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Preface 

These notes are a revised and expanded version of mimeo­

graphed notes originally prepared for a seminar during Spring 

Quarter, 1963, at the University of Washington. They are de­

signed to be read by anyone with a knowledge of the Krein­

Milman theorem and the Riesz representation theorem (along 

with the functional analysis and measure theory implicit in an 

understanding of these theorems). The only major theorem 

which is used without proof is the one on "disintegration of 

measures" in Section 13. 

The author is indebted to many people who helped, directly 

or indirectly, in the preparation of these notes. He has espe­

cially benefitted from the Walker-Ames lectures at the University 

of Washington in the summer of 1964, by Professor G. Choquet, 

and from the stay at the .. same institution during 1963 by Profes­

sor P. A. Meyer. He has received helpful comments from many 
•' . -

of his colleagues, as well as from Professors N. Rothman and 

A. Peressini, who used the earlier version in a seminar at the 

University of Illinois. Finally, he wishes to thank Professor 

] . Feldman for permitting the inclusion of the unpublished mate­

rial in Section 10 on invariant and ergodic measures. 

A note to the reader: Although the applications of the theory 

are interspersed throughout the notes, they are never needed for 

subsequent material. Thus, Sections 2, 5, 7, 8 or 10, for in-

iii 
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stance, may be put aside for later reading without encountering 

any difficulties. (To omit them entirely, however, would cut the 

subject off from its many and interesting connections with other 

parts of mathematics.) 

Seattle, Washington 

March 1965 

R. R. P. 
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1, Introduction, The Krein-Milman theorem 

as an integra I representation theorem 

The simplest example of a theorem of the type with which we 

will be concerned is the following classical result of Minkowski 

(see the exercise on page 10). 

lf X is a compact convex subset of a finite-dimensional 

vector space, and if x is an element of X, then x is a finite 

convex combination of extreme points of X. Thus, there exist 

extreme points Xu···· xk and positive numbers fJ. 1 , •• :, Ilk 

with '2.ffJ. 1 = 1 such that x = LfJ.;X;. We now reformulate this 

representation of x as an "integral representation,'' For any 

point y of X let Ey be the "point mass" at y, i.e., Ey is 

the Borel measure which equals 1 on any Borel subset of X 

which contains y, and equals 0 otherwise. Abbreviating Ex; 

by E;, let 11 = '2fJ.;E;; then 11 is a regular Borel measure on 

X, 11 2; 0, and fJ.(X) = 1. Furthermore, for any continuous linear 

functional f on E, we have f(x) = (LfJ.;f(x;) =) fxl dfJ.. This 

last assertion is what we mean when we say that 11 represents 

X. 

Definition. Suppose that X is a nonempty compact 

subset of a locally convex space E, and that 11 is a prob­

ability measure on X. (That is, 11 is a nonnegative regular 

Borel measure on X, with 11 (X) = 1.) A point x in E is 

1 



2 Lectures on Choquet's Theorem 

said to be represented by Jl if f (x) = fx f d11 for every con­

tinuous linear functional f on E. (We will sometimes write 

11 (f) for fx f dJl, when no confusion can result.) (Other ter­

minology: "x is the barycenter of 11 ," "x is the resultant 

of Jl· ") The restriction that E be locally convex is simply 

to insure the existence of sufficiently many functionals in 

E* to separate points; this guarantees that there is at most 

one point represented by Jl· Later, we will want to consider 

measures on other a-rings, but the Borel measures suffice 

for the present. 

Note that any point x in X is trivially represented by Ex; 

the interesting (and important) fact brought out by the above ex­

ample is that for a compact convex subset X of a finite dimen­

sional space, each x in X may be represented by .a probability 

measure which is "supported" by the extreme points of X. 

Definition. If Jl is a nonnegative regular Borel mea-

sure on the compact Hausdorff space X and S is a Borel 

subset of X, we say that Jl is supported by S if 

Jl (X ,..., S) = 0. 

We may now formulate the problems which concern us: l f X 

is a compact convex subset of a locally convex space E, and 

x is an element of X, does there exist a probability measure 

f1 on X which is supported by the extreme points of X and 

which represents x? If f1 exists, is it unique? Choquet [12] 

has shown that, under the additional hypothesis that X be 

metrizable, the first question has an affirmative answer, while 
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an affirmative answer to the second question depends on a geo­

metrical property of X. Bishop and de Leeuw [6] have shown 

that if we allow more general measures than Borel measures, then 

the answer to the first question is affirmative (without additional 

hypotheses on X) . 

In the above example, the introduction of an integral in place 

of a convex combination was a bit artificial. It seems worthwhile 

to translate two well-known theorems (the Riesz representation 

theorem and the Krein-Milman theorem) into the language which 

we have introduced; in these instances the use of integrals is 

quite natural. It will also make clear exactly how the theorems 

of Choquet and Bishop-de Leeuw generalize the Krein-Milman 

theorem. 

Let Y be a compact Hausdorff space, C(Y) the space of all 

continuous real-valued functions on Y (supremum norm), and X 

the set of all continuous linear functionals L on C(Y) such 

that L (1) = 1 = I! L II. Then X is a compact convex subset of 

C(Y)* (in its weak* topology) and the Riesz theorem asserts 

that to each L in X there corresponds a unique probability 

measure 11 on Y such that L(!) = JY f d11 for each f in C(Y). 

By a well-known theorem [17, p. 442], Y is homeomorphic (via 

the natural embedding y -->(evaluation at y)) with the set of 

extreme points of X, so we may consider 11 as a probability 

measure on the Borel subsets of X which vanishes on those 

contained in the open set X "' Y, and hence 11 is supported by 

the extreme points of X. One need only recall that the weak* 

continuous linear functionals on C(Y)* are precisely those of 
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the form L _. L(f) (f in C(Y)) in order to see that this is a rep­

resentation theorem of the type we are considering. 

There are two points in the above paragraph which, it should 

be emphasized, are not characteristic of the general situation. 

First, the extreme points of X formed a compact (hence a Borel) 

subset; second, the representation was unique. (We will return 

to these points a little later.) It is clear that any probability 

measure f1. on Y defines (by f _. fv f dt1) a linear functional 

on C(Y) which is in X. This fact is true under fairly general 

circumstances, as the next result shows. 

PROPOSITION 1.1. Suppose that Y is a compact subset of 

a locally convex space E, and that the closed convex hull X 

of Y is compact. If p. is a probability measure on Y, then 

there exists a unique point x in X which is represented by 

fl.• and the function f1. _.(resultant of 11) is weak* continuous. 

Proof. We want to show that the compact convex set X con­

tains a point x such that f (x) == f Y f dp. for each f in E*. 

For each f, let H t = ly: f(y) = 11 (£)1; these are closed hyper­

planes, and we want to show that nl Ht: feE* I n X is non­

empty. Since X is compact, it suffices to show that for any 

finite set f 1, ••• , fn in E*, /j1Hf; n X is nonempty. To this 

end, define T: E ->Rn by Ty = (£ 1(y), f 2(y), ... , fn(Y)); then 

T is linear and continuous, so that T X is compact and convex· 

It suffices to show that p e TX, where p = (f1 (I 1), 11 (f 2), ... , 

f1 (£ n)) · If P ~ TX there exists a linear functional on R n which 

strictly separates p and TX; representing the functional by 
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a = (a 1, a 2 , ••• , an), this means that (a, p) > sup I (a, Ty): y EX 1. 
If we define g in E* by g = 'i.a;f;, then the last assertion 

becomes f Y g d11 > sup g (X). Since Y C X and 11 (Y) = 1, this 

is impossible, and the first part of the proof is complete. Suppose, 

next, that the net 11a of probability measures on Y converges to 

the probability measure 11, and let X a and x denote their re­

spective resultants. Since X is compact, to show that xa .... x 

it suffices to show that every convergent subnet x 13 of Xa con­

verges to x. But if x 13 .... y, say, then 11~3 converges to 11• and 

hence f (x 13) = 11~3Cf) -+ 11(1) = f (x) for each· f in E* ; since the 

latter separates points of X, y = x. 

The hypothesis that X be compact may be avoided in those 

spaces E in which the closed convex hull of a compact set is 

compact; for instance, if E is complete, or if E is the space 

obtained by taking a Banach space in its weak topology [17, 

p. 434]. 

A simple, but useful, characterization of the closed convex 

hull of a compact set can be given in terms of measures and their 

barycenters. 

PROPOSITION 1.2. Suppose that Y is a compact subset of 

a locally convex space E. A point x in E is in the closed 

convex huii X of Y if and only if there exists a probability 

measure fl on Y which represents x. 

Proof. If 11 is a probability measure on Y which repre­

sents x, then for each f in E*, f(x) = 11(1)~ sup f(Y) ~ 

~ sup f (X). Since X is closed and convex, it follows that x 
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is m X. Conversely, if x is in X, there exists a net in the 

convex hull of Y which converges to x. Equivalently, there 

exist points Ya of the form Ya = "2.7~1 A~x~, (A7 > 0, "2.A7 = 

= 1, x~ in Y, a in some directed set) which converge to x. 

We may represent each Ya by the probability measure fla = 

= 2. ;..,_ 'fEx 1a. By the Riesz theorem, the set of all probability 

measures on Y may be identified with a weak*-compact convex 

subset of C(Y)*, and hence there exists a subnet 1113 of fla 

converging (in the weak* topology of C(Y)*) to a probability 

measure f1 on Y. In particular, each f in E* is (when re­

stricted to Y) in C(Y), so lim I (y (3) = lim Jf dp.!3 = Jf dp.. 

Since Ya converges to x, so does the subnet y !3, and hence 

f (x) = J Y f dp. for each f in E*, which completes the proof. 

The above proposition makes it easy to reformulate the Krein­

Milman theorem. Recall the statement: If X is a compact con­

vex subset of a locally convex spac_~, then X is the closed 

convex hull of its extreme points. Our reformulation is the 

following: Every point of a compact convex subset X of a lo­

cally convex space is the barycenter of a probability measure 

on X which is supported by the closure of the extreme points 

of X. To prove the equivalence of these two assertions, sup­

pose the former holds and that x is in X. Let Y be the 

closure of the extreme points of X; then x is in the closed 

convex hull of Y. By Proposition 1.2, then, x is the bary­

center of a probability measure p. on Y. If we extend f1 (in 

the obvious way) to X, we get the desired result. Conversely, 

suppose the second assertion is valid and that x is in X. 
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Then (defining Y as above) by Proposition 1.2, x is in the 

closed convex hull of Y, hence in the closed convex hull of the 

extreme points of X. 

It is now clear that any representation by means of measures 

supported by the extreme points of X (rather than by their clo­

sure) is a sharpening of the Krein-Milman theorem. In fact, Klee 

l25] has shown that in a sense (which he makes precise) almost 

every compact convex subset of an infinite dimensional Banach 

space is the closure of its extreme points. For such sets, then, 

the Krein-Milman representation gives no more information than 

the "point mass" representation. 

The difficulty in finding measures supported by the extreme 

points of X stems, in large part, from the fact that the set of 

extreme points need not be a Borel set [6, p. 327]. This diffi­

culty is avoided in case X is metrizable, as shown by the fol­

lowing result. 

PROPOSITION 1.3. lf X is a metrizable, compact convex 

subset of a topological vector space, then the extreme points of 

X form a G0 set. 

Proof. Suppose that the topology of X is given by the 

metric d, and let F n = {x: x = 2- 1 (y + z), y and z in X, 

d(y, z) ;; n- 1 I, for each integer n;; 1. It is easily checked 

that each F n is closed, and that a point x of X is not ex­

treme if and only if it is in some F n. Thus, the complement of 

the extreme points is an Fa. 

Recall the trivial representing measure Ex for a point x of 
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X. If x is not an extreme point of X, then it is easily seen 

that there exist other representing measures. Indeed, the ex­

treme ?<=>i.."'-\:s o\ X are characterized by the fact that they have 

no other representing measures. 

PROPOSITION 1.4 (Bauer (2] ), Suppose that X is a non-

empty compact convex subset of a locally convex space E, and 

that x is in X. Then x is an extreme point of X if and only 

if the point mass Ex is the only probability measure on X 

which represents x. 

Proof. Suppose that x is an extreme point of X and that 

the measure 11 represents x. \Ve want to show that 11 is 

supported by the set I xI; for this, it suffices (due to the regu­

larity of p) to show that fl(D) = 0 for each compact set D 

with D C X,....., I x !. Suppose fl(D) > 0 for some such D; from 

the compactness of D it follows that there is some point y of 

D such that p(U n X)> 0 for every neighborhood U of y. 

Choose U to be a closed convex neighborhood of y such that 

K = U n X c X,....., !x!. The set K is compact and convex, and 

0 < r = fL(K) < 1. (If p(K) = 1, then the resultant x of 11 

would be in K.) Thus, we can define Borel measures 11 1 and 

p 2 on X by p 1 (B) = r- 1 p(B n K) and 11 2 (B) = 

= (1- rr 1 p(B n (X,....., K)) for each Borel set B in X. Let 

xi be the resultant of 11 i ; since 11 1 (K) = 1, we see that 

x 1 E K and hence x 1 =]= x. Furthermore, 11 = r11 1 1 (1 - r)11 2 , 

which implies that x = rx 1 + (1- r)x 2 , a contradiction, 

It is interesting to note that Milman's "converse" to the 
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Krein-Milman theorem [17, p. 440] is an easy consequence of 

Propositions 1.2 and 1.4: 

9 

Suppose that X is a compact convex subset of a locally con­

vex space, that Z c X, and that X is the closed convex huii 

of Z. Then the extreme points of X are contained in the clo­

sure of Z. Indeed, let Y = cl Z and suppose x E ex X. By 

Proposition 1.2, there exists a measure 11 on Y which repre­

sents x; by Proposition 1.4, 11 = Ex· It follows that x E Y. 

To conclude this introduction, we return to the example of a 

compact convex subset X of a finite dimensional space E, in 

order to illustrate the question concerning uniqueness of integral 

representations. Suppose that X is a plane triangle, or more 

generally, is the convex hull of an affinely independent subset 

Y of E, that is, X is a simplex. (A set Y is affinely inde­

pendent provided no point y in Y is in the linear variety gen­

erated by y ,..... 1 y 1.) It then follows from the affine independence 

that Y is the set of extreme points of X, and that every element 

of X has a unique representation by a convex combination of 

elements of Y. It is not difficult to show (Proposition 9.11) that 

if X is not a simplex, then some element of X has two such 

representations. In Section 9 we will give an infinite dimensional 

generalization of the notion of "simplex" which will allow us to 

prove (among other things) Choquet's uniqueness theorem, which 

states that for a metrizable compact convex set X in a locally 

convex space, each point of X has a unique representing mea­

sure supported by the extreme points of X if and only if X is 

a simplex. 
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In the next section we give an application of the Krein-Milman 

theorem. Before doing this, it is worthwhile to make some general 

remarks concerning applications of the various representation 

theorems. It is generally not difficult to recognize that the ob­

jects of interest form a convex subset X of some linear space 

E. One is then faced with two problems: First, find a locally 

convex topology for E which makes X compact and at the same 

time yields sufficiently many continuous linear functionals so 

that the assertion "1-L represents x" has some content. Second, 

identify the extreme points of X, so that the assertion "p. is 

supported by the extreme points" has a useful interpretation. 

EXERCISE 

Prove Caratheodory's sharper form of Minkowski's theorem: 
If X is a compact convex subset of an n-dimensional space E, 
then each x in X is a convex combination of at most n + 1 
extreme points of X. (Hint: Use induction on the dimension. 
If x is a boundary point of X, there exists a supporting hyper­
plane H of X with x in H n X, and the latter set has dimen­
sion at most n - 1. If x is an interior point of X, choose an 
extreme point y of X and note that x is in the segment 
[y, z] for some boundary point z of X.) 



2, Application of the Krein-Milman theorem 

to completely monotonic functions 

A real valued function f on (0 1 "") is said to be completely 

monotonic if f has derivatives [COl = !, fC1 >, fC 2 >, ••• of all 

orders and if (-l)n fCnl ~ 0 for n = 0, 1, 2, .... Thus, f is 

nonnegative and nonincreasing, as is each of the functions 

(-l)n f(nJ. [Some examples: x-a and e-ax (a~ 0).] The follow-

ing representation theorem for such functions is due to S. Bern­

stein (see [36] for several proofs and much related material). We 

denote the one-point compactification of [0, oo) by [0, oo]. 

THEOREM (Bernstein). If f is completely monotonic on 

(0 1 oo), then there exists a unique Borel measure J1 on [0, oo] 

such that for each x > 0 1 

f(x) = _["" e-ax df-1(a). 
0 

(Note that the converse is true, since if a function f on (0, oo) 

can be represented as above 1 then differentiation under the inte­

gral sign is possible, and it follows that f is completely mono­

tonic.) We will prove the theorem only for bounded functions; 

the extension to unbounded functions (with infinite representing 

measures) follows from this by classical arguments [36]. The 

11 



12 Lectures on Choquet' s Theorem 

idea of the proof is due to Choquet [11; Ch. VII], who proved 

this and related results in a much more general setting. We 

start by giving a sketch of the proof. 

Denote by CM the convex cone of all completely monotonic 

functions f such that /(0"1 < oo. (Since a completely mono­

tonic function f is nonincreasing, this right-hand limit at 0 

always exists, although it may be infinite.) Let K be the con­

vex set of those f in CM such that f (0+) ;S 1; if f E CM, 

f =f 0, then Ell (0+) E K, so it suffices to prove the theorem 

for elements of K. Now, K is a subset of the space E of all 

real valued infinitely differentiable functions on (0, ""), and E 

is locally convex in the topology of uniform convergence (of 

functions and all their derivatives) on compact subsets of (0, "")· 

We will show that K is compact in this topology, so that the 

Krein-Milman theorem is applicable to K. Furthermore, the ex­

treme points of K are precisely the functions x -• e-ax, 0 ::S 

::Sa ::S oo. [We define e-oox to be the zero function on (0, c.o).1 

It will follow easily that ex K is homeomorphic to [0, ""] and 

is therefore compact. By the Krein-Milman theorem, to each f 

in K there exists a Borel probability measure m on ex K 

which represents f. The measure m can be carried to a mea­

sure fl on [0, oo] and the evaluation functionals f -• f (x) 

(x > 0) are continuous on E; these facts are easily combined 

to obtain the desired representation. The uniqueness assertion 

is obtained by a simple application of the Stone-Weierstrass 

theorem to the subalgebra of C([O, oo]) generated by the expo­

nentials. 
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The first step in our proof is to show that K is a compact 

subset of E. The topology on E is the same as that given by 

the countable family of pseudonorms 

(m, n = 1, 2, 3, ... ). Thus, E is metrizable, and every closed 

and bounded subset of E is compact. [This may be proved by 

Ascoli's theorem, together with repeated use of the diagonal pro­

cedure, or by following the outline given in the exercises on 

"distribution spaces" in [23].] It is easily seen that K is 

closed. To show that it is bounded we must show that for each 

m and n, sup lPm,n(f): f E K l is finite, and for this it suffices 

to show that sup{\ fCn>(x) \: m- 1 ~ x ~ m, f E K l is finite for 

each n 2; 0 and m 2; 1. It is clear that the following lemma will 

establish this fact. 

LEMMA 2.1. Let Kn = {(-l)nf(n>: fE K, n = 0, 1, 2, ... \. 

Then for each a > 0 and each n 2: 0, the (nonnegative) functions 

zn Kn are bounded above on [a, oo) by a-n 2Cn+l)(n/2). 

Proof. We proceed by induction. The functions in K 0 are 

bounded above by 1, so suppose the assertion is true for Kn , 

Since the functions in Kn+l are nonincreasing, it suffices to 

establish the bound at the point a. By applying the mean value 

theorem to fCn> on [a/2, a], we see that there exists c with 

a/2 < c <a such that (a/2) fCn+l >(c) = fCn> (a)- f(n) (a/2). 

This fact, together with the induction hypothesis (applied at 

a/2), shows that 
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and the desired result follows. 

[A compactness proof different from the above may be obtain­

ed by using the topology of pointwise convergence on (0, oo), 

This is also locally convex, and, of course, the evaluation func­

tionals are continuous. It is known [36, p. 151] that a function 

is completely monotonic if and only if it satisfies a certain 

sequence of "iterated difference" inequalities; since these are 

defined pointwise, it is easily seen that CM is closed in this 

topology, and the Tychonov product theorem then yields com­

pactness of K.] 

Our next step is to identify the extreme points of K. 

LEMMA 2.2. The extreme points of K are those functions 

f of the form f(x) = e-ax, x > 0, 0 ~a~ oo, 

Proof. Suppose that f E ex K and that x 0 > 0. For 

x > 0, let u(x) = f(x + x 0)- f(x) f(x 0 ). Suppose that we have 

shown that f ± u E K. Since f is extreme, this implies that 

u=O, sothat f(x+x 0 )=f(x)f(x 0 ) whenever x,x 0 >0. 

Since f is continuous on (0, oo), this implies that either f = 0 

or f(x) = e-ax for some a. Since 0 ~ -f'(x) = ae-ax, we must 

have a~ 0. It remains to show that f ± u E K. Let b = f (x o) 

(so that 0 ~ b ~ 1), and note that (f + u) co+)= (1- b) f co+)+ 

+ b ~ 1 and (f - u) co+) = f co+) - b [1 - f co+) ] ~ f co+) ~ 1. 

Furthermore, (-l)n(f + u)<nl(x) = (1- b) (-1)nf(nl(x) + 
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+ (-l)nf(nl(x + xo) ~ 0 and (-1) 0 (£- u)Cn>(x) = [(-l)"fCn>(x)­

- (-1)" t<n>(x + xo)] + b(-1)Cn> t<n>(x). Since (-1)" t<n> is non-

increasing, the latter is nonnegative. 

To prove the reverse inclusion, consider the transformation 

Tr (r > 0) of K into itself defined by (Trf)(x) = f(rx). Since 

Tr is one-to-one, onto, and preserves convex combinations, it 

carries ex K onto itself. Since K is compact, it is the closed 

convex hull of its extreme points, and therefore has at least one 

which is nonconstant. By what we have just proved, this extreme 

point is of the form e -ax for some a > 0, and hence the image 

e-arx of this function under Tr is extreme. Since this holds for 

each r > 0, all the exponentials are extreme (and the constant 

functions 0 and 1 are clearly extreme), so the proof is complete. 

We now finish the proof of Bernstein's theorem for bounded 

functions. It is not difficult to show that the map T : a -+ e -a(·> 

from [0, oo] into K is continuous; since [0, oo] is compact, 

its image ex K is also compact. By the Krein-Milman represen­

tation theorem, to each f in K there corresponds a regular 

Borel probability measure m on ex K such that L (f)= 

= Jex K L dm for each continuous linear functional L on E. 

