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LSCTUR3S ON i·IAGW:;':'IC ?ROPSRTIES OF A SUP":RCOT'!DUr:'TOR 

Chr1.pter I 

by 

Professor B. Zumino. 

Introduction 

Any micros.copic theory of superconductivitY" should lPad 

to the derivation of London's equation 1vhich. connect~ the a 1)1'Jlied 

magnetic field and the current in the bulk suryerconductor. 

d • t d (l) ti... t i t i teo Accor 1118 o Lon on ue curren n a super con due or cons s ·"' 

of two parts, , the normal and ~uperconducting 

respectively, i.e., 

-) 

J 

where J 'Y) obe·rs the usual Ohm law and is given by 

(1.1) 

u is the normal conductivity. 'Phe super current Js ohP.ys 

the London equation: 

- .!--At;: 
~ !\ (1. 3) 

where A c.: 
is the vector ~otential such that 

-) --\. 

~A H 
(1.4a) 

and 

0 





,. 

("") 

.- G -

Since (l.4b) determines the gauge; '·Je can \vTige T,ondon'.s equati.or 

in a gauge invariant form~ 

( l. 5) 

~ in the above equation is a constant characteristic of the 

material which can be calculated from microscouic theory. ~cc)rd-... 

i ng to Maxwe, 1 's theory 

471 
c (1.6) 

only ne2d be considered since the normal current will die 

off after a short duration. Using clcv H ~o , we see that H in 

the material obeys a d~fferential equation of the type 

(1. 7) 

This equation im::>lies the Meissner effect since onl.Y the c1eca.ving 

so,_ution o,f the ab()Ve equation is physically meaningful. 'T'o 

explain this statement, consider a field ~0 applied parAllel to 

the surface of the superconductor and let -;c. denote the depth 

or distance per;Jendicular to the sur face. The field inside the 

specimen at anY de,th is given by (Fig.l) 

H 1-io e- ~Ia· 
8) 

v1here s c '2./~ 
47f 

This type of solutiJn is inde_::->end.:::nt C>f 

the geometry of the specim~n 

Fig. l. 
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nut even in ;_1 normal :net::::.l t:_1err.:> is n small cu:'rent after t__r.;c 

e~_;tablishment of tbe field. Thts ::_sa QU.antum mec1anic::tl ef-re.·_t 

which is called the Lanrtau diamagnetic current. But this is 

essentially a current of the amDere tyD.? as op:rosed to the S1.J.Dcr-

current or the London currl-7nt in a sLP")erconduc tor. ...,here fore our 

a1~roach to the problem of superconductors should be rather 

X different and follow the initiative a-oproach of London, "t.vho thoug~t 

that the wave function of the super electrons should have a 

certain rigidity ancl not change with the a')plic2tion of an 

external magnetic field of vector ')Otential A , to firct orrter. 

The current J ( R) at a ')Oint R in the material in an 

(1.9) 

super electrons in the specimen. The first term in 

(1.9) re?resents thP- paramagnetic current while the term nropor-

tional to A='> is the diamagnetic curr.:;nt. London acsqmed 

that lf is not altered by the eYternal field and hence there is 

no paramagnetic current even after the application of the field. 

On the contrary the di amagne tic term 

A :: 0 , i . e. , jD 0\ A 
I .,.._.. 
CA 

and if 

vanishes only for 

l 1.'(} 
2--
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7-
"i.vhere I \f { re:!resents the number density of super eledtr")n:-

the London equation (1.3) is obtained. Hence 

(l.ll) 

As opposed to this in the case of :~ normal metal when 

the external field A is applied. gets suitably chang~n 

such that the paramagnetic ter11 ~lnd the diamagDetic term get almo :.t 

cancelled. Even the~ a small term corresponding to diattagnetic 

part survives~ which is at"'cributed to the so called Landau r1ia­

magnetism. But this small term i~ not truly a current with a net 

outflow. Its n<:1ture is that of the amvere type ann that is the 

reason why the Landau di cm.~gnetism is measured in t 8rms of the 

magnetic moment per unit volume. 

If we want to calculate the res~onse in a metal 

corres~onding to an external field A , we can write for the 

induced current J{ X) in the linear approximation as 
r~.-

( 1. 1?.) 

where the kernel J< cannot be any arbitrary fut!C ti0ni hut 

h . l 
should reflect the P ysJca_ ~rocess in the mnterial. To s8e this 

more clearly let us tuke th3 fourier tra~sfcrrn of hath sides of 

(1.12) and get 

T'l- UlJ) 1<11./'V) A ( '1/) 
(1.1~3) 

In an arbi trar." gauge for A 4 e 1 f -ll A to he A ~ 'J lf ·' , ..1.. • - • ~,.,e n . __ ow ' tv 
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to ryreserve the continuity •'':nation cl.lv- J~ = Cl , we hmre 

(1..14) 

To satisfy the above relation~ 1(~5' 

gence condition for both JL_ and 5 

should satisfy the diver-

ancl he nee it can be ,,rr it ton 

as 

(1.15) 

London eo'J.at ion where 

( 1 • 16) 

the second term being gauge de)endent. It is 
-~ 

(l.l6) represents the trarsverse part of A 
easy to see "'£at 

since L; (f.. t\h ~) :::::0 

expre ~sion for .T,_ C'1J) There fore the 

valid fQr 1 metal as well as a su~ .. erconductor is · norma 

JJL C~;) = -'11 'l. F (I'V I 2 ) A:(!J) 
(1.17) 

In a normal metal -CV'l.- rt I '\1)2-) goes to zero as lt goes to 

zero Ci.e,) ~(1 'V 1"-) is regular at 1J ~ 0 , while in a I 

su_?erconductor .4} '1- F( /'VI 2 ) aprynaches.,. ,khe limit C 1\ 

as CfJ ~ 0 , i· e. F ( 10VF) becomes ~ingular as 'V 
goes to zero and iS res'JonsiblE?. for the non-z;:;ro London· current .. 
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Chaoter II. 

~z A variation principle for "" ~Gi • 

Before we st· dy the electrodynamics of su7Jerconrluctor~ 

we shall review briefly statistical mechanics. of a system of 

free fermions. 

As is well known a general ~ysten of free fermions ~ 

corres"Jonding to a Ha.rni ltonio.n H can be described by th0 r'lpn:-:i.ty 

matrix p d.e fin:3d by 

(J -=- e fH 
(~. 1) 

where j3-:; I and Tr f::::. , Hence 

kT 
[!>~/ P:: e -ftH 

TY (~. 2) e 
The ex9ectation value of any operator 0 is given by 

(~.3) 

The free energy of the Fermi systmr.~ J=-

p F = 
, I 

Tv c -p /, e 
~ 

Instead of using H t f-1 '"'C can US<J ... g i. v .a n LJ'.f 

/-) -- /lA- N 
(?. ·") 

~.r~·1erJ N is t!1s r:nmt2r oppr·:;.tor arjd f- is the chemical '10tr~~~ti8.l 

1,.dlich enters as an unkncwn in the }Jrc blem, and gr;t the thR'T."mo-

dynamic potential n.. - ESing the gr ;1.nd :J n [;CIT! :11e ~ 
........--. - ~ JL_ 

Tv - fJ H e I (?. 6) e -
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For free fermions '.ve introduce the crt? at ion and annihilation 

vrhere '"{ denotes both momentum Rnrt ~1in 

(~. 7a) 

?( r:· ") 
[ oor;)a,, -0 

T T ~ (2.7b) 

The Hamiltoniar of the system H equals 

(2. 8) 

where 
\../1 

) ~i== L (LJ -r-)Q-i<-f~ 
f ~ (2.9) 

-----

Let us now calculate the therrnodyna~ic potential Now 

-y:, e- f3 H ==- h e-l !i {vf -r)af uf 
::: Tv e- f ~ (w-f- !"-) i-1 4 

= 7J Tv e._- J'o, ( vJ-( - f' ) ~ 

ft I p ;~rw1:;;r;) \...,, '-· . 

(~. 10) 

where we have used 

(9.JJ) 





~renee 

J =--

We shall calculate 

-/~ tJ 
e 

- (' L ( t.Jf - f ) ')-;+ 
e -r 

(~.1?) 

