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Preface

These notes are a revised and expanded version of mimeo-
graphed notes originally prepared for a seminar during Spring
Quarter, 1963, at the University of Washington. They are de-
signed to be read by anyone with a knowledge of the Krein-
Milman theorem and the Riesz representation theorem (along
with the functional analysis and measure theory implicit in an
understanding of these theorems). The only major theorem
which is used without proof is the one on “disintegration of
measures” in Section 13.

The author is indebted to many people who helped, directly
or indirectly, in the preparation of these notes. He has espe-
cially benefitted from the Walker-Ames lectures at the University
of Washington in the summer of 1964, by Professor G. Choquet,
and from the stay at the same institution during 1963 by Profes-
sor P. A, Meyer. He hés received helpful comments from many
of his colleagues, as.,well as from Professors N. Rothman and
A. Peressini, who used the earlier version in a seminar at the
University of Illinois. Finally, he wishes to thank Professor
J. Feldman for permitting the inclusion of the unpublished mate-
rial in Section 10 on invariant and ergodic measures.

A note to the reader: Although the applications of the theory
are interspersed throughout the notes, they are never needed for

subsequent material. Thus, Sections 2, 5, 7, 8 or 10, for in-
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stance, may be put aside for later reading without encountering
any difficulties. (To omit them entirely, however, would cut the
subject off from its many and interesting connections with other

parts of mathematics.)

Seattle, Washington
March 1965
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1. Introduction. The Krein-Milman theorem

as an integral representation theorem

The simplest example of a theorem of the type with which we
will be concerned is the following classical result of Minkowski
(see the exercise on page 10).

If X is a compact convex subset of a finite-dimensional
vector space, and if x is an element of X, then x is a finite
convex combination of extreme points of X. Thus, there exist
extreme points x;,..., X, and positive numbers pu, ..., px
with Sfu, =1 such that x = Zy;x;. We now reformulate this
representation of x as an “integral representation.” For any
point y of X let €, be the “point mass” at y, i.e., €, is
the Borel measure which equals 1 on any Borel subset of X
which contains y, and equals 0 otherwise. Abbreviating Ex;
by €;, let u=2u;E; then p is a regular Borel measure on
X, £20, and p(X)=1. Furthermore, for any continuous linear
functional f on E, we have f(x)=(32p;f(x;)=) [, fdu. This
last assertion is what we mean when we say that p represents

X.

Definition.  Suppose that X is a nonempty compact
subset of a locally convex space E, and that p is a prob-
ability measure on X. (That is, u is a nonnegative regular

Borel measure on X, with u(X)=1.) A point x in E is
1



Lectures on Choquet’s Theorem

said to be represented by u if f(x)= [, fdu for every con-
tinuous linear functional f on E. (We will sometimes write
p(f) for [, fdu, whenno confusion can result.) (Other ter-
minology: “x is the barycenter of ;,” “x is the resultant
of p.”) The restriction that E be locally convex is simply
to insure the existence of sufficiently many functionals in
E* to separate points; this guarantees that there is at most
one point represented by p. Later, we will want to consider
measures on other o-rings, but the Borel measures suffice

for the present.

Note that any point x in X is trivially represented by €, ;

the interesting (and important) fact brought out by the above ex-

ample is that for a compact convex subset X of a finite dimen-

sional space, each x in X may be represented by a probability

measure which is “supported” by the extreme points of X.

Definition. If p is a nonnegative regular Borel mea-
sure on the compact Hausdorff space X and S is a Borel

subset of X, we say that p is supported by S if
p(X ~ 8)=0.

We may now formulate the problems which concern us: If X

is a compact convex subset of a locally convex space E, and
x 1s an element of X, does there exist a probability measure

p on X which is supported by the extreme points of X and

which represents x? If p exists, is it unique? Choquet [12]
has shown that, under the additional hypothesis that X be

metrizable, the first question has an affirmative answer, while
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an affirmative answer to the second question depends on a geo-
metrical property of X. Bishop and de Leeuw [6] have shown
that if we allow more general measures than Borel measures, then
the answer to the first question is affirmative (without additional
hypotheses on X) .

In the above example, the introduction of an integral in place
of a convex combination was a bit artificial. It seems worthwhile
to translate two well-known theorems (the Riesz representation
theorem and the Krein-Milman theorem) into the language which
we have introduced; in these instances the use of integrals is
quite natural. It will also make clear exactly how the theorems
of Choquet and Bishop-de Leeuw generalize the Krein-Milman
theorem.

Let Y be a compact Hausdorff space, C(¥Y) the space of all
continuous real-valued functions on Y (supremum norm), and X
the set of all continuous linear functionals L on C(Y) such
that L(1)=1=IIL

C(Y)* (in its weak* topology) and the Riesz theorem asserts

|. Then X is a compact convex subset of

that to each L in X there corresponds a unique probability
measure p on Y suchthat L(f) = [ fdu foreach f in C(Y).
By a well-known theorem [17, p.442], Y is homeomorphic (via
the natural embedding y - (evaluation at y)) with the set of
extreme points of X, so we may consider p as a probability
measure on the Borel subsets of X which vanishes on those
contained in the open set X ~ Y, and hence p is supported by
the extreme points of X. One need only recall that the weak*

continuous linear functionals on C(Y¥)* are precisely those of
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the form L »L(f) (f in C(Y)) in order to see that this is a rep-
resentation theorem of the type we are considering.

There are two points in the above paragraph which, it should
be emphasized, are not characteristic of the general situation.
First, the extreme points of X formed a compact (hence a Borel)
subset; second, the representation was unique. (We will return
to these points a little later.) It is clear that any probability
measure p on Y defines (by f - fyf dy) a linear functional

on C(Y) which is in X. This fact is true under fairly general

circumstances, as the next result shows.

PROPOSITION 1.1.  Suppose that Y is a compact subset of

a locally convex space E, and that the closed convex hull X
of Y iscompact. If y is a probability measure on Y, then
there exists a unique point x in X which is represented by

i, and the function u - (resultant of 1) is weak* continuous.

Proof. We want to show that the compact convex set X con-
tains a point x such that f(x) = Jy fdu for each f in E¥*,
Foreach f,let Hy=1{y: f(y) = u(f)}; these are closed hyper-
planes, and we want to show that N H,: fe E¥}{ NX is non-
empty. Since X is compact, it suffices to show that for any
finite set fy,..., f in E*, il'le,i N X is nonempty. To this
end, define T: E L R" by Ty = (f,(y), f,(y),---> f,(¥)); then
T is linear and continuous, so that TX js compact and convex.
It suffices to show that p € TX, where p - (w1 w2, ..o,
p(fa))- If p & TX there exists a linear functional on R™ which

strictly separates p and TX; representing the functional by
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a=(a;, az .-, a,), this means that (a, p) >sup {(a, Ty): y € X}.
If we define ¢ in E* by g = 2a;f;, then the last assertion
becomes [, & du > sup §(X). Since Y CX and p) =1, this

is impossible, and the first part of the proof is complete. Suppose,
next, that the net py of probability measures on Y converges to
the probability measure p, and let x5 and x denote their re-
spective resultants. Since X is compact, to show that x4 -» x

it suffices to show that every convergent subnet Xg of x4 con-
verges to x. But if Xg >y, say, then pg converges to p, and
hence f(xﬁ) = yp(f) > u(f)=f(x) for each f in E*; since the

latter separates points of X, y = x.

The hypothesis that X be compact may be avoided in those
spaces E in which the closed convex hull of a compact set is
compact; for instance, if E is complete, or if E is the space
obtained by taking a Banach space in its weak topology (17,
p.434].

A simple, but useful, characterization of the closed convex
hull of a compact set can be given in terms of measures and their

barycenters.

PROPOSITION 1.2.  Suppose that Y is a compact subset of
a locally convex space E. A point x in E is in the closed
convex hull X of Y if and only if there exists a probability

measure p on Y which represents x.

Proof. If pu is a probability measure on Y which repre-
sents x, then foreach f in E*, f(x) = p(f)Ssupf(¥)S

< sup f(X). Since X is closed and convex, it follows that x



6 Lectures on Choquet’s Theorem

is in X. Conversely, if x is in X, there exists a net in the
convex hull of Y which converges to x. Equivalently, there
exist points yo of the form yo = ;5 ASxE, (A > 0, SAT =
=1,x§¥ in Y, @ in some directed set) which converge to x.
We may represent each yq by the probability measure Uo =
- SAJg,a. By the Riesz theorem, the set of all probability
measures on Y may be identified with a weak*-compact convex
subset of C(Y)*, and hence there exists a subnet g of pg
converging (in the weak* topology of C(¥)*) to a probability
measure p on Y. In particular, each f in E* is (when re-
stricted to ¥Y) in C(¥), so lim I(yﬁ) = lim [f de = [fdu.
Since y, converges to x, so does the subnet Ygo and hence

f(x) = [,fdu foreach f in E*, which completes the proof.

The above proposition makes it easy to reformulate the Krein-
Milman theorem. Recall the statement: If X is a compact con-
vex subset of a locally convex space, then X is the closed
convex hull of its extreme points. Our reformulation is the
following: Every point of a compact convex subset X of a lo-
cally convex space is the barycenter of a probability measure
on X which is supported by the closure of the extreme points
of X. To prove the equivalence of these two assertions, sup-
pose the former holds and that x is in X. Let Y be the
closure of the extreme points of X; then x is in the closed
convex hull of Y. By Proposition 1.2, then, x is the bary-
center of a probability measure y on Y. If we extend p (in
the obvious way) to X, we get the desired result. Conversely,

suppose the second assertion is valid and that x is in X.
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Then (defining Y as above) by Proposition 1.2, x is in the
closed convex hull of Y, hence in the closed convex hull of the
extreme points of X.

It is now clear that any representation by means of measures
supported by the extreme points of X (rather than by their clo-

sure) is a sharpening of the Krein-Milman theorem. In fact, Klee

[25) has shown that in a sense (which he makes precise) almost
every compact convex subset of an infinite dimensional Banach
space 1s the closure of its extreme points. For such sets, then,
the Krein-Milman representation gives no more information than
the “point mass” representation.

The difficulty in finding measures supported by the extreme
points of X stems, in large part, from the fact that the set of
extreme points need not be a Borel set [6, p.327]. This diffi-
culty is avoided in case X is metrizable, as shown by the fol-

lowing result.

PrOPOSITION 1.3. If X is a metrizable, compact convex

subset of a topological vector space, then the extreme points of

X forma Gg set.

Proof.  Suppose that the topology of X is given by the
metric d, andlet F, = {x: x =2"'(y +2), y and z in X,
d(y, z) 2 n"'}, for each integer n 2 1. It is easily checked
that each F, is closed, and that a point x of X is not ex-

treme if and only if it is in some F,. Thus, the complement of

the extreme points is an Fg.

Recall the trivial representing measure €, for a point x of
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X. I x is not an extreme point of X, then it is easily seen
that there exist other representing measures. Indeed, the ex-
treme points of X are characterized by the fact that they have

no other representing measures.

PROPOSITION 1.4 (Bauer [2]).  Suppose that X is a non-
empty compact convex subset of a locally convex space E, and
that x isin X. Then x is an extreme point of X if and only
if the point mass €, Is the only probability measure on X

which represents x.

Proof.  Suppose that x is an extreme point of X and that
the measure p represents x. We want to show that p is
supported by the set {x}; for this, it suffices (due to the regu-
larity of u) to show that ; (D) = 0 for each compact set D
with D C X ~ {x}. Suppose p(D) >0 for some such D; from
the compactness of D it follows that there is some point y of
D such that p(U N X) >0 for every neighborhood U of y.
Choose U to be a closed convex neighborhood of y such that
K-UNXcXe~ {x}. The set K is compact and convex, and
0<r=pK)<1l. (If p(K) =1, then the resultant x of p
would be in K.) Thus, we can define Borel measures and
pz on X by u;(B) = u(BNK) and ,(B) =
=(1 -r)"'uB N X ~K)) for each Borel set B in X. Let

x; be the resultant of y;; since p,(K) =1, we see that
x, € K and hence x; = x. Furthermore, p=ru; + (1 — )y,

which implies that x =rx; + (1 — r)x,, a contradiction.

It is interesting to note that Milman’s “converse” to the
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Krein-Milman theorem [17, p.440] is an easy consequence of
Propositions 1.2 and 1.4:
Suppose that X is a compact convex subset of a locally con-

vex space, that Z C X, and that X 1s the closed convex hull

of Z. Then the extreme points of X are contained in the clo-
sure of Z. Indeed, let Y =clZ and suppose x € ex X. By

Proposition 1.2, there exists a measure p on Y which repre-
sents x; by Proposition 1.4, p=€,. It follows that x €Y.

To conclude this introduction, we return to the example of a
compact convex subset X of a finite dimensional space E, in
order to illustrate the question concerning uniqueness of integral
representations. Suppose that X is a plane triangle, or more
generally, is the convex hull of an affinely independent subset
Y of E, thatis, X is a simplex. (A set Y is affinely inde-
pendent provided no point y in Y is in the linear variety gen-
erated by ¥ ~ {y}.) It then follows from the affine independence
that ¥ is the set of extreme points of X, and that every element
of X has a unique representation by a convex combination of
elements of Y. It is not difficult to show (Proposition 9.11) that
if X is not a simplex, then some element of X has two such
representations. In Section 9 we will give an infinite dimensional
generalization of the notion of “simplex” which will allow us to
prove (among other things) Choquet’s uniqueness theorem, which
states that for a metrizable compact convex set X in a locally
convex space, each point of X has a unique representing mea-

sure supported by the extreme points of X if and only if X is

a simplex.
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In the next section we give an application of the Krein-Milman
theorem. Before doing this, it is worthwhile to make some general
remarks concerning applications of the various representation
theorems. It is generally not difficult to recognize that the ob-
jects of interest form a convex subset X of some linear space
E. One is then faced with two problems: First, find a locally
convex topology for E which makes X compact and at the same
time yields sufficiently many continuous linear functionals so
that the assertion “p represents x” has some content. Second,
identify the extreme points of X, so that the assertion “p is

supported by the extreme points” has a useful interpretation.

EXERCISE

Prove Carathéodory’s sharper form of Minkowski’s theorem:
If X is a compact convex subset of an n-dimensional space E,
then each x in X is a convex combination of at most n + 1
extreme points of X. (Hint: Use induction on the dimension.
If x is a boundary point of X, there exists a supporting hyper-
plane H of X with x in H N X, and the latter set has dimen-
sion at most n — 1. If x is an interior point of X, choose an
extreme point y of X and note that x is in the segment
[y, z] for some boundary point z of X.)



2. Application of the Krein-Milman theorem

to completely monotonic functions

A real valued function f on (0, ~) is said to be completely
monotonic if f has derivatives @ =, f(1), f2) _ of all
orders and if (-1)” f"? 20 for n=0,1,2,.... Thus, f is
nonnegative and nonincreasing, as is each of the functions
(-1)" £("). [Some examples: x * and e ®* (a 2 0).] The follow-
ing representation theorem for such functions is due to S. Bern-
stein (see [36] for several proofs and much related material). We

denote the one-point compactification of [0, «) by [0, o].

THEOREM (Bernstein). If f is completely monotonic on
(0, o), then there exists a unique Borel measure y on [0, ]

such that for each x>0,

f(x) = f0°° e du(a).

(Note that the converse is true, since if a function f on (0, =)
can be represented as above, then differentiation under the inte-
gral sign is possible, and it follows that f is completely mono-
tonic.) We will prove the theorem only for bounded functions;

the extension to unbounded functions (with infinite representing

measures) follows from this by classical arguments [36]. The

11
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idea of the proof is due to Choquet [11; Ch. VII], who proved
this and related results in a much more general setting. We
start by giving a sketch of the proof.

Denote by CM the convex cone of all completely monotonic
functions f such that f(0%) < . (Since a completely mono-
tonic function f is nonincreasing, this right-hand limit at 0
always exists, although it may be infinite.) Let K be the con-
vex set of those f in CM such that f(0%) < 1; if fe CM,
f= 0, then f/f(0%) € K, so it suffices to prove the theorem
for elements of K. Now, K is a subset of the space E of all
real valued infinitely differentiable functions on (0, ~), and E
is locally convex in the topology of uniform convergence (of
functions and all their derivatives) on compact subsets of (0, ~).
We will show that K is compact in this topology, so that the
Krein-Milman theorem is applicable to K. Furthermore, the ex-
treme points of K are precisely the functions x -» e %%, 0=
<afw. [Wedefine e™* to be the zero function on (0, ).}
It will follow easily that ex K is homeomorphic to [0, ~] and
is therefore compact. By the Krein-Milman theorem, to each f
in K there exists a Borel probability measure m on ex K
which represents f. The measure m can be carried to a mea-
sure j on [0, =] and the evaluation functionals f - f(x)

(x > 0) are continuous on E; these facts are easily combined
to obtain the desired representation. The uniqueness assertion
is obtained by a simple application of the Stone-Weierstrass

theorem to the subalgebra of C ([0, «]) generated by the expo-

nentials.
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The first step in our proof is to show that K is a compact
subset of E. The topology on E is the same as that given by

the countable family of pseudonorms
Pmn(f) = sup {|f(k)(x)|: m!<xS<m 0Sk<n}

(myn=1,2,3,...). Thus, E is metrizable, and every closed
and bounded subset of E is compact. [This may be proved by
Ascoli’s theorem, together with repeated use of the diagonal pro-
cedure, or by following the outline given in the exercises on
«distribution spaces” in [23].] It is easily seen that K is
closed. To show that it is bounded we must show that for each
m and n, sup {pm,(f):f€ K} is finite, and for this it suffices
to show that sup L£Mx):m! < x <m, feK} is finite for
each n >0 and m21. It is clear that the following lemma will

establish this fact.

Lemma 2.1.  Let K, = {(-1)"f™:feK,n=0,1,2,...}.
Then for each a >0 and each n 20, the (nonnegative) functions

in K, are bounded above on [a, =) by a ™ 2(ntl)(n/2)

Proof.  We proceed by induction. The functions in K, are
bounded above by 1, so suppose the assertion is true for K,.
Since the functions in K,,, are nonincreasing, it suffices to
establish the bound at the point a. By applying the mean value
(M on [a/2, al, we see that there exists c¢ with

a/2 < c < a such that (a/2) Fr+D) (o) = £ (g) — £l (a/2).

theorem to f

This fact, together with the induction hypothesis (applied at
a/2), shows that
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(a/2)™" 2(n+1)(n/2) > (1) f(M) (a/2) 2
2 (-1 (a/2)f" () 2 (a/2) (1) D (),

and the desired result follows.

[A compactness proof different from the above may be obtain-
ed by using the topology.of pointwise convergence on (0, ).
This is also locally convex, and, of course, the evaluation func-
tionals are continuous. It is known [36, p.151] that a function
is completely monotonic if and only if it satisfies a certain
sequence of “iterated difference” inequalities; since these are
defined pointwise, it is easily seen that CM is closed in this
topology, and the Tychonov product theorem then yields com-
paciness of K.]

Our next step is to identify the extreme points of K.

LEMMA 2.2.  The extreme points of K are those functions
f of the form f(x) =€, x>0, 05 g < co.

Proof.  Suppose that f € ex K and that xo > 0. For
x>0, let u(x)=f(x+xg) — f(x) f(xo). Suppose that we have
shown that f+ u € K. Since f is extreme, this implies that
u=0, sothat f(x+x,)=f(x)f(xo) whenever x, xo>0.
Since f is continuous on (0, o), this implies that either f =10
or f(x) =e%* for some a. Since 0< —f’(x) = ae”**, we must
have a2 0. It remains to show that f+ u€ K. Let b= f(xo)
(sothat 0Sb<S1), and note that (f + u) (07) = (1 — b) f(0F)+
+bS1 and (f=u)(0%) = £(0") b [1 - £(0) 1 S£(O") S 1.
Furthermore, (-1)"(f + u)™(x) = (1 = b) (-1)" £ (x) +
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+ (DM (x +x0) 20 and D"(f— )P (x) = [(-1)" ) (x)—
— D f(x + x0)] + BED™ (X)), Since (1) is non-

increasing, the latter is nonnegative.

To prove the reverse inclusion, consider the transformation
T, (r >0) of K into itself defined by (T,f)(x) = f(rx). Since
T

r

is one-to-one, onto, and preserves convex combinations, it
carries ex K onto itself. Since K is compact, it is the closed
convex hull of its extreme points, and therefore has at least one
which is nonconstant. By what we have just proved, this extreme
point is of the form e ** for some ¢ >0, and hence the image
e @™* of this function under T, is extreme. Since this holds for
each r >0, all the exponentials are extreme (and the constant
functions 0 and 1 are clearly extreme), so the proof is complete.
We now finish the proof of Bernstein’s theorem for bounded
functions. It is not difficult to show that the map T: a »e *
from [0, ] into K is continuous; since [0, =] is compact,
its image ex K is also compact. By the Krein-Milman represen-
tation theorem, to each f in K there corresponds a regular
Borel probability measure m on ex K such that L(f) =

L dm for each continuous linear functional L on E.

