , then V;M; = M.

(v) If x e M, then x = Z;(x, x;)x; . (Fourier expansion.)

(V) If z and y are in M, then (z, y) = Zj(z, z;)(z;, y). (Parseval’s
identity.)

i) If z e M, then ||z )* = Z;|(z, 27"
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Proof. We shall prove that each of the conditions (i), (i), (iii), (iv),
and (v) implies the one following it and that (vi) implies (i).

() If x eM,if z L z;forall j, and if z % 0, then z/|| x || may be
adjoined to the family {z;}, in contradiction to the assumed maxi-
mality of that family.

@) If v,;M; = M, then, by 11.2, M contains a non-zero vector x such
that z L z; for all j.

(iii) Since {M;} is an orthogonal family of subspaces, 13.2 implies
that V,;M,; = Z,M, and hence, if (iii) is true, every vector 2 in M has
the form Z;a;z; with suitable complex numbers ;. It follows that
(z, xx) = Zjei(T;, 2k) = e for every index k.

(iv) Ifz = Zj;z;andy = 2,8,z;, with a; = (z,z;) and8; = (¥, %)
for all j, then (z,¥) = (2,25, ZuBiai) = 3;a,8"

(v) If (v) is true for all z and y in M, then it is true, in particular,
when z = ¥.

(vi) If the family {x;] is not maximal, say, for instance, if it remains
orthonormal after the adjunction of a vector 2 then that vector z does
not satisfy the relation (vi). ’

§15. A Non-closed Vector Sum

Failiarity with bases and Fourier expansions enables us to give an
example of two subspaces M and N such that M+ 9N = MNvi.

To motivate the construction, we recall first of all that if M L I,
then M + N = MV R, i.e. that equality holds if 3 and 9 are orthog-
onal. Equality can be made not to holq by getting as far as possible
from orthogonality. Intuitively Speaking we may say thlat the subspaces
we shall construct make an angle of zero degrees; more precisely we
shall construct N and 3 so that M o g = 0O and, ’for suitable normal-

ized vectors z and 2, in M and N respet; Hor Suit :
comes arbitrarily near to 1. pectively, the inner product (2, 2)

Let {2z} and {ym} be two infinit,
2, L ym foralln and m, ar}d write z, = &y + B,y, for every n, where
the coefficients . and B, will be determineq p;'esentnljn The first co;ldition
that we wish to put on e, and g, is thay th, seqi.ence {2.}, which is
autolrr?tlcallly 0|I}h-|(1g(l)%al,| 2Sthl‘ll behorthonormal as well, i.c. that 1 =

Zn = On n . Ol‘tes N 5 .. o
L‘hat «, and B shall be strict.ly positiveah;lolt;;:n?)gi.l mgn‘!: ,flh?}&gg:z
(@n, 20) = @ for every n, 1.t follows that the subss : aces M = V {z,]
and N = V{2 will certainly hay, the propertypmentioned in tl:e

¢ orthonormal sequences such that
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preceding paragraph if a, — 1, or equivalently 8, — 0, asn — «. For a
technical reason (which will become apparent soon) we choose to ensure
the validity of the relation 8, — 0 by seclecting the 8,’s so that =,87, <
. This is all the machinery we need; we remark that the sequences

{cos %} and {sin %}, for example, have all the properties we demand of

{an} and {8} respectively.

To prove that M + N = M v N, we have to exhibit a vector y in
M v N such that y does not belong to M + N. Since B < =, it
follows that the sequence {8.y.} is summable; we assert that if y =
ZuBmlYm, then the vector y has the desired properties. The fact that
an # 0 implies, indecd, that y.. e M + N for every m and hence that
y e M v N. If it were true, however, that y e M + N, sayy = = + 2
with x ¢ M and z €N, then we should have

Bm = (U) ym) = (.‘l? + 2, ym) = (Z, !/m) = (E,.(Z, Z,.)Zn ) y’")

= (Z, z,,,)(z,,, ) ym) = (27 Z'n)ﬁm

for every m. Since 8, # 0, it would then follow that (z, z.) = 1 for
every m, but since (z, z,,) is the m-th Fourier coefficient of z with re-
spect to {z,}, this is preposterous.

§16. Dimension
THEOREM 1. Any two bases of a subspace M have the same power.
Prqof - Let {a;} and {y:} be two bases of M, of powers u and v re-
spect-wely. Since x; = Zi(z;, yr)yx for each 7, the set K ; of those indices
k for which (x;, yx) # 0 is countable. Since y: ¢ M = V {z;}, no yi can
be orthogonal to all x;, i.e. every index k is contained in U K. It
follows that » = Ny u and, by symmetry, © < No-v. If bothwand v are
infinite, the proof is complete; if cither « or » is finite, the theorem
reduces to a known result in the theory of finite-dimensional vector
spaces.

Theorem 1 allows us to define the dimension of a subspace Mt as the
common power of all bases of M. In the remainder of this section we
propose to show (Theorem 3) that in a sense the dimension of the
Hilbert space © completely determines the structure of 9.

An 7somorphism from a Hilbert space $ onto a Hilbert space f is a
one-to-one linear transformation U from $ onto & such that (Uz, Uy) =
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(z, y) for every pair of vectors z and y in $; an ¢sometry from a Hilbert
space  to a Hilbert space  is a linear transformation U from $ into

R such that || Uz || = || 2 || for every vector z in $. Observe that an
isometry deserves its name, i.e. that, in virtue of the equation
Uz — Uyl =1||U@ — y)|| =]l — vll, an isometry preserves

not only norms (distances from 0) but all distances. Observe also that
an isomorphism is necessarily an isometry. Since an isometry from $
to & need not map $ onto &, it is easy to construct isometries which
are not isomorphisms; our next result shows that the into-onto dis-
tinction is the only one between isomorphisms and isometries.

THEOREM 2. A lLinear transformation U from a Hilbert space $ lo a
Hilbert space  ¢s an isomorphism if and only if il isan isometry, mapping
O onto R.

Proof. We have already seen that an isomorphism is an isometry.
If, conversely, U is an isometry, and if Uz = Uy, then 0 =
| U — Il = llz — y ||, and it follows therefore that U is one-to-one.
The fact that U preserves inner products follows from the assumption
that if ¢(x, y) = (Ux, Uy) and ¢(z, y) = (=, ¥), then the bilinear func-
tionals ¢ fmd ¥ induce the same quadratic form.

Two Hilbert spaces are called isomorphic if there exists an isomorphism
between them. It follows from the definition of an isomorphism and
fror.n our ol?servations concerning isomorphisms and isometries that
an le)mOI'Phlsm preserves all the structure that went into the definition
of Hilbert spaces and that, consequently, isomorphic Hilbert spaces are

geomgtl'ically indistinguishable and may legitimately be viewed as
identical.

THEOREM 3. Two Hilbert spaces are isomorphic if and only if they
have the same dimension,.

Proof. ¥n view of the intrinsic definition of dimension, the “only if”’
part is obvious. Suppose, conversely, that $ and & are Hilbert spaces of
the same dimension and et {z;} and {y;} be bases of § and £ respec-
tively, mdfexcd by the same set, {j}. If = Z;a;2; is any vector in &
a‘nd if Uz is defined to he 3 ;a;y;, then U is clearly a linear transforma-
tion from $ onto &; since || Uz |1* = Zjla;1® =||z]||% U is an
isometry. The proof is completed by an application of. Theorem 2.

un;\cg;llz:ggd:)onTileorem 3 any property tha‘t some Hilbert spaces do
Thus, for inst: °. PoOssess can be characte_rlzed simply by counting.
. _’“ . HADCe, a mecessary and sufficient condition that $ be
separable is that the dimension of $ be not greater than N, . Indeed,
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since the distance between any two terms of an orthonormal family is
V2, it follows that if § is separable, then no orthonormal family can be
uncountable. If, on the other hand, a countable, maximal orthonormal
family {z;} exists, then the set of all finite linear combinations, with
coefficients whose real and imaginary parts are both rational, is a
countable dense set in 9.

§17. Boundedness

A lincar transformation A from a Hilbert space $ to a Hilbert space
R is bounded if there exists a positive real number « such that || Az ||
a|| 2 || for all z in §; the norm of A, in symbols || 4 ||, is the infimum
of all such values of .

Tueorem 1. A lLnear transformation A from a Hilbert space $ to a
Hilbert space & is bounded if and only if it maps the unit sphere (i.e. the
set {z:|| z || = 1}) onto a bounded subset of ;if o« = sup {|| Az ||:|| = ||=
1}, then || A || = a.

Proof. If Aisboundedand ||z || = 1,then || Az || = || 4||-]l=z]|l =
|| A || and therefore @ < || 4 || . If, conversely, @ < o, then, for every
non-zero vector z,

Az || = || Az |]-@/ll= I = [l A&/l zIDIl-llz || = allz]],
so that A is bounded and || 4 || = .

TaEOREM 2. A linecar transformation A from a Hilbert space o a
Hilbert space & is bounded if and only if it is continuous.

Proof. If A is bounded, then its continuity follows from the relation
| Az — Ay || = 1|All-||z — ]|, valid for all vectors z and y in 9.
If A is not bounded, then, for every positive integer n, there exists a

. 1
vector z, in § such that ||z, || = 1 and || Az, || = n. Since ST 0,

i 1
whereas i! A (1—1 :c,.>

The definition of boundedness and Theorems 1 and 2 apply in par-
ticular to linear transformations from a Hilbert space § to the special
one-dimensional Hilbert space €, i.e. to linear functionals. In this
special case there is available to us a powerful and elegant result which
completely characterizes all bounded linear functionals.

= 1, it follows that A is not continuous at 0.

Tuneorem 3. (The Riesz representation theorem for bounded linear
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functionals.) A linear functional & on s bounded if and only if there

exists a vector y such that £(x) = (x, y) for all x; such a y, if it exists, s
unique.

Proof. If £(x) = (v, y) for all z, then | £(x)| < ||z ||-]| ¥ |l , so that
¢ is bounded and, in fact, || £]| = || y || . (It is easy, but for our pur-
poses unnecessary, to prove that || £|] = ||y ||.) The uniqueness of y
follows from 4.1.

If, conversely, £ is a bounded linear functional and if M =
{x:£(x) = 0}, then M is a subspace. If M = @, then £(x) is indeed
identically equal to (z, y) withy = 0. If M 5= §, then M contains o
non-zero vector z; we shall prove that a suitable multiple az of z is an
admissible y. No matter what the value of « is, it is clear that if y =
az, then £(x) = 0 = (z, y) whenever x ¢ M. If, on the other hand, z =
Bz for some complex number 8, then (z, y) = (82, az) = o*81] 2| ?, s0
that a necessary and sufficient condition for the validity of the identity
£(Bz) = (Bz, y) is that & = £*(2)/|| 2 || *. With this choice of a it is then
true that £(z) = (z, y), with y = az, if either z ¢ M or z is a multiple
of z. Since for an arbitrary vector z in §, x — 8z ¢ I if B = £()/t(z)
(note that £(z) # 0), it follows that £(z) = gz — Bz) + £(B2) =
(.’17 - ﬁz) y) + (Bz) y) = (2?, ?/)

$18. Bounded Bilinear Functionals

Since a linear functional is a linear transformation, any meaningful
statement that applies to all linear transformations applies, in particu-
lar, to linear functionals. Since bilincar functionals and quadratic forms
are nol linear transformations, their theory is not a special case but
merely an analog of the theory of linear transformations. The analogy
is quite close. We shall, for instance, say that a bilinear functional ¢ is
bounded if there exists a positive real number a such that | o(z, ¥)| =
allz||-]| y || for every pair of vectors z and y in 9, and we d2fine the
norm of ¢, in symbols || ¢ ||, as the infimum of all such values of a.
We shall also say that a quadratic form $ is bounded if there exists a
positive real number « such that | $(z)| < o |z |* for all z in D; the
norm of &, in symbols || & ||, is the infimum of all such values of @ The
first result of the preceding section may be stated (and proved) in
almost exactly the same way for bilinear functionals and quadratic
forms as for linear transformations.

Taeorem 1. If ¢ is a bilinear functional on § and if

o =sup {|e(@, Yzl = ||y || =13,
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then a necessary and suffictent condition that ¢ be bounded is that @ < =;
if ¢ is bounded, then || ¢ || = a. If $ is a quadratic form on © and if

o = sup {| $@):|| = || = 13,
then a necessary and sufficient condition that $ be bounded is that @ <
if & is bounded, then || ¢ || = e

The interesting and useful results along these lines concern the rela-
tions between the norm of a bilinear functional and the norm of its
induced quadratic form.

Turorem 2. The quadratic form & induced by a bulincar functional ¢
s bounded if and only if ¢ is bounded; if ¢ and & are bounded, then
Hell=llell =20al.

Proof. If ¢ is bounded, then | $(x)| = | oz, 2)| = || o ||- Il 2 |-l 2 ||
for all z; it follows that & is bounded and that || $ || < || ¢ || - If, con-
versely, ¢ is bounded, then, by polarization,

le@, ) = 3llell-Ulz+yll*+lz—yll?

+llz+ayll*+ e —ayll®
and hence, by the parallelogram law,

leG, )l = Nell-Alell® + 1yl

for every pair of vectors 2 and y. It follows that | o(x, y)| < 21| 6 ||

whenever ||« || = ||y || = 1, and consequently (by Theorem 1) ¢ is
bounded and || ¢ || = 2|| &]| .

It is not difficult to construct examples (in finite-dimensional spaces)
to show that the inequalities in Theorem 2 are in general best possible.
They allow, however, a considerable improvement in the symmetric
case.

TuroreMm 3. If ¢ is a bounded, symmetric, bilinear functional, then
Nell =11&ll-

],,,.(?of. .We needA qnly prove that || ¢ || = || $ ]| . Since the symmetry
of ¢ implies that & is real, polarization shows that the real part of ¢
is given by the equation

Re(@, 1) = G + 1) — G — ),
It follows that

| Re(z, I = FE1-Ua+y U2+ 1z — 513
=3lell-diz >+ 11yll®,
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and therefore that [RNep(z, y)| = || ¢ || whenever ||z || = ||y || = 1. For
an arbitrary, but temporarily fixed, pair of vectors 2 and y with || 2 || =
ly |l = 1, let 8 be a complex number of absolute value 1 such that
bo(x, y) = | oz, y)|. The inequality just derived, when applied to
6r and ¥, implies that

le(x, Y| = @bz, y) = | Ne(6r, y)| = || &1]],

and therefore the proof may be completed by an application of
Theorem 1.



CHAPTER 1II
THE ALGEBRA OF OPERATORS

§19. Operators
An operator is a bounded linear transformation from $ into 9.

Tueoreym 1. If A and B are operators and if, for every vector x and
for every complex number a, (ad)x = a(dzx), (A + B)x = Ax + Bz,
and (AB)x = A(Bz), then ad, A + B, and AB arc operaltors such that
Had |l = [al- 14, 14 + Bl = |4l +||B]], and || AB || =
WAl -1BI.

Proof. Tt is obvious that ed, .4 + B, and A B are linear transforma-
tions from § into $. The fact that they are bounded, and that their
norms behave as asserted, follows from the relations

| a(Ax) || = lel- || Azl || Az + Bz || = || Az || + || Bz ||
Al + 0Bl - il
and
NAB) [ A - Bzl = |4l -UIBI -]l

A painless verification shows that the set of all operators on $ is a
complex vector space with respect to the scalar multiplication and
addition defined in Theorem 1, and that the multiplication there de-
scribed is associative and bilinear—in other words that with respect
to these operations the set of all operators on 9 is an algebra. This algebra
contains a unit, called the identity operator and denoted by the symbol
1; it is defined by writing 1z = 2 for all . No confusion will arise from
using the same symbol for an operator as for a number, nor cven from
generalizing this notation and, for any complex number «, using the
symbol « to denote also the operator al. Observe that we are thereby
committed to using the symbol 0 for the operator such that 0z = 0 for
all z.

As in every algebra, we shall use the symbol A" to denote the product
of n factors all equal to 4, n = 1,2, --- ; A® is defined to be 1. More
generally if p is any (complex) polynomial, p(\) = = oa;\’, we shall
use the symbol p(4) for the operator =/ oa;A’.

35
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To these algebraic remarks we adjoin a result concerning a useful
aspect of the most important topological property (i.e. continuity)
that an operator possesses.

TrEorEM 2. If A s an operalor, x is a veclor, and {x;} is a family
of vectors such that Z;x; = z, then £;Az; = Ax.

Proof. Tor any positive number ¢ we may find a finite set Jo of
indicessuch that || x — Z;u2;|| < € whenever J is a finite set of indices
containing Jo . It follows that || Az — Z;sAz;|] £ || A |le whenever
J D Jo, and this implies that Z;4z; = Ax.

§20. Examples of Operators

Since considerations concerning operators will occupy us during most
of the remainder of this book, it might be a good idea to look at a few
of them.

(i) One of the most classical examples is obtained as follows. Let X
be a measure space with measure u, and let h be a complex-valued
measurable function on the Cartesian product of X with itself, square-
integrable with respect to the product measure in that Cartesian product
space. If fe®(u), and if Af = ¢, where g(s) = [ h(s, )f() du(t), then
A is an operator on L:(u).

(if) Another operator on the space L(u) is obtained by selecting a
fixed, essentially hounded, measurable function h on X and writing
Af = g, where g(t) = h()f(t). Operators of this type are of sufficiently
general interest and importance to deserve a name; we shall refer to the
operator A as the multiplication operator, or simply the multiplication,
defined by h.

If X is the interior of the unit circle in the complex plane, if A((A) = X
for every A in X, if u is Lebesgue measure, and if instead of €.(u) we
consider the subspace of analytic functions described in §9(i), we obtain
an interesting and significantly different variant of this example.

(iii) For another example, let 7' be a one-to-one measure-preserving
transformation of X onto itself and write Af = g, where g(s) = f(Ts).
To obtain an ecasily manageable special case, let X be the real line, let
r be Lebesgue measure, and define T by T's = s + 1. A useful generaliza-
tion of this special case is obtained by replacing the real line by any
locally compact topological group, replacing p by its left Haar measure,
and defining T to be, say, left multiplication by a fixed element.

(iv) Consider the Hilbert space of all sequences {£.) of complex
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numbers (n = 1, 2, --- ) such that =, | £, |° < o, and write 4 {£.} =
{n.}, where 5, = &,41 for all n. Formally the same definition of 4 yields
a significantly different operator if we consider instead the Hilbert
space of all families {£,} of complex numbers, n = 0, &= 1, &+ 2, --- .
Instead of writing 7, = £n41, we might have written ., = Znawmém,
where anm = 8n41,m ; different examples of operators are obtained by
varying the matrix [a..]). We shall not enter into a discussion of what
conditions a matrix must satisfy in order to define an operator, but,
by way of a hint that will at least yield a sufficient condition, we remark
that the operators defined by matrices are special cases of operators
defined by integral kernels; cf. example (i).

§21. Inverses

An operator A is tnvertible if there exists an operator B such that
AB = BA = 1. The reader should be as competent as the author at
constructing examples of operators which are and of operators which
are not invertible simply by examining the examples given in the pre-
ceding section.

TucoreMm 1. If A, B, and C are operators such that AB = CA = 1,
then B = C, and consequently A 1s invertible.

Proof. B =1-B = (CA)B=C(4B)=C-1=C.

It follows from Theorem 1 that if an operator A is invertible, then
there exists only one operator B such that BA = AB = 1; we shall
write B = A7 and call A™" the inverse of A. Standard elementary con-
siderations prove that if A and B are invertible operators and if n is
a positive integer, then the operators A™', AB, and A" are invertible,
and their inverses are given by the equations (A™)™ = A, (AB)™ =
B7'A7, and (A" = (A7)". In view of the last relation we may con-
sistently define A", for invertible operators A and negative integers 7,
by An — (A—l)—n.

It is useful to have at hand some geometric conditions for invertibility;
such conditions can be given in terms of the range of an operator. Recall
that the range of an operator A is the set of all vectors of the form Ax;

the range of an operator is always a linear manifold, but it is not neces-
sarily a subspace.

TaEOREM 2. If A is an operator and « is a positive real number such
that || Az || = e||z|| for every vector z, then the range of A is closed.

Proof. If y» = Az,,n = 1,2, ---, and if y, — y, then, since we
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have || ¥n — ¥n || = || Azn — Azn|| = a|| . — 2. || for all n and m,
it follows that {z.} is a Cauchy sequence and hence that there exists
a vector x such that x, — z. The continuity of A implies that y = Az
and hence that y is in the range of 4.

THEOREM 3. An operator A s inverlible if and only if ils range is
dense in O and there exisls a positive real number a such that || Ax || =
a || z || for every vector x.

Proof. If A isinvertible and if y € §, write x = A7'y; since Az = 7,
it follows that the range of A is not only dense in § but, in fact, co-
incides with $. It follows also that, for every vector =z,

Nzl =147 Az |l = | A7 ] - || A= ],

i.e. that the condition of the theorem is satisfied with & = 1/[] A7 ||.
Suppose now that the range of A4 is dense and that || Az || = « || 2 || for
all z. According to Theorem 2 we may conclude that the range of A is
in fact equal to §. If Az, = Ax.,ie. Ax; — Az, = 0, then

0=”A.’E1— AIQH = a]l:v,—:vz[l,

and therefore z; = x. . This implies that not only is it true that every
vector y in $ has the form Az for some z in §, but in fact there is ex-
actly one such z, and a single-valued transformation B of § into itself
is defined by writing By = z. Since B is easily verified to be linear, and
since ||y || = || Az|| = a|lz || = a || By ||, it follows that B is an
operator (and we even obtain the inequality || B || < 1/a). The rela-
tions ABy = Az = yand BAz = By = x show that AB = BA = 1,
and hence that A is invertible (and we even obtain the result B = A™).

§22. Adjoints

If A is a (not necessarily bounded) linear transformation from £
into §, and if ¢(z, y) = (Az, y) for every pair of vectors z and y, then
¢ is a bilinear functional. The elementary properties of the inner product
imply that if 4, and A, are two linear transformations from $ into ©
such that (4,2, y) = (4., y) for all z and y, then 4, = A, . These facts
together with 3.2 show that if only (4., ) = (4., ) for all z, then
already A; = A, . We begin the proper business of this section by show-
ing that the connection between linear transformations and bilinear
functionals goes quite a bit deeper than these superficial remarks.

