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PREFACE 

TO THE THIRD EDITION 

The present (third) edition of this outstanding book by A. Ya. Khin­
chin was undertaken by the State Press for Physics and Mathematics 
only after the death of its author. for that reason, the book is being 
reprinted without change except for brief remarks of a bibliographic 
nature, indicated by my initials (B. G.). 

Although it has been more than a quarter of a century since Khin­
chin wrote this book, it still maintains its original freshness. It is, thus, 
not without reason that many editions of the book have been printed 
in various countries in the last decade. Furthermore, in connection 
with the development of new methods of computational technology, a 
natural interest has arisen in computational algorithms, including that 
of continued fractions. Along these lines, there is a useful monograph 
by A. N. Khovanskii, Prilozlzenic lscpnyklr drobcz i i!dr obobslzclzcniJ 1~ 
voprosam priblizlzc!llzogo allaliza ("The Applic<:.lion of Continued Frac­
tions and Their Generalizations to Problems in Approximative Anal­
ysis"), published in 1956. Although Khinchin had a different purpose, 
his book can still serve as an excellent introduction both to the study 
of the algorithms of continued fractions and to the profound and in­
teresting problems of the measure theory of numbers. Khinchin de­
voted much time and displayed much initiative in the development of 
this theory. To a considerable degree, the entire third chapter is the 
result of his investigations. 

I am hoping that this book will be widely read with the same fascina­
tion with which many persons, one of them being the author of these 
lines, read it twenty-five years ago. 

ll. v. G:\EDE:{KO 
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PREFACE 

TO THE SECOND EDITION 

This edition is a reprint of the first with no significant changes. No 
other monographs on continued fractions have appeared in' Russian 
since publication of the first edition. Among the more general works 
on the theory of numbers that contain information on continued frac­
tions, the works of D. A. Glava, V. A. Venkov, and I. V. Arnold may 
be mentioned. 

A. KI-IINCIIIN 

October 19-!9 
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FROM THE PREFACE 

TO THE FIRST EDITION 

The theory of continued fractions deals with a special algorithm that 
is one of the most important tools in analysis, probability theory, me­
chanics, and, especially, number theory. The purpose of the present 
elementary text is to acquaint the reader only with the so-called regular 
continued fractions, that is, those of the form 

ao + --------
a.+-----­

a2+ ... 

usually with the assumption that all the elements a; (i 2:: 1), are posi­
tive integers. This most important and, at the same time, most thor­
oughly studied class of continued fractions is at the basis of almost all 
arithmetic and a good many analytic applications of the theory. 

I feel that an elementary monograph on the theory of continued 
fractions is necessary because this theory, which formerly was a part 
of the mathematical program at the intermediate level, has now been 
dropped from that program, and hence is no longer included in the 
new textbooks on elementary algebra. On the other hand, the curricula 
at the more advanced levels (even in the mathematics divisions of 
universities) also omit this theory. 

Since the basic purpose of this monograph is to fill the gap in our 
textbook literature, it necessarily had to be elementary and, to as 
great a degree as possible, accessible. Its style is in large measure de­
termined by this fact. Its content, however, goes somewhat beyond the 
limits of that minimum absolutely necessary for any application. This 
remark applies chiefly to the entire last chapter, which contains the 
fundamentals of the measure (or probability) theory of continued 
fractions-an important new field developed almost entirely by Soviet 
mathematicians; it also applies to quite a number of items in the sec­
ond chapter, where I attempted, to the extent possible in such an ele-

ix 



x PREFACE TO THE FIRST EDITION 

mentary framework, to emphasize the basic role of the apparatus of 
continued fractions in the study of the arithmetic nature of irrational 
numbers. I felt that if the fundamentals of the theory of continued 
fractions were going to be published in the form of a separate mono­
graph, it would be a shame to leave unmentioned those highlights of 
the theory which are the subject of the greatest amount of contem­
porary study. 

As regards the arrangement of the material, it need only be men­
tioned that the "formal" part of the study is contained in a special 
preliminary chapter. In this chapter, the elements of the continued 
fractions are assumed to be arbitrary positive numbers (not necessarily 
integers) and often-even more generally-simply independent vari­
ables. A drawback to such a separate presentation is the fact that the 
formal properties of the apparatus being studied arc submitted to the 
reader before the subject matter itself and, therefore, are divorced 
from it. This is no doubt undesirable from a pedagogical standpoint. 

However, a greater methodological precision is to be attained by 
this approach (because the reader can see immediately which properties 
of continued fractions come from the very structure of the apparatus 
and which exist only under the assumption of positive integral cle­
ments). Such a separate introductory exposition of the formal part of 
the study also makes possible the subsequent development of the 
arithmetic theory (which is the main theme of the study) on an already 
prepared formal base. Thus, the reader's attention may be concen­
trated on the content of the material being cxpounclecl, without divert­
ing it for purely formal considerations. 

:\1oscow 
February 12, 1935 

A. Kmxcmx 
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Chapter I 

PROPERTIES OF THE 

APPARATUS 

1. Introduction 
An expression of the form 

ao + ----=----
aa+---

a2+ ... 

(1) 

is called a regular or simple continued fraction. The letters ao, aa, a2, 
• • • , in the most general treatment of the subject, denote independent 
variables. In particular cases, these variables may be allowed to take 
values only in certain specified domains. Thus, ao, a.,, a 2 , • • • may be 
assumed to be real or complex numbers, functions of one or several 
variables, and so on. For the purposes of the present book, we shall 
always assume a 1, a2 , • • • to be posit£<•c i11tcgcrs; ao may be an arbitrary 
real number. \Ve shall call these numbers the clcmcllfs of the given con­
tinued fraction. The numqer of elements may be either linite or infinite. 
In the li.rst case, we shall write the given continued fraction in the form 

ao+------
(2) 

+-a, 

and call it a.fillifc continued fraction-more precisely an 11th-order con­
tinued fraction (so that an 11th-order continued fraction has n + 1 
clements); in the second case, we shall write the continued fraction in 
the form (1) and call it an i11jinitc continued fraction. 

Every finite continued fraction is the result of a finite number of ra­
tional operations on its elements. Therefore, under our assumptions re­
garding the elements, every finite continued fraction is equal to some 
real number. In particular, if all the elements are rational numbers, the 
fraction itself will be a rational number. On the other hand, we cannot 

1 



2 CONTINUED FRACTIONS 

immediately assign any numerical values to an infinite continued frac­
tion. Until we adopt some convention, it is only a formal notation, 
similar to that for an infinite series whose convergence or divergence 
is not brought into question. Of course, it can, nonetheless, be the 
subject of mathematical investigations. 

Let us agree for reasons of technical convenience to write the in­
finite continued fraction (1) in the form 

lao; a!, a2, .. . ], 

and the finite continued fraction (2) in the form 

(3) 

(4) 

thus, the order of a finite continued fraction is equal to the number of 
symbols (clements) after the semicolon. 

Let us agree to call the continued fraction 

sk = [ao; al, a2, ... ' ak), 

where 0 S ll S 11, a segment of the continued fraction (-!). Similarly, 
for arbitrary ll 2: 0, we shall calls,, a segment of the infinite continued 
fraction (3). Obviously, any segment of any continued fraction (finite 
or infinite) is itself a finite continued fraction. Let us also agree to call 
the continued fraction 

rk = (ak; ak+l• ... , anl 

a remainder of the finite continued fraction (-!). Similarly, we shall call 
the continued fraction 

rk = [ak; ak+l• ak+2• · • .] 

a remainder of the infinite continued fraction (3). Obviously, all the 
remainders of a finite continued fraction arc finite continued fractions 
and all the remainders of an infinite continued fraction arc infinite 
continued fractions. 

for finite continued fractions, it follows that 

[ao; al, a2, · · · • ani 

= [a0; a1, a2, ••• , ak-l• rk) (0 < k < n). 
(5) 

The analogous relationship 

(k>O) 



PROPERTIES OF THE APPARATUS 3 

for infinite continued fractions can be meaningful only as a formal 
(trivial) notation since the element rk on the right side of this equation, 
being an infinite continued fraction, has no definite numerical value. 

2. Convergents 

Every finite continued fraction, 

[a0 ; a1, a2, ••• , an] 

being the result of a finite number of rational operations on its ele­
ments, is a rational function of these elements and, consequently, can 
be represented as the ratio of two polynomials 

P (a0 , a., ... , an) 
Q (a0, a., ... , an) ' 

in ao, a.,, , an, with integral coefficients. If the elements have nu­
merical values, the given continued fraction is then represented in 
the form of an ordinary fraction p/ q. However, such a representation 
is, of course, not unique. For what follows, it will be important for us 
to have a definite representation of a finite continued fraction in the 
form of a simple fraction-a representation which we shall call calloni­
cal. We shall define such a representation by induction. 

For a zeroth-order continued fraction, 

(ao]=ao, 

we take as our canonical representation the fraction ao/1. Suppose now 
that canonical representations are defined for continued fractions of 
order less than 11. By equation (5), an nth-order fraction 

Here, 

1 
[a0; a1, ••• , ani= [a0; rd = a0 +-· r, 

is an (n - l)st-order continued fraction, for which, consequently, the 
canonical representation is already defined. Let us represent it as 

r =L· 
I q' ' 

then, 

[a· a a I= a +!{_ = aop'_+ q' · 
0• I • • • • • n 0 p' p' 



4 CONTINUED FRACTIONS 

\Ve shalt take this last fraction as our canonical representation of the 
continued fraction [a0 ; a 1, • • • , an]. Thus, by setting 

lao; al, · · · • all]= ~ • 

rl = [al; a2, ... ' all]= ~: , 

we have the following expressions for the numerators and denominators 
of these canonical representations: 

P = aop' +q', q=p'. (6) 

Thus, we have uniquely defined canonical representations of continued 
fractions of all orders. 

In the theory of continued fractions, an especially important role is 
played by the canonical representations of the segments of a given 
(finite or infinite) continued fraction a = [a0; at, a2, • • ·]. We shall 
denote by p,j q~: the canonical representation of the segment 

sk =lao; al, az • ... ' a,~l 

of the continued fraction, and we shall call it the hh-order convergent 
(or approximant) of the continued fraction a. This concept is defined 
in exactly the same way for finite and infinite continued fractions. The 
only difference is that a finite continued fraction has a finite number 
of convergents, whereas an infinite continued fraction has an infinite 
number of them. For an 11 th-order continued fraction a, obviously 

Pn = e1; 
qn 

such a continued fraction has n + 1 convergents (of orders, 0, 1, 2, 
... , n). 

THEORE:\I 1 (the rule for the formation of the convergents). For arbi­
trary k 2:: 2, 

Pk = akPk-1 + Pk-2• } 

qk = a,lqk-1 +qk-2· 
(7) 

PROOF. In the case of 1~ = 2, the formulas in (7) are easily verified 
directly. Let us suppose that they are true for all k < n. Let us then 
consider the continued fraction 

[a1; a2, ••• , a11 ) 
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and let us denote by P1r/q1r its rth-order convergent. On the basis of 
the formulas in (6), 

P -a PI +q' 11- 0 11-l 11-l• 
I 

qii=Prl-1· 

-And since, by hypothesis, 

I -a I + I Pn-1- 11P11-~ Pll-3• 
ql -a q' +ql 
11-l- 11 11-2 11-J 

(here, we have an rather than an-t because the fraction [at; a~, ••• ' an] 
begins with at and not with ao), it follows on the basis of (6) that 

Pll = ao(a~~p~-2 + P~-3) +(anq~-2 +q,_3) 

= ar, (aup~-2 +q~-2) +(aop~-3 +qn-3) 

= a11Pn-1 + Pn-2• 

qn = a,p~-2 + p~. 3 = allqll-1 + qn-2• 

which completes the proof. 
These recursion formulas (7), which express the numerator and de­

nominator of an nth-order convergent in terms of the element an and 
the numerators and denominators of the two preceding convergents, 
serve as the formal basis of the entire theory of continued fractions. 

REMARK. It is sometimes convenient to consider a convergent of 
order -1; in this case, we set P-t = 1 and q_t = 0. Obviously, with 
this convention (and only then), the formulas of (7) retain their valid­
ity for k = 1. 

TIIEORDl 2. For all k ~ 0, 

(8) 

PROOF. Multiplying the first formula of (7) by qk-t and the second 
by p,,_l and then subtracting the first from the second, we obtain 

qkPk-t- Pkqk-t =- (qk-tPk-2- Pk-lqk-2), 

and since 

the theorem is proved. 



6 CONTINUED FRACTIONS 

CoROLLARY. For allll 2: 1, 

(9) 

THEOREM 3. For all k 2: 1, 

qkPk-2- Pkqk-2 = (- l)k- 1 ak. 

PROOF. By multiplying the first formula of (7) by qk_2 and the sec­
ond by p,,_2 and then subtracting the first from the second, we obtain, 
on the basis of Theorem 2, 

qkPk-2- Pkqk-2 == ak (qk-1Pk-2- Pk-lqk-2) = (-1/- 1 ak, 

which completes the proof. 
COROLLARY. For allll 2': 2, 

pk-2- pk = 
ql:-2 qk 

(1 0) 

The simple results that we have just obtained make it easy for us 
to reach certain very important conclusions concerning the relative 
values of the convergents of a given continued fraction. Specifically, 
(10) shows that the convergents of even order form an increasing se­
quence and that those of odd order form a decrea~ing sequence. Thus, 
these two sequences tend toward each other_ (~II this. under our assump­
tion that the elements from ai on are positive). Smce, by (9), every 
odd-order convergent is greater than the immediately following even­
order convergent, it follows that every odd-order convergent is greater 
than any even-order convergent. Therefore, we may draw the follow­
ing conclusions. 

TIIEORDr -!. Evw-order convergents form an i11creasing and odd-order 
comerge!lfs a decreasing sequence .. ·1/so, e7.'el)' odd-order converge11t is 
greater tliall any e1•en-orderconvergent. 

It is particularly evident that, for a finite continued fraction a, every 
even-order convergent is less than a and every odd-order convergent 
is greater than a (except, of course, the last convergent, which is 
equal to a). 

We conclude this section with the proof of two simple, but extremely 
important, propositions concerning the numerators and denominators 
of the convcrgcnts. 
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THEOREM 5. For arbitrary k (1 ::; k ~ n), 

(11) 

(Here, p ;, q ;, r; refer to the continued fraction on the left side of this 
equation.) 

PROOF. From (5), 

lao; a1, a2• ••• • ani= [ao; a1• a2• .•• • ak-1• rk]. 

The continued fraction on the right side of this equation has as a 
(!~ - 1)st-order convergent the fraction Pk-1/qk-l· Its kth-order con­
vergent, p1Jq 1,, is equal to the fraction itself; and since from (i) 

Pk = Pk-1rk +·Pk-2• qk = qk-1rk +qll-2' 

the theorem is proved. 

TnEORIDl 6. For arbitrary ll ~ 1, 

q 
__ k_ = [ak; ak-1· ... • ad. 
qk-1 

PROOF. For k = 1, this relationship is obvious because it is of the 
form 

Suppose that ll > 1 and that 

qk-1 l . a 1 -- = ak-1• k-2• • • · • ai · 
qll-2 

On the basis of the equations in (i), 

qk = akqk-I +qk-2 
and we have 

~=ak+· qk-2.= [ak; 
qk-l qk-l 

Therefore, from formulas (5) and (12), 

qk - . 1 ---[a,~" ak-l• ... • al • 
qk-1 

which completes the proof. 

(12) 



8 CONTINUED FRACTIONS 

3. Infinite continued fractions 
To every infinite continued fraction 

[ao; al, a2, ... I • 

there corresponds an infinite sequence of convcrgcnts 

Po pl P,, 
-q; q;·····q~~····· 

( 13) 

(14) 

Every convergent is some real number. If the sequence (14) converges, 
that is, if it has a unique limit a, it is natural to consider this number a 
as the "value" of the continued fraction (13) and to write 

a.=[a0 ; al' a 2, ••• ). 

The continued fraction (13) itself is then said to converge. If the se­
quence (14) docs not have a definite limit, we say that the continued 
fraction (13) diverges. 

In many of their properties, convergent infinite continued fractions 
arc analogous to finite continued fractions. The basic properly which 
makes possible the further extension of this analogy is expressed by the 
following theorem. 

TnEORE~r 7. If tlze infinite continued fraction (13) COIZ<•erges, so do all 
of its remainders; conversely, if at least one of tlze remainders of tlze con­
tinued fraction (13) converges, tlze continued fraction itself converges. 

PROOF. Let us agree to denote by p,Jq,, the convcrgcnts of a given 
continued fraction (13), and by p',Jq'~: the convcrgcnts of any one of 
its remainders, for example, rn. From formula (11), we have 

It follows immediately that if the remainder r n converges, that is, if 
as k ~ co the fraction p',J q'" approaches a limit which we shall also 
denote by rn, then the fraction Pn+dqn+l: will converge to a limit a 
equal to 

(16) 

By solving (15) for p\/ q' k, we establish the validity of the converse, 
thus completing the proof of the theorem. 
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We note that formula (16), which we have just established for con­
vergent infinite continued fractions, is exactly analogous to formula 
(11), which we proved earlier for finite continued fractions. Similarly, 
the theorem analogous to Theorem 5 holds for infinite continued frac­
tions. 

The following propositions for convergent infinite continued frac­
tions follow directly from Theorem 4 of the preceding section. 

THEORE:\[ 8. Tire value of a comerge11t i11jinite co11tinued fract£on is 
greater than any of its even-order com•erge11ts a11d is less titan any of its 
odd-order com•erge11ts. 

Furthermore, on the basis of this theorem, the corollary to Theo­
rem 2 of the preceding section implies the following result, which plays 
a basic role in the arithmetic applications of the theory of continued 
fractions. 