Jr e - 13 ( ~r -r) ~ 
~ o( 

In the case of fermions ')') =:- ~ 
(~. 13) 

Hence (2.13) becomes 
for c{ ~ 2. 

as 

where is the Fermi distribution 

J{ ,_ e f r v0-t - ;-c ! 
(~.16) 

(2.16) gives the density mPtrix for non-interacting system of 

fermions. For calculating the ground state of the interarting 

fermions we shall use a variational ":lrinciple to determine the 

(2) ground state wave function and ground state er.ergies • Tl 3tu0y 

the system at finite temperature 've shall intr-:>cluc e a trial 

density matrix ft 
correct {( 

which after minimisation will herom8 the 

Nm" the free energy at non-z 0 ro tem>Jerature i.s 
given by 

(H)-Ts 
(0 l 7' 
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·-Ts = 

The exact density matrix is given by that ~ = p 
the minimum principle given be lovr. 

_f2_ lv VI 

/if 
f 

r:tor: +.-!-
(1 

~h 
t/'"'1 

Hf.t _)_ r 
J; f'r ~1 Pr-r ........., 

(~.18) 

which s atis'fiP s 

(~.19) 

rve can check that vrhen P-= ~ e , the above expression 
yields JL•. 0 -;n-; 

"e 
JL_ I ~: h e- ;5 'fl - ------ ea ('"'. 20) -

j3 
We shall mathematically urove the varig,tional principle 

used in (2.19). If the Hamiltonian of a system is a Hermitian 

operator, the ground state energy of the system is the smallest 

possible value of the expectation of the Hamiltonian with respect 

to a normalized wave function that is arbitrary, exce9t that it 

satisfies the boundary c~nditions and the symmetries of the 

system. This principle can be used to find an unper boun<1 for 

the grounrl state energy. A si ·:-.ilar pri nc t ple for Hemhol tc '.; f-ree 
(3) 

energy can be nroved using a theorem due t~ Peierls • ~eierls 

theorem can be stated as follows. Lst A b-? an I-{r->rm·i_tia.Il 

operator·. The theorem a~serts that 

. A 
he > 

/ 

<0( }A )a{> e 
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-vrhere c< 's are complete set Jf arbitrary, orthonormal fu11ctions. 

The equality holds i .f c< 1 s are the compl8te sP.t of e igenfunc t i0ns 

of A._ The proof of this theorem is based on the property ofCcvt_t--e.,..~~Vw-oJ 
A *VV'-~Y) 4 (7[1 f,;j /SIA.ppc-.) ed ~ ~ \ } 1 A convex d01.>1mvard s ~--f 1_''Cu() > o .. Let t -::t 1'1 . be a set of 

real numbers and i C.-vtJ be a set of real numbers such that 

ci}IJ ~ 0 and L c"-t I If 
'h. 

~{~) - 2_ c + (7e'Y1) - '1-\ 

~ 
and 

?t z c '/L~ 'YL 
vt. 

then 

{ (~) :2t;) 4 r-z) 

This is true sinco by me an value theorem we have 

where .:{, 
I 

is a fixed real number. 

"L CVJ -=-I , 
')'\ 

and 

Using the fact that 

-fc-;r) = 4 {£) + ~ Ct- ?( ) 2 .:f''rz ,) 
\vhich proves (2. 24). If I ~ > 's are the eigenstate s of 

where 

see that 

~ 2 e Ap 
-f 

are the eigenvalues of A. 

- .. .Y 

(~.23) 

(2.?4) 

(:.>.26) 

( <') ..,_.,) 
.• L•O 

A., 





It is well known that 

('?.~?) 

Hence 

Identifying 

and 

(2.31) 

From this i t i s c l e ar that L. H • S. o f ( ~. 3 0 ) 

A <o< 1 A 1o<) -rr e, - ~ e .:;;. o 
o( 

is ) 0 i.e. , 

(?..32) 

Actually we have used a slight generaliz::~.tion of the 

above variational :;rinciple in 1..rr1 ting down (2. 10), 

1-v '€ > Tv e.. 9'>( ,..., 1..., e 73 A -tD 1-\ ( - A ) 

-- '" 

On 

and 

the eigenstates of A 0 e A / I c(..> be 

-r 1-\-t-13 
f-y e 2:--

setting co 
o( 

-4 {?r_) 

z.. e Ac~ + <o< 1 B k> 
o{ 

·~ _, -. '--·. 
- \:::._ -

Tve A 

e ?(__ --

'T'o prove 

(~.34) 

(~.3."1) 

(9 .-..,..) .• ,-<.c 

(?. ~~7 : 





it is easy to see 

A~ 
L e ---~ -~ A ve 
Hence 

2 e Ao~ + -{o!. )1?/o() A 
D( ~Tv-e e 

and so 

and 
C/'1 

/( -t- :g - p 1-J - '• - r~ 
. I 

Now 
I ~/y 0L - --- (b 

using (2. 40), it is easy to see 

-1.. (J._A G e_ -prJ 
pd 

·'}<. 

~Tv e (H-+_l 
. )~ 

?C:+-.R e 

(2.33) 

(~. 39) 

(2.40) 

(2. 41) 

(2.42) 

(2. 43) 





Chanter III. 

. t• (4) Bas1c Egua 1ons ~ 

vle shall be dealing 1-ri th a soft pure superconductor tvi th 

a hermitian Hamitonian in the second quantized form given by 

( in un i t s ~ :: C ::: 2 ~ .::::. 1 ) 

~ 

V""" I --:X a J 'S""" p Q* o., a G 
H :::. z '(I I u ~ . f'- + 2 L 4·i ./ 1 :( -f I 1 2_ { 5 f L) 

}! 1112- I .t.. ./lZ11 .lj 
-trtl- (3.1) 

Since the super conductor is in an external magnetic fiel~ , 
-+ 

whose vector potential is A, J< {,·f 2. 
has nondiagonal matrix 

elements in momentum space of the form 

/<4, j :::: < 1, I ( P - e A) '-_ f- ) { 2-) 
4-- (5) . ( ) 

Following Bogoliubov and Valatln 6 we can write the quasi-

f a l?,l( 
partie le tr ansformati :)n · or -( J VI...-={ as 

o(-t -=- u ./'-r + 1J ..(Q 4 
o( * ~ ~ b-x-0 .f = u -1 a_ 1 + ~ c 4 

with 

(::.3) 

,, 'L cJ'I' 2 1 
!,t of -+- u -1 -=- -- {3.4) 

o<_~ and c{i k are quasi particle operators. ;re asmme the 

quasiparticles to be statistically inder->endent &nd I•Te make the 

ansatz for the density matrix as 

(2. 5) 
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However in the presence of magnetic fi·2ld, the transformation 

(3 •. 2) has to be generalized by taking ~ anrl 1J-£ to be 

matrices rather than scalars. Tve demand that the new transforma­

tion to be canonical. We also var,y ~0 ; U ~f 1 lJ_( f J to yield 

the minimum free energy. These operations determine t.he unkno1,1n 

parameters entering the transformation as 1..rell as in the denr~it.v 

matrix. rrhe B C S equation" are obtained ;1s s~ecial cases of 

t . (7) 
these more general equa 1ons • 

Let us now consider gauge invari ance of the above 

Ha~iltonian (3.1). The gauge transformation is 

A('"X) ~ A e-x)+ v ·x c ?c.) 

r'""J , ) ) ( e ::r 1 ~~ '-Yc<X -) e . T (3. 6) 

For an infinitesimal gauge transformation 

(3. 7) 

and the annihilation and creation operators become 

(p_ 
ap_);? o},u-T L e JD X c ;;;> -r') Q p' (j d f I (3. 8) 

It is easy to see that k .{ 1 t 2 is unaffected. Correspondingly 

the interaction term undnrgoes the transformation 

(3.9) 
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T:.:> make this expres~ion ga:.1ge invariant, it is obvious that +:.he 

interaction shou.ld contain some a-functions i.e.~ S'Cx.1 -A" A) 

and '£'C?r.2...-'X3} to cancel the .::::yponential factors arising out 

of gauge transformation. This condition implies that our poten-

tial is local. However the 3 C S int~raction in momentum space 

being limited to the regions around the Fermi surface, is a no~­

local potential. Hence the B C S interaction is not gauge 

invariant • 1tle also note that the external magnetic fi.eld alsc 

destroys the translational invariance. 