THEOREM 1. If A is an operator and if o(z, y) = (Az, y) jor all =
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and y, then ¢ is a bounded bilinear functional and || ¢ || = || 4 ||. If, con-
versely, ¢ 1s a bounded bilincar functional, then there exists a unique opera-
tor A such that o(x, y) = (Az, y) for all x and y.

Proof. If A is an operator and if ¢(z, y) = (4z, y), then | o(z, ¥) | =
[l A - |2l -|ly]| for all x and y and consequently || || = || 4 ||.
If, conversely, ¢ is a bounded bilinear functional and if 7.(y) = o(z, ¥)
for all z and y, then, for each fixed z, 7.* is a bounded linear functional.
It follows from the Riesz representation theorem (17.3) that there exists
a unique vector Ax such that o(z, y) = (Az, y) for all y. The linearity
of the transformation /A thereby defined is easily verified; its uniqueness
follows from our remarks at the beginning of this section. Since

| Az I = (A=, Az) = o(z, A2) = |lo]| - [ ]] - || Az ],

it follows that || Az || = ||¢]l - ||z || for all z. But this implies that
A is bounded and || 4 || = || ¢|l, so that the proof is complete.

Observe that it follows from the first part of Theorem 1, together
with 18.1, that || A || = sup {| 4z, ») | :|l2]|| = ||y || = 1} for any
operator A.

Tnrorem 2. If .\ is an operalor, then there exists a unique operator
¥, called the adjoint of A, such that (Ax, y) = (x, A*y) for all x and
y; A* s such that || A*|| = || 4.

Proof. Write (2, y) = (Az, y) and ¥ (2, y) = o*(y, x) for all z and
y. Since, by Theorem 1, ¢ is a bounded bilinear functional, and since
this implies that ¢ is a bounded bilinear functional with || ¢ || = || ¢ || =
|| A ]|, it follows from the converse part of Theorem 1 that there exists
an operator A* such that ¥(x, y) = (d*z, y) for all z and y and that
A* is such that || A*|| = ||¢ || = || 4| Since the uniqueness of A*
is clear, the proof is completed by the obvious computation: (dz, y) =
olx, y) = ¢*y, @) = (A%, 2)* = (x, A*y).

The behavior of adjoints can be understood by constructing the ad-
joints of the various operators described in §20. We call special attention
to the example of a multiplication restricted to the analytic functions:
its adjoint is not what at first it might appear to be.

TuroreMm 3. If A and B are operators and o is a complex number,
then

(i) A** = 4,

(ii) (ad)* = a*A*,

(iii) (A 4+ B)* = A* 4+ B*
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and

(v) (AB)* = B*A%;

(v)if A1s invertible, then A* is invertible and A" = (A7H*

Proof. Each of the five assertions is implied by the corresponding
one of the following five identities.

G) (A*z, y) = @y, 4*0)* = (dy, »)* = (z, Ay).

(ii) (adrz, y) = oAz, y) = alx, A*) = (z, «*A%y).

(i) ((4 + B)x, y) = (Az, y) + (Bz, y) = (g, A*y) + (z, BY) =
(z, A*y + B*y) = (& (4* + BYy).

(iv) (ABz, y) = (Bz, A*y) = (z, B*A*y).

(v) (A7)*A* = (AA7)* and A*(AT)* = (AT'A)*

TrzoreM 4. If A is an operator, then || A*A || = || A |".

Proof. It follows from Theorem 2 that A*A || = [|A*|| - ||A || =
|| 4 ||>. On the otherhand || Az ||° = (Az, Ax) = (A*Az,2) < || A*A || -
| z||° for every vector x and therefore || 4 || < || A*4 ||.

§23. Invariance

A subspace D¢ is snvariant under an operator .4 if AM C M, i.e. if
Az ¢ M whenever x e M; a subspace M reduces an operator A if both
9 and M are invariant under A.

TueoREM 1. If each of a family {IM;} of subspaces ¢s invariant under
an operator A [or reduces Al, then V;I; and N;M; are both invariant
under A [or reduce Al.

TurEorEM 2. A necessary and sufficient condition that a subspace M
be invariant under an operator A is that M~ be invariant under A*.

Proof. By symmetry it is sufficient to prove that the condition is
necessary. If M is invariant under A, and if z eI and y e M, then
(xr, A*y) = (Az, y) = 0, so that A*y ¢ M, and consequently M is
invariant under A*.

We record for later reference an immediate corollary of Theorem 2.

TueoreM 3. A necessary and sufficient condition that a subspace IMN
reduce an operator A is that it be tnvariant under both A and A*.

The difference between invariance and reduction is somewhat subtle
and it is worth while to take a close look at an example. Consider a
Hilbert space which has an infinite sequence {x.} as a basis, n = 1,
2, .-+, and define an operator A by A(Z.ax2.) = ZpouTagr; cf. §20
(iv). There are many non-trivial subspaces invariant under 4; con-
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crete examples may be obtained by selecting a fixed positive integer m
and forming the subspace V{Zu.im:n = 1,2, --- }. We assert, however,
that the only subspaces which reduce A are O and $, or, in other words,
that if a subspace M reduces A and contains a non-zero vector x, then
M = H. To prove this it is convenient to employ Theorem 3 and it is
necessary, therefore, to discover A*; an immediate computation shows
that A* is defined by A*(Znan®s) = Znonp1a. If Spanz, is the Fourier
expansion of the given non-zero vector z and if m is the lowest positive
integer such that a, # 0, then ¥ = Z,0.%n = Zrnymo1Tasym— . Since
the assumption that M reduces 4, together with Theorem 3, shows that
U= ZnotugmTngm = A"(A*)"z € M, it follows that amzm = z — y €M,
and hence that x. € M. Another application of the same reasoning
shows that z, = A" (A*)" 'z, ¢ M for all n and it follows indeed
that M = H.

§24. Hermitian Operators
An operator A is Hermitian if A = A*.

TureoreM 1. A necessary and sufficient condition that an operator A
be Hermitian is that the bilinear functional o, defined for every pair of
vectors = and y by o(x, y) = (Az, y), be symmelric.

Proof. A necessary and sufficient condition that o(z, y) = ¢*(¥, z)
for all z and y is that (4z, y) = (y, A*2)* = (A*z, y) for all z and y.

As an immediate consequence of Theorem 1 and what we already
know about bilinear functionals (cf. 3.3, 18.3, and 22.1) we obtain the
following characterization of Hermitian operators and their norms.

TuroreEM 2. An operator A is Hermitian if and only if (Azx, x) is real for
every vector z; if A is Hermitian, then || A || = sup { | (4=, 2) |:|| z || = 1}.

Most of the algebraic properties of the set of Hermitian operators
follow quite trivially from the definition. It is, for instance, clear that
a real scalar multiple of a Hermitian operator and the sum of two Hermi-
tian operators are Hermitian, and that the inverse of an invertible Her-
mitian operator is also Hermitian. To describe the situation concerning
products of Hermitian operators, it is convenient now to introduce a
concept and a symbol which we shall have frequent occasion to use.

We shall say that an operator A commutes with an operator B, and we
_ shall write A <> B, if AB = BA.

THEOREM 3. The product of two Hermitian operators A and B 1is
Hermitian if and only if A — B.
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Proof. Since (AB)* = BA, the equations (AB)* = ABand BA = AB
are obviously equivalent.

From Theorem 3 and the discussion that preceded it we conclude that
if A is a Hermitian operator and p is a real polynomial, then p(A) is
Hermitian.

The evidence we have collected tends to show (cf. in particular
Theorem 1) that if we think of an operator as a generalized complex
number, then we should think of a Hermitian operator as a generalized
real number. Such an attitude is quite fruitful. It suggests, for instance,
that we may define a concept of positiveness for Hermitian operators;
we shall, indeed, say that a Hermitian operator A is positive, in symbols
A = 0,if (Az, ) = 0 for every vector x. It is obvious that a positive
multiple of a positive operator and the sum of two positive operators
are positive. We may continue further along the lines suggested by these
considerations and define a partial order in the set of Hermitian opera-
tors by writing A = B whenever B — A is positive. This ordering is
proper (i.e. if A £ Band B £ A, then A = B) and transitive (i.e. if
A £ Band B = C, then A = (). We shall have opportunity to refer
to some of these facts later.

§25. Normal and Unitary Operators

If A is any operator, then there exist two uniquely determined Her-
mitian operators B and C such that A = B + 4C: in this respect also
Hermitian operators imitate the behavior of real numbers. The existence
of what might be called the real and the imaginary parts of 4 is proved

by explicitly exhibiting them through the equations B = %(A + 4%)

1 .
and C = 2—2.(11 — A*); uniqueness follows from the observation that

if A = B+ iC, then A* = B* — C*,

The fact that in general the real and the imaginary parts of an operator
fail to commute is what makes operator theory significantly harder than
the corresponding theory of complex numbers and motivates the defini-
tion of a normal operator as one for which this pathology does not occur.
More explicitly, an operator 4 is called normal if A <> A*;if A = B + iC,
with B and C Hermitian, then it is easy to see that a necessary and
sufficient condition for the normality of A is the relation B < C.

THEOREM 1. A necessary and sufficient condition that an operator A
be normal s that || Az || = || A*z || for every vector z.
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Proof. Since || Az|]° = (dz, Az) = (A*Ax, z) and, similarly,
|| A*z ||° = (A*z, A*z) = (AA*z, 2), the identity of the left sides of
these relations is equivalent to the identity of their right sides and the
latter is equivalent to normality.

One source of the importance of the concept of normality is that many
facts about Hermitian operators do not depend on the identity Az = A*x
but only on the identity || Az || = || A*2 ||, and, in virtue of Theorem
1, all such facts are valid for normal operators.

There is a special class of normal operators of considerable interest,
namely the operators U which satisfy the equations UU* = U*U = 1;
such operators are called unifary. In the same sense in which Hermitian
operators arc generalized real numbers, unitary operators are generalized
complex numbers of absolute value 1. Observe that a unitary operator
is invertible and that in fact unitary operators may be characterized
as those invertible operators U for which U™ = U*.

The main reason for the interest of unitary operators is that they are
exactly the automorphisms of $. By an automorphism of § we mean,
of course, an isomorphism from $ onto $. Observe that since an iso-
morphism is an isometry, it follows that an automorphism is in par-
ticular an operator.

TueoreM 2. -l necessary and sufficient condilion that an operator U
be an automorphism of © is that it be unitary.

Proof. Observe that since (L'x, Uy) = (U*Uw, y), the equation
U*U = 1 implies and is implied by the identity (Uz, Uy) = (z, y).
Since a unitary operator is invertible and, consequently, is a one-to-one
transformation from $ onto $, we infer from this observation that a
unitary operator is an automorphism. Since (cf. 21.3) an automorphism
is also an invertible operator, we infer from the same observation that
if U is an automorphism then "' = U* and hence that U is unitary

§26. Projections

The projection on a subspace M is the transformation P defined, for
every vector z of the form x + y, with z ¢ M and y ¢ M, by Pz = .

TeEorREM 1. The projection P on a subspace MM is an idempotent
(P* = P) and Hermitian (P* = P) operator; if M 5= O, then || P || = 1.

Proof. It follows from 13.2 and the projection theorem (whose
name is hereby justified) that P is a single-valued transformation from
9 into H; the fact that P is linear is clear. If z = z + y, with 2 ¢ M
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and y € I, then
WPz || =l=zl" = llzll*+ 1yl =llzll"

so that P is bounded and || P || £ 1. Since P2 = Px = z = Pz, it
follows that P is idempotent. If MM contains a non-zero vector z, then
the fact that Pxr = z implies that || P || = 1. If, finally, z; = z; + y,,
with z; e M and y; e M, j = 1, 2, then

(Pz1,2) = (11,2) = (T1, %) = (21, 22) = (21, Pz),
so that P is Hermitian.

TrEOREM 2. If P is the projection on a subspace M and if M, =
{x: Pz = z} and M. ¥s the range of P, then M, = M. = M.

Proof. It follows immediately from the definitions of 9, M., and
P that 9 C M. C M. If, on the other hand, z ¢ M, then Px = z, so
that 9 C M, and consequently all these inclusion relations reduce to
equalities.

TaeorEM 3. If P is the projection on a subspace I and if x is a
vector such that || Pz || = ||z ||, then Px = =z (and therefore x ¢ M).

Proof. Since * = Pr 4 (x — Pz) and since Px ¢ M and
x — Px e M, it follows that ||z ||* = || Pz||® + ||z — Pz || the
fact that || Pz || = || x || implies therefore that ||z — Pz || = 0.

THEOREM 4. If P is an idempotent Hermitian operalor and if M s
the subspace {x:Px = z}, then P is the projection on M.

Proof. Since P is idempotent, it follows that P(Pz) = Pz for all z;
since P is Hermitian, it follows, for every vector z in 9, that
(x, 2z — Pz) = (z,2) — (Pz, 2) = 0 for all z. In other words, Pz ¢ M
and z — Pz ¢ M for all z; the theorem follows from the definition of
projections and the identity z = Pz 4+ (z — P2).

We conclude this section with the elementary but exceedingly useful
comment that if P is a projection, then (Pz, z) = || Pz ||* for every
vector x. The proof of the comment is the following self-explanatory
chain of identities:

(PIU,.’U)= (PP$,$)= (PZU,P*:C) = (Plf,PiE) =|IP.’C”2.

§27. Projections and Subspaces

In view of the results of the preceding section, there is a natural one-
to-one correspondence between subspaces and idempotent Hermitian
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operators. It is in principle possible, therefore, to express all the geo-
metric properties of subspaces in terms of the algebraic properties of
their projections. We propose in the following sections to show in de-
tail how that may be done; we begin in the present section by describ-
ing the algebraic formulations of invariance, reduction, orthogonal
complementation, and orthogonality.

TuroreM 1. A subspace M with projection P is invariant under an
operator A if and only if AP = PAP.

Proof. If AP = PAP and if x ¢ M, then Ax = APx = PAPx ¢ M.
If, conversely, M is invariant under A, then APx ¢ M and therefore
APx = PAPx for every vector z.

TuroreMm 2. A subspace M with projection P reduces an operator A
if and only if P <> A.

Proof. 1If AP = PA, then, multiplying this relation by P on the
right and on the left, we see that both AP and PA are equal to PAP.
By the formation of adjoints we obtain the result that both A*P and
PA* are equal to PA*P. Since, in view of Theorem 1, the simultaneous
validity of the relations AP = PAP and A*P = PA*P is equivalent to
the assertion that 9 is invariant under both A and A*, the desired
result follows from 23.3.

TueoreM 3. If P is the projection on a subspace M, then 1 — P is
the projection on M~ and M™ = {x:Px = 0}.

Proof. A trivial verification shows that 1 — P is idempotent and
Hermitian and hence that 1 — P is the projection on some subspace N.
By 26.2, M = {z:(1 — P)x = 2} = {z:Pxz = 0}; the fact that, there-
fore, N = M follows from the definition of projections.

TuroreMm 4. If M and N are subspaces with projections P and Q
respectively, then a necessary and sufficient condition for the validity of
all the following relations is the validity of any one of them.

@) m LN
(iia) PQ = 0.
(iib) QP = 0.
(iiia) PR = 9.
(iiib) QM = O.

Proof. If M L N, then N < D" Since Qz ¢ N for all z, it follows
(by Theorem 3) that PQx = O for all z. If PQ = 0 and if = ¢ N, then
Qr = z and therefore Px = PQx = 0, so that PR = ©O. If, finally,
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PN = O, then (again by Theorem 3) N < M~ and therefore M 1 N.
These arguments prove the equivalence of (i), (iia), and (iiia); the
equivalence of these relations to (iib) and (iiib) follows by symmetry.
Alternatively we may derive (iia) and (iib) from each other by the
consideration of adjoints, and, after observing that (iiia) and (iiib)
may be expressed in the form N < M and M C N respectively,
derive them from each other by orthogonal complementation.

Justified by Theorem 4 we shall find it convenient to say that two
projections P and Q are orthogonal, in symbols P 1 Q, if PQ = 0.

§28. Sums of Projecctions

In order to discuss the theory of sums of projections in the necessary
generality, we have to make a brief digression to describe the concept
of not necessarily finite sums of operators. A family {A;} of operators
will be called summable, and the operator A will be called its swm, in
symbols Z;4; = A, if Z;4;x = Az for every vector . The fact that a
scalar factor may be distributed through the terms of a sum, as well as
the fact that two sums may be added term by term, follows from the
corresponding theorems (7.1 and 7.2) from the theory of summable
families of vectors. The fact that, more generally, operator multiplica-
tion is distributive with respect to not necessarily finite summation
needs a little bit of proof.

TaeoreM 1. If and A and B are operators and if {A;} is a family
of operators such that Z;A; = A, then 2;A;B = AB and Z;BA; = BA.

Proof. The first assertion is easy: since Z;4 i¥ = Ay for every
vector y, we may replace y by Bz. The second assertion is easier: from
the validity of the relation ;4 ;2 = Az for every vector z we conclude,
from 19.2, that =;BA;x = BAz for all z.

TaEOREM 2. If P is an operator and if {P;} is a family of projec-
tions such that Z;P; = P, then a necessary and sufficient condition that
P be a projection s that P; 1 Py whenever j # k, or, in different lan-
guage, that {P;} be an orthogonal family of projections. I f this condition
is satisfied and if, for each j, the range of P; is the subspace M; , then
the range M of P is V;M; .

Proof. 1If the family {P;} is orthogonal, then
P’ = (Z;P;)(ZuPi) = Z;Z:P;Py = ZiP; =P
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and
(Pz,y) = (Z;P;z,y) = Zi{(P;=x, y)

= 3z, P;y) = (z, Z;P;y) = (z, Py)

for every pair of vectors x and y. In other words the orthogonality of
the family {P;} implies that P is idempotent and Hermitian, and hence
that P is a projcction.

If, conversely, P is a projection and if z ¢ M for some value of k,
then

|z]|* = || Px|l® = (Pz,z) = 2;(P;z, z)
=3Pzl z | Pz ||® = ||z || ™

It follows that every term in this chain of equations is equal to every
other term. From the equality of =; || P,z || * and || Pxz || * we conclude
that P;z = 0 whenever j 5 k, and hence that P; I = O whenever j # k;
the orthogonality of the family {P;} follows from 27.4. From the
equality of || z || and || Pz || we conclude, by 26.3, that = ¢ M and
hence that M < M for all k; it follows trivially that v;M; < M.
Since, finally, P;x € M; for every vector x and every value of j, it fol-
lows that Px = Z;P;x e 2;M; = V,;M; forall x, or, since M is the range
of P, that M C V;M;.

We call attention to the fact that although the proof of Theorem 2
for finite families can be made shorter than the one we presented, its
assertion is non-trivial even in that case.

§29. Products and Differences of Projections
The useful fact about products of projections lies near the surface.

TuaroreMm 1. A necessary and sufficient condition that the product
P = PP, of two projections P, and P- be a projection is that P, <> P-.
If this condition 1is satisfied and if the ranges of P, P,, and P. are I,
D, and M, respectively, then M = Dy n Ma .

Proof. According to 24.3, P is Hermitian if and only if P, & P:;
it is clear that if P, < P, , then P is idempotent. We may already con-
clude that P is a projection if and only if P, «<» P, ; it remains, assum-
ing that this is the case, to settle the relations among the ranges. Since
the range of a product of two operators is obviously contained in the
range of the first factor, the commutativity of P, and P. implies that
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M C My and M < M, and therefore that M C Py n D . If, on the
other hand, z ¢ M, n M., then Pz = P:x = x and therefore Pz = z,
so that ml n 93?2 C SD?.

Before discussing the facts about differences of projections, we ﬁn.d
1t convenient to describe the algebraic formulation of the geometric
concept of one subspace containing another.

THEOREM 2. If M and N are subspaces with projections P.afzd Q
respeclively, then a necessary and sufficient condition for the validity of
all the following relations is the validity of any one of them.

@) P = Q.
(i) || Pz || < || Qz || for every vector .
(iii) m .
(iva) QP = P.
(ivb) PQ = P.

Proof. If P < Q, then || Pz||® = (Pz,2) < (Q, ) = || Qz | * for
every vector z. If || Pz || < || Qz || for all z, and if we consider an arbi-
trary vector z in M, then ||z|| = [[Pz]] = ||Qz]] = =]
(since [[Q || < 1). Since this implies that || Qz || = ||z ||, it follows
from 26.3 that Qr = z,i.c. that x ¢ N, and hence that M CN. If MW < N,
then Pz ¢ N and therefore QPx = Pz for every vector z. If QP = P,

then, forming the adjoint of both sides of this relation, we see that
PQ = P.If PQ = P, then

Pz, z) = || Pz||* = | PQz||* < || Q||® = (Qx, )

for all .
THEOREM
P=p _
If this condition 1s satisfied and if the ranges of P, Py, and P, arc IMN,

My, and 9y, respectively, then M = Py — M, .
Proof.

3. A necessary and sufficient condition that the difference
Py of two projections Py and Py be a projection is that P, < P; .

If P is a projection, then
(Plilf,.’l,‘) - (ng,x) = (nyx) = ”I)x”2 g 0

for every vect

or z. If, conversely, P, £ P,, then P,P, = P,P, = P,
and therefore

(1)1_1)2)2=P1—P1P2—P2P1+P2=P1—P2.
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Since P is obviously Hermitian, we may already conclude that P is a
projection if and only if P. < P ; it remains, assuming that this is
the case, to settle the relations among the ranges. Since P = P, im-

plies that P; <> 1 — P., since P, — P, = Py(1 — P:), and since the
range of 1 — P, is M7 , it follows from Theorem 1 that

M=DhnM: =D — M.