- fex K
Now, if x > 0, then the evaluation functional L (f)= f(x) is

continuous on E, so that f(x) = fex KLxdm for each x> 0.
Define p on each Borel subset B of [0, =] by u(B)=m(T 'B)

(i.e., p=moT™ ). Since L, (Ta)=e **, we have

f(x) L,oTd(moT™)

fex KL" dm = fT'l(ex K)

f(;oo e o du(a) for each x>0.
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it remains to prove that p is unique. Suppose there exists a
second measure v on [0, =] such that f(x) = fom e ** diy(a)

X is continuous

(x >0). Foreach x 20 the function a - e
on [0,~]. Let A be the subalgebra of C([0,~]) generated

by these functions; A consists of finite linear combinations of
the same functions and as linear functionuls on C[0, ~], pu

and v are equal on the nonconstant members of A. By apply-
ing the Lebesgue dominated convergence theorem to the sequence

. -
of functions a » e %"

, we see that y and v are equal on the
constant functions. Since A separates points of [0, ~], the
Stone-Weierstrass theorem implies that it is dense in C ([0, e]),
SO I_L =V.

There is an interesting result which is closely related to the
foregoing material, and which is also an application of the Krein-
Milman theorem. It is due to Choquet [11] and (independently
and in slightly different form) to Kendall [24]. We will sketch
the latter’s treatment.

An element f of K is said to be infinitely divisible if for
each n 21 there exists f, in K such that f=(f)". Let C
be the convex cone of all functions g of the form g = —log f,
where fe K, >0, and f is infinitely divisible. Those §£
such that g(1) =1 form a base for this cone, and the extreme

points of the base are the functions

1_e'CXx
éa(X)=exp{—le_a }, 0<ag< oo,

go(x) = €%, and oo(x) =€ 1.
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The Krein-Milman theorem (applied to the base of this cone in
the weak topology defined by the functionals “evaluation at a
positive rational number”), followed by exponentiating, leads to
the following result: To every infinitely divisible function f
of K there corresponds a unique Borel measure yu on [0, ]

such that

flx) = _ l_e'ax
(x) = exp - du(a) ¢, x>0.




3. Choquet’s theorem: The metrizable case

In this section we will prove Choquet’s representation theo-
rem for metrizable X. This is actually a special case of the
general Choquet-Bishop-de Leeuw theorem, but its proof is quite
short and it gives us an opportunity to introduce some of the
machinery which is needed in the main result.

Suppose that h is a real valued function defined on a con-
vex set C. The function h is affine [convex] if h[Ax +
+@Q =Myl =[S]1AR&x) + A = A)A(y) foreach x,y in C
and 0 SAS1. We say that h is concave if —h is convex,
and A is called strictly convex if h is convex and the defining
inequality is strict whenever x # y and 0<A<1.

Denote by A the set of all continuous affine functions on
X. Note that A is a subspace of C(X) which contains the
constant functions. Furthermore, A contains all functions of
the form x » f(x) +r, where fe E*, r isrealand x € X, so
that A contains sufficiently many functions to separate the

points of X.

Definition. If f isin C(X) and x€ X, let f(x) =
=inflh(x):h€A and h2f}.

The function f, which is called the upper envelope of f,

18
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has the following useful properties:

(a) f is concave, bounded, and upper semicontinuous (hence
Borel measurable).
(b) f=f and f=f if f is concave.
(c) If [,6€C(X), then f+g S f+g and 'f—g| &
f—g , while T+8 = f+g if g€ A. If r>0, then

= rf.

2 A

The proofs of most of the above facts follow in a straight-
forward manner from the definitions. (Recall that a function f
is upper semicontinuous if for each real A, {x: f(x) <Al is
open.) The second assertion in (b) may be proved as follows:
If f is concave, then in the locally convex space E x R the
set K =1{(x,): f(x) 2r} (i.e., the points below the graph of
f) is closed and convex. If f(x;) < f(x;) atsome point x,,
the separation theorem asserts the existence of a continuous
linear functional L on E x R which strictly separates
(x4, f(x;)) from K, i.e., there exists A such that sup L (K) <
<X <L(xy, f(x1)). From the fact that L(x;, f(x;) <
< L(x,, [(x1)), it follows that L (0, 1) >0, and hence the
function h defined on X by h(x)=r if L(x,r)=A\ exists
and is in A. Furthermore, f<h and h(x,) < f(x;), a con-
tradiction. The second assertion in (c) follows from the fact

that constant functions are affine: Since f< |[f |, we have

f <.if'l. Furthermore f = (f—8)+8 S (f—g) + &, so

f— E < f— g and hence f — é_ < f = g I Interchanging f
and g yields the desired result.

THEOREM (Choquet). Suppose that X is a metrizable
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compact convex subset of a locally convex space E, and that
x, is an element of X. Then there is a probability measure p
on X which represents x, and is supported by the extreme

points of X.

Proof (Bonsall [8]). Since X is metrizable, C(X) (and
hence A) is separable. Thus, we can choose a sequence of
functions {h,} in A suchthat [[A, ]l = 1, and the set
{h, {>_, is dense in the unit sphere of A. Let f= S27"h2;
this limit exists and is a strictly convex function in C (X).
(Indeed, if x £y, then h,(x) # h,(y) for some n, and hence
h

that h2 is strictly convex on [x, y] and therefore f is strict-

. is nonconstant and affine on the segment [x, y]. It follows
ly convex on [x, y].) Let B denote the subspace A4 + Rf of
C(X) generated by A and f. Now, from property (c) above, it
follows that the functional p defined on C(X) by p(g) =

- 8(xo) (6 € C(X)) is subadditive and positive-homogeneous.
Define a linear functional on B by & + rf » h(xq) + rf(xo)

(h in A, r real). We will show that this functional is dominated
on B by the functional p, i.e., that h(xo) + rf (x 0) 2 harf(xo)
foreach A in A, r in R. If r20, then A +rf = h +rf, by
(b) and (c), while if r <0, then h +rf is concave, and hence
A+ref =h+rtf 2 h+rf. By the Hahn-Banach theorem, then,
there exists a linear functional m on C(X) such that m(g) =
<g(xg) for g in C(X), and m(h +rf) = h(xo) + rf(xo) if
heA,reR. If geC(X) and <0, then 02 g(xo) 2 m(8),
i.e., m is nonpositive on nonpositive functions and hence is

continuous. By the Riesz representation theorem, there exists
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a nonnegative regular Borel measure p on X such that m(g) =
=u(g) for g in C(X). Since 1€ A, we see that 1 =m(1) =
= u(l), so pu is a probability measure. Furthermore, p(f) =
—m(f) = f(xo). Now, f<F, so pu(f) < pu(f). On the other hand,
if he A and h2>f, then h2f, and consequently A(xq) =
=m(h) = p(h) 2 pu(f). It follows from the definition of f that
f(xg) 2 y([_), and therefore p(f) = y(f—). This last fact implies
that p vanishes on the complement of {x: f(x) = f(x)}. We
complete the proof by showing that this latter set is contained
in the set of extreme points of X. Indeed, if x= y + 3z,
where y and 2z are distinct points of X, then the strict con-
vexity of f implies that f(x)< 3f(y) + 1f(2) £ 3f(y) +

+ +(2) £ F(x).

It is interesting to note that {x: f(x) = f(x) } actually coin-
cides with the set of extreme points of X. This is a consequence

of the next proposition.

Definition. If y and A are probability measures such

that pu(f)=A(f) foreach f in A, we will write p~A.

PROPOSITION 3.1. If { is a continuous function on the
compact convex set X, then for each x in X, f(x) =

=sup{ [fdu: u~€,}. Consequently, f(x)=1f(x) if x isan

extreme point of X.

Proof.  The second assertion follows from Proposition 1.4.
To prove the first assertion, let f'(x) =sup {u(f): u ~ €, }; we
must show that f“=f. It follows easily from the definition that

f’ is concave; we prove that it is upper semicontinuotis.” Indeed,

o
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suppose that {x,} is a net in X converging to a point x, with
f’(xq) 2 r, say. To see that f’(x) 2r, suppose that €> 0 and
choose pqg ~ €, such that py(f) >r — €. By weak*-compact-
ness, there exist a probability measure p and a subnet {#B}
of {ug} which converges to p. If g is in A, then g(xB) =

= #B(é) > u(g); since g(xB) > g(x), weseethat y ~€g_.
Thus, r— € < lim pB(f) =p(f) S£°(x); it follows that f(x) >
2r. Since f’ is upper semicontinuous, {(x,r): f’(x) 2 r} is
closed (and convex) in E x R; using the same argument as in
(b) (above), we conclude that f < f’. On the other hand, if A
isin A, x in X, and A2 f, then forany u ~€,_, we have
h(x) = p(h) 2 p(f). It follows that f’(x) S h(x), and from this
we get 'S T.



4 The Choquet-Bishop-de Leeuw

existence theorem

Suppose that X is a nonmetrizable compact convex subset
of a locally convex space E. As shown by examples in Bishop-
de Leeuw (6], the extreme points of X need not form a Borel
set. Thus, the statement “the probability measure i is sup-
ported by the extreme points of X” is meaningless under our
present definitions. There are at least two ways to get around
this. We can drop the requirement that p be a Borel measure
(i.e., allow measures defined on a different o-ring), or we can
change the definition of “supported by” for Borel measures. An
alternative definition might require that p vanish on every
Borel set which is disjoint from the set of extreme points, but
Bishop and de Leeuw have shown that it is not always possible
to obtain representing measures p with this property. If, how-
however, one demands only that u vanish on the Baire subsets
of X which contain no extreme points, then a representation
theorem can be obtained. (Recall that the Baire sets are the
members of the o-ring generated by the compact Gy sets.)
Furthermore, this result leads easily to an equivalent theorem
in which the definition of “supported by” remains formally the

same, but the measure is no longer a Borel measure.

23
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THEOREM (Choquet-Bishop-de Leeuw). Suppose that X is
a compact convex subset of a locally convex space E, and that
X, Isin X. Then there exists a probability measure g on X
which represents x, and which vanishes on every Baire subset

of X which is disjoint from the set of extreme points of X.

The rest of this section is devoted mainly to the proof of this

theorem.

Definitions.  The set of extreme points of X will be
denoted by ex X. The set of all continuous affine [convex]

functions on X will be denoted by A [C].

The subspace C — C (of all functions of the form f — &,
f, 6 in C) is a lattice under the usual partial ordering-in C (X).
[Note that max (f; — £;, f, — 8,) = max (f} + g,, f, + £;) —
— (&1 + &,).] Since it contains A4, C — C separates the points
of X and contains the constant functions; by the Stone-Weier-
strass theorem, it is dense in the norm topology of C(X). We
now partially order the nonnegative measures on X in the follow-

ing way:

Definition. If A and p are nonnegative regular Borel
measures on X, write A >p if A(f) 2 u(f) for each f in
C.

This relation is clearly transitive and reflexive; the fact that
A>p and p>X imply A=p comes from the fact that C — C
is dense in C(X). Note that if f is in A, then both f and -f
are in C, sothat A >p implies A(f) = u(f), i.e., A and pu
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represent the same linear functional on the subspace A. (In
particular, if they are probability measures, then they have the
same resultant in X.) It is also well worth noting that if

p~ €, then p > €, indeed, if f€ —C, then f=f and hence
f(x) =inf th(x): he A,h 2 f=1influh): he A, h2 f}2 u(f).
We will be concerned with measures which are maximal with re-
spect to this ordering; such a measure will be called a “maximal
measure”, without further reference to the orderi'ng. The fact
that if A >y, then A has its support “closer” to the extreme
points of X than does p, may be heuristically verified by con-
sidering measures and convex functions on a triangle in the
plane, say. This fact is what leads us to hope that a maximal

measure will be supported by the extreme points.

LEMMA 4.1. If A Is a nonnegative measure on X, then

there exists a maximal measure yu such that w> A

Proof.  Suppose A 20 and let Z ={u: p20 and p > A}.
Suppose that we have found an element y in Z which is maxi-
mal (with respect to the ordering >) in Z. Then p will be a
maximal measure, since if 1» is a nonnegative measure and
v>p, then v >A, sothat v€Z and hence v =y. To find
a maximal element of Z, let W be a chain in Z. We may re-
gard W as a net (the directed “index set” being the elements
of W themselves) which is contained in the weak* compact set
fu: £ 20 and p(1) =A(1)}. Thus, there exists po with
o 20 and a subnet {ug! of W which converges to pq in the

weak* topology. If p; is any element in W, it follows from
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the definition of subnet that eventually pg > p1; and hence
fo > p1. Thus, po is an upper bound for W; furthermore,
since pg > A, we have pug€ Z. By Zorn’s lemma, then, Z

contains a maximal element.

Bishop and de Leeuw originated the idea of looking at maxi-
mal measures, although they used an ordering which differs
slightly from the one used here. The notion is applied in a ver
simple way: If x, is in X, choose a maximal measure g
such that ,u'> Ex o As noted above, p represents x,; it re-
mains to show that the maximality of p implies that p van-
ishes on Baire sets which contain no extreme points. The first¢

step toward doing this is contained in the following result.

PROPOSITION 4.2. [If p is a maximal measure on X, the,

pn(f) = #(f—) for each continuous function f on X.

Proof. Choose f in C(X) and define the linear function,
L on the one-dimensional subspace Rf by L (rf) = ru ().
Define the sublinear functional p on C(X) by p(g) = #(E).
If r2>0, then L(rf) = p(cf), whileif r<O0, then 0 =rf — rf:
<rf+ (=rf)=rf — tf, and hence L (rf) = p(rf_) < ;1(1-—1') = p(rf).
Thus, L £ p on Rf, and therefore (by the Hahn-Banach theo-
rem), there exists an extension L’ of L to C(X) such that
L’<p. If 650, then 850, so L’ (&) Sp(g) = u@ <0. It
follows that L2 0 and hence there exists a nonnegative mea-
sure v on X such that L’(g) = v(g) foreach g in C(X).

If g is convex, then —g is concave and —8=-8, so

v(—g) £ p(-§g) = ,ll(%) = p(—g), i.e., p<v. Since p is
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maximal, we must have ;. =1, and therefore pu(f) = () =

L(f)= /1([_), which completes the proof.

As we will see later (Proposition 9.3) the converse to the
above result is true. More importantly, note that the proposition
implies the following: If p is a maximal measure, then p Is
supported by {x: f_(x) = f(x)}, foreach f in C. As shown by
Proposition 3.1, each of these sets contains the extreme points
of X. If C contained a strictly convex function f,, we would
have (as in Choquet’s theorem) ex X = {x: fo(x) = fo(x)}, and
the proof would be complete. Hervé [22] has shown, however,

that the existence of a strictly convex continuous function on X
implies that X

1s metrizable. About the best we can do in the
nonmetrizable case is prove that ex X

» Is the intersection of all
the sets of the form IN: f(x) = F(an

LR 2%

I(x) = {(x) for each f in C, andif x (v - S e
then f(y)+ [(2)221(x) =2T(x) 210D+ F(z) 2 f(y) + f(2), 1€
2f(x) = f(y) + {(2) for each f in C. It follows that the same
equality holds for any f in —C, hence for each element of

C — C. Since the latter subspace is dense in C(X), we must
have x =y = z, i.e., x is an extreme point of X.

To show that any maximal measure p vanishes on the Baire
sets which are disjoint from eX X, it suffices to show that
(D) = 0 if D is a compact Gs set which is disjoint from
ex X. (This is a consequence of regularity: If B is a Baire
set and p is a nonnegative regular Borel measure, then
1£(B) = sup {u(D): D cB, D a compact Gs}.) It will be helpful

later if we merely assume that D is a compact subset of a Gs
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set which is disjoint from ex X. To show that (D) =0, we
first use Urysohn’s lemma to choose a nondecreasing sequence
{f, 1 of continuous functions on X with —1 < f, £ 0, f (D) =
=-1 and limf,(x)=0 if x e ex X. We then show that if ,
is maximal, then lim u(f,) =0; it is immediate from this that
n(D) = 0. To obtain this “limit” result requires two slightly
technical lemmas. The first of these is quite interesting, since
it reduces the desired result to Choquet’s theorem for metrizable
X, using an idea due to Meyer. (More precisely, we will use
the fact that for each x in X, there exists p ~ €, which is
supported-by ex X. Since it is not generally true that every f
in A can be extended to an element of E*, this is formally
stronger than the stated version of Choquet’s theorem. See

Proposition 4.5)

LEMMA 4.3. Suppose that {f,} is a bounded sequence of
concave upper semicontinuous functions on X, with
lim inf f,(x) 2 0 for each x in ex X. Then lim inf f_(x)
20 foreach x in X.

[A\Y4

Proof.  Assume first that X is metrizable. If x is in X
choose a probability measure p ~ €, which is supported by
ex X. By hypothesis, lim inff, 20 a.e. p, so by Fatou’s
lemma, lim inf u(f,) 2 0. Since each f,, is concave and upper
semicontinuous, the proof of Proposition 3.1 shows that
fo=1f,, sothat f, (x)=inflh(x):he A, h 2 f} =
inf{u(h): he A, h 2 f,} 2 p(f,). Thus, lim inf fa(x) 2

lim inf 4 (f,) 2 0. Turning to the general case, suppose x

I

1AV
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is in X, and for each n choose h, in A such that A, 2 f,
and h,(x)<f,(x)+n!. Let RM be the countable product of
lines and define ¢: X - R™ by &(y)=1{h,(y)}. The function
¢ is affine and continuous, so X = ¢ (X) is a compact con-
vex subset of the metrizable space RM. Let 7, be the usual
“n-th coordinate” projection of R onto R; if y isin X,
then 7,(¢y) = h,(y). If x" isin X', theset ¢ '(x") is
compact and convex in X; by the Krein-Milman theorem it has
an extreme point y. Assuming that x~ is in ex X, a simple
argument shows that y is in ex X. Since w,(x")=h,(y) 2

2 f,(y), wehave lim inf =, (x’) 2 lim inff,(y) 2 0, for each
x” in ex X The functions =, are affine and continuous on
the metrizable set X’ so' from the first part of this proof we
conclude that lim inf7,(x") 2 0 for each x’ in X' Taking
x" = ¢(x), we obtain 0 £ lim inf 7, (¢ x) = lim inf b, (x) =

= lim inf f, (x), which completes the proof.

LEMMA 4.4.  If y is a maximal measure on X, and if
{f,} is a nondecreasing sequence in C(X) such that —1 S

$f,£0(@m=1,2,...) and limf,(x)=0 for each x in ex X,
then lim p(f,) = 0.

Proof.  Consider the sequence {f,} of concave upper semi-
continuous functions. Since —1<f, £ f, £ 0, we have
limf,(x) =0 if x is in ex X; in addition, the sequence {f.}
is also nondecreasing (and bounded above by zero), so that
lim f,(x) exists for each x in X. It follows from Lemma 4.3

that lim f,(x) =0 for each x in X. From the Lebesgue
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bounded convergence theorem it follows that lim p(f,) = 0;

from Proposition 4.2 we have p(f,) = p(f,), which completes
the guaat.

Thus, we have shown that any maximal measure on X van-

ishes on the Baire subsets of X ~ ex X. We have also shown
something slightly different: A maximal measure u vanishes
on any Gg subset of X ~ ex X. (Indeed, we showed that
pn(D) =0 if D is any compact subset of such a set.) This is
important, since it shows, in particular, that a maximal measure
is supported by any closed set which contains ex X, and hence
the Choquet-Bishop-de Leeuw theorem generalizes the Krein-
Milman theorem.

In this connection, an example from (6] is worth citing:
There exists a compact convex subset X of a locally convex

space, with the following two properties: (a) The extreme points

of X form a Borel set. (b) There is a maximal measure p On

X such that p(ex X)=0. [This example is formulated in terms
of the setup we give in Section 6, The ordering of Bishop and
de Leeuw is defined by A(f2) 1 (f?) whenever f is affine and

continuous on X; since f? ig convex, it follows that a maximal

measure in their sense is maximal in the present sense.]

We next formulate the Choquet-Bighop-de Leeuw theorem in @

manner whj iaati
which can perhaps be more convenient for applications.

THEOREM (Bishop-de Leeuw). Suppose that X is a com-

pact convex subset of a locally convex space, and denote by O

the o-ring of subsets of X which is generated by ex X and
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the Baire sets. Then for each point x, in X there exists a
nonnegative measure . on S with u(X) =1 such that p rep-

resents x, and p(ex X) =1.

Proof. By the Choquet-Bishop-de Leeuw theorem there
exists a Borel measure A which represents x, and which van-
ishes on the Baire subsets of X ~ ex X. We need only extend
A to a nonnegative measure y on & and show that p(ex X) =
= 1. To do this, observe that any set S in S is of the form
[B,NexX] U [B,N (X~ ex X)], where B; and B, are
Baire sets. If we let u(S) = A(B,), then p is well defined
and p(ex X) = A(X) = 1.