The B C S interaction arises as a net effect between 

the coulomb interaction of the elect~~ns and the phonon interac­

tions. 'Phe basic Hamiltonian includ:ng phonon coordinates wil2. 

be gauge invariant. llowaver in the presence of the external 

magnGtic field, the eff8ctive pot8ntial v may deuend on A. In 

such a case the 'JOtential may be supposed to have a factor, 

ilxp t Ce. ):,"A', c{i) In this fas~l en ;•e can have a non local 

potential which is also gauge invariant. 

Let us write down the generalized Bugoli.ubov cransform<l-

tions: 

1-r t Lt HI C(~r +""off'~~~ 3 o<~ 

«{= "') { lt f~ I ({~I + 'tJ -j: f' af I 

··~ 
t:- j (3.l_r)) 
~I 

or in matrix notation 

o< u__ Ct -~ lr n 7( - t ... A -· 
)" -~ ¥ c<. ~ 

./ 

- G( C(~, __L .-,,;.a 
- I v 

(3.:1; 
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We find it convenient to express the c~nditions fer the 2bo~e 

'it, 
transformation to be canonical though super matrices and vectors. 

t 
Q 

(i)_. (a~) (3.1'?.) 

(!;/_ o( \ 

( ~~) (3.12) 

(l ( lt v) 
Thus we 

·v-x u_ll 
see 

(3. 14) 

OA Ct cK (3.15) 

In order that t-.his tr::msforrr.::~ticn hs :~::.r~cn~.c;:l1 it i~ ncces::ary-

that ~ be un J'" t ::rr y , i . e • • 
_j_ 

(3.16) 

which can oc V:?ri:CJ..cd by sutsU~u-~-.i.ons. There is <J.i."lOi.her ur:)1J,...,rt.Y 

of ([. -vrhi.ch can be cal:ed the mL·-:--·: · s,..,.-mmetry. 'rhis is defin-:?'J. 

~ 1 Conslser a matrix A as to lows. 

A 

The matrix 

We osed the 

([) 

( 
r~ * . ..., 

I"'* ,_ ( 
.J-. 

r * \ 
~> ) 

I satisf:i.Pc; mj no.:. ··v·r:·m·=> ... ,...y ... .::t.. L • ,_, ..J • ? 

follcwing dyadic forms 

c- ~. 
,..._ 0 * 

a~ o_ 
'\ 

j~ - l{ ·y, \ -
. .,; i /'\·*a., ... ;J..!... ,. 

' I ( , (l" (,(_ I ,, 
I 

~:-:".18) 

(3.19) 





- 17 -

/ t'./ . 7< 
I '..-'\ :x 
I -l 0\~ .?( ~ 

Their thermodynamic ox?ectation values are 

( c, ~. /(·) (- ...... F 

-F~ Go 

- ro 
-

-cf~ rD -

~0 

(a>< CD()(> 

It is useful to employ slightly rnoctified expressions: 

-F-n- ~ 

,-1 - rro ~~ 1 
-r ~ 
-cp* l 

(3.?.1) 

(3. <)~)) 

It is verified that {[; and 1J are hermitian and mirror 

antisymmetric, i.e.' 

cr-7 
(3.'2,5) 
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-'-

I-
I - -F' 

/ 

and 

(I rr-t VV\... 

- II -

r = r-r 
( 3. ?7) 

cf :: - cp -t-
Since ([t and a>( t d by IJJ are co nne c e lL- , we can veri f.v th0 

relation:-

(2. 2~) 

_We now recall the ansatz for the density matrix 

~ :0 ~ fr; o(l ~ + C)- r~) o<i c{f -r } (2.30) 

Using (3.20), we evaluate (3.24). In doing this it is to be 

remembered that trace operation is over the Foe~ space and not 

on the super-matrix space. We nm: find that (3.24)"1Jecomes 

r ( -r 0 \ -- ) (3.31) 
0 r 

Using (3.29) and (3.31), we obtain from (3.~23) the Pxpre ssio~s 

-t uit(,_ro)v­

+ (j (\-r-1)) u-

F t -- I I .X r rJ 1.,. -¥ * ( -' '. 
~ , + 'L' ' - r(;) LL ---
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The two particle corrGlation 

tior appears in a factorized form. The three terms in (3.~2) can 
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\t·k also introduc·~ a dot operation by 

LAidLB:(2:(, A·B Sp(Ab) 

L A-'{ I L {d.!) _6 ;f .1 ~' "- (1\._E ).d I 
t~ u I 0 L 

L A-t I { ,__ 2:, i 2 £I { 3 (.<I = (A ·B) f s I ""J 

using (3.35) and (3.36) we can verify 

E 

J) -

To derive (3.~7~ and (3.28) ~e have to kee~ in mind tha~ 

As before we agai~ find it conv~nle 0 t 

matrices: -£~ 
-t 'Vv<. -

IE~fE~.-f = 

and 

such that 

to i ntrodu("e the 

C' 
(_ 

(3. 26) 

( ~. 37) 

(3.:?8) 

(2.40) 

(2 41) 

( 3 ,11<)\ 
• ~ J 
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Now we can express (3.37) and (3.38) as 

(3. 43) 

1..,rhere 

IK 
(3. 44) 

lP· 0;0 
(3.45) 

Using these ::.;:xpressions \tJe can write down for the thermodynam"i_c 

potential _[l_ .....-'"' 

_n_ < H )-Ts 
~ _i_ sp; [(1E-d<)a;+2-p-'(lf1Jf':r(1-II~~c~-Jf2:j 
~ (3.46) 

loThere S'p nwans the trace operation in the super matrix space 

and this for tht: fact:Jr 1/4. It is also ser~n thatlfl_ is real. 

\tle have to minimize __.!1_ by v aryins <e._ and r 
However since (f: is unitary and mirror SY'nmctric, we use the 

method of Lagrangiar. multipliers, to take account of these 

restrictions. ~he restrictions are 

V(') = cC d:-t - 1 -==- o 
v(2.) ctt ([ i 0 

• 

(t- (f~ ::: () (8.49) 

The Lagrangian multi~liers are 

/;\(') - II\ (1) -;-
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Ninimum pr::.:perty of ___[}_ can be :.:;:xpresscd as tha:. the. first 

order changes of 

with respect to ~rari at ions of <E. ) (E. t 
vanish. From (3.46) we obtain 

and rr-

0 = ~ JfL ::: S p [ ~ (~ It ([; 0 + (IE+ /!( ) S cc;a) 
+~ 13>-l~( ~~ 0) s if" 

- !!\·') ~ (1) (1) - ,.?\{?..) s v 12) J 
\.Ve also note 

have to 

(3. '5) 

( < ,,..., 
·- • t.JO 





(3 •. ssa) 

and 

(2. fiBb) 

(2. 59) 

Rene,? it follows that 

(3.60) 

because [Go) .!E] has the same s.vmrTietric s as S cr-t cr 
(3. 58) and (3. 60) are thG basic Gquations. Siner.: [ ~ .? [ J ..::: 0 
it should be pc~siblG to d~:=J.f,o:-!'llt~e t:1e!"1 simul~.::tncousl.Y. Now 

from (3.58b), ~ .. re haVe 

I ;- A I 2 IF 
~ -=- ?-' _!-. ~ '- ( /- '-- oL. (}) 

2.. \. 2.. '\_~ '::'~ 
tJ (3. 61 ~ 
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Hence we can con1irtar (3.60) and (3.61) as a sRt of equations to 

be solved for G and E, AltGr.::J.ativel_y we can also consiner t!lc 

above set of equations as equations for C and r- • 'T'his is 

really connected Nith the ch0ice of C: which will diagonalize 

G and E ' '·Then r is Gi.t:'~gonal. To th0 eud consider a 

different set of quasiparticles ~· such that 

and 

CD( ~ lD CD( I 

]) =(JD+)-'= 
[])) Jro] ==.0 (2. 62) 

It is easy to seP that because of (3.62), the physical pro~ert·:_-~~ 

of the system arG not affected by t.hi s t:r-nn. fer"!! at ion, Hence it 

is al1..rays ~)O s sib~ 3 to fi.nd a mi rrc-r .:.ymrr..:; trir:! unitary ([. ma·::;rix 

rT,· ~ J,::- f/ which diagcnali;-::;s ~ cw.1u ,_1~.. si ... mltanecusly into II anci 

7[ F · /I' we have automatically _., ~ :or thl. s l..t.--

0 =a:~[] cr; :::_[cf il~-r,ct q: ct1] ==- [~ ):. J (3 , 6 ;<) 

Vle can now rephrase thE:, entire pr0blom ~:=; det,3rrnir.ation of C 
and 0 

( ':) (~L1 I r r 
II....'" ...., .: 1 ct. l 

/~ 

l......-

(3.64a) 

(3.64b) 

(3. (.>lr) -
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Chapter IV. 