§30. Infima and Suprema of Projections

Not only is there a natural one-to-one correspondence between sub- .
spaces and projections, but this correspondence even preserves the
relations of order: if M and N are subspaces with projections P and @
respectively, then a necessary and sufficient condition that P < Q is
that M < N. It follows (cf. §10) that the set of all projections is a
partially ordered set with the property that for any family {P;} of
projections there exists a greatest projection (to be denoted by A;P;)
smaller than each of them and there exists a smallest projection (to be
denoted by V;P;) greater than each of them. (For the infimum and
supremum of two projections P and @ we shall use the symbols P A Q
and P v @Q respeclively.) In other words the partially ordered set of
all projections is a complete lattice, an isomorphic copy of the complete
lattice of all subspaces. In view of these facts there is a systematic
geometric procedure for finding the infimum and the supremum of a
family {P;} of projections: if, for each j, the range of P; is M;, then
A;P; is the projection with range N;M; and V;P; is the projection
with range V;9;.

It is in general difficult, though not impossible, to describe the in-
fimum and the supremum of a family of projections in algebraic terms.
In the presence, however, of suitable orthogonality, or, more generally,
commutativity assumptions, the job becomes easy.

Tueorem 1. If {P;} is an orthogonal family of projections, then
V)'Pj = Eij .

Proof. If we knew that the family {P;} were summable, the result
would be an immediate consequence of 28.2. Instead of proving sum-
mability, however, we find it just as easy to proceed directly. If, for
each j, the range of P, is MM; and if the range of V,;P;is M, then M =
V;M; = Z;M; ; cf. 13.2. For an arbitrary vector z write z = = + 7,
with 2 e M and y € M, and writex = =;z; with z; ¢ M, for all 5. Since
Pix; = &, for all j and k, it follows that P,z = Z;Piz; = x and
hence that Pz = 2 = Z;x; = Z;P,z.
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TeeoreM 2. If P, and P, are two commutative projections, then
P1AP2= P;PgandP1VP2= P1+P2—P1P2.

Proof. The assertion concerning P, A P» is merely a paraphrase of
29.1. To prove the assertion concerning P = P, + P, — PP, we
introduce the usual notation and denote the ranges of P, P,, and P,
by M, P4, and M. respectively. Since P = P, + (1 — P)P., it fol-
lows that P is a projection and that, in fact, M = Dy v (M7 n ).
Since, similarly, P = Pi(1 — P,) 4+ P., and since, therefore, M =
(D4 n M3) v N, it follows that Ny < M C Ny v N and M, C
S M DYy v DL, . These relations imply that M = M; v M, and hence
that, indeed, P = P; v P;.

Our last result along these lines shows that in the presence of com-
mutativity even the sorely missed distributive law is willing to put
in an appearance.

THEOREM 3. If P s a projection and if {P;} is a family of projec-
tions such that P < P; for all j, then P A (V;P;) = V;(P a P)).

Proof. Since PA P; = P and P A P; £ V,;P; for all j, it follows

that P A P; = P A (V,P;) for all j and hence that V;(P a P;) =
P A (V;P;). This inequality is a lattice-theoretic triviality; to prove
that under our assumptions it becomes an equality requires some more
work. We shall complete our labors by showing that whenever a vector
x belongs to the range of P A (V;P;) and is at the same time orthog-
onal to the range of V;(P A P;), then that vector 2 must be 0. In
other words we must show that if v = Px = (V;P)z, and if
(Vi(P A Pj)x = 0, then x = 0. The last-written assumption implies
(and here is where we use commutativity) that P;Px = 0 for all j.
Since Px = z, it follows that P;x = 0, i.e. that & is orthogonal to the
range of P;, for all j. Consequently x is orthogonal to the range of
V;P;; the only way to reconcile this with the fact that x belongs to
that range is to conclude that + = 0.

§31. The Spectrum of an Operator

The spectrum of an operator A, in symbols A(4), is the set of all
those complex numbers A for which A — A is not invertible.

The first motivation for considering spectra comes from the finite-
dimensional case. If $ is finite-dimensional, then a necessary and
sufficient condition that an operator be not invertible is the vanishing
of its determinant—a concept which makes no sense in the general,
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not necessarily finite-dimensional, case. Since the determinant of A — A
is a polynomial in A, whose zeros are exactly the proper values of 4,
it follows that in the finite-dimensional case the spectrum of an oper-
ator is exactly the set of its proper values.

We recall that the concept of proper value need not be defined in
terms of determinants; according to the geometric definition, a com-
plex number X is a proper value of an operator A if there exists a non-
zero vector x such that Ax = Ax. Equivalently: X is a proper value of
A if there exists a unit vector & such that || Az — Az || = 0. This last
formulation of the decfinition admits a reasonable generalization. We
shall say that a complex number X is an approxzimate proper value of an
operator A if for every positive number ¢ there exists a unit vector z
such that || Az — Az || < &; it is easy to verify that an equivalent
requirement is that for every positive number ¢ there exist a non-zero
veetor & such that || Ax — M| < €|« ||. The approximate point
spectrum of an operator A, in symbols II(4), is the set of approximate
proper values of A.

TueoreM 1. If A 4s an operator, then II(A) C A(4).

Proof. If N ¢ A(A), then A — X is invertible and consequently we
have

il =4 = N7 =Nz || 214 = N7 4z — 2|

for every vector x. This implies that || Az — Az || = e[|z ||, with

e = 1/|[(A — N\)7'||, for every vector z, and hence that A ¢ TI(A).
TaroreEM 2. If A is a normal operalor, then TI(A) = A(A).

Proof. 1In view of Theorem 1 it is sufficient to prove that A(4A) C
I(A). If N ¢ TI(A), then there exists a positive real number ¢ such that
Il Ay — My || = €|y || for every vector y. Since A — A is just as normal
as A, and since (A — N)* = A* — \* it follows (cf. 25.1)
that || A*y — My || 2 ¢ || y || for all y. In order to prove that A ¢’ A(A),
le. that A — X is invertible, it is sufficient, in view of 21.3, to prove
that the range of A — \ is dense, or, equivalently, that the orthogonal
complement of the range is ©. Clearly, however, if a vector y is orthog-
onal to the range of A — A, then 0 = ((4 — Nz, y) = (z, (4* — A)y)
for all z, and hence A*y — My = 0. Since || A*y — My || = ¢y ]|,
it follows that y = 0 and the proof is complete.

According to Theorems 1 and 2, the spectrum, at least for normal
operators, is a more or less natural object. A study of some examples,
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notably of the multiplication operators described in §20(ii), sheds con-
siderably more light on the subject. By way of illustration we mention,
without proof, that the spectrum of the multiplication operator definecl
by a bounded measurable function A is the essential range of 4. By
the essential range of a complex-valued measurable function h on a
measure space with measure p we mean the set of all those complex
numbers A which have the property that uw(h™(A)) 5 0 whenever A/
is an open set containing \. This concept is a slight measure-theoretic
variant of the usual concept of the range of a function and is not to bhe
confused with the range of the multiplication operator defined by the
function; the former is a set of complex numbers and the latter is a
set of vectors.

§32. Compactness of Spectra
We begin with an auxiliary result on invertibility.

Treorem 1. If an operator A is such that||1 — A || < 1, then A s
invertible.

Proof. If we write||1 — A|| =1 — @, s0 that 0 < & < 1, then
Az || =llz — @ — Ad)|| z ||« || = ||(1 — A)x ||
zllzll - (1 -z =l

for every vector z. It follows from 21.3 that it is sufficient, in order to
prove the invertibility of A, to show that the range M of A is densc
in . We shall establish the density of M by proving that if y is an
arbitrary vector, and if 8 = inf {||y — x|[:x ¢ M}, then 6 = 0. If
8 > 0, then there exists a vector z in 9 such that (1 — ally — x| <8
Since M contains both x and A(y — z), and therefore also + Ay — @),
it follows that

S=|ly—2) - A -2l =1 - 4| |ly — 2|
) =1 -ally—=z| <3,
and we have reached the desired contradiction.

THEOREM 2. If A s an operalor, then A(A) is a compact subsel of
the complex plane; if X € A(A), then [N | < || A |].

Proof. If Ao € A(A), so that A — ) is invertible, then
11— (4 =27 =N =14 =274 = r) — (4 =)
SIA =27 N = Nl
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and consequently || 1 — (4 — A)7'(4 — N)|| < 1 whenever [X — Ao
is sufficiently small. It follows from Theorem 1 that (4 — M)A = )
is invertible and therefore that A — X is invertible whenever | A — Ao |
is sufficiently small. This implies that the complement of A(A4) is an
open subset of the complex plane; it remains only to prove the second
assertion of the theorem. If [A| > || 4 ||, then || A/N || < 1 and there-
fore, again by Theorem 1, 1 — (A/X) is invertible. It follows that
N € A(4) and hence, contrapositively, that if N e A(A), then
IN[ =114l

Even in the absence of normality, the approximate point spectrum
tries hard to act like the spectrum; as a sample of such behavior we
mention that Theorem 2 remains true if A is replaced by II. The proof
is casy. If N\ € TI(A), then there exists a positive number & such that

|| A — Xz || = € for all unit vectors z. Consequently if z is a unit
vector and if [N — No| < &/2, then

|4z — M|l z |4z — Nzl =W = 2|2 E,

so that N € TI(A). This means that the complement of II(A) is open;
the rest of our assertion is an immediate consequence of 31.1.

§33. Transforms of Spectra

It is interesting to observe what happens to the spectrum of an
operator when it is subjected to various elementary transformations.
If, for instance, 4 and B are operators, and if B is invertible, it is easy
to see that A(A) = A(B™'AB). (In view of the identity B'(4 — \)B =
B7'AB — A, the invertibility of the right term is equivalent to the in-
vertibility of .1 — X.) In this section we examine the behavior of the

spectrum with respect to the formation of polynomials, inverses, and
adjoints.

Tueoren 1. If A is an operator and p is a polynomial, then
A(p(4)) = p(A(4)) = {p(\):\ e A(4)}.

Proof. TFor any complex number \, there exists a polynomial g
such that p(\) — p(\) = (A — A)g(A) identically in \. It follows that
P(1) — pMo) = (4 — No)g(A); we assert that if N € A(4), then B =
(4 — No)q(4) is not invertible. (If it were, then we should have

(A — N)-q(A)B™" = BB =1=B"B
= B (4 — N)g(4) = B7'q(4)-(4 — ),
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i.e.A — Ao would also be invertible.) Since this means that p(4) — P(No)
is not invertible, we have proved that p(\) ¢ A(p(4)) and hence
that p(A(4)) C A(p(4)). Suppose on the other hand that o ¢ A(p(4)),
and let Ay, - -+, A be the (not necessarily distinct) roots of the equa-
tion p(A\) = Ao . It follows that p(A) — N = a(d — \) -+ (4 — \,)
for a suitable non-zero complex number «, and hence that A — \; must
fail to be invertible for at least one value of j, 1 < 7 < n. For such a
value of j we have \; e A(4) and p(\;) = o, so that Ao € p(A(4)) and
therefore A(p(4)) C p(A(4)).

TrEOREM 2. If an operalor A is invertible, then A(A™") = (A(4))™" =
AT\ e A(A)}.

Proof. Observe that since saying that A is invertible is the same as
saying that O is not in A(4), the symbol (A(A))™ makes sense. The
identity A — NP = (A — AWNA™! shows that if N ¢ A(A), so that
A — \is invertible, then A™' — A" is invertible, so that A\~ ¢ A(ATY.
In other words A(4™") < (A(4))™ and our theorem is half proved.
The reverse inequality follo“s by the elegant trick of applying what
we have already proved to A~ instead of A.

Taeorem 3. If A s an operalor, then A(A*) = (A(A)* =
{A*¥:x e A(A4)].

Proof. If N\ ¢ A(A), so that A — X is invertible, then 4* — \* is
invertible, and therefore A* ¢ A(A*). Since this proves that A(4*)
(A(A))*, the proof may be completed just as in Theorem 2; to obtain
the reverse inequality it is sufficient to apply the mcquahby already
proved to A* instead of A.

§34. The Spectrum of a Hermitian Operator

If 33.3 is applied to a Hermitian operator, it yields the result that
the spectrum of a Hermitian operator is symmetric with respect to the
real axis. Actually the situation is much simpler.

TueoreM 1. If A is a Hermitian operator, then A(A) is a subset of
the real azis.

Proof. If N is not real, then, for every non-zero vector z,
0 <A =M[|[z]* =14 = Nz, 2) — (4 — A*)z, 2)|
=[((4 =Nz, 2) = (2, (4 = N2)| < 2| Az — Ao ||| || ;
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the desired result follows from the fact (cf. 31.2) that for Hermitian
operators the approximate point spectrum and the spectrum are the
same.

Our next result is one of the most powerful tools for the study of
Hermitian operators; it asserts that the norm of such an operator can
be calculated from its spectrum.

TueoreM 2. If A is a Hermitian operalor, then|| A||l = a« =
sup {| A ]:h e A(A)}.

Proof. The fact that @ < || 4 ||, does not depend on the Hermitian
character of 4; it follows from 32.2. We shall prove that equality
prevails by showing that || A || * € II(4%); in view of 31.1 and 33.1 we
shall then be able to conclude that + || 4 || ¢ A(A) for a suitable choice
of the ambiguous sign. The proof of the promised relation is based on
the identity

| A% = N ||* = || A% ||* — 22| Az || + 2" = (1%,

valid (since A is Hermitian) for all real numbers A\ and all vectors z.
If {x,} is a sequence of unit vectors such that || Az.||— || A ||, and
if A = || 4 ]|, then it follows from our identity that

| A%, — Nza||* = (1A |I-]] Aza |])* — 2V || Aza || * + N
=2 = 2| 4z.]|* =0
and hence that we do indeed have || 4 || * € II(4%).

One of the useful conclusions we can draw from Theorem 2 is that the
spectrum of a Hermitian operator is not empty. This is not a trivial
conclusion. We shall obtain the corresponding fact for normal operators
only after the application of a lot more relatively deep analysis. We
hereby report that the spectrum of an arbitrary operator is also not
empty; since we shall have no occasion to make use of this fact, we
shall not enter into its proof.

To state our last result, an easy corollary of Theorem 2, we introduce
some new notation. If 4 is an operator and if f is a complex-valued
function on the spectrum of A, we shall write

Nu(f) = sup {[fM)]:N € A(4)).

THEOREM 3. If A is a Hermilian operator and p s a real polynomial,
then || p(A)ll = Na(p).
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Proof. Applying first Theorem 2 (to p(A) instead of A) and then
33.1, we obtain
sup {| M ]:X e A(p(4))]}

sup {| A |2\ e p(A(4))}
sup {| pA)[: X € A(A)}.

Il p(A)]|

§35. Spectral Heuristics

We are now in a position to make a deep analysis of the structure of
Hermitian and, more generally, normal operators. In order, however,
to motivate and illustrate not only the method of proof but even the
statement of the facts, it is advisable that we make a brief digression
and examine an analogous but more elementary theory.

Consider the statement that a real-valued, bounded, measurable
function f on a finite measure space X can be uniformly approximated
by simple functions. More precisely: to any positive number & there
corresponds a finite, disjoint family of measurable sets, or, equivalently,
a finite, disjoint family {x;} of measurable characteristic functions, and
a finite family {X\;} of real numbers, such that | f(t) — Z;X;x;(t)| < &
for all tin X.

How does the usual proof of this theorem go? If the bounds of f are
a and B, sothat @ < f(f) < B forall ¢ in X, we may subdivide the interval
[e, B) into a finite, disjoint family {M ;} of intervals of length less than
e, and, for each j, we may select a number A; in M ;. In the subset
F7(M ;) of X the values of f are all within £ of A;, and therefore we obtain
the desired result by setting x; equal to the characteristic function of
M ;). (Note that since the value at a point ¢ of the characteristic
function of f™'(M ;) is equal to the value of the characteristic function
of M; at f(£), we have x;(t) = xa;(f(t)) for all ¢.) If, for any Borel set
M in the real line, we write E(M) for the characteristic function of
the subset f~'(M) of X, our result may be expressed by writing

|f = ZNEM )| < e

The expression Z;\;E(M;) looks suspiciously like the sort of sum
that occurs in various approaches to integration. The function E is a
set function, a measure in some sense, which associates a certain chay-
acteristic function on the space X with each Borel set in the real line.
Since, for each j, \; is a point in the element M ; of a certain partition
of the interval [, 8], the integral that appears to be lurking in the
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background has the form [ AdE(A\). It is not a difficult task to con-
struct a theory of integration in which symbols such as [ A dE(\) make
sense, although of course our heuristic hints do not constitute such a
construction.

Proceeding formally, we may summarize our comments as follows.
The approximability of a real-valued, bounded, measurable function
f by simple functions can be expressed by writing f = [ A dE(\), where
F is the somewhat peculiar, function-valued, “measure’” whose value
at a Borel set M in the real line is the characteristic function of f~'(3I).
The measure E has some unusual properties and reflects in some in-
teresting ways the structure of the function f. Among its properties we
mention its idempotence ((E(M))* = E(M) for every Borel set M) and,
more generally, its multiplicativity (£(M n N) = E(M)E(N) for every
pair of Borel sets A/ and N). The way in which E reflects the properties
of f is illustrated by the assertion that, if M is a Borel set, a necessary
and sufficient condition for the vanishing of E(M) is that M be dis-
joint from the range of f.

The analogs of bounded, real-valued, measurable functions in Hilbert
space theory are bounded, Hermitian, linear transformations, i.e.
Hermitian operators. Since a function is the characteristic function of a
set if and only if it is idempotent, it is clear on algebraic grounds that
the analogs of characteristic functions are projections. The approxi-
mability of functions by simple functions corresponds in the analogy
to the approximability of Hermitian operators by real, finite linear
combinations of projections. The purpose of such an operatorial ap-
proximation theorem is, just as in the analogous functional situation,
to provide a tool for deriving and understanding the deep structural
propertiecs of complicated objects in terms of simple objects. For a
Hermitian operator, just as for a real function, we shall be able to con-
struct a “measure” F with the multiplicative property mentioned in
the preceding paragraph and to recapture the operator by means of an
integral. The measure F will reflect the properties of the given operator
in many ways; in analogy with our remarks concerning the range of a
function, for instance, it will be easy to characterize the spectrum of
the operator in terms of E.

The theory for complex-valued, bounded, measurable functions is no
harder than for real functions. The proper analog of a complex func-
tion turns out to be not any old operator but a normal operator; it will
be technically convenient to derive the complex (normal) generaliza-
tion from the real (Hermitian) special case.
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It is customary to motivate the theory we intend to develop not by
such analytic considerations as we have indicated, but by reference to
the algebraic facts concerning operators on finite-dimensional spaces.
It is a good idea to keep both in mind, and, specifically, the reader is
advised to think through the relation between our past and future
comments on the one hand and the familiar reduction of a Hermitian
matrix to diagonal form on the other hand.

§36. Spectral Measures

If X is a set with a specified Boolean o-algebra S of subsets, a spectral
measure in X is a function F whose domain is S and whose values are
idempotent, Hermitian operators (projections) on &, such that
E(X) = 1 and such that E(U,M,) = Z,E(}M,) whenever {3,} is a
disjoint sequence of sets in S. A set X with a specified Boolean s-algebra
S of subsets is usually called a measurable space and is denoted by
(X, S); the sets belonging to S are called the measurable subsets of X.
A typical example of a spectral measure is obtained by letting X' be not
only a measurable space but a measure space with measure , consider-
ing the Hilbert space £:(u) in the role of $, and writing EQ)f = x,f
whenever M ¢ S and [ e %(u) (where xy denotes, of course, the char-
acteristic function of the set 1f). The standard techniques of elementary
measure theory show that if £ is a spectral measure, then E(0) = 0
and E is finitely additive (i.e. E(U,ﬂ[j) = 2Z;I5(M ;) whenever {1/} is a
finite disjoint family of measurable sets).

Taeorem 1. If E is a finitely additive, projection-valued set function
on the class S of all measurable subsets of a measurable space (in particu-
lar if E is a spectral measure), then E is monotone and subtractive, i.c. if
M and N arein S and M C N, then E(M) £ E(N) and E(N — M) =
E(N) — E(}). '

Proof. ~Since E(N) = E(M) + E(N — M), the fact that /7 is sub-
tractive is trivial; monotony follows from 29.3.

THEOREM 2. If I is a finitely additive, projection-valued set function
on the class S of all measwrable subsets of a measurable space (in particu-
lar if I is a speclral measure), then E is modular and multiplicative, i.c.

if M and N are in S, then
and
E(M n N) = E(M)E(N).
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Proof. If we add E(M n N) to both sides of the equation
E(@uN) = E(M — N)+ E(MnN)+ EWN — 3,
we obtain
EQIuN) + E(M naN) = (EQ[ — N) + E(M nN))
4+ (E(N — M) + E(M nN)) = EM) + E(N).

This already proves modularity. Since, by Theorem 1, E(M n N) =
E@QI) £ E(M u N), it follows that E(M) E(M n N) = E( n N) and
EQNEQ v N) = EQI). If, therefore, we multiply both sides of the
modular cquation by E(Al), we obtain E(Af) + E(M n N) = E(M) +
E(M) E(N), and this proves that £ is multiplicative.

We remark that the multiplicative property of E implies in particu-
lar that E(J) <> E(N) whenever 3/ and N are in S.

TaeorEM 3. A projection-valued function E on the class S of meas-
wrable subsets of a measurable space X is a spectral measure if and only +f

(2) E(X) = 1,
and

(#%) for cach pair of vectors x and y, the complex-valued set function p
defined for every M in S by p(M) = (E@)=z, y) is countably additive.

Proof. If E is a spectral measure, then (i) holds by definition and
(ii) follows from the fact (7.3) that an inner product one factor of
which is an infinite sum may be formed term by term. Suppose, con-
versely, that (i) and (ii) hold. If M and N are disjoint measurable sets,
then the identity

(EGL v Nz, ) = (EQDw, y) + (EMN)z, y) = (BOM) + EN))z, )

proves that (M u N) = E(M) + IE(N), i.e. that E is finitely additive
(and therefore multiplicative). If, similarly, {3£.} is a disjoint sequence
of measurable sets with U, = A, it is tempting to argue that

(E(AI)L, y) = E,,(E(AI,,).’U, ?j) = ((EnE(]‘{n))x; Z/)

for all z and y, and hence that E(M) = Z.E(M,). The only thing wrong
with this argument is that =,E(M ») need not make sense; we shall
finish the proof by showing that it does. The multiplicativity of E
implies that {E(M.)} is an orthogonal sequence of projections and
hence that {E(M.)z} is an orthogonal sequence of vectors for every z.
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Since
S EQL)z || * = Za(BE(Ma)z, 2) = (E(M)z, 2) = || EQ)z || ?,

it follows that the sequence {E(M 1)z} is summable. If Z, E(M,)x = Aax,
then it is clear that A is a linear transformation of $ into itself; the
chain of equations used to prove the existence of A implies also that 4
is bounded (and, in fact, that || 4 || £ 1).