Now, if x > 0, then the evaluation functional Lx(f) = f(x) is 

continuous on E, so that f(x) = J L dm for each x > 0. 
· ex K x 

Define 1.1. on eac~ Borel subset B of [0, oo] by ~.t.CB) = m(r 1B) 

(i.e., ~.t.=mor- 1 ). Since Lx(Ta)=e-ax, wehave 

[ 00 e -ax d11 (a) 
·o ,.. for each X> 0, 
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It remains to prove that /l is unique. Suppose there exists a 

second measure v on [0, oo] such that f(x) = {'"' e-ax dv(a) 
0 

(x > 0). For each x;; 0 the function a -> e-ax is continuous 

on [0, oo]. Let A be the subalgebra of C ( [0, oo]) generated 

by these functions; A consists of finite linear combinations of 

the same functions and as linear functionuls on C [0, oo], /l 

and v are equal on the nonconstant members of A. By apply­

ing the Lebesgue dominated convergence theorem to the sequence 

-a;n h of functions a -> e , we see t at f1 and l/ are equal on the 

constant functions. Since A separates points of [0, ""], the 

Stone-Weierstrass theorem implies that it is dense in C ( [0, ""] ), 

so /l = v. 

There is an interesting result which is closely related to the 

foregoing material, and which is also an application of the Krein­

Milman theorem. It is due to Choquet [11] and (independently 

and in slightly different form) to Kendall [24]. We will sketch 

the latter's treatment. 

An element f of K is said to be infinitely divisible if for 

each n ~ 1 there exists f n in K such that f = (f n)n. Let C 

be the convex cone of all functions g of the form g = -log f, 

'vhere f E K, f > 0, and f is infinitely divisible. Those g 

such that g (1) = 1 form a base for this cone, and the extreme 

points of the base are the functions 

{ 1-e-ax} exp - -a , 
1-e 

-x 
e ' and 

O<a<oo, 
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The Krein-Milman theorem (applied to the base of this cone in 

the weak topology defined by the functionals "evaluation at a 

positive rational number"), followed by exponentiating, leads to 

the following result: To every infinitely divisible function f 

of K there corresponds a unique Borel measure f1 on [0, ""] 

such that 

f(x) X> 0. 



3, Choquet's theorem: The metrizable case 

In this section we will prove Choquet's representation theo­

rem for metrizable X. This is actually a special case of the 

general Choquet-Bishop-de Leeuw theorem, but its proof is quite 

short and it gives us an opportunity to introduce some of the 

machinery which is needed in the main result. 

Suppose that h is a real valued function defined on a con­

vex set C. The function h is affine [convex] if h [Ax + 

+ (1- A)y] = [~] Ah(x) + (1- A)h(y) for each x, y in C 

and 0 ~A ~ 1. We say that h is concave if -h is convex, 

and h is called strictly convex if h is convex and the defining 

inequality is strict whenever x I= y and 0 < A < 1. 

Denote by A the set of all continuous affine functions on 

X. Note that A is a subspace of C (X) which contains the 

constant functions. Furthermore, A contains all functions of 

the form x -+ f(x) + r, where f € E*, r is real and x € X, so 

that A contains sufficiently many functions to separate the 

points of X. 

Definition. If f is in C (X) and x € X, let fcx) = 

= inf {h (x): h € A and h f; fl. 

The function T, which is called the upper envelope of f, 

18 
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has the following useful properties: 

(a) T is concave, bounded, and upper semicontinuous (hence 

Borel measurable). 

(b) f ~ f and f = T if f is concave. 

(c) If f, g E C (X), then f + g ;S T + g and : T- g l ;S 

< : f- g , while f + g = f + g if g E A. If r > 0, then 

rf = rf. 

The proofs of most of the above facts follow in a straight­

forward manner from the definitions. (Recall that a function f 

is upper semicontinuous if for each real A, \ x: f (x) < A I is 

open.) The second assertion in (b) may be proved as follows: 

If f is concave, then in the locally convex space E x R the 

set K =I (x, r): f(x) ~ r! (i.e., the points below the graph of 

f) is closed and convex. If f(x 1 ) < Tcx 1) at some point x 1 , 

the separation theorem asserts the existence of a continuous 

linear functional L on E x R which strictly separates 

(xI' Tcx 1 )) from K, i.e., there exists A such that sup L (K) < 

<A< L(x1, f(xl)). From the fact that L(x 1, f(xl)) < 
< L(x1, f(xl)), it follows that L(O, 1) > 0, and hence the 

function h defined on X by h (x) = r if L (x, r) =A exists 

and is in A. Furthermore, f < h and h (x 1) < f(x 1 ), a con­

tradiction. The second assertion in (c) follows from the fact 

that constant functions are affine: Since f ;S II f II, we have 

T 5 if 'I. Furthermore T = (f - g) + g ;S (f- g) + g, so 

T- g ;S f - g and hence T- g ;S II f- g II. Interchanging f 

and g yields the desired result. 

THEOREM (Choquet). Suppose that X is a metrizable 



20 Lectures on Choquet's Theorem 

compact convex subset of a locally convex space E, and that 

x 0 is an element of X. Then there is a probability measure f.1 

on X which represents x 0 and is supported by the extreme 

points of X. 

Proof (Bonsall [8] ). Since X is metrizable, C (X) (and 

hence A) is separable. Thus, we can choose a sequence of 

functions I h n I in A such that il h n II = 1, and the set 

lhn 1:= 1 is dense in the unit sphere of A. Let f = 2..rnh'f,; 

this limit exists and is a strictly convex function in C (X). 

(Indeed, if x ;£ Y, then h n (x) .J: h n (y) for some n, and hence 

hn is nonconstant and affine on the segment [x, y]. It follows 

that h~ is strictly convex on [x, y] and therefore f is strict­

ly convex on [x, y ]. ) Let B denote the subspace A -t- Rf of 

C (X) generated by A and f. Now, from property (c) a hove, it 

follows that the functional p defined on C (X) by p (g) = 

= g (x 0) (g E C (X)) is subadditive and positive-homogeneous. 

Define a linear functional on B by h + rf-> h (x 0 ) + rf(x 0 ) 

(h in A, r real). We will show that this functional is dominated 

on B by the functional p, i.e., that h (x 0 ) -t- rf(x 0 ) :'S h -trf(xo) 

for each h in A, r in R. If r 2; 0, then h + rf = h + rf, by 

(b) and (c), while if r < 0, then h -t- rf is concave, and hence 

h -t- rf = h -t- rf 2; h + rT. By the Hahn-Banach theorem, then, 

there exists a linear functional m on C(X) such that m(g) :S 
:S g(x 0) for g in C(X), and m(h + rf) = h(x 0 ) + rf(xo) if 

hE A, r E R. If g E C(X) and g ~ 0, then 0 2; g(x 0 ) 2; m(g), 

i.e., m is non positive on non positive functions and hence is 

continuous. By the Riesz representation theorem, there exists 
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a nonnegative regular Borel measure f1 on X such that m(g) = 

= f.L(g) for g in C(X). Since 1 E A, we see that 1 = m(1)·= 

= f1(1), so f1 is a probability measure. Furthermore, f.L(f) = 

=mU)=f(x 0 ). Now, f~T, so f.LCi)~f.L({). Ontheotherhand, 

if h E A and h ;; f, then h ;; T, and consequently h (x 0 ) = 

= m (h) = fl (h) ;; f1 (f). It follows from the definition of T that 

fcx 0 ) ;; f1 (f), and therefore f1 (f) = f1 (f). This last fact implies 

that f1 vanishes on the complement of 1· x: f(x) = f(x) l. We 

complete the proof by showing that this latter set is contained 

in the set of extreme points of X. Indeed, if x = t y + t z, 

where y and z are distinct points of X, then the strict con­

vexity of f implies that f(x) < ~ f(y) + t f(z) ~ t f(y) + 

+ t f(z) ~ Tcx). 

It is interesting to note that I x: f(x) = f(x) l actually coin­

cides with the set of extreme points of X. This is a consequence 

of the next proposition. 

Definition. If f1 and A are probability measures such 

that f1 (f)= A(f) for each f in A, we will write f1 "' A. 

PROPOSITION 3 .1. If f is a continuous function on the 

compact convex set X, then for each x in X, {(x) = 

=sup I Jf df.L: f1 ,...._,Ex!. Consequently, fcx) = f(x) if x is an 

extreme point of X. 

Proof. The second assertion follows from Proposition 1.4. 

To prove the first assertion, let f '(x) =sup lf.L(f): f1 "'Ex!; we 

must show that f '= T. It follows easily from the definition that 

f ' is concave; we prove that it is upper semicontin!iQfi$ ;.- ~ndeed, 
/ ....... ·:.·;:<:. .. ,·_·::~:/:~.r .. 

"~.~\',.. / .. . ) l? ,r;.~·· 
,· :_c ( .:'~1·~. :·,~. ··/~· • \ L~~. 
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suppose that {X a I is a net in X converging to a point x, with 

f'(xa) ~ r, say. To see that /'(x) ~ r, suppose that E > 0 and 

choose /1-a ,...., Exa such that P.aU) > r- E. By weak*-compact­

ness, there exist a probability measure p. and a subnet {p. 13 1 

of lp.a I which converges to fl.. If g is in A, then g (x 13) = 

= ll-!3 (g) -+ p. (g); since g (x 13) -+ g (x), we see that p. ,...., Ex . 

Thus, r- E ~lim p.13 (f) = p.(f) ~ f'(x); it follows that /'(x) ~ 

~ r. Since f' is upper semicontinuous, l (x, r): f'(x) ~ r I is 

closed (and convex) in E x R; using the same argument as in 

(b) (above), we conclude that T ~ f '. On the other hand, if h 

is in A, x in X, and h ~ f, then for any p. ,...., Ex, we have 

h (x) = p. (h) ~ p. (f). It follows that f '(x) ;;; h (x), and from this 

we get!';;; T. 



4 The Choquet-Bishop-de Leeuw 

existence theorem 

Suppose that X is a nonmetrizable compact convex subset 

of a locally convex space E. As shown by examples in Bishop­

de Leeuw [6], the extreme points of X need not form a Borel 

set. Thus, the statement "the probability measure fl. is sup­

ported by the extreme points of X" is meaningless under our 

present definitions. There are at least two ways to get around 

this. \Ve can drop the requirement that fl. be a Borel measure 

(i.e., allow measures defined on a different a-ring), or we can 

change the definition of "supported by" for Borel measures. An 

alternative definition might require that fl. vanish on every 

Borel set which is disjoint from the set of extreme points, but 

Bishop and de Leeuw have shown that it is not always possible 

to obtain representing measures fl. with this property. If, how­

however, one demands only that fl. vanish on the Baire subsets 

of X which contain no extreme points, then a representation 

theorem can be obtained. (Recall that the Baire sets are the 

members of the a-ring generated by the compact G6 sets.) 

Furthermore, this result leads easily to an equivalent theorem 

in which the definition of "supported by" remains formally the 

same, but the measure is no longer a Borel measure. 

23 
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THEOREM (Choquet-Bishop-de Leeuw). Suppose that X is 

a compact convex subset of a locally convex space E, and that 

x0 is in X. Then there exists a probability measure fL on X 

which represents x0 and which vanishes on every Baire subset 

of X which is disjoint from the set of extreme points of X. 

The rest of this section is devoted mainly to the proof of this 

theorem. 

Definitions. The set of extreme points of X will be 

denoted by ex X. The set of all continuous affine [con vex] 

functions on X will be denoted by A [C]. 

The subspace C- C (of all functions of the form f- g, 

£, g in C) is a lattice under the usual partial ordering· in C (X). 

[Notethat max(/1 -g 11 f 2 -g2) = max(/ 1 +g 2 , f 2 +g 1 )-

- (g 1 + g2 ).] Since it contains A, C - C separates the points 

of X and contains the constant functions; by the Stone-Weier­

strass theorem, it is dense in the norm topology of C (X). We 

now partially order the nonnegative measures on X in the follow­

ing way: 

Definition. If i\ and f1 are nonnegative regular Borel 

measures on X, write A.> fL if A. (I) 2; p.(f) for each f in 

c. 

This relation is clearly transitive and reflexive; the fact that 

i\ > p. and p. > i\ imply A. = f1 comes from the fact that C - C 

is dense in C (X). Note that if f is in A, then both f and -f 

are in C, so that i\ > p. implies A.(f) = p.(f), i .. e., A. and f1 
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represent the same linear functional on the subspace A. (In 

particular, if they are probability measures, then they have the 

same resultant in X.) It is also well worth noting that if 

11 "' Ex, then 11 >Ex; indeed, if f E -c,· then T = f and hence 

f(x) = inf I h (x): hE A, h ~ f I= inf l11(h): hE A, h;;;; f I;;;; ll(l). 

We will be concerned with measures which are maximal with re­

spect to this ordering; such a measure will be called a "maximal 

measure", without further reference to the ordering. The fact 

that if A > 11• then ,\ has its support "closer" to the extreme 

points of X than does 11• may be heuristically verified by con­

sidering measures and convex functions on a triangle in the 

plane, say. This fact is what leads us to hope that a maximal 

measure will be supported by the extreme points. 

LEMMA 4.1. If A is a nonnegative measure on X, then 

there exists a maximal measure 11 such that 11 >A. 

Proof. Suppose A ;;;; 0 and let Z = !11: 11;;;; 0 and 11 >AI. 
Suppose that we have found an element 11 in Z which is maxi­

mal (with respect to the ordering >) in Z. Then 11 will be a 

maximal measure, since if '' is a nonnegative measure and 

v > 11 , then v > A , so that v E Z and hence I/ = 11 . To find 

a maximal element of Z, let W be a chain in Z. We may re­

gard lV as a net (the directed "index set" being the elements 

of W themselves) which is contained in the weak* compact set 

l11: 11 ;;;; 0 and 11 (1) = A (1) I. Thus, there exists flo with 

llo ~ 0 and a subnet 1/la I of W which converges to llo in the 

weak* topology. If /li is any element in W, it follows from 
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the definition of subnet that eventually /La > 11 1 and hence 

/Lo > /Ll. Thus, /Lo is an upper bound for W; furthermore, 

since /Lo >'A, we have /Lo E Z. By Zorn's lemma, then, Z 

contains a maximal element. 

Bishop and de Leeuw originated the idea of looking at maxi­

mal measures, although they used an ordering which differs 

slightly from the one used here. The notion is applied in a ver: 

simple way: If x 0 is in X, choose a maximal measure 11 

such that 11 .> Exo· As noted above, 11 represents x 0 ; it re­

mains to show that the maximality of 11 implies that 11 va·n­

ishes on Baire sets which contain no extreme points. The first 

step toward doing this is contained in the following result. 

PROPOSITION 4.2. If f1 is a maximal measure on X, the1 

11(1) = 11U) for each continuous function f on X. 

Proof. Choose f in C (X) and define the linear function, 

L on the one-dimensional subspace Rf by L (r£) = r11 ({). 

Define the sublinear functional p on C (X) by p (g) = 11 ("j). 
If r ~ 0, then L (r£) = p (r£), while if r < 0, then 0 = r£- rf; 

:;; rf + (-r£) = r£- rf, and hence L (r£) = f1 (rf) ~ 11 (r£) = p (rf). 

Thus, L :S p on Rf, and therefore (by the Hahn-Banach theo­

rem), there exists an extension L' of L to C (X) such that 

L':Sp. If g~O, then g~o, so L'(g)~p(g)= 11 (g)~o. It 

follows that L' ~ 0 and hence there exists a nonnegative mea­

sure v on X such that L '(g)= v(g) for each g in C(X). 

If g is convex, then -g is concave and -g = -g, so 

v(-g) ~ p (-g) = /1(-g) = /1(-g), i.e., w<v. Since f1 is 
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maximal, we must have JL = v, and therefore p.(f) = J•(f) = 

L (f) = JL (f\ which completes the proof. 

27 

As we will see later (Proposition 9.3) the converse to the 

above result is true. More importantly, note that the proposition 

implies the following: If p. is a maximal measure, then /1 is 

supported by lx: f(x) = f (x) \, for each f in C. As shown by 

Proposition 3.1, each of these sets contains the extreme points 

of X. If C contained a strictly convex function f 0 , we would 

have (as in Choquet's theorem) ex X = lx: T0 (x) = f 0 (x) \, and 

the proof would be complete. Herve [22) has shown, however, 

that the existence of t · tl · · a s nc Y convex continuous functwn on X 
implies that X · t · bl Ab 

lS me nza e. out the best we can do in the 

nonmetrizable case is prove that ex X · th · · of all zs e mtersectzon 
the Sets Of the form lx: l(X)- 1~, l ;. / /r~ C. Fn·'·. ·'· ,-f 

f(x) = f(x) for each [ in C, and if x ; ('· " z) . ._._ :-: in X. 

then f(y) + f(z) ~ 2f(x) = 2T(x) ~ f(y) + f(z) ~ E(y) + f(z), i.e., 

2f(x)=f(y)+f(z) foreach fin C. ltfollowsthatthesame 

equality holds for any f in -C, hence for each element of 

C - C. Since the latter subspace is dense in C (X), we must 

have x=y=z, i.e., x isanextremepointof X . 
. h the Baire To show that any maximal measure J1 vams es on 

sets which are disjoint from ex X, it suffices to show that 

/L(D) = 0 if D is a compact Go set which is disjoint from 

ex X. (This is a consequence of regularity: If B is a Baire 

set and /1 is a nonnegative regular Borel measure, then 

/l(B) =sup !f1(D): D cB, D a compact G0 \.) It will be helpful 

later if we merely assume that D is a compact subset of a Go 
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set which is disjoint from ex X. To show that fl(D) == 0, we 

first use Urysohn's lemma to choose a nondecreasing sequence 

lin l of continuous functions on X with -1 ;S fn ;S 0, fn (D)== 

== -1 and lim fn (x) == 0 if x e ex X. We then show that if f1 

is maximal, then lim fl(fn) == 0; it is immediate from this that 

f1(D) == 0. To obtain this "limit" result requires two slightly 

technical lemmas. The first of these is quite interesting, since 

it reduces the desired result to Choquet's theorem for metrizable 

X, using an idea due to Meyer. (More precisely, we will use 

the fact that for each x in X, there exists f1 "' Ex which is 

supported·by ex X. Since it is not generally true that every f 

in A can be extended to an element of E*, this is formally 

stronger than the stated version of Choquet's theorem. See 

Proposition 4.5) 

LEMMA 4.3. Suppose that lin l is a bounded sequence of 

concave upper semicontinuous functions on X, with 

lim inf f n (x) ~ 0 for each x in ex X. Then lim inf f n (x) ~ 

> 0 for each x in X. 

Proof. Assume first that X is metrizable. If x is in X 

choose a probability measure 11 "' Ex which is supported by 
• 

ex X. By hypothesis, lim inf fn ~ 0 a.e. fl, so by Fatou's 

lemma, lim inf f1 (f n) ~ 0. Since each f n is concave and upper 

semicontinuous, the proof of Proposition 3.1 shows that 

fn == Tn, SO that fn(x) == inf lh(x): hE A, h ~ fnl == 

=infltL(h):heA,h ~ fnl ~ fl(fn). Thus, liminffn(x) > 

~ lim inf fl(fn) ~ 0. Turning to the general case, suppose x 
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is in X, and for each n choose hn in A such that hn ~ fn 

and h n (x) < f n (x) + n - 1 • Let RN be the countable product of 

lines and define ¢:X-> RN by ¢(y) = lh 0 (y) I. The function 

¢ is affine and continuous, so X'= ¢(X) is a compact con­

vex subset of the metrizable space RN. Let IT n be the usual 

"n-th coordinate" projection of RN onto R; if y is in X, 

then IT 0 (¢y) = hn(y). If x' is in X', the set ¢- 1 (x') is 

compact and convex in X; by the Krein-Milman theorem it has 

an extreme point y. Assuming that x' is in ex X', a simple 

argumentshowsthat y isin exX. Since IT0 (x')=hn(y);::: 

;::: fn(y), we have liminfiT0 (x');::: liminff0 (y);::: 0, foreach 

x ' in ex X : The functions IT n are affine and continuous on 

the metrizable set X ', so from the first part of this proof we 

conclude that lim inf IT n (x ') ~ 0 for each x' in X'. Taking 

x' = ¢(x), we obtain 0 ;;:; lim inf 1Tn(¢x) =lim inf hn(x) 

lim inf f n (x), which completes the proof. 

LEMMA 4.4. If f.1 is a maximal measure on X, and if 

IfnI is a nondecreasing sequence in C (X) such that -1 ;;:; 

;;:; fn ;S 0 (n = 1, 2, ... ) and lim [0 (x) = 0 for each x in ex X, 

then lim f.1 (£ n) = 0. 

Proof. Consider the sequence I~ I of concave upper semi-

continuous functions. Since -1 ;S fn ;S ~ ;S 0, we have 

lim ~ (x) = 0 if x is in ex X; in addition, the sequence I~ I 
is also nondecreasing (and bounded above by zero), so that 

lim ~ (x) exists for each x in X. It follows from Lemma 4.3 

that lim Tn (x) = 0 for each x in X. From the Lebesgue 
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bounded convergence theorem it follows that lim 11 (fn) = 0~ 

ffO.JJJ PEopositio:J 4.2 we have p (7;) '""' /I. (111 ), which. completes 

Thus, we have shown that any maximal measure on X van­

ishes on the Baire subsets of X ....... ex X. We have also shown 

something slightly different: A maximal measure 11. vanishes 

on any G5 subset of X,...., ex X. (Indeed, we showed that 

/J.(D) = 0 if D is any compact subset of such a set.) This is 

important, since it shows, in particular, that a maximal measure 

is supported by any closed set which contains ex X, and hence 

the Choquet-Bishop-de Leeuw theorem generalizes the Krein­

Milman theorem. 

In this connection, ·an example from [6] is worth citing: 

There exists a compact convex subset X of a locally convex 

space, with the following two properties: (a) The extreme points 

of X form a Borel set. (b) There is a maximal measure 11. on 

X such that /J.(ex X)= 0. [This example is formulated in terms 

of the setup we give in Section 6. The ordering of Bishop and 

de Leeuw is defined by A (£2) ~ 11. (12 ) whenever f is affine and 

continuous on X; since f2 is convex, it follows that a maximal 

measure in their sense is maximal in the present sense.] 

We next formulate the Choq~~t-Bishop-de Leeuw theorem in a 

manner which can perhaps be more convenient for applications. 

THEOREM (Bishop-de Leeuw). Suppose that X is a com-

pact convex subset of a locally convex space, and denote by S 
the a-ring of subsets of X which is generated by ex X and 
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the Baire sets. Then for each point x 0 in X there exists a 

nonnegative measure li on S with li (X) = 1 such that li rep­

resents x 0 and /i(ex X)= 1. 

Proof. By the Choquet-Bishop-de Leeuw theorem there 

exists a Borel measure A which represents x 0 and which van­

ishes on the Baire subsets of X "' ex X. We need only extend 

A to a nonnegative measure li on S and show that t-L(ex X)= 

= 1. To do this, observe that any set S in S is of the form 

[B 1 n ex X] U [B 2 n (X "' ex X)], where B 1 and B 2 are 

Baire sets. If we let t-L(S) = A (B 1), then li is well defined 

and li (ex X) = A (X) = 1. 