THEOREM 9. Tire value a of tire converge11t infinite continued fraction 
(13) for arbitrary ll 2::: 0 satisfies tire i11equality1 

Ia.- pk I< 1 
qk qkqk+l • 

Obviously, Theorem 9 is also valid for the finite continued fraction 

for all k < n, except that, for the single case of k = 1r - 1, the in­
equality must be replaced by equality, since a = Pnl q,.. If a is the value 
of a convergent infinite continued fraction (13), we shall also refer to 
the elements of that continued fraction as the elements of tire number a. 
Similarly, we shall refer to the convergents, segments, and remainders 
of the continued fraction (13) as the convergents, segments, and re­
mainders, respectively, of the number a. On the basis of Theorem 7, all 
the remainders of a convergent infinite continued fraction (13) have 
definite real values. 

The question naturally arises as to whether there are tests for the 
convergence of continued fractions, just as for infinite series. In the 
case with which we are concerned, that is, when a; > 0, for all i 2::: 1, 
there exists an extremely simple and convenient test for convergence. 

1 We note that, under our assumptions, qk > 0, for all k ;::: 0 (since qo = 1 and 
q, = a, we can show by induction from the second part of eq. [7] that qk > 0, 
for all k > 1). 



10 CONTINUED FRACTIONS 

TnEORE!\l 10. For the continued fraction (13) to converge, it is neces­
sary and sufficient tlzat tlze series 

(17) 

diverge. 
PROOF. It clearly follows from Theorem 4 that a necessary and suffi­

cient condition for the convergence of an infinite continued fraction is 
that the two sequences referred to in that theorem have the same limit. 
(Theorem 4 clearly implies that each of these sequences has a limit.) 
And, as formula (9) shows, this is the case if and only if 

(18) 

Thus, condition (18) is necessary and sufficient for the convergence of 
a given continued fraction. 

Suppose that the series (17) converges. From the second formula 
of (7), 

(k >- 1). 

Therefore, for arbitrary k, we have either qk > qk-1 or qk-1 > qk-2. 

In the first case, the second formula of (7) yields 

qk < akqk + qk-2• 

and therefore, for sufficiently large k (when ak < 1, which, because 
of the convergence of the series in eq. [17], must be the case fork ~ ko), 
we have 

In the second case, the same formula gives, for ak < 1, 

qk < (1 +ak)qk-1 < lqk-;k .. 

Thus, for all k ~ ko, we have 

I 
qk < l-ak ql, 

where l < k. If l 2: l?o, we may apply the same inequality to q1• 
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By continuing this reasoning, we arrive at the inequality 
< qs 

qk (1-ak)(l-al) ... (1-a,)' (19) 

where k > l > · · · > r?::: ko and s < ko. But, because of the as­
sumed convergence of the series in (17), the infinite product 

as we know, converges: that is, it has a positive value, which we denote 
by:>.. Obviously, 

k 

(l- ak) (l- a1) ••• (1- a,)>- II (1- an)= A. 
n = k 0 

Therefore, if we denote by Q the largest of the numbers qo, q1, • · • , 
qk,-1, we conclude from inequality (19) that 

Q 
qk<- (k>ko), I. 

consequently, 

and the relationship in (18) cannot hold. Therefore, the given continued 
fraction diverges. 

Conversely, suppose that the series in (17) diverges. Since qk > qk-2, 
for all k ?::: 2, if we denote by c the smallest of the numbers qo, q~, we 
h~ve k ?::: 0, for arbitrary qk ?::: c. Therefore, the second formula of (7) 
g1ves us 

(k >2). 

Successive application of this inequality gives us 
k 

and 

so that 

qzk >- qo + c ~ azn 
n~l 

k 

qzk+I ?::-q1 + c ::S az,+I• 
n=l 

2k+l 

qzk +qzk+I > qo +qi + c ~a,; 
n = 1 
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in other words, for all k, 
k 

qk+qk-1 > c~an, 
n=l 

We have already proved this inequality for odd values of k, and it 
can obviously be established for even values of k by the same method. 
It then follows that at least one of the factors in the product qkqk_1 
exceeds ~c~~-lan, and since the other factor is never less than c, we 
have 

Because of the assumed divergence of the series in (17), this implies 
relationship (18) and, consequently, the convergence of the given con­
tinued fraction. This completes the proof of Theorem 10. 

4. Continued fractions with natural elements 
From this point until the end of the book, we shall assume that ele­
ments a~, a2, • • • are natural numbers, that is, positive integers and 
that a0 is an integer, though not necessarily positive. If such a' con­
tinued fraction is infinite, Theorem 10 ensures its convergence. There­
fore, we can henceforth freely assume that any continued f.raction that 
we are dealing with is convergent, and we can speak of Its "value". 
If such a continued fraction is finite, and if its last element (an) is 1 it 
is evident that Yn-1 = an-1 + 1 is an integer. Therefore, in this ca~c 
we can write the given nth-order continued fraction [ao; a 1, a2, •• , ' 

an-I, 1] in the form of an (n - 1)st-ordcr continued fraction [a0 • a1 a.' 
• • • 1 an-I + lj; in this new form, the last element is clearly ~rc~te-; 
than unity. 

Because of this fact, in all that follows we can exclude from consider­
ation finite continued fractions whose last cl.ements arc .equal to unity 
(except, of course, for the zeroth-order fractiOn [1]). Th1s plays an im­
portant role in the question of the uniqueness of the representation 
of numbers by continued fractions (see Chap. II, sec. 5). 

Obviously, the numerators and denominators of the convergents in 
the case now under consideration, are integers. (For p_1, q_ 1 'p 
and q0 , this can be seen immediately, and for the numerators and d:~ 
nominators of the remaining convergents, it follows from the formulas 
i? .eq. [7].) Furthermore, we have the following very important propo­
sitiOn. 

THEOREM 11. All convergenls are irredttcible. 
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The proof follows immediately from formula (8), since any common 
divisor of the numbers Pn and qn would at the same time be a divisor 
of the expression qnPn-1 - Pnqn-1· 

The second formula of (7) shows that qk > qk-1, for every k ~ 2. 
Therefore, the sequence 

is always increasing. \Ve have a much stronger proposition concerning 
the rate of increase of the numbers qk. 

THEORE:.\I 12. For arbitrary2 k ~ 2, 

k-1 
qk~2-2-. 

PROOF. Fork~ 2, 

qk = akqk-1 +qk-2 ~ qk-1 +qk-2 ~ 2qk-2' 

Successive application of this inequality yields 

q2k ~ 2kqo = 2k, q2k+1 ~ 2kq1 ~ 2k, 

which proves the theorem. Thus, the denominators of the convergents 
increase at least as rapidly as the terms of a geometric progression. 

Intermediate jracti01ts.-Suppose that k ~ 2 and that i is an arbi­
trary negative integer. The difference 

Pk-1 (l + 1> + Pk-2 

qk-1 (l + 1> + qk-2 

which, as is easily seen, is equal to 

(-1)k 

Pk-11 + Pk-2 

qk-11 + qk-2 • 

has the same sign for all i ~ 0, depending only on whether k is even 
or odd. It follows from this that the fractions 

2 Here, and in all that follows, in the case of a finite continued fraction only those 
values of k for which qk is meaningful are to be considered. 
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form, for even k, an increasing and, for odd ll, a decreasing sequence 
(see Theor. 4). The first and last terms of this sequence arc either both 
even- or both odd-order convergents. The intervening terms (if there 
are any, that is, if ak > 1), we shall call intermediate fractions. In arith­
metic applications, these intermediate fractions play an important 
role (though not as important a role as the convergents). To make 
their mutual disposition and the law of their progressive formation 
clearer, it is convenient to introduce the concept of the so-called 
mediant of two fractions. 

The mediant of two fractions a/band c/d, with positive denomina­
tors, is the fraction 

LEMMA. The mcdiant of two fractions always lies between them in value. 
PROOF. Suppose, for definiteness, that a/b ~ c/d. Then, be _ 

ad 2:: 0, and, consequently, 
a+ e a _ be- ad 0 
b+d -b- b(b+d) .:> . 

a+ e e ad-be 
b+d -([= b(b+d) <o. 

which proves the lemma. . . . . 
We see immediately that each of the mtermed1ate fractwns m the 

progression of (20) is th~ mediant of the pr7ceding fraction an~ the 
fraction pk_1fqk-l· By gomg through progression (20) and succcsstvely 
forming the mediants, we proceed from the convergents ~~:-2/q~:_ 2 in 
the direction of the convergents Pk-1/q1:-l· The concludmg step in 
this sequence will occur when the mediant constructed coincides with 
p~;/q~;. This last fraction lies between Pk-1/qk-l and P~:-2/q~:-2 , as we 
know from Theorem 4. We also know that the value a of the given 
continued fraction lies between P~:-1/q~:-1 and P~lq1,, and that the 
fractions p~;-2/q~;-2 and p~:/q~:, which are either both of even order or 
both of odd order, lie on the same side of the number a. It follows from 
this that the entire progression in (20) lies on one side of the number a 
and that the fraction P~:-1/ qk-l lies on the other side. In particular, the 
fractions (Pk-l + P~:-2)/(qk-1 + q~:-2) and P~:-I/q~:-1 are always on 
opposite sides of a. In other words, lite value of a coulimted fraction 
always lies between an arbitrary convergent and lite media1zt of tltat con­
vergent and the preceding oue. (We suggest that the reader make a draw­
ing to illustrate the relative positions of all these numbers.) 

This remark indicates a method whereby, if we know the conver­
gents P~:-2/q~:-2 and P~:-l/q~:-1, we can construct the subsequent con-
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vergent pJ:/qk without knowing the element a" (but using our knowl­
edge of the value a of the continued fraction). Specifically, we first 
take the mediant of the two given fractions, then the mediant of this 
mediant and Pk-1/qk-1, and so on, each time taking the mediant of the 
mediant just obtained and the fraction Pk-1/qk-1· We already know 
that these consecutive mediants will initially approximate a. The last 
median! of tlris progression tlrat lies on the same side of a as does tlze 
initial fractiolls Pk-dqT:-2 is pk/qk. For, as we already know, p"jq,. lies 
somewhere among the mediants in the progression, and on the same 
side of a as Pk-d qT:-2· Therefore, it only remains for us to show that 
the subsequent mcdiant will lie on the opposite side of a. But the last 
mediant is (pk + Pk-1)/(qk + qk-1) and, on the basis of the remark 
made above, it docs indeed lie on the opposite side of the number a. 

There is another even more important consequence of the relative 
positions of a number a, and its convergents and intermediate frac­
tions. The intermediate fraction (pk + Pk+1)/(qk + qk+l), since it is 
between pk/qk and a, lies closer to pJ:/qk than does a; that is, 

\
::<- pk I> I P,,+P,, '-1 - pk 1-· 1 

qk q,, + qk+l q, - qk (qk + qk+l) 

(Equality is impossible here because this would indicate that 
___ Pk+Pkn_Pk+2 -I· 

a- !='--- --. ak+2- ' 
lf:, -. q~ t·l tJ, t-2 

that is, that a would be a finite continued fraction with last element 
equal to unity, which we excluded from consideration in the beginning.) 

Thus, we arrive at the following important result. 
TIIEORElll 13. For all k ~ 0, 

I p" I 1 a.-- > . 
qk qk (qk+l + qk) 

(21) 

This inequality, which gives a lower bound for the difference 
I a - (p,jq,J I, supplements the inequality exhibited in Theorem 9, 
which provides an upper bound for the same difference. 



Chapter II 

THE REPRESENTATION OF 

NUMBERS BY CONTINUED 

FRACTIONS 

5. Continued fractions as an apparatus for 
representing real numbers 

THEOREM 14. To et·ery real member a, tlzere corresponds a unique con­
tinued fraction witlz mlue equal to a. Tlzis fraction is finite if a is rational 
and infinite if a is irrational. 1 

PROOF. We denote by a0 the largest integer not exceeding a. If a is 
not an integer, the relation 

(22) 

allows us to determine the number r1. Here, clearly, r1 > 1, since 

_1 =cx-ao< I. 
r. 

In general, if rn is not an integer, we denote by a" the l~rgest integer 
not exceeding r" and define the number rn+l by the relation 

1 
rn=an+-r-· (23) 

n+l 

This procedure can be continued as long as r" is not an integer; here, 
clearly, rn > 1 (n ~ 1). 

Equation (22) shows that 

Suppose that, in general, 

(24) 

1 We remind the reader that we arc considering continued fractions with integral 
clements, that a; > 0 fori~ 1, and that the last clement of every finite continued 
fraction must be different from unity. 

16 
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Then, from equations (5) and (23), we have 

thus, (24) is valid for all n (assuming, of course, that r1, r2, • • • , Tn-1 

are not integers). 
If the number a is rational, all the rn will clearly be rational. It is 

easy to see that, in this case, our process will stop after a finite number 
of steps. If, for example, rn = a/b, then 

a- ban c 
rn-an= b =1)• 

where c < b, since Tn- an < 1. Equation (23) then gives 

b 
rn+l=c 

(provided Cis not equal to zero, that is, if Tn is not an integer; if Tn is 
an integer, our assertion is already satisfied). Thus, rn+l has a smaller 
denominator than does rn. It follows from this that if we consider rt, r2, 
· • · , we must eventually come to an integer rn = an. But, in this case, 
(24) asserts that the number a is represented by a finite continued 
fraction, the last element of which is an = Tn > 1. 

If a is irrational, then all the rn are irrational and our process is in­
finite. Setting 

(ao; al, a2• ... • ani= 1!.!!_ 
qn 

(where the fraction Pn/qn is irreducible and qn > 0), we have, by (24) 
and (16) of Chapter I, 

IX= Pn-zrn + Pn-2 
qn-zrn + q,z-2 

On the other hand, it is obvious that 

Pn _ Pn-zan + Pn-2 

(n.> 2). 

qn - qn-1a11 + qn-2 ' 
so that 

IX- Pn = (PII-lqn-2-qn-1Pn-2)(rn-an) 
qn (qtz-lrtz + qn-2) (qn_zan + qn-2> 

and, consequently, 

\
IX- Pn I< 1 

qn (qn-lrn+qn-2)(qn-lan+qn-2) 

1 <-· q~ 
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Thus, 

as n -> oo; 

but this means that the infinite continued fraction [ao; a,, a2, • • ·] has 
as its value the given number a. 

Thus, we have shown that any number a can be represented by a 
continued fraction; this fraction is finite if a is rational and infinite if a 

is irrational. It remains for us to show the uniqueness of the expansions 
that we have obtained. We note first that uniqueness follows essentially 
from the considerations of section 4, Chapter I, where we saw that once 
we know the value of a given continued fraction we can effectively con­
struct all its convergents and hence all its elements. However, the re­
quired uniqueness can be established in a much simpler manner. Sup­
pose that 

where the two continued fractions may be either finite or infinite. Let 
us denote by [x] the largest integer not exceeding x. First of all, it is 
obvious that a0 = [a] and a' o = [a], so that ao = a' o- Furthermore, if 
it is established that 

' al = al 

then, in analogous notation, 

Pi= P: l 
qi = qi 

(i=O, 1, 2, ... , n), 

(i = 0, 1, 2, ... , n), 

and, on the basis of formula (16) of Chapter I, 

' ' ' Pn~"n+l + Pn-1 
-

' ' ' qnrn+l + qn-! 

so that, r,.+1 = r'n+l· Since a,.+I = [rn+d and a'n+I = [r'n+I], we have 
an+! = a' n+I: that is, the two fractions coincide completely. 

\Ve note that the above argument would be impossible if we admit­
ted finite continued fractions with the last element equal to unity; if, 
for example, a,+1 = 1 were such a last element, we would have rn = 
a,.+ 1 and an~ [rn]. 

We have just shown that real numbers are uniquely represented by 
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continued fractions. The basic significance of such a representation 
consists, of course, in the fact that, knowing the continued fraction 
that represents a real number,-we can determine the value of that num­
ber with an arbitrary prestated degree of accuracy. Therefore, the ap­
paratus of continued fractions can, at least in principle, claim a role 
in the representation of real numbers similar to that, for example, of 
decimal or of systematic fractions (that is, fractions constructed ac­
cording to some system of calculation). 

What are the basic advantages and shortcomings of continued frac­
tions as a means of representing the real numbers in comparison with 
the much more widely used systematic representation? To answer this 
question, we need first to have a clear picture of the demands that may 
and should be made of such a representation. Clearly, the first and 
basic tlzeorelical demand should be that the apparatus reflect as much 
as possible the properties of the number that it represents, so that these 
properties may be brought out as completely and as simply as possible 
each time that the representation of the number by this apparatus 
is given. 

'With respect to this first demand, continued fractions have an un­
deniable and considerable advantage over systematic (and, in par­
ticular, decimal) fractions. We shall gradually see this during the 
course of the present chapter. To a degree, in fact, this is clear even 
from a priori considerations. Since a systematic fraction is connected 
with a certain system of calculation, it therefore unavoidably reflects, 
not so much the absolute properties of the number that it represents, 
as its relationship to that particular system of calculation. Continued 
fractions, on the other hand, are not connected with any system of 
calculation; they reproduce in a pure form the properties of the num­
ber that they represent. Thus, we have already seen that the ration­
ality or irrationality of the number represented finds complete ex­
pression in the f1niteness or infiniteness of the continued fraction 
corresponding to it. As we know, for systematic fractions the corre­
sponding test is considerably more complicated: the finiteness or in­
finiteness of the representing fraction depends not just on the number 
represented but also, in a very real way, on its relationship to the 
chosen system of calculation. 

However, besides the basic theoretical demands that we have men­
tioned, certain demands of a practical nature should naturally be made 
for any apparatus that is used to represent numbers. (Some of these 
practical considerations may also have certain theoretical value.) Thus, 
it is of great importance that the apparatus make it possible and rea-
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sonably easy to find values that approximate the represented number 
with any arbitrary degree of accuracy. The apparatus of continued 
fractions satisfies this demand to a very high degree (and, in any case, 
better than docs the apparatus of systematic fractions). In fact, we 
shall soon see that the approximating values given by continued frac­
tions have, in a certain extremely simple and important sense, the 
property of being the best approximations. 

