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Foreword

This is the third of a series of four volumes which are to contain the
Proceedings of the Summer Seminar on Applied Mathematics,
arranged by the American Mathematical Society and held at the
University of Colorado for the period July 24 through August 19,
1960. The Seminar was under the sponsorship of the National
Science Foundation, Office of Naval Research, Atomic Energy
Commission, and the Office of Ordnance Research.

For many years there was an increasing barrier between mathematics
and modern physics. The separation of these two fields was regret-
table from the point of view of each—physical theories were largely
isolated from the newer advances in mathematics, and mathematics
itself lacked contact with one of the most stimulating intellectual
developments of our times. During recent years, however, mathe-
maticians and physicists have displayed alacrity for mutual exchange.
This Seminar was designed to enlarge the much-needed contact which
has begun to develop.

The purpose of the Seminar was primarily instructional, with
emphasis on basic courses in classical quantum theory, quantum
theory of fields and elementary particles, and statistical physics,
supplemented by lectures specially planned to complement them.
The publication of these volumes S - mtended to extend the same
information presented at the Sefinar to- a»much wider public than
was privileged to actually attend, while at, t_}ae same ttme serving as a
permanent reference for those who did atténd. =~ .

Following are members of a comm1ttee whc»organlzed the program
of the Seminar:

Kurt O. Friedrichs, Chalrman ’
Mark Kac S
Menahem M. Schiffer

George E. Uhlenbeck

Eugene P. Wigner

Local arrangements, including the social and recreational program,
\4

. ..



vi FOREWORD

were organized by a committee from the University of Colorado, as
follows:

Charles A. Hutchinson

Robert W. Ellingwood

The enduring vitality and enthusiasm of the chairmen, and the
cooperation of other members of the university staff, made the stay
of the participants extremely pleasant; and the four agencies which
supplied financial support, as acknowledged on the copyright page,
together with the Admissions Committee, consisting of Bernard
Friedman, Wilfred Kaplan, and Kurt O. Friedrichs, Chairman, also
contributed immeasurably to the successful execution of the plans for
the Seminar.

The Seminar opened with an address given by Professor Mark Kac,
Department of Mathematics, Cornell University, on the subject ** A
Mathematician’s Look at Physics: What Sets us Apart and What
May Bring us Together.”” Afternoons were purposely kept free to
give participants a chance to engage in informal seminars and
discussions among themselves and with the distinguished speakers on
the program.

Editorial Committee

V. BARGMANN
G. UHLENBECK
M. Kac, CHAIRMAN
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Preface

The three chapters of this book contain a slightly expanded version
of lectures given in 1960 at the Summer Seminar at Boulder.
The aim of these lectures was to illuminate some of the puzzling
unresolved mathematical questions of the quantum theory of fields,
specifically questions arising in the perturbation approach to this
theory.

The lectures first gave a short introduction into the well established
theory of perturbation of discrete and continuous spectra and the
theory of scattering (Chapters I and II). The perturbation problems
suggested by field theory were then approached by extending the
methods used for continuous spectra (Chapter III).

The presentation of well established perturbation theory in these
lectures was rather one-sided and selective. Therefore, appendices
are included in the present volume with brief discussions of other
approaches and additional material such as Rellich’s theory of discrete
spectra, Kato’s theory of the wave operator, and multiple channel
scattering. The third appendix supplements the specific approach to
the perturbation problems described in Chapter III.

The treatment of perturbation theory in Chapters I and II and their
appendices is essentially rigorous except for some sections in the
appendices. The treatment of field problems (Chapter III and
Appendix AIIl) is essentially formal, though partly described in
rigorous terms; but the main problem here is in no way solved. Some
explanations seem in order to explain why such a tentative approach
to a mathematical problem is presented.

In earlier approaches to the quantum theory of fields the Hamiltonian
energy operator was split into a free and an interaction operator and
the basic questions were reduced to the problem of finding a unitary
transformation of the total (disturbed) into the free (undisturbed)

Hamiltonian. This problem differs from that of the theory of single
xi



xii PREFACE

particles in many ways, in particular in the nature of the spectrum of
the energy operator, which allows for the presence of an indefinite
number of particles; nevertheless, this problem has many features in
common with that of classical theory. It was natural for workers on
quantum theory of fields to try to carry over to field problems perturba-
tion methods which were effective for single particle problems;
however, severe difficulties appeared. Eventually, it was recognized
that these difficulties were partly due to the fact that the disturbed
and undisturbed operator did not have the same spectrum; also it was
recognized that the latter defect could be remediecd by properly
adjusting or ‘“renormalizing” certain constants entering freec and
interaction operators, namely an additive energy constant and the
masses of the single particles associated with the field. Moreover, it
was seen that by adjusting additional constants some—in quantum
electrodynamics even all—of the divergences of the terms of the
perturbation series could be made to disappear. The question
whether or not the adjusted perturbation series converge was left
open and investigation of this question led to strong indications that
these series do not converge—except in a few relatively trivial cases.
At the same time it became clear that splitting the Hamiltonian in free
and interaction operators was merely a mathematical device without
direct physical significance and, since these two operators are mathe-
matically not well defined anyway, it was natural to abandon the
perturbation approach for the investigation of fundamental matters.
Nevertheless, this approach was retained for the trcatment of special
models and for computational purposes. The definite computational
success of the perturbation approach in essential cases strongly
suggests that in one way or other perturbation expansions will have an
asymptotic validity for the future correct theory.

There are many different features of field theory that produce
difficulties in the perturbation approach. We confine ourselves to
selecting some of these features while disregarding others. We shall
assume that the kernel of the interaction Hamiltonian is a rather
smooth function of the pertinent variables; in making this assumption
we eliminate the divergences of the terms of the perturbation expansion,
but at the same time we forego the possibility of working with a local
Lorentz invariant interaction. The interaction kernel shows a certain
singularity if the interaction is translation invariant. At first we shall
give up even this property and work with what we call totally smooth
kernels; but we retain as the basic property of field quantities
that they are built up in terms of annihilation and creation operators.
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It is due to this property that only one adjustment is needed to align
the spectra of disturbed and undisturbed energy operators: it consists
in adding a constant to one of these operators. This constant is given
by the Goldstone formula. In case of translation invariance two
other quantities should be renormalized: the energy of a single particle
as a function of its momentum (or simply its mass in a Lorentz
invariant theory) and the wave amplitude. Our approach to these
problems is based on an explicit elimination of what may be called
contributions from disconnected graphs.

Our treatment is strongly influenced by the work of van Hove [44]
and, more specifically, by that of Hugenholtz [45]. Van Hove does
not restrict himself to annihilation-creation operators. Our somewhat
more explicit results are in principle covered by his. It should be
mentioned that also J. Schwartz [47] does not restrict himself to
annihilation-creation operators and therefore is able to obtain rigorous
results.

It would be possible to transform our approach into one that
corresponds to Dyson’s expansion and renormalization procedure; if
this were done, it would appear that our procedure does not lend itself
well to describing interaction kernel (or charge) renormalization.

It was not our intention to make any claims as to the suitability of
our procedure in handling actual problems in the quantum theory of
fields. Our intention was only to show how the perturbation problems
of this theory appear when they are approached with the same tools
that were effective for classical perturbation of continuous spectra,
thus possibly contributing to an understanding of the character of
some of the strange features that becloud mathematical field theory.
It is hoped that the mathematical considerations advanced in this book,
even if they are inconclusive, will nevertheless serve this purpose.

My thanks are due to P. Rejto for his assistance and his many
valuable suggestions.

This book is dedicated to my late friend Franz Rellich, who initiated
the mathematical theory of perturbations in Hilbert space.






CHAPTER 1

The Perturbation Problem.
Perturbation of Discrete Spectra

1. Basic notions of spectral theory in Hilbert space. Let me begin these
lectures by recalling some of the basic notions of the theory of operators
in Hilbert space [1;6;8;9]. The Hilbert space $ is a linear space
whose clements will be called ““vectors’ and denoted by capital Greek
letters. We assume this space to be ““complex ™, so that for any pair of
complex numbers ¢, ¢, the linear combination ¢® + ¢, 9® of any of
its vectors belongs to it.

The inner product (¥, ®) of two of its vectors will be assumed linear
in @, the second vector; it is then conjugate linear in the first vector
since the relation

(@, ¥) = (¥, D)

holds. The unit form (@, ®) is positive unless ¢ = 0 and the norm
| @] = (@, P)! *satisfies the triangle inequality | @ + ¥| < | D] + || ¥].
The space $ is complete with respect to this norm.

A (linear) operator A4, which assigns to vectors @ in $ a vector AP
in ©, is called **bounded™ if the inequality |A®| £ a||®| holds for all
vectors @ with an appropriate number a. Such a bounded operator is
here always assumed to be defined in the whole Hilbert space ©. 1If
the operator A is unbounded, however, it will not be defined in the
whole Hilbert space, but only in a dense subspace 9, its “domain”".

The operator A is called Hermitean if the relation

(A¥, D) = (¥, AD)

holds for all vectors @, ¥ for which it is defined.
An operator P satisfying the relation

P2 =P

is called a ““projector™ since it projects every vector into a subspace,

such that every vector P® of that subspace is projected into itself.
1



2 1. PERTURBATION PROBLEM

If the projector is Hermitean the projection is ““orthogonal and
satisfies the inequality

1P2| = |-

The major aim of the spectral analysis of an opcrator A will bc.
achieved if to every function f(«) (of an appropriate class) an OPCFatO}‘
f(A) has been so assigned that the sum and product of two su_cly
operators correspond to the sum and product of the corresPO“dPn5
functions. Thus, the operator A2 corresponds to the f uncl‘C.)r;
f(«) = «2 and the operator S"_, c,4" corresponds to the polynomia
fle) = St o, ,

Among the functions f(«) for which the operator f(A) 1s defined
there should be the unit step function 7,(«) of any interval . on the
real «-axis; that is the function defined by

1 for «in S,

s(e) = 0 for « notin £.

Evidently, this function satisfies the relation n%(«) = 74(®)- Con-
sequently, the corresponding operator 7,(4) is a projector, the
‘“spectral” projector of the operator 4. The subspace into \}'thh thlli
projector projects will be called the “eigenspace” of A associated wit
the interval .

The assignment of spectral projectors to an interval constitutqs thg
““spectral resolution™ of the operator provided the projector assigne p
to the full «-axis is the identity. This notion covers the notions Of
point-eigenvalue and point-eigenvector. Let the interval .7 consist ©

just one point «, and denote the corresponding “step function by
no(«). Then, the relation

(« — ag)no(w) = 0
holds and hence also the relation (4 — wo)no(A)P = 0 for every vector

®. In other words, any vector @, = 74(4)® in the associated eigen-
space satisfies the relation

A (DO = ao(po.

If there is such a vector @, # 0 it is called a (point)-eigenvector and
« is called a (point)-eigenvalue of A. )

_In general, of course, the spectral analysis of an operator A is not
simply completed by enumerating all point-eigenvalues; the spectrum
of 4 may contain more. We say an open interval .#' lies outside of thf
spectrum of 4 if the spectral projector 7,(4) is zero. The **spectrum
of 4 may then be defined as the complement of its open exterior
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formed by all such open sets. This spectrum may, for example, con-
sist of single point-eigenvalues and their limit points; it may contain
segments without point-eigenvalues; it may consist just of the infinite
«-axis for that matter.

The notion of spectral projector of an operator in Hilbert space
allows us to formulate one of the basic tenets of quantum theory in a
concise manner. According to quantum theory, the *‘state” (®) of a
physical object corresponds to a vector @ in Hilbert space with norm 1.
Any observable (A) corresponds to a Hermitean operator 4 which
possesses a spectral resolution.

Suppose the value of the observable (A4) is to be measured while the
object is in the state (). Then one may ask, what is the probability
that the outcome of this measurement will lie in the interval . The
answer to this question as given by quantum theory is that this
probability is

()P,
the square of the norm of the projection of the ‘state vector” @ into
the eigenspace of the interval #. Thus the notion of spectral projector
enters.

2. The perturbation problem. There are a number of operators whose
spectral resolution can be given more or less explicitly. In general, of
course, one must resort to approximation procedures. The most
frequently used such procedure is the method of perturbation. This
method is applicable if the operator to be analyzed spectrally is, in one
sense or another, near to an operator whose spectral resolution is
known. This operator, the *perturbed” or ““disturbed” one, will be
denoted by H; the operator with a known spectral resolution, the “un-
disturbed”’ one, will be denoted by H,, the difference, the * disturbing”
operator, by V. The operator H may be imbedded in a set of operators

H5=H0+EV

depending on a parameter . One then tries to expand the spectral
projectors P, = n,(H,) in powers of ¢ hoping that this expansion
converges. This hope will be fulfilled only under favorable circum-
stances. For, the spectrum of an operator is rather sensitive even to
the slightest changes of the operator. Point-eigenvalues may split or
coalesce; a continuous part of the spectrum may absorb or shed a
point-eigenvalue; a continuous part of the spectrum might even
instantaneously become a pure point-spectrum. However, if the
disturbance V is sufficiently ““gentle” the changes of the spectrum
induced by it are also mild and can be described.
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We shall first formulate the simple classical problem of disturbing a
single isolated point-eigenvalue and describe the classical power series
expansion of disturbed eigenvalues and eigenvectors. The validity of
this formal procedure was first established by Rellich in a series of
fundamental papers [2]. We shall justify this procedure in diﬂ'erfant
ways, one of which involves the more general problem of the perturbation
of an isolated segment of the spectrum. We shall show that such a
segment and its projector vary even analytically for a while before the
other parts of the spectrum start to interfere. )

In Chapter 1I we shall first treat the perturbation of a pure continuous
spectrum and describe the process of scattering associated with it.
Here a new machinery must be developed, based on the notion of
spectral representation.

Next we shall consider a case in which the spectrum of the undisturbefi
operator consists of a continuous section and point-eigenvalue. T.hls
case has the same mathematical structure as the ** Lee model " allowing
one to describe some of the peculiarities observed in the quantum theory
of fields, such as the “cloud” phenomenon and mass renormalization.

This problem will lead right over to perturbation problems of the
type occurring in the quantum theory of fields, treated in Chapter HI.

3. Perturbation of an isolated point-cigenvalue. Let us first describe the
classical procedure for the perturbation of a single point-eigen‘{alue'
Accordingly, we assume that the undisturbed operator H, is Hermitean,
Possesses a spectral resolution, and has a single eigenvalue wo with an
eigenvector X, # 0. We assume this eigenvalue to be isolated so that
tbe equation (H, — wy)X = ¥ has a solution X whenever the given
right member ¥ is orthogonal to X,.

Suppose the disturbed operator H = H, + ¢V hasa point-eigenvalue
@, which, together with an eigenvector X,, depends analytically on e.
Then expansions

w, = wy + ew; + 2wy +- -0,

X=X+ X, + 2X, +---
are valid for sufficiently small values of «. Insertion into the equation
. (Ho + EV)XC = OJCXC
yields the sequence of equations
(Ho — we)Xo = 0,
(%) (H, - wo)X; = —(V — )Xo,
(HO - wo)Xz = —'(V —_ wl)Xl + w2X0,
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Of course, the vector X, is not uniquely determined by these equations
since it may be multiplied by any function of ¢. Since X, # 0 this
factor could be so chosen that the norm | X, | of X, is 1 for sufficiently
small e. Instead, we prefer to impose the linear condition

(XO, X.‘:) = 1,
which implies
() (Xo, X)) =(Xo, Xp) =---=0.

The sequence of equations (*) can be solved successively for X,, X,, - - -
(the first one is satisfied by definition) provided the right-hand sides are
orthogonal to X,. This latter condition together with (+x) yields the

values
w, = (Xo, VXO): Wy = (Xo, VX1):

of the expansion coefficients of the eigenvalue w,. The solutions
X,, X,, - - - are made unique by the requirements (X,, X,) = (X,, Xo)
=...= 0. This is essentially the procedure of Schrodinger.

The question arises naturally: Do the series obtained in this manner
converge? This convergence could be proved directly under simple
assumptions on Hy and V; but it can more effectively be established in
an indirect manner as follows.

One first establishes the existence of the solution X,, w, for sufficiently
small |¢] and then proves the continuous differentiability of these
quantities with respect to . This should be done for complex values
of ¢ and it should be shown that the derivatives are independent of the
direction in which they are taken. Then it follows that X, and », are
analytic functions of ¢ and hence these functions possess convergent
power series expansions.

Note that we cannot require the disturbing operator ¢V to be
Hermitean if we allow ¢ to be complex. In fact, the Hermitean
character of the operator V will not be used in most of our considera-
tions. On occasion, though, we shall point out specific consequences
that result if V is Hermitean.

These remarks are made to support the attitude we are going to take,
namely, that establishing the existence of the perturbed eigenvectors
and eigenvalues is more urgent than proving the convergence of series
expansions for them.

We shall show how to establish the existence of perturbed eigenvalues
in two different ways.

The first method, called the “explicit” method, is based on the

relation
w, — wo = (X, VX,)
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which follows from the relation (w, — wo)X, = (Hy — wo) X, + fVXE
together with (X, X,) = 1 and (X,, (Ho — wo)X,) = 0. The cigen-
value w, may therefore be eliminated from the equation w, X = H.X
for X = X,, which then attains the form

(Hy — wg)X = — VX + (X,, VX)X,

when we write ¥ in place of ¢V (here and in the following). Note that
this equation, apparently first formulated by C. Bloch, is nonlinear In
the unknown vector X. Since w, is an isolated single cigenvalue of Ho,
the inverse (H, — wo)~! of Hy — w, can be defined in the subspace of
those vectors X which are orthogonal to X,. To make this inverse
unique we stipulate that the vector (H, — wo) "' X is also orthogor}al
to X,. Now, the right-hand side of our equation has this orthogonality

property since (X,, X) = | and the same is true of X — X,. Thuswe
are led to the equation

X — Xo = (Hy — wo) Y- VX + (Xo, VX)X}.

This (nonlinear) equation can be solved by iterations. We shall not
carry out the details since they are covered by the treatment of a more
general problem discussed in the next section. )

While in this explicit method one uses an equation for the eigen-
vector. from which the eigenvalue has been eliminated, one uses the
opposite procedure in the “implicit” method: An equation for the
eigenvalue is established from which the eigenvector has been
eliminated.

The implicit method is similar to a method used by Poincaré for
per tUI'“)atlon problems in Celestial mechanics.

Wt? Introduce the projector P, which projects into the eigenspace of
the eigenvalue w,, that is the space of the multiples of the enggnvector

o assumed to have norm 1. P, transforms every vector ¢ into the
vector

Po® = (X,, D)X,
Since the eigenvalue w, is assumed to be isolated the operator
Ho —w + CPO

Possesses an inverse [H, — w + cPo] ! for ¢ # w — w, and |w — wol
sufficiently small. 1f s bounded and if its bound || V|| is sufficiently
small, also the operator H — w + cP, possesses an inverse for every
value of ¢ sufficiently close to w,. For,since the operator H — w + cPo
has the same domain as H, it can be written as [Ho — @ + cPol
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[1 + (Hy — w + ¢P;)-'V] and hence its inverse can simply be
described as

[1 + (Hy — w + cPo) W] ' Hy — @ + cPo] 1,
provided | V| is small enough. Here, as before, we have suppressed
the subscript e.
Let now X beaneigenvector of H satisfying the condition (X,, X) = 1.
Note that
PoX = X,

by virtue of this condition. If w is the associated eigenvalue, the
vector X satisfies the equation

(H — o + cP)X = cX,
and hence, if w is sufficiently close to w,, the equation
X = ¢[H — w + cPy] ' X,.
Multiplying by X, we find the relation
1 = ¢(Xo, [H — @ + ¢cPo] "' Xy)

which contains only the unknown w and not the unknown X; we regard
it as an equation for the eigenvalue w. .

It is immediately seen that this equation has a solution for suﬂicneqtly
small values of ¢ provided ¢ # 0. This follows from the impllf:lt
function theorem since the derivative of the right-hand side with

respect to w does not vanish for ¢ = 0. Indeed, this derivative is
evidently

c(Xo, [Ho — wo + cPo]2X5) = ¢(Xo, ¢72Xp) = ¢~1 # 0.

Having found the eigenvalue » we find the eigenvector X from the
preceding relation and verify that it satisfies the equation (H — w)X = 0.
Using the relation [Hy; — @ + cPo]l ' Xy = [wg — w + ¢]~'X,, the
equation for « can be written as

c

l=c—w+w0

(Xo, [1 + (Hy — @ + cPy)~1V]"1X,);

it then can be brought into the somewhat more manageable form

c -
w = wo + m(xo, VI1 + (Ho — w + cPo)~*V]~*X0),

after multiplying it by ¢ — » + w, and subtracting

¢ = c(Xo, {l + (wo — @ + )W} + (Ho — @ + cPo)~*¥]"*Xo)
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from both sides. In this form, iterations or power series expansion
with respect to V could be carried out directly. ' L

In the implicit approach as described the factor c¢ is still arbmarl)’-
For concrete evaluations it is in general opportune to employ the

, : : the
formulas which result when one lets ¢ tend to infinity. From
relations

[Ho — @ + cPo) Py = [wo — w + ¢]7'Po
and

[Ho — @ + cPo]"X(1 — Py) = [Ho — @]~ (1 = Po)
we deduce the relation
[Ho — @ + cPo] ™' = [Ho — w]"}(1 — Po) asc¢— 0
hence, we obtain in the limit the equation
1= (Xo, [1 + [Ho — 0] }(1 — Po)V]™Xo0)
or the more manageable form
@ = wy + (Xo, V[l + [He — w]~1(1 — Po)V]17*Xo).

The last one is the implicit equation of Brillouin and Wigner [10: 111,

which is frequently used after expansion with respect to powers of ¢
(as regards V but not w).

. at it i t

It may be mentioned (as was observed by B. Zumino) that 1t1s Tr?e
necessary that the operator P, used in the implicit formalism 1S oy
projector associated with the first eigenvalue w,; it could be
operator of the form

Poq’ = (d)la ¢)¢2:
where @,, @, are any vectors in ©. From the equation
(H - w + CPo)X = C((pl, X)d)Z
we then conclude
X = (@, X)[H — w + cPo] P2,

whence, after multiplication by @,,

1 = ¢(®,, [H — w + cPo] ' P2).

Here we assume (@,, X) 0, which will be satisfied if (1, Xo) # O
and provided w — w,and V¥ are sufficiently small. This modified form
of the implicit formalism may sometimes be useful.

4 Perturbation of an isolated part of the spectrum. While in t::
ll:l1pllClt method one first determines the eigenvalue and then tbe
eigenvector, we proceed in the opposite order in the method to
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described now, which as before, will be called an *‘explicit” method.
We shall describe this method in connection with a problem which is
more general than that of the isolated point-eigenvalue, and includes it
as a special case.

We assume that the operator H, possesses a spectral resolution in the
manner described at the beginning and that there is a closed interval
#o contained in an open interval ¢ such that the eigenspace So of J
is the same as that of .#,. In other words, the eigenspaces of the two
open intervals composing the difference ¥ — 5, should be empty
(except for @ = 0). We may express this condition by 75,(Ho)
= ny(H,). If it is satisfied we say that ., is an isolated segment of
the spectrum of H,.

We want to assign to the operator

H5=H0+€V

a subspace &, of the Hilbert space which depends continuously on ¢
and is such that H,, when applied to vectors in &,, produces again
vectors in &,. We maintain that there is such a space &, provided V
is bounded and |e| is small enough; this space &, or rather the
projector projecting into it, depends analytically on ¢ and tends to o
as ¢ — 0,

We shall find the space S = &, by finding a projector P = P. that
projects into it. (We suppress the subscript ¢ for the present, as-
suming it absorbed in V.) The condition that H transforms £ into
& can then be expressed by the equation HP = PHP, or

(*) (1 — P)HP = 0.

We shall establish a solution P of this equation which is near the
projector P, = ny(H,) which projects into 3,, i.e., the projector
P = P, will tend to P, if ¢ tends to zero.

Such a projector P can be given by the integral

1
= e— - -1
p= 27TI‘§ 4 A7 db,

where the loop of integration in the complex plane contains the interval
S, in its interior and crosses the real axis inside the interval /.

This formula was used by Sz.-Nagy [3] and Kato [4], who derived a
perturbation series expansion from it and established the asymptotic
character of this series in case the operator H, is not assumed to be
analytic but possesses a finite or infinite asymptotic expansion with
respect to e.
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In this section we shall present a different approach, based on a
procedure formulated by C. Bloch a few years ago [7], which is closer
than Kato’s method to the approach to other perturbation problems
discussed in these lectures.

In contrast to the projector given by the integral above, the projector
P determined in our approach is not required to be orthogonal ; but we
do require P, to be orthogonal, and thus to be *“the’’ spectral projector

of H, for the interval #,. Of P we require that it satisfy the two
conditions

(**) PPO=P) P0P=P0a

the reason being that these conditions are linear, while the condition
that P be orthogonal would not be linear. Also, we do not need to
impose the (nonlinear) condition P? = P explicitly since it is a con-
sequence of the conditions (**): P? = (PPo)P = P(P,P) = PP, = P.
In other words, the two conditions (*#) imply that P is a projector.

We recall that in the case of the perturbation of a simple eigenvalue,
treated in the previous section, we did not require the disturbed eigen-
vector X to have the norm 1. Rather, we required that it satisfy the
condition (X,, X) = 1. Introducing the projectors P, P, by

Po® = (X,, D)X,, PO = (X,, D)X,

we see that the two conditions () are satisfied in that case because of
(Xo, Xo) = (Xo, X) = 1. We thus realize that the present condition
(*+) is a natural extension of the previous condition (X,, X) = I.

' We insert H = H, + V in our equation (x) and simplify the expres-
sion (I — P)H,P. Using the two conditions (++) and also the fact
that Py, as a spectral projector of Ho, commutes with Ho, we find

PH.P = PP,H,P = PH,P,P = PH,P, = PP,H, = PH,.

Hence (1 — P)H,P = HoP — PH, = Ho(P — Po) — (P — Po)Ho. We
therefore may write out equation (*) in the form

HoP — Py) = (P — Po)H, — (1 — P)VP.

. We cannot introduce an inverse of the operator Ho, but we can
Introduce an operator Z, such that

ZoH0=Hozo = 1 "‘Po.

To this end we may employ the function {(w), given by {(w) = @™’
for w outside £, ¢(w) = 0 for w in #, or simply,

{w) = 071 = ng(w)],
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assuming, without restriction, that the point w = O lies in the interior
of the open interval .. Then we need only set

Zy = {(Hy)-

Since P, = 5,(H,), and since wl(w) = 1 — 74(w), this operator Zo
has the desired property. Multiplying our equation for P — Po by Zo
we obtain the equation

P = Py + Zo(P — Po)Hy — Zo(1 — P)VP = f(P).
This equation can be attacked by iterations
Py = f(Po), P, = f(P),

As will be shown in Appendix A4, these iterations converge to a
solution and this solution is unique, provided the operator V (measured
by ¢) is sufficiently small. At the same time it will be shown that each
of the operators P = Py, P.,- - - satisfies the two conditions (x*); the
same is then true of the limit operator which is thus seen to be a
projector. Using these facts, one may verify that the solution P of the
present cquation satisfies the original equation (I — P)HP = 0. At
the same time one may prove that the operator P = P, resulting from
V., = eV tends to P, as ¢ > 0. Also one may prove that P, has a
continuous derivative with respect to ¢, independently of the direction;
in other words, that P, is analytic in ¢, regular at ¢ = 0. We shall not
carry out details.

The space 3, is now defined as the range of the projector P, and
these projectors P, may be used to set up a transformation of the space
S, into the space S, and vice versa. In fact, the operators

U =1%F (P, — Py
have this property,
UrS, =G0,  UsS, =8,
as immediately verified from conditions (**). The existence of such a
pair of transformations evidently implies that rhe dimension of S¢ is
the same as that of S,. Thus it is seen that the space S; has this

property as we had required.
With the aid of the transformations U,;* we may form the operator

He = USHUS

which transforms the space S, into itself. Suppose the operator H.
has a spectral resolution, then the relation

f(ﬁe) = Uc+f(He)Ue‘
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holds for every function S for which f(H,) is defined (since it hold§ for
polynomials because of U U} = 1); thus in particular, the relation

77.1(1‘7:) = Uc+77./(l—le)ut_

for the spectral projectors of H, and A, holds. It provides a one-to-
one correspondence of the spectral resolutions of the operators H, and
H, in the spaces S, and Zo.

In this way the problem of the perturbation of the cigenspace of the
segment .7, for the operator H is reduced to a perturbation problem
which takes place solely in the eigenspace , of this segment for the
operator H,.  What happens to the spectrum of H, in . when €
varies is thus determined by finding out what happens with the spectrum
of H, in g,,

Suppose the segment .7, consists of just one point w, and suppose
th.at this eigenvalue of H, is simple so that the eigenspace associated
v\{nh it is one-dimensional, consisting just of the multiples ‘Of an
cigenvector X,. Then our statement implies that the space <, is also
one-dimensional, consisting of the multiples of a vector X,. Since H.
transforms the space S, into itself it transforms X, into a multiple of
X5 in other words, X, is an eigenvector of H,. Thus the existence
statement of the preceding section is implied by the present statement.

Suppose the segment .7, consists again of just one point, but that
the eigenspace S, has a finite dimension r > 1, so that the eigenvalue
IS not simple. Then our statement implies that the space S, also has
the dimension r. The operator H, in &, or, what is equivalent, the
opberator A, in S, is an operator acting i a finite-dimensional space.
The problem of the perturbation of a multiple eigenvalue is thus reduced
to the corresponding problem in a finite-dimensional space. .

This Perturbation problem, even in a finite-dimensional space, is far
from trivia]. Its complete mathematical solution was given only as
late as 193¢ by F. Rellich [2, al], who proved that the multiple eigen-
value splits intg - analytic branches if the Hermitean operator H.
depends analytically on ¢, and that this need not at all be the case if H.
s nOt.amfllytiC ine.  Anaccount of this theory for the finite-dimensional
case is given in Appendix A2.

Wf: shall not describe Rellich’s treatment of the perturbation of a
rpultlple eigenvalue in an infinite-dimensional space. Instead we
SImply observe that this problem can be reduced to that of a perturbation
In a ﬁr}lte-dimensional space. Such a reduction, in fact, was estab-
lished in the Present section. It is true that the operator H., into
which we have transformed the operator H,, is not Hermitean in
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general, but this does not matter. Since H, is equivalent to the
Hermitean operator H.,, its eigenvalues are real, and that is sufficient
for the validity of Rellich’s statement in the finite-dimensional case.

Finally, attention should be called to the fact that perturbations of
point spectra have also been treated for operators acting in a Banach
space. See [8, Vol. 1] and references given there.



CHAPTER II

Perturbations of Operators having
Continuous Spectra

S. Spectral representation. The perturbation of a continuous Spec-
trum cannot be handled in the same way as the perturbation of a
point spectrum, by singling out particular points or particular segments
in it for investigation  all parts must be treated simultaneously. This
requires a new machinery. Before we can describe such a new
machinery it is necessary to formulate the notion of *‘spectral represen-
tation™, which will enable us to exhibit spectral resolutions concretely
and Yvhich will serve as our tool in the treatment of the perturbation of
continuous spectra.

A “functional representation” of the vectors @ in Hilbert space

ConsIsts in a one-to-one linear assignment of these vectors to functions
#(«) of a real varjable a,

P << $a),

such that the inner product of two vectors ®, ¥ is given by an integral

of the form

¥, @) = f W) dm()

involving a measyre function m(«), or by an integral expression of a
more general type not described here. The real variable « may run
from —a to 4 o, The functions ¢(«) need not be defined in intervals
of m-measure zero; jp any case, the values of ¢ in such intervals may be
disregarded. More generally, we consider two functions ¢(«) as
1d<?nt1cal.1f they differ at most in a set of m-measure zero. Except for
this quahﬁcation, €very vector in the Hilbert space  should correspond
to exactly one M-measurable function $(«) for which

f |6(c)|2 dm(a) < oo.
Vice versa, eyer

i Y suc i correspond to exactly one
vector in $. h function should p

14
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The representation of a vector by a sequence of coordinates

b = s n=1,2,3,---,
with &

#9)= 5 G

is clearly an example of such a functional representation. Here »
takes the place of the variable « and the measure function is piecewise
constant with the jumps | at the positive integers.

The values of the functions ¢ may be complex numbers, or they may
themselves be complex-valued functions of ‘‘accessory’’ variables or,
in fact, vectors of an **accessory” Hilbert space. The product ¢ of
the values of two such functions is then itself to be given as the sum or
integral with respect to these accessory variables or, in fact, as the
inner product in the accessory Hilbert space. If the dimension of the
accessory space is greater than 1, we speak of a *‘ multiple’’ representa-
tion; otherwise, i.e., if the value of @ is just a complex number, we call
the representation ‘‘simple”.

A functional representationissaid to givea *“‘spectral representation”
of an operator A if for every vector @ on which A is applicable the
vector AP is represented by the function «(o)é(o),

AP = a(0)$(o),

with the aid of a ‘““spectral function” «(c). The representation is
called “direct” if «(¢) = o. In that case we use « instead of ¢ as
spectral variable. Otherwise, the representation will be called ‘““in-
direct. At present we shall consider only direct spectral representa-
tions. If A possesses a simple direct spectral representation we call
this operator ‘simple’”. A transformation which transforms a
representation into a spectral one will be called a “spectral trans-
formation”’.
Assuming that the unit form is given by the integral

(@, @ = [ 3 dn(),

we can describe the spectrum of the operator 4 as the support of the
measure function m(«); i.e., as the complement of the union of all open
intervals in which m(«) is constant.

With the aid of a spectral representation the function f(A4) of the
operator A is easily described when f(«) is an m-measurable function;
it is simply characterized by the correspondence

[P = fl@)g(e).
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This operator f(4) is applicable on those vectors @ for which f(«)$(«)
is square m-integrable.

Of particular importance is the unit step function ns(«) for an
interval # on the real «-axis. Since application of the operator 7.(A4)

on the vector @ corresponds to multiplication of ¢(«) by 7.(«) we may
write

«) for «in S,
(AP < {g( ) for « not in £.
In other words, application of this operator is simply represented.b)’
the process of reducing to zero the values of the representing function
$(«) outside of the interval #.
The operators 74(A4) are the spectral projectors of the operator A
which we have described in §1. In giving these projectors in terms of

a spectral representation we have given the spectral resolution of this
operator.

6. Perturbation of simple continuous spectra. In treating the pertur-
bation of an operator with a continuous spectrum we assume from
the outset that the undisturbed operator H, is given in a Specm_ll
Tepresentation. Specifically, we assume that every vector P s
Tepresented directly by a function y(w) of a real variable w:

¢ = o),

Such that application of the operator H, is represented through
Mmultiplication by w:

Ho® < wi(w).

The functions ¥(w) should be defined on the whole w-axis or a closed

Subset # of it. The unit form of @ is supposed to be given by the
Integral

(@,9) = [ W) do

€xtended! over the spectrum £ of H,. )
The valyes ¢ themselves may be functions of accessory variables or
Vectors of an “accessory” Hilbert space and the statements made in

In place of the Lebesgue measure on # here implied we could have.chqsen anothtlar
measure function m(w) with the set # as support. If this measure function is abs?/lzute y
continuous we could reintroduce dw in place of dm(w) simply by taking (dm/dw) z/:(a}
as representer of @ in place of (w). In that case, thus, requiring dm(w) to be dw on

1S 10 restriction. But the requirement that m(w) be absolutely continuous is an essential
Testriction. See also Appendix A9.
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this section hold under these general circumstances. Still, in giving
our arguments we shall not make this fact explicit; rather, we shall use
a language which may appear to imply that the representation is
simple, that is to say, that the values of the representers ¢ are just
complex numbers.

We have put the subscript 0 under the representation sign in order
to distinguish the spectral representation of H, from that of the
disturbed operator

H=H,+V
which we intend to determine. Accordingly, we shall speak of the
H,- and the H-representation.

Our aim is to show that for appropriate disturbances ¥ the disturbed

operator H admits a spectral representation of the same kind as Hy:

? = ¢(w),
H® < wh(w),

involving representers ¢(w) which form the same class of functions as
the representers (w). Clearly, if this is possible, the spectrum of H
is the same as that of H,.

Moreover, in case H is Hermitean, we want the H-representation to
be such that the unit form is given by the integral

(@, §) = L 1$(w)|? do.

Our aim will be achieved if we are able to describe a transformation
of the H,-representers ¢ into H-representers ¢ and vice versa.

We shall try to effect such a description with the aid of a pair of
operators U * to be so chosen that the H-representer ¢ of the vector @
is at the same time the Hy-representer of the vector U * ®, while the
H,-representer ¢ of the vector @ is the H-representer of U - ®.

That is, we should like to find an H-representation together with a
pair of operators U * which should be such that the representation

(+) U+o 4:0> #(w) is equivalent with @ < (w)

and

(=) U-® < Y(w) isequivalent with @ <« (w).
0

The requirement that the Ho-representation of U * @ gives a spectral
representation of H evidently means that the H,-representer U *H®
should be the H-representer of H®; i.e., it should be the function wé(w):

U*H® <= wd(w).
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On the other hand, the requirement that ¢(w) be the H-representer of
U*® implies that the function wé(w) is the Hy-representer of the
vector HoU* 9D,

HU*D <= wd(w).

[

Comparison of these two formulas yields the equation

O+ U+tH = HoU*.
In a similar way one derives from formula (—) the equation
(1)~ HU- = U-H,.

Operators U* with this property are said to ““intertwine” with A and
H,.
Combining the equivalences (+) and (—) we obtain the relations

Q)+ U-Uu*r=1
and
2)- U+ru- =1,

which express the fact that U * is the inverse of U -~ and vice versa.
We now proceed in the reverse order: First we find a pair of operators
U* which satisfy equations (1) and (2); then we define the representa-
tion @ < ¢(w) through formulas (+), and finally verify that this
H-representation is a spectral representation of the operator H.
In order to find operators U* with the desired properties we write
equations (1)* in the form

[Ho, U*]1 = HU* — U*Hy = UV,
[Ho, U"l=HU™ — U Hy = —VU-,

where the notation [4, B] is used for the commutator AB— BA of the
two operators 4 and B.

This form of the equations for U* suggests [10; 12] that we should
first solve the equation

[Ho, Z) = HZ — ZH, = R

for Z when R is a given operator. To be sure, the solution of this
equation is an essential ingredient of the theory of perturbation of
continuous spectra to be presented here.

How one can solve this equation for Z will be described later on.
For operators R of a certain class we shall introduce a definite solution

Z = I'R,
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which is linear homogeneous in R; any other solution then differs
from 'R by the addition of an operator commuting with H,, such as a
function of H,.

The operators U *, being solutions of the equations [H,, U*] = + R*
with
(x) R* =U*V, R~ =VU-,
will not be of the form + I'R*, but of the form 1 + I'R*, which appears

natural since the operators U should reduce to the identity for ¥ = 0.
Inserting

(3)* Ut =1+ TR*

into the definitions of the operators R* just given we find for these
operators the equations

4)* R* = (1 + TR*)VY, R- = V( — I'R").