§37. Spectral Integrals

Throughout this scction we shall work with an arbitrary but fixed
measurable space (X, S); the expression “spectral measure” will always
refer to a spectral measure in X. It will be convenient to use also the
symbol 9B for the class of all complex-valued, bounded, measurable
functions on X, and to write N(f) = sup {|fA\)|:X ¢ X} whenever
feB.

TuroreM 1. If I is a spectral measure and if f € B, then there ecxists
a unique operator A such that (Az, y) = [ f(A) d(EMN)z, y) for every pair
of vectors = and y; the dependence of A on f and I will be denoted by writing
A= [fdE = [ f(\) dE(Q\).

Proof. The boundedness of f implies that the integral oz, y) =
[ fO\) d(E(\)z, y) may be formed for every pair of vectors z and y; an
obvious computation shows that ¢ is a bilinear functional. Since
lo(z, 2)l = [ EM=z]* = NO)-|l= ]l it follows, by 18.2,
that ¢ is bounded and hence, by 22.1, that there does indeed exist a
unique operator satisfying the conditions required of A.

TueoREM 2. If I s a spectral measure, if f and g are in, B, and if a
18 a complex number, then

J (N dE = of fdE, [ (f+ g)dE = JfdE + [ gdE,
and

Jr¥dE = (f fdE)*.

Proof. The proofs of all three assertions are similar and almost
automatic. To prove, for instance, the last one, we write A = [fdE
and B = [ f*dE, and we observe that the relations

@, By) = (By, x)* = ([ f*(0) d(EMN)y, 2))*
= [ I d@, ENy) = [ fN) dEN)s, y) = (4z, Y)

are valid for every pair of vectors z and Y.
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THEOREM 3. If E is a spectral measure and +f f and g are in B, then
(f fdE)([ gdE) = [ fgdE.

Proof. We write A = [ fdE and B = [ g dE. If the (complex) meas-
ure p in X is defined for every set M in S by u(d) = (E(M)Bzx, ),
where =z and y are any fixed vectors, then

w(M) = (Bz, E(M)y) = [ g0\) d(EMN)z, EQL)y) = [ g\ d(EGNEN)z,y)

= [ g dED n Nz, y) = [ g(\) dEN)z, y)
for every M in S. It follows that

(ABg, y) = (A*y, B2)* = ([ f*(\) d(EMN)y, Bx))*
= (J XN d(y, EQ)Bx)* = [ f(\) d(E(\)Bw, y)

= [fN) de) = [fN)gN)d(EMN)z,y)
and hence that AB = [ fgdE.

It follows from the preceding results that if £ is a spectral measure,
then [dEQN) = E(X) = 1, and, more generally, [ x, A)dEQ) =
[ywdEQ) = E(M) for every M in S (Theorem 1); if f and ¢ are in B,
then [ fdE < [ gdI (Theorem 3); and if f € B, then [ fdE is normal
(Theorem 2 and the commutativity result just mentioned). To state
our last result concerning the algebraic behavior of spectral integrals,
we introduce a convenient notation: if I is a spectral measure and B
is an operator, we shall write £ < B for the assertion that E(M) «— B
for all M in S. We remark, for example, that if f ¢ 8, then E « [ [dE.

TueoreMm 4. If E is a spectral measure, if B is an operator such that
E < B,and if f ¢ B, then [ fdE < B.

Proof. If [ fdE = A, then

(ABa, y) = [ S\ d(EQ)Bz, y) = [ f\) d(BE(N)z, y)
— [ SO dEM)z, BYy) = (4x, B*y) = (BAz, y)

for every pair of vectors x and y.

§38. Regular Spectral Measures

Throughout this section we shall assume that X is a locally compact
Hausdorff space and that S is the o-algebra of all Borel sets in X; except

for this specialization, we continue to follow the conventions of the
preceding section.
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A spectral measure I is regular if E(Mo) = VE(M) for every Borel
set M,, where the supremum is extended over all compact sets A
contained in M, . The spectrum of a spectral measure E, in symbols
A(FE), is the complement in X of the union of all those open sets M for
which E(M) = 0. A spectral measure is compact if its spectrum is
compact. We observe, concerning these definitions, that they cannot
even be formulated, let alone exemplified, if X is not a topological
space. On the other hand as soon as X is a topological space these
definitions make sense; we restrict attention to the case of locally
compact Hausdorff spaces mainly because that is the limit of the gener-
ality we need for any of our applications.

TareorREM 1. If E is a regular spectral measure and A = A(F), then
A is a closed set such that E(X — A) = 0 (and therefore E(A) = 1).

Proof. Since X — A is, by definition, a union of open sets, A is
closed. To prove that E(X — A) = 0, it is, in view of regularity, suffi-
cient to prove that E(M) = 0 whenever M is a compact subset of
X — A. The definition of the spectrum of I implies that every point
of X — A, and therefore in particular every point of A/, is contained
in an open set on which the value of /7 vanishes. Since A/ is compact,
M may be covered by a finite number of such open sets, and it follows
indeed that E(M) = 0.

It is frequently convenient to consider spectral integrals such as
[ f\) dE(\) even if the complex-valued measurable function f is not
bounded; the theory of such integrals remains simple as long as we
assume that f is, so to speak, bounded with respeet to the regular spee-
tral measure E. More precisely what is needed is that f he bounded on
the spectrum A of E. If that is the case we define [ f dI tomean [, fdE =
[ xaf dF; in view of Theorem 1 this definition will lead to a consistent
theory. Another way of accomplishing the same purpose is to replace
the space X by the subset A and the spectral measure % in X by the
spectral measure in A obtained by restricting the domain of definition
of I to Borel subsets of A only. In connection with this circle of ideas
it is natural to write Ng(f) = sup {| SO\)[:X € A(E)} whenever E is a
spectral measure and f is a complex-valued measurable function bounded
on A(F).

TueoreM 2. If E ds a compact and regular spectral measure with
spectrum A and if f is a complex-valued continuous function on X , then

7] = Ne(f).

Proof. We write [ fdE = A, and we assume first that fis real.
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Since il follows from the preceding seetion that A is Hermitian, we
have

| A = sup {{(Aa, 2)|:)| 2 || = 1}.
Since, 110\}'e\f01',
|(Az, )] £ [a[fOd || EQ)z || * £ Ne(f)- |l ||

for every vector , it follows that || 4 || £ Ng(f).

If Ng(f) £ 0, let ¢ be a positive number such that ¢ < Ng(f). We
may and do assume, without any loss of generality, that N.(f) =
sup {f(A\):N € A} If A1 = {N:f(\) > Ni(f) — &}, then M is an open
set and A/ n A # 0; it follows that E(Af) # 0. If « is a non-zero vector
in the range of E(Al), then (X — M)ax = E(X)x — E(M)x = 0 and
thercfore

|(Az, 2)| = [ TN d(EN)z, 2)| = | [« SN || EQ)z || *|
= (Nz(f) — &)l =

It follows that || A || = Ng(f) — & for every positive number ¢ and
hence that || A || = N(f).
If f is complex, then, by 22.4,

WAN® = A*A || = ||(J f*dE)([ fdE)|| = || [ f*/dE || .
Since f*f = | f|? is real, we have
ITAN® = sup {|f\)]*:x e A} = Ng(| £]°) = (N&(f))"

§39. Real and Complex Spectral Measures

A spectral measure defined on the class of all Borel sets of the com-
plex plane is called a complex spectral measure. Our first result is that
the results of the preceding section are applicable to complex spectral
measures.

THEOREM 1. Every complex spectral measure is regular.

Proof. The proof of this theorem may be carried out by imitating
the proof of the corresponding fact for ordinary numerical measures.
The main tool of that proof is the separability of the complex plane.
As a compromise between reproducing here all the details of a standard
technique on the one hand and saying that the proof is left as an exer-
cise for the reader on the other hand, we shall reduce the theorem as
stated to the numerical case. Suppose then that F is a complex spectral
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A spectral measure E is regular if E(3,) = VE(M) for every Borel
set M,, where the supremum is extended over all compact sets r
contained in M, . The spectrum of a spectral measure F, in symbols
A(E), is the complement in X of the union of all those open sets A/ for
which E(M) = 0. A spectral measure is compact if its spectrum is
compact. We observe, concerning these definitions, that they cannot
even bhe formulated, let alone exemplified, if X is not a topological
space. On the other hand as soon as X is a topological space these
definitions make sense; we restrict attention to the case of locally
compact Hausdorff spaces mainly because that is the limit of the gener-
ality we need for any of our applications.

TuroreM 1. If E is a regular spectral measure and A = A(F), then
A s a closed set such that E(X — A) = 0 (and therefore E(A) = 1).

Proof. Since X — A is, by definition, a union of open sets, .\ is
closed. To prove that E(X — A) = 0, it is, in view of regularity, suffi-
cient to prove that E(M) = 0 whenever M is a compact subset of
X — A. The definition of the spectrum of £ implies that every point
of X — 1\, and therefore in particular every point of 1/, is contained
in an open set on which the value of I vanishes. Since Af is compact,
M may he covered by a finite number of such open sets, and it follows
indeed that E(M) = 0.

It is frequently convenient to consider spectral integrals such as
[ fO\) dEQ\) even if the complex-valued measurable function f is not
bounded; the theory of such integrals remains simple as long as we
assume that f is, so to speak, bounded with respeet to the regular spee-
tral measure E. More precisely what is needed is that f be bounded on
the spectrum A of E. If that is the case we define [ fdl tomean [, fdF =
[ xaf dE; in view of Theorem [ this definition will lead to a consistent
theory. Another way of accomplishing the same purpose is to replace
the space X by the subset A and the spectral measure 7 in X by the
spectral measure in A obtained by restricting the domain of definition
of I 1o Borel subsets of A only. In connection with this circle of ideas
it is natural to write Ng(f) = sup {|f/Q\)|:X € A(E)} whenever £ is a
spectral measure and f is a complex-valued measurable function bounded
on A(F).

TureoreEM 2. If E is a compact and regular spectral measure with
spectrum A and if f 7s a complex-valued continuous function on X, then

L[ FdIz i = N(f).

Proof. We write [ fdlf = A, and we assume first that f is real.



§39. REAL AND COMPLEX SPECTRAL MEASURES 63

Since it follows from the preceding section that A is Hermitian, we
have
[| A || = sup {|(dx, 2)|:||z || = 1}.
Since, hmyever,
[(dz, 2)] £ [a [ SO || EQ)z ||* = Ne(f)-]| 2 || ®
for every vector z, it follows that || A || £ Ng(f).

If N&(f) = 0, let ¢ be a positive number such that ¢ < N.(f). We
may and do assume, without any loss of generality, that Ne(f) =
sup {fO\):N € A} If A1 = [X:f(N) > Ng(f) — &}, then M is an open
set and M n A # 0; it follows that E£(AI) = 0. If 2 is a non-zero vector
in the range of F(AI), then (X' — M)a = E(X)x — E(M)x = 0 and
therefore

[(Az, 2)| = |f FO) d(EN)z, @) = | [ w fN) d || EQ)z || * |
2 (Nu(f) — o)zl =

It follows that || A || = Ng(f) — & for every positive number ¢ and
hence that || A || = Nx(f).
If f is complex, then, by 22.4,

HWAN® = [|A*A || = ||(f f*dE)([ fdB)|| = || [ f* dE]| .
Since f*f = | f|?® is real, we have
1A 11" = sup {|fQ)|*:x e A} = Ng(|f|%) = (N:(f))".

§39. Real and Complex Spectral Mcasures

A spectral measure defined on the class of all Borel sets of the com-
plex plane is called a complex spectral measure. Our first result is that
the results of the preceding section are applicable to complex spectral
measures.

TaroreM 1. Every complex spectral measure is regular.

Proof. 'The proof of this theorem may be carried out by imitating
the proof of the corresponding fact for ordinary numerical measures.
The main tool of that proof is the separability of the complex plane.
As a compromise between reproducing here all the details of a standard
technique on the one hand and saying that the proof is left as an exer-
cise for the reader on the other hand, we shall reduce the theorem as
stated to the numerical case. Suppose then that E is a complex spectral
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measure and that M, is a Borel set in the complex plane. If M is a com-
pact subset of Mo, then E(M,o) = E(M) and consequently
E(Mo) =z VE(M).

We must show that if a vector z in the range of E(if,) is orthogonal to
the range of E(M) for every compact subset M of Af,, then z = 0.
If, however, p(M) = (E(M)z, z) for every Borel set M, then, by the
regularity of numerical measures, p(3Mo) = sup u(df), where, again,
the supremum is extended over all compact subsets of M. Since, by
hypothesis, u(3) = 0 for each such compact set, it follows that

n(Mo) =0

and hence that £ = E(My)z = 0.

Our next result is the reason and justification for using the word “spec-
trum” in connection with spectral measures.

Tueorem 2. If E is a compact, complex spectral measure and if
A = [ NdE(Q\), then A(E) = A(4).

Proof. If No € A(E), then there is an open set M such that A\, e M
and E(M) = 0. If M’ is the complement of M and 6 is the distance
between Ao and M’, then

|| Az — Moz [P = (4 — N)*(4 — M)z, 7)
= O = M*O — MAEN, z)
for every vector z. Since E(M) = 0, it follows that
Il Az = oz [I* = farr [N = Mo fd(EN)z, 2) 2 8 ||z |I*
for all z and hence that
o € TI(A) = A(A).

If, conversely, Ao € A(L), then we have E(M) = 0 for every open set
M containing X\o . Hence if § is any positive number and

M = {\:]x — N < 8),

then the range of E({ll ) contains some unit vector z. Since, arguing as
before, || Az — Nz || = [a | X = N Pd(EM\)z, 2) < &, it follows that
)\0 € A(A)

A spectral measure defined on the class of all Borel sets of the real
line is called a real spectral measure. It follows from Theorem 1 (cf. 38.1)
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that a complex spectral measure whose spectrum is contained in the
real axis may be viewed as a real spectral measure; conversely, of course,
every real spectral measure may be viewed as a complex spectral meas-
ure whose spectrum is contained in the real axis. Consequently any
result valid for all complex spectral measures is valid for all real spectral
measures as well.

§40. Complex Spectral Integrals

Turorem 1. If I, and E. are compact, complex spectral measures
such that [ NdI\(\) = [ NdEs(\), then By = E-..

Proof. Let B(A) and y(\) be the real and imaginary part respectively
of the complex number X. If for an arbitrary but fixed vector  we write
w(M) = (E,(M)z, ) and p(M) = (E.(M)z, ), then, since u; and p-
are real (and in fact non-negative), it follows that [ Bdu; = [ Bdu. and
[ vdu; = [ vydu.. By polarization we obtain the result that

[ BdE, = [ BdEs
and
J"Yd]gl = f‘YdEg.

The additive and multiplicative properties of spectral integrals imply
that if p is any real polynomial in two variables, then

I pBN), v AN, y) = [ pBA) ¥ (V) d(BN)z, y)
for every pair of vectors x and y. It follows that .
(Ex(M)z, y) = (E(M)z, y)
for every Borel set A and all x and y, and consequently I, = E,.

Theorem 1 says that a compact, complex spectral measure is uniquely
determined by one of the simplest spectral integrals that can be formed,
i.e. the integral of the function f defined for every complex number
A by f(A) = \. Since it is true (cf. our heuristic promise in §35 and its
fulfillment in §44) that every normal operator has the form [AdE(\)
for a suitable compact, complex spectral measure E, Theorem 1 is the

assertion that the representation of a normal operator by such an integral
is unique.

Turorem 2. If I is a compact, complex spectral measure and if B is

an operator such that both [ N\dE(\) and S A*dE(\) commute with B, then
E & B.
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Proof. We use the notation established in the proof of Theorem 1.
Since B(A) = %(A + A*) and y(A) = 21;;0\ — A*), our assumptions imply
that if p is any real polynomial in two variables and if

A = [p(BO), Y(N)AEM),
then B <« A. It follows that
[ p(BM), v()d(EMN)z, B*y) =-(Az, B*y) = (ABz, 1)
= [p(BQ), Y() d(EN)Bx, y)
for every pair of vectors z and y. Since we may infer that
(BE(M)z, y) = (E(M)z, B*y) = (E(M)Bz, y)

holds identically in the Borel set M and the vectors = and y, the proof
is complete.

Theorems 1 and 2 are of course true for real spectral measures in
particular; the proofs for this special case are slightly easier than the
ones we presented. We observe also that even the statement of Theorem
2 becomes simpler if the spectral measure F is real, since in that case the
vanishing of E on the complement of the real axis implies that

INAEQ) = [A*dE(\).

In other words if E is a compact, real spectral measure and if B is an
operator such that [ AdE(\) < B, then E < B. It is a remarkable and
useful fact that this strengthened version of Theorem 2 is true for com-
plex spectral measures also, but it will take us all the work of the follow-
ing two sections to prove that.

We end this section by reminding the reader of the existence of 37.4.
That theorem shows that whenever we have accumulated enough as-
sumptions to justify the conclusion of Theorem 2, then we may also
conclude that [ fdE < B for every complex-valued, measurable function
f which is bounded on the entire complex plane, or at any rate on the
spectrum of the spectral measure F.

§41. Description of the Spectral Subspaces

TrEOREM 1. If A is a normal operator and if § = §(A) s the set of
all vectors x such that || A"z || < ||z || for every positive integer n, then
& 2s a subspace. If B is an operator such that A <> B, then § is invariant
under B,
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Proof. Let M be the set of all those vectors = for which the sequence
{|| A"z ||} is bounded. If # and y are in M and if « and B are complex
numbers, then the relation

A" ez + Bl = | al-ll A"z || + [B8]-]] A"y |,

valid for every positive integer n, shows that ax + By ¢ M. If x ¢ M,
then the relation || A"Bz || = || BA™2 || £ || B||-|| A"z ||, valid for
every positive integer n, shows that Bz ¢ M. In other words M is a
linear manifold and M is invariant under B; it is clear that § C M. It
is not at all obvious that M is a subspace (i.e. that M is closed) and,
although the fact that § is closed is casy to see, it is not at all obvious
that § is a linear manifold nor that § has the desired invariance property.
All these difficulties can be cleared up in one fell swoop by showing that
T = M; that is what we propose to do. It is sufficient to prove that if
a vector x is such that || A™z || > « ||z || for some positive integer m
and for some number «, a > 1, then the sequence {|| 4"z ||} is not
bounded. But this is casy: an inductive repetition of the argument used
to prove the chain of relations

a? “ z “2 < “ fl"‘x “2 — (/lmilf, A.m.'l:) - ((11'")*{1"'1:, :U)

= fAa™* A |||l = [| 4|z ]|
shows that || A"™x || > o™ ||z || for every positive integer n. (The
normality of A was used, via 25.1, in the step || (A™)*A"z || = || ™"z || .)

Suppose now that E is a compact, complex spectral measure and that
A is the normal operator [ AdE(\). For each complex number A and
each positive real number ¢ we shall write §(A, £) for the subspace

1 , 1
] (; 4 — >\)> associated with the normal operator B (A — A) in the

manner described by Theorem 1. More explicitly F(), ) is the set
(subspace) of all vectors = such that || (4 — \)"z || < £" || 2 || for every
positive integer n; roughly speaking a vector x in (A, €) may be de-
scribed as an approximate proper vector with proper value X and degree
of approximation e. (Use of this language is not to be confused, how-
ever, with the technical term defined in §31.) For every set M of com-
plex numbers and for every positive real number ¢, we shall write
S, €) = Vau T, €), and M) = N, F(M, ¢). As the final piece of
new notation we introduce G(3) for the range of E(A) whenever M
is a Borel subset of the complex plane. In the next section we shall show
that if M is compact, then F(M) = G().

The point of our procedure is this. We are trying to prove that when-
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ever A commutes with an operator B, then I < B. For this purpose
we need a direct, geometric characterization of G(M) in terms of A,
and that is exactly what the equation (M) = G(dI) (whenever it is
valid) gives us. Consideration of the subspaces §(A{) is quite natural
when they are viewed from the proper value point of view mentioned
in the preceding paragraph.

We conclude this section by borrowing the already announced result,
of the next section and, on the basis of that loan, proving the main
commutativity theorem.

TreorEM 2. If E is a compact, complex spectral measure and if B
is an operator such that [ \dE(X) <> B, then E < B.

Proof. Using the notation established above, we begin by observing
that, according to Theorem 1, F(A, £) is invariant under B for g N
and e. Since the span and the intersection of invariant subspaces are
themselves invariant, it follows that the subspace F(M7) is invariant
under B for every set M of complex numbers. If M is compact, then
(by §42) we may conclude that €(M) is invariant under B. The regu-
larity of E shows then that €(3{) is invariant under B for every Borel
set M. Since if M is a Borel set, then so is its complement 3/ ’, and since
M) = (G )™, it follows that €(A1) reduces B for every Borel set
M, and this is a paraphrase of what we have promised to l)l'o.vo.

§42. Characterization of the Spectral Subspaces

We continue to use the symbols I, A, &, and 3§, in the sense in which
they were defined in the preceding section.

Tueorem 1. If M s a Borel subsct of the complex plane, then
G(M) < F().

Proof. Let € be a fixed positive number and let {3/ ;} be a disjoint
countable family of non-empty Borel sets of diameter less than e such’
that U;M; = M. For each index j, let \; be a complex number in M i
If z € §(M) and if z; = E(M ;)x, then :

1A =250 = [T = A) FdEON,, «;)

for all 7 and n. Since E(M ;’)-’Ej = 0 (where M; is the complement of
M), it follows that

T4 =)z ([ = fa; | 0 =AD" [ BNz, , x;) < & || 2|

for all 7 and n, and hence that z; ¢ F(;, €) for all 7. Since
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80‘1 ’ 8) c S(Z‘I) 8)

and since x = E(M)x = =;E(M;)x = Z;x;, it follows that « ¢ (I, €).
The arbitrariness of ¢ implies that x ¢ (A7) and hence that

G(M) C F(M).