As we remarked earlier, not every function in 4 is of the
form x » f(x) + r, f in E*, r in R. Consider the following
example:

Let E be the Hilbert space (2 in its weak topology, let X
be the set of sequences x = {x,} such that |x,, | £ 277 and
define f on X by f(x) = 2x,. Then f isin A and
£(0) = 0, but there is no point y in (% such that f(x) = (x, y)
for all x in X.

This example shows that the subspace M = E* |y + R of
C(X) may be a proper subspace of A. Nevertheless, the two
notions “uy ~ €,” and “p represents x” (for a measure p
on X and a point x in X) coincide, as the following proposi-

tion implies.

PROPOSITION 4.5. The subspace M (defined above) is

uniformly dense in the closed subspace A of affine continuous
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functions on X.

Proof. It is evident that the space A is uniformly closed.
Suppose that g€ A and € >0, and consider the following two
subsets of E xR: J, ={(x,r):x€ X, r=g(x)} and J, =
={(x,):x€ X and r=g(x)+€}. These sets are compact,
convex, nonempty, and disjoint. By a slightly extended version
of the usual separation theorem (obtained by separating the
origin from the closed convex difference set J, — J;) there
exist a continuous linear functional L on E xR and A in
R such that supL(J,) < A < inf L(J,). If we define f on
E by the equation L (x, f(x)) = A, it follows that f is affine
and continuous, and that g(x) < f(x) < g(x) + € for x in X,

which completes the proof.



5. Application to Rainwater's theorem

Let Y be a compact Hausdorff space and suppose that f,
f,(n=1,2,3,...) are functions in C(Y). A classical theo-
rem states that {f,} converges weakly to f if and only if the
sequence {f,} is uniformly bounded and lim f,(y) = f(y) for
each y in Y. If we recall that the extreme points of the unit
ball U of C(Y)* are the functionals of the form f » * f(y),
then this result is seen to be a special case of the following

theorem.

THEOREM (Rainwater [31]). Let E be a normed linear
space and suppose that x, x, (n=1,2,3,...) are elements
of E. Then the sequence {x,} converges weakly to x if and
only if {x,} is bounded and lim f(x,) = f(x) for each extreme

point f of the unit ball U of E*.

Proof. Let Q denote the natural isometry of E into E**.
If {x,} converges weakly to x, then (Qx,)(f) is bounded for
each f in E*, so that the uniform boundedness theorem asserts
that {Qx,}, hence {x,}, is bounded in norm. To prove the
converse, suppose that {Qx.} is bounded and that f(x,) =
= (Qx,)(f) ~(Qx)(f) = f(x) foreach f in ex U, and that ¢

is an arbitrary element of U. It suffices to show that

33
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(Qx,)(8) » (Px)(8). Now, in the weak* topology on E*, U is
compact (and convex) so by the Bishop-de Leeuw theorem there
exists a o-ring & of subsets of U (with ex U € 8) and a prob-
ability measure p on S such that p(U ~ exU) =0 and such
that L (g) = [L du for each weak* continuous affine function

L on U. In particular, (Qx,)(8) = [Qx,dy and (Qx)(g) =

= [Qx du. Furthermore, {Qx,} converges to Qx on U a.e.

@, so by the Lebesgue bounded canvergence theorem

JOx, dy > [Qx du, and the proof is complete.



6. A new setting: The Choquet boundary

In the Introduction, the Riesz representation theorem was
reformulated as a representation theorem of the Choquet type.
Although the conclusion of the Riesz theorem is quite sharp (for
each element of the convex set X under consideration there
exists a unique representing measure supported by ex X ), the
hypotheses restrict its application to a very special class of
compact convex sets. In what follows we will (among other
things) describe a related family of sets which appears to be
only slightly larger than that involved in the Riesz theorem, but
which actually “contains” all the sets which interest us, in the
sense that every compact convex subset of a locally convex
space is affinely homeomorphic to a member of the family.

Throughout this section, Y will denote a compact Hausdorff
space, and C.(¥Y) will denote the space of all continuous com-
plex-valued functions on Y, with supremum norm. (We continue

to denote the space of real valued continuous functions on Y

by C(¥).)

Definition.  Suppose that M is a linear subspace (not
necessarily closed) of C(¥Y) (or of C.(Y)) and that 1€ M.
Denote by K (M) the set of all L in M* such that
L=1=IL1.

35
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If we consider M* in its weak* topology, then K(M) is a
nonempty compact convex subset of a locally convex space, and
the results from preceding sections are applicable. Note that
the Riesz theorem dealt with the set K(C(Y)).

Recall that a space E over the complex field may be con-
sidered as a real vector space E, by restricting scalar multipli-
cation to real numbers, and that there is a natural isomorphism
between (E )* and the real space of real parts of functionals in
E*. Using this device, one may verify that all the foregoing
propositions and theorems are valid for complex spaces. There
are several reasons for doing this (one of which will become
apparent later); the chief one is that many of the spaces which
are of interest to analysts are spaces of complex valued func-
tions. In order to make full use of these theorems, it is neces-
sary to have descriptions of the extreme points of K(M). There
is not a great deal to be said in the general case, but (as will
be shown later) for the case when M is a subalgebra of C_(¥),
Bishop and Bishop-de Leeuw have obtained useful and interest-
ing characterizations of ex K(M).

Since we will consider the real and complex cases simulta-
neously, it will be of help to recall one form of the Riesz repre-
sentation theorem for C (Y)*: If L is in C_(Y)*, then there
exist nonnegative regular Borel measures K1, o, 3 and py,
on Y such that the measure po=py = pa +1(u3 — pg) rEpre-
sents L and the total variation Hy I of I eqt;als L. 1f

L) =1= LI, then L 20 (thatis, Lf 2 0 whenever
f 2 0) and hence po=

=i, 2 0. [A simple proof of the above
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assertion about L goes as follows: If f 2 0, let D be any
closed disc in the complex plane which contains the bounded
set f(Y); assume D has center a and radius r > 0. Then
lf—all $r so r2 |IL(f —a)! = IL¢f) = al, i.e., LfeD.
Thus, Lf is in the closed convex hull of f(¥Y) (which is the
intersection of all such discs) and since f(¥) is contained in
the nonnegative real axis, we have Lf 2 0.] It follows that
even in the complex case, the functionals in K(M) may be rep-
resented by probability measures on Y; indeed, if L € K(M),
then it may be extended to an element of K(C_.(Y)) by the (com-
plex form of the) Hahn-Banach theorem. By the Riesz theorem
there exists a complex measure p on Y such that L(f) =

= [yf du for each f in M. It follows from the previous remarks
that p is a probability measure.

Definition. If y isin Y, let ¢y be the element of

K(M) defined by (¢py)(f) = f(y), f in M. Note that ¢ is
continuous.

If M separates points of Y, then ¢ is one-to-one, and
hence is a homeomorphism, embedding ¥ as a compact subset
of K(M). 1If L € K(M) and p is a measure on Y such that
L(f) = p(f) for f in M, then we can “carry” pu to a measure
p” on K(M) in the obvious way: p” = po¢™!. Since M is the
conjugate space to M* (in its weak* topology), it follows eas-

ily that p” represents L.

LEMMA 6.1. Suppose that M is a subspace of C(Y) (or
of C(Y)) and that 1€ M. Then K(M) equals the weak*
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closed convex hull of ¢ (Y).

Proof.  If the above assertion is false, then there exists f
in M such that sup {(Re f)(y):y € Y} <
< sup {Re L(f): L € K(M)} < sup {Re L(f): L € C(X)*, lILIl =
=1} = [Re fll. we may assume (by adding a positive constant
to f) that Re f 2 0; the first term then becomes [[Re fll and

we have a contradiction.

Definition.  Suppose that M is a linear subspace of
C(¥) (or of C,(Y)) and that 1€ M. Let B(M) be the set
of all y in Y for which ¢y is an extreme point of K(M).
We call B(M) the Choquet boundary for M.

The reason for introducing this notion is apparent: An ele-
ment L in K(M) is an'extreme point of K(M) if and only if
L = ¢y for some y in B(M). [The “if” part of this assertion
comes from the definition of B(M); on the other hand, Lemma
6.1 and Milman’s theorem (Section 1) imply that ex K(M) C
C ¢(¥).] We have the following “intrinsic” characterization of
B(M) in terms of measures on Y, at least for subspaces M

which separate the points of Y.

PROPOSITION 6.2. Suppose that M is a subspace of C(Y)
(or of C(Y)) which separates the points of Y and contains
the constant functions. Then y is in the Choquet boundary
BM) of M if ang only if y=€, is the only probability mea-
sure on Y such that f) = [,fdp for each f in M.

Proof. Suppose that y € B(M) and suppose that for some
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measure p on Y, f(y) = [fdu foreach f in M. Then the
measure p’ = po¢ ! is defined on (the Borel subsets of)

K(M), and the above relation means that p’~ Epy =E, 00 1.
Since ¢y € ex K(M), Proposition 1.4 implies po¢™ ' =€, 07},
and since ¢ is a homeomorphism we have ; = €,. Conversely,
suppose y ¢ B(M), sothat ¢y ¢ ex K(M). Then there exist
distinct functionals in K(M), and hence distinct measures p,
and p, on Y which represent them, such that (¢y)(f) =

= g (f) + Fuo(f) foreach f in M. Let pu= $u; + Fu,; then
p(f) = f(y) for each f in M, although u+# €,. (Indeed, suppose
€y == 34y + 3pp. Since p; and p, are distinct, p, # €,
and hence p, {y} < 1. It follows that piy}<1, i.e., p + €,.)

(The above characterization is actually the definition of the
Choquet boundary used by most authors. If one wishes to use
this definition for subspaces M which do not separate points,

a more complicated version is necessary [6, 18].) This proposi-
tion makes it evident that when M is all of C(¥) or C_ (¥), we
have ¢ (¥) = ex K(M); equivalently, B(M) =Y. An example
where B(M) # Y may be constructed as follows: Let

Y =[0,1] and let M ={f € C(¥): f( )= Lf(0) + 1f(1)}. Then
B(M)=Y ~ {1}. [Clearly, 3 €& BM). If x # % and p(f) =

= f(x) foreach f in M, then by choosing functions in M

which “peak” at x, it can be seen that u = €,.]

Definition.  Suppose that M is a subspace of C(Y) or
of C.(Y) and suppose 1€ M. A subset B of Y is said

to be a boundary for M if foreach f in M there exists a
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point x in B such that |f(x)l = £l (= sup {If()]: y € ¥}).
If there is a smallest closed boundary for M (i.e., a closed
boundary which is contained in every closed boundary), it is
called the Silov boundary for M. (For some illuminating ex-

amples, see the end of Section 8.)

PROPOSITION 6.3. Suppose that M is a subspace of C(Y)
(or C(Y)) with 1€ M. If fe M, then there exists y 1in the

Choquet boundary B(M) such that lf o)l = I £Il, i.e., B(M) is
a boundary for M.

Proof. Let L, be any element of K(M) such that

|L o)l = [l£ll (for instance, evaluation at some point where | f|
attains its maximum) and let K, be the set of all L in K(M)
such that L(f) =L (f). The set K, is nonempty, weak* com-
pact, and convex, hence it has an extreme point L; which is
necessarily an extreme point of K(M). Hence L, = ¢y for

some y in B(M), and |f()|=IL ()l = L) = I£1l.

PROPOSITION 6.4. Suppose that M is a subspace of C(Y)

or of C_(Y) which contains the constant functions and separates

points of Y. Then the closure of the Choquet boundary is the
Silov boundary for M.

Proof. It follows from Proposition 6.3 that the closure of

B(M) is a closed boundary for M. It remains to show that if B
is a closed boundary for M, then B(M) C B (and hence

cl B(M) C B). Suppose not; then there exists y in B(M) ~ B
and hence a neighborhood U of y with UCY ~ B. We will
show that there exists f in M such that sup |[f(¥ ~ U)| <
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< sup | £(D)]; this will imply that B is not a boundary for M,
a contradiction. The remainder of the proof is due (for the real
case) to Choquet. Note that ¢y is an element of ex K(M) and
that & (U) is a (relative) weak* neighborhood of ¢y in ¢ (¥).
Using the definition of the weak* topology and the fact that

le M, wecanfind f,,...,f, in M and €> 0 such that

py € N {L: Re L(f) <€}l N ¢(¥) C »(U). Consider the compact
convex sets K;={L: Re L(f;) 2 €} N KM),i=1,...,n. The
convex hull J of their union is again a compact convex subset
of K(M), but does not contain the extreme point @y; otherwise,
¢y would be a convex combination of elements L; of K;, 1=
=1,...,n. Since ¢y & J, we can apply the separation theorem
to obtain a function f in M such that sup Re f(J) <

< Re (¢y)(f). Since ¢(¥)~ dU) C UK; C J, we have

sup (Re f)(¥Y ~ U) < Re {(y). By adding a sufficiently large

positive constant to f we get the desired result.

We next show that every nonempty compact convex subset of
a locally convex space is of the form K(M) (for suitable Y
and M).

PROPOSITION 6.5. If X is a compact convex subset of a
locally convex space, then there exists a separating subspace
M of C(X), with 1€ M, suchthat X is affinely homeomorphic
with K(M).

Proof. Let M be those functions in C(X) of the form
g(x) =f(x) +r, where f isin E*, r in R. Define ¢ from
X to K(M) as before; it is easily checked that ¢ is affine.
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To see that &(X) = K(M), suppose that L is in K(M); by
using the Hahn-Banach and Riesz theorems as above, we can
find a measure y on X such that L(g) = pn(8) for each g in

M. By Proposition 1.1, y has a unique resultant x in X; it
follows that ¢x = L.

It follows from the foregoing discussion that we can carry
problems concerning representing measures into the context of
function spaces and Choquet boundaries. This latter setting
has been aptly referred to as “the Bishop-de Leeuw setup.” One
advantage of the Bishop-de Leeuw setup is the relative ease
with which examples may be constructed. [Another advantage
is that it lends itself to the discussion of function algebras,
which was Bishop’s [5] original motivation for proving a special
case of the Choquet theorem; see Section 8.]

We conclude this chapter with a form of the representation
theorem which is due to Bishop and de Leeuw. In order to do
this (and for later purposes) we observe that for separating sub-
Spaces M there is a suitable definition of A > p for measures
A and 4 on Y, namely, define A > p to mean that
Aog™ > o™l If we are given a measure y on Y and we
Wwant a maximal measure )\ with A >pu, we can choose a
maximal measure )\’ op K(M) with A >po¢™!. In view of
the remarks in Sectio 4 (prior to the Bishop-de Leeuw theorem),
A" is supported by the compact set &(¥), hence is of the form
Aod™! fora (maximal) measure A on Y such that A > p.
Furthermore, a set p is a compact Gg in K(M) if and only if
DN ) isa compact Gg relative to ¢(Y); it follows that
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A vanishes on the Baire subsets of ¥ ~ B(M).

THEOREM.  Suppose that M is a subspace of C(Y) (or of
C.(Y)) which Separates points and contains the constant func-
tions. If L e M*, then there exists a complex measure u on
Y' such that L(f) = [,fdy foreach f in M and u(S)=0

for any Baire set S in Y which Is disjoint from the Choquet

boundary for M.

Proof. By applying the Hahn-Banach and Riesz theorems,
We may obtain a measure A = A; — A, + i(A3 — A4) on Y such
that L(f) = A(f) for each f in M. Foreach i we can find a
maximal measure yu; on K(M) with yu; > A;. We know that g,
vanishes on the Baire sets which are disjoint from B(M), and
pi(f) = X;(f) for f in M. If we define p=pq —py +1(us —

~ k4), we get a measure with the required properties.



7. Application of the Choquet boundary

to resolvents

Let X be a compact Hausdorff space, and suppose that for
each A >0 there is a linear transformation Rj: C(X) » C(X)
such that Ry 2 0 (i.e., Raf 2 0 whenever f 2 0) and
Rl =1/A. We call the family of operators Ry (A>0) a resol-
vent if the following identity is valid for all A, A" > O:

(*) Ry —Rx=(A—=A) RyRy .

[Such families arise in the study of Markov processes. If
Tet>0) isa semigroup of Markov operators from C(X) into

itself (i.e., T,T, = T,,,, T,1=1, T, 20), then under suit-
able conditions

(RAf) (x) = f e M(T ) (x) dt (x in X,A>0)
0

exists forall f in C(X) and defines a resolvent. Under certain
hypotheses, every resolvent is obtainable in this way from a
semigroup of Markov operators, and the content of this section

is a convergence theorem related to the proof of this result.

44
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(See the papers [27] and [32] for more detailed information on
this subject.) None of the facts in this paragraph are needed to
follow the exposition given below, which is due to Lion [27]
and was originally shown us by Choquet.]

We first prove some elementary facts which follow easily from

the definition of a resolvent.

1. For each A >0, Ry is continuous and IRAll = 1/A.
Indeed, if fe C(X), then +f £ £l .1, hence £Ryf <
SHell-Ry1 = @a/n) £, so IRAIS1/A. But Rl = 1/A.

2. Foreach A and A, RpRjp' = Rp’'Rj. This is trivial
if A=A and follows from (*) otherwise.

3. The operators Rj have the same range. Given A, let
My = Ry [C(X)] be the range of R). Forany A and A if
fe C(X), then Raf— Ry f = (A" —NRARNf), so Ryfe My
Thus, My C M;.

Let M denote the common range of the operators R.
Throughout the remainder of this section, we assume that M
separates points of X. (Even if we did not assume this, it
would still be possible to formulate a suitable theorem analogous
to the one below, but the statement would be unnecessarily com-
plicated.) The next theorem is essentially the same as one

originally proved by Ray [32], using a different method.

THEOREM. Suppose that X is a compact Hausdorff space,
that Ra(A > 0) is aresolvent on C(X), and that M Is the

common range of the operators Rj.

1. If x is in the Choquet boundary B of M, then for all
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f in C(X),
limp, oo ARA) (%) = £(X).

2. If x isin X, there exists a regular Borel measure p,
on X such that, for each f in C(X),

limao 00 A (RAf) (%) = / fdpy .
X

The measure y, is supported by B, in the sense that p,(A)=
=0 for any Baire set AC X ~ B.

3. If x isin X and the conclusion to (1) holds, then
x € B.

Proof.  We first show that if g is in M, then
“ARhg — gll> 0 as A > «. Indeed, we can write g =R, f
for some f in C(X), and hence AR) g — § = AR AR, f —
— Ry f=1.R)\R,f— Ry\f=R3(R,f— ). It follows that
IARAg — gl SURA IR, f— £ S @/M) IR £~ £Il » 0. Sup-
pose, now, that x € X and A > 0. The functional defined on
C(X) by f- A(Raf)(x) is nonnegative on nonnegative functions
and takes 1 into 1, hence there exists a probability measure
"kx,A on X such that ARM)(x) = [fdu,n foreach f in
C(X). For each Ao >0, let A(Ag,x) be the closure (in the
weak* topology of C(X)*) of {u,a: A2 Ao} For fixed x, the
sets A(Ag, x) (A\y>0) form a nested family of nonempty compact
sets and hence have nonempty intersection A(x). We next show
that if ;1 € A(x), then p e~ Ey, i.e., u(g)=g(x) foreach g
in M. Indeed, given €> 0, there exists Ay > 0 such that
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INRAE) (x) — () S IIARyg — gll <€/2 for A 2 Ay. Since

p € A(Ag, x), every weak* neighborhood of u contains a mea-
sure p, A for some A 2 Ay. In particular, then, lyx,x(g) -

- #(g)l < €/2 for some A2 Ag. It follows that |pu(g) — g(x)I<
<g forall €>0.

Suppose now that x € B, the Choquet boundary for M. The
previous remark shows that if € A(x), then p ~ €,, and from
the uniqueness property of the Choquet boundary we conclude
that if x € B, then A(x) ={€,}. Hence if x€ B and U is any
weak* neighborhood of €,, we must have A(A,, x) C U for
some Ay, sothat p, €U if A2A,. Thus, p,, converges
to & as A ->o, i.e., foreach x in B, lim A(R)f)(x) exists
and equals f(x) for each f in C(X), which proves (1).

Suppose, next, that x € X. By the Choquet-Bishop-de Leeuw
theorem there exists a maximal measure pu, ~ €, on X. Given
f in C(X) and A >0, let g =ARAf; then gr€M so that
A0 = (&) = [, & duy. Now [lgall=lIARANS A RN £ 1 =] £ 1
and, for y in B, g)(y) =ARAf)(y) > f(y), by what was just
proved. Suppose, now, that X is metrizable. Then py,(B)=1
so g) -~ f a.e. u,, and the Lebesgue dominated convergence
theorem implies that lim A(Raf)(x) = u,(f). If X is not
metrizable, we can (as in the proof of the Bishop-de Leeuw theo-
rem) extend p, tothe o-ring generated by B and the Baire
subsets of X, sothat u, ~ €, and p,(B)=1. All the func-
tions involved are measurable with respect to this larger o-ring
and we can apply the dominated convergence theorem as before.

