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I. Definitions and summary. 

I .1. Let U = A [xJ be the ring of polynomial!:! over a ring A. If p, q t R, then 
p o q t R, wlwrc (p o q) (x) = p(q(x)). The composition opt.•n1tiou, dcnowd 
by o, has thPsc propt•rtics: 

(CJ' (I + !/) u h = I 0 h + !I 0 h 

tlyJ 0 h = (/ 1,) h)(g 0 h) 

I 0 (y 0 h) ~ (/ 0 !II 0 h 

(/,(J,htHI 

\\'t· u:-;c this fad as the poiut of dPparturc for defining Hn ahst.ract algehmic 
st rtll't ure with thrc1~ biuary opPralions: 

I> L Fl :--; ITio'\. N is a c.om position ring if it is a commutative riug, uot nceessarily 
with I, allll a hiuary OJWmtion oisdelincd in R satisfying axioms Cl, C2, and ca. 

Jf H coutaius au idl'ntity for the o]wration o, we shall denote it hy /. 

lJLFI'\I'!'Io:'l:. cis a c.uusta11t if co I= c for all It U. If N is any !.illbSf•t of R, 
tlu· H~'l nf all coustaut;~ iu N is called the fuuwiation of A', aud is dPnottod hy 
Fouud N. 

A eomposition ring is t•s.-wutially thP same as the "t ri-opt•rational algebra" 
trPated hy :\fengt•r, Maunos, <'l :d. However, they used u. difft•l'l'nt ri<nlrrinn- · 
uud slightly diffen•nt axioms. l\Icngcr assumed for his tri-opernt.ional u.lgchrn 
that it contains an idt•utity I, that I ~ I. and that 1 is n constant. He also 
tacitly as..o;umcd that tlw algebra was an intcgml domain. Mannos dispcnSl·d 
with thcSI~ restricti\'c as.o;umptions, and also eliminated the assumption t hut t I.e 
ring was commutati\'e and with unity Plcmcnt, to obtain what he called n. '1'-0 
algt•hra. A composition riug with identity and in whic:h I is n constant he calllod 
a '1'*-0 algl'lmt. 

J .2. Hxamplt:s of cum position rinys. 
J. R is any commutative ring, and o is defined by r o s 0 for all r, s £ H. 

I 11 this case we shall cull R a null composition ring. 
2. U is any commutative ring, and c is defined by r c s r for ali r, s e R. 

Then the foundation of R is R. In this case we shall cull R n constant composi­
tion ring. A composition ring is calkd tririal if it is constant or null. 

a. Let K be a commutatiYe ring. Let R = KK (the ring of all functions 
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I\. -• K). Ddinc o n.'i composition of functions. Then R is a composition ring 
"ith fourulution identified with K in the obvious way. 

·1. 1 . ..-t K '"'a commutatin! ring with l. U!t R = K[z] (ring of polynomials 
•~n·r 1\ 1. I }i·fine ") u.'i compo!>.ition of polynomials. Thrn R is a com posit ion 
riuK with foauula•ion K, nnd with ilil'lltity ell'ment x. 

:,. ,_,., /(. '"'" I ill' riup; of •·out iuuom; n·al-valucd furwt ions on the real lin•·. 
\\itla ··omJ"''"itiuu oll•f;rJ('U :u; in:$. 

fi. L•~t U l~t! tlw riup; of ( ·• rPa)-\"alued furwtious 011 the n·al Ene, with compo-
1-it ioll tlo•filll'f) :L"i in :J. 

i. Ld /( It~· tlu~ riug of entir•· :umlytic funetiow~. with composition dt·finl'd 

as iu :t 
s. I.A·I /( ,,.. all\" u .... Jo·:LII ring. I>dirw IJy r ,, 8 = r.~. 
1.:•. S 11111 , 111 ry . • What fe-llows i~ dh·idP:..l iuto four SPt:tious. §:! presents sotn!' 

,.(1.11 wut:ary proJH·rtio·;; of c:ornpm.itiou l"inu;:>. §:~ IK·~ins \\:it~l tlu! 1JIIt•stion1 "Can 
,.,.,.n 1111u-zo·r11 1•011111111 t 11 tin· ring It~• gin·n a uou-trn·aal •~nlllJ)ositiou riu~ 
-t na;., ur•·'.'" Tlw quo·1-otiuu is aus\\'l~n·d in tlw aflirmati\"1'. \\'e fit"l<t 1ll'tirll' a 
..,1,..,.i a1 kiud .,f ,.11111 positiou riu~ str1~1.'1lln· whi1·h _w" call flllltmi."~[Jhic. \\'e show 

• 1 la:at ,.,.1.n· 11.,11 .z,·ro 1·olllllllllall\T r·rug 1':111 J,,. gl\'1'11 :l IIOII··IrJnal autornorph&o· 
, . ., 111 p11,.,jt j.,11 riu~ 1-ol rtll'l un·. \\'o· ioll·nt ify a o·)a,.;...; of rmgs whio·h :·an ha \'I' uuh­
:an·ontorplai•· o·olllJ"''"itioro rill~ strw·tun·s. ~ollll' Jll"oJII'I'til·s of :Uitornorphi·, . 
.,, ,., 1,-t un·s an· o·:~.plon•ol 

111 ~~\\I' o·x:amitw .-im.11f, o·oi11JI"";tioll rill!!;" \\ho~·. follllola~iou is a ~j,-1 • 11 fil'hl 
/\. \\·1. laud tlaat tlwy ar•· all i..;or.a.tol'JII~i~· to •:olllJHt,.lllo_n.su~·I~IIIJ!:S of 1\.." . • \rnong 

I \\I' Jlir·k filii "I -.JH'I"J:d ,..,., Ill ptll'flflrlll r/111/S. lf /\ IS fllflll', \\t• find tlJ·' t} 
' II·~ 0 • • • : I . I\ ... v ll' 

·t" 11 r'tt•"' .11 -1·otllrl for :all tlu• ''"lllJI"'"I!loll Sll 1r111gs ••f 1\ . \\'llf'l"n z.· • p:a rll lfl .., ' . . . " .n. IS 
. 1 .. 1 ,,.1• illtrodlll , ... topol"~'· 111 1\ ", ar11l !'how that. a t'lllllJIIasition S1llln· 
111 1111 •·. . .. . · . . . 1 • ng 
.,f 1\" j,. a part it j .. u rill!!. af :lllol ouV •f Jt IS ,.J"':''t . . . . . 

§ - 1 1 with ,·ompo..;itiou 1 iug PXII'II:HOIIS. \\ l' lllltla-l• a l'•lhonl 1 In ·' """ '•·a . . I o og,· · f 1 it in 1 ring o•xl,.llslollS aualogous to t II' •:ohomo11 •gy tl . · 
I lll'flr\' 11 I'IIIIIJH ,.. 1 • • } • , ( • 1 leOrll•s 

. . f "roup-. assol'I:LIJ\'1' all!:" tras, ·•Ill Lu· aag .. hr·Ll· If for 1-Xfi'IISIIIIIS II ,.. ' \' , • S. 

\ • , /' r. (I • 0 i,; au I'XIt·nsillll of lJ hy • • we r1'fJ1111"1' that tlwre 1 n _ • . .• , -. ~ · . . 1. 1 - >c au 
: . . f'-• /( sul'h that fa = IUI'Illll.y. ·or P:u: 1 Slll~h m·tpp" 

••ldill\'t' mappmg u. ~ · 1 1 . . • 111g w1• 
• 1 f- ·lion.., q, .11111 1/t that tnPasurt• t w ll'\'lahon of th .. 01 • 
int rodUc•· two 1111• . • • • , • I . • f . II . . appuag 

. 1 1 1 .: r Th•· m:a 111 rPsult. 1s that. t 1e Sl t o .L ~''llll\"alt·n••p 1 fronl snnp I! ac• l:L\ •" • I . l l . c as."<'s 
• .• ~(."I} , \'is in Olll'-ltHHII' corn•spollll'Uce Wit 1 t lc Sl:•t of all c .. 

of t•Xtt•IISIOIIS flo .e l.) • QUI\ a-
ft•JJI'I' t'las..o;cs of pair.-; (q,, 1/t). 

