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LECTURZS ON AGFZPIC PROPFRTIES OF A SUPFRCONDUZTOR

by
Professor B. Zumino.

Chrptér T

Introduction

Any microscopic theory of superconductivity should lead
to the derivation of London's equation which connects the av»nlied

magnetic field and the current in the bulk sunerconductor.

According to London<1) the current in a superconductor consists
of two parts, jyx and j; , the normal and cuperconducting
respectively, i.e.,
- > - ——>
(1.1)
where :ﬁy‘ obeys the usual Ohm law and is given by
J’Y\ = o k& (1.2)

0~ 1is the normal conductivity. The supercurrent TT;. obeys

the London equation:

x
:I’ - — L /%

) ¢ /\ (1.3)

W
where /A is the vector motential such that
=

—>
Coll A = H
(1.42)
and
(z
’DCV’A =0

(1.4%)






Since (1.4b) determines the gauge, we can wrige "ondon's equatior

in a gauge invariant forms

Cunl C/\:):S = —H (1.5)

/A\ in the above equation is a constant characteristic of the
material which can be calculated from microscopic theory. ZAccord-

ing to Maxwe'l's theory

Cund H = 2L T,
¢
:Y only need be considersd since the normal current will die

S
off after a short duration. Using CL01IF1=C) , we see that H in

(1.8)

the material oheys a differential equation of the type
vViH = 2L H

o CTA (1.7)
This equation‘implies the Meissner effect since only the decaving
so'ution of the above equation is physically meaningful. TO
explain this statement, consider a field 5ﬂ> applied parallel to
the surface of the superconductor and let 7, denote the depth
or distance pervendicular to the surface. The field inside the

s pecimen at any depth 1s glven by (Fig.1)

— &4/
Fi :',/10 € /3 /////////////// 8)
here =\ Al
h s = C /‘/S«Tl' e

This type of soluti»n is indejendent of H/f -
0

the geometry of the specimen

Cpphed
fred e >0







2ut even in a normal metzl theres is a small current afte: Ers
establishment of the field. This s a cuantum mecranical effect
which is called the Landau diamagnetic current. But this is
essentially a current of the amnere tynz as oprosed to the suver-
current or the London currecnt in a sunerconductor. Therafore our
asdroach to the problem of superconductors should be rather
different and follow the initiative avproach of London, who thought
that the wave function of the super electrons should have a

certain rigidity and not change with the anplication of an

external magnetic field of vector notential A to fire<t order.

9

The current j(R? at a »oint R in the material in an
external field is given by the usual quantum mechanical expression
Tw= 2 (LR o, 2 *
:. /, ’ _—- _ . 3 _ K "Il) .
{:,JR € 1}/ 19 N VLL‘)\_,'I*)VLW JS(K d)(L
et L
‘ THQ
In the above exnression H)C7lb.__- C&ﬁv) is the wave function of
the /\J super electrons in the specimen. The first term in
(1.9) rewresents the paramagnetic current while the term nrovor-
__> .

tional to — /x 1s the diamagnetic curront. Tondon assumed
that 1+/ is not altered by the external field and hence there 1is

no paramagnetic current even after the application of the field.

On the contrary the diamagnetic term jzs vanishes only for
A:O’ i.e., ]’D qA and if
CA o b (1.17)
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whare "V/‘ represents the number density of super eledtrons

the London equation (1.3) 1is obtained. Hence

M A 2
A = — = i— g

5

As opposed to this in the case of » normal metal when
the external field A 1s apvlied. 7+/ gets sultably changed
such that the oparamagnetic term and the diamagnetic term get almo:t
cancelled. Even then a small term corresponding to diamragnetic
part survives, which is atiributed to the so called Landau dia-
magnetism. But this small term is not truly a current with a net
outflow. 1Its nature is that of the amnere type and that 1is the
reason why the Landau diamagnetism is measured in terms of the
magnetic moment per unit volume.

If we want to calculate the resnonse in a metal
corresnonding to an external field A , we can write for the

induced current :{ﬂ7K>in the linear approximation as

IRC%) = S kns (76'%')A5(7¢')0(%) (1.12)

where the kernel IS cannot be any arbitrary functinn, hut
should reflect the physical n"rocess in the material. To see this
more clearly let us take th3 fourier traznsform of hoth sides of
(:.12) and get
.
J ) = krz,suV) A (ﬁ«J

n (1.13)

In an arbitrary gauge for A, i.e, 1f we allow A to be A + ¥ )ﬁ
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to nreserve the continuity cnuation ‘3{\;’\/“ J. = O , we have

Ve L) = o

(1.14)
To satisfy the avove relation, l<9\§ should satisfy the diver-

gence condition for hoth sz and and hence it can be written
as
<. = (9, *3) FU™)
ns °U7 ~ ,LaUg" U gl’(s F /CH (1.15)
In the limit wher C{/__) 0 we should be a»le to obtain the
London eougtign T = =1 Aéu where
5 CA

/‘C A~ , .
A™a _ U Al
7 ?/) = An (51/7 S _‘S - gns_.al/néf/g >AS(7/)
ﬁ/l YT (1.16)
the secopng term being Bauge dedendent. It is easy to see that

? &
since c(/ﬁ'A/_L @) =0

(1L.16) represents the trarsverse part of A
Therefore the exvyrecsi for
brecssion fo J”LCCV)

valid for popma1 metal as well as a sunerconductor 15

- 2 jq,] 2 @
J)’LC‘D> = "ﬁ/ F( ﬁ/l ) Aq (GI/) (1.17)
1 1)
In a normay metal "‘C‘/ FC‘W\ goes to zero as Ci/ goes to
zZero w(i-e.) F('OVP—) 1s regular at ﬁ/-\-o , while in a
- 2 > 5 |
suserconductor 6{/ F(Iq/’ ) apnrraches, Ane 1imit =72

C/\
as Ct/ — 0 , Lo F(’WF) becomes singular as 6}/

goes 1o zerg and 1s resnonsible for the pon-zero Iondon current.






Chaoter II. .

ey
A variation principle for % 2565 .

Before we st dy the electrodynamics of sunerconductors
we shall review briefly statistical mechanics. of a system of

free fermions.

As is well knownr @ gencral system of free fermions -~
corresnonding to a Hamiltonian H can be described by the densit:
matrix 6) definad by

P: e_/F)H

(2.1)

e —

o o H _ B H
= T e (2.2)

The exnectation value of any operator 0 ie given by

<O> = T" ( € O> (2.3)

w——

/ .
where %3_: and _7:’ (7 — f . Hence

The free energy of the Fermi system, /“

62__ /3 ff:: 77; ¢ —_/ﬂg o

(2.4)
e
Instead of using H , we capn usc f¥ given bv
[
H= - /’”L N (2. 8)

wherz N is the rumber oneritor arg /4 is the chemical motentyny

]

which entzre as an unkncwn in the prcblem’ and g")t the thermo-

dynamlc votential L) using the grand cnscmbles

- ) | Ry
eﬁ‘ﬂ,Tyg'H .69

S
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For free fermions we introduce the creation and annihilation
*
\.

overators Clg y sz
:{ﬁ: (]:?>/‘o>>
X N
[Q‘fvaip;j = € Jff/ (2.7a)
P — X 0?"—‘
Euqf)Qf’J = J:G{“’ g Hf’«-/ =0 (2.7b)

The Hamiltoniar of the system H equals

. s | G,
He 2 Wt

where :{ denotes both momentum and <»H>in

These >bey the commutation rclations

(2.8)

where 5
™, = —
15 ‘El /& f (2.9)
Ict us now calculate the thermodynamic potential > Now

Ty o= A1 :Te”ﬁg Wf_,/Oa}&jg
I Q"/S%(W-F’/‘A)%_{

where we have used

[j,71f3 q?{’:] =0

(®.11)






Hence

i:'é‘%@?(} ——/s[ /k?)

(2.12)
We shall calculate
“ 2 LJ 7
_AH ,_/uf,;( £ 71
e / fﬁ (2.13)

In the case of fe;iions '34 = N for o> Q. .