It remains to show that x € B whenever lim A(Raf)(x) =f(x)
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for all f in C(X). Suppose, then, that u ~ €, (and hence

p >€,); we must show that p = €,. The above proof that

lim ARAf) (x) = pu (f) is valid for any maximal measure p,
such that p, ~€,. Thus, we can suppose that p, is a maxi-
mal measure satisfying p, > p. Since p,(f) =lim AR ) (x) =

=f(x) forall f in C(X), we have €, =p, >pu >€,, and the
proof is complete.



8. The Choquet boundary for function algebras

By a function algebra in C_(Y) (¥ compact Hausdorff) we
mean any closed subalgebra of C_(¥Y) which contains the con-
stant functions and separates points of Y. For metrizable Y,
the Choquet boundary of a function algebra A has a particularly
simple description (Bishop [5]): It consists of the peak points
for A, i.e., of those y in Y for which there exists a function
f in A with the property that |f(x)| < [f(y)| if x £ y. This
result is a special case of a characterization (for arbitrary Y)
due to Bishop and de Leeuw [6], which is the main theorem of

this section.

Definition.  Suppose that A is a function algebra in
C.(Y) and that y € Y. We say that y satisfies:

Condition 1— if for any open neighborhood U of y and
any €> 0 there exists f in A such that I£l < 1,
lfG)|>1-¢ and Il S€ in Y ~U;

Condition 11 — if, whenever S is a Gg containing y,
there exists f in A such that |f(y)|= £l and
x:[feol = lflics.

THEOREM (Bishop-de Leeuw).  Suppose that A is a func-
tion algebra in C_(Y) and that y € Y. The following assertions

49
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are equivalent:
(1) y satisfies Condition .
(2) y satisfies Condition II.
(3) y is in the Choquet boundary for A.

Before we prove this theorem, we need a simple lemma.

LEMMA 8.1 If M is a separating subspace of C_(Y), with
1 in M, then Re M (the space of real parts of functions in M)
is a separating subspace of C(Y), and B(Re M) = B(M).

Proof.  Use Proposition 6.2 and the fact that for a real mea-
sure y on Y, p(Ref)=(Ref)(y) forevery f in M if and
only if u(f)=1f(y) forevery f in M.

We return to the proof of the theorem:

(3) implies (1). Suppose y € B(A) = B(Re A), that U is an
open neighborhood of y, and that 0 < €< 1. Choose a function
g in C(Y) suchthat 05651, g(»)=1 and =0 in Y ~U.
Denote the weak* compact convex set K(Re A) C (Re A)* by X
and use Tietze’s extension theorem to obtain f in C(X) such
that f=gog ! on ¢(¥)C X. Since ¢y € ex X, it follows
from Proposition 3.1 that (=F)(¢y) = (—f)(¢y) = - (¥) = —1.
Now the space of continuous affine functions on X is (by Prop-
osition 4.5) isomorphic to the uniform closure of the functions in
Re A, and therefore (=I)(¢y)=inf{h(y): he Re A, h 2 —f}. It
follows that there exists hy, in Re A such that hy, < g and
hy(y) > log (5—1)/log & (where & =1/€). Let h =
= (log 8)(hg— 1); then h € Re A and there exists k in Re A
such that h + ik € A. Since A is closed in C_(¥), the function
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f, =exp (h +ik) is in A. Since |f,|=e", it follows easily
that |f,. <1, [f,()|>1—€ and [f;1S€ in Y ~U.

(1) implies (2) (Bishop). Suppose y satisfies condition I
and that S is a Gg set containing y. Let {V_,l be a decreas-
ing sequence of open sets with S = NV,. We will construct a
sequence {g,} of functions in A and a sequence of open sets

{U,} in Y with the following properties:

(1) | gnyr— gall 27742
(ii) llgall £3(1-27""1)
(ii1) g,(r) =3(1-2"7)
(iv) |gnp1— 8l <271 in Y~ U,
v) yeU,cCV,

Assume that we have done this. By (i), the sequence {g,} con-
verges to a function g in A; (ii) and (iii) imply that gl =
=3 =£(y). Finally, if x4 S, then (v) implies that
xe€Y~V,CcY~U, forsome n, and hence

(writing g =g, + E:o:n (g1~ 8x)) we have

lgx)l <llg, Il + z 1g1s1(x) — 20| <

k=n
<3(1=2""1) + Z k13,
k=n

so that {x: [g(x)l = llgll} € S, and therefore y satisfies
Condition II.

We define the sequence {g,} by induction: Since y € V,,
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Condition I implies that there exists f in A such that | fll £1,
lf@) > 2 and 1S4 in ¥ ~V,. Let g, =(DUO] 1.
Since ()l > 2, lg,l £ 2.5 =2<3(1-22, so g, satis-
fies (ii). Also, lg,(y)l = 2 =3(1 —27), so g, satisfies all
the relevant conditions. Suppose that g,, g5, ..., &, and
Uy ..., U, have been chosen to satisfy the above five con-
ditions. Since g,(y) =3(1 — 2°%), there is a neighborhood U
of y such that |g,| <3(1 —27%) +27%2 in U and hence in
Ug=U N V,. We can choose another function f in A such
that || £ ]| <1, lf(}’)l > 2 and lf] < + in Y~ U,. Define
h=@3.27%1[f(y)]"'f; then h(y)=3-27%! and llnl $27%*.
Also, for x in Y~ U,, [h(x)| <27% ' Let g, =&k +h;
properties (i), (iii), (iv), and (v) are immediate. To check (ii),
suppose x € U,; then |g,, (0| lgu(0l + [n(x) £30 - 27+
+27K-2 4 9 k+1 _3(1 _ 27k2) Onp the other hand, if x€ ¥ ~Ups
then |g, . () S lgpll + 2751 $3(1 = 27k 1) 4 271 23 — 27%<
<3(1 — 27%°2), This completes the induction.

(2) implies (3). Suppose that y satisfies Condition II. We
will show that p =€, is the only probability measure on Y
such that p(f) = f(y) foreach f in A; from Proposition 6.2,
we can conclude that y € B(A). Indeed, suppose that p is such
a measure; to see that p(y) =1, it suffices to show that
) =1 for any Gg set which contains y. If S is sucha
set, choose f in A suchthat ye{x: [f(x)l=1fI} c S; then
V= eyl = Lyl < i+l e ldy < 1 pes) +

*Jy g fldu. 1 p(¥~8)>0, then [, Nfldu<[fllp@¥~9),
a contradiction which completes the proof.
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Note that if Y is metrizable, then each point of ¥ is a Gs,
and the equivalence between (2) and (3) yields the following

corollary.

COROLLARY 8.2 (Bishop [5]). [If Y is metrizable and A
is a function algebra in C_(Y), then the Choquet boundary for
A coincides with the set of peak points for A.

There are two more descriptions of the Choquet boundary

which follow easily from the above theorem.

COROLLARY 8.3. Suppose that A is a function algebra in
C.(Y) and that y € Y. The following assertions are equivalent:

(1) y 1s in the Choquet boundary of A.

(2) For each open set U containing y, there exists f In
A such that |f@) =1 fll and [fl<|fll in Y ~U.

(3) Foreach x in Y with y =+ x, there exists f in A
such that |f(x)| < )] = £l

Proof. By the theorem, (1) is equivalent to Condition II, so
it will suffice to show that (2) and (3) are equivalent to Condi-
tion II. Since any open set U is a Gg, Condition II implies
(2), and (2) trivially implies (3). To see that (3) implies Con-
dition II, suppose that {U,} is a nested sequence of open sets
and that ye€ N U,. For each n we will find f, in A such
that |f,ll=1=f,(y) and |f,| <1 in ¥ ~U,. Once this is
done, the function f=X27"f, will satisfy the properties of
Condition II. Suppose, then, that n 21 and that x €Y ~U,.
By (3), there exists f, in A suchthat f (y)=1= I fo and
lfl<1 ina neighborhood V, of x. By compactness of Y~ U,
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we can choose a finite number f , f

xpr+++» fx, of such functions

for which V, ,..., V,, cover Y~U, The function f, =

=k1'3z f., then has the required properties.

The Choquet boundary can be a proper subset of the Silov
boundary, as shown by the following example: Let Y be the
unit circle {z: lz| = 1} in the complex plane, and let A; be
those functions in C.(Y) which are restrictions of functions f
which are analytic in |z| <1, continuous in |z| <1 and which
satisfy f(0) = f(1). It follows from the maximum modulus princi-
ple for analytic functions that every point of ¥ except 1 is a
peak point for A4,; since Y is metrizable, this shows that
B(A,) = Y ~ {1}, while the Silov boundary for 4, is Y.

We give a related example which is the motivation for the
term “boundary:” Let Y =1z: |zl <1} and let A, be the set
of all functions in C,(Y) which are analytic in |z| < 1. Then
the Choquet boundary coincides with the Silov boundary and
these equal the boundary {z: |zl =1} of Y.

Finally, let ¥ ={z: |z| =1} and let A; be the restrictions
to Y of the functions in A,; then the Choquet and Silov
boundaries equal Y (so this can happen for proper subalgebras
of C.(Y).)

For a description of Bishop’s application of the foregoing
material to an approximation problem for functions in the complex
plane, see Section 14.

It is not generally true that the peak points and the Choquet
boundary coincide (in the metrizable case) for linear subspaces

M of C.(Y) which are not algebras. For instance, let ¥ be
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the subset of the plane consisting of the convex hull of two dis-
joint circles, and let M be the complex valued affine functions
on Y. The four tangent points to the circles are in the Choquet
boundary, but are not peak points —a fact most easily seen by
considering Re M. Nevertheless, the peak points for M are
always dense in the Choquet boundary for M, a fact which is a
corollary to the following classical result concerning Banach
spaces. By a smooth point of the unit sphere of a Banach space
E, we mean a point x, | x|l =1, for which there is a unique f

in E* such that [Ifll =1 = f(x).

PROPOSITION 8.4 (S. Mazur). Let E be a separable real
(or complex) Banach space and let S = {x: lxll =1} denote the
unit sphere of E. Then the smooth points of S form a dense

Ggs subset of S.

Proof. In the case of a complex space, we will consider it
as a real space (in the usual way); the set of smooth points
(which we denote by sm S) is unchanged. We will show that
sm S is a countable intersection of dense open subsets of S;
since S is a complete metric space, the Baire category theorem
will yield the desired conclusion. Let {x,} be a dense sequence
in S. For positive integers m and n, let D, be those x in
S such that f(x,) — g(x,) < m ! whenever f, g€ in E* satisfy
£l =f(x)=1=g(x)=llgll. Itis easily verified that if
x€ S~smS, then x & D,,, for some m and n, hence
smS=ND,, Toseethat S~D,, isclosed in S, suppose

that y, € S~D,, and y, »y. Choose functions f,, g, of
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norm one such that f,(y,) =1=4g,(,) and fx(x,) — xlx,) 2
2m?' k=1,2,3,.... It follows easily from the weak* com-
pactness of the unit ball of E* that y € S~ D, ,. It remains
to show that each set' D,,, is dense in S. Suppose not; then
for some m and n we can choose y in S and & >0 such
that |l x- y“ <& and llxll =1 imply x ¢Dp, Let y, =y
and choose f,, g, in E* such that f;(¥,) = I l=1=1lg,l=
= 8,(y,) and f,(x,)2m "+ g,(x,)- We will proceed by induc-
tion to define a sequence {y,} in S and corresponding func-
tionals f,, g, of norm one such that ||y1 - yk|| <1 =215,
7)) =1=8,,) and f(x,)2km' +g,(x,). Since

f.(x) £1, this will lead to a contradiction. Suppose we have
chosen y, which has the above properties. We define y,,; =
=@r+axy)/ly,+ ax,l, where a>0 is chosen to be small
enough to insure that “yk - Yk+1“ <27%15. Thus, IIYk+1 =1
and lly, =y, <@ =298+ llye = yipall <@ =278 < 8.
It follows that y,. , & D, ,, sothere exist f,, ,, §,,, of norm

one such that f, ,(ys,1) =1=8k1Vry1) and fr  (x,)2
Z m-l + gk+1(xn). NOW,

1= “yk+1" 2 fk(}’k+1) =1+ afk(xn)]/ ”Yk + axn” .
Since gk+l(yk+1) =12 gk+1 (yk)’ we have
17s+ ax,ll = grpr Gret ax) ST+ adyy (x0).

These facts combine to show that fi(x,) S 81 41(X,), so that

fre(xp) 2m™? | Brp(xp) 2m 4 £ (x) 2 (k+1)m™? + g,(x,),
and the proof is complete.
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COROLLARY 8.5. Suppose that Y is a compact metrizable
space and that M is a uniformly closed separating subspace of
C.(Y) (or of C(Y)) which contains the constant functions. Then
the peak points for M are dense in the Choquet boundary for M.

Proof. Let P be those points y in Y such that f(y) =
= [ fll for some smooth point f of the unit sphere of M. It is
immediate that every point of P is a peak point for M, and P
will be dense in B(M) if ¢ (P) is weak* dense in ex K(M).
This latter will be true (by Milman’s theorem in Section 1) if
K(M) is the weak* closed convex hull of ¢ (P). If it were not,
we could choose g in M, llgll =1, such that sup Re g(P) <
< sup Re g(K(M)). Since the smooth points are uniformly dense
in the unit sphere of M, there would exist a smooth point f
satisfying this same inequality. For such a function f, how-
ever, the left side is £l and the right side is at most £, a

contradiction.



9. Uniqueness of representing measures

The question of uniqueness of representing measures is'a
natural one, both in applications and in the theory itself. As al-
ways, one must specify clearly the context within which unique-
ness is being asserted. What we would like most is a theorem
which characterizes those compact convex X with the property
that to each point there exists a unique measure that represents
the point and is supported by the extreme points of X. Choquet
has proved such a theorem for metrizable X, but there is no
satisfactory result in the general case. On the other hand,
Choquet and Meyer have characterized those X with the prop-
erty that to each point there corresponds a unique maximal mea-
sure which represents the point. Since maximal measures aré
“supported” by the extreme points, it would seem that this
answers the question, but the fact that “supported” is taken in
an approximate sense makes a considerable difference. An
example by Mokobodzki will show that uniqueness of maximal
representing measures does not imply uniqueness of representing
measures which vanish on Baire subsets of X ~ ex X.

In this Section, then, we return to the study of a compact
convex set X in a real locally convex space E. As before, we

denote by A[C] the affine [convex] continuous functions on X.

58



Sec. 9 Uniqueness of Representing Measures 59

For our present purposes, it will be convenient to assume that
X is contained in a closed hyperplane which misses the origin—
this will be assumed throughout this section. [There is no
generality lost in making this assumption, since we may embed
E as the hyperplane E X {1} in E X R (product topology);
the image X X {1} of X is affinely homeomorphic with X.]
The main reason for doing this is that the question of uniqueness
is most naturally studied when X is the base of a convex cone
P, i.e., when there is a convex cone P (with vertex at the
origin) such that y € P if and only if there exists a unique
@20 and x in X suchthat y =gx. If X is contained in a
hyperplane which misses the origin, then this is certainly the
case; take P =X, where X ={ax:a 20, xe X} is the cone
generated by X.

Now, recall that a cone P in E induces a translation invari-
ant partial ordering on E: x 2y ifand only if x —y € P. If
P has a base X, then PN (—P)=1{0}, sothat x 2y and
y 2 x imply x =y. Furthermore, if x and y are in the subspace
P — P generated by P, then there exists z in P such that
z2x and z2y, i.e., x and y have an upper bound in
P — P. We say that z is the least upper bound for x and y
if z<w whenever w2x and w2 y, and we denote this least
upper bound by x v y. If a convex set X is the base of a cone
X, wecall X a simplex if the space X — X is a lattice in the
ordering induced by X (that is, if each pair x,y in X-X
has a least upper bound x vy in X — X). Equivalently, X-X

is a lattice if and only if each pair x,y has a greatest lower
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bound (definition obvious), which is denoted by x A y; we have

XAy = —(—x v —y). Finally, note that X — X is a vector

lattice if (and only if) X is a lattice. [Indeed, suppose that

each pair x,y in X has a greatest lower bound x Ay in X.
If x=x,—x, and y =y, —y, are elements of X — X, let
Z=(X; +y) Ay, + Xxy) — (X, +¥,); we will show that z is
the greatest lower bound in X — X of x and y. Since
X—2=(X;+y,)—(y; +Xx,)A(x; +y,) we have x 2z and
(similarly) y 22z, If w=w, — wy € X-—X and x2w, y2w,
we must show that z 2 w. The first two inequalities imply that

X1 +Y2+Wy2x,+y,+wy and X, +y, + Wy 2 Xy +Y, + Wy

From Lemma 9.1 (i) (below) we conclude that z — w =
=O1+ X +wy) A (xy +y, +Wy) — (Xg + ¥, +w;) 20.]

It is easy to verify that being a simplex is an “intrinsic”
property of X, that is, if X is contained in a hyperplane which
misses the origin in E, if X, is similarly situated in E,, and
if there exists a one-to-one affine map of X onto X,, then this
map may be extended in the obvious way to a one-to-one, addi-
tive, order-preserving map which carries X onto X,, so that
one of these cones is a lattice if and only if the other is a
lattice. At the end of this section we will show that the above
definition of g simplex coincides with the usual one in case X

is finite dimensional.

The main result of this section is the theorem that each point
of X is represented by a unique maximal measure if and only if
X isa simplex. This result, together with a number of equiva-

lent formulations, is due to G. Choquet and P. Meyer [15], and
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our proofs follow theirs. Choquet’s original uniqueness theorem
for metrizable X is an easy corollary.

Let us formulate the uniqueness portion of the Riesz repre-
sentation theorem in terms of simplexes. Suppose that ¥ is a
compact Hausdorff space and let X be the compact convex set
of all probability measures on Y. As we noted in the Introduc-
tion, the Riesz theorem can be formulated as follows: To each
point of X there exists a unique representing measure which is
supported by ex X = ¢ (¥). The uniqueness assertion can be
considered to be a consequence of the fact that X is a simplex,
i.e., that the cone of all nonnegative measures on Y has the
set X of probability measures as a base and is a lattice in the
usual ordering. [We will not prove this well-known fact, but we
recall one way of defining the greatest lower bound A Ay of
two nonnegative measures A and p. Let v =A+py; then both
A and p are absolutely continuous with respect to v, hence
have Radon-Nikodym derivatives f and g, respectively. Let
h = min (f,8) (this is defined a.e. v), and let A A p = hv.]

We need one important technical result concerning lattices,
the “decomposition lemma,” which is assertion (iii) in the follow-

ing lemma.

LEMMA 9.1. Suppose that V 1is a vector lattice.
i) x+2)A(y+2)=xAy)+2z foreach x,y,z in V.
(i) If x20,y20 and z 20, then
E+AzSEA2)+ (A 2).
(iii) If {xz 1€} and {y;: je J} are finite sequences of

nonnegative elements of V, and if 2,1 x;=2;¢;y;, then



60 Lectures on Choquet’s Theorem

bound (definition obvious), which is denoted by x A y; we have
XAy = —(—x v —y). Finally, note that X — X is a vector
lattice if (and only if) X is a lattice. [Indeed, suppose that
each pair x,y in X has a greatest lower bound x Ay in X.
If x=x,—x, and y =y, —y, are elements of X — X, let
z=(x; +y) A, +X,) — (x5 +¥,); we will show that z is
the greatest lower bound in X — X of x and y. Since
x—2z=(x,+y,)— (¥, +X%3)A(x; +y,) we have x 2z and
(similarly) y2z. If w=w, —w, € X—-—X and x2w, y2w,
we must show that z 2 w. The first two inequalities imply that
Xy +Y,+Wy2X,+y,+W; and X, +y, +Wy 2 Xy +¥Yqy + Wi-
From Lemma 9.1 (i) (below) we conclude that z — w =

=1+ X+ W) A(Xy + Y+ W) — (X2 +¥, + W) 20.]

It is easy to verify that being a simplex is an “intrinsic”
property of X, thatis, if X is contained in a hyperplane which
misses the origin in E, if X, is similarly situated in E,, and
if there exists a one-to-one affine map of X onto X,, then this
map may be extended in the obvious way to a one-to-one, addi-
tive, order-preserving map which carries X onto X,, so that
one of these cones is a lattice if and only if the other is a
lattice. At the end of this section we will show that the above
definition of a simplex coincides with the usual one in case X
is finite dimensional.

The main result of this section is the theorem that each point
of X is represented by a unique maximal measure if and only if
X is a simplex. This result, together with a number of equiva-

lent formulations, is due to G. Choquet and P. Meyer [15], and
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our proofs follow theirs. Choquet’s original uniqueness theorem
for metrizable X is an easy corollary.