B C S Eouations 

We now solve the non linear equations for the case 

A -= 0 and )btain the gap er:_uations ~ {a_ B C S. When A = G 

the spin deuer.dence of K, P and Q are factorizable and rliagonal. 

P is translationally invaria.Dt. To take advantage of this 1•Te now 

introduce the following; 
(l) 

(~ ~) 
?; a-, 5 

CTj ()2_ u-2 
) 

sc "2-J b~ cc 1-~) - 01· Vj /J~ 
- -I ._.,~ 

( 4. 1) 

()) 

5 p,p' 
(..., 1 

~ -1 _j_ 'j_ ..... /=-
p) r' ) p; p 

In the above we ha~'e introduced the 'barrine' operation by whi~.h 1.ve 

mean 

In this notation 

Lt. I? u 1-:/ ~ I ) ) r .. 

In th . we find that 1 s case 
U~ -::: k c( 

G) ~ c; d. 

r- ret 
E .::: £.d. 

£ ::: ~ct 

r 

V:: Vcf. 

F ::. F c-1 

4' ;:: c!~ d. 

J) .~ ]) d 

.L\ ::::.L\d...-

(4.3) 

(4.4) 

I (2..) ( ) s 2._ 

( 4 •. ~ ~ 
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vlherP. the subscri·~Jt d inoicates diagonal matrix E:1.c·:jsn·:. :.,rp 

that (3.64a) becomes 

(A ct ~ ~(_; o( ?__ - "7 
( 4. c ~. 

The interacti~n ~otential is assumed to have the properties 

f?_' ( CT l :;::_ ?;' G) b v 2. 

c; J c2. oJc-4 o4 o-3 

(4.8) 

and 

(4,9) 
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where ~' Ek' -+ _/_ 

E_k; 2-

(4. ll) 

L. ? F, lz- k' k..' ~ 

and D I'<.. 

(4.1~~ 

where 

(4.12) 

( 4. 14) 

(4.15) 

It is interesting to recognize that €.~ is simply the eigen-

value of /£ . £. !<... given in (4.10) is more general than th~ 

corres:,)Onding Bf;.S expression in that it_ incJudes the Hartree Fock 
1 '/) n p ) r o oY"'-C t-

term, L. l r k k I - -<. 0 ~k.·, We Will simpl~ the Bartre~ ~O"Ck 
~ I \ 

term as lt merelY complicates the equations. 

Let us look s.t the equatior\ for the gap given 1-Jy (.'t. U~). 

A trt.vi.al solution '])/2..-:::::. 0 ab.,ays exist~ which means tha.t Ti' = o. 

In this case there is no super conductor as is well known fro'1'1 Br;s 

argwnents. Assuming that a non trivial solution J) always 
lz. 

exists, we can compute :J) k.. when the l!Otential is factorizable 

1) -) ~ v ~-, v L ~ r fz k I /l !<.. ~ (4.16) 

where /\ is the strength of the interaction. If we ~ut 

(4.J7) 
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l,re Obtain a transcenclental e(]Uation fore. 2 

\ I I 
) = -/1 L v I I 12... 

k' k Efi 
.::::. -;\ z 

k' 

Only for the attractive case, we can hope to obtain a non triv:tal 

solution, since r}'2._ is oositive definite. In the BCS case the 
q_,_ C'"'c.IW\ d. ~ 

potential is assumed to be constant over a small shell(Fermi 

surface of width given by Debye momentum. At T-O, (4.18) l)pcomes 

I == -~ :z: fi-e:..' 
\A'J2 -----------

V l f<..t.-_ ~- ) ~ C 2-
(4.lq) 

For small ;>.. 
' 

1 
I .A IN (o) 

(4.~()) 

where N (V) is the density of ~tates. It is cJ..ear frQm (4.~1) 
that there is no expansion around A ~0 
tial coeffi~ient vanishes near .A =- 0 

there is an essential singularity at A 

since every dif~eren~·. 

ftni te T can also he calculated and 

It is to be noted ~hat 

-= Q. D"' at CN\1\.M 
~t{;;~ 'L - ..J 

thX temperature lc_ is 

obtained for thE/vanishing of D. In the weak coupling a"'!'Jproxima-

tion I 
/.J4 c.v e /.,..\I 1\J ro) 

(4.?.1) 

we can also check that there is no bulk current, i.e., 

-v 





Chaoter V. 

Meissner Effect. 

Having obtained BCS equations in the ahsence of the 

external magnetic we shall study the properties of a su:;erc:Jnductnr 

in a weak external magnetic field i.e. when A is small. ~rom 

therm-::> dynamic consideration~ 1,.re knmv that the difference in free 

energy between the superconduc ting stat: e and the normal st r.tte in 

the a~sence of magnetic field is 

f _F 
.so 'Y10 (5.1) 

is the c.ri tical field 'vhich C.estroys superconr1uc-

ti vi ty at T == '). By small A 'liTe me an that 

where a is the penetrati'Jn depth. 

From eauations (3. 46) '"'"e have to so 1ve for Cf: when 

IK I.VO IV (1) K(l) . 
contains two terms r.-... and f'.. , 1 be1ng treated 

as a perturbation due to small A. Consider the perturbation 

ansaty' z. 

such that 

which implies 

to the change 

(F.3) 

(.r=:..4) 

~ (Lt ~ I 

JB=-JE-t The changt.. in IJ is related 

, both being diagonal is given by in tJ 
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Similarly changes in (L , ([;; , and f arG given by 

cr/ cP.. ·TB 
~ ; - ([ t:" fEr 

/\ 
iE - (]2_ ¢ (!! t _____ 

with I' r :=: [JBJ rrJ -tr:= /\ -t rr 
/\ 

f ~ OAJ-+ ~~:: (f~-r 
where from DO'# we wi 11 use cr 

0 

to indicate cL 
1E I IK/ + 1f, ~I 

• Now 

( fi. ,C::.,) 

(F-.6) 

(5.7) 

( s. 8) 

( 5. 9\ 

(.5.11) 

(5.11) 

where I<' ::: ~ ;_"' C 11,-+ '1J z.) , A ( 'th--V) 
::{,-(y 7- (5.1~) 

Substituting equations (5.6) to (5. 8) in (.5.11) 1-1e obtain the 

basic eouation /\. 

(£ f 11<:1 CE 
1\ • {([ fJ rtf)] (f -q -([-~- [7Po --

A 
1\ ( 5. 13) 

elements If where the and [' are written a~ 
/'\ A.JJt I'\ 

~) rr -l ~ 
.._, /11 A~ ...__ 

(5.14) -cp 
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/\ /\ 
\ ;, 

-~ ~ 

) and 
~ - '\ -t-- ,, ~ ?1 -L) + f ( .c::.. lF.) 

Separating as before the S'9in dependence, ·~ore have 
L<ct I(l.., 5(') 

(5.16) 

and 

( )(/ ;::-
( 5. 17) 

Writing 
/\ 

II - (5.18) 

1\ ( ~ --
I 

and 

we have 

(5.19) 

f /\ 1'\~ r\. A 

G ~ -- v- r'tr - u. 4> l7 - u- cr u -r u r u (.'5.2()) 

( ;(. 1\ .,If 1\ /\ F ;:: {)_ r- u- -V~ v -f-lAp u + [{_) t{ 

Using the above equations, 1..re obtain from (5. 13) 

"" I I , 
L + v- c,, c/>~v -t V P F U +- L<. ~ F * v - U 63 · ~~ u. 

= U k 1 L/._- Vk.'V 
/\ I U7>.,....t I f L1 -t- u. 6; ! ~ ~ v -t- f 1 r- u - v f,. r -)( v + v ~ I C, u 

=--U.K'11 V- vJ<'u_ 
Sincerity of these eQuations permits an easy seryaration of the 

real and imaginarY parts. To this end, it is convenient to lls.e 
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the definitions 

A 
0 

where = + rGal 

= i m c~.:_:; in ary. Also let us define 

- (A k t<' -+ rt A-k-k') -
2- .) 