Hence (2.13) becomes

(L) )
R Ol ) L) B

From (2, l)) and (2.14) we lind GD as

_[Sh 0 - ~
= /’,/ﬁ 7;[/;%4\#(/\ (} 7(7(2;1

v e

0
where r~ 1s the Fermi distributiop

_%O . /
Q - +Q/é{ /u) (2.16)

(2.16) gives the density matrix fop Non-interacting system of

f

fermions. For calculating the sround state of the interacting
fermions we shall use a variationgi drinciple to determine the
ground state wave functlon and groupg state energies(Z). T> study

the systep at finite temperature we gpg13 introduce a trial

density matrix G%. which after minimisation will become the
correct G) . Now the free energy at ponezero temnerature is
given by

-T7S = y./"(/ T /?n
<:}1 ;> 7y “f‘/ﬂg (t.'jﬁij

1f (27






with /o Q

y
/
—Ts = 72’<47 (e >

The exact density matrix is given by that(? FD which satisties

(2.18)

the minimum 0r1n01p1e given below.

'ﬁ f ,é,? (2.19)

We can check that when 67:: - /SH y the above\expression

yields \/2—_»'
; . 3}.,/’
S = _ 1 /ée? v e / (°.20)

We shall mathematically w»rove the variational principle
used in (2.19). If the Hamiltonian of a system is a Hermitian
operator, the ground state energy of the system is the smallest
possible value of the expectation of the Hamiltonian with respect
to a normalized wave function that is arbitrary, excent that it
satisfies the boundary conditions ang the symmetries of the
system. This principle can De used to find an upper bound for
the ground state energy. A si<ilar princinle for Hemholto?i: free
energy can be proved using a theorem due t5 Peierls  '. “eierls

theorem can be stated as follows. Tet A ba an Hermitian
operator, The theorem asserts that

- < |A)
7;€A>Z€ [A) o>

~ X (2.21)
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where « 's are complete set >f arbitrary, orthonormal functions.
The equality holds if «'s are the complete set of eigenfunctinns
of A. The proof of this theorem is based on the property ofCaiiesrdu.ct
A - wq;&wqj(wﬂLa/éwkhm>@d45{ﬁz %
convex downwards if .4’/(?() > 0 .. Let 'Z-Y,} be a set of
\ e - : :
real numbers and i(z”ﬂﬁ' be a set of real numbers such that

C’h>/0 and %{ C% = | . If

{02 Z G g (20)

(2.22)
and
e (2.22)
then _
f((?t) z 1[7('
(2.24)

This is true since by mean value theorem we have

%/(%7‘{(%)’*“'%)4(7‘)4’[ 4&’ (°.25)

where 2:, , 1s a fixed real number. TUsing the fact that

2 C, =] , Cyy 20 w2 50
e
fom (O TP i) e

which proves(2.94)' If | B >'s are the eigenstates of A

A
Ay =5 e’ F
7‘Y (e ) //ﬁ*» mt@u ('_Dw\a:fmr-aﬂ (9((:‘7\

. ia Alno, .
where AB are the elgenvalues of p, TIet SdebﬂﬁKIf 8 Casy +q GT;g;;

see that

KR =Z |S,.07 LA,

L)






It is well known that

- 2
llence
- — <
v e _A? %l Ay
B e e m T e
Identifying ;
- A o 2 e”
and
s )%
C/,) = ’o{p (2.31)
From this it is clear that L.H.S. of (2.30) is 53 o i.e
. y - <X 1A
fosd ) e
Ty e - 20 (2.32)

Actually we have used a slight generalization of the

above variational principle in writing down (2.10). To prove

A+B A
Ty € = [ve Q“,‘v( me” B ) (o az

Let |«> be the eigenstates of 4

A4B oM <°<lB)c.(>

T\’ € Z X (2.34)

On setting CEX _ = 4¢3
' - A (2.35)

Ty e
(2. 2¢)

S






it 1s easy to see

A
Ax <K B et > Zz < L | Bla>
2 g...,_—- e , x Tve 4
2 el x € (2.33)
Hence A\
5 oA < B> A Ive B
€ >Tve ¢ A
X = Tve
and so A
B A T e
~ :
zve . & Ty e (2.39)
i.e., A‘LB :
/&3796 c?TvQ + /v € %YQA (2. 40)
In order to obtain (9 19), we simply set
X
= < x
Ft /fv e (2. 41)
and o
_‘__ﬂ H = & 2*)’3 (2.42)
Now H 4
I
) = 7 AQ?TV € (2.43)
using (2,41), it is easy to see
_ | QP? —_ —-nl
L I~ e I8
/2 ol
T Tve (H=1 7c> (2. 14)







Chapter III.

Basic Equations

We shall be dealing with a soft pure superconductor with

a hermitian Hamitonian in the second quantized form given by

(inunits%rccy_%\,;j )

Q a G
Hez b @052l H feds £
{{ """ (3.1)
Since the super conductor is 1n an external msgnetic field -

—

whose vector potential is A, ]( ' has nondiagonal matrix
P2

elements in momentum space of the form

I< = <4, [(p-eA) =g |, (3.2)

=

Follow1ng Bogoliubov( and Valatin(6) we can write the quasi-

Particle tI(-/{anst‘(ormati on for a‘( 6{4 as
% - J

_ 0 bha
e ug 8+ Oy

with 3
7
a4 + /D_{ = j, {(3.4)

O<.f and O( *x are quasl particle operators. Ve assume the

(7.3)

quasiparticles to be statistically indenendent and we make the

ansatz for the density matrix as

QF‘T{F[ Q X+ _[";) °(40<;J (o 6)
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However in the presence of magnetic fisld, the transformation
(2.2) has to be generalized by taking (L_( and U, to be
matrices rather than scalars. We demand that the new transforma-
tion to be canonical. We also vary r:gxfl‘f+, szf?} to yield
the minimum free energy. These operations determine the unknown
parameters entering the transformation as well as in the density
matrix. The B C S equations are obtained as snecial cases of
(7)

these more general equations .

Tet us now consider gauge invariance of the above

Hamiltonian (3.1). The gauge transformation is
A) = Ax) + Y X0
. fe X
W) — e 7y (3.6)

For an infinitesimal gauge transformation

A__aA—‘—V)C Y= Wi+ eX) (3.7)

and the annihilation and creation operators become

A —a TLC’,j)C(v—-/L«’)[\ d/b

p o=

It is easy to see that k:f %‘L. 1s unaffected. Correspondingly

(3.8)

the interaction term undergces the transformation

g V47,250 Vo) o0y wim) Wiy
X €_,L€_X('/Y,>

Sle X(x) o K(73) (e X
c < S (3.9)
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To make this expression gauge invariant, it is obvious that the
interaction should contain some ©&-functions i.e.,é;(Qf\—7C4)
and é;(sz;-7137 to cancel the exponential factors arising out
of gauge transformation. This condition implies that our poten-
tial 1s local. However the 3 C S interaction in momentum sDace
being limited to the regions around the Fermi surface, is a non-
local potential. Hence the B C S interaction is not gauge
invariant « We also note that the external magnetic field alsc
destroys the translational invariance.

The B C S interaction arises as a net effect hetween
the coulomb interaction of the electrcns and the phonon interac-
tions. The basic Hamiltonian including vhonon coordinates will
be gauge invariant. IHowaver in the presence of the external
magnztic field, the effective potential V may devend on A. In
such a case the vpotential may be supposed to have a factor,

QxFilan;fVXictﬂj . In this fashicn we can have a non local
potential which is also gauge ilnvariant.

Let us write down the generalized Bugoliubov transforma-

tionss

g =2, ey Py

X*"%i{u;@a¥/+%}?a¥ﬂ

4 = J (319)

or in matrix notation

X = WG -+ ba”

O<'3t _ (/‘:)fq,)y o ’(1)7,(;( <8'-’L1\






We find it convenient to express the conditions fcr the above

n
transformation to be canonical tk}ough super matrices and vectors.

z'(/’(
o= (av .12
N\
X = (,;?; ) (2.1.2)

¢ w v (2.14)

= » r

@{_ = <f/ CD< (2.13)

In order that this transform=ticn he :ormcnical, it i¢ nccescary

Thus we see

that (¢ be unitary, i.e..