Let us formulate the uniqueness portion of the Riesz repre-
sentation theorem in terms of simplexes. Suppose that Y is a
compact Hausdorff space and let X be the compact convex set
of all probability measures on Y. As we noted in the Introduc-
tion, the Riesz theorem can be formulated as follows: To each
point of X there exists a unique representing measure which is
supported by ex X = ¢ (¥). The uniqueness assertion can be
considered to be a consequence of the fact that X is a simplex,
i.e., that the cone of all nonnegative measures on Y has the
set X of probability measures as a base and is a lattice in the
usual ordering. [We will not prove this well-known fact, but we
recall one way of defining the greatest lower bound A A p of
two nonnegative measures A and p. Let v = A + p; then both
A and p are absolutely continuous with respect to v, hence
have Radon-Nikodym derivatives f and g, respectively. Let
h = min (f,8) (this is defined a.e. v), and let A A p = hv.]

We need one important technical result concerning lattices,
the “decomposition lemma,” which is assertion (iii) in the follow-

ing lemma.

LEMMA 9.1. Suppose that V is a vector lattice.
(i) x+2)A( +2)=(xAy)+z foreach x,y,z in V.
(i) If x20,y20 and z20, then
(x+y)AzS(xAZ)+ (A 2).
(iii) If {x;iel} and {y;: je J} are finite sequences of

nonnegative elements of V, and if 2,1 x;=2,,;y;, then
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there exist Zi;?:o: (i, j) in I X ], such that xi=2i61 Zij
(1 in I) and y,=2,-€,z” G in .

Proof.  The fact that the partial ordering in V is transla-
tion invariant yields an immediate proof of (i). To see (ii), let
u=(x+y)Az, sothat uSx+y and uSz Since 0<x,
uSx+z, andhence uS(x+y)A(x+2)=x+(y A 2). On the
other hand, yA z20, so ufz+ (y A 2z), and therefore
uS[x+@A2))Aalz+@az))=(xAa2)+Az). Toprove (iii)
(the decomposition lemma), it is not difficult to use induction on
the number of elements in I and in J in order to reduce the
proof to the case I =] ={1, 2}. To prove this case, suppose
Xy +X,=Yy;+y, (all elements nonnegative) and let
Ziv=X,AY,, Zy,~%,— %, and Zy =Y — Z;;. These z;
are nonnegative, and 23y Az, =(xX; —2Z) A — 211) =
=(X; Ay;)—2zy =0 (by (i)). Furthermore, z,, + x, = x; +
+Xy = Zy =Y1+Y,— 2y =2y +Y,; it remains to show that
Zy =X, — Zy =Yy, — z;, is nonnegative. But z, S2zy +¥y =
=Z1p + Xy, SO Zy= 2y A(2yy + %) S (251 A 21) + (21 A X2) =

=231 A X,; therefore z,, < x,, and hence z,, 2 0.

The last part of the next lemma is a consequence of a theorem

from integration theory; since we use it again, we include a
proof.

LEMMA 9.2. If fe C(X), let G={g: g€ —C and g2 f}
Then f = inf {6: 6 € G}, G is directed (downward) by 2, and
,u(f_) = inf {(8): & € G} for any measure p on X.

Proof.  Since A c —-C, we have
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inflg: 6eGi<inflth:he A, h2fl=Ff<inflh:he A, h2g}=
=g =g, forany g in G. Taking the infimum on the right gives
the first assertion. Since the minimum of two functions in G is
a function in G, this set is directed downward; i.e., if
g1, 8, € G, there exists g in G with g¢<g,, £ < g,. To prove
the last assertion, let 3 = inf {4 (g): g € G}; we must show that
p(f) = B. Choose a sequence {g,} from G such that p(g,) - B-
Since G is directed downward, we can assume that the sequence
{g,} is monotonically decreasing, and hence converges pointwise
to a (Borel measurable and bounded) function f, with f 2 f.
From the monotone convergence theorem, p(f") =f, and we will
show that p(f’ — f)=0. If not, then {x: f/(x)>f(x)} has posi-
tive measure, and hence there is a real number r and €> 0
such that {x: f(x) <r — €, f’(x) >r} has positive measure. This
latter set contains a compact set K of positive measure, and
for each point x in K there is a function g in G such that
g(x) <r — €. By compactness, we can find functions
g5, 845,--+-, 8m in G such that foreach x in K, thereis a
function g; with gj(x) <r—€. Let f, in G be less than or
equal to the minimum of g, £1,..., §.,; then on K, we have
fo,<r—€<f—€2g,—€, while f, g, on X ~K. Thus,
B < ulfe) Spugy) —€ p(K) for each k, which leads to a
contradiction.

As an application of this lemma, we prove the converse to

Proposition 4.2, obtaining a useful characterization of maximal

measures.
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PROPOSITION 9.3 (Mokobodzki). A nonnegative measure
p on X is maximal if and only if p(f) = #(7) for each contin-
uous convex function f on X. Equivalently, p 1s maximal if

and only if u(f)=pu(f) for each f in C(X).

Proof.  In view of Proposition 4.2, we need only show that
if p(f)=p(f) foreach f in C, then p is maximal. Choose
a maximal measure A with \ > p. Then for f in C, AE) =
=MD 2p)=pu(d). If ge—-C, then A(@) < pu(@), so (by
Lemma 9.2) A(f) = inf {A(g): g € —C, g 2 f} < inf lu(g): 6 € -C,
82 f} = p(f). It follows that A(f) = p(f) foreach f in C;

since C— C is dense in C(X), A=p and hence y is maximal.

We will apply this result shortly to obtain an important fact
about the set of all maximal measures. First, however, we pre-
sent an elementary lemma concerning vector lattices. Suppose
that P, and P, are cones in a vector space E, with
P, CP,. Denote the induced partial orderings by <, and %,,
respectively. We say that P, is an hereditary subcone of P,

if ye P, x€P,, and xS,y imply x € P;.

LEMMA 9.4. If P, is a lattice (in the ordering <,) and

P, is an hereditary subcone of P,, then P, is a lattice (in
the ordering <,).

Proof.  Suppose that X,y are in Py, and let z be their
greatest lower bound in P,. Then zS<,x, so z€ P,, and we
will to show that if Six and w <, v, then w<, z, so that

z is the greatest lower bound in P,. Since P, C P,, we see

that W S, x and w S, ¥, hence 05, ws, z. It follows that
2 2
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z— w€P, and that z — w <, z; by the hereditary property,

z—we€ P, sothat wg, z

PROPOSITION 9.5. The set Q of all nonnegative maximal
measures on X Is a subcone of the cone P of all nonnegative
measures on X. The convex set Q ={u:pe Q, u(X)=11} is

a base for Q, and Q, is a simplex.

Proof. Suppose that A and p are maximal measures; by
Proposition 9.3, (A + p)(f) = (A + p) (f—) for each continuous
convex function f on X, so A +p is maximal. Similarly, ru
is maximal if p € Q and r 2 0. Since Q, is the intersection
of Q with the probability measures, it is clearly a base for Q.
To see that Q; is a simplex, we must show that Q is a
lattice in its natural ordering. By the previous lemma (and the
fact that P is a lattice) we need only show that Q is heredi-
tary in P. Suppose, then, that 0 SASyu and that g€ Q. Let
A, be a maximal measure with A; > A. Then A, + (u—A) > A +
+(u—A) = p; since p is maximal, we have p =2, +p—A, so

that )\=)\1 € Q.

We now know that Q, is a simplex; furthermore, we have
an affine function from Q,; onto X defined by p -r(y), where
x = r(y) is the resultant of p in X. (It is easily checked that
this function is affine, and Lemma 4.1 asserts that it is onto;
the question of continuity is considered in Proposition 9.10.)

It follows that X itself will be a simplex if this function is
one-to-one, i.e., if toeach x in X there exists a unique maxi-

mal measure p with y ~€,. This is the assertion “(5) implies
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(1)” of the Choquet-Meyer uniqueness theorem:

THEOREM (Choquet-Meyer).  Supposeé that X 1s anon-
empty compact convex subset of a locally convex space E. The
following assertions are equivalent:

(1) X is a simplex. _

(2) For each convex f in C(X), the function f is affine
on X.

() If u is a maximal measure on X with resultant X,
and if f is a convex function in C(X), then (%) = p (). B

(4) For each convex f and g in C(X) F+8 = [+é&

(5) Foreach x in X there is a uniqueé maximal measuré

px such that p, ~€E,.

To prove that (1) implies (2), we need to sharpen Proposi-
tion 3.1 a bit; recall that it asserts that for X in X and f in
C(X), f(x)=sup () p ~g,l

LEMMA 9.6. If fe C(X), then for each x in X, f(x) =

=sup {p(f): p isa discrete measure and p ~E,}

Proof. By a “discrete measure” we mean, of course, a

measure which is a finite convex combination of measures of
the form €,. It follows from Proposition 3.1 that we need only
show the following: Given f in C(X), x in X, p~E, and
€ > 0, there exists a discrete measure A such that A ~E,

and p(f) — A(f) <E. To this end, cover X by a finite number
of closed convex neighborhoods Uj such that () — f("")I <€
whenever y,z€ U;N X. Let V, =U; N X and let 4
V,=U;NX)~ ¥, U...U V, ) for i>1. Then the V; are
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pairwise disjoint Borel subsets of X and for those i Such that
u(V;) # 0 we can obtain probability measures A; on Vi by
defining A«(B) = u(V)™' (BN V) (B a Borel subset of X)-
Let x; be the resultant of A;; since V, is a subset of the
compact convex set U; N X, the latter must contain X;- Define
A=3pu(V)E,. If h is a continuous affine function on X, then
A =Zp(VdA;(h) = X .fvihd# =p(h) = h(x), so A ~Ex
Furthermore, p(f) — A(f) =2 [fv,- fdy — [I.(Vi)f(xi)] =

=3 [y, f=f(x)) dp <€ Zp(V) =€, and the proof is complete.

Proof that (1) implies (2): Suppose that x,, x, € X,
a,a,>0,a; +az =1, and f€C. Let z=gq;x,; +azX2; we
want to show that f(2) = a; f(x;) + ayf(x,). Since f is
concave, it suffices to show that it is also convex. By Lemma
9.6, we have f(z) =sup {u(f): p is discrete and p ~ .}
Suppose that p is discrete and y ~€,; then there exist num-
bers ;20 and a finite sequence y; in X (je J) such that
$B,=1 and p=3BE, i€, ar1x; +ayx,=2z=32B;y; By
applying the decomposition lemma 9.1 to the elements
a;xq, BiYi of X, we can choose zj; in X such that
a;x;=S4esz1; (1 =1,2) and B;y;=2z7;+z5;(e€J). Each
2y =yi;21j (V1 20,z;;€X), and hence x;=3;q;! VijZij is
a convex combination of elements of X. (Use the fact that
X c L '(r) forsome L in E*, r+£0, tosee that the coeffi-
cients have sum equal to 1.) It follows that for i =1,2, the
right side represents a discrete measure y;~ Expr and there-
fore T(x)) 2 p;i(f)=2;¢;" vijf(z;). On the other hand,
p(f)=2B;f(r;) and for each j,
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Fop) =B V121 + B v2iza) S B yiif(z1)) +
+ B y,if(z2), so p(f)Sa,pu, (f) + azpy (f) S a, f(x,) +
+a, f(x,). Taking the supremum over all discrete p~E;
gives the desired conclusion.

Proof that (2) implies (3): If y is maximal and f € C,
then p(f)= #(f_). Since f is affine and upper semicontinuous,

Lemma 9.7 (below) implies that if y ~ €,, then ;L(f_) = f(x).

LEMMA 9.7. Suppose that f is an affine upper (or lower)

semicontinuous function on X and that y ~€,. Then
w(f) = £(x).

Proof. It suffices to prove that the family H of all h in
A such that h > f is directed downward and that
f=inf {h: h € H}. Indeed, if this be true, then (just as in the
proof of Lemma 9.2) we have pu(f) = inf {u(h): h € H} for any
p; in particular, if y ~€,, then u(f) =inf{h(x): h e H} =
= f(x). It remains, then, to prove the assertion about H. To
see that H is directed downward, suppose that h; > f and
hy >f (h;in A); we want h in A such that A >f and
hsh,, h,. To this end, define subsets J, J;, and J, of
E XR as follows: J={(x,r):xeX,rSf(x)}, J;={(x,r): x € X,
r=h;(x)}. Since f is affine and upper semicontinuous, J is
closed and convex, while the continuity of h; implies J; is
compact. Furthermore, / is disjoint from the convex hull J;
of Ji U J,, and J, is compact. By the separation theorem,
(applied to 0 and the closed convex “difference set” J; — J)

there exists a continuous linear functional L on E X R such
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that sup L(J) < inf L(J3) = a. The function A defined on X by
L(x,h(x)) = a will do what is needed. A similar (but much sim-
pler) argument shows that f = inf {h: h € H}. Finally, if f is
affine and lower semicontinuous, we can apply what we have just
proved to —f.

Proof that (3) implies (4): Suppose that f, ¢ € C and that
x € X. Choose a maximal measure u ~ €,; from (3) we get
FHg () =plf+8)=pd)+p@ =T+ 8.

Proof that (4) implies (5): Suppose that x € X and consider
the functional defined for f in C by f - f(x). This is positive-
homogeneous, and (4) implies that it is additive. From this it
follows that m(f — g) = f(x) — g(x) defines a linear functional
m on the subspace C—C, and property (c) of upper envelopes
(Section 3) shows that |m(f— g)| < IIf — gll. Thus, m is
uniformly continuous on the dense subspace C—-C of C(X)
and hence has a unique extension to a continuous linear func-
tional of norm 1 on C(X). Since m(1l) =1, this functional is
given by a probability measure, which we denote by p,. Since,
for f in C, we have pu,(f)=m(f)= f(x), Proposition 3.1
implies that pu,(f) = sup {u(f): p ~€,}, i.e., p, > p whenever
p~ €,. It follows that y, is the unique maximal measure which

represents x.

We consider next the problem of uniqueness of representing
measures which are supported by the extreme points. The follow-
ing easy corollary to Proposition 9.3 will enable us to prove

Choquet’s original uniqueness theorem for metrizable X.
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COROLLARY 9.8. [If p Is a nonnegative measure on X
which vanishes on every compact subset of X ~ex X, then g

is maximal. In particular, if p is supported by ex X, then p

is maximal.

Proof. It is immediate from the hypothesis that p vanishes
on every Fy subset of X ~ex X, hence is supported by every
Gs containing ex X. In particular, then, it is supported by
every set of the form {x: f(x) = feol, f in C(X). Thus,

p(f) = #(-f_) for f in C(X), and Proposition 9.3 implies that

p is maximal.

As the example of Mokobodzki (below) will show, we cannot
weaken the hypothesis in this corollary to “u vanishes on the

compact Baire subsets of X ~ex X.”

COROLLARY 9.9. If X is asimplex and if ex X Is a
Baire set, or is an F4 set, then for each x in X there exists

a unique measure y such that y~E€, and p(ex X)=1.

Proof. By the Choquet-Meyer theorem, there exists a unique
maximal measure p such that p~ €,. From Section 4 we know
that p(ex X) =1. Suppose that A ~ €, and A(ex X) =1, it

follows from Corollary 9.8 that A is maximal, and hence A = .

THEOREM (Choquet). Suppose that X is a compact convex
metrizable subset of a locally convex space. Then X is a
simplex if and only if for each x in X there exists a unique
measure p which represents x and is supported by the ex-

treme points of X.
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Proof. It was shown in Section 3 that for metrizable X
there exists a (strictly convex) continuous function f on X
such that ex X = {x: f(x) = f(x)}. Suppose that X is a simplex;
then the previous remark shows that ex X is a Baire set and
Corollary 9.9 yields uniqueness. Conversely, suppose that to
each x in X there corresponds a unique measure pu, ~€,
with pu,(ex X) =1. We can conclude that X is a simplex if we
show that for each x in X there is a unique maximal measure
A ~€,. Butif A is maximal, then A is supported by
{x: f(x) = f(x)} = ex X, hence (by hypothesis) A = ,.

When X is a simplex, the resultant map r: Q, - X is
one-to-one, hence has an inverse, the map x - u,. The follow-

ing result investigates some of the properties of this function.

PROPOSITION 9.10. Suppose that X is a simplex. The
function x - p, is weak* Borel measurable (i.e., x >y, (f) is
a Borel function for each f in C(X)) and affine. It is continu-

ous if and only if ex X 1is closed.

Proof.  The function x -y, is the inverse of the resultant
map r; since Q, is convex and r is affine, its inverse is
affine. By Proposition 1.1, r is continuous on Q,;, hence its
inverse would be continuous if Q, were compact. But if ex X
is closed, then it follows from Corollary 9.8 and Section 4 that
Q, equals the set of all probability measures on ex X, hence
is weak* compact. Thus, x - pu, is continuous if ex X is
closed. Conversely, suppose that x -y, is continuous and

suppose that x, is in the closure of ex X. Then there exists
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anet xg in ex X with x4 - x,, and by Proposition 1.4,
Pxg = Exg Thus, pyo=limp, =1lim€, =&, Now, if
p~E then p > €

xg? xo» and (since p,  is maximal),

Exg = Mxg > [t > Ex, sothat p=2¢€,; by Proposition 1.4,
again, we have x,€ ex X, so ex X is closed. To see that

X > pu, (f) is a Borel function for each f in C(X), note that
for f in C we have p,(f)= f(x), by part (3) of the unique-
ness theorem. The right side is upper semicontinuous, hence
Borel measurable, and it follows that x - y,(f) is a Borel
function whenever f is in the dense subspace C—C. Finally,
if fe€C(X) we can find a sequence in C—C converging
uniformly to f, so that x - u,(f) is a limit of a sequence of

Borel functions, hence is a Borel function.

Bauer [3] has given several characterizations of those X

which satisfy “X is a simplex and ex X is closed.”

EXAMPLE (Mokobodzki)

There exists a compact convex set X with the following

properties:
(i) X is a simplex.
(ii) ex X is a Borel set, but not a Baire set.

(iii) There exists a point x in X with two representing
measures  and v such that (X ~ex X) =0 and

v(X~ex X)=1, but v vanishes on every Baire subset of
X~ ex X.

Proof. Let Y be a compact Hausdorff space containing a
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point y, which is nota Gg, and p a nonatomic measure on
Y. For example, we could take ¥ to be an uncountable product
of unit intervals, y, any point in ¥ which does not have a
countable neighborhood base, and p the corresponding product
of Lebesgue measure with itself. Let M € C(¥) be the set of
all f in C(Y) such that f(y,) = Jy fdu. We first show that M
separates points of Y. Suppose that A; and A, are prob-
ability measures on Y, with A, (f)=A,(f) forall f in M.
(We will soon take A; and A, to be point masses.) Thus,

(Ay — Ay) (f) =0 whenever fe C(X) and (u — €0) (f)=0, so
that these functionals are necessarily proportional, i.e., there

exists a real number r such that
) Ay — Ay =r(p— 8, -

Since. y has no atoms, it follows from (1) that A, and A,
cannot be distinct point masses, i.e., M separates points of
Y. Furthermore, if y &+ y,, then y is in the Choquet boundary
B(M) of M. Indeed, if A ~€,, take A; =A, A, =€, in (1)
and apply both sides to {yl, getting A, ({y})—1=0, so

A =€,. On the other hand, y, has two representing measures
(v and €, ), so we can conclude that B(M) = Y~iy,l We
let X = K(M); from Section 6 we know that ex X = ¢ (B(M)) =
= (¥)~1{hd(yo)! and that every maximal measure on X is
supported by the compact set ¢ (¥), hence can be identified
with a measure on Y. (We will use the same symbol for a mea-

sure on X which is supported by ¢ (¥) and for the correspond-
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ing measure on Y.) Let Q, be the set of all maximal prob-
ability measures on X; then a probability measure A is in Q,
if and only if A(ex X) = 1. Indeed, the latter property implies
that A is maximal, by Corollary 9.8. Suppose, on the other
hand, that A is maximal but that A(ex X) < 1; since A is
supported by ¢ (¥Y), we must have a = A({yo}) > 0. Let

Ay =(A — a€y ) + ay; since each term of this sum is nonnega-
tive, A; 20. Since p ~E€,,, wehave p >€, and therefore
Ay > A. Clearly, A; #+ A, so A is not maximal, a contradic-
tion.