As we remarked earlier, not every function in A is of the 

form x .... f (x) + r, f in E*, r in R. Consider the following 

example: 

Let E be the Hilbert space e2 in its weak topology, let X 

be the set of sequences x = lxn I such that I xn I ~ 2-n and 

define f on X by f(x) = ~ xn. Then f is in A and 

f (0) = 0, but there is no point y in e2 such that f (x) = (x, y) 

for all x in X. 

This example shows that the subspace M = E* I x + R of 

C(X) may be a proper subspace of A. Nevertheless, the two 

notions "li "' Ex" and "11 represents x" (for a measure 11 

on X and a point x in X) coincide, as the following proposi­

tion implies. 

PROPOSITION 4.5. The subspace M (defined above) is 

uniformly dense in the closed subspace A of affine continuous 
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functions on X. 

Proof. It is evident that the space A is uniformly closed. 

Suppose that g EO A ana E.:> 0, and consider the following two 

subsets of E x R: I 1 = I (x, r): x E X, r = g (x) I and I 2 = 

=I (x, r): x E X and r = g (x) + E I. These sets are compact, 

convex, nonempty, and disjoint. By a slightly extended version 

of the usual separation theorem (obtained by separating the 

origin from the closed convex difference set I 2 - I 1) there 

exist a continuous linear functional L on E x R and A in 

R such that sup L U 1) < A < inf L U 2 ). If we define f on 

E by the equation L (x, f (x)) = A, it follows that f is affine 

and continuous, and that g (x) < f (x) < g (x) + E for x in X, 

which completes the proof. 



5. Application to Rainwater's theorem 

Let Y be a compact Hausdorff space and suppose that f, 

in (n = 1, 2, 3, ... ) are functions in C (Y). A classical theo­

rem states that lin I converges weakly to f if and only if the 

sequence IfnI is uniformly bounded and lim f n (y) = f (y) for 

each y in Y. If we recall that the extreme points of the unit 

ball U of C (Y)* are the functionals of the form f .... ±. f(y), 

then this result is seen to be a special case of the following 

theorem. 

THEOREM (Rainwater [31]). Let E be a normed linear 

space and suppose that x, Xn (n = 1, 2, 3, ... ) are elements 

of E. Then the sequence lxnl converges weakly to x if and 

only if lxn I is bounded and lim f (xn) = f (x) for each extreme 

point f of the unit ball U of E*. 

Proof. Let Q denote the natural isometry of E into E**. 

If lxn I converges weakly to x, then (Qxn)(f) is bounded for 

each f in E*, so that the uniform boundedness theorem asserts 

that !Qxn I, hence lxn I, is bounded in norm. To prove the 

converse, suppose that !Qxnl is bounded and that f(xn) = 

= (Qxn)(f) -->(Qx)(f) = f(x) for each f in ex U, and that g 

is an arbitrary element of U. It suffices to show that 

33 
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(Qxn)(g) -. (Qx) (g). Now, in the weak* topology on E*, U is 

compact (and convex) so by the Bishop-de Leeuw theorem there 

exists a a-ring S of subsets of U (with ex U E S) and a prob­

ability measure p. on S such that p. (U ,...., ex U) = 0 and such 

that L (g) = f L dp. for each weak* continuous affine function 

L on U. In particular, (Qxn) (g) = f Qxn dp. and (Qx) (g) = 

= fQx dp.. Furthermore, {Qxnl converges to Qx on U a.e. 

ll• so by the Lebesgue bounded convergence theorem 

f Qxn dp. _. f Qx dp., and the proof is complete. 



6. A new setting: The Choquet boundary 

In the Introduction, the Riesz representation theorem was 

reformulated as a representation theorem of the Choquet type. 

Although the conclusion of the Riesz theorem is quite sharp (for 

each element of the convex set X under consideration there 

exists a unique representing measure supported by ex X), the 

hypotheses restrict its application to a very special class of 

compact convex sets. In what follows we will (among other 

things) describe a related family of sets which appears to be 

only slightly larger than that involved in the Riesz theorem, but 

which actually "contains" all the sets which interest us, in the 

sense that every compact convex subset of a locally convex 

space is affinely homeomorphic to a member of the family. 

Throughout this section, Y will denote a compact Hausdorff 

space, and Cc(Y) will denote the space of all continuous com­

plex-valued functions on Y, with supremum norm. (We continue 

to denote the space of real valued continuous functions on Y 

by C (Y).) 

Definition. Suppose that M is a linear subspace (not 

necessarily closed) of C (Y) (or of C cCY)) and that 1 E M. 

Denote by K (M) the set of all L in M* such that 

L (1) = 1 = II L II . 
35 
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If we consider M* in its weak* topology, then K(M) is a 

nonempty compact convex subset of a locally convex space, ahd 

the results from preceding sections are applicable. Note that 

the Riesz theorem dealt with the set K(C(Y)). 

Recall that a space E over the complex field may be con­

sidered as a real vector space E r by restricting scalar multipli­

cation to real numbers, and that there is a natural isomorphism 

between (E r)* and the real space of real parts of functionals in 

E*. Using this device, one may verify that all the foregoing 

propositions and theorems are valid for complex spaces. There 

are several reasons for doing this (one of which will become 

apparent later); the chief one is that many of the spaces which 

are of interest to analysts are spaces of complex valued func­

tions. In order to make full use of these theorems, it is neces­

sary to have descriptions of the extreme points of K(M). There 

is not a great deal to be said in the general case, but (as will 

be shown later) for the case when M is a subalgebra of C c(Y), 

Bishop and Bishop-de Leeuw have obtained useful and interest­

ing characterizations of ex K(M). 

Since we will consider the real and complex cases simulta­

neously, it will be of help to recall one form of the Riesz repre­

sentation theorem for C c(Y)*: If L is in C cCY)*, then there 

exist nonnegative regular Borel measures fl.l• f1. 2 , (1. 3 and (1. 4 

on Y such that the measure fl.= fl.l - (1. 2 + i ((1. 3 - fl 4 ) repre­

sents L and the total variation 11/l II of fl. eq~als II L II . If 

L (1) = 1 = II L II, then L ~ 0 (that is, Lf ~ 0 whenever 

f ~ 0) and hence fl = fl.l ~ 0. [A simple proof of the above 
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assertion about L goes as follows: If f ~ 0, let D be any 

closed disc in the complex plane which contains the bounded 

set f(Y); assume D has center a and radius r > 0. Then 

II f- a 1\ :;? r so r ~ I L(f -a) I = I L(f) - a I, i.e., Lf E D. 

Thus, Lf is in the closed convex hull of f (Y) (which is the 

intersection of all such discs) and since f (Y) is contained in 

the nonnegative real axis, we have Lf ~ 0.] It follows that 

even in the complex case, the functionals in K(M) may be rep­

resented by probability measures on Y; indeed, if L E K(M), 

then it may be extended to an element of K(C c(Y)) by the (com­

plex form of the) Hahn-Banach theorem. By the Riesz theorem 

there exists a complex measure 11 on Y such that L(f) = 

= f Yf d11 for each f in M. It follows from the previous remarks 

that 11 is a probability measure. 

Definition. If y is in Y, let ¢ y be the element of 

K(M) defined by (cpy)(f) = f(y), f in M. Note that ¢ is 

continuous. 

If M separates points of Y, then ¢ is one-to-one, and 

hence is a homeomorphism, embedding Y as a compact subset 

of K(M). If L E K(M) and 11 is a measure on Y such that 

L(f) = 11Cf) for f in M, then we can "carry" 11 to a measure 

11' on K(M) in the obvious way: 11' = 11 o¢- 1 • Since M is the 

conjugate space to M* (in its weak* topology), it follows eas­

ily that 11' represents L. 

LEMMA 6.1. Suppose that M is a subspace of C(Y) (or 

of C cCY)) and that 1 E M. Then K(M) equals the weak* 
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closed convex hull of ¢ (Y). 

Proof. If the above assertion is false, then there exists f 

in M such that sup {(Re f)(y): y E Y} < 

< sup { Re L(f): L E K(M)l ;S sup { Re L(f): L E C(X)*, II L II = 

= 1} = II Re f II. We may assume (by adding a positive constant 

to f) that Re f ~ 0; the first term then becomes II Re f II and 

we have a contradiction. 

Definition. Suppose that M is a linear subspace of 

C(Y) (or of C cCY)) and that 1 E M. Let B(M) be the set 

of all y in Y for which ¢y is an extreme point of K(M). 

We call B(M) the Choquet boundary for M. 

The reason for introducing this notion is apparent: An ele­

ment L in K(M) is an ·extreme point of K(M) if and only if 

L = ¢y for some y in B(M). [The "if" part of this assertion 

comes from the definition of B(M); on the other hand, Lemma 

6.1 and Milman's theorem (Section 1) imply that ex K(M) C 

C ¢(Y).] We have the following "intrinsic" characterization of 

B(M) in terms of measures on Y, at least for subs paces M 

which separate the points of Y. 

PROPOSITION 6.2. Suppose that M is a subspace of C(Y) 

(or of C cCY)) which separates the points of Y and contains 

the constant functions. Then y is in the Choquet boundary 

B(M) of M if and only if 11 = Ey is the only probability mea­

sure on Y such that f(y) = Jyf dp. for each f in M. 

Proof. Suppose that y E B(M) and suppose that for some 
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measure 11 on Y, f(y) = f f d11 for each f in M. Then the 

measure 11' = 11 o ¢- 1 is defined on (the Borel subsets of) 

K(M), and the above relation means that 11',... Ecpy = Ey 0 ¢- 1 • 

Since ¢y € ex K(M), Proposition 1.4 implies 11 0 ¢- 1 = Ey 0 ¢- 1 , 

and since ¢ is a homeomorphism we have 11 = Ey. Conversely, 

suppose y ~ B(M), so that ¢y ~ ex K(M). Then there exist 

distinct functionals in K(M), and hence distinct measures 11 1 

and 11 2 on Y which represent them, such that (¢y)(f) = 

= t11 1(f) + t11 2(f) for each f in M. Let 11 = t11 1 + t11 2 ; then 

11(£) = f (y) for each f in M, although 11-=/: Ey. (Indeed, suppose 

Ey = 11 = t11 1 + t11 2 • Since 11 1 and 11 2 are distinct, /ll =f, Ey 

and hence /ll lyl < 1. It follows that 11lYl < 1, i.e., 11 =f, Ey.) 

(The above characterization is actually the definition of the 

Choquet boundary used by most authors. If one wishes to use 

this definition for subspaces M which do not separate points, 

a more complicated version is necessary [6, 18].) This proposi­

tion makes it evident that when M is all of C(Y) or C c(Y), we 

have ¢ (Y) =ex K(M); equivalently, B(M) = Y. An example 

where B(M)-=/: Y may be constructed as follows: Let 

Y = [0, 1] and let M = !f E C(Y): f( t) = tf(O) + tf(1)l. Then 

B(M) = Y"' It l. [Clearly, t ~ B(M). If x =/:: t and 11 (£) 

= f (x) for each f in IJ1, then by choosing functions in M 

which "peak" at x, it can be seen that 11 = Ex.] 

Definition. Suppose that M is a subspace of C(Y) or 

of C c(Y) and suppose 1 E M. A subset B of Y is said 

to be a boundary for M if for each f in M there exists a 
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point x in B such that I f(x)l = II f II(= sup !I f(y)l: y E Yl). 

If there is a smallest closed boundary for M (i.e., a closed 

boundary which is contained in every closed boundary), it is 

called the Silov boundary for M. (For some illuminating ex­

amples, see the end of Section 8.) 

PROPOSITION 6.3. Suppose that M is a subspace of C(Y) 

(or C cCY)) with 1 E M. If f E M, then there exists y in the 

Choquet boundary B(M) such that I f(y)l = 1\ f\1, i.e., B(M) is 

a boundary for M. 

Proof. Let L 0 be any element of K(M) such that 

IL 0(f)l = 1\fl\ (for instance, evaluation at some point where lfl 
attains its maximum) and let K.0 be the set of all L in K(M) 

such that L(f) = L 0(£). The set K 0 is nonempty, weak* com­

pact, and convex, hence it has an extreme point L 1 which is 

necessarily an extreme point of K(M). Hence L 1 = ¢y for 

some y in B(M), and lfCY)I = IL 1(f)l = IL 0(f)l = 11£\1. 

PROPOSITION 6.4. Suppose that M is a subspace of C(Y) 

or of C c(Y) which contains the constant functions and separates 

points of Y. Then the closure of the Choquet boundary is the 

Silov boundary for M. 

Proof. It follows from Proposition 6.3 that the closure of 

B(M) is a closed boundary for M. It remains to show that if B 

is a closed boundary for M, then B(M) C B (and hence 

cl B(M) C B). Suppose not; then there exists y in B(M) "' B 

and hence a neighborhood U of y with U C Y "' B. We will 

show that there exists f in M such that sup I f(Y"' U)l < 
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< sup If (U) I ; this will imply that B is not a boundary for M, 

a contradiction. The remainder of the proof is due (for the real 

case) to Choquet. Note that ¢y is an element of ex K(M) and 

that ¢ (V) is a (relative) weak* neighborhood of ¢y in ¢ (Y). 

Using the definition of the weak* topology and the fact that 

1 E M, we can find f 1 , ••• , f n in M and E > 0 such that 

¢y E n !L: Re L(f ;) < E I n ¢ (Y) c ¢ (U). Consider the compact 

convex sets K; = !L: Re L(/;) f; E I n K(M), i = 1, ... , n. The 

convex hull ] of their union is again a compact convex subset 

of K(M), but does not contain the extreme point ¢y; otherwise, 

¢y would be a convex combination of elements L; of K 1 , i = 

= 1, ... , n. Since ¢y ~ ] , we can apply the separation theorem 

to obtain a function f in M such that sup Re f (]) < 

< Re (¢y)(f). Since ¢(Y)....., ¢(U) c UK; c ], we have 

sup (Re f)(Y......, U) < Re f(y). By adding a sufficiently large 

positive constant to f we get the desired result. 

We next show that every nonempty compact convex subset of 

a locally convex space is of the form K(M) (for suitable Y 

and M). 

PROPOSITION 6.5. If X is a compact convex subset of a 

locally convex space, then there exists a separating subspace 

M of C(X), with 1 e M, such that X is affinely homeomorphic 

with K(M). 

Proof. Let M be those functions in C(X) of the form 

g(x) = f (x) + r, where f is in E*, r in R. Define ¢ from 

X to K(M) as before; it is easily checked that ¢ is affine. 
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To see that ¢(X) == K(M), suppose that L is in K(M); by 

using the Hahn-Banach and Riesz theorems as above, we can 

find a measure fl. on X such that L(g) == f.L(g) for each g in 

M. By Proposition 1.1, fl. has a unique resultant x in X; it 

follows that ¢x == L. 

It follows from the foregoing discussion that we can carry 

problems concerning representing measures into the context of 

function spaces and Choquet boundaries. This latter setting 

has been aptly referred to as "the Bishop-de Leeuw setup." One 

advantage of the Bishop-de Leeuw setup is the relative ease 

with which examples may be constructed. [Another advantage 

is that it lends itself to the discussion of function algebras • 

which was Bishop's [5] original motivation for proving a special 

case of the Choquet theorem; see Section 8.] 

We conclude this chapter with a form of the representation 

theorem which is due to Bishop and de Leeuw. In order to do 

this (and for later purposes) we observe that for separating sub­

spaces M there is a suitable definition of A. >fl. for measures 

A. and fl. on Y, namely, define A. > fl. to mean that 
A ,k-1 -1 d 

0 'f" > fl. o ¢ . If we are given a measure fl. on Y an we 

want a maximal measure A. with A. > fl.• we can choose a 

maximal measure A.' on K(M) with A.'> fl. 0 ¢-I. In view of 

the remarks in Section 4 (prior to the Bishop-de Leeuw theorem), 

A.' is supported by the compact set cp(Y), hence is of the form 

A. 0 ¢-I for a (maximal) measure A. on Y such that A. >fl.· 

Furthermore, a set D is a compact Gs in K(M) if and only if 

D n ¢(Y) is a compact Gs relative to ¢(Y); it follows that 
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A vanishes on the Baire subsets of Y "' B(M). 

43 

THEOREM. Suppose that M is a subspace of C(Y) (or of 

C c(Y)) which separates points and contains the constant func­

tions. If L € M*, then there exists a complex measure J1. on 

Y such that L(f) = J Yf dJJ. for each f in M and J1. (S) = 0 

for any Baire set S in Y which is disjoint from the Choquet 

boundary for M. 

Proof. By applying the Hahn-Banach and Riesz theorems, 

we may obtain a measure A = A1 - A2 + i (11. 3 - A4 ) on Y such 

that L(f) = 11.(1) for each I in M. For each i we can find a 

maximal measure Jl.; on K(M) with Jl.; > A1• We know that Jl.; 

vanishes on the Baire sets which are disjoint from B(M), and 

fl.;(/) = A; (f) for f in M. If we define J1. = Jl.I - f1.2 + i (Jl-3 -

- f1. 4), we get a measure with the required properties. 



7. Application of the Choquet boundary 

to resolvents 

Let X be a compact Hausdorff space, and suppose that for 

each A> 0 there is a linear transformation Rf..: C(X) --. C(X) 

such that Rf.. ~ 0 (i.e., Rf..l ~ 0 whenever f ~ 0) and 

R7\1 = 1/ A. We call the family of operators Rf.. (A.> 0) a resol­

vent if the following identity is valid for all A., A.'> 0: 

(*) 

[Such families arise in the study of Markov processes. If 

(T t: t > 0) is a semigroup of Markov operators from C(X) into 

itself (i.e., T 8 T 1 = T s+t, T t 1 = 1, T t ~ 0), then under suit­

able conditions 

(x in X, A.> 0) 

exists for all f in C(X) and defines a resolvent. Under certain 

hypotheses, every resolvent is obtainable in this way from a 

semigroup of Markov operators, and the content of this section 

is a convergence theorem related to the proof of this result. 

44 
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(See the papers [27] and [32] for more detailed information on 

this subject.) None of the facts in this paragraph are needed to 

follow the exposition given below, which is due to Lion [27] 

and was originally shown us by Choquet.] 

We first prove some elementary facts which follow easily from 

the definition of a resolvent. 

1. For each A> 0, R71 is continuous and IIR71II = 1/A. 

Indeed, if f E C(X), then ±f ~ II f II • 1, hence ±R71 f ~ 

~ 11£11 • R711 = (1/A.) II f II, so II R71ll ~ 1/A.. But R711 = 1/A.. 

2. For each A and A.', R 71 R 71' = R 71' R 71· This is trivial 

if A = A.' and follows from ( *) otherwise. 

3. The operators R71 have the same range. Given A, let 

M71 = R71 [C(X)] be the range of R71. For any A and A.', if 

f E C(X), then R71f- R71• f = (A.'- A.)Rl\(R71• f), so R71•f E M71. 

Thus, M 71' c M 71· 

Let M denote the common range of the operators R. 

Throughout the remainder of this section, we assume that M 

separates points of X. (Even if we did not assume this, it 

would still be possible to formulate a suitable theorem analogous 

to the one below, but the statement would be unnecessarily com­

plicated.) The next theorem is essentially the same as one 

originally proved by Ray [32], using a different method. 

THEOREM. Suppose that X is a compact Hausdorff space, 

that R 71 (A > 0) is a resolvent on C(X), and that M is the 

common range of the operators R71. 

1. If x is in the Choquet boundary B of M, then for all 
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f in C(X), 

limt. .... oo A.(Rt.f)(x) = f(x). 

2. If x is in X, there exists a regular Borel measure Jlx 

on X such that, for each f in C(X), 

limt. .... oo A. (Rt.f) (x) = f f dJLx · 
X 

The measure Jlx is supported by B, in the sense that Jlx (A) = 

= 0 for any Baire set A C X "'B. 

3. If x is in X and the conclusion to (1) holds, then 

X € B. 

Proof. We first show that if g is in M, then 

II A.Rt.g - g II .... 0 as A. .... oo. Indeed, we can write g = R 1 f 

for some f in C(X), and hence A.Rt.g - g = A. Rt. R 1 f -

- R1 f = 1 · Rt.R 1 f- Rt.f = Rt.(R 1 f- f). It follows that 

llt..Rt.g-gii~IIRt.ll IIR 1 f-fll~(1/t..)IIR 1 f-fll .... 0. Sup­

pose, now, that x EX and A.> 0. The functional defined on 

C(X) by f .... A. (Rt.f) (x) is nonnegative on nonnegative functions 

and takes 1 into 1, hence there exists a probability measure 

· Jlx,f. on X such that A.(Rt.f)(x) = Jf dJLx,A for each f in 

C(X). For each >.. 0 > 0, let A(/.. 0 , x) be the closure (in the 

weak* topology of C(X)*) of {Jlx,A: A.~ /.. 0 }. For fixed x, the 

sets A(/.. 0 , x) (/.. 0 > 0) form a nested family of nonempty compact 

sets and hence have nonempty intersection A(x). We next show 

that if J1 E A(x), then 11 "' Ex, i.e., J1 (g)= g (x) for each g 

in M. Indeed, given E > 0, there exists >.. 0 > 0 such that 
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I A(R"Ag)(x)- g(x)l;::; I!AR71g- gil < E/2 for A~ A0 • Since 

fL E A(A 0 , x), every weak* neighborhood of f1 contains a mea­

sure flx,"A for some A~ A0 • In particular, then, I flx,"A(g) -

- f1 (g) I < E/2 for some A ~ Ao . It follows that I f1 (g) - g (x) I< 

< E for all E > 0. 

Suppose now that x E B, the Choquet boundary for M. The 

previous remark shows that if f1 E A(x), then f1 ,...._, Ex, and from 

the uniqueness property of the Choquet boundary we conclude 

that if x E B, then A(x) = {EJ. Hence if x E B and U is any 

weak* neighborhood of Ex, we must have A(A 0 , x) C U for 

some A0 , so that flx,"A E U if A~ A0 • Thus, flx,"A converges 

to ex as A -> oo, i.e., for each x in B, lim A (Rr..f) (x) exists 

and equals f (x) for each f in C(X), which proves (1). 

Suppose, next, that x E X. By the Choquet-Bishop-de Leeuw 

theorem there exists a maximal measure flx ,...._, Ex on X. Given 

f in C(X) and A> 0, let gr..= ARr..f; then gr.. EM so that 

gr.. (x) = flx(g) = fx g dfLx· Now II gr.. II= II ARr..ill ;=:;All Rr..ll.ll f II =II f II 

and, for y in B, gr..(y) = A(R71/)(y)-> f(y), by what was just 

proved. Suppose, now, that X is metrizable. Then flx(B) = 1 

so gr.. -• f a.e. flx• and the Lebesgue dominated convergence 

theorem implies that lim A (R r..f) (x) = flx(f ). If X is not 

metrizable, we can (as in the proof of the Bishop-de Leeuw theo­

rem) extend flx to the a-ring generated by '13 and the Baire 

subsets of X, so that flx ,...._, Ex and flx(B) = 1. All the func­

tions involved are measurable with respect to this larger a-ring 

and we can apply the dominated convergence theorem as before. 