- (3.16)
which can be variiied by substitu*ions. There is another oronsrty
“ 1 s i N3 . . .
of CE which can be calied the wmiy-~- - symmetry. This is defin=A4

as follows. Consider a maitrix A

[ I L,tl'\ l >
A - (/(’4' (:“Zl. y N (3. 17)

M
The minor symmetric /L\ equals
(J * r X

: (.
A" P
) - - " 3
‘e Gy " (2. 18)
s 3 . . / /ﬂ ! Q:
The matrix satisfies minc: symdetry. 1.0 ;v =

We meed the follcwing dyadic formg
- 2 * .
I A Qo
! (3.19)

)
L3
<
[N
—
sk
-~
?—~
~
\\
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X
/X :
x / X X X
XX ax” -
x%,-)(* ;X -
A XX (8.20)
Their thermodynamic cxvectation values are
X Cr-GE*) £
<@{.@ N\ - @O
S =
X% o
F G (3.21)
O
o [ ~ ]"‘ C‘)
—_ X
- = <35< X >>
* 5]
~d I~ (3.°9)
It is useful to employ slightly modified expressions:
G - 6G°-+1
- 2
_ [ =G F
(2.23)
F* G
- o
T O
r= 7 =1
2
-r ¢
‘— ,4;* - (2.24)
It 1s verified that @. and ”_ are hermitian and mirror
antisymmetric, i.€-«)
-t T
G = & =—6
(2.25)






—/-

[ =]
b=—

A
Since @R, amid)( are connected by OL , we can verify the

C-CTct (

We now recall the ansatz for the density matrix
T 0o * o | _ O + )
(.¢T#¥4*( ELAN

Using (5.20), we evaluate (3.24). 1In doing this it 1s to be

(3.27)

(2.28)

relation: -

[5V)
\V)
<)
f—

(%.30)

remembered that trace operation is over the FocR space and not

on the super-matrix space. We now find that (3.24)hecomes

e
- )
o )

Using (3.29) and (3.31), We obtain from (3,23) the exvressions

Gz uwfrou + vi(i—reyy
F=vrou + g

Ff—:(ixrov* +1y*((,r°)m% wE
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The two particle corrclation function i.e.,<gj *kz *‘CL a :\:>
£ {2 65 44

can be computed as follows:

<CL>3 la?l a'{}a‘]"’> .
= Uy 5, ) (U7, v, %, )

| X X
~ VU, o X o 4+ U, X >
(u-{zvg v, Yy 7 >( ufzﬂg, v e E('Q)ﬁq

(o] 8] +
- (. » D _ (ao

G«‘f 2 G {213 G"('g.Z 4244 T F“{"gz F1974
It is inéeresting to note that the two particle correlation furc-
tior appears in a factorized form. The three terms in (3.23) can

be thought to corresvond to Hartree, Fock and BCS anproximatlons

respectively. We compute <H > s

o~ % D X n ¥ )
(H > = Z K#’{L< < ?Zq1|> “—Lz_z 1’131L%Zf4<a°(| Q{?/ 0{J€/4>

=K. G° 4L ST Gy oGy ~G° ¢°
gy 52 {12151, (64;546:4:4; C“;fgf{.,_z;

Fr Fso
! _ o + + P @({4}3'34)
= 5 SPLIETK ) 6°4 PPy

where we have the following:
S - _ o
A EE 4’12—13@; FE{’{L{Z /4

with/ - ? o
F:(féz‘tziq 4’1(3 Tf‘h/z J L(l(z/{;j; Efl@"(z{/-s 3






s
ZAML {:4, = AL = Sp(AB)

Z A0, 177—1’/, g - (AB) ) q

2N P o1, 2 ABD () .26

using (2.235) and (3.36) we can verify

: 0
L= K +86 e o)
D = P@ F (3.72)

To derive (3..7) and (3.28) we have to keew in mind thas

/P ')({ {4> — ?({2—6/3) (3.29°
s fy

. s - verta . s s he >uper
As before we agair find it convernlert to {ntrodure t ,

matrices: - —F*

+
F-E--F - /
‘; Z; (2.40)
+t M _ X
%\/: i ’*’“?' = (¢ 41)

such that

F-Q@éec

(3.49)
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Now we can exoress (3.37) and (3.38) as

E = E(C&) IK +IP N

where _ K‘*

@

H

© I< (3.44)
Pe . [-967 PF
~PFT 8.G° (3.45)

Using these sxpressions we can write down for the thermodynamic

potential (L .

SR S-T .
:j{ F[(EJFO@-%-Q/S O{/@Ar—\'(\-f—)«g\«(l I*)

(3.486)
where SWD means the trace operation in the super matrix space
and this for the factor 1/4. It is also seen thatkfl_ is real.

We have tominimize JL by varyinz (1 and r_, .
However since Q? is unitary and mirror symmetric, we use the

method of Lagrangiar multipliers, to take account of these

restrictlons The r°SurlCtlonS are

T CC0 1 -0
Q)C27 _ di ¢ — :1 - 0
c—C™ =0 (3. 49)

The Lagrangian multinliers are

N = N7
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Minimum property of g can be sxpresscd as that th: first

order changes of

o= or-sp (N0 AU

] (3.51)
with respect to “rariations of @2 )GiT and ”— have to
vanish. From (3.46) we obtain

| _
0=%M =Sp[ (S E @+ (E+| k) 8@0)
—) o
2,/3 ’ev‘(” ) g I}
() \ ) 7 ] ~ fe
/\\ gu() /}\(m U ) (2.5%)
We also note — O
SE = P86 ‘
e T v TG 7 S
S G- T T+ T ~C + L7 §C
' (3.54)
~ \ , g)‘" ~ .,'1‘
>)”/(\/: f;i?(L -~ GTZ§QT
) ~ (3.75)
SY®: SCC +C7T6¢
d (2. 58°

Using these equaticns we obtain for

a) gﬂﬂOﬁEO but SG:D and g@to
@:sﬁ—j(ﬁ(@gwo@*\@o s T,/\@g \
—F’ 8,6\4 T_O 5 ”—

/ /
T ~ 70 (2.5
((E EC+p U 5 »






This leads to

[’ - L’q?(/[é Qdu\jm;z> j

and - ?
/ = — é; (QAAA- (//%: éi;* (. 5
SWO.:O but g(]i 7&0 and SQZT:O.
“ossp [L ESC T -A5Ca A%t S
+LECSTEe - Aesd- K5 ]

(3.58a)

using

St = QT 2@

we find

o:gf’E Tdffgf Ecf’ 7‘5{]
:JiSFL(’@OE-E@@) gf@j (2.59)

Hence it follows that

E@:O) EJ = 0O ;L@ >EJ =0
because[q;o) EJ has the same symmetrics as gm‘/'(‘[

(2.58) and (3.60) are the vasic cquations. sinee| &, Ej =0

1t should be pcssible to diagoniliee them simul-ancously. Now

(3.80)

from (3.568b), we have

d;:-—.-é:/(/ﬂbw/\,// /dewwmf)

(3.61)
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Hence we can considzer (3.60) and (3.61l) as a set of cquations to

be solved for G and BE. Altoernatively we can also consider tnc

above set of equations as equations for C and [— . This is

really connected with the chnice of (¢ which will diagonalize

G and E , when I’ is diagonal. To the end consider a

different set of quasiparticles o' such that

™ =D
D (D)= D

):ED ”_Oj =0 (2.62)

It is easy to see that because of (23.€2),

and

the vhysical prozertiae

of the system arc not affected by this tran: fcrmation. Hence it

is always nossibiz to find a mirror symmotrie unitarYCI. matrix
T . ] .
which diagcnalic=s G;\ andllw si~ultanecusly into l and

E[ + For this CZi we nave automatically
o-C[F2] €= EHG%GJB%U

We can now rephrase the entire problem as detsrmination of C

.

and { 0 f‘
T @7L, C T =1
. ’ . (3.64
Cﬂ = Q;f = — S QZ’AT—Q?7L >
— 5 et e . A (3.641)
ﬂ; — U(fjkﬂh @; :3¢£T ::‘LZ? = @ g.di
¢— | | (B.¢1e)
=L Lo b ( £ )
z = /
Vo will refaz to the eoua’lons (3.64) as 7 roblemt,
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Chapter IV.