2. Elementary properties. . 
., 1 Unll's.'l R is explicitly d.~finro, it is ~ume~ t!u.~ R ;li a eomposit.ion ring 

wi~jl foundation /\. .. J~ composition subring of R lS c ne as u. subring that is 

c·loscd under ~ompo:nt:o:~nR follow immediately from t.he axioms: 0 K 
Th_c {~!~wl:g ~o;c f~~ ali ; E /l. If ! E R, then f e K if and only if 1 a:o 0 ·= If 

g E /\., I g K "f d only if il .•rc exists o E K such that c is not f. 
lf 1 E R, then 1 e I an ' a zero 
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divisor. K is a composition subring of R. 
composition ring R' having foundation K', 
if r o s = p for all s e R, then p e K. 

If R is a composition subring of a 
then K C K'. For fixed r, p e R, 

2.2. The composition ring structure of a composition ring is dctennincd by a 
monoid of ring cndomorphisr.1s. This fact is expressed in the following proposi­
tion: 

J>HOI'O::>ITIOX 1. If R is a oompm~ilion ring, arul tJw functions .P. : [(, -+ R 
are d•:lincd by .P~(x) = x o y for all x, y e fl, then the family (.P.)., 8 lias these proper­
ties: ( 1) each .P. is a ring eruimnorpliism of R; (2) .P~. 1 •' = .P~.P. for all x, y e R. 
Com•crse:y, if R is a commutalit e rirlg, and (,P .. ),.s is a family of ring t'tldomorphisms 
of R satisfying condition (2), then if we define o by x o y = .P.(x), N. is u composition 

ring. 
For a given composition ring U, we shall call (.P.) ••• the family of cru.lomor-

phisms llf'lmu;iny to H. 

2.:~. Dt-:~"J:'I."ITJO:'I.". Ld H be a composition ring, and N ho a l'IIUsct of U . 
.\'is 1-:dll'd :1 r:ompositiull ickal of H if the following thrPc! eonditions ar·t• satisfied: 

(II l .\' is an idml of H. 
02 J n c r c .\' for all 11 c .\' :md r c H. 
(I:~) If r, s, t c N, and r - ,'i c.\', then I or - t o s 1: X. 

DEFI:'I."ITIII:'I.". :\ ('olllposition rinJ!: His t~imph: if it doPs not ha\'1• a •·omposition 
itkal difTen•ut from (0) aw.l N, ami N -;t. (0). 

lJt-:FI:'I."JTIP:'I.". If 1: and H' are c·ompo,..itiou rin,:?;s, a mapp~n~ f: N -• /(' i:< a 
Jtomrmwrphism if f(r + s) = f(r) + f(.o;), f(rs) = f(r)f(s), and f(r o 8) = f(r) o f(s), 

for all r, .., c H. . 
If.\' is a composition id .. al in/{, we call dcfme a composition ring str·uct.ure for 

U/.\' in a nat ural wa.\'. Th? expt•eh•d p~opositio~s relating homomorphisms, 
compositiou id<'als, and quotwnts ar:c. C'asi~Y cst~bhshcd. If q, : R -+ R' is u. 
surj•·c:li\·c homomorphism of ('omposJIJOll nng:; with kerru·l .\·, and if K' is the 
f1,undation of R', t.lwn q,-'(K') = N + K. 

It is possible to defirH' cartesian produet and din·et ::~urn of composition rings. 
Thi'.Y ar·c related in t Ju, usual wa.r. . 

2 _4 . Dt.:FJ:'I."ITIO-"'. Let R be a composition ring with foundation K. Let C 
be an.r ideal in K. Let r 1: /l. \Vc say r is a residual element modulo C 
"f ·r 0 K C C. We denote by Rc the set of a.U residual elements modulo c. 
1 We find that Rc is an ideal in R and satisfies 12. In fact, Rc is the JargC'st 
"deal of R satisfying 12 and the condition Rc f'\ K = C. We find, too, that if N 

; 8 a composition ideal in /l, and C = N f'\ K, then C is an idea.) in 

K and N C Rc · . . . 
'If cit~ u. given idcnl in K, under what coudit10ns docs there moat a composi-

t . "d al of R that has Cas its foundation? The answer takes this fcrm: There 
1on 1 e · C "f d I if b -exists d composition ideal in R with foundation 1 an on Y a = mod C 
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!or a, b ale impliee r o G • r o b mod C lor all r e R. II tJae a:iliite a oOnqJoa&ibu 
ide.l with fOUDdatioll C, then there ie a Jarpat one, vi.. R, , aod a Mnelleet ODe 

In IJU'ticuJar, Ro is ahra,. a 0011lp08ition ideal. Note that B. - R if &Del ODJi. 
if K- 0. 

DD'IHITION. We call all ......,_, t1 of R such that" oR - 0 a n~ of R 
&Dd deDote the eet of aD nullifierw of R by N • . We find that N • is a com~ 
ideal in R. U N • - 0 aDd ra o • - r. o • for all • e R, then r 1 - r. . 1n par­
ticular, it r o • - p for aU • e R, t.ben r - p e K. 

U the mappinc T : R -+ R• is defined by T(r) - f, , where f,(•) = r o • for 
aU • e R, t.ben T is a homomorphism with kemel N • . 

It the mappiq V : R -+ K• is defined by V(r) = g, , where g,(c) - r o c for 
all c c K, then V ia a homomorphism with kernel Ro . 

I( C i&an ideal inK, ud (C) is the ideal inR generated by C, then Kr'I(C)a:::C. 

2.5. DEFUlJTJOH. A composition ring which is a field is called a compo3ition 
field. 

• J>uoPOSJTION 2. Let R be a oompo&itionficld with foundation K. If K ¢. {OJ, 
then R ... K. 

Proof. K p! fOI implies .that I_ e ~· 0 ~ K. Define ti>o. : R _ K by 
1/to(r) ... r 0 0 for all r e R. •o 18 a ~urJec~Jve K-n~g hom~morphism which is not 
0 (since K p! (OJ) and therefore 18 an JSOmorpblSIIl. Smce f/>0 (c) = c (o c K), 
we sec that R = K. 

CoROLLARY 1. Lel R be a compoaition n·ng with C07Uitant unity element and 
foundmion K. Let N be a o~pollition ideal in R. ut C = N r'l K. Then N i8 
a maximal ideal if and only t/ 1) R ,_ N + K, 2) N = Rc , and 3) Cis a maximal 
itkal inK. 

CoROLLARY 2. Let 1 e K and N be a oompoBition ideal of R which is a maxi 1 
itk41. Then 1M following oonditUJn. are equivalent: 1) K i8 a field; 2) N = I;c.l. 
3) C ... O; 4) R - N E9 K (direct aum o[ oom~oBition BUbrin~s). 0 

' 

Some other related resulte arc: If R 18 an 1ntegral domam, then 1 o 11 = 0 
1 for ally e R. If R contains ali identity I, and if K is an infinite field, then I ~r 
t,raDSCendental over K. (If K is a finite field, I may be algebraic over K. Fo~ 
example, if R .. K•, aDd q denotes the number of elements of K, then I is 
root of :t• - :t == 0.) There is one and only one composition field that con~ 
aD identity element; it is the prime field of characteristic 2, with composition 
defined by a o b == ab. . 

Let N be a composition ideal in R, and suppoee that 1 c K. If N is a maxitnai 
ideal then R does not contain an ide~uty. . 