There is, however, another and yet more significant practical de­
mand that the apparatus of continued fractions does not satisfy at all. 
Knowing the representations of several numbers, we would like to be 
able, with relative ease, to find the representations of the simpler func­
tions of these numbers (especially, their sum and product). In brief, 
for an apparatus to be suitable from a practical standpoint, it must ad­
mit sufficiently simple rules for arithmetical operations; otherwise, it 
cannot serve as a tool for calculation. \Ve know how convenient sys­
tematic fractions are in this respect. On the other hand, for continued 
fractions there are no practically applicable rules for arithmetical oper­
ations; even the problem of finding the continued fraction for a sum 
from the continued fraction representing the addends is exceedingly 
complicated, and unworkable in computational practice. 

The advantages and shortcomings of continued fractions as com­
pared with systematic fractions determine (to a great extent) the areas 
of application of these two representations. Whereas, in computation, 
systematic fractions arc used almost exclusively, the apparatus of con­
tinued fractions finds its primary application in theoretical investiga­
tions involving the study of the arithmetic laws of the continuum and 
the arithmetic properties of individual irrational numbers. The appa­
ratus of continued fractions is an irreplaceable tool for theoretical in­
vestigations, and the prime purpose of all that follows will be its appli­
cation to that purpose. 

6. Convergents as best approximations 
To represent an irrational number a as an ordinary rational fraction 
(to within a specified margin of accuracy), it is natural to use the con­
vergents of the continued fraction representing a. The degree of ac­
curacy of this approximation is given by Theorems 9 and 13 of Chap­
ter I. Specifically, we have 



REPRESENTATION OF NUMBERS 21 

The problem of approximating irrational numbers by rational frac­
tions consists, in its simplest form, of determining which of the fractions 
that differ from the given irrational number by not more than a speci­
fied amount has the lowest (positive) denominator. The problem (stat­
ed in this manner) can be meaningful even in the case in which the 
number a is rational. For example, if a is a fraction with an extremely 
large numerator and denominator, we may want to approximate this 
number by a fraction whose numerator and denominator are smaller. 
From a purely practical point of view, there is no real difference be­
tween these two cases (rational and irrational a), since, in practice, 
every number is given with only a certain degree of accuracy. 

It is immediately clear that the apparatus of systematic fractions is 
completely unsuitable for solving this problem, since the denominators 
of the approximating fraction that it provides are determined exclusive­
ly by the chosen system of calculation (in the case of decimal fractions, 
they are powers of ten); hence, the denominators are completely inde­
pendent of the arithmetic nature of the number represented. On the 
other hand, in the case of a continued fraction, the denominators of 
the convergents are completely determined by the number repre­
of the convergents are completely determined by the number repre­
sented. \Ve, therefore, have every reason to expect that these conver­
gents (since they are connected in a close and natural way with the 
number represented, and are completely determined by it) will play a 
significant role in the solution of the problem of the best approxima­
tion of a number by a rational fraction.2 

Let us agree to call a rational fraction a/b (forb > 0) a best approxi­
mation of a real number a if every other rational fraction with the same 
or smaller denominator differs from a by a greater amount, in other 
words, if the inequalities 0 < d ~ b, and a/b ~ c/d imply that 

2 Two interesting algorithms for representing irrational numbers were advanced 
by M. V. Ostrogradskil shortly before his death. His brief notes on the matter were 
discussed on bits of paper in the manuscript depository of the Academy of Sciences 
of the Ukrainian SSR. These notes were deciphered in an article by E. Ya. Remez, 
"0 z?akoperemennykh ryadakh, kotorye mogut byt'svyazany s dvumya algorif­
~laml ~1. V. Ostrogradskogo dlya priblizheniya irratsional'nykh chisel" ("Alte;nat­
mg ser~es t~at may be connected with two algorithms of M. V. Ostrogradskii for 
approx1matmg irrational numbers"), Uspcklli matcmaticheskikh uauk, 6, No.5 (45~, 
33~2 (1951). As Remez discovered, Ostrogradskii's algorithms give better approxi­
matiOns than continued fractions in certain cases. Unfortunately, no detailed study 
of these algorithms, even for computational purposes, has as yet been made. (B. G.) 
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THEOREM 15. Every best approximation of a. llll111ber a is a com·ergent 
or an intermediate fraction of tlze continued fraction representing that 
number. 

PRELIMINARY REMARK. For this proposition to have no exceptions 
it is necessary, as we agreed in section 2, to introduce into our consider­
ations convergents of order -1, by setting P-t = 1 and q-1 = 0. For 
example, the fraction ?J is, as we can easily verify, a best approximation 
of the number t; however, it is not one of the convergents or intermed­
iate fractions of that number, since the set of these fractions (if we 
begin with the convergents of order zero) consists of only two numbers, 
namely, f: and i· However, if we take the fraction fj as a convergent 
of order -1, this set will consist of 

0 
o· T' T' 2' 3' 4' 

thus including the fraction ?J. 
PROOF. Suppose that ajb is a best approximation of the number a. 

Then, first of all, a/b;::::: a0, because if a/b < a0 , the fraction ao/1 (be­
ing distinct from a/b and having a denominator that is no greater 
than b) would lie closer to a than does a/b. Therefore, a/b would not 
be a best approximation. 

In a similar manner, we can show that 

a b<ao+ 1. 

Thus, we know that a0 < (a/b) < ao + 1. If a/b = ao or a/b = ao + 1, 
the conclusion of the theorem would be evident since ao/1 = Po/qo is 
a convergent and (a0 + 1)/1 = (Po+ p_1)j(qo + q_1) is an interme­
diate fraction of a. 

If the fraction a/b does not coincide with any convergent or inter­
mediate fraction of the number a it must lie between two consecutive 

' such fractions. For instance, for properly chosen k and r (with k > 0, 
0 ~ r < ak+l or k = 0, 1 ~ r < a 1), it will lie between the fractions 

and 

p,r+p,_t 
q,r + qk-1 

p11 (r+1)+p11 _ 1 

qk(r+I>+qk-1' 
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so that 

I!:__ pkr + Pk-1 
b qkr + qk-l I< I Pk(r+ 1>+Pk-l _ pkr+pk-1 I 

qk (r + 1> + qk-l qkr + qk-1 
1 

= {qk (r + 1> + qk-d {qkr + qk-d • 

But, on the other hand, it is obvious that 

I a pkr+pk-1 I m 
b- qkr + qk-l = b (qkr + qk-l) ' 

where m is a positive integer and hence is at least equal to unity. Con­
sequently, 

1 < 1 
b (qll + qk-1) (qk (r + 1) + qk-d (qkr + qk-d 

and hence, 

The fraction 
qk (r + 1) +qk-1 <b. 

Pk (r + 1> + Pk-l 
qk (r +I)+ qk-t ' 

(25) 

with denominator less than b, is closer to the number a than is the frac­
tion 

pkr + Pk-1 

qll + qk-1 
(26) 

(because, in general, from the result of sec. 4, every intermediate frac­
tion is closer to a than is the preceding one) and hence, is also closer 
than is the fraction a/b, which lies between expressions (25) and (26). 
However, this contradicts the definition of a best approximation, thus 
proving Theorem 15. 

In the definition of the concept of best approximation, which is at 
the basis of this theorem, we evaluated the closeness of the rational 
fraction ajb to the number a in terms of the smallness (in absolute 
value) of the difference a - (a/b) (which, of course, is the most natu­
ral procedure). However, it is often more important or convenient in 
number theory to examine the difference ba - a, which differs from 
the preceding one only by the factor b. Thus, the smallness of this dif­
ference (in absolute value) can also serve as a measure of the closeness 
of the fraction a/b to the number a. This change from one characteris­
tic to another may at first glance seem trivial, and frequently it is. 
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However, this is not always the case, as we shall soon sec. The signifi­
cant point is that the factor b is not a constant, but is dependent on 
the approximating fraction itself, and changes when this fraction is 
changed. 

Let us now agree to refer to those best approximations mentioned 
in Theorem 15 as best approximatio11s of lite first kind. Let us further 
agree to call the rational fraction a/b (where b > 0) a best approxima­
tion of tlze second kind of a number a if the inequalities cjd ;;C ajb and 
0 < d ~ b imply 

lda.-c1 > lba.-al. 
Best approximations of the second kind arc thus defined in terms of 
the characteristic I ba - a I in a manner completely analogous to the 
definition of best approximations of the first kind in terms of the 
characteristic I a - a/b 1. 

It is easy to show that every best approximation of the second kind 
must necessarily be a best approximation of the first kind. For if 

la.-~l<la.-~1 (~=~=~·d<b). 
on multiplying the first of these inequalities by the third, we would 
obtain 

Ida.- c 1 < 1 ba.- a 1; 
in other words, if the fraction a/b was not a best approximation of the 
first kind, it could not be a best approximation of the second kind. 

The converse is not true: a best approximation of the first kind can 
fail to be a best approximation of the second kind. For example, the 
fraction-! can easily be shown to be a best approximation of the first 
kind of the number .g.. However, that it is not a best approximation of 
the second kind is seen from the inequality 

II . ; -0 I< 13. ; - l I (I < 3). 

It follows from these remarks and from Theorem 15 that all best 
approximations of the second kind arc convergents or intermediate 
fractions. However-and here lies the fundamental significance of the 
apparatus of continued fractions in finding best approximations of the 
second kind-we can make a much stronger assertion. 

THEOREM 16. Every best approximation of tlze second kind is a con­
~·ergent. 
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PROOF. Suppose that a fraction a/b is a best approximation of the 
second kind of the number 

a= [a0; a1, a2, , •• ], 

whose convergents will be denoted by pk/qk. If a/b < ao, we would 
obtain 

that is, a/ b would not be a best approximation of the second kind. 
Thus, a/b ~ ao. But then the fraction a/b, if it did not coincide with 
one of the convergents, would either lie between two convergents 
Pk-1/qk-l and Pk+I/Qk+h or would be greater than p1/q1• In the first 
case, 

\ ~ - ::=: I~ bq~-~ 
and 

I!!_- Pk-1 I< pk- Pk-l I= _;:_1_ 
b qk-l qk qk-1 qkqll-l , 

so that 

on the other hand, 

and hence, 

whereas 

so that 

I a I I pk+l a I 1 a-b ~ -q--b ~r-q ' 
k+l k+l 

1 
lba-al~-q-' 

li+l 

(27) 

(28) 

Inequalities (27) and (28) show that a/b is not a best approximation 
of the second kind. 

In the second case (that is, if a/b· > p./q.), we have 

so that 
a-->---~-. I a I I PI a I 1 

b q, b bq, 

1 1 I ba-a!>-=-· q, a, 
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On the other hand, it is obvious that 

so that 

I 
l1·a-a0 1~-. a, 

l ba-a I > jl • a- a0 l (1 ~b), 

which again contradicts the definition of a best approximation of the 
second kind. This proves Theorem 16. 

Let us now consider the converse of Theorems 15 and 16. That the 
converse of Theorem 15 is false can be seen by considering !, which, 
as is easily shown, is an intermediate fraction for the number a = ~. 
while it is not a best approximation, since 

1!-+1<1.:-~1 (1 < 2). 

There are many more such examples, as the reader can verify for him­
self. 

On the other hand, Theorem 16 does have an almost complete con­
verse, which, of course, greatly enhances its value. 

THEOREM 17. Every convergent is a best approximation of the second 
kind, tlze sole exception being t/ze trivial case of 

Po_ ao 
q;--~-· 

PRELIMINARY REMARK. In the case of a = a0 + !, the fraction 
Po/qo = ao/1 is not a best approximation of the second kind because 

ll·a-(a0 +I)I=lll·a-a0 1. 
PROOF. Let us examine the expression 

I.Yc.t-xl. (29) 

where y takes the values 1, 2, · • · , q1,, and x can take arbitrary in­
tegral values. We denote by y0 that value of y for which expression 
(29), after suitable choice of x, takes the smallest possible value. (If 
there are several such values of y, we take the smallest of these for yo.) 
We denote by xo that value of x at which I y 0a - xI attains its mini­
mum. It is easy to see that this value is unique. For if 

Ia- ~~I= Ia- ~~ I (xo =I= x~). 
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x0 +x~ 
a= 2yo 

This fraction is irreducible. For if x 0 + x' 0 = lp and 2y0 = lq (with 
l > 1), we would have, for l > 2, 

q <Yo· a=!!...., 
q lqa-pi=O, 

which contradicts the definition of y 0 ; and for l = 2, we would have 
q =yo and 

lqa-pl=IYoa-pj=O < lYorL-Xol• 

which contradicts the definition of Xo. 
Expanding the rational number a as a continued fraction, we thus 

obtain 
a= Pn' Pn=xo+x~. qn 

qn = 2yo= anqn-1 +qn-2' an> 2, 

so that if a,. > 2 or if a, = 2 and n > 1, we have q,_1 < y 0• But 

1 1 1 
lqn-la-Pn-11=-q;;-= 2yo <.2-<.IYorL-Xol• 

which contradicts the definition of yo. If n = 1 and a, = 2, we have 
a = ao + ! and yo = 1, which is the one exceptional case. 

Thus, the values yo and xo are uniquely defined by the given condi­
tions. It directly follows from this that xo/yo is a best approximation 
of the second kind for the number a, since the inequalities 

I ba- a I < I y0a.- x 0 1. 

would obviously contradict the definitions of Xo and yo. From Theo­
rem 16, we therefore have 

(s< k). 

If s = k, the theorem is proved. But if s < k, we obtain 

1 1 1 
I q sa -PsI > q + q > q + q I q ka. - P k I < -q- • 

s s+l k-1 k k+l 
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and from the definitions of the numbers p. = Xo and q. = Yo, we would 
have 

so that 

that is, 

which is impossible because of the rule by which the numbers qk are 
formed. This completes the proof of Theorem 17. 

Those properties of the apparatus of continued fractions that we 
have established in the present section w·ere, historically, the original 
reason for the discovery and study of that apparatus. When Huygens 
set about constructing a model of the solar system by using toothed 
wheels, he was confronted with the problem of determining what num­
bers of teeth for the wheels would give a ratio for two interconnected 
wheels (equal to the ratio of their periods of rotation) that would be 
as close as possible to the ratio a of the periods of revolution of the cor­
responding planets: At the same time, the number of teeth obviously 
could not, for technical reasons, be too high. Thus, Huygens's problem 
was to find a rational number with numerator and denominator not 
exceeding a certain bound that would still be as close as possible to 
the given number a. (The number a might theoretically be irrational, 
but, in practice, it is assumed, in a given case, to be a rational fraction 
with very large numerator and denominator.) We have already seen 
that the theory of continued fractions provides the means of solving 
this problem. 

7. The order of approximation 
In the preceding section, we were concerned with evaluating the small­
ness of the difference I a- (p,jq~;) I in comparison with other differ­
ences of the same type. Here, we shall make an absolute evaluation of 
this difference. Obviously, the only way of evaluating the smallness 
of I a - (p,jqk) I consists in comparing it with some decreasing func-
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tion of q~;. To this end, Theorem 9 of Chapter I leads us directly to the 
inequality3 

(30) 

Therefore, the question must arise as to whether we can strengthen 
this inequality, that is, replace its right side with another function 
J(q~:) of the denominator q~: that, for all n ~ 1, would satisfy the in­
equality 

1 I (n) < fi2. 

It is easy to see that if we want this strengthened form of inequality 
(30) to be satisfied for arbitrary a at all values of k, no significant 
strengthening in this direction is possible. More precisely, for any 
e > 0, we can always find a case for which 

a-_!!_ >--:~-· I p I 1-e 
qk qk 

To show this, we need only examine the number 
n+1 

a=[O; n, 1, n)= n(n+ 2), 

for which, 

p 1 = 1, q1 = n, p3 = n + 1, q3 = n (n + 2), 

and therefore, 

I a·- pq.· I= I pq: - :: I= n <n \ 2) - --,...-___,,...,...­
qr ( 1 + ~) 

If we now choose n such that 
1 -- > 1-E 

I+! ' 
n 

we have 

3 If a= p~;/q~; (when Theor. 9 is inapplicable because there is no qk+l), inequality 
(30) becomes trivial. 
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However, if we relax the requirement that the strengthened inequal­
ity be satisfied for arbitrary ct at all values of k (without exception), 
we can then obtain a number of interesting and important propositions, 
as we proceed to demonstrate. 

THEORE:II 18. If a number ct lzas a co1wergent of order k > 0, at least 
one of tlze following two inequalities must hold: 

PROOF. Since ct lies between Pk- 1/qk- 1 and p,jqk, we have 

o.-pkl+lo.-pk-11-lpk Pk-1,_ I <-I-+_I_ 
qk qk-1 - qk- qk-1 - qkqk+l 2q; 2qk-l . 

(The inequality expresses the fact that the geometric mean of the 
quantities 1/q~ and 1/ql-1 is less than their arithmetic mean; equality 
would be possible only if qk = qk-1, which in the present case is ruled 
out.) The assertion of the theorem follows immediately. 

This proposition is interesting because it has a converse (in a cer­
tain sense). 

THEOREM 19. Every irreducible rational fraction a/b that satisfies tlze 
inequality 

lo.-.!!...l<-1 b 2b2 

is a convergent of tlze number ct. 

PROOF. On the basis of Theorem 16 it is sufficient to show that the . ' fract10n a/b is a best approximation of the second kind of the number ct. 

Suppose that 

then, 

I da.- c I <I bo.- a 1 < -1 
2b 

lo._..£_, <_I 
d 2bd 

and, consequently, 

I ~ - : I< I a.- ~ I+ I a.- : I< 2~d + 2~2 = b2t:. (31 ) 

On the other hand, since cjd ~ a/b, we have 

I c a I 1 
d-b>bd" 
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Therefore, inequality (31) implies 

1 b+d 
bd < 2b2d • 

so that d > b. Thus, the fraction a/b is a best approximation of the 
second kind of the number a and Theorem 19 is proved. 