B C S Kauations

We now solve the non linear equations for the case
A = O and >btain the gap ecuations Cz é&l BCS. When A =0
the spin denerndence of K, P and Q are factorizable and diagonal.
P 1is translationally invariant. To take advantage of this we now

introduce the followings

QO ) | I®) (o
6 = l - g ,
0,52 o | °2

(5(13 o C + | (4.1)
V72 Y2 (&

—_Z(D : g

—{z)
F, P -5

/ -/
/7>}7 f"z P (4

L. 2)
In the above we have introduced the 'barring' operation hy whi~h we
mean
:{ = (;’)>)'—CT:> ‘/ij i{-: </#) cri)
(4.3)
In this notation ()
(1)
" _w, L, .s
P, Pl s P b p 5o~
- (2) L (2
U I = 7)-}7 I/Q )o/ S ),
,?)6—))9;6_ 2 GQ)O—- (4.4
In this case we f]_nd that
U» = LL d \/ = \/c( <
G =G 4 S e F. Fuy
T ' (29
1 2
£ o= Zf‘* v} D = I>o(
' (4.5)
E: = {.d A :ch“
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where the subscrint <l indicates diagonal matrix eleuen-. e

that (3.64a) becomes

. 2
(/id\'?‘—k o™= 1

— -

N\
N
9))

The interactiosn notential is assumed to have the »roperties

’(O’) <“ G‘} O-—?_ ”/ ') —
E_ = g ) P G &, C:;
T o - o T = —
| ,/ H 4 S 0 SHCPESEON - E ca
¥ i 2 % R ?H(w :S 61?,#@ 7)?/"7/<4.7)
VUV = 0 Ut U s, T R

Using these it is easy to VeI‘lfy

F/&j—)o C|> _ ,SCl?

?’/(¢13C‘7 - 9) SC"7

P(a‘) S(z’) _ _S )

g

" PIA) - IV (P,

=12
(PA) = %} {/(~l<’ /(\)(

"(K) (I(I A > P‘U) 7(K) ) y
(.
(F“(@A -V, = AK = Cow
?(_L(Z)A&( — I(“ = )of (4.9)

(«4:5)
After this C\A/V\a.té we nave s ~g (1.7 (a8 (492

Ek "2 /A-’F 2"( f"“"z fo) G/Z’ (4.10)






: =+ L
€/</ < <
(4. 11
d |
w Pe = - > e B
k. (4.12)
where &‘_I
F/L/ = _—/_L—_ :D | (4.1?)
N .
[, —L 2
2 2—
S,Z = VL3, (4.15)
It is interesting to recognlze that 8;, is simply the eigen-

value of /E . E/K given in (4.10) 1s more general than the
corresnonding BrS expression in that it includes the Hartree Tocy
term, Z ((P/Z}z/ ) P:)G We will simp? 2 thec Hartree Touk
term as 1t merely comphcﬁtes the equations.

Let us look at the eaquation for the gap given by (4,13,
A trnvial solution :D,z =0 always exists which means that w = n,
In this case there is no Super conductor as is well known from BN
arguments, Assuning that a non trivial solution P always

R

eXists, we can compute —:Dk when the notential is factorizabie

R{h’ "'""> A \//i Vk (4.16)

is the strength of the interaction. TIf we nut

D, = \/}(C‘L

where

A

(4.17y
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we obtain a t dent ati for G-
aln a transcendental equation for 2

—_—_/}Z\/l/& - _) T V},Zrﬂ _
k! Z}L} k! ‘/( /"‘)2 C

(4, L&)
Only for the attractive case, we can hope to obtain a non trivisl

solution, since ]_}’A is vositive definite. In the BCS case the

. YR -2} >
Potential is assumed to be constant over a small Shell[\Fer(r/r\l?dw

surface of width given by Debye momentum. At 7—:-0, (4.18) hecomes

/ = —-A 2 ‘\k;'

(k)72 -
vt hi—f\‘)%* c* (4.19)
For smal1l )\ , /
C o e~ PN (4.20)

where N(@> is the density of states. It 1s clear from (4.29)

that there is no expansicn around (\ -0 since every differena-
tial coeffinient vanishes near A = o . Tt is to be noted that
there is an essential singularity at /\ =0 D

. at
Cvidrens o 0 Y

finite | can also be calculated ana the, temperature /o 1
AN

obtained for thetranishing of D. 1In the weak counling anproxima-

tion /

k—]—c-,’ [.Ja W e X Niod

s

(4.21)
We can also check that there is no bulk current, i.e.,

< T > = ‘2’—— (2P+Ql/> G .o, p+a o B
Z (2py b

bre Vel ?MLQ

% e

g 2t “p= 0 (4.22)

\

e
\%

e
V

—4cg
v






Chapter V.

Meissner Effect.

Having obtained BCS equations in the abhsence of the
external magnetic we shall study the oroperties of a sunerconductor
in a weak external magnetic field i.e. when A is small. From
thermodynamic considerations we know that the difference in free
energy between the superconducting state and the normal state in

the ahsence of magnetic field is

- 2
{_SO‘F'V\D = He /@T}’ (5.1°

where <%.- HC‘, is the critical field which destroys superconduc-

tivity at T = 0. BY small A we mean that

A/g << He

(5.2)
where & 1s the penetration depth,
From equations (3.46) we have to solve for ([: whe n
~O a ).

IK contains two terms }‘K and lK R ]K() being treateg
as a perturbation due to small A. Consider the perturbation
ansaty z o

¢ =¢C Crs RB)
(F.3)
Cc -
such that
'+' (F.KL)
which implies :ZB = ——E . The change in lT- is relategy

to the change in Ei » Doth being diagonal 1s glven by
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- j’ﬂg—f’~¢/: o [l (%E)] ﬂz?/ (5.5)

Similarly changes 1n CE ’ Q; , and LE arec given by

C = e B
A
¢ - «Ir i (5.6)
)
_ , 7
| (5.8)

with ﬁc,—_— []_B) ijffJ: ﬂ/\'j (5.9
§ -mmddd = e i L

where from now we will use (E to 1ndicate d’: . Now
_ / ; /
F = K+¥%¢
(5.11)
w o
where K' _ gc";_ (ﬁ/l—i—"\/z) . A (@2_7/, )
#lgz

Substituting equations (6.6) to (5.8) in (5.11) we obtain the

(5.12)

-b;a\usic e-;:uation /_/l + j 7L /
A A (6.13)

where the elements ” and are written as

A ) -——F*C; ﬁ_f
ﬂ_ - (—-(/j;* //_‘) = // (5,14






A NN
and é\ — —2 ZS ,-\7‘_
ate )T b

Separating as before the svin dependence, we have

u I(I) Clj " - ( (
c = /[ 47 ° gy I'7g 12

bd I(Z)S'(z) Md I(‘n)sm)

and
"
K= (2 2)
- /
Writing c K A
2 — g 2>
i FAR
= A A
_6(7-7 CF* S(») ¢_
and N ) AT cz) N
2 _ -s £ S A > /
B (2> QX 4
we have —>7A S < /

/ N D x A A
G ==y -UP VvV -Vveu +ulU
A A A N
F:/:{,L[”?J--—ng V“FU<P(A+L(.T(/(
Using the above equations, we obtain from (5.13)

/Z\+ Vv 8. GV T\/PF’a + U PFP*,— u@;d’a
= Uk'y -vk'v
A

A +ug ¢ v+ U PFU-VRF  vac U
= Uk y- ve'l

(~.

(5.

(5.

(5.

(5.

(5

€5)

(5.