If R = N + K, with N a composition ideal in R, and N r'l K - 0, then: I) 
N _ B. . 2) for r, •· t c B, if r o • and r o t c K, then r o • -= r o t. Convel"Befy 
if r o •· r' o t e K impliee r o • - r o t, then R - R. E9 K. . · • 





COMPOSITION RINGS 
611 

3. Automorphic composition rinas-

• 3.1. Can every non-zero commutative ring be given a non-trivial com .. 
"1Ilg structure? We find that it can, generally in many ways. We makpo&t.ion 
.be automorphism.s of the ring to produce such structures. e U8e of 
. Let R be a commutative ring. The endomorphisms of R form a m "d rela-

.J.Ve to th • f • • ODOl e operation o compo&tlon, and the invertible elements of this ·d 
:.bat · th hisms f R r mono1 , 

18 c automorp o , ~orm a group Aut R. Consider any sub 
2 of Aut R. 0 induces a partition of R into orbits; for any 11 e R the orbir:;: 
.sthcsetP, = {¢(y) :¢eO}. Ofcourse,ifxcP.thenP. = P.;also J> = (OJ 
~orbit Pis said to be principal if, whenever x e P, ¢ c 0,¢ ¢ Id, then ;(z) ¢ x. 
~~~t is, if for every x e P the mapping 0 -+ P carrying each ¢ c 0 into ¢(z) is ~ 
~JJection. When 0 is the group f I d J, then every orbit is principal. 

3.2 DEFINITION. A compotiition ring is said to be automarphic if every non­
;o;ero endomorphism ¢, belonging to R (sec 2.2) is a ring automorphism. 

The following proposition is easily established with the help of the facts noted 
in 3.1. 

Tu EOREM 1. Let (¢,) ,,R be the family of endomorphism& belonging to a non­
!ril'ial automorphic composition ring Il, and let 0 denote the set of all ¢, with y e R 
a.rld ¢, ~ 0. Then 0 is a group, and there exists a nonempty set 'U of principal 
orb-its, with fO} t 'U, such that¢, c 0 whenet·er y e UP.u Pand ¢, = 0 whenct•er 
y t Ur.u }J; for each P 1: 'V there exists a unique element ap c P such that ¢,(ar) = y 

for er·enJ y c JJ. 
Conversely, let R be any commutatit•e ring, n be a group of automorphisms of R, 

'"U be any nonempty set of principal orbits with (0} ; "0, and (for each P c 'U) ap 
be an element of P. For each y 1: R define the mapping ¢, : R -+ R as follmJ.:s: if y 
is an element of an orbit P 1: 'V then ¢, is the clement of 0 which carries a,. -into 
Yi if y J Ur.u P then t/J, = 0. ~hen (¢.,)~·~ is~ family of endomorphisms be-
longing to a non-triL>ial autonzorl!hw ~omposztwn nng. . . 

Thus, for a given commutative rmg /l, the set of all non-tnna! automorphic 
mposition ring structures is in one-to-one correspondence with the set of 

~~pies (0, 'U, (a,.)p.u) d_csc??ed above. (We can incl~de the two trivial com­
position ring struct~rcs m t111S corr:spond_ence by allowmg 0 and "0 to be empty 
(null composition rmg) and by taJ:U~g 0. = r ~ d l and 'U to be th~ ~t of all sets 
fxl with x e R (constant compositiOn nng); m the null compositiOn ring case 

11 is not a group.) For any such structure, we shall call a = (aP)P•'U the base of 
the structure, and ap the ba.cre point of P. 

DEFINITION. A commutative ring is an automorphia ring if each of its non­
ro endomorphisms is an automorphism. 

zc It is clear that the only composition ring structures an automorphic ring may 
have are those of an automorphic composition ring. 

Examples of automorphic rings: 1) The ring Z of rational intcgcrn; 2) The 
field R of real numbers; 3) Z/p", where pis a prime, n a positive integer; 4) Any 
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ab80luU,Jy algebraic field (algebraic over a prime field); 5) Any a1 braicaiJ 
closed fir.Id of finite trnMCendence degree O\'er a prime field. ge Y 

lf_Jl U! the finite field F •• of characteristic p with p• clements, we can count aU 
poAAabJe compoHition ring structures on R 88 follows: Let a c R be a primitive 
(p•- l)tb root of J. R""' (0, a, a 2 , • • • , a,.._, = IJ. Let~: R- R be defined 
by z- zP. The group of automorphisms of R is Aut R = lid, q,, 11/l, ••• , q,•- 1 J. 
For every ,.:n. th,·re exists one and only one subgroup ll, of Aut R with order, 
and gcru•n1tor ¢"1 '. n. = Aut R; O, = /d. These composition ring structures 
nn· pniiKihlc: 1) The null structure obtained by tAking~. = 0 for all II£ R· 2) The 
COIL~tnnt stntctun~ obtained by taking ~. = Jd for all y c R; 3) xo:t-trivinl 
stnJCtUn'fi using 'U = n suhsct of the set of principal orbits under {}1 • They are 
in one-to-one colT'l.'8)>0ndence with the non-empty subsets of R - fOJ. Hence 
their uumllt'r m 2.--• - 1; 4) Non-trivinl t>tructures using 'U = a subset of the 
6Ct of J>rirwipaJ orhits under !l, , for ench " > 1. The number of such structures 
(or fiXf'ti , i.~ 

• 
E (b·),· = (J + 11)'' - 1 
r-J r 

where b, L'i the number of principal orbits under ll, (or, what is the snme thing, 
is the number of irreducible polynomhls in F,.t.(z] of degree 11 and with highest 
codficient 1) und is given by 

where .-, , .-2 , ••• run ~b.roug~ the dis~inct prime divi~rs of 11. Therefore the 
totul num~Wr of compomhon nng struc .. ures on the fimte field of characteristic 
p with p• elements is 

1 + 2p"-J + L [(1 + 11)b' - 1). ,, " 
•>• 

3 .:l. Let R be nn automorphic ring with 1 w_hose only automorphism is the 
identity. Then, applying the method of 3.~, we fmd.that all possible composition 
. structures for R L·an be constructed with the a1d of subsets of R as follows· 

Z::~ S be any subset of R ~uch that if S ~ 1J then_?~ S. ~t F s be the character~ 
. tic function of S. Define x o Y = zFs(y). 'Ibis apphcs, for example, to z 
~e prime fields, R, nod the ri~gs Z/(p•). . ' 

The rings Z/(m), where m If! not a power of a pnme, arc not automorphic. 
The possibilities of _co~posit.ion ring structure are completely described by the 
following result, which IS easy to prove. · 

PROPOSITION 3. Let R be a commutative ring witJ& 1, af!-d ~t (d.) ••• be a family 
I idempotenl element8 of R suoh that d •• = d.d,; tAen the fottnttlc x o y = :rd, 

~fine• a oomp08ition ring atruotuN on R. If R = Z/(m), where m i• any integ«r 
then every (101npoailion ring atructure on R is fkjined in tAil way: ' 
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In Z/(6), for example, we can take d 0 = 0, d, = 3, d 2 = 0, d 3 - 3, d. = o, 
ds = 1; or we may take do = 0, d, = 3, d 2 = 4, d 3 = 3, d. = O, ds = 3; there 
arc, of course, many other possibilities. 

\Ve ?bscrve that if N is any ideal of the ring R we may define d., = o or 1 
~o~mg u.s y e Nor y; N, o.nd in the resulting composition ring N is a composi­
tion Ideal. This composition ring is obviously automorphic, and is non-t.rh·i:U 
if N is different from (0) o.nd R. 

3.4. THEOREM 2. Let R be a 7WT&-In."t'l"al ardomorphic compottilion n."ng with 
composition gillen by (U, 'U, (a,.),.,"), aru! kt I : R-+ R' be a surjcclit•c cnmposr:tion 
ring homomorphism with R' ~ 101. Thr.n R' is also a 11on-tril'ial automorphic 
composition n."ng. If composilioT& in R' is girt'1l by (!?', 'U', (a 1~.) 1 •• ,".) thr11 : 

(u) for each y 1: R, q,., a: U if a1Ul only if q,,, .,, a: !l'; (b) lilac £2 !! "tliqur surjeclit•e 
group homomorphism '· : u- U' BUCh that'· (q,.,) = q,,, .,, when.ever !I 1: R attd q,., 1: u, 
and Kcr f. = 141 / q, e !?, (/l(:r) - :r e Kl'r I (:r a: H) I; (c) 'U' = 1/(P) l P a: 'U I. and 
a~,,., = /(a,.) for rach P a: 'U. 

Proof. 1) If q,., = 0, y e R, tlwn r o !I = 0 for all .1: a: R. Applying/, we find 
that 0 = f(r o y) = f(.r) 0 f(y) = 41".,,(/(r)) = (/I".,,(R'), sinl'f> I is a surjective 
homomorphism. That is, if (/1., = 0, tlu•n q,,, .,, = 0. 2) Let N be thf> kcr1wl off, 
q, a: !l, .r, y a: /(. By property 1:? of compo:-:ition idf>uls, if .x = 11 mod N, then 
q,(.c - !J) E .Y. UIHI ('Cilll"('qiiPntly (/l(r) ~ q,(y) mod.\'. a) Suppo:-;e (/1., l' n, y £ R. 
:wd )pf ::' r: H.'. Tlwr<' <"xi:-:t:-o z a: N sw·h that f(z) = z'. Tlwrc c·xist:-; .r r: N l'Uch 
that .roy = 4J.(.r) = ::. Ttwn f(.r) , /(!f) = /(z) = ::', or4Jrc.,(/(.r)) = z'. ThPrc­
fore q,"•' i,.: ,.:urjc•«·tin•. Suppo:-:P c/Jr,. (r') = "'"·'(s') whPrP r', .>i' a: N'. Sinc·e 
1 i:-; surjPI't i\'1•, tlwr·p PXi"'t r, s c N :-:lwh that r' = f(r), .o;' = f(s). Tlwn /(r) o f(y) = 
f(s) o f( 1/), or·f(r a y) = f(s c y). Th('n (/J.(r) == cP.(s) mod.\'. Applyi11~ q,;;', 
and tlu····(•sult of (:!) aho\'t•, "'" h:t\'1' r =:= s 1nod ~v. and r' = N'. 'J'h<>1·cfor<>, 
if (/1. r: n, c/J""' i:-o a ring automorphi,.:nL Tlll'll N' is automol·phil', a11d a) is f>stah­
li.shcd. -t) Suppo:-:P cP.' = cp. • . !/1 . !I~ E H. Then x o !I• = .r o !h for nil .>· E /(' 

and/(.r) of(y,) = f(.l') 0/(!h). Hiru•P/is:-:urjC'ctivP, thisme:lllsthat_cJJ,,.,,(.c') 
A. (:c') for nll.x' r: R', and thcrC'forP (/~"•·• == q,,,.,, . 1-JmwP., 1f we• dc·hnP f. : fl-+fl' 
"Y't<•·• d I . 'f h I . bv f (q, ) = q,". 1 , f. is well define . t ~~ cnsy to vcrr y t at • 1s a surjeetive 
g~;.~ h•omomorphism, nnd that 41 a: n is in the kernel of 1. if awl ouly if cJJ(x) """ 
x mod N (x a: R). The proof of (e) is dirc.ct. 

4. Simple composition rings. 

4.1. PuoposiTION 3. . Let K be a non-zero commutative ring with unity ele­
ment. Then (u) K~ is a simple ~position n:"!'. with. oons~nt unity element, 
Juwing foundation K; (b) Every Sl.mple compost/ion Nng unth oonBtant unity 
[ement, hating foundation K, is K-·ismnorphio to a composition subring of KK; 