Now, we know that the resultant map r is affine from Q,
onto X; if we show that it is one-to-one, we can conclude that
X (like Q,) is a simplex. But if r(A;) = r(A,), then (by
definition) A;(f) =A,(f) for f in M, so that equation (1)
applies to these two measures. Since each necessarily vanishes
on {yo}, we conclude that r =0 and hence A, =A,. It re-
mains, then, to prove the assertions (ii) and (iii). Let
x=¢yg) v= €o(v0) and consider y as a measure on X. It
is clear that p and v represent x, that p(X ~ex X) =
=pu(X~ @) =0, and that (X~ ex X)=1. If v were posi-
tive on a Baire subset of X ~ ex X, then it would be positive
on some compact Gg subset D of X~ ex X, and therefore
é(yo) would be in D. But D N ¢(¥) = {¢p(yo)} would then be
a Gg relative to ¢(¥), contradicting the fact that {y,! is not
a Gp set. Thus, v vanishes on every Baire subset of
X~ ex X, and if ex X were a Baire set, then v (X ~ ex X)

would equal zero.
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We conclude this section with a proof that the definition of
“simplex” coincides with the usual one for finite dimensional

spaces.

PROPOSITION 9.11. Suppose that the space X —X
spanned by X has finite dimension n. Then X 1is a simplex
if and only if it is the convex hull of n linearly independent

points. Equivalently, X has exactly n extreme points.

Proof. = We can assume without loss of generality that
E = X—X. Suppose that X has exactly n extreme points
Xy, X9,...,X,; since X is the convex hull of its extreme
points and since X generates the n-dimensional space E,
these points must be linearly independent, and hence they form
a basis for E. Choose a basis f,,...,f, for E* such that
fi(x;) =8;;. The map T: E »R" defined by Tx = (f;(x),...,
f,(x)) is linear, one-to-one and onto, and carries x; onto the
i-th “unit vector” in R". Thus, TX is the convex hull of the
n unit vectors in R" and ﬁ is the cone of nonnegative
elements in R". This cone induces a lattice ordering in R”",
so TX is a simplex; it follows that X itself is a simplex. To
finish the proof, suppose that X is a simplex and note that X
is the convex hull of its extreme points. Since X generates
E, it must have at least n extreme points; we will show that
it has exactly n extreme points. Suppose that the points
Y1, ¥2,+++,Yny are distinct extreme points of E. Since E
is n-dimensional, there exist numbers a;, not all zero, such

that Za,;y; = 0. Partition the integers from 1 through n +1
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into the sets P and N, where i€ P if q;20, 1€ N other-
wise. Then if a = 2pa;, we have a >0 and (since f(X)=1
for some f in E*) 2q;=0 so a= —2ya;. Finally, let
x=232pata;y; = Ey(—a) ' a;y;. Since these are convex com-
binations, we have represented an element x by two different
measures on X which have support contained in ex X. It
follows from Choquet’s uniqueness theorem that X is not a
simplex. (This last step may be proved in a more elementary
way by using the decomposition lemma and the fact that the

points y; are extreme.)



10. Application to invariant

and ergodic measures

Let S beaset, d a o-ring of subsets of S, and J a
family of measurable functions from S into O, i.e., for each

T in J we have

T:S>S and T 'Aecd whenever A€,

A nonnegative finite measure p on S is said to be invariant

(or J —invariant) if
p(T'A) = y(A) foreach T in J and A in 3.

There are many theorems in the literature which state that,

under suitable hypotheses on S, S and J, every invariant
probability measure on S has a unique representation as an
“integral average” of ergodic measures on S (definition below).
In 1956, Choquet [12] observed that his representation theorem
could be used to prove a fairly general theorem of this type.

More recently, J. Feldman [21] has given an elementary mea-
sure theoretic description of the extreme points of the set of
invariant probability measures which illuminates this result

(and the generalization obtained via the Choquet-Bishop-de Leeuw

theorem). We treat the measure theoretic aspect first.

77
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Suppose that p is a measure on S. Anelement A of O
is said to be invariant (mod y), if p(4 A T'A)=0 for each
T in J. [By A AB we mean the symmetric difference
(A~ B) U (B~ A).] The family of all such sets will be denoted
by 5u (J), or more simply by 'Su- It is easily seen that 'Su
is a sub-g-ring of S. We call an invariant measure p ergodic
if u(A)=0 or p(A)=1 foreach A in S,. [There are other
definitions of “ergodic” in the literature; ours is motivated by
Proposition 10.4 below. We will discuss this again at the end
of the section.]

Now, the set of all invariant nonnegative finite measures on
S forms a convex cone P, which generates the linear space
P —P. Furthermore, the convex set X of invariant probability
measures is a base for P. We have, of course, defined no
topology on P —P; we will do this later. First, we show that
P —P is a lattice and that the extreme points of X are the
ergodic measures. To this end we prove a basic lemma (due
originally to Feldman, although the present elementary proof is
attributed by him to M. Sion).

LEMMA 10.1. Suppose that y and v are measures on
S, that y Is invariant, and that v is absolutely continuous

with respect to y (with dv/dy =f, say). Then v is invariant
ifand only if f=foT ae. pu forall T in J.

Proof. If f=foT a.e. y forall T in J, and if
Ae S, then for each such T,
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v(T14) = / fdy = / foTdy =
T-1¢a)

T-la

= / [d(#oT'l) = f fdy = v(A4).
A

A

To prove the converse, suppose v © T!=y forsome T in
9. Given a real number r, let A ={x: f(x) S}, let
B=T'A~A and let C=A~T'A. Then f—=r>0 on B
so v(B) —u(B) = [y (f—r)dp 20 and we have equality if and
only if p(B)=0. Moreover, v(C) = [_fdu<ru(C). Now,
v(B) =v(T1A) — (T PANA)=v(A)—v(T 14N A) =10,
and similarly, p(B) =p(C). Thus, v(B)2r u(B) =r pu(C) 2
>, (C) = v(B), so equality holds throughout. It follows that
p(B) =0 and p(C) = 0. Thus, for anyr, {x: f(x) £r} and
T-1ix: f(x) $r} = {y: {(Ty) Sr} differ only by a set of
{L-measure zero. Suppose, now, that ¢ and h are real valued
functions. Then (taking all unions over the countable dense

set of rational numbers r) we have

fx: g(x)>h(x)} = Ulx: g(x)>r 2 h(x)} =

Ullxir2hx)~ix:r 2 g(x)}]

By applying this identity to g§=1f, h=f°oT, we see that
f<foT a.e. u, and by interchanging f and f°oT we con-
clude the proof.

COROLLARY 10.2. If y and v are invariant measures
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and p=v on Sp-}\,, then y=v on S.

Proof. Let f=du/d(u+v), &=dv/d(u+v). We will
have p(4) =v(4) forall A in & if [, fd(u+v)=
= [,8d(p+v) forallsuch 4, ie., if f=¢g a.e. (p+).
Now f and g are S-measurable functions on S, and, in fact,
they are Su*"v measurable. Indeed, if T € 3-, then since
p,v and p + v are invariant, Lemma 10.1 implies that
foT =f and goT =g a.e. (u+v). If r is areal number
and [ = (-, r), then f'(f) and (foT)'() =T 1(f'({)) differ
only by a set of (u + v) measure zero (their symmetric differ-
ence is a subset of {x: f(x) # f(Tx)}) and hence
£'(I) € Sy+y. Thus, f (and similarly g) is S8,+,-measurable.
If A={x:(f—g)(x)>0}, then A€ Su+v and hence
O=pA-vA= [, (f-8dp+ v); it follows that f< g a.e.

(4 + v) and an analogous argument shows f2g a.e. (u+v).

PROPOSITION 10.3.  The cone of all finite nonnegative

invariant measures on & 1is a lattice (in its own ordering).

Proof. In order to show that P is a lattice in its own
ordering, it suffices to produce a greatest lower bound in P
for any two nonnegative invariant measures p and p. Let f
and g be defined as in Corollary 10.2; we have f=foT and
£=£°T ae., (u+v) forall T in J, hence
(fAg)oT =fag ae. (u+v). Since the usual greatest lower
bound p A v for two nonnegative measures is defined by
pAv=(fAg) (p+v), Lemma 10.1 implies that p A v is

invariant, It follows easily that p A v is the greatest lower
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bound of p and v in the ordering induced by P, so P is a

lattice.

ProPOSITION 10.4. Suppose that p is a member of the
set X of all invariant probability measures on §. Then poIs

an extreme point of X if and only if p is ergodic.

Proof.  Suppose that p is an invariant probability measure
and that 0 < p(A) <1 forsome 4 in Su- Define
py(B) = p(B N A)/p(A) and p,(B) = p(B~A)/[1-pu(A)); then
pr # po p=p@py + (1 = p(A)p,, each p; is a probability
measure, and moreover, each p; is invariant. [This uses the
facts that p is invariant and that A A T"'A has y measure

zero, together with the identity

C,NC,AC3) =(C;NC)A(C,;NCy). ]

To prove the converse, suppose p(A) =0 or p(4) =1 for
each A in 5,,., and suppose 2u = py + p,, where pu,, u, are
invariant probability measures. It follows easily that u; = p

on Su D SU+Ui’ hence p;=p on S, by Corollary 10.2.

In order to apply the above results to obtain a representation
theorem, we must define a locally convex topology on P— P
under which the convex set X of invariant probability measures
is compact. We will use (as does Feldman) the method de-
scribed by Choquet in [12].

Let S be a compact Hausdorff space, & the ¢-algebra of
Baire subsets of S and let J be any family of continuous

maps T of S into itself. Each T is measurable; indeed,
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since T~! carries the collection of compact Gg subsets of S
into itself, & is contained in the o¢-algebra of all 4 such that
T-'A € S. The space of all finite signed Baire measures on S
can be identified with the dual space C(S)* of C(S). We will
restrict ourselves to the weak* topology on C(S)*. It is not
difficult to show that for each T in J, the induced map
p->puoT™' is a continuous linear transformation of C(S)* into
itself which carries the compact convex set K of probability
measures into itself. The set X of invariant probability mea-
sures is, of course, precisely the set of common fixed points for
the family of affine transformations of K into itself induced by

J. Since the induced maps are continuous, X will be closed
and therefore compact. We need additional hypotheses to insure

that X will be nonempty. The Markov-Kakutani fixed-point
theorem shows, for instance, that X will be nonempty if the
family J (hence the set of induced maps) is commutative under
the operation of composition. More generally, X will be non-
empty if the semigroup generated by J admits a left-invariant
mean (Day [16]). Once we know that X is nonempty, then we
know that it has extreme points and the existence and unique-

ness theorems apply to yield the following result.

THEOREM. If S is a compact Hausdorff space, J a
family of continuous functions from S into S, then to each
element u of the set X of J-invariant probability Baire mea-
sures on S there exists a probability measure m on the Baire

subsets of X such that
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pu(f) = fX[dm for each f in C(S)

and m(B) =0 for each Baire subset B of X which contains
no ergodic measures. If the ergodic measures form a Baire sub-
set or Gg subsetof X (e.g., if S is metrizable), then the

measure m 1S unique.

If the extreme points of X were closed in X, then one
could replace the Choquet-Bishop-de Leeuw theorem by the
Krein-Milman theorem in proving the above result. To see that
this need not be the case, we reproduce an example due to

Choquet [12].

EXAMPLE

Let I =[0,1] and let J be the circle, which we represent
as the line R (mod 1). Let ¢ be any continuous nonconstant
function from [ into R and define T from S=IxJ into
itself by T(x,y) =(x,y + ¢(x)). Then S is a compact Haus-
dorff space, T is a homeomorphism of S onto itself, and the
extreme points of the set X of T-invariant probability measures
on S do not form a closed subset of X. We will sketch a proof
of this fact for the special case ¢ (x) =x. Foreach n 21, let

! to each of the n

pn be the measure which assigns mass n”
points (n°!, kn’!), k=0,1,2,...,n— 1. Then p, is an ex-
treme point of X and the sequence {u,} converges in the weak*
topology to Lebesgue measure u on {0} x J. Since ¢(0) =0,
every probability measure on {0} x J isin X, so p is cer-

tainly not extreme in this set.
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There are at least two other definitions of “ergodic measure”
in the literature. One of these simply defines the ergodic mea-
sures to be the extreme points of the set of invariant probability
measures; this, of course, requires further work if one is to
relate the notion to its origins. Another definition goes as
follows: An invariant probability measure  is ergodic if
p(A) =0 or p(A)=1 foreach A in S, =1{4:4 = T-14 for
each T in J}. Since §, C Su » any measure ergodic in our
sense is ergodic in this sense. The two notions clearly coin-
cide if for each A in Su there exists B ip Sy such that
u(A A B) = 0. This occurs, for instance, if J consists of a
single function T (or equals the semigroup generated by T)—
simply let B =M., Uizn T7°4. More general hypotheses on
9 which guarantee the equivalence of the two notions are given
by Farrell [20; Cor. 1, Theorem 3] and Varadarajan [34; Lemma
3.3]. The following simple example, due to Farrell, shows that

they are not always the same.

EXAMPLE

Let S=[0,1]x[0,1], let § be the Baire subsets of S
and let J ={T,, T,}, where Ti(xy,%x,) = (xy, x,), Ty(xq,x,) =
= (x5,%,). Then T,, T, are continuous maps of S onto the
diagonal D of S, and &, consists of S and the empty set.
For any subset A of S, (AAT;'A)N D is empty; it follows
that any measure p with support in D is invariant and Su =o.
(In fact, every invariant measure has support in D.) Thus,

every such measure takes only the values 0 and 1 on 50,
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but the point masses on D are the only ones which are ergodic

in our sense. It is interesting to note that the (noncommutative)

semigroup generated by J is simply J itself.



11. A method for extending
the representation theorems: Caps

The representation theorems which we dealt with in earlier
sections were for elements of a compact convex set. As noted
in Section 9, any such set can be regarded as a base for a
closed convex cone, so these results lead in a natural way to
representation theorems for the elements of a closed convex
cone which admits a compact base, It is natural to wonder
whether it is possible to obtain such fheorems for a more gen-
eral class of cones, but there seems to be no completely satis-
factory result of this nature. There are, however, two lines of
approach, both due to Choquet, which are of interest. One of
these involves a more general notion of measure (“conical
measure”), which is outlined in [14]. The other approach
involves replacing the notion of “base” by that of “cap”; this
makes it possible to extend the scope of the representation
theorems. This section will be devoted to the latter approach.
Throughout the section, we consider only proper cones K,
i.e., KN (=K) =1{o}.

In using the term “representation theorem” we mean, of
course, more than the mere existence of measures which repre-

sent points; we require that, in some sense, these measures be

86
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supported by the extreme points. In the case of a convex cone,
there is at most one extreme point, and we must introduce the

notion of extreme ray.

Definition. A ray p of a convex cone K is a set of
the form R*x = fAx: A 20}, where x €K, x 4 0. Since
Rtx = R+y if y=Ax,A>0, any nonzero element of p may

be said to generate p.

A ray p of K is said to be an extreme ray of K if when-
ever x€p and x=Ay +(1 -A)z, (v, z€K), then y, z € p.
We denote by exr K the union of the extreme rays of K; this
set has the following useful descriptions:

Suppose x € K; then x € exr K if and only if
x=y +z (y, z€ K) implies y,z€R*x.

Suppose that S denotes the partial ordering induced by K
on the linear space K—K. An element x of K is in exr K
if and only if y = Ax (for some A 20) whenever 0 <y < x.

If K has a base B (so that B is a convex set with
0 ¢ B and each ray of K intersects B in exactly one point),
then p is an extreme ray of K if and only if p intersects B

in an extreme point of B. Thus, ex B = B N exr K.

Definition. If K is a closed convex cone, a nonempty
subset C of K is called a cap of K provided C is com-

pact, convex, and K~ C is convex.

If K has a compact base B, for instance, then for any
r20 theset [0,r] B={Ax: 0SASr, x€ B} is acap of K.
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If C is acap of K such that K = U, _,nC, then C is called
a universal cap of K. (Thus, if K has a compact base B,
then C =[0,1] B is a universal cap of K.) Note that any cap
of K necessarily contains 0, and if K, is a closed subcone
of K and C is acapof K, then CNK, is a cap of K,.

The usefulness of this notion comes from the following fact.

ProPOSITION 11.1. If C 1s a cap of the closed convex
cone K and x 1is an extreme point of C, then x lies on an

extreme ray of K.

Proof.  Suppose that x = 3y + 32, where y, z € K~ R%x.
Since K~ C is a convex, at least one of these points, say y,
isin C. Since C is compactand y +0, 1S, =
=max {A\: Ay € C} <. If A>Aq, then Ay ¢ C and [letting
zp= A2\ — 1)7'z] we have x =A"(\y) + (1 — \")z), where
0<A =(@2A)"'<1. Since K~C isconvex and Ay ¢ K ~C,
we must have z) € C for each A > A . It follows that zp,€ C

and hence x =25 (Aoy) + (1 —Ag)2zx, is not an extreme point
of C.

This proof shows that if y,z€ K and }y 4 1z€C, then
y, z€ RTC. The following useful fact is an immediate conse-
quence of this remark: If C is a cap of the cone K, and if
y, z € K, y+z€R+C, then y, zc R*C.

The above proposition leads immediately to an extension of

the Krein-Milman theorem.

THEOREM (Choquet).  Suppose that K is a closed convex

cone In a locally convex space and that K is the union of its
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caps. Then K is the closed convex hull of its extreme rays.

At this point we could also state an integral representation
theorem for the elements of such cones, but we will postpone
this until we have given an alternative description of caps —a
description which is extremely useful in constructing the exam-

ples which will follow.

PROPOSITION 11.2.  Suppose that K is a closed convex
cone. A subset C of K isacapof K if andonly if C is
compact and C ={x: x € K and p(x) <1}, where p is an
extended real valued function on K with the following prop-
erties:

(i) p is lower semicontinuous and 0 <p <oy

(ii) p is additive and positive-homogeneous.

The cap C Is universal if and only if p 1is finite valued.

Proof. Suppose that C is a cap of K; then 0€ K and
the Minkowski (or gauge) functional p of C (defined by
p(x) =inf {A>0: x € AC}) is nonnegative, lower semicontinu-
ous, positive-homogeneous, convex, and C = xipx) <1l It
is easily verified that since K~ C is convex, p is additive
on R'C (and p=+~ on K~ R+C). The remark after the
preceding proposition shows that if y, z€ K and p(y + z) < o,
then p(y), p(z) < o; it follows that p is additive of all of K.
On the other hand, if p is a functional as described in (i) and
(ii), and if C ={x: x€ K and p(x)£1} is compact, then it is
easily verified that C and K~ C are convex, so that C is a

cap. Finally, the last assertion is immediate from the positive
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homogeneity of p and the definition of a universal cap.

In order to see how to formulate the Choquet-Bishop-de Leeuw
theorem for a cone K (in a locally convex space E) which is
the union of its caps, let us first see how it is formulated for a
cone with a base. Suppose, then, that K has a base B and

that x € K, x 5 0. Since any positive multiple of a base is a

base, we can assume that x € B. It follows that x is the

resultant of a maximal measure p on B, and this measure is
unique if B is a simplex. Now, B ={y:y e K and f(y)=1},
where f is a continuous linear functional on E. Thus, f is
continuous, additive, and positive homogeneous on K, and
C=[0,11B ={y: yec K, f(y) £ 1} is a cap containing x. If B
is metrizable, then p is supported by the extreme points of B;
otherwise, it is supported by ex B in the sense defined in
Section 4. An analogous result is valid if K is the union of its
caps.
THEOREM. Suppose that K is a closed convex cone which

is the union of its caps, and that x € K, x £ 0. Then there
existsacap C={y:ycK, p(¥) £ 1} such that x€ C; =

={y:y€K, P(¥) = 1}. Furthermore, ex C ~{0}C C,, and any
probability measuyre p on C which represents x is supported
by C,. If K 1s a maximal measure, then p Is supported (in

an appropriate sense) by the nonzero extreme points of C.

Proof.  Since K is the union of its caps, x € C =

=y €K, p(») <1} for some appropriate p. If p(x) =0,

then the compact set C would contain the ray R*x, so we can
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assume p(x) > 0. By choosing a positive multiple of p, if
necessary, we can assume p(x) =1. Suppose that y € ex C,

y =0. Then 12p()>0, and y=p)/pI+[1-p()].0,
so p(y)=1. If p ~E€, isa probability measure on C, we can
apply Lemma 9.7 to conclude that p(p) = p(x) = 1. Let
A=1y:yeC,p() <1} since p is lower semicontinuous, this
is a Baire set, and if p(4)>0, then 1=p(p)= [pdu=

= [,pdp+ fclpd“ <p(A) + u(Cy) = u(C) =1, a contradiction
which shows that p(C;) =1. The assertion concerning maximal

measures is immediate.

We now give an example which will show, among other things

that the set C,; above need not be compact (and hence is not a

base).

EXAMPLE

Let K be the convex cone of all nonnegative sequences in
the space [, of absolutely summable real sequences. Topolo-
gize K by the weak topology induced on £, as the dual of the
space co (of all real sequences which converge to 0). Then
K is closed, does not have a compact base, and is not
metrizable, but it has a metrizable universal cap.