Turorem 2. If M is a compact subset of the complex plane, then
(AN < G@ADN.

Proof. Let A’ be the complement of M, and let N be any compact
subset of A/’ If é is the distance between the two compact sets 3/ and N,
then § > 0 and consequently we may find a number ¢ such that

0<e<a.

If Noe M and if 2 € F(\o, €), then || (A — X)) "z || < €" || z || for every
n; if on the other hand x ¢ G(N), then

(A = M)z | = [w| (= M)" [ dENz, 2) = 8" |||

It follows that no vector other than 0 can belong to both F(Ao, ) and
G(N), ie. that F(\o, &)n G(N) = ©. We propose to show that much
more is true; we shall, in fact, prove that F(\o, &) L G(N). Since
E(N) < A, it follows from 41.1 that (N, ¢€) is invariant under E(N).
Since a projection is a Hermitian operator, we may conclude that
8o, €) reduces E(N), or, equivalently, that the projection F(\o, )
with range §(Xo, €) commutes with E(N). We know therefore that the
product F(No , £) E(N) is the projection with range (o, £) n G(N), and
hence that F(A, ) E(N) = 0. This, however, is what we promised:
8o, &) is indeed orthogonal to G(N). The arbitrariness of Ao in A/
implies that §(M, ¢) L G(N) and hence that F(M) L G(N). To sum
up: if N is a compact subset of 3/, then F(}) L E(N). The regularity
of £ implies that F(M) L G(M’) = (G(M))™ , and hence that

@) < G,
as asserted.

§43. The Spectral Theorem for Hermitian Operators

It is high time to prove that in the course of the last several sections

we have not been operating in a vacuum. The following theorem settles
all such doubts for Hermitian operators.

TreorEM 1. If A 1s a Hermitian operalor, then there exists a (neces-
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sarily real and necessarily unique) compact, complex spectral measure E,
called the spectral measure of A, such that A = [N dE(Q\).

Proof. Let z and y be any two fixed vectors and write
L(p) = (p(4)z, y)
for every real polynomial p. It follows from 34.3 that
| Lp) | £ Nulp)-ll=|]-Ilyl

and hence that, with respect to the norm Ny, L is a bounded linear
functional of its argument. There exists consequently a unique complex
measure p in the compact set A(A) such that (p(d)z, ¥) = [ p(\) du(n)
for every real polynomial p and such that | u(3) | = [[z||-|| y | for
every Borel set . We shall find it convenient to indicate the dependence
of p on z and y by writing px(z, y) instead of u(2I).

Using the uniqueness of y, we may proceed by straightforward com-
putations to prove that uy is a symmetric, bilinear functional for each
Borel set A/. The proof of the fact that uy is additive in its first argu-
ment runs, for instance, as follows:

I o) din(y + 22, y) = (p(A) (@1 + x2),¥) = (p(Dar, y) + (p(A)xs, )

= [p(N) din@, 1) + [ p(\) dun(as , 3).
Since, in virtue of the relation |uy(z, %) | = [lz||-||¥ ||, valid for all
M, z, and y, the bilinear functionals .y are bounded, it follows that for
each Ml there exists a unique Hermitian operator (1) such that

ealz, y) = (F@a, y) for all x and y. Consideration of the polynomials
po and p; , defined by po(A) = 1 and pi(A\) = A, implies that

JdEM)z, y) = (EX)z, 1) = (z,9)
and
IN(EMN)z, y) = (Az, y)

for all  and y. In view of 36.3, all that remains in order to complete
the proof of the theorem is to establish that the function I is projection-
valued; we shall do this by proving that I is multiplicative.

For any fixed pair of vectors x and y and for any real polynomial q,
we introduce the auxiliary complex measure v defined for every Borel
set M by v(M) = [yq(\) d(E\)x, y). If p is any real polynomial, then

FpWdv(N) = [pM)gQ\) dEMN), y) = (P(A)g()z, y)

= (p(A)z, ¢(A)y) = [ p(\) d(E(M\)z, q(4)y)
and therefore
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v(M) = [ ¢MNxy(\) dEN)e, y) = (EQDz, ¢(1)y)
= (g()EQDx, y) = [ q) dENEQ)z, y)
for every Borel set /. Since q is arbitrary, it follows that
(EQ a N, y) = [uavd(IEN)2, v)
= Jrxy ) AEN, y) = (EOEQDz, y)

for every Borel set N, and hence that £ n N) = EQM)E(N). The
proof of the spectral theorem for Hermitian operators is thereby com-
plete.

Although our proof of this theorem appears at a rather late stage of
the development of the theory, the proof does not, as a matter of fact,
use much of that theory. In addition to the very elements of Hilbert
space geometry, and the external analytic crutch of measure theory,
the proof relies on the connection between bilinear functionals and
operators and on the conncction between the norm and the spectrum
of a Hermitian operator. We reeall that the first of these connections is
based on the representation of linear functionals by vectors, and that
the second one (which is the one that really exploits the Hermitian
character of /) involves the elementary properties of the concepts of
spectrum and approximate point spectrum. Almost none of the in-
formation that we have accumulated about spectral measures was
needed, and only superficial (but apparently unavoidable) use was made
of the fact that A is Hermitian; we did not even need to know the
slightly tricky relation || A || = sup {| (dx, ) |:||2 || = 1}. The proof
applies, of course, to the special case in which § 1s finite-dimensional.
In view of the lot of apparently formidable machinery that we have
used, this last comment might appear silly—the spectral theorem for
the finite-dimensional case is, after all, quite near the surface. A closer
examination of the facts shows however that, since the measure-theoretic
apparatus becomes almost vacuous in the finite case, our procedure
yields a rather reasonable proof even there. The reader who is not quite
clear as to exactly which concepts are needed exactly where would do
well to retrace our steps and examine the extent to which they become
simplified in the presence of finite dimensionality.

§44. The Spectral Theorem for Normal Operalors

Turorem 1. If A is a normal operalor, then there exists a (necessarily

unique) compact, complex spectral neasure I, called the spectral measure
of A, such that A = [ NdEQ)).
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Proof. If A, and A. are the real and imaginary parts of A respec-
tively, i.e. if A; and A. are Hermitian operators such that

A =Al+iA2)

then, by the theorem of the preceding section, there exist two real,
compact spectral measures F, and F, such that

Ay = [ NdE\(N)
and
Ay = f)\dEg()\)

It will be convenient to regard the complex plane as the Cartesian
product of the real and the imaginary axes. In accordance with this
view, we shall use the term rectangle to stand for the Cartesian product
M, X M, of a Borel subset A of the real axis and a Borel subset A7,
of the imaginary axis. Since the fact that 4 is normal implies that all
operators in sight (and in particular Ey(M)) and Ey(3,)) commute
with each other, it follows that Fy(M,) E.(M>,) is a projection. The re-
mainder of our discussion will be devoted to sketching the proof of the
fact that there exists a (necessarily compact) complex spectral measure
E suchthat if M = M, X M,is arectangle, then E(M) = [,(M,) E»(My).
We leave it to the reader to verify that a spectral measure E with this
property also has the property that [AdEQ\) = A, + 14, = A; the
verification depends on the fact that if a function on a product space
is independent of one of its two possible arguments, then its integral can
be evaluated by an integration on the other one of the two factor spaces.

For any fixed vector z let fi be the function of rectangles defined by
A(M, X M,;) = (E(M,)Ey(M,)z, x). Theproperties of the spectral meas-
ures E; and E; imply that fi is non-negative, finitely additive, and con-
tinuous from below in the sense that its value on the union of an in-
creasing sequence of rectangles is the limit of its values on the terms
of the sequence. It follows that /i can be extended to a measure on the
class of all Borel sets in the complex plane. It is convenient to indicate
the dependence of the extended 4 on z by denoting its value on any
Borel set M by fu(z).

For every Borel set M and for every pair of vectors z and y we write

pu(z, ¥) = bu(i@ + 9) — Gu(G@ — 9)) + Eu(i@ + @)
- ‘iﬁu(‘%(x - 'V!/))

We assert that uy is, for cach fixed Borel set A/, a symmetric bilinear
functional. This assertion is proved by noting that (i) it is true if M
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is a rectangle, and (ii) the class of all sets for which it is true is closed
under the formation of complements and countable unions. Since

Lus(e, 2) | = [du(@) | = ||2|F

whenever A is a rectangle, it follows that, for each Borel set M, the
bilinear functional g, is bounded (and has, in fact, a norm not exceeding
1). We are almost at the end: by now we know that to every Borel set
M there corresponds a bounded Hermitian operator E(3{) and that
the function X has all the required properties except possibly multi-
plicativity.

The last point is settled as follows. Fix x and y and, for each pair of
Borel sets A/ and N, consider the two expressions (E(M n N)z, y) and
(E(M)E(N)x, y). If N is a rectangle, then the class of all sets A for
which these two expressions are equal is such that (cf. the preceding
paragraph) (i) it contains all rectangles and (ii) it is a Boolean o-algebra.
Consequently this class contains all Borel sets. The same argument
may now be applied to prove that, for each fixed Borel set A/, the class
of admissible N’s is also equal to the class of all Borel sets, and thus the
proof grinds to a stop.



CHAPTER III
THE ANALYSIS OF SPECTRAL MEASURES

§45. The Problem of Unitary Equivalence

Now where are we? The main purpose of the study of operator theory
is to discover, formulate, and prove the proper generalizations, valid
for all Hilbert spaces, of the powerful results known in the finite-dimen-
sional case. In so far as these results concern normal operators they are
all easy consequences of the possibility of reducing normal matrices to
diagonal form. The diagonalization theorem yields, in particular, the
ultimate desideratum, namely a complete description of the geometric
behaviour of all normal matrices. Speaking slightly more explicitly we
may say that the diagonalization theorem gives us a method which
enables us to construct all possible normal operators on a finite-dimen-
sional Hilbert space. The construction is based on such clementary and
completely manageable material as the concept of a finite set of complex
numbers. Although the general spectral theorem for normal operators
is frequently asserted to be the infinite-dimensional analog of diagonaliza-
tion, it is nowhere near as powerful as its purely algebraic special case.
The spectral theorem does not, for instance, tell us how to construct
all possible normal operators. All that the spectral theorem does ac-
complish in this direction is to reduce the problem to the construction
of all possible spectral measures, and thereby, probably, to leave the
prospective constructor more bewildered than he was at the begin-
ning.

These remarks are offered by way of introduction to the circle of
ideas usually called the problem of unitary equivalence. Two operators
A and B are equivalent if there is an automorphism U of the underlying
Hilbert space 9 which carries 4 onto B, or, in more detail, if there exists
a unitary operator U such that U'AU = B. The problem of unitary
equivalence is to find necessary and sufficient conditions on A and B
for the existence of such a U. Since equivalent operators are geometri-
cally indistinguishable, any “description” of an operator A will at the
same time be a description of all operators belonging to the same equiva-

74
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lence class as A. In other words: since, geometrically speaking, 4 is
only determined to within unitary equivalence, a more delicate descrip-
tion of A neither should nor does exist.

If A is a normal operator with spectral measure E, the problem of
finding all operators equivalent to A is settled, in a certain repulsive
sense, by the equation UT'AU = [ANd(UT'EQM\)U). (The symbol U in
this equation denotes, of course, a unitary operator; the interpretation
and proof of the equation are achieved by the formation of the usual
inner products and should be obvious to the reader who has followed
the development of spectral theory so far.) If, in other words, we say
that two spectral measures I and F, with the same domain, are equiva-
lent whenever there exists a unitary operator U such that

UT'E(M)U = F(})

for all M in the common domain of definition of E and F, then a neces-
sary and sufficient condition for the equivalence of two normal operators
is the equivalence of their respective spectral measures.

The main reason for feeling dissatisfied with the above answer to the
equivalence problem is that it leaves things pretty much where they
were: in order to decide whether or not two given operators are equiva-
lent we must still ask, separately for each unitary operator, whether or
not it is willing to perform the miracle required of it. What is really
wanted is a complete set of invariants for the unitary equivalence of
normal operators. In qualitative terms this means that we wish to
associate with each normal operator A a certain “object” u, so that
the following conditions are satisfied. (i) If A and B are equivalent
normal operators, then u, = w,. (ii) If A and B are normal operators
such that ux = us, then A and B are equivalent. (iii) To every object
u there corresponds at least one normal operator A such that u, = u.
(iv) The objects u are easily manageable mathematical concepts, which
may be described in simple and, as far as possible, constructive terms,
and whose definition is, preferably, independent of operator theory.
It is worth while to note in passing that the spectrum A(A) of a (not
even necessarily normal) operator A satisfies conditions (i), (iii), and
(iv). We may therefore say that the points of A(A) constitute a set of
unitary invariants of 4, but not a complete set of such invariants.

The first three of the above conditions describe nothing more than a
one-to-one mapping from the set of all equivalence classes of normal
operators onto the set of all objects. The reader who reads on to finish
this book will, at the end, be in a position to judge whether or not our
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solution satisfies the last condition. In order to motivate both the result
we shall obtain and the method we shall use to get it, we begin, in the
next section, by taking a closer look at the situation in finite-dimensional
spaces.

§46. Multiplicity Functions in Finite-dimensional Spaces

The set of all proper values of a normal operator A on a finite-dimen-
sional Hilbert space £, together with their associated multiplicities,
form a complete set of unitary invariants of A. These invariants may
be described as follows. To the normal operator A there corresponds a
function u = w4 ; the domain of w is the complex plane and the values
of u are finite cardinal numbers. (The value «(\) of the function w at
the complex number A is to be interpreted as the multiplicity with
which A occurs as a proper value of A; if A is not a proper value of 4
at all, we write «(A) = 0.) Not every function with the indicated do-
main and range arises in this manner from some normal operator 4.
In order that a function v do come from some A it is, in fact, necessary
and sufficient that the sum of all the values of « be the dimension of
the Hilbert space © (and hence, in particular, it is necessary that u
vanish at all but a finite number of points). Anyone familiar with the
diagonalization theory of normal matrices can verify at a glance that
the function u, satisfies all the conditions stated and discussed in the
preceding section.

To prepare the way for understanding the generalized version of
multiplicity functions such as u,, we procced to describe them in
different terms. Since infinite-dimensional spectral measures associate
projections with Borel sets of complex numbers, and not with individual
complex numbers, it ought not to be surprising that we get a nearer
approximation to the final version of multiplicity theory if we regard
the domain of a multiplicity function as the class of all Borel sets in
the complex plane, and not as the complex plane itself. The transition
in point of view is easy: for any non-empty Borel set M we define u, (M)
to be the minimum value of u,(\) for all A in M; for M = 0 we write
us(M) = 0.

Not every function u whose domain is the class of all Borel sets in
the complex plane and whose values are finite cardinal numbers is the
multiplicity function of some normal operator A on a finite-dimensional
Hilbert space. It is easy to verify that if « does come from some A,
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then
u(M) = u(N)
whenever M and N are Borel sets such that 0 =% M C N, and
w(U, M,) = min,{u(}M,))}

whenever {M,} is a disjoint sequence of Borel sets. Even these condi-
tions are only necessary; they are not yet sufficient to ensure the exist-
ence of an A such that v = u, . It is easily possible to adjoin to these
conditions a finiteness requirement such that together with it they
become necessary and sufficient. Since, however, the conditions already
stated are the only ones that persist in the general (not necessarily
finite-dimensional) case, we shall not bother to formulate the extra one
that applies only provincially.

Unfortunately we are still far from the definition of the kind of multi-
plicity function that really arises in infinite-dimensional cases. The
difficulty is that the concept of a set (Borel set or not) is not quite the
relevant one. The argument of our general multiplicity function will
not be a set but a finite measure. Speaking very roughly a finite measure
r in the complex plane may be considered as a set. What we have in
mind is “the set on which u is concentrated” or ‘“the complement of
the largest set on which p vanishes.” Such phrases are nonsense of
course. It is, however, true that a measure p for which there exists a
finite set on whose complement p vanishes is in an obvious sense a
generalization of a finite set. Enough of the sense in which this is true
carries over to the infinite case that a successful theory can be built on
it. We must, however, postpone further discussion of these matters
until after the presentation of the pertinent properties of measures.

§47. Measures

Let (X, S) be a measurable space; the only measures that we shall
consider from now on are finite measures whose domain of definition is
S. We recall that a measure » is absolutely continuous with respect to a
measure g, in symbols v < p, if »(M) = 0 for every set M such that
{.I.(M ) = 0. We shall have occasion to use the Radon-Nikodym -theorem;
1t asserts that if u and » are measures such that v << p, then there exists
a non-negative function f in &,(u) such that »(M) = [ufdu for every set
M in S. A measure p is equivalent to a measure », in symbols y = »,
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if p < v and v K g; it is obvious that the terminology is justified, or,
in other words, that the relation = is an equivalence.

If 41 is a measure and A ¢ S, we shall write py, for the measure defined
for every N in S by pu(N) = u(df n N).

TuroreM 1. If p 2s a measure and if M and N are in S, then a neces-
sary and sufficient condition that uy <K px 7s that (A — N) = 0.

Proof. If u(3 — N) = Oand if Myisaset in S such that uy(d/,) = 0,
then

pau(Mo) = p(M nMo) = p((M aN)n M) + u((I — N)n M) = 0.

If, conversely, uay < px, then, since we have uy()/ — N) = 0, it fol-
lows that u(M — N) = uy(Af — N) = 0.

THEOREM 2. If p and v are measures such that v << u, then there cxists
a set N in S such that v = uy .

Proof. By the Radon-Nikodym theorem there exists a non-negative
function f in @(u) such that v(3) = [, f(¢) du(t) whenever M € S.
If N = {t:f(t) > 0}, then [y—~ fdr = 0 and therefore

V(ﬂ{) = f‘umvf dﬂ

whenever M e S. It follows that »(A) = 0if and only if u(N n M) = 0,
ie. that v = un.

The objects of principal interest for us will be not measures but
equivalence classes of measures. In order, however, to minimize complica-
tions, we shall adopt a point of view similar to that frequently adopted
in number theory. (It is easier to discuss integers and congruence than
to discuss equivalence classes of integers and equality.) We shall ac-
cordingly formulate definitions and announce theorems about measures,
intending all the while that our statements should be interpreted so as
to apply to equivalence classes of measures. An alternative point of
view is to think of a measure as the class of all sets on which it vanishes.
The intuitively most helpful attitude is {o think of a measure as being
the same as “the” set on which it is concentrated; ¢f. Theorems 1 and
2 and the remarks at the end of the preceding section. In order to
minimize the possibility of confusion we shall, however, continue to
distinguish by our notation between cquality in fact (x = v) and equality
by convention (u = »).

A typical statement which must be interpreted in terms of equivalence
is that with respect to ordering by absolute continuity the set of all
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measures is a partially ordered set. In technical language (which we shall
in fact not employ) our result will be that the partially ordered set of
all measures is a Boolean o-ring with the property that every principal
ideal satisfies the countable chain condition.

§48. Boolean Operations on Mecasures

We continue to use the notations and conventions of the preceding
section and, in particular, the use of the word ‘“measure” to mean
“finite measure.” If g, and w. are measures, then there exists a measure
e such that yy < u, pe < g, and such that g << v whenever the measurc
v is such that u; <« v and u» < v. In other words, the supremum

L=l Vo

of any two clements y; and u of the partially ordered sct of all measures
is another element of that set; the proof of this assertion is achieved
simply by writing u = g + 2. With a very small modification the
same technique may be used to show the existence of the supremum
V;iu; of any countable family of measures. There is, indeed, no loss of
gencrality in assuming that =;u;(X) < «—if this were not already
true, we could make it true by, for instance, replacing u; by a suitable,
small positive multiple of x; . (The replacement yields a measure equiva-
lent to p;.) It follows that the set function x defined for each M in S
by pu(M) = Z;u,;(M) is a measure; it is clear that p = V;pu;. In view
of Theorem 1 below, it is not even necessary to verify the last assertion;
all that is needed from our discussion is the fact that every countable
family {u;} of measures is bounded. (To say that a family {u;} of meas-

ures is bounded means that there exists a measure g such that u i
for all values of 7.)

THEOREM 1. Every bounded family {u;} of measures has a supremum

and, in fact, {u;} has a countable subfamily {ux,} such that Vjp; = Vap, .

Proof. TLet u be a measure such that p; < u for every 7, and, for
each j, let N be a set in S such that p; = py ; - Form all finite unions of
the N;’s, evaluate x on each such union, and let « be the supremum of
the numbers so obtained. If {1f,} is a sequence of such finite unions
with the property that u(37,) — o, and if 3 = U, M, , then py = V M.
Indeed if u(N; — A7) > 0 for some J, then u(N;u M,) > o for some
n and, since this contradicts the definition of @, we have pi <L py . If,
on the other hand, » is a measure such that u; < » for every 7, then
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pxn; K v for every j. It follows that u,, << v for every n and hence that
par L v.

It follows from Theorem 1 that every non-empty family {u;} of
measures has an infimum, Aju;; the infimum is obtained by forming
the supremum of the family of all measures bounded by every ;.
Consequently the partially ordered set of all measures is not only a
lattice, but even a o-lattice, and a boundedly complete lattice. An
application of 47.2, similar to the one made in the proof of Theorem 1,
shows that this lattice is distributive. The main point of 47.2 is ex-
actly its applicability to such situations; by means of it most of the
algebraic facts concerning measures may be reduced to the correspond-
ing algebraic facts concerning sets.

It is convenient to say that two measures u and v are orthogonal, in
symbols p L », if p A » = 0; a family {u,} of measures is an orthogonal
family if p; 1 p, whenever j # k. Another example of the sort of appli-
cation of 47.2 that was mentioned in the preceding paragraph occurs
in the proof of the assertion that a bounded orthogonal family of non-
zero measures is necessarily countable.