~c) A neoessary a~ su.ffi_crient co;uJition that every composition subring of KIC with 
foundatUnJ. K be BZmple tB that K be a field.· 

Proof. o.) Let S = KK. It is obvious that S is a composition ring with 
foundation K, and that 1 E K. Suppose N is a composition ideal in S different 





614 

~ {O) aad 8· Then 1 ~ N. K is the foundation of 8 Le , 
~n ol N. U C ~ (0), there exists a tl Jll5 O, tl • C. Let · t C be the found&­
~ • a + tJ Jll5 a. There existe an I • 8 such that I o a -= : • K. a + tl • Cl mod 
T'beretore 1 o (a+c)-/ o a•1 c N, a oontradictio If~ I 0 (u + tt) - 1. 
a conl.radiction. Therefore K~ is simple. n. -(o), Ncs.-(o), 

b) Let R be a limple composition riug with foundatio K 
the OOmJ)<Miitiou ideal Ro ia t>Jt.her (0) or R. Since 1 • K n1 Kand 1 E K. Then 
1 - D R Tberet: • 0 

- 1 ThereJi re ..... and R. ~ · ore R. - (0), and y : R - x~ (d fined . .0 
K-monomorphiam. e m 2.4) JS a 

c) Let K be a field, and suppoee R is a com""'"ti • 
K C R ~ S II N · ......- on nng such that . C K c:r • 18 a composition ideal of B, then N n K · · 
ID ~· IUld soN() K - (0) or K. H N r\ K = K, then 1 eN, an~;; ~00: 
If N ~ ~ "" (0), then N C Ro C So - 0. Consequently R is simple. · 

If I\ 18 not a field, let H ""' KCIJ, where I is the identity el t 1 
KK K C l C u« It · eaail rifi emen ° 

• • • ~ A • • 18 Y v? ed that for every ideal C of K, (C) is a 
compo'llt.aon adcal of R ~~th foundataon C. HCIJce R is not simple. 
• 4.2. If W is any p:u1.itaon of K, that is, any disjoint set of nonempty subsets 

of K wh08C union is K, then the functions f e KK which are constant on each 
clement of JJ' obviowJy form a compoaition subring of K" having foundation 
K; we denote this compollition ring by T,. . By a partition ring (with founda­
tion K) we t~hnll menn any composition ring T, with W a partition of K. It is 
obvious thnt. if JJ'' is a rdincment of a partition JV of K then T, C T,. and 
com·c·n~ely; in particular, Trtcr = K is the smallest partition ring with founda­
tion K, nuJ T 11 , 11 ,...: 1 = K" is the biggPst. 

Conv1•l'H('Iy, if R is uny t::omposition ring with K C R C K", the relation 
f(x) = f(y) U e R) is an couh·alencc x......, yon K, and therefore induces a partition 
of K (thP set of equimlcncP clas1w~); we denote this partition of K by JV(R). 
Ob\'iously R C 1'wcRl · 

Pnol'osr·.rrnN 4. /A K be a .finite field. The mapp7:1J{J R -+ JV(R) of the set of all 
oompmrition n"ngs between K and KJC into the set nf r.!l partitions of K, and the 
mapping JV -+ T" in the oppoaite direction, are bijective and inverse to eacl;. other. 

Proof. Let R be~~ compo&tion ring between K and KJC. Let A 1 , • •• , A. 
be the distinct elements of W(R), and sel~ct an a, e A' (I 5 i 5 n). For each 
i r6 1 there exists an f, e R with f,(a,) pt6 f,(a,); then the function 
g1 = fl:_, (/1 - f,(a,))/fl;~:.r (f,(a,) - /,(a,)) is in Rand 

{
I ("- 1) g,(a;) = 1 - , 

0 (J¢ 1). 

Similarly there exist funcf.ione g, e R (2 < i < n) such that 

g;(a1) = {1 (i -= J), 

0 (i pt6 J). 





COMPOSITION BINGS 615 

For a~ay I e T .,.,R1 then f = 1:~-• f(a,)g, e R, so that T,,., = R. Thus the 
mappmg R-+ lr(R) followed by the mapping W- T, is the identity mapping 
Qf the_ set of l.'Omposition rings between K and K". As the composite in th 
opposite order is obviow;ly the identity mapping of the set of partitio118 of Ke 
the result followH. ' 

PnoPOSITION 5. I..ct K be any commulaliL•e ring willa unity element. For eaola 
ekmrnt q, of the group of umzpontion ring aulomorphilnn& of K" tJae rutrioti 
4>o of tP to K t"s a" element of the group of ring automorphiw.&B of K, and~ fnapPi on 
4> --. tPo is an isomorphism of the fonner group onto 1M IaUer. If R i• any com ~ 
tion n"ng with K c ll c KK, then Cl'ery compontion ring monomorplaitnn of r 
K" is the restrirtio" of a unique cmnpoaition ring aulomorphi8m of K". tnlo 

Proof. It is ciNar that thl' mnpping q, -+flo is a homomorphism. It is 
. . I . h" F f K th . sur. Jl'cti\"C >ecnusc for :my nng nutomnrp Jlim o ere 18 a comJlO&ition . 
automorphism q, of K" d('linl'd by t~J(/) :. F o I o F-1 for all I & K", and.., ..,"~g 
It is ('asily show_n that if·"' i~ u. comJ>?sition ring monomorp~m of R into Kc 
sueh that ·1• rPstnctPd to 1\ r·ouu.·Jd(•s wath t/Ju, thl'n 1/1 = tP rcstncted toR }J . r . acnce 
t/J --. t/J" IS 0111'-tO-(Jill'. 

Pwii'OSITJo:-o li. If K is a finite .fidd, tlll"n the numbl"T of K-isomorphiBm cl 
of ,'lim pi~' rmnpm~ition rings u-itll fowulatiou K is equal to the_ ~um~ of '/Huti;:aea 
of K, awl the 1111mbcr oft".•wmorpllism cl~~-~es of such compo~t~on n~s i8 equar:: 
the 11117111,er of cquiralt-11r.1'. clast~cs ofJiartJtzons of K, ttco. parlllt~1ls bt•mg cq1u"t·alent 
if 1111r of tlwm is carr in/ mto the other by an automorphtam of K · 

/'roof. This is au immediate couscqucuce of the. ~receding Proposition 
The number of partitions P,. of ll _finite set of n dJShnct clements is Casil~ 

computt•d from t lw wPII-known rccursaon fonnuln 

P ... = E (".)P. , Po = 1. 
•-II f 

For the finite fic)dM with 2, :~. 4, 5, 7 or 8 elements respectively we have P 2 == 2 
Pa = 5, P. = 15, Pa = 52, P1 = 877, P, - 4,110.. . • 

If K is a finite prime field with characteristic p, lSOID?rphism of simple c 
position rings with foundation K reduces fD K-isomorphls~, and. the DUJnbe~rn­
isomorphism classes of such rings is equal to P. · _If K 18 a. fimte field With of 
elements where n is not prime, then the number of J.SOIDOz:Phlsm classes of s n 
· gs is less than P.. . For example, if K is the field With 4 elernen•- Uch 

nn f . I . . ws, 'Wh "I 
p = 15, the number of isomorphism classes o 81IDP e composlhon rin ! c 

• . ~ \\""th 
found:J.tion K is 11. . . • 

4 .3. We have seen .t~u.t i! K is a ?nite field, e~e?' co.mpoSlti?n subring 0 . 

containing k is a partition nng. This property distmgu18hes fimte fields f f /(li. 
<>ther non-zero commutative rings with uility element. Indeed, if /( . rom all 
field, so that K contains a non-zero clement a which has no recipro t not 1\ 

we Jet W bo some p:J.rtition of K into two sets J, J', and iff, I' denote tch.a ' nnu if 
(":cha 

l'ac-
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teJist,ic functioiU!I of J. J' rc&peetively, then K + Kaf + Kat' is eaaily seen to 
be a composition subring of K" which is not a partition ring. On the other hand. 
if K is infinit<>, the ACt of all functions I c K" with finite range is a composition 
aubring of KK which is not a partition ring. 

To gt•nentliz.c Proposition 4 to infinite fields we introduce a topology in KJr. 
IA!t F be the Sf•t (Jr uJI finite subsets of K. For any A c F, and any g t K ... , let 
O,..,G21/EKK:fjA =gl. LetO= (O .... :AcF,gcK .. I. Tben6isanopen 
tl3111: (or & topology on K". The topology is Hausdorff, and with this topology 
KIC lJccomPH a topological composition ring. (That is, addition, multiplication. 
nnd composition au•· ull continuous opcrntior.IS.) \Ve denote the closure of any 
H(:t X C K" by S. 

Ttlt~Oill:Y a. Ld K IH: a jif·!ll. 1'hln (n) for tt•ery partition JV of K the partition 
ri1lf} T,.· itrr.lmu·d; (b) if/{ is fJ11!/ c-omposition ring bt:tween K and K" then R.- Tw(R>. 

/'roo]. :1) If(}' Tw. then~ exi.sht lL set JEw· and a, bE J such that g(a) -,.! gfb). 
lA t :1 , :a. 1•1. and h·t II E KA he defined by h(a) = g(a), h(b) = g(b). Then 
( l, • is a JH'i~hl.H>rhood of g that do•·s not mN•t T w • 

·bJ J..f'l /( l.H• ~in·n amll..t I a: 7',..,,.,. \Vc must show that every neighborhood 
(} off intc·J":-4·c·ts H. thnt is, that for every finite subset A of K there exi.st.s an 
!'·•;•It whif'h f'oirwit.lc•s with I on .-l. Xow, we_ may write A = A, V ... VA. 
wlwn· c·ad 1 ..t, is 11 ~'""Sl'l of a St·t 1~. a: ll (U) and R, ~ B 1 when i ;.o!i j; 
I I. t (I <'" i < 11 ,. J11st as in th<· proof of Proposition 4 we find functions 
'· t II, • • -

!/a ' 
.!I~ r· /( stwh that 

(i = jl. 
(i ~ j}. 

Hd t iug 

I t 
'
, / 1' ,• 1ud f' ··oin('idt•s wit}, f on A. 

\\·c· Sl'l' t 1a r 

!i. Extensions . 

.. 
I' L f(a,)g, . -· 

.'J.l. \\'e find it. <~ 011 ,·euiNn to iutroducc' a rww operation thut may be defined 

in nnv composition riup;: 
. 1 ~·t 1~ be n composition ring with foundation K. We define .. 

Dt:J?Jj\o;JTIO:-i. .... 1. ' .... -

. . per••tion in/(. (r s)- r • sus follows: r • s = r 0 8 - r o 0. The opera-
buaar) o .... • . ' -
t ion • hns th<~ prorwrtws: 

(r + s) • 1 r • l + s • t, (r, 8, I e R); 

c. 8 o (c a: K, s a: R) ; 
' 

if N is a composition idcul in R, then r •.n t N, ~r c R, n eN).. . 
We state immediately the hypotheses an~ mam ~t of _this section: 
Given: Two composition rings N, Q Wlth NN - 0, N • N - O. and i>wo 

operations of Q on N 

1. (q, n) - qn, 2. (q, n) - t1 o q, 
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8\.thjec:t to the following conditions: 

~- N is a Q-module with respect to the first operation; 
(?t • n o 00 =n o ON, (n 1+n2) o q=n1 o q+n2 o q, (n o q,) o q,=n o (q 1 0 q2). 

~~ n 2) o q = n 1 o (n, o q); 
2. (q,n) o q, = (q, o q2)(n o q2). 

ri l)J,:FISITIOS. An extension of Q by N is an exact sequence of composition 
tlg homomorphisms 0--. N -4 R -4 Q __. 0 such that 

g(J(r)n) = rg(11), g(11 o f(r)) = g(u) or 