It remains to show that x E B whenever lim A(Rr..f)(x) =f(x) 
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for all f in C(X). Suppose, then, that f1 "' Ex (and hence 

f1 >Ex); we must show that f1 = Ex. The above proof that 

lim A.(R 1..£) (x) = flx(£) is valid for any maximal measure fix 

such that flx "'Ex. Thus, we can suppose that flx is a maxi­

mal measure satisfying flx > fl• Since flx(f) =lim A.(R-,.J)(x) = 

= f (x) for all f in C(X), we have Ex = flx > f1 > Ex, and the 

proof is complete. 



8. The Choquet boundary for function algebras 

By a function algebra in C cCY) (Y compact Hausdorff) we 

mean any closed subalgebra of C cCY) which contains the con­

stant functions and separates points of Y. For metrizable Y, 

the Choquet boundary of a function algebra A has a particularly 

simple description (Bishop [S] ): It consists of the peak points 

for A, i.e., of those y in Y for which there exists a function 

f in A with the property that I f(x)l < lf(y)l if x =f, y. This 

result is a special case of a characterization (for arbitrary Y) 

due to Bishop and de Leeuw [6] , which is the main theorem of 

this section. 

Definition. Suppose that A is a function algebra in 

C c(Y) and that y E Y. We say that y satisfies: 

Condition I- if for any open neighborhood U of y and 

any E > 0 there exists f in A such that II f II ~ 1, 

I f(y) I> 1- E and If I ~ E in Y"' U; 

Condition II- if, whenever S is a Gs containing Y, 

there exists f in A such that If (y) I = II f II and 

lx: I /(x) I = II fill C S. 

THEOREM (Bishop-de Leeuw). Suppose that A is a func-

tion algebra in C cCY) and that y E Y. The following assertions 

49 
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are equivalent: 

(1) y satisfies Condition I. 

(2) y satisfies Condition II. 

(3) y is in the Choquet boundary for A. 

Before we prove this theorem, we need a simple lemma. 

LEMMA 8.1 If M is a separating subspace of C c(Y), with 

1 in M, then Re M (the space of real parts of functions in M) 

is a separating subspace of C(Y), and B(Re M) ,.., B(M). 

Proof. Use Proposition 6.2 and the fact that for a real mea-

sure fl on Y, fl(Ref)=(Ref)(y) forevery fin M ifand 

only if fl(f) = f(y) for every f in M. 

We return to the proof of the theorem: 

(3) implies (1). Suppose y E B(A) = B(Re A), that U is an 

open neighborhood of y, and that 0 < E < 1. Choose a function 

g in C(Y) such that 0 ;S g ;S 1, g (y) = 1 and g = 0 in Y"' U. 

Denote the weak* compact convex set K(Re A) c (Re A)* by X 

and use Tietze's extension theorem to obtain f in C(X) such 

that f = g o ¢- 1 on ¢ (Y) C X. Since ¢y E ex X, it follows 

from Proposition 3.1 that (-f)(¢y) = (-f)(¢y) = -g(y) = -1. 

Now the space of continuous affine functions on X is (by Prop­

osition 4.5) isomorphic to the uniform closure of the functions in 

ReA, and therefore (-f)(¢y) = inf {h(y): hERe A, h ~ -f !. It 

follows that there exists h 0 in ReA such that h 0 ;S g and 

h 0(y) > log (8- 1)/log 8 (where 8 = 1/E). Let h = 

=(log 8) (h 0 - 1); then h ERe A and there exists k in Re A 

such that h + ik E A. Since A is closed in C c(Y), the function 
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f 1 = exp (h + ik) is in A. Since If 1 I = eh, it follows easily 

that 1£ 1 .~1, l£1(y)1>1-E and \£ 1 i~s in YrvU. 

(1) implies (2) (Bishop). Suppose y satisfies condition I 

and that S is a G15 set containing y. Let IV n I be a decreas­

ing sequence of open sets with S = nV n· We will construct a 

sequence lgn I of functions in A and a sequence of open sets 

IU n I in Y with the following properties: 

(i) II Bn+l- Bnll ~ 2-n+ 1 

(ii) II Bnll ~ 3(1-2-n-x) 

(iii) B n(y) = 3(1-2-n) 

(iv) I Bn+l- Bn I < 2-n- 1 in Y"' U n 

(v) y E U n C V n• 

Assume that we have done this. By (i), the sequence IBn l con­

verges to a function g in A; (ii) and (iii) imply that II g II = 

= 3 = g (y). Finally, if x ~ S, then (v) implies that 

x E Y rv V n C Y"' U n for some n, and hence 

(writing g = Bn + ~;;'= n (gk+l- Bk)) we have 

00 

lg(x)l ~ llgnll + I lgk+I(x)- Bk(x)l < 
k:n 

00 

< 3(1-2-n-1) + I 2-k-1 < 3' 

k=n 

so that lx: lg(x)l = llg Ill c S, and therefore y satisfies 

Condition II. 

We define the sequence IBn l by induction: Since y E V 1 , 
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Condition I implies that there exists f in A such that li f II ;;S 1, 

lt(y)l>-£ and lti::S! in y ..... v 1 • Let ~h=0)[f(y)r 1 £. 

Since ll(y)l > -£, lg 1 l ;;S ~ • t = 2 < 3(1- T 2 ), so g 1 satis­

fies (ii). Also, lg 1(y)l = ~ = 3(1- T 1), so g 1 satisfies all 

the relevant conditions. Suppose that g 1, g 2, ••• , gk and 

U I• ••• , U k-I have been chosen to satisfy the above five con­

ditions. Since gk(y) = 3(1 - 2-k), there is a neighborhood U 

of Y such that lg k I < 3(1 - 2-~ + 2-k- 2 in U and hence in 

U k = U n V k. We can choose another function f in A such 

that II f II ;S 1, ll(y)l >-£ and If I ;S t in Y"' U k• Define 

h=(3·2-k- 1)[f(y)r 1 £; then h(y)=3·2-k-I and llhii:S2-k+I. 

Also, for x in Y"' U k• I h (x)l < 2-k-I. Let gk+l = gk + h; 

properties (i), (iii), (iv), and (v) are immediate. To check (ii), 

suppose x E Uk; then lgk+ 1(x)l ;S lgk(x)l + lh(x)l ;S 3(1- 2-k)+ 

+ 2-k- 2 + 2-k+l = 3(1 - 2-k- 2 ). On the other hand, if X E y "'uk, 

then I gk+ 1(x)l ;;S II gkll + 2-k-I :S 3(1- 2-k-I) + Tk-I = 3- 2-k < 

< 3(1 - 2-k- 2 ). This completes the induction. 

(2) implies (3). Suppose that y satisfies Condition II. We 

will show that JL = Ey is the only probability measure on Y 

such that p.(f) = f(y) for each f in A; from Proposition 6.2, 

we can conclude that y E B(A). Indeed, suppose that 11. is such 

a measure; to see that p.(y) = 1, it suffices to show that 

JL(S) = 1 for any G5 set which contains y. If S is such a 

set, choose f in A such that Y E lx: I f(x)\ = II fIll C S; then 

II t II = I t(y)l = I 11.COI ~ J5 l E I dll + fy_ 5 l E I dp. :$ II t II11.CS) + 

+ fy_ 5 ltldll· If tL(Y,...,S)>O, then fy_ 5 ltldll< lltl\p.(Y,...,S), 

a contradiction which completes the proof. 
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Note that if Y is metrizable, then each point of Y is a G0, 

and the equivalence between (2) and (3) yields the following 

corollary. 

COROLLARY 8.2 (Bishop [5]). If Y is metrizable and A 

is a function algebra in C c(Y), then the Choquet boundary for 

A coincides with the set of peak points for A. 

There are two more descriptions of the Choquet boundary 

which follow easily from the above theorem. 

COROLLARY 8.3. Suppose that A is a function algebra in 

C c(Y) and that y E Y. The following assertions are equivalent: 

(1) y is in the Choquet boundary of A. 

(2) For each open set U containing y, there exists f zn 

A such that If (y) I = il f II and I f I < II f II in Y r-.J u. 

(3) For each x in Y with y + x, there exists f zn A 

such that If (x) I < If CY) I = II f II. 

Proof. By the theorem, (1) is equivalent to Condition II, so 

it will suffice to show that (2) and (3) are equivalent to Condi­

tion II. Since any open set U is a G0 , Condition II implies 

(2), and (2) trivially implies (3). To see that (3) implies Con­

dition II, suppose that !Un I is a nested sequence of open sets 

and that y E n Un. For each n we will find fn in A such 

that II f n II = 1 = f nCY) and I f n I < 1 in y r-.J un. Once this is 

done, the function f = ~2-n fn will satisfy the properties of 

Condition II. Suppose, then, that n ~ 1 and that X E y r-.J un. 

By(3), thereexists fx in A such that fx(y)=1= llfxll and 

If) < 1 in a neighborhood Vx of x. By compactness of Y r-.J Un 
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we can choose a finite number f x 1 , ••• , f x k of such functions 

forwhich Vx 1 , ••• ,Vxk cover YrvUn. Thefunction fn= 

k- 1 L f x. then has the required properties. 
' 

The Choquet boundary can be a proper subset of the Silov 

boundary, as shown by the following example: Let Y be the 

unit eire le lz: I z I = 11 in the complex plane, and let A 1 be 

those functions in Cc(Y) which are restrictions of functions f 

which are analytic in I z I < 1, continuous in I z I ;S 1 and which 

satisfy f (0) = f (1). It follows from the maximum modulus princi­

ple for analytic functions that every point of Y except 1 is a 

peak point for A 1 ; since Y is metrizable, this shows that 

B(A 1) = Y"' 11 I, while the Silov boundary for A 1 is Y. 

We give a related example which is the motivation for the 

term"boundary:" Let Y =lz: lzi;S11 andlet A 2 betheset 

of all functions in Cc(Y) which are analytic in I z I < 1. Then 

the Choquet boundary coincides with the Silov boundary and 

these equal the boundary lz: I z I = 11 of Y. 

Finally, let Y = lz: I z I = 11 and let A 3 be the restrictions 

to Y of the functions in A 2 ; then the Choquet and Silov 

boundaries equal Y (so this can happen for proper subalgebras 

of Cc(Y).) 

For a description of Bishop's application of the foregoing 

material to an approximation problem for functions in the complex 

plane, see Section 14. 

It is not generally true that the peak points and the Choquet 

boundary coincide (in the metrizable case) for linear subspaces 

M of Cc(Y) which are not algebras. For instance, let Y be 
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the subset of the plane consisting of the convex hull of two dis­

joint circles, and let M be the complex valued affine functions 

on Y. The four tangent points to the circles are in the Choquet 

boundary, but are not peak points- a fact most easily seen by 

considering Re /11. Nevertheless, the peak points for M are 

always dense in the Choquet boundary for 111, a fact which is a 

corollary to the following classical result concerning Banach 

spaces. By a smooth point of the unit sphere of a Banach space 

E, we mean a point x, II x II = 1, for which there is a unique f 

in E* such that II f II = 1 = f(x). 

PROPOSITION 8.4 (S. Mazur). Let E be a separable real 

(or complex) Banach space and let S = {x: II xll = 1! denote the 

unit sphere of E. Then the smooth points of S form a dense 

G5 subset of S. 

Proof. In the case of a complex space, we will consider it 

as a real space (in the usual way); the set of smooth points 

(which we denote by sm S) is unchanged. We will show that 

sm S is a countable intersection of dense open subsets of S; 

since S is a complete metric space, the Baire category theorem 

will yield the desired conclusion. Let {xn l be a dense sequence 

in S. For positive integers m and n, let Dmn be those x in 

S suchthat f(xn)-g(xn)<m- 1 whenever f,g in E* satisfy 

II f II = f (x) = 1 = g (x) = II g II. It is easily verified that if 

x E S ,..._, sm S, then x ~ Dmn for some m and n, hence 

sm S = n Dmn• To see that S ,..._, Dmn is closed in S, suppose 

that y k E S ,..._, Dmn and y k -. y. Choose functions f k• g k of 
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norm one such that f k(y k) = 1 = g k(y k) and f k(x n) - g k(x n) ~ 
> -1 = m , k = 1, 2, 3,.... It follows easily from the weak* com-

pactness of the unit ball of E* that y e S"' Dmn . It remains 

to show that each set Dmn is dense in S. Suppose not; then 

for some m and n we can choose y in S and 8 > 0 such 

that II x- y II < 8 and II x II = 1 imply x ~ Dmn· Let Y 1 = Y 

and choose 11, g 1 in E* such that f 1(y1) = 11£111 = 1 = llg 111= 

= g 1(y 1) and f 1(xn) ~ m- 1 + g 1(xn)· We will proceed by induc­

tion to define a sequence !y k I in S and corresponding func­

tionals fk, gk of norm one such that lly 1 - Ykll < (1- Tk)8, 

fk(yk) = 1 = gk(yk) and fk(xn) ~ k m- 1 + g 1(xn)• Since 

f kCxn) ~ 1, this will lead to a contradiction. Suppose we have 

chosen y k which has the above properties. We define y k+ 1 = 

= (yk + axn)l\lyk + axnl\, where a> 0 is chosen to be small 

enough to insure that llyk- Yk+ 1ll < 2-k- 18. Thus, llyk+1 11 =1 

and l\y1- Yk+ 111 < (1- 2-k)8 + IIYk- Yk+ 111 < (1- 2-k- 1)8 < 8. 

It follows that y k+ 1 ~ Dmn• so there exist f k+ 1, g k+ 1 of norm 

one such that fk+ 1(yk+ 1) = 1 = gk+ 1(yk+ 1) and fk+ 1(xn) ~ 
> -1 
= m + gk+ 1(xn). Now, 

Since gk+l(yk+1) = 1 ~ gk+1 (Yk), we have 

llyk + axnll = gk+ 1 (yk + axn) ~ 1 + agk+ 1 (xn). 

These facts combine to show that f k(xn) ~ g k+ 1 (xn), so that 

fk+1(xn) ~ m-1 + gk+1(xn) ~ m-1 + fk(xn) ~ (k+1)m-1 + g1(xn), 

and the proof is complete. 
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COROLLARY 8.5. Suppose that Y is a compact metrizable 

space and that M is a uniformly closed separating subspace of 

Cc(Y) (or of C(Y)) which contains the constant functions. Then 

the peak points for M are dense in the Choquet boundary for M. 

Proof. Let P be those points y in Y such that f (y) = 

= II f II for some smooth point f of the unit sphere of M. It is 

immediate that every point of P is a peak point for M, and P 

will be dense in B(M) if ¢ (P) is weak* dense in ex K(M). 

This latter will be true (by Milman's theorem in Section 1) if 

K(M) is the weak* closed convex hull of ¢ (P). If it were not, 

we could choose g in M, II g II = 1, such that sup Re g(P) < 

< sup Re g(K(M)). Since the smooth points are uniformly dense 

in the unit sphere of M, there would exist a smooth point f 

satisfying this same inequality. For such a function f, how­

ever, the left side is II f II and the right side is at most II f II, a 

contradiction. 



9. Uniqueness of representing measures 

The question of uniqueness of representing measures is· a 

natural one, both in applications and in the theory itself. As al­

ways, one must specify clearly the context within which unique­

ness is being asserted. What we would like most is a theorem 

which characterizes those compact convex X with the property 

that to each point there exists a unique measure that represents 

the point and is supported by the extreme points of X. Choquet 

has proved such a theorem for metrizable X, but there is no 

satisfactory result in the general case. On the other hand, 

Choquet and Meyer have characterized those X with the prop­

erty that to each point there corresponds a unique maximal mea­

sure which represents the point. Since maximal measures are 

" supported" by the extreme points, it would seem that this 

answers the question, but the fact that "supported" is taken in 

an approximate sense makes a considerable difference. An 

example by Mokobodzki will show that uniqueness of maximal 
represe t' · n Ing measures does not imply uniqueness of representing 

measures which vanish on Baire subsets of X,....., ex X. 

In this section, then, we return to the study of a compact 

convex set X in a real locally convex space E. As before, we 

denote by A[C] the affine [convex] continuous functions on X. 

58 
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For our present purposes, it will be convenient to assume that 

X is contained in a closed hyperplane which misses the origin­

this will be assumed throughout this section. [There is no 

generality lost in making this assumption, since we may embed 

E as the hyperplane E X Ill in E X R (product topology); 

the image X X Ill of X is affinely homeomorphic with X.] 

The main reason for doing this is that the question of uniqueness 

is most naturally studied when X is the base of a convex cone 

P, i.e., when there is a convex cone P (with vertex at the 

origin) such that y E P if and only if there exists a unique 

a ~ 0 and x in X such that y = ax. If X is contained in a 

hyperplane which misses the origin, then this is certainly the 

case; take P =X, where X= lax: a~ 0, x E Xl is the cone 

generated by X. 

Now, recall that a cone P in E induces a translation invari­

ant partial ordering on E: x ~ y if and only if x- yEP. If 

p has a base X, then p n (-P) = !Ol, so that X~ y and 

y ~ x imply x = y. Furthermore, if x and y are in the subspace 

P - P generated by P, then there exists z in P such that 

z f; x and z ~ y, i.e., x and y have an upper bound in 

P - P. We say that z is the least upper bound for x and y 

if z ~ w whenever w ~ x and w ~ y, and we denote this least 

upper bound by x v y. If a convex set X is the base of a cone 

X, we call X a simplex if the space X- X is a lattice in the 

ordering induced by X (that is, if each pair x,y in X- X 
has a least upper bound x v y in X - X). Equivalently, X - X 
is a lattice if and only if each pair x, y has a greatest lower 
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bound (definition obvious), which is denoted by x A y; we have 

x A y = -(-x v -y). Finally, note that X - X is a vector 

lattice if (and only if) X is a lattice. [Indeed, suppose that 

each pair x,y in X has a greatest lower bound x A y in X. 
If x = x 1 - x 2 and y = y 1 - y 2 are elements of X- X, let 

z = (xl + y 2) A (y 1 + x 2)- (x 2 + y 2); we will show that z is 

the greatest lower bound in X -X of x and y. Since 

x- z = (x 1 + y 2)- (y 1 + x 2) A (x 1 + y 2) we have x ~ z and 

(similarly) y ~ z. If w = w 1 - w 2 E X- X and x ~ w, y ~ w, 

we must show that z ~ w. The first two inequalities imply that 

xl + y2 + w2 ~ x2 + Y2 + w1 and x2 + Y1 + w2 ~ x2 + y2 + w1. 

From Lemma 9.1 (i) (below) we conclude that z - w = 

= (yl + x2 + w2) A (x1 + Y2 + w2)- (x2 + Y2 + w1) ~ 0.] 

It is easy to verify that being a simplex is an "intrinsic" 

property of X, that is, if X is contained in a hyperplane which 

misses the origin in E, if X 1 is similarly situated in E 1 , and 

if there exists a one-to-one affine map of X onto X 1 , then this 

map may be extended in the obvious way to a one-to-one, addi­

tive, order-preserving map which carries X onto X 1 , so that 

one of these cones is a lattice if and only if the other is a 

lattice. At the end of this section we will show that the above 

definition of a simplex coincides with the usual one in case X 

is finite dimensional. 

The main result of this section is the theorem that each point 

of X is represented by a unique maximal measure if and only if 

X is a simplex. This result, together with a number of equiva­

lent formulations, is due to G. Choquet and P. Meyer [15], and 
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our proofs follow theirs. Choquet's original uniqueness theorem 

for metrizable X is an easy corollary. 

Let us formulate the uniqueness portion of the Riesz repre­

sentation theorem in terms of simplexes. Suppose that Y is a 

compact Hausdorff space and let X be the compact convex set 

of all probability measures on Y. As we noted in the Introduc­

tion, the Riesz theorem can be formulated as follows: To each 

point of X there exists a unique representing measure which is 

supported by ex X = ¢ (Y). The uniqueness assertion can be 

considered to be a consequence of the fact that X is a simplex, 

i.e., that the cone of all nonnegative measures on Y has the 

set X of probability measures as a base and is a lattice in the 

usual ordering. [We will not prove this well-known fact, but we 

recall one way of defining the greatest lower bound ,\ A J.1 of 

two nonnegative measures ,\ and J.L· Let v = .\ + J.l; then both 

,\ and J.1 are absolutely continuous with respect to v, hence 

have Radon-Nikodym derivatives f and g, respectively. Let 

h = min (f, g) (this is defined a.e. v), and let ,\ A J.1 = hv.] 

We need one important technical result concerning lattices, 

the "decomposition lemma," which is assertion (iii) in the follow­

ing lemma. 

LEMMA 9.1. Suppose that V is a vector lattice. 

(i) (x + z) A (y + z) = (x A y) + z for each x, y, z zn V. 

(ii) If x ;; 0, y ;; 0 and z ;; 0, then 

(x + y) A z ;S (x A z) + (y A z). 

(iii) If !x 1: i E II and {y i: j E Jl are finite sequences of 

nonnegative elements of V, and if ~10 x 1 = ~Jf.J y i, then 
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bound (definition obvious), which is denoted by x A y; we have 

x A y = -(-x v -y). Finally, note that X- X is a vector 

lattice if (and only if) X is a lattice. [Indeed, suppose that 

each pair x,y in X has a greatest lower bound x A y in X. 
If X=X 1 -x2 and Y=Y 1 -y 2 areelementsof X-X, let 

z = (x 1 + y 2 ) A (y 1 + x 2)- (x 2 + y 2 ); we will show that z is 

the greatest lower bound in X - X of x and y. Since 

x- z = (x 1 + y 2)- (y 1 + x 2 ) A (x 1 + y 2 ) we have x ~ z and 

(similarly) y ~ z. If w = w 1 - w 2 € X- X and x ~ w, y ~ w, 

we must show that z ~ w. The first two inequalities imply that 

X 1 + y 2 + W 2 ~ X 2 + y 2 + W 1 and X 2 + y 1 + W 2 ~ X 2 + Y 2 + W 1' 

From Lemma 9.1 (i) (below) we conclude that z- w = 

= (y 1 + x 2 + w 2 ) A (x 1 + y 2 + w 2 )- (x 2 + y 2 + w 1 ) ~ 0.] 

It is easy to verify that being a simplex is an "intrinsic" 

property of X, that is, if X is contained in a hyperplane which 

misses the origin in E, if X 1 is similarly situated in E 1 , and 

if there exists a one-to-one affine map of X onto X 1 , then this 

map may be extended in the obvious way to a one-to-one, addi­

tive, order-preserving map which carries X onto X 1 , so that 

one of these cones is a lattice if and only if the other is a 

lattice. At the end of this section we will show that the above 

definition of a simplex coincides with the usual one in case X 

is finite dimensional. 

The main result of this section is the theorem that each point 

of X is represented by a unique maximal measure if and only if 

X is a simplex. This result, together with a number of equiva­

lent formulations, is due to G. Choquet and P. Meyer [15], and 
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our proofs follow theirs. Choquet's original uniqueness theorem 

for metrizable X is an easy corollary. 