Our next and last result about the algebra of measures asserts that
the set of all measures is not only a distributive lattice but is in fact
quite anxious to look and act like a Boolean algebra. There is in general
no “unit” measure, i.c. the set of all measures is not in general bounded,
and it is therefore not only false but even meaningless to say that every
measure has a complement. It does, however, make sense to speak of
relative complements, or differences, and that is what Theorem 2 does.

THEOREM 2. If p and v are measures, then there exists a measure po
such that wo L v and uo Vv = u v,

Proof. If v K p, then v = py for some N in S, and ux_y does every-
thing expected of uo . In the general case (i.e. when » is not necessarily
bounded by x) this special result may be applied to u v » and » in place
of u and » respectively.

§49. Multiplicity Functions

We are now in a position to describe the objects which will occur as
complete sets of unitary invariants for spectral measures. A multiplicity
Junction is a function u whose values are (not necessarily finite) cardinal
numbers, whose domain is the set of all finite measures in a measurable
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space (X, S), and which satisfies the following three conditions: (i) if
r is the measure which is identically zero, then u(u) = 0; (ii) if u and
v are measures such that 0 = » <« g, then u(u) £ w(v); and Gii) if a
measure p is the supremum of a countable orthogonal family {u;} of non-
zero measures, then w(x) = min {u(u;)}. We observe that since a bounded
orthogonal family of non-zero finite measures is necessarily countable,
the third condition is only vacuously strengthened by removing from
it the word “countable.”

It is not hard to give examples of multiplicity functions. Given the
measurable space (X, S), let {x;} be an arbitrary orthogonal family of
finite, non-zero measures on S and, for each j, let u; be a cardinal num-
ber. If a non-zero measure u is covered by the family {u;} in the sense
that p = V;(u A p;), we define u(x) to be the smallest one of those
cardinal numbers u; for which u A u; ¥ 0; for all other measures u we
define u(k) to be 0. We leave to the reader the verification that the u so
defined is indeed a multiplicity function, and we turn to the more im-
portant task of proving that every multiplicity function may be ob-
tained in this manner.

To motivate our procedure we take one more look at the example of
the preceding paragraph. If j and k are indices such that u; < w,
then w(u; v ue) = u(u;) = w;. It is really possible, in other words,
that the second condition in the definition of multiplicity functions is
not vacuously satisfied, i.e. that x and » are measures such that 0 = » K p
and u(u) < w(v). It is natural to say that if for a given measure g this
never happens, if, that is, w(u) = u(¥) whenever 0 5 v < g, then u
has uniform multiplicity. In the example of the preceding paragraph
this concept is illustrated by each term of the defining family; it is true,
in other words, that x; has uniform multiplicity (equal to u;) for each
value of j.

THeoREM 1. If w is a multiplicity function and if u is a non-zero
Jintle measure on S, then there exists a non-zero measure uo such that o KL
and such that py has uniform multiplicity.

Proof. Write 5 = V {viv < u, u(») > u(u)}, and (48:2) let uo be a
measure such that u, 1 5and u v 5 = p. Since (48.1) » may also be
expressed as the supremum of a countable family of measures » for
which u(») > u(k), and since a standard use of 48.2 shows that this
countable family may be assumed to be orthogonal, it follows that
u(?) > u(p). Since u = yo v 5, it follows that we % 0 and hence that
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u(o) = u(u). To prove that g has uniform multiplicity, suppose that
0 # v < yo. Since the assumption u(v) > u(u) = u(u) leads to the
contradiction » < 7, the proof is complete.

THEOREM 2. If w is a mulltiplicity function and if p is a non-zero
finite measure on S, then there exists a (necessarily countable) orthogonal
family {u;} of non-zero measures such that each p; has uniform mulliplic-
ity and such that p = V ju; .

Proof. In virtue of Theorem 1 there do exist orthogonal families of
non-zero measures each term of which is bounded by u and has uniform
multiplicity; let {u;} be a maximal family with these properties. If
V;u; = v and if v 5 p, then, by 48.2, there exists a non-zero measure
bounded by u and orthogonal to ». An application of Theorem 1 to that
measure shows that its existence contradicts the maximality of the
family {x;} and it follows that V;u; = u.

TueOREM 3. If u is a multiplicity function, then there exists an orthogo-
nal family {u;} of non-zero finite measures on S such that each p; has uni-
form multiplicity and such that p = V;(u A u;) whenever p is a finite
measure on S.

Proof. Select a maximal orthogonal family of non-zero finite measures
on S and apply Theorem 2 to each term of that family. We may collect
the resulting family of families into one family {z;} which will then be
a maximal orthogonal family of non-zero measures and which will, in
addition, have the property that each u; has uniform multiplicity. It
remains merely to prove that if {x;} is a maximal orthogonal family of
non-zero finite measures on S, then u = V;(u A ;) for every finite
measure g on S. The argument for this purpose proceeds just as in the
proof of Theorem 2. If, for a given u, Vi(u Ap;) = v, and if p # y,
then, by 48.2, there exists a measure o such that 0 = py < pand gy 1 »,
Since it follows that woAp; = p A (mAp) KpAv =0, ie. that
po L pj for all j, this contradicts the maximality of the family {u;} and
proves therefore the relation u = V;(u A p;).

It is clear that Theorem 3 implies what we promised to show, i.e.
that every multiplicity function may be obtained in the way in which
we obtained our first example. We cannot, of course, assert that the fam.-
ily {u;} described in Theorem 3 is uniquely determined by the multiplic-
ity function u; several applications of Zorn’s lemma have cut us off
from being able to claim any naturality for the objects whose existence
we proved.



§50. THE CANONICAL EXAMPLE OF A SPECTRAL MEASURE 83

§50. The Canonical Example of a Spectral Measure

Suppose that (X, S) is a measurable space, {g;} is an orthogonal fam-
ily of non-zero finite measures on S, and, for each value of j, u; is a
cardinal number. For each value of j we consider the Hilbert space ob-
tained by forming the direct sum of u; copies of L(u;) and we (tem-
porarily) denote by & the direct sum (over the index j) of the Hilbert
spaces so obtained. A typical element of $ is a doubly indexed family
{Fix} of functions on X such that fj. e 2(u;) for each j and k; for a fixed
value of j the index k has wu; possible values. By the canonical spectral
measure associated with the families {u;} and {w;} we mean the spectral
measure E defined for each M in S by EQM){f} = {x\Sfi}-

One of our results will be that upon the application of a suitable
isomorphism every spectral measure may be put into this canonical
form. Applying that result to compact, complex spectral measures we
conclude that every normal operator is isomorphic to a direct sum of
multiplications by bounded measurable functions on finite measure
spaces, or, equivalently, that it is isomorphic to a multiplication by a
bounded measurable function on a direct sum of finite measure spaces.
(We have not given and we need not and will not give the detailed
definition of the latter concept.) Another way of expressing this result
is to say that a suitable (in general highly infinite) measure yx may be
introduced into the spectrum of any normal operator A so that A be-
comes isomorphic to the multiplication operator which sends each
function f in R(u) on the function g defined by g(\) = Af(A). Since all
these statements will be immediate consequences of our study of spectral
measures, we shall devote our attention to spectral measures exclusively.

In terms of spectral measures it is easy to describe our intentions.
We shall associate a multiplicity function « with every spectral measure
E in such a way that if {u;} is any orthogonal family with the properties
described in 49.3, then F is isomorphic to the canonical spectral measure
associated with {u;} and {wu(u,)}. (Observe that this implies in particular
that, despite the non-uniqueness of {u;}, the canonical spectral measure
is determined by u uniquely to within unitary equivalence.) It will fol-
low that two spectral measures are equivalent if and only if they have
the same multiplicity function, and consequently the proof of this
result will indeed fulfill all our promises.

Let us now return to the canonical example described above. If £
is any one of the doubly indexed family of Hilbert spaces used to form
9, then ® may be viewed as a subspace of $. Since the subspace & is
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invariant under E(M), for every set M in S, the projection P with
range ® commutes with the spectral measure E. (If E is the spectral
measure of a normal operator A, the last assertion may be reformulated
by saying either that the subspace f reduces A or that the projection
P commutes with A.) These comments indicate that the projections I
which commute with a spectral measure I are the building blocks out
of which E is constructed and that the analysis of spectral measures
ought, therefore, to analyze all such projections. In the next two sections
we indicate the details of such an analysis in the finite-dimensional case;
after that we shall finally be ready to enter with understanding into the
technical details of the general case.

§51. Finite-dimensional Spectral Measures

Let E be the spectral measure of a normal operator A4 on a finite-
dimensional Hilbert space $. Let {A;} be the family of all distinct proper
values of A4; for each 7, let I/; be the value of E on the sct containing
\; alone, and let u; be the dimension of the range of & ; (i.e. the multi-
plicity of the proper value ;). It is in many respects helpful to consider
a structure analogous to the one formed by the N's, I’s, and w’s. The
analogs of the \’s are to be points spaced at, say, unit distances apart
on a horizontal line segment. The role of F; is to be played by a finite
set, corresponding to the base point \; and thought of as arranged in a
vertical column standing over \;; it will be convenient to space the
points of such a column so that each of them is at a unit distance from
its nearest neighbors. The fact, finally, that v; is the dimension number
corresponding to E; is to be indicated by letting the set corresponding
to E; have cardinal number w;. The entire set-theoretic configuration
thereby described is exemplified by the diagram below. If P is a pro-
jection which commutes with E, then the range of P is a subspace which

Mo M M N A N Ag
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reduces A. The operator A when restricted to the range of P has its
proper values among the \;s and is such that the proper space cor-
responding to each \; is a subspace of the range of E; . The sef-theoretic
analog of a projection such as P is, therefore, a set obtained by select-
ing a (not necessarily proper and not necessarily non-empty) subset
from each column and forming the union of the selected sets; in other
words the analog of P is an arbitrary subset of the union of all columns.
A distinguished role is played by the subsets which consist of entire
columns; they are the analogs of the values of the spectral measure.

In accordance with our indications in and since §46, we shall think
of multiplicity as defined not for proper values only but also for sets
of proper values, or, equivalently, for arbitrary values of the spectral
measure. If, for instance, the spectral measure E is such that its asso-
ciated column configuration is exactly the one indicated by our diagram,
then the multiplicity of the value of E on the entire complex plane is
1, and the multiplicity of Z({\7, s, Ao, A1o}) is 2.

Once the diagram corresponding to a spectral measure has been con-
structed, it is trivial to read off from it the answer to every multiplicity
question. The multiplicity associated with any set of A’s is the largest
number of rows each of which cuts across the entire set under considera-
tion. If the spectral measure is such that every column is of height 1
(if, in other words, every proper value is simple), then the answer to
every multiplicity question is 1 or 0. Since the answer to the most general
multiplicity question can be formulated in terms of rows, in terms, that
is, of what may well be called simple spectral measures, it behooves us
to try to understand the concept of simplicity and the manner in which
a general spectral measure is made up of simple pieces.

§52. Simple Finite-dimensional Spectral Measures

The finite-dimensional case and the general case described in §50
make contact with each other through the following comment. Sup-
pose that the finite-dimensional spectral measure E discussed in the
preceding section is simple, i.e. that each u; is equal to 1. Consider in
this case the measurable space X whose points are the proper values
of the operator A and all of whose subsets are measurable; let u be the
measure in X whose value on any subset of X is the number of points
in that subset. It is easy to verify that, under these circumstances, the
canonical spectral measure associated with x (i.e. the onc whose value
on a set A is multiplication by the characteristic function of M) is
isomorphic to E. In other words: the building blocks which served to
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construct our general canonical examples are natural generalizations of
the simple pieces that occur in all finite-dimensional spectral measures.

The simple pieces may also be characterized intrinsically, without the
use of an auxiliary measure space. Every vector 2 in our finite-dimen-
sional Hilbert space § may be written as a sum, v = Z;x;, where, for
each j, x, belongs to the range of £;. If we apply all possible values of
I to z and then form the projection on the subspace spanned by the
vectors so obtained, we end up with a projection P such that E « p.
(A projection such as P is called cyclic. The terminology is suggested by
that of cyclic groups and the circumstance that the range of P is spanned
by the set of all vectors of the form A"z, n = 1,2, --- . The reader is
advised to supply the proof of this last assertion.) If I is simple, we
can exhibit 1 as a cyclic projection by making sure that 2 has a non-
zero component in the range of each £; ; it is true, conversely, that if
E is not simple, then 1 is not cyclic.

Although both the characterizations of simplicity described in the
two preceding paragraphs have their uses in the infinite-dimensional
case, the most revealing and applicable characterization is the one that
follows. With cach projection P that commutes with E, i.e. with each
subspace that reduces A, we associate the least value of the spectral
measure I which contains P. This construction has a perfect analog in
our column diagram: with each set therein we associate the union of
all the columns that have a non-empty intersection with the set. The
rows, the objects which enable us to count multiplicities quickly, have
an interesting relation to the associated column set. A necessary and
sufficient condition that a set be a row (in the sense that it contain not
more than one point from each column) is that every one of its subsets
may be obtained as the intersection of the given set with a suitable set
of columns. Equivalently: a necessary and sufficient condition that
the entire diagram consist of but one row is that every one of its sub-
sets be a column. The geometric fact suggested by this characterization
is true. A necessary and sufficient condition that a finite-dimensional
spectral measure be simple is that every projection P which commutes
with it be one of its values. Another way of formulating the same result
is this: a necessary and sufficient condition that a finite-dimensional
spectral measure be simple is that its values form a maximal abelian
set of projections.

If the reader will keep in mind the comments in this section and the
preceding one, and if he will systematically compare each definition,
each theorem, and each proof with the corresponding concept, asser-
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tion, and construction associated with our column diagram, he should
have no difficulty in following the remaining technical details. Some
of the distinctions that we shall be forced to recognize do not, to be
sure, show up in our diagram. If, however, the diagram is generalized
SO as to admit infinitely many (and possibly even uncountably many)
rows and columns, then it becomes an almost perfect schematization of
our work. If the countable subsets of the base space, together with their
complements, are the ones that are declared measurable, then even the
phenomena of non-measurability can be exemplified by generalized
column diagrams.

§53. The Commutator of a Set of Projections

From now on we shall again reserve the symbol $ for an arbitrary but
fixed Hilbert space and the word “projection’” will refer to projections
whose domain is 9.

We reeall that the symbol < denotes commutativity. We now extend
its domain of applicability by writing P <> Q whenever P is an operator,
Q is a set of operators, and P « Q for all Q in Q. Since we are particu-
larly interested in projections, we introduce the notation A for the
set of all projections, and, if P is any subset of A, the notation P’ for the
set of all those elements P of A for which P <> P. The purpose of this
Section is to study the elementary properties of sets such as P’.

TraroreMm 1. If P C A, then P C P”.

Tueorem 2. If P C Q C A, then Q' C P'.

Tueorem 3. If P C A, then P’ = P,

Proof. Substituting P” for Q in Theorem 2, we obtain P’ C P'. If,
on the other hand, we apply Theorem 1 to P’ in place of P, we obtain
the reverse inequality P! < P,

Tneorem 4. A set P of projections is commutative (i.e. P C P’) if
and only if P" is commutative (i.e. P C P’). -

Proof. If P C P, then an application of Theorem 2 shows that
P” < pP'. If, on the other hand, P < P’/ = P, then, by Theorem 1,
Pcp.

TuHEOREM 5. If P C A, then 0 ¢ P, 1 ¢ P/, and if {P;} s a family
of projections in P’, then V; P; e P’ and A;P; e P’

Proof. If P and Q are projections, then P <> Q is equivalent to the
assertion that the range of Q is invariant under P. The conclusion fol-
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lows from the fact that the span and the intersection of any family of
subspaces invariant under P are themselves invariant under P.

In view of Theorem 5, the commutator P’ of any set P of projections
is a complete sublattice of the lattice A of all projections. Since P’ con-
tains 1 — P along with P, the lattice P’ even possesses a natural com-
plementation operation. It follows that if P’ happens also to be com-
mutative, so that the lattice-theoretic distributive laws are valid in
P’ (cf. 30.3), then P’ is a complete Boolean algebra.

§54. Pairs of Commutators

Throughout the remainder of this book (X, S) will be a fixed meas-
urable space and L a fixed spectral measure on S. We shall denote the
range of E (i.e. the set of all projections of the form E(M) for some M
in S) by E; weshall write P = E’, and F = P’. Since E is commutative,
it follows (53.4) that F = E” is also commutative and hence that F
is a complete Boolean algebra. The essential relations among E, F,
and P are the inequalities E C F C P and the cquations E” = P/ = F
and F' = P.

The consideration of F is not one of the things that our heuristic
considerations prepared us for; in the finite-dimensional cases F turns
out to be the same as E. In the general case F may be viewed as a kind
of completion of E. The set E need not be a complete Boolean algebra—
F is. The projections which commute with all the elements of P = E’
need not belong to E—they do belong to F. Since our development will
yield an almost complete insight into the structure of the projections
in F, we can only gain information, and not lose any, by incorporating
F into our study.

In all our constructions the space X will play a relatively minor,
auxiliary role; what is important is the pair of sets F and P. We propose,
in other words, to present a structure theory for pairs F and P, where
F and P are sets of projections, F is commutative, F* = P and P’ = F.
Since, however, our proofs will make use of X, F, and E, the material
out of which our particular F and P were manufactured, it might seem
that our promises are greater than our deeds. For the sake of the reader
who is interested in the additional generality we record here our assur-
ance that we are not really sacrificing any of it. The point is that th.e
standard theory of representations of Boolean algebras implies that if
F is any complete Boolean algebra of projections (i.e. a complete Boolean
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subalgebra of A), then there exists a measurable space (X, S) and a
Spectral measure I on S such that the range of E is exactly F.

In view of the last assertion, the presence in our theory of X, E, and
E might actually be said to be a gain in generality rather than a loss,
since the apparently more general theory involving F and P alone is
always associated with an X and an I such that E = F. Although the
shallowness of this comment is probably obvious, it does help to clarify
matters slightly. The various levels of the constructs we will employ
are clearer if they are kept separate and if, therefore, it is not assumed
that E =F.

The reader who is not interested in, or did not understand, the pre-
f:eding two paragraphs, is advised to forget them. Our previews of com-
ng attractions are hereby over, and we are now going to settle down to
an uninterrupted showing of the main feature; the cast of characters is,
S announced at the beginning of this section, X, E, E, F, and P.

§55. Columns

If P eP, the column generated by P, in symbols C(P), is the small-
est element of F which contains P: C(P) = AN{F:P £ F ¢ F}.
_ The beginning of the theory of columns is quite easy. It is clear, for
Instance, that P < C(P) for every P in P and that C(P) vanishes if
and only if P vanishes. It is also clear that the formation of columns is
4 monotone operation (i.e. that if P and Q are in P and P = Q, then
C(P) = C(Q)), and that the column generated by a projection in F
Is itself (i.e. that if F e F, then C(F) = F). On a slightly higher level
We encounter the additive and multiplicative properties of the function C.

TuEOREM 1. If {P}} isa famaly of projections in P and if

P =V;P,,
then
C(P) = V,C(P)).
_ Proof. Since P; = P < C(P), it follows that C(P,;) < C(P) for all
J and hence V; C(P;) = C(P). Since, on the other hand, P; < C(P;)
for all j, we have also P = V,; P, < V; C(P;) and consequently

C(P) = V; C(P)).
(Recall that Vj C(P,) € F.)
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There is no intuitive geometric reason for expecting C to be multj.
plicative as well as additive, and indeed it is not; the following resy]t
exhibits the one little shred of multiplicative behaviour that C' doeg
possess.

THEOREM 2. If P e P and F ¢ F, then C(FP) = FC(P).
Proof. Since FP £ F and FP £ P, it follows that
C(rp) £ C(F) =T
and
C(FP) = C(P),
and consequently that C(FP) = FC(P). Since, on the other hang
P=(Q1-FP+FP=Q1—-F)+FP,
it follows that
C(P) £ (1 =F) + C(FP),
and hence that
FC(P) £ FC(FP) = C(FP).

Because of its later applicability we record here for reference

an im-
mediate corollary of Theorem 2.

Tueorem 3. If PeP, FeF,and 0 # F < C(P), then FP = o,
Proof. C(FP) = FC(P) = T.

§56. Rows

A row isa projection R in P such that if R > P ¢ P, then P = C(P)R.
We note that if P and R are projections in P such that P < R, then,
since P < C(P), the inequality P £ C(P)R is always valid. The state-
ment that R is a row means that the inequality reduces to an cquality
for all admissible P.

TuEOREM 1. If R 45 a row and if R 2 SeP, then S is a row.

Proof. If S 2 PeP, then R = P and therefore P — C(P)E; it
follows that P = PS = C(P)R-S = C(P)S.

THEOREM 2. [ f R isa row and if P and Q are projections in . P such
that P < R and Q < R, then P < Q and C(PQ) = C(P)CQ). If

C(P) = C@Q),
then

P =Q
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Proof. Since P = C(P)R and Q = C(Q)R, the commutativity of
P and @ and the last assertion of the theorem are obvious. To prove
that under these special circumstances C is multiplicative, we note that
since C(P) < C(R) and C(Q) = C(R), it follows that

CP)CQCR) = C(P)CQ).

l‘ he desired conclusion follows from an application of 55.2 to the rela-
tion PQ = C(P)C(Q)R.

E\rerything we are going to do from here on in will aim at showing
10W rows are always put together to form columns. At the present
stage, however, our discussion is somewhat hampered by the fact that
We have no particular reason to believe that such things as rows even
exist. We find it necessary, therefore, to begin a somewhat lengthy
detour whose purpose is to dig out the rows that we need from the
Hilbert space and the spectral measure that are at the basis of our theory.

§57. Cycles
For any vector z in , the cyclic projection or more concisely the
¢yele generated by =, in symbols Z(z), is the projection on the subspace
of § spanned by the set of all vectors of the form E(M)z, M e S. Our
first duty is to show that the concept of cycle is not entirely foreign to
the subject we are studying.

THEOREM 1. If x € O, then Z(z) € P.

Proof. If M and N are in S, then E(M)E(N)x = E(M n N)z, so
that the range of Z(x) is invariant under E(AI). It follows that the
Tange of Z(x) reduces E(M), and hence that E(M)« Z(z). Since M is
a"bitl‘fu'y, this means that Z(z) ¢ E’ = P.