1)

18)

17)

18)

19)

.20)

e 21 )

.292)

+ <4

9'3)

Sincerity of these equatlons permits an easy senmaration of tpq

real and imaginary Parts. To this end, 1t is convenient tgq Lem
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the definitions

A@—Z'lz’(A+O\A*)§A:§AG- (F.24)

where G = + real

= - 1maginary. Also let us define

{

r),. LK) = _l_
2
A k! = T A Kk«
T T

with
FT/ = odd

Writing the separated equations in terms of matrix elements we

A

(5.258)

observe that unknowns occur in pairs, i.e.,
D ~
I <—> [ ,
-K

I <! —_

A M
¥ C#k)-k‘ N C#-'QK’

Introducing the abbreviations

V
= —0 7] \/ I = O
@KK' U U AL Tf,(,(, UM TV
/j{"/\/\’)"’v'\(’ Q

(5.28)

v

Ei O i< Y ktra '

1<

P
\ a ij
- +[— ?k '*"ak X'm "M,(} m ‘»w,’+ j/( <! Pk,’k" =M o r;n%

"'[ﬂ , , p A
i3 et T 0 k! Pk;x’,w,-w}% f»f] #:
M,

= D K
T ke <5‘27)

/

7 ~hat
;M
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) i 5 L
Al<)—)<'+ [;{RK/ 6';)<K’w"YV\C()lfYY“~ '?\.'—49}“('?]( J

)
)‘ K ;7"1 )-M{'}ry‘. W

~

+ [ _ ¢ |
[ fk kgl( K A’ /Mj‘m ’M’+?k K ’fﬁ@’k
= =4 ke K ,4

K Kl (5.28)

)

We see from the nroperties of P and Q, that the quantity

cly_ k- i enters narametrically into (56.27) and (5.28) and thts
the problem reduces to solving equations for fixed CTV ]

Introducing the vector and matrix notation:
Vect AR
ector \ ’
- : éi <’ ; ’;>
<
= o

A
G‘V
:<‘4/<
(<

¢
NERD
()
pe

11

K

i

Ix 7
x <&
\_/

(F.29)
diagonal matrices

& ]
3 = 3CV > L A
)< ’ ~ ] /

\. "\'\ P (50 BQ)

A

~

Yot

/

j ‘\/\
/
l' " .
M =M ’“"W/_C¢ ]
J






and matrices

P-(Pe) :§=(5"

K (5.31)
Where K~}< /('__k
F> = FDCV — B ! )EL-JhA
’4 ) 'YV\ 7Y) /LV)‘*—% K P, g
!
CS : g KoK Q v —g k,‘/([« ™ PO
KiK'l =0 Koy — € hyoom (5.32)

We can write (5.27) and (5. 28) as

2+[;€7>4 J&QJ%F%E?/F&*QS{JCF 3K’
A*E@ u—r((@gjﬂ L3rg -1 ﬁf’ B 7‘(2

By examining the equations (6.23), we find that

[1ve (- 9@9+,{P<{)JF+[Q (950 + {rgz):)cp
Live* (*f@¥+?f’9j¢*[€ ({99 + ?F;()Jr% (5.34)

wnere -—?_{k
o et = Kia«»ﬁ/
- M = r}«-»q/

¥ _ (Zj) r—-i _ ri ‘/E:t)’/ (5,835
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A4
and — G) s
T A

<1«
|l

(5.36)
To establish Meilssner effect we have to study the induced current

< Ty
y
<3—("{/>>/ = <TP(°V?> +<TO/(W7>/ (5.27)

where
<3' ("\/7> Z (2)’+ﬁ/>c & 5 p+q
< J (”U>> ’QQN ACV (5.38)
Since C; depends on F? 3y we see from above
Ty 22 > G (5 1, 8
N/ bs P F e

(5.39)
Since gauge invariance and Meissner effect are linked, we shall

discuss gauge invariance of the above equations. The gauge transg

formation 1is: -

Atad = Alad 7 X(7)

or in kﬁ space
AK@) - A /f ’)7(7/>
Accordingly the change 1n perturbatigp 1< ' is

P
' oD

< 3 o 12 2 .
T /}[jﬁ/—f b (k /2)071?,_

~

(5.31)






18.te r .
e]

Y (7, o) '
_ E((XWO
W (7,67

This
imol
olies £
or th
e a
annihi
ihilatlion a
nd cr
eation
operat
ors

A
01/6\: ZI/:’ (ﬁj{)ci/
iy Q%:
-

nites. o
1
es
g
an
b

G' and F/ are:
G’ .
- LG
SR

/
(ﬂ; — } Q: .JE>Q? (2; é
C)'DC),J | X
)7:’))~ _077:

_F*
nerytrr
, L6, o

whi
ch yields

cBC=- [
M 0
0 ——‘17*
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The gauge term being a pure longitudinal potential, we shall study

the effects of a nure longitudinal potential. It 1s seen that

the solution of the B nroblem leads to a current which vanishes,

In this case equation (5.845 can be written as

(1+2 )1 ¢~ Jk? s

21«: ¢ [-9 89 +{ PL] ¢ [98 {+ {F 9:()\
. <?£fsa 9?%7 GTJ}J&ﬁQ%J/;

/c’ 9 (K227,

\ R )
A Rog e Tane Mh@a%@ N w{ymw

/ -
3 u(L ) 9 b~ 1 -

= /

‘:'(Dm uv"v—u’) 9 {T(: O“((;(‘\//-PPV(A) )
In the above the undrimed quantities are evaluated at the argy.

ment k and the FWMQQ‘ Ones gt }2 k—* ﬁ/ Since e are

/
studying the effect of a lengitudinal nrotential, [— is Zerqg

and hence /?— — EB‘) H‘J
¢ /=067, 'Grj

A
s

_AL})Y [ k‘“(c T‘% [B F‘J (5~43)

i)
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ioe., @ _ ZCCJ) r_} - ?r‘)—-u MU +D (71’/6(5
ﬁf‘riar‘] =/ Vv M“f‘“j

(5.44)

AsS before we can factor off the s-in denendence and further intro-

duce the G— and ¥ operation. After some manipulation we have

(5.45)

How writing »ut in detail the caquation (5.._.) reduces to

€9 - g(-E)+74 (P40 =0
c” %7~— 6‘9(1)4—1)')— {(£-£') =0 (5-46)

where we have made use of the solutisns when A = O'.

(M gy 0= T (=0 (¥ %)

— G“ql (5.4'7)
_— _ / !
347 4 gr = (Tauy +TRx /)
= o (F+F" (7. 48)
ol 2
i pa Wt FE_§ G o) .30
)
| (5. 5n)
1 4
L
Henee ,’ given by equatio- (5.45) is seen to satisfy (5 ~
"33y

From this we have if






N
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L,—/: _ —F Z \
/ ( T F
(5. 51)
" — }(l ‘2_.—- 2
N< _ 4 9( ) D,
_e*r fkfk’_‘kz) (5.52)

W€ still have

(i + 7 )//: - //L\j (7. 53)

Now we can conclude that the operator 1+Z has an eigenvalye

Zero fgor CU:O provided the gap has a non-trivial solution,

TO see this o o

(1 + | =
Z > ﬁ/—_ @) [rc‘*/to //<ﬁ/ 0 (5. 54)
or | — dF O |
1z 9 ) °
Uo/)lor-D | =
O ,A—Z P 4 & S © fs.s.ﬁ)

(5.55) can be solved 1f F = E # O . Thus in genaral nop
singular operator |+ pa tends to a singular one 1n the limy ¢

of ‘779:0 Using (5.45), (5.28) and (5.29), we find Moy
<T DY = e NV”F”? (7,—/\/" e
= (2 =
, t% ‘Dv ;i} ﬁ”T%Q(?’71;25923(~‘)
=& -
e NV i/(q/—_Ni(Z#*ﬁ/D (C_’O_Go/>







— Ronym ( N "0 ) o >
! )}‘&/ﬁ/ l/ CP Ci/'\J /,Z,_-CVGJ"'O(/
~Xanv ' 9, ( Ny
Y z Nz
el ) (5.56)

Thus we have shown that for a purely longitudinal potzntlal we

have vanishing current.