Let us formulate the uniqueness portion of the Riesz repre­

sentation theorem in terms of simplexes. Suppose that Y is a 

compact Hausdorff space and let X be the compact convex set 

of all probability measures on Y. As we noted in the Introduc­

tion, the Riesz theorem can be formulated as follows: To each 

point of X there exists a unique representing measure which is 

supported by ex X = ¢ (Y). The uniqueness assertion can be 

considered to be a consequence of the fact that X is a simplex, 

i.e., that the cone of all nonnegative measures on Y has the 

set X of probability measures as a base and is a lattice in the 

usual ordering. [We will not prove this well-known fact, but we 

recall one way of defining the greatest lower bound A A 11 of 

two nonnegative measures A and 11· Let v =A + 11; then both 

A and 11 are absolutely continuous with respect to v, hence 

have Radon-Nikodym derivatives f and g, respectively. Let 

h = min (f, g) (this is defined a.e. v), and let A A 11 = hv.] 

We need one important technical result concerning lattices, 

the "decomposition lemma," which is assertion (iii) in the follow­

ing lemma. 

LEMMA 9.1. Suppose that V is a vector lattice. 

(i) (x + z) A (y + z) = (x A y) + z for each x, y, z m V. 

(ii) If x ;; 0, y ;; 0 and z ;; 0, then 

(x + y) A z ~ (x A z) + (y A z). 

(iii) If {x 1: i € II and {y i: j € Jl are finite sequences of 

nonnegative elements of V, and if ~10 X;= ~it! Yi• then 
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there exist z 11 f, 0, (i, j) in I X], such that x 1 = 'iiEJ Z;i 

(i in I) and y 1 = L;a z 11 (j in ]). 

Proof. The fact that the partial ordering in V is transla-

tion invariant yields an immediate proof of (i). To see (ii), let 

U=(X+Y)Az, sothat u;;;x+Y and u;;;z. Since o;;;x, 

u ;:;; x + z, and hence u ~ (x + y) A (x + z) = x + (y A z). On the 

other hand, y A z ~ 0, so u;:;; z + (y A z), and therefore 

u ;:;; [x + (y A z)] A [z + (y A z)] = (x A z) + (y A z). To prove (iii) 

(the decomposition lemma), it is not difficult to use induction on 

the number of elements in I and in ] in order to reduce the 

proof to the case I=]= !1, 21. To prove this case, suppose 

X1 + X2 = Y1 + y 2 (all elements nonnegative) and let 

Z 11 ,.. x 1 11. y 1 , z 12 - x 1 _ .., 11 , ~o~nd z 21 =Y 1 - z 11 . These z 11 

are nonnegative, and z 12 A z 21 = (x 1 - z 11 ) A (y 1 - z u) = 

= (x 1 A y 1)- z 11 = 0 (by (i)). Furthermore, z 12 + x 2 = X1 + 

+ X2 - z 11 = Y 1 + y 2 - z 11 = z 21 + y 2 ; it remains to show that 

Z22 = x 2 - z 21 = y 2 - z 12 is nonnegative. But z 21 ;;;; Z21 + Y2 = 

= Z12 + X2, so z 21 = z 21 A (z 12 + x 2) ;£ (z 21 A z 12 ) + (z21 A x2) = 
= z 21 A x 2 ; therefore z 21 ;;;; x 2 , and hence z 22 ~ 0. 

The last part of the next lemma is a consequence of a theorem 

from integration theory; since we use it again, we include a 

proof. 

LEMMA 9.2. If £ € C(X), let G = {g: g € -C and g ~ £}. 

Then T = inf {g: g € G}, G is directed (downward) by ~~ and 

11([) = inf {/l(g): g € G} for any measure 11 on X. 

Proof. Since A c -C, we have 
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in£ \g: g E G\ ~in£ \h: hE A, h ~ f\ = T ~in£ lh: hE A, h ~ gl = 

= g = g, for any g in G. Taking the infimum on the right gives 

the first assertion. Since the minimum of two functions in G is 

a function in G, this set is directed downward; i.e., if 

g 1 , g 2 E G, there exists g in G with g:;; g 1, g ;£ g 2 • To prove 

the last assertion, let {3 = inf 1/l(g): g E G!; we must show that 

11(f) = (3. Choose a sequence !gnl from G such that 11Cgn)-+ (3. 

Since G is directed downward, we can assume that the sequence 

!gn l is monotonically decreasing, and hence converges pointwise 

to a (Borel measurable and bounded) function £', with £' ~ T. 
From the monotone convergence theorem, 11(!') = {3, and we will 

show that 11Cf'- f)= 0. If not, then !x: f'(x) > f(x)l has posi­

tive measure, and hence there is a real number r and E > 0 

such that !x: f(x) < r - E, f'(x) > d has positive measure. This 

latter set contains a compact set K qf positive measure, and 

for each point x in K there is a function g in G such that 

g(x) < r- E. By compactness, we can find functions 

g~, g;, .•. , g~ in G such that for each x in K, there is a 

function gj with gj (x) < r -E. Let f k in G be less than or 

equal to the minimum of gk, g~, ... , g~; then on K, we have 

fk<r-E<f'-ESgk-E, while Ek:;;gk on X"'K. Thus, 

{3 S 11 (f k) S 11 (g k) - E 11 (K) for each k, which leads to a 

contradiction. 

As an application of this lemma, we prove the converse to 

Proposition 4.2, obtaining a useful characterization of maximal 

measures. 
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PROPOSITION 9.3 (Mokobodzki). A nonnegative measure 

11 on X is maximal if and only if 11 (f) = 11 (f) for each contin­

uous convex function f on X. Equivalently, 11 is maximal if 

andonlyif 11Cf)=11(f) foreach fin C(X). 

Proof. In view of Proposition 4.2, we need only show that 

if 11 (f) = 11 (T) for each f in C, then 11 is maximal. Choose 

a maximal measure ,\ with ,\ > 11• Then for f in C, ,\(f) = 

= ,\(f) "?, 11 (f) = 11 (T). If g E -C, then ,\(g) ~ 11 (g), so (by 

Lemma 9.2) A( f) = inf IA(g): g E -C, g "?, £I ~ inf !11 (g): g € -C, 

g "?,£I= 11Cf). It follows that ,\(f)= 11Cf) for each f in C; 

since C- C is dense in C(X), ,\ = 11 and hence 11 is maximal. 

We will apply this result shortly to obtain an important fact 

about the set of all maximal measures. First, however, we pre­

sent an elementary lemma concerning vector lattices. Suppose 

that P1 and P2 are cones in a vector space E, with 

P 1 CP2 • Denote the induced partial orderings by ;;:; 1 and ~2' 

respectively. We say that P1 is an hereditary subcone of P2 

if y E PI, x E P2, and x ;;:; 2 y imply x E P1 • 

LEMMA 9.4. lf P2 is a lattice (in the ordering ;S 2) and 

P 1 is an hereditary subcone of p 2, then P 1 is a lattice (in 

the ordering ~ 1 ). 

Proof. Suppose that x, y are in P 1 , and let z be their 

greatest lower bound in P2 • Then z ;;:; 2 x, so z E P 1 , and we 

will to show that if w ~ 1 x and w ;;; 1 y, then w ~ 1 z, so that 

z is the greatest lower bound in P 1 • Since P1 c P2 , we see 

that w ;;;2 x and w $ 2 y, hence 0 ;;:; 2 w ~2 z. It follows that 
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z- w E P2 and that z - w ~2 z; by the hereditary property, 

z-weP1 , sothat w~ 1 z. 

65 

PROPOSITION 9.5. The set Q of all nonnegative maximal 

measures on X is a subcone of the cone P of all nonnegative 

measures on X. The convex set Q 1 = 1/L: fL E Q, fL (X) = 1} zs 

a base for Q, and Q 1 is a simplex. 

Proof. Suppose that A. and fL are maximal measures; by 

Proposition 9.3, (A.+ fL)(f) =(A.+ fL)(T) for each continuous 

convex function f on X, so A. + fL is maximal. Similarly, r/L 

is maximal if fL E Q and r f; 0. Since Q 1 is the intersection 

of Q with the probability measures, it is clearly a base for Q. 

To see that Q 1 is a simplex, we must show that Q is a 

lattice in its natural ordering. By the previous lemma (and the 

fact that P is a lattice) we need only show that Q is heredi­

tary in P. Suppose, then, that 0 ~A. ~ fL and that fL E Q. Let 

A. 1 be a maximal measure with A. 1 >A.. Then A. 1 + (fL-A.) >A.+ 

+ (fL _A.) = IL; since fL is maximal, we have fL = A. 1 + fL- A., so 

that A. = A.1 E Q. 

We now know that Q1 is a simplex; furthermore, we have 

an affine function from Q 1 onto X defined by fL --> r(fL), where 

x = r(fL) is the resultant of fL in X. (It is easily checked that 

this function is affine, and Lemma 4.1 asserts that it is onto; 

the question of continuity is considered in Proposition 9.10.) 

It follows that X itself will be a simplex if this function is 

one-to-one, i.e., if to each x in X there exists a unique maxi­

mal measure fL with fL """Ex. This is the assertion "(5) implies 
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(1)" of the Choquet-Meyer uniqueness theorem. 

zs a non-
THEOREM (Choquet-Meyer). Suppose that X 

empty compact convex subset of a locally convex space E. The 

following assertions are equivalent: 

(1) X is a simplex. 

(2) For each convex f m C(X), the function T is affine 

on X. 

(3) If fl. is a maximal measure on X with resultant x, 

and if f is a convex function in C(X), then f(x) =fl. (f). 

(4) For each convex f and g in C(X), r=;g = T +g. 
(5) For each x in X there is a unique maximal measure 

11x such that l1x "'Ex. 

To prove that (1) implies (2), we need to sharpen Proposi­

tion 3.1 a bit; recall that it asserts that for x in X and f in 

C(X), f(x) =sup 111 (£): 11 ,...., Ex I· 

LEMMA 9.6. If f E C(X), then for each x In X, {(x)::: 

=sup I[.L(f): f.1. is a discret~ measure and f.1. "'Exl· 

Proof. By a "discrete measure" we mean, of course, a 

measure which is a finite convex combination of measures of 

the form Ey. It follows from Proposition 3.1 that we need only 

show the following: Given f in C(X), x in X, 11 "'Ex, and 

E.> 0, there exists a discrete measure A. such that A."' Ex 

and 11(£)- A.(f) <E. To this end, cover X by a finite number 

of closed convex neighborhoods V1 such that If (y) - f (z) I< E. 

whenever y, z E VI n X. Let vl = vl n X and let 

VI = (VI n X),...., (Vl u ... u vl-1) for i > 1. Then the VI are 
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pairwise disjoint Borel subsets of X and for those 1 such that 

J.L(V;) -1= 0 we can obtain probability measures A; on V; by 

defining A;(B) = J.L(V;)- 1 J.L(B n V1) (B a Borel subset of X). 

Let X; be the resultant of A;; since V1 is a subset of the 

compact convex set U1 n X, the latter must contain x ;· Define 

A = ~ Jl (V;)Ex ;· If h is a continuous affine function on X • then 

A(h) = ~J.L(V;)A 1 (h) = ~ .fv1hdJ.L = J.L(h) = h(x), so A "'Ex· 

Furthermore, J.LCf)- A(f) = ~ [fv1 fdJ.L- J.L(V1)f(x 1)] = 
= ~ fv1 [f- f(x;)] dJ.L < E ~J.L(V1) = E, and the proof is complete. 

Proof that (1) implies (2): Suppose that x 1 , x 2 E X, 

a 1,a2 >0,a 1 +a2 =1, and fEC. Let z=a1 x 1 +a2 x2; we 

wanttoshowthat l(z)=a 1Tcx1)+a 2 l(x 2). Since f is 

concave, it suffices to show that it is also convex. By Lemma 

9.6, we have f(z) =sup IJ.L(f): Jl is discrete and Jl t".:.J zl. 

Suppose that Jl is discrete and J.L ""'Ez; then there exist num­

bers (3 1 G 0 and a finite sequence y 1 in X (j E ]) such that 

~(3 1 = 1 and Jl = ~{3 1 EYJ' i.e., a 1 x 1 + a 2 x 2 = z = ~(3 1 Yr By 

applying the decomposition lemma 9.1 to the elements 

a 1x 1, (3 1y 1 of X, we can choose z;1 in X such that 

a 1x 1 = "i,10 z;1 (i = 1, 2) and (3 1y 1 = z~ 1 + z; 1 (j E ]). Each 

z;1 = y 11 z 11 (y 11 ~ 0, z 11 EX), and hence x 1 = ~1 a 1-1 y 11 z 11 is 

a convex combination of elements of X. (Use the fact that 

X c L - 1 (r) for some L in E*, r -1= 0, to see that the coeffi­

cients have sum equal to 1.) It follows that for i = 1, 2, the 

right side represents a discrete measure Jl;""' Ex;• and there­

fore f(x;) ~ J.L;Cf) = ~J0t- 1 y;1f(z 11). On the other hand, 

Jl (l) = ~ (3 1 f (y 1) and for each j, 
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f (y j) = f ((3 j- 1 y 1 j z 1j + (3 j- 1 y 2 j z 2 j) ;;; (3 / 1 y 1 J ( z 1 j) + 

+ f3/ 1 Y2if(z2i), so fl(f) :S a1 f11 (f)+ a2 /12 (f) :S a1 Tcx1) + 

+ a 2 f(x 2 ). Taking the supremum over all discrete f1,...,. Ez 

gives the desired conclusion. 

Proof that (2) implies (3): If f1 is maximal and f E C, 

then fl(f) = fl(f). Since T is affine and upper semicontinuous, 

Lemma 9.7 (below) implies that if f1,...,. Ex, then fl(f) = T(x). 

LEMMA 9.7. Suppose that f is an affine upper (or lower) 

semicontinuous function on X and that f1 ,...,. Ex· Then 

fl(f) = f(x). 

Proof. It suffices to prove that the family H of all h in 

A such that h > f is directed downward and that 

f = inf lh: hE HI. Indeed, if this be true, then (just as in the 

proof of Lemma 9.2) we have fl(f) = inf ltl(h): hE HI for any 

fl; in particular, if f1,...,. Ex, then fl(f) = inf lh (x): hE HI= 
= f (x). It remains, then, to prove the assertion about H. To 

see that H is directed downward, suppose that h 1 > f and 

h2 > f (h 1 in A); we want h in A such that h > f and 

h ~ h1, h 2. To this end, define subsets 1,11 , and 12 of 

EX R as follows: 1= l(x,r): xEX, r ;S f(x)l, 1;= l(x,r): x EX, 

r = h; (x) I. Since f is affine and upper semicon tinuous, 1 is 

closed and convex, while the continuity of h; implies 1; is 

compact. Furthermore, 1 is disjoint from the convex hull h 
of 11 U 12, and 13 is compact. By the separation theorem, 

(applied to 0 and the closed convex "difference set" 13 - ]) 

there exists a continuous linear functional L on E X R such 
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that sup L(J) < inf L(J3 ) = a. The function h defined on X by 

L(x, h(x)) =a will do what is needed. A similar (but much sim­

pler) argument shows that f = inf lh: hE HI. Finally, if f is 

affine and lower semi continuous, we can apply what we have just 

proved to -f. 

Proof that (3) implies (4): Suppose that f, g E C and that 

x E X. Choose a maximal measure p. ,...., E,.; from (3) we get 

f + g (x) = p.(f +g)= p.(f) + p.(g) = f(x) + g(x). 

Proof that (4) implies (5): Suppose that x E X and consider 

the functional defined for f in C by f --> f(x). This is positive­

homogeneous, and (4) implies that it is additive. From this it 

follows that m(f - g) = f(x) - g (x) defines a linear functional 

m on the subspace C- C, and property (c) of upper envelopes 

(Section 3) shows that I m(f- g) I ;£ II f- g II . Thus, m is 

uniformly continuous on the dense subspace C- C of C(X) 

and hence has a unique extension to a continuous linear func­

tional of norm 1 on C(X). Since m(l) = 1, this functional is 

given by a probability measure, which we denote by /Lx· Since, 

for f in C, we have P.xCf) = m(f) = fcx), Proposition 3.1 

implies that P.xCf) =sup lp.(f): p. "'Exl. i.e., llx > p. whenever 

p. I"V Ex. It follows that /Lx is the unique maximal measure which 

represents x. 

We consider next the problem of uniqueness of representing 

measures which are supported by the extreme points. The follow­

ing easy corollary to Proposition 9.3 will enable us to prove 

Choquet's original uniqueness theorem for metrizable X. 
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COROLLARY 9.8. If f1 is a nonnegative measure on X 

which vanishes on every compact subset of X"' ex X, then f1 

is maximal. In particular, if f1 is supported by ex X, then f1 

is maximal. 

Proof. It is immediate from the hypothesis that f1 vanishes 

on every Fa subset of X"' ex X, hence is supported by every 

G6 containing ex X. In particular, then, it is supported by 

every set of the form lx: f(x) == f(x)l, f in C(X). Thus, 

fl(f) = fl(f) for f in C(X), and Proposition 9.3 implies that 

f1 is maximal. 

As the example of Mokobodzki (below) will show, we cannot 

weaken the hypothesis in this corollary to "f1 vanishes on the 

compact Baire subsets of X"' ex X." 

COROLLARY 9. 9. If X is a simplex and if ex X is a 

Baire set, or is an Fa set, then for each x in X there exists 

a unique measure f1 such that f1 "' Ex and f1 (ex X) == 1. 

Proof. By the Choquet-Meyer theorem, there exists a unique 

maximal measure f1 such that f1"' Ex. From Section 4 we know 

that fl(ex X)== 1. Suppose that A"' Ex and A(ex X)= 1; it 

follows from Corollary 9.8 that A is maximal, and hence A. == fl.· 

THEOREM (Choquet). Suppose that X is a compact convex 

metrizable subset of a locally convex space. Then X is a 

simplex if and only if for each x in X there exists a unique 

measure f1 which represents x and is supported by the ex­

treme points of X. 



Sec. 9 Uniqueness of Representing Measures 71 

Proof. It was shown in Section 3 that for metrizable X 

there exists a (strictly convex) continuous function f on X 

such that ex X= lx: l(x) = f(x)l. Suppose that X is a simplex; 

then the previous remark shows that ex X is a Baire set and 

Corollary 9.9 yields uniqueness. Conversely, suppose that to 

each x in X there corresponds a unique measure llx "'E,., 

with /lx (ex X) = 1. We can conclude that X is a simplex if we 

show that for each x in X there is a unique maximal measure 

,.\ "'Ex. But if ,.\ is maximal, then ,.\ is supported by 

lx: l(x) = f (x)l =ex X, hence (by hypothesis) ,.\ = llx· 

When X is a simplex, the resultant map r: Q 1 -+X is 

one-to-one, hence has an inverse, the map x -+ llx· The follow­

ing result investigates some of the properties of this function. 

PROPOSITION 9.10. Suppose that X is a simplex. The 

function x -+ llx is weak* Borel measurable (i.e., x -+ llx (f) is 

a Borel function for each f in C(X)) and affine. It is continu­

ous if and only if ex X is closed. 

Proof. The function x -+ llx is the inverse of the resultant 

map r; since Q1 is convex and r is affine, its inverse is 

affine. By Propos it ion 1.1, r is continuous on Q 1 , hence its 

inverse would be continuous if Q 1 were compact. But if ex X 

is closed, then it follows from Corollary 9.8 and Section 4 that 

Q 1 equals the set of all probability measures on ex X, hence 

is weak* compact. Thus, x -+ llx is continuous if ex X is 

closed. Conversely, suppose that x -+ /lx is continuous and 

suppose that x 0 is in the closure of ex X. Then there exists 
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a net xa in ex X with xa-> x 0 , and by Proposition 1.4, 

/lxa = Ex a· Thus, llxo = lim /lxa = lim Ex a= Exo· Now, if 

p. "'Exo• then p. > Exo• and (since /lxo is maximal), 

Ex 0 = /lxo > p. > Exo• so that p. = Ex 0 ; by Proposition 1.4, 

again, we have x 0 E ex X, so ex X is closed. To see that 

x -> /lx (f) is a Borel function for each f in C(X), note that 

for f in C we have /lx (f) = f(x), by part (3) of the unique­

ness theorem. The right side is upper semicontinuous, hence 

Borel measurable, and it follows that x -> fl.x (f) is a Borel 

function whenever f is in the dense subspace C- C. Finally, 

if f E C(X) we can find a sequence in C- C converging 

uniformly to f, so that x -> llx (f) is a limit of a sequence of 

Borel functions, hence is a Borel function. 

Bauer [3] has given several characterizations of those X 

which satisfy "X is a simplex and ex X is closed." 

EXAMPLE (Mokobodzki) 

There exists a compact convex set X with the following 

properties: 

(i) X is a simplex. 

(ii) ex X is a Borel set, but not a Baire set. 

(iii) There exists a point x in X with two representing 

measures p. and v such that ll (X"' ex X) = 0 and 

v(X"' ex X)= 1, but v vanishes on every Baire subset of 

X"' ex X. 

Proof. Let Y be a compact Hausdorff space containing a 
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point y 0 which is not a G5, and f.1 a nonatomic measure on 

Y. For example, we could take Y to be an uncountable product 

of unit intervals, Yo any point in Y which does not have a 

countable neighborhood base, and f.1 the corresponding product 

of Lebesgue: measure with itself. Let M c C(Y) be the set of 

all f in C(Y) such that f (y 0) = f y f df.1. We first show that M 

separates points of Y. Suppose that A 1 and A2 are prob­

ability measures on Y, with A1 (f)= A2 (f) for all f in M. 

(We will soon take A1 and A2 to be point ~asses.) Thus, 

(A 1 - A2 ) (f)= 0 whenever f E C(X) and (f.l- Ey 0 ) (f)= 0, so 

that these functionals are necessarily proportional, i.e., there 

exists a real number r such that 

(1) 

Since. f.1 has no atoms, it follows from (1) that A1 and t\. 2 

cannot be distinct point masses, i.e., M separates points of 

Y. Furthermore, if y =f y 0 , then y is in the Choquet boundary 

B(M) of M. Indeed, if A ,......, Ey, take A 1 =A, A2 = Ey in (1) 

and apply both sides to lyl, getting A1 (ly!)- 1 = 0, so 

A = Ey. On the other hand, y 0 has two representing measures 

(f.l and Ey 0), so we can conclude that B(M) = Y,......, ly 0 !. We 

let X = K(M); from Section 6 we know that ex X = ¢ (B(M)) = 

= ¢ (Y),..., 1¢ (y 0 ) I and that every maximal measure on X is 

supported by the compact set ¢ (Y), hence can be identified 

with a measure on Y. (We will use the same symbol for a mea­

sure on X which is supported by ¢ (Y) and for the correspond-
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ing measure on Y.) Let Q1 be the set of all maximal prob­

ability measures on X; then a probability measure A is in Q 1 

if and only if A(ex X) == 1. Indeed, the latter property implies 

that A is maximal, by Corollary 9.8. Suppose, on the other 

hand, that A is maximal but that A( ex X)< 1; since A is 

supported by ¢ (Y), we must have a == A({y 0 I) > 0. Let 

A 1 ==(A- aEy 0) + a(.l; since each term of this sum is nonnega­

tive, A1 ~ 0. Since f.1 "'Ey 0 , we have f.1 > Ey 0 and therefore 

A1 >A. Clearly, A1 =\= A, so A is not maximal, a contradic­

tion. 