Our procedure [10; 12] now consists in first solving these equations (4) *
and then defining the operators in U * by relations (3)*. Clearly,
these operators U * will satisfy equations (1)*. Later on we shall
show how to achieve that they also satisfy conditions (2)*.

Note that equations (4) are linear while those of the perturbation of
point-eigenvalues were nonlinear. This is connected with the fact
that there is no shift of spectrum in the present perturbation problem.

An example in which these equations can be solved explicitly will be
given in Appendix A6.

In order to find solutions R* of equations (4) in general we may either
employ iterations or series expansion:

R~ =V —-—V>IV+ V(VIV) —.--,
Rt =V + TNV +....

Clearly, such an expansion is possible only if the terms occurring in
this series are in the class of operators R for which the operation I is
defined. For this it is necessary that whenever R is in this class the
products VI'R and (I"'R)V are also in this class.

This is the most important condition. It is fortunate that classes of
operators R can indeed be defined which satisfy this condition. If the
operator V belongs to such a class and, in addition, is small enough in
an appropriate sense, the two series do indeed converge to limit
operators satisfying equations (4), so that the operators U * given by
(3) satisfy equation (1).

We should like to describe more specifically the (six) properties that

an ‘“‘admissible” class 3 of operators R should have. Operators
belonging to any of these classes will be called ““gentle”.
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1. For any operator R in & the equation [H,, Z] = R has a bounded
solution Z = I'R, homogeneous linear in R. That is, whenever the
vector @ admits the operator H,, also (I'R)® admits H, and
Hy(I'R)® — (I'R)H, P = R9P.

2. The products R,I'R, and (I'R,)R, belong to the class N if R,
and R, do.

3. It is possible to introduce a norm [JR[] in the class 9 such that the
inequalities

[R.IRo[), [(TR)RS[l = R[] [R2[
hold.

The next property will first be formulated in a stronger form than
necessary; it will be weakened a little later on.

4. The class % is complete with respect to the norm [ [I; i.e., if
[R* — R"] -0 as n,m — oo for a sequence {R"} in 9, there is an
operator R in % such that [R* — R[] — 0 as n — oo.

A fifth property will be formulated later on.

On occasion we shall refer to ] [ as a ““gentleness norm ™.

With reference to an admissible class 3t of gentle operators we can
state: Suppose the operator V belongs to the class 0t and has a norm
less than 1:

ovp < 1.

Then equations (4)* have solutions R* belonging to the class R.
This is quite obvious since the transformations of R into ¥I'R and
(TCR)V satisfy the inequalities

0VrRI < [VOORD, DRV < v DR,

and hence are contracting if [V[] < 1, so that iterations converge.

If the completeness condition 4 is not satisfied one can complete the
space f with reference to the norm [| [] by introducing ideal elements.
The compounds R,I'R, and (I'R;)R, can then be defined for these
elements such that the inequalities 3 hold. Clearly, our equations
(4)* have a solution in the completion % of k. To make sure that the
operators R* belong to the original class 9t if I does we need only
require property 4 described as follows:

4. Whenever R, is in the space % and R in its completion 9, the
operators R,'R and (I'R)R, belong to R. (Note that property 4
implies property 2, which therefore is superseded.)

The statement made above thus holds with reference to a class i
which is admissible in the extended sense characterized by properties
1, 3, and 4.
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It should be mentioned that condition [[F]] < 1, imposed so that
iterations can converge, is not necessary for the existence of operators
R*. Other conditions on ¥, not implying smallness, have been given
under which equations (4) have a solution with the desired properties;
see Appendix All. Property 2 is the most important one.

In Appendix A7 we shall describe two classes it of gentle operators
R having the properties 1 to 4, or 4. The operators of these classes
are given, or rather “represented”, by integral operators,

RO < f Hw; o)d(w’) do',

where the variable o runs from — oo to oo, so that the spectral interval
#, referred to at the beginning, is the whole w-axis. In Appendix A9
we shall remove this restriction on the domain of «; i.e., on the
spectrum of H,.

The ““kernels” r(w; w’) of the first one of our classes will satisfy
certain Holder conditions; the kernels of the second one of our classes
are Fourier transforms of absolutely integrable functions.

It is an important property of the kernels of both classes 3 that they
are continuous functions of (w;; w,); but they are more restricted than
that, although they are not required to be differentiable.

When the operator H, is disturbed by an operator ¥ which can be
represented by an integral operator with a kernel of any of these two
special classes we call this disturbance ““gentle” in the special sense.

By way of an abbreviation we write the representation of R by the
integral operator with the kernel r(w; »’) in the form

R < rlw;w)
o

and say that R is represented by the kernel r(w; w’).
We proceed to describe the nature of the operation I' in terms of the
kernels r of the operators R on which it acts. Suppose the equation

[Ho, Z] = R

has a solution Z which is also represented by an integral operator, with
the kernel z(w; w’) say,

Zé < f 2w} ' W(w') do’;
0
then the commutator [H,, Z] would be represented through
Ho Z10 = | (@ = w)x(; W) do.

B ey

// .:‘\;\
wst e o 2 Yavg,., -
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Consequently, we would have
Hw; o) = (0 — o)z(w; @)
or
2(w; @) = (v — )" r(w; ).

Thus the kernel z(w; ) would be singular for w’ = w (except if
r(w; »') vanishes there at least of first order).
The singular integral operator transforming (w) into

f (@ — @) r(w; o )(w') do’

can indeed be defined as Cauchy’s principal value in case the kernel
r(w; »’) belongs to one of the two classes described in Appendix A7;
the operator Z represented by this singular integral operator is indeed
a solution of the equation [Hy, Z] = R.

Actually we shall not define I'R as the operator represented by this
singular integral operator; we rather define I'R as the operator
represented by

IRO = f (@ — @) r(w; @ W(') do’ + inr(w; w)b(w),

which is just as well a solution of the equation
[Ho, 'R] = R.
Using the symbolic entity
[w — '] = (0 — &) + ind(w — )

involving Dirac’s delta function, we write symbolically

RO = f [0 — w17 r(w; o' )(w') do,

or simply
'R <= [w— o] 'Nw; ),
0

and call [w — o']7'r(w; @) the symbolic kernel of the symbolic

integral operator.

The reason for introducing the operator I'R in this way is connected
with the fact that I'R can be obtained from the operator I';R, repre-
sented for ¢ # 0 by the proper integral operator with the nonsingular
kernel

(w — &' — ie) 'r(w; w'),

simply by letting ¢ tend to zero through positive real values.
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For, it is known that the analytic function
J‘ (w — o' — 2)"r(w; w)P(w’) do’

of z = x + iy, defined in the upper half plane (for integrable
rw; w')Y(w’) of bounded support say), approaches the function

f [0 — o — x]r(w; ' )W(w') do’

of x as y — 0 (with y > 0).

From this fact one can derive an important relation concerning the
product I'.R,I';R. of two operators I'.R, and I';R,. Formally, this
product is represented by an integral operator with the kernel

f (@ — @ — ie)"ry(w; DY@ — o' — ie)~ro(d; o) das,
which evidently can be written in the form
(w — @' — 2ie)™? f{(u’) —w —ie) "+ (w — & — ie) " ry(w; D)ry(d; w) do,

and thus recognized as the kernel of the operator
FZG{RIFCRZ + (FGRZ)RI}'

It can be shown that this operator actually equals the operator
I'.R,T.R, and also that the relation

) T'R,TR, = I'{R, 'R, + (I'R,)Ry}

holds, which results formally as ¢ — 0. Tt is in order to attain this
important identity that we have added the term inr(w; w)d(w — w’)
to the kernel of the operator I'R.

We add the validity of identity (#) as property 5 of our classes R.
Note that this property is not implied by properties 1 to 4, as would be
seen if one took another solution of the equation [H,, Z] = R.

As a consequence of identity (#) we shall be able to prove the
relation 2)~: U*U™~ = 1.

Clearly, using the identity we can write
U*U- —1=(0+TR*)(1 -TR)-1= I'(R* — R™) — I'R*I'R~
I'{R* — R~ — R*I'R~ — (TR*)R"}

=I{R*U- — U*R"}.
Now, from relations (x) we evidently have
R*U- =U*VU- = U*R-
and hence indeed U*U -~ = 1.

Il



24 II. PERTURBATIONS OF OPERATORS HAVING CONTINUOUS SPECTRA

Note that this relation was deduced from the special form of the
operation I', which guarantees that the class it has property 5. Thein-
verse relation U ~U * = 1 will be deduced from the relation U *U - = 1
under two additional conditions. The first is that the class 9t has
property 6.

6. There is a number y, > 0 such that the inequality

) ITRI = o IR]

holds for all operators R in the class ®. Here S/ denotes the
minimal (or operator) norm L.u.b.¢ ;o[ S®|/| ®i of an operator S.

The second additional condition ? is that the operator ¥ should have
a norm less than 1/(1 + yo):

0Vl < (0 + yo) ™

Since
0R*0 = 0¥ + 0R*0OVD,
we have
IRFD =0 =0V '0V0 < %!
and hence

I[TR*|| £ vo]R*[] < 1.

Consequently, the operator U* =1 + I'R* has an inverse and
U-U*=WU*"H"W*U-U*=WU*)"'U* =1. Thus we have
proved the inverse relation (2)* of (2) .

Having established relations (1)* and (2)* we have shown that the
operators U* furnish the spectral representation of the operator
H=H, + V.

At the end of this section we make a few remarks which are not
vital in the context of Chapter II but are of significance for certain
important questions raised in Chapter III.

First of all we mention that the relationship between the operators
H, and H can clearly be written as

H = U_HOU+
and that hence every function f(H) can be written as
S(H) = U f(H))U*.

We can go a step further. Suppose an operator W, is represented by

2 It should be mentioned that this condition is not necessary to insure the validity of

therelation U-U* = 1. Weaker conditions on V have been given to this end; see e.g.
[27].
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an integral operator (proper or symbolic) with respect to the operator
H,; then the operator

W=U"WU*

is represented by the same integral operator with respect to H.
Symbolically:

W, < ww;w) implies W < w(w;w’)
1]

and vice versa. This statement is immediately derived from the fact
that the Ho-representer of the vector ¥ = U * @ is the H-representer
of the vector U~ ¥ = &.

We now apply this observation to the operators U* =1 + I'R*
themselves. So far we have employed the Hy-representation of these
operators in which the operators I'R* were represented by integral
operators with a singular kernel. We refer to this representation
symbolically by the formula

U= ¢(;* d(w — &) + [0 — '] r*(w; o).

Naturally, one may ask for the H-representation of the operators U *.
We maintain that the answer is given by the formula

Ut o+ 8w — o) + [0 — o] (w; o)

which we express by the-

INDEPENDENCE REMARK. The H- and H,-representations of the
operators U * are the same.

Once it is made, this remark is immediately derived from the
statement made before. We need only observe that, if we take U * as
the operator W,, the transformed operator W = U~ W,U * is given by

U-U=U* = U*®,
so that W = W,. Hence the H-representer of U* = W is the same
as the Ho-representer of U* = W,,.
Clearly, the independence remark is very helpful if one wants to
switch over from the H,- to the H-representation for some reason or

other. In the quantum theory of fields such a switch of attitude is

vital in connection with (renormalizing) limiting processes in which the
H,-representation disappears.

7. Scattering. One of the important features of the theory of
perturbation of continuous spectra is its role in the analysis of scattering.
This process is described by the transition of the distribution of a
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“wave amplitude” at an early time to its distribution at a late time,
this transition being governed by a differential equation. In the theory
of classical wave motion and in quantum mechanics the wave amplitude
is taken as a function of the space variables; by Fourier transformation
it becomes a function of the momentum components or, what is
equivalent, a function of the energy w and (accessory) angular variables.
In the context of our present discussion the wave function ¥(w, ) may
be regarded as the H,-representer of a vector @(r), the **Schrodinger
state”” vector, which depends on the time . The differential equation
governing the wave process is then Schrodinger’s equation

idit o(1) = HO(),

where H = H, + V is the disturbed operator, the Hamiltonian
operator of the ‘‘total energy”. Evidently, this equation has the
solution

B(1) = e~

in terms of the state @ = ®(0) assigned to the time ¢ = 0.

If one lets the time ¢ tend to o or — oo, the wave function Y(w, )
does not attain limits, but, as we shall show, the ‘“adjusted” wave
function §(w, ) = €"“$(w, 1) does. This function evidently is the
H-representer of the “adjusted” Schrodinger state or ‘‘interaction
state”

5(0 = eltHop—1tH

Using it we can make our limit statement precise by saying that for
each vector @ there are vectors @, such that &(r) tends strongly to
D, ;ie.,

()~ P, ast— + 0.

We shall also show that there is an operator .S which transforms @ _
into @,

¢+ = S¢_;

this is the ‘“‘scattering operator” of Wheeler and Heisenberg. (See
e.g. [11;12;19].)

The H,-representers ¢ . (w) of the “limit” states @, may be regarded
as describing the “incoming” and the “outgoing” state of the wave
motion. The Hy-representer of the scattering operator is a generalized
integral operator which transforms the incoming wave function ¢ _(w)
into the outgoing one, ¥ .(w). The kernel of this integral operator is
essentially what is called the *“.S-matrix ™.
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The two limit states @ . can be obtained from the state @ in the form
&, = W.P with the aid of two operators W,., called ‘“wave
operators: The relations ®(r) — @, are equivalent with the limit
relations

e'tHoe="H » I/, ast— + co.

It is a remarkable fact that these wave operators intertwine with H
and H,; i.e., they satisfy the equation

H\W. = W.H,

the same equation that is satisfied by our operator U *. In fact, we
shall show that W_ = U* and that W, = U* would be true instead
if we had defined [w] ! = (w)~?! — im8(w) instead of =(w)~! + imd(w).
In any case it follows that the limit wave functions ¢, (w), being Ho-
representers of W,®, may serve as H-representers of the state .
We may therefore say that the scattering transformation transforms a
spectral representation of the operator H associated with the time
t = — oo into a spectral representation of H associated with ¢ — oo;
this is its essential property.

We should mention that the description of scattering given here is
somewhat limited in scope; it is not applicable to perturbation problems
of more involved types (partly discussed in later sections) in which
limits of the operators e'*/oe =¥ give only an incomplete description of
the scattering process or do not even exist. Nevertheless, in all such
cases, scattering will be described by the transformation of one spectral
representation of H into another one. Differences in treatment stem
only from differences of the way in which “incoming” and “ outgoing”
representations are defined.

To determine the limits of the operator e*#oe~'*# we employ the
transformations U * and write H in the form H = U-H,U * so that

eltHog=1tH — gitHo [] ~o=itHo [+
The operator e'foU ~e "o is clearly of the form
eltHoU—e—“Ho — l + PR_(t),

where the H,-representer of I'R™(f) = e'*HoI’R-e~'*Ho is an integral
operator with the kernel

[w — '] 1@~ ~(w; ).

Now, it is an important fact that an integral operator with such a kernel
tends strongly to limits as t — + oo, provided that the operator R is
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gentle and belongs to one of the admissible classes 9 described in
Appendix A7. Specifically, we state

I'yR ast— oo,

() PR~ 0 as t— — oo,

where I'x R is the operator whose Hy-representer has the kernel
27i(w — ') Hw; w').

Clearly, the operator I', R transforms a vector with the H,-representer
Y(w) into the vector with the Ho-representer

27ir(w; w)p(w).

The limit statement made above evidently depends on the presence
of the term i#8 in the definition of the operation I'; if we had taken —i
instead of +i there, the roles of t = + o and + = — oo would have
been interchanged.

To prove the limit statement one may use the fact that the integral
operator representing I'R(t) is the limit of the one with the kernel

(w — w - l's)—leu(w-—m’) '.(w; w)

as ¢ tends to zero through positive values. For analytic functions ¢
and r one proves the statement after deforming the path of integration;
for other ¢ and r it then follows from the boundedness of I'R. Details
are given in Appendix A8.

From our limit statement we now can determine the wave operators;
i.e., the limits of the operators

etHoe 1t = [1 + TR-())U +.
We introduce the operators
Sg =1+ I',R*,
and infer from our statements ( x ) the relations
oMtHop- 1t s {S(,‘+U+ as t — oo,
ast— —oo;
they imply that the wave operators are given by
W_=U* and W, = SU",

where the scattering operator S is given by S = S5 .
Repeating our arguments for the inverse

eitHo [J+ g~ 1tH,
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of et*HoU ~¢ "o we obtain

U-S§ ast— oo,

eitHe—itHo _s, _
U ast— — oo,

whence, as t — o0,

1 = (eillloe—(tll)(eitlleilllo) — So— U+t U —SJ- — SO—S(.)'.’
1=UYU"- = U+(eitue-iulo)(eitHoe—lul)U— - Ut U—SS'SE U+tu-
=S¢ Sq.

Thus we are led to the relations
S¢Ss = S5S¢ =1,

which show that the transformation of @, into @_ is given by the
inverse scattering operator Sg. (These relations could be derived
directly from U-U* = U*U~- = 1, without employing the limit
process, see Appendix All.)

Since the H,-representer of the operator I’ R is the kernel

27ir(w; w)d(w — '),
the Ho-representers of the scattering operators S¢ are the kernels
[1 + 27ir*(w; w)])8(w — o).

If the vector @ is represented by the function ¥(w), the vectors S¢ @
are represented as

D ¢0> [1 + 27 r*(w; w) ().

It is thus clear that the operators S§ commute with the undisturbed
operator Hy;i.e.,[Ho, S¢1 = 0. Incase the operator H,issimple so that
the values of the representers ¢ are complex numbers, the operators
S¢ are functions of H,, being represented through multiplication by a
function of w. If, however, the values of ¢ are vectors of an accessory
Hilbert space of dimension >1, multiplication by r*(w; »’) means
application of an operator acting in that space, which in general is not
justa number. Inany case then, the scattering operators are represented
by operators 1 + 2mir*(w; w) which act in the accessory space.

If the vectors ¢ of the accessory space are represented by sequences
of numbers, the operator 1 + 27ir~(w; w) acting in it is represented
by a matrix. This is precisely Heisenberg’s S-matrix.

There is another way of describing the scattering process, which is
preferable under certain circumstances. In this description one selects
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a wave function ¢é(w) and assigns to it the vector @~ whose initial
H-representer is ¢ and the vector @* whose end representer is also .
Scattering is then described as the transformation of @~ into @*.
Introducing the operators

S*t=U-SgU"

one easily verifies that #* = S~ D~

The specific feature of this description is that it involves no explicit
reference to the undisturbed operator H,. Of course, reference to this
operator H, is involved implicitly, namely, in the definition of the
terms ‘‘initial” and ‘“end” spectral representation of H.

Still it is frequently advantageous to avoid explicit reference to the
operator H,; to be consistent one then must describe the operators S *
not in the H,, but in the H-representation. This is easily done; for,
the operators S * are related to S¢& by the same transformation through
which the operator H is related to H,; hence, it follows from the
Independence remark made at the end of §6 that the H-representers of
S* are the same as the Hy-representers of S¢, namely, the integral
operators with the kernels

8w — @)1 + 2mi r*(w; w)].

That is to say, the operators S * transform a state with the H-repre-
senters ¢(w) into states with the H-representers

[1 + 27i r*(w; w)]$(w).

For the actual computation of the scattering transformation it
therefore does not matter which of the two attitudes one takes.

8. Perturbation of an operator with point and continuous spectrum.
Interesting phenomena may occur if the spectrum of the undisturbed
operator H, consists partly of a continuous section, such as a finite or
half-infinite interval, and partly of a point-spectrum outside of it.
For simplicity we assume this point-spectrum to consist of just one
point w, and the continuous section to be the half-infinite interval
w 2 wy With w, > w,.

The Hy-representer of a vector @ may then be described as consisting

of a number ¢, and a function y(w) defined for w = wy SO that the
representation

P <= {do, P(w)}

. . 0
mmplies

Ho® = {woho, ).
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Further, we assume that the unit form is given by
(@, @) = Wol* + [ [U(@)|? do;

here, and in the following, the integration extends over w 2 w,.

The interaction operator V obviously consists of four parts connect-
ing ¢ with ¢, with o, ¥ with ¢, and $, with §,. For simplicity we
assume the term connecting ¢ with ¢ to be absent. This is no serious
restriction since the interaction of ¢ with ¢ could first be treated
separately, in the manner of the theory of §6, with the aid of two
operators U*. The operator U*(H, + V)U~ then has no -4
interaction and could hence be taken as operator H, + V.

Accordingly, we assume that the operator V is given with the aid of
two functions v.(w) and a number v, such that V@ is represented
through

Vo = {robo + [0, do', (@)

or simply through

75 (ol 07)

The functions v, (w) should be square integrable over w = w,; more-
over, they should belong to one of the two classes of functions described
in Appendix A7. Clearly, the operator V is Hermitean if v_ is the
complex conjugate of v,.

The perturbation problem just described has played a considerable
role in the discussions about the mathematical character of the quantum
theory of fields: for, the simple model introduced by Lee leads just to
this problem. (Seee.g. [39;4411].) Various peculiar phenomena met
in this theory can be illustrated with this model.

The first question that arises naturally is, what happens with the
point-cigenvalue of H, under the disturbance ¥? Suppose the vector
X, represented as X <o {io, Y(w)}, is an eigenvectorof H = Hy, + V
with the eigenvalue &. Then the representers i, f(w) satisfy the
equations

(%+%—m%+ﬂum%nmem
v_(@)o + (@ — B)(w) = 0.

From the second equation we find that ), and i(w), except for an
arbitrary factor, are given by

a

‘)[’0 = 13
flw) = —(@ — &)~ *v_(w);
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and from the first one we then derive the equation

&=yt 0o — [LlD gy,

w — w
for the value of . The latter equation has certainly a solution w < w,,
if the absolute value of the number vy — [(0" — wo) "!|v . (w)v_(w')| dw’
is sufficiently small; this solution & is evidently an eigenvalue of H
with the eigenvector given above. In case V is Hermitean, so that
vi(w)v_(w) = |v(w)|?2 > 0, there is only one such eigenvalue.

In addition to this point eigenvalue &, the operator H has the same
continuous spectrum as H,, namely, the half-axis w = w,. Specifically,
we maintain, the operator H admits a spectral representation in which
the vectors @ are represented by functions {¢,, #(w)} connected with
{¢o, ¥(w)} by explicit formulas which we shall describe below.

Before giving such a description we shall make an adjustment,
which at present is just convenient, but which will be vital in the
treatment of divergences to be discussed later on.

This adjustment consists in choosing the constant vy, the ““O-term”’
of the operator ¥, in such a way that the disturbed eigenvalue & agrees
with the undisturbed one: & = w,. Evidently, this is achieved by
setting

v = [(@ = w0) (@) (w) do

Once this is done the operators H and H, will turn out to have the
same spectrum. Moreover, it will be possible to describe the spectral
transformation connecting the spectral representations of these
operators with the aid of a pair of operators U * so chosen that the
H-representers y,, x(w) of a state @ are given as the H,-representers of
the state U*®, while the Ho-representers o, y(w) of @ are the
H-representers of U ~®. Just as in §6, the operators U * will satisfy
the equations

HU- = U~ H,, U*H = HU*.
The operators U* cannot, however, be written in the same form,
1 + T'R*, as those of §6. A modification of this form is necessary.
Again we introduce operators R through their H,-representation,

viz.
ro ri(w’)
R (r_(ao Hw; w'>)'
The function r(w; w’) should belong to one of our classes of kernels;
and the functions v.(w) should belong to corresponding classes of
functions of one variable.
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The essential restriction imposed on the operators R is that their
O-terms should vanish: r, = 0; only then can we introduce operators
I'R satisfying [Ho, I'R] = R. Indeed, the operators given by

I'R = ( N (eo — wl)_1r+(wl)),
o (w — we) " r_(w) [0 — o] r(w; w)
with [0 — 0']™! = (0 — @')"! + i78(w — '), have this property.
As in §6, we now can solve the equations

R* = (1 + TR*)Y and R~ = V(1 — I'R"),

provided the O-term o of V is chosen properly. In the present
problem the solutions R* can be given explicitly, namely, through the
representations

0 v (o)
R* Dy r_(w) v_(w)v, (o) )’
h™(w) (0 — we)h™(w)
04 (o)
0 h*(w)
(e v_(w)v (o)
) e W)

R~ =
0

with functions /1*(w) given by
(w — wh*(w) = w — wy — Vg + f [tw F @] v, (@) (o) do.

One readily verifies that these operators R* satisfy the two equations
provided the O-term ¢, of V is given the same value that was derived
above from the condition that the point-eigenvalues should not shift.

Although the operators 1 + I'R* satisfy the intertwining relations
(1 + TR*)H = Ho(1 + I'R*) and H(1 — TR~) = (I — TR")H,, we
shall not take these operators as U * since they do not satisfy the
relations YU~ = U~ U"* = 1.

To show this we shall evaluate the product (1 + I'R*)(1 — I'R"),
and to this end we shall first evaluate the difference I'R*I'R-
— I'(R*T'R~ + (I'R*)R") (for any pair of operators R*, not just the
solutions of the equations above). The operator I" can be applied on
the operator R*I'R~ + (I'R*)R "~ since the O-term of this operator
vanishes, as readily verified. On the other hand, the O-term of
I'R*I'R*, and hence of the above difference, is not zero; a simple
computation shows that it is given by ('R*I'R™), = —a, with

op = f (& — wo) " %ri(@)r(e)dao
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Aside from the 0-term, however, the terms of the matrix representing
the above difference do vanish, as readily verified. Introducing the
operator o by the representation

o < (00 O),
o \0 O

we may formulate this result as the formula
TR*T'R- = I(R*T'R- + ('R*)R") — o.

As in §6 we can derive the relation R*(1 — I'R~) = (1 + 'R*)R -,
and using it we arrive at the identity

A+ TR*)1 —-TR)=1+o.

If V is Hermitean, the functions v. are complex conjugate to each
other so that o, is real positive. In general we shall assume that the
deviation of V¥ from a Hermitean operator is sufficiently small to insure
that 1 + o, # 0. Then we can introduce the number

7o = (1 + 00)*?

and the operator r represented by

7 0
TS (0 1)'

Once our identity is written in the form
(1 + TR*)(1 = T'R~) = +2
it becomes clear how to define the operators U*. We simply set
U* =731 +T'R*), U-=( — TR )r "

For then, evidently, the relation

u+u- =1
holds and, if V is sufficiently small, the same is true of
U-U* =1.

The intertwining relations U*H = H,U* and HU - = U~ H, then
follow from the fact that - commutes with H,.

In the problem of the quantum theory of fields which leads to the
perturbation problem just solved, the quantity w, corresponds to the
energy of a certain type of particle. The shift of the eigenvalue from
the value w, to the value & corresponds to a shift of this energy under
the influence of the perturbation.
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Since only the eigenstates of the operator H and not those of H, are
stationary, the ‘‘disturbed™ particles, having the energy &, are the
physically real ones, while the “undisturbed” ones, having the energy
wo, are regarded as artificial entities.

Since actually only the combination @ = w, + v, enters the
description of the operator H, it is quite arbitrary which fraction of this
sum is assigned to the undisturbed particle as its energy w, and which
fraction t, is assigned to the perturbation. How this is done makes a
difference inasmuch as the transition formulas are expressed in terms
of wg.

The original formulation of the quantum theory of fields corresponds
to taking v, = 0 so that w, = w; then the disturbed energy & differs
from the undisturbed one. This is the attitude ‘ before renormaliza-
tion”. The attitude ‘‘after renormalization” corresponds to taking
the physically real energy as the undisturbed one, w, = &, as we have
done here; the deviation & — & then appears as part of the disturbance,
& — &y = vo. Accordingly, one refers to the real energy & as the
“renormalized” one, and to @ as the *“unrenormalized” energy. This
question will also be discussed later on in a related context; see §17.

Actually, one speaks in general of renormalized and unrenormalized
masses rather than energies; this is appropriate in Lorentz invariant
theories since there the energy of a particle is determined by its mass.

In the problem that we have considered so far, it does not make any
real difference which of the two attitudes one takes, but it does make a
difference in problems involving divergences. For, if in these problems
limiting processes are employed it does make a difference whether the
quantity & or the quantity @ is kept fixed in such a process.

Divergences arise from the fact that in the physically realistic case
the functions v, (w) are not square integrable; in fact, they are given by
v.(w) = gw'’?, with an appropriate “coupling” constant g. Instead
of immediately discussing the implication of this form of v, we shall
consider the effect of divergences in stages. To this end we introduce
the quantities

® |v(w)]?
Yn:fw |(T")|dw’ P=07la2,3,
assuming w, > 0 and, for simplicity, v_ = v, v, = ¢, |[v|2 = v,0v_.
We require the function v(w) to be such that the functions {(w)v(w)
belong to one of the two classes described in Appendix A7 provided

{(w), the “form factor™, is infinitely differentiable and of bounded
support.
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While we have assumed so far (Case 0) that the number Y, is finite,
we now consider the possibility that this quantity is infinite.

In case Y, = oo the operator V is not defined for vectors @ with
Yo # O; for, otherwise (V®, V®) =z | |v(w)|? dw|yo|? would be infinite.
Although the operator ¥ is thus not defined in a dense subspace of the
Hilbert space, the operator H, + V can be defined in a dense subspace
provided the numbers Y;, and hence Y, are finite (Case 1). This is
quite obvious since, by virtue of Y, < oo, the quantities =, and /i*(w)
and hence the transformation operators U * are defined. These
operators allow one to transform the dense subspace of vectors @ for
which H, is defined through ¥ = U*® into a dense set of vectors
where H can simply be defined by

HY = U*HU"¥ = U* Hyd.

Thus both operators H and H, are defined in dense subspaces, but not
the difference V.

This fact may appear strange but there is nothing wrong with it.
After all, unbounded operators are never defined in the full Hilbert
space, but only in dense subspaces, and it can happen that the inter-
section of two dense subspaces is not dense (or even empty).

While the operator V is not defined in a dense subspace, the associated
bilinear form (®, V®‘?) can be defined for a dense subset ; for example,
for the set of all vectors @, @ whose representers y(w) and ¢ (w)
have bounded support. It is, of course, well known that there exist
properly defined bilinear forms which cannot be associated with an
operator defined in a dense set. One might perhaps think one could
dispose of the difficulty encountered by going over to bilinear forms,
or “matrix elements’, instead of using operators. That is not
sufficient, however, as will become clear from the discussion of the
next case.

In Case 2, characterized by Y, = o, Y, < oo, we find that the
term vy, given by the expression | (o' — w)~!|r(w’)|? dw’, is infinite.
Now, this term is the matrix element v, = (@,, Vdb,) where @ <+ {I, 0}.
Thus in this case not even the bilinear form of V is defined in a dense
subspace.

Nevertheless, the transformation operators U * can be defined. At
first sight this might appear not to be so since the integral involved in
the definition of /*(w) is not finite now; moreover, the infinite term Uo
enters this definition. However, it is just the latter fact which saves
the situation; for the infinity of v, just balances the infinity of the
integral referred to.
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To see this we go back to Case 1 or 0 where both this integral and
the number r, are finite. Substituting for the latter number its expres-
sion as an integral and combining it with the integrals entering the
definition of (w — wo)h*(w), we find the expression

h*(w) =1% J[i@¢ w] Hwo — @)~ ¥ (@)~ (@) do

for h*(w), which is evidently defined even in Case 2. Here then we
meet the process of “removing a divergence™ with the aid of an
infinite term resulting from renormalization.

Adopting the new expression for i* to begin with, we see that the
transformations U * are defined in Case 2. Since, as can be easily
verified, these operators satisfy the relation U*U~ =U"U" =1
for sufficiently small Yo, they transform any dense subspace of the
Hilbert space into a dense subspace and hence both operators H and
H, are defined in such dense subspaces, while the operator V cannot
be so defined.

To be sure, it is unnatural to define the operator H via the trans-
formations U*. It is more natural to define H by a limiting process
from a sequence of operators H, = Hy, + V, belonging to Case 0.
To this end one may employ a form factor {.(w) which approaches 1
as v — . Instead of defining H directly as the limit of the sequence
of H,, one should first define appropriate bounded functions f(H) as
limits of f(H,) and then define H with the aid of such functions f(H).
In carrying out this limiting process it is indeed vital that the eigenvalue
& (=wo) of the Hamiltonian H, is kept fixed or forced to tend to a
limit and that the quantity wg + ro, the unrenormalized energy of the
undisturbed particle, is allowed to tend to infinity.

In Case 3, in which Y, = oo, and which comprises the physically
realistic case with t(w) = gw'?, it seems impossible to salvage the
transformation operators U *.

One has attempted to allow the coupling constant g, in r.(w)
= g,t°(w) to tend to zero in an appropriate manner while the form factor
{,(w) tends to 1. After replacement of r(w) by g.{(w)r%w), the last
term in the matrix I'R*, for example, is written in the form

(w — wo) o — @] %(w)r(w')
: {352 + f(d' — wg) "L %(@)|? da

(@0 — ) [(@ = @l = W] L@ do} s
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so that the infinity is concentrated in the first integral in the denominator.
Evidently, this integral becomes positively infinite as ¢, — 1. If now
the coupling constant g, could be chosen imaginary, it could be so
chosen that the term g;2 — — o0 in such a way that it cancels the
positive infinity resulting from the first integral. This procedure,
however, would imply that the operator H is not Hermitean, in
violation of one of the basic principles of quantum theory. Such
attempts have therefore been abandoned by most physicists.

In our presentation we have not required the operator V to be
Hermitean; therefore our theory is applicable to the case of imaginary
g+ # 0. In the limiting case, however, we have r, = 0 and it is no
longer possible to form the operators U* from 1 + I'R*. The
significance of this occurrence will be discussed in Chapter 1II in a
wider context.

A new phenomenon occurs in the description of scattering in connec-
tion with the present example.

We first describe the scattering process by connecting the limit of the
adjusted Schrodinger state @(1) = e'toe "1 ® as t — oo with the limits
of this state for + — —oo. Because of HU~ = U~ H, we have
e M- = U -e " and hence we may write

(f,(,) = eltHoJ —e—ttHo @ _

with @_ = U*®. This would not have been possible without our
renormalization, & = w,, whereby H and H, have acquired the same
spectrum.

We denote the H,-representer of ~d>_ by {¢o, #(w)}. The H,-
representer {ifo(?), ¥(w, 1)} of the state @(¢) is then given by

hot) = 740 — [etn=e L) 4y d,
wy — w

B, 1) = —rgreemon 24y o)

+ v_(w) fe“(w—w') [ p+(w) - H(w') do’,

w — w')(wo —

with p.(w) = v, (w)/h*(w).
As t — + oo the function () tends to a limit:

Po(t) = 75 3¢y ast— + oo

by virtue of the Riemann-Lebesgue Lemma. The last two contribu-
tions to ¢(w, 1) also converge, but not the first one; all we can assert is
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that the asymptotic behavior of the state &(¢) as t ~ — oo is described

by
do(t) ~ 75 bos
W 1) ~ —rtetoor 29 gy g,
whileas t ~ + o
do(t) ~ 75 'do,
Pw, 1) ~ — 75 lel@=w0 M bo + [l + 27iv_(w) f+_go)‘u]¢(w)

w — Wy

Introducing the operators U;; and S5 by their Hy-representations

-1
Uz 7o 0
1.0—1 v-(w) 1
w — wo
and
1 0
S =

o

- w

0 1+ 2mip_(w) 22
Wo

we may write these descriptions in the form
(5(1) ~ e“”OU;se_“HNDi as t ~ + o

with @, = S; ®_. The state Uz ®P_ is the asymptotic state intro-
duced by van Hove [44] in a very general context.

The term —e"“~“v_(w)(w — w,) ~14, is frequently referred to as
“cloud term™. The fact that it does not converge to zero as f — + co
implies that the state it represents does not converge to zero in_the
strong sense. Still, this state converges to zero in the weak sense by
virtue of the Riemann-Lebesgue Lemma, that is, by virtue of the
oscillatory character of the *“cloud factor” e ~©o)  Thyg the operator
e'oe """ has weak limits as f — + co and the same is true of the
inverse operator e'*”e~""o; but the weak limits of these operators are
not inverse to each other. This is consistent with the fact that the
product of the weak limits need not be the weak limit of the product.

However, if the factor 75! is omitted from the weak limit formulas
the resulting operators are inverse to each other.

The operators thus resulting for ¢ — o should be regarded as the

scattering operators S¢; for t > — 0 they reduce to the identity.
The operator S¢ is given by

1 0
+
5 5 Mo 1 2m22@

2
pr—— v (w)
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while S; was already given above. They satisfy the relations
SoS¢ = S¢S; = 1, as could readily be verified.

The scattering operator S, can also be obtained directly by a
limiting process, namely, by

eto(Uy) e " — S5 ast—- o

while for t — — oo the limit of this operator is the identity; this is
evident from the asymptotic description of the state @(r) given above.
Thus it is seen that indeed the states @, can be extracted by a limit
process from an adjusted Schrodinger state; but the adjustment consists
in multiplying e """ ® by e"fo(U;) rather than simply by eftHo,
Different types of modification of the adjustment will be met in other
problems; see Appendix Al4.



CHAPTER III

Perturbation by Annihilation-
Creation Operators

9. Particle representation. The perturbation problems of the quantum
theory of fields differ in many respects from the perturbation problems
we have treated in the first two chapters. The disturbing operator in
particular, has very special properties: It is expressible in terms of
“annihilation and creation operators™ (these terms will be explained
later in this section) and it is restricted by the requirement that the
interaction it represents is ‘‘local’ and ‘‘Lorentz-invariant™. It is
the latter two properties which produce the divergences that beset
the quantum theory of fields.

We shall give up the restriction to Lorentz-invariant local inter-
action and choose disturbing operators for which, in general, no
divergences occur. We shall, however, retain the requirement that
the disturbing operator be built up in terms of annihilation and creation
operators. In treating the perturbation problem for such operators
we shall develop a procedure which is a natural extension of the
formalism used for the perturbation of continuous spectra described in
Chapter 11 and which is related to the formalism used in the quantum
theory of fields. We shall not, however, be able to prove the validity
of this procedure.

The undisturbed operator H, will be described with reference to a
particular representation of the Hilbert space, the *“Fock ™ representa-
tion, also called **particle representation’ for reasons explained later
on.

In this representation every vector @ in the Hilbert space © is
represented by a sequence of functions of 0, 1, 2, - - - variables,

0] <;’ {‘/’0’ ')[’1(""1)’ ¢'2("~'1v w2),' . '}’

where 5, is just a complex number. The real variables w,;, w,, - -- all
run over the same interval. In most specific cases this will be the inter-

val wy, £ w < oo, where w, is some positive number; but actually we
41
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shall rarely make use of this restriction. The functions $n(ws, - -, wy)
are to be either symmetric, i.e., invariant under permutation of
their variables, or antisymmetric, i.e., change sign if the permutation
is odd, and not if it is even. (Accordingly, we speak of the cases of
symmetry and antisymmetry.) Also, these functions should be square
integrable and the sum of these squares, divided by factorials, should
be finite. In fact, this sum should give the unit form. Using the
abbreviations:

lll'n(wla Tty wn) = lJ’n((‘*’-’)n)a

f"'f"'dwl"'d‘”n=f"’d(w)"

and

we may write these requirements in the form

(@, D) = |fol? + i n f Wn(@)al? d(w), < .