- L- A k k 1 - I rr + ' 
even ry 
odd 

with 

1.Vriting thE.' seuarated equations in terms of matrix elements we ... 

observe that unknowns occur in pairs, i.e., 

<-? , ) 

-/.(, -k 
~ /'""\ 

'\ 

··~ cp/t..)-f< I < ::) 
Introducing the abbreviations 

4 -k, I<( I 

~I<~<, -=- u k l( J<, -a-'T v,<vK, 
~ 

8? /<. 1-<'"}y r.,' - f;<.r-TVI ")-.__,' \~ 1 - :J... pi-< -yv,. k 10v! r 

1~~1{ ~:['11<1<'9< K' M1 )~d m '"'' + ik 1<' r:,-k' m,-M'-:1 'M 'MJ ~~~ 
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~ I< - )< I + [ _p 
' -\ I< I< 1 

k' 
I< I< 1 

He see from the :,>ropertie s of P and Q, that the quantity 

lJ =- }< '- "" enters parametrically into ( 5. ~7) and ( 5. ?.g) ann th1~s 

the problem reduces to solving efluations for fixed q( . 
Introducing the vector and matrix notation: 

Vectors v f ( ;\) [ c·n-I 

" " cv ) jj, - ( ~~ ~· -
v 
r Aov) 

( c"~ ~ 
y 

cp - ( 4 ~~) -
c-T 

v 

( c-~1 :) K --

diagonal matrices 

d, ( G.i c ) t ( I 
\ if 'V (.1/ 
' J< 

) -
' 4 ) -

I~ , . , 





and matrices 

(5.31) 
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"" 
y 

and r p - £ 
v y 

f r +- 4-l 

(.!). 36) 

To establish Meissner effect we have to f'tudy the induced current 

( Y(c,;)> : 

<J(IJ)) 

Since ~ 1 depends on 

J(Q 

\) 

(5.38) 

Since gauge inve.riance and Meissner e f.fect are linked, we shall 

discuss gauge invariance of the above equations. 

formation is: -~ 

A-:/ (?t) --; A r 7() -r- \7 X.( Jr.) 

or in k suace 

A (tjj) :::c A (1f) + rv I ( iJ) 
(I) 

Accordingly the change in perturbation )~ 

The gauge tran s-

(.5.3')) 

is 

(F-·31) 





16 
.· ( L) 

The associated transformation in . 'i is 

This im)lies for the annihilation and creation operators 

For infinitesimal gauge transformation 

C{ ( 1-+- ~ )CL 

a._+ {1-+rr;*)a 7 

Corresponding to (5. 34), the change in G 
r-' FJ \J1. and are: 

G'==-
-p1.::: 

[_ G, J -KJ 
F'>)?i -jF 

or ~I [ <L JiS a:+- ) cE,] 

which yields 

cr Jtcr 

' I 

and F denoted by 





- 3'1 -

The gauge term betng a pure longitudinal potential, we shall study 

the effects of a Durc longitudinal ?Otential. It is seen that 

the solution of the J3 ~roblem leads tJ a current which vanishes. 

In this case eauatiJn (5.34) can be written as 

(5.4~) 

where 

r- Lo 63 :t 4 ( f' ~ J) ) 
~+- [ -:{[) ~-+ ') Pf] p+ [-4 ~ 4+:J PtJ] J. 0 

rf-t - ( ~<2.) 
(f ~ e_ 

L=-

.. -J .. "'' .•· 

1Y< e ( c-- d 0_'1-_ k 'L) ·r; q; 
,,,., ... · . ,:·~· _: .. ··:"'··.~···.(-··.:: .. ·. ....:" - ··- ·-~ 

\ _f+ ~ { " I ~ k. 2_) ~ 'lJ 

~ vv-C f\.?\ArC ~f:--vclvt~1 _)~ ~~~ 
- J. I -'1.... I -uk-u1r 

/- ') o-( u lJ - lJ- k ? 1: a-{(,.( 'VI + 1;- (,(_I ) \ 

In the above the un?rimed quantities are evaluated at the argu­

ment lz and th€ r~ e.J ones at b..' = k-+ 0, I. Since ~·:re a 
V 1 :r-e 

studying t~e efi:ct of a lcngi~udinal notential, r- is zero 

and hence f/ ::::- [B Tr J 
) 

/I* /\ 

-r <f· f..- [B.,";> I J 

-\ /\ t A - <;" -)( 

-~~ r -lc )-j 

\ 





i .. e . ) 
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~ ~ f C\ rJ = fr/-~ '~(u- +'V ~~ j 
~f::[f3Jr] =[i;V-rlV-+iA 4 /'U] 

( 5. 44) 

As before we can factor off the s·:,in de~Jendence and further intro­

duce the c- n.nd 0( operati.::>r.. After some mani pul at ion Tve have 

Haw writing ~ut in detail the equation (5. ~~) reduce~ to f_·-r- ,cE -£')-~-a-t (1>.+])') 

[+- 1- o-J{:D+J:/)--;{ (E-E') 

0 

0 

where we have made use of the so 1_uti)ns c·rhen A -::: 0'. 

and 

0 

G~q I 

f I ~ co ( ~~ k v + ~~[{_I v) 
- a- C F-+ F ') 

£~-E'-&,(C?-~') 

(S.46) 

( .s. 47) 

(5.5')) 

He' nee fl"-L 
From this ve have if 

given bf equatio·-~ (5.45) is seen to satisf'r ( . . . '.r::,. 3;'.l) 
,J . 
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L..~ 

C~f) tr --

(.r::. •. ~l) 

'-../""" (r-tf (k.' 2_ n_2)) 
II< 

-f+- .f c kt~- k_ '2_) ( 5 •. 1)2) 

we still have \.../"" L,.../'"') 

(i -+ z )!r //(. (f.. ,t=: 3 ) 

Now we can conclude that the operator 1 + "'"Z._ 

zero for q,.:::::._ 0 provided the gap has a non-trivial solution. 

To see this ~ 

( j_ + -z ) "'·~ eJ rr ~ ;!<: __ 0 

or 

0 

v 1;-:::o (; (.~J.54~ 

0 

I+ r P z 

·o 

(5. 55) can be solved if F == b. =f 0 • Thus in gen.,ral non 

singular o:;?crator J-+ L te~s to a singular one in the 1 imt t 

of 1}--;?.>-==--0 Using (5.45), (5.23) and (5.99), we find~ 

< J ClJ)) =- ~ .e N v -~4; ( [;- N-'z: ( 2 P-r'll '(-lj'../' ~ <>--7 ) 

frp / t . +j(j ,-

=,QeNv-~1/1!- N-'~_r7P~1t) (c,~ c;"'') 
f? 





- 4Q· -

) Q t-Jy- 1'J·f (4;- elf N-lz 

'V p 
::: ~ Q_ ,1\,J y _,/V) u ( 1-

1; 

-==-0 (5 .. 56) 

Thus we have shown that for a purely longitudinal pot8nt1a1 1>~c 

have vanishing current. 

Any vector potential A '11 
pnd longitudinal oarts 

can be spltt into transverse 

' -~ - -7 t:. -) -f. 
ACiJ =- A'1! -r A11 

( 5. ,1')7) 

where 

.S.im.ilarly the 

with 

A ~:=-0· 
11 ) 

.f 
Ail ==-

pertu:vbation 

k ·~11 
k 

To demonstrate how the sys tern responcis to longitudinal and t:ran 
s-

verse fields, we find it convenient tJ introduce parity 098rato:r 

in R Sl)ace ITA:-:> ~ 1.1rhich rGverses the A. vector compone t-
. CfJ -:> k K n -s 

in the direction 6"f .A • Under this operation quantiti~ s 

li~e 1z 'l. ( k.-+ 'iJ) 'l- )';,_ ~ J,_ 1 (by as sum>Jtion l are even, wh tl, 

,1L.v Atjt / is odd. Since ~ is composed of q,_lant.i ~ir-: s 
V li'ke 





depending on 

[1 
Ho-vrever 

and 

Similarly 

but 

- 41 -
·2-. '"2._ 

/z }I2..-H1J) ) fk_- k_l it f'ollo 1.rs that 

+· z ---p-;:J tc J 
;; Ail 0 

v 

//( ~ 

li<~ 
v ~ 

Tr 
Vf;: r-T 
fe 

( p .• 61_) 

(.5. 63) 

(.5.65) 

If 1+L is non singular for v ,_ 
to remain so in the case of (/ ·'k.. sub.-.pace 

, it is expr;cten 

for even CV"==- 0 

because all the quanti ties )re assumed to be c.::>ntinuo!.lS in CV' . 
However ,~re know tha.t the fr e satisfies the equation (5. ~:3) 
with t.ero eigenvalue for 1r-;:::: 0 'T'his is oos.sible only 

for n-R since it is even under~ {c- . 'T'his illus-

trate~ the completelY different rGsponseCVof the system to 

longitudinal and transverse vector potential uert! trbati on s. 