Now, we know that the resultant map r is affine from Q 1 

onto X; if we show that it is one-to-one, we can conclude that 

X (like 0 1 ) is a simplex. But if r(A 1) == r(A 2 ), then (by 

definition) A 1 (f) == A2(f) for f in M, so that equation (1) 

applies to these two measures. Since each necessarily vanishes 

on {y 0 I, we conclude that r == 0 and hence A 1 == A2 • It re­

mains, then, to prove the assertions (ii) and (iii). Let 

x = ¢(y 0), v = Eq>(Yo) and consider f.1 as a measure on X. It 

is clear that f.1 and v represent x, that f.1(X"' ex X)== 

== f.1 (X"' ¢(Y)) == 0, and that v(X"' ex X) == 1. If v were posi­

tive on a Baire subset of X"' ex X, then it would be positive 

on some compact G0 subset D of X"' ex X, and therefore 

¢(y 0 ) would be in D. But D n ¢(Y) == {¢(y 0 )1 would then be 

a G 0 relative to ¢(Y), contradicting the fact that {y 0 I is not 

a G0 set. Thus, v vanishes on every Baire subset of 

X"' ex X, and if ex X were a Baire set, then v (X "' ex X) 

would equal zero. 
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We conclude this section with a proof that the definition of 

"simplex" coincides with the usual one for finite dimensional 

spaces. 

PROPOSITION 9.11. Suppose that the space X- X 
spanned by X has finite dimension n. Then X is a simplex 

if and only if it is the convex hull of n linearly independent 

points. Equivalently, X has exactly n extreme points. 

Proof. We can assume without loss of generality that 

E =X- X. Suppose that X has exactly n extreme points 

x 1 , x 2 , ••• , xn; since X is the convex hull of its extreme 

points and since X generates the n-dimensional space E, 

these points must be linearly independent, and hence they form 

a basis for E. Choose a basis £1 , •.• , En for E* such that 

f;(xi)=Oii. Themap T:E-->Rn definedby Tx=(t 1(x), ... , 

fn(x)) is linear, one-to-one and onto, and carries X; onto the 

i-th "unit vector" in Rn. Thus, TX is the convex hull of the 
"' n unit vectors in Rn and TX is the cone of nonnegative 

elements in Rn. This cone induces a lattice ordering in Rn, 

so TX is a simplex; it follows that X itself is a simplex. To 

finish the proof, suppose that X is a simplex and note that X 

is the convex hull of its extreme points. Since X generates 

E, it must have at least n extreme points; we will show that 

it has exactly n extreme points. Suppose that the points 

Y 1 , y 2 , ••• , Y n + 1 are dis tinct extreme points of E. Since E 

is n-dimensional, there exist numbers a;, not all zero, such 

that l a 1Y 1 = 0. Partition the integers from 1 through n + 1 
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into the sets P and N, where i E P if a 1 ;:;; 0, i E N other­

wise. Then if a= ~pa 1 , we have a> 0 and (since f(X) = 1 

for some f in E*) ~a;= 0 so a= -~~a;. Finally, let 

x = ~P a- 1 a 1y 1 = ~N (-at 1 a 1y 1• Since these are convex com­

binations, we have represented an element x by two different 

measures on X which have support contained in ex X. It 

follows from Choquet's uniqueness theorem that X is not a 

simplex. (This last step may be proved in a more elementary 

way by using the decomposition lemma and the fact that the 

points y 1 are extreme.) 



10. Application to invariant 

and ergodic measures 

Let S be a set, S a a-ring of subsets of S, and ~ a 

family of measurable functions from S into S, i.e., for each 

T in ~ we have 

T: S 45 and r- 1 A E S whenever A E S. 

A nonnegative finite measure f.1 on S is said to be invariant 

(or ~ -invariant) if 

f.1(T- 1 A) = f.l(A) foreach Tin~ and A inS. 

There are many theorems in the literature which state that, 

under suitable hypotheses on S, S and ~, every invariant 

probability measure on S has a unique representation as an 

"integral average" of ergodic measures on S (definition below). 

In 1956, Choquet [12] observed that his representation theorem 

could be used to prove a fairly general theorem of this type. 

More recently, ] . Feldman [21] has given an elementary mea­

sure theoretic description of the extreme points of the set of 

invariant probability measures which illuminates this result 

(and the generalization obtained via the Choquet-Bishop-de Leeuw 

theorem). We treat the measure theoretic aspect first. 

77 



78 Lectures on Choquet' s Theorem 

Suppose that f1 is a measure on S. An element A of S 
is said to be invariant (mod f1), if f1(A ~ y-I A)= 0 for each 

T in :f. [By A ~ B we mean the symmetric difference 

(A"' B) U (B "'A).] The family of all such sets will be denoted 

by s~ (:!), or more simply by s~. It is easily seen that s~ 

is a sub- a-ring of S. We call an invariant measure f1 ergodic 

if f1 (A) = 0 or f1 (A) = 1 for each A in S~. [There are other 

definitions of "ergodic" in the literature; ours is motivated by 

Proposition 10.4 below. We will discuss this again at the end 

of the section.] 

Now, the set of all invariant nonnegative finite measures on 

S forms a convex cone P, which generates the linear space 

P- P. Furthermore, the convex set X of invariant probability 

measures is a base for P. We have, of course, defined no 

topology on P- P; we will do this later. First, we show that 

P- P is a lattice and that the extreme points of X are the 

ergodic measures. To this end we prove a basic lemma (due 

originally to Feldman, although the present elementary proof is 

attributed by him to M. Sian). 

LEMMA 10.1. Suppose that f1 and v are measures on 

S, that f1 is invariant, and that v is absolutely continuous 

with respect to f1 (with dv/df1 = f, say). Then v is invariant 

if and only if f = f o T a.e. f1 for all T in 3". 

Proof. If f = f o T a.e. f1 for all T in 3", and if 

A E S, then for each such T, 
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v(r- 1 A) r f dp. 
JT-1(A) 

f f d(p. o T- 1) = 

A 

f fdp. 
A 

,,~(A). 

To prove the converse, suppose v 0 r- 1 = v for some T in 

3". Given a real number r, let A= {x: f(x) ~ r}, let 

B = y- 1 A"' A and let C =A"' r- 1 A. Then f- r > 0 on B 

so v (B) - rp. (B) = f8 (f- r) dp. ~ 0 and we have equality if and 

only if p.(B) = 0. Moreover, v(C) = fc fdp. ~ rp.(C). Now, 

v(B) = v(T- 1 A)- v(r- 1 A n A)= v(A)- v(T- 1 A n A)= v(C), 

and similarly, p.(B) = p.(C). Thus, v(B) ~ r p.(B) = r p.(C) ~ 

~ v(C) = v(B), so equality holds throughout. It follows that 

p.(B) = 0 and p.(C) = 0. Thus, for any r, {x: f(x) ~ r} and 

y-1 {x: f (x) ;S rl = {y: f (Ty) ~ rl differ only by a set of 

p.-measure zero. Suppose, now, that g and h are real valued 

functions. Then (taking all unions over the countable dense 

set of rational numbers r) we have 

{x: g(x) > h(x)l U !x: g(x) > r ~ h(x)l = 

U [{x: r ~ h (x) l"' {x: r ~ g (x) l] 

By applying this identity to g = f, h = f 0 T, we see that 

f ~ f o T a.e. ll• and by interchanging f and f o T we con­

clude the proof. 

COROLLARY 10.2. If p. and v are invariant measures 
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and f-L = V On si-i+V, then f-L = V On s. 
Proof. Let f = df-L/d(f-L + v), g = dv/d(f-L + v). We will 

have f-L(A) = v(A) for all A in S if fA f d(f-L + v) = 

= fAg d(f-L + v) for all such A, i.e., if f = g a.e. (f-L + v). 

Now f and g are S-measurable functions on S, and, in fact, 

they are si-i+V measurable. Indeed, if T E :r, then since 

f-L• v and f-L + v are invariant, Lemma 10.1 implies that 

f o T = f and g o T = g a.e. (f-L + 1/), If r is a real number 

and I= (-oo, r), then f- 1(/) and (f 0 T)- 1(/) = T- 1(/- 1(/)) differ 

only by a set of (f-L + v) measure zero (their symmetric differ­

ence is a subset of lx: f (x) =f f (Tx) I) and hence 

f- 1(/) E si-i+V· Thus, f (and similarly g) is si-i+v-measurable. 

If A = lx: (f- g) (x) > o!, then A E si-i+V and hence 

0 =(-LA - vA = fA (f- g) d(fl + v); it follows that f;;; g a.e. 

(f1 + v) and an analogous argument shows f ~ g a.e. (f-L + v). 

PROPOSITION 10.3. The cone of all finite nonnegative 

invariant measures on S is a lattice (in its own ordering). 

Proof. In order to show that P is a lattice in its own 

ordering, it suffices to produce a greatest lower bound in P 

for any two nonnegative invariant measures 11 and v. Let f 

and g be defined as in Corollary 10.2; we have f = f o T and 

g = g o T a.e. (f1 + v) for all T in :f, hence 

(fA g) o T =fA g a.e. (f-L + v). Since the usual greatest lower 

bound f1 A v for two nonnegative measures is defined by 

f1 A v =(fA g) ({1 + v), Lemma 10.1 implies that f1 A v is 

invariant. It follows easily that f-L A v is the greatest lower 
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bound of p. and v in the ordering induced by P, so P is a 

lattice. 

PROPOSITION 10.4. Suppose that p. is a member of the 

set X of all invariant probability measures on S. Then f.1 zs 

an extreme point of X if and only if p. is ergodic. 

Proof. Suppose that p. is an invariant probability measure 

and that 0 < p.(A) < 1 for some A in Sl-1. Define 

p. 1 (B)=p.(B n A)/p.(A) and p.2 (B)=p.(B.....,A)/[1-p.(A)]; then 

/ll ,f. f.l• p. = p.(A)p. 1 + (1- p.(A))p. 2 , each p.; is a probability 

measure, and moreover, each P.t is invariant. [This uses the 

facts that p. is invariant and that A 6. r- 1 A has f.1 measure 

zero, together with the identity 

To prove the converse, suppose p.(A) = 0 or p.(A) = 1 for 

each A in Sl-l, and suppose 2p. = f.li + p. 2 , where p. 1 , p. 2 are 

invariant probability measures. It follows easily that f.lt = f.1 

on sl-l ::J SIJ+IJ;' hence f.l; = p. on S, by Corollary 10.2. 

In order to apply the above results to obtain a representation 

theorem, we must define a locally convex topology on P- P 

under which the convex set X of invariant probability measures 

is compact. We will use (as does Feldman) the method de­

scribed by Choquet in [12]. 

Let S be a compact Hausdorff space, S the a-algebra of 

Baire subsets of S and let ~ be any family of continuous 

maps T of S into itself. Each T is measurable; indeed, 
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since T- 1 carries the collection of compact G5 subsets of S 

into itself, S is contained in the a-algebra of all A such that 

T- 1A E S. The space of all finite signed Baire measures on S 

can be identified with the dual space C(S)* of C(S). We will 

restrict ourselves to the weak* topology on C(S)*. It is not 

difficult to show that for each T in j", the induced map 

J1. --+ J1. o T- 1 is a continuous linear transformation of C(S)* into 

itself which carries the compact convex set [( of probability 

measures into itself. The set X of invariant probability mea­

sures is, of course, precisely the set of common fixed points for 

the family of affine transformations of K into itself induced by 

j". Since the induced maps are continuous, X will be closed 

and therefore compact. We need additional hypotheses to insure 

that X will be nonempty. The Markov-Kakutani fixed-point 

theorem shows, for instance, that X will be nonempty if the 

family 5 (hence the set of induced maps) is commutative under 

the operation of composition. More generally, X will be non­

empty if the semigroup generated by 5 admits a left-invariant 

mean (Day [16]). Once we know that X is nonempty, then we 

know that it has extreme points and the existence and unique­

ness theorems apply to yield the following result. 

THEOREM. If S is a compact Hausdorff space, j" a 

family of continuous functions from S into S, then to each 

element J1. of the set X of 5-invariant probability Baire mea­

sures on S .there exists a probability measure m on the Baire 

subsets of X such that 
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Jl(f) = fxfdm for each f in C(S) 

and m (B)= 0 for each Baire subset B of X which contains 

no ergodic measures. If the ergodic measures form a Baire sub­

set or G 0 subset of X (e.g., if S is metrizable), then the 

measure m Is unzque. 

If the extreme points of X were closed in X, then one 

could replace the Choquet-Bishop-de Leeuw theorem by the 

Krein-Milman theorem in proving the above result. To see that 

this need not be the case, we reproduce an example due to 

Choquet [12]. 

EXAMPLE 

Let I = [0, 1] and let 1 be the circle, which .we represent 

as the line R (mod 1). Let ¢ be any continuous nonconstant 

function from I into R and define T from S = 1 x 1 into 

itself by T(x,y) = (x,y + ¢(x)). Then S is a compact Haus­

dorff space, T is a homeomorphism of S onto itself, and the 

extreme points of the set X of T-invariant probability measures 

on S do not form a closed subset of X. We will sketch a proof 

of this fact for the special case ¢ (x) = x. For each n ~ l, let 

fln be the measure which assigns mass n- 1 to each of the n 

points (n- 1 , kn- 1), k = 0, 1, 2, ... , n- 1. Then fln is an ex­

treme point of X and the sequence lfln I converges in the weak* 

topologytoLebesguemeasure f1 on 10lx1. Since ¢(0)=0, 

every probability measure on 101 x J is in X, so f1 is cer­

tainly not extreme in this set. 
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There are at least two other definitions of "ergodic measure" 

in the literature. One of these simply defines the ergodic mea­

sures to be the extreme points of the set of invariant probability 

measures; this, of course, requires further work if one is to 

relate the notion to its origins. Another definition goes as 

follows: An invariant probability measure Jl. is. ergodic if 

Jl. (A) = 0 or Jl.(A) = 1 for each A in S0 = lA: A = T- 1 A for 

each T in :r l. Since So c sll' any measure ergodic in our 

sense is ergodic in this sense. The two notions clearly coin­

cide if for each A in sll there exists B in So such that 

Jl.(A ~B)= 0. This occurs, for instance, if :T consists of a 

single function T (or equals the semigroup generated by T) _ 

simply let B = n:=I U';'= n T-kA. More general hypotheses on 

:J which guarantee the equivalence of the two notions are given 

by Farrell [20; Cor. 1, Theorem 3] and Varadarajan [34; Lemma 

3.3]. The following simple example, due to Farrell, shows that 

they are not always the same. 

EXAMPLE 

Let S = [0, 1] x [0, 1], let S be the Baire subsets of s 
and let :f = IT 1 , T 2 1, where T 1(x 1 ,x 2 ) == (x 1 ,x 1), T 2 (x 1 ,x 2 ) = 

== (x 2 , x 2 ). Then T 1 , T 2 are continuous maps of S onto the 

diagonal D of S, and So consists of S and the empty set. 

For any subset A of S, (A 11 Ti 1 A) n D is empty; it follows 

that any measure J1. with support in D is invariant and S11 =S. 
(In fact, every invariant measure has support in D.) Thus, 

every such measure takes only the values 0 and 1 on S0 , 
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but the point masses on D are the only ones which are ergodic 

in our sense. It is interesting to note that the (noncommutative) 

semigroup generated by ~ is simply ~ itself. 



11. A method for extending 

the representation theorems: Caps 

The representation theorems which we dealt with in earlier 

sections were for elements of a compact convex set. As noted 

in Section 9, any such set can be regarded as a base for a 

closed convex cone, so these results lead in a natural way to 

representation theorems for the elements of a closed convex 

cone which admits a compact base. It is natural to wonder 

whether it is possible to obtain such theorems for a more gen­

eral class of cones, but there seems to be no completely satis­

factory result of this nature. There are, however, two lines of 

approach, both due to Choquet, which are of interest. One of 

these involves a more general notion of measure ("conical 

measure"), which is outlined in [14). The other approach 

involves replacing the notion of "base" by that of "cap"; this 

makes it possible to extend the scope of the representation 

theorems. This section will be devoted to the latter approach. 

Throughout the section, we consider only proper cones K, 

i.e., K n (-K) = !Ol. 

In using the term "representation theorem" we mean, of 

course, more than the mere existence of measures which repre­

sent points; we require that, in some sense, these measures be 

86 
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supported by the extreme points. In the case of a convex cone, 

there is at most one extreme point, and we must introduce the 

notion of extreme ray. 

Definition. A ray p of a convex cone K is a set of 

the form R+x ={Ax: A~ ol, where X € K, X =l= 0. Since 

R+x = R\ if y =AX, A> 0, any nonzero element of p may 

be said to generate p. 

A ray p of K is said to be an extreme ray of K if when­

ever x € p and x = AY + (1- A)z, (y, z € K), then y, z € p. 

We denote by exr K the union of the extreme rays of K; this 

set has the following useful descriptions: 

Suppose x € K; then x € exr K if and only if 

x = y + z (y, z € K) implies y, z € R+ x. 

Suppose that ~ denotes the partial ordering induced by K 

on the linear space K- K. An element x of K is in exr K 

if and only if y = Ax (for some A ~ 0) whenever 0 ~ y ~ x. 

If K has a base B (so that B is a convex set with 

0 ~ B and each ray of K intersects B in exactly one point), 

then p is an extreme ray of K if and only if p intersects B 

in an extreme point of B. Thus, ex B = B n exr K. 

Definition. If K is a closed convex cone, a nonempty 

subset C of K is called a cap of K provided C is com­

pact, convex, and K"' C is convex. 

If K has a compact base B, for instance, then for any 

r~O theset [O,r] B={Ax:O~A~r,xEBl isacapof K. 
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If C is a cap of K such that K = U~= 1 nC, then C is called 

a universal cap of K. (Thus, if K has a compact base B, 

then C = [0, 1] B is a universal cap of K.) Note that any cap 

of K necessarily contains 0, and if K 1 is a closed subcone 

of K and C is a cap of K, then C n K 1 is a cap of K 1 • 

The usefulness of this notion comes from the following fact. 

PROPOSITION 11.1. If C is a cap of the closed convex 

cone K and x is an extreme point of C, then x lies on an 

extreme ray of K. 

Proof. Suppose that x = t y + t z, where y, z E K "'R+x. 

Since K'"""' C is a convex, at least one of these points, say y, 

is in C. Since C is compact and Y =F 0, 1 ;;; ,.\ 0 = 

=max !A.: ,\y E C} < oo. If ,\ > A. 0 , then A.y ¢ C and [letting 

Zl\= ,\(2,\- 1)- 1z] we have x = ,\'(,\y) + (1- A.')z71., where 

0 < ,\' = (2Ar 1 < 1. Since K'"""' C is convex and ,\y E K ...... c, 
we must have z;.. E C for each ,\ > A. 0 • It follows that z;.. E C 

0 
and hence x = ,\~(A. 0 y) + (1- ,\~)z-;.. 0 is not an extreme point 

of C. 

This proof shows that if y, z E K and t y + t z E C, then 

y, z E R +C. The following useful fact is an immediate conse­

quence of this remark: If C is a cap of the cone K, and if 
+ R+ y, z E K, y + z E R C, then y, z E C. 

The above proposition leads immediately to an extension of 

the Krein-Milman theorem. 

THEOREM (Choquet). Suppose that K is a closed convex 

cone in a locally convex space and that K is the union of its 



Sec. 11 A Method of Extension: Caps 89 

caps. Then K is the closed convex hull of its extreme rays. 

At this point we could also state an integral representation 

theorem for the elements of such cones, but we will postpone 

this until we have given an alternative description of caps- a 

description which is extremely useful in constructing the exam­

ples which will follow. 

PROPOSITION 11.2. Suppose that K is a closed convex 

cone. A subset C of K is a cap of K if and only if C is 

compact and C = lx: x € K and p (x) ~ 11, where p is an 

extended real valued function on K with the following prop-

erties: 

(i) p is lower semicontinuous and 0 ~ p ~ oo; 

(ii) p is additive and positive-homogeneous. 

The cap C is universal if and only if p is finite valued. 

Proof. Suppose that C is a cap of K; then 0 € K and 

the Minkowski (or gauge) functional p of C (defined by 

p (x) = inf lA > 0: x € A C I) is nonnegative, lower semicontinu­

ous, positive-homogeneous, convex, and C = lx: p (x) ~ 11. It 

is easily verified that since K "' C is convex, p is additive 

on R+C (and p = + oo on K"' R+C). The remark after the 

preceding proposition shows that if y, z € K and p (y + z) < oo, 

then p (y), p (z) < oo; it follows that p is additive of all of K. 

On the other hand, if p is a functional as described in (i) and 

(ii), and if C = lx: x € K and p (x) ~ 11 is compact, then it is 

easily verified that C and K"' C are convex, so that C is a 

cap. Finally, the last assertion is immediate from the positive 
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homogeneity of p and the definition of a universal cap. 

In order to see how to formulate the Choquet-Bishop-de Leeuw 

theorem for a cone K (in a locally convex space E) which is 

the union of its caps, let us first see how it is formulated for a 

cone with a base. Suppose, then, that K has a base B and 

that x E K, x =I= 0. Since any positive multiple of a base is a 

base, we can assume that x E B. It follows that x is the 

resultant of a maximal measure fl on B, and this measure is 

uniqueif B isasimplex. Now, B={y:yEK and f(y)=ll, 

where f is a continuous linear functional on E. Thus, f is 

continuous, additive, and positive homogeneous on K, and 

C = [0,1] B = {y: y E K, f(y) ~ 11 is a cap containing x. If B 

is metrizable, then 11 is supported by the extreme points of B; 

otherwise, it is supported by ex B in the sense defined in 

Section 4. An analogous result is valid if K is the union of its 

caps. 

THEOREM. Suppose that K is a closed convex cone which 

is the union of its caps, and that x E K, x =f 0. Then there 

exists a cap C = {y: y E K, p(y) ~ 11 such that x E C 1 = 

= {y: Y E K, P (y) = 1}. Furthermore, ex C "'to I C C 1, and any 

probability measure fl on C which represents x is supported 

by C 1· If fl is a maximal measure, then fl is supported (in 

an appropriate sense) by the nonzero extreme points of C. 

Proof. s· K 1nce is the union of its caps, x E C = 

= {y: Y E K, P(y) ~ 1} for some appropriate p. If p(x) = 0, 

then the compact set C would contain the ray R+ x, so we can 
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assume p (x) > 0. By choosing a positive multiple of p, if 

necessary, we can assume p (x) = 1. Suppose that y E ex C, 

91 

y =r 0. Then 1 ~ p(y) > 0, and Y = p(y) [y/p(y)] + [1- p(y)]. 0, 

so p (y) = 1. If f.l. "'Ex is a probability measure on C, we can 

apply Lemma 9. 7 to conclude that f.l. (p) = p (x) = 1. Let 

A= {y: y E C, p(y) < 11; since p is lower semicontinuous, this 

is a Baire set, and if f.1.(A) > 0, then 1 = (.l.(P) = fpdf.l. = 

= JApdf.1.+ fc 1Pdf.l.<f.1.(A)+f.1.(C1)=f.1.(C)=1, a contradiction 

which shows that f.l.(C 1) = 1. The assertion concerning maximal 

measures is immediate. 