The operator H, will be defined by describing the particle representers
of the vector H,® in terms of those of the vector @: the nth ‘“‘com-
ponent™ of H,® is obtained from the nth component #,(w,, - - -, w,) of
@ simply by multiplying it by the sum w; + - - . + w, provided n > 0.
The zeroth component of H, is to be zero. Thus H, is defined by the
representation

H,® *‘? {0, w1y (wy), (w; + w2)¢2(w1, wg), 3

or, shortly, by
Ho¢ ? {Z a"l’n(w)n}’
where the abbreviation

HZw=w1 +- 4 w,,

isused. The operator H, is evidently defined in a dense subspace of $.

The representation employed here is not a spectral representation for
H, in the strict sense; but a proper spectral representation could easily
be derived from it. In doing so one would introduce the number n
together with n — 1 variables such as Wy, -, wy_; @S aCCessory
variables and the sum w = 3" w as spectral variable. In any case it
is clear that H, has the point-eigenvalue 0 with the eigenvector

D, <, {1,0,0,---}andacontinuous spectrum in the interval wy £ w
with infinite multiplicity for 2w, < w.
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Representations of *‘state vectors™ @ by sequences of functions in
the manner described play a role in the quantum theory of fields inas-
much as a field may be regarded as consisting of an indefinite number
of particles, called ““bosons™ in case of symmetry, *fermions™ in case
of antisymmetry. The probability that there are exactly » particles
present in the field when it is in the state @ with (@, @) = 1 is then
given by the nth term in the series for (@, ). Furthermore, the value
of ¢,(w,) is the amplitude of the probability that only one particle is
present in the field and that its energy is equal to w,. Quite generally,
the value ¢.(w), is the amplitude of the probability that exactly »
particles are present in the field with the energies w,, - -, w,. The
total energy present in the field would then be the sum w; + -+ + w,.

From our description of the operator H, it is now clear that this
operator corresponds to the energy of the totality of particles present in
the field or simply to the energy of the field.

The interpretation of the representation described justifies the term
« particle representation™. In accordance with it we shall call a state
vector ¥, an m-particle state if its components y, are zero for all
n # m. The zero particle state ¥, will also be called *vacuum
state’’.

The description of the particle representation as we have given it
is too restricted for the purpose of field theory. The state of a single
particle in this theory is not just characterized by referring to its
energy; other observables are needed for a complete description of
this state such as the direction of the momentum of the particle,
possibly spin components, and quantities that indicate which kind of
particle it is. Collecting such “accessory” variables in a quantity o
we may say that the pair (v, o) stands for a complete set of observables
associated with a single particle. The functions i, should then depend
on the n pairs of variables (w,, 01), (wg, 03), - - -, (wy, o,).

Among the variables which form the quantity o one may include one,
. say, to indicate whether the particle is a boson, « = 0, or a fermion,
. = 1. To distinguish these two cases one should stipulate that any
permutation of the n pairs of variables (w, 0,), - - -, (w,, o,) does, or
does not, change the sign of ¢, according as it does, or does not,
induce an odd permutation of those pairs (w, o) for which ¢ = 1.
Pairs of variables with « = 0 and « = 1 will be referred to as ‘““boson”
and “fermion variables™. If both occur we shall speak of the case of
partial antisymmetry, or of a boson-fermion mixture.

In the following we shall, in general, suppress the accessory variables
o, but we keep in mind that an expression such as |,|2 = ¢,4, should
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stand for a sum with respect to the discrete variables covered by ¢ and
an integral with respect to the continuous such variables. On occasion
we shall refer to the suppressed variables o as *‘silent™.

Our next task is to describe the interaction energy operators that we
shall adopt as disturbing operators V. These operators will belong to
a class of general operators K which transform the representers of a
state @ into the representers of the state K@ with the aid of integration
processes. Such an operator K should be of the form

K = z Klm,
Il=0,m

where for any non-negative integer r the operator K, transforms an
(r + m)-state ¥, ., into an (» + /)-state with the aid of /1 integrations;
for r < 0 we should have K, ¥,.n = 0. Specifically, the operator K,
should be ““generated” by a sequence of functions Ajn((w);; (©")m),
called *“‘kernels’, which have the same symmetry property in the /
variables (w), and in the m variables (w’), that was required of the
components ¢, and ¢, of ®. We assume kj, = 0 for » < 0. The
“values™ of the function ki, are to be operators acting on functions of
the accessory variables o. A vector ,,, with the representer
$r+m(w), +m should then be transformed by the operator K. into the
(r + I)-vector K, ¥, . with the representer

ri Zperm + J-"'fklrm(wr+l,' ",wr+l;w;+lv' ) w;+m)

’ \
"/’r+m(wla Tty Wy Wy, e, w,r+m) (/w;+1 coee (Iw',+,,,.

The sign “Perm” is to indicate any permutation of the variables
w1, -+, wyyy, that is to say, of the variables not involved in an
Integration. The plus or minus sign is to be taken according as the
p.ermutation is even or odd with respect to all fermion variables. The
sign *“ > Perm™ is to indicate that the sum of the results of all indicated
permutations is to be taken. It is necessary to add the results
of permutations in order to achieve that the resulting function of
@iy, -+, wryy has the required symmetry property. Since each of
these (r + /)! functions has this property already with respect to the
first r arguments of ¢, , ., permutation of these variables would not be
necessary. Division by r! is equivalent to restricting oneself to
permutations in which the order of these r variables is not changed.

It should also be said that in case m = 0 the variables »’ and the
§ymbols [---dw’ are to be omitted, so that actually no integration is
involved in applying an operator K.
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Owing to the symmetrization entering the definition of the operators
K, these operators differ essentially from the gentle operators treated in
Chapter Il no matter how smooth the functions &}, may be chosen.
This will be explained in Appendix Al6.

The operators of the quantum theory of fields and those of the
“theory of many particles” belong to a particular class of operators
K, namely, the class of operators G = >, -0G,» Whose kernels are
independent of r,

8im = 8m =8&m forr=0,1,---.

Thus, for operators of this class the way the operator G,, transforms
an m-state into an /-state determines the way it transforms an
(m + r)-state into an (/ + r)-state.

The function g,,((w);; (w’),) will be assumed to be the kernel of an
integral transformation which transforms any square integrable
function of m variables into such a function of / variables, so that G,
is applicable on any m-state ¥,. It is readily verified then that G,,
is also applicable on any n-state ¥, for arbitrary n. Each operator
G is evidently applicable on vectors @ having only a finite number of
components ¢, # 0 and produces vectors G,,® with this property.
Note that the space of these vectors, which will be denoted by 9, is
densein $. Also any finite sum ¥, ,G,.isapplicablein $ and produces
vectors in $. Special provisions, however, must be made for infinite
sums >, .G

There is another, equivalent, description of the operators of the type
G which, because of its extreme conciseness, is invaluable for the
treatment of quantum problems of fields or many particles. This is
the description of the operator G in terms of ““annihilation and creation
operators ™.

The annihilation operator A~ (w) depends on a real variable » (and
possibly on a silent variable o); its effect on a vector @ can be described
by the formula

AT(@)P = {y(w), Pows, @), Polws, wy, @), ).
Thus, by “freezing” the last variable of each representer #,, the

operator A~ (w) transforms an n-state into an (n — 1)-state provided
n > 0; the vacuum state D, is completely annihilated

A~ (w)Py = 0.

In general, the functions of (w), resulting from application of the
operator 4~ (w) will not be square integrable for every w; accordingly,
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the operator 4 (w) has only a symbolic significance. A proper
operator can be defined with the aid of a ““test function” g(w). It is
convenient to write this operator symbolically as [ g(w)A ~(w) dw and
define it by describing its effect on a vector @ in terms of the representa-
tion of @:

f g(w)4A~ (w) dw®
= { s do, [glappaten, o) do, [s@Ms(or, 0z, ) do, -}

The symbolic creation operator A*(w) will be characterized by
defining the proper operator | A *(w)g(w) dw which depends on a test
function g. Specifically, we define this operator by the representation

J‘A+(w)g(w) dw® < {0, Yog(w1), P1(w1)g(wsz) + ¥y (wz)g(w,),
Pa(wy, wr)g(ws) + Yo(w,, wg)g(w,)
+ lpZ(a)% wa)g(wl)9 o '}'

It is clear how the nth component on the right should be formed: One
should add the n functions which result from ¢, _,(w,, - - -, w, . 1) g(wn)
by interchanging w, successively with wy, -+, w,_, after supplying
these functions with a + or — sign according as the permutation is
even or odd with respect to the fermion variables.

The most important property of the annihilation and creation
operators is that they obey the canonical commutation law. In case of
pure symmetry this law reads

[ f g(w) A (") do’, f A* (@) g(w) dw] - f () 2(w) do,
where
[4,B] = AB — BA
denotes the commutator of the operators 4 and B and where g and g’
are any test functions.

‘ This relation can also be described without employing test functions,
simply by the symbolic relation

[47 (), 47 ()] = 8o’ - w),

where 8 signifies Dirac’s delta function. In either form the com-
mutation relation can be readily verified.

In case of antisymmetry the commutator is to be replaced by the
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“anticommutator’ {4, B} = AB + BA. In case of partial anti-
symmetry the relation takes the form

A~ (o', 6" )A (w,0) — (= 1) A*(w, )4~ (o', 0') = 8w’ — w) 8(c’ — o),

with ¢« = (o) and " = «o'). (We recall that : = 0 for a boson state,
¢ = | for afermion state.) Theterm 8(¢’ — o)isa product of the Dirac
and Kronecker delta functions of all continuous and discrete variables
which compose ¢’ — 0. We shall refer to this general case only on a
few occasions.

The annihilation and creation operators should commute among
each other,

[A7(), A7()] = [4*(s), 4* ()] = O,

in case of symmetry; in case of antisymmetry the factor (— 1) should
be supplied.

Another important, and easily verified, property of the annihilation
and creation operators should be mentioned although we shall refer
to it only incidentally. This is the property that the operators
[ 8(w)A (w') do' and | A*(w)g(w) dw are formally adjoint to each
other.

Instead of employing just one annihilation or creation operator and
a test function of one variable, one can form proper operators by
employing several annihilation and creation operators and a function
of several variables in place of a test function. We take a function
Zim((w);; (0).,) of [ variables w and m variables ' which has the same
symmetry property in (), and in («’), that was required of the
components ¥, and .. Then we form the operator

Gim = f f A* (@) - AT (@) gim((@)i; (@)m)A ™ (@) - - A7 (wp,) d(w), d(w)p.

To make the meaning of this symbolic description clear we specify
how to apply this operator G, on an n-state ¥,. To carry out the m
annihilation processes one should rename the last / variables of the
component $,((w),) of ¥,, calling them w}, - - -, w,. Next one should
multiply ,((w)n-m; (@)m) bY gin((w);; (w’),,) and integrate the product
with respect to o}, -, w,. The result considered as a function of

the n — m first variables (w), _,, of ¢, is the (n — m)-component of the
vector

f un((@); (@) A~ (@) - - A~ () d( ) P
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To apply the / creation operators one should rename the variables
(w),, calling them w, _ 23, - -+, wa -4y, and then perform all permuta-
tions of the n — m + [ variables (w), _n., of the resulting function,
disregarding permutations of the first n — m arguments of the original
component ¢,. The resulting functions, after having been supplicd
with the proper sign, should then be added. The function thus
obtained is the (n — m + [)th component of the (n — m + /)-state
Glmgln-

Thus we see: When acting on an m-state ¥, the operator Gim
produces an /-state. The /th component of the state G,,, ¥, is evidently
obtained by applying an integral operator with a kernel given by gim
on the mth component ¢, of ¥,,. When G, is applied on a state ¥
with n > m, it also acts as an integral operator, but only s of the n
variables of the component ¢, of ¥, are affected by the integration.
If G, acts on a state ¥, with n < m it produces 0.

One readily verifies that the operators denoted by G,, earlier are
operators of exactly the type described now.

Operators G,,, of this type will be called * basic annihilation-creation
operators™. If we want to indicate that the operator G,,, is generated
by the integral operator with the kernel g,,, we shall write

sz ':';" glm((w)l; (wl)m)'

Operators of the form
G= Z Glm

I,bm=0
will be called *“annihilation-creation operators™ quite generally.
We now stipulate that the disturbing operator V should be such an
annihilation-creation operator.*
As a matter of fact, even the undisturbed energy operator H, is of
the annihilation-creation form inasmuch as it can symbolically be
written as

Hy = [ A+ (@A ~() do,

as is easily verified. Obviously this operator is of the type G,,, but
its kernel, g,,(w; w’) = wd(w — w’), is not a proper function.

-_— — —

! In this restriction our approach differs from that of van Hove and Jack Schwartz
[44; 47), who admit more general opcrators of type K. By restricting ourselves to
operators of class (G) we can describe a formalism which is simpler than, though in
principle covered by, the formalism of van Hove. For certain types of operators of
class (K) which are not of class (G), J. Schwartz obtains rigorous results.
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In our discussion of the perturbation of continuous spectra we have
emphasized the importance of the smoothness of the kernel of the
disturbing integral operator. To remain mathematically as realistic
as possible, we shall require a high degree of smoothness of the kernels
Uim((w),; (w'),,) of our present disturbing operator V. We shall dea]
with two types of smoothness: *‘total " and “conservation ™ smoothness.

We call an operator of type G rotally smooth if the kernels &im are
continuous functions of the / + m variables (w), and (v),,.

In the case of “‘conservation smoothness™ the kernels g, of the
operators G,,, possess a certain delta function as a factor. This factor
insures that a state ¥, in which n particles with a definite total
momentum are present is transformed by application of the operator
G, into a state with the same value of the total momentum. The
disturbing operators in all realistic and unrealistic models in the
quantum theory of fields that are treated by physicists are endowed
with this conservation character provided this disturbing operator
corresponds to the interaction of one field with another (or with itself)
but not with an external source. The interaction of a field with a
fixed external source may be approximately represented by a totally
smooth disturbing operator V.

At first we shall restrict ourselves to totally smooth disturbances;
the case of conservation smoothness (with the restriction ¥y, = ¥, = 0)
will to a certain degree be treated in §§17, 18 and Appendix A19.

Since we want to take our disturbing operators from the class of
annihilation-creation operators it is important to know whether or not
such operators are bounded. First we state that in case of symmetry
the operators G, except for | = m =0, are unbounded. For the
operators Gy; and G,, this follows immediately from the commutation
relation; cf. e.g. [41]. For general operators G,,, this fact is implied
by the results of Galindo mentioned below. The same is true for a
finite sum for convenience written as >, , n» 0G;m, but not necessarily for
an infinite sum of operators G.

If the disturbing operator V is unbounded the question arises whether
or not the operator H, + V, defined in $ can be extended to a strictly
selfadjoint operator in case V is formally selfadjoint. This is well
known to be true if V is positive-definite or at least semi-bounded;
under very wide conditions it was shown by Galindo [51] to be true for
operators given as a finite sum ¥V = 3, .50 Vim.

On the other hand, by exploiting the unboundedness of such
operators, again in case of symmetry, Galindo has established that
the operator Hy, + V has no lower bound if V can be written in the
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form SyciimzsVim (With s < oo being the smallest such subscript)
provided V., is not positive-definite. As a consequence the spectrum
of this operator reaches down to — co. Certainly then, such an
operator Hy + V is not equivalent with the operator H,. We shall
refer to this fact in the next section.

Similar facts can be expected to obtain in the case of partial anti-
symmetry; but the situation is quite different in the case of pure
antisymmetry. For, in case of antisymmetry the basic operators
JA*(0)g(w) dw and [ g(w')A~(w’) dw’ are bounded if g is square
integrable,

fg-(—w)g(w) dw < 0.

This follows, by virtue of the commutation law, from the identity

[4*-g@|* + |g-A P> = (P, {§-A A" g + A* -gg- A~} )
= (£-8)(P, D),

see [41], in which we have used the abbreviation
18 = [f@g(e) do,

where the function f(w) may also stand for an operator such as 4 £ (w).

Using this fact one can show that the operators Vi, are bounded
provided the kernels v, belong to an appropriate class of Smooth
functions. If the operator V consists of a finite sum of such operators
Vim» the operator H, + V is defined whenever H, is. In case of
antisymmetry, therefore, it is not a priori excluded that the disturbed
operator H, + V is equivalent with the undisturbed operator H,,

Incidentally, a similar remark applies to the case in which V is linear
in the annihilation-creation operators of boson variables, but nonlinear
in those of fermion variables.

10. Perturbation by totally smooth annihilation-creation operators. Our
aim is to find a spectral representation of the operator
H = Ho + V.
To this end, we should like to find a pair of bounded operators U=,
inverse to each other, which transform H, into H according to the
relation
H=UH,U".

If such operators U* existed, the operators H and H, would be
equivalent and hence would have the same spectrum.  But we certainly
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have no right to expect that such operators U* exist unless the dis-
turbing operator ¥ obeys severe restrictions; as a matter of fact, we
have no right to expect that total smoothness of the operator V be
sufficient for this existence.

There are several reasons for this.  First of all the operator Hy, + V
might be unbounded below (this can happen, as was mentioned at the
end of the last section) so that the spectrum of H, + ¥ reaches to — co,
Next, if H, + V is bounded below, the spectrum of this operator might
be quite different from that of Hy; in particular, it need not be associated
with a particle representation (see e.g. §16). But even if this were the
case, the spectrum of Ho + ¥ might be shifted relative to that of H,.
In fact, this should be expected to occur in general.

Note that the undisturbed operator H, has a point eigenvalue, the
eigenvalue zero with the vacuum state ¥, as eigenvector. In general,
one must expect that this eigenvalue will change under the perturbation
provided terms ¥y, or Vo are present among the components Vin of V.
At the same time even the continuous spectra nwy < associated
with the n-particle state must be expected to move. It is most remark-
able that these changes will be of a very simple type if, as we have
assumed, the operator V' is an annihilation-creation operator. The
eigenvalue zero and the lower ends nw, of the spectra hwy £ o will
simply move by thesameamount. This remarkable feature is indicated
by the formalism we are going to develop.

In a situation as described it is not difficult to eliminate the shifts,
and thus to achieve that the operator H has the same spectrum as H,,
provided one is willing to tamper slightly with the disturbing operator
V. In fact, one single adjustment of V is sufficient: the proper choice
of the term Voo of V.  Discussion of this adjustment will be one of the
major items of our exposition.

We mention incidentally that in the case of conservation smoothness
an additional adjustment is needed, namely, that of the term V11, or,
what can be shown to be equivalent, the adjustment of the energy
function w(k) which gives the energy of a single particle in terms of its
momentum X.

In accordance with what we have said above we shall keep the value
of the go-term Voo of V in abeyance when we try to find a pair of
operators U *.

The operators U * will be given in terms of another pair of operators
T * which also intertwine with H and H,; i.e., satisfy the same ““trans-
formation equations”

T*H = H,T*, HT- =T-H,
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as U *, but which are not required to be inverse to each other. Instead,
they are required to be of the form

T+ =1 + I'R%,

where the operation I'is so chosen that the operators I'R* are solutions
of the equation
[Hy, 'R*] = R*.

In contrast with what is the case for the simple perturbation problem
treated in Chapter II, being of the form 1 + I'R* will not necessarily
make the two operators T* inverse to each other. But we shall be
able to derive from the operators T* other operators U * which have
this property.

If the transformation equations are satisfied by 7* = | + I'R*,
the relations

[Ho, TR*] = T*V,  [Ho,TR"] = VT~

hold for the operators I'R*; consequently, the operators R* satisfy
the equations

R+ = (1 + TR*)V, R~ = V(1 — T'R").

We shall try to find annihilation-creation operators R* which solve
these equations. Clearly, operators T* =1 + I'R* formed with such
R* satisfy the transformation equations.

This set-up is exactly the same as that for the perturbation of
continuous spectra treated in §6. The difference will become visiple
when, in trying to mimic the procedure of §6, we shall investigate the
smoothness properties of the kernels of the integral operators generating
the operators R*.

First of all let us discuss the operation I Let G,,, be an operator
generated by a kernel g, and hence given by

Gin = fA H(wy) - - AN (@) gim((@)r; (@)m)A “(w1) - A7 (o) d(w), d(w)p.

Then the commutator [Ho, G;»] is also an annihilation-creation
operator. Applying the operators HoGim and G,nH, on an (r + m)-
state, one will observe in subtracting the results that the r unaffected
w’s cancel out and thus find

[Ho, Gim] = fA+(w1) s AN (@)@ — 0 )ingin((@); (0)m) A~ (w)) - - -

. A~ (wn) d(w), d(w)n
with
(0 = 0= w1+ o=@ == wl
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In view of this formula one should expect that a solution G, of the
equation [Ho, Gin] = Qi Will be given by the operator generated by
the kernel [w — ') @i, Where gn((w),; (w'),,) is the kernel generating
the annihilation-creation operator Q,,, and [w — ’];;! is a particular
inverse of (w — @')p.

In analogy with the choice made in §6 we define

[0 — &It = (0 — &)i! + ind(w — & )i

except for /m =0. For / =0 and for m =0 we omit the delta
function. For sufficiently smooth kernels gq,, we then shall define
I'Q,.. as the operator with the kernel

[0 — @' qun((s)i; (S)m)-

The operation I' is also applicable to linear combinations

QO = 5,.0um of operators Q,, provided no oo-term Qy, occurs among
them. Clearly, if the requirement

Qoo=0

is violated, the operation I' cannot be defined. For, the obvious
relation (w — w')go = 0 implies [Hy, Goo] = 0, so that the equation
[Ho, Goo]l = Qoo has no solution unless Qq = 0. This condition
Qoo = 0 will play a major role in the subsequent analysis.

In particular, this condition must be observed when we try to solve
the equations for the operators R* formulated above. Since the
operation I' is to be applicable to the operators R*, we are forced to
require these operators to have no oo-terms. Here then, we meet our
first obstacle: Suppose we want to solve the equations for R = R*
by iterations

R® =y, Rn+1) (1 + TR™,
and
RO = V’ Rn+1) — V(l _ FR(")).

In trying to do that we see that this process cannot be continued unless
the operators R™* " satisfy the condition R{,*Y = 0 if the R™ do;
but this will in general not be the case. The same difficulty arises if
we try to solve these equations by a series expansion

R* =V +@TV)V +TTVV)+---,
R~ =V - VIV - VI(VTV) —---.

This obstacle can be overcome. But aside from it, other obstacles
will be met when one tries to introduce a class of operators, to which
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V should be restricted, such that PI'Q and (I'P)Q belong to this class
whenever P and Q do. To analyze these circumstances it is necessary
to describe in detail the nature of the product of two annihilation-
creation operators.

11. Products and graphs. At first we shall consider two general
basic annihilation-creation operators F;, and G,, and rewrite the
product F;,.G,, given by

FuGin = [ [ [ {420 4@t - 4-@i)

AT (@1) - AT (@) 8inA T (w1) - - - A7 (wp) d(w), d(v), d(w'), d (V')
in a different, “ordered”, form. To this end we apply the basic
commutation law (see §9),

A~ (WA () = (1) A (w) A~ (V) + 8(' — w),
successively until there is no longer any annihilation operator ahead of
a creation operator. The result is an expression of the product F, s
as a sum of basic annihilation-creation operators, referred tjo a:
““contributions” to the product.

One of these contributions is simply obtained by placing all annihila-
tion operators to the right, all creation operators to the left and supply-
ing the proper sign; it is called the “Wick product” and indicated by
double dots :

A™(wh) d(w), d(v); d(v}), d(w)m,

where >*., ZIL = (7)) +- -+ «7,) and 3", Sh= o)) + -+ (o)
As we recall, if the value of ¢ associated with a particle is such théi
(o) = O the particle is a boson, and if «(o) = 1 it is a fermion,

All other contributions to the product F;.G,, are formed with the
aid of at least one delta function 8(v" — w) where v’ stands for one of
the variables v}, ---, v, and o for one of the variables Wy, e, .
This delta function can be made to disappear by SUbstitutiné ' o
in gi» and then integrating with respect to the variable v'. The
integration with respect to w remains. We say that the variable o’ was
‘“contracted ” with w.

The sum of all contributions to F;,.G;, which involve contractions
will be called the *“attached” product of Fj, and G,, and denoted by
F,. - G,,. Thus we may write

ijGlm = P}k e Glm + :IrlkGlm:~
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The Wick product has the important property, under circumstances
which we are going to describe, that the order of its factors may be
interchanged

:G.Ga: = GGyt

We then say that the “Wick factors commute™. Certainly they do in
the case of pure symmetry since in that case annihilation operators A4 -
as well as creation operators A * commute among themselves. In case
of pure antisymmetry the Wick factors do not commute if the operators
G, and G, are odd functions, but do if these operators are even functions
of the A*. To cover the case of partial antisymmetry we say that an
operator G, is ‘““even in fermion annihilation and creation operators
if the kernel

glm((wla 01)’ ) (wb ol); (wfb O‘i), Tt (w;m 0:71))

vanishes for those values of the arguments (wy, 0,), - - -, (wh, ol,) which
involve an odd number of fermion variables; that is, variables (w, o)
with «(¢) = 1. If both operators F;, and G,, have this property the
factors in their Wick product commute.

Eventually, in §12, we shall assume that our interaction operator ¥
has this property of being even in fermion annihilators and creators.

S oS

FIGURE 1. GRAPH OF BASIC OPERATOR G535 FIGURE 2. GRAPH OF CONTRIBUTION TO

PRODUCT Fy4 G43 WITH TWO CONTRACTIONS

FIGURE 3. GRAPH OF WICK PRODUCT: Faq Gy

It is perhaps worthwhile to describe a graphical representation of
operators G,, and their products.

To an Im-operator G, we assign as its graph a point to which / + m
segments, called *“‘prongs”, are attached, / pointing to the left, m to
the right, all extending the same horizontal distance from the vertex.



56 III. PERTURBATION BY ANNIHILATION-CREATION OPERATORS

If two operators Fj,, G, are to be multiplied we place the graph of
F;i to the left of that of G;n. To a contribution to the product F;,G,,,
which involves r contractions we assign a graph obtained by connecting
r annihilation prongs of F}, with r creation prongs of G,,, and extending
the unaffected annihilation prongs of Fj, to the end level of those of
G and the unaffected creation prongs to the end level of those of F;,.

The graph of a Wick product, not involving any contractions, is
called ‘“disconnected .

Each contribution involving r contractions will be denoted by

Fye = Gim;

all these contributions are equal, as follows immediately from the
commutation laws and the required symmetry property of the kernels.
The number of these contributions involving r contractions is

Ni = C,,r'Cy, = kNVk — )il = r)ir!,

where Co, = al!bj(a — b)i is a binomial coefficient; for, these contribu-
tions are obtained by making all C;, selections of » creation prongs
of Gim, all C,, selections of r annihilation prongs of F;., and then
making all r! contractions between them. The total attached product
can therefore be written as

Fj o Gy = Zo Ni(Fye = Gip).
T>

Let us return to the investigation of products of the type P, I"Q,,
and (I'P;,)Qin. Suppose then that Gin is an operator of the form
Gin = I'Qin and that Qi» and Pj; having kernels sufficiently smooth
to admit the operation I Then the kernel of each contribution to
the attached product of these two operators involves an integration
with respect to at least one of the variables w; this integration smoothes
out the singularity [w — ']~ ! which is present because of the presence
of the operation I, just in the same way as this was the case for the
single particle interaction treated in §6. Because of this smoothing
effect one should expect that the attached products P,, - I'Q,, and
P, = Qn again are operators of type Q admitting the operation I"
(unless they are 00-terms) provided the smoothness requirements on
the kernels are properly chosen.

We should like to formalize these matters somewhat. We assume
that the operators P;, and Qi belong to a linear manifold £ of
operators having various properties of which two will be formulated
presently, while the others will be formulated when they are used for
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the first time. Classes £ of operators Q having these properties will
be described in Appendix Al17.

We assume that every operator in £ is the linear combination
>im OQim of operators Q,, in £. The subclass of the operators
>i+m>o0 Gim, that is of those for which Qo = 0, will be denoted by £".
Then we require (I) that the operation I" should be defined for operators
Q in £ and there should exist a dense subspace $ of $ such that the
operators I'Q for Q in £’ are applicable in . The class of operators
I'Q with Q in £’ will also be referred to as class I'’.  The important
property (1I) now is that the attached products

P-oTIQ and I'P- Q

should belong to the class £ provided P and Q belong to £'.

The situation is quite different as regards the Wick products : PI'Q:
and :(I'P)Q:; their kernels are formed from those of P and Q without
integration; the singularity of [w — w’]~! is not smoothed out. These
Wick products, therefore, are not totally smooth and hence do not
belong to the class . This is the cause of our second obstacle: The
products PI"'Q, and (I'P)Q do not belong to the class £ if P and Q
belong to £ since the Wick contribution is included in these products.

We shall overcome this ‘“‘second obstacle” by replacing the basic
equations for the operators R* by other, equivalent, equations which
involve attached products instead of ordinary products; then the
trouble caused by the Wick products will be eliminated.

Our subsequent developments will largely be based on the analogue
of the identity

I(PTQ + (I'P)Q) = I'PT'Q

which was formulated in §6 for operators which now would be called
0., and Py, restricted toact onstates ¥,. Carrying over the arguments
of §6 one will find that this identity holds even for the attached products
formed with any annihilation-creation operators Q, P in £’ provided
the attached product I'P - I'Q has no 00-component. In this con-
nection one should observe that the operator Py, = I'Q,q + I'Py, < Qo
never has a oo-term since the factors [@]s* and [— @] supplied by the
I'-operation cancel out. Here @ refers to the variables involved in the
contraction. The same, obviously, applies to P - I'Q + I'P - Q.
If (I'P - I'Q)yo = 0 is not assumed, the identity takes the form

I(P>TQ + I'Po Q) =TP->TQ — (I'P < I'Q).

This identity in fact holds for each single contribution to P - ro
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+ I'P - Q provided that corresponding contributions of P - I'Q and
I'P - Q, i.e., contributions having the same graph, are combined.

Although the Wick products G = :PI'Q: and G = :(I'P)Q: with
Pand Qin £’ do not belong to the class £, operators I'G can be defined
for them as being applicable to vectors in the space $ described a little
earlier, so that the relation [H,, I'Q] = Q holds; at the same time the
identity

I':prg + I'P)Q: = :(I'P)rQ:

can be verified. Note that neither of the Wick products occurring here
has a oo-term since P and Q do not.

We do not want to go into details, but accept the last formulas as the
basis of our subsequent analysis.

The operation I’ can similarly be extended to Wick products of
several factors and one readily verifies the identity

r:Q\rQ,---I'Qy + (I'Q))Q2l'Qs-- - I'Qu +++-+ (I'Q,--- T'Q,_,)0:
= :FQI"'FQn:-

12. Two basic formulas. Basic equations. In case the operators
G,, - - -, G, entering the Wick product :G,---G,: are equal (we then
set G; =---= G, = G), we speak of a “Wick power” :G":; in case
n — 1 of these factors are equal, all but the vth factor say, we use the
symbol :G'~1G,G"":.

At this place we formulate an additional (not numbered) requirement
on the operators Q of our class £.: These operators Q should be even in
the fermion annihilators and creators A*. That is to say each com-
ponent Q,, should have this property (described in §11). As a con-
sequence, the factors in a Wick product of such operators Q, or I'Q,
commute. Inparticular, it then follows that the operator nQIro)y-1:
can be written in the form

mQIQ)~t: = 0" + I'QYQI'Qy* "2 +-- - + (I'Q)"-1Q:.

The right number here is evidently the commutator of H, with
:(I'Q)":, so that we may write

[Ho, :(I'Q)™:] = :nQI'Q)"~1:.
Applying the operator I" on both sides we obtain the identity
:nQrQ)y*~1t: = «(I'Q):,
which agrees with the last identity of §11 for 0, =-.. = Q, = Q.
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With the aid of the operators :G": we form the “Wick exponential
function” defined by

@
e =1+ Z :njG":,
n=1

actually used only for G in I'’; with Q in £'; with the aid of the
operators :nQ(I'Q)": we form the series

1 Qe = 21:('1 - Dioro)r-1..

As an additional property of our class £ we now require that

(111) These series converge to operators applicable in the subspace
$ of © if the operator Q is of the class £'. The class £ described in
Appendix A17 will have this property.

Applying the operation I" on each term of the series for :Qe™: we
obtain the relation

riQ 3 (- DTyt = : 3 m(roy,

which can simply be written as
) 1 + I': Qef9: = :ef9:,

This is our first basic formula.

This formula is quite suggestive. If we recall the formalism of the
perturbation of continuous spectra, reviewed at the beginning of §10,
we are clearly led to expect that the desired operators T* are Wick

exponential functions

+ _ . ,xIQ*E.
T* = :e 5

involving two operators Q* belonging to the class £’ if this class is
chosen sufficiently wide. For, according to the basic formula (I) these
operators would then be of the desired form

T* =14+ I'R*
with operators R* given as

R* = :Q-.l:e:H"Q* .
Equations
Rt =Ty, R- =VT-,
which are equivalent with

[HOa T+] = T+V, [Ho, T_] = —VT—,
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and hence with

T+(Hy + V) = H,T*, (Ho + V)T~ =T~ H,,
then assume the form

(0% = efT Y, Qe = Vel

These equations, which should be solved for Q#, are not yet in a
manageable form. It is possible to put them in an accessible form
since it is possible quite generally to write the product of any operator,
such as V, with a Wick exponential function as the Wick product of
another operator with the Wick exponential function.

To describe how this can be done we introduce, at first in a purely
formal manner, a particular kind of product of an operator with a
Wick power and a Wick exponential function.

We call “(left) connected product” of an operator W of type G
with a Wick power :G": of an operator G with Go, = 0 the sum of all
those contributions to the product W:G": in which W is contracted
with each of the » factors G. (The graphs of two connected contribu-
tions to the product W,,:G3,: is shown in Figure 4.) We denote the
left connected product of W and :G": by

W —< .:G": ;

_/\____ 7

FIGURE 4. GRAPHS OF TWO CONNECTED CONTRIBUTIONS TO THE PRODUCT Way: G3;:

this product is to be zero if W has fewer than n annihilation prongs.
We now define, at first purely formally, the left connected product of
the operator W with a Wick exponential function by the series

a
W —< :ef: = W —< :nj G™:,
n=0

setting
W—<::=W, W—<:G:.=W-Ad.

In a similar manner we define the right connected product

:Gh: >~ W and :ef:>~W.
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In terms of these connected products our second basic formulas read

a1 W:.eb: = (W —= :e%)eC:,
(e W = :(zef: >~ W)eC:.

Evidently, these formulas express the ordinary product with a Wick
exponential function as a Wick product.

The validity of these formulas could be established rigorously for
operators W in £ and G in I'’, when £ is the class described in
Appendix A17. Here we shall give only a formal derivation. There-
fore, we regard the validity of formulas (11) as requirement (1V) on our
class 2.

The (formal) proof of identities (II) is quite simple. We first write
the product V:G": as the sum of those contributions in which V is
contracted with p of the factors of G", letting p run from 1 to n.
Evidently, the contribution from p factors of G" is

(Z) (V= GG He,
since there are C, , choices of p factors. Summing over p from 0 to #,
we obtain the relation

V.G = Z ("):(V—A :GH)Gr R
n=0 ®
= VG + n:(V—=<G)G 1 + (g):(V—-ﬁ :G2)G 2
+ -+ V=G
Hence

Vie¢: = n V.:G": = Z nj Z (n):(V—4 GG R
n=0 u=0 M

n=0
Z z vi pj ((V—=:G")G": = (V=< :e%:)eS:.

v=0 u=0

Confronting the formulas (II) with the equations for Q* to be solved

we see that solutions of them are simply given by solutions of the
equations

Q+ = M9 iy, Q- =V-=<:e T
These basic equations take the place of the equations
R* =1+ T'R*)Y and R~ =V( —TIR")
described in §10.
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The advantage of the present equations over the former ones lies in
the fact that (V) for Q in ' and W in L2 the connected products
W —< :e"?:and :e"?: >~ W are well defined and belong to £, provided
this class is properly chosen. The class £ described in Appendix A17
has that property. The reason that this class can be so chosen is that
every factor I' of the Wick powers :(I'Q)": which form the Wick
exponential function, is contracted at least once with W, so that every
one of the n factors [w — w’]~Yin :(I"Q)": is smoothed out. Thus we
see that we have overcome our second obstacle: We would now be able
to carry out the iteration steps for our new basic equations if only we
were sure that the operators ¥V —< :e79: and :e”9: > V, appearing in
these steps, had no oo-terms. That need not be the case, however.
That is to say, we have not yet overcome our first obstacle.

This first obstacle can easily be overcome if one is willing to adjust
the value of the oo-term ¥V, of the disturbing operator V instead of
prescribing it.

We set

V=V 4+ Vy,

so that V' is in £/, and write our second basic equation (which we
prefer to the first one when we give details) in the form

Q- =V =T 1+ V,,

observing that the term V,, does not contract with :e~79" — 1..
Now we need only require that V;, be given by

Voo = —(V' = :e7T97 1)qp
and write our second basic equation in the ‘“modified”’ form
Q- =V <7t — (V' = 17797 ).

Clearly, the right-hand side of this modified equation has no 00-term;
thus the first obstacle is eliminated. A solution Q- of the modified
equation is evidently a solution of the unmodified one provided one
chooses for the term ¥y, the value given by the preceding relation.?

This relation expresses ¥y, in terms of ¥’ and Q~; inasmuch as Q-
is determined by ¥’ also Voo is given in terms of V’'. The above
expression for the term ¥V, is the “Goldstone formula’ in its basic
form; see [45; 46].

2 The fact that adjustment of a single term is sufficient is due to the annihilation-
creation character of V. This becomes quite clear from the work of J. Schwartz
[47] in which annihilation-creation operators are regarded as a special case of more
general operators K which are shown to require, in general, a host of adjustments.
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Instead of working with the second basic equation we could just as
well have worked with the first basic equation by setting

Voo = —(:€7": > ¥")oo
and writing this second equation in the “modified” form
Ot = e P — (:e™" 1> V")go.

In this way we would be led to two adjustments of the constant term

oo. Fortunately, as we shall show in §13, these two adjusted values
of V,, are the same. Thus we can achieve by a single adjustment of
the value of Vo that the solutions Q* of the modified equations also
Satisfy the unmodified equations.