~~~such tb.ut t~cre c.xists an additive ~npping u: ~- R.for which /(u(q)) = q. 
ls extensiOn 1s cquu•alenl to an extension 0 __. N 4 R' !.... Q __. 0 if there exists 

:. Cotnposition ring homomorphism h : R--. R' such that the diagram is commut.a­
~Ve; h must then be an isomorphism. E(Q, N) denotes the ~·t of £'quivalen 

c ~s of t•xtensions of Q by.\". cc 

DEI-'ISITJO:". S(Q, N) is the SC't of nil pairs {q,, 1/1) such that: 

q, : Q2 X N --. N, q, is additive in the first argument, 
1f.! : Q2 -+ N, 1/t is additive in each argument, 1/1 is symmetric, and 

(1) q,(q1 o q2 , q3 , u,) - q,(q, , q. o q. , nz o q~ + ,P(q2 , q1 , n 1)) 

+ ,P(q, , q. , n 2) o q~ = o. 
(2) q, !Jt(q. ' q.) - 1/t(q,q. , q.) + 1/t(q, ' q.q3) - q~l/l(q, , q.) = 0, 

(3) (q1 o q3),P(qz , q3 , 11) - ,P(q,q. , q3 , n) + (q. 0 Qa),P(q, , qa , n) 

=. 1/!(q, 'q.) o Qa - 1/!(q, o qa 'q. o qa). 