- 4a. -

Chanter VI. 

Flux Quar;tization(s). 

It has been recently found that \vhen a multiply c'nrer.t Jd 

superconductor in a magnetic field, is cooled b2low the transi­

tion tem?erature the expelled flux trapp~d inside the hole does 

not h8ve arbitrary values but assumes a value Hhich ar·-:> multi TJ1.e s 

of a basic unit i.J'hic h seems to be 
~c 

This ph~nomenon th~ows 

a lot of light on the microsco~ic theory of superconductivity. 

Flux quantization has been anticipated by London and Onsager. 

How.::ver the e_ occurring in -* C. should be interuretP.d a9 
a. ;z e as is to be the case for ,a:Cftl.ed electrons of the conrlensed 

system. 

To study this phenomenon, it is convenient to ctist!rt 

the typical doughnut geometry which is used in the ex~erim~nts 

on flux quantizati -:>n, by cuffing it open and stretching into a 

straight 

----~--~z------------~--~~o 

It is easy to see that the boundRry conditions at the surfaces 

~ and S /1 are ::>Griod ic ones. Neglecting sur face e f.P o ~ -Get~ 

it is convenient to ro nstruc t a L- periodic box 1-ri t ··1in Wh.ic h ' 
t. h.~ 
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usual box q 11an ti zation de sc ri ?ti on \vi th the p~:;ri_ a:l i c bounc1 ar.v 

condi ti::m is adoryted. Perigdici ty in Z direction corre c:"Jonds 

to the actual si tuntion while the periodicity in X and '1 r1irec­
~CC. 

tions is ~heer mat~1ematically conveni~ • ., 

Thf.?. flnx :.>as sin.::; t.hrough the intc;rior in the c'loughnut t 

to the left of F ( is measured hy ~h0 line integral of vect,r 

pot'.; n t i a 1: i.e. ' 

Sin~ e any change in the gauge does not affect Cf 
nicnt to choosG a gauge where 

with A = Const. Then 

A ---. e<f 

L 

(in doughnut) 

( in T-' J3o X ) ( 6 . l ) 

it is conve-

(6.?) 

(6.3) 

~:~ s;~~ [Ck_+A)2_rJ 
( 6 .• ll ) 

Now 

Our idea is to show that when A is such that th0 

trap;>ed flux ;_c: ~.he correct quantized value, the corresponding 

bulk ~urrent vanish8S· H~w~v~r ~hen A is slightly diff0~ent 

there GYists a bulk current which is 9roryorttonal to th~ davi~­

tion fro~ the rorrect A. 
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-;:> 
Any g•""neral A can be dE:composed according to 

-;> -? I --;> A ::: /-1 + A If 

(6. 5) 

such that ~A J is always an 1 allmved' la.t tice vector corresponding 

to L- periodic box. This is true for any ,4/ corrcs"?onding to 

a trap~ed flux since A I :::: "!:lei ng an allo·.r~ d 

vector, - k- :( ~ 1 is also an allowed vector. Using th.i~ n~'·.~ 

vector which means only a shift in the momr:;ntum and the onl.v 

'\ f:. and A "- 0 m :> di fi cation in the >JreiTious equations for /--, :::- o 
1.--("2...) 

is in i.e.? 

~ 1<..-+h...' _,A I (6.6) 

It is clear from th•s above that for 
I A ~ r.J , we recover "tho 

II-"-:S ty~e .;quations. ~,.Then A 1-::J., 0 , there is only a shift in 

momer~tum lattice vector and the integral eauations are as slmple 

as in BC r; theory. It is important to no '2 that we can intc~rpr"t 

effect of A 1 as a sllift in mom"'t:.~:um 

in \vhich case tho tra??ed flux assumes 

vector on'-Y ,.,hen A 1::: 'Yl [j j L 
only quantized value. In 

this case it is to see that the bulk current vanishes as in tho 

aJsence of any external field. 

In general 1·'Je finCl for the expectation va.lu.:~ of the 

current for T-==-<J • 

Z"TC'1f)):::: ,;(eNv- 11 N- 1 Z 
? 
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=c .?e. ivv-'~; [ !IJ-'2.. (Zf>+(J) C, ~, .,.._ 4 } 

= ~ e Nv -) s-cv ') z( ::G. 0 T j:;" co )' A 7 
o l r r p ;- p. + - ) 

;:: ~e Ny -i f"'~ { N-1 ~ (- :2A, 1 ) G, ;~ -I-A 1-t A'' 3 
=::. .2..e v. v -l J q,.. A II 

0 

(6. 7) 

..4 ,, 
Thus only when ,Lot · # 0 

pro"';)ortional to A 11 

, we obtain a uniform bulk current 

Hence only the solutions with 

i.e. quantized flux values, are also electromagnetically stable. 

FinallY we will compute the thermooynarnic grand 

potential. For A'':. 0 , the only difference with re~oect 

to the thermal equilibrium state probl::m is the shift in t!'le 

ltinetic eni3rgy origin. ~th .1-) 11";1 0 /" ~..Je have for 

Let us consider __f2_ -at I ;:: 0 for at~plictty. Then we 

have ( k+A'F-- C t---A'' 2) 

~ ( /c(-+ A I) \) A 11 





_})_ - z [ 
k 
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r-- 'I 
I k. -::::: 0 

c kk ~ E;_ ) <ci: I+ ~ P;-z J 
A ll 

The change in _{l(/) due to can be inter~rete~ as ~1~ 

to a change in fL<_ 
vJa I 

.... ~.·-; c:>ncludep therefore that 

_f2__ ( A'1) f) (A,. ) 'Ou2. 
::::- .__) L. . '= 0 -+ '0 r- L\ r-

There fore 
L)JL L:Jr­

(-A'' L) 

sine e from the definition of ...Jl ( (<-) 

(6.10) 

(6.11) 

(6.1~) 

Thus the behaviour of _jl in the vicini t.v of the st.--::tionary 

points corre sDonding to the flux quantize r1 so luti.:Jns is -parr-<1'o lie 
- d y (9) 

as predicted by Byers an · Rng (sGo :8'ip;. 3 ). 
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. . f (10) 
Dev~at~on o Land;Ju-Ginz-:)urg E@ation s 

In the phen:Jmenologic a.l thc~or.v due to Landau an0 Gi.n ·-:-
(11) 

burg ·, the state of the superconductor i~ clescribcd "J.V thA 1Y"ave 

functL.>n l..4J c-x.)T) whore T is the b~mperature. )1fJ(?r_,T)}2.. 
is t ak-an to r(·pr•3 sent the density of su iJer phase. 'T'hey also 

assumed that the current is given 

In the ;_::>resence of the magm;tic field, the free energy is assumed 

to be given b.r 

j(v-~A) cr/~ 
(7. ~) 

Varying 1.p to obtain a minimum value for F , v.re obtai!"' an 

equati'Jn for 'f 

z:i:<-(\7- t:: )~-o((T)TJltr)/VI?-31fl 0 
(7.3) 

In the absecce of field i.e. when A .::. D we have 
' 

D( (T) / ) 
/ftCT (?.4) 

which is a constant indep3ndcnt of ~ If we a~sume /J_; t r ') br~ 

rigid i.e. 

of A~ 

1·11tJ does not change very much for T_.reak "?3 rt··rl.lc.tt! 
n 

to first order, we fino that the current is gi.ven. 





hy ·~- \ 
~· J 

where wo have used 
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(7•5) 
~c 

(7. 6) 

Equations (7•1) and (7.2) are the basic equations of Landau-
(12) . 