As was remarked earlier, the process of iterations employed in
trying to solve the two modified equations can be carried out since the
Operator ¥ was assumed to belong to the class £'. It is quite another
question whether or not the iteration process converges. Although
for a few problems, namely, those that can be solved explicitly, see,
e.g., §16, this convergence could be established, it is not at all clear
that there is convergence, even in the cases in which the operators
H, + Vv and H, are equivalent to each other. Also, if there is con-
vergence at all, the limit operators Q* cannot be expected to belong to
the class £’ unless this class has been chosen wide enough. Certainly
the class chosen in Appendix A17 is not wide enough for this purpose.
Reasons why it is not possible to enlarge this class by employing the
same arguments that were used in §6 will be given in Appendix A17.
Here then we have met a third obstacle; it is the major difficulty in the
perturbation problems discussed, and has not been overcome.

Thus we are not able to proceed rigorously ; nevertheless, we proceed
formally, hoping that the formalism developed will some day prove to
be the appropriate asymptotic description of the solution of perturba-
tion problems of the type here considered. Accordingly, we proceed
under the assumption that our modified equations have solutions Q*
in these classes so that the operators

T* = :efo*;
satisfy the equations
(Ho + V)T~ =T H,, T*(Hy + V) = H,T+.
We must try to construct operators U* from these operators 7*

which satisfy the same equation but, in addition, are inverse to each
other.
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13. Inverse relations. In order to find operators U * in place of T*
we shall first evaluate the product T*T ~. At the same time we shall
show that the two adjusted co-components Vg of I are the same:

Voo = Voo
These considerations will be based on the assumption that the o0o0-
component of the operator T*T ~ is positive,
(T*T oo > 0.

Since T*T- = 1 for V = 0 this will be true if V is sufficiently small,
provided the T* depend continuously on V.
We employ the operators

R* = :Q*exTQ*.

b

where Q* are solutions of our basic equations. By virtue of the
second basic formula of §12, the operators R* can be written in the
form R* = T*(V' + Voh), R™ = (V' + V)T ~. Multiplying R*
and R~ by T~ and T* on the right and on the left we obtain the
relation

R*T- —=T*R™ =T*"(Voo — Voo)T~ = (Vgh — Voo)T*T .

We maintain that the co-component of the left-hand side vanishes.
To show this we use the relations T* = 1 + I'R* and write

(R*T- — T*R7)oo = (R* = R )oo — (R*T'R~ + (I'R*)R " )oo.
Now we have RE = (: Q*e™9* )oo = Osince Qf = 0. Furthermore,

we have

(R*TR~ + (TR*)R")oo = 0
since the I-factors [—w'];* and [w];' of R~ and R* cancel.
Consequently, we have (R*T~ — T "R 7)o = 0 and hence

(Vo — Voo)(T*T ")oo = 0.

In view of the assumption (T'*T ~)q0 # 0 we conclude that Vg = Voo,
so that indeed the adjustment of the constant V,, is the same whether
determined from the first or the second basic equation. At the same
time we obtain the relation

R¥T- —T*R~- =0
and, hence, the relation

R* — R~ — R*TR~ — (TR*)R~ =0,
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which we shall use in evaluating the product T*T- = (1 + I'R*)
(1 — T'R").

Following the procedure of §6 we shall express I’'R* 'R~ in terms of
I(R*T'R- — (I'R*)R-). We recall the basic identity

I(PrQ + (I'P)Q) = I'PI'Q — (I'PT'Q)q0,
for operators in &, which was formulated in §11 for Wick and attached
products, and which depended on the fact that (PI"Q + (I'P)Q)¢0 = O.
A corresponding identity holds for a more general class of operators,
in particular, for operators of the form R* = : Q*¢*79*:, Thatis to
say, the ‘“extended basic identity
I(R*TR~ + (TR*)R") = T'R*T'R~ — (TR*T'R" )4,

holds. It is readily proved formally if one uses the relation
(R*T'R- + (I'R*)R")oo = 0 derived above; we refrain from giving a

rigorous proof.
Since R*I'R™ + ('R*)R- = R* — R, as was shown above, the

extended basic identity leads to the relation
I'(R* — R™) = TR*T'R- — (I'R*T'R")qo.
Using this relation in T*7T~- = (1 + I'R*)(1 — I'R~) we find
T+*T~- =1 — (I'R*I'R ).
Thus we see that T*7T -~ differs from the identity by an additional

00-term. The right-hand side evidently equals the go-term, (T * T ~)qo,
of the left-hand side. Since this term was assumed to be positive we

can introduce the number
7= [l — (I'R*T'R™)y0]*"?

and write our result as

TYT- = -2

We now define the operators U * by
U* = +71T*, U- =T+,

Clearly, these operators satisfy the relation

UrU- =1;
at the same time these operators intertwine with H and H,, i.e., the
relations U*H = HU~, HU~ = U~ H, hold. If the operators

U* — 1| were sufficiently small with respect to an appropriate norm,

the inverse relation
U-U*=1
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would follow from U*U - = 1. From now on we shall assume this
inverse relation to hold.

While describing operators U* was our major aim, other items
should be discussed, in particular, items referring to the scattering
process. Before doing this we must exploit our knowledge of the
operators U * for a “change of attitude™.

14. Change of attitude. With the aid of the operators U * we may
introduce new annihilation and creation operators which play the
same role for the complete energy operator H as the operators A4*
play for the undisturbed operator H,. We need only set

B*(w) = U~A*(0)U*

and verify that these operators B* satisfy the same commutation laws
as the A*. We then may associate a particle representation with the
operators B* by stipulating that the B-particle representer of a state @
should be the A-particle representer of the state ¥ = U*+®. The
B-vacuum state @, is then related to the 4-vacuum state ¥, by the
relation &, = U~ ¥, and, more generally, if ¥, is an n-state with
respect to A*, the transform

o, =U"Y,
is an n-state with respect to the B-particles. A definite physical
interpretation of these B-particles will be given in §15.
We also may introduce annihilation-creation operators in terms of

the operators B*. Denoting such an operator expressed with the aid
of the 4* by G(A4), we may describe the corresponding B-operator by

G(B) = U-G(A)U*.
In particular, writing
Hyd) = [ 4*@wa=(@) de
for the undisturbed energy operator, we find the expression
H = Ho(B) = [ B*(w)oB~(w) do
for the disturbed energy operator H = Hy + V = U-H,U*. Any

relation between the operators A* and H, clearly leads to a corre-
sponding relation between B* and H. - For example, the relation

e "Ho A*(w)eHo = e¥lt4*(w),
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which can immediately be read off from the 4A-particle representation,
leads to the relation

e B (w)eltH = e¥i9B*(w),

which we shall use in §15.

The transformation operators U?*, built up in terms of A-
annihilation-creation operators, should be regarded as functionals
of the A*, and accordingly, we should write U* = U*(4). We then
can introduce operators U *(B) which depend on the B* in the same
way as the U *(A4) depend on the A*. Actually, however, the U * are
the same no matter whether they are expressed in terms of the A or the
B. This fact is formulated as the

INDEPENDENCE REMARK.

U*(B) = U*(A).

Its proof is immediate; for, by virtue of UTU - =U-U* =1, we
have

U*(B) = U U*(A)U* = U-U*U* = U*.

This remark, which corresponds to that made in Chapter 11, §6 (and
is implied in the literature), is very helpful in connection with the
following considerations.

In quantum theory the B-particles are regarded as physically real
particles (the ‘‘incoming’ particles, as we shall show in §15) while the
A-particles have only a preliminary significance. If in a renormaliza-
tion procedure a nonsmooth interaction is approximated by a smooth
one, it is appropriate to keep the B-particles fixed and, if necessary, to
sacrifice the A-particles in the limit. In any such procedure it is
necessary to express all operators, such as functions f(A4) of the A*,
in terms of the B*. When this is done we speak of a ‘“‘change of
attitude™. For us the change of attitude will be important for the
analysis of scattering.

To carry out this change of attitude we first define the operator
f(A) as

f(4) = Uf(B)U-
and then express the operators U* in terms of B. By virtue of our
independence remark it is good enough for this purpose to determine

the U* in terms of the A, for their dependence on the B* is then also
determined, so that we can write

S(4) = U*(B)f(B)U ~(B).
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In the following discussion we shall employ the B-particle representa-
tion, i.e., a representation of vectors @ by sequences of functions ¢,(w,).

The variable w then stands for the energy of a single B-particle.
Note that the 4-kernels g;n((w),; («')n) of an operator G = f(A) are
at the same time the B-kernels of the operator f(B). The operator
H = Hy(B), rather than H, = H,(A), is now represented by multiplying
¢, by [w], and the notation I' will now be used for the I" operation
associated with H.

We know that the operators U* = r-!T+ and U~ = T ~7"! are
the same whether expressed in terms of 4* or B*; we maintain that
that is true separately for r and T*. The reason is that the number
Ty is given as the same functional of the representers of Q*(B) that
gives 7 = 7, in terms of the representers of Q*(A4), and these
representers are the same.

Denoting the operators Q*(B), rather than Q*(A4), by Q* we have

* = T*(B) = :e*79" .,

Working with functions of the B* rather than with functions of the
A* results in what has been referred to as a “‘change of attitude™. It
is desirable to adopt this change of attitude in quantum theory since
there the B-particles, rather than the A-particles, are regarded as
physically real particles. The A-particles are fictitious entities
introduced to facilitate the mathematical description of the problem.
Therefore, also the annihilation and creation operators A *(w) have no
direct physical significance. Still, they do have an indirect physical
significance inasmuch as they are connected with the basic *field
quantity”, In the case of a pure boson field this connection is given
by the formulas

A*(w) = (02" 2[$(FK) £ (iw) " (T k)],
where k = (k,, ko, ks) is the momentum of the particle and
w = | |k|2 + u2|'2 its energy, while #(k) and ¢(k) are the Fourier
transforms of the field quantity ¢(x, #), and its time derivative é¢(x, t)/0t
at the time ¢+ = 0.

All physically significant processes, such as scattering, should be
described in terms of the B-particles. Also, if in a process of removal
of divergences a local interaction is approximated by a smooth,
though not local one, it is appropriate to keep the B-particle annihila-
tion-creation operators fixed, and, if necessary, to sacrifice the
existence of A-particles in the limit.

15. Scattering. Naturally, one will try to carry over to the present
problem the treatment of scattering given in §7 for single particle
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interaction. We shall show that this leads to incongruities, while a
Second approach, which was hinted at in §7 and which is physically
more realistic anyway, leads to a description of scattering which is
quite appropriate.

The first approach to the analysis of scattering refers to the asymptotic
behavior of the **adjusted Schrodinger operator™

eitHog —itH

as +t tends to infinity.

This operator transforms the state @, the Schrodinger state of the
field at the time + = 0, into the adjusted Schrodinger state

(f)(,) — e(tHoqj(t) — e”"oe'”"(p
at the time r. In describing its asymptotic behavior we may use the
A-language or, changing attitude, we may use the B-language. We

choose the latter.
Accordingly, we write the above operator in the form

U*e”"U'e'""
and describe the operator
U _(t) = eitHU —e—ltH

asymptotically as ¢r— +c. Setting Q = Q(B) we introduce the
operators Q;(r) with the kernels

ettlo- w'hmq * ((w); , (w’)m)’

where [w - wl]lm = [w]l — [w']m =w; +F o —w — - — wp,
and set

Q=(1) = > Qim(1);
im
then we may write the operators U ~(¢) in the form
U=(t) = e'HU "M = ;el@ ®. -1

It is necessary to separate the terms which involve the subscript 0
from the others. Accordingly, we write

Q=00+ Q.+ Q,
with

©
Il
s

QOrn’ Q~o = 12 Qto,

3
n
[

le-

1

~
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I
1M
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Since Q,. does not contract on the left and Q., does not contract on
the right we may write

<MW . = oTQo( . oI Q.. (1. oM (1)

As we have done in §6 for the operator I'Q,,(r), one can derive for
the operator I'Q..(¢) the relation

1 ast— —oo,
ro.y — {FOOQ.. as t — oo,

where I'go O, is the operator with the kernel

27id[w — o')ingim((w)i; (@")m)

(in the B-representation).

Convergence of an operator G(f) to an operator G, is to mean, here
and in the following, that the relation

G()P—> G, P

should hold for all states @ in 9, i.e., for all states @ with a finite
number of nonvanishing components. We shall refer to this kind of
convergence, somewhat improperly, as ‘‘strong’’ convergence.

The limit behavior of the operators I'Q,,(7) and I'Q,0(?) is different
from that of I'Q,.(t) (for / # 0, m # 0) since the denominators
>™ (—w’) and 3} w in their kernels are not singular. By virtue of this
fact we can deduce from the Riemann-Lebesgue Lemma the relation

I'Qo(t) = 0.

(For details see Appendix A18.) No such relation holds for I"Q.o(?),
at least not in the strong sense, since no integration is involved in
forming the representers of I'Q.o(1)®. Consequently, our asymptotic
description of the adjusted Schrodinger operator is

Utel@o®r-1 ast ~ —
eltHoe—1tH o ’
U+ero,o< )I§ty-1 ast ~ oo,
where
S* = :el=Qt:

Thus we see that, in general, our adjusted Schrédinger operator e'#o

-e """ does not converge as t — + oo in the ‘“‘strong’ sense. The
states

U+er@a®r-1g(0) and U *el@%®S *r-1(0),

describing asymptotically the adjusted Schrodinger states é(z), are
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essentially van Hove's ‘“‘asymptotic states”, cf. [44]. The presence
of the term e"9o®+ -1 expresses the fact that asymptotically the interac-
tion is not wiped out and that a *“cloud” of those particles that produce
the interaction persists. The factors e"%®7-! have therefore been
called *‘cloud factors™.

Let us turn to the second approach to scattering. There one asks for
the asymptotic behavior of adjusted operators F(¢) corresponding to
observables F whose values are to be measured or have been measured
at the time r.

We restrict ourselves to considering the operators A4*(w), which are
connected with the field quantities #(x, f) in the manner indicated at
the end of §14, instead of a general operator F. We introduce the
time dependent operators

At(w, t) — eltHAi:(w)e—MH
and the ‘““adjusted” time dependent operators
A*(w, 1) = e¥94*(w, 1),

which, because of e¥"“B*(w) = e~ *HB*(w)e'!, see §14, can be written
in the form
A*(w, 1) = U*()B*(0)U (1)
with
U*(t) = etHU *e~4tH,

From the second expression for 4*(f) = 4*(w, f) we find for these oper-
ators the asymptotic expression

A:i:(t) ~ T—1ero,’6(t)s+B;te-ro,‘0(t)S—_r-1,

valid for t ~ oo, with S* replaced by 1 for t ~ — co.
It is a remarkable fact that the two cloud factors appearing here
cancel out in the limit, as can be shown by a more detailed analysis

given in Appendix A18. Thus, we arrive at the limit statements (in
the ‘““strong’’ sense)

~ B* ast— — oo
A* :
o — S*B*S- ast— oo.

It is by virtue of this result that we may interpret the ‘‘modified”
annihilation and creation operators B* as those of the ‘“incoming™
particles. The annihilation and creation operators of the ‘outgoing”
particles, S * B*S -, are related to those of the incoming particles by the
scattering operator S ~ and its inverse S *.



72 III. PERTURBATION BY ANNIHILATION-CREATION OPERATORS

16. Remarks about divergences in the case of smooth interaction. In §8
we have shown in connection with a simple example that it may happen
that the disturbed as well as the undisturbed operators H and H, are
defined while the interaction operator V is not defined.

A similar situation may arise in the general case of totally smooth
interaction. There are some differences, however, since the problem
of §8 is not a special case of such an interaction; it may be regarded as
a degenerate case of the problem of conservation interaction treated
later on in §A20.

We shall discuss the nature of the improperly defined operators V in
connection with a very simple special problem in which the basic
equations for Q* (see §13) have a solution, in fact, an explicit solution.
This is the problem in which the disturbing operator

V="Vio+ Vo + Voo,
with
Vie= A" v10 = JA H(w)vyo(w) do,

Vo = voy- A~ = f bor(@") 4~ (wy) deo’,

is linear in A*. The solution Q* is simply
Q* =V'= Vi + Vo,
as one easily verifies. The operator I'Q* = I'V’ is then generated by

the kernels yvio(w) = vio(w)/w and yvg(w’) = —vy(w’)/w’, and one
readily verifies the validity of the expressions

Voo = [Pt g,

72 = exp {f“”‘”(‘”l‘;“’(“’) dw}

for the constants Voo and 72.  The operators T+ are given by
Tt = e*”"""me*"”o;'-‘“.
From the identities
A* (@)1 = et (A% (w) £ q(w)),

one readily verifies (see e.g. [41]) that the operators B* are simply
given as

B*(w) = A*(0) — yooi(w), B (w) = A~ (w) + yvio(w),
so that indeed the disturbed operator can be written as

H= f B*(w)wB~ () do.
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The operator V = V' + V,, can evidently be defined in an
appropriate subspace of 9 provided that Vy, is finite and the functions
vo;(w) and r,0(w) are square integrable (Case 0). If the last condition
is not satisfied (we then speak of Case 1 if |Fyo| < o), the operator
V10 is not applicable on the vacuum state, although inner products or
‘““matrix elements’ (¥,, V¥,) can be defined for an appropriate class
of states ¥,, and ¥,. If V,, = o0, even this is not possible. Never-
theless, the operators U * may just as well be defined provided only the
functions yr,o(w) and yve,(w) are square integrable so that |7|2 < 0.
In that case (Case 2) the operator H may be definedas H = U "HU*
although the operator V is not defined.

In case 7* = oo, however, (Case 3) the operator H can no longer be
defined in this manner, but it is possible to define the operator

Hy = L B*(w)wB ™ (w) dw

corresponding to the total energy of particles having an energy w in
the finite interval . Similarly, one can introduce the operator
corresponding to the total number of particles with w in %,

Ny = J;B*(w)B'(w) do.

In Case 2 these operators are defined even if .# covers the whole
w-ray w 2 wy sothat Ny = Nand Hy = H;in Case 3 this is not true
of either of these two operators. In this case, thus, no number
operator N and hence no particle representation is associated with the
operators B*; nevertheless, these operators satisfy the canonical
commutation laws [B~(w’), B*(w)] = 8(o’ — w).

This fact indicates that the operators 4* and B* are not equivalent.
If voy = 0, so that the operator V is Hermitean if it is defined, these
operators are unitarily equivalent in Cases 0, 1, and 2, but not in
Case 3.

Here we have assumed wy, > 0. In case w, = 0, a different case
distinction can be made even if [ | V,,(w)|2dw and [ |V,o(w)|2dw are
finite. It may then happen that V,, < o but 72 = . In this case
the operator H is defined directly as H = H, + V, but the number
operator N and the transformations U * are not defined. Again the
particle representation is associated with the operators B* although
these operators B* satisfy the canonical commutation laws.3

) 2 It was in connection with this example that the author first observed the possibility,
independently obsc.rvcd by others, that the canonical commutation laws can be realized
by operators B* with which no particle representation can be associated; see [41].
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3

In the case with wy = 0 just described one speaks of an “‘infrared
catastrophe”, since the trouble arises from the behavior of v;(w) and
vo1(w) as w — 0. In Case 3 discussed before, in which the trouble
arises from the behavior as « — o, one speaks of an ‘‘ultraviolet
catastrophe”.

Instead of taking the attitude that the operators A* are associated
with a particle representation but possibly not the B*, we may just as
well take the attitude that the B* are associated with such a representa-
tion and the A* possibly not. This is the attitude taken in the quantum
theory of fields, where the B* refer to the field of incoming particles
with the energy operator H while the ‘““free particles” associated with
the A* are considered just fictitious entities so that the ‘‘free total
energy” H, need not be defined.

There is still another possibility, namely, the attitude taken by Segal
in some of his work; see [54]. With any set of operators that satisfy
the canonical commutation laws (for bosons), such as the A* or B*,
Segal associates a C*-algebra of bounded operators of which the
selfadjoint ones correspond to bounded physical observables. Then
he proves that any two such algebras are algebraically isomorphic
in a unique way. This remarkable fact makes it unnecessary to
stipulate whether or not the A* or the B+ are associated with a number
representation if one restricts oneself to observables that correspond to
operators of this algebra.

While in the simple example presented in this section one is not
forced to take this intrinsic attitude, it might well be necessary to do
so in connection with less simple problems.

Incidentally, it appears likely that in the general problem treated in
this chapter it depends just on the nature of the kernels v;; and Vim,
and not on the kernels v, with / > 0 and m > 0, whether or not the
B* are equivalent with the 4*.

17. Perturbation obeying a conservation law. If a physical entity such
as a field is not subjected to external forces, its total momentum will
not be changed by the internal interaction described by the disturbing
interaction energy operator V' = 3,, V.. This conservation of total
momentum is reflected by the presence of the delta function

S(ky + -+ ki — Ky = — k)

as a factor of the kernel v, generating the operator V,, as was
mentioned at the end of §9. Here k is the three-dimensional mo-
mentum vector of a particle; each of its three components is to
range from — oo to + c. The presence of this delta factor in the
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kernels of V implies a loss of smoothness of the kernel, and produces
shifts of the spectrum of H = H, + ¥, in addition to the constant
shift described in the previous sections.

Among the (discrete) accessory variables, which, together with k,
characterize the state of a single particle, there may be some for which
also a conservation law holds; such a variable may, for example, be a
quantity which has the value 0 if the particle is a photon and the
values + 1 if it is a negaton or positon. We denote such variables by
o and set (k, 0) = s. We shall in general pay no attention to the
remaining accessory variables, referred to as ‘“silent”. The delta
factor expressing the conservation of the total values of & and o (the
‘“conservation factor™, for short) will be denoted by

8ky +---— k) 8(oy +---—op) = 8(sy +--— 5m)
or
8[k — k'lim 8[0 — 0']im = 8[s — 5']im
for short. Writing | - - - ds in place of 5, 3. - - d% we may introduce
operators

Gin = [ [ A6+ 4%(5) 815 ~ g (@i5)e)
cAT(s) - A7 (sh) d(s) d(5)m
in terms of a *‘reduced kernel” g° assumed to be smooth. We observe
that any (attached or Wick) product of two such operators is again an
operator of this type, as readily verified by using the formula
8(a)é(b) = 8(a)d(a + b).

The energy o of a single particle will be regarded as a function of s;
it is required to be independent of the silent accessory variables. We
may just as well assume

w(s) = (|k|* + p3(e)'?,
where u(o) 2 w, is the mass of the kind of particle which is character-
ized by the value of 0. An important requirement will be imposed on
the function w(s), namely, that it be strictly subadditive; that is, the
inequality
sy +- 4 8,) < w(sy) +--- + afs,) forn > 1
should hold. Clearly, if the function u(o) has this property, the same
is true of the function w = (u? + |k|%)!'2, since then
[+ + w? — @, +---+ 5,)
2 [lkll +---+ Iknuz - Ik1 +---+ k,,l2
+ [1(o2) + -+ + p(o)]? = p¥(oy + -+ + 07) > 0.
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Instead of w we shall adopt s as the visible variable of our representers
. Thus we represent the state @ by

D = {a(s)n)
with
(@, ) = [ol* + 2 i [4alS)al? d ().

Note that any state with a definite total value s° = (k°, o°) of s is
improper since its representers are of the form

bisho = 5(3s - 548060

Clearly, a conservation smooth operator G transforms such an im-
proper state into another improper state with the same total value of s.

Actually, we shall not work with such improper states.
As before, the undisturbed energy operator H, is described by

Hd = {iwsbn(s),.}

with 3"w = w(s;) +---+ o(s,) forn 2 1, and 3% = 0.
The interaction operator V is again assumed to be of the form

V=IZVlm;

but the operators ¥}, are now represented through
Vlm = 8[‘5' - s,]lmv?m((s)l; (S,)m)

by kernels consisting of a smooth function 1%,((s),; (s)n), the reduced

kernel, multiplied by the conservation factor.
We shall assume that pure annihilation and creation components,

or “vacuum interaction terms”’, are absent from V, i.e., we assume
Vom = 0, Vie =0 forall/, m.

It should be mentioned that this simplifying assumption is never
satisfied in field theory. For, there the operator V is of the form

V= Zf" S[sT,e0(($)n) 1 (A (—50) + A(5) - - - (A*(—5.) + A~(5.): d(S)n

and therefore always comprises pure creation and annihilation terms:

V., = f " S[sT2(— ) A (1) - - A% (5,) d ()
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and
Von = f 8151t ()A(5}) - - - A~(5%) d(5)a.

Because of the delta singularity of the kernels of these operators, the
difficulty indicated at the end of the preceding section is expected to
occur. (Haag's theorem is concerned with a related situation: cf. e.g.
[54])

Our reason for making this simplifying assumption was not so much
to avoid this difficulty but to separate the phenomena caused by the
presence of the 8-factor from those caused by the vacuum interaction
terms.

As before, our aim is to give the spectral analysis of the operator
H=H,+V

after having adjusted the disturbance V such that H and H, have
similar spectral representations.

Again we shall seek operators 7* such that
HT- =T~ H,, T*H = H,T*,

and we shall again assume that there are such operators having the
form
T* = :e*lQ*;

with operators Q* satisfying the equations
o+ = e >~V and 0~ =V=< ce-TQ™ .,

The operator ¥ should belong to an appropriate class £ of operators Q
whose kernels carry, the conservation delta factor and for which
Qo = Qom = 0; moreover, the operators Q* should belong to a
subclass £.” of £ consisting of operators for which the operation I is
so defined that
[HO’ FQ] = Q

Here an obstacle arises which is the analogue of the first obstacle
met in the case of totally smooth interaction. While in that case the
first obstacle concerns go-operators, such as Vg, in the present case
the 11-operators, such as V,,, are critical.

A 1l-operator G, is of the form

Gll = fA +(s1)8(sl —_ S;)go(sl;si)A_(Si) ds’l dsl

= f A*(s)g(s)A~(s) ds,
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where g(s) = g°(s; s) is a matrix as regards the silent variables. (Some-
what improperly, we shall on occasion call g(s), rather than g°s,; s1),
the reduced kernel of G,,.) Note that the undisturbed energy operator
H, is also of the form G,, with g(s) = w(s). Since w(s) is independent
of the silent variables it commutes with any other g(s), and hence H,
commutes with every operator G,;:

[Ho, Gn] = 0.

Since therefore the 11-component Q,; of Q commutes wjth Ho, the
operation I" cannot be defined for this component unless it vanishes.

We therefore must require of the operators Q in 2" that they have
no 1l-term,
01, =0.

It then follows that the right-hand sides of the equations for O*
have no 11-terms either, provided these equations have solutions. We

want to express this condition in terms of the 11-terms of V. Accord-
ingly, we set

V=V"+V,

and note that the 11-term of ¥y, < e~ :is Vy, — Vi, = I'Q7,
so that our first equation becomes

Q- =V"'=:e ™=V, =V - TQ".

The last term here has no 11-term since Q; = 0; the 1l-term of

V" —<:e " : is simply —(V" <= I'Q7)i,. Thus our condition
becomes

Vii=V"=TIQ ).
In a similar manner we may write the equation for Q* in the form

OF =M =< V" 4+ Vi + IT'Q - V,,;
the condition on V1. being

Vy = —(I'Q* = V'),

In discussing the case of total smoothness we have observed that in
forming the connected product ¥V =< :(I'Q)": the singularities are
smoothed out by integration and thereby our second obstacle was
overcome. In the present case of conservation smoothness this
argument applies only to those contributions to the product in which
each factor I'Q undergoes at least two contractions since one integra-
tion is lost because of the presence of the conservation factor. Thusa
new form of the second obstacle appears.
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We have not succeeded to characterize a class £ of operators such
that the operators V' —< :e"9: and :e79: >~ V belong to it if ¥” and Q
belong to £”, and anyway, we are not able to establish a class of
operators ¥ for which our equations for Q* have solutions. We
therefore are forced to assume that there is such a class £” and that
there are solutions of our equations belonging to it. Instead of
specifying this assumption in detail we prefer to proceed formally.

Suppose then that there are two solutions Q* of our two equations
in which the components V,, are to be expressed in terms of ¥” and
Q* as indicated. The first question that arises is whether or not the
two operators V;,; determined from these two solutions are the same.
This is indeed the case as can be shown by arguments similar to those
employed in §13 for the case of smooth interaction. Having said this
we proceed to discuss the significance of the adjustment of the
component V,,.

The operator V,, is evidently of the form

v, = f A*(s)o(s)A ~(s) d,

where the quantity v is a matrix as regards the silent accessory variables;
it will be referred to as the *‘single particle self-energy ™.

Adding the term V,, to H,, rather than to V”’, we may write
H = Hg + V" and consider HY = H, + V,, as a new undisturbed
energy operator; it corresponds to the “‘unrenormalized’’ one in the
perturbation procedure of field theory. The operator HQ may be
written in the form

HY = f A*(5)w0(s) A~ (s) ds,

where
@’(s) = w(s) + v(s)

is the sum of the energy of a real incoming particle and the *self-
energy”; it is the ‘“‘unrenormalized” energy while w(s) is the
“renormalized ”” one.

If v(s) does not depend on the silent variables, as w(s) was assumed
to, we may regard «°(s) as the energy of a fictitious single particle,
formed under the influence of the self-interaction of the field. In case
of a Lorentz invariant theory, the function w?(s) will be of the form

w%6) = (kI + W)

and thus be generated by an “unrenormalized’ mass u°.
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The remarkable fact is that a single adjustment of the term V), is
sufficient to make the spectral representation of H similar to that of H,
provided that our equations have solutions. If one were to compare
the spectrum of the disturbed operator H = H¢ + V" with that of the
unrenormalized undisturbed operator HQ, one would find that it
differs from it in the following manner: In the H-vacuum state U~ ¥,
the operator H has the eigenvalue 0, as H¢ has in the state ¥o; for,
U-¥, = ¥, because of Q¢m = Q1o = 0. In a state U~ ¥, the
eigenvalue of H runs over the range of the function «°(s) — v(s); the
spectrum of H in an n-particle state U ~ ¥, is the range of the function
%(s;) — v(s)) + -+ -+ w°s,) — v(s,). Thus it is seen that the shift
of the n-particle spectrum is determined by the shift of the one-particle
spectrum. The shift is eliminated if one compares the spectrum of H
with that of the renormalized undisturbed energy operator H,, rather
than with that of the unrenormalized one, H¢.

The next item is the evaluation of the product 7*7 ~. This
evaluation can be carried out in a manner similar to that in which the
corresponding evaluation for smooth interaction was performed. The
result is that the operator

T*T- = 72
is an exponential function

2 = exp [2 f A*(5)8(s)4~(s) ds]

of a 11-operator, generated by a reduced kernel 6(s), which is a matrix
as regards the silent variables. Specifically, the function €2 — 1
is given as the reduced kernel of the 11-operator

A*(s)(e*® — DA~ (s)ds = I'Qt x I'Q7,
where the symbol x is to indicate that those terms of the product are
to be taken in which all annihilation prongs of Q; and all creation
prongs of Q7 are contracted; see Appendix A19.
Using the operator = we may introduce the operators
U+ =+7'TH, U =T-7"1

b

which then satisfy the relation

Utu- =1.
We assume the inverse relation
U-U* =1

to hold.
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With the aid of these transformation operators U*, we can then
introduce the transformed annihilation operators B*(s) = U ~A*()U ".
Changing our attitude we write the disturbed energy H in the form

H = f B*(s)w(s)B~(s) ds.

Also we write U* = v~ 1:e"@" :and U~ = :e~79 :77%, where now
Q* and

r = exp [ f B*+(5)6(s)B~(s) ds]

are functionals of the B* rather than the 4*.
Next we should discuss scarrering. The adjusted time dependent
operators

/'I*(S, f) — e?ilw(s)At(s’ f)
= U*(1)B*(U (1)
(see §15), or rather the operators | A*(s, 1)f(s) ds, do not converge
strongly to limits as ¢+ — + oo; cloud terms appear. These cloud
terms are weaker, however, than those occurring in the adjusted

Schrodinger operator e'tfoe =it In any case, these adjusted operators
converge weakly to limits, given (see Appendix A20) by the relations

e—itw(s)A +(S, t)eO(s) B:t(s) as t — — o0,
—

e+um(s)e¢7(s)A—(s’ f) S+B*(S)S— as f — o0.

Here the operators S * are given by
St =771, ST = rie7 T
where
0r = > 04
I1>1,m>1

consists of those contributions to Q = 3,, Qi which do not involve
Qimand Q.

The asymptotic formulas show that the operators B* = BZ. are
associated with the ‘‘incoming’ particles while the operators
S*B*S - = Bi, are associated with the ‘“outgoing™ particles.

Clearly, S~ is the scattering operator. 1t commutes with H since
I', Q. and = do and it transforms a state @ with the B“™-representers
#Y™ into a state S-® whose B“M-representers ¥ are the B©'Y-
representers of @.

Note that a single incoming particle state @, = U-¥%
<5{0, #(s,), O, - - -} is not changed by applying the operator: e -9~ :and
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hence not by applying S -. Consequently, a single incoming particle
state is at the same time a single outgoing particle state. That this be
so is one of the basic postulates of renormalization theory due to
Kaillén. In our set-up this property results from the fact that the
operator Q- has no /l-term.
The operators B and B, are the limits, after adjustment with
e*'v not of the operators A* (s, t), but of the ““ renormalized ’ operators

A*(s, 1) = A*(s, D)e®,  A~(s, 1) = "4 (s, 1).

We add a remark about the role of this “amplitude renormalization™
in field theory.

In field theory the annihilation and creation operators, as well as the
associated particles, have no direct physical significance, but are con-
nected with physically significant quantities, the *‘field amplitude”
¢ and its time derivative 4’), which in case of a boson field are given,
possibly except for a factor, by the expressions

1
#(s) = Cal) ™ [A*(=5) + A7 (s)],

#0 =i (%) -9 - a1

We assume that the disturbance V is Hermitean, which is the case in
field theory, so that the operators Q*, I'Q*, and A* are adjoint to
Q-, —-I'Q-,and A, while ¢ and d> are selfadjoint. Also, we assume
8 to be a multiple of the unit matrix with respect to the silent variables;
moreover, we assume the relation 6(—s) = 6(s) to hold.

The time dependent quantities

1
95(5, t) = Zz—w(;))_lﬁ [A+(—S, t) + A_(S, t)],

don =i () (=50 - 476,01

are expected to behave asymptotically as the outgoing and incoming
quantities

¢_&(s’ t) (2 (s))1/2 [e"“’(S)B+m( s) + e—itw(s)B*w(s)]

$u(s, 1) = (w(s)) [e*©B} o(—s5) + e~ #0®@ B (s)].

The asymptotic formulas derived before show that this will not be
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the case unless 6(s) = 0, and that it will be the case if in the definition

of the quantities ¢ and qS the operators A* are replaced by the
‘““renormalized” operators

/f‘*‘(s) — eO(s)A:h(s).

It is for this reason that the quantities ¢ and ¢ so renormalized are
regarded as those corresponding to the observable field amplitude and
its time derivative, in spite of the fact that then the commutation law
for these quantities,

[$(s), $(s)] = 2 §(s — s7),

differs from the canonical one in the presence of the factor e26®,
The renormalization here involved is referred to as ‘‘wavefunction”
or ‘“‘amplitude renormalization™. It is usually described for Lorentz
invariant theories, where 6 is constant.

Note that this amplitude renormalization is here introduced without
reference to possible divergences; actually, it is optional if 8 is finite,
but necessary if § = co.

A remark may be added concerning another type of renormalization
related to ‘‘charge renormalization”. It comes about by absorbing
the factors = and =~ which occur in the definition of the operators S *.
Setting . )

Q* =+7'Q*r and Q- =71Q0" 7Y,
one may write
S* = el
Note that the factor = cannot be absorbed in the operators U* in
this manner.

To determine the reduced kernels ¢ ((s);; (s').) of the operators

0+ = 0*(B) one need only observe that

7FIBY(s)7* = B*(5)e™’® and 7B (s5)T*! = e*?®9B~(s).
One then finds
G ()i (8)m) = €™ gl ((51); (5)m)e™™m,
Gom ()13 (8)m) = €% gl ()15 (5 )m)e ™ m.
Introducing operators ¥* = r~'Vrand ¥~ = =V=~! with reduced

kernels V2* one may write the basic equations for the operators Q*
in the form

o+ = (:ef@" i > Py, O- =W~ = 1e=T97 Ly,

where ( )" means ( ) — ( )11.
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Actually, one will introduce a single ‘‘renormalized” interaction

operator instead of ¥* and V¥ -, namely, the operator V(B) with the
reduced kernels

Vo(s)i; ()m) = €™ Puifn((9); (5" )m)e ™ m.
Note that the interaction operator V(A) can then be written as
V(4) = V(A)

in terms of the renormalized kernels and the renormalized field
operators.

In field theory, where 6 is constant, this renormalization of V is
referred to as “coupling constant™ or *“charge” renormalization, since
the operator V carries the charge or some other coupling constant as a
factor. (Inelectrodynamics, actually only one out of two contributions
to the charge renormalization is covered in this way.)

The operator V plays a role in a different procedure of absorbing
the factor = employed for the removal of a certain divergence, namely,
the divergence of the leading integral involved in the definition of €°.
This will be indicated at the end of §18.

18. Remarks about removal of divergences. In this last section we
shall describe in general terms what happens to the operator Q™ if
the kernel v(s) of the self-energy operator V,, is infinite and also if, in
addition, the same is true of the factor ¢, which enters the description
of the operator U ~. The fate of the operator Q* is similar to that of
Q" in an obvious manner and will not be discussed.

The operator V;, was chosen as

V=W - FQ_)u,

in order that the basic equation
Q_ = VI"O‘ :e_rQ- L— V11'°' FQ- + Vll

admit iterations or formal expansion. We shall show that certain
terms contributed by V' = :e~"": to this formal expansion can be
combined with certain terms of the expansion of V,, - I'Q~ insucha
way that the divergence of the integral which causes the infinity of t(s)
is reduced, if not removed. Also we shall show, to a certain degree,
that if € is infinite, other infinite terms occur in the formation of Q-
which can be combined with e° so as to reduce (or remove) the diver-
gence, provided the term e’ is made to enter the formation of Q-
through interaction energy renormalization.
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In this section we shall not give a complete derivation of the stated
facts, not even in the formal sense. We shall be satisfied with de-
scribing some of the essential ideas involved under simplified
circumstances.

We imagine the operator Q = Q~ to be developed in a series

@
Q=2 > 0R
n=01Im
in terms of operators Q) of degree n in V.
Out of the operator Q{® we shall construct particular contributions
to the operator Q{%*" for any r > 0, assigned to the contributions

(Vi = (=)W, X TV, _ym,_y X -2 % TVy)

to the component Vy? of the operator ¥,,. The cross x is to indicate
that all annihilation prongs of Vi _,m _,, -, Vi, and all creation
prongs of Vi m, -, Vi,m, are contracted with each other. The
contribution to Q{%*"” assigned to (V,,),, denoted by (Vi,). < IO,

will then be given as

V), & rom =(=0)"Vm, x I'V, _im, _,
x v x T(Viys = TOR) ).

Note that only one prong of O is contracted so that the resulting
contribution to Q™*" has indeed / creation and /m annihilation
prongs just as Q{m.