The pairs (1/J, 1/t), (q,', 1/1') a: S(Q, N) are equivalent if there exists an additive 
mapping b: Q-+ N such that 

(4) q,(q1 , q2 , n) = q,'(q1 , q2 , n + b(q.)) - b(q, o q.) + b(q1) o q2 , 

(5) ~(q, 'q.) = 1/t'(q, 'q.) + q\b(q.) - b(q,q1) + q:b(ql). 

S•(Q, N) denotes the set of equivalence clnsses of S(Q, N). 

TnEOREM 4. If 0 -+ N -4 R -4 Q -+ ·o u an extenaicm of Q by N and u u 
ohosen Q8 above, then y = u{q1) o (g(n) + u(qa)) - u(q, 0 q,) iB an flmu.:nt of 
Kerf = Im g, and 80 i8 z = u(q1)u(q2) - u(q,q2), 80 we may define ,P(ql , q~ , n) = 
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g- 1 (y) and t/l(q1 , q2 ) = g''(z); we thm lam.·(¢. 1/--.' c S· '.i. Y '· lf u is chosen differ­
enllJI, then (t/1, t/1) is nplacr-4 by au rq•dmlntf pair. tl ti .. · ... f,.,: -l·•rz is rq1[ancd by an 
equu·alenl one, tJu:n (¢, 1/t) is rcphlr.f"d l•y r111 t '!'' i•·r•f,nt /''' 1 • . ]'i," ,. 11 -1- hal'c n mappinf} 
f:(Q, N) --+ s•(Q, X 1. 

Comrr«iy, if (</1, !/.-) r S((/. X) nwl if u·r sd /,' Y X (/ r111d •ktinc addiJion, 
muUiplU;aliun, awl compositirm ira U l,y tlzr formulas · 

(6) '"•, q,) + (n,, qJ '· :11, + 11,. 'lo + 'h'· 

(7) (n 1 , q,J(rz,, q,) '- '''•'/: + 11,'/a + !Jt(q 1 , ,,, •• ,1,,1,), 

(8) (n 1 , OJ•) o (71, , •J,) -· (n, o 'h + rt>(q, . q2 , 11" l, 'b o q,), 

IJaen R i• a composition ring; and if we define g : X -. U, and f : U -+ Q by the 
formula~~ g(n) = (n, 0), f(n, q) = q, tJu:n 0 -• N ~ U ...!.. Q-+ 0 is an ~on of 
Q by N; i/ (t/1, !/.-) ia rrplaccd by an equivalent pair in S(Q, N), then this extension;. 
r~ by an cquu:alcnl extnlsion. Thus u'(·luu·e a mapping s•(Q, .V) -+ E(Q, _V). 

TheM: mappings E(Q, N) -+ S•(Q, N) and S•(Q, N) -+ E(Q, N) are inverae 
lq, each other (and therefore are l~ijecliz·t·). 

5.2. Proof. Suppot;C 0 -f'! -4 ~(. . ...!... Q -+ 0 is an extension of Q by N, and 
u : Q ___. R is choHCn so thut u ~ :u.ldlll\'c and /(u(q)) = q. To simplify the nota­
tion, we r.hall identify g(N) with N. We cnn verify directly that q, is additiw• in 
tb" first argument, .p i:J ndditi~·c i? each argument, and 1/1 is symmetric. Every 
r r llha.s n unique n'pn~nt.Jltlon m the f<Jrm n + u(q), (n r N, q E Q). q, nnd 1/1 
un~ n•latcd to multiplication nnd composition in R n.::~ follows: 

(!)) (n 1 + u(q1 !)(11, + u(t}2)) ""' n.ql + n,q. + 1/t(q. , q2) + u(q1q2). 

(10) (n, .f- u(q1)) o (n 2 + u(q,)) = n1 o q, + </l(ql , q, , n,) + u(q1 o q,). 

Since multiplicntioo in R is llBSOcintivc, 

[(na + u(q.))(n, + u(q,))](na + u(q3)) = (n. + u(q.))[(n:~ + u(q2))(na + u(q3))]. 

1 ing equation (9) repeatedly, we find thn.t 1/1 satisfies equation (2). Since 
APP Y • • ti' 
~mposition in R 18 fUI80Cl8 ve, 

[(na + u(q,)) o (n,. + u(q,))] o (n, + u(q3)) 

= (11 1 +' u(q.)) o [(n, + u(q,)) o (na + u(q3))]. 

A 1 · g equation (10) repeat;e<Jl~ we ~ud that tP satisfi~ ~ua~on (1). Since 
~!.!:tion in R is right distnbut1ve w1th respect to multlplicat1on, 

[(na + u(q1))(n2 + u(qa))] 0 (na + u(qa)) 

- [(n1 + u(q1)) o (na + u(qa))J[(n. + u(q.a)) o (na + u(g.))]. 

Applying (9) and (10), we find that (t/1, 'f/t) satisfioo equation (3). Consequently 

<•· "') e (8(~ N). 
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If u' is another additive mapping Q- R such thAt f(u'(q)) = q, then u' de­
termines a pair(~',~') £ S(Q, N). I..et r 1 , ra cR. Then if q, = /(r,) and Qa z= f(ra) .. 
'\Ire ha~e ra = na + u(q,) = n: + u'(q,), and ra = ~ + u(q~) = n; + u'(q.). 
EquatiOn (9) expresses r,r3 in tenns of u and "'· A similar equation cxpresaes 
r{arJ in terms of u' and t/t'. Equnting the two expressions, and denoting 
u - u')(q) by b(q), we find that 

t/t(q, • q,) = t/t'(q, 'q,) + q,b(q,) - b(q,q,) + q,b(q,). 

Equation (10) expresses r, o r, in tenns of u and~- A similar equation cxpreBSCs 
r, 0 r, in tenns of u' und ~·. Equating the two expressions, we find that 

~(q, , q, , n,) = ~'(q, , q, , "~ + b(q2)) - b(q1 o q,) + b(q,) o q, . 

Therefore (!P, t/t) is equivalent to (!P', Y,'). 
Suppose 0-+ N L. R' t.:... Q-+ 0 is nnothcr extension of Q by N cquivn.lt·nt tG 

0 -+ N -4 ll -4 Q -+ 0. (See the figure in !i.l.) Choose u' u.s defined in fl. I, n.nd 
determine the pair (!P', Y,') as nbovc. As before, we identify g(N) with N, nnd 
g'(N) with N. Then h(n) = n, (ll EN). For each u + u(q) E R, h(n + u(q)) = 

n' + u'(q). Then from the fact that q = f'h(ll + u(q)) = f'(n' + u'(q)) we find 
that hu(q) - u'(q) = b(q) EN where b is additive. Then n' = n + b(q). Equat­
ing ll[(n, + u(q,))(n, + u(q,))J with (n; + u'(q 1 ))(n~ + u'(q,)), we find thn.t"' 
nnd Y,' satisfy (ii). Equating h[(ll 1 + u(q 1 )) o (n 2 + u(q,))] with (n: + u'{q1)) o 
(11~ + u'(q;)) we find that q, and !P' sntisfy (-t). Therefore (q,, t/t) is equivalent to 
(q,', Y,'), and we have PstnblishN.l that there i.-1 n mnpping E(Q, N) -+ s•(Q, N). 