Any vector potential Agl/ can be split into transvergs

and longitudinal vnarts

-5 _.,»a_ \>£
A = AQ —f-A?

Q} (5.87)
where /4 /L; - O -
Vo >

£
/’ﬁ/ = %027 YRLRR)
Similarly the pertnrbation K splits into
iy 4
K v - K, v K TV
}7\ e + }Z (5.7 9)

with ’LCU B ’ Ao
K = a?}(‘ Aﬁ/

o= (200 4G Lkr TR s

(5.6)
To demonstrate how the system responds to longitudinal and trang

verse fields, we find it convenient t> introduce parity ODeraty,

in k space }_) e which reverses the ’k vector Componenf
~—> p— -
in the dlrectlon Z/f /«) 4" .

1ike //Z{L (/4""61/) /7}1_}L/ (by. assumntion) are evep While
41’ AL is odd. ~ Since Z {1 composed of Q‘Ian‘rlti(\

I

Under this operation quantitig

S Tiy






27 (k)™ , T
dependlng on (4“"@7 PR = )E_/ it follows that

[ l + _77;"6\_, J = 0 (5. 61)

HOT‘;]'ever \/‘ V

v v
and "ﬂ’a “< = — “< (5.83)

vV
Mol f“
but ¢ v ¢
7);\.—9 C /7—' - r (‘3..3‘3)
4
If 1-}- Z is non singular for o7, v #0 , it 1s expacten

to remain so in the case of /7"(:: subcpace for even O(/‘:O
because all the quantities Vgre assumed to be continuos in q/ .
However we know that the [ satisfics the equation (5.78)
with gero eigenvalu® for =0 . This is possible only

for n-? since it 1s even under'ﬂ;‘ {c . This 1llus-
trates the completely differ?nt responseavo f the system to

longitudinal and transverse Vector potentjal vperturbations,
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Chanter VI.

Flux Quantization<8).

It has been recently found that when a multiply c>nreetd
superconductor in a magnetic field, is cooled below the transi-
tion temperature the expellad flux trapped inside the hole does

not have arbitrary values but assumes a valuec which ar~ multinles

4 C

of a basic unit which seems to be _EZ . This ph-nomenon throws

a lot of light on the microscovic theory of superconductivitv.

Flux quantization has been anticipated by Tondon and Onsager.

Howsver the &  occurring 1n '4ij5_ should be interoreted aa

§Z€i_ as is to be the care for p;%ﬁed electrons of the condenseg
system.

To study this phenomenon, it is convenient to dist~rt
the typlcal doughnut geometry which is used in the exXxperim2nts
on flux quantizatinn, by cuffing it open and stretching into a

straight shape

It is casy to see that the boundary conditions at the surfaceg

§O and Se are neriodic ones.

Neglecting sur face effant
O T o
it is convenient tO @ nstruct a [“

periodic box witnip whiap
Fha
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usual box guantization descrintion with the periol 1c boundary
condition is adonted. Periodicity in Z direction corresnonds
to the actual situation while the periodicity in 2C and “ Airec-
tions is sheer mathematically conveniewte. o

The flux massinz through the interior in the doughnutt

to the left of F-_L’ is measured hy tha line integral of Vectsr

potantial: i.e., Se
(59 - e_"“ < A AS (in doughnut)
¢
L in T RPox)(6.1)
—we” Az (in T %o

i i it is ve-
Since any change in the gauge does not affect (f , it is conve

nicnt to choosc a gauge where

—
A(:\() = Aé‘)

(6.2)
with A = Const. Then
A = — Q“f (6.3)
L
Now
'/< < (o K, n 2
R L (ks ) kﬂj (6.4

Jur idea is to show that when A 1is such that the
trapoed flux i< the correct quantized value, the corresponding
bulk current vaenishes. HOW2VET when A is slightly differopnt

there oyists a bulk current which is nronortional to the dovia-

tion from the correct A
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—~>
Any general A can be decomposed according to

-2 =7/ -2
— !
A=A+ A"
(6.5)
RA’ ' ~
such that is always an 'allowed' lattice vector corresponding
to L-— periodic box. This is true for any ,4’ corresnonding to

’ —
a trapsed flux since A = M ”/L . k, belng an allowed

vector, —R— 24’ 1s also an allowed vector. Using thie now
vector which means only a shift in the momentum and the only
modi fication in the nrevious equations for /—)‘;O and A’ o
is in Ifz? i.e.,

—-/-(27 g K+ k!

N -2A" (6.8)

/
It is clear from the above that for A = we recover tho

?
'35 type ~quations. When A/:ﬁ ) , therc is only a shift 1in
momer:tum lattice vector and the integral equations are as simple
as in BCS theory. It 1is important to no ¢ that we can intaror~t
effect of A/ as a shift in momentum vector only when A/ ’hﬁ/
in which case the trapped flux assumes only quantized value. 1Ip
this case it is to see that the bulk current vanishes as in the
a)sence of any external field.

In general we find for the exvectation valu2 of the

current for [ =0 -

_ ¢C N -} N'-,Z O .
<j’(q/)>._ AeNvV f 2 (2/,+7/) @/7))%61;!-,4?
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2e Nv”)gﬁ/ -) 5 " |
5 o
Re nul 6 {%(}7679 +p G;) —(—Aj
= Qeny ! VY f/\;"% (=24") Gle +A% 4"

)"

"

= ey §Y 4 (67

where — —
Ay = 6§V A

Thus only when A,’,,Lo » We obtain a uniform bulk current

pronortional to A’/ . Hence only the solutions with

i.e. quantized flux values, are also electromagnetically stable,
Finally we will compute the thermodynamic grand

potential. For A"=0 , the only difference with respect

to the thermal equilibrium state problcm is the shift in the

kinetiec energy origin.%th./‘) //# 0 e have for
_ﬂ_ Z K ©
= +5)6G +F. D + ——)!
R ( kT Tk kY Th & Q/‘S (“2’*'11)%(‘[2‘*1&)

5 T ) Ay ]
+_<2 ‘r—k,> (—LL,' r}_{> (6.3)
Let us consider_-(z- at T: O for sgmnlicity. Then we
have a k"’"AIDQL Y2

}<}2/ — ( C/Lx_# )

/%” - 2 ks A A"
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NNONY !
Gr' =G =" =0

/ ’ 0!
S = f [ (K B 06+ ]

n
The change in §leL) ave to A can be interoreted as due

to a change in
wa/%

. cgncludeﬁ therefore that

(6.9

I )

(A" -:._)l(A”:O)—(- (L(,’l A//L

(6.10)

There fore e %)bQ.
n = = 4

=(-n) (=4"%) (6.11)
since from the definition of -f1(fft)
_odt N
of

Thus the behaviour of _J?L in the vieinitv of the stationary

(6.1°)

points corresnonding o the flux quantized solutions 1§ Paraholic

(9)
as predicted by Byers apd Tan& 0 (sco miz. 2 ).

AU

—







Chaoter VII.

. (19)
Deviation of Landau-Ginzours Wauations

In the phenomenological thecory due to Landau and Gin--

(11)
burg s

—\ | 2
function 14) (3(,'79 where ff‘ is the temperature. I'Q/(W)';))

is taken to represent the density of suver nhase. They also

the state of the superconductor is described by the wave

assumed that the current is given

J= ek (q), vy WY P —j—;cll/"w A

(7.1)
In the »resence of the magnstic field, the free cnergy 1S assumeq

to be given by

F< F - <o |y 5 B @ |y +7“' /(\7 L%A)W)

2
+ H /g 7 (7.2)

Varying 742 +o obtain a minimum value for FT , We obtalin an

equation for

Kt 4 \& '2.}

_— - (C - : =0
o (v _%,2_) D tpen [yl JV¥ _—
In the abgeprce of field i.e. when /ﬁ =0, we have

,wﬂ’ _ &) //ACT)

which is 5 constant independent of ¢ , If we arsume QL) ts g,

rigid i.e }V does not change very much for weak txert"l““a‘riw
L] L3 AR r:'

(7.4)

of /q-tf ito first order, we find that the current is ginrl
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o _e+ A A"
= —=__ W
J — Y A

™MC

(748)

where we have used

X .
’2*) 1f) - ,)7’5 (7.6)

Equations (7:1) and (7.2) are the basic equations of Landau-
Ginzburg theory. Gorkov(lg) derived these equations from a
microscopic theory with the assumption that the magnetic poten-
tial and the gav z;J:i{gﬁly varying functions of vpositrofi.
Further more he assumed the temperaturs of the system to be close
to the critical temperature so that the -ap is <mall. More
recently Tewardt(lz) and Werthamer(l4) have derived the generaliza_
tion of Landau-Ginsburg theory bosing themselves on the theory of
thermal Green's functions. These genaralized equations are not
identical although they agree with each other and with GoTKoV's
equation near the critical temperature.