Now we observe that the operator —(Vy,), = I'Q{® is a contribu-
tion to the second term — V;; - I'Q of our basic equation and hence
to Qr*"”. Consequently, the sum (Vy,), = I'O® = (V). & IO
— (V11)r = 'O contributes to Qi%*”; we shall show that the terms of
this sum can be so combined that the leading singularities in them
cancel out, so that the divergence of these terms will be reduced if not
removed.

We first consider the leading contributions

Vie X I'Vyy,

to the operator V{%, where the cross x is to indicate that both creation
prongs of V,, are to be contracted. For simplicity we assume b = 2.
Moreover, we shall denote the contribution V,, x I'V,, simply by
(V1,)2; the formulas we shall derive for this contribution will be
similar to those that hold for the whole operator V2.

Let

U12(5; 51, 53) = (s — 51 — s5)02(s1, 52)
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and
U21(S1, 825 8°) = 8(sy + s — 5")03,(sy, 52)

be the kernels of the operators V', and V,;; then the reduced kernel of
the operator (V1,)2 = Vi x I'V,, is evidently given by the function

f 0,5, 5 — DHlw) + wls — 5) — w©)] UG, s — 3 dS.

We next observe that in the series for Q together with every term QR
also the term
Vie x I'(Vyy =~ rom

occurs as a contribution to Q{n*?. For, the expression — V,;, < I'Q{R

is clearly a contribution to ¥’ - :e~"?: and hence to Q, and the same
is therefore true of Vi, < I'(V,, - I'Q{™). We shall employ the
notation

Vie X I'(Va1 = I'QR) = (V1) <> romw

for this term to indicate that the operators V,, and V,, involved are the
same that occur in V;;.

Let g{®((s),; (s)m) be the kernel of the operator Q{». The kernel of
Vi, = I'Q{® is the sum of / terms corresponding to the / possible
contractions; thus it is of the form

S (s )06 — @1 1R (),
where
wr = ofsh) + -+ wlsn) — w(s) —- - — w(s) + w(sn)

and
(s, w*) = j 006, s — HIWE) + wls — 5) — w*]" 18, s — §) dS.

Now we observe that the kernel of the operator

(Ve = TOR = (Viz x I'v,,) - rom
differs from that of (V11)2: = 'O only in the factor w. Specifically,
the kernel of this operator can be obtained from that of V;; 5 I' Q{®

simply by replacing the factor w(s, ) by w(s,, w(s))). From the
identity

{[w; + wp — @*]7F = [0 + wy — @] Yo — w*]7?

= —[w; + w, — w*]"l[wl + wy — w]™?
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we infer that the kernel of the difference
(V11)2 8 IO = (V11)2 & TOW — (Vi) - IOW
is given by
= 3 550 IR 69
with
¥(s, @*) = {w(s, w(s)) — wis, wy)}w(s) — w¥]~?

- f 02,05 5, 5 — @) + W) + wls — §) — w1
@) + w(s — 5) — w(s)]"08,(5, s — §; 5) ds.

Whether or not the integrals w(s, »*) and w(s, w) converge depends
on the behavior of 19, and v, as |k| tends to infinity. Since, in case
w? = p? + |k|2, the terms w(5) and o(s — §) behave like |k|, their
presence in the denominator of the integrals w may be sufficient to
produce convergence. If not, the integral y(s, *) may nevertheless
converge since the terms w(§) and w(s — §) occur twice in its denom-
inator. If this is the case, the divergence of the terms w(s, »*) and
w(s, w) has been removed* by combining w(s, w*)[w — w*]~? and
w(s, w)[w — w*]~! into the one term y(s, *). We realize that if the
divergence of w(s, w*) can be removed in such a case it is just because
of the presence of another infinite term, viz., w(s, w¥).

We like to free ourselves from the restriction to the contribution
(V11)2 = Viz X I'V,, to the operator V1, and consider a contribution

("1)r = (=1)Vim, x I'(--- x T'V,,,)
to V§7 and the corresponding operator
(Vi1)r 5 T'Q = (= 1)V, x (V1 = T'Q)- - ),

formerly called ‘Oir*"; we have set Qin) = Q for simplicity.

We denote by w” the sum of those quantities « which are associated
with the creation prongs of the operator Vi,m, x I'(--- xI'V} ;- -)
and by w?, as before the sum of the w’s associated with the m annihila-
tion prongs minus the sum of the w’s associated with the / — 1 not con-
tracted creation prongs of the operator of Q, and finally we let

* An example in which the divergence so removed is the only one present will be given
in §A20.
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w, = w(s,) be associated with the one contracted creation prong of Q.
The I'-factors of (V11), = I'Q can then be written in the form

(n-1) ,
2

.y(w -, w(l)’ w)‘)[w)\ _ w)‘]'l,

where

(r=1) ,
’

(o s o) w¥) = [ — w*]"1. . [0 — w*]~ L

The kernel of the operator V;, - I'Q may be written in the form

1

> wisn w)len — ] 1gR6) (5)n)

A=1

when w(s, o*) is given by

w(s, w*¥) = f Cep(@TTD, - D) )
O1my (55 GIm) *+ iamy (g 5 (Vg 082 ((3)y,) A -+ -)

in terms of the kernels

Uim(()13 (8)m) = V()5 (Vm-1)8(sy + -+ 5, — 57 — -~ — Sn)

of the operators V.. The variables § and § are to be identified
according to the stipulated contractions.

We assume the sequence of operators ¥y, , - - - and the contractions
between them to be such that each term w‘” is the sum of at least
two terms , so that the 1l-graph of V,, x...x I'V,, cannot be
split into two 11-graphs; else the 1 1-operator (V,,), = Vim, X - Vi1
could not be formed. (This is the condition referred to above.)

We now observe that the kernel of the operator V,, - I'Q differs
from that of the operator (V1,), & I'Q inits r — 1 first I-factors in that

wy = w(s,) takes the place of w* in them; that is to say, the product
of its I'-factors is

WD, w®, w)ws — o]

We now combine the operators (V,,), & I'Q and (Viy), = I'Q

simply by subtracting their I'-factors. The difference of these factors
can be written as

{,y(w(r-l)’. ] w)\) - Y(w(r_l)’ ft w)‘)}[w)\ - w)\]_l

= _.y’(w(r—l)’. tty Why w)‘)’
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where
(= DY (@Y, w, w¥)
— [w(r—l) _ w*]—l[w(r—l) _ w]—l[w(r—2) _ w]—l_ .
- [w® — 0] o® — w]?
+ [w(r-n _ w*]—l[w(r—Z) — w*] w2 — w] -
. [w(z) - w]—l[w(l) — w]—l
F oo [0 — 0¥ [0 — w*] T o™ — w] 7R,
as verified by using the formula

[a — 0] o — o*]™! = [a — w*]7?
=[a - o*]"H{la - o] + [w — *]7}

Clearly then, the reduced kernel of the difference

(Vn)r a FQ = (Vi > PQ - (Vll)r o= FQ

may be written as

- Zl Y52 @NGES); (5)m)
with

)’(S, w*) = J. : 'y'(d’(r—l)" ) w(S), w*)
ST CI (0 W) I () W (S')mg)v?g((f)ll) das---).

Note that in each of the terms composing ', in addition to the r
factors [0V — 171+ [0 —...]71 another factor of the form
[w® — ---]7 ' occurs, instead of [@ — w*]~1. Itis for this reason that
the integrals » may possibly converge even if the integral w does not.
That is to say, the operator (¥1,), 4 I'Q may possibly be defined even
if the operators (V11); & I'Q and (V,,), = I'Q separately are not.

The sum of all integrals w(s, w(s)) is the self-energy u(s), the reduced
kernel of the operator Vy;. The divergence of w(s, w(s)) is therefore
referred to as self-energy divergence. This term was present as a
factor of g{® by virtue of the proper choice of the operator Vi, or, in
other words, by virtue of the proper renormalization of the single
particle energy w°(s) = w(s) + v(s). One therefore speaks of the
removal of a divergence by renormalization of the single particle
energy or, in case of a Lorentz invariant theory, by renormalization of
the single particle mass.



Appendix to Chapter I

Al. Formal perturbation procedure for multiple eigenvalues. Suppose
the eigenvalue w, of the operator H, is isolated, as it was assumed in §3,
but not simple, having a multiplicity >1. Then one may try again to
set up a formal procedure of determining series expansions for the
eigenvalues w, and the eigenvectors X, of the operator H, = Ho + ¢V;
but in doing this one will meet a peculiar difficulty.

Suppose there exists an eigenvalue w, together with an eigenvector

X, which, in their dependence on the parameter ¢, admit series
expansions

w, = wy + sw; + -, Xe=Xo+eX, +---.

Then the coefficients of these expansions satisfy a number of conditions,
which we should like to determine.

Insertion of the two expansions into the equation (H, + ¢V — @)X,
= 0 yields the sequence of equations

(0) (HO - ‘”O)XO =0,
1 (Ho — w)X; = (w; — V)Xo,
) (Ho — wo)X; = (w; — V)X + wyX,,

First of all we see that the vector X, is an eigenvector of the operator
H, with the eigenvalue w,; but the vector X, satisfies additional
restrictions. Note that X, enters the right members of equations (1),
(2), - - - ; and these right members must have the property that they are
perpendicular to all eigenvectors of the operator H, with the eigenvalue
wq; otherwise these equations would have no solutions. In case the
eigenvalue w, is simple, as in §3, the relations expressing this property
characterize the expansion coefficients w;, w,, - - - of the eigenvalue w;
but in the case of a multiple eigenvalue w, these relations restrict also
the vector X,.

Let us denote by 9, the space of all eigenvectors of H, with eigen-

value w,, and by P, the (ortho-)projector into $,. The condition
90
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satisfied by the right member of equation (1) can then be written as
Po(w, — V)X, = 0. In view of X, = P,X, we may rewrite this
condition in the form

(Do PoVPy X, = w, X,

which may be interpreted as an eigenvalue equation for the operator
P, VP, acting in the space $,. In case the space 9, is one-dimensional
this operator consists in just multiplying by a constant, w,, and the
vector X, in 9, is not further restricted. If the space $, is multi-
dimensional there may be different eigenvalues w, and then X, is
restricted to be an eigenvector of such an eigenvalue.

Let us denote by 9o, the space of eigenvectors of P,VP, with the
eigenvalue w, and by P,, the projector into $,, so that X, is restricted
by X, = Po1X,. The vector X, being a solution of equation (1), can
then be written in the form

Xy = Zo(wy, — V)X, + Xjo,
where Z, is the operator used in §3 which satisfies the equations
(Ho — wo)Zo =1 — Py and PoZy, =0,

while X, is a vector in 9,.
We insert the expression found for X, into the condition

(2)o Pol(wy — V)X, + w, X1 =0

on the right member of equation (2). We split this condition in two
by applying the projectors Po, and P, — P,; on it. We take the
relations Po1Po = Poi and X, = Py; X, into account and observe that,
by definition of the projector Py, the relation Po(w, — V)PyPo, = 0
and hence the adjoint relation Py Po(w, — V)P, = 0 holds, so that
PosPo(wy — V)X10 = 0. We then find that the first contribution to
condition (2)o can be written in the form

(2)8 P01(w1 - V)Zo(wl - V)POIXO = w2X0’

i.e., in the form of an eigenvalue equation for an operator acting in the
space $o1. The second contribution to condition (2), will involve a
restriction on the vector Xj,.

We shall not write down this restriction and refrain from carrying
out any further steps. It is already obvious at the present stage that
continuation of the procedure started will lead to a nested sequence of
spaces Do D Do1 D - - -, each being an eigenspace of an operator acting
in the preceding space, such that the vector X, is restricted to lie in all
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these spaces. Also, for the projections X,,, X,,, --- of the vectors
X,, X,, - - - into 9, sequences of restrictions will be found.

Suppose now any vectors X,, X0, - - have been chosen that do
satisfy all these restrictions; then one may form the sequence
Xo + «X; +--- and ask whether or not it converges to an eigenvector
X, of the operator H, = H, + ¢V. Assuming that this is the case one
could use a finite number of terms of such a series for an approximate
description of the vector X, provided, of course, that these terms can
be determined in a finite number of steps. This will be possible only
if the spaces in the sequence 9o, Doy, - - - Will not change any more after
a finite number of steps.

If the first eigenspace, 9o, is finite-dimensional, it is clear that the
spaces 9g, Doy, - - - will indeed remain unchanged eventually. This
will, in particular, be the case, once a one-dimensional space turns up
in this sequence; but that need never happen. There does not seem
to be any way of telling beforehand after which step the spaces in the
sequence o D Ho; O --- do not change any more. Thus, it may
happen that in carrying out the procedure described one will never
reach a stage at which one knows definitely how to select even the very
first term X, in the series expansion. This is the difficulty (to which
the author’s attention was called by S. Parter) referred to above.

A2. Analytic branches of eigenvalues. We shall not try to prove the
convergence of the power series formed with terms X,, X,, - -, wi,
w,, - - - satisfying the restrictions derived from the formal expansion.
Just as in the case of the perturbation of a simple eigenvalue we shall
prove directly the existence of eigenvalues w, and eigenvectors X,
which depend analytically on the parameter . Assuming that the
isolated eigenvalue w, has the finite multiplicity /, we shall show that
there are & such analytic ‘“branches” w,, X,, which reduce to w, and
Xofore = 0. (When we speak of an analytic function in the following,
we shall always mean to imply that this function is regular at the origin.)

We shall prove here the existence of such analytic branches only for
the case that the Hilbert space is finite-dimensional. As is explained
at the end of §4, the perturbation problem of an isolated eigenvalue in
an infinite-dimensional Hilbert space can be reduced to a corresponding
problem in a finite-dimensional space.

When we treated the perturbation of a simple eigenvalue in §3, we
first proved the existence of continuous functions w,, X, and later on
indicated how to establish their analyticity. As to the perturbation of
a multiple eigenvalue it was shown by Rellich that evenif H, = H, + V,
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depends infinitely differentiably on e (without being analytic) con-
tinuous functions w,, X, need not exist and that, even if ¥, depends
analytically on & (without being Hermitean) analytic functions w,, X,
need not exist. (A counterexample to support the first statement will
be given in §A3; the second statement will follow from the considera-
tions below.) One therefore has no right to take it for granted that
such analytic functions exist for analytic Hermitean V,. Nevertheless,
this is the case as Rellich has shown [2, I]. Specifically, we shall prove
that 7o an isolated eigenvalue w, of the selfadjoint operator H, with
Sfinite multiplicity h, there exist I eigenvalues w, and eigenvectors X, of
the operator H, = Ho, + V. depending analytically on ¢ (near ¢ = 0)
provided the bounded operator V, depends analyvtically on ¢ and provided
the point-eigenvalues of the operator H, are real.

The latter conditions will be satisfied if V,, and hence H,, is self-
adjoint, as Rellich had assumed. On the other hand, Rellich did not
restrict himself to bounded disturbances V,; we shall do so only for
simplicity.

It is sufficient to prove the statement only for operators acting in a
finite-dimensional space since the statement for a space of infinite
dimension can be reduced to that for a space of finite dimension, in the
manner described at the end of §4. At present we shall prove only the
existence of analytic branches of eigenvalues of H passing through
those of H,. The full statements will be proved at the end of §5 by
using an argument due to Sz.-Nagy.

Accordingly, we consider an #-dimensional space  and an operator
H, = H, + V. acting in it which depends analytically on «¢. We
assume H, to be Hermitean and to have an eigenvalue w, of multiplicity
h; of the operator H, we assume that all its eigenvalues are real.

This operator H,, of course, can be described as an » by » matrix
and, therefore, its eigenvalues w satisfy an equation

pe(w) =0,

where p, is a polynomial of degree », given as the determinant of the
matrix H, — ». Clearly, the coefficients of p, depend analytically on
e and the coefficient of w™ is 1. Assuming w, = 0, we know that the
equation po(w) = 0 has @ = 0 as root of exactly the degree A.

The question arises: Do the roots of a polynomial equation p,(w) = 0
depend analytically on e if the coefficients do? The answer is given by
the Puiseux Theorem. Actually, we do not need the full force of this
theorem. It is sufficient to refer to that part of Puiseux’s Theorem
which states that there exist /i analytic functions y(¢), - - -, y®*({) of
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a complex variable { (regular at { = 0) and an integer » < n such that
the polynomial p, can be written as

pw) = [0 = yPD] -+ [0 — yP()]g(w)

provided « is taken as e = {"; here g.(w) is a polynomial in w of degree
n — h. Evidently, each function y*’({) satisfies the equation

p(y¥()) =0 withe ="

In other words, the roots w{® = y*X(¢!’") are regular-analytic in the
variable ¢!/ and not necessarily in « itself.

For example, the roots @ = # +/¢ of the equation w? — ¢ = 0 are
not regular in ¢ but are regular in { when written as w = *{ with
e = L2,

Now, Rellich observed that the roots y*({) are regular functions of
e = { after all, provided they are real for real values of . To show
this, let y(£) be one of the functions y*() so that y({) is real for real
¢ = (" and in particular for real {. Now, the function 7({) = y(¢'*'"0)
is evidently a solution of the equation pi(3) = 0 with & = (&'*'"0)"
= —{? = —e¢; hence, it is one of the functions p*({) and therefore real
for real . It follows that the function w, = y(!”"), defined on the
upper e-half-plane is real for real positive and negative values of ¢ and
hence can be uniquely continued into the lower e-half-plane by reflec-
tion. Since y({) is regular in { at { = 0, the function w, is bounded at
¢ = 0. Consequently, the function w,, defined in the full e-plane by
reflection, is indeed regular in ¢ at ¢ = 0.

Applying this observation to the roots of the characteristic equation
of the operator H, = H, + V., which were assumed real for real ¢,
we conclude that there are indeed 4 regular analytic functions w, which
areeigenvalues of this operator H,. Thus the part of Rellich’s Theorem
which concerns the eigenvalues is established. The existence of /
analytic functions X, which are eigenvectors of H, with the eigenvalue
w, could be derived from this part provided the operator H, is assumed
to be given equivalent to a Hermitean one for each sufficiently small [e].

Another approach to Rellich’s Theorem was developed by Sz.-Nagy
[3:6] by using the contour integral formula given earlier (p.9). The
same tool was used by Kato [4] to obtain asymptotic expansions of
eigenvalues and vectors if the H. is only assumed to possess an
asymptotic expansion in powers of «.

A3. Nonanalytic disturbance. It was mentioned in Appendix A2 that
even if the operator H, depends infinitely differentiably on & there need
not be any eigenvector X, which is continuous at ¢ = 0. Following
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Rellich [2, A, I] we give a counterexample. In the two-dimensional
space of vectors @ = (¢;, ¢) with (D, D) = |¢,|> + |$2|* we let L, be
the operator given by the diagonal matrix with the components
111(e) = A, lao(e) = A7, L1a(e) = l5(¢) = 0, and let R, be the rotation
through the angle 6., so that ry,(e) = rqq(e) = cos 8,, ria(e) = —rai(e)
= sin 6, are the matrix elements of R,. Then we consider the operator

Hc =V, = RchRe-l

as our disturbed operator with H, = 0.

We take AZ as infinitely differentiable and vanishing with all
derivatives at ¢ = 0, such as Af = +e~°"; and finally we take
6, = co/e so that 6, — oo as e — 0.

Then the coefficients of the matrix V, are infinitely differentiable and
vanish with all derivatives for ¢ = 0. Nevertheless, the eigenvectors

R(1,0) = (cos 6,, — sin 6,),
R,(0, 1) = (sin 6,, cos 6,)

of H, do not tend to any limit as ¢ tends to zero. Thus it is seen that
there are no eigenvectors X, continuous at ¢ = 0.

A second observation of Rellich [2, I] was that an operator depend-
ing analytically on two parameters ¢,, ¢, need not possess an eigenvalue
which is regular-analytic for ¢; = &, = 0.

Indeed, the operator given by the matrix

2¢, V2(e; + 82))

Heeo = Veyey =
e e (\/2(e1 + &) 2¢,

acting on vectors (¢,, ¢2) has the eigenvalues
A= &y + &g + ‘\/2 (6% + 63)1/2,
which are not regular in ¢;, e, at e; = ¢, = 0,

A4. The question of uniform perturbation of the spectrum. So far we
have described the perturbation of a single point-eigenvalue or of an
isolated segment of the spectrum by establishing the associated projector
P, for an e-interval |e| < e. This interval depended essentially on
the undisturbed eigenvalue and on its distance from its neighbors; it
may shrink to zero when the undisturbed eigenvalue approaches an
accumulation point.

The question may be asked under which conditions does that not
happen. Specifically, with reference to an operator with a pure point-
spectrum, one may ask when perturbed analytic point-eigenvalues exist
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in a uniform interval for the parameter e. Moreover, if this is so, one
may ask when the eigenvalues thus produced by the perturbation form
the complete spectrum of the disturbed operator.

Rellich has derived a sufficient condition for this last property in con-
nection with certain differential operators [2, IV]. Significant results
on these questions were also obtained by E. Heinz [5]. Here we shall
be satisfied with showing, in connection with two examples due to
Rellich, that the last property may or may not obtain.

Both examples refer to the space of functions f(x) defined for
0 = x = 1 for which the integral

171 = [ 1P ax

0

is finite. The undisturbed and disturbed operators will be denoted by
Lyand L, = L, + ¢L, since we want to reserve the notations H, and
H, = H, + ¢V for their inverses.

The undisturbed operator of our first example is given by

z 1
Lof(x) = f Xf(x) dx' + x f F(x) dx,
0 4
while the disturbance is
1
eL,f(x) = exJ- x'f(x") dx'.
0

In our second example we take
z 1
Lof@ = (1 =) [ xf)ax +x [ (1= xype) av
0 z

and the same disturbance eL,.

Since the operators L, and L, + ¢L, are integral operators with
continuous kernels they possess an essentially discrete spectrum, i.e.,
the eigenspaces of every closed interval not containing the origin are
finite-dimensional. In fact, as we shall see the spectrum of both
operators L, consists of a sequence of positive eigenvalues tending to
zero.

The same is true of the first operator L, = L, + ¢L, for ¢ > —1;
the eigenvalues of L, and appropriate eigenfunctions depend analytically
onefore < 1. The second operator L, also possesses eigenvalues and
eigenvectors which depend analytically on &, for all ¢; but these eigen-
values do not form the whole spectrum for negative «. For such

values of ¢ there is a single additional negative eigenvalue which tends
to zero as e — Q.
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The second example thus shows that, even if all point-eigenvalues of
the operator L, connect analytically with eigenvalues of the operator
L, + &L, these eigenvalues need not form the complete spectrum of
this operator.

The verification of our statement concerning the two examples is
immediate if we realize first that the operators L, are the inverses of the
differential operator H, = —d?/dx? acting on continuously differen-
tiable functions ¢(x) possessing a square integrable second derivative
and satisfying the boundary condition

$(0) = 0, dii¢(l) =0 in Casel,
¢(0) = 0, (1) =0 in Case 2,

and secondly that the operators L, = L, + L, are the inverses of
again the differential operator H, = —d?/dx® acting on functions ¢(x)
as before, but this time satisfying the boundary conditions

€

1 + ¢

#0) =0, (- T==)6) =0 inCasel,

$(0) = 0, (d—‘i + 1 — e)¢(1) =0 in Case 2.

Note that these boundary conditions depend on e.
Now, as is well known, the operator H, in both cases possesses the
(not normed) eigenfunctions
un(x) = sin p,x,
with p = u. being the nth root of the equation

p = otanpu,
where
o =¢/(1 +¢) in Casel,
o = (e — 1)/e in Case 2.

The corresponding eigenvalues are w, = p2 in both cases. The
system of these eigenfunctions is complete for ¢ = —1 in Case 1 and
e > 0 in Case 2; these two conditions correspond to ¢ = —1.

If this condition is violated, i.e., if o < —1, there is an additional
point-eigenvalue w* = — A% where A is the root of the equation

A = —ogtanh A,

with the eigenfunction u*(x) = sinh Ax.
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From the fact that tanh A/A behaves like —1/A at A ~ — 0 we
conclude that A behaves like ¢ — 1, hence like —e¢ in Case 2, near
e =0 for e < 0. Thus the eigenvalue w* is seen to behave as
w* ~ —¢?2near e = 0 for ¢ < 0 in Case 2.

Our two examples show a peculiar phenomenon, namely, that the
disturbed operator H, cannot be written in the form H, = Ho + ¢V
although it is possible to write the inverse L, in the form Lo + €Li;
this is connected with the fact that the two operators H, and H, have
different domains of definition. This phenomenon, met somewhat
incidentally, plays an important role in the theory of perturbation of
unbounded operators. We have met this phenomenon in §8 and shall
meet it again in Chapter 111.

AS. The projectors associated with an isolated part of the SPEC"“m-
In §4 we derived an equation for the projectors P of an lsolatefi
segment of the spectrum of the operator H = H, + V. In t s
section we shall first show that the equation, Q = f(Q), has a solution.
Here Q is the difference

Q=P-P,
of disturbed and undisturbed projector and
Q) = Z,QPoHo — Zo(1 — Py — Q)V(P, + Q).
We apply iterations beginning with Qo = 0 and defining Qn+1 by

Qn+1 = f(Qn)

Without restriction we assume that the origin = 0 lies in the closed
interval . which contains the isolated segment of the spectrum of H 0
Then we let « and B be the maxima of || in #; and of |w|~* outside
of 7, where £ is the open interval containing #, that was so chosen

that the spectrum of H, is empty in # — J,. Clearly, «8 < 1; in
addition,

lomsy(w)| £ « and [{(w)] = |0 1 = ng(w)]| =B
s0 that |PoHo| < o, | Z,] < B.

Let ¢ > 0 be a number to be chosen later on. Then, whenever
Q| = g, we obviously have

I/(Q)| < oBg + B + )| V].
Moreover, assuming | Q| < g and | Q'] < g we have

/@) — (@) = 6l2 -2
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with 8 = «f + 28(1 + q)||V|. We now want to choose g conveniently
and then | V| so small that § < I and that, moreover, | Q|| = g implies
/(0| = gq. To thisend wesimply chooseanyg < 1 and restrict V' by

1 —ep q )
i< 152 s

Then we find indeed 8 < of + (1 — aB)(29/(1 + ¢q)) < 1 and
/(D] £ «Bg + (1 —oB)g =gq,

as desired. Evidently, iteration can be carried out and the sequence
{ 0.} converges to a limit operator Q in the sense of [Q, — Qf — 0 as

n — 00,
By standard arguments one proves that this limit operator satisfies

the conditions
QP, = Q and P,Q = 0.
These conditions or, equivalently, the conditions
PPy =P and P,P = P,

were imposed on the operator P = P, + Q for convenience, since they
are linear. To complete the theory it is necessary to construct, in
place of the nonorthogonal projectors P, orthoprojectors which
project orthogonally into the range & of P.

First we note that Q] = ¢ < 1 implies

[Po®@| = |PD| + q|®|
or, with P,® in place of &,
[Po®ll = |PP| + q|Po®| whence |[PD| = (1 — q)|P.?P|.
Introducing the adjoint P* of the operator P, which exists since P is
bounded, we have
(@, PPO) 2 (1 — 98, B) for & = Py,

Consequently, the bounded positive-definite operator P*P has a unique
inverse in the range &, of Py, which we denote by [P*P]~*.
One readily verifies that the operator
P = P[P*P]~'p*

is defined in all of © and, also, that P is the orthoprojector with the
range S.
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Moreover, we find
HP = HPP = PHPP = PPHPP = PHPP = PHP.

Since the latter operator is Hermitean, for real ¢ the same is true of HP.
Consequently,

PH = HP for real ¢,

i.e., for real « the projector P commutes with A as it should.

Instead of the operator HP when restricted to act in the space S
we may introduce an equivalent operator H° acting in the space
S,. We need only introduce the operator

S = P[P*P]-12p,,
which is defined in all of $, and set
H° = S*HS.

Since, evidently, S*S = P, and SS* = P, the operator H°, when
acting in S,, is indeed equivalent with the operator

HP = SH°S*,

Clearly, if the operator H, depends analytically on ¢, the same is true
of the operators P = P,, H.P., S, H?, since it is true of P,, as shown
earlier.

The last results can be used to give a simpler derivation of Rellich’s
Theorem referred to in Appendix A2.

Accordingly, suppose that the operator H = H_ acts in a finite-
dimensional space $, of dimension 7 say, depends analytically on e,
and is Hermitean for real values of e.  The statement then is that for
sufficiently small |e| there are n eigenvalues X .. ., Xm of H, which
depend analytically on ¢, and corresponding n ejgenvectors L # 0,
oo, @™ 2 0, which also depend analytically on ¢ ang span the whole
Space 9.

Following Sz.-Nagy [3], we prove this statement by jnduction with
respect to the dimension n. Clearly, the statement holds for 7 = 1.
We consider the expansion

H, = Ho + cH® + 2H® 4.

b

in which the operators Ho, H®, - - - are evidently Hermitean.
In case all operators Ho, H, -+ are multiples of the identity
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Hy = Ao, HY = Ay, - - -, clearly also H, is a multiple of the identity?*
Hc = /\0 + 6/\1 4+ -,

In case this is not so, there is a first one, H” say, among the operators
H™ ... which is not a multiple of the identity. We then may write

H, = Ay + €Ay +---+ eH,

where H(" depends analytically on ¢ and is Hermitean for real e.
Clearly, the operator H{” = H'” has at least two distinct eigenvalues.

Therefore we may select two closed intervals each containing at least
one eigenvalue of H™ whose union contains the whole spectrum of
H™_ We take one of these intervals, &, as the interval J which
figures in the theory of §4 and in the beginning of the present section.
Accordingly, we introduce for this interval the projectors Py’, P, and
P, associated with the operator H{” (in place of H,). From the
statements made just before we then may conclude that the operator
(H{")°, which acts in the space S{’, is analytic in ¢ and Hermitean for
real e. Moreover, it acts in a space of a dimension # < n — 1 since
the interval /' does not contain the whole spectrum of (H")°.
Therefore, the induction assumption may be applied to H?. This
operator therefore possesses 7 analytic eigenvalues A\ with eigen-
vectors P which span the space S§’. These eigenvalues are then
also eigenvalues of the operator

(rpr
HOPY = SP(HP)OSO*,

with the eigenvectors @’ = S(PD)°. These vectors are at the same
time eigenvectors of H, with the eigenvalues

Ag = Ao + Ay + - + e AD,

The same argument can be applied to the other one of the two
closed intervals selected. As a result we conclude that the statement
of Rellich’s Theorem indeed holds for the operator H, acting in a space
of dimension n.

! It is at this place that the analytic dependence of H, on ¢ is used. If the expansion
of H, is only asymptotic, the conclusion nced not hold as shown by the first example of
Appendix A3.
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A6. An explicit example. In this first section of Appendix II we shall
discuss a specific example of an operator H = H, + V for which the
intertwining transformations U* = 1 + I'R* can be given explicitly;
we take the disturbing operator V such that its representing kernel is
the product

v(w; ') = p(w)g(«)
of two functions p and g so chosen that v belongs to one of our
admissible classes, which implies (among other properties) that p(w)
and g(w) are bounded. Moreover, p should be square integrable.

If both p(w) and g(w) are square integrable, representing vectors @,
and @,, we may describe the operator V also by

Vo = &, (D;, D).

One readily verifies that the kernels 7*(w; ') of the operators R* can
be given explicitly by the expressions
r*(w; o) = p(w)g*(w)]'g(v),
r(w; o) = pw)[g~ ()] g(’),
in which
g =17 [[F4 + o] 4(@)p(3) do.

Here we have used the abbreviatioq [A]7* = A-1 4+ iz8()) employed
in the definition of the operation I'in §6. Setting

) =1+ [@ = 0 9@)() da,
we can also write
g*(w) = l(w) F ing(w)p(w).

We assume that the functions p(w) and g(w) are such that g*(w) # 0
on their supports, i.e., on the closures of the sets where they do not

vanish. Then, clearly, the functions r*(w; «’) are defined for all w, w’,
102
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and in fact belong to the class from which v(w; ") was taken, as could
be verified. Also the operators U* =1 + I'R* are defined and
satisfy the relation U*U ~ = 1. The relation U-U* = 1, however,
is not always satisfied, as will become clear from the following
considerations.

The possibility that U-U™* # 1 is connected with the possibility
that the operator H = H, + ¥V may have point-eigenvalues.

In case the operator H, is simple, so that the “values” of the
representers ¢ are complex numbers, one easily verifies: If a complex
value & is a point-eigenvalue of H, the function /(w) vanishes for

w = @, i.e.,
(&)=1+ f(a — &) g(@)p(@) do = 0;

moreover, p(®) = 0 if w is real. The latter condition is necessary so
that the eigenfunction (w — &) ~*p(w) can be quadratically integrable.
Actually, this condition, together with /(&) = 0, is sufficient, since
/(&) = 0and p(&) = 0 for real & imply that & is outside of the supports
of p and ¢ by virtue of the assumption made above about p(w) and g(w).
If the root & of /(&) = O is nonreal the function (v — &)~ !p(w) is
always square integrable since p(w) is bounded.

In case the “‘values” of i are vectors in an accessory space 2 of any
dimension, the eigenfunctions are of the form (v — &) ~'p(w)¢, where
¢ is a vector in % and the equation for & becomes /(3)¢é = 0. Thus

A

we may say: The eigenvalue & should be a number for which the
operator

[@ - & a@p@) da,

acting in A, has the eigenvalue 1 and ¢ should be a corresponding
eigenvector in 2.

In case an eigenvalue & of H exists, the inverse relation U-U* = 1
is violated [12], and the transformations U* do not give the complete
spectral transformation. More about this question will be said in

Appendix A9.

A7. Classes of gentle operators. In ourdiscussion of the perturbation
of continuous spectra we have characterized certain operators R
by a number of properties which insured that the equations
R* =1 + I'R*)V, R~ = V(I — I'R") have such operators R* as
solutions provided V is one of these operators and, in addition,
sufficiently small with respect to an appropriate norm. In the present
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section we shall describe two classes of operators having these
properties. These operators will be represented by integral operators
with kernels r(w; w’). We shall first describe classes of functions
Hw; w') [10; 12].

The first class, t*, depends on the choice of a positive number ¢ < 1.
The functions #(w; ') in this class satisfy a Holder condition with the
exponent u with respect to each of the two variables w, w’. Also, these
functions tend to zero as |w| —  and as |w’| — co and satisfy a
Holder condition with respect to w~! and (w’)~!. To describe these
requirements in a concise form we introduce the function

h(wy, wg) = [1 + | |“]1 + |wa]*ljw; — wy| ™*
of wy, w, for w; # w,. Because of
M (wi?t, ws?) = h(w,, w,),

we may define #* even for wi ! = 0 and for w;* = 0. To the function
r(w; w') we then assign the preliminary norm
Irfn = Lub. (e, wh"(wh, w2)[r(w; w)) — r(ws; w2),
W1 #FW2iw F w2
where in forming this least upper bound one should admit infinite
values of the variables w.

The class t* then consists of all those functions r(w; '), defined as zero
for v = oo and for o' = o, for which this norm \r|;, is finite.

In this definition we may just as well allow that the representation of
vectors @ by functions $(w) is not simple; that is to say we may aIIO\X
the ““values” of 4 to be vectors in an accessory space 2. The * values
of the kernels r(w; ') are then operators acting in this space and the
absolute value |r| of r is to be taken as the operator norm

Ir| = Lu.b. [r€l/|€l,
&#0

where ¢ runs over all vectors ¢ # 0 in the Hilbert space 2 with the
norm |£|. The arguments givenin this section automatically cover this
situation.

Clearly, the functions r of the class 1 are continuous and bounded.
That is to say, the operators r(w; @) acting in 2 are bounded, uniform-
ly with respect to (w; «') and they depend continuously on (w; ')
when the distance |r, — 72l 18 taken as the operator norm of
ry — ry. Clearly, there is a constant a’ such that the inequality
ro = Lub. o, o |H(wy, @) £ a'|r|l. holds for all  in .

Another, rather obvious, property of the class t* js that it is a linear
space complete with respect to the norm | .
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Next we consider the ““compound kernels™

royra(e; ) = [r(w; @)@ — o] ry(e; w) da
and
(rrra(es o) = [ o = 6] n(w; Dry(@; o) da

formed with two functions ry, 7o from t* and [w — ©']"?! = (w — ')~}
+ i78(w — w’). The principal value involved in the formation of these
integrals is evidently defined since r, and r, are Holder continuous.
We now state that the kernels ryyr. and (yr\)r. again belong to the class
. This fact is a consequence of the theorem of Plemelj and Privalov,
see, e.g., [38]. In deriving this fact one will determine a constant ¢
such that
lryyrall |Grdrellu = cllrllulral

for all r,, ro. We now introduce our final norm | | in such a way that
the last inequality holds without the factor c:

[rayrallus ||(7’"1)r2"u = ""1”14""2”‘1'
To this end we evidently need only set
”""u = C"”"L
The properties enumerated are sufficient to insure that the equations

rt =v 4+ (yr*o, r-=v—uvyr-

have solutions in t* provided the kernel v is in the class t* and |¢]| < 1.

In deriving other properties of the functions r in t* it is advantageous
at first to work not with square integrable functions but with the space
H* of functions ¥(w), defined also for w = oo, for which the norm

[¥lls = ¢ Lu.b. h(wy, wa)|[P(w;) — d(w,)|
w) #F W2
is finite. It then follows again by the theorem of Plemelj and Privalov
that the function

yrj(w) = f [w = @] (w; w)(w') do’

also belongs to 1)* and that

lyrdlle = rllulll

It is also convenient to use notations such as “r”, “r>, for the
integral operators with the kernels r and yr.
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We are then able to speak of the product operator “(yr;y)” “(yra)”
for r; and r, in t* and therefore may formulate the identity

“yr)” “(yra)” = “vlryre + (yrira}”,

which can be derived as indicated in §6; for details see [10; 12; 40].

This identity can be used to prove the boundedness of the integral
operators “yr” with respect to the square integral norm. Let ¢ be a
function in §* with bounded support. Then we have

[ b1z do = Gorb vri)
=, (p)*yr) = — (4, (yr*)yr)
= =W v{r*yr + ().
Now we set y = « + ip corresponding to [w — w']"! = (w — ') !
+ in8(w — ') and observe that the kernel {r*«r + («r*)r} vanishes for

' = w;the kernel y{r*ar + («r*)r}is therefore continuous everywhere.
From this fact one can derive that an inequality

¢, y{r*er + (@] < C2i(y, ¥)

holds with an appropriate number C; see [3]. On the other hand, we
have

p{r*Br + (Br)r} = (yr*)Br + Br*)yr

and!?
— (4, Hr*Br + (Br*)ri) = (yry, Brp) + (Bry, yrih)
S 2mrollg)| |yrpy,

where 7, is the maximum of |r(w; ). Consequently, we have

lyrdl? < 2mrol$] lyrd] + C2r3gp2,
whence,

lyrdll < volrllulldll with yo < (C + 27)c-2.