Conversely if (q,, Y,) 1: S(Q, N), nnd if we set R = N X Q with addition, multi­
plication and composition defined hy (ti), (7), and (8), it is easily verified that R 
is a composition ring. If we d('fine g : N-+ R. and I : R-+ Q by g(n) = (n, 0), 
f(n, q) = q, tlwn 0 _. N ..!.o Jl...!• Q-+ 0 is an exact sequence satisfying the condi­
tions uU(r)n) = rg(fl), !l(n o /(r)) = g(n) or. Moreover, if we define u : Q-+ R 
by q-+ (0, q), then u is additive and f(u(q)) = q. 

If we replace (q,, Y,) by nn equivalent pair (q,', t/1'), we obtain in the same way 
an extension 0- N 4 R'!..:... Q- 0. There r.xiRts an additive mapping b : Q __. N 
satisfying (4) and (5). De~ne h : R ~ R' by h(n, q) =. (n + b(q), q). Then the 
figure in 5.1 is commutative nnd h IS a. homomorphi'Jlll. Hence we have a 
mapping s•(Q, N) -+ E(Q, N). . 

To show that the mapping s•(Q, N) -+ E(Q, N) is the mverse of the mapping 
E(Q N)-+ s•(Q, N) we observe that y = (0, q,) o ((n, 0) + (0, q.)) - (0, q1 o q.) 
and 'z = (0, q1){0, q.) - (0. q1q2). (See the definitions of 'II and • in 5.1.) It 
follows At once that g- 1(y) = ~. and g- 1(Z) = "'· and the composite mapping 
S•(Q, N) -. E(Q, N) -+ s•(Q, N) is the identity mapping. On the other hand, 
if for a given extension we take~ - g-1(1/) and# - g-•(a), and then, as above,. 
eonatruct the extension using N X Q and operations defined by (6), (7) and (8), 
then the mapping h : n + u(q) -+ (n, q) is an iaomorphism. Hence the compoei~ 
mapping E(Q, N) -+ S•(Q, N) -+ E(Q, N) is the identity mapping. 





Dt;rrsaTtos. An ~tRnsion 0-+ N ~ R ..!... Q- 0 of Q by N is inesat"ntial 
il tbnc exists a composition ring homomorphism u : Q - R such that fu = 
id(•ntity. 

If an it~ntial extension 0 -+ N -4 R -4 Q -+ 0 is equivalent to an extension 
0- N 4 R' t.:.. Q- 0 (with the commutative figure of 5.1), then hu : Q- R' 
ia a homomorphism and f'(lau) =- identity. Hence all extensions equivalent 
to an ineMcntial extension are inCMCntial. 

Huppoee an element P of S•(Q, N) determines ineti8Cntial exten.eions. Choose 
any <•· tf) e P, and construct the extension 0-+ N -4 R -4 Q- 0 as described in 
5.1. Then it ia an inCMCntial extension, and the homomorphism u : Q - R takes 
the fonn u(q) .. (b(q), q), where h is an additive mapping Q - N. From 
(b(q,), q,)(b(q,), q,) - (b(q,q,), q,q,) .... (0, 0) and (b(q,), q,) o (b(q2 ), q 2 ) _ 

(b(q1 o qJ), q1 o q,) - (0, 0) we find that 

(11) oJ(q, • q,) + f1,b(q,) - b(q,q,) + q,b(q.) = 0, 

and ~ 

(~2) f>(q. ' q, ' b(q,)) - b(q, 0 q2) + b(q,) 0 q3 = 0. 

Con\'<'J"BCly, if (f>, tf) & S(Q, N), and conditions (11) and (12) hold for some addi­
tive b: Q-+ N, und the extension 0-+ N ~ R -4 Q-+ 0 is constructed via the 
formulBB of 5.1, and u : Q-+ R is defined by u(q) = (b(q), q), then u is a homo­
morphism and fu = identity. 

PHOPOSITJOS 7. (f>, t/1) 1: S(Q, N) deh:rmincs an 1"nesseniial extension of Q by 
X if and only iff> arul tf satisfy equations ( 11) arul ( 12) with some additit·e b : Q -+ N. 

;,.3, We cull un extension r>f Q by N speci!ll if there exists an additive mapping 
u : Q __. R such that f(u(q)) = q and u (Found Q) C Found R. \Ve cull u pair 
(f>, tf} e S(Q; N) special iff> ((_Found. Q) X Q X ~) = 0. It i~ ew:ily verified 
th t if au extension uf Q by N Js spccml and au w1th the properhes bsted above 
• IL __ ..J to construct~ == g-'(y) and 1/1 = g-'(z), then (f>, '1/1) is special. Com·£>rs<'lv 
18 useu ·1 d t. 0 N•R'Q o· ·' if (f>, t/1) & S(Q, N) is sp<'Caa , an an ex ,eDSlon. -+ ~ ~ - ~~ co~18tructm 

. (O) (7) (8) and the formulas for g and I m 5.1, then thlB exterunon u; special. 
;;~wo 'ext.c~ons of Q by N nrc eq~ivnlent, and one of them is special, then so 
. th other. Consequently there 18 a one-to-one correspondence between the 
:u~t of s•(Q, N) whose clements contain _at least one special (~, "') and the 
subset of E(Q, N) whose elements arc the cgwvalcnec classes of special extensions 

of Q by N. . 
If 0-+ N -4 R -4 Q- 0 is a special exooDSlon of Q by N constructed via {6), 

(7), (8), and the fnnnulns for g and f ~.5.1, ~he~ Found: R = (Found N, !o~d Q). 
5.4. The operation • in a compositiOn nng. 18 not, m ~nc~l, left dlBtributive 

with respect to addition. This defect is partially remedied m a class of compo-
sition rings defined as follows: 

DEFINITION. Let R be a composition ring, and N a oompoaition ideal in R. 
R u aemi-distribtdit•e over N if r • (B on - B 0 0) = r • (s 0 n) - r • (a o 0), and 
r • (m + n) = r • m + r • n, for all r, s e R and m, n a: N. 





·For the remainder of this section we modify the 888UIIlptions about Q and N 
by imposing these additional requirements: There is a third operation of Q 
on N, (q, n) -+ q • n subject to these conditions: (q, + q,) • n = q1 • n + q, • n, 
q • (n 1 + ~) = q • n 1 + q • n 2 , (q1 o q,) • n = q 1 • (q, • n), (q, • n) o q, .... 
q, • (no q2). 

We also modify the definitions of 5.1 P.S follows: We require of an extension 
of Q by N the additional property that oU(r) • n) = r • g(n), and we require of 
<•. '#f) 1 S(Q, N) that ~(q, 0, n) - ~(q, 0, 0) = q • n. With the8e modified as­
IIWDptions and definitions the theorem of 5.1 still holds. However, under theso 
conditions, an extension of Q by N is necessarily semi-distributive over g(N). 

DEF!NITION. If N is a composition ideal in R, R is dutributil•e over N if 
r • (n + B) = r • n + r • B for all r, a 1 R and n 1 N. An exten­
sion 0-+ N -4 R ..I.. Q-+ 0 of Q by N i.q distributive over N if R is distributive 
over g(N). 

We shall determine the conditions under which there exist extensions of Q 
by N that are distributive over N, and we identify these extensions. \Ve shall 
show that the set of equivalence clnsscs of such extensions is in one-to-one 
correspondence with a certain cohomology group which we now define. 

DEFINITION. Let C'(Q, N) be the group of all functions f(q 1 , • • • , q,) of 
t variables in Q with values in N, additive with respect to each variable. Define 
6 by 

(6/)(q, , · · · , q,.,) = qaf(qa, · · · • q,.,) 

I 

+ l: c-•>'t(q,, ... , q,q,.,, · .. , q, •• > + <-I>'+'f(q, •.•• , q,)q,+,. 

·-· 
& is a homomorphism, and 66 = 0. Let Z!(Q, N) be the second group of sym. 

metric cocycles mod &. 
Let D'(Q, N) be the group of all functions f(q, , , q,) of t variables in Q 

with values in N that arc additive in q, . Define ~ by 

(4/)(q, ' ... ' q, .. ) = q, •f(q:a ' ... ' q,+,) 

+ :t (-1)'/(q,' ... 'q, 0 q .•• ' ... 'q.~.) + (-1)'+'/(q, ' ... 'q,) 0 q,+l • 
i _, 

4 is a homomorphism, and 44 = 0. Let w•(Q, N) be the second group of 
cocycles mod 4. 