A further strengthening of Theorem 18 is the following, consider­
ably more profound theorem. 

TnEORE~r 20:1 If a number a lzas ·a cowt·ergent of order k > 1, at least 
one of tire following tlzree inequalities mustlzold: 

I a.- !!.B._ I< - 1 Ia.- !!..!!-=ll < 1 
qk ysq~ ' qk-1 v 5qLx ' 

la._Pk-21< 1 
qk-2 v 5qL2 

PROOF. Let us define, fork 2: 1, 

qk-2 + -.-=<f'k• <f'k rk=~k· 
qk-1 

LE::IIMA. If k 2: 2, 1/;k :::; v'S, and 1/;k-1 :::; v'S, tlren 

vs-1 
<f'k > 2 • 

PROOF. Since 

and 

it follows that 

1 
rn= an+--, 

rn+l 

1 1 . --+ -r-=<f'n+rn=~n• 
'fn+l n+l 

and, from the conditions of the lemma, 

1 1 .. !-
~+-;:-< v 5, 
Tk k 

(32) 

4 Some simplification of the proof given here appears in the article by I. I. Zhogin, 
"Variant dokazatel'stva odnoi teoremy iz teoril tsepnykh drobei" ("A variation of 
the proof of a theorem in the theory of continued fractions"), V spekhi malematiclte­
skiklt nauk, 12, No.3, 321-322 (1957). 
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so that 

or, since 'PI: is a rational number, 

Then, since "''' > 0, we obtain 

(vs )2 1 
-2--<pk <4· 

and, consequently, 

vs-1 
Cfll > 2 ' 

which proves the lemma. 
Let us now suppose that, in contradiction to our assertion, 

'
(J._Pn,=>~ 

qn vsq~ 
(n = k, k- 1, k- 2). 

From formula (16) of Chapter I, we have 

1
(1.- Pn I =I Pnfn+l + Pn-1 _ Pn I 

qn qnrn+l + qn-1 qn 
1 1 1 = =2 

qn (qn'n+l + qn-1) qn ('n+l + ffn+l) 

and, consequently, 

<Pn+l <: V5 (n=k, k-1, k-2). 

\Ve conclude, on the basis of our lemma, that 

m > vs-1 
Tk 2 1 

vs-1 
<fk+l > 2 J 

and hence, because of (32), 
1 2 vs-1 

ak =---cpk < - 2 = 1, 
cek+ 1 vs-1 
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which is impossible. This contradiction completes the proof of Theo­
rem 20. 

Theorems 18 and 20 give the obvious impression of the beginning 
of a series of propositions that will admit yet further extension. How­
ever, this impression is erroneous. Consider the number 

a.= [ 1: 1, 1, ... ]. 

Assuming, as usual, that a = 1 + (1/r1), we obviously have r1 = a, 
so that 

1 «=1+-. 
a 

and, consequently, 

t+¥5 
a.= 2 • 

Since, obviously, rn = a for arbitrary 11., we have 

pka+pk-1 «= • 
qka + qk-1 

and, consequently, 

But from Theorem 6 of Chapter I, we have 
q 

_k_ = [1; 1, 1, ... , 1] ~a. as k~oo 
qk-1 
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This shows that, no matter what the number c < (1/vS) may be, for 
sufficiently large k, we will obtain 

Thus, the constant 1/vS in Theorem 20 cannot be replaced by any 
smaller constant if we wish the corresponding inequality to be satisfied 
for an infinite set of values of k with arbitrary a. For every smaller con­
stant, there exists an a [namely, a = ~(vS + 1)] that can satisfy t~e 
required inequality for no more than a finite number of values of k. 
Thus, the chain of propositions that begins with Theorems 18 and 20 
is broken after the latter theorem, and admits no further continuation. 

8. General approximation theorems 
Up to now, we have been primarily interested in approximations 
given by convergents and have clarified a number of fundamental 
questions associated with this problem. Since we have seen that the 
convergents are best approximations, we may assume that the ob­
tained results will allow us to study, in full measure, the rules _that 
govern the approximation of irrational numbers by rational fractiOns, 
independently of any particular representing apparatus. We now turn 
to problems of this type. It is, of course, impossible (within the frame­
work of the present elementary monograph) to give any sort of com­
plete exposition of the fundamentals of the corresponding theory, part­
ly because of lack of space, but primarily because such an exposition 
would have only an indirect bearing on our problem. We shall confine 
ourselves to presenting a number of elementary propositions, which will 
illustrate the application of continued fractions to the study of the 
arithmetic nature of irrational numbers. 

The first problem that naturally arises in connection with the results 
of the preceding section may be formulated as follows: For what con­
stants c does the inequality 

(33) 

have an infinite set of solutions in integers p and q, q > 0, for arbi­
trary real a? The final result of the preceding section leads us to the 
following theorem. 

THEOREM 21. Ineq1tality (33) has an infinite set of solutions in in­
tegers P and q (q > 0) for arbitrary real a if c ~ (1/v'S). However, if 
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c < (1/vS), inequality (33) will, for suitably chosen a, lza<·e onl-y a 
finite number of well solutions. 

The first assertion is an immediate consequence of Theorem 20. (In 
the case in which a is a rational number ajb and, therefore, has only a 
finite number of convergents, the first assertion of Theorem 21 can be 
proved in a trivial manner by setting q = nb and p = na, for 11 = 1, 
2, 3, ···).Suppose, then, that c < (1/v 5). As in section 7, let us set 

1+"V5 
11= 2 =[1; 1, 1, ... }. 

If two integers p and q (q > 0) satisfy inequality (33), Theorem 19 
tells us that p/q is a convergent of the number a. But we saw at the 
end of section 7 that only a finite number of these convergents satisfy 
inequality (33) under our hypothesis that c < (1/ yiS). This proves 
our assertion. 

Thus, in general (that is, if we consider all possible real numbers a), 
the order of approximation characterized by the quantity 1/ ( v Sq2) 

cannot be improved. (The term "order of approximation" refers to that 
magnitude of error within which a suitable estimate can always be 
found.)S This does not mean that there arc no individual irrational 
numbers for which approximations of much higher order are possible. 
On the contrary, the possibilities in this direction are boundless-a fact 
that is most easily shown by the apparatus of continued fractions. 

THEORE:Il 22. For any positive function <P(q) witlt natural argument q, 
there is an irrationallmmber a such that lite inequality 

has an infinite number of solutions in integers p and q (q > 0). 
PROOF. Let us construct an infinite continued fraction a by choos­

ing its elements successively in such a way that they will satisfy the 
inequalities 

(k :> 0). 

This, of course, can be done in an infinite number of ways. Here, ao can 
be chosen arbitrarily. Then, for any k 2:: 0, 

11- __!. < -- = -< ., < f!((qk). I p I 1 1 1 
qk qkqk+l qk (ak+lqk + qk-1) ak+lqk 

which proves the theorem. 
6 Translation editor's note. 
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We now note that, in the most general case, the inequalities 

1 <lct-pkl~-1-
qk (qk + qk+1) qk """' qkqk+1 

or, equivalently, 

1 </ct-pkl~----
qk ( ak+l + 1 + q~~ 1 ) qk ~ qkak+l + q~: 1 

imply 

I I pk I I < ct-- < 2 , 
qk (ak+J + 2) qk qkak+1 

(34) 

from which it is clear that, for given a0 , a 1, • • • , ak, the greater t~e 
subsequent element ak+1 is, the more closely the fraction Pd qk Will 
approximate the number a. And since the convergents are, in all cases, 
best approximations, we arrive at the conclusion that those irrational 
numbers whose elements include large numbers admit good approxima­
tion by rational fractions. This qualitative remark is expressed quan­
titatively in inequality (34). In particular, irrational numbers with 
bounded elements admit the worst approximations. Thus, it becomes 
clear why we have repeatedly chosen the number 

¥5+1 
2 =[I; 1, 1, ... ] 

when we wished to exhibit an irrational number that did not admit 
approximations of higher than a fixed order. Of all irrational numbers, 
this clearly has the smallest possible elements (excluding ao, which 
plays no role here) and hence is the most poorly approximated by ra­
tional fractions. 

Those approximating properties that are peculiar to numbers with 
bounded elements are completely expressed in the following proposi­
tion, which, after what has already been said, is almost obvious. 

THEORE:\r 23. For every irrational number a with bouuded elemeuts, 
and for sufficiently small c, tire inequality 

lct _ _p_, <__:__ 
q q2 

has no solution in integers p and q (q > 0). On tlze other hand, for e~·ery 
number a with an unbounded sequence of elements and arbitrary c > 0, 
inequality (33) lras an infinite set of suclz solutions. 
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In other words, irrational numbers with bounded clements admit 
an order of approximation no higher than 1/ q~, while every irrational 
number with unbounded clements admits a higher order of approxima­
tion. 

PROOl'. If the set of clements of the continued fraction representing 
a. is not bounded above, then for arbitrary positive c there is an infinite 
set ofintegers k such that 

and, consequently, on the basis of the second of the inequalities in (34), 
there is an infinite set of integers k such that 

IC.t- pk I<-;-. 
qk qk 

which proves the second assertion of the theorem. If there exists an 
M > 0 such that 

(k = 1, 2, ... ). 

then, on the basis of the first of the inequalities in (34), we have, for 
arbitrary k ~ 0, 

I C.t- :: l > q~ (~ + 2) • 

Now let p and q be arbitrary integers (q > 0), and let k be deter­
mined by the inequalities 

qk-l<q<qk. 

Then, since all convergents arc best approximations of the first kind, 

, C.t-.!!_1~ IC.t--P_k I> ,..---1--
q ,;?' qk q~(M+2) 

1 ( q )2 1 ( q )2 
=q2(M+2) -qk > q2(M+2) ~: 1 
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Thus, if we choose 

1 
c < (M + 2) (M + 1 )2 ' 

inequality (33) cannot be satisfied for any pair of integers p and q 
(q > 0). This proves the first assertion of the theorem. 

Up to this point, we have always evaluated the closeness of an ap­
proximation in terms of the smallness of the difference a- (p/q); 
however, we might have considered instead the difference qa - P (as 
in sec. 6), making the appropriate changes in the formulation of all 
the theorems. This simple observation leads directly to a certain new 
and extremely important aspect of the problem that we are studying. 

The simplest homogeneous linear equation with two unknowns x 
andy, namely, 

ax-y=O, (35) 

where a is a given irrational number, obviously cannot be exactly 
solved in whole numbers (except, of course, in the trivial case of 
x = y = 0). However, we may pose the problem of obtaining an ap­
proximate solution, that is, of choosing integers x and y for which the 
difference ax - y is sufficiently small (that is, less than a preassigned 
amount). Obviously, all the preceding theorems of this section can 
be interpreted as confirmation of the rules governing this kind of ap­
proximate solution to equation (35) in whole numbers. Thus, for ex­
ample, Theorem 21 shows that there always exists an infinite set of 
pairs of integers x andy (x > 0), such that 

c 
lax- .YI < x' 

for any positive C greater than or equal to 1/ vS. 
(36) 

With this approach, it is natural to pass from the homogeneous equa­
tion (35) to the non-homogeneous equation 

o:x- .Y=P (37) 

(where {3 is a given real number) and to investigate the existence and 
nature of its approximate solutions in integers x andy (in other words, 
to investigate the principles involved in attempting to make the dif­
ference ax - y - {3 as small as possible by a suitable choice of integers 
x and y). This problem was first posed by the great Russian mathe­
matician P. L. Chebyshev, who obtained the first basic results con-
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nectcd with it, and has been the subject of continued intensive study, 
especially by the Soviet arithmetic school. 

The first basic feature distinguishing the non-homogeneous case 
from the homogeneous one is that it is possible to make the quantity 
I ax - y - .B I arbitrarily small for arbitrary .B by a suitable choice 
of;~ andy only if the number a is irrational (whereas, in the homogene­
ous case, the quantity I ax - y I can be made arbitrarily small for 
any a). In fact, if a = a/b, where b > 0 and a are integers, then, by 
setting .B = 1/2b, we obtain, for arbitrary integers x and y, 

I __ r.ll=l2(ax-by)-ll....._ _1 
ax Y t' 2b ~ 2b ' 

since l2(ax - by) - 11, being an odd integer, is at least equal to 
unity. 

Thus, in all that follows, we shall assume a to be irrational. With 
this understanding, we shall now show that not only is it also possible 
to make the quantity I ax - y - .B I arbitrarily small, but the analogy 
with the homogeneous case can be extended considerably further. 

THEOREM 24 (Chebyshev). For an arbitrary irrational number a and 
an arbitrary real number ,B, t!ze inequality I ax - y - .B I < 3/ x has an 
infinite set of solutions in integers x andy (where x > O).G 

PRELIMINARY RE:.lARK. Obviously, this result is completely analo­
gous to the corresponding problem for homogeneous equations, ex­
pressed in Theorem 21. The difference consists only in the fact that 
here, instead of 1/vS, we have 3. The order of the approximation is 
the same as before. We note also that the number 3 is not the best pos­
sible and that the exact value of the greatest lower bound of the set of 
numbers' that would verify Theorem 24 is considerably less than 3. 

PROOF. Let p/q be an arbitrary convergent of a. We then have 
p 0 o:=-q+q2 co< lol <I); (38) 

also, for any real ,B, we can find a number t such that 

I q~ ---"- t I < ~ . 
sA simple proof of a somewhat stronger theorem is found in Khinchin's article, 

"Printsip Dirikhle v teorii diofantovykh priblizhenil" ("Dirichlet's principle in the 
theory of Diophantine approximations"), Uspekhi matematiclle<kikllnauk, 3, No.3, 
17-18 (1948). Further refinements are contained in Khinchin's article, "0 zadache 
Chebysheva" ("On a problem of Chebyshev"), I::vesliya akad. nauk SSSR, ser. 
ma/em., 10, 281-294 (1946). (B. G.) 
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so that 
t 11 1 

~=-+-q 2q ( 1 o' 1-< I). (39) 

Since p and q have no common divisors other than ± 1, there exists 
a pair of integers x and y such that 

q 3q 
2-<:x < 2• px-qy=t. 

For if r/s is the convergent immediately preceding p/q, 
qr-ps = E = ±1, q (ert)- p (Est)= i£2 = t, 

and for an arbitrary integer k, 

p (kq- ESt)- q (kp- Er/) = t; 
but k can be chosen so that 

q 3q 2 ~ X = kq- ESt < 2 . 

Then, on the basis of equations (38) and (39), 

ax-y-r = -+2-Y----I r.ll / xp xo t o' I 
q q q 2q 

and since 
I xo o' I x 1 

= 7j2- 2q < qT + 2q • 

we have 

I ClX- y- ~I < ~ + ~ = ~. 
4x 4x x 

Finally, since q can be chosen arbitrary large and since x 2: q/2, it 
follows that x can be arbitrarily large. This proves the theorem. 

But the problem of an approximate solution to equation (37) in 
whole numbers can be put in a different, and somewhat more natural, 
form. Since the crux of the problem is to make the quantity I ax -
y - f:ll as small as possible with as large integral values of x andy as 
possible, it is most natural to state the problem in the following man­
ner. We know (from Theor. 24) that, for any positive number n (no 
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matter how large), any irrational number a, and any real {3, we can 
find integers x > 0 andy satisfying the inequality 

I 
lax-y-~1 < -. n (40) 

However, Theorem 24 docs not generally give us any information as 
to the limits within which we should seck these numbers so as to attain 
the required accuracy, characterized by the quantity 1/n. This might 
be achieved, for example, if we could exhibit some number N, depend­
ent on n, but independent of a and {3, such that inequality (40) would 
always be satisfied under the additional condition that 

jxj-<N. 
This new statement of the problem is obviously quite different from 

the original one. Whereas formerly (as in Theor. 24) the accuracy of 
approximation was determined by the value of x, we now wish to fix 
this accuracy in advance and sec how large a value of :r we should 
choose to attain this accuracy. The solution to the problem is signifi­
cantly altered by this difference in its statement. Specifically, we obtain 
quite different results in the homogeneous and non-homogeneous cases. 

In the case of a homogeneous equation ({3 = 0), the stated problem 
has a very simple solution. 

THEOREl\I 25. For all real members 11 ;::: 1 and a, there are integers 
x andy satisfying the inequalities 

I 
0 < X -< n, I ax - y I < n. 

PROOF. If a is a rational number, a/b, such that 0 < b::; n, the 
conclusion is immediate for x = b and y = a. If a either is irrational 
or has a denominator exceeding n, we define k by the relationship 

qll-<n < qk+l 

(where p~.fqk denotes the kth-order convergent of a) and obtain 

Ia- :; 1-< qk:k+l < q:r1' 
so that 

1 
laqk- Pkl < n I 0 < qk-< n, 

which proves the theorem. 
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Now, we naturally ask whether we may obtain the same order of 
approximation in the case of the non-homogeneous equation (37). In 
other words, may we assert that, for any irrational number a, a positive 
number C can be found such that, for any n 2: 1 and {3, there exist 
integers x andy satisfying .the inequalities 

0 < x<:Cn, 
1 I ax - y - ~ I < -? n 

(Clearly, we are now asking even less than for the homogeneous case, 
since we are allowing C to depend on a, whereas in the homogeneous 
case, C = 1 was an absolute constant.) It is easy to give certain a priori 
arguments against the possibility of such an assumption. First, for ra­
tional a, it is clearly untrue, since, as we have seen, the quantity 
I ax - y - f31 cannot in general (that is, with arbitrary {3) be made 
arbitrarily small. This leads us to expect that if a is irrational (but is 
approximated extremely closely by rational fractions), the quantity 
I ax - y - f31, even though it can (on the basis of Theor. 24) be made 
arbitrarily small, requires comparatively large values of x and y to 
accomplish this with a suitably chosen value of {3. These considerations 
also lead us to suppose that the more poorly the number a is approxi­
mated by rational fractions (that is, the more difficult it is to make the 
quantity ax - y approach zero), the easier it will be to have the dif­
ference ax - y approach an arbitrary real number {3. As we know, this, 
in turn, requires that the elements of the number a not increase too 
fast. All these preliminary considerations are expressed precisely in the 
following theorem. 