By virtue of this inequality we can extend the operator “yr” to all
square integrable functions with the same bound y,|r|.,.

We are now ready to describe a class ® = 9%+ of operators R; we
simply take the class of those bounded operators acting in the Hilbert
space 9 which are represented by integral operators with kernels in r*
and set |R]| = |r|,. Incasep > 1/2it turns out that to every kernel
in t* such a bounded operator is assigned, so that %t is complete in this
case; but this is not so if p = 1/2 since then not every function in 9,

! The present argument should replace the incomplete argument on p. 272 of [10].
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represents a vector in . We may, however, assign to each r in t* an
ideal element in the completion R of the class R, since t* is complete.
Since the integral operator *“‘yr” is bounded on the square integrable
functions it corresponds to a bounded operator I'R on 9, even if R is
only an ideal element. From this fact and the fact that royr and (yr)ro
belong to v* if r, r, do it follows that the operators R,I'R and (I'R)R,
belong to % if R does and if R, belongs to M. Thus property 4 is
established. Inequality 3, property 1 and property 5 are immediately
verified.

O. A. LadyZenskaya and L. D. Faddeev [21] have extended the
gentleness conditions described here allowing for a different Holder
exponent at infinity and applied them to differential operators of the
form —4 + g, where 4 is the Laplacean for » = 3 variables and ¢
stands for multiplication by a function of these variables of a suitable
class.

J. Schwartz [27] has used a similar extension and verified that it
can be applied to the operator —4 + g for n > 1 variables. He also
noted that for functions of a complex variable boundedness of the
kernel is sufficient for its gentleness.

Our second class of kernels [12;40] consists of the Fourier
transforms

, 1 -
rw; w) = 3 ffe—iwaﬂwap(o,; ') do do’

of absolutely integrable functions p(c; o’), i.e., of functions for which
the norm

el = fflp(o; o) dodo’ < 0.

Clearly, the space of such functions p is complete with respect to the

norm [Jp[l.
To each such function we assign the function

yp(o;0’) =i fo

plo + 750" + 1) dr,

whose Fourier transform will be the kernel of the operator I'R, as we
shall show. For these functions yp the Holmgren norm

lyelluo = max {l.u‘;b. fIYP(O'§ o’)| do’, l.u'.b. fl'yp(o; )| da}

is bounded by [Jp]], i.e.,
lvelluse = el
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To show this we first let p be of bounded support and estimate

j\yp(o;a')l do' = fftéo lp(o + 750" + 7)| drdo’ < [lpl]

and similarly for | |yp(o; ¢')| do. Thus inequality (y) holds for such
functions p.

If p is approximated by a sequence of functions p, of bounded
support such that Jp — p,[] =0, the functions yp, form a Cauchy
sequence with respect to | |ly.. We then define yp(o; o’) as the limit

function of this Cauchy sequence. Clearly, inequality (y) is valid for
these functions yp.

Next we state that the compound kernels
p12(0; o) = fpx(o; 3)ypa(6; o) dé,  pia(o; ') = f ypa(o; 8)pa(d; o) do,

are absolutely integrable if p, and p. are and that the inequalities

DP12D = []Pl[] []Pz[]

hold; one easily verifies this fact after having verified it for kernels with
bounded support.

Furthermore, one may verify the identity

f7P1(0; &)ypo(G; o') do

= VU pi(o; 8)ypa(;0") do + f vpi(o; 6)py(3;0") da},

or
fff pi(oc + 71,0 + TDPAG + T35 0" + 1) dr, dry dé
11 50,1250
= fff o pae + T3 o)p2(oy + Th; 0" + 75 + 1) dr d7y doy
1£0,1,50

+ JIJ- . pi(o + 7+ 1150, + T)pa(02; 0’ + 7) dr dry do,
1£0,71; 50

by setting + = 7,, 0, = & + 71, 72 = T, — 7, in the first integral on
the right and = = 75, 02 = 6 + 75, 71 = 7, — 7, in the last integral.

Suppose the kernel v(o; o') is absolutely integrable and has norm
(v < 1. Then, clearly, the two equations

p*(o;0’) = v(o; o) + f7P+(U; &)u(é; o') da,

p(0;0) = 203 0) = [olo: ayp=(3; ') i

have absolutely integrable solutions.
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The facts stated make it possible to set up an admissible class of
operators R. The Fourier transforms

1 LN T8 w
X0) = <z [t

of the H,-representers ¢ of the vectors @ in © may be regarded as new
representers of these vectors,

d = x(o);

and accordingly we may regard functions p(c; o) as kernels of integral
operators which represent operators R acting in . The class of
bounded such operators R which can be represented in this way by
absolutely integrable kernels p now forms our second admissible class
M. To those functions p with {Jp[] < o to which no such operator
corresponds we assign an ‘“ideal element™ R. In any case we set
0RD = Dol

As is well known, cf., e.g., [9], a kernel with a bounded Holmgren
norm represents a bounded operator in Hilbert space; hence yp
represents such an operator I'R, no matter whether R is a proper or
ideal operator. Moreover, |[I'R| = |yp| s, holds, so that |I'R| < [RI[.
Thus property 6 obtains. It is also clear that the kernels

f polos yp(es o) do and [ yo(o; pole; o) do

represent operators RoI'R and (I'R)R, when R, is in % and R in R.
Also
IRoIRI, [(I'R)Ro|| = [RI[R.I.

Thus properties 4 and 3 obtain. The same is clearly true of property 5.
All that is left for us to show is the relation [H,, 'R] = R for Rin R,
formulated as part of property 1. To this end we note that when the
vector @ is represented by the function x(s), the operator H,is applicable
exactly when x(o) has a square integrable derivative and is represented
by —idx(e)/do = —ix'(s). The vector [H,, I'R]®D is represented by

ff r(c + 7; 0 + 7)x'(¢") dr do’
=0

= f[ r(oy; o2)x' (02 — oy + o) do, dos.

Joy =a
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For such a @ the vector 'R is represented by
TR®G & sz r(c + ;0" + 7)x(o) dr do’
o 150

= lff r(oy; 09)x(o2 — oy + o) do, do,,
gy =0

and hence admits the operator H, with the result
HIRS 2 [ oy o0(es = o + o) doy doz + [ (o3 ox(on) dos
Y gy S0

= JJ re + ;0 + 7)x'(¢")dr do’ + fr(cr; a")x(o’) do’
120

so that H,R® = (I'R)H,® + R® holds.
Thus we have shown that the class R here defined is admissible.

A8. Existence of wave operators for gentle disturbances. In this section
we first want to show that the operators I'R(f) = e'*#oI'Re ~'tHo strongly
tend to limits I', R and 0 as t — + o and — o provided R belongs to
one of the two admissible classes of gentle operators. This statement
was the main ingredient of our treatment of scattering in §7.

Suppose R belongs to the first class ®,. Since the operators I'R
are bounded, it is sufficient to establish the relations

I'Rd — O, PR(bt—> I'.RD
t—= —® - ©
for a dense class of vectors ®. We choose the vectors which are
represented by Holder continuous functions ¢(w) with bounded
support. The expression

¢(w; f) = ‘[efl(w—w’)[w — w']‘lr(w; "-’I)Sl'(wl) do’

for the representer of I'R(f)® may then be written as
Mos 1) = 07w = o) r(w; (w) dof

if w lies outside of the support ¢. Let this support be contained in the
interval |w| < a; then there is a number ¢ such that |(w; )| £ cw™!
for all |w| = gand all . Consequently, to a given ¢ > 0 we can find
a b = asuch that

f, 120 f(w; DI? dw < ¢f2.
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For |w| = b we write Y(w; 1) in the form
Mos ) = [ oo = @] Hr(w; o)) = r(w; () do’
|lw’| = 2b

+ ,.(w; w)¢(w)f eit(w—w')[w — wt]—l do'.
lw’|S2b

After extending the path of integration into the upper half plane we

find for the last integral the expression

2b

Ib(w; f) — f e(t(w-w')(w — wl)—l dw;.
-2b

For ¢+ < O the real part of the exponent is negative; hence, we may

replace the path by the segment |w| Z b, run through in the opposite

direction. The integral can therefore be estimated by
|Iy(w; £)] < 2/bt| for |w| < b.

The first term in the expression for ¥(w; 7) tends to zero as t - — ®©
by virtue of the Riemann-Lebesgue Lemma, in fact uniformly so for
|w| = b. Therefore we can find a 7, > 0 such that

f |P(w; 1)|2dw < ¢/2 fort = — 1,
ol Sb

In other words, [ |¥(w; 1)|2 dw — 0 as t — — 0.
For ¢+ > 0 we must push the path of integration of I,(w; f) into the
negative half plane. Taking account of the residue 2=/ we find

[ @3 1 = 2mirtw; wpp@) do > 0 as 1 oo.

Thus we have proved our contentionabout thelimits of I'R, as t — + 0.
We proceed to establish the existence of strong limits, as 1 — + 0,
of the operator e'*foe ~!*¥ in case the disturbance ¥ = H — H, belongs
to the second admissible class of gentle operators.
To do this we must determine the Fourier transformed kernel
representing the operator I'R*(#). If an operator R with the direct
representer r(w; ') has the transformed representer

, 1 .
p(o-; o) = 2_‘"'J‘J.ewa.)—mwr(w; wl) dw dw',

the operator R(f) = e'HoRe~"*Ho has the direct representer
e''“-“%(w; w') and the transformed representer

l a - , . ’ ’ ’
2_17J.J.e1< OO~ 00 (4; ') dw dw’ = p(o + t; 0" + 1).
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Applying this result to the operator I'R with the transformed

representer yp(o; o') = i [°, p(c + 7; o' + 7)dr we find that the
transformed representer of I'R(?) is

0 t ,
wp(o;a')=if P(0+t+7;0'+1+‘r)dt=if plo + 730" + 7)dt.

- w

The Holmgren norm of this kernel can be estimated by

ielie < [ [16(o3 @)l dodo’ = [l

Our first aim is to prove

J

for every square integrable function x(o).
We maintain it is sufficient to do this for functions p(¢; o) and x(9)
of bounded support. For, every kernel p can be approxnmated by a

kernel ¢ of bounded support such that [|s — p[] is arbitrarily small and
the same is then true of

2
do—0 ast—> — o0

[notos ot do

|ITR(t) — TR £ lvp = npluo < 16 — ol-

Also x can be approximated by a function y of bounded support such
that |x¥ — x| is small.

Now let the support of p be contained in |o| < oo, |0’ S 00; then
the support of y,p is contained in the quarter plane ¢ 2 —9d0 — 1,
o' 2 —o, — ¢t and therefore moves away from the support of % as
t — — 0. Hence | y,p(0; ¢')x(0') do’ = O for large —1.

If we let ¢ tend to + oo we may apply the same argument to the
kernel y,,p(o; 0’) — y,p(a; o’), where

«©

Yop(o;0’) = if plo+ 710" + 1) dr;

in doing this we must use the obvious relation

H‘}’mP"Hn = "P"
The result is the relation

2
fU[np(o; o') — yop(o; o)x(0) do’| do—0 ast— oo.
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We may rewrite this and the previously proved relations

I'xR ast— oo,
TR = as t — — oo,
whereby convergence is understood in the strong sense.

Suppose the operator U~ =1 — 'R~ satisfies the relation
HU- = U-H, Then we have

eltHoe~tH = = ¢tHol ~¢''Ho = | — I'R-(t)

and our result establishes the existence of the wave operators
W, = lim,...e'"oe """ when acting on the range of the operator U ~;
namely, W_U-"¥ =¥, W, U~ ¥ =[1 — I'.R-]¥. If the operator
U - possesses a right inverse U *, the limits W, exist for all @ in 9.

A different approach to the existence of the wave operators will be
discussed in Appendix A1S5.

A9. Perturbation of operators with restricted spectra. We shall call the
spectrum of the operator H, ‘‘restricted”” if it does not just consist of
the whole w-axis from — co to + 0. We want to show that the theory
developed in §6 for operators H, with an unrestricted spectrum auto-
matically includes the case that H, has a restricted spectrum under
very wide circumstances. In any case, though, we assume the spectrum
of H, to be continuous, more precisely, to be absolutely continuous.

At first we shall assume that H, has an unrestricted spectrum, but
that the disturbance V has the property that it affects only a subset of
the spectrum of H,. Later on we shall use the results in this case for a
treatment of the case that H, has a restricted spectrum to begin with.

Accordingly, let the operator H, admit a representation through
D = Y(w) and HoP < wi(w) with ¢ standing for all functions with
(P, D) = | |h(w)|?2 dw < oo.

Let .# be a closed set on the w-axis and let $+ be the subspace of all
those vectors @ in © whose Ho-representers #(w) vanish outside of J.
Then we introduce the subclass 9t of all those gentle operators R of an
admissible class % whose kernels »(w; ') vanish unless w and »’ are
in #. Clearly, the operator R then transforms $, into $,. Such a
subclass 9y, as is rather obvious, has properties 1to6. All conclusions
drawn in §6 from properties 1 to 6 hold, as verified easily. Hence we
may say: If the disturbance ¥ belongs to a subclass R s as described, the
same is true of the operators R* as constructed in §6.

For later purposes it is desirable to generalize these considerations.
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To each value of w we may assign a closed subspace 2, of the accessory
space % and require that the ‘“values™ of the representing function
Y(w) lie in A,. We then consider the class R’ of all those gentle
operators of an admissible class ® whose kernels r(w; w’), as operators
acting in the space U, have their ranges in the intersection 2, N A,
of the spaces %, and %,. Such a class R’ is again an admissible
subclass of gentle operators; consequently, whenever V belongs to &'
the operators R* of §6 also do. The case considered in the previous
paragraph simply results if 2%, = % for w in # while %, = 0 for w
outside .

We now use these observations to reduce the case in which the
spectrum of the operator H, is not the whole w-axis to the case where
it is.

Suppose then that the spectrum of H, is a closed set of # and that
the H-representation of vectors @ by functions ¢(w) is such that

(@,9) = [ o)l do

Suppose, further, that the disturbing operator V is represented by an
integral operator with a kernel ¢(w; w’) defined in the product & x £.
Then we can formulate a (sufficient) condition for the existence of
operators U* transforming H, into H = H, + V and vice versa.
The condition simply is that the function ¥(w; w’) can be extended to a
function defined for all w and »’ which belongs to one of our admissible
classes of kernels, but vanishes if w is outside of the set .#. For then
we need only take the operators U* resulting from our theory and
restrict them to the space 9.

This remark can be extended in an obvious way to the case that the
disturbance V belongs to one of the admissible subclasses described
above, generated by a set of subspaces %, of the accessory space 2.

Now, we recall that one of the properties of our kernels r(w; ") was
that they were continuous functions of (w; ). If such a kernel
vanishes for » outside of # it vanishes for w on the boundary of £.
Thus we see: 4 necessary condition that the perturbation problem of
the operator H, + V with a closed set £ as spectrum of H, can be
handled by our method is that the kernel v(w; w") of V vanishes when
w is on the boundary of 4.

The statement just made may serve as a criterion to indicate whether

or not one should expect that the operators H, and H, + V have the
same spectrum.
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To illustrate the significance of this observation we consider the
operator H = H, + V given by

o = Y@, O0Se<w  (20)=[" W) d

Hyd '-‘: wip(w),

Vo = o) [ i) do,

where p and ¢q are square integrable and Holder continuous [3].

This operator differs from that treated in Appendix A6 essentially
only inasmuch as the domain of w is now restricted to 0 < w < 0.
Also we confine ourselves to the case that the values of the representers
are complex numbers, although our considerations could easily be
carried over to the case that these values are vectors of an accessory
space 9.

_ Suppose & is an eigenvalue of H, + V with the eigenfunction
¥(w); then, clearly

P(w) = cp(w)/(w — &)
and & satisfies the equation

J“” q(@)p(@) 40— _ 1,
0 w — w

&

Thus every value & outside of the spectrum 0 < w < o of H, can
be made an eigenvalue of H for appropriate (possibly complex) values
of e.

Suppose the function g(w) p(w) vanishes at w = 0. Then the integral
on the left side of the last equation is bounded as a function of &.
Consequently, the operator Hy, + ¥ has no eigenvalue for sufficiently
small e. This is consistent with the theory of §6, according to which
the operators H, and H, + V are equivalent and hence have the same
spectrum 0 £ w < oo provided the operator V is gentle. Now, if
p(0) = g(0) = 0, the functions p(w), g(w) belong to the class 9, if they
are taken as zero for o < 0. Hence, the operator ¥ with the kernel
p(w)g(w’) belongs to the first of our classes of gentle operators.

If, on the other hand, g(0)p(0) # 0, the function of & on the left
tends to oo as & tends to zero through negative values. In this case
then, the operator H, + V does have a negative point-eigenvalue for
arbitrarily small negative values of e.
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These observations indicate that gentleness requires at least that the
function r(w, ') should vanish if w or ' is at an end-point of the
spectrum of H,.

For various singular perturbation phenomena occurring if the
perturbation is not gentle, see [12; 13; 15; 28].

A10. Differential operators. To illustrate the perturbation procedure
that we have described, we consider the differential operator

d2
H= — ) + gq(x)
acting on functions y(x) defined for 0 < x < oo and possessing a
finite square integral

) = [ WOOP .

The operator H, = —d?/dx? is known to be selfadjoint (see, e.g,
[1;9]), when it acts on functions ¢ with a continuous derivative
dy/dx and a square integrable second derivative d2/dx? which satisfy
a boundary condition such as (I) $(0) = 0, or (II) d/dx = Oat x =.0.

Of the function g(x) we assume boundedness and absolute in-
tegrability of (1 + x2)g(x). The operator H is then selfadjoint in the
same space of functions as H.

To apply the perturbation procedure described we must set up a
spectral representation of the undisturbed operator Ho, = —d?/dx*.
To do this we first carry out a Fourier transformation.

We first consider case (I). The proper Fourier transformation to
be taken in this case is the one given by the formulas

B = V@) [ sinux ) di,

49 = V@) [ sinx ) d,

Wwhich imply the identity

[ o ax = [ 1l du.

The reason for choosing sin px as kernel of the transformation is that
the function ¢(x) then vanishes for x = 0 whenever (I + w?)d(p) is
square integrable. It follows that the transform of the operator
—d?|dx?* with boundary condition $(0) = 0 consists in multiplication
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by 2. We write this operator symbolically as integral operator with
the kernel p28(x — p’). The Fourier transform of multiplication by
g(x) is the integral operator with the kernel

2 = . : g
Bus p) = = J.O g(x) sin px sin xp' dx.

With reference to the transformed representers J, the operator H is
therefore represented as

H & p28(p — ) + d; p),

i.e., as the integral operator with the right member here as kernel.

Before we can apply our perturbation theory we must introduce
w = p? as independent variable. Accordingly, we introduce the
representers

J(w) = (4w) "1 4(w!?)
and set
Hw; ») = (16ww’) "4 j(w?’?; (w")12).

It is an interesting fact, observed by P. Rejto, that this kernel belongs
to class (I), i.e., it satisfies certain Holder conditions and in particular
vanishes when @ = 0 and when o’ = 0. For a detailed proof of this
fact see [36]. Here we shall only indicate the underlying reasons.
First of all we note that #(w; «’) is of the order O((ww’)~*'*) at
w ~ oo and w’ ~ . To determine the behavior of & at w = 0 and
at o' = 0 we note that #(x; p') vanishes for p = 0 and for p’ = 0.
A more detailed analysis will show that &(u; u') = O(up') at p =0
and at ' = 0. Consequently,

H(w; @) = O((we)'®)  for @ ~ 0 and for w’ ~ 0.

The Holder conditions characterizing kernels of class (I) can then
be seen to be fulfilled for 6 = .
The integral equation for the kernels 7*(w; w’) are

FH(w; ) = H(w; ) + fo [0 — @] (w; @)i(6; ') do,
Fo(w; ) = U(w; ') — fo (w; @)oo — '] r(o; o) do.
Clearly, r* = v is the first approximation and higher approximations

can be obtained by expansion.
For purposes of actual evaluation it is more convenient to use



118 APPENDIX TO CHAPTER II
functions of p rather than w. The integral equations for the kernels
P (a3 ) = (Y17 (5 (0)9)
are found to be
P ) = 0us ) + [P = 1 s OGS ) di
P ) = 003 ) + [ 03 DI — WG ) di

The first approximation is 7*(u; ') = 6(u; p’) while the second
approximation is obtained by inserting this first approximation in the
integrals. These are the formulas used in quantum theory.

The scattering kernels

5 (w; o) = [1 + 2ni7*(w; w)] 8w — o),
correspond to the kernels
§ = (s ) = () 20+ 2miQp) s )02 — (W).

The delta function here is of course to be interpreted through the
relation

[302 = () it = 165 = [ 8x — w1100 s
in other words, we should set
1
—_ N2y — _ ’
8 = (W)) = 5, 8 = ).
The scattering kernels therefore are
§(us 1) = [1 + mip =7 w)]8(u — ).

In other words, the scattering operators S* consist simply in multiplying
the function Ji(x) by the factor

L+ imp 2 (s ),

In case (II) the boundary condition imposed on y(x) to make the
operator H, = —d?|dx? applicable is dy/dx =0 at x = 0. The
appropriate Fourier transform in this case is given by

#) = V@) [ cos wxi(x) dx
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and its inverse. The kernel #(u; u), given by
d(p; p') = % f q(x) cos ux cos xu’ dx,
0

does not vanish for . = O or p’ = 0. Consequently, the corresponding
kernel #(w; w’) does not belong to one of our classes. In fact, the
operator H, + ¢V has a negative point-eigenvalue for every value of e,
provided [§ g(x) dx # 0 and [§ |g(x)| dx < oco. To verify this state-
ment one need only show that (¢, (H, + ¢¥)¥) can be made negative
for arbitrary ¢ # 0 by choice of . One may simply take

1, 0= xZ x;,
R/I(X) = (x2 - x)/(x2 - xl)’ X1 g X § X2,
0, Xo = X < 00,

and then choose x,; and x, large enough.

A treatment of the perturbation theory of some ordinary differential
operators using the method of resolvents was given by Moser [14].
For differential operators of functions of n variables it was shown by
Jack Schwartz [27] that a variant of the theory presented here becomes
applicable for n = 2.

An extension of the results presented to cases where the kernel
v(w; w’) does not vanish at the boundary of the domain, will be given
by P. Rejto in a forthcoming paper.

A1ll. Enlargement of the spectrum. In §6 we showed that for gentle
disturbances ¥ the operator H, + ¥ can be transformed into the
operator H, by operators U* = 1 + I'R* with gentle R* provided
the operator ¥ is small enough, namely, if [V [] < 1, where [V[ is the
norm of V associated with an admissible class of gentle operators.
Specifically, the operators R* were shown to satisfy the relations
R* = U*V,R” =VU~and U*U~ = 1. Two operators U* with
this property will be referred to as a “pair”. The condition [¥V[ < 1,
which was imposed for convenience, is not at all necessary; a pair
U * may exist under less restrictive circumstances.

This existence question was treated by LadyZenskaya and Faddeev
[21] and P. Rejto [36]. The results of Rejto imply the following

EXISTENCE THEOREM. Suppose the operator H, possesses an
absolutely continuous spectrum of uniform multiplicity (as we have
always assumed here) and let V be a gentle Hermitean operator of the
class R, with p > %. Suppose further that the operator Ho, + V



120 APPENDIX TO CHAPTER I

possesses no point-eigenvalue in the (closed) spectrum of Ho. Then a
pair of gentle operators R* associated with the disturbance V exist,
provided the accessory space is finite-dimensional. If the accessory
space is infinite-dimensional the same statement holds if the operator V
is “completely gentle”, in the sense of Appendix Al12.

In the discussions of the present section we shall assume that such
a gentle pair R* exists without requiring that ¥ be Hermitean and
without imposing any condition on the eigenvalues of Ho + Vo. )

The first question we shall deal with refers to the inverse relation
U-U* =1. In § we had shown that this relation is implied by
U*U- =1 provided [V]] < (1 + y)~'. Certainly this condition 1s
too strong; there are cases where [V} = (1 + yo)“*andstil U~ U * =1
holds. On the other hand there are cases in which U-U* # 1. In
such a case the pair U* will be called incomplete since then only a
part of the spectrum of the operator H = H, + V (the ‘‘main Paft_")
is equivalent to that of H, and the complete spectrum of H contains
additional parts. We therefore say that the disturbance V effects an
“enlargement’’ of the spectrum of H,.

In the present and the next section we shall study this enlargement
phenomenon.

Let us then assume that the operator V belongs to one of our
admissible classes %t of gentle operators and that there is a pair of
operators R* belonging to !t which satisfy the relation R* = U*V,
R™ =VU - andhence U*U "~ = 1with U* =1 + I'R*.

We first observe that the transformation U * supplies the spectral
representation of the operator H in the range of U - since HU " ¥
= U~ H,¥; but it fails to do so in the complementary space of all
vectors of the form ® = (I — U~ U*)X. Also, the process of scatter-
ing can be described in the range U ~ 9 since

I

etHoe~ -V > @, ast— + oo

with @_ =¥ &, = S; ¥, where S§g =1 —T',R™ and I'.R is the
operator with the kernel 27i8(w — o')r(w; »'). Clearly, then, Sg can
be regarded as a ‘partial” scattering operator. The operator
S¢ =1 + I',R* enters the limit relation
U*eltHe-1tHo —» S¢ ast— oo,

1 ast— —oo.

The relation
S¢Se =1



A1ll. ENLARGEMENT OF THE SPECTRUM 121

is thus implied by U*U -~ = 1. Our first major aim is to show that
the inverse relation Sg.S¢ = 1 always holds under the present circum-
stances, never mind whether or not the inverse relation U -U* =1
holds.

Before doing this it is necessary to derive the relation S5.S; = 1

directly from U*U~ = 1, without making use of the scattering
process. We recall that in §6 the equations R*U~- = V = U*R"
led to the relation

€)) R* — R~ — R*T'R™ — (I'R*)R- = 0.

We shall apply the operation I'y, to it. Writing I' = I’ + 1I',,, where
FR -+ (w — ') 'r(w; '), we first observe the relation
o

IFo{R*T'R~ + ('R*)R"} =0,
which we had already derived in Appendix A7. Because of
To(R*TwR™) = (TR*)ToR~ and T'o(I'wR*)R~ = (IyR*)IR"

it can be written as

# I'o{R*T'R™ + (I'R*)R"} = ', R*T' R".
From relation (x) we then conclude that
A) I',(R* — R™) = I"QR*‘I"QR—;

and this is exactly the desired relation S¢Sy = 1.
The remarkable fact that also the inverse relation

Se S =1

holds for the partial scattering operators S¢, even if the inverse relation
does not hold for the spectral transformations U *, was first observed
by Moller [11] in connection with Schrodinger operators of the form
— V2 4 ¢; therefore we shall refer to the relation S;S; = 1 as the
“Mogller relation™.

Under the circumstances here considered this relation is readily
proved. We note that the kernel of the operator P, = 1 — S5 Sq is
given by 8(w — @')p(w) with

Polw) = 2mir (w; @) — 2mir* (w; w) + Qui)2r~(w; w)r*(w; w)
= Qmi)?r (w; w), r*(w; w)).

Suppose first that the spectrum of H is simple, so that the values of
the representers ¢ of the states @ are complex numbers. Then the
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same is true of the values of r* and »~=. Therefore r~ and r* commute
and the kernel of 1 — S5 S¢ is the same as that of 1 — S¢Ss = 0.
Thus 1 — S5.S¢ = 0 follows.

If, however, the ““values’ of i are vectors in an accessory space, the
“values” of r* are operators in this accessory space and do not
commute in general. In this case we note that the operator P is a
projector by virtue of S¢S¢ = 1. From this fact one may deduce
that for each value of w the value p.(w), considered an operator acting
in the accessory space, is also a projector. For, the operators po(w)
are continuous functions of » with respect to the accessory operator
norm, since this was required of the operators r*(w; »’). The range
of a projector which depends continuously on a variable w evidently
has the same dimension for all values of w. Now, as |w| — o the
operators r*(w; w) tend to zero by virtue of the definition of the class
R. Hence po(w) =0 as |o| — 0. Since the dimension of po(w) is
thus zero in the limit, it is zero for all values of w. That is to say,
Pwo(w) = O for all w. Thus, Meller’s relation S;.S¢ = 1 is proved.

The Moller relation has various consequences. First of all it
enables us to interchange the roles of + o0 and — oo in the time limit
process and of =i and — =i in the definition of the operation I.

Suppose we define the operation I'y with the aid of the factor
(w0 — @)™} — 7id(w — ) and set Ry = R-S§ and Ry = SoR*.
Then, by virtue of the Meller relation, the identities

Uf =1+ T*Ri=SU% Ug=1-T*R; =U-S¢

hold, as easily verified. Since S& commutes with H,, the operators
U may serve as a pair of spectral transformations in place of U*.
Relation U; Uz = 1, which thus is implied, also follows directly from
U*U- =1 by virtue of S¢.5¢ =1

We should observe that it is the operator U; which appeared as
““wave operator” for ¢ — o0 in the description of scattering given in §7,
while U * was the wave operator for t — — oo this indicates that the
transition from U* to Ui corresponds to the interchange of + oo
and — oo as limits of the time variable 7.

Another important consequence of the Moller relation is that it will
enable us to make definite statements about the “new” part of the
spectrum of H produced by the perturbation V. To this end we shall
study the projector P = 1 — U~U", which projects into the eigen-
space of this new spectrum. This projector may be written in the form

P=TrQ
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with
Q =R~ — R* + R"TR* + (I'R)R*,

as follows from our admissibility property 5, described in §6 (p. 23).
Now we maintain that

r,0=0

for this operator Q. To show this we make use of relation (#) with
R* R- interchanged and relation (A); the result is

I.Q = [[wR~, TR*].

Now, the Moller relation just states that the right-hand side here
vanishes; thus formula I', Q = 0 is proved.

This formula shows that the kernel g(w; ) of the operator Q
vanishes on the diagonal v = o’ of the (w; w’)-plane. The singularity
of the kernel of the projector P = I'Q is thus less severe than that of
operators I'R in general. As a matter of fact, under circumstances to
be specified, the operator I'Q is completely continuous.

Let us assume that the operators R* belong to the class 3* with
Holder continuous kernels r(w; '), as described in Appendix A7.
It then follows that also the operator Q belongs to this class R*.
Consequently, the kernel g(w; ') of Q vanishes at least like |0 — o’|*
as w’ — w and, therefore, the kernel of P = I'Q = I'Q becomes
infinite at most like |o — ’|*~! there. For large w and «’ we may
similarly say that the kernel of P becomes infinite at most like
Iw—l _ (w')—llu—l as (wl)—l — w™1!,

Suppose now the accessory space 2 is finite-dimensional. Then,
standard arguments are sufficient to show that the operator P is
completely continuous. To reach the same conclusion in case U is
infinite-dimensional, the class of gentle operators admitted must be
restricted. We shall discuss such a restriction in the next section.
At present we shall draw a conclusion from the complete continuity of
the operator P.

As is well known, the complete continuity of an operator implies
that the eigenspace associated with one of its eigenvalues is finite-
dimensional provided this eigenvalue is not zero. A projector, such
as P = I'Q, has at most one eigenvalue #0, viz., the value 1, and the
associated eigenspace is its range. Thus it follows that the range P9
of the projector P is finite-dimensional.

Clearly, the operator H commutes with the projectorP =1 - U-"U"*
since HU-U* = U H,U* = U-U*H; hence H transforms the
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range P9 of P into itself. Assuming that the operator H is selfadjoint,
or at least diagonalizable, we may conclude that H possesses at most a
finite number of eigenvalues w*, - - -, o™ whose eigenvectors X*, - - -, X"
span the space P9. The projector P can therefore be described by

PO =(1—U-U"D = X(Xi, ®)
v=1
with the aid of appropriate eigenvectors X, of the operator
H* = H, + V* satisfying the relations
(X:n Xu) = 8vu-

Consequently, we may describe the complete spectral representation
of the operator H in the following manner: Let © be the n-dimensional
space of vectors ¥, with components cy, - - -, c.. Then any vector D
in © admits the representation

&=U"Y+ i Xve,,
v=1

where the vectors ¥ in © and ¥, in 9, are given by

Y=U+d, o = (XL, D)

Since .,
H® = U HY¥ + D X'o'c,
v=1
it is clear that the Ho-representer ¢(w) of ¥ and the numbers c,, - - -, ¢q

form the spectral representers of the vector ® for the operator H.
A few remarks should be added concerning the process of scattering
under the present circumstances. From the representation

H® = U H,U*® + > X'w¥(Xy, D),
we deduce
e“H(p = U—e(tHOU'!-(p + Z X‘velth(X*v, ¢)’
whence "
etHe-ttHop = U~ U ()P + z Xveltw' (X2 e~ o)
and v
etHoe-ttHp = U~ (U D + Z etHo Xve o' (X o).

Now, according to the statements made in §6 and Appendix A8 (and
already used at the beginning of this section) the operators
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U*(r) = e''MolU*e~*Ho tend to S¢" as t — o0 and to 1 as 1 — — co.
The terms (X3, e "#o®) tend to zero by the Riemann-Lebesgue
Lemma. Hence we have

-Q+
oltH -ty _y U-S§ ast— oo,
U- ast— —oo.

On the other hand, the contributions from the point-eigenvalues in
etoe-itHdp do not converge unless all (X3, @) vanish. Thus, the
operator e'Hoe ~"H does not converge unless @ lies in the space U -9
of all @ of the form @ = U ~¥. Nevertheless, the operator e'Hoe !,
being the adjoint of e'fe "o, converges weakly to S U* and U™,
respectively. This is an important fact which we shall frequently
meet in analogous situations later on.

In any case, the operator S; may be used to describe the process of
scattering for states @ # 0in U ~9, i.e., in states @ with initial states
®_ = U*P # 0and PP = 0. But, the description of scattering with
the aid of the operator S5 does not take account of the effect of the
point-eigenvalues. If one wants to do this one must split @ into
b = U-P_ + 3, X', and just state that every contribution e ~*# X"c,
to e~ “H @ js given by e " X'c,.

A12. Completely gentle operators. In deriving the complete con-
tinuity of the projector P = 1 — U ~U * in the last section we observed
that an additional restriction must be imposed on the gentle operators
of our admissible class R in case the accessory space U is infinite-
dimensional. This is the restriction that for each pair of values w; o’
the operators r(w; w’), acting in 2, should be completely continuous.
Gentle operators R whose kernels have this property will be called
‘“completely gentle”. This property was first employed by LadyZens-
kaya and Faddeev in connection with the question of the existence of
operators R*. In the present short section we first want to show that
the completely gentle operators of a class ) form an admissible subclass
in the sense described in Appendix A9. Secondly, we want to show
that the operator I'Q is completely continuous in © whenever the
kernel g(w; ') of a completely gentle operator Q vanishes for
w = w,

To prove the first statement we must show that the operators R, I'R.
and (I'R,)R, are completely gentle if R, and R, are. To this end we
write I’ = I' + 4I',, as we have done in Appendix All, and observe
that obviously R;I'w R, is completely gentle since for each (w; »’) the
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kernel (27i)r,(w; w')ro(w’; »’) of this operator is the product of two
completely continuous operators. The contribution

ro(w; ') = f ri(w; @) — )" (6 — ') da,

resulting from R,['R,, is the limit (in the A-operator norm) of the
integral

ro(w; o) = f ri(w; B)G — )6 — ') do
lw-w |36

as 8§ — 0. It is thus sufficient to show that the operator ry(w; w’) in A

is completely continuous. To this end one first approximates in the

standard manner the integral by a sum

> riw; @)@, — @) ry(wy; o) dw,
v
(with respect to the 2-operator norm) and then uses that each of the
operators r,(w; w,) and ry(w,; @) is completely continuous in it.
To prove the second statement we introduce the function

1 for |0 — w| £ 8§,

"76(‘-‘” - w) = 0 for lw’ - wl > S

and set I'Q = P, + P;, where the kernels of P, and P, are

(0 — o) Hg(w; ) — g(w; w)lnyw’ — )
and

(0 — )7 ig(w; {1 — 74(0” — w)}.
Since g satisfies a Holder condition, the Holmgren norm [A7, p. 107]
of P; can be made arbitrarily small by making § sufficiently small.
The kernel of P, can then be approximated with respect to the

Holmgren norm by a piecewise constant kernel in the standard manner.
Since each term

(w, — @)~ (@, @1 — ny(w, — wl)}

is completely continuous with respect to %, the sum is completely
continuous in . Thus the validity of the second statement follows.
This result can now be applied to the operator P = I'Q with

0 = [R", TR*] + [TR~, R*],

where R*  the R-operators associated with the completely gentle

disturbance V, are assumed completely gentle themselves. For, we
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have g(w; w) = O for this operator as proved in Appendix A11. Thus
we have established the statement made in Appendix A1l that the new
spectrum produced by a completely gentle disturbance ¥ with com-
pletely gentle R* consists of at most a finite number of point-eigenvalues
with finite multiplicity.

In the next section we shall show that the new spectrum may be
continuous if the disturbance is not completely gentle even if it is gentle.

A13. Enlargement by continuous spectra. Under the circumstances
described in §11, enlargement of the spectrum of the operator H,
resulting from the disturbance V consists in the appearance of a finite
number of point-eigenvalues. There are other circumstances, how-
ever, in which the enlargement involves the addition of infinitely many
point-eigenvalues or the addition of a continuous spectrum. Such
cases will arise if the disturbing operator is not completely gentle.
The type of enlargement will then depend intimately on the nature of
the operator V. We shall select three specific, though typical, circum-
stances in which the spectral enlargement can be described completely.

We assume that the representers of the vectors @ in 9 are functions
Y(e, B) of two variables such that

@, 9) = [ [ 46 |2 dec

and that the spectral variable w is a function w(e, 8) of « and B. For
simplicity we assume
w=qa+f.

We restrict the variables « and B to have lower bounds, o = o,
B 2 By, so that the spectrum of H, is given by & = ay + By.

The values of the representers ¥ may be vectors of an accessory
space 2’; but we shall have no reason to refer to this space.

As disturbing operator we shall consider the sum

V=Va+Vb+Vc

of three contributions which can be represented by integral operators
acting on functions ¥(«, ). The operators V,and V, will have kernels
of the form

Va(e, B; o, B') = 8(B — BYWL(B; «; ),

vl B; ', B') = 8(a — o')vi(a; B; B'),
while the kernel ve(e, B8; ', B') will have smoothness properties which
exclude the presence of a delta function. In fact, the smoothness
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properties of vy, vy, v. will be such that V. is completely gentle, while
V. and V, will be gentle but not completely so.

We should like to describe a typical physical situation which involves
interaction operators of the form ¥V, and V, just described. This is the
situation in which two “ particles are in interaction with an immovable
source. The associated state vectors ® may then be represented as
functions y(w,, w,) of the two energies w,, w, of the two particles and
of accessory variables; application of the kinetic energy operator H is
represented through multiplication by the total energy w = w, + @,
The potential energy of the particle (a) corresponds to our operator V.,
represented by a kernel which affects only the variable w, and which
thus is of the form 8§(w, — wp)ta(wa; wy). Similarly, the kernel of ¥,
is of the form 8w, — wy)vp(ws; wp). In more involved circumstances
the functions v, and v, may depend on w, = w, and w, = w,, respec-
tively. The operator ¥, may stand for the potential energy operator
associated with external forces.