Let S'(Q, N) be the set of pairs (F, i/1) 1 lV2(Q, N) X Z:(Q, N) which satisfy 

(13) t/l(q1 , q1) o q3 - t/l(q1 o qa 1 q:a 0 qa) 

= (q2 o q1)F(q1 , fa) ·- F(q, q:a , qa) + (q, o q:J)F(q2 , q.). _ 

S' is clearly a group. Let e = { (Ab, &b) : b 1 D'(Q, N)J. 





IGJ 
T11r.oaaz 5. 

I and onJv if 

(J4) ((/1 0 q,)(q, •11) - (glq,J • Tl + (r!: ·~ f/li;,}! * il) --• Q, 

{l,':, 'b, qarQ,neN). 

I/~ ertnuic:'1 ~/ Q_ "u .Y ,·:.. _,lz.~trd.;.u! • u1 t r N, un c.J.·{rns~·~m •·f Q ny ]';; equ.it~....t 
to tl u aho dr&ln~utrn: orer .1\. If /h['rr· o·iet r.£/t .-~.·c:-.·.• ·; ,,_; 0 u·) _\· i•"H~ !i.r.;; dV.t:...UJ"-· 

tU't! Of't.T N, art demnd I' of ~'-J-•((j, ."';J dcti r;t~:';u:; an. n:!a·t~,,(<··l<t? c:.Cos of ;;;..:.:·,. 
eztcmio1111 if tmd only l/, fur mrh (9. tj,) £ 1', .,) cc • F(,~ . . ,1~:· + .;. ·· ~--~ 
and (F.~)« S'(Q, N). Then (lJJ, ob) e S'(ij, .'\·)for a!/ b!: D'((!, f::.·;, e>r.<.i..·t..i'>.;: ~~: 
of tquil'alrncc rlassriJ of surh r IIL'11Hi<nl~l ,,, 111 m•~·-tn-::11,. r; .. wrc;.;pc-n:i~<·e t:~J.r:~ =-~--­
group S'/tJ. Under thia COTTC8pondt·na· tltc it,rsSNlt!.fl! t'.r!,·n.~i.Y:l8 (tl'!c,·: a.-.:- ::·:,,:,: 
buJil..'t ot-er !.") corrc~ lo tile zero of lhl' 0' "'~P-

Proof. J) ~UPJ>O!'K' 0 -• N ..!.. It -!.. Q --~ 0 and 0 -• .'"/ .~:... U' ..::._,. Q --> iJ :u-;• 

equival('nt f•X!(•nsiont~ of (J hy .\", with l'ormnutativc figure u.g i!l 5. i, uc'·:l R .::: 
diltriLutin~ O\'<'r N. IA>t h(t·) =-= r', /,(R) s'. Identify g(N) and g'(J\') "''·it!r }\' 
'fben h(n) = 11 for :til 11 r ;\'. ~irwP N is dil-trilmtivc over N, 

r '- (" + s) =.- r c Tl + r c B - r o 0, 

I"mlf'r h thi~ ~"'l"u I ion t mnsfonus to 

r' o( 11 + li'l =- r' 011-1- r' os'- r' cO, 

(r, s r /{, 11 ~ N). 

(r', s' r: H', 11 r .\"), 

which impli1·:; tlwt /(' i~ Ji~triltuth·,. owr N. 
2) Wt· Jdiw· a mupping d oft h" R't of functions on Q" X A' \\ ith values ir~ A. 

iutu ifl>l·lf Ly 

df¢(q1 I Q21 11)) = tjJ(q, ' q~ I 1/) - t/J(q1 > q2 , 0) - q 1 • fl. 

J{ 0 _. N ..!.• R ~~ Q --+ 0 is un cxtcn~ion o!,Q by N, with u : Q-+ R defined ~ 
in 5.1, and ,p;:: g- (y): t~Pn 1/J~q,, q2: 0) = g (u(q,) o u(q,) - u(q, o q~)). If R lS 
distributive over N, 1t Js ensdy venfied that dt/l = 0. Conversely, if dq, = O, 
equation (10) reduces to 

(15) (n 1 + u(q 1)) o (n, + u(q,)) = n, 0 q~ + (/J(q, , 92 , 0) 

+ q, • n 2 + u(q1 o q2 ). 

Let r = n, + u(q1), 8 = n2 + u(g,), and m e N. Using (15) we find 
that r • (m + 8) = r • m + r • l!, and hence R is distributive over N. 

3) Let (~. '/;) • S(Q, N) such that dt~J = 0. In equation (3) take n = 0. By 
subtracting the resulting equation from equation (3) we find that Q and N must 
satisfy equation (14). If we identify g(N) with N, t/J(g, , q11 , 0) = u(q1 ) o u(q11 ) -

u(q, o q,). If we write t/J0(q1 , q1 ) for t~J(q1 , fJ• , 0) e D 11(Q, N), and substitute 
•

0(q,, g.)+ q, • n for~(q,, q,, n) in equation (1) we find that &/J0 - 0. Bence 
•' ~ W'(Q, N). '/1 e C'(Q, N) and Is symmetric. Moreover, .; satisfies equation (2) 
which aaaerts that¥ - 0. B11bstituting t/J0(q, • g.) + g1 • n for f/l(q1 , q1 • n) in 
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cq~tion (3), and applying (14), we find ths.t (.;,0 , rf) satisfies (13). Thus 
(.f,', Y,) c .S'(Q, .\~. 

4) Suppose Q and N satisfy (14). If (F, '/!) c S'(Q, N), and we let 
41(q: , q, • n) = F(q, • q,) +q, • n, then (t:/1, Y,) c S(Q, N), ~ = 0, and F = f/1°. 
It i8 dear then that we have a one-to-one correspondence between the set S'(Q, N) 
and the set of elements (dl, '/!) in S(Q, ~N) for which ~ = 0. 

5) We define an equivalence relation in S'(Q, N) by (q,~ , t/11) '""'""' (~ , t/1,) it 
(¢1 , it•) I""J (t/1, • ~,). (t/1, • .;,) ,.._, (q,, , 1/1,) if and only if equations (4) and (5) are 
satisfied. Equation (5) asserts that.;, - .;, = &b, and equation (4) aaeerts that 
,;~ _ ~ s:: 4b, where b c D'(Q, N). Since (f/1~, 1/11 ) and (~, t/12 ) satisfy (1:~). ao 
dOCS (4b, Ob). 

Suppose (t/J~ • {I,) £ S'(Q, N), nod b i.-J any clement of D'(Q, N). (t/Ja , 1/1,) jg 

associated with n mapping u: Q--+ R. I...ct u' = u - b. Then there is associated 
with the mapping u' a pair0 (t/13 , t,) c S(Q, N), and (t/1~ , 1/1,) ,.._, (t/J~ , 1/11).. More­

·'· - .;, = 6b, and "'• - t/12 = lib. It follows that the set of cqmvalence 
over, .,., . f Q b N L.. • • • • to 
classes of cxtcns1?nsh oh Y S'/t,wt urc dJsf.ributJv~ ovf'r N ts m one- -one 

pondcncc w1t t c group V. 
co~Supposc (1/J, {I) determines un_ extension of Q by N that ~s distrib~t~vc ov<·r 

F untion!J (II) and (12) constitute n necessary nnd sufficJCnt condJtlon th!:J:. 
N. -~I nsion be in<'SS('ntial. (11) has the Conn {I = o( -b). und (12) hns thr: 
the ex;_ 4(-/J). Il<'JH'C the set of inf'~'iCnti.nl cxt<msi.ons that ure distJ·ibutiv;, 
forfll t/1\r .:m·spouds to tt ... zero of S'/(1. 
0 vcr • <: 
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