We can now proceed with good conscience to derive the properties
of eycles and their relations to rows and columns.

THEOREM 2. If PP, 2 ¢ §, and P < Z(z), then P = Z(Pz).

Proof. The range of Z(Pz) is, by definition, the span of the set of
all vectors of the form E(M)Px = PE(M)z, M € S. It follows that the
range of Z(Px) is the image under P of the span of the set of all vectors
of the form E(M)z, M ¢ S, and hence that Z(Pz) = PZ(z) = P.

THEOREM 3. IfF ¢ Fandz e D, then FZ(x) = Z(Fx).

Proof. If P = FZ(), then, by Theorem 2,

FZ(z) = P = Z(Pz) = Z(FZ(z)z) = Z(Fxz).
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THEOREM 4. If PeP and z¢ O, then Pz =0 and Pz = x are
equivalent to Z(x) L P and Z(x) = P respectively. '

Proof. If M ¢S and Px = 0, then PE(M)x = E(M)Px = 0. It
follows that I’y = 0 whenever y belongs to the range of Z(z) and hence
that PZ(z) = 0. Applying this result to 1 — P in place of P, we see
that Z(z) £ P whenever z belongs to the range of P. These remarks
prove a half of both the asserted equivalences; the remaining halves
are trivial.

It is time to observe that if z = 0, then Z(z) = 0, and that the more
significant converse of this implication is also valid. (Recall that the
range of Z(zx) contains E(X)x = z.) If we introduce the convenient
abbreviation C(z) for C(Z(x)), then we can announce a similar state-
about C(z): a necessary and sufficient condition that C(z) = 0 is that

z = 0. This last assertion has a slight generalization which we shall
find useful.

TrEoREM 5. If FeF,z¢9,and 0 # F < C(x), then Fx = 0.

Proof. 1If Fz = 0, then, by Theorem 4, FZ(x) = 0 and therefore
F=F-C@)=CWF-Z%x)=0.

§58. Separable Projections

A projection F in F is separable if every orthogonal family {F;} of
non-zero projections in F, such that I'; £ F for all j, is necessarily count-
able. The main purpose of this section is to show that the columns
C(z), introduced at the end of the preceding section, are intrinsically
characterized by the property of separability. We observe that if F and

G are projections in F such that F < G and @ is separable, then I is
separable.

THEOREM 1. If {F;} is a counlable orthogonal family of separable
projections in F, and if F = V;F;, then F is separable.

Proof. If {G} is an orthogonal family of non-zero projections in F
such that G, < F for all k, then {F;G,} is, for each value of j, an or-
thogonal family of projections in F such that F;G, < F; for all k. It
follows that, for each j, F;Gr = 0 except for a countable set of values

of k. Since G; = FG, = V;F;G for all k, it follows that {G,} is count-
able.

THEOREM 2. If z ¢ §, then C(z) is separable.
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Proof. TIf {F,} is an orthogonal family of non-zero projections in F
such that F; < C(z) for all j, then X,;F; < C(x) and consequently
Zi|l Fsz |IF = || = [|°. The countability of {F,} follows from 57.5.

THEOREM 3. If P and Q are in P, if P < C(Q), and if C(Q) is scp-
arable, then there cxists a vector x in the range of P such that C(P) = C().
Hence, in particular, if I ¢ F and F is separable, then ' = C(x) for
Some vector x.

Proof. Let {x;} be a maximal family of non-zero vectors in the
Tange of P such that C(x;)C(x:) = 0 wheneverj # k. Since C(x;) = C(Q)
for all 5, and since C(Q) is separable, the family {z;} is countable and
there is therefore no loss of generality in assuming that Z; || z; || < .
If we write 7 = = i%;, then z is in the range of P; we shall complete
the proof by showing that C(P) = C(x). If C(P) — C(z) = 0, then,
by 55.3, the range of (C(P) — C(x))P contains a non-zero vector y.
It follows that y belongs to the range of P and hence to the range of
C(P). Since y also belongs to the range of C(P) — C(x), it follows that
Cl@)y = 0. Using 57.4, we see that C(z)Z(y) = 0 and hence, by 55.2,
that Cx)C(y) = 0. If we knew that C(xz;) = C(x) for all j, then we
could conclude that the existence of y contradicts the maximality of
the family {w;}, and the proof would be complete. It is therefore suffi-
cient to prove that Z(z;) < Z(x) for all 7.

Since C(z,)zi = 6k, it follows that C(v;)x = x; and hence (since
C(z;) ¢ F) that Z(x)x; = Z(x)C(zj)x = C(x))Z(x)x = C(wj)x = xj for
all j. Consequently Z(x) E(M)z; = E(M)Z(z)x; = E(M)z; whenever
M €S, and therefore Z(x)Z(x;) = Z(x;) or Z(x;) < Z(x) for all j.

§59. Charactcrizations of Rows

Since on several occasions we shall run into pairs of projections PP
and @ in P such that C(P)C(Q) = 0, it is convenient to introduce a
technical term for the phenomenon; under these circumstances we shall
Say that P and Q are very orthogonal.

THEOREM 1. A necessary and sufficient condition that a projection
R in P be a row is that ifR=ZPeP, R = QeP,and P and Q are or-
thogonal, then P and Q are very orthogonal.

Proof. If R is a row, if P = C(P)R, Q = C(Q)R, and if PQ = 0,
then C(P)C(Q)R = 0. Applying 55.2, we conclude that

CP)C@R)C(R) = 0,
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and hence, by the monotony of the formation of columns, C(P)C(Q) = 0.
This proves the necessity of the condition; to prove sufficiency we sup-
pose that R = P ¢P and we write @ = C(P)R — P. It is clear that
R = Q¢P and that PQ = 0; it follows from the hypothesis that
C(P)C(Q) = 0. Since, however, the relation @ < C(P) implies that
C(Q) = C(P), we may conclude that C(Q) = 0 and hence that @ = 0.

In other words P = C(P)R, and therefore, since P is arbitrary, I is a
row.

We turn next to one of the results whose object is to tie together the
various concepts we have introduced. We shall be able to make use of

the result immediately to obtain (in Theorem 3 below) a significant
strengthening of Theorem 1.

THEOREM 2. If P € P, then there exists an orthogonal family {Z(x;)}
of cycles such that P = V;Z(x;).

Proof. Let {z;} be a maximal family of non-zero vectors in the
range of P such that Z(x;)Z(x:) = 0 whenever j = k. If

P — V;Z(z;) # 0,

then the range of P contains a non-zero vector = such that Z(z;)x = 0
for all j. It follows from 57.4 that Z(x;)Z(x) = 0 for all j. Since this

contradicts the assumed maximality of the family {x;}, we must have
P — V;Z(z;) = 0.

In view of our subsequent results on orthogonal sums of cycles, the
reader is warned to make an effort to keep straight the conclusion of

Theorem 2. The essential point is that the family {Z(x;)} is not asserted
to be very orthogonal.

TuEOREM 3. A necessary and sufficient condition that a projection
R in P be a row is that if Z(x) and Z(y) are orthogonal cycles such that
R =z Z(x) and R = Z(y), then Z(x) and Z(y) are very orthogonal.

Proof. The necessity of the condition follows from Theorem L.
To prove sufficiency, we suppose that R 2 PeP, R > Q ¢ P, and P
and Q are orthogonal; in view of Theorem 1, the desideratum is to
prove that P and Q are very orthogonal. According to Theorem 2, there
exist orthogonal families {Z(x;)} and {Z(y)} of cycles such that P =
V;Z(z;) and Q = V. Z(y,). Since PQ = 0, it follows that

Z(x)Z(y) =0
for all j and k and therefore, by the hypothesis of the theorem,
C(:v,) C(yk) =0
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for all j and k. Since the additivity of the function C implies that

C(P) = V,;C(=;)
and

C@Q) = ViC(yw),
we may conclude that C(P) C(Q) = 0.

§60. Cycles and Rows

Our theorems get deeper all the time. In this section we prove two
key propositions, the first of which asserts that cycles do indeed have
the measure-theoretic characterization that our heuristic comments
hinted at. (The second one can speak for itself.)

TuroreMm 1. If v € © and if p is the measure on S defined for every
M in S by p(M) = (E(M)z, ), then there exists an isomorphism U from
2(u) onto the range of Z(x) such that UE(M)Uf = x,-f whenever
J €R(u) and M € S.

Proof. We write Ux,, = E(M)z for every M in S. If the definition
of U is extended from characteristic functions to simple functions by
the requirement of linearity, then, in view of the definition of Z(z),
Ubecomes a linear transformation from a dense subset of 2:(u) onto a
dense subset of the range of Z(x). The additivity of E guarantees the
uniqueness of the definition of U. Since the relations || x,, ||° = x(3) =
(B2, z) = || EQD)z|]* = || Ux, ||? shows that U is norm-preserving,

may be extended to an isomorphism. If M, and M are in S, then

Ulxary Xsr) = Ulxaroan) = E(Mo 0 M)z
= E(Mo) E(M)x = E(Mo) Ux,, -

'l"his means that U(x,,-f) = E(M,)Uf whenever f = x,, ; approxima-
tion by simple functions proves the validity of the relation for all f in
Lo(u).

THEOREM 2.  Every cycle is a row.

Proof. We are to prove that if z e and if Z(z) = P ¢P, then
P = C(P)Z(x). It is convenient to use the result and the notation of
Theorem 1. If @ = UT'PU, then Q is a projection with domain 22(u).
If M €S, then, for every f in Ru(u),

Qlxyf) = U'PU(xyf) = UPPEM)Uf = UE(M)PUSf
= U'E(M)U-U'PUf = x»" @S-
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Consider in particular the function & identically equal to 1 and write
x = Qh. Since x Xy = Xp'X = Xar'Qh = Q(xx-h) = Qx, , i.e. since
Q and multiplication by x have the same effect on every x,, , it follows
that x-f = Qf for all f in (u). The fact that Q is idempotent implies
that our notation is justified, i.e. that x = x,,, for some M, in S.

If now y is any vector in the range of Z(z), so that y = Uf for some
fin R(u), then Py = PUf = UQf = Ulxy,f) = E(Mo)Uf = E(Mo)y.
The arbitrariness of 3 implies that P = PZ(x) = E(M,) Z(zx). It follows
that

C(P) = E(Mo) C(z) = E(M,).
Since
P £ C(P)Z(z) = E(Mo)Z(z) = P,

the proof is complete.

§61. The Existence of Rows

Our detour is almost over. The last result that we obtained shows
that rows exist and even (in view of 59.2) that they exist in abundance.
The main purpose of this section is to prove, on the basis of a couple of
preliminary results, that there exist rows of arbitrarily prescribed
lengths. '

Tueorem 1. If {Z;} is a very orthogonal family of cycles and if
R = V,;Z;, then R is a row.

Proof. Suppose that Z(z) and Z(y) are orthogonal cycles such that
R = Z(z) and R = Z(y); in virtue of 59.3 it is sufficient to prove that
Z(x) and Z(y) are very orthogonal. If we write

z; = C(y)C(Z))z,
then 57.3 implies that Z(z;) = Z(z) C(y) C(Z;) for all j; if, similarly,
y; = C@2)C(Z))y,
then Z(y;) = C(z)Z(y)C(Z;) for all j. Since
Z(z;) < Z()

and
Z(y;) = Z(y)
for all j, it follows from the orthogonality we have assumed, that

Z(z)%(y;) = 0
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for all 5. On the other hand we have
Clz,) = Cx)CW)C(Z;) = Cly,)

for all j. Since «; belongs to the range of C(Z;), it is orthogonal to the
range of Z; whenever k& = j and, consequently, x; belongs to the range
of Z; ; similarly, of course, y; belongs to the range of Z,. Since Z; is a
row (cf. 60.2), it follows from 56.2 that Z(z;) = Z(y;) for all j. The
only way to reconcile our apparently contradictory results is to conclude
that all Z(z;) and Z(y;) and therefore all C(x) C(y) C(Z;) vanish. Since
C@)C(y) = C@)CW)CR) = V,;C(x)C(y)C(Z;) = 0, we have proved

what we had to prove.
Turorem 2. If {R;} is a very orthogonal family of rows and if

R = V;R;,
then R is a row.

Proof. Using 59.2, we may express each R; as an orthogonal sum of
cycles. The fact that each R; is a row implies that any twp distinct ones
of its summands are very orthogonal. The fact that {R;] is a very
orthogonal family implies that if j  k, then any summand of R; is
very orthogonal to any summand of R, . If, in other words, we unite
into one family all the cycles used to obtain all R;, we obtain a repre-
sentation of B as a very orthogonal sum of cycles, and Theorem 2 be-
comes an immediate corollary of Theorem 1.

TrEOREM 3. If P € P, then there exists a row R such that R < P and
C(R) = C(P).

Proof. Let {R;} be a maximal very orthogonal family of non-zero
rows such that B; < P for all ;. If it is not true that P < V;C(R;), then
(since P <> V,C(R;)) there exists a non-zero vector x in the range of
P such that C(R;)z = 0 for all j. Since Z(z) is a row, Z(z) < P, and
since, by 57.4 and 55.2, C(R;)C(z) = O for all j, the existence of z
contradicts the maximality of the family {R;}. We are therefore forced
to accept the inequality P < V,;C(R;) and, as a consequence, the in-
equality C(P) = V,;C(R;) = C(V;R;). Since the reverse of the last-
written inequality is obvious and since, by Theorem 2, V;R; is a row,
the proof is complete.

§62. Orthogonal Systems

If F ¢ F, an orthogonal system of type F is an orthogonal family {R;}
of non-zero rows such that C(R;) = F for all j. The purpose of this
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section is to show how to construct various orthogonal systems and
how to put together the ones we have constructed to obtain bigger ones.

Tueorem 1. If w is a cardinal number, if {F;} is an orthogonal family
of non-zero projections in F, and if, for each j, {R;.} is an orthogonal
system of type I'; and of power u, then {V ;R;.} is an orthogonal system of
type V ;I'; and of power w.

Proof. 1If, for each index k, Ry = V;Rj , then it follows from (1.2
that {R:} is an orthogonal family of non-zero rows. The proof is com-
pleted by the observation that C(R:) = V;C(Rjz) = V;F; for all k.

We observe that if {R;} is an orthogonal system of type I”, then
V;R; = F; the orthogonal system {R;} is called complete if V;R; = F,
It is obvious that a complete orthogonal system of type I is a maximal
orthogonal system of type F; we shall presently see that every maximal
orthogonal system of type F is put together from complete orthogonal
systems of suitable types.

TueoreMm 2. If {R;} is an orthogonal system of type I' and if Fy is
a non-zero projection in F such that Fo = I, then {F,R;} is an orthogonal
system of type Fo ; if {R;} is complele, then so is {FyR;}.

Proof. 1t is clear that {FoR;} is an orthogonal family of projéctions
in P and that C(FoR;) = FoF = Fo for all j. Since, for all j, FoR; = 0
(by 55.3) and FoR; is a row (by 56.1), it follows that {FoR,} is indeed
an orthogonal system of type Fo . If V,;R; = F, then

V;FoR; = Fo-V;R; = I,

TraEorEM 3. If {R;} is an orthogonal system of type F and of Iy is
a non-zero projection in F such that Fo = V;R;, then {F,R;} is a com-
plete orthogonal system of type Fy .

Proof. Tn view of Theorem 2 it is sufficient to prove completeness,
and this is a consequence of the relations Fo = F,-V;R; = v ;FoR; .

Treorem 4. If {R;} is a maximal orthogonal system of (necessarily
non-zero) type F, then there exists a veclor x in the range of F such that
{C(@)R;} is a complete orthogonal system of type C(z).

Proof. If P = F — V;R;, then, since P < F, it follows that

C(P) £ F.
If C(P) = F, then, by 61.3, there exists a row R such that R < P and

C(R) = F. Since this contradicts the maximality of {R;}, it follows that
Fy = F — C(P) 0. Since the relation F,C(P) = 0 implies that

FoP =0,
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and since this in turn implies (in view of the definition of P) that

I, = VJ'RJ' )
it follows from Theorem 3 that {F,R;} is a complete orthogonal system
of type Fy. The proof of Theorem 4 may be completed by selecting an
arbitrary non-zero vector in the range of Iy and applying Theorem 2
to {FoR;}, Iy, and C(x) in place of {R,}, F, and F, respectively.

§63. The Power of a Maximal Orthogonal System

The theorem of the present section is the fundamental theorem of
multiplicity theory.

Trneorem 1. If F e F, then any two maximal orthogonal systems of
type I have the same power.

Proof. 1f F = 0, there are no orthogonal systems of type F and the
power in question is zero. Suppose then that « and » are non-zero cardinal
numbers and that {R,} and {S;} are maximal orthogonal systems of
type I and of power w and v respectively. By symmetry it will be
sufficient to prove that » < w.

By 62.4, there exists a non-zero vector x in the range of I such that
{C(x)R;} is a complete orthogonal system of type C(z). Since we may
replace I, {R;}, and {S,} by C(z), {C(x)R;}, and {C(x)S} respectively
(cf. 62.2), we may (and do) assume that {R;} and {Si} are orthogonal
systems of type C(z) and of power u and v respectively, and that

ViSk = V;R;;

under these conditions we shall prove that v < u.

Since R; < C(R;) = C(z) for all j, it follows from 58.2 and 58.3
that R; = Z(z,) for a suitable vector z; ; similarly we may find, for
each k, a vector yx such that Sy = Z(y).

Suppose now that w is infinite. For each value of 7, let K; be the set
of those indices k for which Z(y)z; % 0; it is clear that each K is
countable. If k ¢’ U; K ; , i.e. if Z(y:)x; = 0 forall §, then Z(yx) Z(x;) = 0
for all j and therefore Z(y:) = Z(y:)-V;%(x;) = 0. Since this is false,
it follows that every & belongs to U; K; and hence that » £ No-u =

In case w is finite, the proof is a bit more complicated. For each index
J we write p; for the measure on S defined for every M in S by

ri(M) = (E(M)z;, ;).

According to 60.1, there exists an isomorphism U, from %.(x;) onto the
range of Z(z;) such that U;'E(M)U; f; = x x-Ji whenever f; e L(u;) and
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M ¢ S. Putting together the separatc isomorphisms U; we obtain an
isomorphism U from the direct sum, say &, of all €2(x;) onto the range
of V;Z(x;) such that UTE(M)U{f;} = {x,fi;} whenever {f;} ¢ & and
M eS.

We define a measure x on S by writing u(M) = (E(M)z, z) for every
M in S. If u(M) = 0 for some M, then E(M)r = 0 and therefore
E(M)C(x) = 0. Since C(z) = C(x;), it follows that E(A)C(z;) = 0 and
therefore, in particular, E(M)z; = O for every j. These considerations
imply that each of the measures p; is absolutely continuous with respect
to p and that, therefore, there exists a family {g;} of non-negative
functions in 2,(z) such that u;j(M) = [xg;du for all j and for every
M in S.

Since v belongs to the range of V;Z(z;) for all k, we can find vectors
{fir} In & such that y, = U{fa}. If M €S, then

(EM)ys, , Ye,) = EQNDU{Sir,}, Ulfiea}) = (Ulxy-fier}s UlSira})
= (xySimds Uiead) = Zi f xarissfiadis = 25 [ ae feiSore 0500

= [u Ejfik.f;‘kz g;dp.

If u(M) = 0, then a repetition of the argument of the preceding para-
graph shows that a necessary and sufficient condition for the vanishing
of (E(M)yx,, yx,) is that ky 5 k.. It follows that if k, and k. are re-
stricted to a countable subset of the index set {k}, then there exists a
set M in S such that p(M) = 0 and such that if te X — M, then a
necessary and sufficient condition for the vanishing of

Zif () Fa(2) 95(0)

is that k; 5 ko . Since for a fixed ¢in X — M, and for each k, {f(!)} isa
vector in a u-dimensional Hilbert space in which, therefore, the power
of an orthogonal set of non-zero vectors is not greater than w, it follows
that indeed v £ u, and the proof is complete.

§64. Multiplicities

The result of the preceding section enables us to associate a unique
cardinal number with every projection F in F. We define the multiplic-
ity of F, in symbols w(F), to be the power (possibly zero) of a maximal
orthogonal system of type F. The function u, from F to cardinal num-

bers, behaves very much like the multiplicity functions we defined in
§49.

v
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Tueorem 1. If I and G are projections in F such that 0 ¢ F =< G,
then w(@) £ w(F);if F = 0, then u(F) = 0.

Proof. If {R;} is an orthogonal system of type G, then, by 62.2,
{FR,} is an orthogonal system of type F. This proves the first assertion;
the second assertion is obvious.

Tueorem 2. If {F;} is an orthogonal family of non-zero projections
inF and if F = V;F;j, then u(F) = min {u(F;)}.

Proof. We write u = min {u(F;)}. Since F; £ F for all j, it follows
from Theorem 1 that u(F) < u(F7;) for all j and hence that u(F) = w.
Since, on the other hand, u(I";) = w for all j, it follows that, for each
J» there exists an orthogonal system {R;} of type F; and of power u.
Since, by 62.1, {V,;R;:} is an orthogonal system of type F, it follows that
w(l) = .

We continue imitating the theory of multiplicity functions. If a pro-
jection I in F is such that u(F) = w(Fo) whenever F, is a non-zero pro-
Jection in F such that Iy < I, we shall say that F has uniform multi-
plicity.

Turorem 3. If {I;} is an orthogonal family of projections in F such
that each I; has uniform multiplicity u, and if F = V;F;, then F has
uniform multiplicity u.

Proof. If Fy is a non-zero projection in F such that Fo < F, then
Fo = V;F,F; . Since the last-written equation remains valid if the sup-
remum is extended over those indices j for which FoF; # 0, it follows
from the uniformity of the Fs and from Theorem 2, that w(Fo) = u.

THEOREM 4. A necessary and sufficient condition that a non-zero pro-
Jection F in F have uniform multiplicity ts that there exist a complete
orthogonal system of type F.