From Chapter III, we har the equations

e
&o=4 &Mﬁ(/@i /E) (7.7

E —£% D
( —* ) (7.8)

@( -
[ |
[- C; (7.9)
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F=K+ g (G+L )
D= FPF

We can renlace (7.7) by the Cauchy integral.

— Ay \
G =i § 30 g
Py

. 120
whare 4 / /(va\
(A) = =1L 4= P A
= \/é’ /'D (7.12)
et us write F and G; as
F . L §5 (A F,d
2 { A (7149
G = _/__.96 {0 Gl
2L (7.15)
WheI'e F /
= — D G ,
g A+g* A (7.16)
Q/\ _ / 3 y D (7.17)
A-E-D* ——
To derive these we need to use
o ! O
A-C A+ £+ DL p*
~|-E ) o
o A-F px L —
A+ E
i
O —
3‘/ /}—}-E’kb ‘ o
+ A-E+D D
| A+¢
_ ¥ L _ 7.78)
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In these ecquations (7.18) and (7.17) the snin part of the matrices
have been separated out as before.

To derive the Landau-Ginzburg equations, let us assume
that the magnatic potentialA and other quantities entering thea
problem arc slowly varving over distances of the order of the
Pippard cohercnce length. 1In our derivations we shall assume that

A is slowly varying and small or more vrscisely we can sotb

A (R) 20‘“27(0‘/37 :mﬁ(e>

(7.19)

)
where A (e’) ig a fixed function and . G—is a small para-

meter. The motivation behind such a choice of parameter is that
if we expand any gauge invariant quantity in powers of I the

individual terms of the expansion will be separately gauZe invari-
ant. To see this consider a gauge transformation on # Wwith =

SlOle Varying gauge function:
(e o
KR - Feom) o T
which changes A into

A S A+RE =0 (/T(?%Vef((@ s

It 1s clear from (7.21) that A continues to be small and slowly

1)

varying which was wade possible by the sxplicit factor I .

Such a »rocedure 1s obviously dictated by the fact that the TAanda,
Ginzburg equations are not only gauge invariant but in their .
derivation they do not mention any gauge at all !

Now under 2 B3uge transformation & A —2
e

/4 -}-Vk ‘(V,—i,-e ~Llr’;ave
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C\\C?{>7L[7 - GI(Q;QZ’D etX( 20) —t‘7(7r>

B dCON (€D,
=nd F (2,20 = Fy (') et T

(7.22)

However we consider

— X

G/\(W)al) :G\/\(q)’l'> GXJ? D leA '0{?{‘; (7.23)
—_ R . o

5 [7)/)(‘) — ,I;\(w_,-fz’)eq{{i/)\dx -+ f%/‘\‘d :(77.24)

)
h —
e Re AR

and the integrals taken along straight lines joining the two end
points. Tt is ecasy to verify C‘ ('7();([) is gauge invariant
gy A

while [j transforas according to

6 ('—7(3,9(!)‘ —> fj (7,7((2_ ex}o EQL(Z(R‘)J‘ (7.28)

We will hereinafter refer to G—.A\,Z’)rx_'> and F—/\(?()?(I) as

gauge invariant »ropagators.

To derive the Landau-Ginzburg equations we have to
Jd° as

—

expand G,\ and F;\ atleast upto seaond ord-r in
is ¢vident from the presence of the term (V—(QA)} A systematia
¢Xpansion of the equations can be achieveqd by mcans of 2 method
which was devised by Theis(15)- Baraf¥ andi ;BorovritZ(le)) have al sq
devised an expansion Proc3dure in varying degrecc of derivVatives
of the potential in an cOmMPlex atom. Thig proccdure consists qy

transforming all propagators into the mixed representati:m in "’V‘W‘oh

W& use gas variables thec centre of mass coordinate (7.25) ana the
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momentum conjugate to the differsnce coordinate:

E = (ax-2!)
(7.27)

C\ (f? R) jo{igkj‘?c\(li—ki E“§—>

The abovc procedure can also be motivated as follows.
j)("l—-')r') will be cventually identified with Landau-Ginsburg L}/

function we note that DC"@ % ) =20 as x - lb(,ecomes verv large,
pair, it i-

Ahatl

convenient to scparate the centre of cosrdipnates. We WM also

(7.°8)

Since

Also as we arc essentially studyine the motion of 2

discover that the 2 yhich occurs in Landau-Ginzburg wave func._

tion is a centre of mass coordinate, i.e.,

W(R) « € D(R, pD (7.29)
Now the interesting question arises as to now | (K, p) TR, B

and N(ED P) are related when we have an equation:

51_(?7, qj)/“/’(’?l/;%"?d’t' = f\/('w)?z") (7.30)

Theds has observed that we have

@[LCI@‘@ ;H(f">}3{)j = N (p,R) (7.231)

- "\ cra
where @ N means the onerator

o :/z%j,z Cxh X—%('VR.VP -"\77‘9972,)]
- /7 (7.32)
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If we introduce (7_—;6“)2 , we have Wg =G V(’ , it 1s clea
that the expansion of the operator @ in powers of G coincides
with an expansio>n in powers of gradient. We now simply expand

on both sides of the integral equation in nowers of G~ and

£ ?_?ﬁ{;n oth sides the terms of same powers of O -

—_— We hzve previously introcduced gauge ‘nvariant propagators
G and E: . Since it is easier to deal with (5  ard F: first
to a certain order and then use the equations (7.23) and (7.24)

to the same order to wchieve Qh and E . Now we have to do
the same in mixed revresentation. To obtain a and E upto

second order in the mixed revresentation we proceed as follows,

The equation (7.24) can be written as

C\('??) Coer, ?}e-l- j‘ AR+ “r’{f/)Edv\r _

when we have used A = E‘i’i f;( - R- ? . The integral
=
,I‘:iﬂMﬂﬂiyidq
2 =2

becomes on using (7.19)
fr” TZ,
A (T 8 ar L

i 1
This integral can be easily exnanded in mowers of 6~ , by caley-

lating jte succescive derivatives, Upto second orcel We have

;.A(E)

The corresponding operator in the mixed representation is

(7.35)

obtained by means of the substitution

> 'V
?; /’ (7'36)
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This operator exp(’q'v/p) is equivalent to a substitution

and has a simple classical meaning, i.e ., it car bhe
interoreted as a change of independent variable from canonical
momentum ;) to the kinetic momentum /Q—A . However in hignzr
order this is no longer true.

In a similar way we can verform the expansion of

—

l_zz v(/fA‘O{)Z —beA.ol)c

__,KEA(O_JT‘Z;) A(() T?)]\gx AT (7.37)

Exm nding in power~= of O~ , we have upto second orderl

Iz_: - ﬁ,‘ AAO‘-% ?O,
with DA

/_\/\o_’ = _(-);—/Z;— (7.38)
We thus finally have upto second order
[ D(PDE
G(ﬁ) R :((HA('O Y, t5 (A V[P7> > (7.39)>

whereAn the last 1line, W€ SUull OVer repeated indices-

In our further reatculations we will omit the€ Hartree

Foch term ywhich makes the calculations considerably simple, i.e. ,

(/’ /—l(ro\}— —p

£
now become ]






further we will also neglect the /9 dependence of D(P)f)which
implies ‘that the interaction potential is effectively a constant

in momentum space. Finally we have for the current in the mixed

representation after performing the sum over spin indices.