THEOREM 26. For the existence of a positive member C with the prop­
erty tltat, for arbitrary real numbers n 2: 1 and {3, two integers x and y 
(x > 0) exist satisfying the inequalities 

x<:Cn, 

it is necessary and sufficient that the irrational number a be represented 
by a continued fraction with bounded elements. 

PROOF. Suppose that a = [a 0 ; a~, a2, • • • ], that a; < M (for i = 
1, 2, · · · ), that m 2: 1, and that {3 is an arbitrary real number. De­
noting by pk/qk the convergents of the number a, we can determine 
the subscript k from the inequalities 

qk-<: m < qkt-1; 
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then, 

or 

<lol<: 1). ( 41) 

We now choose an integer t such that 

i~qk-tl< ~. 
so that 

t I)' 

~=q-+2q 
k k 

<I o'l <: 1). (42) 

Finally, as in the proof of Theorem 24, we find a pair of integers x andy 
satisfying the relationships 

xpk-yqk=t, O<x<:qk. (43) 

It follows from (41), (42), and (43) that 

jax-y-~1= _k -y--+---I xp t xo o' I 
qk qk mqk 2qk 

= I x1i _ ~~ < ___.:__+_I_ <:_I + _1 _ ( q k+ 1 ) 
mqk 2qk mqk 2qk m 2qk+l qk 

<-1 +-1-(a +I)<-1 +M+l =M+3 
m 2m k + 1 m 2m 2m • 

Up to now, the number m ~ 1 has been completely arbitrary. If 
we now set m = !(M + 3)n for given n ~ 1, we shall obviously have 
m > 1. Consequently, from what was stated above, if we choose the 
numbers x and y as indicated, we have 

which proves the first part of the theorem. 
To prove the second part, let us suppose that the set of elements ak 

of the number a is unbounded above. Theorem 23 than indicates that, 
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in this case, for any positive number E there arc integers q > 0 and p 
satisfying the inequality 

I p I e2 a--<-q q2 ' 

so that 

Clol < 1). 

We now set n = q/E and {3 = 1/2q. Then, for arbitrary integers x andY 
(with 0 < x ~ Cn), we obtain 

I t:ll-1 xp I + xoe2 I 12 (xp-yq)-I + xoe 2 1 ax-y-t'- --y-- -- = -
q ~ ~ ~ ~ 

> 2 (xp- yq)- II _ xe2 ---,. _.!._ _ Ce _ I - 2Ce 1 - 2Ce I 
2q q2 .::;-- 2q q - 2q - 2e . n . 

But no matter how large C may be, for sufficiently small E, we shall 
have [(1- 2CE)/2E] > 1, and, consequently, for arbitrary integers x 
andy (with 0 < x ~ Cn), we obtain 

I ax - .Y- ~ 1 > * , 
which proves the first part of the theorem. 

Let us review the results that we have obtained. In investigating 
the approximate solutions to equation (37) in whole numbers, we must 
examine as a "normal" case the one in which the accuracy character­
ized by the quantity 1/n can be attained for arbitrary 1t 2: 1 at some 
x < Cn, where Cis a constant (possibly depending on a). A homogene­
ous equation (obtained for {3 = 0) always has a normal solution (Theor. 
25). Theorem 26 shows that the general (non-homogeneous) equation 
has a normal solution if, and only if, the corresponding homog:neous 
equation has no "supernormal" solution (that is if it is impossible to 
satisfy the homogeneous equation with integers; > 0 andy such that 
x < w for arbitrary E > 0 and properly chosen n, with an accuracy 
of 1/n). From this point of view, the results of our investigation can 
be regarded as a variation of the general law concerning the solution 
of linear equations (algebraic, integral, etc.): In the general case, a non­
homogeneous equation can be solved "normally" if lite corresponding homo­
geneous equation has no "supernormal" solution. 

We note also that in Theorem 26 we required that c be independent 
of {3. The same result would hold if we allowed c to be a functwn of {3, 
but the proof (second part) would be somewhat more complicated. 
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9. The approximation of algebraic irrational numbers 
and Liouville's transcendental numbers 

Suppose that 

(44) 

is a polynomial of degree n with i11tegral coefficients a 0 , a 1, • • • , a,.. 
Then, a root, a, of this polynomial is said to be algebraic. Since every 
rational number a = a/b can be defined as the root of the first-degree 
equation bx - a = 0, the concept of an algebraic number is clearly a 
natural generalization of the concept of a rational number. If a given 
algebraic number satisfies an equation f(x) = 0 of degree n, and docs 
not satisfy any equation of lower degree (with integral coefficients), 
it is called an algebraic number of degree n. In particular, rational 
numbers can be defined as first-degree algebraic numbers. The num­
ber y2, being a root of the polynomial X~ - 2, is a second-degree alge­
braic number, or, as we say, a quadratic irrational. Cubic, fourth-de­
gree, and higher irrationals arc defined analogously. All non-algebraic 
numbers are said to be transcendental. Examples of transcendental 
numbers arc e and 1r. Because of the great role that algebraic numbers 
play in contemporary number theory, many special studies have been 
devoted to the question of their properties with regard to their approxi­
mation by rational fractions. The first noteworthy result in this direc­
tion was the following theorem, known as Liouville's theorem. 

TnEORE"-l 27. For e~·ery real irrational algebraic number a of degree 11, 

there exists a positi~·e llzti/Zber c such that, for arbitrary integers p and q 
(q > 0), 

Ia.- .E....!>£. q qn 

PROOF. Suppose that a is a root of the polynomial (-l-l). From alge­
bra, we may write 

f (x) = (x- ~) / 1 (x), (45) 

where / 1 (.r) is a polynomial of degree 11 - 1. Here, /t (a) ~ 0. To show 
this, suppose that ft(a) = 0. Then, the polynomial /I(.r;) could be 
divided (without a remainder) by x- a and, hence, the polynomial 
f(.r;) could be divided by (x- a)2. But, then, the derivativef'(x) could 
be divided by :r- a; that is, we would have J'(a) = 0, which is im­
possible since f'(.r) is a polynomial of degree 11 - 1 with integral co-
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efficients and a. is an algebraic number of degree 11. Hence, ]I(a.) ~ 0, 
and, consequently, we can fmd a positive number i5 such that 

Suppose that p and q (q > 0), are an arbitrary pair of integers. If 
\a. - (p/ q) \ :S li, then ft(P/ q) ~ 0, and, by substituting x = p/ q in 
identity (45), we obtain 

The numerator of this fraction is an integer. It is also non-zero, be­
cause otherwise we would have a. = p/q, whereas a. is by hypothesis 
irrational. Consequently, this numerator is at least equal to unity in 
absolute value. We denote by M the least upper bound of the function 
ft(x) in the interval (a. - o, a+ li). From the last inequality, we thus 
obtain 

In the event that 

it follows that 

and if we now denote by C any positive number less than o and 1/ M, 
we obtain, in both cases (that is, for arbitrary q > 0 and p), 

which completes the proof of. Theorem 27. 
Liouville's theorem shows that algebraic numbers do not admit ra­

tional-fraction approximations of greater than a certain order of ac­
curacy (this depending basically on the degree of the algebraic number 
in question). The main historical importance of this theorem consisted 
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in the fact that it made possible the proof of the existence of transcen­
dental numbers, and enabled one to give specific examples of such 
numbers. As we have seen, to do this, it is sufficient to exhibit an irra­
tional number for which rational fractions give extremely close approxi­
mations, and theorem 22 shows that the possibilities for this are un­
limited. 

Specifically, Theorem 27 shows that if for arbitrary C > 0 and arbi­
trary naturalu there exist integers p and q(q > 0), such that 

(46) 

then the number a is transcendental. Using the apparatus of continued 
fractions, it is very easy to exhibit as many such numbers as we desire. 
All that is necessary is to choose elements ao, a~, · · · , ak, form the 
convergent pk/qk, and take 

a > qk-1 
k+l k • 

since then 

As a result of the above, inequality (46) is obviously satisfied for suffi­
ciently large values of k, no matter what C > 0 and naturaln may be. 

10. Quadratic irrational numbers and periodic 
continued fractions 

Theorem 27 shows that, for any quadratic irrational number a, there 
exists a positive number C, depending on a, such that the inequality 

lo.-l!....l < ~ q q2 

has no solution in integers P and q(q > 0). From this and from Theo­
rem 23, it follows that the clements of every quadratic irrational num­
ber arc bounded. Long before Liouville, however, Lagrange had dis­
covered a much more significant property of the continued fractions 
representing these irrationals (one that is even more characteristic of 
them). It turns out that a sequence of quadratic irrational elements is 
always a periodic sequence and, conversely, that every periodic con­
tinued fraction represents some quadratic irrational number. The pres­
ent section is devoted to a proof of this assertion. 
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Let us agree to call the continued fraction 

a = I a 0; a 1, a 2, ••• 1 
periodic if there exist positive integers ko and lz such that, for arbi­
trary k 2::: ko, 

In analogy with the procedure for decimal fractions, we shall indicate 
such a periodic continued fraction as follows: 

------------------~ 
a= [a0; a 1, a 2, ••• , ak.-1. ak •• ak.+l• ••• , ak.+lz- t). (47) 

THEOREM 28. Et•ery periodic continued fraction represents a quadratic 
irrational number and every quadratic irrational member is represented 
by a periodic continued fraction. 

PROOF. The first assertion can be proved in a few words. Obviously, 
the remainders of the periodic continued fraction (47) satisfy the rela­
tionship 

Therefore, on the basis of formula (16) of Chapter I, we have, for 
k 2::: ko, 

_ Pk-lrk + Pk-2 _ Pk+h-{k+ll + Pk+h-'2 Pk-flz-lrk+Pk+lz-2 
a- - = • 

so that 

qk-lrk + qk-2 qk+h-{k+lz + qk+h-2 qk+h-{k + qk+h-2 

Pk-{k + Pk-2 _ Pk+lz-lrk + Pk+h-2 

qk-lrk + qk-2 - qk+lz-lrk + qk+lz-2. 

(48) 

Thus, the number r,, satisfies a quadratic equation with integral co­
efficients and, consequently, is a quadratic irrational number. But, in 
this case, the first inequality of (48) shows that a too is a quadratic 
irrational number. 

The converse is somewhat more complicated. Suppose that the num­
ber a satisfies the quadratic equation 

(49) 

with integral coefficients. If we write a in terms of its remainders of 
order n 
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(again using eq. [16] of Chap. I), we see that r, satisfies the equation 

where .·L., 13,, and C,. are integers defined by 

A,= ap~-1 + bp,_tqn-1 + cq~-1' 
B" = 2aPn-tPn-2+b (Pn-lqfi-2+Pn-2q n-t)+2cq n-lq n-2• 

C, = ap~-2 + bp,_2qn-2 + cq;,_2, 

from which, in particular, it follows that 

With these formulas, it is easy to verify directly that 

(50) 

l (51) 

J 

(52) 

s;,-4A,C11 = (b2-4ac)(p,_lqn-2- q,_ 1p,_ 2) 2 = b2-4ac, (53) 

that is, that the discriminant of (50) is the same for all u and is equal 
to the discriminant of (49). Furthermore, since 

I a - .l!.!!.=J..I < _1 
qn-l q~-1' 

it follows that 

therefore, the first formula of (51) gives us 

from which, on the basis of (49), we have 

I -2 I o, I I A, 1 = 2aao11 _ 1+a ~+bo,_ 1 < 21 aa I +I a I+ I b 1. 
qn-1 

and, on the basis of (52), 

I c, I = I A, -t I < 2 I aa I +I a I +I b 1. 
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Thus, the coefficients An and Cn in (50) arc bounded in absolute 
value and hence may assume only a finite number of distinct values as 
n varies. It then follows on the basis of (53) that Bn may take only a 
finite number of distinct values. Thus, as n increases from 1 to oo, we 
can encounter only a finite number of distinct equations in (50). But, 
in any case, rn can take only a finite number of distinct values, and 
therefore, for properly chosen k and lz, 

rk = rk+h· 

This shows that the continued fraction representing a is periodic and 
thus proves the second assertion of the theorem. 

No proofs analogous to this are known for continued fractions repre­
senting algebraic irrational numbers of higher degrees. In general, all 
that is known concerning the approximation of algebraic numbers of 
higher degrees by rational fractions amounts to some elementary corol­
laries to Liouville's theorem, and certain newer propositions strength­
ening it. It is interesting to note that we do not, at the present time, 
know the continued-fraction expansion of a single algebraic number of 
degree higher than 2. 'vVe do not know, for example, whether the sets 
of clements in such expansions arc bounded or unbounded. In general, 
questions connected with the continued-fraction expansion of algebraic 
numbers of higher degree than the second arc extremely difficult and 
have hardly been studied. 



Chapter III 

THE MEASURE THEORY OF 

CONTINUED FRACTIONS 

11. Introduction 
In the course of the preceding chapter, we saw that real numbers can 
be quite different in their arithmetic properties. Besides the basic di­
visions of the real numbers into rational and irrational or algebraic 
and transcendental numbers, there are several considerably finer sub­
divisions of these numbers based on a whole series of criteria charac­
terizing their arithmetic nature (most importantly, criteria involving 
the approximation by rational fractions that these numbers admit). 
In all these cases, we have, up to now, been content with simple proofs 
that numbers having certain arithmetic properties actually do exist. 
Thus, we know that numbers exist admitting approximation by ra­
tional fractions of the form p/q with order of accuracy not exceeding 
1/ q2 (for example, all quadratic irrational numbers); but we also know 
that there exist numbers admitting approximation of much higher 
order (Thcor. 22, Chap. II). The following question naturally arises: 
which of these two opposite properties should we consider the more 
"general," that is, which of these two types of real numbers do we "en­
counter more often"? 

If we wish to give a precise formulation of the question just posed, 
we must remember that each time we refer to some property or other 
of the real numbers (for example, irrationality, transcendentality, pos­
session of a bounded sequence of elements, etc.), the set of real num­
bers is partitioned with respect to that property into two sets: (1) the 
set of numbers possessing that property, and (2) the set of numbers not 
possessing it. The question is then clearly reduced to a comparative 
study of these two sets, with the purpose of determining which of them 
contains more numbers. However, sets of real numbers can be com­
pared with each other from various points of view, and in terms of 
various characteristics. We can pose the question of their cardinality, 
of their measure, or of a number of other gauges. As regards both meth­
ods and results, the study of the measure of sets of numbers defined by 

51 
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a given properly of their clements has proven the most interesting. 
This study, which we shall call the measure arithmetic of the coutiuzwm, 
has undergone considerable development in recent years, and has led 
to a large number of simple and interesting principles. As with every 
study of the arithmetic nature of irrational numbers, the apparatus of 
continued fractions is the most natural and the best investigating in­
strument. However, to make this apparatus an instrument for measure 
arithmetic (that is, to apply it to the study of the measure of sets whose 
members are defined by some arithmetic properly), we must first sub­
ject the apparatus itself to a detailed analysis from all aspects. \Ve 
must, in other words, learn to determine· the measure of numbers 
whose expansions in continued fractions possess some previously stated 
property. Questions of this kind can be quite varied: we may inquire 
about the measure of the set of numbers for which a4 = 2, or for which 
q10 is less than 1,000, or which have a bounded sequence of elements, 
or which have no even elements, and so on. The methods used in solving 
problems such as these constitute the measure theory of continued frac­
tions. It is to the fundamentals and the elementary applications of this 
theory that the present chapter is devoted. 

Since the addition of an integer to a given real number does not 
change the fundamental properties of that real number, we shall hence­
forth confine ourselves to an examination of the real numbers between 
zero and one; that is, we shall always assume that a 0 = 0. Such a re­
striction to a finite interval is necessary in measure theory if we do not 
wish the measure of a set, in the general case, to be infinite. \Ve arc 
assuming that the reader is familiar with the basic propositions of 
measure theory. 1 

12. The elements as functions of the number 
represented 

Every real number a has a unique expansion as a continued fraction 

a= [a0; a1, a2, ••• ]; 

each element a,. is therefore uniquely defined by the number a; that is, 
it is a single-valued function of a: 

an= an (a). 

1 The material contained in any text on functions of a real variable will be more 
than sufficient for understanding this chapter. 
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To develop the measure theory of continued fractions, we must first 
study the properties of this function and obtain a general picture of its 
behavior. The present section is devoted to this problem. 

As we noted in section 11, we are henceforth assuming that a 0 = 0. 
For simplicity in notation, we shall always write 

instead of 

Thus, 

o:=[ap a2, •.• ) 

(al, a2, ... J = -----1 
a.+---­

a2+ 

Let us begin by examining the first element a1 as a function of a. 

Since 

it is obvious that a. = [1/ a.], that is, a1 is the greatest integer not ex­
ceeding 1/ a. Thus, 

1 1 
a1 = 1, for 1 <- < 2; I.e., 2<o:-<:1. a 

for 
1 1 1 

a1 =2, 2-<:-<3; 1.e., a-<o:-<2· a 

for 
1 i.e., 

1 1 
a1 =3, 3-<:-<4; 4<o:<a· etc. a 

In general, 

a1 = k, for 1 . 1 1 k<:-<k+1. I.e., k+1 <o:-<7i· a 

The function a 1 = a 1(a) thus has a discontinuity at all those values of a 

for which 1/ a is an integer, and it increases without bound as a ap­
proaches 0. Figure 1 gives a graphical representation. We note that a 1 

is constant throughout each of the intervals 

1 1 
k+1 <o:<:k. 
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We shall call these intervals inten•als of tltcjirst rank. \\'c note also that 

1 

J a1 (a)da=+ oo, 
0 

since this integral is obviously equivalent to the divergent series 

0 

-

-

-

'----

1 1 1 
54 3 

1 
2 

l 
FIG. 1 

Let us now examine the function a2(a), first considering some fixed 
interval of the first rank: 

In this interval, a 1 = k everywhere and, consequently, 

1 
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where 1 ~ r2 < oo and a2 = [r2]. As r2 increases from 1 to oo , , a in­
creases from 1/ (k + 1) to 1/ k, thus taking all values in the given in­
terval of the first rank. It is then obvious that 

a 2 = 1, for 1-<. r 2 < 2; i.e., 1 1 
k...L1-<.a< 

k+; 
. 