Indeed, it is clear that K is closed since it is the polar set
of the set of nonnegative sequences in cg:

K =1y =lyn}: Syn.x, 20 whenever x,-0,x,20} If K had
a compact base B, then there would exist a weak* closed

hyperplane H such that B = H N K. Thus, there would exist
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z=1{z,} € cy with (z,x)=3z,x,>0 forevery x€ K, x £ 0,
such that B ={x: x € K and (z,x) =1} is compact. But the
first property shows that z, >0 for all n, and hence

x" =(0,0,...,0,2;',0,0,...)€ B. Since z, -0, this se-
quence is unbounded and hence B cannot be compact. To
construct a universal cap for K, define p on K by p(x)=
=2x,. Then C={x:x€ K, p(x) <1} is compact (since it is
the intersection with K of the weak* compact unit ball of ().
Since p is positive-homogeneous, {x: x € K, p(x) Sr} is com-
pact for all r >0, so p is lower-semicontinuous, and it is
clearly additive. Since the unit ball of the dual of a separable
normed linear space is always metrizable in the weak* topology,
we see that C is metrizable. Finally, suppose K were
metrizable. Since [, is weak* complete and K is closed, we
could conclude that K is of second category in itself. But
K=UnC, and C is closed and has empty interior relative to
K. (For instance, if x € C, then x +a,€ K~ C and is weak¥*

convergent to x, where a, is the element of ¢, which equals
2 at n and equals 0 elsewhere.)

Later, we will give an example of a cone which does not
have a universal cap, but which is nevertheless the union of its
caps. It is easy to construct closed cones with no nontrivial
caps: Take a cone K generated by a base B, where B is a
bounded closed convex set without extreme points. Then K
has no extreme rays, hence no caps (other than {0}).

The following result gives some information concerning

uniqueness of maximal measures on caps.
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PROPOSITION 11.3. If the cone K is a lattice and if C
is a cap of K, then C is a simplex. Conversely, if each point
of K 1is contained in a cap of K which is a simplex, then K

is a lattice.

Proof. A cap C ofacone K is a simplex if and only if
the cone C, generated by C x {1} in E x R is a lattice. If
we write C ={x: x € K and p(x) £ 1} (for the appropriate
additive functional p), then the cone C, may be described as
follows: xgo = (x,1) € Cq if and only if x4 =(0,0) or r> 0
and rlxg = (x/r, 1) € C x {1}. This latter assertion means, of
course, that x/r€C, ie., x €K and p(x) Sr. It follows
that x5 20 if and only if x€ K and p(x)Sr. Assume, now,
that K is a lattice; we must show that C, is a lattice. If
Xo = (x,0) Yo = (y,s) arein Cy, let z=xAy in K. Since
x — z € K, we have p(x)=p(x—2)+p(2)Sr, so
p(z) Sr— p(x — 2); similarly, p(2)Ss - p(y — 2). It follows
that if g is the minimum of r—p(x—2) and s — Py — 2),
then zo = (2,9 € C,, and we need only show that Zg=Xg Ay,
It is immediate from the definition of g that p(x — z) <r — g,
so xo 2 zo; similarly, yo 2 zo. It remains to show that if
wo=(w,t) € Cq, Xo 2wy and yo 2w, then zg 2wy The
first two inequalities mean that p(x — w) Sr—t and
p(y —w)Ss—t Since p(X—W)=p(x—z)+p(z_W), we
conclude that p(z — w) Sr—-pkx—-2)-t similarly,
p(z—w)<s—-p(y —2)—t, and hence p(z - w)<q-1¢,
which is equivalent to z, 2 wy.

In order to prove the partial converse, suppose that each
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point of K is contained in a cap which is a simplex. It suf-
fices to show that if x, y € K, then x Ay € K. Choose a cap
C of K which is a simplex and which contains the element

x + y. As noted after the proof of Proposition 11.1, this implies
that x and y are in R+C; hence p(x) and p(y) are finite,
Let xo=(x, P(x), Yo =, P(); then Xq,yo arein C,,
and by hypothesis x4 Ay, exists in C,. Denote this element
by zo = (z,r); then z € K, and we will show that z = x A y.
Since zo, S xo and zoSyo, wehave x—2z, y—z€K. It
remains to show that if w € K and x—w, y—we€K, then

z — w € K. Since x=(x—w)+wéeR'C, wehave x —w and
w in RYC; similarly, y — w e R*C. If we let wg = (W, p (w)),
then xo2wo and yo 2 wo. It follows that zo, 2w, and hence

2z — w € K, which completes the proof.

The remaining important question concerning caps is the
following: Is there a reasonably large class of cones which are
unions of their caps? This question has led Choquet [14] to
investigate, in considerable depth and detail, the class of weak-
ly complete cones. We restrict ourselves here to proving two

results which exhibit two major classes of “well-capped” cones.

PROPOSITION 11.4. Suppose that K, CE, is a sequence

of convex cones, each of which is the union of its caps. Then
the same is true of any closed subcone of the product

K =11K,,CE =1IE,. (In particular, any closed subcone of the
countable product of RY with itself is the union of its caps.)

Proof.  Since the intersection of a cap with a closed sub-
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cone of K is a cap of the subcone, we need only show that K
is the union of its caps. For this, it suffices to show that if
C, isacapof K,,n=1,2,3,..., then there exists acap C
of K with [IC,Cc C. For each n there exists a lower semi-
continuous, additive, positive-homogeneous nonnegative func-
tional p, on K, suchthat C,=1{x,:x,€ K, p,(x,) <1}
Define p on K by p(x)=22""p,(x,). Itis easily verified
that p is also an extended real-valued nonnegative function
which is additive and positive homogeneous. If ¢, is the pro-
jection of E onto E,, then p is the increasing limit of the
lower semicontinuous functions X_; 27"p, ©é,, hence is
lower semicontinuous. Thus, if C ={x: x € K, p(x) £ 1}, then
C is closed in E. Furthermore, if x € C, then p,(x,) < 2"
for each n, so CcIl2"C,, which is compact. Finally, if
xeIIC,, then pa(x) S 1 foreach n, hence p(x) <1 so

x € C and the proof is complete.

If ¥ is a locally compact Hausdorff space, Co(Y) denotes
the space (no topology) of all continuous real-valued functions
on Y which have compact support. The space M(Y) of all
signed measures on Y which are finite on compact sets is in
duality (in the obvious way) with Co(Y); we will consider
M(Y) in the weak topology induced by C(¥). The following

result was shown to us by P. A. Meyer.

PROPOSITION 11.5. Suppose that Y 1is a locally compact,

o -compact Hausdorff space and that K is a weakly closed sub-
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cone of the cone of all nonnegative measures in M(¥). Then K

is the union of its caps.

Proof. Since Y is a countable union of compact sets, we
can write Y =UY,, where Y, is compact and Y, Cint Y, ,
for each n. Choose f, in Cw(¥) such that 0 $f, 51,
f,=1on Y, f,=0 on Y~intY,,,. Suppose now, that
o € K, po + 0; we will construct a cap C which contains
io- Choose a sequence {a,} such that a,>0 and
Za,po(f,) = 1. Since the sequence of nonnegative numbers
{uo(f,,)f is nondecreasing (and eventually positive), the series
2a, is convergent. For y in K, let p(u) = 2a,pu(f,). As 2
function on K, p is nonnegative, additive and positive-
homogeneous. Let C ={u: p€ K and p(p) S 1}. We will show
that C is weakly compact and that p is lower semicontinuous;
this will prove that C is a cap. To this end, define
8n=24_, arf, and let f=Za,f, =limg,. The function f
is strictly positive and it is continuous, since on int ¥, ;,
f=g,+ ZZO:,,“ak. Furthermore, if g € Coo(Y), then £=0
in Y~ int Y, , for some n, so there exists a number
b(g) >0 suchthat [g|<b(g)f. If peK, then (since
€n » f) p(f) = lim p(8,) = lim 2y_y a, pu(fy) = p(p). Thus, if
k€ C, then forany g in Cw(¥Y) we have
*u(g) Sb(g) u(f)sb(g). It follows that
CCP=1T{[-b(8), b)) € Cux(¥)}; since P is compact in
the product topology (which coincides with the weak topology
on C) it suffices to show that C is closed in P. Itis

immediate that any element in the pointwise closure of C is a
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nonnegative linear functional on C..(¥Y), and hence is a measure.
Thus, we need only show that C is closed in K. This follows
from the fact that p is the increasing limit of the continuous

functions on K defined by p - p(€,) and hence is lower semi-

continuous.

We now exhibit an example of a cone which is the union of

its caps, but does not have a universal cap.

EXAMPLE

Let s be the space of all real sequences in the product
topology and let E = s* be the dual space of s. As is well

known, E can be considered to be the space of all finitely non-

zero sequences, with the correspondence defined by

(a,x) = Sa, X, @€ S, X€ E. Topologize E by the weak*
topology defined by s and let K be the closed convex cone
of all nonnegative elements of E. If x€ K, we can define a
cap C containing x as follows: Let I = {k: x, = 0},

J = tk: x> 0}, and suppose that J has n elements. Let C
in K suchthat y,=0 for k in I and

be those Y

-1
Zres YreXk S n

K ~ C is convex and x € C. Furthermore, C is a subset

It is straightforward to verify that C is con-
vex,
of the finite dimensional subspace of E consisting of all y
such.that y =0 on I. If y€ C, then 0Sy,<nx, for

k € J; it follows that C is bounded (and closed) hence com-

pact.
To see that K does not have a universal cap, suppose that
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C =1{x: x€ K, p(x) £1} were such an object, for a suitable
function p. Denote by §, the sequence which is 0 except
in the n-th place, where it is 1. Since C is universal,
p(8,) < =, and since C is compact, p(6,) > 0. Let
a={npB)les and x"=p(S,)'8,€C; then (a,x")=n, so

C is not weak* compact, a contradiction.

We conclude this section with a result which gives topolo-

gical criterion for a cone to have a compact base.

PROPOSITION 11.6. Suppose that K is a closed convex
cone in a locally convex space E such that K N (-K) = {0}
Then K has a compact base if and only if K is locally com-

pact.

Proof. If K has a compact base B, then
B =K N {x: f(x) =1} for some f in E* such that f(x)>0
for x #£0 in K. Thesets [0,n] B =K N {x: f(x) £ n},
n=1,2,3,... are compact, have nonempty interior (relative
to K), and their union is K; it follows that K is locally
compact. On the other hand, suppose that K is locally com-
pact. Then there exists a convex neighborhood U of 0 such
that U N K is compact. Let F be the intersection of K with
the boundary of U and let J be the closed convex hull of F.
Since UN K is compact (and convex), the same is true of J.
By Milman’s theorem (see Section 1), the extreme points of J
are contained in F; since JCK and 0¢ ex K, we conclude
that 04 J. Thus, there exists a continuous linear functional

f on E which strictly separates 0 from J, i.e

*
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2b = inf f(J) > 0. It follows that B = {1 (b) N K is a base for

K and is compact, since it is contained in [0, 1]J].



12. A different method for extending

the representation theorems

When we say that a probability measure y on a compact
convex set X “represents” a point x of X, we mean, of
course, that p(f) = f(x) for each continuous affine function f
on X. One way of extending the representation theorems would
be to show that this latter equality holds for a larger class of
of functions. For instance, Proposition 9.7 showed that it holds
for upper semicontinuous (or lower semicontinuous) affine func-
tions. In this section we will show that it holds for the affine
functions of first Baire class, i.e., those affine functions which
are the pointwise limit of a sequence of continuous (but not

necessarily affine) functions on X.

THEOREM (Choquet [13]). If X is a compact convex
subset of a locally convex space E and if y is a probability
measure on X with resultant x, then u(f)=f(x) for each

affine function f of first Baire class on X.

The proof which follows uses a weaker property than that

stated in the hypotheses, namely, we need only assume the
following:

(1) The function f is affine, Borel measurable, and the

100
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restriction of f to any compact subset of X has at least one

point of continuity.

If f is the limit of a sequence of continuous functions, it is
certainly Borel measurable, and its restriction to any compact
subset of X is again of first Baire class. A classical conse-
quence of the Baire category theorem asserts that a function of
first Baire class has a dense set of points of continuity, so (1)
follows from the original hypotheses on f. In order to know that
f is integrable with respect to p, it suffices to prove that if a
function f satisfies (1), then it is bounded. Let y be a point
of continuity of f, and suppose that f is not bounded. Since
X is compact, we can find a net x5 and a point x in X such
L x and {f(xg)} is unbounded. Choose an open neighbor-

that xq
hood U of y such that f is bounded on U and choose

0<t<1 such that ty + (1 — t) x € U. Eventually, ug=ty +

+ (1 — t)xg€ U. Since f(ug) =t{(y)+ {1~ 1) {(xq), this leads

to a contradiction.
We next introduce some notation for the oscillation of
f- If ACX, let Of(A)=sup f(A) — inf f(4), and for x in

X, let O,f=inf {0f(U): U open, x¢€ Ul.
LEMMA 12.1. If p is a nonnegative measure on X and

€ >0, then there exists a sequence {A,} of nonnegative mea-

sures on X, supported by pairwise disjoint subsets S, of X,
such that p =2\,

the closed convex hull of S.

and Of(K,) <€ for each n, where K, is

Proof. We will show that if v is any nonnegative measure
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on X, then there is a Borel set B of positive ¥ Measure such
that Of(K) <€, where K is the closed convex hull of B,
Assume, for the moment, that thig had been done, and let Z

be the collection of all sets M of nonnegative measures on X
with the following three properties: (i) Each A in M is the
restriction of y to a Borel sybget Sy of positive p measure.
(ii) If K is the closed convex hull of S», then Of(Kj)< e,
(iii) If A, A"€ M and AL X’ then S,,Sy are disjoint.

The collection Z is nonempty—simply take v (above) to
be p and let M ={A}, where ) is the restriction of u to B
and Sj = B- If we partially order Z by inclusion, then it is
easily verified that Z is ap “inductive” partially ordered set,
so Zorn’s lemma is applicable and there necessarily exists a
maximal element Mo in Z. Since the sets Sa (AeMy) are
pairwise disjoint and of positive p measure, the set M, is
countable; say Mo =11 1t follows from the Lebesgue domi-
nated convergence theorem, say  that the series S A, con-
verges to the restriction \ of p to US,, where S,=35).

If pEr= ZAn, then we can apply the “induction step” (above)
to v=§" A, obtaining a Borel set B of positive p measure
(hence of positive measure) such that Of(K) < €, where K
is the closed convex hull of B, Since we can certainly assume
that B is disjoint from y Sn, we are led to a contradiction of
the maximality of M,

It remains, then, to prove the induction step. Given v, f
and €7 0, let S be the closed support of v (j.e., the com-

plement of the union of 4 open sets of v measure zero) and



Sec. 12 A Different Method of Extension 103

let J be the closed convex hull of S. Denote the restriction of
ftoJ by 6, andlet Y ={x:xeJ, O,g2€}. Theset Y

is closed (for any real valued function g) and from the fact that
g is affine it follows that Y is convex. Since g has at least
one point of continuity in J, theset J~ Y is nonempty. If

S c Y, then we would have J CY; consequently, S~VY is
nonempty. From the definition of S it follows that any neigh-
borhood of any point of S ~Y has positive measure. Since Y
is closed and E is locally convex, we can choose a closed
convex neighborhood of some point of S ~Y¥ which misses Y,
and hence there exists a compact convex subset V of J~Y
of positive v measure; clearly, 0,8 <€ for x in V. Now,
since f is bounded, the function g is bounded and hence we
can write V as a finite union of convex sets V, for which
0g(V,) < €. (For instance, finitely many sets of the form

{x: xe V, (n—1)E <28(x) <n€l, n an integer, will cover V.)
At least one of these sets V, has positive » measure, and by
regularity it must contain a compact set J, of positive v mea-
sure. Let K be the closed convex hull of J;; clearly K CV,
so 0,6 <€ for x in K. In fact, to complete the proof we need
only show that 3€ 2 0g(K) [= Of(K)]. Let J, be the convex
hull of Jo; then J; CVy, so Og(J;)<E. If x,y arein K
(i.e., in the closure of J,), then there exist neighborhoods

(in J) Uy, Uy of x,y, respectively, for which Og(U,) <€,
Og(U,)<E. It follows from the triangle inequality that

lg(x) — () | < 3€, and the proof of the lemma is complete.

We now finish the proof of the theorem. Suppose that
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p ~€,, that f satisfies (1), and that €> 0. By the lemma,
we can choose measures iy, s, ..., tn and A with disjoint
supports such that Al < €, p= E(Lk + A, and the support of
px is contained in a compact convex set K, for which

(Of) (Ky) <€. Let Ag=p/lipell and let x, be the resultant
of Ay. It follows that x, € K, and hence f(x;) —€ S A (F) =
Sf(xy) +€ foreach k. Thus, |pe(f) = lpell f(x)l S € ]
for each k. Let y be the resultant of )\/”/\H ; since
w=Slul A + 1Al A Z0ADY and 1=l = S0l + HAlL
we have x = 2 ./l x, + [Ally, sothat f(x)=

= Slpell £x) + Il £(v). Thus,

() = £ = 12 (e () = Dpll £ 1 + A ) = [l fo)l

IN

€3l + IAh) = IAll £l <

IA

€+ 2l sup Ifl <€ (1+2 sup l£1).

Since this holds for each € > 0, p(f) = £(x).

Choquet [13] has given an example which shows that the
above theorem fails for an affine function of second Baire class
(i.e., the pointwise limit of a sequence of functions of first
Baire class). We will describe the example, but omit the proof

that the function is of second Baire class.

EXAMPLE

Let X be the compact convex set of all probability Borel

measures ; on [0,1]. Each measure p in X admits the
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Lebesgue decomposition into its absolutely continuous and sin-
gular parts (with respect to Lebesgue measure), and we let

f(u) be the norm of the singular part of y. It is easily checked
that f is a bounded affine function on X. If 4 is an extreme
point of X, then p is a point mass and f(u) = 1; consequently,
f=1 on the image in X of [0,1]. Let A be Lebesgue mea-
sure on [0,1]; then f(A) = 0. On the other hand, A can be
carried to a measure v on X; then v is supported by the ex-

treme points of X and its resultant in X is A. But

v(f) =14 [V,



13. Orderings and dilations of measures

If X is a compact convex subset of a locally convex spacé
E, and if p, A -are nonnegative measures on X, we have de-
fined 4 >\ to mean that u(f) 2 A(f) for each continuous cof”
vex function f on X. For finite dimensional spaces E, this
ordering has long been of interest in statistics; it is used to
define “comparison of experiments.” A characterization in terms
of dilations (defined below) has been given by Hardy, Little-
wood, and Polya for one dimensional spaces, and by Blackwell
[7], C. Stein, and S. Sherman for finite dimensional spaces- The
general case has been proved by P. Cartier [10], based in part
on the work of Fell and Meyer; this is the proof we present
below. An entirely different approach has been carried out by
Strassen [33].

There is another ordering, denoted by p>>A, which was
introduced by Loomis [28] in the course of his proof of the
Choquet-Meyer uniqueness theorem, and which is of interest in
connection with the theory of group representations. The second
main result of this section is the proof that -u>> A if and only
if pw>a.

We will let P, denote the set of all regular Borel prob-

ability measures on X. A mapping x » T, from X into Py

106
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is called a dilation if
(1) The measure T, represents x, foreach x in X.
(2) Foreach f in C(X), the real valued function
x » T, (f) is Borel measurable.
There is a natural extension of T to a map from P, into
P,, defined as follows: If Ae P, let TA be the measure

obtained (via the Riesz theorem) from the bounded linear func-

tional defined by
(*) (TXN) (f) = Jx Te()dr(x), fe CX).

Since T, ~€, forall y, taking A = €, in (*) shows that
T(Ey) =Ty, SO that (modulo the homeomorphism x - €,) this
is a genuine extension; it, too, is called a dilation. We can
picture the measure T, as “spreading out” or “dilating” the
unit mass at x. Condition (2) says that this should be done
in a reasonable way as we change from one point to another,
and (*) says that TA is the measure obtained by taking the
\-average of these individual dilations. It is not surprising,
then, that T A should have its support “closer” to the extreme

points of X than does A:

If u:T)\, then u >A.

Indeed, suppose that f is a continuous convex function X.
Since T, ~€,, we have T, >€,, sothat T,(f) 2 f(x) for
all x. It is immediate from (*) that p(f) =(TA) (f) 2 [fdA =
= A(f). The main result of this section is the converse asser-

tion, under the hypothesis that X be metrizable.



108 Lectures on Choquet’s Theorem

THEOREM (Hardy-Littlewood-Polya-Blackwell-Stein-Sherman-
Cartier). Suppose that X is a compact metrizable convex
subset of a locally convex space and that ;. and A are regu-
lar Borel probability measures on X. Then p > A if and only
if there exists a dilation T such that p=TA.

The proof of this theorem depends on a general result of
Cartier (which does not use metrizability), together with a
classical result on the disintegration of measures.