Ginzburg theory. Gorkov · derlved these squations from a 

microscopic theory with the assumption that the magnetic pote'1-
.. ,- ~O'JC.Q.. 

tial and the gap :.:.~./..:;.now1y varying functions of oositroru 

Further more he ass~ed the temperature of the system to he close 

to the critical temperature so that the •ap is ~~~11. More 
(13) (14) 

recently Tew)rdt and T . ..Jerthamer have derived the gt;neraliza-

tion of Landau-Ginsburg theory b:sing themselves on the theor.v of 

thermal Green's functions· These i~en•;ralized equations are not 

identical although they agree •·ri th each other and with Gorkov 's 

equation near the critical temperature. 

From Chapter III, '.ve ha1c the equations 

([).,_ ~ --i ~f.._ ( f-J._ 1£ ) 
(7.7) 

IE ~ ( _;~ :) 
(7.8) 

F 

- F* G 
(7. 9) 
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E= I<+ ~.(C\+i 1) 

D :::: ?. F 

We can replace (7.7) by tte Cauchy integral. 

f 
-4 (A) 

"Le.:t us write F and ~ as 

F - I J if (!'\) ~,o{ A - 2Tfl-

G - I p { (,.1) G~ o( ~ - ,.. 
21i1-· 

where I 

~+£~ 

<:;' \ = I ( .l( I D 
/' /l-E-]) ,--J+E"''f 

To derive these we nead to use 
I I ---- -------------------- 0 

/)- {E --

0 ...-\-f -!)~ I - D 

-t-
\/ 0 

r)-t E 
I I .....-}-r £)(; J) ..._;_ ______ _ 

~-E+D~-'--D 
A+£,lf-

- _!_]) ~ -----
~-£ ~+£~D' -~~ 0 

,..J -£ 

(7. l'J) 

(7. ll) 

(7.13) 

(7.1/!-) 

(7.15) 

('7.16) 

(7. 17 ~ 

7.lR) 
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In these equations (7.16) and (7.17) ths s~in part of the matrices 

have been separatt:;d out as be fare. 

To derive the Landau-Ginzburg equations, let us assume 

that the magn0tic potential A and other quantities entering th.-: 

problGm are slowly varying over distances of the order of the 

Pippard coherence length. Ir. our derivations \ve shall assume that 

A is slowly varying and small or more ,recisely w2 can s0t 

(7. 19) 
......., 

where A (e) is a fixed runction and . a- is a small para-

meter. The motivation behind such a choice 0 f parameter is thP.t 

if we expand any gauge invariant quantity in powers of CT , the; 

individual terms of the expansion will be se,aratelY gauge invari­

ant. To see this consider a gauge transformation on A l..,-ith a 

slowly varying gauge function: 

~ (R) 
(7 .• 2')) 

which changes A into 

(7.21) 

It is clear from (7.~1) that A continues to be small and slowly 

varying v.rhi ch was ·nade possible by thP. ·Jxplici t factor cr-- • 
Such a ::;>rocedure is obvi::>usly dictated by the fact that the Tanda,_t_ 

Ginzburg equations are not :>nly gauge invariant but in their 

derivation they do not mention any gauge at all 

Now under a f}uge transformation ,if A __::;; 
A +- '1/ }:. J.. ¥', -~e %ave, 
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G) (?()?c.') -.) c;)h '?1 I) 

and 

Howewar we consider 
z 

:::- G,/'?(' 4:') <?xp D r./4 (7. 23) 

(~, ?t') !) (:>r,~')exp[ c s~,q~-+ •'J~,cA)1 J7.24) 
x_/ ?t. 

-

R ~ ?r + .?t'/• where 
(7.2.1)) 

and the integrals taken along straight lines joining 

points. It is easy to verify G (?(, /ct) is gauge 

the two end 

invariant 
~ 

transforms according to while s 
~ (?r.;?r.'} -7 F (?)?c.') ex.h [J<.c ~ (R)] 0 
~ r1 r , c 7 • -" 6) 

We will hereinafter refer to Gt.t\(?f>?t. 1 ) and f)(?r,?tf) as 

gauge invariant ?ropagators. 

- To derive the Landau-Ginzburg equations we have to 

expand ~ and 
~ 

is GVident from the 

F';. atleast upto seoond ord(.'r in 

presence of the term (V-Ce A)! A 

u as 

expansion of the equations can be achieved by means of ~ method 
(15) (16) 

which was devised by Theis · Baraf"(and Borot·ritz' have:: als 0 

devised an eypansion procedure in VRrying degreG~ of dcrivntive~ 

of the potential in an complt:x atom. This oroc,::;dure consic::ts in 

tre.Qsforming all 'Jropagators into thro mixed relJresentati-,n in '·r~ 1 i(~h 

we use as variables the centr0 of mass coordinate (7.28) an~ th~ 





- 52 -

momentum conjugate to the difference coordinate: 

(7. ?7) 

Thus we write e.g. 

(7. 0 8) 

The above procedure can also b(o motivated .:..s fol_lows. Since 

])( '?{- ?r ') wi 11 be cv~ntually identified 1o~i th Landau-Ginzburg .lf 
function we note that :D ( ?t > ?z. 1) ~ 0 as ~ _ Jc.Jk comes ver rr l2rge. 

Also as we arc essentially studying the motion of a uair, it i~ 
. .....Sh o...t(_ 

convenient to separ8.te the centre of co~roinatcs. We ~ als0 

discover that the X which occurs in Lanr'lau-Ginzburg '.'rave fu'1c­

t ion i s a centre 0 f mass coo r din ate , i • e . , 

Now the interesting question arisr.3s as to how L(R)p) ,M(R)p) 
and N ( K) p) are related when we:: have an equati:>n: 

s L ( ?1 ) 'A:.! ) t1 ( ?t' ) ?[ " ) d '1. I - "' ( ?[ ) -n I') 
(7.31)) 

Thets has obs(:~rved thn.t we have 

-.. 
(7.31) 

f) ~ "-~!< Q~f [-~ ( \lR ·\IF, - \lp • ~ t) J 
/::> f -::> p 
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If we introduce ~~oR ' '.ve have ~ R. -= () v~ it 1 s c ~- ea-

that the ex-pansion of the operator ~ in powers of o coincides 

with an expansi )n in powers of gradient. 1!Je now simply· expand 

on both sides of the integral eouati::>n in powers of ()- and 
CLCf""-Al~ -

I; .. .; ... ~ on 'l>oth sides the terms of same pmvers of u . 

- We have previ:>usly introc'!uced gauge ~nvariant propagat::>rs -
and • Since it is easier to deal with C... ~ct F first 

to a certain order and then use the equations (7.~3) and (7.24) 

-to the same order to ~chieve c; and f= • Now we have to ~o 

the same in mixed representation. To obtain C1 anc'i F 
second order in the mixed representation lve procee0 as follows. 

The integral 

( 7. 3-"~) 

This integral can be easily expanded in ~Gwcrs of ~ ' by calcu­

lating its successiVe derivatives. rrpto second or~er we h~re 

T -} 

The corresponding operator in the mixed representation is 

obtained by means of the substitution 

(?. 3.5) 
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This operator exp(4•'\7p) is equivalent to a substitution 

and has a simple classical meaning 5 i.e-, it car he 

inter"9reted as a change of independent variable from canonical 

momentum p to the lei netic momentum j::'- A 

order this is no longer true. 

In a si:nilar way we can ~er form the expansion of 

T ~ = s R A ,c( :It -+ s: R A 'ol X 
:J,_I ?z. 

==:- S[A(r-+rq) -A(r:- ~).]\. Jrr (7.37) 

-o 
Exp:~. nding in powers of o- , we have upto seconcl order 

with 
(7.38) 

T,ve thus finally have upto second order 

(A.\J(p) )"2-) r;Cp,k) 
- . (7.39) 

-

f ( p_~ R) = ( J +fro A e ~ rc ) 
<o flcr ro P l <0 Po 

F C p, R )_ 
(7.40) 

where1n the last line, we sum over repeated indices. 