I 

a 2 =2, for 2-<.r2 <3; i.e., 
1 1 

--1--<.o:< --1 • 
k+- k+-2 3 

a 2 =3, for 3-<.r2 <4; 
1 1 

i.e., -T<a< 
k+ ~ 

. 
k+-3 

and, in general, 

1 1 
a2 =f; for l-<. r2 < l + 1, i.e., --1 -<.a< 1 k+- k+l-j-1 l 

Thus, in this fixed first-rank interval, the graphical representation of 
the function a2(a) has the form shown in Figure 2. 

1 
rn 

-
,.....--

r---

1 1 

K+l K+l 
4 5 

FIG. 2 

1 
i 
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The function a2(a) is constant in each of the intervals 

( _1_1 I 1 1 ) I 

k+7 k+ l+1 

which we shall call intervals of the second rank. Every interval of the 
first rank can consequently be partitioned into a countable set of in­
tervals of the second rank, going from left to right. (We recall that in­
tervals of the first rank form a sequence going from right to left.) The 
set of points at which a 1 = k is an interval of the first rank. The set of 
points at which a2 = lis a countable set of intervals of the second rank 
(one in each of the intervals of the first rank). Each interval of the 
first rank is defined by a condition of the form a 1 = k, and each in­
terval of the second rank by conditions of the form ar = k, a2 = l. 

Suppose that we have defined all intervals of rank 11 and that we 
are investigating the set of functions a1(a), a2(a), • • • , an(a). Each 
system of values • 

a1=k1, a2 =k2, ••• 1 an=kn (54) 

defines some interval Jn of rank n. To investigate the behavior of the 
function an+r(a) in the interval Jn, we note that an arbitrary num­
ber a of this interval may be represented in the form 

(55) 

where rn+I takes all possible values from 1 to co. Conversely, for arbi­
trary rn+I (where 1 < rn+I < co), the expression (55) gives us the num­
ber a for which conditions (54) are satisfied and which consequently 
belongs to the interval Jn. Since an+I = [rn+I], we see that in each in­
terval of rank n, the function an+r(a) assumes all the integral values 
from 1 to co. To draw a more exact picture, let us agree to denote the 
convergents of the number a, as usual, by pkjq1,. Then, 

a= Pnrn+l +Pn-1 
q nr n + 1 + q n- 1 ' 

where rn+I increases from 1 to co as a runs through the interval Jn. 
The numbers Pn, qn, Pn-I, Qn-I remain constant, since they arc com­
pletely determined by the numbers a 1, a 2, • • • , an, each of which has 
the same value for all points of the interval Jn. In particular, by setting 
rn+I = 1 and then letting rn+I-+ co, we obtain as end points of the 
in tcrval J n the points 
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and Pn. q;• 
and since 

a.-Pn=Pnrn+1+Pn-1 Pn (-1)" 
qn qnrn+1+qn-1 -q;;= qn(q11rn+1+qn-1)' 

a is a monotonic function of rn+l in the interval (1, ro ). Conversely, 
r,.+ 1-and hence, an+t-is a monotonic function of a in the interval 

J =(Pn Pn+Pn-1)· 
11 qn ' qn + qn-1 ' 

thus, as a runs through the interval fn, the function an+ 1(a) takes, in 
succession, the values 1, 2, 3, · · · , partitioning the interval J,. into 
a countable set of intervals of rank n + 1. This sequence is taken from 
right to left for even nand from left lo right for odd 11. 

Thus, the function a,.(a.), at least qualitatively, is completely de­
fined. Let us agree to call the interval (0, 1) the (unique) interval of 
rank zero, and let us cover it with a net of finer intervals, placing in 
every already constructed interval of rank n a sequence of intervals 
of rank n + 1. This sequence is taken from right to left if 11 is even 
and from left to right if n is odd. The function an+ 1(a) (for n = 0, 1, 2, 
· · ·) is constant in each of these intervals of rank n + 1. This func­
tion is monotonic and takes all integral values from 1 to ro in each 
interval of rank 11. To each system of values 

there corresponds a uniquely defined interval of rank n, and vice versa. 
The more general system of values 

am =k s s 

determines, generally speaking, a countable set of intervals. 
The first question posed by the measure theory of continued frac­

tions naturally consists in determining the measure of the set of those 
points of the interval (0, 1) for which an = k. We already know that 
this set is a union of disjoint intervals. It is then a question of evaluat­
ing the sum of these intervals. A first approximation to the solution of 
this problem is obtained quite easily. 

From here on, let us agree to denote by 

E(n1, n2, •• • , ns) 
k" k2, .. . , ks 
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the set of points of the interval (0, 1) for which the following conditions 
are satisfied: 

here, of course, all then; and k; arc natural numbers and the ni are 
all different from each other. We already know that such a set is al­
ways a union of intervals. In particular, the set 

( 1, 2, ... , n ) 
E k 1, k2, .•. , kn 

is, as we know, an interval of rank n, characterized by the relationships 

at=kt 

Obviously, we always have 

(i = 1, 2, ... , n). 

(56) 

Finally, let us agree to denote by ID1E the measure of the set E. Let 
us consider an arbitrary interval 

of rank n containing the interval 

J~8~ 1 = E (1, 2, ... , n, n + 1) 
k 1, k2, ••• , kn• s 

of rank n + 1. We already know that the end points of the interval Jn 
are the points 

and 
Pn + Pn-l 
qn+qn-l 

where pk/qk denotes the convergent of order k of the continued fraction 

[k1, k2, ••• , knl· 
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On the other hand, for all points of the interval J n+l(s), we have 

an+l = [r ntd = S, 

and hence, 

Thus, among all the points 

ex= Pnrn+l + Pn-1 
qllrn+1 + Qn-1 

of the interval Jn, those for which s ~ Tn+l < s + 1 belong to the 
interval J n+lc•>. Hence, it follows, in particular, that the end points 
of the interval J n+l(•) will be the points 

Therefore, 

PnS + Pn-1 and Pn (s + 1) + Pn-1 
QnS + Qn-1 Qn (s + 1) + Qn-1 

ffiU -1 Pn _ Pn+Pn-1 \= 1 = 1 
n- Qn Qn + Qn-1 qn (qn + Qn-1) q~ (1 + q~~1) ' 

mu(s) -jPnS + Pn-1 _Pn (s + 1) + Pn-1 I 
n+l- PnS + qn-1 Qn (s + 1) + Qn-1 

1 = ..--[ q-n-S -.,.+-q_n __ ....,J):-:(,....q ~ (s + 1) + q n- J} 

=I q~s2 (1 + ~)~(1 + ..!._ + !fu=-!.) I· 
sq11 s sq11 

and, consequently, 

Here, the second factor on the right side is obviously always less than 
2 and greater than !· (The last assertion results from the facts that 

l + Qn-1 

--~q'-'-n- > 1 and 
l + Qn-1 

sqn 
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Therefore, we obtain 

1 ~JU~l 1 2 
3s2 < Wl.Jn <52' (57) 

This shows that, given an arbitrary interval of rank 11, the interval 
of rank 11- + 1 characterized by the value an+! = s occupies a part of 
the given interval of the order of 1/ s2• The fact that the bounds given 
by the inequalities in (57) are completely independent not only of the 
numbers k1, k2, • • • , kn but also of the rank n (and arc determined 
exclusively by the number s) is extremely important. If we rewrite 
these inequalities in the form 

Wl.J n < SJJlJ (s) < 29JU n 
3s2 n+l 5 2 • 

sum over all intervals Jn of rank n (or, equivalently, over k1, k2, • •• , 
kn from 1 to oo ), and, finally, note that 

we obtain 
_I_ < !f.JlE (n + 1) < ~. 
3s2 s s2 

This provides a first approximation to the solution to the problem 
being considered. We see that the measure of the set of points at which 
some definite clement has a given values always lies between 1/3s2 
and 2/s2 (and consequently, is a quantity of the order 1/s2). 

13. Measure-theoretic evaluation of the increase 
in the elements 

\Ve now have the necessary tools for solving problems involving the 
measure of sets containing an infinite number of elements. As a first 
example of such a problem, we shall prove the following simple theo­
rem. 

THEORE.\1 29. The set of all members in the i11ten·al (0, 1) with bounded 
elements is of measure zero. 

PROOF. We denote by E.1r the set of numbers in the interval (0, 1) 
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all of whose elements are less than M. Let Jn be any interval of rank n 
whose points satisfy the conditions 

al < M (L= 1, 2, ... , n). (58) 

The points of the interval J n that satisfy the additional condition 
an+! = k form an interval of rank n + 1. We denote this interval by 
Jn+!Ck>. From the first of the inequalities in (57), 

apJ(k) > 1 m•J 
:;LJl n+l 3k2 ~l n• 

so that 

Wl ~ ill> >..!.. fJJ'J ~ _1 ~ n+l 3 l n ~ k2 

k;>M k;;;.M 

00 00 

1 -~l ~ 1 1 !Dl r du 1 > 3 1n ~ (M + 1)2 > 3 1n . /i2 = 3 (M + 1) r.rJl.Jn• 
l=l .M+l 

and since 

it follows that 

00 

~ (k) 
."-J J n+l = ln, 
k=l 

Wl ~ J~k~~ > { 1 - 3 (M
1+ 1)} !DU11 = -..9JU11 , (59) 

k < Af 

where 
1 

"= 1 - 3 (M + I); 

here, obviously, T < 1 if M > 0. 
If we denote by EW the set of numbers of the interval (0, 1) char­

acterized by conditions (58), we see from inequality (59) that the meas­
ure of that portion of the set E~[+l) contained in some interval Jn of 
rank n is less than that of T9JUn. Since, obviously, an interval qf rank n 
that docs not belong to the set E~[> (that is, one that does not satisfy 
the conditions in eq. [58]) cannot contain any point of the set E~1[+l), if 
we sum inequality (59) over all intervals of rank n in the set EW, we 
obtain 

WlE~+ll < 't!DlE~>. (60) 
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Successive application of this inequality gives us 

~:mE;~+I) < -::n!fJiE~} (n ~ 1). 

so that 

as n ->-co, 

since r < 1. But the set E.1r that we have defined above is obviously 
contained in each of the sets EW. Consequently, 

~!REAt = 0. 
:\0\v setting 

we obtain 
co 

9JlE <. ~ SJJlEJir = 0. 
Jlf =I 

But every number with bounded elements obviously belongs to the set 
E.1r for sufficiently large M and, hence, belongs to the set E, which 
proves the theorem. 

\Ve know (Theor. 23, Chap. II) that numbers with bounded ele­
ments are those numbers a that do not admit an approximation by 
rational fractions better than in accordance with the law 

la-.1!.../<.£. q 'q2 (61) 

(We note that among these numbers arc all quadratic irrationals.) \Ve 
see now that all these numbers form a set of measure zero. In other 
words, almost all numbers (that is all but a set of measure zero) admit 
a best approximation by rational 'fractions. Evidently, then, the basic 
problem of the measure theory of approximation is the question of de­
termining the measure of the set of numbers admitting some specified 
degree of approximation by rational fractions. In particular, what is 
the best law of approximation admitted by almost all (see above) num­
bers? In other words within what limits can the law given by in­
eq~ali~y (61) be impr~ved if we agree to ne_glect the s~t of numbers a. 
which Is of measure zero? We shall solve this problem m the next sec­
tion. 
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THEOREM 30. Suppose !/rat <P(n) is an arbitrary posith:efmzction with 
natural argume11l 11. Tire i11equality 

an=a11 (a)~'f(ll) (62) 

is, for almost a./1 a, satisfied by an i11fi11ite number of mlues of u if the 
series :::!:;:'= 1 1/ <P(n) diverges. On tire otlzer lzand, tlzis inequality is, for al­
most all a, satisfied by 011ly a. finite number of t1alues of n if llze series 
~:'= 1 1/ cp(n) converges. 

PREU.\IIN:\RY REMARK. In particular, if we set the function cp(n) 
equal to a constant positive number M, we conclude from Theorem 30 
that the set E.ll, which we used in proving Theorem 29, is of measure 
zero. Thus, Theorem 29 can be regarded as one of the simplest cases 
of Theorem 30. 

PROOF. The first assertion of the theorem is proved in a manner com­
pletely analogous to that used in the proof of Theorem 29. Suppose 
that J,+n is an interval of rank m + 11 at all of whose points 

(i=l, 2, ... , n). (63) 

(We shall not impose any conditions on a1, a.2, • • • , am.) Keeping the 
notation that we used in the proof of Theorem 29, we obtain the in­
equality, analogous to inequality (59), 

Wl ~ J!!~n+! < { l --3 (1 + 'f (ml + n + 1))} 9)Um+n· 
k <or (m+n+!) 

When we sum this inequality over all intervals of rank 111 + n that 
satisfy conditions (63) (denoting the set of all numbers of the inter­
val (0, 1) satisfying these conditions by Em, n), we obtain 

Successive application of this inequality gives 

If the series ~;;"= 1 1/<P(n) diverges, the series 

= 

~ 3 (1 + cp ~m +f)) 
1=2 
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will obviously, for arbitrary m, also diverge. From the theory of infinite 
products, it follows that the product 

n 

JJ{ 1 - 3(I+cr~m+t))} 
approaches zero as n ~ oo. Thus, we have, for arbitrary m, 

ll-> 00. 

But every number a for which 

am+l < cp(m+l) (i =I, 2, ... ), 

obviously belongs to all the sets 

Em.n (tt= I, 2, ... ); 

therefore, the set of all these numbers which we shall denote by E ' '", 
must be of measure zero. Finally, if we set 

E1+E2+ ... +Em+ ... =E. 

we see that 'i!RE = 0. But every number a for which inequality (62) 
is satisfied only a finite number of times must, obviously, for suflicient­
ly large m, belong to the set Ern and, hence, to the set E. This proves 
the first assertion of the theorem. 

Suppose now that the series 2;~= 1 1/~P(n) converge~. Suppose that 
Jn is one of the intervals of rank nand that J~')1 is an mterval of rank 
n + 1 contained in Jn and defined by the additional condition that 
an+l = k. From the second inequality of (57), we have 

~U~ki1 < i2 ~TJUn. 
so that 

ml '\-, (k) 2 mJ 
:J.J ~ ln+l < l:J.Jin 

k> '!'(n+l) 

<X> 

..::;;;: 2~JUn~ { (n + \) + 1}2 
1~0 r.p 

co ) 1 da = . 4'iffiln _ 

< 2~Un ( <r (n + 1) + f Lf2 'r (n + 1) • 
'i' (n +I) 
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If we denote by F,. the set of numbers of the interval (0, 1) for which 
a,.~ 1,0(11) and sum the inequality obtained over all intervals J,. of 
rank 11, we sec that 

since ~i'OlJ,. = 1. Thus, the measures of the sets F~, F2 , • • • , F,., · • • 
form a convergent series. Denoting by F the set of those numbers in 
the interval (0, 1) that belong to an infinite number of sets F,., we 
then have~ 

WlF=O. 

But the set F is, of course, just the set of numbers for which the in­
equality (62) is satisfied for an infinite number of values of n. This 
proves the second assertion of the theorem. 

14. Measure-theoretic evaluation of the increase in the 
denominators of the convergents. The fundamental 
theorem of the measure theory of approximation 

THEOREM 31. There exists an absolutely positi~·e constant B such tltat al­
most et·erywlwre, for sufficiently large n, 

qn = qn (a)< eBn. 

PRELDIINARY REMARK. We saw in section 4 of Chapter I (Theor. 12) 
that the denominators q,. for all numbers a increase with increasing n 
no more slowly than some geometric progression with absolutely con­
stant ratio. Theorem 31 asserts that, for almost all a, the numbers q,. do 
not increase faster than some other geometric progression, also with 
absolutely constant ratio. This situation can be expressed in a differ­
ent way: there exist two absolute constants a and A (where 1 < a < A) 
such that, for almost all numbers a in the interval (0, 1), for sufficient­
ly large 11, 

2 This is a well-known theorem in measure theory. However, here is the proof: 
Obviously, the set F is, for arbitrary m, contained in the set 2:::"=mFni the measure 
of the latter set docs not exceed 2:::=mffi1Fn and, consequently, for sufiicicntly large 
m, it may be made arbitrarily small. 
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In fact, there is a considerably stronger proposition: there exists an 
absolute constant 'Y such that almost everywhere 

n 
V q n ~ 1 (n -> co); 

however, the proof of this theorem is considerably more complicated 
and requires certain more powerful tools, which we shall discuss in 
sections 15 and 16. Unfortunately, the framework of the present book 
does not allow inclusion of this proof.3 On the other hand, for our im­
mediate purpose, which is to establish Theorem 32, the property of 
the numbers qn referred to in Theorem 31 is quite sufficient. 

PROOF. We denote by En(g) (n > 0, g 2: 1) the set of numbers in the 
interval (0, 1) for which 

ala2 .•• an~ g. 