We now give an example which will show, among other things, 

that the set C 1 above need not be compact (and hence is not a 

base). 

EXAMPLE 

Let K be the convex cone of all nonnegative sequences in 

the space £1 of absolutely summable real sequences. Topolo­

gize K by the weak topology induced on E1 as the dual of the 

space c 0 (of all real sequences which converge to 0). Then 

K is closed, does not have a compact base, and is not 

metrizable, but it has a metrizable universal cap. 

Indeed, it is clear that K is closed since it is the polar set 

of the set of nonnegative sequences in c 0 : 

K=lY=lYnl: 2ynxn~O whenever Xn 4 0,xn~OI. If K had 

a compact base B, then there would exist a weak* closed 

hyperplane H such that B = H n K. Thus, there would exist 
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z = lznl E c 0 with (z,x) = ~znxn > 0 for every x E K, x ~ 0, 

such that B = !x: x E K and (z, x) = 1! is compact. But the 

first property shows that z n > 0 for all n, and hence 

xn = (0,0, ... ,0, z~1 , 0,0, ... ) E B. Since zn--> 0, this se­

quence is unbounded and hence B cannot be compact. To 

construct a universal cap for K, define p on K by p (x) = 

= ~ xn. Then C = !x: x E K, p (x) ~ 1! is compact (since it is 

the intersection with K of the weak* compact unit ball of E1). 

Since p is positive-homogeneous, !x: x E K, p (x) ~ rl is com­

pact for all r > 0, so p is lower-semicontinuous, and it is 

clearly additive. Since the unit ball of the dual of a separable 

normed linear space is always metrizable in the weak* topology, 

we see that C is metrizable. Finally, suppose K were 

metrizable. Since E1 is weak* complete and K is closed, we 

could conclude that K is of second category in itself. But 

K = U n C, and C is closed and has empty interior relative to 

K. (For instance, if x E C, then x +an E K,....., C and is weak* 

convergent to x, where an is the element of el which equals 

2 at n and equals 0 elsewhere.) 

Later, we will give an example of a cone which does not 

have a universal cap, but which is nevertheless the union of its 

caps. It is easy to construct closed cones with no nontrivial 

caps: Take a cone K generated by a base B, where B is a 

bounded closed convex set without extreme points. Then K 

has no extreme rays, hence no caps (other than {O!). 

The following result gives some information concerning 

uniqueness of maximal measures on caps. 
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PROPOSITION 11.3. If the cone K is a lattice and if C 

is A cap of K, then C is a simplex. Conversely, if each point 

of K is contained in a cap of K which is a simplex, then K 

is a lattice. 

Proof. A cap C of a cone K is a simplex if and only if 

the cone C 0 generated by C x Ill in E x R is a lattice. If 

we write C = lx: x E K and P (x) ~ ll (for the appropriate 

additive functional p), then the cone C 0 may be described as 

follows: x 0 = (x,r) E C 0 if and only if x 0 = (0, 0) or r > 0 

and r- 1 x 0 = (x/r, 1) E C x Ill. This latter assertion means, of 

course, that x/r E C, i.e., x E K and p(x) ~ r. It follows 

that xo ~ 0 if and only if x E K and p(x) ~ r. Assume, now, 

that K is a lattice; we must show that C 0 is a lattice. If 

Xo = (x,r), Yo= (y,s) are in C 0 , let z = x Ay in K. Since 

x _ z E K, we have P (x) = P (x - z) + p (z) ~ r, so 

p (z) ~ r _ p (x - z); similarly, p (z) ~ s - p (y - z). It follows 

that if q is the minimum of r - P (x - z) and s - p (y _ z), 

then zo = (z, q) E C 0 , and we need only show that z 0 = x 0 AYo· 

It is immediate from the definition of q that p (x - z) ~ r _ q, 

so x 0 ~ z 0 ; similarly, Yo~ zo. It remains to show that if 

w 0 = (w, t) E C 0 , x 0 ~ w 0 and Yo~ wo, then z 0 ~ w 0 • The 

first two inequalities mean that P (x - w) ~ r - t and 

p (y _ w) ~ s - t. Since p (x - w) = P (x- z) + p (z- w), we 

conclude that p (z - w) ;;? r - P (x - z) - t; similarly, 

p(z- w) ~ s- p(y- z)- t, and hence p(z- w);;? q- t, 

which is equivalent to z 0 ~ w 0 • 

In order to prove the partial converse, suppose that each 
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point of K is contained in a cap which is a simplex. It suf­

fices to show that if x, y E K, then x A y E K. Choose a cap 

C of K which is a simplex and which contains the element 

x + y. As noted after the proof of Proposition 11.1, this implies 

that x and y are in R+C; hence p (x) and p (y) are finite. 

Let x 0 = (x, p(x)), Yo= (y, p(y)); then Xo, Yo are in C 0 , 

and by hypothesis x 0 A y 0 exists in Co. Denote this element 

by zo = (z,r); then z E K, and we will show that z = x Ay. 

Since z 0 ;£ x 0 and z 0 ;£ y 0 , we have x- z, Y- z E K. It 

remains to show that if wE K and x- w, Y- wE K, then 

z _ we: K. Since x = (x- w) +wE R+C, we have x- w and 

win R+C; similarly, y-we:R+c. lfwelet w 0 =(w,p(w)), 

then x 0 ~ w 0 and Yo~ w 0 • It follows that z 0 ~ w 0 and hence 

z _ w E K, which completes the proof. 

The remaining important question concerning caps is the 

following: Is there a reasonably large class of cones which are 

unions of their caps? This question has led Choquet [14] to 

investigate, in considerable depth and detail, the class of weak­

ly complete cones. We restrict ourselves here to proving two 

results which exhibit two major classes of "well-capped" cones. 

PROPOSITION 11.4. Suppose that Kn C En is a sequence 

of convex cones, each of which is the union of its caps. Then 

the same is true of any closed subcone of the product 

K = II K n C E = II En· (In particular, any closed sub cone of the 

countable product of R+ with itself is the union of its caps.) 

Proof. Since the intersection of a cap with a closed sub-
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cone of K is a cap of the subcone, we need only show that K 

is the union of its caps. For this, it suffices to show that if 

Cn is a cap of Kn, n = 1, 2, 3, ... , then there exists a cap C 

of K with llCn c C. For each n there exists a lower semi­

continuous, additive, positive-homogeneous nonnegative func­

tional Pn on Kn such that en= !xn: Xn E Kn, Pn(xn) ~ 1!. 

Define p on K by p(x) = I2-n Pn(xn)· It is easily verified 

that p is also an extended real-valued nonnegative function 

which is additive and positive homogeneous. If ¢n is the pro­

jection of E onto E n• then P is the increasing limit of the 

lower semicontinuous functions I~= I 2-n Pn ° ¢n, hence is 

lower semicontinuous. Thus, if C = !x: x E K, p(x) ~ 1!, then 

c is closed in E. Furthermore, if x E C, then Pn(xn) ~ 2n 

for each n, so C C TI2nCn, which is compact. Finally, if 

X E ncn, then PnCxn) ~ 1 for each n, hence p(x) ~ 1 so 

x E C and the proof is complete. 

If Y is a locally compact Hausdorff space, Coo(Y) denotes 

the space (no topology) of all continuous real-valued functions 

on y which have compact support. The space M(Y) of all 

signed measures on Y which are finite on compact sets is in 

duality (in the obvious way) with Coo(Y); we will consider 

M(Y) in the weak topology induced by Coo(Y). The following 

result was shown to us by P. A. Meyer. 

PROPOSITION 11.5. Suppose that Y is a locally compact, 

a-compact Hausdorff space and that K is a weakly closed sub-
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cone of the cone of all nonnegative measures in M(Y). Then K 

is the union of its caps. 

Proof. Since Y is a countable union of compact sets, we 

can write Y = U Yn, where Yn is compact and Yn C int Yn+l 

for each n. Choose fn in C 00 (Y) such that 0;;; fn;;; 1, 

fn=1 on Yn,fn=O on y,....intYn+l" Supposenow,that 

floE K, flo =f 0; we will construct a cap C which contains 

flo· Choose a sequence !an I such that an > 0 and 

'ian flo Un) = 1. Since the sequence of nonnegative numbers 

lfloCfn)l is nondecreasing (and eventually positive), the series 

'ian is convergent. For fl in K, let p(fl) = 2..an{1Cfn)· As a 

function on K, p is nonnegative, additive and positive­

homogeneous. Let C = !fl: fl E K and p (fl) ~ 11. We will show 

that C is weakly compact and that p is lower semicontinuous; 

this will prove that C is a cap. To this end, define 

gn = 2..~=! ak fk and let f = 2..an En= lim gn. The function f 

is strictly positive and it is continuous, since on int Yn+l' 

f = gn + 2..:'=n+l ak. Furthermore, if g E Coo (Y), then g = 0 

in Y"" int Yn+l for some n, so there exists a number 

b(g)>O suchthat [g[;;;b(g)f. If flEK, then (since 

gn "'f) fl(f) =lim fl(gn) =lim 2..~=lak fl(fk) = p(fl)· Thus, if 

fl E C, then for any g in Coo (Y) we have 

± fl (g) ;;; b (g) fl (£) ;;; b (g). It follows that 

C C P = TI 1[-b(g), b(g)]: g E Coo(Y)I; since P is compact in 

the product topology (which coincides with the weak topology 

on C) it suffices to show that C is closed in P. It is 

immediate that any element in the pointwise closure of C is a 
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nonnegative linear functional on Coo (Y), and hence is a measure. 

Thus, we need only show that C is closed in K. This follows 

from the fact that p is the increasing limit of the continuous 

functions on K defined by f.1 ... f.1(gn) and hence is lower semi-

continuous. 

We now exhibit an example of a cone which is the union of 

its caps, but does not have a universal cap. 

EXAMPLE 

Let s be the space of all real sequences in the product 

topology and let E = s* be the dual space of s. As is well 

known, E can be considered to be the space of all finitely non­

zero sequences, with the correspondence defined by 

(a, x) = 2an xn, a E s, x E E. Topologize E by the weak* 

topology defined by s and let K be the closed convex cone 

of all nonnegative elements of E. If x E K, we can define a 

cap c containing x as follows: Let 1 = {k: xk = 0 I, 

J = {k: x k > 0 I, and suppose that ] has n elements. Let C 

be those y in K such that Y k = 0 for k in 1 and 

2 kf.J y k x k- 1 ;:;; n. It is straightforward to verify that C is con­

vex, K"' C is convex and x E C. Furthermore, C is a subset 

of the finite dimensional subspace of E consisting of all y 

such.that y = 0 on 1. If Y E C, then 0;:;; Yk;:;; n xk for 

k E J; it follows that C is bounded (and closed) hence com-

pact. 

To see that K does not have a universal cap, suppose that 
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C = {x: x E K, p Cx) $ 11 were such an object, for a suitable 

function p. Denote by On the sequence which is 0 except 

in the n-th place, where it is 1. Since C is universal, 

p Con) < oo, and since C is compact, p Con) > 0. Let 

a={npCon)lEs and xn=p(onr 1 onEC; then Ca,xn)=n, so 

C is not weak* compact, a contradiction. 

We conclude this section with a result which gives topolo­

gical criterion for a cone to have a compact base. 

PROPOSITION 11.6. Suppose that K is a closed convex 

cone in a locally convex space E such that K n C-K) = {O!. 

Then K has a compact base if and only if K is locally com­

pact. 

Proof. If K has a compact base B, then 

B = K n lx: f Cx) = 11 for some f in E* such that f (x) > 0 

for x =f, 0 in K. The sets [O,n] B = K n {x: f(x) $ nl, 

n = 1, 2, 3, ... are compact, have nonempty interior (relative 

to K), and their union is K; it follows that K is locally 

compact. On the other hand, suppose that K is locally com­

pact. Then there exists a convex neighborhood U of 0 such 

that U n K is compact. Let F be the intersection of K with 

the boundary of U and let 1 be the closed convex hull of F. 

Since U n K is compact (and convex), the same is true of 1. 
By Milman's theorem (see Section 1), the extreme points of 1 
are contained in F; since 1 C K and 0 E ex K, we conclude 

that 0 4 1. Thus, there exists a continuous linear functional 

f on E which strictly separates 0 from 1, i.e., 
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2b = inf f (}) > 0. It follows that B = £" 1 (b) n K is a base for 

K and is compact, since it is contained in [0, 1]]. 



12. A different method for extending 

the representation theorems 

When we say that a probability measure JL on a compact 

convex set X "represents" a point x of X, we mean, of 

coursE., that p.(f) = f(x) for each continuous affine function f 

on X. One way of extending the representation theorems would 

be to show that this latter equality holds for a larger class of 

of functions. For instance, Proposition 9.7 showed that it holds 

for upper semicontinuous (or lower semicontinuous) affine func­

tions. In this section we will show that it holds for the affine 

functions of first Baire class, i.e., those affine functions which 

are the pointwise limit of a sequence of continuous (but not 

necessarily affine) functions on X. 

THEOREM (Choquet [13] ). If X is a compact convex 

subset of a localiy convex space E and if JL is a probability 

measure on X with resultant x, then JL (f) = f (x) for each 

affine function f of first Baire class on X. 

The proof which follows uses a weaker property than that 

stated in the hypotheses, namely, we need only assume the 

following: 

(1) The function f is affine, Borel measurable, and the 
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restriction of f to any compact subset of X has at least one 

point of continuity. 

If f is the limit of a sequence of continuous functions, it is 

certainly Borel measurable, and its restriction to any compact 

subset of X is again of first Baire class. A classical conse­

quence of the Baire category theorem asserts that a function of 

first Baire class has a dense set of points of continuity, so (1) 

follows from the original hypotheses on f. In order to know that 

f is integrable with respect to 11• it suffices to prove that if a 

function f satisfies (1), then it is bounded. Let y be a point 

of continuity of f, and suppose that f is not bounded. Since 

X is compact, we can find a net Xa and a point x in X such 

that xa _, x and {f(xa)l is unbounded. Choose an open neighbor­

hood U of y such that f is bounded on U and choose 

0 < t < 1 such that ty + (1 - t) x E U. Eventually, ua = ty + 

+ (1 _ t)xa E U. Since f(ua) = tf(y) + (1- t) f(xa). this leads 

to a contradiction. 

We next introduce som·e notation for the oscillation of 

f: If A c X, let Of(A) =sup f(A)- inf f(A), and for x in 

X, let Oxf=inf{Of(U): Uopen, xEV!. 

LEMMA 12 .1. If 11 is a nonnegative measure on X and 

E > O, then there exists a sequence l"-n l of nonnegative mea­

sures on X, supported by pairwise disjoint subsets Sn of X, 

such that 11 = ~An and Of (Kn) < E for each n, where Kn is 

the closed convex hull of S n· 

Proof. We will show that if v is any nonnegative measure 
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on X, then there is a Borel set B of positive I/ measure such 

that Of(K) < E, where K is the closed convex hull of B. 

Assume, for the moment, that this had been done, and let Z 

be the collection of all sets M of nonnegative measures on X 

with the following three properties: (i) Each 'A in M is the 

restriction of fl. to a Borel subset S71. of positive fl. measure. 

(ii) If K71. is the closed convex hull of S71., then Of(KA.) <E. 

(iii) If 'A, 'A' € M and 'A=!= A.', then S71.,S7\ 2re disjoint. 

The collection Z is nonempty-simply take v (above) to 

be fl. and let M = I 'A I, where A. is the restriction of fl. to B 

and S71. = B. If we partially order z by inclusion, then it is 

easily verified that Z is an "inductive" partially ordered set, 

so Zorn's lemma is applicable and there necessarily exists a 

maximal element M o in Z. Since the sets S71. ('A € M 0 ) are 

pairwise disjoint and of positive 11 measure, the set M 0 is 

countable; say M o = !'An I. It follows from the Lebesgue domi­

nated convergence theorem, say, that the series ~'An con­

verges to the restriction A of 11 to U S n, where S n = S i\,. 

If fl =1= 'A = I An ' then we can apply the "induction step" (above) 

to v = p. - 'A, obtaining a Borel set B of positive v measure 

(hence of positive fl. measure) such that Of(K) < E, where K 

is the closed convex hull of B. Since we can certainly assume 

that B is disjoint from USn, we are led to a contradiction of 

the maximality of M 0 • 

It remains, then, to prove the induction step. Given v, f 

and E: > 0, let S be the closed support of v (i.e., the com­

plement of the union of all open sets of v measure zero) and 
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let I be the closed convex hull of S. Denote the restriction of 

f to I by g, andlet Y={x:xEI, Oxg~EI. Theset Y 

is closed (for any real valued function g) and from the fact that 

g is affine it follows that Y is convex. Since g has at least 

one point of continuity in I, the set I"' Y is nonempty. If 

S c Y, then we would have I C Y; consequently, S ......, Y is 

nonempty. From the definition of S it follows that any neigh­

borhood of any point of S "'Y has positive measure. Since Y 

is closed and E is locally convex, we can choose a closed 

convex neighborhood of some point of S "' Y which misses Y, 

and hence there exists a compact convex subset V of I ......, Y 

of positive v measure; clearly, Oxg < E for x in V. Now, 

since f is bounded, the function g is bounded and hence we 

can write V as a finite union of convex sets V k for which 

Og (V k) < E. (For instance, finitely many sets of the form 

{x: x E V, (n- l)E :S 2g(x) < nEI, n an integer, will cover V.) 

At least one of these sets V k has positive v measure, and by 

regularity it must contain a compact set Io of positive v mea­

sure. Let K be the closed convex hull of Io; clearly K c V, 

so 0 xg < E for x in K. In fact, to complete the proof we need 

only show that 3E ~ Og(K) [= Of(K)]. Let It be the convex 

hull of Io; then It C V k, so Og Clt) < E. If x, y are in K 

(i.e., in the closure of It), then there exist neighborhoods 

(in J) U x• U Y of x, y, respectively, for which Og (U x) < E, 

Og (U Y) < E. It follows from the triangle inequality that 

I g (x) - g (y) I < 3 E, and the proof of the lemma is complete. 

We now finish the proof of the theorem. Suppose that 
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J1 "'Ex, that f satisfies (1), and that E > 0. By the lemma, 

we can choose measures 111 , 112 , ... , Jln and A. with disjoint 

supports such that II A. II < E, J1 = 2./lk + A., and the support of 

Jlk is contained in a compact convex set K k for which 

(Of) (Kk) <E. Let A.k = Jlk;liJlkll and let xk be the resultant 

of A.k. It follows that xk E Kk and hence f(xk)- E ~ A.k(f) ~ 
~f(xk)+E foreach k. Thus, IJlk(f)-IIJlkll f(xk)I~EIIJlkll 
for each k. Let y be the resultant of A. I II A. II ; since 

J1 = 211Jlkll A.k + 11>..11 (A./11>..\1) and 1 = 111111 = 2IIJ1kll + 11>..11, 
we have x = 2.11 Jlkll xk + II A.lly, so that f(x) = 

= 211Jlkll f(xk) + 11>..11 f(y). Thus, 

I JLCf)- t(x)l == 12. [JLkCf)- II Jlkll t(xk)] + A. (f)- II >..II ECY)I ~ 

~ E 2IIJ1kll + IA.(f)-11>..11 f(y)l ~ 

~ E + 2 II A. II sup If I < E (1 + 2 sup If I). 

Since this holds for each E > 0, Jl(f) = f(x). 

Choquet [13] has given an example which shows that the 

above theorem fails for an affine function of second Baire class 

(i.e., the pointwise limit of a sequence of functions of first 

Baire class). We will describe the example, but omit the proof 

that the function is of second Baire class. 

EXAMPLE 

Let X be the compact convex set of all probability Borel 

measures J1 on [0, 1]. Each measure J1 in X admits the 
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Lebesgue decomposition into its absolutely continuous and sin­

gular parts (with respect to Lebesgue measure), and we let 

f ((.1) be the norm of the singular part of f.l· It is easily checked 

that f is a bounded affine function on X. If f.1 is an extreme 

point of X, then f.1 is a point mass and f ((.1) = 1; consequently, 

f = 1 on the image in X of [0, 1]. Let A be Lebesgue mea­

sure on [0, 1]; then f(A) = 0. On the other hand, A can be 

carried to a measure v on X; then v is supported by the ex­

treme points of X and its resultant in X is A. But 

v(f) = 1 =f, f(A). 



13. Orderings and dilations of measures 

If X is a compact convex subset of a locally convex space 

E, and if f.l• A· are nonnegative measures on X, we have de­

fined f.1 >A to mean that f.l(f) ~A (f) for each continuous con­

vex function f on X. For finite dimensional spaces E, this 

ordering has long been of interest in statistics; it is used to 

define "comparison of experiments." A characterization in terms 

of dilations (defined below) has been given by Hardy, Little­

wood, and Polya for one dimensional spaces, and by Blackwell 

[7], C. Stein, and S. Sherman for finite dimensional spaces. The 

general case has been proved by P. Cartier [10], based in part 

on the work uf Fell and Meyer; this is the proof we present 

below. An entirely different approach has been carried out by 

Strassen [33]. 

There is another ordering, denoted by 11 >> A, which was 

introduced by Loomis [28] in the course of his proof of the 

Choquet-Meyer uniqueness theorem, and which is of interest in 

connection with the theory of group representations. The second 

main result of this section is the proof that . f.1 >> A if and only 

if f.1 >A. 

We will let P 1 denote the set of all regular Borel prob­

ability measures on X. A mapping x -+ T x from X into P 1 
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is called a dilation if 

(1) The measure T x represents x, for each x in X. 

(2) For each I in C (X), the real valued function 

x -> T x (f) is Borel measurable. 

107 

There is a natural extension of T to a map from P 1 into 

p 1 , defined as follows: If ,\ E P 1 , let T ,\ be the measure 

obtained (via the Riesz theorem) from the bounded linear func­

tional defined by 

(*) (T,\) (f)= fx Tx(f) d..\(x), IEC(X). 

Since T Y ""Ey for all Y, taking ,\ = Ex in (*) shows that 

T (Ex) = T x• so that (modulo the homeomorphism x -> Ex) this 

is a genuine extension; it, too, is called a dilation. We can 

picture the measure T x as "spreading out" or "dilating" the 

unit mass at x. Condition (2) says that this should be done 

in a reasonable way as we change from one point to another, 

and (*) says that T ,\ is the measure obtained by taking the 

,\-average of these individual dilations. It is not surprising, 

then, that T ,\ should have its support "closer" to the extreme 

points of X than does ,\: 

If 11 = T ..\, then 11 > ..\. 

Indeed, suppose that I is a continuous convex function X. 

Since T x "'Ex, we have T x >Ex, so that T x(f);; f(x) for 

all x. It is immediate from (*) that 11(1) = (T ..\)(f);; fld,\ = 

= ,\(I). The main result of this section is the converse asser­

tion, under the hypothesis that X be metrizable. 
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THEOREM (Hardy-Littlewood-Polya-Blackwell-Stein-Sherman-

Cartier). Suppose that X is a compact metrizable convex 

subset of a locally convex space and that 11 and A are regu­

lar Borel probability measures on X. Then 11 >A if and only 

if there exists a dilation T such that 11 = T A. 