In the present section we shall first be concerned only with the
operator H, = H, + V, and later on deal with the operator H, + V.

For each value of B, the function ¢3(8; «; «’) may be regarded as the
kernel of an integral operator V.(B) acting on vectors @, of a Hilbert
Space 9, represented by square integrable functions ¢,(«). We write

Dy ¢0" Py(a)
and

Va(B)Ps e J.vé(ﬁ;a;a')aﬁ,,(a’) deo'.

Also, the operator H, induces an operator acting in ©,; this operator,
denoted by H(B), is represented by

Hi®)s = (@ + Bl

We want to apply the theory of §12 to the operator Ho(B) + Va(B).
This we can do after having introduced w = « + B as independent
variable instead of «. The kernel v, of V,(B) is then given by

V(B0 — B0’ — B)

as a function of w, »’ and the accessory variable B.

We now may require of the operator V.(g) that it is completely
gentle for each value of B and depends continuously and boundedly
on B. Moreover, we require that there is a pair of completely gentle
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operators R (B) associated with transformations Uz(B) = 1 + I'RZ(B)
of the operator H, into the operator

Hq(B) = Ho(B) + Va(B).

We then know from the general theory that the operator H,(8) has a
continuous spectrum, given by w 2 «4 + Band that, in addition, H.(8)
may have a finite number of point-eigenvalues. We now assume, for
simplicity, that for every B = B, the operator H,(8) has exactly one
simple point-eigenvalue

wo(B) = «(B) + B,

which depends continuously on B and stays away a finite distance
from the spectrum of Hy, i.e., By — B(e) = B, > O.

The associated eigenvectors X,(B), represented by the eigenfunctions
Xa(a, B), may be chosen to depend continuously and boundedly on B.

We maintain that the set = w,(B) forms a continuous “new” part
of the spectrum of the operator H,.

To see this we first make a general observation. Suppose a vector
@ in © is represented by a function (e, ) which for a value of 8 is
square integrable with respect to « and hence may be regarded as a
vector @, of thespace ;. Then, clearly, the function ¥*)(«, 8) which
represents the vector H,® = (H, + V,)® may also, for the selected
value of B, be regarded as a vector @§" in the space ©,, namely, as the
vector obtained from &; by applying the operator H,(8). In other
words, @V = H,®P implies

D = Ho(B)D,.
We apply this remark to a vector @ given through the representation

@ <': Xa(a: :B)¢’1(:B)a

where #,(B) is any square integrable function of 8 and x.(c, B) is the
eigenfunction of the operator H,(8) associated with the eigenvalue
w,(fB). Since for each B application of H,(«) on ®, means multiplica-
tion of xu(«, B)$1(B) by w.(B) it is clear that application of H, on @
has the same effect, i.e.,

Ho® = xale oaBh(B).

In other words, representation of a vector @ by the function y.(«, 8):(8)
is a spectral representation with the spectral function w,(B).

We proceed to describe the complete spectral representation of the
operator H,. The spectral representer of a vector @ in $ will consist
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of a pair of square integrable functions ¢.(«, B) and ¢,(8), which may
be regarded as elements of two Hilbert spaces st, and $,. The
representation is then of the form

(D had {¢O(a’ﬂ)7 ¢1(ﬁ)},
H,® <= {w(a, Bdole B), wi(B)b:(B)}

with w(e, B) = a + B, w.(B) = «(B) + B. This representation will be
effected by two transformations Ug and U, which transform the
spaces §t, and §t; into 9:

® = (Us, U)(i)

and two inverse transformations Ugs, U;; mappinginto $toand §t;:

Usa
(6) = (2)e
4’1 Ula
The statement that those operators are inverse to each other may be
expressed by the relations
(l 0
0 1)

Usa
( ° )(U;o, Uzs)
Ua_o Uotx + Ua_l Ul‘; = 1.

+
Ura

The intertwining property of these operators may be written as
(G- 20
Ulf; 0 wWq U1+u ’

HU3, Us) = (Ua, Ua:)(‘(‘)’ 0 )

Wq

where w and w, denote the operators which consist in multiplying
bo(e, B) by w = « + B and $:1(B) by w, = aq(B) + B.

The operators Ug;, mapping 9 into $t, are generated in an obvious
way by the operators Ug () acting in $; and the relations Ud,Us, = 1,

UsH = wUg,, HUz = Ugw follow from the corresponding relations
for U&(P).

The operator U,; will be defined by
Und: <= xdle, B)pi(B).

The right member here is clearly square integrable since § |xa(e, B)|? de
was assumed bounded in 8. According to the theory of Appendix Al1,
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the eigenvector X,(B) represented by the eigenfunction y.(«, B) satisfies
the relations U, (B) X.(B) = 0. Consequently, the relation Ug, U;; = 0
holds.

Before we can define the operator U % we must enter an additional
assumption, which is automatically satisfied if the operator H, is
Hermitean. Theassumptionisthattheadjoint H¥(8) = Hy(B) + VX(B)
of H,(B) should also possess a single eigenvalue, namely, wq(f), and an
eigenvector XX(B) which depend continuously on g and for which
(X*(B), X.(B) # 0. Without restriction we may assume (XX(8),
X.(B) = 1. We then introduce the vector

X8 =11 = U (B(Us (B)*]1Xx.

Since U, (B) U (B) commutes with H,(B), the operator U, (B)(U. (B)*
commutes with HF(B); hence X, (B) is also an eigenvector of
HX¥(B) with the eigenvalue wq(8). Also, (X, (B), X.(B)) =1 since
[1 — U7 (BUS(BIXa(B) = X,(B). The reason for introducing the
eigenvector X, (B) instead of XX(B) is that it satisfies the relation
(U;s(B)* X+ (B) = 0, which follows from the definition of X, (8) and
Us B U (B) = 1.

With the aid of the vector X;*(8) we can now define the operator Uy},
which is to transform a vector @ into a function of 8, by

@ = [xi (e Bi(e, B) des

where xt(«, B) is the representer of the eigenvector X, (B) and ¥(«, B)
is the representer of the vector @. Relations (X, (B), X.(B)) = 1 and
(U7 (B)* X, (B) = 0, derived at the end of the preceding paragraph,
lead to the two relations UtU,; =1, UUy5p = 0. Thus the first
inverse relation, which we simply denote by

UyU; =1,
is established. Also, the intertwining relations are immediately

verified. To verify the second inverse relation, or ‘‘completeness

relation”
Ua_ Ua.+ =1

we must use the assumption that wa(B) is the Only point-eigenvalue of
H,(B) and is simple. This assumption implies that every vector of the
form (1 — U; (B U (B)) P4 is a multiple of the eigenvector X(B); conse-
quently, to every @ in O there is a ¢, in &, such that (1 — UshUqs0) P
= Ua¢,. Applying U5, on thisrelation we find ¢, = U, ®. Insertion
of this expression then yields the completeness relation.
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Thus we have succeeded in establishing an (indirect) spectral
representation of the operator H,. The spectrum of this operator
consists of the ‘““main part”, the same as that of the operator Ho, and
an enlargement, the range of the function w = w,(f). The fact that
the new spectrum is continuous is consistent with the fact that the
operator V,, by virtue of the presence of the factor 8(8 — ) in its
kernel, is not completely gentle.

Having set up the spectral transformation for the operator H, we
can establish the spectral transformation for the operator

H=Ha+Vc’

modeled after a special operator studied by Kato and Kuroda [23],
with ¥V, assumed gentle and sufficiently small, provided the kernel
v, (B «; «') of V, satisfies additional conditions. In case we are
working with the first of our two classes of gentle operators the
additional condition should require t(8; «; «’) to satisfy a Holder
condition with respect to B, «, «’ (and not just with respect to « and «’);
but ¢}, need not tend to zero as |B| — . As a consequence of such a
condition the eigenfunctions x&(«, B) satisfy Holder conditions with
respect to « and B.

We now apply the transformations Uj to the operator Huo + Ve,
obtaining an operator

+
Ua+(Ha + Vc)Ua— = (z(}:)(flﬂ + Vc)(Ua_O’ Ua-l)

w 0 l70co l704:1 7 %

- (0 wu) * (VM Vm) =StV
in obvious notation. This operator acts on the direct sum of the
spaces t, and §t, whose vectors are represented by functions $o(c, B)
with values in 2’ and complex-valued functions ¢,(«, ). Since the
eigenvalue w = w,(B) was assumed monotone in f, it could be
introduced as the independent variable in place of 8. Once this is
done, the problem becomes just one of those treated in §6, the accessory
space consisting of pairs {$o, ¥1}, With ¢, being a complex number and
Yo being a vector in 9.  We maintain that the new disturbing operator
V.is gentle. This is evidently the case for Voeo; it is also the case for
the other components of ¥, by virtue of the requirements imposed in
the preceding paragraph. If then the operator V, is sufficiently small,

transformations
e (Uo*;o Uof.l)
=

K 7+
UlcO Ulbl
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exist transforming H, + V. into H,. The operators

(U:) _ (Uoto ﬁotl) (Ua;)
U1+ - Uxto Ult'l Ultx

and - o
Useo oc1
- UMY = (Ui, U 200 Toer)
(Us» Ur) = (Uds ‘)(u;co U;cl)
or simply

g+ = U+U# and U- = U-O.,

then transform the operator H = H, + V. into the operator

_ w 0
H, =
° (o wa)
acting in (Sto, ;). Thus the spectral representation of the operator
H = H, + V, + V. is attained.
It is to be noted that the transformations U* are not of the form

1 + 'R*, not even the components Ug are of this form. The
component Ugp, for example is given by

+ _ T+ + 7
UOO - UOCOUOa + Uo:1U1':.

as the sum of two terms of which the first is of the form 1 + I'R,
while the kernel of the second carries the singular factor [w(«, 8)
— wy(B)] ! rather than [w(e, B) — w(a’,f)]1~1. Thisis of course due to
the presence of the ‘““new” continuous spectrum. As we shall see in
the next section, this fact is connected with the phenomenon of
multi-channel scattering.

Before discussing these scattering problems we should just make a
remark about the spectral problem of the operator H = Hy + V, + V,.
In case the kernels ¥, and V; do not depend on g8 and «, respectively,
the transformations U, and U,* commute so that there is no problem;
if this is not the case the perturbation problem for the operator H
remains to be investigated. The same applies to the general operator

Ho + Vy + V, + Ve

A14. Multiple channel scattering. The most important question in
connection with the problem considered in the preceding section
concerns the description of the process of scattering associated with
the operator H. We shall consider the operator H = Hy, + V, + V¢;
for, it is the operator V, which induces multi-channel scattering.

It was shown by Kuroda [25] that the scattering problem of the
special operator considered by Kato and himself should be subsumed
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under the general theory of multiple channel scattering formulated by
Jauch [19]. For the class of operators H, + V, + V., here considered,
we shall be able to establish the complete description of the multiple
channel scattering with the aid of unitary operators.

It is necessary to be somewhat more pedantic in the description of
scattering than we had been before. The scattering operator should
be regarded as a transformation of a spectral representation of the
operator H assigned to the time 7 = — oo into such a representation
assigned to t+ = . A spectral representation of H is given by two
functions ¢4(w, «) and ¢,(«) such that application of H corresponds to
multiplication by w and w,.

We shall extract this assignment of representers ¢,, ¢, to t = + ©
from the asymptotic description of the Schrodinger state e "*H@

resulting from a given state @. We express @ in terms of spectral
representers 3™, #¢® through

gn)
? = U (o)
we have attached the superscript ““(in)”’ to these representers because

they will be assigned to + = — o later on. Using the intertwining
property of H with U -~ we find

#4m
—{tH _ -, —itil
e P =U"e °(¢(m))

- vzt ()

~ (@ 0
H°'(0 w,,)'

Since the operators U,~ are of the form U, = 1 — 'R, the operator

ety (j -e-ith,

where

tends to the scattermg operator S =1-r, S associated with the
disturbance ¥V, of the operator H,. Hence we may set

0. e- "o ~ e""A§- fort ~ + oo,

with §- replaced by 1 for t ~ — oo,
Next we must derive the asymptotic description of the operators

- - ~ e~ itw - -
U e ltHo — (U Ulue (twa)'
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Since the operator U,, was generated from the operators of the form
U;(B) =1 — I'R;(B) with gentle R, (B) acting on functions of «, it is
clear that e'*“ U, (B)e"® tends to the operator S;(B) =1 — I'uR;(B)
This operator acting on $; induces an operator S,, acting on $,.
Now, we must recall that the transformation U,;, the way we have
introduced it, transforms a square integrable function into a vector in
. We want the scattering operator S, associated with Ug, to be a
transformation of a function into a function. Therefore we introduce
the transformation *1”> which takes a function ¥(e«, 8) into the vector
@ in © of which it is the H,-representer,

“1,"‘11 = ¢.
Clearly, then, we have
e-“HO“I” = cclsse_“w
and the transformation e*#oU, e ~"* tends to “1”° S5 as t — oo and
to “I” as r — — co. Hence the asymptotic description of Ujee ™" is
Uge ™9 ~ e HHo“ 17 S 5 = “]7e oS o
as t ~ oo, with S, replaced by 1 for ¢t ~ — co.

No asymptotic simplification is found by letting r — + oo in
U;ie'*“a; we simply have

Uge % = e "HaU 3

a als

since w, = w,.(B) is the eigenvalue of H, associated with the eigen-
function x4(e«, B) which enters the definition of U,;. Thus we may write

Ua'e"“F’O ~ (“l”e—“wsa_(b Ua—oe—“w“)
Seo O
— “l”e"““’, U_e_“"')a ( a0 ).
( a0 ) 0 1
Combining these formulas with that for U;~ we obtain the asymptotic
description of e "7 ®:

¢(ln)
e~ MHP ~ (“lne-—{tw, Ua—oe—u(oa)S_ 0 as t ~ oo
B4 ’
(S;o 0) 5 _ (Sa—13§07:0 5435021)
o 1)°° S Se

with
S - =

For t ~ — oo we find

—itH €619, —1tw — —itw 959")
e D ~ ( 1”e H UaOe °) ¢(ln) .
1



136 APPENDIX TO CHAPTER Il

Clearly, then, the spectral representers ¢4™ and 4{™ are to be assigned
to t = — oo, while the representers

d’:)oul) ¢(Oln) :
(¢(10L\'-)) = S (¢(10ul))
are to be assigned to t = + 0. One verifies that ¢~ "o commutes

with S - so that, indeed, ¢5"", " may serve as spectral representers
of the vector @ for the operator H.

The operator S * will naturally be defined by

. [Soa O
S5+ =25 ;
(o )
the relation

S*S- =1
is then an immediate consequence of S3S;; = | and S+ S = 1.
Also, the inverse relation
S-St =1
holds, as follows from the inverse relation §- S+ = 1 and from the

relation S;,S¢, = | whichfollowsfrom Meller's relation S (8)S¢ (B) = 1
The validity of this relation, in spite of the fact that U, (B) U, (B) # 1,
is essential for the complete description of the multi-channel scattering
process.

Vectors @ with representers {#3™, 0} and {0, $!™} are said to come
out of the “main” and the ‘‘side™ initial channels; vectors with

representers {4, 0} and {0, 7"V} are said to enter ‘““main” and
‘““side” end channels. These vectors are of the form

®=UsUs®P and = U7 UP
for the incoming channels; for the outgoing channels they will be
described below.

We should note that the scattering operators here denoted by S*
correspond to those that were denoted by S¢ in §7, since they transform
Hg-representers into Ho-represeﬁnters. The operators there denoted
by $* will now be denoted by $*. They are given by

St =U-S*U*

and evidently transform vectors into vectors. In particular, the vector

@ = $-is the one whose incoming representers are the same as the
outgoing representers of @,

pouv) = $im, Fouv = fum,
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It follows that the states associated with the outgoing main and side
channels are those that are of the form
¢ = §+UO—UO+§—¢ al‘ld ¢ = $+U0—U0+S¢.

Finally we discuss the question whether or not the scattering operator
S~ can be derived from ‘““wave operators”. According to the theory
of Jauch [19; 20] such wave operators would have to be defined as the
limits of the operators e'/'x, e ¥ with the aid of various ‘‘channel
energy operators’ Hy. Clearly, the operator H, will correspond to
the main channel. In fact, from our asymptotic description of the
operator ¢~ *#U ~ we find

e(tlloe—itH ~ eitHo(“l”e—Mw, Ul-;e—ltwa)S—U-i-
= (“17, Uphet@-wa)S -+
—- (“I”7,00S"U* ast— o
since w(«, B) — wa(a) = wo > 0. The convergence here is weak; if
one prefers to work with strong convergence one need only take the
inverse e''¢~""o. Clearly then, the wave operator W,, associated
with the channel energy H, is

Woe =(17,0S-U*+.
The corresponding operator for t = — oo is evidently
Woo =(*17,00U+.

The channel energy associated with the side channel is nor H,;
rather, it is the operator H, defined by the H,-representation

Hi® < @B}« f), when ® = y(a,p).

Of course, when applied on Uy, application of H, gives the same
result as application of H,, but that is not the case when applied to *“1”.
Our asymptotic formula shows that

e{tlile—itl{ ~ (“1”3“(“’3 —w), Ul‘:.z)S - U +
so that the wave operators W, . defined as weak limits for r — + oo are
Wi. =0 UQ)S-U*
and
w,. = (0, UI-Z)U+-
From the combined wave operators

W0+) (“I” 0
W = = - +
" (W1+ 0 UI;)S v
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v ()= (7 S
- \w.) \o un

we can indeed construct our scattering operator S - in the form

S-=W)w,.

and

A similar formula plays a basic role in the method of the wave operator
to be discussed in subsequent sections.

A15. The wave operator method in scattering. Up to now we have
been considering the perturbation of an operator with a continuous
spectrum by a class of ‘““gentle” disturbances and proved rather
complete results. Another approach was initiated by Rosenblum,
Kato, Cook, and Kuroda for perturbations which are not restricted
by a gentleness requirement. As is to be expected, weaker results are
then obtained. Here, we shall only sketch some high points of this
approach, referring to the literature [16;17; 18; 22] for proofs and
detailed discussion. For simplicity we assume (A) that the spectrum
of H, has uniform multiplicity.

Let H, and H = H, + V be selfadjoint operators acting on the
Hilbert space . In relating the spectrum of H to that of H,, the main
idea in the work of the authors mentioned is to introduce the one
parameter family of unitary operators

(1) W, = elteg-tt,

and investigate their limitas # = + c0. Thus, in the present approach,
essential use is made of the fact that the unitary operators ¢"# and
e~ "o are well defined when H and H, are strictly selfadjoint, while in
the approach described earlier this fact was not used and it was
unnecessary to require H to be selfadjoint,

In the approach to be discussed now it will be shown that under
appropriate conditions the operators W, tend strongly to limits as
! — + o0, These limits,

W. = lim w,

-+

are called the *“wave operators”. (This definition differs slightly from
that given in §7.)

Assuming that these wave operators exist one can show easily that
they lead to a partial spectral representation of the operator H.
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Clearly, from (W,®, W,¥) = (?, ¥) we may conclude that the
relation (W, ®, W, ¥) = (@, ¥) holds for all vectors P, ¥, whence,

the relations
Wiw, =1

follow, which show that the operators W, are isometric. From
(e“‘”d5, W*e—(rHogl) = lim (¢’ el(t+t)He—(t+t)H°'}'I) — (¢’ W*lp’)

t— + ©

we may conclude that the relation
W*e"‘"o — e“‘"W*
holds, which, by virtue of the strict selfadjointness of H and H,,
implies the intertwining relations
W.,Hy, = HW,, HW¥ = w*H

in the domains of H, and H, respectively. Thus both, W, and W_,
give a partial spectral representation of H. This representation would
be complete if these operators were unitary, Le, if W, w¥ = 1; but

that need not be the case. We shall come back to this question at the
end of this section.

The simplest condition under which the wave operators have been
shown to exist was described by Cook [9]. For every vector @ in an
appropriate dense subset of © the vector e ~*#o® should admit V and
satisfy the inequality

f [Ve="*Ho®| dr < co.
Clearly, this inequality implies the relation

t
f |Ve-*Ho®| dt -0 ass, t— oo,

Now, from the relation (d/dfefe~"Ho = jeitH Y-ty e have

¢ t
W, — W, = f (dldn)W, dr = if eH Ve -1tHy 4.

S
and hence

t
[, = wyol = [ e Vera] ar
t
=f [Ve=t*Ho| dr -0 ass, t — co.
N

Thus Cook’s statement follows.
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In case H, is the Laplacean and V multiplication by a functi'on,
simple properties of ¥ can be given [9;11] so that this sufficient
condition is satisfied.

Stronger results are obtained from the approach of Rosenblum,
Kato, and Kuroda. The conditions imposed by these authors on the
disturbance ¥ will be mentioned below. In general, also these results
do not describe the spectral representation of the operator H.com-
pletely, but they do describe completely the spectral representation of
the part of H in the space W, (or W_5), inasmuch as it is shown that
it is unitarily equivalent to the ““absolutely continuous part” of Hg~_

The ““part™ of an operator, such as H, in a subspace = PO 18
the operator P H provided the projector P’ commutes with the operator
H in its domain.

To explain the meaning of ““absolutely continuous part” let y{w)
be a spectral measure function of H. As is well known such a function
isthe sum, u = p° + 4, of a measure function 2 which is «absolutely
continuous™ in the sense that it vanishes on every set whose Lebgsgue
measure vanishes, and a measure function p* which is singular mas-
much as it vanishes on every set whose Lebesgue measure does nqt
vanish. Denoting by 9 the subspace of all vectors in £ which admit
an H-representation by functions ¢(w) for which | |$(w)|? dpi(w) =0,
we may describe the absolutely continuous part of H as the part of H
in M, that is to say, as the operator PH = HP, where P is the ortho-
projector projecting on 9. Similarly we introduce the absolutely
continuous part PoH, = H,P, of the operator H, with the aid of t.he
projector P, which projects into the subspace W, of vectors ¥ with
Ho-representer y satisfying | |#(w)|? dpi(w) = 0.

_ “Absolutely continuous™ parts of the wave operators aré now
Introduced as the strong limits

Wg_. = W:EPO = lim tho.
t— t
If these limit operators exist they transform 9, into M and, hence,
give the complete spectral representation of H in the subspaces
Wi = wam,and Wep = WM, of M.
With the aid of the operators W¢ one may introduce the operators

Se- = Wewe, 8t = Werwe,

In case Wa9n, = e, these operators are unitary when acting in
Mo and thus may be regarded as scattering operators in Mo.
The conditions under which Rosenblum and Kato prove the existence
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of the operators W are that the operator V¥ should be selfadjoint
and of the trace class. (Rosenblum, in addition, assumed that the
Spectra of both H, and H are absolutely continuous.)

A trace class operator may be defined as the product V = 7,7, of
two operators of the Schmidt class; and a Schmidt class operator T
may be defined as one that has a finite square trace

.
1712 = 2 T3
1

m=

where {®} is any complete orthonormal system of vectors. For V
of trace class one may, in particular, take 7T, = [V|tz = [V*p]en
and 7, = Y|V|'2, where Y is unitary, so that [Tyl = | [V]*2]..
The quantity

IV =11V ]3

is called the *“trace norm™ of V.

The Rosenblum-Kato result was extended by Kuroda [14] who
required of V only that H, + V be selfadjoint and that the operator
|V['*(Ho + i)~* be in the Schmidt class; note then that ¥ need not
be bounded.

A most remarkable feature of Rosenblum’s and Kato’s result is that
the condition imposed on the disturbance V, to be of the trace class,
makes no reference to the undisturbed operator H,. Thisisin contrast
to what has been emphasized in the approach presented in these notes,
in which the gentleness property of Vreferred essentially to the operator
H,. Kuroda's condition does again involve H,.

It may be mentioned incidentally that operators I could be con-
structed which satisfy one of our gentleness conditions without being
of the trace class.

We do not intend to give a detailed description of the wave operator
theory; but we should like to give an outline of Kato's proof of his
result concerning perturbation by a trace class operator (under our
assumption A4). The role of the absolute continuity of the component
n® of the spectral measure of the operator H is embodied in a lemma
due to Rosenblum, which we formulate in a slightly modified way.

We note that a spectral representation of the space M involving an
absolutely continuous spectral measure u® can always be replaced by
one involving the Lebesgue measure, simply by replacing the original
representers, ¥“’(w), by the new representers

P(w) = (dp*(w)[dw)'? 4 (w).



142

APPENDIX TO CHAPTER II

Note that such a representer vanishes outside the support # of the
measure p®. The manifold of all vectors @ in 2 which possess
representers with bounded absolute values |¢(w)| is dense in Dt since
this manifold comprises the vectors with piecewise constant representers.
Denoting by 9™ the class of those vectors for which [¢$(w)| S m we

may formulate
ROSENBLUM’s LEMMA. Let R be an operator of the Schmidt class and

let D be a vector in M™ with reference to selfadjoint operator H. Then
the inequality

fw |Re-"H®|2dt < 2mm?||R||3
holds. o

To prove it (in somewhat abbreviated form) we first note tha.t the
assumption made on R implies that for almost every « there Is an
operator R(w) such that

R = JR((U)IIJ(CU) dw
when  is the representer of ® in MM™.  We then have
Re—itH(p = J‘R(w)‘ﬁ(w)e—ltm dw

and, by Parseval’s formula,

J“Re-uu(pllz dt

2| (w)|? dw wm? w)||? dw
2r [IR@IPW? do 5 20m [ R

2mm?| R|3,

1A

where 2 is the support of u°. Thus the lemma is proved. )

For simplicity we shall restrict ourselves to the case in which the
whole spectrum of H, is absolutely continuous, so that 9t = 9 and
we = w,. .

The next step then consists in establishing an a priori inequality,
i.e., one that holds provided the wave operator W, exists. We write
V= T\TwithT = |V|*2and T, = YT, where Y is a unitary operator
and employ the relation ,

W, — W= iJ el ettty dr,
S

used in deriving Cook’s statement. Having assumed that W, has a

limit W, we may let ¢ tend to infinity. Since |W, ®|? = | w,.o|

= || ?|2 we have
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(W, — W)D|? = 2Re(W ., @, (W, — W)P)

— 2iRe f " (@, WE™HT, Te- o) dr
— 2iRe f (B, &Ho W T, Te~Hod dr)
S

— 2iRe f (THW e~ "Hod, Te 140 dr)
S

IIA

Z[J-ao "Ti"W+e—“H°¢"2 de "Te-uHo(D”z d‘r] 12
s s

Applying now Rosenblum’s Lemma for H, in place of H and
R = T¥#W, we obtain

@ 1/
W, — W)o|? < 2k“ ||Te“‘”o<15||2d-r] :

with k2 = 2am?| V|,.
Using the triangle inequality we are then led to the inequality

® 1/2
0¥, = Wl < 2k[ [ 1Te-ro0)2 4]
t

» + 2kU:° ||Te“‘"od5||2dr]1/2'

This formula does no longer involve the operator W, . Although it
was derived under the assumption that W, exists, it can be shown to
hold if this assumption is not made. To this end, Rosenblum and
Kato show first that the wave operators exist for disturbances of
finite rank. Formula (#) therefore holds for such operators, Since a
trace class operator ¥ can be approximated by operators of finite rank
with respect to the trace norm, this formula carries over to any trace
class operator V.

Letting s and ¢ tend to infinity one deduces from formula (# the
existence of the wave operator W,. Inthe same way, the existence of
W _ is established. Similarly, one may show that the operators W¢
in M, exist without making the assumption M, = §.

Because of the relation HW . = W, H, in M, it is clear that the
Hy-representer ¢ of @ in M, may be regarded as the H-representer of
the vector W, ®. Hence the vectors W, ® lie in Mm whenever @ lies
in M,. That is,

W, M, C M,

as was announced earlier.
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Now Rosenblum and Kato use the fact that the condition irpposed
on V, viz., the condition that V¥ be of the trace class, does not involve
any reference to H,. By virtue of this fact H# may be regarded as the
undisturbed operator and — V the disturbance.

The role of the operator W, is then played by W*. This operator
therefore converges strongly to the operator W ¥, which now plays the
role of the wave operator in place of W,. In place of the preceding
relation we obtain relation

WM C M.
Because of relation W*Ww., = P, we may conclude
W, Mg =M, WM = M,

Thus the operators W, and W* yield the spectral representation of
the absolutely continuous part of the operator H. This is the essential
part of the Rosenblum-Kato theorem. o
In conclusion let us remark that still another approach yielding
transformations W,, W* was initiated by L. deBranges [29].
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A16. The nongentle character of the operators K. It was stated in §9
that the operators K described there differ essentially from the gentle
operators treated in Chapter 11, no matter how smooth the functions
Kim((w),; (w’),,) may be chosen, and that this is due to the symmetriza-
tion involved in the definition of K. We want to make this fact
explicit here.

To show this we introduce spectral and accessory variables as
indicated earlier in §9; that is, we take the number » together with
(@), = (wy, -+, w,-1) as accessory variables, and = 3"w,
= w;+ - - - + w, as spectral variable. Instead of the function ¢,((),)
we introduce the function

n-1

0o6) = Xo(@n13 ) = ho(@non 0 = S )

as representer of the state .. The class of these functions y, is of
course restricted by conditions such as

n—-1

Xel(@ha 15 @) = 1o @z 0 = S s ).

which express the symmetry of $,((w),).

We now consider a component K, of the operator X with m1 > 0
and express the x-representer xi_...(w) of the state ¥! — K, ¥, in
terms of the y-representer x.(w) of the state ¥, in the form

Xll— m+n(w) = fklmn(w; w’)Xn(wl) dw'.

(There is no restriction in assuming m > 0; for, K,, is no integral
operator, hence no candidate for gentleness.) The kernel kjp(w; w’)
of this integral transformation is an operator acting on functions of
the accessory variables wy, - -+, w,_; and produces functions of the

! — m + n — | accessory variables of x.
145
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In order to describe this kernel explicitly one should first express the

y-representer of K, ¥, in terms of that of ¥,. Settingn — m =j We
have

G+n! ‘l‘/l+x((w)/+1)
= S Perm & [ Klal(@fs 13 @) s n(@,)n) D

where (w); stands for {w,., -, w,}. Note that two types may be
distinguished among the terms resulting from the permutations
involved in the definition of ¢!: Those for which the variable wj+
remains an argument of k,, and those for which w,.,, becomes an
argument of ¢,,,. It is the latter terms that cause the nongentle
character of the operator K;». Note that such terms occur only for
J >0, ie., if ,((w),) is not fully contracted. .
We shall be satisfied with discussing in detail the kernel k112 which
describes how the operator K;, acts on a state ®,. Setting x2(«; w)
= yy(w;, w — w,) and taking account of ya(w,; w) = xo(w — wi; @) W€

readily find that the function x’(w,, w) corresponding to K., P2 15
given as

X2 (wy; w) = JJ-kll2(w1; w; w), 0')y(w); ) do' do
with

2k 10wy w; @) = kyi(w — w5 0" — w)) §(w, — w))
+ kiwyj 0 — 0 + w) d(w — w — w')-

It is the second term here that causes the nongentleness of the ke.rnel
k112 because of the presence of the variable w in the delta function.
Clearly, this kernel does not belong to either of our two classes of
gentle kernels. )

The nongentleness of the operators Ki, can be inferred directly from.
the fact that the product P, I"Qum contains the Wick product : P T Oim:
as contribution. For in this Wick product the singularity of .the
denominator of the kernel of I'Qin is Not smeared out by integration.

The attached product Pjx = I'Qim, ON the other hand, may well
belong to the same class of operators to which P,, and QOim belqng.
Classes for which this is the case will be described in the next section.

A17. Annijhilation-creation operators of class . In §11 we assumed
that a class £ of annihilation-creation operators Q = Zim Qim COU!d
be so defined that the operation I' is applicable on the operators Qin
£, that is on operators Q with Qoo = 0, and that the attached products
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P - I'Q and I'P - Q belong to £ if P and Q belong to £'. In the
present section we want to exhibit a class £ having these properties.

Naturally we shall try to describe such a class in essentially the same
manner in which classes of gentle operators were described in the
Appendix A7 to Chapter II. It is not obvious whether or not this
can be done since annihilation-creation operators are not gentle, as
was shown in Appendix Al6. Nevertheless, we shall be able to
construct a class £ with the desired properties by employing Fourier
transforms of absolutely integrable functions.® This can be done in a
relatively clear-cut way if no pure creation operators, i.e., terms with
m = 0, are present in the series Q = >,n Qin. In case terms Q,, are
present we are forced to employ a rather involved treatment. (This is
an instance of the general experience that pure creation operators
cause the greatest trouble.) We therefore confine ourselves to the
case in which Qo = 0 and also Qo, = 0.

Our first task will be to introduce classes £,,, of basic annihilation-
creation operators Qi» which admit the operation I. Moreover,
these classes will be so chosen that the attached products with r
contractions,

ij g FQIm and PQik '?' le,

belong to the class Q¢ +i-n+m-n if Oy and Q,, belong to £;, and
Q... In doing this we shall pay no attention to the accessory variables,
keeping in mind, though, that the values of the ““functions referred to
are bounded operators acting on functions gf these accessory variables.
We shall also introduce a dense subspace § of the Hilbert space § in
which the operators Q. are applicable.

This space § will consist of vectors in 9, i.e., of vectors @ in $
having only a finite number of components , # 0. For n > 0 these
components, assumed to vanish unless w),---, w, > w,, are to be
Fourier transforms

U(w)y) = f” Ya((A)n)e =1 @A+t opay) a0,

of functions x.((1),) which are continuous and bounded, and for
which the integral

Ixel* = [ Ixa@0)] a0,

! The results of J. Schwartz [47] indicate that such a class © could also be constructed
with the aid of Holder continuous functions.
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is finite. We also set

HXn"- = l'u'b-/\an(('\)n)l'

Clearly, such a function x, is square integrable. For n = 0 we set
Xo = ¥o and "Xo" = W’ol-

We note that any finite sequence {xo, x1, - - -} of functions with these
properties corresponds to a vector in $ provided the antecedent

transform ¢,((w),) (for n > 0) vanishes unless w;," -
(We assume w, > 0.)

The class ,, is now formed by those operators Q;» whose kernels
qim are the Fourier transforms

qlm((a’)l; (‘”I)m)
_ f | fm £ () (V)™ @i+ + o =iy =+ =) d(X), d(N )

of functions £,,((A); (X)) for which the integrals

, Wy > Wxe.

1l * = Lub. » f alX0; (X + )] A d
and

m+1
1ol - = l.u.b.Af En(A + 7); ))] V)
are finite. Here
A+n) =W +7--h+7 and XN+ Dp=QL + 7,5 +7)

We now maintain that the operation I' can be performed on an
operator Q,,, by replacing the transform ,, by the function

V@ W) = 1 [ L+ i (4 )

this is in close analogy with the manner in which the operation I' was
performed on the operators Q11 of the second class of gentle gperator;
described in Appendix A7. To justify this statement one will exten
the argument given in that appendix and verify that the transformed
kernel of the commutator [Ho, I'Qin] is the function

° (o 2 0 3\) Y
— ek 2 g A o)A+ D) (XN A+ 7)) dT
J‘-m (3/\1 + + aAl + a/\l + aAm 1 (( T)l (

= f 2 @+ D Y+ 1) dr = Ll V)3

that is to say, the transformed kernel of the operator Qum.
Next we apply the operator I'Qin on an m-state @, with the trans-
formed representer xn((\).). The transformed representer of the
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vector I'Q,.P, is an N-state, with N =1 4+ n — m, consisting of
NYN — D times the function

x40 = 15Y [" 7 L@ + 205 (& + Dl D) drd (D

where (A)? stands for (Ap+1, -+, A)). Here n = m is implied without
restriction since I'Q,®, = 0 for n < m.

Now we should show that the function y} is square integrable if the
norms ||| * and | x| * are finite. To this end we estimate the norms
lx%|* in terms of |{imll*. We clearly have

Ixd]* = f L+ 7 B D] D] drd(R)n dOV,

Lubo [ [t 7 O + ) drd ), [ 00| dOv)
Iaml * el

IIA

and

b= < Luboy f "L+ D5 (B Dl Do )] drd (K

m+1
< Lub., f [l + D3 (X + 7))] drdA Luboy i)

= ”glm" - "Xn" T

It follows that the vector I'Q;, @, belongs to § if @, does.

Our next task is to show that the attached products Q;; o I'Q;n,
and I'Q;; = Oim belong to the space Dy with L = +/—r,
M =k + m — rif Q;; and Q) belong to Q,, and £,,. To this end
we observe that the Fourier transform of the representer of the second

attached product is given by
Zud s W) = 15939 [ [ 5@+ 900 + 3 + )
- Lim(N)(N2; (X)) drd (D).

To estimate [[Z [~ we write
[#41Zu@ + 013 Q)| dod X
< Sya J‘”M*z 60l + 7+ 0); X + 7 + )f(A + 7))

LD + DL (X + 0)p)| drd(N), d(X)y do
= Sy f”MH 1Lk + p)is X + p)B(A + p))]

@+ )X+ L (X + 0))| drdod(R), d(N)
l]g/kl]— I]glml]—’

IIA
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so that
0Zwll™ = 08~ 08iml -

Similarly, one finds

1Zwll* = 08" DGimD*.

The same relations hold for Q,x < I'Q,, instead of I'Q,x ¢ Qi

The properties of the classes £, for [ # 0, m 5 0, required in §11
are thus verified for the class described in the present section.

We said in §11 that we should like to introduce a linear class £ of
operators of the form Q = 3., Qi in £, which are applicable in $
and to which the attached products I'P - Q and P - I'Q belong if P
and Q belongto . Inaddition, we should like to define a norm nel
for the operators in £ such that the inequalities [I'P < ol,
[P - Q] < [PI Q0 hold. But, as we said in §11, we are not able
to do so. We now like to explain the reasons for this difficulty.

We recall that the attached product P, - I'Q,, is given as the sum

Py o I'Qp = Zo Nj Py e Qims

where Ny, = j1I'(j — niril — i, as mentioned in §10. The
coefficient Nj, will be very large if j or / are large. This fact indicates
that no estimate of the desired type can be derived solely from the
estimate [Py + Qinll, [P + Qunll < [PI[Q[ derived above. That
this is so was to be expected in view of the remarks made at the end of
§9. On the other hand these remarks still allow one to hope that
inequalities of the desired type can be derived for pure fermion operators
Q (or perhaps also for operators Q which are linear in boson operators
A*); but then, of course, the antisymmetry of the kernels would have
to be exploited specifically.

In the absence of the desired norm inequality we may just as well
satisfy the requirements imposed on the operators Q in the cheapest
possible way. We subject these operators to a drastic restriction:
They should be finite sums Q = i, Qi of operators of class Qm.
It is quite obvious that the class 2 so defined meets the requirements.