Obviously, this set represents a system of intervals of rank 11. The 
length of any one of these intervals is, as we know from section 12, 
equal to 

i
Pn_Pn+Pn-ll= 1 <_!_< 1 
qn qn + qn-l q, (qn + qn-l) q~ (anan-1 · • · a2a1)2 ' 

since successive application of the obvious inequality 

qn > anqn-1 
gives 

Therefore, 

!))/En (g)< ~ a~a~-1 ... a2a2 , 
a1a, ... an>g 21 

(64) 

where the summation is taken over all combinations of natural num­
bers a1, a~, • • • , an that satisfy the inequality a1a2 • • • On 2: g. To 
evaluate this sum, we note that 

n n n 

II _!_ = II (' + -.!.) 1 ~ 2/1 II 1 
1 ~ 1 aY l~l atadat+1)"" la 1 at(at+1) 

n at+! a,+ I a,+l an+l 

- 2n n f dXt = 2n f f }' dxl dx2 ... dXn 
- ~ ... 22 2. 

t=1 at xi a, a, an xlx2 ... Xn 

3 Proof of the above statement was obtained by Khinchin in 1935. Sec "Zur 
metrischen Kettenbruchtheorie," Compositio Matlzematica, 3, No.2, 275-285 (1936). 
Soon afterward, the French mathematician P. Levy found an explicit expression 
for the constant -y, namely, In "Y = 11"2/(12 In 2) (see P. Levy, TlziJoric de ['addition 
des variables aleatoires, Paris, 1937, p. 320). (B. G.) 
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and, consequently, 

over the region 
x 1:> l (i =I, 2, .... n). 

xlx2 ... Xn ~-g. 

For g ~ 1, this region is obviously 
i = 1, 2, · · · , n), and we obtain 

the region 1 ~ x; < oo (for 

J.(g)~u~: r ~ 1 

Let us now show that, for g > 1, 
n-1 

1n <g)=!~ 0~f>l 
1=0 

For n = 1, this equation is of the form 
ro 

f dx = .!._ 
x2 g 

0 

(g <I). 

and hence is true. Assuming it is true for n = k, we have 

Jk+l (g)= fro dx;+l Jk (x g ) = g1 rg Jk (u) du 
j xk+l k+l 0 

~! (/ J,(u)du + / J,(u)du )· 

(65) 

(66) 

If, in the first integral, we substitute the value of J~:(u) given by for­
mula (65) and, in the second, that given by formula (66) (which we 
are assuming established for n = k, g 2: 1), we obtain 

1 (lng)l~-1 1 (lng)i 
Jk+l(g)= g I+~ (l+ I) =-g L ·-i!, I k-1 ) k 

z~o t~u 
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which proves the assertion. Thus, 
n-1 

9JiEn (g)<~~ (lnl)l. 
l=O 

In particular, if we set g = eA", where A > 1 is a constant, we have 
n-1 

!JJlEn (eAn) < en (1n2-A) ~ (A17)1 • 

1=0 

It is easy to see that in this sum each term is less than 
(An)n • ----nr-. 

therefore, if we use Stirling's formula for approximating the factorial, 
we obtain 

9JlE (eAn) < en (In 2-A) n (An)n 
n n! 

< cen(ln2-A) n(An)" <C Vlie-n(A-InA-Ir,2-1) 
1 n -n .. r 2 • n e r n 

where cl and c2 are absolute constants. 
But if A is sufficiently large, 

A- In A- In 2 - 1 > 0, 

and, consequently 9J1En(eA") is less than the nth term of some con­
vergent series. Since the series 

converges, every number in the interval (0, 1), with the exception of 
a set of measure zero, belongs to only a finite number of the sets 
En(eAn). This means tha_t for almost all numbers in the interval (0, 1), 
we must have, for sufficiently large n, 

ala2 ... a, < eA": 

also, since 

and, consequently, 



MEASURE THEORY 69 

it follows that almost everywhere, for sufiiciently large 11, 

qn < 2neAn = eBn, 

where B = A + In 2. This completes the proof of Theorem 31. 
This result, which in itself is of considerable interest, is especially 

important for us at the moment, since we can use it to obtain a simple 
solution to the basic problem of the measure theory of approximation. 

THEORE:II 32. Suppose tlzat f(x) is a positit·e continuous function of a 
positit·e mriable .r and that xf(x) is a non-increasing function. Tlzen, tlze 
inequality 

(67) 

lzas, for almost all a, a11 infinite number of solutions in integers p and q 
(with q > 0) if, for some positi<·e c, the integral 

J f(x)dx (68) 
c 

di<·erges. On tlze other hand, inequality (67) lzas, for almost all a, only a 
finite number of solutions in integers P and q (witlz q > 0) if tire integral 
(68) comerges. 

PRELHIINARY REMARK. In particular, on the basis of Theorem 32, 
the inequality 

has, almost everywhere, an infinite number of solutions. On the other 
hand, the inequality 

has, for every constant e > 0, almost everywhere, only a finite num­
ber of solutions. From these facts, we can get an approximate idea of 
what changes to expect in the general law of approximation if we agree 
to neglect a set of measure zero. 

PROOF. Part I. Suppose that integral (68) diverges. Let us define 

Cf (x) = eBx f (eBx), 
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where B is the constant referred to in Theorem 31. Then, the integral 
A BA 

I 9(x)dx= ~ I /(u)du, 
a Ba 

where A > a > 0, increases without bound as A- co. Since the func­
tion tp(x) is, by hypothesis, non-increasing, the series 

<X> 

~ Cf (n) 
n =I 

diverges. On the basis of Theorem 30, we now conclude that, almost 
everywhere, the inequality 

is satisfied for an infinite set of values of i. But when this inequality 
is satisfied, 

(69) 

On the basis of Theorem 31, we have, almost everywhere, for sufiicient­
ly large i, 

so that 

Therefore, inequality (69) almost everywhere implies the inequality 

( Inq1) 

I
(]. -PI I <. 'i' '! = f ( q I) • 

ql qi ql 

for sufficiently large i. This inequality is satisfied almost everywhere 
for an infinite set of values of i. This proves the first assertion. 

Part 2. Let us now suppose that integral (68), and hence the series, 

co 

~I (n), 
n=l 



MEASURE THEORY 71 

converges. Let us denote by En the set of numbers a in the interval 
(0, 1) that, for a suitably chosen integer k, satisfy the inequality 

lex-: I <f~n>. 
(Obviously, the set En consists of the set of intervals of length 2j[n]/n, 
with centers at the points 1/n, 2/n, · · · , [n- 1]/n and of the inter­
vals IO,j[nl/nl and 11- j[n]/n, 1}.) We then have 

9JlEn < 2/ (n). 

(The symbol < holds if j[n] > !·) Thus, the series 
00 

~ 9JlEn 
n~i 

converges. \Ve conclude from this, just as we have done on previous 
occasions, that almost every number a in the interval (0, 1) can belong 
to only a finite number of sets En. This means that almost all the num­
bers a in the interval (0, 1) satisfy the inequality 

for a sufTiciently large positive integer q and for an arbitrary integer p. 
This proves the second assertion of the theorem. 

In the next section, we shall learn a method that makes it possible 
to solve much more profound problems in the measure theory of con­
tinued fractions. 

15. Gauss's problem and Kuz'min's theorem 
The problem that we are about to discuss was, historically, the first 
problem in the measure theory of continued fractions. This problem, 
posed by Gauss, was not solved until1928.~ 

Setting, as usual 
ex=(O; a 1, a2, •• • , an, ... ], 

r n = r n (ex}= (an; an+ I• an+2• ... ), 

• Sec R. 0. Kuz'min, "Ob odnol zadachc Gaussa" (a problem of Gauss), Doklady 
akad. nauk, ser. A, 375-380 (1928). Another solution was published in the article 
by P. Levy, "Sur lcs lois de probabilitc dont dependent les quotients complets et 
incomplcts d'unc fraction continue," Bull. Soc. Math., 57, 178-194 (1929). (B. G.) 
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we denote by z,. = z,.(a) the value of the continued fraction 

[0; an+!• an+2• ... ], 
that is, we set 

Obviously, we ah1·ays have 

We denote by m,.(x) the measure of the set of numbers a in the inter­
val (0, 1) for which 

Zn (et) <X. 

In one of his letters to Laplace, Gauss stated that he had succeeded 
in proving a theorem that implied that 

lim m (x)=·ln(l +x) (O<x< 1). 
n ~ex> 11 In 2 

In his letter, he indicated that it would be very desirable to obtain an 
estimate for the difference 

m (x) _ Jn(l +x) 
n ln 2 (70) 

for large values of n, but th~t he had been unable to do so. Apparently, 
Gauss' proof was never published, nor were other proofs of his assertion 
known before 1928, when Kuz'min published his p~oof and gave a good 
estimate for the difference (70). The present sectiOn is devoted to an 
exposition of these results and of certain generalizations of them that 
we shall need later.5 

It was already known to Gauss that the sequence of functions 

m0 (x), m1 (x), m2 (x), ... , mn (x), ..• 

satisfies the functional equation 

00 

mn+ 1 (x)= ~ {mn(})-mn(k~x )}CO<x<;:1,n~O). (71) 
k~! 

5 Like Gauss, Kuz'min formulated the results in probability-theory terms which 
of course, does not affect their content from the standpoint of measure. ' ' 
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To show this, note that, on the basis of the obvious relationship 

I 
Zn= ' an+l +zn+l 

the inequality 

is satisfied if, and only if, for a suitably chosen positive integer k, 

I I 
k+x <zn<Ji· 

Since the measure of the set of numbers satisfying this inequality is 
obviously 

relationship (71) holds. 
It can easily be verified directly that the function 

<p (x) = C In(! +x) 

satisfies the equation 

for an arbitrary constant C, which probably helped Gauss in finding 
the proper expression for the limit of the function mn(x) as 11 ~ ro. 

Formal differentiation of equation (il) gives 
00 

m~+l(x)=~ (k~x)2 m~(k~x)· 
k=l 

(72) 

The validity of (i2) can easily be shown in a rigorous manner. Since 
obviously zo(a) = a, we have mo (x) = x, and hence m' o(x) = 1. If the 
function m'n(x) is, in general, bounded and continuous for some 11, the 
series on the right side of (72) converges uniformly in the interval 
(0, 1). The sum of this series is therefore bounded, continuous, and 
equal tom' n+I (x) (due to the well-known theorem on term wise differen­
tiation of series). Thus, (72) is proved inductively. 

Equation (72) is much more convenient for making investigations 
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than is equation (71). Kuz'min's basic result, which we shall now prove, 
has to 'do with this relationship. 

TnEORE:\1 33. Suppose tlzat /l(x), h(x), • • • , f,.(x), • • • is a sequence 
of real fzwctions defined on tlze inlen•al (0, 1) tlzat, on that inlerml, satisfy 
the relationship 

If, for 0 ~ x ~ 1, 

and 

then, 

where 

0</0 (x)<M 

I t~<x> I< p.. 

a ,-
/ (x) = --+ OAe-I.Ji n n 1 +x 

I 

(n~O). 

(0 <:X<: 1), 

a= 1~ 2 jf0 (z)dz, 10\<1. 
0 

(73) 

}.. is a11 absolute positiJ:e constant, and .·1 is a positit·e constant depending 
only on M a11d J.l.· 

The proof is complicated, and therefore we shall first give several 
elementary lemmas. 

LEM?.lA 1. For arbitrary 11 2': 0, 
(n) 

I () ~/ (Pn+XPn-l) 1 
n X = ~ 0 qn+xqn-l (qn+xqn-!)2 ' (74) 

wltere (p,.jq, (p,. + Pn-J)/(q,. + q,._I)) is an arbitrary interml of rank n 
and lite summation takes place m•er all intermls of rank n (or, what is tlte 
same thing, o'i:er lite elements a~, a2, • • • , a,. from 1 to co). 

PROOI'. For 11 = 0, (74) is trivial, because in that case there is a 
unique interval (0, 1) for which Po = 0, qo = 1, p_ 1 = 1, and q_1 = 0. 
Assuming now that equation (74) is valid for some 11, we have, on the 
basis of the fundamental equation (73), 

co 

fn+l(x)= ~ (k~x)2 fn(k~x) 
k=l 
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(n ~I) 

_ "5" / ( Pn+l + XPn) 1 
- ~ 0 q,l+l + xqn (qn+l + xqn)2 ' 

which proYes the lemma. 
LEmJ..\ 2. Cmler the conditions of Theorem 33, for 11 ?: 0, 

I!~ (x) I < 2''11-_3 + 4M. 

PROOF. If we differentiate (i~) termwise, we obtain 
(n) 1 (n) 

/ '( ) ~ /'() (-1)"- 2 ~/ ) qn-1 
" X = ~ o ll (q" + xq,_l)• - ~ o (ll (q, + xqn-1)3 • 

where 

ll = Pn + XPn-1 . 
qn + xqn-1 

The ,·alidity of termwise differentiation follows from the uniform con­
vergence of both sums on the right side for 0 ::::; x ::::; 1. We note that 

1 < ---:2-~ 
(qn + xqn-1)2 qn (qn + qn-1) 

Then, on the basis of Theorem 12 of Chapter I, 

qn (qn +qn-l) > q~ > 2"-l, 

and, in view of the obvious relationship 
(n) (n) 

~ 1 ~I Pn Pn+Pn-1 
~ q(qn+qn-1) = ,t,J. qn- qn+qn-1 

we have, because of the conditions of Theorem 33, 

lf~(x)l < 2,';_3 +4M, 

which was to be proved. 

I= •. 
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LE:\DI.-\ 3./f 
t T 

1 + x < f n (x) < 1 + x 

it follows 1/zat 
t T 

1+x <fn+l(x)< I+x 

PROOF. Under the conditions of the lemma, the fundamental equa­
tion (73) gives 

00 00 

~ t1 (k~x)2<fn+l(x)<~ Tl (k~x)2' 
k=l I+ k+x k=l I+ k+x 

or 
~ 00 

t ~ (k+x)(~+x+l) <fn+l(x)< T~ (k+x)(ki+.x+l)' 
k=l k=l 

or, equivalently, 
= 00 

t ~(k~x-k+~+1)<fn+1(x)< T2(k~x-ll+~+ I)' 
k=l k=l 

or, finally, 
t T 

1+x <fn+l(x)< l+x' 

which was to be proved. 
LEl\lllf.-\ 4. 

I 1 

J fn(z)dz= J /0 (z)dz (n=O, 1, 2, ... ). 
0 0 

PROOF: Because of the fundamental equation (73) (for u > 0), 

I 00 1 

.! fn(z)dz= ~.! fn-1 (k~z) (k~z)2 
0 k=l 0 

1 

00 k 1 

=~ ,{ 1n- 1(u)du=.J fn_ 1(u)du, 
k=l_l_ 0 

k+l 

so that the lemma follows by induction. 
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PROOJ' OF TnEORE:\l 33. The function .fo(:\:) is, by hypothesis, differ­
entiable and hence continuous for 0 ::::; x ::::; 1; since it is, again by 
hypothesis, positive in that interval, it must have some positive mini­
mum, which we shall denote by m. From the condition m ::::; f 0 (x) < M 
(for 0 ::::; x ::::; 1), we obtain 

m I 2M 
2(1 +x) < o(x) < 1 +x (O<x< 1), 

or 
g a 

1+x <lo(x)< I+x (O<x< 1), 

where 

We now define 

m 
g=T· 

In (x)- 1 t x = <?n (x) (O<x< 1, n=O, 1, 2, ... ). 

On the basis of Lemma 3, the function F(x) = g/(1 + :\:) satisfies the 
equation 

00 

F (x) = ~ F ( k ~ x) (k ~ x)2 
k~l 

(which can easily be shown by direct verification). From this, it obvi­
ously follows that the sequence of functions 

!fo (x), q>l (x), ..• • q>n (x), ... 

satisfies (73). Therefore, all the conclusions that we have deduced from 
that equation, in particular (74), arc valid. As before, we set 

u'= Pn+XPn-l 
qn +xqn-l 

for brevity. Thus, we have 
(n) 

c;,(x)-~c:;'tl) 1 
otl - ~ oO\ (q+xqn_,)2' 

so that, on the basis of the obvious inequalities 

qn + xqn-i < q11 +qn-1 < 2qt, and r.p0 (u) > 0, 
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we obtain 

(75) 

On the other hand, the mean value theorem gives us 

1 (n) 

} /' 1 "", 1 1 
2, 'fo(z)dz=2 ~9o(u) qn(qn+qn-1)' (76) 

0 

where u' is one of the points of the interval (Pnl qn, (Pn + Pn-t)/ 
(qn + qn-t)), and 1/[qn(qn + qn-t)l is the length of this interval. Re­
lations (75) and (76) give us 

1 (n) 

Cfn(x)-~j?o(z)dz>~~(<p0 (u)-·f0 (u')) ( ~ )' 
IJn qn qn-1 

0 
But since, obviously, (77) 

I 'flo (x) I < I/~ (x) I + g < f.L + g 
it follows that 

Inequality (77) then gives us 
' 1 

where 
Cfn (x) > ~ J <ro (z) dz- P· 't g =I 

0 

1 

l= ~ J cp0 (z)dz. 
0 

Thus, we obtain 

(O<:x< I), 

P·+g 
-211' 

fn (x) > I +g x + l- ,_.. + g > g + /- 2-n II (P +g) = ____ffj__ 
~ l+x l+x 

If we examine the sequence of functions 

a 
cJ!n(x)=f+x-fn(x) (n=O, 1, 2, ... ) 



MEASURE THEORY 79 

and follow the same line of reasoning as before, we obtain the inequality 

where 

a-1'+2-n+l(P.+ a) a, 
ln(x)< 1+x =1+x' 

1 

l' = ~ J ~0 (z)dz. 
0 

Since l > 0 and l' > 0, we have, for sufficiently large 11 , 

and 
g < gl < o, <a 

Also, since 

1 

l + l ' 1 r a- g In" = 2 . ---r+z dz = (0 - g) T, 
0 

we have 

where 

is an absolute positive constant. 
Let us summarize the results that we have obtained. From t/ze con­

ditions tlzal 

g I a 
1 +X < O (X) < 1 + X ' 

we ha~·e shown that, for sufficiently large 11, 

1 ~\ < I r. (x) < 1 ~~x , 
wlzerc 
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If we now start with the function fn(x) instead of f 0(x) and repeat the 
line of reasoning that we have used, we obtain 

1 t x < f2n (x) < 1 ~2x 
and 

g, < g2 < o2 <a,. 
02- g2 < o (0 1 - g 1) + Tn+ 2 (p.1 + 0 1), 

where f.l.l is a positive number such that 

If~ (x) l < P.t (0-< X-< 1). 