Proof. The sufficiency of the condition follows, using 62.2, from the
fact that a complete orthogonal system is maximal. To prove its neces-
ity, we let {F;} be a maximal orthogonal family of non-zero projections
in F such that F; < F for all j and such that for each j there exists a
complete orthogonal system of type F;. That such families exist, and
that, in fact, the maximality of {F,} implies V;F; = F, follows from
62.4. Since the power of g complete orthogonal system of type F; is
exactly u(F) for all j, it is legitimate to denote such a system by {Rx},
with the same index set {k} for all j. If R, = V,Rj , then, by 62.1,
{R.} is an orthogonal system of type F; the completeness of {R:} fol-
lows from the relations V. R, = ViViRjy = ViF; = F

.
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TueoreM 5. If, for each cardinal number w not exceeding the dimen-
sion of 9, F, is the supremum of all those projections in F which have
uniform multiplicity u, then {F.} is an orthogonal family, V. F. = 1, and,
for each w, either F, = 0 or F. has uniform multiplicity u.

Proof. For a fixed cardinal number u, let {G;} be a maximal orthog-
onal family of projections in F such that each G; has uniform multi-
plicity u. If @ = F, — V;G; # 0, then there exists a projection I in F
such that F has uniform multiplicity » and such that FG = 0. Since
F@ has uniform multiplicity u, this contradicts the maximality of the
family {G;}. Consequently F, = V;G;, and thercfore either F, = 0
or, by Theorem 3, F, has uniform multiplicity u. It follows that if
F, Fv #= 0, then, since Fu r. = I’u and Fu Fx~ = Fp , the multhhClty of
F,F, is equal to u and to v at the same time, or, in other words, © = v.
The fact that 1 — V,.F, = 0 follows from 62.4 and Theorem 4.

The results of this section essentially conclude the structure theory
of the pair of sets F and P. Theorem 5 shows us that & decomposes in a
natural and intrinsically defined manner into piceces of uniform multi-
plicity; Theorem 4 tells us that each such piece is made up of rows cut-
ting all the way across. From 59.2 we know that every projection in P and
therefore, in particular, each of the rows that make up one of the uniform
pieces, is.an orthogonal sum of cycles; according to G0.1, the given
spectral measure behaves on each such cyele as do the multiplications
by characteristic functions of measurable sets on a finite measure spuce.
In the remaining sections we tie this all up with multiplicity functions
s0 as to obtain the isomorphism of I with a canonical spectral measure.

§65. Measures from Vectors

If z is a vector in H, we shall write p(z) for the measure u defined for
every M in S by u(M) = (E(M)z, z). In this section we shall study
the relation of the function p to some of the other concepts we have
introduced. The first and most obvious property of p is that p(x) = 0
ifand onlyif # = 0; for the proof we need merely to recall that since
E(X) = 1, it follows that (E(X)z,2) = ||z |]. A slightly less obvious
property of p is a kind of additivity: if {Z(z;)} is an orthogonal family of
cycles, and if the family {z;} of vectors is summable with sum =, then

p(x) = V;p(z;).

To prove this we observe that, for each value of j, E(M)z; belongs to
the range of Z(z,) for every M in S; it follows that {E(M)z;} is an
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orthogonal family of vectors and that || E(M)z ||° = 2, || E(M)x; ||° for
every M in S. Our next result lies somewhat deeper.

THEOREM 1. If 2 and y are vectors, a necessary and sufficient condi-
tion for the orthogonality of p(x) and p(y) is the orthogonality of C(x)
and C(y).

Proof. We write g = p(x) and v = p(y). If ¢ L », then there exists
a set M in S such that v(M) = u(X — M) = 0. (There are many ways
of secing this: one way is to apply 47.2 first to » and » v u and then to
r and v vp.) It follows that E(M)y = E(X — M)x = 0 and hence
that y = E(X — M)y and x = E(M)z. Since this implies that

Cly) = E(X — M)
and
C(x) = E(M),

the orthogonality of C(z) and C(y) follows from that of E(A) and
E(X — MM).

Suppose now that we know that C(z) and C(y) are orthogonal. Since
C(Z(z) v Z(y)) = C(z) v C(y) and since, by 58.1 and 58.2, C(z) v C(y)
1s separable, it follows from 58.3 that there exists a vector z in the range
of Z(z) v Z(y) such that C(z) v C(y) = C(z). Write u = p(z) and let
U be the isomorphism described in 60.1 from %.(u) onto the range of
Z(). If x = Uf and y = Ug, then, since Z(z)Z(y) = 0, it follows that

0 = (E(M)z,y) = (E(M)US, Ug) = (Ulxnf), Ug) = [ufg*du

for every M in S. This means that f(f) g*({) = O for almost every ¢
(with respect to the measure u) and hence that there exists a set M
in S such that f(¢) = 0 for almost every ¢ in M and g(f) = O for almost
every tin X — M. For this set M we have

(E@D)z, z) = || EMOUS | = || UGad) II* = fa | fdu = 0

and similarly (E(X — M)y, y) = [x—x|g|°de = 0, whence p(z) L p(y)
as asserted.

TrEOREM 2. If z and y are vectors, a necessary and sufficient condi-
tion that p(r) K p(y) is that C(z) < C(y).

Proof. Write £ = y, 4 2, with y, in the range of C(y) and 2z or-
thogonal to the range of C(y). Since p(z) = p(yo) v p(20), it follows that
if p(z) < p(y), then p(z0) < p(y). Since, on the other hand, C(y) C(z) = 0,
it follows from Theorem 1 that p(z) L p(y). Consequently p(z) = O,
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so that z, = 0, and therefore z = y, . In other words = belongs to the
range of C(y), and therefore C(x) = C(y).
If, conversely, C(z) £ C(y), we write u = p(») and v = p(y). If
»(M) = 0 for some M in S, then E(M)y = 0 and consequently
EM)C(y) = 0.
It follows that

E(M)C() =0
and hence that

w(M) = (E(M)z, z) = || EQDz |[* = 0.

Our last result along these lines is of great technical significance; we
call the reader’s attention to the fact that, had we proved it in time,
we could have used it to simplify slightly the proof of 63.1.

TucoreM 3. If v is a finite measure on S and if = is a veclor in o
such that » < p(z), then there exisls a vector y in the range of Z(x) such
that v = p(y); if v = p(x), then Z(y) = Z(x).

Proof. If p = p(z), then, by the Radon-Nikodym theorem, there
exists a non-negative function ¢ in (x) such that »(M) = [ gdu for
every M in S. If f is the non-negative square root of g, then fe€ ()-
If y = Uf, where U is the isomorphism described in 60.1, then

v(M) = [ lfl2 du = || X.vf”2 = || Ulxy/) H2

= |EQO US| = || E@D I

If » = p(z), then, by Theorem 2, C(z) = C(y). Since Z(y) < Z(z) and
since Z(x) is a row, it follows that Z(y) = C(y) Z(x) = Clx)Z(x) = Z(x).

§66. Subspaces from Measures
THEOREM 1. If p is any finite measure on S, then the set {x:p(x) K p)
is a subspace of O; if C(r) is the projection on this subspace, then C () € F-
Proof. If p(z) < p and p(y) < g, then the relation

HEM)(ez + B || £ e N EQDz || + | 8]-|| EMy || 5

valid for all M in S, shows that p(az 4+ By) vanishes whenever both
p(z) and p(y) vanish and hence whenever u vanishes. If {z,} is a sequence
of vectors such that p(z,) < p for all n and such that z, — =z, then the
relation || E(M)z. || — || E(M)z || shows that p(z) vanishes whenever
all p(z.) vanish and hence whenever  vanishes. It follows that

{z:p(z) L n}
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is indeed a subspace and that, therefore, C(1) may be defined. If P ¢ P
and if p(x) < p, then, since P « E, it follows that

| EQNP || = || PE@QDz || = || E(M)z ||

for all M, and hence that p(Pz) vanishes whenever p(x) vanishes. This
implies that p(Px) < p whenever p(x) < p, or, in other words, that P
leaves invariant the range of C(u). Consequently P « C(x) and there-
fore, since P is arbitrary, C(x) e P’ = F.

Turoresm 2. If u is a finite measure on S, then C(u) is separable; if
k= p(z), then C(u) = C(z).

Proof. Let R be a row such that C(R) = C(u), and let {Z(x;)} be
an orthogonal family of cycles such that B = V;Z(x;). Since the fact
that R is a row implies that {C(z;)} is an orthogonal family, and since
p(x;) < u for all 7, it follows from 65.1 that z; = O except for countably
many values of j. Since C(u) = V;C(z;), it follows from 58.1 and 58.2
that C(u) is separable. If u = p(z) and if p(y) < u, then, by 65.2,
C(y) £ C(x), and consequently y belongs to the range of C(z). In
other words C(x) £ C(x); the reverse inequality is obvious from the
definition of C(u).

THEOREM 3. If u and v are finite measures on S, then
C(pAv) = C(w)C(»),

and therefore if v <K u, then C(») £ C(p). :

Proof. If p(x) < p A v, then p(x) < p and therefore = belongs to
the range of C(u). This implies that C(x A ») £ C(u). Since, similarly,
C(u A v) = C(v), it follows that C(u A ») £ C(x) C(»). If, on the other
hand, x belongs to the range of C(x)C(»), then p(z) K u and p(z) K v,
So that p(z) <K 1 A v. Since this means that = belongs to the range of
C(u A ), it follows that C(x) C(») = C(r A »).

THEOREM 4. If p s a finite measure on X and x is a vector in O such
that C(u)x = 0, then p L p(x).

Proof. If p(x) = », then, since » A p < », it follows from 65.3 that
there exists a vector y in the range of Z(z) such that p(y) = v A p.
Since C(u)x = 0, it follows that C(x) Z(x) = 0 and hence that C(u)y = 0.
Since, however, p(y) < g, we know that y belongs to the range of C(n).
It follows that y = 0 and hence that u 1 ».

Turorem 5. If u is a finite measure on S and if {u;} is a (necessarily
counlable) orthogonal family of finite measures on S such that V,p; = p,
then C(u) = V;C(uj).
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Proof. Since Theorem 3 implies that C(u) = C(uj) for all j, it is
clear that C(u) = V;C(r;). Suppose, on the other hand, that z is any
vector in the range of C(u) — V;C(u;). Since x belongs to the range of
C(u), we have p(z) < p; since, at the same time, C(u;)z = 0 for all j,
it follows from Theorem 4 that p(x) L u;forall j and hence that p(z) 1 p.
These two properties of p(z) imply that p(x) = 0. We conclude that
z = 0 and this completes the proof of the theorem.

§67. The Multiplicity Function of a Spectral Measure

If p is a finite, non-zero measure on S, the multiplicity of y, in symbols
u(p), is defined to be the minimum value of the multiplicities %(C (o))
of the columns C(»,) determined by finite, non-zero measures », which
are absolutely continuous with respect to u; in other words

u(p) = min {u(C()):0 # vy K p}.

If o =0, we write u(s) = 0. We proceed quickly to show that the
function u from measures to cardinal numbers is indeed a multiplicity
function.

THEOREM 1. If p and v are finite measures on S such that 0 = v < pu,
then u(v) = u(u).

Proof. If 0 5 » K v, then » < u and therefore u(u) < u(C(w));

since this inequality is valid for all admissible »,, it follows that
u(u) = u(v).

Taeorem 2. If {u;} s a countable orthogonal Jamily of mnon-zero
measures, and if p = Vjpj, then u(u) = min {uu;)}.

Proof. Tf0 # vy L g, and if v; = y A uj for each 7, then vy = V,7;.
The last-written relation remains valid, of course, if the supremum is
extended over only the set J of those values of j for which v; # 0. It fol-
lows from 66.5 that C(v) = V,;,C(v;) and hence, from 64.2, that

w(C(n)) = minses {u(C(r;))} 2 min {u(y;)}.

Since vy is arbitrary, we see that w(x) 2 min {u(u,)}. If, on the other

hand, 0 7 » < u; for some value of j, then v, « u and therefore

w(C(m)) Z w(p), whence u(s;) Z u(u) for all j. This implies that
min {u(u;)} 2 u(u).

The preceding two theorems tell us that the function u is a multi-
plicity function. We now have only one more technical detail to clear
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up before completing the theory, and that is the relation between the

concepts of uniform multiplicity for measures and uniform multiplicity
for projections.

TaEOREM 3. If x 7s a vector such that C(x) has uniform multiplicity
and if u = p(x), then u has uniform multiplicity. If, conversely, p s
a non-zero measure of uniform multiplicity and Zo s a vector such
that C(u) = C(xo) (¢f. 66.2 and 58.3), then there cxists a vector T such
that (i) u = p(x), (i) C(x) (= C(n)) has uniform multiplicity, and
(i) Z(x) = Z(x0).

Proof. Suppose first that g = p(x) and that C(z) has uniform multi-
plicity. If 0 5% vy < g, then by 65.3 there exists a vector yo in the range
of Z(x) such that v, = p(y,). Since 7o # 0, it follows that C(v) # 0.
Since C(») = C(u) by 66.3 and since C(x) = C(z) by 66.2, it follows
from the assumed uniformity that u(C(v)) = #(C(#)) (and that, there-
fore, u(x) = w(C(1))). If 0 52 vp < v <K u, then, applying the result just
proved, we obtain the relation u(C(v)) = u(w), whence it follows that
u(v) = u(u). This proves the first assertion of the theorem.. .

To prove the second assertion, we suppose that g has uniform multi-
plicity different from 0 and that xo is a vector such that Cu) = C(x).
It follows from this equation that p(ve) <K p; We propose to show t}}at
in fact p(z0) = p. For this purpose we let po be a measure (a relative
complement of p(xs) in ) such that po L p(z) and ko ¥ p(zo) = u. If
%o belongs to the range of C(u), then p(xo) L p(¥0) and it follows from
65.1 that C(20) C(ye) = 0, so that yo is orthogonal to the range of Cg:co).
The range of C(x) is, however, the same as the range of C(w), and, since
o < u, Yo belongs to the range of C(w)- It follows th_at Yo = .0, apd
therefore that «(us) = 0. Since, however, the assumed uniformity implies
that if wo 7 0, then u(u,) = wu(w), it follows tha't po =0, anc‘l we d]o
indeed have p = p(z,). An application of 65.3 yields alvelcltox z such
that Z(x) = Z(xy) and p(z) = u and hence, by 66.2, such that

Cz) = Cw) = C(o)-
To prove that C(z) has uniform multiplicity, suppose thai:, Fisa n(jn-
zero projection in F such that F < C(x). Since such an F is necessarily
separable, there exists a vector y such that F = C(¥) andocc?nselquerﬁlyé
by 662, F = C(v), where » — p(y). The fact that F f D i
v 5 0. 1£ 0 7 < », then, by a repetition of & famar SrEvment, &
follows that C(») < 0 and therefore u(C(n)) = u(C(»)), whence

u(y) Z w(C)-
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Since, however, u(v) = u(x) and u(C(»)) = u(y), it follows that
u(C(v)) = u(p).

Applying this result to u in place of » (i.c. letting C(z) itself play the

role of F), we see that u(C(»)) = u(C(n)); this completes the proof of
the theorem.

§68. Conclusion

All the pieces are before us; all that remains is to put them together.

In the preceding section we have succeeded in associating a multi-
plicity function with every spectral measure. To the multiplicity function
u we may apply 49.3 to obtain an orthogonal family {u;} of non-zero
finite measures on S such that each y; has uniform multiplicity and
such that p = V;(u A p;) whenever p is a finite measure on S. From
66.3 we see that {C(u;)} is an orthogonal family of projections in F;
we assert that V,;C(u;) = 1. If, indeed, 2 is an arbitrary vector in L5}
and if u = p(x), then p = V;(u A ;). It follows from 66.5 that

Clp) = V;Cluap;) < V,;C(uy),

and hence that the vector x belongs to the range of V,;C(x;). Since 2 ig
arbitrary, we may conclude that V;C(u;) = 1. . o
According to 67.3, for each fixed j, C(u;) has umfgrm multiplicity,
and therefore, by 64.4, there exists an orthogonal family {R;} of rows
such that C(u;) = ViR and such that C(.Rjk) = C(p;) for all k. The
cardinal number of the index family {k} is of course equal to w(y;).
Since C(y,) is separable, it follows f‘rom 58.3 and 57.4 that cach row
R, is in fact a eycle. (The proof of this fact make:s use of the elementary
lemma which asserts that if = is a vector and R is a row such that

Z@x) £ R

and

then Z(z) = R.) Applying 67.3, we may find a family {x;} of vectors
(7 is still fixed) such that R = Z(x) and such thfl-t p(Tir) = u;. By
60.1, the range of Ry is isomorphic to €x(k;) by an isomorphism which
makes the given spectral measure £ correspond to multiplications by
the characteristic functions of measurable sets. Putting these isomor-
phisms together, first over all &, for fixed j,' and then over all j, we
obtain a representation of $ as a very large direct sum; each summand
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1S the €, of a finite measure on S, and the representation makes cor-
Yespond to the given speetral measure E the canonical spectral meas-
ure associated with {u;}) and {u(y))}.

These considerations prove that every spectral measure is unitarily
CqQuivalent {o a canonical one determined by its multiplicity function
and hence that if two spectral measures have the same multiplicity
function, they are unitarily cquivalent. Suppose, conversely, that £ and
F are spectral measures with a common domain of definition and that

is a unitary operator such that UT'EU = F. Write ps(x) for the
Mmeasure y defined by u(M) = || EADz |, and pr(x) for the measure u
gkmmdbyumn==HanxW.H#ismwnmummifm@)«m,mm
if p(ar) = 0, then || EQNUx || = || UTEWM)Ux || = || F(Dz || = 0,
whence px(Ux) < u. This means that if x belongs to the range of the
Projection which it is natural to denote by Cr(u), then Uz belongs to
the range of Cs(k). Since, by symmetry, the converse is also true, we
infer that U~ 'C(w)U = Cp(n). We may therefore conclude that the
multiplicity associated with Cs(r) via E is the same as the multiplicity
associated with Ce(u) via F, and hence that E and F have the same
multiplicity function. This settles all our problems and fulfills all our
Promises,
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. The juggling with differentials which occurs in §37 and several other places
1s justified in [15: pp. 132-134].

The concept of regularity for spectral measuresimitates a well-known numerical
concept; cf., for instance, [15: Chapter X]. It should be remarked that the class
of all Borel sets in a locally compact Hausdorff space (as defined in [15]) is not
Necessarily a o-algebra (but merely a o-ring). The phrase ‘“Borel set’’ is used in
this book in its classical meaning as an element of the o-algebra generated by
the class of all open sets. An important example of regular spectral measures in
locally compact topological groups (to which the theory in Chapter III of this
book is applicable) occurs in [1].

The fact that every finite measure on the class of all Borel subsets of the com-
EICX plane is regular follows from [15: Theorem E, p. 218 and Theorem G, p.

28].

The proof of 40.1 makes use of the uniqueness assertion of the representation
theorem stated in §0. Though this constitutes only the first and weakest use of
that theorem, it provides a good excuse for mentioning the relevant literature.
It is customary to break up the theorem into two parts, one of which (the Weier-
Strass approximation theorem) asserts that continuous functions can be approxi-
mated by polynomials, and the other of which (the Riesz representation theorem)
asserts the existence of a suitable complex measure associated with a bounded
linear functional of continuous functions. The one-dimensional Weicrstrass
theorem is treated in many standard texts; cf., for instance, {50: p. 152]. An amus-
ing interpretation of the proof in the language of probability theory is given in
'[48: p. 116]. The Weierstrass theorem for any finite number of dimensions is proYed
In [13: p. 123]. A general and modern discussion of the circle of ideas centering
around the Weierstrass theorem appears in [46). A proof of the Riesz representa-
tion theorem for the general case can be dug out of [15: Theorem D, p. 247 “,"d
Ixercise 5, p. 249]. Kakutani, [22: p. 1012}, gives a statement which is more readily
applicable to present needs, but for real-valued linear functionals only; the. com-
plex case is, however, a trivial corollary which follows simply from the considera-
tion of the real and imaginary parts of the given linear functional.
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The problem discussed in §§41 and 42 may (in virtue of 40.1) be stated as fol-
lows: If E is a compact, complex spectral measure, if A = [AdE()\), and if B is
an operator such that A « B, then does it or does it not follow that A* < B?
Since A is normal, the question may also be viewed as a special case of the prob-
lem of transitivity of commutativity:if A* & A4 and 4 « B, can onec infer that
A* & B? The problem was explicitly raised more than ten years ago by von
Neumann; it appeared in print in [39]. The first solution is due to Fuglede, [11];
the solution presented in §§41 and 42 appears in [16].

The neat and powerful characterization of spectral subspaces (41.1) was proved
for Hermitian operators in [24].

The neat arrangement of the ideas in the proof of the spectral theorem for
Iermitian operators, as given in §43, is due to Eberlein, [10].

The crucial measure-theoretic extension theorem needed for the proof of the
spectral theorem for normal operators in §44 may be found in [36: Vol. I, p. 146,
or second printing, Vol. I, p. 167].

The Radon-Nikodym theorem is standard measure-theoretic equipment; cf.,
for instance, [15: p. 128]. A very neat proof based almost exclusively on geometric
facts about Hilbert space occurs in [38: p. 127].

The concept of a multiplicity function appears explicitly in [41]. The first
successful attempt to construct a theory of multiplicities for non-separable
Hilbert spaces was made by Wecken, [49]. The theory for separable Hilbert spaces
is presented by Stone, [44: Chapter VII], who also gives references to the classical
literature and, in particular, to Hellinger’s original solution of the problem of
unitary equivalence.

The ““‘prime’’ operation described in §53 is inspired by [34: pp. 388-389].

The representation theorem for Boolean algebras which is mentioned in §54
can be found in [25]. It is worth noting that the conditions that the relevant
representation theorem requires of the Boolean algebra F are much weaker than
the ones that come free with the F in the text; all that is necessary is that F
be a o-algebra. Another proof of the representation theorem, closer in spirit to
Stone’s topological approach, is outlined in [15: Exercise 15¢, p. 171].

The term “‘separable’” as used in §58 is due to Nakano, [33]. The work of Na-
kano, as represented by this paper and an earlier one, [32], is one of the main
sources on which the exposition in Chapter III is based.
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