The statements we are going to make in the following will always
refer to this class £ but in verifying these statements it will be sufficient
to assume that Q is a single operator Q,, of a class 2;». In doing so
we restrict ourselves to ! > 0 and m > 0,

The first of these statements is that the Wick power :(I'Q)': of an
operator in I'D’ is always applicable in $. For operators Q = QOim
with m > 0 this follows by employing the same argument by which
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this was proved for v = 1, i.e., for I'Qim itself; at the same time it
follows that :(I'Oim)’: is in §.

As in §17 we find it convenient to introduce operators Q = Q..
without components Qo and those, QOxo, that have only such com-
ponents Q, and, hence, are pure creation operators.

It is important to note that for each @ in $ the number v can be
chosen so large that :(I'Q.)":® = 0; for, if ns is so chosen that the
components ¢, of @ vanish for n > no, we need only take v > ng
since each term in :(I'Qx.)": involves at least v annihilation prongs.
It is an immediate consequence of this remark that the power series
1 + S,ovi(lQx): defining the Wick exponential function :ef%x:
may be broken off after the term of order n, when applied to a vector
@ in $. It follows that the Wick exponential function :e"®x: for Q.
in Q' is applicable in  and produces vectors in 9.

Finally, we must concern ourselves with connected products such as
(Ir'Py: >~ Q. This product will be different from zero for at most a
finite number of exponents v; for, the operator P, being a finite sum
S P, has only a finite number of annihilation prongs. It follows
that only a finite portion of the exponential series contributes to the
connected products :e"f:> Q. Similar statements hold for the
forward connected products. Consequently, the connected products
eT? >~ Q and P > :e"°: are operators of the class £ provided P and Q
belong to 2.

Also the validity of our two basic formulas of §12 is readily established
by virtue of the restricted character of our present class Q.

We mention that all these statements could be established also for
/ = 0 and for m = 0; but special considerations would be necessary
to do this.

The final conclusion which one may derive from all these statements
is that the iteration steps for our basic equations can be carried out
provided the disturbing operator V belongs to the class Q as defined in
this section, and that the solutions of these basic equations, if they
exist, lead to operators T * which intertwine with H and H,.

The question of convergence of the iteration series and existence of

the solutions still remains open.

A18. Statements about scattering for smooth interaction. In §15 we
have made a number of statements concerning the behavior of the
operators U *(z) as t — £ . We shall now derive these statements
from a few basic assumptions on the operators Q, which can be
verified for those of the class £ described in Appendix Al7.
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Whenever in this section reference to a particle representation is
made, the B-particles are meant. We shall consider operators, given
as functionals of the B*, defined in the space $ = $, of all vectors ®
in  which have only a finite number of components @, # 0 with
respect to the B*-particle representation (see §14) and whose repre-
senters é.(w,, - - -, w,) have bounded support. From each such
operator F we form the operator-valued function

F(1) = e'H Fe-t1,

We shall use a somewhat restricted notion of convergence for these
operators inasmuch as the relation

F)—~F., ast— +ow
is to mean that the relation
FO)®—F.P ast— + o

should hold for each @ in . This kind of convergence is definitely
stronger than weak convergence inasmuch as cloud factors do not
converge in this sense although they do converge weakly, as will be
shown later.

In the following we shall consider the operators Q,,, taken from the
class  defined in A17; they are defined in $, and admit the operator I'.
We recall that the operators I'Q;» are bounded in each subspace On.
The same is true of the operator I'Q,(f) = e I'Q, e ",

We also employ the operation I'., which was introduced in §7 for
! = m = 1, by the formula

IO < 2midlw — o'lingin((@); (w)),

where g, is the kernel of Q,.. Ifeitherm = Oor/ = Qweset I'c =0,
ie.,

F.Q,=0 and I'sQn =0,
which is consistent with 8[«], = 0 and 8[~w’], = 0. Furthermore,
we shall use the symbol I'- .. to mean I'_., = 0, so that we can combine
limit statements for ¢ — oo and ¢t — — o in one formula.
The first of these statements refers to the limit of I"Q(r) with Q in £.
This operator will have no limit if pure creation terms are involved in
it. Therefore we shall employ the decompositions

G = GXO + Gx. and Gxo = G~0 + Goo
of any operator of the form G = im Gim, Where

Go= 2 G Gu= 2 Gin

1>0 m>0,1
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Our first limit statement then reads
@)) IQ.(t) = IiwQx ast— +oo.

It includes the statement I'Q.(1) — I'. = Q., which can be derived by
the same argument by which the formula I'Qy,(f) - I'. o Q1y Was
derived in Appendix II A8. The remaining part of the statement,
I'Q,.(r) — 0, follows from the Riemann-Lebesgue Lemma since
[-w']l, £ —mw, < 0. The nonconvergence of the pure creation
operators I'Q.o(7) is due to the fact that application of such an operator
on @ does not involve any integration, so that the exponential factor
eitx'o of the kernel of I'Q,(¢) is not smoothed out by integration. Note
that, nevertheless, such pure creation operators converge weakly to

Zero.
The next statement, involving two operators P and Q from £ reads

@) (TP(t) o TP()e — TiaP = i@ ast— +o0;

it follows immediately from (1) since the operators I'P and I'Q are

bounded in each ©,. _
Next we turn to studying the Wick exponential function :e7?®:

and formulate the statements
3) sl Ox ) — cef+=@e: ast— + oo,

(4) (elP®: > ef9o®),. -0 ast— +oo.

In applying :e"®x®: on a vector in 9, only a finite portion of the
exponential series will be effective since Q and P are taken from the
class & of Appendix Al7. Consequently, (3) follows immediately
from (1). As to (4) we observe that we may replace P by Px. since Pxo
does not contract on the right. Hence only a finite portion of the
series for e"%o will contract. The relation then follows from (2)
since I', . Q.0 = 0.

The statements made allow us to investigate the asymptotic behavior
of the operator

T*(t) — :eiFQ*(t): — :ed:FQ.f,(t):eiI'Q;.(!):.

Certainly, it does not converge to a limit operator unless the ““cloud
factor™ e*r@%® is absent. When this factor is removed, the resulting
operator does indeed converge, as follows from (3):

cetlOLEW: > Sk, ast— + oo,

where
S*t. =1 and Sf, =S*,
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with
S* = :elo;
Our next aim is to evaluate the product S*S-. In doing this we
shall make use of the identity
&) T*T~ =(T*T"), = 7%,

derived in §13. The validity of this relation implies that the pure
creation contributions from the cloud terms of 7+ and 7~ cancel.
We want to exploit this fact.

Evidently, we may write the last relation in the form (T+7T “)x = 72
or, since T,. does not contribute to this term, in the form

72 = (T+e~T%), = (179" {:eM" ; > ¢~T%5}1),,

by virtue of our second basic formula of §11. Since of the first
exponential function on the right only the factor ¢"9% contributes to
the xo-term, we may write the result as the formula

erof;,a)(:ero+ ). s e—f‘Q.o(t))xo = 72

valid for every value of . As a consequence of this formula and (4)
we shall derive

LEMMA. For operators Q* of our class  the relation

T+(t)e-l'05(t) — Tzs:w
and

T+(t)e T9®:e~T%®:2287 S-
hold ast— + oo,

To prove this statement we use our second basic formula of §11 and
Wwrite

0 —3 + . + - - - .
T*(t)e~TOo® = M9 M1 ®: s p-ragwy .
+ + - - .
+ 1ef9T Ol s p-rogwy -

where we have split the expression in the braces into a (x-)- and a

(XO)-term, we replace the factor e™*® in the second term by
er9%.®eral® an4 use the formula derived just before formulating the

lemma. The result is the formula
T*(f)e T = :eM"®(:el*®: s p-rog®y .

4 el ®: 72,
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In the first term on the right the expression in the braces tends to zero
by virtue of (4) while of the first factor in this term only a finite portion
is effective in each §,, therefore, this whole first term tends to zero in
each 9, and hence for each @ in 9.

Combining this fact with the definition of S, we obtain the first
Statement of the lemma. The second statement follows at the same
time from the definition of S:. since the operator on its left side is a
pure (x-)-operator and has no cloud terms.

Writing the relation T*()T () = 72 in the form T *(f)e-To:®
cle~Ten®: = 72 we are thus led to the statement of

THEOREM 1. For a pair of operators Q* in Q for which (1) to (5) are
valid, the relation
holds.
The same argument leads to the
CoOROLLARY. The inverse relation
S-St =1

S*tS- =1

holds provided the relation T-T* = =2 holds.

Next we like to prove the statements made in §15 concerning the
limits of the adjusted operators

A1) = v T+(O)B*T~(s).

These operators are distributions as functions of w; limit statements
involving operators A* and B* will always~be meant as limit statements
concerning the proper operators A*-f = | 4*(w)f(w) dw and
B*.f = [ B*(w)f(w) dw for arbitrary square integrable test functions f
The operators B*-f are not bounded. Still the operators A*-f are
well defined and applicable in §; for, this is the case of the contractions
of B* . fwith T *, respectively, as well as of the Wick products : B+ - fT*:.
Without effort we now shall be able to prove

THEOREM 2. For a pair of operators Q* in  for which (1) to (5) are
valid the relations
A*(t) > S$eB*S;, ast— + oo
hold.
Since the factor e ~ 7% involves only creation operators, it commutes
with B *: hence, we may write 4*(¢) in the form

A+(t) = 72T *(1)e~ TP+ e TORO),
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.. " . . . tel
The lemma, together with the definition of S * now, yields immediately
the relation

g+(’)" S{.B*SI, ast— + oo.

1- learly,
A minor adjustment is needed to handle the operator A(r). C
we have

B-e-ro‘—o(‘) — e—I‘Q,'o(l)B— —_ B' -o- Q_O(’)’

. iemann-
but the term B~ < I'Q.(r) tends to zero by virtue of t.tllf ggor oMo
Lebesgue Lemma because of the presence of exponentia

i - herefore,
associated with the contracted creation prong of I'Qo(r). T
W€ may conclude

A~(t)~ St.B~SI. ast— + .

The statements made in this section, of course, have a ver); ;:?:é:zg
Scope since they were derived only for operators Q of the very nr1 o for
class £ introduced in Appendix A17. They may serve as a
what o

ictive ci stances.
N€may hope could be proved under less restrictive circum

A19. Inverse relations and scattering statements foT conso:-rvatltonr sthe‘r*
action. In §17 we introduced the transformation opera 10{ oy
= :€*7%*: which intertwine with the operators Ho and H =fthg A
and we stated that the product 7*T -~ = 72 is an operator O

72 = 211,

Where the Operator @,, is given as

0, = f A*(s)- 6(5)A~(s) ds,
the function ¢

(s) being characterized by the condition that the function
) = ez 1 is the kernel of the operator
[4*@ra-ds = ~rot x ros.
The produc

t F x G of two operators F and G, referrfzd tp as tcfotl;re
pletely COnnected™, js to consist of all those contributions © iy
Product FG in which al annihilation prongs of F and all cr
Prongs of G are ¢ . .
We Proceed tq z?vt;a: t(epdurely formal) derivation of this statesr:lne:Ot;h
In ®Valuating the product T*7T~ in thf: case of totally ()
FPETatOrS in 8§13 we employed the basic identity I'{PIr'Q +
= Pro - (PPPQ)oo and its extension to the operators

R* - :Q:hed:I'Q*: and I’R* = :e*xTQ*. _ |
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in place of Q, P and I'Q, I'P. To evaluate the product 7+*7T - in the
present case we need the analogue of this extension.

Note that the nth term of the operators R* has a kernel which
carries n delta functions and not just one, as does the kernel of the
operator Q. This fact must be taken into account in establishing the

desired analogue.
We start by determining those contributions to expressions

R*I'R- + (I'R*)R~ that do not admit the operation I. These are
the 11-terms and the Wick products of 11-terms.

First of all, the products Q+I'Q7 and (I'Q#)Q; contain 11-con-
tributions, namely, those contributions in which all annihilation prongs
of Qf and all creation prongs of Q.7 are contracted. They will be
referred to as the ‘‘completely connected’’ products

(@ IO = @F x I'Q3, (To1)Q3)n = I'gt. x 03.
Since the kernels of these products carry the factor 8(s, — s7), the
operation I' is not applicable. In addition, the terms

mQf(IrQt)" "t :('Q1)": and (I'Qf)™: :nQ3(rQ7)1:

contain contributions on which I' is not applicable, namely, those in
which each of the n factors of nQ{.(I'Q{)"~* is completely contracted
with one of the n factors of (I'Q7)" and those in which each of the
n factors of (I'Q{)" is completely contracted with one of the n factors
of nQ1(I'Q71)"~*. For, the kernels of these contributions carry the
factor 8(s, — s1) - - - 8(s, — sn). We use the symbol x to denote also
these contributions and observe the identities

QIO x (@)™ = nl:(nQf x I'Q)(T'Qf x I'Q3)-1:
and
(IO x nQI(IQI) M = nli(I'QL x nQ3NIQ: x Q) 1.,
Now, in analogy with an earlier identity we have
an nQt x Q1 + I'Qt x nQ; = 0;
for, the I'-factors,
[6 — ']3! and [o — G]5t,

involved in these two products cancel since w] = w,; because of the
presence of the factor 8(s; — s1) and since 8[w — w'];. = 0 by virtue
of the subadditivity of the function w(s) stipulated in §17. From



156 APPENDIX TO CHAPTER Il

The lemma, together with the definition of S * now, yields immediately
the relation

X+(1)_> Ste.B*S:i. ast— + oo.

A minor adjustment is needed to handle the operator 4-(r). Clearly,
we have

B-e-ro,'o(t) = e—rQB(l)B' — B~ o Q_o(t),
but the term B~ -f < I'Q.,(¢) tends to zero by virtue of the Riemann-

Lebesgue Lemma because of the presence of exponential factor ¢"¢

associated with the contracted creation prong of I'Q(r). Therefore,
we may conclude

/T_(t)_> S:mB_Sﬁ_m ast— + oo.

The statements made in this section, of course, have a very limited
scope since they were derived only for operators Q of the very restricted
class £ introduced in Appendix A17. They may serve as a model for
what one may hope could be proved under less restrictive circumstances.

A19. Inverse relations and scattering statements for conservation inter-
action. In §17 we introduced the transformation operators 7T *
= :e*79* : which intertwine with the operators H,and H = Ho + V
and we stated that the product 7*T~ = 72 is an operator of the form

7'2 = ezell,

where the operator 0,, is given as

0, = f A*()- 8(s)A~(s) ds,

the function 6(s) being characterized by the condition that the function
{(s) = €% — 1 is the kernel of the operator

fA*(s)g(s)A‘(s) ds = —TI'Q{ x I'Q3.

The product F x G of two operators F and G, referred to as ‘“‘com-
pletely connected™, is to consist of all those contributions to the
product FG in which all annihilation prongs of F and all creation
prongs of G are contracted.

We proceed to give a (purely formal) derivation of this statement.

In evaluating the product 7*7~ in the case of totally smooth
operators in §13 we employed the basic identity I'{PI'Q + (I'P)Q}
= I'PT'Q — (I'PI'Q)y, and its extension to the operators

Rt = :Q*e*T9*:; and I'R* = :e*f0*; |
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in place of Q, P and I'Q, I'P. To evaluate the product 7*7T - in the
present case we need the analogue of this extension.

Note that the nth term of the operators R* has a kernel which
carries n delta functions and not just one, as does the kernel of the
operator Q. This fact must be taken into account in establishing the
desired analogue.

We start by determining those contributions to expressions
R*I'R- + ('R*)R- that do not admit the operation I'. These are
the 11-terms and the Wick products of 11-terms.

First of all, the products Q.I'Q7 and (I'Q{)Q: contain 11-con-
tributions, namely, those contributions in which all annihilation prongs
of Q¢ and all creation prongs of Q3 are contracted. They will be
referred to as the ‘‘completely connected’ products

(Q¥IrQi)n = @ x I'es,  ((F'@1)Q)n = I'Qf x Q4.

Since the kernels of these products carry the factor &(s, — s3), the
operation I' is not applicable. In addition, the terms

Q) (@) and ((I'Q{)™: inQI(IQI)M
contain contributions on which I' is not applicable, namely, those in
which each of the n factors of nQ#.(I"Qf)"~*! is completely contracted
with one of the n factors of (I’'Q7)" and those in which each of the
n factors of (I"'Q1.)" is completely contracted with one of the » factors
of nQ1(IrQ;)"~*. For, the kernels of these contributions carry the
factor 8(s, — s1) - - - 8(s, — Su). We use the symbol x to denote also
these contributions and observe the identities

mQF O x (@) = nli(nQf x I'QNITQY. x I'Q7)"~1:
and

QR x nQi(IQ)* 1 = nh:(IQf. x nQINTQF. x Q7)1
Now, in analogy with an earlier identity we have
(1D nQf x Q7 + I'Qf x nQ3 = 0;

for, the I'-factors,
[@ — »']3! and [w — &]{%,
involved in these two products cancel since w; = w; because of the

presence of the factor 8(s; — s7) and since 8[w — w’];. = 0 by virtue
of the subadditivity of the function w(s) stipulated in §17. From
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relation (11), together with the identities preceding it, we conclude that
more generally the relation

QLY+ :(IQD)™ + :(TQL)™: nQ3(IQ7)*~1: = 0
holds, which clearly implies the relation
Ri x 'R7 + (I'R{) x R; =0,
in which R{ and R37, somewhat improperly, stand for
Rf = :Qtef@i: and R7 = :Qje T9i:
In other words, those contributions to R*I'R~ 4 (I'R*)R~ on which

the operation I' is not applicable drop out. Subtracting the con-
tributions to I'R* 'R~ which are contracted in the same way we find

T{R*TR- + ("R*)R"} = TR*TR~ — T'R} x T'R=,

in analogy with the corresponding formula given for smooth interaction
in §13.

The product 7*7T -~ can now be written in the form
T*T- = (1 + I'R*)(1 — I'R7)
=1+ I'(R* — R") — 'R*T'R~
=14+ I'{R* — R~ — R*TR™ — ('R*)R~} — 'R}, x I'R;.
From the relations

Rt = + TRH)YV"+ V) =T*(V" + V)
and

R =W +Vi)(d —TR)=WV"+ v)T-
we infer that the expression in the braces equals
TV — V)T~

since we know that the 11-component of this expression vanishes, we
conclude

(T*(Viy = VidT ) = 0.

This relation may be regarded as a linear homogeneous equation for
the 11-operator V';; — Vi1 and may be written in the form

Vi — Vo= LV — Vi),

where the linear operator L is small (in some sense) if V is sufficiently
small. We now adopt the assumption that ¥ is so small that the
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homogeneous relation above is only valid for ¥i; — V53 = 0. We
then may set
Vii=Via= Vi
At the same time we may conclude that the expression in the braces
Vanishes. Thus we find that 7*T - is given by
T*T- =1+ I'R{ x I'R3.

Exploiting the definition of the notion of a completely connected
Product we find
T'Rf x 'R7 = :e™" — 1: x ™1 — 1:

= > (mM)%:TQH): x (I'Q3)™:

nel

2, (It x Ty

n=1

= :efo xrey _ .,

Thus we obtain finally
T*T- = :e%n:
with
Z, =T90¢ x I'Qj.
By virtue of the presence of the factor 8(s; — s7) in its kernel the
Operator Z,, is of the form

Z,, = f A*($)US)A(s) ds

With an appropriate function I(s) whose value for each s is a matrix
acting on the silent variables. Assuming [£(s)| to be sufficiently small
We may set

I + {(s) = 2@

and express the Wick exponential function: %1 : as a direct exponential

function

cef1: = ezeu,

where the operator ©,, is given by
011 = [A4*©05)4~(5) ds;
see, e.g., [41]
With

T = 11
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we then have established the evaluation
T*T- = 72,
referred to in §17.
Our next task is to determine, again in a purely formal way, the
limit of the operator T*()T ~(f) as t - + w. To this end we let
D, &V be two state vectors and consider the inner product

((D, T+(t)T‘(t)<15(l)) — ((D, celfQherat (t)ero;u):

1T =TQ ) -TQ1. (1) D),

Becuuse of the subadditivity of the function w(s) (see §17), the
terms I'Q%(f) and I'Q1.(r) have no singular denominators. Since the
dot stands for at least two contractions, their contributions tend to
zero as f — + oo, by virtue of the Riemann-Lebesgue Lemma. Also
the operators :e*7?*®: tend to the limits :e*7: -~ 9*:  Consequently,
the bilinear form (@, T*()T (1) ®‘V) has the same limit as the form
(D, tels = Qtelaf®); 1= T01Me T2 = 2. PM)  Evidently, all these
contributions to this expression disappear in the limit which contains
annihilation prongs from Q1.(t) contracted with either :e~"+»? : or
D™D or creation prongs from Q3(7) contracted with either :e”+ «?"
or ®. In other words, the only contributions that survive are those
that form the completely contracted product of : e/ ®:and :e 7911,
As mentioned above, this product is given by

LelOE®: x 1o TR® = 12(p),
Now, (1) = ¢®:® and since ©;,(¢), as any 11-operator, commutes

with H, it is independent of the time r.  The same is therefore true of 7.
We are thus led to the relation

(@, TH(OT - (1)PV) — (D,:€7+ =% 7210 T, 2 07 ;1)

as t— + . Now since T*()T (1) = 7%(1) = +2, the last relation
simply implies the relation

ceFE®Q0 720 Ty Q7. = 12

Using the definition of .S * given in §17, namely,
S:w=.,.-1;ergw°f:-r, Siw =t T2 771
we obtain the desired identity
FoSiw = 1.

(We recall that I'_,, = 0.)
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The limits of the adjusted operators A*(s, 1) = e¥"*“©4*(s, 1), or
Tather of (@, [ A*(s, 1)f(s) ds®"), are now easily determined. We have

rA-(t)r = T*(t)B~:e~T9"®:
= T+(1):(B~ = :e~ T ®;)e-ro”®;

=T+():{B~ — B~ = I'Q ()}e e~ ®:,

Now, from the Riemann-Lebesgue Lemma and the basic property of
w(s) we conclude that in effect B~ = I'Q5(1) -»0and B~ < I'Q1.(1) - 0.
Furthermore, we have B~ - I'Q7(f) > B~ = I'; Q. Hence,
the weak limit of T*()B :e-F° ®: is the same as that of
T*(r):e—mi(B- :e~T:=97:):, The same arguments that led to the
€valuation of the limit of 7* ()T ~(¢) now lead to the result

(D, T+(1):e-TO (B~ 1 T22 97 :0N) — (D, 1€l2= 1 :72B~ 120 O : W),
Using the definition of S*. we then find, in the weak sense,
A ()~ S}terB 7187, ast— + 0.

In order to evaluate the limit of A*(f) = T*(/)B*T ~(r) we must
carry out the multiplication of B* with the operator T *(¢) in front of it.
Repeating the preceding argument, with the roles of ® and ®%

interchanged, we find
A*(t) = Stom 'B*1Si, ast— + oo,

The operators
r¥1B*7%l = eTOnB*e*Ou,

Which occur in these formulas, can be given a simpler form. Using
the expression

O = [ B*)06)B () s

for ©,, together with the commutation laws for B* we find

TB(s)7"! = e 9B~ (s)
and
T 1B*(s)T = B*(s)e~ %,

Note that for each value of s the factor e ~°® is just a matrix acting on
the silent accessory variables on which the B*(s) depend; therefore, it
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commutes with the operators S*. Consequently, we can write the
limit relation for 4* = A#*(s) in the form

A* (e v Do~ .
@) — SteB=S, ast— too.

Thus we are led to the asymptotic formulas given in §17.

A20. The nondegenerate Lee model. To illustrate the treatment of
the perturbation problem with conservation smooth interaction, given
in §§17 and 18, we shall discuss a special such problem for which the
most important ones of the contributions Qi to the operators Q*
can be given explicitly.

The state of a single particle will be described by the momentum k
and a quantum number ., subject to a conservation law, which may
assume three values: «, B, and y. These may be any numbers for
which y = « + 8. The single particle representer will be denoted by
(k) in place of (k, ¢); similarly, the n-particle representer will be
written as ..., (ky, - - -, k,) in place of ¥((ky, 11), - - -, (kn, tn))-

The interaction operator will be of the form V' = V,, + V. and
the kernels of the operators are of the form

Vi (kas Ky k) = 03y K, k)G — Ky — kD)8(, — ¢ — 1),
Daizii(kns ko3 k) = 08 ks, keo; k)Bky + ko — K3)3(, + 1 — 40)-

Moreover, it will be assumed that the reduced kernels v° vanish unless
either (u, 1)) = (¢, B) or = (B, «), and (t1,t) = (o, B) or = (B, @),
respectively. Then the unreduced kernels will vanish unless t1 = ¥
and ¢ = y, respectively, as follows from the presence of the t-con-
servation factor and the assumed relation « + B = y,

The three values o, 8, y of « may characterize three kinds of particles.
We say a state @ is one with a definite number of particles of definite
kinds if all its components vanish except @, and if the representer
Y., ., Of this component vanishes unless 7, ns, n, of the subscripts
t1, - * -, tn have the value o, B, y, respectively; clearly, n, + n, + n, = n.
The operator V,, then transforms such a particular state into one with
one less «- and one less B-particle but one more y-particle ; the operator
V21 has the reverse effect. To stay in agreement with the situation in
the Lee model we assume the «-particle to be a boson, the - and
y-particles to be fermions. This implies that the two functions v°
should be taken symmetric in the variables (i, k3) and (k,, k2).
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For simplicity we set
V9an(kl + ka; ki, ko) = via(ky, k),
V2p4(k1, kos by + k) = vai(ky, ko).

In terms of the energies w,(k) of the three particles the Hamiltonian
H = H, + V,; + V' can be written in the form

H =3 [zl + uloa; &) de
+2 f f A (s + k)oK, ko) A7 (k) A (k) di,dk,
42 f f A (o) A (ea)oayer, ko) Ay (g + k) dkydks.

Here, w2(s) = w(s) + v(s) is the “unrenormalized” energy of the
«-particle, so that the »,(k) are the three-energy shifts to be determined.

In fact, fromtherelations V1, = — V' < :e T :and V' = Vi, + Vo
we may conclude that — V7, is given by

— V1 = Vi X I'Qgy — Vi =< : 70400y,
and, hence, since Q,; = 0, by
—Vi = Via X I'Q,,.

Here the symbol *“ x> indicates that both prongs involved should be
contracted. Since the front variable of the reduced kernel of ¥, has
¢ = y the same is true of that of Vi, so that v,(k) = vy (k) = 0. In
other words, only the y-particle energy must be renormalized.

Because of the special form V' = V1, + V5, of V' the basic equations
for Q* simplify. That for O~ becomes

Q- = V' — V' = TQ +4V' = :(TQ ) = ¥y = TQ' — ¥,

and that for Q* is similar. Further simplifications will be explained
later on.

The subsequent discussion will depend on the decisive fact that
certain subspaces of the space 9 of states, called “sectors” are invariant
under the interaction. These sectors will be assigned to a pair of
integers, 4 and B, and denoted by 9 45; they are composed of those
vectors whose representers ., ...,(k1, - - -, k,) vanish unless

n+n, =4, ng, — ng = B.
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Clearly, application of the operator V;, raises the number 7, of values
y among t, - - +, t, by 1 but diminishes the number n by 1; Va1 has the
opposite effect; in any case, the number n + n, remains invariant.
The same is also true of the number n, — n, since n, and 1, change by
the same number, either 1 or —1. The sector $,, will be referred to
as the ““main sector”. Its states are linear combinations of those with
just one «- and one B-particle and those with just one y-particle; they
are thus represented just by the two functions . ,(k,, k2) and ¥,(k,),
while all other components vanish.

Since the operator V transforms each sector into itself one could
treat the perturbation problem by restricting the states to be in a
particular sector. The resulting problems then belong to those
treated in Chapter II. When acting in the main sector the disturbing
operator turns out to be gentle; but this is not the case in the other
sectors. We shall first treat the main sector independently and later
on indicate how the other sectors can be handled.

The only contribution to Q- which transform the main sector into
itself are Q. s, Qan» and Q.45 in Obvious notation. For convenience
we shall denote these operators by O, Qs,, O5,. Actually, the first
two of these operators are the complete operators Q;, and Qs;, as we
shall show later on, but the third one is actually only a part of Qu..

From what was said earlier we know that V,, = V,,. Moreover,
we realize that the Wick product disappears from the simplified form
of the basic equation if Q- has only the three contributions just
described. The 21-component of this equation is then seen to be

Q21 = Vo,
so that V', is the operator
Vip = Vie x I'Vy,
with the reduced kernel

v(k) = 2 f W8k — B)wuFy) + wplk = By) — w,(k)]7"

"«‘21(/21, k — ’21) d/zl'

This then is the shift of the y-particle energy, its ‘““self-energy”’, and
w)(s) = w,/s) + v,s) is its unrenormalized energy; see §18.
For the 12- and 22-components of Q we obtain the equations

Oz = Vig = Viy = TQ0 — Vi, x TQs,,
Qs = — Vo, = I'Q3 — Vi, = I'Qj,.
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These equations can be solved explicitly. The reduced kernels of Qr,
and Q5. are found to be
gza(ks, k) = [1 + p/ki, k)]~ 01a(k3, K2),
G5 alkn oy k) = —vm(k, ko)[wy(ky + k2) — wolk) — wylka)]™
1+ ykt, k2)] 7 e1a(K), K2)

with ks = k, + ko — k1 and
)’Y(kllv 1‘:.2) = {l“/(k,b k;’.) -2 Jl‘lz(El’ k — l‘:’l)[wa(kl) + wg(k - ):'1)

— wak) — wp(k)] ™ - vanfy, k — ) dle}
(k) — @kt — wpkD)]

with k = ki + ks After expressing v,(k) as the integral given earlier
we may readily combine the two integrals into one:

vk, ka) =2 fl’xz(i\:n k — ];1)[‘”«(121) + wy(k — k) — w, (k)]

'[wa(lzl) + awyk — i('l) — wa(ky) — wy(ky)] ™t
: 021(];:1’ k — ]}1) dkl-

The function y,(k}, k2) is exactly the function denoted by (s, w*) in
§18, for s = (k,y) = (ki + ko + B) and o* = we(k) + wy(ky).
The process of rewriting v, as a single integral by combining two
integrals agrees exactly with the corresponding process described there.
The I-factors involved in the two integrals behave like [2k,|~* as |k, |
tends to infinity; that of the single integral behaves like |2k, | -2
Therefore, the single integral may converge in cases where the two
original integrals do not. In such a case, combining the two integrals
into one amounts to removing a divergence with the aid of a term
supplied by the renormalization of the single particle energy.

We should also mention the function {,(k), defined by the relation

[ 43005004700 d = =0t x IO
A simple computation shows that it is given by

L(k) =2 fulz(kl, k — k)wdky) + wylk — k1) — w,(k)]™2
‘021(k1, k — iél) dk;.
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According to what was said in §17 and at the beginning of §A19 this
function and the function 6,(k) defined by

1 + (k) = 20y
enter the definition of the operator =2,

72 = :elAT 05, (AT tdk . ezpt;'(k)o,(k),t;mm-,

which, in turn, enters the definition of the transformations,
U*r = +71T+, U-=T-+"1

with T* = :e*"9*:. Note that the I'-factor of {,(k) behaves like that
of y.,(k) at infinity.

We shall make only a few remarks about the other sectors. We
denote by G, m,m,m, that contribution to our operator G,, whose
kernel is restricted to have [, /4, I, creation variables and m,, mg, m,
annihilation variables with. = «, = 8, = y. Clearly, /, + [, + I, =1
and m, + mg + m, = m. We call such contributions simple. To
any such simple operator we assign in an obvious manner numbers
A, B, A', B’ associated with its creation and annihilation variables,
just as we have assigned numbers A4, B to states.

We use the notation G ,p.4» for any linear combination of simple
operators having the same values of 4, B, 4’, B’. Actually, we shall
not show A’B’ explicitly.

The basic equation for a contribution Q3 = Q. 45 to the operator
Q- can now be written in the form

Qis+VaroTIQp+ Vieg I'Qis + Viy - I'Q
== Viee I'Qa-nwen — 3Vi2 “ZZPQA‘,DI I'Qi,p,: + Vs

Here V=V for A=A =2, B=B =0, and = 0 otherwise.
Also, (A — 1)(B + 1) should be supplemented by (4" — 1)(B' + 1)
and, finally, the summation in the Wick product refers to 4, + A=A,
B, + B, = B. The sign in B + | depends on whether an «- or a
B-contraction is involved in -,

One readily verifies that for 4 = 0 and 4 = | the equations reduce
to Qgz = 0 and Qi = 0. Therefore, we may assume 4 = 2 and
restrict A;, A, in the Wick product to 4,, 4, < A. Consequently, if
the operators Q5 are known up to a certain value A4 (but excluding it)
the right member of the equation is known. -

We now enter the assumptions (1) that the left member of the
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equation is such that the homogeneous equation has no solution other
than zero and (2) that the nonhomogeneous equation has a solution
for a proper class of operators on the right, provided the operator ¥’
is properly bounded.

From assumption (1) we shall conclude that the operators Qg
vanish unless 4’ = 4, B’ = B for them. Operators with this property
will be called ‘““admitted”. We verify that any product of two admitted
operators is also admitted. Consequently, in the Wick product on the
right member of the equation for a nonadmitted Q3 at least one of the
two factors is nonadmitted. If it is known that all nonadmitted Q3
vanish up to a particular value of 4 it follows from the first assumption
that it is true also for that particular value. Since Q;; = 0for 4 =0
we conclude that all nonadmitted Q3p are zero.

For A = 2, the lowest possible value of A, the right member is zero
unless B = Osince V.5 = 0 otherwise. Hence, by the first assumption,
we have Q;p = 0 for B # 0. The operator Q3 was already deter-
mined before. For higher values of A one should invoke the second
assumption to establish the existence of Q7. To be sure that these
operators exist simultaneously for all values of 4 and B one should
invoke a third assumption (3): there is a bound for ¥V such that for all
A and B the statement of assumption (2) holds with this bound.

Whether or not the three assumptions can be shown to be valid for a
class of operators V is an open question.

We observe that any admitted operator G ,; transforms the sector
D108, into itself, and annihilates it if 4 > 4,. Consequently, that
part, Ty, p,, of the Wick power series T~ = :e~79" : which produces
operators G 4, with A = A, depends only on the operators O3, with
A = A, thus only on a finite number of them.

The present way of determining the transformation T, 5, allows one
to treat the perturbation in the sector 94,5, €ven though (in general)
it is not gentle.

Finally, we shall make some remarks about the relationship between
the problem considered and that of the proper Lee model; the latter
result through two degeneracies.

1. One allows the masses u; and p, of the particles (8) and () to
tend to infinity in such a way that the difference py — 1, = w, remains
fixed. The differences of the energies wy, w, then tend to this mass
difference;

wg(k) — w,(k) = v} + [kI®) = V(3 + |K']?)
~wo + st K|? — du k'] — .
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Since only these energy differences occur in the I'-denominators they
may be replaced by w,; in fact one may omit the contribution from (8)

to H, and replace that from y by
wg fA.f(k)A,’(k) dk.

2. One assumes that the 8- and y-particles are restrained to remain
at a fixed point. It can be shown that this requirement is equivalent
to replacing A} (k) by operators Aj., which are independent of k and
at the same time omitting integration with respect to its variable k.
Also, one will let r,; and 5, depend only on the «-momentum k.
Using the notation /2t (k") and v/2v_(k) for these reduced kernels,
the total energy H = H, + V can be written as

H = wod}A; + J. Az (k)w (k) Az (k) dk
+ oA f 0. (k) Az (k') dicA;
+ A} fA;(k)v_(k) dkA; .

This is the energy operator of the Lee model. It is readily seen that
the problem of the Lee model reduced to the main sector is the problem
treated in §8. (See [39; 4411].)

Also one observes that, in particular, the expressions for the reduced
kernels v/2¢g;; and /2. of the main sector reduce to

gk = [+ LU0, (K),
g (ks k) = —o_(R)wo — walk) 7 [1 + L)) e, (K)
with
o) = v~ [0, Blou® — wol=1v_(k) dk
and

L) = {on = [ @) = ) 0_F) s — ]

in agreement with the corresponding expressions given in §8. The
occurrence of the factor 2 here is due to the fact that the unit form of
the state with one «- and one S-particle is § [|¢,,(k)|2 dk now while it
was [ |(k)|? dk in §8.

A21. A non-negative operator H,+ V with an extra vacuum. It was
mentioned at the end of §9 that it could happen that the spectrum of an
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operator H, + V differs from that of H, for arbitrary small distur-
bances V. This can happen even in cases in which the operator
H, + V has a lower bound so that the spectrum cannot extend to — c©
as in the cases treated by Galindo [S1]. We shall show this by

exhibiting an example.
With the aid of a square integrable real function p(w) we introduce

the operators
A*-p = fA*(w)p(w)dw, p-A- = fp(w)A'(w)dw
and set

V=V,=—eA*p)(pA™)* — (A*p)*(p4~)
+ eX(A*p)*(pAT)%

Clearly, we may write Ho + V in the form

Hy + V = Hy — (A*p)(pA~)
+ A*p{l — eA*p}{l — epA~IpA-.

The last term here is evidently non-negative. The same is true of
H, — (A*p)(pA~) provided

Jpz(a))w"1 dw < 1.
For, by Schwarz's inequality we then have

| o) do

whence, the statement can be read off from the particle representation
of Hy and (A4 *p)(pA~).

As a well-known property of such positive-definite new properties
the operator admits a strictly selfadjoint extension and, hence, a
spectral resolution.

With the aid of the function g(w) = ™ 'p(w) we now consider the
state

= [Tt do,

- - 2 2 A .
1)) e (@-q)2¢ e( q)/e¢ ,
Wthh iS deﬁned Since

qg-q = qu(w)w'zdw < wzl < oo

The factor e~ @®/2¢? js chosen so that | P4| = 1.
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Using the relations (see e.g. [41])
p-A-ett vle = AT DE(p- AT — p-gle)

with p-g = 1 and
At - wAd - eat e = et (A twAT — A +w‘1q/e)
we readily find
(Ho + V)P = 0.
Thus the state @, is, so to say, a second vacuum for the operator

He = Ho + Vc- .
We should mention that the unitary transformation

- (q~0)1252e(A + ~q)/ee -(q-A7)e

U =¢e

with the inverse
Ut = e—(q~q)/2£2e—(r1“'a)lce(qvl')/,;
interchanges the operators H, = Ho + Veand H_, = H, + V_,:
U 'HU, = H.,, UHU;'=H,;

at the same time, it interchanges the vacuum states @, and ®,:

Ubo =D, U'® =,
This indicates that there is no essential difference between the roles the
states @, and @, play in the spectral description of the operator H,.

The inner product (@, D,) = e~ ““?/** of these two vacuum states
tends to zero as ¢ — 0; and in the limit there is only one vacuum state.
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