If we carry this process further, we obtain, in general, 

(0 -< x .:(: I; r = 0, l, 2, ... ), 

and, for r > 0, 

(78) 

where f.l.r-l is a positive number such that 

J!~r-l)n(x)j < ltr-1 (O<x<;: I). 

On the basis of Lemma 2, we can set 

- 1 ~ +4M P.r- 2rn-3 (r = 0, I, 2, ... ), 

and, consequently, if 1t is chosen sufficiently large, 

p., < 5M (r=I, 2, ... ). 

Therefore, successive application of inequality (78) gives us (for r = 1, 
2, • · · , n) 

0,1 - gn < (0- g) on+ 2-n+2 {(p. +2M) 0n-t 

+7Mon- 2 +7Mon-3+ ... +7M~+7M}. 

Since li < 1 is an absolute constant, it obviously follows that 
On- g,z < Be-J·n, 
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where >.. > 0 is an absolute constant and B > 0 depends only on Af 
and J.l. 

From this, it follows, first of all, that there is a common limit 

lim On= lim gn=a 
n-7oo n-7oo 

and that 

lfn•(x)- _a_,< Be-J.n 
I 1 +x 

so that, in particular, 

I 

J f n' (z) dz -> a In 2 
0 

(n -> oo), 

and, consequently, on the basis of Lemma 4, 

Finally, suppose that 

1 

a= 1; 2 J /0 (z)dz. 
0 

n2<.N<Cn+1)2. 
Since, on the basis of inequality (i9), 

a~2!e:"n < fn•(x)< 

it follows from Lemma 3 that 

a- 2Be->-n < f N (x) < a+ 2Be-"l.n 
I+x l+x 

or 

I! N (x)- 1 ~xI< 2Be->-n = Ae->- (II+ I)< Ae-" Vlv, 

(79) 

where ;1 = 2J3eX. This inequality, which we have established for suffi­
ciently large N, is obviously true for all N ;::: 0 if we choose a sufficient­
ly large constant .-1. This completes the proof of Theorem 33. 

Let us now turn to Gauss's problem. If we set 

fn (x) = m~ (x) 
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we obtain f 0 (x) == 1. Therefore, all the conditions of Theorem 33 are 
satisfied. Thus, we obtain 

\ m' (x)- 1 I< Ae-A Vii 
n (1 +x) ln2 (80) 

from which, by integrating, we obtain 

I m (x) - In (1 + x} \ < Ae-A Vii" 
n ln2 (0-< X-< 1), 

where . .:1 and A are absolute positive constants. This not only proves 
Gauss's assertion, but also gives a good approximation of the remainder 
term.6 

Let us now usc this result to obtain an approximation of the meas­
ure of the set of points for which an = k for sufficiently large values 
of n. Since, obviously, the condition an = k is equivalent to the in­
equalities 

it follows that 
I 

k 

9YE(n) (1) ( 1 ) ./' tn'n_ 1 (x)dx. I k = mn-1 7i - mn-1 k + 1 = 

On the basis of inequality (80), it follows that 

I 
k+l 

I 'JJlE(n)_In{ 1 +k(k~2) 1 1<~-e->.l'n-1. (81) 
k In 2 k (k + 1) 

We now have a precise limiting relationship for the quantity9RE(~), 
6 The method that Levy used makes it possible to obtain a better approximation. 

He showed that 

I In (1 + x) I mn (x)- In 2 < Ae-~n (0~ X~ 1). 

(B. G.) 
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for which we had only rather crude inequalities in section 13. Specifi­
cally, 

(n -> oo). 

Thus, for example, the measure of the set of points for which an = 1 
approaches the quantity 

as n ~ 00 • 

ln4-ln3 
ln2 

Besides proving Gauss's assertion, Theorem 33 enables us to obtain 
a more general result, the importance of which will be shown below. 
We denote by M,(:t:) the measure of the set of numbers belonging to 
some fixed interval of rank k and satisfying the condition Zk+n < x; in 
other words, Mn(x) is the measure of the set of numbers in the interval 
(0, 1) satisfying the condition 

(82) 

where r 1, r2 , • • • , r1, are certain fixed natural numbers and where 
n ~ 0 and x(O ::::; ;~; ::::; 1) can be varied arbitrarily. 

For the conditions (82) to be satisfied, it is obviously necessary and 
sufli.cient that 

where r is some natural number. It then follows that 

00 

Mn(x)=~{Mn-1(;) -Mn-l(r~x)}<n>-1, O<x<l), 
r~l 

so that the sequence of functions M~(x), M~(x), · · • , M;.(x), • • • 
satisfies equation (73). 

An arbitrary number a of the interval [pk/qk, (pk + Pk-!)/ 
(qk + qk-1)] can be represented in the form 

_ pkrk+l +Pk-1 
Cl- • 

qkrk+l + qk-1 
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or, since z,, = l/r~.-+ 1 , 

ex_ Pk + zkpk-t 
- qk+zkqk-1. 

For z~.- < .r, the number a must lie between pJ./q,, and (h + xpk_1)/ 
(q~: + xq~:-- 1). Therefore, 

M ( ) -I !!Jr.- pk + xpk-1 1- x 
0 X- qk qk+xqk-1 -qk(qk+qk-1x)" 

(83) 

If we now set 

(
1, 2, .... k) 

Mrz (x) = IJJW ..• ' 'k X.n (x) (It:> 0, 0-< X-< 1), 
't· '2· 

we obtain a new sequence of functions: 

X.o (x), X. 1 (x), ... , Xn (x), ... ; 

here, the functions x~(x), which differ from the corresponding func­
tions M 1 n(x) only by a constant factor, also satisfy (73). Since obviously 

equation (83) gives us 

so that 

and 

Thus, 

; < X.~ (x) < 2, I x.~ (x) 1 < 4 
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This shows that Theorem 33 can be applied to the sequence of func­
tions x',.(x), where the numbers A and A will be arbitrary constants 
(in particular, independent of r1, r2, · • • , r~:). We thus obtain 

M;, (x) 1 1 _ 

x.' (x) = = + BAe- J- l r' I SJ < 1 
n ~mE( 1, 2, ... , k) (l+x)ln2 • · 

rl, r2, ... ' rk 

If we integrate this relation between the limits 1/(r + 1) and 1/r, 
where r is an arbitrary natural number, we obtain, for JO'J < 1, 

In { 1 + r (r ~ 2) } 0' A + e-').. Vfi .. 
In2 r(r+I) 

and since, obviously, 

M (J.)-M (-I-)= 9JlE( I, 2, .... k, k+n+ I) 
n r n r + I r~o r2 , ... , rk, r • ' 

we have 

9JlE ( I. 2, ... , k, k + n + 1) 
r 1, r 2, ••• , rk, r 

= ( In { I + r (r ~ 2) } + 0' Ae- ').. Vfi) ~mE ( 1, 2, .... k). 
In 2 r (r +I) r~o r 2, ••• , rk 

Finally, we can sum this relationship from 1 to co for certain of the 
numbers r 1, r 2 , • • • , '" (arbitrarily chosen). As a result of this summa­
tion, the terms with like subscripts disappear on both sides of the equa­
tion, so that instead of a succession of subscripts 1, 2, · • · , k, we ob­
tain a succession of completely arbitrary subscripts 11 1, n2, • • • , nt. 
In all other ways, the equation remains unchanged. Thus, we obtain 
the following theorem. 

TnEORElii 34. Two absolute positive consta11ts A and A exist such tlzat, 
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for n1 < n2 < · · · < lit< llt+l a1zd for arbitrary posith·e i11tegers 
rx, r2, · · · , Yt, r, 

11 2, ••• , n1, nt+•) 
r2, ... , Tt• r 

This result shows not only that the measure of the set of numbers 
in the interval (0, 1) for which an = r approaches a definite limit as 
n-- ro, but also that the relative measure of the set of numbers satis­
fying this condition, given arbitrary fixed values of an arbitrary set 
of preceding elements, approaches the same limit. 

16. Average values7 

The results of the preceding section enable us to prove the following 
general proposition. 

THEOREM 35. Suppose tlzat f(r) is a non-negati~·e function of a natural 
argument r and suppose that 1/zere exist positive constants C and o such 
that 

I . 

f (r) < Cr2 -'' (r=!, 2, ... ). 

Then, for all numbers in the inten•al (0, 1), with the exception of a set of 
measure zero, 

n ro In { 1 1 l 
1 ~ ~ + r (r + 2) f 

lim n ~ f (ak) = ~ f (r) In 2 · 
nl>co k~l r=l 

(84) 

PRELIMINARY REMARK. The convergence of the series on the right 
side of (84) follows, of course, from the condition imposed on the func­
tion f(r). 

PROOF. Let us define 
I 

J If (ak)- uk) 2 da. = bk, 
0 

7 The results of this section arc to be found in Khinchin's article "Mctrischc 
Kettcnbruchproblcme," Compositio Mathcmatica, 1, 361-382 (1935). (B. G.) 
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1 

J {! (a1)- ud {! (ak)- uk) da = gill• 
0 

n 

~ {! (ak)- uk) = sn = sn (a). 
k=l 

The existence of all these integrals follows easily from the properties 
assumed for the function j(r). For since 

{! (r))2 < C2rl-2o, 
it follows that 

1 00 00 

f {/(ak))2da= ~ {/(r)j2!.lJl£(~) < 2C2~ r•~20 = C1 

0 r=l r=l 

is meaningful. The existence of all the integrals then follows on the 
basis of the llunyakovskii-Schwarz inequality. In particular, it fol­
lows that 

I 

bk = J {l(ak)j2 da- u~ < C1, 

0 

Furthermore, for k > i, we obviously have 
1 

g 1k= J l(a1}l(ak)da-u1uk 
0 

00 

= ~ I (r) I (s) 9RE (i, k)- u1uk. r, s 
r, S=l 

(85) 

(86) 

But, on the basis of Theorem 3-l and the inequalities of section 12, 

IIJJZ£ (i, k) -- In { 1 + s (s ~ 2) } IJJZ£ ( i ) I 
r, s In 2 r 

Ae-" l'i=T="i ( · ) 
< s (s + 1) !Ill£ ~ (87) 

< 3Ae-U'k-i-liJ)i£ (~) IJJlE (!) 
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and 

(88) 

If we multiply inequality (88) by IDlE(~) and compare the result with 

inequality (87), we obtain 

I ~lE (~, ~)- ~E ( ~) ~lE (~)I 
< 6Ae-;.Yii=H~lEe)~lE(~)· 

as a result of which (86) gives us 

co 

< 6Ae->-Yk-T=i ~ I (r) I (s) 9JlE ( ~) WlE (!). 
r, Sul 

Koting that 
co 

~ I (r) I (s) WlE ( ~) 9JIE ( ~) = uiu 11 

r, Scrl 

and using the second inequality of (85) to estimate the right side of this 
equation, we obtain 

\g,k\ < 6Ae-1.Vk-i-lu,uk < 6AC,e-l.l·'fl-i-1. (89) 

From (85) and (89), we have, for n > m > 0, 

i (sn-sm)2 da.= i{ t (/(a11)-u 11))
2 

d'J. 
0 0 fl=m+l 

n 1 

= ~ fuca~~)-u~~J2da. 
kam+l 0 
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n n 1 (90) 
+ 2 ~ ~ J {J(a1) -tl1} (! (ak)- uk} da 

l=mtl k=l+! 0 

n n n 

= ~ bk+2 ~ ~ g 1k·< C1(n-m) 
k=m+l l=m+l k=l+l 

n oo 

+ 12AC1 ~ ~ e->-Vii='7=i < C2 (n- m), 
/Gm+1 k=l+l 

where C2 is some new positive constant. 
We now denote by en the set of numbers in the interval (0, 1) for 

which 

where E is an arbitrary given positive constant. Obviously, 

1 

J s~da ~ J s~da~ E2n2~leti, 
0 en 

so that inequality (90) (for m = 0) gives 
1 

Thus, the series 

r s!da 
0 

SJRen < £2n2 

converges and, consequently, as we know, almost every number in the 
interval (0, 1) belongs to only a finite number of sets en•, for n = 1, 2, 
3, • · • . This means that, for almost all numbers in the interval (0, 1) 
and for sufficiently large n, 
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and since e is arbitrarily small, it follows that almost everywhere 

. sn' 
11m-2 =0. 

n+oo TZ 

Furthermore, for n2 ::::; N < (11 + 1)2, formula (90) gives 

1 

I (SN- Sn') drJ. < C2(N- n2) < c2 (2n + 1) < 3C2tt. 
0 

(91) 

If we denote by en,N the set of numbers in the interval (0, 1) for which 
\sx- Sn'\ 2: w 2 and if we set 

(n + 1)'-1 

~ en,N=E"' 
N-n' " 

we then have, for n2 ::::; N < (n + 1)2, 

1 

I (SN- Sn')2 drJ.:;;;;:,. I (sN- Sn')2 da. > e2n4!1Jlen, N. 
0 

so that the series :z;;;o= 11JJlEn converges. Almost every number in the 
interval (0, 1) must then belong to only a finite number of sets En and, 
hence, to only a finite number of sets en,S· But this means that almost 
all numbers in the interval (0, 1) satisfy the inequality 

\SN-Sn'\ < r;.rz2, 

for sufficiently large nand for n2 ::::; 1V < (n + 1)2. In other words, al­
most everywhere 
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for sufficiently large n and for n2 ::; N < (n + 1)2• Since E is arbi­
trarily small, it follows that almost everywhere 

On the basis of equation (91), it then follows that almost everywhere 

and hence, a fortiori, 

(N-+ oo). 

In other words, almost everywhere, 

N N 

~ ~I (ak)- ~ ~ ak-+ 0 (N-+ co). (92) 
k~l k=l 

But from formula (81) of the preceding section 

I co ln{t+ I}/ co I 
ak-~ l(r) 1~ r+ 2> =~I (r) ~me(~) 

In (t + 1 ) I co 
__ ....:.,.._-,-r,(~r-'+_2..:..)_,_ <Ae->- Yk-1 ~ f(r) 

In 2 "'- r (r + 1) 
r=l 

where ..1 1 is a new positive constant. Therefore, 

co ln{I+ I l 
~ I ( ) r (r + 2) f 

Ilk- "'- r In 2 (k-+ oo), 
r~l 

and, consequently, 

N co In {t + 1 } 
_I ~ ~I() r(r+2) 
N "'- ak- "'- r Jn2 (N -+oo). 

k=l T=l 



92 CONTINUED FRACTIONS 

Relation (92) then gives us 

N co In {t + I } 
_!_ ~f(a )~ ~ l(r) r(r+2) 
N ~ k ~ In2 

kai ral 

almost everywhere in the interval (0, 1). This completes the proof of 
Theorem 35. 

This theorem enables us to establish quite a number of properties of 
continued fractions that are satisfied for almost all irrational numbers. 
For example, let us set 

l(r)= 1, for r=k and l(r)=O, for r =1= k, 

where k is some (arbitrary) natural number. In this case, the sum 
n 

o/n (k) = ~ I (al) 
1•1 

obviously represents the number of times the integer k occurs among 
the first n clements of a given continued fraction. On the other hand, 
the ratio 

n 

'~\(k) = ~ ~I (at) 
i =I 

gives us the density of the number k among the first n elements of the 
given continued fraction. Finally, the limit 

lim o/n (k) = d (k), 
n~ II 

if it exists, is naturally interpreted as the density of the number k in 
the entire sequence of elements of the given continued fraction. 

Since the function j(r) that we have defined clearly satisfies all of 
the requirements of Theorem 35, we conclude, on the basis of that the­
orem, that, for arbitrary k, tlzis density exists almost everywhere and tlzat 
it has lite same value almost everywhere. Furthermore, the same theorem 
makes it possible for us to calculate the value of that density. Obvious­
ly, we have almost everywhere 

d ( 1) = In 4 - In 3 
ln2 ' 

d (2) = In 9- In 8 
In2 ' 

d (3) = In 16 -In 15 
'In 2 ' 
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and so on. Thus, an arbitrary natural number occurs as an element in 
the expansion of almost all numbers with equal average frequency. 

We obtain another interesting result by setting 

/(r)= lnr (r = 1, 2, 3, ... ). 

All the conditions of Theorem 35 arc then satisfied. Therefore, we see 
that almost everywhere 

or, equivalently, 

(n ~oo), 

oo lnr 

an-> IJ f I + __ 1 - }It;2 
r=l l r(r+2) 

Thus, tht geometric mean of the first n clements approaches the abso­
lute constant 

In r 
00 1 }ln2 IT {I+ r(r+2) =2, 6 ... , 

r=l 

almost everywhere as 11 ~ oo. 

Obviously, Theorem 35 makes it possible to establisiT analogous re­
sults for a whole series of other types of average values. However, in­
vestigation of the arithmetic mean 

n 

_!_~a. 
n ~ ' 

i=l 

(93) 

by this method is impossible, because the corresponding function 
f(r) = r docs not satisfy the conditions of Theorem 35. However, it 
is easy to sec from more elementary considerations that, almost every­
where, the expression (93) cannot have any kind of finite limit. For 
Theorem 30 (sec. 13) tells us that almost everywhere 

an> n Inn 
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for an infinite number of values of 11, and hence, a fortiori, 

n n 
Y1 1 ,..., 2J a1 > n In n, and hence, n ~ a1 > In n. 
i= I i=l 

Thus, the quantity (93) is almost everywhere unbounded and there­
fore, as we slated, cannot have a finite limit. 
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