The proof of this theorem depends on a general result of 

Cartier (which does not use metrizability), together with a 

classical result on the disintegration of measures. 

With X as above, we consider the space 

F = C(X)* x C(X)*, using the product of the weak* topology 

with itself. Thus, F is a locally convex space, and every 

continuous linear functional L on F is of the form 

L(a, {3) = a (f) - {3 (g), (a, {3) E F 

for some pair of functions f, g in C(X). Throughout this sec­

tion we will be interested in two particular subsets ] and K 

of F, defined as follows: 

K = I (A, /1): A~ 0, 11 ~ 0 and 11 >A}, 

] = {(Ex,v): xEX, V"'Exl• 

It is easily verified that K is a closed convex cone in F · 

Since v "' Ex implies v > Ex, we see that ] c K; furthermore, 

J is compact (since the map v -+ (resultant of v) is contin­

uous from P 1 into X, and ] is homeomorphic to its graph). 

Since a convex combination of point masses is not a point mass 

the set ] is not convex. Its closed convex hull, B, however, 

is a compact base for K. Indeed, ] is a subset of the intersec-
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tion K n H of K with the hyperplane H of all (a, {3) for 

which a (1) = 1. Since (a, {3) E K and a (1) = 1 imply 

{3 (1) = 1, we see that K n H is a closed convex subset of the 

compact convex set P 1 x P 1 , hence is compact. Thus 

B c K n H and is itself compact. It is clear that K n H is a 

base for K; we will show that B = K n H. This will certainly 

be true if B generates K, i.e., if L ~ 0 on K whenever 

L E F * and L ~ 0 on B. Now, if L ~ 0 on B, then L ~ 0 

on 1, so assume there exist f, g in C(X) such that 

L (Ex, v) = f(x)- v(g) ~ 0 whenever v"' Ex; we will show 

that L (a, {3) = a (f) - {3 (g) ~ 0 whenever (a, {3) E K. Recall 

(Proposition 3.1) that for each x in X, g (x) = 

=sup lv(g): v "'Ex I· It follows that g(x);;; f(x), so that 

g;;; g;;; f. Thus, {3(g);;; {3(g) and a(g);;; a(/); from Lemma 

9.2 we know that {3 (g) ;;; a (g) and hence L (a, {3) ~ 0. 

The following proposition is now an immediate consequence 

of Proposition 1.2. 

PROPOSITION 13.1 (Cartier). An element (A, 11) of F 

is in K if and only if there exists a nonnegative measure on 1 

which represents (A, 11). 

We now return to the proof of the theorem itself. Assume, 

then, that X is metrizable and that 11 >A. By the above prop­

osition, there exists a nonnegative measure m' on 1 such 

that .(1 L dm' = L (A, /1) for each L in F*. This means that 

for each (f, g) in C(X) x C(X), 



110 Lectures on Choquet's Theorem 

Let S = l (x, v): x E X, v E P 1 , v"' Ex!. Since the function 

(Ex, v) --> (x, v) from ] onto S is a homeomorphism, we can 

carry m' to a measure m on S. By alternately choosing 

g = 0, f = 0 in the above equation, we see that for all f, g in 

C(X), 

(a) A(f) J5 f (x) dm (x, v), 

(b) J5 v(g) dm (x, v). 

Equation (a) shows that m is a probability measure on S 

which is carried onto A under the natural projection of X x P 1 

onto X. 

We now state a special case of the theorem on disintegration 

of measures [9, p. 58]. 

Suppose that Y and X are compact metrizable spaces, 

that ¢ is a continuous function from Y onto X, and that m 

is a nonnegative measure on Y. Let A= m o¢- 1 denote the 

image of m under the function ¢. Then there exists a func­

tion x -->Ax from X into the probability measures on Y, with 

the following properties: 

(i) For each h in C(Y), the function x .... Ax (h) is Borel 

measurable. 

(ii) For each x m X, the support of Ax is contained in 

¢-l(x). 

(iii) For each h in C(Y), m(h) = .fx Ax (h) dA (x). 

We apply this result as follows: Let Y = S C X x P 1 , let 

¢ be the natural projection of S onto X, and let m and A 

be the measures introduced previously. Then, as we have noted, 
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(a) implies that 'A= m o ¢- 1 , so there exists x--> 'Ax from X 

into the probability measures on S, satisfying the above three 

properties. We let Tx be the resultant in P 1 of the image of 

'Ax under the natural projection of S onto p 1 • It remains to 

prove that Tx satisfies the properties (1) and (2) which de­

fine dilations, and that f.1. = T 'A. The fact that Tx is the 

resultant in P 1 of the image of 'Ax means that for each f in 

C(X), 

(**) 

Since (y, v) in S implies v"' EY, we see that for continuous 

affine functions f, this becomes 

We know that 'Ax is supported by ¢- 1(x) =I (x, v): v "'.Ex I. 
and hence Tx (f)= f (x), i.e., Tx represents x. Property (2) 

of dilations follows from (* *) and property (i). Finally, to 

show that f.1. = T 'A, we must verify that for g in C(X), 

Jl.(g) = (T 'A) (g) = .fx Tx(g) d'A(x). 

By (* *), Tx (g) = fs v (g) d'Ax (y, v). Since h (y, v) = v (g) 

defines a function h in C(S), (iii) implies that 

f5 v(g)dm(y,v) = fx(f5 v(g)d'Ax(y,v)) d'A(x) = 

= fx Tx (g) d'A (x). 

From (b), we see that the left side equals f.1.(g), and the proof 

is complete. 

We next define the ordering f.1. >>'A of Loomis [28]. (Actu-
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ally, Loomis considers several orderings; the present one is 

his "strong" ordering.) 

Definition. If f1 is a nonnegative measure on X, a 

subdivision of f1 is a finite set l11; I of nonnegative mea­

sures on X such that f1 = ~ f1;· We say that f1 >>A if for 

each subdivision IA 11 of A there exists a subdivision l/111 
of f1 such that /1;,...., A; for each i. (For other descriptions 

of this ordering and its relation to group representations, see 

[29] and [28].) 

In the following theorem, X and 1 are the same as in 

Proposition 13.1 of Cartier. Note that X is not assumed to be 

metrizable. 

THEOREM (Cartier-Fell-Meyer [10] ). If A and f1 are 

nonnegative measures on X, then the following assertions are 

equivalent: 

(a) f1 >A, 

(b) There exists a nonnegative measure m on 1 which 

represents (A, f1). 

(c) f1 >> A. 

Proof. Proposition 13.1 shows that (a) implies (b). Sup-

pose that (b) holds, and let IA 11 be any subdivision of A. By 

means of the Radon-Nikodym theorem we can choose nonnegative 

Borel measurable functions If 1 I on X such that A 1 = f 1 A and 

~ f; = 1. Define Borel functions I g 1 I on 1 by g 1 (Ex, v) = 

= f;(x) for each (Ex, v) in 1, and let m1 = g 1 m. By Proposi­

tion 13.1 again, each measure m1 has a resultant (v 1, f1;) in 
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the cone K. If we use the definition of this assertion (and if 

we carry the measure m to the set S defined after Proposition 

13.1) we see that 

v 1(f) = Is f(x)f;(x) dm(x, v), for f in C(X). 

Similarly, since m represents (A, J1), we deduce that 

A(f) = Js f(x) dm(x, v), for f in C(X). 

As we noted earlier, this means that A = m 0 77 - I, where 77 is 

the natural projection of S C X x P 1 onto X. Since the f 1 are 

bounded Borel functions, it follows that A(ff 1) = (m o 77 - 1) (ff 1) 

for each f in C(X), i = 1, 2, •.. , n. Now, for each f in C(X) 

and each i, we have 

Is (ff 1 o77)(x, v) dm(x, v) = fx (ff 1)(x) d(m o 17- 1)(x), 

so that v 1(f) = fs ff; dm = A(ff;) = A;(f), i.e., v 1 = A1• But 

(,.\ 1 , Jl;) E K implies Jl; "'A;, and m = Lm 1 implies J1 = Lp.;, 

so J1 >>A. 

It remains to show that (c) implies (a). Suppose, then, that 

J1 >> ,.\ and that f is a continuous convex function on X; we 

want to show that Jl(f) ~A (f). 

Given E > 0, we can carry out the same construction as was 

used in the proof of Lemma 9.6 to write X as a disjoint union 

of Borel sets VI, v2 .... , vn such that the restriction A; of A 

to V1 is nonzero and, letting x 1 be the resultant in X of 

A/A;(X), I f(x)- f(x 1)i < E for each x in V1• Thus, ,.\ = ~A 1 , 

and therefore we can choose measures p. 1 such that J1 = ~ p. 1 

and p. 1 ,...._,.\ 1• The latter implies that p. 1 (X) = A1 (X) = ,\ 1(V1) and 
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that x; is the resultant of 11/ fl; (X). Since f is convex, 

fl;(f)/fl;(X) 2': f(x;), and consequently fl(f) = "2:.f1;(f) 2: 
= "2: t\; (V;) f(x ;). On the other hand, f ~ f (x ;) + E on V;, so 

that t\; (f) ~ t\ (V;) [f (x ;) + E], and hence 

Since this is true for any E > 0, we conclude that f1 > t\, and 

the proof is complete. 

We conclude this section with an interesting proposition con­

cerning dilations and maximal measures. 

PROPOSITION 13.2 (Meyer [29] ). Suppose that X is 

metrizable, that t\ is a nonnegative measure on X, and that 

f1 is a maximal measure, with f1 > t\. Let T be a dilation 

such that T t\ = fl· Then Tx is maximal, almost everywhere 

(A.). 

Proof. Recall from Proposition 9.3 that a measure f1 is 

maximal if and only if f1 (f) = f1 (f) for every I in C(X). Let 

{f n} be a countable dense subset of C(X); then for each n, 

0 = fl(f;,- In) = fx T x(f;,- In) dt\(x). Now, fn- ln ~ 0, so 

we have Tx(~- In)= 0 a.e. A., for each n. It follows that 

for all n, Tx (f n) = Tx (f n) a.e. A.. Since (Section 3) the map 

I -+ f is uniformly continuous, we conclude that for almost all 

x, Tx (f)= Tx (f) for each I in C(X), and hence Tx is 

maximal a.e. A.. 



14. Suggestions for further reading 

Much of the material in these notes (other than the applica­

tions) is contained in the outline presented by Choquet [14] at 

the 1962 International Congress of Mathematicians, and the paper 

[15] by Choquet and Meyer gives an elegant and very concise 

treatment of the main parts of the theory. Bauer's lecture notes 

[ 4] contain a detailed development which starts from the very 

beginning, using (as do Choquet and Meyer) his "potential 

theoretic" approach to the existence of extreme points via semi­

continuous functions on a compact space [1]. Finally, Chapter 

XI of Meyer's book [29] covers a great deal of ground. He 

shows, among other things, that the entire subject of maximal 

measures may be viewed as a special case of an abstract 

"theory of balayage." 

The rest of this section will be devoted to brief descriptions 

of related topics which have been omitted from the body of these 

notes. 

POTENTIAL THEORY 

Integral representation theorems play an important role in 

potential theory, and the Choquet theorem is of considerable 
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use in current work on abstract (or axiomatic) potential theory. 

Unfortunately, its use in this regard is so deeply imbedded in 

the subject that it would require far more time and space than 

we are willing to spend in order to give an exposition which is 

even moderately self-contained. What we can do is sketch some 

facts concerning harmonic functions and show how one of the 

classical integral representation theorems may be viewed as an 

instance of the Choquet theorem. Further facts along these 

lines and a succinct account of the Martin boundary appear in 

Bauer's notes [4]. For connections with axiomatic potential 

theory' the reader should see the various papers on the subject 

which have appeared in recent years in Annales de l'lnstitut 

Fourier (Grenoble). 

Let 0 be a bounded, connected, open subset of Euclidean 

n-space (n ;;: 2) and let H be the set of all functions h ;;: 0 

which are harmonic in 0. Let E = H - H be the linear space 

generated by H, with the topology of uniform convergence on 

compact subsets of 0. Then E is metrizable and H is a 

closed convex cone which induces a lattice ordering on E • Let 

Xo be any point in 0; then X= lh: hE H, h(x 0 ) = 11 is a 

metrizable compact convex base for the cone H. By Choquet's 

existence and uniqueness theorems, then, to each u in H 

there exists a unique nonnegative measure J.L on the extreme 

points h of X such that 

u (x) = J h (x) d11 (h) (x E 0). 

In view of the characterization (Section 11) of extreme elements 
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of a cone, we see that h lies on an extreme ray of H if and 

only if 0 :$ u :$ h, u harmonic, implies u = A.h for some A.~ 0. 

Because of this property, the extreme nonnegative harmonic 

functions are usually referred to as minimal harmonic functions. 

In order for the -above representation theorem to have any 

significance, of course, one must give a reasonably concrete 

description of the minimal harmonic functions. For instance, if 

n is the open ball of radius r > 0 and center at the origin, and 

if x 0 = 0, then the extreme points come from the Poisson kernel; 

i.e., a function h in X is extreme if and only if h = PY for 

some y with lly II = r, where 

( II x II < r). 

It is easily seen that the map y ... PY is a homeomorphism from 

the boundary of the sphere onto ex X, so that the latter is com­

pact (and hence we could have used the Krein-Milman theorem 

theorem for the existence portion of above integral representation 

theorem). The final result, obtained by carrying f.1 to a measure 

on the boundary of the sphere, is Herglotz's theorem: If u E X, 

there exists a unique probability measure f.1 on \y: \\yll = rl 

such that 

(*) ell xll < r). 

The above sketch apparently shows that the Herglotz theorem 

can be obtained as an application of the Krein-Milman theorem. 

The only proof we know, however, that ex X equals the set Y 
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of functions PY uses the Herglotz theorem. [If (*) holds, then 

by Milman's theorem, ex X is contained in the closure of Y, 

and Y is closed. Since rotation of the sphere induces a one­

to-one affine map of X onto itself, if one PY is extreme, they 

all are. Since ex X is nonempty, we conclude that ex X = y.] 

It would be interesting to have a proof that ex X c Y, which is 

as simple and elementary, say, as the proof of the corresponding 

result for Bernstein's theorem. 

POSITIVE DEFINITE FUNCTIONS AND BOCHNER'S THEOREM 

A complex valued function f on an Abelian group G is said 

to be positive definite if 

I A;Ajf(t;- tJ) > 0 
i ,j: 1 

whenever t 1 , ••• , t n are elements of G and A 1 , ••• , An are 

complex numbers. It is easily seen that if f is positive defi­

nite, then f(O) is real and lf(t)l ~ f(O) for all t in G. If a 

function f is a character of G (i.e., a homomorphism of G 

into the group of all complex numbers of modulus 1), then f 

is positive definite. Suppose that G is locally compact and 

let P be the cone of all continuous positive definite functions 

on G. Then P can be considered as a subset of the set K 

of those f in L 00 (G) which satisfy 

J J g (s + t) g (s) f (t) ds dt > 0 (g e L 1 (G)). 
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In the weak* topology, K is closed and has a universal cap, 

consisting of those f in K with II f II :S 1. The nonzero ex­

treme points of this cap are the (essentially) continuous char­

acters X of G, and it follows that every continuous positive 

definite function f on G has the form 

f (t) = f X(t) df1. (X) 

for a nonnegative finite measure fl. on the characters. This is 

a generalization of a classical theorem of Bochner (where G 

is the real line and each character is of the form t __. e; x 1 for 

some real x). Since the extreme points form a closed set, it 

can actually be proved by the Krein-Milman theorem. It is also 

possible to use the Stone-Weierstrass theorem to show that fl. 

is uniquely determined by f. 

This result has a close connection with group representa­

tions, since each continuous positive definite function on G 

defines, in a canonical way, a continuous unitary representation 

of G, and the characters correspond to the irreducible represen­

tations. The above integral representation essentially shows 

that every cyclic representation of G (and hence every repre­

sentation of G) is a "direct integral" of irreducible representa­

tions. For further details, see [19] and [30]. 

It is worthwhile to sketch a simple result which can be used 

to show that the extreme points of the set K are the characters. 

The facts which are left unproved in what follows may be found 

in [30, §§ 10, 30] (where a "*-algebra" is called a "symmetric 

ring"). The proof of this result is essentially due to J. L. Kelley 
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and R. L. Vaught ["The positive cone in Banach algebras," 

Trans. Amer. Math. Soc. 74 (1953), 44-55]. It is applied, of 

course, to the commutative *-algebra obtained by adjoining the 

identity to the group algebra L 1 (G). 

Suppose that A is a commutative *-algebra with identity e 

and continuous involution x ... x*. Let K be the convex set of 

all linear functionals f on A which satisfy f(e) = 1 and 

f (x* x) ;;: 0 for all x in A. If f is an extreme point of K, 

then f(xy) = f(x) f(y) for all x, y in A. 

Proof. Any element of A is a linear combination of ele-

ments of the form x* x (consider the polarization identity 

x = i '2:;= 1 E~ 1 (e + E; x)* (e + E; x), where the E/s are the 

fourth roots of unity); hence we may assume that x is of that 

form. We may also assume that II x* x II < 1. Define the linear 

functional g on A by g (y) = f(x* xy). For any Y, 

g(y*y) = f[(xy)*(xy)] ~ 0 

and 

(f-g) (y*y) = f[y*y(e-x*x)] = f(y*y z*z) ~ 0, 

since \1 x* x II < 1 implies e - x* x = z* z, where 

00 

z* = z = L ( 1 ~ 2 ) (-x*x)" EA. 
n:O 

Thus, f == g + (£- g), where g and f - g are in the cone 

generated by K. Since f is extreme, we have g =A£ for some 
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A ;; 0. From f (e) = 1 we conclude that A = g (e) and g (y) = 

=g(e)f(y) forall y, i.e., f(x*xy)=f(x*x)f(y) forall y, 

which completes the proof. 

It is even easier to prove that every multiplicative element 

of K is extreme. Indeed, if 2£ = g + h, g, h inK, it suffices 

to prove that g (x) = 0 = h (x) whenever f (x) = 0 (since 

f(e) = 1 = g (e)= h (e) and hen-::e f = g =h). But if f(x) = 0, 

then 0=2f(x*)f(x)=2f(x*x)=g(x*x)+h(x*x), so g(x*x)= 

= 0 = h (x* x). Furthermore, I g (x) 1 2 ;S g (x* x), so g (x) = 0 and 

(similarly) h (x) = 0. 

APPLICATION OF CROQUET BOUNDARIES AND FUNCTION 

ALGEBRAS TO APPROXIMATION THEORY 

Bishop's [5] original result concerning n special case of the 

Choquet theorem in the context of function algebras (and his 

"peak point" description of the Choquet boundary in this case) 

was applied to a theorem concerning approximation of continuous 

complex valued functions on a compact subset of the plane by 

certain rational functions. We will give the statement of this 

theorem, and direct the reader to Wermer's monograph [35] for a 

survey of this and related results. 

Let Y be a compact subset of the complex plane, with empty 

interior. Let A be the subalgebra of Cc (Y) consisting of 

those continuous complex valued functions on Y which can be 

uniformly approximated on Y by rational functions which have 

poles in the complement of Y. It is easily verified that A is 
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uniformly closed, contains the constants, and separates points 

of Y. Let B C Y be the Choquet boundary for A. 

THEOREM (Bishop). 

lent: 

(i) A = C c (Y). 

The following assertions are equiva-

(ii) Y"' B has two-dimensional Lebesgue measure zero. 

(iii) B = Y. 

THE SUPPORT OF A MAXIMAL MEASURE 

We know that if f1 is a maximal probability measure on X • 

then f1 (B) = 1 whenever ex X c B c X and B is a Baire set 

or an Fa set. This result can be extended to more general 

sets by means of a theorem of Choquet on abstract capacities. 

For instance, it is still true if B is a K-Suslin set (= K­

analytic set) (see [29] for a complete proof) or if B is a 

K-Borel set [4]; each of these classes of sets contains the 

Baire sets, and the K-Suslin sets form the largest family. (The 

only property of maximal measures used in the proof of either 

theorem is the fact that f1 (B) = 1 if f1 is maximal and B is 

an Fa set containing ex X.) The K-Borel sets are the sim­

plest to describe: They are the members of the smallest family 

which contains the compact sets and is closed under countable 

unions and countable intersections (but not necessarily closed 

under differences). The family, which need not be a a -ring, 

lies between the Baire sets and the Borel sets. It is immediate 

that Corollary 9.9 on uniqueness can be sharpened to the follow-
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ing form: 1! X is a simplex and if ex X is a K-Suslin set, 

then for each x in X there exists a unique measure p. such 

that p. "'Ex and p. (ex X) = 1. 

OTHER EXTENSIONS OF THE KREIN-MILMAN 

AND MINKOWSKI THEOREMS 

As shown in Proposition 11.6, if a cone K in a locally con­

vex space is closed, is locally compact, and contains no line, 

then K admits a compact base. Thus, local compactness makes 

it possible to extend the Krein-Milman theorem to (proper) cones, 

provided we replace "extreme points" by "extreme rays" in the 

statement of the theorem. (Of course, this is true even under the 

weaker hypothesis that K is the union of its caps.) What if we 

drop the hypothesis that K be a cone? Klee [26] ha.s obtained 

two results in this direction, one which extends Minkowski's 

theorem on finite dimensional sets and one which extends the 

Krein-Milman theorem. We first require a definition. 

An extreme ray of a convex set X is an open half-line 

p c X with the property that the open segment ]x, y[ is con­

tained in p whenever ]x, y[ C X and ]x, y[ intersects p. A 

set is said to be linearly closed if its intersection with each 

line is closed. We let exr X denote the union of the extreme 

rays of X. Klee's results are the following: 

If X is a locally compact closed convex subset of a locally 

convex space, and if X contains no line, then X is the closed 

convex hull of ex X U exr X. 
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If X is a linearly closed finite dimensional convex set 

which contains no line, then X is the convex hull of 

ex XU exr X. 

Finally, we note that the following problem in this area is 

still open: If X is a nonempty compact convex subset of a 

~:;,..u.'<".C.()-:H. ~()~()\o~\.ca\. "ectot space, does X have any extreme 

points? If so, is it the closed convex hull of its extreme points? 

A TOPOLOGICAL PROPERTY OF THE SET OF EXTREME 
POINTS 

As was shown in the Introduction, the set ex X of extreme 

points of a compact convex subset X of a locally convex space 

will form a G5 set if X is metrizable. In the general case, 

however, ex X need not even be a Borel set. Nevertheless, 

Choquet has proved the following result: If X is a compact 

convex subset of a locally convex space, then ex X is a Baire 

space in the induced topology. (Recall that a topological space 

T is a Baire space provided the intersection of any sequence of 

dense open subsets of T is dense in T.) This result has an 

interesting application to C*-algebras, and its proof may be 

found in J. Dixmier [Les C*-algebres et leurs representations, 

Paris, 1964, p. 355]. 
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