J(Rry =4€& % (P’Afﬁ))ﬂmb,/zﬂéj

v _ ,
= 42 Z b (pRD (7.42)
v o r

We also have

D(pR) =~ vk [ A

(7.43)
We have to carry out an cxpansion of (;1 in (7.17). To
/ "
this end put = =¥~ and call — dxfg7 - Thus
et N = EE M= AxE
WM = 1 (7.44)

where
Ex— _ (/74— A((%?)z; //t (7.45)

According to (7.37) we have in mixed renresentation

' ) ] Mt - - ) - - ) =
( 690—r69,4—<927+ - - :)(}JOFF / (}19*"H!4'H2 1
(7.46)

Identifying terms ol equal order, we obtgain

B, NoHo =1
&L Aﬂ3}4f+ &z>k”f70 7 @/ K&>t7o -

(7.47)

(7.48)

where
My = J4pZ p = /)4-1/09- M o= 2p AR
AZ(RZ






- 56 -

There are no higher order terms. We immediately have from (7.47)

N,y =

Mo (7.49)
Slince _ xr
= = - Y/ > 7.80
O =~ (V% "V Ve 7.59)
We note

69) A[C Afc) el Y

Hence from (7.48) F4
N _ // S (7.51)
! Mo

Further using (7.49) and (7.51) we have

Q) Ne M, + & NHy = 0

(7.52)
and also
Q, Nelo =©°. (7.53)
as HO and Nb do not depend upon E s Thus
=R
Ny =—He H2+N’H' =" M - (7.54)
* M, Mo™ 17,3

. . . te the denomi-
To apnly this technique€ to C;A , ve first compu
a
natore in the r.h-s. ©oF (7.17) and to obtain ite reciproc 1 we
ind
use the above method- If we exnress (omitting the /X ex
from now)
1D / - = -
- _ . N _

using (7.39) we can obtain the corresponding gauge invariant
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eXoressions. This is really a tediaus calculation

. Hence we
give the result:
— _ )
CIO +b0//} - ‘Z (7.56)
CT '_/b [4AD/-1-L_DVR —(Dvgjj
/
Cw_ 2 (/\ 82) - (7.57)
=y ?’2 o) * (/.+4W(A+L07
@q;i‘z)z /)’2;_ 87‘
~3 (Ve 212 90 (A+0)
(f‘%€2)3 (‘_'_ 92 P
e
_b(v,e"”o?cA)_D'xo(vE\_Q{A)D

L/\* 720"
?‘[P (4.4 p) . D Va (D <7 -x)j

(Ax) (A=) 3
=2 (p V)™ D) Axw (1422 )
Hp v )~ (ARe”h  Ares

R T &P . Q(A+w) =
(Ar(4* %) O z )

A% e
+‘4}"(V/‘¢‘f‘ QJA)D*,E, (\72__;2[4) D

(/\_4",0)(4?-‘—37-)2..‘
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In a similar way using (7.16) and (7.40) we obtain after a

detailed calculation

-~ - D
F} AEeZ (7 sy

Fo=-200p  (Fg==cdD
(/) 2 i\zj’l (7.87)

From (7.42) and using the results above, W€ can

) . . equati
immediately derive the generalized Landau-Ginzburg €9 ons, By

e

symmetric integration, only C;’ contributes as the contribu\

tion from C;o vanishes. We have to also carry out the )\

integration. Typically we have
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. D
L_h§ G > A
2t Z (AR e?)

/

Noting _— =

— >— =
(NZ=¢gz) ™ (A+ 8D "C4-€2

(7.62) can be written as

| e\’
;2{ ( .(——E-*> (7.63)
g

.. ipn can be exXprs~.g
The sum over Ib because of symmetric integratiol

S a1

. arying functisrg
Making the usual approximation, i.e. the slowly ¥

(7-67

and changing
are replaced by their values on the Fermi surface

finally
ve
the integration variable from /? to ¢ , we ha

(22 d { e ;o (7. g
%J = ( A« S7)
o oqz () 4

. - 2
where . the number density = /é//: 7 7

t
o e Curren
Finally we can write down the expressicn for th

L j(zz)-——-%ff-(b*v,zp—DVzD) A /

3 (7‘66)
: 60 e Ao
where 2 = f i ( (L) S
\,ﬁ‘ G_D) )"’ | de - g
— A
- pR
2 D) /)7_ -

ng’7)
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where /y appearing already in B C S theory is
N, erpearing o
, szoo (ﬂéfﬁ))o(uo
/\//\T :Q}D 5 ga 6 & (7.68)

The equation (7.67) is similar to the one that occur in B £ S
theory exceot that exvression given by (7.67) varies with the

nosition. Fauation (7.36) for current density agrees with the

result derived by Tewordt and Werthamer. It can be checked thax

i - T is "108:
our exnoression goes over into Gorkov's result when > S

o .

: .6l) we saa
Finally using (7.43), (7.59), (7.90) and (7.61) we seq

——

i as the in+i+
that //:} gives no contribution to the gap equation Intar_

; dent. As
action votential is assumed to be momentum inderer

ation ca
before performing the )\ integration, the 8ap equ n be

written as

-4 fov (V- 2cen)™ ]
F : 2
—+ AQ ):_D*(VR --o?(:eﬂ) D) L—P—"?-VZ /D
+h s %(V,Z I_‘D)?‘>L:0

)L

Ce, )jﬂ( (770,
& o

SN

0
where -%(h — (5__’_;;,1 Ag%p—/

Fo( DI ) . 2 [ &
O A

A







. / g ﬂ e
with & = \ “Dqgﬂ‘j}ﬁL - ( (fL — V‘Cf%ffboq"

‘DO denrtes the B C S gap at the given temperature.Equation
(7.69) agrees with the corresponding one derived by Werthamer,
though it differs from that derived by Tewordt. Year the criticay
temperature all these expressions agree with that of Gorkov.

We can use the equation (7.69) to study the depend;rme

of the gap on the magnetic votential. wWe note that in ecuat ion

(7 ff) @f}‘t}f U—L occurs and hence we can use as an e¥vansion

4

rake seriously .,

Qe
0-3 as we R

parameter C"':LE al . Howeved geks

terms in the exvansion of order higher than

already neglected terms of higher order in deriving (7-89),
To exvand (7.69); it is convenlent to eXpTess D 1in

terms of its amplitude e.g., and its phase S

¢S
—
D - ?Q (7-79)
vJe can rewrite (7.69) s a set of two equations for and S,
We can expand ﬂ__? and S as
o & - -
C?""‘L?D"LO(C?]—(— N kfl"'" -
2 e - -
S: SO ""' Q(SJ) +°< Sz__")' (",‘.73)

(London Grozey

We work in a gauge such that :D'o is real. 0

—D, yWe can sbtain the equation

5’ f 2D, K P, ,QL/’!}( .AD‘—-*- ,:DO,’2:£‘7->
2
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Y Is
where ‘Q: and- M2~ are calculated at )Do . Sinece the func_

tion -19\, -+ [D}7/ vanishes exwoonentially as T -+ O equation

(7.69) yields no denendence of the gap on A , a result in agree_

ment with that obtained by Nrmbu and Tnam, and by Tewordt. Towev oy

if we had kent only the first two terms in (7.69), we shall be

neglecting the —f\Q__ term ‘in (7.74). We shall end ud with

QD Ra D, = —Z @7 * A%
S ! (7.7_;:)

. \ Unrn
which agrees with an older calculation of Gupta and Mathew

(7:75) does not contain any temperature dependent coefficlentg,

This emphasizes the basic limitation due to the assumed SXpapns

in A . It is clear that local superconductivity cannot be

valid at very low temperatures where the penetration depth .

small and consequently the .-sumption that the potential is

slowly varying will fail. Werthamer has attemoted an eStimgt

of the range of validity of lom 1 super-onductivily theory,

e o o 0
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