With X as above, we consider the space
F = C(X)* x C(X)*, using the product of the weak* topology
with itself. Thus, F is a locally convex space, and every

continuous linear functional L on F is of the fo;m
L(a, B)=a(f) — B(&), (a, B)EF

for some pair of functions f,g in C(X). Throughout this sec-
tion we will be interested in two particular subsets J and K

of F, defined as follows:
]={(8x,v):x€X,V~8xf.

It is easily verified that K is a closed convex cone in F.
Since v ~ €, implies v > €,, we see that J C K; furthermore,
J is compact (since the map v - (resultant of v) is contin-
uous from P, into X, and J is homeomorphic to its graph).
Since a convex combination of point masses is not a point mass
the set J is not convex. Its closed convex hull, B, however,

is a compact base for K. Indeed, J is a subset of the intersec-
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tion KN H of K with the hyperplane H of all (a, B) for
which a(l) = 1. Since (a, 83)€ K and a(1)=1 imply

B(1) =1, we see that K N H is a closed convex subset of the
compact convex set P, x P,, hence is compact. Thus

B c KN H and is itself compact. It is clear that KN H is a
base for K; we will show that B = K N H. This will certainly
be true if B generates K, i.e., if L 20 on K whenever
LecF* and L20 on B. Now, if L20 on B, then L 20
on J, so assume there exist f,§ in C(X) such that

L(E,, v) = {(x) —v(g) 2 0 whenever v ~E,; we will show
that L(a, B) = a(f) — B(&) 2 0 whenever (a, 8) € K. Recall
(Proposition 3.1) that for each x in X, g(x) =

=sup tv(@): v~ g€,}. It follows that g(x) < f(x), so that

g <& <f Thus, B(&)SB(E) and a(g) < a(f); from Lemma
9.2 we know that B(E) < a(g) and hence L (a, B) 2 0.

The following proposition is now an immediate consequence
of Proposition 1.2.

PrROPOSITION 13.1 (Cartier).  An element (A, p) of F
is in K if and only if there exists a nonnegative measure on |
which represents (A, p).

We now return to the proof of the theorem itself. Assume,
then, that X is metrizable and that p > A. By the above prop-

_osition, there exists a nonnegative measure m’ on J such

that f, L dn”=L(\, ) foreach L in F*. This means that
for each (f,8) in C(X) x C(X),

A(f) — p(@) = [ (x) — v(@] dm” (Ey, v)-
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Let S={(x,v):x€X,veP,,v~E]L Since the function
(€, V) » (x, v) from J onto S is a homeomorphism, we can
carry m’ to a measure m on S. By alternately choosing
g=0, f=0 in the above equation, we see that for all f,& in

CX),
(a) A(f) = [5f(x) dm (x,v),

(b) n@ = [sv@) dm(x,v).

Equation (a) shows that m is a probability measure on S
which is carried onto A under the natural projection of X x Py

onto X.

We now state a special case of the theorem on disintegration
of measures [9, p. 58].

Suppose that Y and X are compact metrizable spaces,
that ¢ is a continuous function from Y onto X, and that m
is a nonnegative measure on Y. Let A =m o¢ ! denote the
image of m under the function ¢. Then there exists a func-
tion x - A, from X into the probability measures on Y, with

the following properties:

(i) For each h in C(Y), the function x - A,(h) Is Borel
measurable.

(ii) For each x in X, the support of A, is contained in

¢ (x).
(iii) For each h in C(Y), m(h) = [x A, (h) d\ (%).
We apply this result as follows: Let ¥ =S C X x P,, let

¢ be the natural projection of S onto X, and let m and A

be the measures introduced previously. Then, as we have noted,
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(a) implies that A =m o™, so there exists x » A, from X
into the probability measures on S, satisfying the above three
properties. We let T, be the resultant in P, of the image of
A, under the natural projection of S onto P,. It remains to
prove that T, satisfies the properties (1) and (2) which de-
fine dilations, and that pu=TA. The fact that T, is the
resultant in P, of the image of A, means that for each f in

C(X),
(**) Tx(f) = fsv(f) d/\x(Yr V)'
Since (v, v) in S implies v ~€,, we see that for continuous
affine functions f, this becomes

T, (f) = [(f(y) dAy (v, v).
We know that A, is supported by & !(x) = {(x, v): v ~E,},
and hence T, (f) = f(x), i.e., T, represents x. Property (2)

of dilations follows from (**) and property (i). Finally, to
show that y = T\, we must verify that for g in C(X),

p@) = (TA)(8) = [, Tx(8) dA(x).
By (**), T,(8) = Jsv (&) dA\x (¥, v). Since h(y, v) = v(£)

defines a function A in C(S), (iii) implies that
Jsv@ dm(y,v) = [, (f4v(& dr, (¥, v)) dr(x) =
= fx Tx (g) dA (X)-

From (b), we see that the left side equals p(g), and the proof

is complete.
We next define the ordering g >> A of Loomis [28]. (Actu-
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ally, Loomis considers several orderings; the present one is

his “strong” ordering.)

Definition. If y is a nonnegative measure on X, a
subdivision of p is a finite set {u;} of nonnegative mea-
sures on X such that p = Sp;. We say that p>> A if for
each subdivision {A;,} of A there exists a subdivision i#:l
of p such that p,~A; for each i. (For other descriptions

of this ordering and its relation to group representations, see

[29] and [28].)

In the following theorem, X and J are the same as in

Proposition 13.1 of Cartier. Note that X is not assumed to be

metrizable.

THEOREM (Cartier-Fell-Meyer [10]). If A and p aré
nonnegative measures on X, then the following assertions aré
equivalent:

(a) pu>A.

(b) There exists a nonnegative measure m on J which

represents (A, p).

() u>>A.

Proof.  Proposition 13.1 shows that (a) implies (b). Sup-
pose that (b) holds, and let {A;} be any subdivision of A. BY

means of the Radon-Nikodym theorem we can choose nonnegative
Borel measurable functions {f;} on X such that A; = f;A and
2f; = 1. Define Borel functions {g;} on J by g,(gy, V) =

= f;(x) for each (g,,v) in J, and let m; = g;m. By Proposi-

tion 13.1 again, each measure m; has a resultant (v;, p;) in
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the cone K. If we use the definition of this assertion (and if
we carry the measure m to the set S defined after Proposition

13.1) we see that
vi(f) = fs t()f;(x) dm(x, v), for f in C(X).
Similarly, since m represents (A, ,), we deduce that
M) = fs f(x) dm(x, v), for f in C(X).

As we noted earlier, this means that A = m o 7—!, where 7 is
the natural projection of SC X x P, onto X. Since the f; are
bounded Borel functions, it follows that A(ff,) = (m o w— ) (ff;)
foreach f in C(X), 1=1,2,..., n. Now, for each f in C(X)
and each 1, we have

f, Ufem@xv) dm(x ) = [ (H)(x) d(mon=1)(x),

so that v;(f) = [ ff;dm = A{f;) = X;(f), i.e., v; = A;. But
(A;, p) € K implies p;~A; and m=3m,; implies p= Zp;,
so p>>A.

It remains to show that (c) implies (a). Suppose, then, that
g >> A and that f is a continuous convex function on X; we
want to show that p(f) 2 A(f).

Given € >0, we can carry out the same construction as was
used in the proof of Lemma 9.6 to write X as a disjoint union
of Borel sets Vi, V2,..., V, such that the restriction A; of A
to V, is nonzero and, letting x; be the resultant in X of
AN (X)), 1 f(x) — f(x)] <€ foreach x in V,. Thus, A =3A,,
and therefore we can choose measures p; such that p= 2y,

and pu; ~A; The latter implies that p;(X) = A;(X) = A,;(V,;) and
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that x; is the resultant of p;/p;(X). Since f is convex,
pi(£)/1;(X) 2 f(x;), and consequently p(f) = Zpu;(f) 2

= 2A; (V) f(x;). On the other hand, f<f(x;) +€ on V,, so
that A, (f) SA(V,) [f(x;) + €], and hence

M) = SA (1) S SN (V) £(x)) + EAX) < plf) + EACX).

Since this is true for any € >0, we conclude that p > A, and

the proof is complete.

We conclude this section with an interesting proposition con-

cerning dilations and maximal measures.

PROPOSITION 13.2 (Meyer [29]). Suppose that X is
metrizable, that A is a nonnegative measure on X, and that
K Is a maximal measure, with p >\. Let T bea dilation

such that TA =p. Then T, is maximal, almost everywhere
(A).

Proof.  Recall from Proposition 9.3 that a measure p is
maximal if and only if p(f) = u(f) for every f in C(X). Let
{f,} be a countable dense subset of C(X); then for each n,
0=plfy~£) = [y Tx(fn— £) dA(x). Now, f,—£,20, so
we have T,(f, — f,) =0 a.e. A, for each n. It follows that
for all n, T,(f,) =T,(f,) a.e. A. Since (Section 3) the map
f>f is uniformly continuous, we conclude that for almost all
x, T, (f)=T,(f) foreach f in C(X), and hence T, is

maximal a.e. A.



14. Suggestions for further reading

Much of the material in these notes (other than the applica-
tions) is contained in the outline presented by Choquet [14] at
the 1962 International Congress of Mathematicians, and the paper
[15] by Choquet and Meyer gives an elegant and very concise
treatment of the main parts of the theory. Bauer’s lecture notes
[4] contain a detailed development which starts from the very
beginning, using (as do Choquet and Meyer) his “potential
theoretic” approach to the existence of extreme points via semi-
continuous functions on a compact space [1]. Finally, Chapter
XI of Meyer’s book [29] covers a great deal of ground. He
shows, among other things, that the entire subject of maximal
measures may be viewed as a special case of an abstract
“theory of balayage.”

The rest of this section will be devoted to brief descriptions

of related topics which have been omitted from the body of these

notes.

POTENTIAL THEORY

Integral representation theorems play an important role in

potential theory, and the Choquet theorem is of considerable

115
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use in current work on abstract (or axiomatic) potential theory.
Unfortunately, its use in this regard is so deeply imbedded in
the subject that it would require far more time and space than
we are willing to spend in order to give an exposition which is
even moderately self-contained. What we can do is sketch somé
facts concerning harmonic functions and show how one of the
classical integral representation theorems may be viewed as an
instance of the Choquet theorem. Further facts along these
lines and a succinct account of the Martin boundary appear in
Bauer’s notes [4]. For connections with axiomatic potential
theory, the reader should see the various papers on the subject
which have appeared in recent years in Annales de I'Institut
Fourier ( Grenoble).

Let Q bea bounded, connected, open subset of Euclidean
n-space (n22) andlet H be the set of all functions k20
which are harmonic in Q. Let E =H — H be the linear space
generated by H, with the topology of uniform convergence of
compact subsets of ). Then E is metrizable and H is a
closed convex cone which induces a lattice ordering on E. Let
Xo be any point in Q; then X = {h: he H, h(xo) =1} isa
metrizable compact convex base for the cone H. By Choquet’s
existence and uniqueness theorems, then, to each u in H

there exists a unique nonnegative measure p on the extreme
points h of X sych that

u(x) = [ h(x) du (h) (x e Q).

In view of the characterization (Section 11) of extreme elements
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of a cone, we see that h lies on an extreme ray of H if and
only if 0 Su<h, u harmonic, implies u = Ah for some A Z 0.
Because of this property, the extreme nonnegative harmonic
functions are usually referred to as minimal harmonic functions.
In order for the -above representation theorem to have any
significance, of course, one must give a reasonably concrete
description of the minimal harmonic functions. For instance, if
Q is the open ball of radius r >0 and center at the origin, and
if x¢ = 0, then the extreme points come from the Poisson kernel;

i.e., a function h in X is extreme if and only if h = Py for

some y with ”y” =r, where

P,(x) = r"~? ﬁ% (lIxll<r).

It is easily seen that the map y » P, is a homeomorphism from
the boundary of the sphere onto ex X, so that the latter is com-
pact (and hence we could have used the Krein-Milman theorem
theorem for the existence portion of above integral representation
theorem). The final result, obtained by carrying p to a measure
on the boundary of the sphere, is Herglotz’s theorem: If u € X,

there exists a unique probability measure p on {y: Iyl =}
such that
) u(x) = [ P,(x) du(y) (Il < 5.

The above sketch apparently shows that the Herglotz theorem

can be obtained as an application of the Krein-Milman theorem.

The only proof we know, however, that ex X equals the set Y
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of functions P, uses the Herglotz theorem. [If (*) holds, then
by Milman’s theorem, ex X is contained in the closure of Y,
and Y is closed. Since rotation of the sphere induces a one-
to-one affine map of X onto itself, if one P, is extreme, they
all are. Since ex X is nonempty, we conclude that ex X=Y.]
It would be interesting to have a proof that ex X C ¥, which is
as simple and elementary, say, as the proof of the corresponding

result for Bernstein’s theorem.

POSITIVE DEFINITE FUNCTIONS AND BOCHNER’S THEOREM

. is said
A complex valued function f on an Abelian group G 1is sal

to be positive definite if

AAf(t;—t) 20

=1
whenever t;,...,t  are elements of G and Ay,..., A, aré
complex numbers. It is easily seen that if f is positive defi-
nite, then f(0) is real and l£()] £ £(0) forall ¢t in G. Ifa
function f is a character of G (i.e., a homomorphism of G
into the group of all complex numbers of modulus 1), then f
is positive definite. Suppose that G is locally compact and
let P be the cone of all continuous positive definite functions
on G. Then P can be considered as a subset of the set K
of those f in L°(G) which satisfy

J] 6(s+) g(s) f(t) dsdt 2 0 (g€ L*(G)).
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In the weak™* topology, K is closed and has a universal éap,
consisting of those f in K with |f]| £ 1. The nonzero €x-
treme points of this cap are the (essentially) continuous char-
acters X of G, and it follows that every continuous positive

definite function f on G has the form
() = [ X() du(X)

for a nonnegative finite measure p on the characters. This is
a generalization of a classical theorem of Bochner (where G
is the real line and each character is of the form ¢ » e'** for
some real x). Since the extreme points form a closed set, it
can actually be proved by the Krein-Milman theorem. It is also
possible to use the Stone-Weierstrass theorem to show that p
is uniquely determined by f.

This result has a close connection with group representa-
tions, since each continuous positive definite function on G
defines, in a canonical way, a continuous unitary representation
of G, and the characters correspond to the irreducible represen-
tations. The above integral representation essentially shows
that every cyclic representation of G (and hence every repre-
sentation of G) is a “direct integral” of irreducible representa-
tions. For further details, see [19] and [30].

It is worthwhile to sketch a simple result which can be used
to show that the extreme points of the set K are the characters.
The facts which are left unproved in what follows may be found
in [30, §§ 10, 30] (where a “*-algebra” is called a “symmetric
ring”). The proof of this result is essentially due to J. L. Kelley
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and R. L. Vaught [“The positive cone in Banach algebras,”
Trans. Amer. Math. Soc. 74 (1953), 44-55]. It is applied, of
course, to the commutative *-algebra obtained by adjoining the

identity to the group algebra L' (G).

Suppose that A is a commutative *-algebra with identity e
and continuous involution x - x*. Let K be the convex set of
all linear functionals f on A which satisfy f(e) =1 and
f(x*x) 20 forall x in A. If f is an extreme point of K,

then f(xy) =f(x)f(y) forall x,y in A.

Proof.  Any element of A is a linear combination of ele-
ments of the form x*x (consider the polarization identity
x=1% 3 & (e+ €,x)* (e + €;x), where the €s are the
fourth roots of unity); hence we may assume that x is of that

form. We may also assume that [[x*x | < 1. Define the linear

functional g on A by 8(y) = f(x*xy). For any ¥,
8G*y) = fly)* ()] 2 0
and
(f~ &) (y*y) = fly*y(e — x*x)] = f(y*y 2*2) 2 0,
since |lx*x| <1 implies e — x*x = z* z, where

z¥ = 2z = Z (1/2) (=x*x)" € A.

n=0

Thus, f=g 4 (f—g), where § and f— g are in the cone

generated by K. Since f is extreme, we have g = Af for someé
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A20. From f(e) =1 we conclude that A — g(e) and £() =
=g(e) f(y) forall y, i.e., f(x* xy) = f(x*x) f(y) for all ¥,

which completes the proof.

It is even easier to prove that every multiplicative element
of K is extreme. Indeed, if 2f=g + b, g, h in K, it suffices
to prove that g(x) =0 = h(x) whenever f(x) =0 (since
f(e) =1 =¢g(e)=h(e) and henze f=g =h). Butif f(x)=0,
then 0 =2f(x*){(x) = 2f(x*x) = g(x*x) + h (x* x), SO g(x*x) =
= 0 = A(x*x). Furthermore, |g(x)|2 < g(x*x), so g(x)=0 and
(similarly) A(x) = 0.

APPLICATION OF CHOQUET BOUNDARIES AND FUNCTION
ALGEBRAS TO APPROXIMATION THEORY

Bishop’s [5] original result concerning a special case of the
Choquet theorem in the context of function algebras (and his
“peak point” description of the Choquet boundary in this case)
was applied to a theorem concerning approximation of continuous
complex valued functions on a compact subset of the plane by
certain rational functions. We will give the statement of this
theorem, and direct the reader to Wermer’s monograph [35] for a
survey of this and related results.

Let Y be a compact subset of the complex plane, with empty
interior. Let A be the subalgebra of C_(¥) consisting of
those continuous complex valued functions on ¥ which can be
uniformly approximated on Y by rational functions which have

poles in the complement of Y. It is easily verified that A4 is
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uniformly closed, contains the constants, and separates points
of Y. Let BCY be the Choquet boundary for A.

THEOREM (Bishop).

The following assertions are equiva-
lent:

(1) A=C_().

(ii) Y ~ B has two-dimensional Lebesgue measure zero.

(iii) B =Y.

THE SUPPORT OF A MAXIMAL MEASURE

We know that if i is a maximal probability measure on X,
then p(B) =1 whenever ex X CBC X and B is a Baire set
oran Fg set. This result can be extended to more general
sets by means of a theorem of Choquet on abstract capacities.
For instance, it is still true if B is a K-Suslin set (= K-
analytic set) (see [29] for a complete proof) or if B is a
K-Borel set [4]; each of these classes of sets contains the
Baire sets, and the K-Suslin sets form the largest family. (The
only property of maximal measures used in the proof of either
theorem is the fact that p(B)=1 if p is maximal and B is
an Fo set Containing ex X.) The K-Borel sets are the sim-
plest to descripe: They are the members of the smallest family
which containg the compact sets and is closed under countable
unions and countable intersections (but not necessarily closed
under differences). The family, which need not be a o-ring,
lies between the Bajre sets and the Borel sets. It is immediate

that Corollary 9.9 o, uniqueness can be sharpened to the follow-



Sec. 14 Suggestions for Further Reading 123

ing form: If X is a simplex and if ex X is a K-Suslin set,
then for each x in X there exists a unique measure pu such

that p~€, and p(ex X) =1.

OTHER EXTENSIONS OF THE KREIN-MILMAN
AND MINKOWSKI THEOREMS

As shown in Proposition 11.6, if a cone K in a locally con-
vex space is closed, is locally compact, and contains no line,
then K admits a compact base. Thus, local compactness makes
it possible to extend the Krein-Milman theorem to (proper) cones,
provided we replace “extreme points” by “extreme rays” in the
statement of the theorem. (Of course, this is true even under the
weaker hypothesis that K is the union of its caps.) What if we
drop the hypothesis that K be a cone? Klee [26] has obtained
two results in this direction, one which extends Minkowski’s
theorem on finite dimensional sets and one which extends the
Krein-Milman theorem. We first require a definition.

An extreme ray of a convex set X is an open half-line
p C X with the property that the open segment Ix, y[ is con-
tained in p whenever lx, yl € X and lx, yl intersects p. A
set is said to be linearly closed if its intersection with each
line is closed. We let exr X denote the union of the extreme

rays of X. Klee’s results are the following:

If X is a locally compact closed convex subset of a locally
convex space, and if X contains no line, then X is the closed

convex hull of ex X U exr X.
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If X is a linearly closed finite dimensional convex set
which contains no line, then X 1s the convex hull of
ex X U exr X.

Finally, we note that the following problem in this area is
still open: If X is a nonempty compact convex subset of a
Hzusdoff topological vector space, does X have any extreme

points? If so, is it the closed convex hull of its extreme points?

A TOPOLOGICAL PROPERTY OF THE SET OF EXTREME
POINTS

As was shown in the Introduction, the set ex X of extreme
points of a compact convex subset X of a locally convex space
will form a Gg set if X is metrizable. In the general case,
however, ex X need not even be a Borel set. Nevertheless,
Choquet has proved the following result: If X is a compact
convex subset of a locally convex space, then ex X is a Baire
space in the induced topology. (Recall that a topological space
T is a Baire space provided the intersection of any sequence of
dense open subsets of T is dense in T.) This result has an
interesting application to C*-algebras, and its proof may be

found in J. Dixmier [Les C*-algébres et leurs represéntations,
Paris, 1964, p. 355].
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