In our further ·calculations we will omit the Hartree 

Foe~ term 1.vhich makeS the calculations considerablY simple' i ·e. , 

now becomes 

£ -
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ll'urther vre will also neglect the f dependence of ])(pJR}whici:. 

implies that the interaction potential is effectivel.v a consb=mt 

in momentum space. Finally 1.ve have for the cu::'rent in the mixed 

representation after performing the sum over spin indices. 

3(R) :::L1<2 f (p-ArRJ)[~Cp}R)-+_1 J 
V r - ~ 0e }i p C, (?>!?.) 

We also have 

(7. 42) 

1 p ({; R) 
p -o,; ) 

We have to carry out an oxpRnsion of ~ in (7.17). To 

this end put j\1 ~ ,.,.ll +£~ and call H = ;\ -T- E "r · Thus 

NM = 1 (7.44) 

where l P -r- A rr<) ) ~ r · (7. 45) 

According to (7 .37) we have in mixed re?resentation 

( (} o + {), + () 2 + ~ - -) {No+ 1-1,+- - - ) { H-g, -t-11, + /12-- - ) :::_ 1 
(7.46) 

Identifying terms of equal order, we obtain 

61 0 N 0 V/ 0 -= / 

() N H -t" 1).'0 !J f H V T g) I t\Ju H o -:- 0 
t> o I 

(7.4?) 

where 
- _,l-tr":r=-r)+vO_). H,- 2p~ArR) 

M 2 A 2-.c r<) 
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There are no higher order terms. We immediately have from (7. 47) 

Since 

~, 

We note 

N - ~'­o - t1o 

Hence from (7.48) 

N, 

Further using (7. 49) and (7.51) we have 

~, lvo li, + 
and also 

()2-
as Ho and 

~, N, 11 0 =- 0. 

IVo Hv -::::: 0 , 

N'() do not de:pend upon R 
H~ 

I 

(7.49) 

(7. 50) 

(7. 51) 

(7. 5~) 

(7. 53) 

ThUS 

(7.54) 

To apply this technique to first compute the nenomi-

natore in the r.h.S· of (7.17) and to obtain it~ reciprocal we 

use the above method. If we exryress (omitting the ~ index 

from now) 

(?.fr;) 

using (7.39) ,,_re can obtain the corresponding gauge invariant 
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expressions. This is really a tedious calculation. Hen~e we 

give the result: 

(7. 56) 

(7. 57) 

GA~ f_ 'Z)'l.. - ;1. L 

-t- [ P· ( 4A I .D) 'l.-+ i D~ V,.,_ D -L D \1g D )] · 

( ~ -+-v0) (A~ '£ 'L) 3 

- ~ ( t> · 17 t< 7 '2-- /:D }._ ,--) + LAJ( 1-t- [;( '{) q_ ) 
2- (.A 2 __ (~'L ~ ,,; 2. £ 2 

+(~·Va.II>/2) (/- ~(A+<--0)'2--) c ,.\ -t- k)} {,I :z._ r')3 .....! z_ £ 2. 

.. . \ 

-r--4 P· ( "''-+ :< c A) D '* p. ( v.f- ,;u A) D 

c r\ -+- t-0) c _.f '2- '2 '2.) L, 

(7. 6~) 
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In a similar way using (7.16) and (7.40) ive obtain after a 

detailed calculation 

]) 

,....} t2.. c 'Z. (7 •. c:_r;) 

_ -~[~) P, (v~-~ct1.)V 

From (7.42) and using the results above, we can 

immediately derive the generalized Landau-Ginzburg equations. 
-- B~ 

symmetric in~gration, only c; 1 contributes as the contrt btt .... 

tion from C, 0 vanishes. vle have to also carry out the A 
integration. TypicallY we have 





I 
) 

(?.6'=') 

I'Joting 

(7.62) 

( (7. 63) 

'rhe swn over p bee ause of symmetric integration can be expr .. , ~"''2d 

as s cJ3p 
p"L_ I ( I{£)) I 
3 ~ ('"1.64) 

Haking th 1 the slowlY varYing functi "1t•s e usua approximation, i.e. 

are replaced by their values on the Fermi surface and changing 

the integrati::m variable from p to lA) , '"e have finally 

~ J: ~ ({~o) 
where ~ the number density = 

of vt_} 

b,e_ r,-::/- .- ?..­
..: If 

Finally we can ,.,rite down the ex;,>ressj C!1 for the current 

;:, t:·' JCl()= ~[-~ (])_..vr<P-])Vi2-Sf) -~ e A lr:J] 
(7. 66) 

where 

/}-. I 
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where ~ appearing already in B C s theory is 

I · J. 00 o{ ( f- c C ) ) ol t.0 
/\/ .:::: :<_ )pJ '2- d( L 
/t1T v £.. f_ (7. 68) 

The equation (7. 67) is similar to the one that occur in 13 C S 

theory except that eypression given by (7.67) varies \trith the 

position. Equati·)n (7.66) for current density agrees '·rith the 

result derived by Te,.,ordt an0 l.Verthamer. It can be checl-::eri th8.": 

our ex>Jression goes over into Gorkov's result when T i.s ,...lose 

to 'c_ 

that C 
'J 

• 

Tt'inally using (7.43)~ (7.59), (7.o0) and (7.61) \vp se 9 

gives 

action uotential 

no contribution to the gap equation as the 

is assumed to be momentum indeperJdent · As 

be fore per forming the ,A integrati.Jn, the gap equati::m can be 

written as 

[- ~F.,_-Ro--t- ~,l\712 - olceA)'-,_J_]) .__ 

+ h~ [D"'"( Vif-cJc e A) D) 2-+f V.e?-/DJ J 
+ ~3 T C \7/Z- 1])12-) ~a 

(?. 69) 

where 





- E:l -

with 
) '2.. - V 0 -r :bo 1--

-' ']) den!·tes the B C S gap at the given temperature.Equation 
0 

(7.69) agrees with the corresponding one derive0 by Werthamer, 

though it differs from that cerived by Tewordt. !.,.ear the cri. tic ~l 

temperature all these expressions agree with that of Gorkov. 

we can use the equation (7. 69) to study the depend'= nc 3 

0 f the gap on the magnetic -potential. we note that in eouat L "Jn 

(l.rfJ) (lff"{;-f c-"-occurs and hence we can use as an eyuansion 
'· 

parameter urJ.._~ a/ However "~st. ~0<"::;:/.:?'_;_zQ·: ~--a~e seriou.~l.v "::1e 

~ ')_ as \~~ \~~ terms in the expansion of order higher t~~n v 

already neglected terms of' higher 

To expand (7.69); it is convenient to express 

terms of its amplitude e.g., and its phase S 

L~e_cs 

~~:e can rewrite (7.69) c:s a set of tvro equations for 

1/'Je can eypanc'l. '-f and S as 

<r ""::: cro -r o( Cf, + o( 2._ Lf 2.. + - - - -

-,_ -

D in 

and 

th 1'\ ·c tor: don G;:, '?e). vJe work in a gauge such at ..J/'D is real. 

.J)1 > il{e can obtain the equation 

s. 
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where .£<, anCl* 'l-- are calculated at Sin~e the :f'u . ..,c-

tion -f.. 1 + /DJ'l- vanishes ex"?onentially a8 T --1- 0 equation 

(7a69) yields no de:?endence of the gap on A, a "Y'e.c:ult in agree­

ment \ATith that obtained by N:-.mbu and Tnam, and by 'T'e"tvO"T'dt. ~f:::>1,re~r,::;y. 

if we had ke"?t only the first t\v0 tertlls in (7.69), we shall be 

neglecting the ~'1-- term ·in (7.74). l~re shall end up with 

52 D0 !2a.. D, 
__ z__ erz 1/F 

'1... A'--J (7. ?F) 

v~ 
'..oJ'hich agrees with an older calculati.:>n of Gupta and Mathe-w • 

(7•75) does not contain any tem!;)3rature dependent coefficients. 

This emphasizes the basic l:Lmi tat ion due to the as~umed 0Xp::n:-~ '"1t_ 

in A • It is clear that local supE: rconducti vi ty cannot be 

valid at very low temperatures where the penetration d€pth i ~ 

small and consequently th.a .::...:sumpti.on that the :9otenti al is 

slowly varying will fail. TtJ"erthamer has attempted an estimate 

of' the range of validit.v of lor:al super:-onductivity th<~·Jry. 

. . . . 
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